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| SOFTWAIE FOR FRINCIPAL FACTOR ANALYSIS

CoSWREURTY
Physical Research Laboratory

ABSTRACT

This note describes briefly the principdl factor anaiysis
and principal component analysis. 4 programming system has been
developed in FORTRAN IV language te@ carry out either bf the
enalyses. Various methods of extracting factor I1oadings hdve
been provided and the user can select any one of them depending
on his requirements, Various options have been provided for
estimatin@ communalities. Detailed control card information for
execution of the system.is provided. 4 sample problem tllustrates

the input and output of the system.

Key words : Factor aralysis, Principal component analysis
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I. Introductions— A BT

The note deécribcs Ffitting of factor anclysis model to
¢ given set.of Nhobsarvatiohs'bnlﬁ_bariablcs, The model fitted
must exrplain the informetion in the collected data in fermsAof ¢
small number df reference variables. The model which aims at
extracting maximum variamce is‘known as principal cbmponent
enclysis and the one that maximally reproduccs the correlations

is called principal factor analysise

Thé ﬁext section presents a brief mathematical description
of factor analysis. 4 FOETRAN IV programming system has been
deuelopéd'to perfqrm the required calculations and was tested
on DEC-1097 system. Section III contains the detcils of the
system while section IV contains control card information to
use the system. Section 7 provides a sumple problem clong with

its input and output.

II.  Mathematicel description:-—
The classical factor analysis is used 0 describe each

of & set of ¥ variables in terms of P common factors and a
unigque factor. Thus it is represented CS
Z!(j)éa(j,7lF?(7)+.u.+a(j,P)F!(p)+u(j)Y/(j) Ffor j=1 to H ....(1)
For ith observation ihevmodel (7)3Can be written as
z(j,i)=a(j,1)f(7;i)+-e-a(ng)f(fGi)+u(j)y(j,i)

For i=l e and g1, . Mio.(2)
In matriz notation (2) can be written as

Z—"’—"A.F"/‘U-Y e au s | c-.-(j)
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are factor loadings or weights or coefficients,

r;}f) O sevncasenes O E;MUr
0 u(2) IERTETTTERIZE B P
O 0 aveveveneaes 0 1= | ouus
| o»_o eeerennes O cee
(0 0 “.“)”.“amﬂ | ul(n)]

are unique factor coefficientss

The problem is to find'the‘coefficient matrir A known as

the pattern matrzx for o’ given e

Postmultzplyzng both sides of equatzon (3) by Z we have

2z = (AF+UY) ( AF+UY)’
='(AF+UY) (F'4'+7'0")
?_AEF'A + AFY'U" + UYY'U"+UXP A' eeeeid{4)
Under the dssumption that the unique factors are uncorreluted
with common factors and also gmdng themselves egquation (4)

reduces to

P

ZZ'=AFE LA L4UIUY - veee (5)
Fhen Z is normoeliged the I.his. of (5) is a correlation matrix.

From (5) we have
ZZ'=UIU"' = AFF'4' = 484" C eeee (6)

here 8 18 the correlation mdtrix~pf'tﬁe common factors. The

Iehese of (6) is the correlation matriz but for théldiagonal

veb
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clements. The diagonal elements are A (i) = 7.0 - u (1) for

. | 2 o

1=1 32, 6eesdlly Where b (i) is the COmmunalzty of ith varieblc, Now

if the factors are uncorrelated iie. orthognal to one another

A

. equetion (6) becomes

R=44".. ; ' L e (7)
where R is the l.h.s. of (6), Eguation (7) is known a¢s thq'
_fundamental factor theorcm. The component analysis model is
desceribed aé |

Z!(j):a(j,?)F/(7}+°,.,+a(j,M)F/(M),,for j:f,Q,,o.M ,n;(B)
and it is different from (}) ¢s it does not contain o unigue
fdcfor and in this cise equation: (7) becomes

Rowj A L ceer(9)

The féctor coefficients are obtained in such:é way thet the sum

of the contributions of ith factor to the total communality is

greater than or equel to the J th fdctbr contribution where-

i j. The sum of the contributions of i th factor is given by
v(i) =8 (Jjshize (Jj,1)) ceos(70)

‘Where § (?,M;x(j)] stands for the summation of the eclements

z(j) for j =1 to W, j

Thus v(i) is to be maximized subject to the condifio% (7)s It

cen be shown that maxiﬁization of (10) Subject to (7) 1is

cguivalent to the determination of 1 th chardcteristic root and

vector of the matrix R. Let C be the ithvcharacteristic root and

e
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B(1,1) B(2,1)peesesD (i,1) be the corrosponding vECLOTs The
characteristic pvector 18 scaled to obtzin the coefficients of 1 v

foctpr 08

a4 1) =b(d 1) J00)/ J8(5.5:p (3:1) por gelseeesd e (11)
The principal component analysis follows On similar lines,
nowevery that (7) raplaced by (9). The component cnalysis requirds
a1l the ¥ principal components tO explain‘completely the inter
correlations between variables; Vafibﬂs‘ﬁptions haove been provided
to cxtract/retain less than or equal to H principal componentse.
The principcl factor anclysis however requircs cpriori either an
estimation pf commun@lities or an estimation of. the number ofv

common Jfactors.
mstimation of communclitiess="

Scv@rcl options have becén prouidcd for cstimation of communalitics,
They are
o) Take the communality of perichble 1 @S equel to nighe st

correlation of it from among its correlations with
others.

p) Take communality of voeriable 1 as hg(i)zr(isj).r(i,k)/
r(4,k) where r(i,j),r(i,k) are highest correlations
of variable i compared tO others.

c) Take communality of varicble 1 aS
W201) + 8(G.H, ds (i) (81D
whero the notation S( jsﬂ,i#j;x(j)) stands for the

symmation of the clements z(j), for J=l to i oand i #Je

d) Take communality of 1 the varidble as equal to
squored multiple correlation of it with the
remaining pariabless
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JKethods bused on known communalities:—

After the selcction of communclity user is provided with
a variety of procedures to select from as per his
requirements to obiain factor Iocdings. ‘The various methods

that have been provided are

a) Hotelling method.

b) Hotelling iteratiue scheme.

"¢) Power method. |

A.d) Power method with rayleigh quotient.
e) Inverse power.method° |

f) Jacobi method.

g) Givens method.

h) Householders method. -
They are described briefly here:

@) Hotelling mcthod:-—

This procedure is hothing but power method with motriz
powers modified to suit factér anclysis. In this ﬁethod
each factor extracts the meximum amount of variance and
provides the smillest possible residucls. By this method
the correlation matrix is condensed into .the smallestb
number of orthogonal foctors. It has the advantdgé of
giving o mathemoticaelly unique (in the scnse of least
squarecs) solution to a given table of correlctions. The

algorithm is briegly as followss



4)

5)

6)

7)

8)

9)

10)

-8 =
Sum ecch column of the correlation metriZ R into the vector &,

Obtain T = R.S, wherc R is the correlation mairix or reduced
correlgtion mclriZ.

Normalige the vectors S cnd T to make their largest valucs

as one. The ratio of largest value of g to largest value of
T is known as normalizing factor. :

If the moximum absolute difference of the clements of these
normalized vectors 1is Jless than epsilon, go to step six.

¥uyltiply the correlation matrix by itsclf to obtain RT.
Replace B by Ri and S by T and goto step two.

Galculaie the vector V given by
4 ;.R T
Obtcin the foctor loadings GS
4 =v/ (T V)
Obtain the residucl correlation meirix ¢S
Rl =R - A1°*, &7

where R1 denotes the residuai matriz. and 47 a column vector

of 4. ,
If residucls are small stop extracting further foctors.

Estimate the communclities if required ond go to step one
with R replaced by rosiducl motriz BT,

b) Hotelling iterctive schemg:- '

Do the procedure 'a' to obtoin the foctor loadings for

as many factors s required.
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Estimcte the commundlitics.

- Use these communclities and repeat procedure 'c’.

Repent steps one to t;rCu til1l thc meximum absoluzc differcnc:

among the communclities of two con3ucutzvc itergtions is smaoll.

¢) Power methods—

Same as method 'a' but for step five replaced by 'reploce §

by T and go to'step two ',

d) Power method with Rayleigh quotient: -

Scme ¢s method 'c' except replcce normalizing factor by

V'(qs)V(g+1s)/ V'(qs)V(qs)

where V(g;) is the vector ot g th iteration.

e) Inverse power method:—

In this method the set of linear equations
[R-K(i+1:)I] z(i+1;) = v(i3)
is solved using partial pivoting,.wherc
K(it1 )=V (13 )RV(i:)/7'(15)7(4s)  and
V(itl 5 =3 (it 5 )20 041 5)
where L'(i+13) 1is normalizing factor at 'i+l' th iteration

such that [ ] ves) 1oy

J) Jacobi methods-

— 3
The method involves the diagonaliszation of the metrix R by

performing a scquence of orthogonal transfermcticons on it,

~in order to reduce one of the off—diagonal'elcment to

‘a.7b
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sero at each stage. Bach orthogonal transfermation 1is of
the form B R B'. When an elemént is reduced to zero it
does not, in general remcin a@isquares of the off~diagoncl
elements will decrease each time by an amount corresponding
to 2ro (. k)
7. Initialize j =1, k=51, m=1

2. IFf d(j,k)< e, (where d(jsk)=r(j, %) initially and e is ¢

small positive quantity); then goto step $1ke

5 Compute B, where B is a unit matrixz excepl fof the
elements b(j,j)=b(k,k):3qrt(0.5+D7)
and b(j,k) = Sqrt(0.5-D1) 5 b(ks J)=D(jsk)s
where  Di = SgrQ7P2—4r2(j,k)P)/2P)
ana P = 4P (3 kst (e)-2nE (7 (5)
where hz(j) is communality of J th variable.
4. Compute
D(m) = B D(m=T;) B'
There D(ﬁ)#R initfally and D(m) is the matrix at.m th
stage in 'i' th iteration.r
5.- Gompute
B(m)=BB(m~T )
Fhere B(0)=I initially ond B(m) is the mairix at m th
stage in 1 th iteration.
6. If k=M go to step 8.

7. Replace k by k+1, m Dby m+! and go tO step'%wg.

8. ;If Jj=l~1 goto step 10

* zero during subsequent transfermotion. However, the
sum of the ’q



70.

i‘f.
12,
8.

14,

75.

6.

g)

e 17 -

Increment J by one and replace E by’ J+7 and goto

stcp two.

Let'b(i;)zﬂ(ﬁ) and D(ij)=D(m), where B(i;) and D(i;)

are the matrices at 'i' th iteration. Find trace D(iy).

If DIF = l Tracc D(i°) - Trace it 1'? ely thon.stop aftor

- printing DIF, where pl is a small posztzvc quan+zty.

- P(igs )R, where ,
Compute D(i;}P(i;) gnQ£P(z,) = B(i5) wess B(13)s

If the maximum absolute difference between elements of
D(iz)P(i;) 2nd P(is) R > e2, then stop after

priniing difference.

Let the number of off—diaéaﬁal elements d(j, k) whose

absolute values are not less than e be k.
If k=0 goto"step 16.

If speczfzed number of iterations are not performed

goto step 7, after makzng B as unit natrzx.

Determine

4 =B"JD

Given's methode~ "

This ‘method uscs orthogonal matrices to tridiagonalize R.

Denote the matrix B(p,q,r) whose elements are

Fhere ¢ =1/ r\d(r,p)Y“ + /d(r,q)‘

.b(p,p)=b(q,q)=ad(r,p)
b(p, ¢)=b( g, p)==0d(r, q)
b(i,1)=1

b(i,7)=0 |
7/2

12
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Pre and post multiply the motrix B by B(J,i,J=1) for j=2

to n-1 and i=j+! to n 5 to get D.

‘Fhere D(0;) =R initially.

Get the etgen values of. D using eny algorithm.

h) Householder's method:-

Reduce the symmetric matrix to aAtmidiagondl symmetric

matriz. Determine the eigen valies of the tridiagonal
matriz by means of a series of orthoganal rotations such

that the resulting matrices remain tridiagonal. Solve for

the eigen vectors of the tridiagonal matrixz directly as a

sct of simultaneous equetions. In thzs technique @ whole
row and column arc reduced io gero at a time ercludtng

trididgonal elements. Choose the vector

Viksk) = [:Z? O voo. v(ksk) U‘(k;k-/-f) . U(k;ML]
mhere @ (kskff = 0.5 [T+a(h=t,K)/ [ (7]

and (v(ksi)) = +a(k~1,7) / ) 2u(kik) \j(sl)_[

Where &l = s laf’m d(k—f,J_[

- Form P(k ) = }nZV(E h? fHg) T(k:;

hen apply D(k:) = P'{ks D (k=13 )P(ks)
to get the tridiagonal matrix D, where D(0j)=R initially.

MNethods based on known number of factors:—

ihen user prefers an estimate of the number of factors,

the procedure of minimizgation -of " résidual correlations popularly

hnown as 'HINVERS' method is adapted. Hcre the off-diagonal

clements of the correlation motrix are maximally reproduced-

The method gives as a by product the qumundlities of the

uariables.'Thc \FINERS' method is briefly dcscribed bslow.

cel3
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HINERS NETHOD: —

-
!a

7

Compute-

Calculate Foetor mdirix‘A(O) consisting.of the first M1

brincipal components of the matriz R.

Cilculdte the increméntal qhanges e(J) :-é7!’(b;) _
4 {@(j*)ﬁ(j*)‘) =7 for the uaridble J starting with J=1,
where A(j*) stands for the factor matrlx with j th row
elements replaced by zero. Find the matriz A"(J,) in

which the loadings 1in the"j' th row" have been replaced

by the computed values

b(jsp) = aljs,p) + e(p), for p=1,....k.

i

Galeulate the communality hg(j). If hg(j)<;7, goto step 17,

Compute the matrzx F where

b'WDb = S(k,H, k#J, [T(J,k)—S) z,Pya(k i) b(J,i;]}

Diagnalize matriz W

Obtain X, ¥, K given by
f(j) = Si i, Py (X(I)—Y(I)) ]/+K

-

i

subject to_
S[tP" x(t)/L(UJ

Khere f(j) is sum of resitdual correlations of jJ th varieble,

Determine o . '
x(O;.;l)'ﬁfyﬁ?W/)-{! S,f(i,zé;(x(v:)/L(?U )© )

\

: Jor i=2 to P-1
z2(0:4)=1-8 E,P;Xg(i)/f:2(i)7

0.74
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9. If the absolute difference Detween x(ksi) and'x(k+7;i) is
not small go“fO'step 7, otherwise stepi?O. |
70, Determine modifféd.matfix A(i;); |
17. Gompute.residual maetriZ.
12, When j< ¥ go to step two.

13, If maximum éhange in factor loadings of-two-cbnsecutiqe

iterations is small go to step 15.

14, If required number of iterations are not performed go to
step two., |
15. Rotate to Canonicai form and print the results.

Cononical Form presemtot Toms—

The solution can be transfered to a canonical form using

D=h T e (12)

Frnere D is in canonical form of factor matrix and I is an
orthoganal transfermation matrix. It can be shown that T is

the eigen vectors of the matrix AJA.

Stopping criteriql—~

7. Then O0h of the total vmriation accounted then no additional
factor accounting for less than 2% is retained.
. ] 1O .
2, The number of common factors should be equal 10 the

number of eigen values greater .than one using full

correlation matriz,

o5



- 15 ~
- Testing criteria:—
To test the significancé-forAP factors the chi-value
given by v
CHI=(N-1-(2k+5)/6-2P/3) ,;f'fzn | 44 0 | ~In|R l+tr{}z(,u e )j =
is provided which follows ¢ chi-square distribution with

OL5ZMEM—P)2+(M—DELI degrees of freedon.

IIz. Frogramming systems -

The program does principal comppnent'analysis,br principsl
factor analysis with or without iterction. Ail computdtions are
done in dbuble precisibn. 411 floating point variables are in
double precision. The program gives orthogonal factor locdings,
percent variation and cumulative percent variation, percent
contribution‘of each pariablevto its pqrcent factor uaridtioﬁ,
Output is availaeble in non canonical fOrm as wéll as . in canonica.

Jorm.

The progfam-is generally used along with 'CACSR' prdgram
which calculates the correlation matrix. The output of"GACSH“
program forms the input to this pfogram. Correlation ma;fices
calculated using other pcchkages can olso be used as input to
this program. After the factors are extracted if found necessar;
one would like.to rotate the factors orthogonallﬁw.or obiiquly;
The program"FAROTOSR’ can be used for this purpose. Thus one

may use three program systems for o complete Factor cnolysis.

.16
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Iv Control Oard Informaizon.

Inputs:-
The tinput to the progfam consists of 3 to 5 control cards.

Control card 1:=
This control card reads the data format, to recad correlaticy

actriz which is input to this progrom.

Control card 2:=-
Lnis control card reads 20 pafameféfs in 20 I 4 format.
Default values for these parameters arc Zero. A11 these values

miust be right Justified.

Paramctcr 72
Specifies ordcr of thu correlatzon matriZ.

Paramcter 23

| If speczfzed velue is 1, residﬁal correlation matrix
forms part of output.

Farometer 3z
If specified vclue 1S 7 names of uariabies arc supplied
and this regquireés control card(s) 4.

Par ﬂmctcr 4:
Thzs paraemeter spcczfzcs the input unit from which data
is read. Default option card reader.

Porameter 5: |
This parcmeter specifies the output unit on which results
nave to be written. Generally specified when rotcation of
factor loadings rcquired. For.ptinting need not be

specified as it always prints.

e 17



17~

;PdrameterA6°;
Thzs par@meter specifies the number of factors¥to. be
cxfracted. By default éxtracfs cs many factors as possible

uolng other crzterza. S )

Parameter 73
This parameter specifiqs %he ﬁumber of records to be
bypassed. | |
Parameter 8¢
» Hhen specified balue is 7, rewinds the input unit.
fTrﬁmeter 9: |
If unspecified rbads upper tricnguler matirix zncludzng
diagonal elements row by row. When specified as 7 reads
lowerﬁtriangular.matrix’exciuding diagonai row by“row.
Farameter 10: If f inpdt p;inted otherwise not. |
Parameter 17:

This parameter is mcant for cnrryzng out dlffurent typres -

of analysis ¢s follows:

Value : Type of analusis
0 | Prznczpal component analysis
7 ' Principal factor analysis
2 - ’ Principal factor analysis with
iteration :

Parcmeter 12z

‘ This parameter is required:if the valué of 11 th parametcr
of this card is 2. It specifies the maximuh number of
iterations one wbuld like to allow fOr‘convergence to
take place. ff convergence'dbes not tcke ;Jaée before

the specified number of iterctions result will be printed

18
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after the completion-of specified number of iterqtions.
sorameter F3:
This irameter is used for-branching’td‘differént parts
of the program while processing more than one. data set.

Value next data_set Jrom

0,1 Control card 1
Oontfol card 2
Control card 3

2
3
4 Oontrcl‘cdrd 4
5 Control ccrd 5
6

Direct data set

Parameterly :

This poarameter 1is required?when the ualue of 17 th parameta
of this card i8 2, This parameter 13 for zntermediate output.

Thzs rarameter specmfzes after how many iterctions commund¥

lities are to be printed. When'the specified value is 10,

communalities will be printed after cvery 10 iterations.'
Farameter?s o

Fhen specified as T, third control card will be read.
Farameter 16: |

This parameter specifies the méthod séglected. Values

1 to 8 correépond to methods 'e! to bh'e By defoult 1.

ff 9 MINERS method._If 9}parameter 6 must he specified.
Parameter 178 |

Required if selected method is 'a'. Decisive parameter.

Ir 1 reesiimdtes communalities after obtaining each

Tha

factor ofherwise not. By default OC.

..79
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ﬁarﬂmeter 08,
Requzred zf selected method s 197.f}0ne to five correspond

to methods 'a' to 'ef. BJ default method ta',

Parameter 19
- R ’ - N \
Decisive parameter. If value is 1 canonical form results

aiso printed otherwise not.

Parameter 20¢
Decisive parameter. If value is 1, chi-square test tested

otherwise not.

Control card 3:-
This control card is necessary 1if the 15th parameter of
control card two is 1. This control card reads seven parameters

in 7 F 10,7 format.
Parameter 1:

This parameter specifies the epsilon value for stoppiﬁg the
iterative procedure whilec extracting each factor. The @ejfaul

o

option for this parqmeter is 0.00007.
’Parametef 2:
' This parameter specifies the moximum valué“for stopping
extracting further factors against cunulative percentcge

variation. The default option is 99.0.

Parameter 32
This parameter specifies the check value against zero Jjor

column sum. The default option is 0.05.

0.20
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Parameter 4 |

o Thzs parameter speczfzcs the chock ualue for stoppzng
~the zteratzve procbdure whzlc deﬁermznzng communmlltzcs.
Default option is 0.00007 . |

Parameter 5: » R o / |

When value i1s 7.0, stopping criferia 7‘i8’uséd. If value
is 2 stopping criteria 2 is used, otherwise é@tracts as
many as possible based on the other “parameter values of

this control'cdrd.

Parameter 63
Fhen value is 1.0 ihen'percent contribution of each
pariable to its factor will be calculated and printed

otherwise not. Default value is 0.

Parameter 7:
Decisive parameter..Values 7.0 to 4.0 correspond tO tg !

to 'd! options. Default value 7.0

control card(s) 4:-

This control cord(s) will De present if the 3rd paraméter
of control cord two 18 7. This control cord reads the vaeriable
names for printing along with the output. These variables are
rcad in (8(48,2X) format, that.iﬁgdt_the rate.of eight variable

names per record.
control card 5:-

This card réads the title for the date to be processed,

in 1048 format.
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Do thé principal_componeﬂt analysis on the following

correlation matrix (refer H.H.Horman), with all parameters at.

default velues. o
7.0 0.00975 0.97245 0.43887
0.00975.“. 1.0 0,15428 0.69141
0.97245 0.15428 7.0 0:57472
0.43887  0.69141 0.51472 - 1.0
0. 02241 -

0.86307 0.72195 0. 77765
Inputs-

First cbﬁtrol-card:—

column number

70.......'..'

(BF16i59 =+rme1 o 1" -

Recond.control cards~

00000 column number
7,2545 ‘ ] ]
5 5qlue

-

Fifth control card:=
column number

7........‘.

. SANPLE PROBLEN - “value

0.02241
0.86307
0.72?93
0. 77765
1.0

_After these controd cards the yiven data is supplied in the

Sformat specifiéd by the first control card.

\

Output:

The;output of the system is factor loadings,'alongfwitk

percent variation and cumuldative percent variation.

.22
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ractor 1

0,581 0.767 0.672 0.932  0.791
yariation 2. 873 | |
rercent ‘variation 57. 5 g S
Gumulatzve peroent varzation 57.5 '

factor 2 ,
0.806 ~0.545 0. 726 0.1704 ~ 0.558
rariation 1,797 o : i ,

~ .percent variation 35.9

Cumqlatzue percent variation 93.4

- How to execute.the system: -

COPY PACSREFOR=FACSRH.FOR | 2 2117, 724]

Change the parameter card as per dzmenszons requzrenent.
COMP FACSRH.FOR

LOAD FACSRH, Lzu 124 | FHOSR, INVCSR

SAVE -

RUN FAHCSEH

gontrol card 1
control card 2
cdontrol card 3
DATA
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