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ARSTRACT
In the present nete we congider o problem solving task  Known as
GEFS  (General Prokblem Solvingd. fThese problems ingeneral do not
‘have analvtical solutinns, startina fram the given initial state
‘of a  problem thne task ammourts to findina out the path(s) that
lead to either & olven aoal 'state or to theose qgoal states
distincuished by a predicate, The successive "FHoves" which lead
to new states froam one state Lo the next form typically into -a
s rree structure which inageneral wounld drow quite rapidlvewith the

increase in the deapth of tphe tree, Rather than following a
o0 fixed and  static paltern of cemputation, the algorithm which

would zolve a tynical rrablem belovalng ta the GRS category is

expected to  emnloy & CRECHRSIVE search process that graduslly
“hullds up and prunes throuah the en{ire tree of subtasks at  each
“level oaf the task,

#e have used the Backtracking alaorithm to solve such -problems.
“rhe aldgorithm employs  a look-anead strateqy at each level in a
recursive wav. Aovarietv of otherwise diverse looking problems
are solved by this aldorithm using the same general preblem
Tosolving scheme,  For  each nroblem  an  interactive package in
TP RECAL lanauage ~ is = develdped erploying  the backtracking
o ocalaoritbms Tt is  dintersting te note that each package is
‘distinctly senerable into following 2 parts @ R DU

1. The tree seavrceh algorithnm  whieh -prunes throuah —the-
Coentire treein a syvstermatic way, T e T e

2. Tine tasgk  oriented part -which i3 gpecific to “eagh -
problem and ammounts to initielizing the problem and
stecitving the task (i,e, the  -infermation —about- the
initial apd tpe goal state). ; : ’ o

S With smell wodificstion in the aloorithm (correspondine to part
(1) above) it is rossibkle to selectively generate all-or one of

the follwoing 3 kinds-of soelutiorns 3

Le Any ONE Seclutdon.

2.  ALT, the nossihle Selutions

fad

» The ORTIMAL Splution havipg the least tath lenath
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1.0 LNTRODUCTION
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A variety ot mrchlemﬁ”éhﬂ ropular nuzzles are hased on a2 common
“there  Known  as  "Gepersl-Probtlew Solvina" (GRS) (Refy, 1=3,20),
These prablems ingeneval defv any Analytical methed for ~finding

out their seolutions, it wonld therefore be necessary to develop

“an aluorithm which carries out a systematic search process-in the
fhove  Sovace® of the problem, (we mav note that for many of thne
problems tne search process becores quite involved ope and it is
then necessarv to look for appropriate heuristic scheme to
‘reasonably cut down the involved search, The word  heuristic 1s

dgerived  from theo well Fnown Greek word EUREKA, .-Heyristic

“oingeneral means a role of thomh-that-serves to-help discover.)

A well known Problem pelonaing to the GPS  category--is the

Trorg=gueens® o oroblem incwnich § Queens are- to be placed-on a-Chess
s fRoard such that no ftwve avesns. c¢an  capture  each other, The

proklem  was  Investigated wav hack in 1950 by the well Known
mathwatician C.F,Gauss who agave its partial solution, Another
pepular  examnple s that of a8 "Treasure Hunt" ip a mesh 0f raods
ana walla where the ftask is-to find out the shortest nath from a
given initial =quare to the final one, ‘The "Tower of Hanoi!
proklem invites to rearrance a stack of disks of varying size,
arranded in a discending arder, frow oné peg to another using one
more auxillliary neca, The movement - of the disks 1s  however
restricted in  tnal  at no tive could vou-place & bigger disk on
tep of a smaller disk, {the legend has It that long time ageo  in
an  Indian temple this task was assicned to several monks for a
stack of 63 disks ard it was believed that our cosmos would come
te an  end as soon a3 the monkg would accomplish their- task-12),
The classical "Route Finding problewn®, i,e. that of Ffinding out
the shortest 7raoute betvepn twe agiven nodes in & network, or of
findina out the cancnical route which optimally traverses through
all the nodes of the network (without revisiting any node), also

~falls uncder the category of GPS, In the "Knightfs tour" problem

one  c¢onsiders an  n¥n Chess Roard. - Starting from the given
initial sauare the path wade up of a knight®s successive moves 1is
to be found ouf such that the entire board would be swept throuagh
hy visiting each and every sauare = 0nly once, The well knhown
“ME=Partition and  Knawvsack" problewms of integer proagramwing look
for all possible subsets of intecer numbers. (from an. apriorily
given sot  of intecer numbers) which satisfy certain qiven
constraints,  The poprular puzzle of "3 water Jugs" reguires to
‘divide the aiven 8 Iitre water (filled initially in an 8 litre
jngl) into 2 =2aual rarts with the use of 2 other ewplty Jugs with
capacities of 3 and % litres aeach,

These otperwvise diverse laoking problems have a common builtein
feature that by  and larwve Lt is rather aifficult to look for a
fixed strateay of computation which can DIRE
solution one 1s  looking for, 1n absence of  an analyftical
solution a Computrer=hlcorithrmic=Approach 1is therefore quite

CILY lead to —the
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‘relevent,

AD innerestiﬁmllalqorithm, whiecn enplovs 8 syvstematic (and
posginly a. beuristic¢) geavch method through a tree of successive
moves, is Lhe Packtracking aloorithm (Ref, 1~3), ‘The algorithm
is known to be aquite useful for solving ene=person game type of
ms falling under the GBS CATROQOTV, Given a GPS problem in
which initial andé ooal states are defined, the trial and error
search process empleved in the alaoritne dees as  follows, At
each =stage of the search the task is decomposed into partial

“gubhtasiks.  Fach subtask is then recursively scannpned throuagh =~ ©ill

“either the solutian s fonnd out or a terminating condition is
“reacned, Thug the search aradually builds up  and prunes the
“entire tree, made un of tasks and subtasks, in & recursive
THANNAT , In most of the prablems the search arows quite rapidly

and usually exponentiallyv., iUnless the tree is not aquite deep and

“the branchina ratio to subtrees at each level is not large, 1t

“wouls bo necessary to cut dewn fthe search by adopting some

Heuristic guideline,

The setr of provlems for which a heuristic search: based on

packtracking Alaorithm may be “effectively used are defined as

follows (Kef. 3y s

Given : % An initial state SRR

' ¥ A set of fOrnerators® which allow new states
to be generated from a given state- MR
¥ & definition of-the desired goal-state:

To Fing : ¥ The seguence(s) of successive “moves®
(formwina the soluticn path) which would
lead to the woal state-from the given
iritial state '

It may be poted that the ahove strategy defines esseptially the
ane=nerson  wame tyne T of structure, In a graph theoretical

representation we mav  denote each state by a node and the
“poassible moves from a -aiven  node would give rise to varlous

branches forwing, in a recursive way, into a4 wmultibranch fLree

structure. The strateocy mentioned above may equivaleniy be posed
cinctne following way with reference to the tree structure 2

~Given - roxoHpne-root-node of a connected tree.
(representina the Iniftial state)
A get of ‘Operators® which generate all
nossihle branches from a glven node
¥ The descrintion of node(s) which satisfy

A predicate (representing the goal state(s))

30

To Find % fhe seaguence(s) of operators which describe
a path startinag, from the rooit node to the
geal node(s) '

rRis MAPPING of one=nerson agame tybe of problems to a search



‘process  in oa  tree of nodes from the root node to the goal node

- opas been established  long  back, The mapping has  been——used. -

“extensively in the research studies towards developing algorithms

cfor an intellicent  agame: nlay  on  Computers, Sphe “0f —=the
S yefrrences are o Vop neumann and rordenstern {ket, 4), Shannon
(Ref, 5}, Strachey (Ref 631, Sarvel (Ref 7,8), Hewsll, Shaw and — -
gimon (Ref 793, wWewell andg Simon (Ref 10), Doran and fichie (Ref =
=11), “Hart,vilsson and Raphael (Ref 12), Nocre (Ref -13), Danftzig
(Ref  14), Dijkstra (Ret 15), Pohl (Ref 16,17), wuinlan (Ref 18), -
T mMichie and Kosgs (Ref 19) and Michie (Ref 2, Subseguently - thls - -
T area.of. study has been known as GRS : Geperal Problem Solvingy o o

T AR Interesting outcome of these studies is  that agiven—a~ “GFs
probler  one can clearly establish a distinet separation between.
two essentially different parts of the prodgram 2 - (1) The gener

“tree  search algorithmic part{ angd (2) The task orinted par v hd=
“is tyeical of a aiven problen and specifies the initial and— ac
‘gtates and a repertelr of operators which transforms from-one - :
“state to anotner, ' : : e R S s

CFiqure 1 snows a typical  tree structure which arises in  the -
solution ot a CPS prablem, The root of the tree represents the
initial node, Jhe problem is to find out the path(s) that  lead —
frow the initial node f{o the ¢gnal node, The desired solution:
path is shoun in the figure by a dashed line. 'The tree shown -~jn—@ -
the figure is a PBinary tree where for each node there are at the -

~

“mesat 2 branches emneraing out,

"Since in ceneral -Lhe size nf the tree to he searched may be guite- s
2 large, it wouled Le ar unnecessary overhead to store the entire

T tree and then make 8 tree traversal to look for the solution
path,  The backtrackipo algorithn avolds Ssuch an overhead by e
generating and storing enlv fthe portions of the tree for- whieh =
“search continues and deleting those pbortions for which the search
fails (i.e, typically when a terminal node is reached for which
all the neigbbouring rnodes have heen visited before) -

For - sowe ~of fpe GRS problems instead of the  typical tree. -
structure showp in  fiagure 1, a Graph is formed. The essential = =m==
difterence ther is that- there may exist more than one =path D
Teonnecting  thne  inftial node to the goal node, In such-cases—-1it
Twould pe interesting to look for  ALL - possible Solution  -paths. -
For protlems related to opervatior fesearch applications one wonld-= =
also be intevested In findino out the ORTIMAL solution path for
‘which the vath  Jength is miniwum, {(An example here is to look- -
for the shortest route between two given podes in a network), It — -
is Interestina Lo note that with just a minor modification in the
backtracking algorithm one would he able to get selectively

eitnher all the solution paths or the optimal solution path,

In the present nobte we outline & number of  interesting GPS
‘problens  which are solved bv developing a suite of proarams in
Pascal languasne, (The Pascal languade has heen used because - of
its ricn  data structurine facility)., It is Iinteresting to- note
that-although the eroblems are of diverse nalure, the sane
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general scheme of the backtracking aloorithir has been used for
srearrving out. a systematic search process in the look out for  the
T golution. paths, Each  proaram 1s  made up of dbout 100 to 200

T pascal statements and reouvires akout 2 to 15K words of- ‘core
“UUmemory at the compile time on DEC=1091 Computer System,

ssgection 20 describes 30 versions of the aloorithm which

respectively find ONE solutlon, ALT the solutions and the ORTIMAL
solution, Section 3 discusses 9 different GPS proklems and their
solutions obtaimed by the Pascal programs. & brief discussion
follwos throuah in section 4,

Fiogure 1

~anT I 8] t'i f A ]
Mode
o (1
T . PR \
. N \
€29 {3
, \

T . L) \
e 4y 5y (6)
SIS . . . . . T \

. . . N
7y 8y (2y (10)
. a
(1Y 012) o (13) - :
’ a / L} * » S
-/ R . .
1ay (18) (18]
/o . s
/ ) e
T (17 (18) (19)
T / » »

4 ® .
(20) (213 (22)

Goal

Node

B typical BINARY TREF STRUCTURE showing the initial node (node
nuaber (1Y) which forms the ROUOT node of the tree and the GUAL
node (nede number (201, The solution path which gonnects the
Initial node to the Goal nide is ag follows 2

(1Y =2 (3) =2 (£ w> (10) > (120 w2 (14} =>»
(17) => (20)
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oL 0 THE BACETRACKING MLGORITHM.

oS Finding DNE Solution Fath

““the alacrithm which searches for 0ONE possible folution path in a
graph of nodes 15 shown  on  the next page as the procedure

= BEARCHT . Tre procedure has 2 parameters, The first 2 parapeters

are value parameters and represent the wmove nupber along the path
(i.e. the level of depth in a directed «araph) and = the

~discription of the state for the present node., *successful” is a-

variable parameier aha would get the voolean value TRUE or FALSE
~depending  on  whether the search 18 successful to locate a
golution path or not, It may he noted that SEARCHL would be
called once in the mwaln kady of the proaram. Theh onwards it
“would call itself recursively through the statement SEARCHEL(I+1,
rasle ihe recursive calls are auvided through the boolean
“yvariable Tfound®, At each stace during the recursion the next
instantiatien of the procedpre SEARCHL 18 wmade only if the
variable “found® has tha current value as FALSE, "The final value
of the procedure parameter {1 (i,e. when the solution is found),
would correspond to Lhe length of the solution path,

The REPELAT .. URPTEL loopr is evecuted kpax times corresvonding to

the kmax nuwnbher of branches ewmeraing frow the current (i)th node,

“he array VISITED 15 inagenersl a multdimersional  arvay -of ftype
poolaean. Tt keeps track of the states wnich have been visited so

far at each stage during the search process, A new state (cot of

the kmax number oFf states) is entertained only if 1t is not
visited befcre, This is an imvertant feature which .avolds
- unnecessary cyoles within the solution path, thus giving only the
‘hasic solubien path far whiech no state is repeated again. A8
~ggon as a solutinn is found ount the varisasple parameter successful
gets the valie TRUF and corresrondindly the recorded solution may
be disnlaved in the maip proagram,  1£f ne solution exists then the
variable successful holds the valuoe FALSE,
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Auaoorithm 1
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fhe search algorithe to find out .ONE possible solution,

wtecer ¢ oastatelstate.type ;
successfiilihoolean) ;2
var K.kmaxsinteger @ found:boalean z
hegin
o {(% let MAX he the number of all nossible nevw.states which
can be cgenerated frowm the given state %)
e ke=0 f :
repeat
ok Izk+l s
(% generate the (kKYth new.state %) - o - Co
if (not visitedinew,.state)) then T e

nrocedure SEARCHI(Iziy

1
1

beogin ' B

¢ i

(¥ Record tne (LYLh move
visitedlrew, statelz=ztrne
it (% Peached at the Solution ¥) fthen foundi=true else
peain
SEARCHL(i+i,new state, {ound)
if (pot found) ithoen
neain
(% Frase the (IYth move %)
visitedinew_ starelizfalge ;
T ) end
S end
= end
o until (found or (k=kraxl) ;
end ;




Fage 11

2.2 Finding ALL. the Fossible Solution Paths, o ,

The search aloorithr whieh looks for all  tke possible solution
“opaths ls sWown as the procedure SEARCH2 below, he basic search
proceduyre is the sare ag in the aloarithm SEARCHI, However the
modifiecations which allpw for tHe dgeneration all the paths are as
follows, Firstlv it way be noted thaty the variable vparameter
auccessful  which was uged in ERARCHI i3 not necessary because as
scan as a solution is  found oyt it is displavea, - The main
dgifference is that the REPFAT _,  URTIL loop Is renmlaced by a FOR
=, DO lInow, This allews for scanning all the branches ~of the
graph  from a aiven pode even if 8 solution has been found,
(Recall that alaerithm SEARCNL would stop as s00n as & solution
-1 obtained becavse. of. the boolean condition of the BEREAT ..
UNTiL leop, namely, (found or (R=kmaxld), Thus 1If there are
“muitiple paths  from  the starting state Lo the goal state then
each basic solutionm path would be found ~out by the algerithm

SR ARCHZ .

Alagorithe 2

The search aleorithn o find out ALL possible solutions,

procednre SELRCH?(i2intecer § stateistate.type) :
Var K ,rkmayxiinteger 7
peain . s
{¥ let max be the nmumber of all possible new states
winich can he cernerates from the given state %)
for k:=l tTo max do
begin
(% vrecaord the (kKILh new_,s
- it (not visitedlnew,s{ate
Beain
(* record the (i)Yth move #)
vigitedlnaw_state]t=true ;
if (% reached at the solution ¥)
then (% displav the solution %)
else SEARCHZ2(L+1,NEw STATEY
(# erase the (IiYth wove ¥)
yisitedlrev stare)lr=false ¢
endg 2
ena
end ;

ate ¥)
Y then

T
]
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2,3 Fionding out the OPTTVMAL Path

T Suppose Lhat for a araph correspending to a aiven problem there
are multiple paths  baving  the path lengths 11,12,13 .,. 1n,
ghere n is Lhe number of different solution paths, Tt would tnen

-7 pe  of interest to locate that nath for which the path length is

“SUaptimal.  Such o path would he called an  optimal patn, The
algorithe which lookg for the orvtimal path 1s shown below as the
procedyure SEARCH?, '

= The rodification o the procedure BEARCH2 which allows to  look
. for - tne optimal path iz as follws, As soon 88 a new solution
“path is encountered, its path lenath is compared with that of the
ceurrent  optimal  path, If the lenatn of the forwmer 1s less than
“that of the latber then tne optimal path i3  redefined a8s the
presently found path: otherwise the current optimal path is left

unehanged, Thus 8t the end of searching sll1l the paths -the path
stored  as optimal path would contain that path whose path lengtn

AJagorithm 23

T TR TM sm o iR wm My O wm

The alagorithe to £ind out the NRTIMAL solution

procedure SEARCHAI(Izintecer ; staterstate.tybe)
VET Kykmax:inteaar ¢ : .
peain ’ : :
(¥ lat MAX bhe fthe pumber of 211 nossible new states which
can be aenerated from the given state ¥) ) )
for ki=l to max [0
“pegin ' ' .
(¥ Cenerate the (KYTh new.ostate ®)
it (not visitedlirewi,statel) then
heain _
(¥ Record the (IYth wove ¥
visitedinewstatelexmtrue
it (¥ Reached at -the -solubkion-¥) then
beain -
4 1f (% path lenglbh of {he current solution is
T the path lenoth of the last solution %) then
o optimal.solutioni=currant_solution
5 end else SRARCHI(I+1,new.state) ;
(% FErase the (idth move %)
visitedlnewL.statelizfalse ¢
end
end
= end i

)
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CIn this sectiorn we  conslder various well-known problems that
“helong  to the GPE category and golve tnhepn using the backiracking
w Algoerithme For each applicationm the oproblew Is desribed by
gpecifving the following 3 :

= © L., The THYPTAL state

Z» ¥he set of overators which transform a given state into
anather state ' ' o
3. The GUAL state(s) defined through a given predicate
The problews include arvplications to inteager progranping, -an OR (
OQperatioen kesearch) apnlication and seversl popular puzzles
belonagina o the one=person wgame type of structure, , :
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“§,1 Permutation of n Integer
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)

“he problem of finding out all n! distinct permutations ~of n
—Sinteaers 1,7,3, .ae o0 accurs guite freguently inTmany diverse
Capplications.  Ywo permutations  of n o items “are sald o to  be
~gistinct if they dlffer ip the order of the n items, We Dow
‘discuss the mrogram which uses the " bacKtracking algoerithm and
—galves this problem in a usneval way.

1o PBroblem Definition,

1 Thnitlal State ¢ Tnitial sequence of n natural
intoaers :

P
®

by swappino anv ? inteders

G 3. Goal state : A1l nld sequences of the n
- inteoers which are digstinct teo one another
acrording ta  the order of the dintegers witpin
sequence o : : S

-2 Pascal Proaram

Size-

roo-Pascal lines - —- - - ot e
Core : ‘

2K words

FYRETY

acal prearam which generates the n! permutatiens bas the
inout/Zoutout g R : o S

e Input sz ¥he value of - the  Integer—-ne (The
iritial secuence-would be 1,23, 43N et

2.  Nutpnt - List of all the nl o=distinct
perguiations-of the aiven injtial sequenCe: .. .-

It may re noted that without usinpag the recyursive search construct
in the Droaran it wauld be auite cumnboresomne to develop an
iterative version of the prodranm which would solve the - general
prablem of aeneratinag all n! distinct perwmutaltions of the glven
initial sequence,

whe recursive mefhod used in the program is5 as follows, The
“pasic operabion to chanage the sequence of a given permutaition 1is
the swapping of two intecers, We also develop a procedure PIRRM3
which cenperates all .6 permntations of first 3 intecgers of a given
cequence. Consider now rhe persutation of 4 integers, The 4th

“integer is dinitially Fkept as 4, 'Ihe above procedure PERM3 is

nperatonr @ Chance the given sequence of D integers

e oy o

e

(NN
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~then called which cenerates 6 nermutaticns having the 4th integer

“as 4. The 4th intever is then swapped with the 3rd integer of
the URIGINAL sequence, The procedure PERMI is  then called ta

i (.! eners i"f{’ : (' R AT AR 8 T U L & t. ‘i() ne -‘il P h J'" 5 n‘ o t h o d o ,( Ca L l i ni:j }:‘ P l-\' ¥ ‘3 i 5

“repeated £ill the 4th elewent i swapped with the 1st element,

“For aiven npurper of elements n (4) Lnhe above process looks for
all the permutations in which  the last element is repeatedly
“swapped with all the rest elements, This methed 15 elegant. in

the  sense  that it  alwsvs  aenerates only the DISTINCT

permutations, trus  avolding the overhead on  our part o
“termporarily store Yhe list of rerwmutations aencrated al s aiven
~8ftage follwoed by the need to obheck whetner the newly generated
“permutation is distinct ar not, : ‘

3, Test Runs : 1
“Table 1 qlves the average CPU time taken by the present program
in generating  all the Alstinet permutations of n elements for
several different values of n,

It may be poted that the algorithm is aquite efficient as  far - -as
“the CPRI time taken to cenerate the permutations is considered,

“However as the  numher of  intecers (o be - peéermuted- ingreases
rapidly 3 #ith  each - Increase of an Integer the CPU time is
~increased by a factor of 10, e o

' Table 1 :
CPU time taken for ceneratina =11 the n!  distinct pernmutations
of n elements, : .

pumnber of CPLU time
n  permutations (milli =sec)
.3 6 <l
4 24 <1
g5 120 . )
£ : 720 15
7 5040 415
8 403207 9790
-9 A6UHA0 8790
10 3p2B800 B7930

ot A e B s BE G S e M G S TR B ome AT e T RO A AR M s an e e DR A an 65 M TR s 8




3.2 The ‘N=Partitvion’ and Knapsack Problen

o AN R TN e S ko R S Rt W EOWR SO ME ww D BRUCTE U T m o bh ADY eSS 4T R W M PR am we M 6% R KD T M6 e o . C : TUIIImAIIIET I I L

“fhese two problems are closely related  to  each otnher ‘and are
“considered as. classical problenms in integer programming having-a
“wide range of applications, Havinag given a set aof n- integers,
- ~poth the proklems look fer all the subsets of integers which - -

i
+0llow certain coensftraints, we now censider the two problems-one ==
Z by ane, : : R

3,241 The M=Fartition Problem S

o PR O MR R WD s Ao TEE R OR T NN PR TE s Y 5 39 AN BRBR U R IFA W M e

“{, Problem Definition - I ' T
Given a set & of n integers s(1), S$(2)) cavanonn ;5 it oig o e
S=pegquired to list out-all distinct subsets of § whose elements add — =

“ap to a given value #, - . ' g R e e s

»a

1. Ivitial state “Null'set'{}“havihQ’ne elements

2., UOperater i Rdds up an element from § “to  the present— "

Cmet . e [ . e e

3a Goal state 2 A11 the zubnsets whosge members -add
up to a agiven value ¥, Ce e

The Fascal proaram ST T
i Size 1508 Pagcal lines : o
Core : 2K words

The recursive Pascal orogram has been developed which mpakes-—&0= —=
exhaustive searen and 1igts out ALL the desired subsets of ~ =7
intecers wheose memnpers add up to #, Havipoe glven the set S-of -n- R
intesers and the sum value ¥, “the program first locates two- -
optimal numbers, parely, the minimun and the maximum possible sum

values, Tha wmininum value 15 esgentially the smallest number of -
the given irtecer whereas the maximum nuwber is the sum of —all

the integers, For the given n integers the search process-would - -

then be trigoered only if the value of ¥ lies petween the above
Two bounds, : T

The input/output +or the prodran are as follows i

e

input : # n o= number of wmemhers of set &
The n memhers of aset 5

e

¥ W o= the desired sum value
gutput ¢ # List of ALL subsets of & for which their

= members add up to sum value i,

3, Tets Kuns

3



Examnple 1

e Y

BE nput

Output

cecE¥ample 2

oy ezt T o PR R MO sy

Inpul.

Gutput

BXxample 3

B CROEH em W 4

ITnput

Qutpot

ey

EY]

nTh
S=4{8

M

no

=

1

2

3

B3, 6."‘1 }

Subset
{9,1}
15,3,1%
13,67

‘Nodes searcheéd

16
s)

rr

3

RS2 W Ten S ™M SN N AR wim e fer R T3 mep GO e hen M1 o G R D3I NS AT A R e tet MU Gm B9 W Lm 0N o OB

Total

Averadag nodes
Huneas

nades searched
searched
(rilli sec)

Suhsaset

(7,5} -

{7,4,14
{7,3,2}
{6,5,1}
{6,4,2}

Lad i
-

v 2,1}

{6,
{-E.:"

P
{8,4,2,11%

I
‘)

4

i

for 1 soln,

Hodes searched-
T e ey MY el M e wey P BA s Se wm

34

2

SOPEI AR fam FRY Ml R O] M N MR 523 M Er oge BT AR S SO0 qm B4 S RS TR MG SR B2 b M O PG TRS BF M MR 4R 2

Total

Hune

n=h
a={7,
Mo O

no

s o

nodes- searched
Aversaae nodes gearched for 1 soln,
(rilli sece)

Subset
{2,1,0,=1,=2}
{2,1,»1,=2}

it

[E ]

Nodes searched

e PP GSA P M ST OT um M RN R ww o 0O
5

3

Rl i ¥ }
[ gt

76
9
1
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3 {2,0,2} b
“ 12,=2% ;
5 {1,0,=1Y

Tatal nodes searched .
Averaae nodes searched for 1 soln,
witpe (milll sec)

3,2,72 'he khapsgack Froblem.

i W M et W nm B TR W B3 e R G At g e w0 RIS D b0 e b

iy Proplem befinitilon
®

“Associated with Lhis set is another set P of n

“qne Knapsack broblem lies in finding out that
“meets with the feollewina twe constralints i

{(pC1Y, P(2), «ws ©B(n)}, The n°s are Known as

Bt B i sae g B A TR CRD OB e 4t B M W AT wn B g WK MR GO0 B GR G Sy ea n om0 M0 T o e

= 26
= 4

=1

Pacge 18

- Congsider a set & of n integers, namely, {s(1)y 8(2), wao

integers,

profit

supsef of

1, Tts mewbers add up Lo » maxiwum poesgsible profit

vatue M, (For-a“-supsel of P ,namely,
the cooprregsnonding subset of
{8(1),s(2),s8(5)}1)

“the operator as defined below 3

2. The corresnondinag subset of 5 must be
memhers- add up- to less than or equal to-a-given sum

such th

s(n)da
namely,
values,
P owhich

value

at its

{o(B),pC2),0(5)},

5

wou

_— 1. TRTTTAY, STATFE ¢  fThe null subset {} of P

sybkset fram the aiven set P,

Y. DOPERANTOR ¢ Adds up a wember

to

3, GUAL STATE 1 %he gsubset of P whose

the oiven sum value #,

2. The Pascal Prooram
size 1 180 Pascal lines
dore 2 AK words

the recursive aloorithm in the pregent program

finds

Lhan

the

membe

wp  to a maximum possible value with the con
that the memrhers of tne correspoending
suhset of 8  wmust add up to less

A8
or e

out a

ld - be

~The problem is defined bv The initial state, the geal state and

present

rs add
straint
ociated
qual to

valid

I
[
%.
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subset  of set © (that satisfies ¥nd constraint above) and stores
jt:in a oufter. ¥hepever & nrew valid subset 1Is found, - it is

‘Fompared  for opotimality with the supset in the buffer, 1f the
pewly found subset is better than tLhat in “the “pulffer ~thepn - the
Fontent of the huffer is renlaced by the newly found subset, At
he end of the recursive seareh the buffer would contain the

desired optimal subset of P,

Sphes input/output fer the prooran are as follows 3

¥ set 8
¥ set P
¥ gsun value #

. Input

ww wr oaw

Output * The optimal subset of P satisfying:
the constraints mentioned above

“pxample 1

T ee W g 6o S8 AR om WY Tm

Input : & o= {3,1,9)
P o {20,10,27%)
Mom 10

Cutrut oz Pesired suhset of Poa {10,22}
Munher of nodes searched = 7
B Pun time (milli sec)

i
o

\

amrple 2

LR R o

input oz S = {1,2,3,4,5,6,7)
{12,10,20,100,80,90,50}
7 o '

g
N

Jutnut 1 Desired subkset of P o= {12
Humper of nodes searched =
Fun time (milli sec) =1
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1.3 The Shorfest Path in a Network

.~m‘,“';w;x!0h-,ﬂ:=‘5.":m?.‘.—-mmmmﬁﬂmnmfﬂﬂmﬂﬁﬂur‘a—,@qﬁ!ﬁ”ﬂ!!ﬂmw%

Th
pecurs dulte freaquently in manv practical situations., Consider a
5§twork having certain noaker af nodes which are  linked to one
~another, associated witn each Tinkage between two nodes i ang g

there is a pumber ¢(i,9) representing the ‘distance’ (in. some

STARTING node and tne DUOBL hede, the problem is to find outr the
optimal path  havino the shortest distance  enroute from the
initial node te the moal node, T '

“Problem Definjitien,
e 1. injitial State s The starting nade

?2a Dperataer 2 Allows Teo oo to one of the nodes which are
Linked to the present node

J.  Goal state 2 The qoal node

Tascal Frooram

"t 1 2 e
T Core

200 pPascal lines
4K words

ET I T

order to look for the desired optiwal path the program  prunes-
the nelworks, The recursive search process £inds out all

the sawe time whenever a rew path i ehtained, the program
€eps track of the shortest path out of all the paths generated
BoTTfAr,. The search becomes ouite Involved with the ‘increase in
Fe torsl numker of nodes witpin the network,

Input ¥ n o= The teotal numher of nodes in the network
g The distarmce matrix ¢(1,7) for all the pairs
of nodes 1 and 1 which are linked together
ihe startine and the aoal node
knmher of paths found S
The ortinal path having the winimum distance

-4

,
R e

initial and ¢oal pode

W Test Buns
“Example 1
TR e e wm e B e

¥ onob

Inpot H

The d01,4) matrix :

i5°1s & classical problem in the operatrion rvesearch ‘area  and

unitsl)  between the twe nodes, Given two nodes, nemely, the.

¢ paths that connect the starting node to the gqoal -node, -

-
N
1
|




node 1 ;
e i a2 e 1w o i v e 9 !
R R N
20 A ey e L m
nede S N A
i I N B A TR
51 = 11 = 3 . 2}
6l = o 7 o 2 -}
# htarting node: |
Gnal node L
Jutput ¥ smumber of naths found 2 B
* The shortest Path tl =>4 =% 5 =23 §
----- ¥ {dotiwal Distance A e
 Nades searched T 22
¥ oRunotime (willi se¢) 1 G4
TExample 2 : ' - o
o ' : !

Input 5 O¥ n=8 C ' : i)
¥ Ahe d€i,9) matriy ' o

node A
1 2 3 4 5 6 7 5
F Sy AN e WSi TOr o fad Mo PR o G gwp 5 KNI YT SR PR SES PO e emt
1 - i0 }? - - - - @ |
, 21 10 = = 9 =& = wm =]
node 31 12 = = 8 e o= e o=
i At o= 9 8w e )30 e
hi = = m m m m m

71 = - wm o 2() = - L 5!
o Bl o= m s om0 9 8w

¥o8tarting node 3 1
Goal node :- B

Output : ¥ Mumber of paths found : 4

F The shortest Path 81 =3 2 =3 4 =3 7 => #l
¥ Optimal Distance : 52 &
# fndes searched i 22 o
¥ Rup time (milli sec) : 46 o
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3,4 The 2=Jueens Problem

T A NR T M ST By YR M TR N S i mm B S wap b G A M A e e

(LS5 board hﬁvinq:ﬂ*ﬂ cell structure, The problem
: tooarrance # dqueens on the board such that no two
queens can capture each other, Tt is clear that for the desired
-éffﬁﬂﬁ@m@ht of aueens, we must place only 1 gueen on each ow,
gach column and each diacaonal, Thusg ~during the search process we
may resirict fthne (idth gqueens movement to the (iith row only.
Hence no two queens would be on the sane row and thus w#e would
conly  need to verify that no two queens are on tne same column or

same  diagonal, This ~would reduce the Search process
slderably, o : : : - C : ,

conside
gssentially

X

Us now consider a more general proplem of wlacing m-ogqueens
instead of &  gueens) -on an n¥n-bhoard. The ahove comment of
(i)th aueen on the (1)th row is still-valiqg, o o

Problem ﬁofinition;

Lo Initial state 2  The p gqueens are initially placed - on
the 1st ecolumn of successive n rows ' T

2. Uperator i@ fine of Lhe queen may be Shijted to one
square backwards or forwards on its row s

T

3., Goal srate : ¥ The llst of the arrancement of the
Cnooueens such--that no two gueens ¢an capture each aother

Pascal Prodram
Gize
Caorve

179 Pascal lines
2K words

LY

he successive queens are placed an the hoard with the constraint
that tne gueen (under consideration for being placeg at an (i,1)
cell) must not bhe in a4 nesition to capture any of the previously
laced  queen, e o kKeen  track of the squares which can not be

cupied by another auveen hy foerming & two dimensieonal  hoolean
T named DO EOT PLACE, Tnitially all  the elements of the
are assianed to value FALSE, f(nce a queen is placed on a

uare, tne array elements corresponding -to the squares falling

nite row, column and the 2 diaaonals-are assianed to the —-value
e  Tnus wnile recursively placing the .dugeens on the board, it
an be checked whether a aiven sauare {s valid for placing a
Jueen or nrot, The recursive brocess aeperates all the possible
Solutions faor 2 aiven number of n oueens.,

that it recuires an  additional overhead, Note that the array
DOLNOTFLACETT,J1 98 passed - as - a parameter - to the -recursive

lkay e pointed that the book keeping aspect iz & subtle-ane in
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search  procedure,

‘uppose  now  that the (i)th queen isg
;@ugtm;sfully p1aﬁad1Qﬁ'tﬁn Cirth colunn,  Unce all the search for

e roest aof the oudeng g cdrrleﬂ ﬁur; it Wonlﬁ he necessary at
€ stane.to backtysck and placde the (iYth  aueen on (j+i2th
1nmm in order f@‘aﬁain-carry-aup an exhaustive search for the

GE guetns, It woule then e nocessary to update —the - array’-
)C;mhi PLUBCETNT,J1 arvay, The npdation process invalves 2 steps :

L]

T, Hake those elements of EOLNOTLPLACE array to  FALSE
which were made to TRHE because of the-placement of

(iYth aueen on the (idYeh ecalupn,

2. Wake those elewents of LOLNOT_PLACE array to TRUE

#nDich  are  affected by plmqlnq (ilth queen oan.
Ci+310th column,

The stre no (2) iz a stralohtforward one but the step (1) is a
subtle one. Tt alse reauires tpe information of the list of al]
gquares wniceh vere made to TRUE while placipg the (idYth gueen  on
(4¥th ¢olunn, Bagically this additional overhead comes about

pecavse 1t is cvite rossible that a aiven sguare is  attacked by
“MORE THAN OMF cueen placed so far, '

“Input ¥ n o= Fank of the peard : :

¥ List of a1} solutions. Fach solution being
represented by n integers corresponding to
the colunrp number for the queen placed aon
suecessive rows, ) ‘

wa ey

bw

onmi

# No s0lutien exists

¥ Modes searched 58
R oREun time (nilli osec) R =
rn Lp 2 . . .
manl-mInlai
IO¥ on=mb
ntput ¥ Sunbker o of solutions- obtained = 10

(Some solvtions are shown below)

f e Arranagement hodes searched

=1y L B R R R KR oW o Mn own 0O e W gy % Rt ey

1 13 5 2 4 : . v 5
R R I A e 2

10 531 42 . 4

M.;a.-vw--qmmwmm;mmqmmnmn,eenwm‘nxwmnn—mmmmuw'zmlmnmmhma




Erxamnple ¥

e PR KO BT me AR 00 M2 woo

Inpat

Gutnut

fExamnle 4

K e W WM 4 08 ¥ WY em

Input

Dutput

s

% hades searched
rodes searched

B RVES

aCe

¥onmH

{Some 50

Iutions

o Arrangement

s VT a1 Mr ery EH R WA 4 B0 8e 9B um W

1 1 5
? 1 6
200 3 A
g1 T 1

Q 6 ;

g7

38 6

7
4
AR

A

ar

90 83 NS

2

E BRup time (wmilli sec)

wr of solvotions

&

s

A

S

3

obtained

RS T

e
ey

QQ

snown below)

Nodes
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searched

for N WR g D ST vE MR oW R T Em

113
34
4
a0

TN g A W R G Tl IR o 6O e B R MK KD e D DR DR TR MM M NS g oo WO qry W SR ED AR S MR om e oo s TR X Y

# o Nndeg se

# Averaqe

* n=min

<k

(Fome 50

arched

nodes searched
¥ Hun time (milli sec)

lutions

el Errancement

sunrher of solutions

cbhtained

"
#
T
a
»
2

Lo E R B O B KR T o4 50 SR Gn WM Sm OOV we WR UK R o

1 1
20 1
68 2
i 2 1
TEO Pl
540 7

2 & H
H "] 10
4 & 4
0 7 4

.
da T

g

10

7
10

1
1
1

4
1
3
10
10

5
3

3

2086
27
ngl

o
-~

F24
are shown belowl

W ~d

Mmodes searched
102
26
201
205
5]
46

i m e T A A TS S N Do ey 31 0% wm MR o SN e FR TR B ORR RE o Ao 0B 0 BT P Wy M Sl B wmr 8V Hp 0 TS 6RO

¥ Nndes se
FoAverade
Kun time

¥

arched

nodes searched
sec)

RN

(milli

me

a5

F

7

.

~

3
2

A

t

4



3,5 The "Kn jantfs Tour" Proplew

procegure backtracks in order to look for another solution,

Page 28
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CInothig interesting mrmhlem“m knioht is to moved on e CHESS board

fram  a  given initial savnare such that 1t visits eacb and every
sagnare ot the bBoard withoul repeating Lis vigsit to any square,
It is clear inat the solution path has & lenuth which is same for
all possible different solutions and that It is equal to the
total number of sanares on the board, It may be noted that we do
not give any copstraint on. the location of the 1last square
visited, (Tn ether words it is not necessary that the knight
should visit all souasres once and  finally come nack to the
starting sauare’,

For the sake aof ~emeralify we consider an n#np board rather than
the usual 8%k Chesg hoard,
1. Problem Definition,

Initial state -t b knight placed on a4 given cell,

The rest of the sguares are unvisited so

iperator + whe knight jumps te one of the sguare (out
of the maximum 8 possivle ones) which has-
not heen visited as yet :
A1l tpe sanares of the bhoard are visited by
Cthe knight (only once) : :

X1

Goal state

2. Pascal Froarawm

Size : 1% Pascal lines
Core : 2E owords

The infarmatior recardina whether & souare has heen visited as

‘yet or not is sgtered In & hoolean array VISITTEDIL,J]l . The

hackiracking procedure emploved in the preooraw continues. further
£111 one of the followina two conditions is met @ - S
(1Y 211 sguares are visited
(2) The kniaht can not wmake a leaal move
If conditiorn (1) is met then the- problem -is solved. and the
solution is reported, Uf condition (2) is mel then the recursive

"1t is obvious that the backtrackipo algorithm vsed by the progran

is verv crucial and that a repeatitive procedure would not help
at all. -

The proarams does net adent any  Heyristlc approach, Thus the
search is an exhpustive onpe.: :

1nput, I = Rank of the board



Cutput.

3, Test Run

ramnnlie 1
M po e B4 we w3 an me oo

Input

Outnui

12

Exatple 2

ven B2 e om e O s B oy

Input

utput

&
1

&

¢

o

2 =

36 4

e

S

(¥,v) =
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The coordinates of the starting savare

A1l the successfnl paths of the knight®s tour

on- the boprd,

n=h

(x,vYy = (1,1)
Fuph:er of
Lunpher of
wkun time

nodes

vodes searched
. Rom M T e T TeR O mbe OO % 7R 4w

an3a

a4

BKhla

solntions found
separched
(will1i sec)
(Some of the solutions

TR T

are 8

204
1735078
A16484
hown below)

Golution

e TE OB B0 W 0P MR e B Mo G b0 B4 em

615 10 21

140G 20 K5 16
19 2 722 11
s 13 24 17 4
;03 14 23

-
jee

N LA™
]
L=

9 22 7
i 15

,
L)
s
o>
o]
‘_“"n

N
s
£
o
L
Tad

1 10 21 16 25
20 1% 24 9@ 2%
11 2 13 e 17
14 19 4 23 8

312 74608

(=Y

W2 e

1 625
1o 7 17 12
15 20 74 5
5003 22 13 1¢
71 14 19 4 23

1 1e

1
B 2%

17 6 21
0- 11 16

e WA em $E ML GO TR IR WA ND M R EOF MR Mo 53 o SM ek O T TH UV N WM lm TR dov 7t ERL MR BT S B g 52 ver AN 4 vOr w6 TR o o

ne=h

(x,v) = (3,3)

sumher of solutions found

=
"

64
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% omumber of nodes searched 1 641870 o
¥ Run Cime (willi sec) P L6506
(some of the solutions are shown helow)
e dNodes searched Bolution
o MO O% B o T et T M e s DAL 0 AR om et e S51 o BB w51 Bt WA e m B

1 qa0n : 23 10 15 4 28
: 16 B 24 9 14

il 22 118 3

6 17 2 &
21 12 7

-—F
—
fae

e

21 BZAGT 23 6 17 12 2
16 11 24 7
22 118 13
' 16 15 20 3
21 4 9 14 19

1623

510
24 15
14 25

A

50 7 2l 6
' 12 17

7 20

2 13

19 8

Lo

4

G
24 -20 1t
23072 12 21
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3.6 The protiem pf 3 Water Jugs
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This popular puzzle orovides -a apod illustration of solving
ane=person game tywe of prablews in the GPR approach,

Three juas are oprovided witn the capvacities of 8,5% and 3 litres
each, Initiallv the & litre +duc is filled with water upto its
brin.,  The task ni the problem is to divide the  water eqgually
into ¥ - parts, i.e. having 4 litres each. in order to do so it
allowed Lo transfer water from one Jug to the other, However no
mesagsurinag  device 1% provided for finding the amwmount of water
contained in » given dun, The task 1s thus to find out that path
ofF moves (each move aAnmounts to pouring water fromwm jug 1 to jug
i) wirich divides the § litre water into 2 egual parts.

T trnils proplemn g state wanld - bhe defined-py 3 integers ,—~-namelyy-
nt,n?2 and n3, ipdicating the ammount ‘of water ¢urrently c¢ontained
in the 3 jugs having capacities of §,5% and 3 litres respectively,
Thus for example the state designated by (3,3,2) denotes that
currently the ammoupt of water in the “Juas having capacities of
B,5 and 3 litres are 3,3 and 2 litres respectively, :

Tt oshould alse be noted-tnat a partial transfer of water fram one
jug to anoither would lead fo an unknown state and -thus such moves
must bhe avoided, e : : : R - R -

i« Problem Definition,

Initial drate ¢ (%,0,0)
Cperator : water can be poured from one jug to another
Goal slate g (4,4,0

2., Fascal Proaram
Size ;200 Pascal lines
core a4 words

In the Pascal nrogram tne seauerce of maves is stored in an array
of the following Kecord structutre 3

move = record

nt,n2,n330, .8
end ¢ : : : :
It would be necessary to avoid leoring of roves in the sense that
the same state should noi be rerealed,  This 1s taken care of by
maintaining a bonlean array VISITEPINL,NZ,M3) which stores the
information wnethery A given state has been visited earlier or
not, Thus the proaran is enzured rto LODK  AHEAD  on  the search
process and never get Jost in a possible looping, (A possible
dooping would have bheen (8,0,0) > (3,5%,0) => (4H,0,0) -

(3,5,0) => (R,0,0) 4u.ae Ya :

Input : (Mo input is resuired) ,
Gutout @ % A1l the possinle seouences of moves which would



tead to the Goal state,

Test Runs. :

Input 2 ¥ (Mo innut)

Ouiput ¥ Mumber of solutions found

Fopumbtor o of

nadesg

F Rupn time (milll sec)

(sgme of the golutions

Nodes Path
Mo Searched Lengih

3 LR R e ) M avg o en

1 10 i1

15 2 @

Solution

T TR G ST b Fh MR KR T4 KD I R P Wp Wt vk MOR BC G MR OB PR S WSy FY O MR s TR e

(800)
(5073

(7019
(4403

(200)
(620)
(143)
(HSC}
(701
(4400

(2602
(520)
(142)

(RON)
(233)
(71n)

-

2

LN

o

-
o
s

P

-

s

-

£

W

¥4

)
£

-

searched

(350)
(233)
(710)

(350)
(602)

(3503

(602)
(440)
{503)
(251)
(413)

are

ar Ba a3

Shown

"3
-
-

->

an ty

w2

3
b

>

s

->
-
->

16
152
749

{053)
(251)
(413

(323)
{(152)
(5032
(251
(4133

(323)
(152)

(530)
(7012
(44)

pelow)

->

-y

=>

-
-
)
-

>

TR T Loy WY TR VM W B2 ST TR NI O ey MY (Mp ST OTTA UM N Sy Sy SA M MR Sep TP A B2 ga) T A% O SRR BB NSNS aep G B A0 M R e oo S9 WSE mn m o M T v aw emows oo -



Page 30

3,7 Finding out a path in a Mazge
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Congider & 2=uimensional Maze havipg n¥n gsouares, Frow any given
square  one can move ingeneral to ane of tne 4 adijacent sauares,
nawely, lvina on.left, rignt, up and down dgirections relative to
the nresent s01are, The waze 1is further initialized by
specifying walls petween some of ~the pajirs of Uhe -—adlacent:
squares, h wall bketween two adiascent squares would imply that it
would not ne nossible to wove freom one sauare to the diher, An
Initial and a doal souvare 1s also specified, The problem is then
Cto find out all mossible paths connecting the--initial-—and - the
“goal scuares., Lt wenld also be necessary to find out- the optimal
path having the shortest distance enroute from the <dnitial to the

goal sauare,

1, Problem Definition,- o ' s
Tonitial state o Ccurrent position is on the initial-sqguare-
Goerator oo wove- to ope of the adjacent sguares

Goal state : 4o reach at the Goal sguare e

2, The Fascal bDYogram
Hize 160 Pascal linpes
Care y 13K words:

A recursive Pascal pragram has been developed which —mwakeg —an-
exhaustive search and finds out all pessible paths connectina the
initisl and the ogosl scuares, 'The pregram Keeps track of - the
sguares whicn have been visited earlier throuagh a 2=dimenslonal
poolean arrav VISITIDI(T,J 1. whenever a square 1s -~ visited, the
carrespondire  array  elewent of VISITED [s switched to TRUE, A
visit to a new sauar® would he pernmitted only if the  square - has
net  been visited before, Thus starting from the ipitial saquare.
the search rroceeds further til) the goal souare is reached, All
the successful paths would be reported, By keepinue track of the
shortest path found so fer, it would be possible to update Lhe

shortvesgt path aprropriatelyvy whenever a new patnin is found out,

The input/output for the proorawm are as follows 3

input : % 1 o= Kank of the Maze ,

£ Information abhout possible existance of a wall
hetseen all wairs of a icent SQUares.
The coordinabes of initial and goal sguares,

56

Cutput % A1l the successful vaths whiech conpnect the
initial and conl saquares, Hlso the shortest
math of all the successful paths,

3'! Yefs ARUNS .

Examgle 1

Dy brs P e O b 499wy
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Thnput t & nwd

# Uhe maze

o
11 i -
WA i s emoam
1 2 3 4

(2,4)

¥ Initial sguares i
res H (3:2)

Gonal sguare

e

Famher of paths found

Outpot 3 :
ropbher of nodes searched 31
IZ

3 ¥

tun time (milli se) :
{eone of the solutions are shown below)

Modes fath : S R
pey  searched  Jenath  Solution
= P R R TR in o w3 By €A e R A n e B N WS MR O MO G BN T Mn 0D ms AR AR e 4% R 0
i / i (2,41 => (3,40 ~> (4,4) =>
(4,3 > (4,2) = (3,1) w2
(3,22

3 3 A (2,40 => (2,3) => (2,2) =>

4 7 8 (2,4) => (1,4) => (1,3) =>
1,2) => (1,1) => (2,1) =>
(3,1) => (3,2)

The shortest path is the path No 3

Example 2

Toput ;% n=h
FoUlhe wagzo 2

G E o o o e -n =
6o |
Bl ™ L)

5 | i

- . .

4 q i
L e B d Lo

41 !

o i oo

2 9 i i
. o -



a3

1
xR

W v et WP R TER md gy

(2,2)
(5,40

Tﬁﬂﬁd_
searched

the solutrions are

Solution
e AR RS AR M M e AR FRT B MW WS md m e MR mm v o Wl S M e BN e OO e
) >
( 4" 3 ) o

(2,2)

(8,4)

(2,2)

(5,2)

(4,4)

LA 40

(3,5%)
(5,%)

A BB BB

shown

53

220
36T

464
heLow)

(3,2)
(4,4)

(3,2)
4 g )
(5,43

(3,2)
(5,3)

3.4
C1:%8)

(4,5)
(6,8)

~>
-

-3

-
-

-

->
-3
-

(3,3
(5,43

(3,3)

(6,3)

04, 2)

(4,3)
(2,4)

2:5)
(4,6)

(8,95)

-

-

->

RN
ey

N{> -
L
-

ihe shortest path is the path No !



3.8 The Magic Sguare
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cansider a Z=0imensional matriy hevinag n¥sp number of elewents,
For a given value of n we consider the natural numbers 1,2,3 ..

n¥na de tnen look for the arrancement of these npatural numbers
in the matrix suech that the fellwoing 2 cohditions are met 2

1. Hach element gets a unigue number

7. fne individual rows, celumns and the 7 major
diaconals add up to the game sum value,

As an example, an instance of a macic sqguare for a 3¥3 matrix 1s
as follows @ '

4 9

]

fad
g
~1

fhe sum value for this maaic savare is 15,

Finjition, : )
itate 1 411 the matrix elements 4re unfilled
robdd a number in one of the unfilled
: matriy elements

Goa) state 1 R11 the rows, columns and tThe-

2 major diaconals add up te the 5
sum value : )

me

[4})

2, The Pascal brooran _
Size £ 206G Pascal lires
Core 2K wards

The program lacksg faor all cossibhle maglc squares with  any sum .

value. However it can he checked that the sum value for a given

n¥n fwatrix is 3 3¥(14nEn)/7 : :

The input/optput for the proaram are as follows 1

Input : %2 1 o= Rank of the Matrix

pgutput ¢ ¥ A1l the possible maclc squares

3, Tels Runs,

wxamrnle 1

a3
3

-
2t
3
N2

jnpnt



Example 2

s

¥ ol solution exists
I

LRI e A oe S e vnoem

Tnput

Dutput

7

s F on=3

5 F dumber af solutiors found
¥ ohugker of nodes searched

tun time (Millil seq0)

8
6185
2567

E T YT )

(zome of The #¥acle sguares found are

Hedes

o2
[

L8

3

-0

aquare

Ho searched - Hagic
L LR T quyms_:m;ﬂmmwwﬁn’l

1 2287 4

- ¥}

LS

A

3 age o

<

WP e S TTOAT Mo X R M S MR MY W om motn em et B2 R s W TR me

£&n

L1 IR

~J3

1
5
3

—
=
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3,9 Problem of missionayieg and Carnibals
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Consider that dnitiallv 3 Missilonaries and 3 Cannibals and a baat
are on one side of the wiver., “Their task is essentially - to cross
the river using the boat and reach  on . the other side of the
river, iheir are however several constraints to their movement
as rentioned bolow 2 :

1.0 The hoat would hold af most 2 passangers at a time

Ze The Canrnibals are dangerous quys and would eat up
the Hkisslonaries oprovided they outhumber them on
anv ane side of the river

it is ﬁhvinnﬁ that trhe Jannibals can not autnumber the
Mis 510““F e5  enrouvte on  the hoat  as the boat can hold only 2
passanagers In all other respect the Cannibals would obidiently
tellow dny 1nsfructinns that they are assioned to 1 for example,
when agked to travel in the hoat in  company or without the
celipany of 8 riissionarv ete, The proplem is thus to find out the
appropriate secuenre of trayel of one or twe passangers at a time
in  the boeat back and forth The river sides such that all the &
people (and nfeconrse the poat !) would reach at the obther side  of
the river witherut apv #Fissionary being eaten up by the Cannibals.
‘there may be more tran ane golutior palths and our task is-to £ind
Aall of thea. ' i o
For the sake of generality we -wenld now onwards consider the
proiem of n wisslonariez and n {3nnibals Lo be transrorted on
the other side of tne river, : :

1. ‘rOﬁTPW Definition,
state :n Hissionaries, n Cannibals and the boat
are on THIE side of the river

peyrator ' $ AL _tne woast 2 people may be shipped to

other side of the river (frow the side-——-
: o e e R ¥ 19'7’ e--theb -t RSO 1t } A i ) AR i e s -
Goal state - H ﬁ'M_SSlﬁnﬂrléxg 1 Cannibals aﬁd fhe.

‘ Smoateare on THAT side of the river

2. 1The Pascal Grogram
Size 1 240 FPascal lines
Care i BK words )

A state in this nroblen is defined by specifying the distribution
of #issionaries and Cannibals op the two gides of the river and
the infornmatior ag to where the bhoat presently is (i.e, THIS or
THAT side of the river), However it sufficient to designate the
atate by specifyino the nurher of Missionaries and Cannibals on
any one side of the viver (savy THIS side of the river), We thus
forrw a 3=Dirmensional array VISITEDINL, N2, BONMSWHEREABDUT] where
variables nl and n?2 are of tyve integer and stand for the number
of Missionaries and Cannibals regpectively on THIS side o0f the
river and tihe variable boatswhereaboot is of scalar type havinag

o)




different.

wissionary
recursive
allowed

the values (here,there),

At any stage aurina the search
would he-possikle Covresponding to
it ana 10 people on the boat '

CORPIBal " reéspectivelyv),

the most
shippina
C standg
e T progran T maKes:”
(whichever

solution,

all

rne constraints) at each

YISITED

hooleaan
PR ARD

input/outoul

direction
pessibie looning within the solution palb,

the

Mooof

*

Example

p e S m B e

~p

selution patrh(s)
travelling in the hoat durino each shift
one ginde ' ' R

of

dumher of

¢

]

ST e G teed et B

Solution
Kodes gsearched

Bun time (mI1111

possibilities

stage of the
grive the
allowing

PrOcess,

away with any

proaran
vigsionaries ef Cannibals)

indicating the

solutions
searched

an

L3y

Fal

of the solutions
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ITnpit -

ODutput

Soluti
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.

e R CE R Ul 4 PN S MRS A
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Eun Cime

(some of

X oo

3

on ¥a
gsedarched

By wa

This sicde
i ¢ Hoaat
1 e o 58 17w P i o
3 3 Cyen
ne
ves
no
Ves -
ne
2 ver
0 2 NG

[\l

TN

O BT RENT PN

A j ) *)7 eR
s ne

ves
; O

R R o DO WR Y g WO R T W B4 wex e 0% FE Gm wm FW R O mm PR om DN M R S MR wa

on Mo
searched

This side
ke C
3 ves
1 no
2 yes
G nao
3 1 ves
i i NG

7 2 ves
0 e 14EV]

ves
no

snlutiens found
nndes’
fei11l
the

25 ww

4
zearched P 2y
s5e¢)

)
solutions are shown below)

That side
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.2 oo no PR yes
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Examnle 3

W E e T3 o A e oo

n=d

39
=

Iinput

sutput ¢ % Mumber of seolutions found 5 G
i ' A ohumoer of nodes searched & 19 .
* ! s 1

Zup time (Willi sec)

s solutions exist,
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4,0 DISCUBSINON
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The present note discusses the BACKTRACKING ALGORITHM and
illustrates its uwsadge in solving tyvpical "OHE«PERSON GAMEM type
of proplens, The waell knowp mapping of such problems onto search
in a grapn af node (from the given Initial node to the Final one)
ig used, The provlems solved are essentially the ones belonging
fo Che GPS (General ¥reoblem Solving) category, It is emphasized

that Lhe aloorithm provides a rmeal and elegant way to solutions
gf the following kinds s ’ ' : .

1 Anv OnE solution,

?. ALT. the salutions,
3. ihe NRPYI¥AL-solution,

The real potential af this aovproach lies in that the SAME general
ferm  of  the search alooritnm may be used to solve a variety of
diverse oronlems, . . . . . I

1t way be peinted out that the "freadth First" search employed in
the present alaarithm makes an exhaustive seareh {hereby
consuming a substantially heavv computation, In  particular - - the
‘search pecorwes ocuite invelved and may even reach to unpmapageabhle
bounds for arapps which are-deep and at the same time -have:  large

~branching  ratloszs, - I suech ¢ases abpropriate Heuristic-approach.

‘wmust he used which would guide- the search favoursbly in-the- more
promising  zones of  the underlving araph thereby redug¢ing the
search. : - : -
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