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Abstract

Linear parabolic partial differential equation is encountered
in many areas of science. Some of the well-known examples are
heat conducﬁion in solids, dispersion of tracers in geophysical
reservoirs, mo&ement of groundwater and moisture in soils,

dispersal of pollutants in water and air etc.

_We have used the well-known Crank-Nicholson Scheme in
solving.a general linear parabolic partial differential equation
ﬁiph infinite range for gpace variable., A new feature of the
'algbrithm developed by us is the transformation of the space
variable to make the spatial grid equally spaced between zero and

infinity.  This procedure saves efforts as well as computer time,
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This report deals with the development of finite
difference method of solving a linearvparabolic'partial

differential equation of the form:

e ey b2 o+ £, ey du o+
oY

1 2
)Syzv
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gt
£, (t,y) u+ £y (t, v

3 eeo (1)

with the initial and boundary conditlons as:

ufo, t) = gy (t) )
U(dOlt) = g2 (t) ; ee ® (2>
u(y,0) = gj (y) g

where fl, f2, f3, f4 are specified functions of t and vy:
gl,,gz are given functions of t only and g, is a given
function of y.

For finite difference methods, it is known that step
size in the -spatial direction has to be smaller when the
gradients are higher. Thus step size should be smaller
year y = O and bas to be made progressively larger as
Y —_Zr 00 such a choice of grid making, however, creates
préctical difficulties. To obviate the sbove difficulty.

we introduce the transformation
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| 2 | |
z = expl-y ) (3)

which brings the range of spatial variable z between 1 and O
corresgonding o the'rangé of ¥y variable between O and .
This transformation has the additional advantage of uniform

spacing of the interval (o, 1) in the z-variable.

The grid points in the z variable are 1, (n-1)h, (n-2)h,
——————————— 2h, h, O; where h = 1/n (zero éorresponds to oo of
the original spatial variable y). The choice of @ can be made
in such a way that -

y = (-1ln h) 145

is of the order of infinity for the problem:in_guestion.

From (3)
t _ _C_i_Z_ . ' _‘,.7_'7&'—1
Z _.— dy s zZ ( ‘?Y(J\ ) --f-o (4)
2 S=11 A-
oh = gz = =z y( E(\E}Y{ . ((5—1)/& cen. (5)
2
Ilso ‘
u Au dm —au . :
Y Rz @ =2z 2 cons (6)
. , : ) ~..2
azu B Dy d2'z, 4 2 u (-@—Z~)2 = du g" +D~____U2 2'2 (7)
2 - o )
a}, —aZ dyZ ‘2‘2 oV DZ

using (6) and (7) the given parabolic differential equation,

(1), takes.the form

'QE: £.(t,z) 212 0% 4 4 o dﬂ+ @ﬂtz)z' Ou

3t 1 Dz Dz
b 2)22 )
+ fiu + £,
,___:_E‘:\____Ll —_— l2 P ] . 1] -y 1 au
or, 5t = fl Z S) ; + (flz + fzz ) -
o =
‘f" f—)'u + f ono‘- (8)



With the‘transfonned initial and boundary conditions corresponding

to (2) as:

uli, £) = g, (t) ;
u(o, t) = g, (t) g vees (9)
u(z,0) = gy(z) )

Apply ing the Crank—Nicholson‘scheme, the finite difference
at the i h Space interval and for the time interval between J and

J + 1 is given as:

J+1 _ 3 - , N
Uy Uit o ((Ei)J+l + (Ei)J} /2 cess (10)
Nt | | 454 -
where
. N : = 3 oAt ceee o (11)
b, IERVAN | »
_ L 2 u -2, u, . " ot
El = fli = i+i 21 + l—l.f_(fllzi + fZiZi)
h
u, u, : - L , -
i+1 = -1 4+ £45 w4 £y eoee  (12)
In (12) £, = fl(t,zi) and llkngse f2i’ f3i and f4in

Writing out explicitly the tems using (11) ang (12), the

finite—difference“equation (10) takes the form

- | j+1 J+1 : Jj+1 .
fien M By wly o+ oF ot o Ay

. i = 2, 3, "_'""-n L ® e 0 o0 (13)“
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- _ j+1 "2 .2 i+l Jj+1 ! ,
Byq = -3 =z;7/h (£75 R ! ) /2h ;.... (14)
¥l z!2 J+L M g4l )

Fiop = 7R Ao (ByyToey o f5y7 2y ) /2h
_ h )
T R TS S )

dj_p = (By)7 + it AT W )

Equation (13) represents (n-1) simultaneous linear equations in

(n-1) unknowns at (j+l)th~level of the variable t, namely
s —‘*q — .a__‘: ) et m""“m‘
I T T p— 0O 0 o - vy d,
n 7 ] d
i :E‘l £12 ]D2 O ———————— O O O L. U.3 2
O F2 A3 B3 ————————— O O O N ' = i
S, ' X
O 0 0 0 =emm——-idy ih B ,
.iﬂg e} O O ——cemmmm- @) bn_z B { ug dn~1
el S— o
7 i = l.’ 2 _____ - n L  eo e (15)

The boundary conditions will alter the first and last component

of the richt hand side of (15) as:

ernoo (16)

}_.l
}_l
}_\
: —
e e e N

n-1  “n-1 n-1 %nsl

whe re uy and un+1 are known from the given boundary conditions.

Forzt= O, the profile of u is given (i.e., initial condition),
the profile at t =At can be 6btaiﬁed by solving these simultaneous

equations. We have solved this tridiagonal system of linear



equations by the Gaussian Elimination Method (Subroutine "TRID",
Appendix 1), This subroutine'returns'the solution in variables.
F

to F The values of.u at the rcqulred points of the space

1 n-1°
variable y has been done using the nearest Eour points in the
solutlon, (two abovL and two below) by fitting a third degree

polynomial.
It may be noted that in some -phy sical problems the initial
condition
culy,0) = gly)
may be the form
uly, oo) = g(y)
In such cases the tranSformation'T = 1/t will bring the problem

to the above formulation.
- &N ALGORITHM FOR THE FINITE DIFFERENCE SCHEME

In o;dér to illustrate the above method we give an algorithm

(ippendix 1) for solving the second order partial differential

equation:
IC (x, t) D% udc -
e = 7T S eees (17)
' O x e

For the initial and boundary conditions:
v Clo, k) = C, 8inLIt ————um(a)

C(co, t) = o mm = (D) .,;. (18)

Nt e e N N

C(x, o)

i
o]
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ﬁquétions (17) and (lB)IdeSCIlbL the behévlour of a tracer
in a dispersive groundwater system. 'c! represents the tracer
n1CbA,CH”lOH fﬂimension, WL—B) at a time 't' at a distance 'x'
from the LEChaLgL bouudary (x~o) of the aguifer. Thus it is
assumed that the tracer %s injected continuously into the aquifer
‘at the :echarge boundary, the concentration varying with time
sinusoidally as given Ly equation 18 (a).  The tracer flows with
.tﬁe water with a velocity 'u' and during the}flow the tracer
gets dispersed into the aqguifer, the disperson go@fficient'béing

D (dimension, 14 o~

o

I+ is customary to use non-dimensional
distance parametér xu/D (say '‘y' for brevity) and the dispersion

_ . _
fime constant, D/u” (dimension, T 1)c With these notations (17)

becomes
aC(y,t) _ 1 Bzc (Vr t) - 1 aC (Yr t) (19)
Ny - (D/u?) ~ o2 2 - e

with the transformed initiai and boundary conditions as:
Cly,o0) = O} C(o,t) = C_ sin Qﬁt; C(oo,0) = 0 ..c. (20)
 On comparing (19) and (20) with the general linear parabolic
partial differentiai equation (1) and the- initial and boundary

conditions (2) respectively, one obtains

£, (t,y) = 1/(p/u*) )

£, (uy) = -1/(D/d%) ; |

f3(t,'y) = 0 ) , vees (21)
)
)



gl(t) = C_ sinf@?tig
gz(t')v = 0 . g cone (22)
9‘3(y) = o0 )

Equation (19) has been solved by the Crank-Nicholson Method fo;
the givénq initial and boundary conditions (18) by appropriaﬁely
defining (using equations 21 andg 22) le f2' f3m-f4, gl,-g2 and
I, in FUNCTION Subprograms Fl, F2, F3, Fq, Gi, G2, and G3 given
in the algorithm (Appendix 1). In order to get the'normalized
concentxations (i.e. C(y,t)/@o) we put CO ::l wherever it appeérs

in (21) and (22).

In Fig. 1 the cantinuous curves i and B give C(y,t)/Cd VS
t at xu/bH = 5 and 10 respectively, obtained from the method given
above. The value of D/uz’taken tor both the Curves is 100 vears
: " and that of W= 27/ = 277/1000 yr~* (i.e. period of the sine

wave as 1000 years, sca inset in Fig. 1).

We have also solved equation (17) for the initial and bounda ry
conditions given in (18) analytically; Appendix 2 gives the
analytical solutioﬁ. The values obtaineg from the analytical
solution for the $ame values of parameters D/u2 and xu/D are
shown by !'dotg! in Fig. 1. It is seen that the numericalnsolution

agrees closely with the analytical solution,

Table 1 gives. a comparison of the values of tracer concentrea ~
tion obtaineg from the Numerical and analytical methods at xu/D = 5
and for various values of time (nomalised with the period of

the sine wave) . The error is the difference of the solutions



expressed as a percentage of the analytical valuc.

Finitce Differ- Mnalytical ' : Percentage

/T ence Solution ~ Solution . Difference Error
0.25 0.067171 . 0.067277 ~0.000106 ~1,57
0.50 0.459601 . = 0.459920 -0, 000319 ~0.07
0.75 ©0.341715° 0.341093 j+0300@622 0.18
1.0 -0.270253 -0.270703 - __§+o 000450 | ~0.17

1.5 0. 305339; St 76.305933 —o,poo594 ~0.19

2.0 —o 298454 EY *éo;298945“€ :':+Qsooo493_ ~0.16

\.

Thp Crlnk~N1Lholson ImpllClt Mcthod has advantagu over the
' 1

”ExpllClt” methods 1n that the tormer 1s uncondltlonally stable.

and convprgent fOl ali flnlte values of step gsize of both space
; Y

and tlme-varlables. In<3dd1tlon for a llnearwproblem, the

resultlng trWdlagonal systgm of equatloﬁs can be conveniently  solved

sav1n9 a lot OL computer tjmg.,t
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" APPENDIX 2

The solution of

_ D% dc »
= bxg _—u'“é'}; _ (1)

e
ot

subject to the initial and boundary conditions
C (x,0) =0; C(0,t) =0, Sin wt ; C (e0t) =0 (2)

is given by

Clxyt) =35> exp {Z5 - ut}lexplpy) sin g,

{1- Referf(z)} '*exp(¢3) sin @4{1- Re {erf(z )} }
-{exp (p;) cos ¢, Im {Qrf (z )} *exp (m3),cos P,

In {erf (z )} } ] o BN E))
where

®; = trcose *x (r(D)l/g, cos o/2

P, = tr sin 6 *x (I’/D)l/2 sin /2

®y = tr coé 0 - x (B/D)l/2 cos 6/2 (%)

py = tr sin © - x (n/D)l/% sin /2

Vv vt frmd e At e

r o= (W2 ) Y2 tan 0= w/p; u = W/ND



Infinite series approximation for complex error function is

~

erf (x+iy) =erf (x) +e~ % | (1 - cos 2 xy)
2T X

12 X T el Gy
*+1 sin 2 xy] +7 se 2 = LT (x,¥
m n=1 n2 +Lhx= 0

+1 gn(xsy)] +e(x,y)

where

fn(xyy) =2x - 2x cosh ny cos 2xy *n sinh ny sin 2 x y

gn(xgy) = 2x cosh ny sin 2xy *n sinh ny cos 2xy
. 216 B '
and e(x,y) & 10 | erf (x +iy) |
where z 4+ are defined as
2e =y (D)2 + (x0) Y2 cos 6/2 Fiy ) :
and y = (rt)l/d sin ©/2
Various terms appearing in equations (3) - (5) may be expressed

in terms of a dimensionlegs distance parameter, (xu/D), and

the dispersion time constant, (D/u") . Fofc-axample9

(1)  ux/2D - ut appearing in eqn.(3) may be written as
wx/2D - t/(4D/uf)

(ii) oy = tr cos B "‘ X (.I‘/D)l/-2 cos /2



and similar expressions for cpé,_ Py and Py,
(111) 2, = (aw/2D) (s0/d?) "2+ (1/(2D/?)) /2
{1 +0/ (4P cos /2

{7 /N Y2 (1 +627 /)2 Y sin /2.



