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Energy Levels of 7x™
V. K. Thankappan

and Y. R. Waghmare

Phyvsical Research Laboratory,
Ahmedabad 9, India

Tuly 11, 1959

Ford’s prediction,” based on simple
shell maodel considerations, of a 07 level
as the fuwst excited state of Zr," was
soon experimentaly confirmed.” Recently
Lazar et al.” have measured the low-
Iying energy levels of Z1," and found
them to be in agreement with the
qualitative conjectures of Ford. How-
ever, they report that a quantitative
calculation by Lane® based on a short-
range interaction between the nucleons,
gives poor agreement with the experi-
mentally observed splitting of the (g,,4)"
conhguration.  We have calculated the
level-scheme for a more realistic shell
model, by taking a finite range for the
nuclear interaction, and obtained con-
siderably  better agreement with the
experimental results.

Following the two-nucleon model as
suggested by Ford,” we consider the
low levels of Zi" to arise from the
mteractions of the last two protons in
the config ions (p)® J=0; (Jom)®
J=0,2, 4,6, 8; and (pip o), J=4, 5.

From the data on Y™ we take the

separation energy of the single particle
levels to be 1.0 Mev.” We assume
harmonic oscillator wave functions for
the nucleons, and a central two-body
mternucleon  potential of the gaussian

shape  viz.,  (a+boa)exp(—7/r")

where « and 4 are parameters giving
the exchange character of the potential,
and are determined by comparison with
the experimental data; 7, denotes the
range of the interaction and only enters
the calculations in the combination, 4=
rof 11, where r, determines the range fo
the nucleon wave-function.”

The energy levels are calculated for
4=0, 0.5, and 1.0, and « and b are
determined by fitting the experimental

oF

energy separations of the 2%, 47 and

Table 1. Calculated and experimental
energy levels

Caleulated energy @ Experi-

Configu- / in Mev. . mental
ration " . ; energy
A=0 2=05/2=10 (Mev)

ot 0 0 0. 0
4= 250 3390 2.24 ?
5= 1 114 2300 172 232
0* ~4.00—0.92 1.76
2% . 168 2.80 2.19
(gg72)* 4% 02530 360 3.08
6 2947 4.00 3.45
g 320 451 3.59

6% levels except for Z=0. In this last
case only one parameter is needed, and
this is fixed by ftting the experimental
separation of 27 and 6% levels. Table
I lists the excitation energies of the
levels relative to the ground state 0.
We note that the separation of the
two 07 levels and the splitting of the
levels of (g4)" configuration are quite
sensitive to the range parameter A It
s clear that a satisfactory agreement
with the experimental results can be

obtained only for a rather large value



460

of 1 wviz. A~1.0. The energy values
reported in Table T do not include the
effect of the repulsion of the 0% levels.
A rough estimate shows this to be small,
giving a shift of ~0.1 Mev. in each of
the two 07 levels, for 4=1.0. This,
however, further improves the agreement
between the predicted and the observed

value in particular, the discrepancy

hetween the predicted and the observed
separation of the 07 levels is now rve-
that

duced to 0.38 Mev. We believe
in view of the simplicity of the model,
the agreement between theory and ex-
periment is quite satisfactory.

The values of the parameters « and
be —17.5 Mev

b for A=1.0 are found to
sectively, It may be

and 3.8 Mev

noted that the large value of the range

=

and the relative strengths of the spin-
independent and  spin-dependent intex-

sment with

actions are in qualitative agr
the results obtained for nuclel near
A==40"

We  finally remark that

model provides reasonably

ment for a splitting of the energy levels

within o given config

¥
>

uration, the rela-

tive separations of the levels of different
configurations is not so well  given.
However, the caleulation predicts the
separation of the levels of the conligu-
ration (py Gup) L0 be ~0.5 Mev., and
this would place the as yet unobserved
47 level at about 2.8 Mev., ie. very

close to the 4° level.
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COLLECTIVE VIBRATIONS IN P¥

V. KO THANKAPPAN and 5. P, PANDYA
Physical Research Laboratory, Ahmedabad-9, India’
Received 20 April 1960
Abstract: An attempt is made to explain the energy levels and the electromagnetic transitions

in P31 in terms of the collective vibrational model. The results are found to be fairly satis-
lactory. ‘

1. Introduction

The role of collective motion in explaining the properties of nuclei of mass
A = 30 is recently being investigated with much interest, in view of the
successful demonstration of the existence of the collective rotational motion
of nuclei of mass 4 a 25, and the experimental observation of enhanced I£2
transitions in some 4 = 29 and 4 = 31 nuclei'). In particular, it is found in
these nuclei that the E2 cross-over transition from the second excited state of
spin / = % to the ground state of spin J = ¥ is about hundred times more
intense than the possible M1 transition to the first excited state of spin J/ = §.
This and other properties of these nuclei are explained with a fair amount of
success by a model which describes them in terms of a single odd particle
interacting with a deformed rotating nuclear core.

Analysis of nuclear stripping reaction data for these nuclei by Ifrench and
Mcfarlane?) shows evidence of considerable mixing of shell model configurations
in the ground state of P*'. However, detailed calculations on the basis of
nuclear shell model including mixed configurations, predicting the energy levels,
magnetic moments, etc., are not yet available.

It should be of interest to examine the predictions of the collective vibrational
model for nuclei of 4 ~ 30, for several reasons. One of us has earlier described a
preliminary calculation for the properties of 5i% in terms of this model?). In
view of the considerably more detailed information now available for the
energy levels of P31, we present here results for this nucleus. Earlier caleulations
of Goldhammer?) on similar lines were based on assumptions quite different
from those we adopt here; our emphasis is at present on detailed comparison
of the predicted and observed energy level spectre

f Supported by the Department of Atomic Energy, India and the University Grants Com-
mission, India.
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304 V. K. THANKAPPAN AND S. P, PANDYA
2. Energy Levels

We consider the P?! nucleus as a spherical core of 14 protons and 16 neutrons,
filling up the nuclear subshells upto 1dg and 2s, respectively, and the last odd
proton in the 2s, or ld, subshell. T he collective properties of the core are
described in terms of quadrupole surface oscillations which are quantised. The
single particle states of the odd proton are then coupled to the 0, I and 2 quanta
states of the core. The mathematical formalism for such a model is well-known,
and detailed calculations are exactly similar to those described in ref. 3). We
follow the notation described there.

Tt is implicit in the model that the collective properties of the core should be
approximately the same as those observed in the 5i% nucleus. We interpret the
first excited state of Si2° at 2.24 MeV?) as the one-quantum vibrational state of
the core, which gives lim = 2.24 MeV. Of course, on the basis of such a simple
model we should expect to see in 51%° a degenerate triplet of states of spins
0, 2 and 4 arising from two-quanta excitation at 4.5 MeV. However, the experi-
ments show only a clobe doublet at 3.51 and 3.79 MeV, and further excited states
are not clearly known. This result should not be surprising as for excitation
energies = 4 MeV, this simple model may not be adequate; in particular, effects
of inter-nucleon forces and particle excitations from the core may have to be

taken into account more explicitly. It is for this reason that we confine our
attention to (even parity) states of P3! below 4 MeV.

The other two parameters of the model, viz. the separation 4 of the single
particle states 2s, and 1d,, and the constant ¢ indicating the strength of
coupling of the odd - particle to the collective oscillations of the core, are con-
sidered as free parameters, and are adjusted to obtain the best agreement of
the calculated and the observed energy levels. The Hamiltonian matrices for
J =4, 3, 3 and % are constructed, and are explicitly diagonalised for various
values of 4 and ¢. The results for the lowest few states of each J are shown in
fig. 1. The experimental results are shown in fig. 2

We note that qualitatively the order of the energy levels is correctly given
by the theory. To find the best choice of the parameters 4 and ¢, we rematk?
that the separation of the states § and $%, and the splitting of the triplet 3%,

* s quite sensifive to variation in the value of ¢ and is lehl.tlvely

L z’md :
unaffectec by variation of 4; this enables us to choose the best value of ¢ as
~ 1.0. With this choice for ¢, the variation of the excitation energy of the 3
state with A determines the best value for 4 viz., 4 ~ 2.0 MeV. Fig. 2 also shows
the predicted energy levels for ¢ == 1.0, 4 = 2.0 MeV. It may be ‘1’10[’(”(‘] that
experimentally the spin of the 3.41 MeV state is not determined. Moreover,
Simons®) assigns spin & to the 3.51 MeV level, whereas Broude el al. ) find spin

I The notation here is that the unstarred, stavred and double starred values reler to the lowest,
the first and the second excited states of a given /.
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4 for the same level. Though we have shown in fig. 2 the spin sequence of the

triplet as 3, &, &, the possibility that the 3.41 MeV state is § and the 3.51 MeV
state is & cannot be ruled out from our calculations, as these levels cross in the

E(MeV)
| S— l_p=15 3/2 E(MeV)
) 7=1L0
//
4 - 4
e /’5/2

-3/2 —— L L7/
I ] 3 ¥2—
/ »

T

I — 52| 2 52

[T —
-3/2
I \ I ’ ‘

I— T /
/ A

0 o5 ) T 5.5 70 05 .o 15 3.0
(@ (1)
Fig. 1. Variation of the energy level scheme of P31 with ¢ {fig. 1{a) and with 4 (fig. 1(b)). The
levels are normalised to I = 0 for the ground state.
E(MeV)
32
4 172
5/2
,___..39/‘2
no ===
3 5 —— 7
e 52
5 5/2
32 ¢ e 3D
|
J
O 12 2
@ (b)
Tig. 2. Comparison of the calculated energy levels (4 = 2.0 MeV, ¢ = 1.0 MeV) with the observed

energy levels below 4 MeV. (a) Calculated levels. (b) Experimental levels.
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neighbourhood of
sE L

~ 1.0, as may be seen from fig. la. The close triplet of
is predicted about 0.5 MeV higher than the observeq
triplet. This discrepancy is not regarded as serious in view of the remark earlier
made regarding the higher energy levels, and the availability of only twg
parameters in the calculation,

Ny

levels and

ol

The really serious difficulty in the predictions of this model is the presence
of the J = Zlevel between the #* level and the hugher triplet. This level is not
seen experimentally. We stress this feature as important, since no reasonable

-

variation of the parameters can avoid placing this level below as 4 MeV. The
only comment we make is that since the observed levels in this region are very

close, the probability that the 2 level is degenerate with 2% or £* should e

considerec. Small changes in the parameters 4 and g may casily cause this to
happen. It may be noted that for ¢ > 1, this 7 level would occur below 3 MeV,
and would almost certainly have been detected. This is perhaps an additional

Aargument against choosing ¢ > 1.0.

3. Electromagnetic Transitions

It is characteristic of the collective vibrational model that although E?
transitions can be considerably enhanced by introducing even a small amount
of collective vibrations, the static values of the electromagnetic moments are
not changed very much from the simple shell model values, P3! belongs to that
group of s, nuclei which show a very large deviation of the observed magnetic
moment from the Schmidt value. Tt is thus not surprising that as in the case
of 5i%, the vibrational model fails to predict the observed value of the magnetic
moment of P! The calculated value for the magnetic moment is (for ¢ = 1.0,
A4 = 2.0 MeV) p = 2.56 n.m., ‘which may be compared to the observed value
=113 n.m., and the Schmidt value 4 = 2.79 n.m.

The wavefunctions of the ground state and the first two excited states are
listed in table [. These show features very similar to those calculated for Si.
The two important characteristics of the electromagnetic transitions in P3 are
as follows:

a) large E2 component in the decay of the first excited state,

b) the possible M1 transition from the second excited state 3 to the first
excited state § is less than 59 of the crossover E2 transition to the ground
state 4.

Qualitatively these features are easily explained by the structure of the
wavelunctions found for these states. We note that the ground state is as 80 %
pure single particle sy state, whereas the first excited state 2 has a large ad-
mixture of the single particle state dy, and the s, state coupled to one vibrational
quantum. The presence of the latter large component would give rise to an
enhanced 12 transition to the ground state. On the other hand the second
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excited state arises almost entirely from the coupling of the s, state to one

vibration quantum state of the core. Hence we should ex >uL a strong E2
transition to the ground state, whereas the M1 transition to the first excited

state is almost forbidden. We hope to report on detailed calculations of the

Tapre |

Eigenfunctions of the states [ == 4, §, § of P91 for g = 1.0, 4 = 2.0 MeV
wok g J=1 /=
0 0 3 6948 | - -
0 0 # ~— 0.709 —
L2 4 — e 0.625 0.924
1 2 # 0.508 - 0.247 — 0.175
2 00 0.056 — —
2 2 4 — 0.079 — 0.039
2 4 1 — J— —
2 — 0.153 —
2 — 0.053 0.129 0.090
2 — — 0.325

The tabulated quantity is the amplitude of the single particle state of spin j coupled to the state
of the nuclear core with 1 quanta coupled to the resultant spin 4.

electromagnetic transitions in such odd-proton nuclei later in another context.
It may be emphasised in the meanwhile that absolute measurements of the
various transition probabilities in these nuclei would be very useful.

We should like to add a remark on the interpretation of these electromagnetic
transitions within the framework of simple shell model ideas, as we fear that
this aspect has perhaps been misrepresented elsewhere. On the basis of the
simple shell model, one would interpret the ground and the first excited states
as pure single particle states s, and d,, whereas the second excited state would
be due to the excitation of a d, particle from the undcﬂymg closed shell t
perhaps the s, shell, resulting in the configuration (dg)=" (s,)* for this Sta.te.
Even on the basis of such a simple model, it is clear that the 5 — # transition
would be absolutely forbldden (as it involves two-particle tr a,nsnmns), whereas
3 — § transition can take place as d — s transition. The introduction of collec-
tive effects would serve to enhance the E2 transitions. It is therefore unfair

to infer from the large crossover transition that the shell model fails, and
deformation of the core must be invoked. Perhaps a proper shell model calcula-
tion taking into account the mixing of configurations would also give quite
good results.

4. Conclusions

We conclude that the collective vibrational model explains satisfactorily the
seven energy levels of P3' observed below 4 MeV, but predicts an unobserved
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level J =% We hope that further experimental observations may elucidate
this point. One may compare the predictions of this simple two-parameter
model to those of the collective rotational model of Broude el al.!) for the low
lying energy levels. It appears that both models are about equally successful;
It is important to remark that though the rotational model predicts the 7 leve]
above 4 MeV, the position of this level is displaced to a large extent by the
rotation-particle coupling between the bands 8 and 11.

The values of the parameters 4 and g obtained here are also quite reasonable,
In particular the small value of ¢ and the calculated wavefunctions for all the
states considered here show that the amplitudes of the two-quanta excitation
states of the core are small, and the neglect of more than two-quanta excita-
tions of the core is justified.

Finally, the observed features of the electromagnetic transitions in P! are
also quite easily understood, at least qualitatively, on the basis of this unified

i

model. ¥
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7090 offers a very good case for the study of T'=1 levels in the pyjs—0os subshells and
has recently been explored by several authors. Here earlier caleulations of Thankappan
and Waghmare ave extended and analysed in detail. It is found that a simple central two-
body interaction can he constructed which will give correctly the energy levels of the
(gor2)? configuration, and hence alko the levels of a (ga)"* configuration. However, the same
interaction fails to give correctly the levels of the other configurations (£i72) (gors) and (pya)*
This simple two-body nuclear interaction is thus shown to be configuration dependent. Tt
is pointed out that experimental identification of the as yet unobserved 47 level would be
very helpful for further elucidation of this phenomenon. The results are compared with

those of the other authors.

§1. Introduction

It is of considerable interest for elucidation of the phenomenology of the
nuclear spherical shell model to be able to determine the region of validity of
the model, the nature of the coupling scheme for the nucleons and the nature
of the two-body effective interaction which will adequately explain and predict
the low-lying energy levels of nuclei in this region. Some work in this direc-
tion has been done recently in the region A =290, pyefope subshell.” The early
qualitative predictions of Ford” regarding the theoretically expected energy
level scheme in Zr™ were easily confirmed experimentally.” Later a quantita-
tive calculation by Lane” for this nucleus, based on the assumptions of a simple
jj coupling scheme for wave functions and a shortrange (J-type) interaction
between the nucleons, gave rvesults which were in poor agreement with the
experimentally observed splitting of the levels of the (¢q0)® configuration.
Since the observed splitting of the levels 07 —2% of this configuration is of the
same order of magnitude as the splitting of the 2"—4" or 4*—6" levels,
whereas the shortrange interaction would give a much larger depression of
the ground state 07 relative to the other levels of the configuration, the neces-
sity of taking into account the fifiite range of the nuclear interaction is quite
obvious. This was done by Bayman et al.,” and independently by Thankappan
and Waghmare” at the same time. Finally, Talmi and Unna” have recently
attempted to determine the matrix elements (diagonal as well as off-diagonal)
of the nuclear interaction from the observed spacing of the energy levels ina
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number of nuclei in this region. In this paper we would like to present a
somewhat improved version of the calculations of Thankappan and Waghmare,
compare the various results in some detail and offer some additional comments
on the nature of the two-body interaction.
§ 2. Amnalysis of caleulations for Zz"
3 ¥
The theoretical caleulation for Zr"™ is straightforward, and was described
by Thankappan and Waghmare and also in more detail by Bayman et al.
We sketch a brief outline here for completeness. The levels of the configura-
tions (pape)?, J=07 5 (Gop)?, J=0" 6%, 8 5 and (puj) (Yape), J=47, 5
for the last two protons in Zr" are considered. We assume the equality of

2t 4t

> 2 b

the radial oscillator parameters »,=r, We take the separation energy for the
single particle states pyp and Jon to be E[gep]—E[ p1p]=1.0 Mev from the data”
on Y¥ A central two-hody interaction between the two-protons of the type
(a+boy-oy) V() is assumed where a and & are constants and for convenience
in caleulations V() is taken to be of the Gaussian shape V(7)) =exp[— (+/7)"].
The range parameter », only enters the calculations in the combination
d=1y/ry=ro/7y. The matrix elements of the (wo-body interaction for the
various states of
are calculated by the well-known

the two nucleons £ (Mev)

techniques, which we need not 1 o s s

describe here. G :;;. —
We consider «, b and 7 as 2k 4+ 2081 4*

variable parameters and attempt to \

fit them from the available experi- i 2.315 5

mental data by using the following 2k M; 2 182;

procedure.  The energy levels are . 1752
alculated for the pure configuration -
(¢o2)*, and for different values of 4.
For each value of 7, the exchange
character of the two-body interaction
given by a and ¢4 is determined by
fitting the experimental energy sepa-
rations of the levels 2%, 4% and 8".
The rest of the matrix elements are
then evaluated for this choice of 0.7 0.8 0.9 1.0

the parameters. The results are Fig. 1. The calculated and the observed energy
shown in Fig. 1. The levels 27, 47 levels of Z19 The observed levels are shown
o+ . on the right. The ines show the energies
and 8* are normalized to the observ- ! right I}’“ m‘l lines show the energies
! | - " (o of the pure configuration states and the dotted
e /& 25 angd e os1tions o ne : . . . -

ed values anda lhe poSILONS ¢ 1€ lines show the energies including the effect of

other levels of the pure conligura- configuration mixing.
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tions are shown relative to these. The configuration mixing of the two 07
levels, and the consequent repulsion of these is shown by dotted lines. The

expesimental values of the energy levels as reported by Bjgrnholm et al.” are

also shown.

Firstly, we remark that the position of the 6° level is not very sensitive
to variations of /4 (we remind the reader that for each X there is a different
set of values of parameters a and ). As 2 changes from 0.5 to 1.0, the shift
in the position of the 6% level is only about 0.1 Mev. Tf the position of the
pure 07 level of this configuration were known, it would at once epable us to
determine a suitable value of 4 (and a, 4). Since this is not known, we may
apply another test to determine a value of 2 which will describe the energy
levels of the (¢ys)? configuration. It is well known that in the (¢n)
ration the J=7/2% state occurs very close to the ground state J=9/2% and

3

configu-

sometimes even becomes thé ground state. For example,” in Sr¥ the 7/2°
level occurs at 0.225 Mev above the ground state 9/2°. TFor various values
of 7, and the corresponding calculated energy levels of the pure (gg.)* con-
figuration, we calculate the separation of the 9/2%—7/2% states of (¢y)*, and
the results are shown in Table I. It is obvious that for 2=09-—1.0, one
obtains a low-lying 7/2%. We therefore conclude that the levels of the pure
(¢o2)* configuration are correctly given at the value 2=1.0. The corresponding
values of the constants a and & are —15.9 Mev and +4.8 Mev respectively.

Table 1. Levels of (go)® configuration normalized to E=0 for the ground state 9/2*,

v

Spin l 1=0.7 3 2=08 1=0.9 2=1.0

7j2¢ [ 0.93 0.51 ﬁ 0.23 0.04

5/2+ ‘ 1.67 | 1.27 ; 1.03 0.91

32+ 1 2.13 g 1.71 % 1.47 1.30
H 1

9/2+ | 2.36 1.96 ‘ 172 1.59

Next, we discuss the relative positions of the two 07 levels. It is clear
from the Figure that for 2<0.7, the two 07 levels cross over, and hence the
ground state would be predominantly (fo),°; thus in what follows we consider
only values of 2>0.7. The analysis of the data on the F-decay of Y* and the
7-decay of the 27 state of Zr" by Bayman et al.” gives for the wave functions

of the two 0% states :

W(0F) =080 (pip)o|—0.67 [(Ga) o], ) (1)
07(0%) = 0.6 (pups) 1+ 0.8 ()it}
Now the calculations show that the separation of the two pure states as well
as the magnitude of the inter-configuration matrix element varies rapidly with
the value of 2. The separation of the pure 0" levels decreases from 1.14 Mev
at 2=1.0 to 0.33 Mev at 21=0.7, while the shift of each due to the inter-configura-

tion matrix element
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< (.’/n/ﬂ) UQE Vi ([’1/2) 02> =V.

changes from 0.12 Mev at 2=1.0 to 0.97 Mev at 2=0.7. The observed splitting
of the two levels (1.76 Mev) and the composition of the wave functions mentioned
above can be reasonably well obtained for 7=0.8, the calculated value for the

separation being 1.76 Mev, and the wave function of the ground state
0.844 [ (pro) o] — 0550 [ (a)a*]-

However, it will be noticed that relative to the 27, 47
are now predicted too low by about 0.5 Mev. For J=1.0, the ground state

energy is predicted correctly, but the excited 07 state is too low by 0.35 Mev

8+ levels, the 07 levels

2

and the configuration mixing is quite small.  We later remark on the implications
of these results.

Finally, we discuss the odd parity states. Only 57 is observed, and it is
predicted below the 27 state for the range of Z of interest in our calculation.
However, the excitation energy above the ground state is correctly obtained for
=08 Mey. The 4~ state is predicted above 57, the separation of the two
decreases rapidly with increasing 2, and is 0.95 Mev for 4=0.8 and 0.64 Mev
for 1=1.0. One would thus expect to observe it at ~3.0 Mev excitation, provided
the nature of the nuclear interaction in this (pup) (o) configuration is not
violently different from that in the other configurations.

To summarize briefly, then, it appears that with a unique choice of the
-parameters of the central two-body interaction assumed here, one cannot explain
all the low-energy levels of the Zr™ nucleus with complete accuracy. The choice
J=1.0 adequately explains the energy levels of the (742" configurations, but
the same choice would not satisfactorily give the lower levels in agreement
with' the observed values. On the other hand, for 4=0.8, the lower levels 07,
0% and 5= can be satisfactorily explained, but the remaining levels would be
pushed up, so that they would be predicted above the observed positions. It
s difficult to avoid the conclusion that such a simple two-body interaction
appears to be configuration-dependent.  For further elucidation of the situation
it would be of considerable interest to locate the as yet unobserved 47 level
experimentally.

We would like to emphasize that since the 6°—8" separation is not very
sensitive to the choice of 4, we have to rely on the 9/2% —7/2*% separation of
the (go)? configuration to obtain a unique value of 4. It turns out that this
parameter is a very sensitive test of the choice of the interaction parameters
(as pointed out also by Talmi and Unna®), and even a small change in the
parameters (particularly &) in going from 2=1.0 to 0.9 produces a considerable
shift of the 7/2" level. We can now look at the fitting of the other levels (in
particular the ground state 0%) from a somewhat different point of view. The
two 0 states, their energies and cigenfunctions, are described by the matrix
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< 1.76—2 Vs
1% ’ ;l,‘) ’

Since the value of (1.76—2) (the energy of the (¢y0)," state) is effectively
known from the analysis of the (#y,)* configuration, we may ask ourselves the
question : where should the unperturbed (Pr2)d” level be, and what should he
the strength of the conficuration mixing matrix element V to produce the
experimental level spectrum and the eigenfunctions given by Eq. (1) for these
states’? It is then easily found that for 7=1.0 and 0.9 the separation of the
unperturbed 0% states, 0= — (22:—1.76), should be roughly 0.76 and 0.36 Mev,
and for the matrix element V=0.8 and 0.86 Mev respectively. These may be
compared with the calculated values d=1.15 and 0.95Mev and V=035 and
0.50 Mev. Thus the nuclear interaction which gives correct matrix elements
for the (¢on)® configuration gives for other configurations the results that are
in error by ~0.5Mev. In nuclear spectroscopy calculations where one is
satisfied with approximate Agreements within ~0.2—0.3 Mev, such configuration
dependence of the interaction would be masked. It is only when one attempts
to make a refined analysis and look for precise predictions such as 9/2* —7/2%
separation that the information on detailed nature of the nuclear interaction
becomes available.
If the nuclear interaction Vi, is written in a conventional way as

Vie= ;ﬁ(h 7y 01, o) Pr(costy),

it is easily seen that the matrix element of the interaction for the (p,p),? state,
as well as for the (pi) (¢o) configuration states, will depend only upon £=0,
2 terms, whereas the matrix elements in the (¢02)" states will depend upon
k=0, 2, 4, 6,8 terms. On the other hand, the matrix element V° will depend
only upon £=3, 5. We can push our analysis further to derive from the
empirical matrix elements the nature of the interaction in these various substates
of relative angular momentum. An analysis along these lines for this nucleus
as well as in the s-d shell is now in progress. To obtain a consistent inter-
pretation of these matrix elements one may be led to an empirical non-local
potential.

§3. Comparison with other results

Our results are, in a broad sense, similar to those of Bayman et al.? We -
have not taken into account the Coulomb interaction of the two protons,  Our
method of choosing the ‘best fit’ parameters of the two-body interaction is
different from theirs, and gives somewhat different results for the parameters.
However, the separation of the odd-parity levels predicted by them agrees welk
with our estimate. The best fit obtained by Bayman et al. shows the 5~ and
the excited 0 levels lower and the 2%, 4%, and 6% levels a little higher than
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P . , P . . - .

the observed positions. Table 11 shows the variation of our parameters a, b
with 7, and also the ‘best fit’ values of Bayman et al. It is clear that the
effective nuclear interaction obtained for Zr*™ has an exchange nature similar to

that obtained by French and Raz"

from an analysis of the data on Calcium
isotopes, but the well-depth for Zr" is about twice as much. We should like
to emphasize, however, that this interaction is quite different in its exchange
nature from the other effective interactions used in light nuclei (Rosenfeld'”

Elliott and Flowers™) or in heavy nuclei in the Ph region (Carter et al'™).
The simple central two-body interaction conventionally used in the nuclear shell
model appears to be not only configuration-dependent in the same nucleus, but
also varies with the mass of the nucleus. We hope to deal with this extremely
interesting phenomenon in a separate paper.

Table II. Nuclear interaction parameters obtained in our calculations. The values
obtained by Bayman et al. are shown in the last column.

A 0.7 08 0.9 Lo 0.75
a 180 ~-157 | —185 | =159 —31.2<Cad —117
b 17.4 1 72 48 556 11T

Talmi and Unna® have recently carried out an analysis of the level spectra
of Zr™ and other neighbouring nuclei. The analysis is based on an attempt to
rewrite the experimental data in terms of the numerical values of the matrix
elements of the effective nuclear interaction in various states, rather than the
parameters of the interaction itself. Such an approach is very valuable in
correlating a large number of experimental data and in predicting new levels.
The advantage of this technique is obviously its independence of the detailed
assumptions regarding the explicit nature of the two-body interaction and the
independent-particle wave functions. Hence, such an analysis cannot, by its very
nature, yield any information on the properties of the phenomenological two-
body interaction which it is the aim of our study. Tt may be seen that the
results of Talmi and Unna interpreted in terms of a two-body central interaction
do confirm our conclusion that such an interaction should be regarded as non-
local or configuration-dependent. The matrix elements relevant to our calcu-

lations are
7 =L (Gap) e ] = L] (Jop2) 1 |= 0.866 Mev,
Ay=I5] (Jase)imo | = L[ (pr12) 520 ]=0.836 Mev,
V1= 1 (Goge) 5o Flia] (prje) sy | = 0.708 Mev,

where the numerical values are as wquncl by '1 Lllxm (uul Jnna to (,\])Lllll the
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difference 23. TFrom Fig. 1 it may be seen that the value of 3 is obtained for
/=1.0. It is thus clear, as we previously remarked, that the energy levels of
the pure (Gy)° configuration can be correctly predicted by the interaction i,
witht parameters corresponding to i=1.0. A three-parameter model is then
‘H'LI{"ﬁ‘CiGn[. to predict all the energy levels of (gg)" ('()1‘1(igumli(m% of identical
particles.  This interaction would Alw predict a low-lying 7/2% state of the
(a;2)" configuration, and the failure of the earlier attempts in hc search of a
simple phenomenological potential that will give such a state is not at all
surprising in view of our earlier remarks. The empirical and calculated values
of 0 and V have already been discussed earlier.

The splitting of the odd-parity states 47 and 57 is predicted by Talmi and
Unna to be 0.04 Mev, whereas our culculations (as also those of Bayman et
al.) based on explicit interactions predict it to be al least ten times larger.
We feel that an experimental identification of the 47 states assumes added
impm'tunce in view of these conflicting predictions. In this connection, it
would also be very helpful to determine low-lying odd-parity states of nuclei
such as Nb™ or Sr*, for these would belong to the configurations (pipe) (Gop) 7
and would give rise to doublets J1/2. The splitting of such doublets can
immediately be calculated in terms of the splitting of J=47, 57 states of (p.,2)
(¢4) configuration, and would therefore indirectly give a measure of it.
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OLLECTIVE VIBRATIONS IN BYVEN-EVEN NUCLEI
V. K. TuangarpanN and S. P. PANDYA

e energy level spectra of even—even nuclei have been studied in terms of
any different models. One of these is the collective vibrational model. Most
§ the investigations till now have considered the collective vibrations of the
sen—even nucleus as a whole, neglecting the effect of the inter-nuclean forces.
1az! has recently considered the two-nucleon model of the even—even nucleus,
sith the addition of the collective oscillations of the core interacting with the
iates of the two external nucleons. We had independently started a calcula-
jon of the level spectrum of an even—even nucleus including vibrations of the
ore, lorces between the two external nucleons as well as configuration mixing
Jects (not taken into account by Raz). Owing to the computational diffi-
Jties Sid0 was chosen as a simple test case, but the results are expected to
ave a wider validity. The formalism is very similar to that of Raz.

We consider two nucleons outside the Si®8 core, in siye and dgyz subshells,
fe particle states being (S1/2)3, (da/2)3, o and (s12 da2), 2 The interaction
stween these particles is chosen as

f[lg = V()U —}‘ X o1 . Uz] exp[w(r/ro)z]

ith A = rofrs = rofra = 0-8 and Vo for a given value of x is chosen to give
rrectly the separation of the J = 0, 2 states of (dy2)? configuration observed
S84 The collective vibrations of the S$i28 core are quantized and up to three-
‘onon excitations are included in the calculations. The free parameters in
e calculations are x, 4 the separation of the single particle sy, dayp states,
» the one-phonon excitation energy and ¢ = k(fw/8w C)Y/2 the parameter
scribing the strength of the particle-phonon interactions. The values of 4
\d Jie chosen here are found to be reasonable for this region earlier.* The
amiltonian matrices for J = 0, 2,4, | are constructed and explicitly dia-
ialized. The results are summarized in the figures. In Figure I, the energy
vels are plotted against the strength of the two-body interaction. Figure 2
ows the variation of the energy levels with the strength of the coupling para-
eter ¢. The results are easy to understand qualitatively and we cannot
scuss the details here. The following points may, however, be noted:

I, For values of x = 0, the odd-spin level 1+.appears too low, in dis-
agreement with the experimental data.

2. The first excited state is almost always 2+, and changes its character
from a mainly vibrational one-phonon state for small ¥y to a largely
particle state (syz dape)e for large value of V. Correspondingly the
quadruple-transition probability to the ground state must change
drastically.

3. The second excited state may be 0% or 2+, the other one being generally
close by. The lowest 4+ state is not shown in Figure I, but as shown in
Figure 2, generally lies above the 02+ doublet.
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4. The possibility of having a low 07 level is striking, and such a state ;
seen in Mg26, $i%0, S¥2 and should be the third excited state in S
perhaps this may also explain the 1-84 MeV 0% state in Ca*?,

5. The energy of the lowest 27 stale increases as it changes its structur
from a shell model state to a collective vibrational state and decreagy~

as the strength of ¢ is increased.
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Figure 1.
Variation of the energy levels normal-
ized to OF-ground stare with the strength
of the two-body interaction

E{MaY)

/

Figure 2.
Variation of the energy levels normal-,
ized to Ot-ground state with the coupling
parameter q = k[iw]8 s CTHV2 ’

A detailed studyof the quadrupole transitions in these nuclei will provid
interesting information on the structure of the low-lying states, and will als

check the validity of the unified model for their description.
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