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Abstract

The stationary state, and dynamics of the ultracold bosons in optical lattices at
zero temperature are well described by the discrete nonlinear Schrédinger equation
(DNLSE). This equation is valid in the tight-binding limit, and used for the superfluid
(SF) phase of bosons or Bose-Einstein condensate (BEC) in optical lattices. The recent
experimental realizations of the binary mixtures of ultracold bosons in optical lattices
provide the motivation to study the effects of finite temperatures in the lattice system.
We report the development of the coupled DNLSEs, and the Hartree-Fock-Bogoliubov
formalism with the Popov (HFB-Popov) approximation for the two-component BECs
(TBECs) or binary condensate mixtures of dilute atomic gases in optical lattices. This
method is ideal to study the ground state density profiles, and the evolution of the
low-lying quasiparticle modes at zero as well as finite temperatures. The thesis can be
broadly divided into three parts. The first two parts are results of the zero tempera-
ture calculations, which examine the quasiparticle excitation spectra of the TBECs in
quasi-1D and quasi-2D optical lattices. The third part deals with the finite temperature
results, and pertains to the investigation of the finite temperature effects on the quasi-
particle mode evolution of the TBECs. The spontaneous symmetry breaking of U (1)
global gauge symmetry results into two Nambu-Goldstone (NG) modes corresponding
to each of the species in quasi-1D TBECs. However, at phase separation an extra NG
mode emerges with sandwich type density profile in the immiscible phase. We investi-
gate the role of quantum fluctuations on the quasiparticle mode evolution for quasi-1D
TBEC:s. In the presence of the fluctuations, an extra NG mode which appears at phase
separation gets hardened, and a symmetry broken side-by-side density profile appears
in the immiscible phase. Furthermore, we examine the ground state geometry, and
the quasiparticle spectra of quasi-2D TBECs. We observe that the TBECs acquire the
side-by-side geometry when it is tuned from miscible to the immiscible phase. The en-
ergies of the quasiparticle modes are softened as the system is tuned towards the phase
separation, and harden after phase separation. In the miscible domain the quasiparticle
modes are degenerate, and this degeneracy is lifted after the phase separation. Further-
more, in the miscible domain, the quasiparticles have well-defined azimuthal quantum

numbers, and hence shows a clear structure in the dispersion curve. On the other hand,
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the dispersion curve of the immiscible phase does not have a discernible trend due to

the presence of the mode mixing. We also report the enhancement in the miscibility of

the condensates of quasi-2D TBEC in the presence of the thermal fluctuations.
Keywords: Bose-Einstein condensation, Multicomponent condensates, Optical

lattice, Bose-Hubbard model, Phase separation, Quantum fluctuations.
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Chapter 1

Introduction

The achievement of Bose-Einstein condensation in dilute atomic gases [1-3] in 1995
has served to create an ideal test bed for a myriad of many-body quantum phenomena.
The experimental milestone of laser cooling and trapping [4—6], and the observation of
the Bose-Einstein condensate (BEC) of 87Rb, *Na, and "Li were recognized with the
Nobel prizes in 1997 and 2001, respectively. Since the first ever realization of BEC,
the field of ultracold atoms has completed two decades in 2015 [7]. The investigation
on BECs have lead to a studies on a variety of processes that represent the intersection
of many research fields, ranging from quantum optics to condensed matter physics.
The subsequent achievements of BECs in optical lattice potential [8—12], quantum de-
generacy in atomic Fermi gases [13], and in ultracold molecular gases [14—16] made
the physics of ultracold quantum gases even more wider and diverse. The ultracold
quantum gases allow for, to mention a few, the investigation of hydrodynamics, super-
fluidity, topological defects, exotic phases, transport in lattice [17], and the BEC-BCS
crossover [18-20]. In addition to this, the optical lattices allow for the study of inter-
acting matter waves and strongly correlated systems [21]. The pioneering experiments
with optical lattices initiated the growing field of quantum simulation using ultracold

atoms [22].

The ability to load ultracold atoms in periodic light field, represented by the optical
lattices, is a versatile system which connects atomic and condensed matter physics [23,
24]. Indeed, the motion of an electron in a crystal can be interpreted as motion of a

single quantum particle in a periodic potential, and this is equivalent to an ultracold

1



2 Chapter 1. Introduction

atom moving in an optical lattice. In recent years, the experiments in optical lattices
have grown from cubic to more complex geometries [25, 26]. However, these exper-
iments are performed at finite temperatures. Therefore, the presence of quantum or
thermal fluctuations, and their interactions with the condensate atoms play a vital role
in the study of such systems. A remarkable significance of BEC in an optical lattice
is that it shows a quantum phase transition [27, 28]. When a BEC is subjected to a
lattice potential, atoms can be in one of the two phases depending on the depth of the
lattices. A superfluid (SF) phase appears for small interatomic interactions compared
to the tunnel coupling and the system is in Mott insulator (MI) phase for the opposite
limit. It is possible to drive the system from one phase to the other by tuning the ra-
tio of the interaction to the tunneling energy, and hence by changing the depth of the
potential [29, 30]. In Fig. 1.1, the diffraction images from the first experimental real-
ization of the superfluid-to-insulator transition is shown. In the figure, the images are
obtained after suddenly releasing the atoms from optical lattice with different potential
depths. As the depth of the lattice potential increases, the resulting interference pat-
tern changes markedly. In the superfluid regime [Fig. 1.1(a-d)], a narrow interference
maxima is visible, exhibiting the long-range phase coherence across the lattice. The

interference pattern completely vanishes for the lattice with depth 20 .

a b | e d.

® ‘ é . ‘ é ; . ; e 1
W s | h’

Figure 1.1: Absorption images of momentum distribution of the ultracold bosons in
optical lattice potential. The values of the lattice depths (a-h) are 0, 3,7, 10, 13, 14, 16,
and 20 in terms of the recoil energy E£'r. Reprinted from Macmillan Publishers Ltd:

[Greiner et al., Nature (London) 415, 39 (2002)], copyright (©) 2002.
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1.1 Bose-Einstein condensation

The Bose-Einstein condensation is a quantum phenomenon relying on the indistin-
guishability of the bosonic particles composing the atomic ensemble. The quantum
statistics of bosons was first proposed in 1924, when Satyendra Nath Bose examined
the nature of photons, and he was able to deduce the Planck’s law for black-body radia-
tion from the statistical properties of photons. This work was subsequently extended to
an ideal gas of bosons by Albert Einstein who found that below a critical temperature
T, all the atoms would occupy the ground state of the system. The behaviour of a clas-
sical gas is described by the Maxwell-Boltzmann distribution where the thermal energy
is much higher than the intrinsic level spacing of the system. At temperatures below 7,
spatial extent of atomic wave function is of the order of the interatomic separation. It
is to be mentioned that the mean physical extent of wave packet at temperature 7' is de-
fined by the thermal de Broglie wavelength A\gg = h/ \/W with m being mass
of the atomic species. A significant deviation occurs from the Maxwell-Boltzmann
statistics when the interparticle separation n~*/® ~ \qg, where n is density of the sys-
tem, and then the system is described by the Bose-Einstein statistics. In this case, the
coherence among the atomic wave packets grows, and a macroscopic occupation of the
ground state appears. At BEC phase transition, the phase-space density for an ideal
and homogeneous Bose gas is n\3; ~ 2.612. For alkali atoms, the typical density of
the Bose-condensed atomic cloud is 10'* — 10" cm ™ with critical temperatures in the

range from 100 nK to a few puK.

1.1.1 Theory of a Bose-Einstein condensate

Consider a non-interacting Bose gas of N atoms in the grand canonical ensemble at
temperature 7'. The population of atoms in the :th energy level with energy ¢; is given

by
1
elei—u)/kpT _ 1’

N, = (1.1)

where 1 is the chemical potential which is kept less than the ground state energy (e)
to avoid the unphysical negative population. When the chemical potential approaches

€o, the number of atoms in the ground state N, then diverges, and for a fixed number
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of atoms N = X;V;, the ground state has macroscopic occupation of atoms.
To determine 7. for bosons trapped in the confining potential of harmonic oscillator

potential we separate the number of atoms in the lowest level to the total sum

3
N — Ny =((3) (%) , (1.2)

where w is the geometric mean of the three oscillator frequencies of the three-dimensional
(3D) harmonic oscillator. Here ((«) = X325~ is the Riemann zeta function, where
o = 3 for a 3D harmonic oscillator. At 7" = T, the ground state population is zero,

and hence the critical temperature to achieve BEC is
hw (N Y hes
L= — == =094—N'5 (1.3)
ACHRE -
Below this temperature the ground state is macroscopically populated and the conden-

sate fraction increases with decrease in temperature [31]. In terms of temperature, it is

N, T\°
WO —1- (T) . (1.4)

Another important characteristic of BEC is the off-diagonal long-range order (ODLRO).

given by

A system of non-interacting atoms possess an ODLRO, if the single-particle density
matrix p;(r,r’) has a large eigenvalue, i.e., an eigenvalue proportional to the total
number of particles N. In the presence of the BEC, p;(r, r’) does not vanish over large
distances |r — r'|, but approaches a finite value. The condition for a BEC to exist is

given by the Penrose-Onsager criterion [32]

IM _ oW (1.5)

where n,, is the maximum eigenvalue which represents the number of condensed
bosons and ¢®Y) is a positive number of the order unity. The ratio n,; /N is referred to
as the condensate fraction. This definition is applicable irrespective of the presence or
absence of the interactions. When the system is not spatially uniform, the condition of

ODLRO is given by
pr(r,r) = 7 (r)p(r) as |r—r'| — oo, (1.6)

where ¢ (r) is the condensate wave function or the order parameter of the system.
The coherent properties of the many-body system can be determined using the order

parameter of the BEC.
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In addition to the ground state, the collective modes are also of importance. The
elementary excitations of the condensate were investigated by Bogoliubov using a the-
ory of small fluctuations around the ground state. The Bogoliubov excitation spectrum

of a homogeneous system is given by
€q = 1/ (€2)% + 2gne?, (1.7)

where €, = £hw with w is the frequency of the excitation, 62 = h%¢*/2m is the free-
particle energy, and g is the strength of the interatomic interaction. The dispersion
law corresponds to the phonon excitations w o ¢ for low momenta, and free-particle
excitations w oc ¢* for large momenta. The velocity of sound for the low momenta is
c = \/W It is worth noting that this velocity coincides with the hydrodynamic
expression ¢ = [(1/m)dp/dn]/? for a gas with pressure p and density n. In addition,
the excitations due to finite temperature and the interactions which lead to depletion of
the condensate can be studied. At zero temperature, the condensate fraction with the

interatomic interactions is reduced to [33]

No

8
Y0 nad, 1.8
N 3/m v (18)

3

< increases, where

The depletion of the condensate becomes larger as the parameter na
as 1s the s-wave scattering length. In superfluid helium, the high density and strong in-
teractions lead to a Bose-condensed fraction of only ~ 10% [34]. For the harmonically
trapped dilute atomic gases, an important role is played by the ratio Na/aqs., where
aosc 18 harmonic oscillator length. A comprehensive study of the collective excitations
is essential to examine the quantum many-body system. The idea of BEC is also ex-
ploited in other field of physics, to name a few are understanding the phenomena of

superconductivity [35, 36], Hawking radiation [37-39], and quantum processes of the

early universe [40—42].

1.1.2 Two-component Bose-Einstein condensates

Two-component Bose-Einstein condensates (TBECs) are the mixture of two conden-
sates of two different atomic species or two isotopes of the same element or two dif-

ferent hyperfine states of the same atomic species. This field is currently the focus
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of intensive experimental and theoretical research, exhibiting rich physics, inaccessi-
ble to single-component BEC experiments. The first TBEC composed of 3’Rb atoms
in the states |F' =2, mp = 2) and |F = 1, mp = —1) was produced in an Ioffe-type
magnetic trap by sympathetic cooling [43]. Over the last two decades, the TBECs have
been realized in two different atomic species [44—49], in two different isotopes [50-
52], and in two different hyperfine states of the same species [43, 53—61]. TBECs have
been used to explore diverse phenomena such as pattern formation [62—65], nonlinear
dynamical excitations [59, 66, 67], phase separation [46, 48-50, 61], Kibble-Zurek
mechanism [68], collective excitations [56], the production of dipolar molecules [69—
71], etc. Among these the phenomena of phase separation is a unique property of
TBECs. For the TBECs with same trap center three different types of density profiles
have been observed. A miscible phase where both components overlap at the trap cen-
ter; a symmetric sandwich profile where one component forms a shell structure around
the other; and an asymmetric side-by-side immiscible phase where the center of mass
of the two components do not coincide. With the experimental advances of Feshbach
resonance, it is possible to tune the interatomic interactions, and drive the TBECs from
miscible to the immiscible phase. The experimental observation of the miscible and
immiscible phase for 8’Rb-**Rb TBEC is shown in Fig. 1.2. In the figure, A is the
immiscibility parameter, which is positive (A > 0) for the miscible phase and negative
(A < 0) for the immiscible phase. These density profiles of the TBECs are the im-
portant platforms to understand the rethermalization rate [57], structure of the vortex
lattice [72, 73], coarse-graining dynamics [62, 74, 75], and various instabilities in the

fluid dynamics [76-78].

1.2 Optical lattices

Neutral atoms interact with the laser light field in both a conservative and a dissipative
ways. The conservative interaction of atoms with the laser field involves a modification
of the energy levels of the atoms. This arises due to the interaction of the light field with
the light-induced dipole moment of the atoms which leads to a shift in the energy called

ac-stark shift. For large detuning of the light with respect to the atomic resonance, the
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Figure 1.2: Absorption images of 5’Rb-*’Rb TBEC at two different scattering lengths
of ®*Rb. (a), (b) Show immiscible phase with side-by-side geometry and (c), (d) show
miscible phase at ags = 51ag, 780ay, respectively. (e), (f) The optical density (OD) of
87Rb (red) and *Rb (black) in the radial direction. Reprinted from [Papp et al., Phys.
Rev. Lett. 101, 040402 (2008).] Copyright (¢) 2008 by the American Physical Society.

spontaneous emission can be neglected, and the energy shift can be used for trapping
neutral atoms in the conservative potential [79, 80].

In contrast to this, the dissipative interaction arises due to the absorption of pho-
tons followed by subsequent spontaneous emission. It results in a dissipative force on
the atoms caused by the momentum transfer to the atoms by the absorbed and spon-
taneously emitted photons. This force is widely used for laser-cooling and magnetic-
optical trapping of atoms [81]. By shining a spatially modulated light onto a cloud
of cold atoms an energy landscape can be formed, where the local potential energy is

proportional to the light intensity [82].
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1.2.1 Atom-light interaction : dipole potentials

We consider a two-level atomic system consisting of a ground state |g) and an excited
state |e) with energy separation fw, = E. — E,, where wy is the frequency of the
atomic resonance. When an atom is placed into a laser light, it interacts with the
monochromatic electric field E(r, ) = E(r)é cos(wt — kz) which is propagating along
the z direction with polarization vector é. Here, F is the electric field amplitude, £ is
the wave vector, and w = 27v is the angular frequency of the oscillation of the field.
The atom-light interaction induces an electric dipole moment p which is proportional

to the electric field, i.e.

p = a(w)E. (1.9)

Here, a(w) is the complex polarizability which depends on the laser frequency. The

resulting dipole potential is
1
Vap = =5 (P E) = —5—Re(a)l, (1.10)

where ( ) is the time average over one oscillation period. This average takes into
account that the light field is rapidly oscillating. The 1/2 factor arises from the fact
that the dipole is only induced and not permanent. Here, I = ¢yc|E|*/2 is the intensity
of the laser light with ¢ as the speed of light, and ¢, is the electric permittivity. The
potential energy of the atom is thus proportional to the intensity of the laser and on the
real part of the polarizability. The dipole force acting on the atoms by the laser light
field is

1
Fuip(r) = =VVgp = ———Re(a) V1. (1.11)

2€pC
The dipole force vanishes for atoms moving in an uniform field, and is stronger where
the inhomogeneity of the field is large. Another quantity of interest is the scattering
rate ['y., that describes the rate at which photons from the laser beams are absorbed
and re-emitted, causing heating of the atoms. This rate is defined as the ratio of the
average energy absorbed by the atom per unit time to the photon energy Aw, which is

given by

T(r) =% — = — Im(a)I(x). (1.12)
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The dynamic polarizability can be approximately calculated using the Lorentz’s model
of a classical damped oscillator [83]

3 T'/w)
wid — w? + (w3 /W)l

(1.13)

a(w) = 6mepc

where [ is the line-width of the atomic transition with frequency wy. A more appropri-
ate approach to calculate the atomic polarizability is given by a semi-classical model,
where the line-width is determined by the dipole matrix element between the ground
state |g) and the excited state |e) as

3

(09}
r=_—-2 2 1.14
Smeohcd I (1.14)
with o = —er is the electric dipole operator. Using the above expressions, strength of

the dipole potential and the scattering rate can be written as

3mc? I I

Vi, = — I(r), 1.15

aip 2w (wo—w+wo+w> (x) (1.15)
3rc? [ w)® r r 2

r, — (¥ I(r), 1.16
2hw3 (w()) (wo —w + wo + w) (r) ( )

where w — wy = A is the detuning of the laser light at frequency w from the atomic
resonance frequency wy and w + wg = A, represents the fast rotating term. In most
of the experiments the laser frequency w is tuned such that |A| < wy. In this limit, the
rotating-wave approximation is employed, where the fast rotating term is neglected,

which results in

3rc? T

Vaip = 2 A (r), (L.17)
3rc? (T)?

These equations describe the main characteristics of the atom-light interaction. The
dipole force is proportional to /A, while the scattering rate is proportional to I/A?.
For blue detuned laser light (A > 0), the dipole force acts on atoms towards the region
of low intensity and results in a repulsive potential. On the other hand, for red detuned
laser light (A < 0), the dipole force attracts the atoms toward the region of high
intensity and results in an attractive potential. It is therefore possible to minimize the

inelastic scattering processes by detuning the laser light far from the atomic resonance.
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The corresponding reduction in the dipole potential can be compensated by higher
laser intensity.

Since the real atoms exhibit much more complicated structure and are insufficiently
described by a two-level approach. In the case of multilevel alkali atoms, such as Rb
and K, the more complex structure can approximately be taken into account by the
calculation of the dipole potential, and the scattering rate for each individual transi-
tions. The results are then summed, and weighted by their corresponding oscillator
strengths [83, 84]. The line-width of the J — J’ fine-structure transition is given by

2wd  2J+1

I' =
2megmecd 2J + 1

/5 (1.19)

where e and m,. are the charge and mass of the electron. The oscillator strength f
describes how the energy of the classical dipole is distributed among different tran-
sitions [85]. For ®Rb the fine-structure splitting of the 5P state leads to two D and
D, transition lines. For large detunings the hyperfine splitting of the level can be ne-
glected. In the case of linearly polarized light, the dipole potential is then given by [83]

37'('62 2 FD2 1 PDl
o ‘ . I 12
Vaw = 5.3 (3 A, T3a, ) 1) (1.20)

where I'p, and Ap, are the line-width and detuning of the transition line D; (z = 1, 2).

1.2.2 Lattice geometry

The dipole force makes it possible to realize many lattice geometries by using different
laser configurations. In experiments, a Gaussian laser beam is used to create such
interference pattern and a far red detuned laser beam creates an attractive potential for
the atoms. The intensity profile of a Gaussian beam is

2P 212
[(I‘, Z) = WGXP (_wQ—(z)) s (121)

where P is the total power of the laser beam, w(z) = wy\/1 + (2/2r)? is the radius
of the beam at z with wy is the beam waist and z = 7w] /)y, is the Rayleigh length,
defined as the distance from the beam waist at which the radius and the cross-sectional
area are increased by a factor of V2 and 2, respectively. Here, )\, is the wavelength

of the laser beam. The simplest possible geometry is the one-dimensional (1D) lattice,
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which is created by retro-reflected laser beam, such that it creates a standing wave

pattern. The resulting intensity distribution is
I(2) = Iysin®(kp2), (1.22)

where I is the maximum intensity and k;, = 27 /Ay is the wave number of the laser
beam. The corresponding dipole potential due to the constructive interference of the

laser beams is

Viat(2) = Vosin®(kp2), (1.23)

where V| is four times the depth of a single laser beam without retro-reflection. De-
pending on the detuning of the laser light, the intensity pattern [Eq. (1.22)] causes a
force that pulls atoms towards the minima or the maxima of the standing wave. The
location where the atoms accumulate are called the sifes of the lattice. In the case of
retro-reflected beam, the sites are separated by a lattice spacing also known as lattice
constant a = Ar/2. In general, for two laser beams which interfere at an angle 6,
a = A /2sin(6/2). Periodic potential in higher dimensions are created by superim-
posing additional laser beams. To create a two-dimensional (2D) optical lattice two
orthogonal sets of counter-propagating laser beams are used. A 2D lattice potential is

then
Viate (2, ) = Vo [(:032(ka) + cos?(kpy) + 26, - é; cos ¢ cos(kpx) cos(kLy)] , (1.24)

where €; and é, are polarization vectors of the horizontal and vertical standing wave
laser fields, respectively and ¢ is the relative phase between them. If the polarization
vectors are not orthogonal, but the frequencies of the laser beams are same, then the
interference of the lasers result in a potential which depends on the relative phase.
The variation in phase leads to chequerboard like pattern for a 2D optical lattice. A
square lattice is created by the laser beams with orthogonal polarizations (¢ = 90°). In
this case, the resulting potential is the sum of two superimposed 1D lattice potentials.
The interference term can be suppressed by choosing different laser frequencies for
the standing waves. A similar arrangement can be extended in three dimension to
create a cubic lattice [86]. The schematic representations of 2D and 3D optical lattice

geometries are shown in Fig. 1.3. In optical lattice experiments, in order to suppress
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Figure 1.3: Schematical drawing of the multidimensional optical lattice potential
formed by superimposing counter-propagating laser beams. (a) Two standing waves
orthogonal to each other forms an array of tightly confined potential tubes, which is a
2D optical lattice. (b) A 3D lattice potential is created by superimposing three standing
waves to form a 3D simple cubic array of tightly confined harmonic oscillator poten-

tials at each lattice site. Reprinted from Macmillan Publishers Ltd: [Bloch, Nat. Phys.

1, 23 (2005)], copyright (©) 2005.

the scattering of atoms from the lattice sites, an envelope confining potential is used.
In general, the confining potential is harmonic which arises from the combined effect
of the focussed laser beams. In 2D, it is equivalent to the egg-carton-like structure with

an additional harmonic confinement.

1.2.3 Band structure

One of the fundamental properties of atoms in an optical lattice is the emergence of the
band structure. It is analogous to the electrons in a periodic potential where they can

only move in certain energy ranges called energy band [87, 88]. The dispersion relation
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is no longer continuous as in the case of a free particle, but exhibits certain forbidden
regions which arise from the interaction of the electrons with the periodically arranged
ions in the solid. Here, we investigate the single particle wave function and the band
structure of ultracold bosons in optical lattices.

A particle in a one-dimensional periodic potential V., with periodicity a is de-

scribed by the Schrodinger equation

HAY (@) = B o), (125)

where H = $%/2m 4 Vit (2) is the Hamiltonian with Vi (2) = Viaw(x + a) and p
and m are the momentum operator and mass. The wave functions ¢ are labeled by the
quasi-momentum ¢ and the band index n. The quasi-momentum characterize the phase
difference between atoms in different lattice sites. The solutions of the Schrodinger
Eq. (1.25) are the Bloch functions, which can be written as products of the plane wave

exp(iqz/h) and a function ug") with the same periodicity as the lattice potential
gog”) (z) = elaw/h. ug”) (). (1.26)

The quasi-momentum is unique to a reciprocal lattice vector, and therefore for the first
Brillouin zone, the restriction on the quasi-momentum is —7/a < ¢ < m/a. For a
given ¢ there are many solutions to the Schrodinger equation. This equation can be
seen as a set of eigenvalue problems in a fixed interval, 0 < x < a, one eigenvalue
for each q. The energy levels in a periodic potentials are given in terms of a family
of continuous functions Eé") each with periodicity of a reciprocal lattice vector 27 /a.
These are referred to as the band structure. When we substitute the experimentally

relevant sinusoidal potential in Eq. (1.25), then it takes the form

’ (9(y) + 2 — 2cos(2y) el (v) 2k () (1.27)
- — ——|2 — 2cos = — .

where Er = h*k?/2m is the recoil energy and y = k;z. The above equation is

recognized as the Mathieu equation

P 1 1o+ 25 cos(2)]p = 0 (1.28)
0 a+ 2s y)]p = 0. :

For a fixed value of a and s, the solution of the Mathieu equation is given by the Floquet

form Y P(y) where v is the characteristic exponent, a = a(v, s) is the characteristic
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parameter, and P(y) is a complex valued function which is periodic in y. Here, s =
Vo/AER and a = Eé") /Er — Vy/2ER. The wave function only exists within bands.

Fig. 1.4 shows the band structure of a 1D optical lattice potential for different depths.
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Figure 1.4: Band structure in an optical lattice for different depths V5 = {0, 5,10} E'g.
The energies of the Bloch bands are plotted in the first Brillouin zone for different n
and lattice depths. The top row shows the five lowest energy bands. The lower row
shows the enlarged view of the lowest band marked in blue. The distance between
bands increases with increasing lattice depths. Reprinted from the Ph.D. thesis of

Andreas Nunnenkamp, St. John’s College, University of Oxford, 2008.

For Vy = 0, the atoms are free and therefore energy is quadratic in g. As the depth of the
lattice potential increases, the band structure emerges. For small 1} the discontinuity
occurs at the edges of the first Brillouin zone (BZ) ga = +, and for large depth, the
band gap increases, and band width decreases. The bands get flatter with increasing
depth, and corresponding effective mass of the atoms increases as it is inverse of the
curvature of the band. The tunneling matrix elements JJ which describes the tunneling

between neighbouring lattice sites is related to the width of the lowest band [89]

J = [max(E{)) — min(E{")] /4. (1.29)

q

The Bloch states are completely delocalized energy eigenstates of the Schrédinger

equation for a given quasi-momentum ¢, and energy band n. In position space, the
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Wannier function constitute an orthogonal and normalized set of wave functions which
are maximally localized to the lattice sites. For shallow lattice potential, the wave
functions extend to the next lattice site whereas for deep lattice potential, in the tight

binding limit, the Wannier function resembles the Gaussian function.

1.3 Quantum phase transition

At zero temperature, atoms in an optical lattice can be described in two regimes. These
are associated with two important energy scales involved in the system: kinetic energy
or the tunneling matrix element (/) and the on-site interaction energy (U). The two
regimes result from the competition of these two energy scales. When the kinetic en-
ergy dominates over the interaction energy (J > U), the system exhibits the superfluid
properties. The onset of superfluidity is due to the fact that .J tends to delocalize the
atoms and U tends to localize them. In the SF phase, the many-body ground state is

described by a macroscopic wave function. For /V bosons in M lattice sites

M N
|Wsp) o (Z dl) 0), (1.30)
=1

where |0) is the vacuum state. There is a macroscopic well-defined phase over the
entire lattice sites, and hence the SF phase is characterized by the long-range coherence
with a finite expectation value of the operator (G;) # 0. The atoms are delocalized with
equal relative phases between adjacent sites, they exhibit interference pattern when
the lattice is switched off. As the on-site interaction increases, the average kinetic
energy required by an atom to tunnel from one site to the next becomes insufficient to
overcome the potential energy. This is when the quantum phase transition to MI phase
occurs [90].

In the MI phase (U > J), the fluctuations in the number of atoms at a lattice site
is energetically costly and the ground state of the system consists of a fixed number of
atoms per site. In this phase, the expectation of the field operator vanishes (a;) = 0.
The many-body ground state is the product of Fock states in the number of atoms for

each site. For a homogeneous system with commensurate filling of n atoms per lattice
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site, it is given by
M
o) o IT () 10). (131)
i=1

The excitation spectrum of MI phase has an energy gap, which determines the energy
required to create one particle-hole pair. In experiments, U and J can be tuned by
changing the intensity of the laser beams used to create the optical lattices. Therefore,
it is possible to drive the system from one phase to the other. When the strength of the
on-site interaction relative to the tunneling energy (U/.J) reaches a critical value then
the system undergoes a quantum phase transition from SF to MI phase [91, 92]. This

continuous phase transition is driven by quantum fluctuations and can occur at zero

temperature when thermal fluctuations are absent [21, 93, 94]. The mean-field phase

(a) (b)

SF

L

Figure 1.5: (a) Zero temperature mean-field phase diagram of SF-MI transition in a
homogeneous system. The MI lobes are shown for fixed integer density n = 1,2, 3.
The dashed line corresponds to integer SF density n = 1,2, 3. (b) The phase diagram
in a harmonic trap with MI phase for n = 2 in the center. A series of MI and SF phases
appear from center to the edge of the cloud, where the chemical potential vanishes.

This is shown by dashed red arrow. Reprinted from [Bloch et al., Rev. Mod. Phys. 80,
885 (2008).] Copyright (¢) 2008 by the American Physical Society.

diagram which describes the SF-MI transition in 3D homogeneous lattice is shown in
Fig. 1.5(a) [21, 27]. This shows a boundary between MI and SF phase as a function
of the chemical potential x, and the tunneling matrix element ./, both in units of the
interaction energy U. In the MI phase each lobe is characterized by a fixed integer

filling factor n. However, the structure of the lobe depends on the method used to
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obtain the phase diagram, and on the dimensionality of the lattice system. The other
approaches which has been applied to construct the phase diagram are multisite mean-
field method [95], perturbative expansion [96], density matrix renormalization group
(DMRG) [97], and quantum Monte Carlo (QMC) method [98]. The comparison of
these different approaches to calculate the phase boundary of transition is investigated
in Ref. [99]. The comparison of different analytical methods are made with DMRG
technique for one dimension as well as QMC simulations for two and three dimensions.
The results of the mean-field method agree with those obtained from other approaches
in most parts of boundary that separates SF and MI phases, however the agreement
becomes poor at the tip of the Mott lobes. This is due to the fact that fluctuations in
the order parameter are ignored by mean-field theory and hence it yields a continuous
smooth boundaries separating SF-MI phases. The multisite mean-field method include
the fluctuations and provide an improvement of the results. In addition, the field-
theoretic method provide better results for the SF-MI phase boundary in two and three
dimensions when compared with the variational method [99]. In the MI phase, if we
increase 1 while keeping J fixed, there exists a point where the energy to add an extra
atom, and letting it tunnel to neighbouring sites is balanced by the interaction energy.
Then, an extra atom is free to move or phase coherence is restored, and the system
enters the SF regime. At fixed J, the distance between the lower and upper part of
the lobe in p-axis is the energy gap. At J = 0, the energy gap is equal to U. The
dashed lines of constant integer filling factor in the SF phase with n = 1,2,3 hit
the corresponding MI phases at the tips of the lobe at a critical value of J/U, which
decreases with increasing n. For n = 1 + ¢, the line of constant filling factor remains
outside the MI lobe because a fraction € of atoms make the system superfluid even
for lower values of J. Therefore, the MI phase occurs only for integer filling factor,
non-integer filling factor results in the SF phase as there is always an extra atom that
can tunnel without energy cost. The critical value at the tip of the Mott lobe depends

on the density and the dimensionality of the lattice [100-102]. It is given by

U/)])e = 2 [271 T14/@n 12— 1} : (1.32)

where n is the integer density of the lobe and z = 2d, with d as the dimensionality of

the system, is the coordination number or the number of nearest neighbours.
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The situation is fundamentally different for an experimentally realized inhomoge-
neous system with fixed total number of atoms. In the presence of an external harmonic
confinement, the chemical potential at the sth lattice site is modified by the offset en-
ergy u; = p — €; which results in a change in the filing factor. For inhomogeneous
systems, the chemical potential y is fixed, instead of the mean number of atoms at each
lattice site, and the local chemical potential is changed due to redistribution of atoms
over the lattice sites. This is maximum at the trap center as ¢; = 0, and continuously
decreases towards the boundary of the atomic cloud. The gradient in the local chemical
potential, then, leads to a shell structure in the phase diagram with alternate shells of
MI regions, and SF regions [28, 30, 103]. This configuration of the SF and MI phases
is shown in Fig. 1.5(b).

1.4 Binary mixtures in optical lattices

A mixture of two BECs of different atomic species, or two isotopes or different hy-
perfine states of the same atomic species exhibit novel and intriguing features, and
properties. The richness of the phase diagram of this system opens up a plethora of
phenomena for closer inspection such as the study of the combined superfluidity of
the TBEC, topology of a double MI system, influence of disorder, phase separation
and quantum emulsion. Among these the phenomena of phase separation is a unique
property of TBECs which spans a rich set of configurations depending on the strength
of intra- or interspecies interaction that can be tuned through a magnetic Feshbach
resonance. The phase separation occurs when the interspecies interaction is stronger
than the geometric mean of the intraspecies interactions [104]. It must be emphasized
that mixtures of ultracold quantum gases in an optical lattice is a new field of study.
The novel interactions provide an ideal platform to study physics beyond the single-
species Hubbard model, which is relevant to the condensed matter systems. The first
experimental realization of a two-component mixture in the lattice potential was re-
ported in 2006 [105]. This experiment dealt with the Bose-Fermi mixtures of 'Rb
and "°K, where fermionic atoms of ‘°K are treated as impurities in the system. The

loss of phase coherence of the bosonic atoms due to increasing admixture of fermionic
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atoms has been observed [106]. The other studies are related to the investigation of

'

A - &

Figure 1.6: Interference pattern of ®'Rb for different optical lattice depths 1, =
{6,11,16} Eg (left to right). The interference pattern of 87Rb is shown in the absence
(upper panel) and presence (lower panel) of the second species *'K. Reprinted from
[Catani et al. Phys. Rev. A 77, 011603 (2008).] Copyright () 2008 by the American
Physical Society.

the role of interspecies interaction on a degenerate Bose-Fermi mixtures [107, 108].
In the last decade, TBECs have been experimentally realized in two different atomic
species [109, 110], and two different hyperfine states of the same species [26, 111].
These experiments have observed the reduction of phase coherence due to minor ad-
mixture of second species, as shown in Fig. 1.6 and the coexistence of the SF and MI
phases in the hexagonal lattices. The loss of phase coherence is more prominent for
large population imbalances and tunneling rate asymmetries of the two species [111].
In other experiments, the superexchange interactions [112], signature of Bose-glass
state [113], emergence of twisted-superfluid ground state [114] and antiferromagnetic
ordering [115] in binary atomic spin mixtures have been observed. It is demonstrated
that the application of a magnetic field gradient to a mixture of spins enables new
techniques of thermometry [116] and adiabatic cooling [117].

The introduction of a second species in the optical lattices, TBECs in optical lat-
tices, creates a versatile model to probe diverse phenomena in physics. The second
species of TBECs introduces an additional degree of freedom and provide a platform to
study two-component Bose-Hubbard model [28, 118-120]. This model encompasses a
remarkably rich physics, ranging from supercounterflow and antiferromagnetic phases

in case of interspecies repulsion [121-123] to density-wave instabilities and pair super-
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fluidity in the attractive regime [124—126]. The two-component phase diagram exhibits
different combinations of SF and MI phases in coexisting or phase-separated configu-
rations [119, 127-129]. The effect of the interspecies interactions [130], the presence
of second species [131], and external harmonic potential [103] on the phase diagram
has been investigated. These systems are promising candidates to explain phenomena
associated with the fermionic correlations [132], and novel quantum phases in various
lattice geometries [118, 121, 133]. Moreover, the effect of phase separation [134—137],
hydrodynamic instability [138], quantum emulsions and coherence properties of mix-
tures [139—141], and nonequilibrium excitations and motion of BECs [59, 60, 67] have
been explored. In addition, the influence of interspecies interaction on the transport
properties has been studied [142, 143]. Recently, thermal mixing of phase-separated
states [144], interspecies entanglement [145], fragmentation [146] and multicritical
behaviour [147-149] were examined in binary mixture of BECs. The phenomena
of phase separation, the lattice influenced geometry, and the quasiparticle spectra of
TBECs are yet to be observed in experiments. Our findings of the phase separation
phenomena and the finite temperature effects of TBECs provide a route towards fur-

ther experimental investigations of TBECs in optical lattices.

1.5 Objectives of the present study

The Hartree-Fock approximation has been used to study the finite temperature effects
in the mixture of ultracold quantum gases trapped in harmonic potential [150, 151]
as well as without trapping potential [152, 153]. The ground state density profile,
collective excitations [154—157] and symmetry breaking phenomena [158—161] have
been explored for the TBECs. The SF phase of ultracold bosons in optical lattices has
been examined in past [162, 163]. In this thesis, we use the Hartree-Fock Bogoliubov
theory with the Popov (HFB-Popov) approximation in the Bose-Hubbard (BH) model
to examine the equilibrium properties of the TBECs in optical lattices. The objectives

of the research work done in this thesis are as follows:

e The development of the discrete nonlinear Schrodinger equation (DNLSE) using

tight-binding approximation. The HFB-Popov theory to examine the ground
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state density profile and the quasiparticle spectra of BEC in optical lattices at

finite temperatures.

e The extension of the HFB-Popov formalism and the development of the coupled
DNLSEs in the BH model to study the effects of quantum and thermal fluctua-

tions on TBECs trapped in optical lattices.

e Study of the evolution of quasiparticle modes of TBECs confined in quasi-1D
optical lattices at zero temperature. We predict the emergence of an extra Gold-

stone mode at phase separation.

e Investigation of the role of quantum fluctuations, present at zero temperature, on
the quasiparticle spectra, and the ground state density profile of TBECs in quasi-
1D optical lattices. We demonstrate the hardening of the soft Kohn mode, and

the topological transition of quasi-1D TBECsS in the presence of the fluctuations.

e Study of the collective excitations of TBECs in quasi-2D optical lattices. We
show that the lowest nonzero quasiparticle excitation, which is an out-of-phase
degenerate slosh mode goes soft as the system is driven from miscible to the
immiscible phase. At phase separation the slosh mode gets hardened, and de-

generacy is lifted.

e Examination of the dispersion curves of the miscible and the immiscible phase
of TBECs at zero temperature. These curves are explained by analyzing the

structure of the mode functions in both the domains.

e Study of the quasiparticle mode evolution of TBEC: at finite temperatures in the
phase-separated domain. We show that the temperature of the system enhances

the miscibility of the species in binary condensates.

e The first-order spatial correlation function of the TBEC is computed. The profile
of the correlation function shows the decay in the coherence, and the topologi-

cal transition from side-by-side geometry to the miscible type density profile of

TBEC.
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1.6 Overview of the chapters

The overview of the chapters in the rest of the thesis is as follows:

In Chapter 2, we start with the discussion on the BH Hamiltonian which is ob-
tained using the tight-binding approximation in the many-body Hamiltonian. The
equilibrium properties of the bosonic atoms in the SF regime of the optical lattice
is described by DNLSE. The DNLSE is valid at zero temperature, and neglects the
quantum fluctuations. However, in order to include the effects of quantum and ther-
mal fluctuations in the weakly-interacting limit, we use Bogoliubov approximation.
We discuss the HFB-Popov formalism to address the finite temperature effects on the
ground state of BEC in optical lattices. This theory is extended to the TBECs of dilute
atomic gases in optical lattices. At the end, the generalized coupled DNLSEs and the
HFB-Popov formalism in quasi-2D optical lattices are discussed.

In Chapter 3, we use the coupled DNLSEs and the HFB-Popov formalism in the
BH model to study the ground state density profile, and the quasiparticle mode evo-
lution of TBECs in quasi-1D optical lattices at zero temperature. We discuss two
system of relevance: two different isotopes of Rb, and the mixtures of 1**Cs and ®"Rb
condensates. We examine the position exchange of the 8’Rb-*Rb system in the phase-
separated domain. Furthermore, we investigate the role of quantum fluctuations on the
ground state, and demonstrate the mode hardening at phase separation.

In Chapter 4, we explore the ground state density profile, and the quasiparticle
mode evolution of TBECs in quasi-2D optical lattices. The quasiparticles are examined
by analyzing the mode functions. In addition, we also study the dispersion curves of
8"Rb-**Rb TBEC in the miscible and immiscible domain. We show that the breaking
of rotational symmetry, and the resulting mode mixing destroy the discernible trend of
the dispersion curves in the immiscible domain.

In Chapter S, we examine the role of thermal fluctuations in the TBECs trapped
in quasi-2D optical lattices. We demonstrate the fluctuations induced enhancement in
the miscibility, and the bifurcation in the mode evolution of a TBEC. The miscibility
of the condensates is measured using the overlap integral. At the topological transition
from immiscible side-by-side geometry to the miscible phase, the low-lying modes like

slosh mode becomes degenerate. Furthermore, we compute the equal-time first-order
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spatial correlation functions to examine the temperature driven topological transition
and the decay in the phase coherence.

Finally in Chapter 6, we present the brief summary of the results and the future
directions. At the end, the numerical details of the computations are provided in the

the appendix.






Chapter 2

Finite temperature theory of bosons in

optical lattices

The equilibrium properties of an ultracold quantum gas of bosonic atoms in an optical
lattice is well described by the Bose-Hubbard (BH) model where the parameters of
the system are controlled by laser beams [28]. For ultracold atoms trapped in optical
lattices, the ratio of the interaction energy (on-site repulsion) to the kinetic energy
(inter-site tunneling) of the atoms can be manipulated with the depth of the lattice.
When atoms are loaded in shallow lattices, the system is in the weakly interacting
regime and most of the atoms are in Bose-Einstein condensate state. This state is
referred to as a superfluid (SF) phase where every atom is maximally delocalized over
the entire lattice. In contrast, when the atoms are loaded in deep lattices, then the phase
coherence of the atoms is lost, and the system is in the Mott insulator (MI) phase. The
quantum phase transition [94] from superfluid to an insulating phase is described by
the BH model. The condensate in the superfluid phase is well described by the Gross-
Pitaevskii equation (GPE), and has been applied to the lattice potential whose depth is

smaller than the chemical potential of the system [164—169].

In this Chapter, we begin with an introduction of the Hartree-Fock-Bogoliubov
formalism of the ultracold bosons confined in harmonic trapping potential and we then
use discrete nonlinear Schrodinger equation (DNLSE), which is a discrete form of the
GPE, to describe bosons in optical lattices at zero temperature. The DNLSE is valid for

a system, where the depth of the lattice potential is larger than the chemical potential of

25
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the condensate. In the same way, a coupled DNLSE:s is introduced to study the binary
mixture of condensates in optical lattices. The DNLSE, however, does not account
for the quantum fluctuations. To incorporate the quantum fluctuations in the weakly
interacting system, we use Bogoliubov approximation. For this we use the second
quantized grand canonical Hamiltonian of a dilute Bose gas, and employ tight-binding
approximation to obtain BH Hamiltonian. Based on the Bogoliubov approximation,
we derive the generalized DNLSE and the coupled Bogoliubov-de Gennes equations.
For systems at finite temperatures, we develop Hartree-Fock-Bogoliubov equations

with Popov approximation for single and two-species Bose-Einstein condensates.

2.1 Hartree-Fock-Bogoliubov theory

Consider a system of interacting ultracold dilute atomic Bose gas confined in a har-
monic confining potential. The static and dynamical properties of such a system is
described by the second quantized form of the many-body grand canonical Hamilto-

nian as

H = /dr Ui(r,t) [iz(r,t) - /Li| U(r,t)

1 ~ ~ N ~
+5 / dr dr’ Ui (v, )W (x' 1) Ui (r — )W (r', £)U(r, 1), (2.1)

where h(r,t) = —(h2/2m)V? + Viio(r, t), m is the mass of the atomic species, and
is the chemical potential that acts as a Lagrange multiplier to fix the number of atoms
in the grand canonical ensemble. Here \if(\iﬁ) is the bosonic annihilation (creation)

field operator which satisfies the equal time Bose commutation relations,

[(T(r), ¥(r)] =0, [¥i(r), i) =0, [¥(),¥@)]=0r-r) @2
In Hamiltonian given in Eq. (2.1), Viio = m(w?2? + wzyz + w?2?)/2 is the external
harmonic trapping potential with w;(i = z,y, ) as the trapping frequency along the
t-axis. In weakly interacting or dilute limit, when the scattering length as is much
smaller than the average interatomic separation, then only the binary collisions are
important, and the other higher-order interatomic interactions can be neglected. In ex-

periments, a, can be tuned using Feshbach resonances [170] by applying an additional
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magnetic field. With this experimental technique a, can be changed over several orders
of magnitude including change in sign [171]. For negative a,, the condensate becomes
unstable above certain number of atoms [172]. In this thesis, we consider only a, > 0,
which corresponds to the repulsive interatomic interactions. The interatomic interac-
tion potential is then given by Uy, (r — 1) = gd(r — 1) with g = 47h%a,/m. Thus, in

this limit the Hamiltonian in Eq. (2.1) becomes
i = / dr ' (r, ) [ﬁ(r) . u] \i/(r,t)—i—g / dr Wt (e, )t (e, ) U (r, )0 (r, 1). (2.3)

Using the variational principle, the minimization of the above Hamiltonian under the

restriction that the total number of atoms is conserved yields

oY(r, t).

5 (2.4)

2m

[— 9 Vo) + gw(r)\?]w(r,t) _ih

This equation is referred to as the time-dependent Gross-Pitaevskii equation (GPE) [31,
173-175]. Here ¢ is the order parameter or the condensate wave function, which is
normalized to the total number of trapped atoms.

In BEC due to the macroscopic occupation of the ground state, the Bose field opera-
tor is separable into condensate and noncondensate part of the system. The condensate
part is the ensemble average of the Bose field operator, and the fluctuation operator,
representing the noncondensate part, is treated as a perturbation to the condensate field

operator. The field operator is accordingly expanded as
U(r,t) =Y d@i(t)i(r) = do(t)iho(r) + Y du(t)(r), (2.5)
' i=1

where {1;(r)} is a complete set of single-particle wave functions and &;(t) is the an-
nihilation operator of the ¢th state of the harmonic confining potential which obeys the

equal time Bose commutation relations,
[i(t), (1)) = [a@" (8), 6" ()] = 0, [6i(t), 6" (8)] = 6. (2.6)

In the Bogoliubov approximation [176], we replace the operators ciy and ' by a c-
number, i.e., dy = dy' = /Ny, where N is the number of condensate atoms. We
assume Ny = 1 ~ N; as the number of condensate atoms NV, is very large and the

ratio Ny /N remains finite in the thermodynamic limit, where N is the total number of
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atoms. The field operator, then, assumes the form

U(r,t) = /Nopo(r)e /0 44 (r, t), 2.7)

where the ﬁ(r)it term on the right hand side is the condensate part and second term
P(r,t) = Zdi(t)ipi(r) is the fluctuation operator corresponding to the noncon-
densate atorilzsl. Thus, to study the static properties of the condensate we can write
U = U+ 1 provided the ensemble average of the fluctuation operator (@ is zero.
Using this decomposition of the field operator in the Hamiltonian given in Eq. (2.3),

we obtain

= [aew@ [ - s Gne)] v + [ de i) £

#5 [ [ A 90 + § [ e[+ )] 1),
(2.8)

where £ = h(r) — u+2gn(r) and n(r) = n.(r)+7(r) is the total density of the system
with n. and n as the condensate and noncondensate atomic density, respectively. Here
we have used the Wick’s theorem [177] to reduce the third and fourth order fluctuation
operators into the quadratic form. In the mean-field approximation, these terms are
VI & 2nap +mapt and i) ~ 4t +m* ) +mapTdt — (2R% 4 |m|?), where
i(r) = (f(x)(r)), and 7m(r) = (¢ (r)d(r)) is the anomalous average of the system.
The minimization of the Hamiltonian leads to the generalized GPE which describes

the condensate in the presence of the quantum or thermal fluctuations. It is given by

[r) = ] ) + g lne(r) + 200 0(x) + gi(r)e* (1) 0. 29)

To diagonalize the Hamiltonian we use Bogoliubov transformation, which defines the
fluctuation operator in terms of the quasiparticle basis or excited states of the conden-

sates

Pr,t) = Y [d;(thuy(r) — a;f (o) (r)] (2.10a)
Gt = 3 laloue) - a0 (2.10b)

77,'Ejt/h

where &;(r,t) = d e is the quasiparticle operator. Here u; and v; are the com-

plex functions and referred to as the Bogoliubov quasiparticle amplitudes correspond-
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ing to the jth quasiparticle mode with excitation energy ;. The normalization condi-

tions of these amplitudes are

/dr [uj(r)ul, (r) — v;(r)ol ()] = by, (2.11a)
/ dr [ui(r)v}(r) —vi(r)u)(r)] = 0, (2.11b)
/dr [u;(r)vy(r) — vi(r)uy(r)] = 0. (2.11c)

We use Bogoliubov transformation in the Hamiltonian given in Eq. (2.8), and the re-

sulting diagonal Hamiltonian is

i = [ e o) [ - ot Gale)] v + >F i [ dr o],

where the first term corresponds to the condensate part. In the second term, the first
part is the Hamiltonian for the non-interacting quasiparticles with energy F£; which

represents the quantum and thermal fluctuations of the system, and the second part is

—iEjt/h iEjt/h

a constant energy shift in the Hamiltonian. The prefactors of e and e are
the Hartree-Fock-Bogoliubov (HFB) equations and these determine the quasiparticle

amplitudes and the energies

Luj(r) — g [V*(x) + m(r)] vi(r) = Eju(r), (2.13a)
—Lw;(r) + g [ (x) + @ (r)] u;(r) = Eju(r). (2.13b)

The above eigenvalue equations along with the generalized GPE in Eq. (2.9) are solved
self-consistently to study the effect of the fluctuations in the system. The density of
the noncondensate atoms is
= @) =D [(luyl? + log?) Ny + o] (2.14)
J
where N; = (d}dj) = (PP — 1)7! with B = (kpT)™! is the Bose-Einstein weight
factor for a state with energy £; at temperature 7. At zero temperature, /N; vanishes
and only last term representing the quantum fluctuations contributes.
In the HFB theory, the presence of the anomalous average m results in a gapped
excitation spectrum. However, following Hugenholtz-Pines theorem [178] the excita-

tion spectrum of the Bose gas should be gapless, to restore this property we use Popov
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approximation. In this approximation, the anomalous average m is neglected. The

generalized GPE and the HFB-Popov equations are

[(x) = 1] 0(0) + g [e(x) + 28] 0(x) = 0, (2.15)
Lu;(r) — g?(r)v;(r) = Eju,(r), (2.15b)
—Lv;(r) + g2 (r)u,(r) = Ev;(r). (2.15¢)

The self-consistent solutions of the above equations are then employed to study the

effects of the quantum and thermal fluctuations in BEC [179-181].

2.2 Single-component BEC

2.2.1 Optical lattice and tight-binding approximation

We consider a BEC in an optical lattice superimposed on a harmonic oscillator poten-
tial. The lattice potential is created by two or more counter-propagating laser beams.

So, the net external potential confining the BEC is

V(r) = Vio(r) + Viau(r)

— %(wixQ + wzyz + wﬁzQ)

+ W [sin2 (27r_x) + sin? (27T—y> + sin? (2iz>} , (2.16)
AL AL AL

where V[, = sE'g 1s the depth of the lattice potential, which is measured in terms of the
recoil energy Er = h*k? /2m, and s is a dimensionless scaling parameter. The wave
number of the laser beam is k;, = 27 /A, and \j is the wavelength used to create
the periodic lattice potential. Thus, the lattice constant of the system is a = A\; /2. If
Viio = 0, then the system is referred to as “translationally-invariant lattice” system,
however, in this thesis we consider the experimentally relevant system of combined
harmonic trap and optical lattice potential. Another important point to be mentioned is
that we consider cubic or the equivalent in lower dimensions is the square geometry of
the lattice potential [29, 182]. We begin the analysis by considering the second quan-
tized grand canonical Hamiltonian, which describes a system of interacting bosonic

atoms at zero temperature

2
H= /dr ¥t(r) { - ;—mvz +V(r) —p+ g\iﬂ(r)\if(r) U(r), (2.17)
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where U (\iﬁ) is the annihilation (creation) Bose field operator of single-component
BEC [177], which obeys the Bose commutation relations. The GP Eq. (2.4) describes
the BEC of dilute atomic gases in shallow lattice potentials at 7' = 0 K. However,
the many-body properties of the cold atoms in deep lattice potential (V > p) is de-
scribed by the Bose-Hubbard Hamiltonian. In case of deep lattice, the BEC is separated
into condensates localized at each lattice site, and these are coupled through quantum
tunnelling. Therefore, to study the ground state properties of the system in periodic
potentials we apply tight-binding approximation.

A non-interacting ultracold atoms in an optical lattice can move only in certain
energy bands, which are called Bloch bands. The Bloch function which describes such

systems are the complete set of solutions in momentum space and is defined as
@é") (r) = eiqr/huf]”) (r), (2.18)

where ué”) (r) is a periodic function which has the same periodicity as the optical lat-
tice potential, i.e., ué") (r)= uf]”) (r 4+ a) with ¢ and n as the quasi-momentum and band
index, respectively. The quasi-momentum is the characteristic of the translational sym-
metry of the lattice potential.

As mentioned in the previous chapter, for deep lattice potential the band gap be-
tween different Bloch bands is large compared to the interaction energy. In this limit,
all atoms in the periodic potential is assumed to occupy lowest band only, and we ne-
glect the coupling between different bands. The basis functions in the position space
are chosen as Wannier functions, which are a set of orthonormalized wave functions
that describes atoms in a single band, and localized at the lattice sites. The Wannier

functions in the lowest band are defined as [183]
1 .
wo(r —ry) = — eimi/h HO)(p), 2.19

where L is the total number of lattice sites and r; is the position of the ith lattice
site. Thus, the basis set in position space or the Wannier functions are obtained by the
Fourier transform of the Bloch functions. These functions provide a natural position-
space description of the system as the lattice depth is increased and atoms get localized
to the individual lattice sites. In contrast to shallow lattices where the atoms can be de-

scribed by a macroscopic wave function, the width of the single wave function in deep
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lattices is smaller than the lattice constant. In tight-binding approximation (TBA), the
overlap between the Wannier functions at different lattice sites is minimum and for
deep lattice potential, the ground state of these functions resemble a Gaussian func-
tion. In this thesis, we use Gaussian function, which has width smaller than the lattice
constant, as the basis function. The field operator in terms of the basis function can be

written as [184]

U(r) =Y aege(r), and Ti(r)=> aleg(r) (2.20)
3 3

where a, 1s the annihilation operator at site § which satisfies the bosonic commutation
relations : [, &2’] = J¢ery |Gg,ae] = 0, and [dz, dg,] = 0. Here ¢ is the unique
combination of the lattice index along z, y and z directions. The basis function ¢¢(r)
are the orthonormalized Gaussian wave functions localized at the £th lattice site. The
sum is taken over all the lattice sites. When the above definition of the field operator is
used in the Hamiltonian given in Eq. (2.17), and only nearest neighbour tunnelling of

the atoms is considered, we obtain Bose-Hubbard (BH) Hamiltonian.

2.2.2 Bose-Hubbard Hamiltonian

We consider a gas of ultracold bosonic atoms, held within a highly anisotropic cigar-
shaped harmonic potential with trapping frequencies w, = w, = w; > w,. With this
choice of trapping frequencies, the excitations along the x and y directions are of higher
energy, and the system remains in the ground state at temperatures 1" < hw, /kp.
Therefore, for such system we can integrate out the condensate wave function along the
radial direction and reduce it to a quasi-1D condensate. Thus, there are no excitations
along the radial direction and the degree of freedom is frozen along this direction. In
TBA, the BH Hamiltonian [27] which describes the quasi-1D system is obtained by
using Eq. (2.20) in the many-body Hamiltonian given in Eq. (2.17). It is given by

U
=—J Z atay + Z { p)ala; + Ea}a}ajaj : (2.21)

where j is the lattice site index, (7, j') represents the nearest-neighbour, i.e., (j,7 — 1)

and (7, j+1). The operator a;(a ) is the bosonic annihilation (creation) of the atoms at
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the jth lattice site. The parameters relevant to the lattice system are defined as follows,

J = —/dz ¢;H(z)[ i + Vj sin? (27—”‘” $i(2),  (2.22a)

2m =2 AL
€ = / dz Viro(2)|#;(2) 2, (2.22b)

2V \kh?*Nag /
m

U = dz|¢;(2)|*. (2.22¢)

Here J is the tunneling matrix element between nearest neighbours. The next-to-
nearest neighbour tunneling amplitudes are two orders of magnitude smaller than .J,
and therefore to a good approximation they can be neglected [28]. The first term
in the Eq. (2.21) is proportional to J, and is measure of the kinetic energy of the
system. The second term is the offset energy at the site j due to the presence of the
external harmonic potential. It can also be expressed as ¢; = 32Q with Q = mw?a®/2
as the strength of the harmonic potential. The chemical potential p is a Lagrange
multiplier to fix the number of atoms in the grand canonical ensemble. The last term
in Eq. (2.21) determines the interaction energy of the system. The parameter U is the
on-site interaction, which is the measure of the repulsion of two atoms at site 7. In
Eq. (2.22¢), A = w,/w, and k = w,/w, are the anisotropy parameters along the = and
y directions, respectively. The on-site interaction term complements .J as it localizes an
atom at a specific lattice site. The parameters J and U can be controlled by adjusting
the intensity of the laser beam. The atoms get more localized at the lattice sites as the
laser intensity is increased, and consequentially the tunneling amplitude J decreases
exponentially. The on-site interaction U increases with the power law of the depth of

the lattice potential, U o< Vod/ *, where d is the dimensionality of the lattice system.

2.2.3 Bogoliubov approximation

In the weakly-interacting limit, the annihilation operator of the BH Hamiltonian at
each lattice site can be replaced by a c-number or complex amplitude, which describes
the condensate at zero temperature [176, 185, 186]. In order to include the effects of
the quantum or thermal fluctuations in the system the BH annihilation operator can be

written as

a; = (cj + ¢;)e 1/, (2.23)
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with (¢;) = 0. The creation operator is the Hermitian conjugate of the above defini-
tion. Here c; is the complex amplitude describing the condensate or the coherent part
and ¢; is the fluctuation operator which represents the quantum and thermal fluctua-
tions present in the system. It is important to note that the assumption of replacing
condensate component by a c-number or (a;) = ¢; is inaccurate near the edge of the
condensate, where the condensate density is small, and below the critical temperature
the fluctuations are dominant in such regions [163]. The condensate wave function is

obtained by expanding the complex amplitude in the localized Gaussian basis functions

W(2) =) cie5(2). (2.24)

J

The condensate wave function has a well-defined phase which results from the broken
global U(1) gauge symmetry of the Hamiltonian. We apply the Bogoliubov approxi-

mation to the BH Hamiltonian and derive the Bogoliubov-de Gennes (BdG) equations.

2.2.4 Bogoliubov-de Gennes (BdG) equations

The effects of the quantum and the thermal fluctuations at finite temperatures are in-
corporated in the system through the use of Bogoliubov approximation. It must, how-
ever, be mentioned that the quantum fluctuations are present at zero temperature as
well. When the expression of a; in Eq. (2.23) is inserted into the BH Hamiltonian,

Eq. (2.21), we get

H= = I (cey+@pe; + dley + 2oy )
(4,4")
+ Y e =) (I + @i + dles + 419 )
J
U * A ~ AT A
+ Y el (\%’\4 + 2le;Pcrdy + 2le;Pe; ol + Ales Pl
J
255+ APl + 2000 30as + 200Gl eia; + Bleteies) . (2.25
+ C] SOJSOJ _'_ C]SOJSDJ + CJSOJQOJQDJ + 6]90380]80] + (IDJSOJQOJQDJ . ( . )
We decompose the Hamiltonian into terms of different order of the fluctuation opera-

tors as

H=Hy+ H, + H,+ Hs + H, (2.26)
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with
Hy= — JY e+ (e—u)\c-\2+g\c-\4 (2.27a)
~ ) : J J 9 J )
(4,4") J
Ho= — JY ¢+ (6—p+UlgP) @ +he,  (227b)
(4,3") J
Hy= — J> @l¢p+ > (6 —mdle
(7,37 J
U o s i
+ 5 Z (c?go}z + P + 4|cj]2g0;g0j> , (2.27¢)
J
H; = U c@lele; +he, (2.27d)
J
N U RV
Hi= ) &leied;, (2.27¢)
J

where the subscript of the various terms indicates the number of the fluctuation op-
erators and h.c. stands for the Hermitian conjugate. We first neglect the higher-order
terms and consider terms up to second order in the fluctuation operators. The lowest
order Hamiltonian describes the condensate part of the system as it does not contain
;. The minimization of H, with respect to the variation in the complex amplitude c;

gives the time-independent DNLSE, which can be written as
HC; = —J(ijl + Cj+1) + <€j + Unj)cj, (228)

and ¢;s are the stationary solution of the DNLSE. Here, nj = |c;|? is the condensate
density of the system at zero temperature. The variation of H, vanishes as c; 18 a sta-
tionary solution and (¢;) = 0. Thus the quadratic Hamiltonian H, is the leading-order
term which contributes to the noncondensate atoms of the system. At zero temperature,
it has to be taken into account self-consistently to include the effects of the quantum
fluctuations in the system. Apart from interaction between condensate atoms, this
Hamiltonian also includes two other type of interactions, (i) interaction between con-
densate and noncondensate atoms, and (ii) interaction between two condensate atoms
which are excited into noncondensate states after the interaction. The minimization of
the H, with the variation of gb; yields the governing equation for the noncondensate

atoms

p; = —J(@j1 + @j1) + (6 +2UnS)@; + Uil (2.29)
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It is important to note that the quadratic Hamiltonian H, is not diagonal in the fluctu-
ation operator ¢;, which can be diagonalized using the Bogoliubov transformation. It
involves a linear canonical transformation of the creation and annihilation operators d}
and a;, respectively, into quasiparticle operators. In this transformation, the fluctuation

operator is defined as the linear combination of the normal or the quasiparticle modes

and is given by

~

Y =

Pl = Z [u e W—vl.@le—iwzt], (2.30b)
!

|: —iwyt U*lag'ezwlt] 7 (2303)

J

where ué and vé« are the quasiparticle amplitudes corresponding to the jth lattice site,
w; = E;/h is the Ith quasiparticle mode frequency with F; as the mode energy, and
Qy (d}) is the quasiparticle annihilation (creation) operator, which satisfies the Bose
commutation relations. It is worth mentioning that in the above transformation [ # 0,
as it corresponds to the zero energy Goldstone mode associated with the breaking of
the U(1) gauge symmetry. The zero energy mode is non-perturbative, and neglected
in the calculation of the excited or noncondensate atoms.

The Bogoliubov transformation represents the bosonic quasiparticle and satisfies

the canonical commutation relations. These relations lead to the following orthonor-

malization conditions of the quasiparticle amplitudes

Z(u*lué v*lvl/> = oy, (2.31a)
> (uhef —vtu) = 0. (2.31b)

We apply the Bogoliubov transformation [Eq. (2.30)] in the quadratic Hamiltonian
H, [Eq. (2.27¢)], using the above orthonormality conditions, we get the following
Bogoliubov-de Gennes (BdG) equations [33, 162]

Eu = —J(ub_y +ul,) + 2005 + (¢ — p)] ul — Ucjv

JJ’

(2.32a)

Bl = J_ +ol) = 2008 + (¢ — )] ol + Ul (2.32b)

This set of coupled equations describes the quasiparticles of the condensate in the

optical lattices at zero temperature. It is important to note that BAG equations do
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not take into account the effect of the quantum or thermal fluctuations present in the
system. To incorporate these fluctuation effects we include cubic and quartic terms in

the Hamiltonian self-consistently.

2.2.5 Hartree-Fock-Bogoliubov (HFB) equations

To introduce the effects of quantum and thermal fluctuations we include H 3 and fl4,

higher-order terms of the fluctuation operator, in the Hamiltonian. In the mean-field

approximation, the terms with higher-order fluctuation operator are factorized into the
pairs [187]

Gloip; ~ 200, +mdl, (2.33a)

Piokpips ~ Al +mBket + i gip; — (205 + liy|?),  (2.33b)

where n; = (g&;@j) and m; = (p;p;) represent the noncondensate density or de-

pletion and the anomalous average at the jth lattice site, respectively. We use the

above factorization to reduce Hs and H, into quadratic form. The c-number term in

Eq. (2.33b) is included as a shift in the energy functional Hy. The modified higher-

order Hamiltonians are

iy = U (20505 +mia}) ¢+ he, (2.342)
J

~

U LAt s ~ s
o= 5> (2nj<,oj.goj + mjgp}pj) +he, (2.34b)
J
and as mentioned, with an energy shift in H
U o2 | 1512
AHy = (203 + |my]?) . (2.35)
The minimization of the Hamiltonian with the higher-order terms leads to the modified
DNLSE, which is given by
[L/Cj = —J(Cj_l + Cj_|_1) + [Ej —f- U(TL; + 277l] —I— m])} Cj, (236)

where 1/ is the modified chemical potential. The total atomic density n = Z(d} aj) =
J
Z(nj + 7). The diagonalization of the modified Hamiltonian yields the following

J
HFB equations

By = — g ) + (200054 75) + (e — )] o
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U@ g, (2.37a)
Eyj = J(j_g + Vi) = [2U(n§ +7) + (¢ — 1)] 0]
+ U+ mhd (2.37b)

with the density of noncondensate atoms at the jth lattice site

iy =3 [ + 1PN+ g ] (2.38)
l

where N; = (4] &) = (’P' —1)~! with 8 = (kpT)~" is the Bose factor, and E is the
energy of [th quasiparticle mode. It is important to note that, at zero temperature, /V; in
the above equation vanishes. Then, the noncondensate density is due to the quantum

fluctuations, and it is given by
g =y i (2.39)
l
Therefore, we solve the HFB equations self-consistently in the presence of the quantum

fluctuations. The anomalous average is given by

J

my=— Y vl 2N +1]. (2.40)
l

The HFB equations [Eq. (2.37)] can be written in the matrix form as,

u L M u'
E; = , (2.41)
v! M —L) \V
where the eigenstates of the matrix with u' = (u},u5....), v/ = (v}, v....) are the

quasiparticle amplitudes with quasiparticle energy F; as the eigenvalue. The matrix

elements of £ and M are

Lij = —JY 0wk + 0 [2U(nS +7;) + ¢ — ] | (2.42a)
(i.k)
My = = U(c +1i;)d5;. (2.42b)

This is a sparse matrix which is non-Hermitian and non-symmetric. The dimension
of the matrix is 2( Ny, + 1) X 2(Nage + 1) with Ny, as the number of lattice sites
in the system. The solutions of the diagonalized HFB matrix E; appear in pairs with
positive and negative energies. In other words, if E is the eigenvalue for quasiparticle

amplitude (u’, v') then —F; is the eigenvalue for the amplitude (u*,v*'). There is
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one solution with £; = 0 or the Goldstone mode, and the corresponding quasiparticle
amplitude is proportional to the complex amplitude of the condensate, i.e., (u’, v°) o
(c, c). The matrix eigenvalue Eq. (2.41) along with the modified DNLSE [Eq. (2.36)]
are solved iteratively until the solutions attain desired convergence in terms of the

number of condensate and noncondensate atoms.

2.2.6 HFB-Popov approximation

The HFB equations give a gapped excitation spectrum of the Bose gas, and violate
Hugenholtz-Pines theorem [178]. This theorem implies that in the presence of the
condensate, as mentioned earlier, the U(1) global gauge symmetry is broken, and
therefore, the energy spectrum of the Bose gas must be gapless. The gapless spec-
trum refers to a quasiparticle with energy tending to zero as the momentum tends to
zero. The Popov approximation addresses the energy gap problem by ignoring m;.
It is first proposed by Popov [188], and is better than HFB as it gives a gapless en-
ergy spectrum. Under this approximation the modified DNLSE and the HFB-Popov

equations are

pe; = —J(cj1+¢i) + 6+ U(nS +205)] ¢, (2.43)
Eul = —J(ub_y +ul) + 2005+ ity) + (¢ — i) ul — Ul (2.44)

Epy = JW_ + i) = 2005 +7y) + (6 — p)] vf + UcPul. (2.45)

The DNLSE and coupled HFB-Popov equations are solved self-consistently to get con-
verged solutions of c;, and the noncondensate density 72;. The order parameter and the
noncondensate density 7 are further obtained by the expanding the complex amplitude
and the quasiparticle amplitudes ué and U; in terms of the localized orthonormalized

Gaussian basis.

2.3 Two-component BEC

In this section, we generalize the theory introduced in the previous section for an in-
teracting two-component BEC (TBEC). We consider a mixture of binary condensates

or a TBEC held in an optical lattice with a harmonic potential as an external envelope
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potential. In the mean-field regime, the second quantized grand canonical Hamiltonian

governing this system at zero temperature is

N N Gt
A= 3 [ )] - 5 Vi) - ot B )| Bl
k=1

my

+ ng/dr ﬁli(r)@g(r)ﬁll(r)\ﬂﬂr), (2.46)

where k£ = 1,2 is the species index, my, is the atomic mass of the kth species, and
\ilk, Wi, and grr = 47Th2(lkk/ my, are the bosonic field operator, chemical potential, and
intraspecies interaction strength of the kth species, respectively, with ay as the scat-
tering length of the kth species. The parameter g5 = 2h2aqy /m, is the interspecies
interaction strength with a;5 and m, as the interspecies scattering length, and the re-
duced mass of the TBEC, respectively. The external harmonic trapping potential Vj, is
considered to be same for both the condensates. Like in the previous section, we use
the TBA to describe TBEC in deep lattice potential (V[; > ). This is valid as the
bosonic atoms of both the species occupy the lowest vibrational band, and interband
transitions are suppressed. In this approximation, the field operator of the species can
be expanded as

\i/k<1‘) = Z dkfgbkf(r), (247)
3

where ay, is the annihilation operator of the kth species at the lattice site with identifi-
cation index &, which is a unique combination of the lattice index along x, y and z axes.
The basic element of TBA lies in the definition of ¢y¢(r), these are orthonormalized
on-site Gaussian wave functions localized at the £th lattice site. The width of the basis
function depends on the mass of the species, and frequency of the lattice potential. For
the present study, the frequency plays a dominant role over the mass of the constituent
species. Since we consider same lattice potential for both the species, hence the width
is considered to be identical for the two species, even when the mass difference of the
TBEC is large. For each of the species, it is chosen such that its spatial extent is much
less than the lattice constant, and thereby the overlap between the basis function of
adjacent sites is small. Using the above definition of W, (r) in Eq. (2.46), we get the
Bose-Hubbard (BH) Hamiltonian of the system.
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2.3.1 Two-component Bose-Hubbard Hamiltonian

As mentioned earlier, consider a binary condensate mixture of dilute atomic gases
confined in an optical lattice potential with a harmonic potential as an envelope po-
tential. For a quasi-1D system where the trapping frequencies satisfy the condition
Wy = Wy = W] > w,, using the TBA, and considering the nearest neighbour tunnel-

ing, the BH Hamiltonian at zero temperature is [28, 118, 119, 121, 138, 189, 190]

i { T alag +Z w}

i=1 (33"

1 At At oa

5 Z Uzz Z 1] Z]awaw + U12 Z aijalja;jagj, (248)

J

where i = 1,2 denotes the species index. The operator @;;(a; 7 ;) is the bosonic annihi-
lation (creation) operator of the ith species at the jth lattice site, .J;s are the tunneling
matrix elements, eg.i) is the offset energy arising from the envelope harmonic confining
potential. The parameters U;; and U, are the intraspecies and the interspecies on-site
interactions, respectively, which depend on the interaction strength, and the width of
the basis function. In this thesis, we consider the superfluid phase of the binary mixture
of ultracold bosons in the lattice potential, where the tunneling strength and the on-site

interactions satisfy J; > vU;;, vU;5. Here, v is the filling factor, which is defined as

the ratio of the number of atoms to the number of lattice sites.

2.3.2 HFB-Popov approximation for the TBEC

In the mean-field approximation, like single-component BEC, we employ the Bogoli-

ubov approximation to define the BH annihilation operators

iy = (¢j+ ry)e M (2.49a)

Goj = (dj+ poy)e "M, (2.49D)

where c; and d; are the complex amplitudes associated with the condensate wave func-

tions of each species. They satisfy the normalization conditions Z lc;]? = Z \d;|? =
J J

1. The operators, ({1, or (,;) are the perturbations to the c-numbers, and identify with

the quantum and thermal fluctuations in the system. We use these definitions in the
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two-component BH Hamiltonian [Eq. (2.48)], and then decompose the Hamiltonian

into terms of different orders in the fluctuation operators as H = i i ﬁ; The
different terms of the modified BH Hamiltonian are e
Hy= — J ZC ¢+ Z { — p)e;* + (U1110j14 + U12|Cj|2!dj|2)] :
Hi = — J2Zd djr +Z [ = o)y + (U22|dj|4+U12|Cj|2|dj|2)] :
12_,11 = — Z Cirp1j+ Z ( ) _ p1 + Uni|ej)® + Ulg\dj|2> ;15 + hec,
(43"
Q= — g Z 0oy + Z (€ = iz + Unalds + Ussle ) 5oy + hec.,
H = — legoljgalj +Z [ — 1) 4 2U11|¢5)* 4 Ussd;] } Pl015

U11 9 Uiz . .
- Z { 5 ( el +c 2%) + (c P15 Pa; + C5dip1;BY,
J

+ de;k'@}j@% + dejsé];j@;j)} )

A= B3t 3[(67 ) A 4 Vil ] e

U22 * U *
+ Z [ 5 (d? o5+ d; 29%) + = (c d5p1jpaj + Cd;pr;4h,

J

+ dej’%b];j@m + dejgé];j@;j)} ;

e At At o Uiz At At o A At oA

H§ = Z {Uncj@];j‘pij@lj + o5 <Cj§011-jgogj902j + dj@lj@gjgplj)} +h.c.,
J

e S Uiz st At o At At s

H:? = Z |:U22dj90£j90£j902j + T (CjQOL—(,D;jQDQj + djSDL'SOEjSOIj>:| + h,Q7
J

] Ui .t A Uiz .+ .

Hi - Z( 9 QOlg‘PlgSOlJSOlJ‘i_ 9 @13802390139023 ;
J

: Uz .+ . U .+ .4 .~ .

H‘f - Z < 9 ¢21@;J¢29¢2J + 7%01]‘90;]‘%01]'902]' . (2.50)

J
The lowest order Hamiltonian is an energy functional which describes the condensate
part of the TBEC:s at zero temperature. The minimization of the energy functional with

respect to the variation in the complex amplitudes leads to a set of time-independent

coupled DNLSEs [191-193]. These equations describe the equilibrium properties of
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the system at zero temperature, and are given by

1

pic; = — Jl(cj—l + Cj-‘rl) —+ [eg ) —+ Ullnij -+ Ulgngj] Cj, (2513)

Mgdj = — JQ(dj_l + dj+1) + |:€§.2) —+ UQQ’[’ng + Ulgnij} dj, (251b)

where n{; = |¢;|* and n3; = |d;|? are the condensate densities of the first and second
species at the jth lattice site, respectively. The equation for the noncondensate part of
the TBEC is obtained by the minimization of the quadratic Hamiltonians H 5 and H 2.

These are given by

oy = — Ji(Prjo1 + Prje1) + [65-1) + 2Unng; + U12n§]} P15

+ UncGl; + Ura(eid;pay + eid;dh), (2.52)
popa; = — Ja(Paj-1+ Pajy1) + [65'2) + 2Uzans; + U127”LL} D2

+ Undi@h; + Unn(cid; @y + ¢;dil). (2.52b)

The next step is to include the effect of the quantum and thermal fluctuations in the
description of the TBECs. To diagonalize the Hamiltonian in terms of the quasiparticle
basis u'’s and v'’s, we use Bogoliubov transformation. It represents the fluctuation
operator in terms of the quasiparticle modes, and is given by

N o I ~  —gwit sl AT _dwpt
Oij = E [uijale Y=g age™ ] , (2.53a)
1

2 = Y [uafes = ofae), (2.53b)
l

where uéj and v! ; are the quasiparticle amplitudes for the ith species in quasi-1D optical
lattice potential, and the other symbols are as defined earlier in the section on single-
component BEC. Here, the quasiparticle operator ¢; and d;r are taken to be same for
both the species, and they satisfy the Bose commutation relations. The quasiparticle

amplitudes satisfy the following normalization condition
> (gl = witvly) = o (2.54)
ij
Now we make use of the Wick’s theorem [177] to include the third and fourth order

fluctuation operators in the Hamiltonian, where the product of the fluctuation operators

are replaced by the expectation of the pairs of the fluctuation operators [187]. In this
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approximation the terms with three fluctuation operators cﬁjj DijPij R 255+ 1M @Ij,
Pl oY po; A Tiny @l and @b p1; & ;@Y where iy = (pldy), and my; =
(iji;) are the noncondensate density and the anomalous average of the ith species
at the jth lattice site, respectively. Here, for the fluctuation operators of two different
species i # i', we use the approximation (@;rjcﬁi/j) = (@i;%r;) = 0. Using these
factorization of the third order fluctuation operators into the quadratic Hamiltonians,

and the minimization of the energy functional leads to the modified coupled DNLSEs

pc; = — Ji(cjo1+ i) + Hl) + Uni(ng; + 201;) + Urz2(ng; + ﬁ?j)] ¢j

+ Uninc, (2.552)
pedy = — Jo(dj—1 +dja) + [65-2) + Una(ng; + 275) + Ura(nf; + ﬁlj)} d;

+ Upinad:, (2.55b)

and furthermore, the modified equations for the noncondensate atoms are

by = — Ji(@ri+ Prjr) + [Ggl) + 2Un(ng; + fuy) + Ure(ng; + ﬁ2j)} P1j
+ Ui (S + 1)@l + Unnle;di@a; + ¢;diph)), (2.56a)

popo; = — Ja(Paj1+ o) + [65-2) + 2Us2(n3; + Ngj) + Ura(ng; + ﬁlj)} Daj
+ UQQ(dJQ -+ TT’LQ)@% + UIQ(C;djSZ)lj -+ dejsé{j)' (256b)

These are coupled equations for the condensate [Eq. (2.55)] and the nonconden-
sate [Eq. (2.56)] part of the TBECs held in the optical lattice potential. These equations
do take into account the effect of the quantum fluctuations at zero temperature, and the
thermal fluctuation at a finite temperature 7'. The use of the Bogoliubov approximation
into the modified quadratic Hamiltonian leads to the HFB equations for the TBECs.

These are given by

Elull,j = - Jl(ull,j—l + ull,j—H) + [QUllnlj + Urang; + (€§1) - m)} ullyj

— Unmyvl j + Unaes(diub ; — djuh ), (2.57a)
Elvll,j - Jl(vll,j—l + Ui,jﬂ) - |:2U11n1j + Urangj + (Egl) — ul)] 'Ui,j

+ Unmijul; — Unoci(divly; — diudy ), (2.57b)
Elul2,j = - J2(Ul2,j—1 + Ul2,j+1) + [2U22n2j + Uranyj + (€§2) - Mg)i| ulzj

- U22m2jvl2,j + Ulej(C;ule - ijll,j)7 (257C)
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Epl ;= Ja(vh iy +vh4q) — |2Unona; + Urang; + (652) - /@)] vh

+ Uggmgjuévj — Ulgd;(cjvivj — c;fullvj), (2.574d)

where for notational simplicity we have defined the total density of the ith species at

the jth lattice site n;; = nj; + f1;; and my; = ¢ + My, and my; = d5 + Mmy;. It is
important to note that if the on-site interaction of the bosons of two different species
Uhs is set to zero (U2 — 0) then the equations for the complex amplitudes c¢; and d;,
and the quasiparticle amplitudes ui ; and vﬁj ; are decoupled. The decoupled equations
correspond to two independent single-component BEC in optical lattices.

To get a gapless spectrum for a TBEC, we use the Popov approximation, and set the
anomalous average term m;; to zero. Under HFB-Popov approximation, the coupled
DNLSESs can be written as
D Uy (nS, + 27in;) + Una(ng, + ﬁZj)] ¢;, (2.58a)

pic; = —Ji(cj-1 + ¢jp1) + [65
(2

,U,de = —Jg(dj_l + dj—i—l) + |:€j ) + UQQ(?’LSJ» + 2ﬁ2j) + Um(?’bij + ﬁlj)] d](258b)

The HFB-Popov equations have the form

Elull,j = - Jl(ull,jfl + ull,j+1> +u1ull,j - Ullcjzvi,j + UlZCj(d;ué,j - djvé,j>7
(2.59a)
(2.59b)
(2.59¢)
(2.594d)

where Z/{l = 2U11n1j + U12n2j + <€§~1) — ,LLl), Z/{Q = 2U22n2j + Ulgnlj + (6;-2) — ,ug)
with U, = —U;. The condensate wave function and the quasiparticle amplitudes of the
TBEC is obtained by expanding the condensate complex amplitudes (c;,d;), and the

l
,3°

quasiparticle amplitudes (u vi ;) in terms of the localized orthonormalized Gaussian

basis function

Pi(z) = ch%'(z)a %(Z):Zdj%’(z)a (2.60a)
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d(z) = Suligiz), =) =3 ulei(). (2.60b)
J J
The quasiparticle amplitudes calculated from the diagonalization of the HFB Eqs. (2.59)
are then used to obtain the density of the noncondensate atoms at the jth lattice site

A= > [(lub* + [Ny + [v)]%). (2.61)
l

The last term in 7;; is independent of the Bose factor, N; = (eﬂEl — 1)_1, and hence
represents the quantum fluctuations of the system at zero temperature.

The HFB-Popov equations can be written in the matrix form

u} £ MmO P Q u}
vl Y O =/ S v
E| |= o o N (2.62)
u, =S Q L M u,
vl R -P M@ O vh

where the eigenstates u!, and v' are the set of quasiparticle amplitudes at different
sites of sth species with eigenvalue £ or quasiparticle energy. The matrix elements are

given by

LY = =) b+ <2U11n1j + Usgng; + €V — #1) |
(1,k)

MY = -Uyy c? ijs
Pij = U cjd; by,
Qij = —Up Cj dj 5ij;
Riy = Unacjd;dy,

Sij = —U12 C;» dj 5ij7
£’(72) = —h Z 0ikOkj + dij (2U22n2j + Uranay; + (—:§-2) — M2) ,
(i,k)
Mz(]z) = —Uggd? 513

The matrix is non-Hermitian and non-symmetric with a dimension of 4(Nj, + 1) X
4(Nyagy + 1) with Ny, as the number of lattice sites in the system. Here, the number
of orthonormalized Gaussian basis is equal to the number of lattice sites chosen for the
system. The diagonalization of the matrix gives an equal number of positive and neg-
ative energy eigenvalues corresponding to the quasiparticle and quasihole amplitudes,

respectively.
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2.3.3 TBEC in quasi-2D optical lattices

We consider a binary BEC confined in an optical lattice with pancake shaped con-
figuration of background harmonic trapping potential. Thus, the trapping frequencies
satisfy the condition w; < w, with w, = w, = w,;. In this system, the excita-
tions along the axial direction are of higher energy and the degree of freedom in this
direction is frozen. The excitations, both the quantum and thermal fluctuations, are
considered only along the radial direction. In the TBA [183, 184], the BH Hamilto-
nian [27, 138, 190] which describes the system is

2
Z { Ji Z ak{akﬁ/ + Z — Mk akgak£:|

k=1

Z Ukkakgakgakgakg + Ulgz algalgaggagg, (2.63)
k=1.¢

N | —

where k£ = 1,2 is the species index, i is the chemical potential of the kth species,
and Qe (dLg) is the annihilation (creation) operator of the two different species at {th
lattice site. The index is such that £ = (4, j) with i and j as the lattice site index along
x and y directions, respectively. The summation index (££'), as mentioned earlier,
represents the sum over nearest-neighbour to £th site. The possible values of £ in
(¢¢'y are (i — 1,4), (i +1,7), (i,5 — 1), and (i, 5 + 1). The TBA is valid when the
depth of the lattice potential is much larger than the chemical potential, V{, > 4, the
BH Hamiltonian then describes the system when the bosonic atoms occupy the lowest
energy band. In the BH Hamiltonian, Jis are the tunneling matrix elements, eék) is

the offset energy arising due to background harmonic potential, and Uy (Uis) is the

intraspecies (interspecies) interaction strength.

In the weakly interacting regime, under the Bogoliubov approximation [162, 187],
the annihilation operators at each lattice site can be decomposed as a;c = (¢ +
@15)6_“‘1“ h age = (de + ¢2£)€—ngt/ " where ce and d; are the complex amplitudes
describing the condensate phase of the two species. The operators ¢1¢ and Qq¢ repre-
sent the quantum or thermal fluctuation part of the field operators. From the equation

of motion of the field operators with the Bogoliubov approximation, the equilibrium
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properties of a TBEC is governed by the DNLSEs

Hice = — Jl Z Cer —+ [Eél) + Ull(nfg + 27~11§> + Ulgngg] Ce, (264&)
5/

de = — Jo > de + [ + Upy(ns, + 27 U d 2.64b

Hade 2 ¢t € + 22(7125‘1‘ Nog) + Uronag| de,  (2.64b)
é‘/

where nf, = |c¢|* and n5. = |d¢|* are the condensate, ge = <¢Lg¢k£> are the non-
condensate, and nge = ny, + nye are the total density of the species. The fluctuation
operators are defined in terms of the quasiparticle basis through the Bogoliubov trans-

formation

Bre = D |uhetne ™! — vjtafe | (2.65)
l

where dl(d;) is the quasiparticle annihilation (creation) operator, which satisfies the
Bose commutation relations, [ is the quasiparticle mode index, uﬁcg and vfgg are the
quasiparticle amplitudes for the kth species, and w;, = FE;/h is the frequency of the /th
quasiparticle mode with energy £;.

Using the Bogoliubov transformation, we obtain the following HFB-Popov equa-

tions [194]:

ElUng = — J; (ulljf_1 + ull’&l) + Z/llulLE - UncgvlL5 + Ulgcg(dgulz£ — dgvéjg),
(2.66a)
Eﬂ)ll’&- = Jl ((Ull,ffl + ?}l17§+1> + levi&- + UllCEZU%Lg - Ulgcz (dé’?}éﬁ - dzullé),
(2.66b)
Elulm = — Jg(ul%_1 + ué,gﬂ) + Z/lgulz5 — U22dgvé7€ + Ulgdg(czull,g — cgvlljg),
(2.66¢)
Eﬂ)é,ﬁ = JQ(U%{_]_ + fUé’&-_;'_]_) + 212?)%7& + UQQdeugé - UleZ(Csvi’g - Czug_é),
(2.66d)

where Uy = 2U11(nf, + Tae) + Ura(nge + o) + (eél) — p1), Uy = 2Un(n5e + Mg ) +
Ura(nfe +ie) + (622) — pe) withU,, = —Uy.. To solve the above eigenvalue equations,
we use a basis set of on-site Gaussian wave functions, and define the quasiparticle
amplitude as linear combination of the basis functions. The condensate and noncon-

densate densities are then computed through the self-consistent solution of Egs. (2.64)
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and (2.66). The noncondensate atomic density at the £th lattice site is

fire = 3 [(Juhel® + [vheP) Ny + [vge ] (2.67)
l

where N; = (¢’ — 1)7! with 3 = (kgT)~" is the Bose-Einstein distribution factor
of the /th quasiparticle mode with energy F; at temperature 7". The last term in 7 is
independent of the temperature and hence represents the quantum fluctuations of the

system.






Chapter 3

Topological transition of quasi-1D

binary condensates

The phenomenon of spontaneous symmetry breaking (SSB) is ubiquitous in nature.
In condensed matter physics, it is responsible for the paramagnetic to ferromagnetic
phase transition [195] and in high energy physics, it underlies our understanding of the
fundamental interactions and the origin of masses of elementary particles [196—198].
Apart from these, it also plays a key role in other fields of physics, in particular, cos-
mology [199], liquid crystals [200], and superfluid helium [201]. In these scenarios,
a small fluctuations break the underlying symmetry of the system and thus determines
its dynamical evolution and the final state. In general, the symmetry breaking oc-
curs when a parameter of the system, such as temperature, is changed across a certain
value. The BECs provide unprecedented possibilities to study the symmetry breaking
processes [202]. This is due to its experimental flexibility with almost all parameters
can be precisely controlled. Moreover, the symmetry breaking phenomena is impor-
tant in understanding the BECs and their coherence properties [203, 204]. When SSB
occurs, a gapless mode known as Nambu-Goldstone (NG) mode must appear in the
long-wavelength limit of the excitation spectrum. This is referred to as Goldstone’s
theorem [205-207]. In a single-component BEC, the appearance of the order param-
eter is associated with a gapless NG mode corresponding to SSB of the global U(1)
gauge symmetry. This mode is known as a phonon mode with linear dispersion rela-

tion. The first excited mode (I = 1) is the dipole mode, also known as the Kohn mode,

51
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corresponds to the oscillatory motion of the center of mass when the system is per-
turbed. Decrease in the Kohn mode frequency due to an increase in the effective mass
is reported in previous theoretical [208, 209] and experimental study [210]. The [ = 2
mode is known as the quadrupole mode, and the higher modes (I = 3, 4) represent more
complicated collective excitations [162]. As example we have computed the low-lying
quasiparticle mode functions for ®'Rb condensate using the HFB theory, and these are

shown in Fig. 3.1. The parameters used were U/J = 0.2, Q = 3.48 x 107?Ej, and

N = 100.
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Figure 3.1: The low-lying quasiparticle amplitudes corresponding to the (a) dipole
mode, (b) quadrupole mode and (c-d) other higher-energies excited modes are shown
for 'Rb condensate trapped in quasi-1D optical lattice. Here [ and j represent the

quasiparticle mode and lattice site index.

The nature of the ground state of TBECs is determined by the balance between
the on-site interactions. If the intraspecies interactions dominate then the energy of
the system is minimized by the overlap of the species. However, if the interspecies
interaction dominate then the energy is minimized by the phase separation, where an
additional Goldstone mode may appear in quasi-1D condensates. The approach of
counting the NG modes and generalization of the NG theorem in non-relativistic sys-
tem is proposed in Refs. [211-217]. The detailed analysis for the NG modes in the
phase-separated BECs can be found in Refs. [218, 219]. Experimentally, it is possible

to vary the on-site interactions through the Feshbach resonance [220-222], and drive



53

the TBEC from the miscible to the immiscible phase or vice versa. The experiments
with harmonic trapping potential have examined the phase separation [46, 48-50, 61],
and other unique phenomenon which are associated with the TBECs. Among the vari-
ous lines of investigation, the theoretical studies of phase separation and the collective
modes [154-157, 160, 223-226] are noteworthy. In the context of lattice systems,
the phase separation of two-species Bose mixtures in 1D optical lattices has been in-
vestigated using mean-field theory [134] and DMRG technique [135, 136, 227]. In
these studies, both SF and MI phases are considered, and the phase separation results
into several new phases such as 2SF, phase-separated SF and phase-separated MI. The
recent experimental realizations of TBECs in optical lattices [26, 109—111] provide
the motivation to examine the phase separation phenomena for the superfluid bosonic

mixtures in lattice systems.

In this chapter, we consider a mixture of two dilute atomic Bose gases confined
in optical lattices at zero temperature. The parameters are chosen such that the sys-
tem is quasi-1D, and the mean-field description like HFB-Popov is applicable. The
low-dimensional BECs are important to study because the role of quantum fluctua-
tions are more pronounced in these systems [24, 228-230]. According to Mermin-
Wagner-Hohenberg theorem [231-233], in a translationally invariant system no con-
tinuous symmetry can be spontaneously broken at finite temperatures for d < 2, where
d is the dimensionality of the system. Therefore, BEC does not exist in one or two
dimensions, but in traps the situation is different as the confining potential modifies
the density of states [234]. To obtain a system with effective lower dimensions or the
motion of the atoms to be frozen out in a particular direction, the energy difference
between states must be much greater than the thermal energy kg7'. In quasi-1D optical
lattices we use HFB-Popov theory to study the ground state density profiles, and the
quasiparticle spectrum of TBECs at zero temperature. The evolution of the quasipar-
ticle modes are examined as the TBEC is driven from the miscible to the immiscible
phase. This transition is achieved through the variation of intra- (inter) species on-site
interaction in the BH model for ®"Rb-**Rb (}*3Cs-®"Rb) TBEC. We demonstrate a key
feature of the "Rb-*>Rb TBEC, which is the exchange of the positions of the species

at same on-site intraspecies interactions. Furthermore, the interaction and the quantum
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fluctuation-induced effects on the topology of the ground state and the quasiparticle
spectra of the TBECs are examined. It is important to note that in this chapter the term
topology refers to the geometry of the ground state density distributions of TBECs in
optical lattices. This is characterized by the gauge symmetry possessed by the mixture

of BECs.

3.1 Zero temperature mode evolution of trapped TBEC

The excitation spectrum shows a distinct feature when the critical point of the quan-
tum phase transition is crossed. Under the HFB-Popov approximation, the excitation
spectrum of TBEC in optical lattice is gapless for the superfluid (SF) phase, while
it exhibits a finite gap for the Mott insulator (MI) phase [29]. In the MI phase, this
energy gap corresponds to the particle-hole excitation, and is responsible for the in-
sulating properties of the system. The SF phase also referred to as the ordered phase
where the order parameter takes on a nonzero value at the minimum of the potential.
The phase of the atoms thereby acquires a definite value through SSB of the U(1)
global gauge symmetry. In the SF phase of TBEC, the SSB at condensation results in
two Goldstone modes, one each for the two species. The number of Goldstone modes,
however, depends on whether the system is in miscible or immiscible phase, and ge-
ometry of the density distributions. To explore different possibilities, as mentioned
earlier, we consider two different TBEC systems. These are binary mixtures which
can be driven from the miscible to the immiscible phase through the variation of intra-
or interspecies interaction using the Feshbach resonance. In particular, we consider
8TRb-RbD [50, 51] and 33Cs-*"Rb [45, 46] binary condensates as examples of the two
cases, and study the mode evolution as the system approaches the immiscible regime
from the miscible regime. These are examples of two systems with negligible and
large difference in the masses of two species, respectively. Another basic difference is
the transition of miscible to the immiscible phase is achieved through the variation of

(intra-) interspecies on-site interaction in the (3"Rb-%Rb) 1*3Cs-"Rb TBEC.
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3.1.1 Third Goldstone mode in 5" Rb-*Rb TBEC

To examine the mode evolution with the tuning of the intraspecies interaction, we
consider a quasi-1D TBEC consisting of two different isotopes of Rubidium: *"Rb
and %Rb [50, 51]. In this system, we consider 87Rb and ®Rb as the first and second
species, respectively. The axial trapping frequency of the harmonic potential for both
the species is w, = 27 x 80 Hz with the anisotropy parameters along the x and y direc-
tions as 12.33. The anisotropy parameter is the ratio of the radial trapping frequency
(wy and wy) to the axial trapping frequency w,. The wavelength of the laser beam that
is used to create the optical lattice potential is A\;, = 775 nm. The number of atoms
in each of the species are Ny = N, = 100, which are confined in 100 lattice sites
superimposed on a harmonic potential. We choose the depth of the lattice potential
Vo = 5Er and corresponding to this depth the tunneling matrix elements for the two
species are JJ; = 0.66 £ and J, = 0.71 E'g, the intraspecies interaction Uy is 0.05ER
and the interspecies interaction U5 is 0.1 Fr. The difference in the values of J; and
Jo arises from the mass difference of the species in the TBEC system. This set of
DNLSE parameters is calculated by considering the scattering lengths a1; = 99a, and
a12 = 214aq, where ag is the Bohr radius and the width of the Gaussian basis as 0.3a.
To compute the value of DNLSE parameters we use the definitions of the tunneling

matrix element and the on-site interaction described in Chapter 2 [Egs. (2.22)].

Since the scattering length of ®°Rb is tunable with the Feshbach resonance [50], we
study the excitation spectrum with the variation in Uss. The solution of the mean-field
model [100, 102] predicts that the critical value of vU;;/J; at which the SF-MI phase
transition occurs, depends on the density and the dimensionality of the lattice. How-
ever, for the value of U’s and J’s considered here, the TBEC remains in the SF phase.
In the computations the characteristic length and energy are the lattice spacing and the
recoil energy of the first species, respectively. To examine the ground state density,
and the quasiparticle spectra at zero temperature, the coupled DNLSEs [Eq. (2.55)]
and BdG equations [Egs. (2.59)] are solved. It is important to note that the quantum
fluctuations are ignored for these calculations. The diagonalization of the BdG matrix
results into eigenvalues and eigenstates as the quasiparticle mode energies and quasi-

particle amplitudes, respectively. The quasiparticle mode energies with the variation
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Figure 3.2: The evolution of the low-lying mode energies as a function of the in-
traspecies interaction of the ®*Rb (Usy) in the *’Rb-**Rb TBEC held in quasi-1D op-
tical lattices. Excitation spectrum is shown (a) for zero temperature and (b) for zero
temperature in the presence of the quantum fluctuations. Here Uss is in units of the

recoil energy Eg.

in Uy at zero temperature are shown in Fig. 3.2(a). The two zero energy mode are the
NG modes associated with SSB of each of the condensate. The lowest energy modes
with nonzero excitation energies, are the Kohn modes (I = 1) of the two species of
8TRb-%"Rb TBEC. At Usy = 0.25Ep, these modes have energies 0.029 ' and 0.054 E'r
for ®Rb and ®"Rb, respectively. The energy of the **Rb Kohn mode decreases, whereas
that of 8"Rb Kohn mode remains steady with the decrease in Us,. According to Kohn’s
theorem, for a BEC confined in a harmonic trap, the center of mass oscillates with the
harmonic trapping frequency [235]. The excitation energy of the Kohn mode in a har-
monic potential with frequency w is hw which is independent of the strength and type

of the two-body interaction [236]. In the BH model, the Kohn mode energy deviates
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from this universal value due to the presence of the optical lattice. Recently, it has
been predicted that the Kohn theorem is also violated in the vicinity of a Feshbach res-
onance for harmonically trapped BEC [237]. At lower Us,, the energy of **Rb Kohn
mode decreases further, and for Uy < 0.062E' the mode continues as the third Gold-

stone mode. To gain further insight into the structure of Kohn modes we investigate
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Figure 3.3: The evolution of the quasiparticle amplitudes corresponding to the Kohn

mode as the intraspecies interaction of 8Rb (Uy) is decreased from 0.25E% to
0.062FR. (a), (b) When Uy, > 0.18Fg, the system is in the miscible phase and the
Kohn mode (I = 1) has contributions from both the species. (c)-(e) When system is
on the verge of phase separation, then the Kohn mode of ®Rb goes soft. (f) At phase
separation Uss < 0.065FE; the Kohn mode transforms into a Goldstone mode. Here ¢
and j are the index for the species and the lattice site, respectively. The quasiparticle
amplitudes (u;;, v;;) of the first species (¢ = 1) are shown by blue filled circles () and
green triangles (a), and for the second species (¢ = 2) these are shown by red squares

(w) and brown diamonds ().

the quasiparticle amplitudes or mode functions corresponding to the Kohn modes of
87Rb and **Rb. The evolution of the Kohn mode functions with the variation of Uss
is shown in Fig. 3.3. The modes of the species evolves differently as Us, is decreased

and mode mixing occurs for nonzero Ujs. For 0.18 < Uy < 0.25FER, the system is
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Figure 3.4: The geometry of the condensate density profiles and its transition from

the miscible to the immiscible regime. (a)-(c) The transition from the miscible to the
sandwich profile for the ¥’Rb-*’Rb TBEC with change in the intraspecies interaction
Uy at T' = 0 K. The position exchange (c) in the sandwich profile occurs at Uy, =
Uss = 0.05FR. (d)-(f) Show similar condensate density profiles for the Cs-Rb TBEC
with change in the interspecies interaction Ujo at 7' = 0 K. In this system the transition
to the sandwich geometry occurs at Uy, = 0.3ER. The density profiles of first and

second species at each lattice site j are shown by blue circles (o) and red squares (m).

in the miscible domain, and the Kohn mode function of the TBEC is a linear com-
bination of the mode functions of 5"Rb and **Rb species. As we approach the phase
separation by reducing the value of Us,, we observe a decrease in the amplitude of the
Kohn mode function of ®*'Rb, and the mode component of **Rb goes soft at 0.062E 5.
The softening of the mode is also evident from the evolution of the mode energies as
shown in Fig. 3.2(a). The emergence of the third Goldstone mode is associated with
a change in the ground state geometry of the system; the density changes from the
overlapping to a sandwich profile as shown in Figs. 3.4(a-c). The structure of the Kohn
mode at Uy; = 0.062FER, as shown in Fig. 3.3(f), is similar to the condensate den-

sity profile of ®°Rb in the immiscible domain with opposite phase [Fig. 3.4(b)]. In the
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phase-separated domain, the sandwich profile of the binary condensate is equivalent
to three distinct sub-components, where one species is flanked by the other. This is in
contrast to the mode evolution with harmonic potential only. In continuum, for TBECs
with near equal masses and low number of atoms the energetically preferred ground
state geometry is of side-by-side type [219, 238]. The softening of the Kohn mode
has been studied for single-species BEC confined in a double-well potential [239]. An
important aspect which deserves to be mention is that the phase separation criteria for
the homogeneous system predicts the transition at US, < UZ,/U;;. This condition is
not valid for the present study as the confining potential, and the contributions of the

kinetic energy impact the criteria of the immiscibility [240].

3.1.2 Third Goldstone mode in **Cs-*"Rb TBEC

For mode evolution with the tuning of interspecies interaction, we consider the bi-
nary system of 133Cs-8"Rb [45, 46]. Here, we consider Cs and Rb as the first and
second species, respectively. To study the mode evolution as the system undergoes
the transition from miscible to the immiscible phase, the interspecies interaction Uy
is varied, which is possible using the magnetic Feshbach resonance [222]. The pa-
rameters of the system considered are N; = N, = 100 with the similar trapping
frequencies as in the case of the "Rb-%"Rb mixture. The lattice parameters are chosen
as J; = 0.92ER, Jo = 1.95FR, U1 = 0.40FER, and Uy = 0.21 Ez. These parameters
correspond to the scattering lengths a;; = 280ag, and ass = 99a( and the same width
of the Gaussian basis function is considered as in the previous case. For this system,
the difference in the tunneling matrix elements of the species is large, as compared to
the case of 3"Rb->*Rb TBEC. This is due to large mass difference of the constituent
species of 1*3Cs-*"Rb TBEC.

At Uy = 0, the quasiparticle spectrum of the TBEC is independent as the two con-
densates are decoupled. The TBEC has two Goldstone modes, one corresponding to
each of the two species. At low values of U2, in the miscible regime, the condensate
density profile of both the species overlap as shown in Fig. 3.4(d). As we increase
Ui, the Kohn mode of '#3Cs remains steady in energy whereas that of 5’Rb gradu-

ally decreases, and goes soft at a critical value Uy, = 0.3Ex. This Kohn mode of
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Figure 3.5: The evolution of the energies of the low-lying modes as a function of
the interspecies interaction (Uj2) in Cs-Rb TBEC held in a quasi-1D lattice potential.
The excitation spectrum is shown (a) at 7' = 0 K, and (b) after including the quantum

fluctuations. Here Uy, is in units of the recoil energy F'i.

Rb remains soft for U;5 > 0.3Er and is transformed into the third Goldstone mode.
For Uy, < U9, the geometry of the condensate density profile changes, and acquires
a sandwich structure in which the Cs condensate (higher mass) is at the center, and
flanked by the Rb condensate (lower mass) at the edges as shown in Fig. 3.4(f). This
is also evident from the evolution of the low-lying modes, shown in Fig. 3.5(a), and is
reflected in the structural evolution of the quasiparticle amplitudes shown in Fig. 3.6.
Hence, the system gains an extra Goldstone mode after transition from a miscible to
a sandwich type density profile. The general trend of the mode evolution is that the
mode energies decrease with increase in Uy, reach minimal values at the phase sepa-
ration and then, increase in the immiscible domain. Here, the control parameter, which

is the interspecies interaction is analogous to the barrier height in case of BEC in a
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double-well potential. When the U, or the barrier height is zero then the energy of the
lowest excitation remains steady, whereas it decreases as the U5 or the barrier height is
increased [241]. Another key feature is that the avoided crossing of the excitations are
present in the quasiparticle mode evolution as U, is varied to higher values [219, 242].
We find that the mass difference of the species does not play an important role in de-

termining the topology of the TBECsS in quasi-1D optical lattice.
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Figure 3.6: The evolution of the quasiparticle amplitudes corresponding to the Kohn

mode as the interspecies interaction is increased from 0.2Fy to 0.35Ek for a Cs-Rb
TBEC in quasi-1D lattice potential at 7' = 0 K. (a)-(c) In miscible regime, the Kohn
mode has contributions from both the species. (d)-(f) For Uy, > 0.3 Ez the Kohn mode

of 8"Rb goes soft, whereas that of '3*Cs decreases in amplitude.

3.2 Position exchange of species

A mixture of two BECs are ideal systems to understand the development of the hydro-
dynamical instability [77, 243]. Recently, there has been a surge of interest in the study
of the instability at the interface separating the immiscible components [78, 244-249].
Among these the Rayleigh-Taylor instability (RTI) [250, 251] ubiquitous in nature

where the excess potential energy is transformed into the kinetic energy by means of
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Figure 3.7: The evolution of the quasiparticle amplitudes corresponding to the Kohn

mode for 5"Rb-%Rb TBEC in the presence of the fluctuations as the intraspecies inter-
action of ®*Rb (Us) is decreased from 0.2Fp to 0.05E. (a)-(e) The Kohn mode of
85Rb goes soft, whereas that of 5’Rb decreases in amplitude and finally vanishes in (e).
(f) The sloshing mode, which emerges after phase separation as the sandwich density

profile transforms into a side-by-side profile.

the interfacial waves, and these waves grow into mushroom-shaped bubbles. In the
classical hydrodynamical system, the RTI develops when a lighter fluids support a
heavier one in a gravitational field. In such a case the two immiscible fluids, with neg-
ligible diffusion, exchange positions, and reduce the potential energy with the onset of
RTI. In quantum systems, the potential energy may transform into the kinetic energy
with the interpenetrations of the condensates. The position exchange of two immiscible
harmonically trapped BECs by the virtue of an external magnetic field is demonstrated
in Refs. [252-254]. In the present work, we observe the exchange of the positions of
the condensates for equilibrium case in quasi-1D optical lattice. A remarkable feature
in the evolution of the condensate density profiles of 3’ Rb-**Rb TBEC with the varia-
tion of Uy, is the observation of the position exchange in the immiscible domain. This
is absent when the trapping potential consists of only a harmonic potential (continuous

system), and is the result of the discrete symmetry associated with the optical lattice.
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As discussed earlier, in this system, we fix Uy and Ujo, and vary Uss (intraspecies
interaction of ®*Rb). At higher values of Us, the TBEC is in the miscible phase, and as
we decrease Uy, at the critical value Uy, = 0.17E, the TBEC enters the immiscible
domain. The geometry of the density profiles is of sandwich type and the component
with smaller U;; is at the center. An example of a condensate density profile in this do-
main, Uss = 0.06 E'g, is shown in Fig. 3.4(b). In the figure, the species with smaller in-
traspecies interaction (*'Rb) is at the center, and ®°Rb is at the edges. As U, is further
decreased, the system continues to be in the same phase. During evolution, an insta-
bility arises when both the intraspecies interactions are same (U = Uy = 0.05ER).
At this value of Us, the components exchange their positions in the trap. This is also
reflected in the excitation spectrum; a discontinuity at Uss = 0.05Er in the plot of the
quasiparticle mode evolution shown in Fig. 3.2(a) is a signature of the instability. On
further decrease of Uy, we enter the Uy < U;; domain and 8°Rb occupies the center
of the trap. An example of the density profiles in this domain, Us; = 0.03E’g, is shown
in Fig. 3.4(c). The position exchange, however, does not occur in the Cs-Rb system as

in that case we vary Us.

3.3 Effect of quantum fluctuations

The NG modes resulting from the SSB play crucial role in determining the low-energy
behaviour of various systems from the condensed matter to the high energy physics.
In previous section, we have discussed that the Kohn mode goes soft in the phase-
separated domain, and emerges as an extra Goldstone mode. The soft mode gain en-
ergy in the presence of quantum fluctuations at 7' = 0 K. In the context of gauge
theories, the symmetry breaking of the ground state was proposed by Weinberg and
these modes were referred to as quasi-NG modes [255, 256]. At zero temperature, the
quasi-NG modes behave like Goldstone mode but gain energy due to finite fluctua-
tions. Recently, the hardening of the Goldstone mode in spinor BECs due to quantum
fluctuations has been predicted [257]. We compute the condensate profiles and the
quasiparticle modes for 8’Rb-*Rb TBEC, including the effect of quantum fluctua-

tions. We, however, encounter severe oscillations in the number of atoms during the
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Figure 3.8: The fluctuation-induced transition in the geometry of the total density
profile (condensate + quantum fluctuations) of a TBEC at 7' = 0 K in a quasi-1D
lattice potential. (a)-(c) The transition in the 87Rb-*Rb system from the miscible to
the sandwich and finally to the side-by-side profile with the change in the intraspecies
interaction. (d)-(e) The transition in the Cs-Rb TBEC from the miscible to the side-
by-side profile with change in the interspecies interaction U;2. The geometry of the
ground state of both systems in the immiscible regime is different from that at zero

temperature in the absence of the fluctuations, shown in Fig. 3.4.

iterations to solve the DNLSEs self-consistently and there is no convergence. To mit-
igate this, we use a successive under-relaxation technique with " = 0.6. The details
of the relaxation technique used to get converged solutions is given in the appendix of
the thesis. For computations, we consider the same set of parameters as in the case of
zero temperature without fluctuations. The generalized DNLSEs [Eq. (2.55)] and the
HFB-Popov equations [Eqgs. (2.59)] are then solved self-consistently to get the ground
state density and the quasiparticle spectra. We observe that the fluctuations break the
spatial symmetry of the system as we vary the intraspecies interaction of **Rb (Usy).
In the immiscible domain, the condensate density profile changes from the sandwich

to the side-by-side configuration at 0.078 E'z. The system acquires a new stable ground
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Figure 3.9: The evolution of the quasiparticle amplitudes corresponding to the Kohn

mode for the Cs-Rb TBEC in the presence of quantum fluctuations at 7" = 0 K. (a)-
(d) The Kohn mode evolves as the interspecies interaction is increased. (e), (f) It
is transformed into a sloshing mode as the TBEC acquires the side-by-side density

profile after phase separation.

state as the chemical potential of the system decreases from 0.92Fy to 0.80Eg. With
the inclusion of fluctuations, the evolution of the mode energies as a function of Uss
is shown in Fig. 3.2(b). It is evident that when Uss = 0.078 E'g, the 85Rb Kohn mode
goes soft, and emerges as a slosh mode. We refer this hardened mode as the sloshing
mode because it appears on the right of the trap center whereas the °Rb condensate
is left to the trap center. So, unlike in the absence of the fluctuations, there are only
two Goldstone modes in the system. The transformations in the mode functions as
Uy, 1s decreased about this point are shown in Fig. 3.7. This topological phase transi-
tion is evident from the density profiles of the TBEC in the presence of the quantum

fluctuations as shown in Figs. 3.8(a-c).

In the Cs-Rb system, due to quantum fluctuations, the Kohn mode of 3"Rb goes soft
at a lower value of Uy, compared to the value without fluctuations. This is evident in the
mode evolution with quantum fluctuations as shown in Fig. 3.5(b). The discontinuity

in the spectrum is the signature of the transition from the miscible to the immiscible
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regime. The soft Kohn mode gains energy and gets hardened at 0.31 Er. This mode
hardening is due to the topological change in the ground state density profile from
the miscible to the side-by-side profile, shown in Figs. 3.8(d-f). The lowest mode
with nonzero excitation energy corresponding to the side-by-side profile is shown in
Figs. 3.9(e,f). Another recent study reported the effect of quantum fluctuations on the
nature of SF-MI quantum phase transitions [258] of a two-species bosonic system in
an optical lattice potential. The quantum fluctuations also stabilize the attractive Bose-

Bose mixture, which leads to the formation of the quantum droplets [259, 260].

3.4 Conclusions

We have studied the ground state density profiles and the excitation spectrum of TBEC
in quasi-1D optical lattices. We observe that the system gains an additional Goldstone
mode at phase separation at zero temperature. Furthermore, in a TBEC where a mis-
cible to immiscible transition is driven through the variation of the intraspecies inter-
action (*"Rb-%Rb), a finite discontinuity in the excitation energy spectra is observed,
which is due to the exchange of the position of the species at equal intraspecies inter-
action strengths. In the presence of quantum fluctuations, on varying the intraspecies
interaction of ®Rb, in the immiscible regime, the ground state density profiles trans-
form from sandwich to side-by-side geometry. This is characterized by the hardening
of the Kohn mode which emerges as a slosh mode. The fluctuation-induced topological
transition from a completely miscible to a side-by-side ground state density profile is
also evident in a '**Cs-*"Rb mixture. Our study shows that the geometry of the density
profiles with and without quantum fluctuations is different. Since quantum fluctua-
tions are present in experiments, it is crucial to include quantum fluctuations to obtain

correct density profiles of TBECs in the optical lattices in the phase-separated domain.



Chapter 4

Quasiparticle spectra and dispersion

curves of quasi-2D binary BECs

The experimental realization of ultracold atoms in optical lattices has opened up a
plethora of new possibilities to study interacting quantum many-body systems. The
optical lattices, filled with bosons [139, 261] or fermions [262, 263] provide unprece-
dented precision, tunability of interactions, possibility to generate different geometries
and mimic the external gauge fields to study many-body systems [264]. The pres-
ence of the lattice potential leads to a variety of condensed matter effects associated
with the coherent motion of the atoms in a periodic potential. The acceleration of
the lattice onset the Bloch oscillations [265, 266] and reducing the potential depth re-
sults into a breakdown of these oscillations due to Landau-Zener tunneling [267-269].
The measurement of the energy of collective excitations has emerged as a fundamen-
tal and precise tool to investigate the quantum many-body physics. An example of
the synergy between theory and experiment in this field is the study of the effect of
tunneling and the mean-field interaction of trapped two-dimensional (2D) optical lat-
tices on the collective excitation. The energies of the excitations are modified due to
the effective mass acquired by the bosons in the lattice potential [270], which is ob-
served in experiments [271]. A detailed understanding of the excitations of the SF
phase in optical lattices is possible with controlled variation of the lattice potential
and these excitations are excellent proxies to probe the properties of more complex

condensed matter counterparts. The experimental realizations of the binary BECs in

67



68 Chapter 4. Quasiparticle spectra and dispersion curves of quasi-2D binary BECs

harmonic potential have examined phase separation and other phenomena which are
unique to binary BECs. The phenomenon of phase separation and transition from
miscible to immiscible or vice versa has also been the subject of several theoretical
studies [150, 161, 226, 238, 272]. These recent developments are motivation to probe
the rich physics associated with TBECs in optical lattices. To study the effects of fluc-
tuations, either quantum or thermal, in optical lattices filled with TBECs it is essential
to have a comprehensive understanding of the quasiparticle spectra. Another important
measure is the dispersion relations which are important to characterize the response of
the system in the many-body physics. For SFs the dispersion relation is used to esti-
mate the breakdown of the superfluidity as an object moves through the BEC [273].
The criteria of superfluidity has also been predicted for ultracold quantum gases [274]

and was observed in experiment [275].

In the present chapter, we study the quasiparticle spectrum of TBECs with tight-
binding approximation and the condensate density is described through a set of coupled
DNLSEs. We examine the evolution of the quasiparticle modes of TBECs in quasi-2D
optical lattices at zero temperature. For this we use HFB formalism with Popov ap-
proximation and tune one of the interatomic interactions to drive the TBEC from the
miscible to the immiscible phase. In the immiscible domain, we show that the ground
state has a side-by-side density profile. This is in contrast to the case of quasi-1D
system, as discussed in Chapter 3, where the ground state has a sandwich density pro-
file at zero temperature. To identify the geometry of the ground state, we examine the
quasiparticle spectra using Bogoliubov-de Gennes (BdG) analysis. For a stable ground
state configuration, the eigenenergies are real, but complex for metastable states. Fol-
lowing BdG analysis, we further examine the dispersion relation of a binary system
in optical lattices. This relation is used to understand the structure of the lower- and
higher-energy excitations for miscible and immiscible domains of TBEC. The disper-
sion relations are important to understand the nature of the excitations [225, 276, 277]
and Bragg spectroscopy [278] of ultracold quantum gases. These spectroscopic studies
present full momentum-resolved measurements of the band structure and the associ-
ated interaction effects at several lattice depths [279]. In fact, these relations have

proved the presence of the rotonlike excitation in trapped dipolar BECs [280-283].
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4.1 Mode evolution of trapped TBEC at’T'= 0K

To examine the evolution of the quasiparticle modes of quasi-2D TBEC in optical lat-
tices, we consider two cases from the experimentally realized TBECs, 3"Rb-**Rb [50]
and '33Cs-8"Rb [45, 46]. The former and latter are examples of TBECs with negligible,
and large mass differences between the species, respectively. Another basic difference
is, starting from miscible phase, the passage to the immiscible phase. In the 5’Rb-*Rb
TBEC, the background scattering length of *Rb is negative, and hence to obtain sta-
ble ¥Rb condensate [284] it is essential to render it repulsive using magnetic Feshbach
resonance [220, 221]. The same can be employed to drive the system from miscible
to immiscible domain. On the other hand, in the *3Cs-*"Rb TBEC, the interspecies
scattering length is tuned through a magnetic Feshbach resonance [222] to steer the
TBEC from miscible to immiscible domain or vice versa.

For the 5"Rb-*"Rb TBEC, we assume 5"Rb and *Rb as the first and second species,
respectively. For simplicity, and ease of comparison without affecting the results, the
radial trapping frequency of the two species are chosen to be identical w; = 27 x 50
Hz, with w, /w, = 20.33. The wavelength of the laser beam to create the 2D lattice
potential and lattice depth are A\;, = 1064 nm and V[, = 5 ER, respectively. This choice
of parameters is consistent with the experimental realization of the TBEC of different
hyperfine states of *'Rb in optical lattices [111]. To improve convergence, and have a
good description of the optical lattice properties, we take the total number of atoms as
N; = Ny = 300 confined in a 30 x 30 lattice system. For these set of parameters the
system is quasi-2D, where the excitations are along the radial direction. However, for
this work, we study the system at 7" = 0 K and ignore the quantum fluctuations. We
use these set of parameters to study the '**Cs-%"Rb TBEC as well.

To solve the coupled DNLSEs we consider Gaussian basis function of width 0.3a,
where a is the lattice constant, to evaluate the lattice parameters. The correct estimation
of the width is based on the minimum overlap of the orthonormal Gaussian orbitals
at each lattice site. In the case of ®’Rb->*Rb TBEC, the tunneling matrix elements
are J; = 0.66FEg and Jo, = 0.71FER, and Uy; = 0.07TER and U5 = 0.15E% are the
intraspecies and interspecies interactions, respectively. Following the same steps, the

parameters for the 133Cg-8"Rb TBEC are taken as .J; = 0.66FEg, J, = 1.70ER, Uy =
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Figure 4.1: The geometry of the condensate density profiles and its transition from
the miscible to the immiscible domain for the ®'Rb-*’Rb TBEC. (a) At higher Us,,
the density of both species partially overlap; (b) as we decrease Us, it changes into a
sandwich type profile. At a critical value of Us, (0.16 E£'z), both condensate segregate
and rotational symmetry is broken, which results in a side-by-side density profile in
the immiscible domain shown in (c,d). The species labeled 1(2) is shown as blue (red)

contours. Here x and y are in units of the lattice constant a.

0.96 Er and Uy, = 0.42E';. This set of parameters are obtained from the expressions of
J’s and U’s defined in Chapter 2. In both the cases, we drive the system from miscible
to immiscible phase, and examine the evolution of the quasiparticle modes in detail.

4.1.1 % Rb-*Rb TBEC

For the zero temperature computation, we begin by neglecting the noncondensate den-
sity nye at each lattice site and solve the DNLSEs in imaginary-time propagation us-
ing fourth order Runge-Kutta method. The initial guess values of the complex am-
plitudes are chosen as side-by-side profile, since the Gaussian profile gives complex

eigenvalues in the diagonalization of the BdG matrix. As mentioned earlier Us,, the
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Figure 4.2: The evolution of the low-lying quasiparticle mode energies as a function
of the intraspecies interaction Us, for the *'Rb-*Rb TBEC held in quasi-2D optical
lattices. The slosh mode (SM) and Kohn mode (KM) are marked by the black arrows.
The critical value of miscible-to-immiscible transition is Uy, = 0.16 Ez. The energies
marked by red arrows correspond to the quasiparticle amplitudes shown in Figs. 4.3

and 4.4. In the plot Us, is in units of the recoil energy E.

intraspecies interaction of 85RDb, is decreased to drive the TBEC from miscible to im-
miscible domain. The changes in the ground state density profile with decrease in Us,
is shown in Fig. 4.1. In the miscible domain, when Usy > Us,, the density profiles of
the BECs overlap and there is a shift in the position of the density maxima as Us is
decreased [Fig. 4.1(a,b)]. At a critical value Us,, the two species undergo phase sep-
aration with side-by-side density profiles and break the rotational symmetry. It must
be noted that, as shown in Fig. 4.1(b), the density profiles are shell structured or rota-
tionally symmetric for intermediate values of Us,. However, there is a sharp transition
to side-by-side density profile as phase separation occurs when Us, is lowered. The
features of the quasiparticles too change in tandem with the density profile, and the
variation of the excitation energies with Uy, are shown in Fig. 4.2. Unlike in quasi-1D,
in this system the intermediate sandwich profile is not equivalent to three distinct BECs
and does not contribute to an extra Goldstone mode in the quasiparticle excitation spec-
tra. To obtain the mode evolution curves, we do a series of computations starting from

the miscible domain of the system (higher Uss), and decrease Uy, to values below Us,.



72  Chapter 4. Quasiparticle spectra and dispersion curves of quasi-2D binary BECs

Figure 4.3: The evolution of the quasiparticle amplitudes corresponding to the slosh
mode of (a)-(d) the first species and (e)-(h) the second species of the 87Rb-*Rb TBEC
as Uy, 1s decreased from 0.30Ek to 0.05Ek. The value of Uss is shown at the top of
the figures. The blue (red) contours represent the quasiparticle amplitude u; (us). The
density perturbation is from dotted contours to the solid contours. Here x and y are in

units of the lattice constant a.

In the miscible domain, all the excitation modes are doubly degenerate. As Uy, is
lowered, eigenenergies of modes with different phases of the quasiparticle amplitudes
of two species u; and uy, or out-of-phase modes, decrease in energy and degeneracy is
lifted when Uy, is below Us,. For binary BECs in quasi-2D optical lattices, the slosh
and Kohn modes are the two lowest energy excitations in the miscible domain, and
are associated with the out-of-phase and in-phase modes, respectively. The in-phase
and the out-of-phase modes correspond to the excitations with the density flow in the
same and different directions, respectively. The structure of the two degenerate slosh
modes in the miscible domain are shown in Figs. 4.3(a,b,e,f) and Figs. 4.4(a,b,e,f),
respectively. In general, the doubly degenerate modes are 7 /2m rotation of each other,
where m is the azimuthal quantum number. For the slosh modes (m = 1) this property
is evident from the figures. One of the degenerate slosh modes goes soft at the phase

separation Uy, = 0.16 ', (specifically, it is the one that is in phase with the condensate
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Figure 4.4: The evolution of the quasiparticle amplitudes corresponding to the other
slosh mode, which is degenerate to the mode shown in Fig. 4.3 in the miscible domain.
These amplitudes correspond to (a)-(d) the first species and (e)-(h) the second species
of the 3"Rb-%Rb TBEC with the change in Us,, which is shown at the top of the figures.
(d) and (h) At a critical value of Uss, this mode hardens and gets transforms into an
interface mode. The blue (red) contours represent the quasiparticle amplitude of first

(second) species. Here x and y are in units of the lattice constant a.

density), but the other slosh mode gains energy at phase separation. Thus, below Uy,
the degeneracy of the slosh modes is lifted. On further decrease of U, one striking
effect of the optical lattice potential is observed: the soft slosh mode gains energy and
is transformed into an interface mode, where the mode functions or the excitations
are more prominent at the interface regions of the species. This is in stark contrast to
the case without the lattice potential, where the mode remains soft [224]. This is also
apparent from the nature of the quasiparticle amplitudes shown in Figs. 4.3(c,d,g,h)
and Figs. 4.4(c,d,g,h). The Kohn mode, on the other hand, remains steady with an
energy of 0.2Er. However, this value violates the Kohn’s theorem due to the presence

of the optical lattice potential.

Considering the general trend, there are only mode crossings in the miscible do-

main, however, both mode crossings and avoided crossings occur in the phase-separated
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domain. Prior to phase separation, out-of-phase modes decrease in energy as Us, 1s
lowered, but the in-phase modes remain steady. So no mode mixing occurs when
modes of the former type encounters the latter, and they cross each other. However,
when Uy, is below the critical value, degeneracies are lifted, and mode mixing can
occur. This explains the presence of avoided crossings in the phase-separated domain.
The energies of the out-of-phase modes decrease monotonically with decreasing Uss
as it favours phase separation. After phase separation, these modes get hardened due

to rotational symmetry breaking.

4.1.2 33Cs-*"Rb TBEC

(a) (b)
a 0 0 0 o = 0 0 =
5 » 0000000 e + co0o0O0O© s o J
c000000O0OOC O 00000 ®e© 000
c 000000000 OC s 00000000000 -
0000000000 0000000000000
c00000@OO00O0C 0000000600000 0
O c00000O®OO000O0 c0000Q0000Q@OO0 0
c000000Q000O0 0000000000000
c0®00000000@O0 =~ 000000000000
co0000000Q@OCC s 0000000OPO0C0C0O0O0
Cc00000@0O0 = ©c00000ec°00O0 4
—5 000000 o 0 0O0CO ©
- oo a = S
0.2E_'R 0-7E_R
o o (C) e 0 0 © (d)
5 c00O0O0 o0 e + ©c000O0 000 E
©c 00000 ©000O0-¢ ©c 00000 ©O00O0-e
o00000 c0OCO0O c00Q0QO0 00000
©o000000 ©0O0O0O0OO = c0 0000000000
c000C000 0O00OO0OO o0 000QCO0=00000 ¢
O c000000 00000~ c0000@O0e00000©
c00Q0000 000O0O 6000000 =00000C e
e 000000 000O0O - 00000000000 =
c00Q00O0 0QO0O0¢ + 000000 oQ0O0O0Oo
00000 ©000O « ©o 00000 ©00O0O0
—5 s 0000 oo = + o 0000 - 00 e
= 0o o e 0 0 o .
0.9E_R . . 1-2E_R

X

Figure 4.5: The geometry of the condensate density profiles and its transition from the
miscible to the immiscible domain in the '**Cs-*"Rb TBEC. The species labeled 1(2)

is shown as blue (red) contours. Here x and y are in units of the lattice constant a.

For the '*3Cs-*"Rb TBEC, as mentioned earlier, we vary interspecies interaction
Ui2 to induce the miscible to the immiscible phase transition. The density profiles,
as the miscible to immiscible transition occurs, are shown in Fig. 4.5. The change,

except for the curvature at the interface, are similar to the case of 87Rb-8°Rb TBEC
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Figure 4.6: The evolution of the low-lying mode energies as a function of the inter-
species interaction in the '*3*Cs-3"Rb TBEC held in quasi-2D optical lattices. The slosh
mode (SM) and Kohn mode (KM) are marked by the black arrows. The critical value
of miscible-to-immiscible transition is Uy, = 0.68Eg. The energies marked by red
arrows correspond to the quasiparticle amplitudes shown in Figs. 4.7 and 4.8. Here

U5 is in units of the recoil energy Eg.

shown in Fig. 4.1. The evolution of the quasiparticle mode energies before, during
and after the transition are shown in Fig. 4.6. Like in the previous case, *’'Rb-*Rb
TBEC, the slosh mode is degenerate in the miscible domain [shown in Figs. 4.7(a,e)
and Figs. 4.8(a,e)]. It goes soft at the critical value U}, = 0.68 Er, and the degeneracy
is lifted. As shown in Figs. 4.7(b,c,d,f,g,h) and Figs. 4.8(b,c,d,f,g,h), the evolution of
the nondegenerate modes are qualitatively similar to that of *’Rb-*’Rb TBEC. One
key feature in the general trend of the mode evolution is that in the miscible domain
all the mode energies decrease with increase in U;,. However, as discussed earlier, in
8"Rb-%Rb TBEC the energies of all the in-phase modes (modes with same phase of
uy and u) remain steady. As an example, the Kohn mode decrease in energy for low
values of Uy, whereas it remains steady for *’Rb-**Rb TBEC. At phase separation,
the mode energies reach minimal values and then, increase with increasing U5 in the

immiscible domain. To gain insight into these trends, we examine the dependence on

various parameters with a series of computations.

Based on the results, we observe that the form of the interaction, interspecies or
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Figure 4.7: The evolution of the quasiparticle amplitudes corresponding to the slosh
mode of (a)-(d) the first species and (e)-(h) the second species of the 133Cs-8"Rb TBEC
as Uy, is increased from 0.5 FR to 1.2 k. The value of U;4 is shown at the top of the
figures. The blue (red) contours represent the quasiparticle amplitude of '*3Cs (*"Rb).
The density perturbation is from dotted contours to the solid contours. Here x and y

are in units of the lattice constant a.

intraspecies, which is tuned to drive the system from the miscible to the immiscible
regime, has an impact on the trends of the mode evolution. An important observation
is that for high Uy, / J. all the modes decrease in energy, in the miscible domain, when
the interspecies interaction is tuned. However, when the intraspecies interaction is
tuned all the in-phase modes remain steady. Thus, we attribute the difference in the
trends to the geometry of the interface at phase separation. When the interspecies
interaction is tuned, as in the '*3Cs-8"Rb TBEC, the interface at phase separation is
linear as is evident from Fig. 4.5(c). Thus, it can align with the nodes of the mode
functions, and decrease all the mode energies. This is not possible in the other case,
tuning intraspecies interaction in 5"Rb-%Rb, as the interface is curved as shown in
Fig. 4.1(c). The mode evolution of two cases suggest that the mass difference of the

species does not play a key role in determining the ground state configurations.
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Figure 4.8: The evolution of the quasiparticle amplitudes corresponding to the slosh
mode, which is degenerate with the mode shown in Fig. 4.7 in the miscible domain.
These amplitudes correspond to (a)-(d) the first species and (e)-(h) the second species
of the *3Cs-8"Rb TBEC as Uy, is increased from 0.5F5 to 1.2Eg. The value of Uy
is shown at the top of the figures. At a critical value of Uj,, the energy of the mode
increases and it gets transformed into an interface mode. The blue (red) contours
represent the quasiparticle amplitude of **Cs (*"Rb). Here z and ¥ are in units of the

lattice constant a.

4.2 Dispersion relations

We now examine the nature of quasiparticle excitations in the trapped binary conden-
sates in quasi-2D optical lattices. The dispersion relations, in general, determine how
a system responds to external perturbations. So, in TBECs in optical lattices as well it
is important to examine the dispersion relations to understand how the system evolves
after applying an external perturbation. Examples of current interest are topological
defects generated through phase imprinting, evacuating single or multiple lattice sites,
and tuning the lattice or harmonic potential parameters. To study the dispersion re-
lation of the quasiparticles in optical lattices with a background trapping potential,
we follow the definition in Ref. [280]. Then we take the Fourier transform of the

quasiparticle amplitudes and compute the expectation value of the linear momentum
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Figure 4.9: The discrete BAG quasiparticle dispersion curve in (a) the miscible and
(b) the immiscible domain of the *’'Rb-**Rb TBEC with J;, = J, = 0.66Ep, and
U1 = Uy = 0.01ER. The interspecies on-site interaction U5 is (a) 0.003 £ and (b)

0.08 . The excitation energy £ 1s in units of the recoil energy Ep.

(ke) =4/ <k§) of each quasiparticle. Thus, in the momentum-space representation, for

the [th quasiparticle

~ ~ 1/2
> kllh (ko) + [T (ke) ]
I 4.1)
l N N s .
>l (ke)[2 + 2 (ke) ]
ake

where ke = (k;, k;) is the lattice-site-dependent wave number and o = 1, 2 is the in-
dex for the species. Here ', (ke) = Flul,(¢)], and ¥, (ke) = F[v),(€)] are the lattice
site dependent quasiparticle amplitudes in momentum space, with F representing the
Fourier transform. We then determine the discrete form of the dispersion relation by

associating (k¢); to the excitation energies £;. For TBECs in the harmonic potential
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the dispersion curves were examined in a previous work, and reported unique trends
in the miscible and immiscible regimes [225]. In comparison, the presence of the op-
tical lattice potential is expected to modify the dispersive properties of the systems in
the present study. To examine the differences and identify unique trends we compute
(ke), of the [th quasiparticle and study the dispersion curves in miscible and immis-
cible domains. By associating (k¢); with the quasiparticle mode energies, we obtain
the dispersion curves. To highlight trends in the dispersion curves dependent on an-
gular momentum, we choose parameters different from what we have considered so
far. Furthermore, we restrict ourselves to the case of the 8"Rb-8°Rb TBEC, where the
trends in dispersion curves are more prominent due to weaker interatomic interactions,
and small mass difference. In particular, we consider a system of 3’Rb->*Rb TBEC
with DNLSE parameters JJ; = Jo = 0.66ER, and U;; = Uy; = 0.01ER. For the
interspecies on-site interactions Uy, to explore the dispersion relations in the miscible
and immiscible domains we set it to 0.003E; and 0.08 E'p, respectively. All the other
parameters are retained with the same values as mentioned earlier. One important point
to be emphasized is, unlike the parameters in the mode evolutions studies, the current
choice of DNLSE parameters correspond to two different sets of number of atoms N,
and N,. In binary condensates, the dispersion relation depends on the interspecies

on-site interaction and therefore can be classified into two regimes.

4.2.1 Miscible domain

The ground state of the system has rotational symmetry in this domain. Hence, the
azimuthal quantum number (/) is a good quantum number and finite interspecies in-
teraction mixes modes with same m arising from each of the two species. This is
reflected in the branch like structures in the dispersion curve as shown in Fig. 4.9(a).
To understand the physics behind the structure of the dispersion curves, we examine
the structure of the quasiparticle modes. For this, let us focus on modes that lie on
three branches, marked by arrows, in Fig. 4.9(a). Each of the modes can be identified
based on the value of m. As an example, three from the low energies (=~ 1ER) and
another three from higher energies (=~ 2Ey) are shown in Fig. 4.10.

The energies of the first three quasiparticle modes in Figs. 4.10(a-c) are out-of-
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Figure 4.10: The quasiparticle amplitudes in the miscible domain of a TBEC. (a)-(c)
Show the quasiparticle amplitudes with excitation energy (= 1FEg) and (d)-(f) show
the quasiparticle amplitudes with excitation energy (=~ 2ER). These quasiparticles are
indicated in the dispersion plot [Fig. 4.9(a)] by black circles. The excitation energy
corresponding to each quasiparticle is written in the lower left corner of each plot in
units of the recoil energy. The excitations corresponding to species 1 (2) are shown

with blue (red) contours. Here = and y are in units of the lattice constant a.

phase type and the values of m are 1, 4 and 6. Among these modes, the first two
modes have (k¢); ~ 0.42, and are phononlike as these lie on the linear part of the
dispersion curve. However, the mode in Fig. 4.10(c) with (k¢); ~ 0.44 and m = 6 is
a surface mode, which is evident from the structure of the mode function. The same
observation is confirmed from the exponential decay in the numerical values of the
quasiparticle mode functions u, (o = 1,2) towards the center. These three modes
show that within the same energy range (= 1FE), phononlike and surface excitation
co-exist. One discernible trend is that the modes with higher m and (k¢); have extrema
located farther from the center of the trap and turn into surface modes. The quasipar-
ticle amplitudes with higher excitation energies (= 2FEp), shown in Figs. 4.10(d-f),
have intricate structures. This is as expected arising from the larger mode mixing due
to higher density of states and nonzero Uy, and it is harder to identify the m of these

modes. However, based on the number of minima and maxima at the outer edges, we
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compute the azimuthal quantum number of these mode functions as m ~ 4, 6, 8. Thus,

the quasiparticle modes of this domain preserve the rotational symmetry.
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Figure 4.11: The quasiparticle amplitudes in the immiscible domain of a TBEC. (a)-
(c) Show the quasiparticle amplitudes with excitation energy (= 0.4Eg) and (d)-(f)
show the quasiparticle amplitudes with excitation energy (= 1.5Er). These quasipar-
ticles are indicated in the dispersion plot [Fig. 4.9(b)] by black circles. The excitation
energy corresponding to each quasiparticle is written in the lower left corner of each
plot in units of the recoil energy. The excitations corresponding to species 1 (2) are

shown with blue (red) contours. Here x and y are in units of the lattice constant a.

4.2.2 Immiscible domain

For the immiscible domain, the dispersion curve is shown in Fig. 4.9(b) and there are
no discernible trends. The reason is, in this domain the condensate density profile
does not have rotational symmetry and hence there is mixing between quasiparticle
modes with different m values. To examine the structure of the mode functions we
consider three modes each with energies ~ 0.4Fi and ~ 1.55FR; these are shown
in Figs. 4.11(a-c), and Figs. 4.11(d-f), respectively. Consider the modes with energies
0.39Ek and 0.38 E'z as shown in Fig. 4.11(a), and (b), the flow patterns in these exci-
tations are equivalent to the breathing and slosh modes in single-species condensates,

respectively. There is, however, one important difference: the density flow involves
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both the species, and have different velocity fields. The mode with energy 0.41Ek,
shown in Fig. 4.11(c), is out of phase in nature and has a different configuration com-
pared to the two previous ones. That is, the mode functions are prominent around
the interface region and are negligible in the region where the condensate densities
are maximal. In continuum case, modes with a similar structure (interface mode) has
been reported [224, 225]. The mode with higher energies have enhanced mode mixing
due to higher density of states, which is evident from the structure of the modes with
~ 1.55F shown in Figs. 4.11(d-f). Hence, it is nontrivial to classify the modes like
in the case of modes with energies ~ 0.4Eg. In terms of the geometrical structures,
the modes in Figs. 4.11(d-f) have extrema coincident with the condensates, an inter-
laced distribution, and are localized in the interface region, respectively. Thus, within

a range of excitation energies, there exists modes with diverse characters.

4.3 Conclusions

We have examined the configurations of the ground state and the quasiparticle spec-
tra of TBECs in quasi-2D optical lattices. Our results are relevant to the SF phase
(J > U) of ultracold atoms in an optical lattice and with the lattice constant much
smaller than the oscillator length of the background harmonic oscillator trapping po-
tential (¢ € Qpee = \/W). Our study shows that introduction of an optical
lattice potential modifies the geometry of condensate density distribution of TBECs at
the phase separation. The sandwich or shell structured density profiles are no longer
energetically favourable, and the side-by-side geometry emerges as the only stable
ground state density profile. This arises from the higher interface energy due to the
local density enhancements at lattice sites. This result matches the ground state of
TBECs obtained using QMC simulations studied in Ref. [137]. The other important
observation is that as the TBEC is tuned from miscible to immiscible phase, the evo-
lution of the quasiparticle spectra can be grouped into two. The first group has quasi-
particles that exhibit a decrease in the mode energies as we approach phase separation
and reach minimal values at the critical interaction strength. However, the mode en-

ergies increase after crossing into the domain of phase separation. The second group,
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on the other hand, remains steady as the interaction strength is tuned across the critical
value. Furthermore, we have examined the dispersion curves for miscible and immis-
cible domains of TBECs. The curves in the miscible domain show discernible trends
associated with the azimuthal quantum number of the quasiparticle mode. However,
in the immiscible domain there are no discernible trends associated with the azimuthal
quantum number. This is due to the rotational symmetry breaking of the condensate
density profiles and the resulting mixing of modes with different azimuthal quantum

numbers.






Chapter 5

Thermal fluctuations enhanced

miscibility of condensate mixtures

Ultracold atomic gases in an optical lattice has proven to be a rich ground for exploring
the quantum phenomena in condensed matter physics [29, 261, 285, 286]. In particular,
the multicomponent quantum fluids due to their tunable interactions using magnetic
and optical Feshbach resonances creates the numerous possibilities and enriches the

field of ultracold atoms.

The phenomenon of phase separation is ubiquitous in nature, and has been a long-
standing topic of the interest in chemistry and physics. For repulsive on-site interac-
tions, the transition to the phase-separated domain or immiscibility is determined by
the parameter A = Uy1Us/ Uf2 — 1, where Uy; and Uy, are the intraspecies on-site in-
teractions and U, is the interspecies on-site interaction. When A < 0, an immiscible
phase occurs in which, the atoms of species 1 and 2 have relatively strong repulsion,
whereas A > 0 implies a miscible phase [159, 287, 288]. This criterion is applicable
for the homogeneous system at zero temperature. The presence of an external trapping
potential modifies this condition as the trap introduces an additional energy cost for the
species to spatially separate [240]. However, the experiments are performed at finite
temperatures in trapped systems, and therefore, the deviation from the criterion is to be
expected. In experiments, the unique feature of the phase separation has been success-
fully observed in TBECs with harmonic trapping potential [46, 50, 61]. Previously,

in the context of superfluid helium at zero temperature, the phase separation of the
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bosonic mixtures of isotopes of different masses has been predicted [289, 290]. The fi-
nite temperature properties of the TBECs [151, 153, 291], and the fluctuation-induced
suppression of phase separation [292] in the harmonic trapping potential have been ex-
plored. The recent experimental realizations of TBECs in optical lattices provides the
motivation to study the finite temperature effects in the lattice systems. One of the fun-
damental questions to be addressed is how the presence of thermal fluctuations affects
the phenomena of phase separation of TBECs in optical lattices. The phase diagram of
the binary mixture at finite temperature with rotation has been studied using large-scale
Monte Carlo simulations of a two component Ginzburg-Landau model [144]. The fi-
nite temperature effects on the immiscible phase of TBECs in both the homogeneous
and trapped lattice system has been investigated using QMC simulations [293]. The
objectives of the present chapter is to study the role of thermal fluctuations on the col-
lective modes and associated ground state density transformation using HFB-Popov
formalism. The BEC and hence, the coherence in a system of bosons depends on the
interplay between various parameters, such as the temperature, interaction strength,
confinement, and dimensionality [294]. In particular, in the low-dimensional trapped
Bose gases, the coherence can only be maintained across the entire spatial extent at a
temperature much below the critical temperature [188]. The coherence property has

already been observed in experiments [295-299].

In this chapter, we study the finite temperature effects of quasi-2D trapped TBEC in
optical lattices. We address the immiscible-miscible phase transition in the ¥’Rb-*Rb
TBEC with temperature as a control parameter in the domain 7" < 7., where 7 is
the critical temperature of either of the species of the mixture. We study the evolu-
tion of the quasiparticle modes of the TBEC in quasi-2D optical lattices with tem-
perature. For this work, we use Hartree-Fock-Bogoliubov (HFB) formalism with the
Popov approximation as described in Chapter 2, and starting from phase-separated
domain at zero temperature we vary the temperature. We observe that there is an
immiscible to miscible transition of the TBEC at a characteristic temperature. This
transition is accompanied by a discontinuity in the quasiparticle excitation spectrum,
and in addition, the slosh mode corresponding to each of the species becomes degener-

ate. Furthermore, we compute the equal-time first-order spatial correlation function
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which is the measure of the coherence, and phase fluctuations present in the sys-
tem. It describes off-diagonal long-range order which is the defining feature of the
BEC [32]. This is an important theoretical tool to study the many-body effects in
atomic physics [300, 301], and is measured in experiments through interference and
time-of-flight techniques [299, 302, 303]. At finite temperature, the decay in the co-

herence of the TBEC is examined using the first-order correlation function.

5.1 Overlap integral and correlation function

The condensate and noncondensate density distributions can be used to quantify the
degree of phase separation. In order to examine the role of temperature on the misci-

bility of the condensates we define the overlap integral

A [ na(r)na(r)dr] ‘ 5.0)

[[ n3(r)dr] [[ n3(r)dr]

Here, ny(r) is the total density of the kth species at position r = (x,y). The overlap

integral is normalized such that 0 < A < 1. If the two condensates of the TBEC have
complete overlap to each other then the system is in the miscible phase with A = 1,
whereas for the completely phase-separated case A = 0.

Another quantity of interest is the first-order correlation function g,(;) (r,r"), which
is the measure of the coherence or the phase fluctuations of the species in the TBEC.
The correlation function can be expressed as the expectations of the product of the field
operators at different positions and times [304-307]. These functions are normalized
to obtain unit modulus in the case of perfect coherence or a system consisting of only
condensate atoms. Here, we restrict ourselves to the ordered spatial correlation func-
tions at a fixed and equal time. In terms of the quantum Bose field operator Uy, the

first-order spatial correlation function of the kth species is

CHOLACS) 52

(1)<

gk I',I'/) =

where £ = 1,2 is the species index and (- - -) represents the thermal average. It is

important to note that the local first-order unnormalized correlation function is equal

to the density, i.e., g,gl) (r,r) = ng(r). The expression of g,(:)(r, r') can also be written
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in terms of the condensate and noncondensate density correlations as

g (r,r) = i (r 1)+ 7l r,), (5.3)
ng(r)ng(r’)

where

ni(r,r') = dp(r)en(r’),
() = Y [{uf @)up () + o (0o ()} N+ o () ()],

ng(r) = ni(r) + ng(r)

are the condensate density correlation, noncondensate density correlation and the total
density of the kth species, respectively. Here, 1 (r) is the condensate wave function
or the order parameter, . (r) and v} (r) are the quasiparticle amplitudes of the kth
species, and NNV, is the Bose factor of [th quasiparticle mode with energy E;. The factor
N; # 0 for finite temperature 7. In the above expressions nf(r, ') and 714 (r, r’) are ob-
tained by expanding the complex amplitudes (c¢, d¢), and the quasiparticle amplitudes
(uﬁcf, vfc’g) in the localized Gaussian basis. At zero temperature, the entire condensate
cloud has complete coherence, and therefore g,(:) = 1 within the condensate region.
In TBECsS, the transition from phase-separated to the miscible domain at 7" # 0 has

characteristic signature in the spatial structure of g,il) (r,r").

5.2 Quasiparticle spectra of trapped TBEC

To examine the effects of thermal fluctuations on the quasiparticle spectra we consider
the 3"Rb-%"Rb TBEC with 3"Rb labeled as species 1 and ®°Rb labeled as species 2. The
radial trapping frequencies of the harmonic potential are w, = w, = 27 x 50 Hz with
the anisotropy parameter w, /w, = 20.33, and these parameters, as mentioned earlier,
are chosen based on the experimental work of Gadway et al. [111] on the TBEC of
two hyperfine states of >'Rb in optical lattices. It is important to note that we consider
equal background trapping potential for both the species. We emphasize here that,
the results are equally applicable to the case of the TBEC consisting of two hyperfine
states of 8"Rb, however, we have chosen ®’Rb-**Rb to highlight that the small mass

difference has no influence on the geometry of the ground state. The laser wavelength
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Figure 5.1: The condensate density profiles at different temperatures in the phase-
separated domain of 8"Rb-*Rb TBEC. The condensate density distribution of the first
species (upper panel) and the second species (lower panel) are shown at 7'/T, =
0,0.08,0.17, and 0.2, which correspond to 7" = 0, 30, 60, and 70 nK. Here x and y

are measured in units of the lattice constant a.

used to create the 2D lattice potential and the lattice depth are A\, = 1064 nm and
Vo = 5ER, respectively. We then take the total number of atoms as N; = Ny =
100, which are confined in a 40 x 40 quasi-2D lattice system. It must be mentioned
that, the number of lattice sites considered is much larger than the spatial extent of
the condensate cloud. Albeit the computations require longer time with the larger
lattice size, we chose it to ensure that the spatial extent of the thermal component
is confined well within the lattice sites considered. The tunneling matrix elements
are J; = 0.66FR and J, = 0.71ER, which correspond to an optical lattice potential
with a depth of 5E. The intraspecies and interspecies on-site interactions are set
as Uyp = 0.07ER, Uy, = 0.02ER and Uy, = 0.15ER, respectively. For this set of
parameters the ground state density distribution of *’Rb-**Rb TBEC is phase-separated
with side-by-side geometry. This is a symmetry-broken profile where one species is
placed to the left, and other to the right of trap center along y-axis. The evolution of
the ground state from miscible to the side-by-side density profile due to decrease in
the Uss is described in Chapter 4. In the present work, we demonstrate the role of the

temperature in the phase-separated domain of the binary condensate.
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Figure 5.2: The noncondensate density profile at different temperatures in the phase-
separated domain of ®’'Rb-**Rb TBEC. The density distribution of the noncondensate
atoms of first species (upper panel) and the second species (lower panel) are shown at
T/T. =0,0.08,0.17, and 0.2, which correspond to 7" = 0, 30, 60, and 70 nK. Here z

and y are measured in units of the lattice constant a.

5.2.1 Zero temperature

At zero temperature, in the phase-separated domain, the energetically preferable ground
state of TBEC is the side-by-side geometry, which is reported in the Chapter 4. Unlike
in one-dimensional system [308] in quasi-2D system the presence of the quantum fluc-
tuations does not alter the ground state. We start with the phase-separated 3"Rb-%Rb
TBEC, which has the overlap integral A = 0.10. The density distributions of the con-
densate and noncondensate atoms of the two species at zero temperature are shown in
Figs. 5.1 and 5.2. It is a symmetry broken side-by-side geometry with noncondensate

atoms more localized at the edges of the condensate along y-axis.

5.2.2 Finite temperatures

For finite temperature computations we solve the coupled DNLSEs [Eq. (2.64)], and
the HFB-Popov Egs. (2.66) self-consistently. In the process, we encounter oscillations
in the number of atoms, and face the convergence issue. To mitigate this, we use suc-
cessive under and over relaxation techniques. At 7" # 0, in addition to the quantum

fluctuations, which are present even at zero temperature, the thermal cloud also con-
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Figure 5.3: The overlap integral as a function of the temperature. A sharp increase in
the value of A is the signature of the miscibility of the TBEC at 7'/T,. = 0.185. The

temperature is scaled by the critical temperature of the ®'Rb species.

tribute to the noncondensate density. As shown in Figs. 5.1 and 5.2, at 7" = 30 nK,
the condensate density profiles of both the species begin to overlap, or in other words,
the two species are partly miscible. This is also evident from the value of A = 0.16,
which shows a marginal increase compared to the value of (.10 at zero temperature.
Upon further increase in the temperature, at 7' = 60 nK, A = 0.36, this indicates an
increase in the miscibility of the two species. Another important feature at 30 and 60
nK is the localization of the noncondensate atoms at the interface. This is due to the
repulsion from the condensate atoms, and lower thermal energy which is insufficient
to overcome the energy of repulsion. At higher temperatures, the extent of the overlap
between the condensate density profiles increases, and the TBEC is completely mis-
cible at 7' = 70 nK. This is reflected in the value of A = 0.95, and the condensate
as well as the noncondensate densities acquire rotational symmetry. The condensate
fraction of the species decreases rapidly at 7'/T, = 0.185, and this results into a sharp
increase in the miscibility of the species. This is evident from Fig. 5.3, which shows

the overlap integral as a function of the temperature.

The transition from the phase-separated into miscible domain can further be ex-
amined from the evolution of the quasiparticle modes as a function of the tempera-

ture [309]. The evolution of the few low-lying mode energies with temperature is
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Figure 5.4: The quasiparticle energies of the low-lying modes as a function of the
temperature in the phase-separated domain of ®*'Rb-*’Rb TBEC. At T/, = 0.185
the slosh and higher modes energy becomes degenerate and the system transforms
from side-by-side to the miscible density profile. In the figure, the slosh mode (SM),
Kohn mode (KM), breathing mode (BM), and quadrupole mode (QM) are marked by
the black arrows. Here the excitation energy F£; and the temperature 7" are scaled with

respect to the recoil energy E' and the critical temperature 7, of the 3'Rb, respectively.

shown in Fig. 5.4 where the temperature is defined in the units of the critical tempera-
ture 7., of the 8"Rb atoms, which for the parameters considered is 338 nK. It is evident
from the figure that there are mode energy bifurcations with the increase in the temper-
ature. These are associated with the restoration of the rotational symmetry when the
TBEC is rendered miscible through an increase in the temperature.

As to be expected the two lowest energy modes are the zero energy or the NG
modes, which are the result of the SSB associated with the condensation of the TBEC.
In the phase-separated domain, these modes correspond to one each for each of the
two species. The first two excited modes are the nondegenerate slosh modes of the two
species, and these remain nondegenerate in the domain 7'/7, < 0.185. The structure of
these modes are shown in Figs. 5.5 and 5.6. When 7'/T, > 0.185 the TBEC acquires
a rotational symmetry, and the slosh modes becomes degenerate. In addition to this,

the slosh mode start rotating as 7" is increased above the characteristic temperature,
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Figure 5.5: The mode function of the first excited mode (slosh mode) as a function of
the temperature in the phase-separated domain of 'Rb-*’Rb TBEC. The slosh mode
is an out-of-phase mode, where the density flow of the first species (upper panel) is in
opposite direction to the flow of the second species (lower panel). The value of 7'/7, is
shown at the upper left corner of each plot in the upper panel. These values correspond

toT = 0,30, 60, and 70 nK. Here = and y are in units of the lattice constant a.
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Figure 5.6: The mode function of the second excited mode (slosh mode) for 8TRb-*Rb
TBEC, which at 7'/T, > 0.185 becomes degenerate to the mode shown in Fig. 5.5.
Here, the density flow of the first species (upper panel) is out of phase to the flow of
the second species (lower panel). The value of T'/T is shown at the upper left corner
of each plot in the upper panel. These values correspond to 7' = 0, 30, 60, and 70 nK.

Here x and y are in units of the lattice constant a.
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Figure 5.7: The mode function corresponding to the Kohn mode as a function of the
temperature in the phase-separated domain of *’'Rb-**Rb TBEC. The Kohn mode is an
in-phase mode, where the density flow of the first species (upper panel) and the second
species (lower panel) is in the same direction. The value of T'/T.. is shown at the upper
left corner of each plot in the upper panel. These values correspond to 7" = 0, 30, 60,

and 70 nK. Here x and y are in units of the lattice constant a.
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Figure 5.8: The mode function of the Kohn mode for 87Rb-8°Rb TBEC, which is
degenerate to the mode shown in Fig. 5.7. The value of 7'/T. is shown at the upper left
corner of each plot in the upper panel. These values correspond to 7" = 0, 30, 60, and

70 nK. Here = and y are in units of the lattice constant a.
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Figure 5.9: The evolution of the interface mode in the phase-separated domain of
8Rb-**Rb TBEC with temperature. At 7'/T, > 0.185, this mode transformed into the
breathing mode as the system acquires the rotational symmetry. These are out-of-phase
modes as the density flow of the first species (upper panel) is in opposite direction to
the the second species (lower panel). The value of 7'/T, is shown at the upper left
corner of each plot in the upper panel. Here = and y are in units of the lattice constant

a.

which for the parameters considered is 66 nK. In general, in the miscible domain the
degenerate quasiparticle modes are related by a rotation of 7/2m angle with m as the
azimuthal quantum number. For the slosh modes (m = 1), this property is evident from
the mode functions in the figures. A key feature in the quasiparticle mode evolution
is that the energy of all the out-of-phase mode increases for 7/T. > 0.185, whereas
all the in-phase mode remains steady. Here, out-of-phase and in-phase mean the am-
plitudes u; and wuy of a quasiparticle are of different and same phases, respectively.
Among the low-energy modes, the Kohn mode is an in phase whereas the breathing
and quadrupole modes are out of phase in nature. The quasiparticle mode functions
corresponding to the Kohn modes are shown in Figs. 5.7 and 5.8. One unique feature of
the TBEC in the immiscible phase is the presence of the interface modes, which have
amplitudes prominent around the interface region. The existence of these modes is
reported in Chapter 4, and were investigated in other works [224, 225] for TBECs con-
fined in harmonic potential alone at zero temperature. One of the low-energy interface

mode is shown in Fig. 5.9. It is evident from the figure that the mode is out-of-phase
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in nature, and it is transformed into the breathing mode of the miscible domain when
T/T,. > 0.185. In the miscible domain, the breathing mode becomes degenerate with
the quadrupole mode and gains energy. The quasiparticles of the miscible domain have
well-defined azimuthal quantum number, and thereby modes undergo rotations as 7" is
further increased. The rotations of the slosh, and the Kohn modes after the immiscible-

miscible transition is evident from the structure of the modes [Figs. 5.5-5.8].
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Figure 5.10: The normalized first-order off-diagonal correlation function g,(:) (0,r) of

87Rb (upper panel) and **Rb (lower panel) at /T, = 0,0.08,0.17, and 0.2, which
correspond to 7" = 0, 30,60, and 70 nK. Here z and y are measured in units of the

lattice constant a.

5.3 Correlation function of TBEC

The correlation function is an important tool to examine the coherence properties of
the system. The experiment on TBEC in optical lattice has observed the loss of SF
coherence of the heavier species in the presence of a lighter species. This decrease
in coherence is independent of the sign of the interaction, and exist even for small
overlap of the two species [109]. In another recent experiment, the reduction of the
coherence has been observed for the large atom number imbalance, and the tunneling
rate asymmetry [111]. In this work, we study the loss of coherence with increase in the

temperature. To investigate the spatial coherence of TBEC at equilibrium, we examine
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the trends in g,(cl) (0, r) defined earlier in Eq. (5.3), and are shown in Fig. 5.10 for vari-

ous temperatures [309]. The profile of the correlation function depends on the interplay
of the on-site interaction and the temperature. As mentioned earlier, at zero temper-
ature, ng(r) ~ nj(r) have complete phase coherence, and therefore, glil) = 1 within
the extent of the condensates, this is shown in Fig. 5.10. At zero temperature or in the
limit 7, = 0 the correlation function, Eq. (5.3), resemble a Heaviside function, and the
negligible contribution from the quantum fluctuations smooth out the sharp edges as
g,(cl) drops to zero. More importantly, in the numerical computations this causes a loss
of numerical accuracy as it involves division of two small numbers in Eq. (5.3) [310].
However, at finite temperature the presence of the noncondensate atoms modify the
nature of the spatial coherence present in the system. At lower temperatures, the off-
diagonal long-range order dominates due to large condensate fraction. In contrast, at
higher temperatures, close to the critical temperature 7, the thermal component is
much more significant compared to the condensate, which results in the loss of coher-
ence at 7,.. The decay rate of the correlation function increases with the temperature,
and this is evident from Fig. 5.10, which shows g,(:)(O, r)at T = 30,60, and 70 nK. In
addition to this, the transition from phase-separated to the miscible phase of TBEC is

also reflected in the decay trends of g,(;) (0,r).

5.4 Conclusions

We have examined the finite temperature effects on the phenomenon of phase separa-
tion in TBECs confined in quasi-2D optical lattices. As the temperature is increased
the phase-separated side-by-side ground state geometry is transformed into miscible
phase. For the case of TBEC comprising of *'Rb and *Rb, the transformation oc-
curs at 7'/T,. ~ 0.185. This demonstrates the importance of the thermal fluctuations
which can make TBECs miscible albeit the interaction parameters satisfy the criterion
of the phase separation. The other key observation is that the transition from phase-
separated domain to the miscible domain is associated with a change in the nature of
the quasiparticle energies. The low-lying out-of-phase mode, in particular, the slosh

mode becomes degenerate and increase in energy. On the other hand, the in-phase
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mode, such as Kohn mode, remains steady as temperature (1" < 1) is increased. The
interface mode, which is unique to the phase-separated domain, in addition to change
in energy, is geometrically transformed into the rotationally symmetric breathing mode
in the miscible domain. The temperature driven immiscible to the miscible transition

is also evident in the profile of the correlation function of TBEC.



Chapter 6

Summary and future directions

In this thesis, we have described the coupled DNLSEs, and the HFB-Popov theory in
the two-component Bose-Hubbard model to examine the configurations of the ground
state, evolution of the quasiparticle modes and the structure of the mode functions of
TBECs. We have shown that the lowest excited mode with nonzero energy, which is
Kohn mode, goes soft at the phase separation, and emerges as an additional Goldstone
mode in the immiscible phase of TBECs in quasi-1D optical lattices. In the immiscible
phase, the ground state acquires a sandwich type density profile, which is equivalent to
three coupled condensates of a TBEC. In the presence of the quantum fluctuations, the
soft Kohn mode, which appears at phase separation, gets hardened and consequently
a symmetry broken side-by-side type density profile appears as the ground state in the
immiscible phase. In other words, the fluctuations break the symmetry of the ground-

sate after phase separation at zero temperature.

We have observed that the sandwich or shell-structured density distribution of
quasi-2D TBECsS is not energetically favourable, and the side-by-side geometry emerges
as a stable ground state. The quasiparticles of the miscible phase of TBECs are degen-
erate, and the degeneracies of these modes are lifted at the phase separation. The
dispersion curves of the miscible domain show discernible trends associated with the
azimuthal quantum number of the quasiparticle. On the contrary, in the immiscible do-
main there are no clear structures in the dispersion curves. This is due to the rotational
symmetry breaking, and the resulting mixing of the modes with different azimuthal

quantum numbers.
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We have investigated the role of the finite temperatures on the evolution of the
quasiparticle modes in the immiscible phase of TBEC. As the temperature is increased,
a phase-separated side-by-side geometry is transformed into the miscible phase. This
immiscible-miscible transition is associated with a discontinuity in the quasiparticle
spectra. In addition, the low-lying out-of-phase modes, such as slosh mode become
degenerate, and increase in energy whereas the in-phase mode, such as Kohn mode
remains steady with temperature. In future, we shall study the static and dynamical
properties of TBECs in more complex lattice geometries such as triangular and hexag-
onal. Another question is the quasiparticle spectra of TBECs in the presence of the
topological defects like solitons and vortices in optical lattices, which can be exam-
ined in our future research. The extension of the DNLSEs to describe dipolar atoms in

optical lattice is also an agenda of our future investigations.



Appendix A

Numerical Details

We solve the scaled coupled DNLSESs using fourth order Runge-Kutta (RK4) method
to find the equilibrium state of the harmonically trapped binary condensates in opti-
cal lattices. We start the calculations for zero temperature by ignoring the quantum
fluctuations at each lattice site. We choose the initial guess values of the complex am-
plitudes as Gaussian or the side-by-side envelope profile such that the quasiparticle
energy eigenvalues are real. We then use imaginary-time propagation of the DNLSEs
to find the stationary ground state of the TBEC. In the tight-binding limit, we take a
basis set consisting of the orthonormalized Gaussian functions localized at each lattice
site [183]. The width of the function is a crucial parameter as it affects the overlap
of the Gaussian orbitals at each lattice site. The correct estimation of the width is re-
quired in order to obtain orthonormal basis functions. The width depends on the mass
of the species and the frequency of the lattice potential. In the present study, the fre-
quency plays a dominant role over the mass of the constituent species. Therefore, the
widths of the Gaussian basis functions are taken to be identical for both the species
of a TBEC. Furthermore, to study the excitation spectrum, we cast the set of BdG or
HFB-Popov equations as a matrix eigenvalue equation. The matrix is non-Hermitian,
non-symmetric and may have complex eigenvalues. To diagonalize the matrix and find
the quasiparticle energies and amplitudes, we use the routine ZGEEV from the LA-
PACK library [311]. We solve the modified DNLSEs and the HFB-Popov equations
self-consistently to investigate the role of quantum fluctuations in quasi-1D lattices and

thermal fluctuations induced effects in quasi-2D lattices. For these computations, we
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iterate the solution until we reach desired convergence in the number of condensate
and noncondensate atoms. In this process, sometimes, we encounter severe oscilla-
tions in the number of atoms. To damp these oscillations and accelerate convergence
we employ a successive over (under) relaxation technique for updating the condensate
(noncondensate) atom densities [312]. After the iteration cycle (IC), the updated val-
ues of the complex amplitudes associated with the condensate wave functions and the

noncondensate densities of quasi-1D TBEC are given by

new

O O
e =r"ciic + (1 —r%)cjic-1,
new ov ov
dyic = r"djic + (1 —r%)d;j1c-1,

~new

un = uny =
Nijic =T Nijic + (1 —7r")ijic-1,

where ¢+ = 1,2 is the species index, j is the lattice site index, and " > 1 (r'"™" <
1) is the over- (under-) relaxation parameter. During computation, we ensure that
the eigenvalues of the BdG or HFB-Popov matrix are real as there are no topological
defects present in the system. To compute the dispersion curves of quasi-2D TBEC,
we use FFTW library [313] in Intel MKL to transform the quasiparticle amplitudes

into the momentum space.
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Fluctuation-driven topological transition of binary condensates in optical lattices
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We show the emergence of a third Goldstone mode in binary condensates at phase separation in quasi-one-
dimensional (quasi-1D) optical lattices. We develop the coupled discrete nonlinear Schrodinger equations using
Hartree-Fock-Bogoliubov theory with the Popov approximation in the Bose-Hubbard model to investigate the
mode evolution at zero temperature, in particular, as the system is driven from the miscible to the immiscible
phase. We demonstrate that the position exchange of the species in the 8’Rb-33Rb system is accompanied by
a discontinuity in the excitation spectrum. Our results show that, in quasi-1D optical lattices, the presence
of the fluctuations dramatically changes the geometry of the ground-state density profile of two-component

Bose-Einstein condensates.

DOI: 10.1103/PhysRevA.91.043615

I. INTRODUCTION

Ultracold dilute atomic Bose gases in low dimensions have
been the subject of growing interest over the last few decades.
These are an ideal platform to probe many-body phenomena
where quantum fluctuations play a crucial role [1,2]. In
particular, optical lattices serve as an excellent and versatile
tool for studying the physics of strongly correlated systems
and other phenomena in condensed matter physics [3,4].
A variety of experimental techniques have been used to
load and manipulate Bose-Einstein condensates (BECs) in
optical lattices [5—8]. These have helped to explore quantum
phase transitions [9], in particular the superfluid (SF)-Mott
insulator (MI) transition [10—13]. The characteristics of the SF
phase, such as coherence [14,15], collective modes [16], and
transport [17,18] have also been studied. The center-of-mass
dipole oscillation of a BEC in a cigar-shaped lattice potential
has been experimentally studied in detail [19]. In such systems,
a decrease in the Kohn mode frequency has been reported in
Ref. [20] which has been justified in Ref. [21] as an increase of
the effective mass due to the lattice potential. On the theoretical
front, the low-lying collective excitations of a trapped Bose gas
in a periodic lattice potential have been studied in Refs. [22-25]
using the Bose-Hubbard (BH) model [26].

The two-component BECs (TBECs), on the other hand,
exhibit a unique property that they can be phase separated [27].
There have been numerous experimental and theoretical
investigations of binary mixtures of BECs over the last few
years. Experimentally, it is possible to vary the interactions
through the Feshbach resonance [28,29], and drive the binary
mixture from the miscible to the immiscible phase or vice
versa. Among the various lines of investigation, the theoretical
studies of the stationary states [30], dynamical instabili-
ties [31,32], and the collective excitations [33,34] of TBECs
are noteworthy. Furthermore, in optical lattices TBECs have
also been observed in recent experiments [35,36]. Theoretical
studies of TBECs in optical lattices [37—40] and, in particular,
phase separation [41-43] and dynamical instabilities [44]
have also been carried out. Despite all these theoretical and
experimental advances, the study of collective excitations of
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TBECs in optical lattices is yet to be explored. This is the
research gap addressed in the present work.

In this paper, we report the development of coupled discrete
nonlinear Schrodinger equations (DNLSEs) of TBECs in
optical lattices under the Hartree-Fock-Bogoliubov (HFB)—
Popov approximation [45]. We use this theory to study the
ground-state density profiles and the quasiparticle spectrum
of 8’Rb-83Rb and '**Cs-8’Rb TBECs at zero temperature. We
focus, in particular, on the evolution of the quasiparticle as the
TBEC is driven from the miscible to the immiscible phase. This
is possible by tuning either the intra- or interspecies interaction
strengths. The two systems considered correspond to these
possibilities. The fluctuation- and interaction-induced effects
on the collective excitation spectra and topological change in
the density profiles are the major findings of our present study.
It deserves to be mentioned here that for systems without a
lattice potential, at equilibrium, recent works have shown the
existence of additional Goldstone modes in TBECs at phase
separation [46] and complex eigenenergies due to quantum
fluctuations [47].

The paper is organized as follows. Section II describes
the tight-binding approximation for a trapped BEC in a
one-dimensional (1D) lattice potential. In Sec. III we present
the HFB-Popov theory to determine the quasiparticle energies
and mode functions of single-component BECs and TBECs at
finite temperature. The results of our studies are presented in
Sec. IV. Finally, we highlight the key results of our work in
Sec. V.

II. QUASI-1D OPTICAL LATTICE

We consider a Bose-Einstein condensate, held within
a highly anisotropic cigar-shaped harmonic potential with
trapping frequencies wy = w, = w; > w;. In this case we
can integrate out the condensate wave function along
the x and y directions and reduce it to a quasi-1D
condensate. In the mean-field approximation, the grand-
canonical Hamiltonian, in the second-quantized form, of
the bosonic atoms in an external potential plus lattice is

©2015 American Physical Society
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N K2 92
H = /dz\D'(Z)< DTy + Vlau(z)>\l’(z)

+ / dz(Vexs — ¥ () 0(2)
+% / dzd7 Vi QWU — )P ()P (), (1)

where W(z) and W(z) are the bosonic field operators which
obey the Bose commutation relations, m is the atomic mass
of the species, Viy is the periodic lattice potential, Ve, is the
external trapping potential, and w is the chemical potential.
Here, the interaction potential is given by U(z — z/) = U8(z —
), where U = 2/Akh?Nag/m, with N as the total number
of atoms, and A = w,/w, and k¥ = w,/w, are the anisotropy
parameters along the x and y directions, respectively. Here a;
is the s-wave scattering length, which is repulsive (a; > 0) in
the present work. The net external potential is

V = Vex + Viae = smo?z? + Vysin®(k2), (2)

where Vi = sEy is the optical lattice depth with s and Eg
as the lattice depth scaling parameter and the recoil energy
of the laser light photon, respectively. The wave number of
the counterpropagating laser beams, which are used to create
a periodic lattice potential, is k = 7 /a with a = A /2 the
lattice spacing and A, the wavelength of the laser light. The
energy barrier between adjacent lattice sites is expressed in
units of the recoil energy E = h*k?/2m. In the tight-binding
approximation, valid when pu < Vj, the 1D field operator can
be written as [48]

V@) =) a;¢;(), 3)
J

where 4; is the annihilation operator corresponding to the jth

site, and the spatial part ¢;(z) = ¢(z — ja) is the orthonormal

Gaussian orbital of the lowest vibrational band centered at the

Jthlattice site, with [ dz¢7,,(2)¢;(z) = 0 and [dzl¢;())> =

1. By using the above ansatz in H and considering only
the nearest-neighbor tunneling we obtain the Bose-Hubbard
Hamiltonian.

III. HFB-POPOV APPROXIMATION
A. Single-component BEC in optical lattices

The BH Hamiltonian describes the dynamics of 1D optical
lattices when only the lowest band or the lowest vibrational
level of the site is occupied. In this case the tight-binding
approximation [49] is valid, and the BH Hamiltonian of the
system is

. 1
H:—JZ&T&] +Z[(e] u)a aj + 2UaT Tfzjfzji|,

J
“
where the index j runs over the lattice sites, (jj’) represents

the nearest-neighbor sum, and a; (&}) is the bosonic
annihilation (creation) operator of a bosonic atom at the jth
lattice site. Here J = — [dz¢%, (2)[—(h*/2m)(3°/32%) +

Vo sin2(2nz/AL)]¢j(z) is the tunneling matrix element
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between adjacent sites, €; = [ dzVex(2)|@ j(z)|2 is the energy
offset of the jth lattice site, and U =
(VAkh*Nag/m) [ dz|¢;(z)[* is the on-site interaction
strength of atoms occupying the jth lattice site. The
offset energy can also be expressed as €; = = j2Q; here,
Q =mo; 2a? /2 is the energy cost of moving a boson from the
central site to its nearest-neighbor site. To take into account
the quantum fluctuations and thermal effects in the description
of the system, we decompose the Bose field operator of each
lattice site j in terms of a complex mean-field part c¢; and a
fluctuation operator ¢;, as a; = (c; + @;)e "*/". Using this
field operator in the BH Hamiltonian, we get

H=Hy+H +H, + H; + H, (5)

with

Hy

—J Y ey +Z[(e, wle;l> + = U|c |4} (6a)

("

Ay =—-7) ¢ich+ (j — nw+UlcjP)cig; + He.,
(Ji" J
(6b)
B=-7 ¢lg; + Z(GJ WP,
("
+—Z (@A + @2 +41c;P0l9)). (6¢)
H; = UZ(pjgojchj +H.c., (6d)
A=~ Zw Pl0;d;. (6e)

where the subscript of the various terms indicates the order
of fluctuation operators and H.c. stands for the Hermitian
conjugate. To study the system without quantum fluctuation
at T = 0 K, we consider terms up to second order in ¢; and
neglect the higher-order terms (third and fourth order). The
lowest-order term of the Hamiltonian describes the condensate
part of the system. The minimization of Hy with respect to
the variation in the complex amplitude ¢} gives the time-
independent DNLSE, which can be written as

,LLC]':—J(Cj_l+Cj+1)+(€j+Un§)Cj, (7

with the condensate density nj = Ic; |2. The quadratic Hamil-
tonian H, is the leading-order term which describes the
noncondensate part, since the variation in H; vanishes because
c; is a stationary solution of the DNLSE. The minimization
of H, yields the governing equation for the noncondensate

given by

Wh; = —J(@jo1 + @) + (€ +2UnS)g; + USpL (8

The quadratic Hamiltonian can be diagonalized using the
Bogoliubov transformation

@/ — Z [Mljdlefia)lt _ v*lAll elw,t] (93)
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ol =Y [wlafe ™ —viaeor], (9b)
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where u/, and v’ are the quasiparticle amplitudes, w; = E;/h
is the /th quasiparticle mode frequency with E; as the mode
energy, and &; (&IT) are the quasiparticle annihilation (creation)
operators, which satisfy the Bose commutation relations. The
quasiparticle amplitudes satisfy the following normalization
conditions:

> (lul = vioh) = au,
Z (uljvﬂ - v;‘luj’) =0.

(10a)

(10b)

By using the definition of ¢; from Eq. (9) in H, [Eq. 6(c)]
and the above conditions, we get the following Bogoliubov—de
Gennes (BdG) equations

Elulj :—J( 1+u/+1)+[2Un;+(ej /L)]u —Uc/ i
(11a)

Elvj = J(vé_l + v§+1) - [2Un; + () — ,u)]v + Uc"‘2 l
(11b)

This set of coupled equations describes the quasiparticles
of the condensate in the optical lattice without considering the
quantum fluctuations.

To investigate the effect of fluctuation and finite temperature
we include the higher-order terms (I-L and 1:14) of the
fluctuation operator in the Hamiltonian. We treat these terms
in the self-consistent mean-field approximation [45] such
that ] %ga, ~ 20 @; +im;pl and ¢1¢lo;0; ~ 4ii;0le; +

,(pj(pj + w99 — (2ﬁ§ + | |*), where ii; = (gﬁ}(ﬁj) and
mj = (Q;@;) are the excited population (noncondensate)
density and anomalous density at the jth site, respectively. In
the HFB-Popov approximation, where the anomalous density
is neglected, the corrections from higher-order terms yield the
modified DNLSE

wej=—=J(cj1+cir) + e + U(n;i +27;)]e;, (12

where ' is the modified chemical potential. The total density
is n = Z (n€ ¢ +17i;). The diagonalization of the modified
Hamlltonlan leads to the following HFB-Popov equations:

Ezulj =—J(u 1T “1+1) +[20(nf +7i5) + (e, — M/)]”ZJ
—Uc] It (13a)
Ep; = J (Vi +vj) = [20(n§ + ;) + (e; — )]
+ UC*Z l (13b)

with the noncondensate density at the jth lattice site given
by

5= [P+ [ PyNoEn + ] ()
!
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where Ny(E)) = <0‘1 &) = (ePPr — 1)~ is the Bose-Einstein
distribution function of the quasiparticle state with real and
positive mode energy E;. The coupled equations (12) and (13)
are solved iteratively until the solutions converge to the desired
accuracy. It is important to note that, at 7 = 0 K, No(E;) in
the above equation vanishes. The noncondensate density, then,
has a contribution from only the quantum fluctuations, which

is given by
=y [vi|’ (15)
l

Therefore, we solve the equations self-consistently in the
presence of the quantum fluctuations.

B. Two-component BEC in optical lattices

For a two-species condensate, the 1D second-quantized
grand-canonical Hamiltonian is given by

2

= Z/‘W (Z)[——a—w(z) Uz“'xijj(z)

« q‘fi(z)}fvi(m Uns / 420 U @¥ (@), (16)

where i = 1,2 denotes the species index, the U,’s are the
annihilation field operators for the two different species,
w; is the chemical potential of the ith species, U;; are the
intraspecies interaction parameters, and U}, is the interspecies
interaction parameter with the m;’s as the atomic masses of the
species. Here, we consider repulsive interactions U;;, Uy, > 0.
The external potential V' is the sum of the harmonic and
periodic optical lattice potentials. It is given by

V= ext + Vlan

1 2.2 202
= Emia)zizi + V() sim (ZJTZ,'/)\,L). (17)

In the present work, we consider the same external potential
for both the species. The depth of the lattice potential is also the
same for both species and is Vy = sEg with Ex = h2k2/2m1.
If the lattice is deep enough, the tight-binding approximation
is valid, and the bosons can be assumed to occupy the lowest
vibrational band only. Under this approximation, the Bose field
operator for the two species can be expanded as

> i), (18)

J

$i(z) =

where the a;;’s are the annihilation operators and the ¢;;(z)’s
are the orthonormal Gaussian bases of the two species. It is
worth mentioning here that the width of the basis function
depends on the mass of the species and the natural frequency
of the lattice potential. In the present case, the frequency plays a
dominant role over the mass of the constituent species. Hence
the widths of the Gaussian basis functions are taken to be
identical for both species, even when m; and m, are widely
different. The BH Hamiltonian for two species can be obtained
by using the above ansatz in the Hamiltonian Eq. (16). We then
obtain the many-body Hamiltonian governing the system of a
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binary BEC in a quasi-1D optical lattice as
2 .
A=Y =X hal X - w)ila,

2
1
NI AT A AT A
+§X;U,-iz:aijaijaijaij+U122a1ja1ja2ja2j.
i= J J

19)

Here J; are the tunneling matrix elements, and 65.’) is the offset
energy of species i at the jth lattice site. In the mean-field
approximation, using the Bogoliubov approximation as in
a single-species condensate, we decompose the operators
of both species as a;; = (¢; + ¢1,)e"*1"/" and &y, = (d; +
$rj)e~21/h We use these definitions in the BH Hamiltonian
[Eq. (19)] and then decompose the Hamiltonian into different
terms according to the order of the noncondensate operator
they contain. The minimization of the lowest-order term gives
the stationary-state equations or time-independent coupled
DNLSE:s, and these are given by

mic; = — Ji(cj—1 +cjp1) + [651) + Unns; + Unns;le;,
(20a)

2 c
pad; = — Jo(dj_1 +djr1) + [E(, )+ Unnj; + U12n1j]dj
(20b)
where n§ j=lej |2 and n ;i =1d; |2 are the condensate densities
of the first and second species, respectively. The nonconden-

sate part of the TBEC is obtained by the minimization of the
quadratic Hamiltonian

1@ = —J1(@1,j—1 + @1,j41) + [65-1) +2Unn; 015
+ U11C3</31T,- + U12(n§j¢1j +djciPr; + de_,'(/AJ;j),
(21a)
Mooy = —Jo (@2, j—1 + P2, j41) + [6_(,2) + 2U22n§j]¢2]‘
+ Uzzd];@;j + Una(n§;02; + cdjrj + dej@b)
(21b)

The Bogoliubov transformation equations of the TBEC,
which couple the positive- and negative-energy mode excita-
tions, are

~ I ~ —iaygt sl At gt
Gij = E [uijocle ! —v;; e ’],
!

At # AT iogt I A~ —iwgt
@ = E [uijale ! —v;;ae ],
!

(22a)

(22b)

where uf and vf . are the quasiparticle amplitudes for

the first (i = 1) and second (i =2) species. The above
transformation diagonalizes the quadratic Hamiltonian and
gives the Bogoliubov—de Gennes equations at 7 = 0 K for
the two-component system. The inclusion of the higher-
order terms of the perturbation or fluctuation in the
quadratic Hamiltonian gives the HFB-Popov equations for the
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two-component BEC,
Elull’j =—J; (”[1,]'—1 + ull,ﬁ_l) +Z/{1ull‘j — Ullcivll!j
+U12Cj(d;ﬁulz’j —djvlz’j), (238.)

I I I ! «2
Epw, ;= Jl(vl’j_l +vl’j+1) +g1v1,]. + Unci uy

— Unpci(djvy ; — diuhy ;). (23b)
E[M[2,j = —]2(1412‘]-_1 + “lz,j+1) +U2ulzyj — Uzzdjz-véyj
+ Und;(ctuy j — cjvy ;). (23c)

I I I I W2
Epw, ; = ]2(”2,_,‘71 + v2,j+1) + Uy, ; + Undj“u;

— Unpd;(cjv} ; — chuf ;). (23d)

JUL

where Uy =2U1i(ny; +firj) + Unn(ny; + fizj) + (651) — K1)
and Uy = 2Un(ns; + iinj) + Un(ns; +ii1;) + (€} — o)
with U; = —U;. The density of the noncondensate atoms at
the jth lattice site is

iy = Y [(Juls]” + o) NoED + [0, [*]. - 24)
1

with No(E;) as the Bose factor of the system with energy E;
at temperature 7. At T = 0 K the noncondensate part reduces
to the quantum fluctuations

i = o (25)
l

If we neglect quantum fluctuations (the noncondensate part),
the HFB-Popov equations (23) are the BdG equations for a
binary BEC.

IV. RESULTS AND DISCUSSION
A. Numerical details

We solve the scaled coupled DNLSEs using the fourth-
order Runge-Kutta method to find the equilibrium state of
harmonically trapped binary condensates in optical lattices.
We start the calculations for 7 = 0 K by ignoring the quantum
fluctuations at each lattice site. The initial complex amplitudes
of both species c; and d; are chosen as 1/+/ Ny, With Ny as
the total number of lattice sites. The advantage of this choice
is that the amplitudes are normalized. We then use imaginary-
time propagation of the DNLSEs (20) to find the stationary
ground-state wave function of the TBEC. In the tight-binding
limit, the condensate wave function can be defined as the
superposition of the basis functions as shown in Eq. (18).
The basis function is chosen as the ground state, which is a
Gaussian function, of the lowest-energy band [48]. The width
of the function is a crucial parameter as it affects the overlap of
the Gaussian orbitals at each lattice site. The correct estimation
of the width is required in order to obtain orthonormal basis
functions [50]. Furthermore, to study the excitation spectrum,
we cast Egs. (23) as a matrix eigenvalue equation. The matrix is
4Nyt X 4Ny, non-Hermitian, nonsymmetric, and may have
complex eigenvalues. To diagonalize the matrix and to find
the quasiparticle energies E; and amplitudes uf ; and vf-, we
use the routine ZGEEV from the LAPACK library [S1]. In the
later part of the work, when we include the effect of the
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quantum fluctuations, we need to solve Egs. (20) and (23)
self-consistently. For this we iterate the solution until we
reach the desired convergence in the number of condensate
and noncondensate atoms. In this process, sometimes we
encounter severe oscillations in the number of atoms. To damp
these oscillations and accelerate convergence we employ a
successive over- (under-) relaxation technique for updating
the condensate (noncondensate) atom densities [52]. The new
solutions after the iteration cycle (IC) are given by

ne

e =r"cjic+ 1 —r*)cjic-1, (26a)

~NEW un ~ uny ~
i =r"fjic+ A —=r"ijc-,

(26b)

where r® > 1 (r'" < 1) is the over- (under-) relaxation
parameter. After the condensate and noncondensate densities
converge, we compute low-lying mode energies and ampli-
tudes uf ; and vfj. During computation, we ensure that the
eigenvalues of the HFB-Popov matrix are real as there are no
topological defects present in the system.

B. Mode evolution of the trapped TBEC at T = 0 K

Under the HFB-Popov approximation, the excitation spec-
trum of the TBEC in an optical lattice is gapless for the SF
phase, while it has a finite gap for the MI phase [10]. In the SF
phase, spontaneous symmetry breaking at condensation results
in two Goldstone modes, one each for the two species. The
number of Goldstone modes, however, depends on whether
the system is in the miscible or immiscible phase, and the
geometry of the density distributions. To explore different
possibilities, as mentioned earlier, we consider two different
TBEC systems. These are binary mixtures which can be driven
from the miscible to the immiscible phase through the variation
of the intra- or interspecies interaction using the Feshbach
resonance. In particular, we consider 3Rb-8Rb [28,53] and
133Cs-87Rb [54,55] binary condensates as examples of the two
cases, and study the mode evolution as the system approaches
the immiscible from the miscible regime.

1. Third Goldstone mode in the ¥ Rb-3*Rb TBEC

To examine the mode evolution with the tuning of the
intraspecies interaction, we consider a quasi-1D TBEC con-
sisting of 87Rb and %Rb [28,53]. In this system, we consider
87Rb and 3 Rb as the first and second species, respectively.
The axial trapping frequency for both the species is w, =
2m x 80 Hz with 12.33 as the anisotropy parameter along
the x and y directions. The laser wavelength used to create the
optical lattice potential is A;, = 775 nm. The numbers of atoms
are N = N, = 100, confined in 100 lattice sites superimposed
on a harmonic potential. We choose the depth of the lattice
potential Vy = SER and set the tunneling matrix elements
for the two species as J; = 0.66E; and J, = 0.71E%, the
intraspecies interaction Uj; as 0.05Eg, and the interspecies
interaction Uj, as 0.1Eg. This set of DNLSE parameters is
calculated by considering the width of the Gaussian beam as
0.3a. Since the scattering length of °Rb is tunable with the
Feshbach resonance [28], we study the excitation spectrum
with variation in U,,. The evolution of the Kohn mode
functions with the variation of U, is shown in Fig. 1. For
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FIG. 1. (Color online) The evolution of the quasiparticle ampli-
tudes corresponding to the ®Rb Kohn mode as the intraspecies
interaction of %Rb (Uy,) is decreased from 0.25Ex to 0.062E.
(a),(b) When Uy, > 0.18Eg, the system is in the miscible phase
and the Kohn mode (I = 1) has contributions from both the species.
(c)—(e) When the system is on the verge of phase separation, then the
Kohn mode of #Rb goes soft. (f) At phase separation U, < 0.065ER
the Kohn mode transforms into a Goldstone mode.

0.18 < Uy < 0.25E4, the system is in the miscible domain,
and the Kohn mode is a linear combination of the 3’Rb
and ®Rb Kohn modes. As we approach phase separation by
reducing the value of U,,, we observe a decrease in the Kohn
mode amplitude of ’Rb component and the mode function
of 3Rb becomes soft at 0.062E . The softening of the mode
is evident from the evolution of the mode energies as shown
in Fig. 2(a). The figure shows that the mode continues as
the third Goldstone mode for U,; < 0.062E k. The emergence
of the third Goldstone mode is associated with a change in
the geometry of the system; the density changes from the
overlapping to a sandwich profile as shown in Figs. 3(a)-3(c).
Thus, as discussed in our earlier work [46], the binary
condensate is separated into three distinct subcomponents.

2. Third Goldstone mode in the '3*Cs-’Rb TBEC

For mode evolution with tuning of the interspecies interac-
tion, we consider the binary system of Cs-Rb [54,55]. Here,
we consider '*3Cs and ®’Rb as the first and second species,
respectively. To study the mode evolution as the system under-
goes the transition from the miscible to the immiscible phase,
the interspecies interaction Uj, is varied, which is possible
using the magnetic Feshbach resonance [56]. The parameters
of the system considered are Ny = N, = 100 with similar
trapping frequencies as in the case of the 8’Rb-3"Rb mixture.
The lattice parameters are chosen as J; = 0.92Eg, J, =
1.95Eg, Uy = 040Eg, and Uy = 0.21Eg. At U, = 0, the
two condensates are uncoupled and have two Goldstone
modes, one corresponding to each of the two species. At low
values of Uj;, in the miscible regime, the condensate density
profiles of the two species overlap as shown in Fig. 3(d). As
we increase Uy, the Kohn mode of 8’Rb gradually goes soft
and at a critical value U}, = 0.3Ep it is transformed into the
third Goldstone mode. For Uy, < Uy, the geometry of the
condensate density profile changes and acquires a sandwich
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Uzz (ERr)

FIG. 2. (Color online) The evolution of the low-lying modes
as a function of the intraspecies interaction of the °Rb (Ux,) in
the ’Rb-85Rb TBEC held in quasi-1D optical lattices. Excitation
spectrum (a) at zero temperature and (b) in the presence of quantum
fluctuations. Here U,; is in units of the recoil energy Ek.

0.02

structure in which the Cs condensate (higher mass) is at
the center and flanked by the Rb condensate (lower mass) at the
edges as shown in Fig. 3(f). This is also evident from the evolu-

8 0.25FERr 87Rb(a.) 0.06ER A (b) 0.03FERr :‘.. (C)
85Rb - D)
A s a [ AN
4 R S,
. L A Pl S
I VN Faih | i
4 0.20Er 13303((%) 0.28ERr (C) 0.35?-'?.,.\.:.. (f)
8TRb = ./\ " .t
2 AT
O )j .\..'; I, :\_J- T
30 0 30-30 0 30-30 0 30

J

FIG. 3. (Color online) The geometry of the condensate density
profiles and its transition from the miscible to the immiscible regime.
(a)—(c) The transition from the miscible to the sandwich profile for
the 8’Rb-*Rb TBEC with change in the intraspecies interaction Uy,
at T =0 K. The position exchange (c) in the sandwich profile
occurs at Ujy = Uy = 0.05E%. (d)—(f) show similar condensate
density profiles for the Cs-Rb TBEC with change in the interspecies
interaction Uy, at T =0 K. In this system the transition to the
sandwich geometry occurs at Uy, = 0.3E.
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FIG. 4. (Color online) The evolution of the energies of the low-
lying modes as a function of the interspecies interaction (U,,) in Cs-
Rb TBEC held in a quasi-1D lattice potential. The excitation spectrum
(a)at T = 0K, and (b) after including the quantum fluctuations. Here
U, is in units of the recoil energy Eg.

tion of the low-lying modes, shown in Fig. 4(a), and is reflected
in the structural evolution of the quasiparticle amplitudes in
Fig. 5. Hence the system attains an extra Goldstone mode after
transition from a miscible- to a sandwich-type profile.

3es¢
AN R (< 4
|

0.45FR

30 -30 0 30

0.35FR
30 0

0.40FER
30 -30 O
J
FIG. 5. (Color online) The evolution of the quasiparticle ampli-
tudes corresponding to the Kohn mode as the interspecies interaction
is increased from 0.2E to 0.35E for a Cs-Rb TBEC in a quasi-1D
lattice potential at 7 = 0 K. (a)—(c) In the miscible regime, the Kohn
mode has contributions from both species. (d)—(f) For Uy, > 0.3Ex

the Kohn mode of 8’Rb goes soft, whereas that of 1>*Cs decreases in
amplitude.
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FIG. 6. (Color online) The evolution of the quasiparticle ampli-
tudes corresponding to the Kohn mode for #Rb-83Rb TBEC in the
presence of the fluctuations as the intraspecies interaction of 3°Rb
(Uy,) is decreased from 0.2E% to 0.05E%. (a)-(e) The Kohn mode
of 85Rb goes soft, whereas that of 8’Rb decreases in amplitude and
finally vanishes in (e). (f) The sloshing mode, which emerges after
phase separation as the sandwich density profile transforms into a
side-by-side profile.

3. Position exchange of species

A remarkable feature in the evolution of the condensate
density profiles of an ’Rb-3"Rb TBEC with variation of Uy is
the observation of position exchange in the immiscible domain.
This is absent when the trapping potential consists of only a
harmonic potential (continuous system), and is the result of
the discrete symmetry associated with the optical lattice. As
discussed earlier, in this system we fix U;; and Uj, and vary
U,, (the intraspecies interaction of 85RDb). At higher values
of Uy, the TBEC is in the miscible phase, and as we decrease
U, at the critical value Uy, = 0.17Eg the TBEC enters the
immiscible domain. The geometry of the density profiles is
of sandwich type and the component with smaller Uj; is at
the center. An example of a condensate density profile in this
domain, Uy, = 0.06Eg, is shown in Fig. 3(b). In the figure,
the species with smaller intraspecies interaction (3’Rb) is at the
center and $Rb is at the edges. As Uy, is further decreased, the
system continues to be in the same phase. During evolution,
an instability arises when both intraspecies interactions are the
same (Uy; = Uy = 0.05). At this value of U,; the components
exchange their places in the trap. This is also reflected in
the excitation spectrum; a discontinuity at U,y = 0.05Eg
in the plot of the mode evolution shown in Fig. 2(a) is a
signature of the instability. On further decrease of Uiy, we
enter the Uy < Uj; domain and 3Rb occupies the center of
the trap. An example of the density profiles in this domain,
U, = 0.03, is shown in Fig. 3(c). The position exchange,
however, does not occur in the Cs-Rb system as in that case
we vary Uj.

C. Effect of quantum fluctuations

We compute the condensate profiles and modes for the
87Rb-3SRb TBEC, including the effect of quantum fluctuations.
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FIG. 7. (Color online) The fluctuation-induced transition in the
geometry of the total density profile (condensate + quantum fluc-
tuations) of a TBEC at 7 =0 K in a quasi-1D lattice potential.
(a)—(c) The transition in the ¥’Rb-**Rb system from the miscible
to the sandwich and finally to the side-by-side profile with change
in the intraspecies interaction. (d), (¢) The transition in the Cs-Rb
TBEC from the miscible to the side-by-side profile with change in
the interspecies interaction Uj,. The geometry of the ground state of
both systems in the immiscible regime is different from that at zero
temperature in the absence of the fluctuations, Fig. 3.

We then encounter severe oscillations in the number of atoms
during the iterations used to solve the DNLSEs and there
is no convergence. To mitigate this, we use a successive
under-relaxation technique with r"" = 0.6. For computations,
we consider the same set of parameters as in the case of
T =0 K without fluctuations. The fluctuations break the
spatial symmetry of the system as we vary the intraspecies
interaction of 3°Rb (Us). In the immiscible domain, the
condensate density profile changes from the sandwich to the
side-by-side profile at 0.078 Eg. The system acquires a new
stable ground state as the chemical potential of the system
decreases from 0.92Eg to 0.80Eg. The evolution of the
mode energies with Uy, including the fluctuation is shown
in Fig. 2(b). It is evident that at this value Uy, = 0.078Eg,
the 3Rb Kohn mode goes soft and emerges as a sloshing
mode. The transformations in the mode functions as U, is
decreased about this point are shown in Fig. 6. This topological
phase transition is evident from the density profiles of the
TBEC in the presence of quantum fluctuations as shown in
Figs. 7(a)-7(c).

In the Cs-Rb system, due to quantum fluctuations, the Kohn
mode of ®’Rb goes soft at a lower value of U}, compared to
the value without fluctuations. This is evident in the mode
evolution with quantum fluctuations as shown in Fig. 4(b).
The discontinuity in the spectrum is the signature of the
transition from the miscible to the immiscible regime. The soft
Kohn mode gains energy and gets hard at 0.31 E. This mode
hardening is due to the topological change in the ground-state
density profile from the miscible to the side-by-side profile,
shown in Figs. 7(d)-7(f). The lowest mode with nonzero
excitation energy corresponding to the side-by-side profile is
shown in Figs. 8(e) and 8(f).
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FIG. 8. (Color online) The evolution of the quasiparticle ampli-
tude corresponding to the Kohn mode for the Cs-Rb TBEC in the
presence of fluctuations. (a)-(d) The Kohn mode evolves as the
interspecies interaction is increased. (e),(f) It is transformed into a

sloshing mode as the TBEC acquires the side-by-side density profile
after phase separation.

30 -30 0 30

V. CONCLUSIONS

We have studied the ground-state density profiles and the
excitation spectrum of TBECs in quasi-1D optical lattices. We
observe that the system gains an additional Goldstone mode at
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phase separation at zero temperature. Furthermore, in a TBEC
where a miscible to immiscible transition is driven through
variation of the intraspecies interaction (%Rb-3Rb), a finite
discontinuity in the excitation energy spectra is observed in
the neighbourhood of equal intraspecies interaction strengths.
In the presence of quantum fluctuations, on varying the
intraspecies interaction of 85Rb, in the immiscible regime,
the ground-state density profiles transform from sandwich to
side-by-side geometry. This is characterized by the hardening
of the Kohn mode which emerges as a sloshing mode. The
fluctuation-induced topological change from a completely
miscible to a side-by-side ground-state density profile is also
evident in a '33Cs-8’Rb mixture. Our current studies show that
the geometry of the density profiles with and without quantum
fluctuations is different. Since quantum fluctuations are present
in experiments, it is crucial to include quantum fluctuations to
obtain the correct density profiles of TBECs in optical lattices
in the phase-separated domain.
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We explore the collective excitation of two-species Bose-Einstein condensates (TBECs) confined in quasi-
two-dimensional optical lattices. For this we use a set of coupled discrete nonlinear Schrodinger equations to
describe the system and we employ Hartree-Fock-Bogoliubov theory with the Popov approximation to analyze
the quasiparticle spectra at zero temperature. The ground-state geometry, evolution of quasiparticle energies,
structure of quasiparticle amplitudes, and dispersion relations are examined in detail. We observe that the TBEC
acquires a side-by-side density profile when it is tuned from the miscible to the immiscible phase. In addition,
the quasiparticle energies are softened as the system is tuned towards phase separation, but harden after phase
separation and mode degeneracies are lifted. In terms of structure, in the miscible phase the quasiparticles have
well-defined azimuthal quantum numbers, but that is not the case for the immiscible phase.

DOI: 10.1103/PhysRevA.93.063608

I. INTRODUCTION

The experimental realization of ultracold atoms in opti-
cal lattices has opened up a plethora of new possibilities
to study interacting quantum many-body systems. Optical
lattices, filled with bosons [1,2] or fermions [3,4], provide
unprecedented precision, tunability of interactions, and the
possibility to generate different geometries and mimic the
external gauge fields to study many-body systems [5]. These
are near ideal systems to observe quantum phenomena such
as superfluidity [6,7], quantum phase transitions [8,9], Bloch
oscillations [10,11], Landau-Zener tunneling [12,13], and
various kinds of instabilities [14,15]. In fact, the energy
of collective excitations has emerged as a fundamental and
versatile tool to investigate many-body physics. An example
of the synergy between theory and experiment in this field is the
study of the effect of tunneling and the mean-field interaction
of trapped two-dimensional (2D) optical lattices on the
collective excitation. Theoretically, Kramer et al. [16] studied
it in detail and Fort et al. [17] verified the theoretical findings
in experiments. A detailed understanding of the excitations
of the superfluid phase in optical lattices is possible with
controlled variation of the lattice potential; these excitations
are excellent proxies to probe the properties of more complex
condensed-matter counterparts. In this work we examine the
quasiparticle spectrum of condensates with the tight-binding
approximation and the condensate density is described through
a set of coupled discrete nonlinear Schrodinger equations.

The introduction of a second species in the optical lattices,
two-species Bose-Einstein condensates (TBECs) in lattices,
creates a versatile model to probe diverse phenomena in
physics. These are promising candidates to explain phe-
nomena associated with fermionic correlations [18], phase
separation [19], hydrodynamical instability [20], and novel
phases [21,22]. One remarkable property of TBECsS is the
phase segregation, which occurs when the interspecies in-
teraction is stronger than the geometric mean of the in-
traspecies interactions [23]. To date, TBECs in optical lattices
have been experimentally realized in two different atomic
species [24] and two different hyperfine states of the same
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atomic species [25,26]. It must be emphasized that TBECs
with harmonic potential only have been realized in two dif-
ferent species of alkali-metal atoms [27-30], in two different
isotopes [31], and in two different hyperfine states [32-35].
These experiments have examined phase separation and other
phenomena that are unique to binary BECs. The phenomenon
of phase separation and transition from miscible to immiscible
or vice versa has also been the subject of several theoretical
studies [36—39]. These recent developments provide motiva-
tion to probe the rich physics associated with TBECs in optical
lattices. In recent works we have investigated the fluctuation-
induced instability of dark solitons in TBECs [40] and change
in the topology of the TBECs in quasi-1D lattices [41]. How-
ever, to study the effects of fluctuations, either quantum or ther-
mal, in optical lattices filled with TBECs it is essential to have
a comprehensive understanding of the quasiparticle spectra.
In this paper we examine the evolution of the quasiparticle
spectra of TBECs in quasi-2D optical lattices at zero
temperature. For this we use the Hartree-Fock-Bogoliubov
(HFB) formalism with the Popov approximation and tune one
of the interatomic interactions to drive the TBEC from the
miscible to the immiscible phase. In the immiscible domain,
we show that the ground state has a side-by-side density
profile. This is in contrast to the case of the quasi-1D system,
where the ground state has a sandwich density profile. To
identify the geometry of the ground state, we examine the
quasiparticle spectra using Bogoliubov—de Gennes (BdG)
analysis. For a stable ground-state configuration, the spectra
are real, but complex for metastable states. Following BdG
analysis, we further examine the dispersion relation of a binary
system in optical lattices. This relation is used to understand
the structure of the lower- and higher-energy excitations for
miscible and immiscible domains of TBEC in lattice systems.
The dispersion relations are important to understand the
nature of the excitations [42—44] and Bragg spectroscopy [45]
of ultracold quantum gases. These spectroscopic studies
present full momentum-resolved measurements of the band
structure and the associated interaction effects at several
lattice depths [46]. In fact, these relations have proved

©2016 American Physical Society
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the presence of the rotonlike excitation in trapped dipolar
BECs [47-50].

The paper is organized as follows. In Sec. II we describe
the HFB-Popov formalism and the dispersion relations for
TBECs confined in optical lattices. The quasiparticle mode
evolution and characteristics of the quasiparticle excitations
with dispersion curves are presented in Sec. III. Finally, we
conclude with the key findings of the present work in Sec. IV.

II. THEORY AND METHODS

Consider TBEC:s of dilute atomic gases in an optical lattice
with a harmonic-oscillator potential as a confining envelope
potential. The net external potential is

k k k
VEr) = Vio + Vi

m
= Tk(wzf + a)iy2 + wfzz) + Volsin®(2mwx /ar)
+ sin®(Qmy/Ar) + sin’Qmz/AL)], (D

where k = 1,2 denotes the species index, my is the atomic
mass of the kth species, w; (i = x,y,z) are the frequencies of
the harmonic potential along each direction, and Vy = sEy is
the depth of the lattice potential in terms of the recoil energy
Er = h2k2/2m1 and dimensionless scale factor s. Here k;, =
27 /A is the wave number of the laser beam with wavelength
A used to generate the optical lattice and hence the lattice
constant of the system is a = Ay /2. It should be noted that we
consider the same external potential for both condensates and
at T = 0 K the grand canonical Hamiltonian of the system is

S e N I
A= ;/dr\yk(r)[—z—m + V) —
Ui . A a
+ T\I/k(r) X Wi (r) | Wi (r)

+Un f dr ¥l (oW ), () Ga(r), )

where lilk, Wi, and Uy are the bosonic field operator, chemical
potential, and intraspecies interaction strength of kth species,
respectively, and U, is the interspecies interaction strength.
In the present study we consider all the interactions to be
repulsive, that is, Uy,Ujp > 0. If the lattice is deep, i.e.,
Vo > i, the tight-binding approximation (TBA) is applicable
and bosons occupy only the lowest-energy band. In this
approximation, the condensate is well localized within each
lattice site and the field operator for each of the species can be
written as [51,52]

We(r) = s (1), 3)

§

where dy¢ is the annihilation operator of the kth species at
the lattice site with identification index &, which is a unique
combination of the lattice index along the x, y, and z axes.
The basic element of the TBA lies in the definition of ¢¢(r),
which are orthonormalized on-site Gaussian wave functions
localized at the &th lattice site. Using the above definition of
W, (r) in Eq. (2), we get the Bose-Hubbard (BH) Hamiltonian
of the system.
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A. The HFB-Popov approximation for quasi-2D TBECs in
optical lattices

To create a potential suitable to generate quasi-2D TBECs
in optical lattices, set the frequencies to satisfy the condition
wy = wy, = w| K w,. The excitations along the tight or
high-frequency z axis are of higher energy and we consider
the condensate in the ground state along the z axis at low
temperature T < hw,/ kg, with kg the Boltzmann constant.
Hence, the excitations of importance for quantum and thermal
fluctuations are along the radial direction. In the TBA, the BH
Hamiltonian that describes the system is [20,53]

2
H = Z —Ji Zaksakg + Z

k=1 (§€")

- Mk akg aké

2

1 ,
1 at At oA A At A At A
+ > kil Uk Eé g Ay Aie A + U EE A1 A1gdye o,

“

where the index & covers all the lattice sites. The summation
index (£&’) represents the nearest neighbor; for illustration
take & = (i,j) with i and j as labels of a lattice site along
the x and y axes, respectively. The possible values of &’ in
(&&’) are then (i — 1,j), (( + 1,j), (i,j — 1), and (i,j + 1).
The operator dys (&Zé) is the bosonic annihilation (creation)
operator of the kth species at the £th lattice site and the Jj
are the tunneling matrix elements. The effect of the envelope
harmonic trapping potentials is subsumed in the offset energy

(k) = Q% + j?). Here Q = ma? a?/2 is the strength of the
harmomc confinement. For simplicity, we assume that the
tunneling strengths of the two species are identical on both
the x and y axes. For large tunneling strength and density
Ji > vUygi,vUj,, with v the filling factor, the bosons remain
in the superfluid phase. In the mean-field approximation, using
the Bogoliubov approximation, we define the annihilation
operators of the two species as

dre = (ce + Pre)e M1/, (5a)
dog = (dg + Pog)e 12!/M (5b)

and the creation operators are the Hermitian conjugates. Here
ce = ¢; j and dg = d; ; are the complex amplitudes associated
with the condensate wave functions of each species, which
satisfy the normalization conditions ), |c¢|* = Y, |d:|* = 1.
The operators (¢;¢ or @y¢ ) represent perturbations and identify
with the quantum and thermal fluctuations in the system.
These definitions, when used in Eq. (4), partition the BH
Hamiltonian to terms of different orders in the fluctuation
operators. The minimization of the lowest-order term leads
to a set of time-independent 2D coupled discrete nonlinear
Schrodinger equations (DNLSEs) [54-56], which describe the
equilibrium properties of the system at 7 = 0 K. These are
given by

micg = —Ji ch/ +
SI

/,deg = —]2 ng/ +

[ef" + Unn§, + Upanse Jee. (6a)

[€2) + Unns, + Upan,]d. (6b)
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where the summation £’ is over the nearest neighbors of
the site &, more explicitly, Zg' g =cg_1+ce1 =cim1j +
Cit1,j +¢i j—1 + ¢i j+1. From the definition of ¢, in Egs. (6)
n{, = |c¢|* and n§, = |dg|* are the condensate densities of the
first and second species at the &th lattice site, respectively. In
the Bogoliubov approximation, the leading-order correction
terms describe the effects arising from quantum and thermal
fluctuations of the system. A more detailed description of the
derivation is given in one of our previous works [41]. The
fluctuation operators are defined in terms of normal modes
of the system or the quasiparticles through the Bogoliubov
transformations

Pre = Z [uf{s&le_i“”t — v,fé&;re"“”’], (7a)
/

@,ig = Z [u,’:{s&;ei“"l — v,ié&le_i“’"], (7b)
/

where ”ig and v,lcg are the quasiparticle amplitudes for the
kth species in the quasi-2D optical lattice potential and w; =
E;/h is the frequency of the [th quasiparticle mode, with
E; the mode excitation energy. Furthermore, the quasiparticle
amplitudes satisfy the normalization condition

Z (”Zé”é — Vi vke) = dur. (8)
k&

Here &; and &IT are the quasiparticle annihilation and creation
operators, respectively, which satisfy the Bose commutation
relations. The above transformation diagonalizes the BH
Hamiltonian and taking into account the higher-order terms
in the fluctuation operators in the total Hamiltonian leads to
the HFB-Popov equations [57,58]

Elul]f =—-J; (ull,gfl + ul]YSJr]) —H/{]ul]f — U]]C?l){,&.

+ Urace (dg‘ulM —d vlz’s), (9a)
EzvlLs =Ji (011.;:—1 + UII,S_H) —|—211vlLS + U“cg‘Zu[Ls

— Unpcf(dsvh . — dfub ), (9b)
Elulz,g = —Jz(ulzyg_l + ulz‘H]) —H/{zulm — Uzgdgvé‘s

+ Unade (ciul ¢ — cevl ), (9¢)
Ezvé,g = Jz(véig_l + Ué,g+1) —|—Q2vé’§ + Uzzdg‘zulz’g

_U12d§(cfgvllqg —cgfullqs), (9d)

where Uy = 2U11(n§; + fite) + Una(ns, + iize) + (e — 1)
and Uy = 2Un(ny; + fing) + Unn(nf, +1ii1e) + (Eéz) — 2)s
with U, = —U. The density of the noncondensate atoms at
the &th lattice site is

g =) [(|“§<s|z + |Ull<s|2)N0(El) + }”ilcs|2]’ (10)
1

with Ny(E;) the Bose factor of the system with energy E; at
temperature 7. The last term in 7iz; is the quantum fluctuation,
which is independent of the Bose factor and hence represents
the quantum fluctuation of the system.

PHYSICAL REVIEW A 93, 063608 (2016)

B. Dispersion relations of binary BECs

Dispersion relations, in general, determine how a system
responds to external perturbations. So, in TBECs in optical
lattices as well it is important to examine the dispersion
relations to understand how the system evolves after applying
an external perturbation. Examples of current interest are
topological defects generated through phase imprinting, evac-
uating single or multiple lattice sites, and tuning the lattice or
harmonic potential parameters. To study the dispersion relation
of the quasiparticles in optical lattices with a background
trapping potential, we follow the definition in Ref. [47]. Then
we take the Fourier transform of the quasiparticle amplitudes
and compute the expectation value of the linear momentum
(k) of each quasiparticle. Thus, in the momentum-space
representation, for the /th quasiparticle

172
S k2L (k)| + [, k)]

e Ll + [3,060)] ]

(ke), = Y

where ke = (k;,k;) is the lattice-site-dependent wave number
and @ = 1,2 is the index for the species. Here i (ks) =
F [ufx (&)]and f)fx (kg) = F [vé (&)] are the lattice-site-dependent
quasiparticle amplitudes in momentum space, with F repre-
senting the Fourier transform. We then determine the discrete
form of the dispersion relation by associating (kg¢); with the
excitation energies E;. For TBECs in the harmonic potential
the dispersion curves were examined in a previous work
and reported unique trends in the miscible and immiscible
regimes [44]. In comparison, the presence of the optical lattice
potential is expected to modify the dispersive properties of
the systems in the present study. To examine the differences
and identify unique trends we compute (kg); and study the
dispersion curves in miscible and immiscible domains.

C. Numerical methods

To solve the coupled DNLSEs (6) at T = 0 K, we first scale
the equations and rewrite them in dimensionless form [41]. The
equations are then solved using the fourth-order Runge-Kutta
method. For the zero-temperature computations we begin by
neglecting the noncondensate density 7is at each lattice site
and choose the initial guess values of the complex amplitudes
with the Gaussian or side-by-side envelope profile such that
the quasiparticle energy spectrum is real. To obtain the ground
state of the system, we solve the DNLSEs with imaginary-time
propagation. As described earlier, in the TBA, we take a
basis set consisting of orthonormalized Gaussian functions
localized at each lattice site. Hence, the basis set size or the
number of basis functions is equal to the number of lattice
sites in the system. Furthermore, to obtain the excitation
spectrum we cast the HFB-Popov equations (9) as a matrix
eigenvalue equation. For the computations at 7 = 0 K, the
nonsymmetric matrix with complex elements is diagonalized
using the routine ZGEEV from the LAPACK library [59]
to obtain the quasiparticle energies E; and amplitudes ué
and vé. However, when T # 0 K a larger number of basis
functions is required to obtain a correct description of the ther-
mal fluctuations and this increases the dimension of the
matrix corresponding to Eqgs. (9). It is then better to use the
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ARPACK [60] library for diagonalization as it is faster and
provides the option to compute a limited set of eigenvalues and
eigenfunctions. The other advantage of using ARPACK is the
optimal storage of large sparse matrices. In the latter part of our
work to compute the dispersion curves, which in the present
approach requires quasiparticle amplitudes in the momentum
representation, we use the FFTW library [61] in Intel MKL.

III. RESULTS AND DISCUSSION

To examine the mode evolution of quasi-2D TBECs in
optical lattices, we consider two cases from the experimentally
realized TBECs, ¥Rb-*Rb [31] and '**Cs-*'Rb [28,29],
which are examples of TBECs with negligible and large mass
differences between the species, respectively. Another basic
difference is, starting from the miscible phase, the passage to
the immiscible phase. In the ¥’ Rb -33Rb TBEC, the background
scattering length of %5Rb is negative and hence to obtain a
stable 3Rb condensate [62] it is essential to render it repulsive
using a magnetic Feshbach resonance [63,64]. The same can
be employed to drive the system from the miscible to the
immiscible domain. On the other hand, in the '**Cs-*"Rb
TBEC, the interspecies scattering length is tuned through a
magnetic Feshbach resonance [65] to steer the TBEC from the
miscible to the immiscible domain or vice versa.

For the ¥’ Rb -*’Rb TBEC, we assume *’Rb and *Rb as the
first and second species, respectively. For simplicity and ease
of comparison without affecting the results, the radial trapping
frequencies of the two species are chosen to be identical
w) =21 x 50 Hz, with w,/w; = 20.33. The wavelength of
the laser beam to create the 2D lattice potential and lattice depth
are A, = 1064 nm and V, = 5Eg, respectively. To improve
convergence and obtain a good description of the optical lattice
properties, we take the total number of atoms N; = N, = 300
confined in a 30 x 30 lattice system. We use these set of
parameters to study the '*3Cs -*Rb TBEC as well.

A. Mode evolution of trapped TBECsat T = 0 K

To solve the DNLSE we consider Gaussian basis function
of width 0.3a, where a is the lattice constant, to evaluate
the lattice parameters. In the case of the 87Rb -35Rb TBEC, the
tunneling matrix elements are J; = 0.66 E and J, = 0.71 Eg,
and U;; =0.07Ex and Uy, = 0.15ER are the intraspecies
and interspecies interactions, respectively. The difference in
the values of J; and J, arises from the mass difference of the
species in the TBEC system. Following the same steps, the
parameters for the 133Cs -8’Rb TBEC are J; = 0.66Eg, J, =
1.70Eg, U;; = 0.96Eg, and Uy, = 0.42E . In both cases, we
drive the system from the miscible to the immiscible phase
and examine the evolution of the modes in detail.

1. The ¥ Rb-¥Rb TBEC

As mentioned earlier U,, the intraspecies interaction of
85Rb is decreased to drive the TBEC from the miscible to the
immiscible domain. The changes in the ground-state density
profile are shown in Fig. 1. In the miscible domain, the profiles
overlap and there is a shift in the position of the density maxima
as Uy is decreased [Fig. 1(b)]. At a critical value Uy, the two
species undergo phase separation with side-by-side density
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FIG. 1. Geometry of the condensate density profiles and its
transition from the miscible to the immiscible domain for the
87Rb-3Rb TBEC. (a) At higher U,,, the density of both species
partially overlap; (b) as we decrease Uy, it changes into a sandwich-
type profile. At a critical value of Uy, (0.16ER), both condensates
segregate and rotational symmetry is broken, which results in a
side-by-side density profile in the immiscible domain shown in (c)
and (d). The species labeled 1 (2) is shown as red (blue) contours.
Here x and y are in units of the lattice constant a.

profiles and break the rotational symmetry. The features of the
quasiparticles also change in tandem with the density profile
and the variation of the excitation energies with Uy, is shown
in Fig. 2. To obtain the mode evolution curves, we do a series of
computations starting from the miscible domain of the system
(higher Uy,) and decrease Us; to values below Usy,.

In the miscible domain, all the excitation modes are doubly
degenerate. As U, is lowered, eigenenergies of modes with
different phases of ©; and u,, or out-of-phase modes, decrease
in energy and degeneracy is lifted when Uy is below Ug,.
The slosh and Kohn modes are the two lowest-energy ones in

0.4
0.3
X
S
R
0.1
0

0.37 0.30 0.23 0.16 0.09 0.02
Uss (units of ER)

FIG. 2. Evolution of the low-lying quasiparticle modes as a
function of the intraspecies interaction U,, for the 87Rb $5Rb TBEC
held in quasi-2D optical lattices. The slosh mode (SM) and Kohn
mode (KM) are marked by the black arrows. The energies marked
by red arrows correspond to the quasiparticle amplitudes shown in
Figs. 3 and 4. In the plot Uy, is in units of the recoil energy Er.
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FIG. 3. Evolution of the quasiparticle amplitude corresponding
to the slosh mode of (a)—(d) the first species and (e)—(h) the second
species of the $7Rb -%5Rb TBEC as Us, is decreased from 0.30Eg
to 0.05E. The value of U,, is shown at the top of the figures. The
red (blue) contours represent the quasiparticle amplitude u, (u#2). The
density perturbation is from dotted contours to the solid contours.
Here x and y are in units of the lattice constant a.

the miscible domain and are associated with the out-of-phase
and in-phase modes, respectively. The structure of the two
degenerate slosh modes are shown in Figs. 3(a), 3(b), 3(e),
and 3(f) and Figs. 4(a), 4(b), 4(e), and 4(f), respectively. In
general, the doubly degenerate modes are 7 /2m rotations of
each other, where m is the azimuthal quantum number. For the
slosh modes this property is evident from the figures. One of the
degenerate slosh modes goes soft at Uy, = 0.16 (specifically,
it is the one that is in phase with the condensate density), but
the other slosh mode gains energy at phase separation. Thus,
below Uj, the degeneracy of the slosh modes is lifted. With

0.30Er 0.22ER 0.13Er 0.05ERr

o

o

FIG. 4. Evolution of the quasiparticle amplitude corresponding to
the other slosh mode, which is degenerate to the mode shown in Fig. 3
in the miscible domain. These amplitudes correspond to (a)—(d) the
first species and (e)—(h) the second species of the $7Rb -5 Rb TBEC
with the change in Us,, which is shown at the top of the figures. (d) and
(h) At a critical value of U,,, this mode hardens and transforms into
an interface mode. The red (blue) contours represent the quasiparticle
amplitude of first (second) species. Here x and y are in units of the
lattice constant a.
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a further decrease of U, one striking effect of the optical
lattice potential is observed: The soft slosh mode gains energy
and is transformed into an interface mode. This is in stark
contrast to the case without the lattice potential, where the
mode remains soft [66]. This is also apparent from the nature
of the quasiparticle amplitudes shown in Figs. 3(c), 3(d), 3(g),
and 3(h) and Figs. 4(c), 4(d), 4(g), and 4(h). The Kohn mode,
on the other hand, remains steady with an energy of 0.2E.

Considering the general trend, there are only mode cross-
ings in the miscible domain, however, both mode crossings and
avoided crossings occur in the phase-separated domain. Prior
to phase separation, out-of-phase modes decrease in energy
as Uy, is lowered, but the in-phase modes remain steady.
So no mode mixing occurs when modes of the former type
encounters the latter, and they cross each other. However, when
Uy, is below the critical value, degeneracies are lifted and
mode mixing can occur. This explains the presence of avoided
crossings in the phase-separated domain. The energies of the
out-of-phase modes decrease monotonically with decreasing
U»; as it favors phase separation. After phase separation, these
modes get hardened due to rotational symmetry breaking. It
must be noted that, as shown in Fig. 1(b), the density profiles
are shell structured or rotationally symmetric for intermediate
values of U,,. However, there is a sharp transition to the
side-by-side density profile as phase separation occurs when
Uy, is lowered.

2. The **Cs-¥ Rb TBEC

For the '33Cs -¥’Rb TBEC, as mentioned earlier, we vary
the interspecies interaction Uj, to induce the miscible to
immiscible phase transition. The density profiles, as the
miscible to immiscible transition occurs, are shown in Fig. 5.
The change, except for the curvature at the interface, are similar
to the case of the ’Rb$°Rb TBEC shown in Fig. 1. The
evolution of the mode energies before, during, and after the
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FIG. 5. Geometry of the condensate density profiles and its
transition from the miscible to the immiscible domain in the
133Cs-8Rb TBEC. The species labeled 1 (2) is shown as red (blue)
contours. Here x and y are in units of the lattice constant a.

063608-5



K. SUTHAR AND D. ANGOM
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FIG. 6. Evolution of the low-lying modes as a function of the
interspecies interaction in the '**Cs #’Rb TBEC held in quasi-2D
optical lattices. The slosh mode and Kohn mode are marked by the
black arrows. The energies marked by red arrows correspond to the
quasiparticle amplitudes shown in Figs. 7 and 8. Here U, is in units
of the recoil energy Eg.

transition are shown in Fig. 6. Like in the previous case of the
87Rb -3°Rb TBEC, the slosh mode is degenerate in the miscible
domain [shown in Figs. 7(a), 7(e), 8(a), and 8(e)]. It goes
soft at the critical value Uy, = 0.68E and the degeneracy
is lifted. As shown in Figs. 7(b)-7(d), 7(f)-7(h), 8(b)-8(d),
and 8(f)-8(h), the evolution of the nondegenerate modes is
qualitatively similar to that of the Rb-*Rb TBEC. One
key feature in the general trend of the mode evolution is
that in the miscible domain all the mode energies decrease
with an increase in Uj,. However, as discussed earlier, in
the 8’Rb -35Rb TBEC the energies of all the in-phase modes
(modes with same phase of u; and u,) remain steady. At phase
separation, the mode energies reach minimal values and then
increase with increasing Uj, in the immiscible domain. To
gain insight into these trends, we examine the dependence on
various parameters with a series of computations.

Based on the results, we observe that the form of the
interaction, interspecies or intraspecies, which is tuned to

0.5ERr 0.8ERr 1.0ER 1.2FERr

o
oo (d)
A%

5000

o$o

!
[,

'
[,

FIG. 7. Evolution of the quasiparticle amplitude corresponding
to the slosh mode of (a)—(d) the first species and (e)—(h) the second
species of the 133Cs-%’Rb TBEC as U, is increased from 0.5Eg to
1.2E. The value of U,, is shown at the top of the figures. The red
(blue) contours represent the quasiparticle amplitude of '**Cs (*’Rb).
The density perturbation is from dotted contours to solid contours.
Here x and y are in units of the lattice constant a.
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FIG. 8. Evolution of the quasiparticle amplitude corresponding
to the slosh mode, which is degenerate with the mode shown in Fig. 7
in the miscible domain. These amplitudes correspond to (a)—(d) the
first species and (e)—(h) the second species of the 133Cs -8’Rb TBEC
as Uy, is increased from 0.5FE% to 1.2E. The value of U, is shown
at the top of the figures. At a critical value of U),, the energy of the
mode increases and transforms into an interface mode. The red (blue)
contours represent the quasiparticle amplitude of **Cs (*Rb). Here
x and y are in units of the lattice constant a.

drive the miscible to immiscible transition, has an impact on
the trends of the mode evolution. An important observation
is that for high U /J; all the modes decrease in energy,
in the miscible domain, when the interspecies interaction is
tuned. However, when the intraspecies interaction is tuned
all the in-phase modes remain steady. Thus, we attribute the
difference in the trends to the geometry of the interface at phase
separation. When the interspecies interaction is tuned, as in the
133 87Rb TBEC, the interface at phase separation is linear,
as is evident from Fig. 5(c). Thus, it can align with the nodes
of the mode functions and decrease all the mode energies.
This is not possible in the other case, tuning the intraspecies
interaction in the ’Rb 3°Rb TBEC, as the interface is curved
as shown in Fig. 1(c).

B. Dispersion relations

To obtain dispersion curves, based on Eq. (11), we compute
(ke); of the [th quasiparticle and plot the mode energies. To
highlight trends in the dispersion curves dependent on angular
momentum, we choose parameters different from what we
have considered so far. Furthermore, we restrict ourselves to
the case of the ’Rb #*Rb TBEC, where the trends in dispersion
curves are more prominent due to weaker interatomic interac-
tions, and small mass difference. In particular, we consider a
system of the 8’Rb -*Rb TBEC with DNLSE parameters J; =
J» =0.66Eg and U;; = Uy = 0.01E. For the interspecies
on-site interactions Uj,, to explore the dispersion relations
in the miscible and immiscible domains we set it to 0.003 E g
and 0.08 E'g, respectively. All the other parameters are retained
with the same values as mentioned earlier. One important point
to be emphasized is that, unlike the parameters in the mode
evolutions studies, the current choice of DNLSE parameters
corresponds to two different sets of Ny and N,.
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FIG. 9. Discrete BdG quasiparticle dispersion curve in (a) the
miscible and (b) the immiscible domain of the ’Rb-%Rb TBEC
with J; = J, = 0.66Ex and U;; = Uy = 0.01 E. The interspecies
on-site interaction U, is (a) 0.003E; and (b) 0.08 E ;. The excitation
energy E; is in units of the recoil energy Eg.

1. Miscible domain

The ground state of the system has rotational symmetry in
this domain. Hence, the azimuthal quantum number m is a
good quantum number and the finite interspecies interaction
mixes modes with the same m arising from each of the two
species. This is reflected in the branchlike structures in the
dispersion curve as shown in Fig. 9(a). To understand the
physics behind the structure of the dispersion curves, we
examine the structure of the quasiparticle modes. For this,
let us focus on modes that lie on three branches, marked by
arrows, in Fig. 9(a). Each of the modes can be identified based
on the value of m. As an example, three from the low energies
(®~1ER) and another three from higher energies (*2Ey) are
shown in Fig. 10.

The energies of the first three quasiparticle modes in
Figs. 10(a)-10(c) are the out-of-phase type and the values of m
are 1, 4, and 6. Among these modes, the first two modes have
(kg); ~ 0.42 and are phononlike as these lie on the linear part
of the dispersion curve. However, the mode in Fig. 10(c) with
(kg); ~ 0.44 and m = 6 is a surface mode, which is evident
from the structure of the mode function. The same observation
is confirmed from the exponential decay in the numerical
values of u towards the center. These three modes show that
within the same energy range (=1 E), phononlike and surface
excitation coexists. One discernible trend is that the modes
with higher m and (k;); have extrema located farther from the
center of the trap and turn into surface modes. The quasiparticle
amplitudes with higher excitation energies (*2E), shown in
Figs. 10(d)-10(f), have intricate structures. This is as expected
arising from the larger mode mixing due to the higher density
of states and nonzero Ui, and it is harder to identify the m
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FIG. 10. Quasiparticle amplitudes in the miscible domain of
a TBEC. (a)—~(c) Quasiparticle amplitudes with excitation energy
(~1Eg) and (d)—(f) quasiparticle amplitudes with excitation energy
(~2ER). These quasiparticles are indicated in the dispersion plot
[Fig. 9(a)] by black circles. The excitation energy corresponding to
each quasiparticle is written in the lower left corner of each plot in
units of the recoil energy. The excitations corresponding to species
1 (2) are shown with red (blue) contours. Here x and y are in units of
the lattice constant a.

of these modes. However, based on the number of minima
and maxima at the outer edges, we compute the azimuthal
quantum number of these mode functions as m ~ 4,6,8. Thus,
the quasiparticle modes of this domain preserve the rotational
symmetry.

2. Immiscible domain

For the immiscible domain, the dispersion curve is as
shown in Fig. 9(b) and there are no discernible trends. The
reason is that in this domain the condensate density profile
does not have rotational symmetry and hence there is mixing
between quasiparticle modes with different m values. To
examine the structure of the mode functions we consider
three, each with energies ~0.4Ex and ~1.55FE; these are
shown in Figs. 11(a)-11(c) and Figs. 11(d)-11(f), respectively.
Consider the modes with energies 0.39Ex and 0.38Eg as
shown in Figs. 11(a) and 11(b). The flow patterns in these are
equivalent to the breathing and slosh modes in single-species
condensates, respectively. There is, however, one important
difference: The density flow involves both species, and have
different velocity fields. The mode with energy 0.41 E g, shown
in Fig. 11(c), is out of phase in nature and has a different
configuration compared to the two previous ones. That is, the
mode functions are prominent around the interface region and
are negligible in the region where the condensate densities are
maximal. In the continuum case, modes with a similar structure
(interface mode) have been reported [44,66]. The mode with
higher energies have enhanced mode mixing due to a higher
density of states, which is evident from the structure of the
modes with ~1.55E shown in Figs. 11(d)-11(f). Hence, it
is nontrivial to classify the modes like in the case of modes
with energies ~0.4Eg. In terms of the geometrical structures,
the modes in Figs. 11(d)-11(f) have extrema coincident with
the condensates, an interlaced distribution, and are localized
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FIG. 11. Quasiparticle amplitudes in the immiscible domain of
a TBEC. (a)—(c) Quasiparticle amplitudes with excitation energy
(~0.4ER) and (d)—(f) quasiparticle amplitudes with excitation energy
(~1.5ER). These quasiparticles are indicated in the dispersion plot
[Fig. 9(b)] by black circles. The excitation energy corresponding to
each quasiparticle is written in the lower left corner of each plot in
units of the recoil energy. The excitations corresponding to species
1 (2) are shown with red (blue) contours. Here x and y are in units of
the lattice constant a.

in the interface region, respectively. Thus, within a range of
excitation energies, there exist modes with diverse characters.

IV. CONCLUSION

In this work we have examined the configurations of the
ground state and the quasiparticle spectra of TBECs in quasi-
2D optical lattices. Our results are relevant to the superfluid
phase (J > U) of ultracold atoms in an optical lattice and with
a lattice constant much smaller than the oscillator length of
the background harmonic-oscillator trapping frequency (a <

PHYSICAL REVIEW A 93, 063608 (2016)

Qosc = Vh/miwy). Our study shows that the introduction
of an optical lattice potential modifies the geometry of the
condensate density distribution of TBECs at phase separation.
The sandwich or shell structured density profiles are no longer
energetically favorable and the side-by-side geometry emerges
as the only stable ground-state density profile. This arises
from the higher interface energy due to the local density
enhancements at lattice sites. The other important observation
is that, as the TBEC is tuned from the miscible to the
immiscible phase, the evolution of the quasiparticle spectra
can be grouped into two. The first group has quasiparticles that
exhibit a decrease in the mode energies as we approach phase
separation and reach minimal values at the critical interaction
strength. However, the mode energies increase after crossing
into the domain of phase separation. The second group, on
the other hand, remains steady as the interaction strength is
tuned across the critical value. Furthermore, we have examined
the dispersion curves for miscible and immiscible domains of
TBECs. The curves in the miscible domain show discernible
trends associated with the azimuthal quantum number of
the quasiparticle. However, in the immiscible domain there
are no discernible trends associated with azimuthal quantum
number. This is due to the rotational symmetry breaking of the
condensate density profiles and the resulting mixing of modes
with different azimuthal quantum numbers.
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We study two-species Bose-Einstein condensates confined in quasi-two-dimensional (quasi-2D) optical lattices
at finite temperatures, employing the Hartree-Fock-Bogoliubov theory with the Popov approximation. We
examine the role of thermal fluctuations in the ground-state density distributions and the quasiparticle mode
evolution. At zero temperature, the geometry of the ground state in the immiscible domain is side by side. Our
results show that the thermal fluctuations enhance the miscibility of the condensates, and at a characteristic
temperature the system becomes miscible with rotationally symmetric overlapping density profiles. This
immiscible-miscible transition is accompanied by a discontinuity in the excitation spectrum, and the low-lying
quasiparticle modes such as slosh mode become degenerate at the characteristic temperature.
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I. INTRODUCTION

Ultracold atoms in an optical lattice offer fascinating
prospects to investigate many-body quantum physics of
strongly correlated systems in a highly controllable environ-
ment [1-4]. These systems are recognized as ideal tools to
explore new quantum phases [5—7], complex phase transitions
[8-11], quantum magnetism [12,13], and quantum information
[14] and to simulate the transport and magnetic properties of
condensed-matter systems [15,16]. Moreover, the effects of
phase separation [17,18], quantum emulsions and coherence
properties [19-21], and multicritical behavior [22,23] of the
mixtures have been explored in the past decade.

Among the various observations made in two-species Bose-
Einstein condensates (TBECs) of ultracold atomic gases, the
most remarkable is the phenomenon of phase separation, and
it has been a long-standing topic of interest in chemistry and
physics. For repulsive on-site interactions, the transition to the
phase-separated domain or immiscibility is characterized by
the parameter A = U11U22/U122 — 1, where U;; and U,, are
the intraspecies on-site interactions and U is the interspecies
on-site interaction. When A < 0, an immiscible phase occurs
in which the atoms of species 1 and 2 show relatively strong
repulsion, whereas A > 0 implies a miscible phase [24-26]. It
is important to note that the mention criterion is valid at zero
temperature for homogeneous systems. The presence of an
external trapping potential, however, modifies this condition,
as the trap introduces an additional energy cost for the species
to spatially separate [27]. In experiments, the unique feature
of phase separation has been successfully observed in TBECs
with a harmonic trapping potential [28-30]. Previously, in
the context of superfluid helium at zero temperature, the
phase separation of bosonic mixtures of isotopes of different
masses has also been predicted in Refs. [31] and [32]. Recent
experimental realizations of TBECs in optical lattices, either
of two atomic species [33] or two hyperfine states of same
atomic species [34,35], provide the motivation to study these
systems in detail. In recent works, we have examined the
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miscible-immiscible transition, and the quasiparticle spectra
of the TBECs at zero temperature in quasi-one-dimensional
(quasi-1D) [36] and quasi-two-dimensional (quasi-2D) [37]
geometries. The finding in the latter work [37], where we
examined the nature of the density profiles in the immiscible
regime at zero temperature, is of relevance to the present
work. In addition, we showed how the optical lattice potential
influences the density profiles in the immiscible domain. The
other related study is the ground-state phase diagram, and the
effect of the filling factor of the TBECs on the phenomenon
of phase separation, which was investigated using quantum
Monte Carlo simulations [38,39]. In addition, phase separation
of TBEC:s at various length scales has been examined using the
multiorbital mean-field theory [40,41]. Among the full quan-
tum methods the multiconfigurational time-dependent Hartree
for bosons (MCTDHB) method provides a good description
of the formation of interference fringes in the densities during
the mixing of condensates [42,43]. This method allows the
dynamical creation of quantum superposition of states in
ultracold Bose gases [44]. In other theoretical studies, the
finite-temperature properties of TBECs have been explored
[45-47]. In continuum or TBECs with a harmonic confining
potential alone, we have explored the suppression of phase
separation due to the presence of thermal fluctuations [48].
However, a theoretical understanding of the finite-temperature
effects on the topology and the collective excitations of
TBEC:s in optical lattices is yet to be explored. Bose-Einstein
condensation and, hence, the coherence in a system of
bosons depend on the interplay between various parameters,
such as the temperature, interaction strength, confinement,
and dimensionality [49]. In particular, in low-dimensional
Bose gases, coherence can only be maintained across the
entire spatial extent at a temperature much below the critical
temperature. The coherence property, in experiments, has been
studied in recent works [50-54].

With attention to this unexplored physics, we study the
finite-temperature effects of quasi-2D trapped TBECs in
optical lattices. In the present work, we address the topological
phase transition in TBECs of two isotopes of Rb with
temperature as a control parameter in the domain 7 < T,
where T, is the critical temperature of either of the species of

©2017 American Physical Society



K. SUTHAR AND D. ANGOM

the mixture. Here, it must be mentioned that in our previous
works [36,37], we investigated the ground-state density and
quasiparticles with variation in the on-site interaction energy
at zero temperature. In addition, we have examined the effect
of quantum fluctuations on the ground-state geometry and
collective excitations of quasi-1D TBECs. In the present work,
we examine the evolution of quasiparticle modes of TBECs
in quasi-2D optical lattices with variation in the temperature.
For this work, we use the Hartree-Fock-Bogoliubov (HFB)
formalism with the Popov approximation, and starting from
the phase-separated domain at zero temperature we increase
the temperature. We observe that there is an immiscible-to-
miscible transition of the TBEC at a characteristic temperature.
This transition is accompanied by a discontinuity in the
quasiparticle excitation spectrum, and in addition, some of
the modes like the slosh mode become degenerate. We then
compute the equal-time first-order spatial correlation function,
which is a measure of the coherence and phase fluctuations
present in the system. It describes the off-diagonal long-range
order, which is a defining feature of the BEC [55]. This is
an important theoretical tool to study many-body effects in
atomic physics experiments [56,57].

This paper is organized as follows. In Sec. II we describe
the HFB-Popov formalism and the numerical techniques used
in the present work. The evolution of the quasiparticle modes
and density distributions with the temperature is reported in
Sec. III. Finally, our main results are summarized in Sec. IV.

II. THEORY AND METHODS
A. HFB-Popov approximation for a quasi-2D TBEC

We consider a TBEC confined in an optical lattice with
a pancake-shaped configuration of the background harmonic
trapping potential. Thus, the trapping frequencies satisfy
the condition w; < w, with w; = w, = w, . In this system,
the excitation energies along the axial direction are high,
and the degree of freedom in this direction is frozen. The
excitations, both quantum and thermal fluctuations, are con-
sidered only along the radial direction. In the tight-binding
approximation [58,59], the Bose-Hubbard (BH) Hamiltonian
[60-62] describing this system is

2
H=7) [_J’f Y alae + Y (¢ - “k)&zs&kz;}
k=1 H

(§8")

2
+ %ZUkkﬁZgﬁzgaksﬁkg + UIZZ ﬁlsfllsﬁ;gflzs, 1
k=1,& §

where k = 1,2 is the species index, 4 is the chemical potential
of the kth species, and ¢ (&,15) is the annihilation (creation)
operators of the two species at the &th lattice site. The index
is such that £ = (i, j), with i and j the lattice site index along
the x and y directions, respectively. The summation index
(£&’) represents the sum over the nearest neighbor to the
&th site. The tight-binding approximation is valid when the
depth of the lattice potential is much larger than the chemical
potential Vi > uy; the BH Hamiltonian then describes the
system when the bosonic atoms occupy the lowest energy
band. A detailed derivation of the BH Hamiltonian is given
in our previous works [36,37]. In the BH Hamiltonian, J;
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are the tunneling matrix elements, eék) is the offset energy

arising due to the background harmonic potential, and Uy
(Uj,) are the intraspecies (interspecies) interaction strengths.
In the present work all the interaction strengths are considered
to be repulsive, that is, Uk,Ujz > 0.

In the weakly interacting regime, under the Bogoliubov
approximation [63,64], the annihilation operators at each
lattice site can be written as a1z = (cz + ¢re)e M/ and
Qo = (dz + og)e *2!/" where c; and d; are the complex
amplitudes describing the condensate phase of each of the
species. The operators @1z and @»¢ represent the quantum or
thermal fluctuation part of the field operators. Furthermore, we
consider the system in the superfluid domain where the mean-
field description is applicable, and accordingly, the parameters
satisfy the condition U/J < 16.7 [65-67]. In this domain,
the equation of motion of the condensate in an optical lattice
with the tight-binding approximation is reduced to the discrete
nonlinear Schrodinger equation (DNLSE). However, in the
Mott-insulator phase, U/J > 16.7, the mean-field description
breaks down, and a full quantum description is required
[68—70]. From the equation of motion of the field operators
with the Bogoliubov approximation, the equilibrium properties
of a TBEC is governed by the coupled generalized DNLSEs,

nice = —Jl ZC%H + [Eél) + U“(nﬁg + Zﬁlg) + Ulznzg]CS,
2

(2a)
Mng =-) str + [652) + Uzz(ngé + Zﬁzg) + Ulznlg]dg,
&

(2b)

where n§, = |c¢|> and n$, = |d; %, fixe = (D} Pre), and
Nge = ”is + fige are the condensate, noncondensate, and total
density of the species, respectively. The fluctuation operators
are defined in terms of the quasiparticles through the Bogoli-
ubov transformation
Pre = Y [uhere™ " — vilafel], 3)
I
where & (072') are the quasiparticle annihilation (creation)
operators, which satisfy the Bose commutation relations, / is
the quasiparticle mode index, "‘ig and v,l(E are the quasiparticle
amplitudes for the kth species, and w; = E; /A is the frequency
of the /th quasiparticle mode with E; as the mode excitation
energy.
Using the Bogoliubov transformation, we obtain the HFB-
Popov equations [37]

El”l1,g =-/ (“11,571 + “11.§+1) +ul“ll.g - Unq?vi,g

+ Unpcg (dudh o — e ), (4a)
Ervie = e + Ve + Ui + Uneung
_ Ulzcg(dgvé’s — dg"‘[z,g)’ (4b)

E]I/tlz’é = — Jz(ulzﬁé,l + M]2,$+1) +Z/[2u12’5 — Uzzdézvllé
—|—U12dg(c’§ull,é —Cgvll,g), (40)
E I J 1 1 u ) U d*2 1
o = Da(vae + Vo) H UV + Undiuy
— Undy (e o — ciul ;). (4d)
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where Uy = 2Uy(nj; +7iie) + Una(nge + fine) + (Eél) —

1) and Us = 2Un(ng, + fizg) + Unn(n, + fine) + (€ —

W2) with U, = —Uy. To solve the above eigenvalue equation,
we use a basis set of on-site Gaussian wave functions and define
the quasiparticle amplitude as a linear combination of the basis
functions. The condensate and noncondensate densities are
then computed through the self-consistent solution of Egs. (2)
and (4). The noncondensate atomic density at the £th lattice
site is

e = O [(uhe | + |oke PYNo(ED + ok )] (5)
1

where No(E;) = (e?5 — 1)~ with 8 = (kzT)~' is the Bose-
Einstein distribution factor of the /th quasiparticle mode
with energy E; at temperature 7. The last term in iz is
independent of the temperature and, hence, represents the
quantum fluctuations of the system. To examine the role of
temperature we define the miscibility of the condensates in
terms of the overlap integral

__ U ni(na(r)dr]?
[ [ ni@ydr][ [ ni@)dr]

Here, n;(r) is the total density of the kth condensate at position
r = (x,y). If the two condensates of the TBEC have complete
overlap with each other, then the system is in the miscible phase
with A = 1, whereas for the completely phase-separated case
A = 0. Using A as a measure we identify the miscible and
immiscible domains as a function of the temperature. As we
use the coupled DNLSEs to describe the TBEC, our study is
valid deep within the superfluid domain, and the mean-field
description would begin to deviate from the true results near the
superfluid—Mott-insulator phase transition. In this regime a full
quantum description [70] would be the appropriate method,
and the same applies to probing the nature of the quantum
phase transition [71-74]. It is well established that for some
parameter regimes, TBECs in optical lattices can be either the
superfluid phase of both species or the superfluid phase of one
species coexisting with the Mott-insulator phase of the other
[75-78].

(6)

B. Field-field correlation function

To define a measure of the coherence in the condensate
we introduce the first-order correlation function g,((l)(r,r’),
which can be expressed as expectations of the products of
field operators at different positions and times [79—-82]. These
are normalized to obtain the unit modulus in the case of
perfect coherence or a system consisting of only condensate
atoms. Here, we restrict ourselves to ordered spatial correlation
functions at a fixed and equal time. In terms of the quantum
Bose field operator W, the first-order spatial correlation
function is

gt \f /
¢rr) = (W () Wi (r')) ’ e
(0] ()W (0)) (B () B ()

where (- - - ) represents thermal average. It is important to note
that the local first-order correlation function is equal to the
density, i.e., g,ﬁl)(r,r) = n(r). The expression of g,({l)(r,r/) can
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also be written in terms of condensate and noncondensate
density correlations as

ng(r,xr') + fig(r,r’)

8
/np(ng(r’) ®

1
g r) =

where

ng(r,r) = YY),
e(r,r) = Y [{uf mul ') + vi' (v ()} No(Er)

1
+ v ()],

ni(r) = ni(r) + 7ig(r)

are the condensate density correlation, noncondensate density
correlation, and total density of the kth species, respectively.
In the above expressions, n{(r,r’) and 7ix(r,1’) are obtained by
expanding the complex amplitudes (cg,d ) and the quasiparti-
cle amplitudes (u} ., v; ) in the localized Gaussian basis. At
T = 0K, the entire condensate cloud has complete coherence,
and therefore g,({l) = 1 within the condensate region. In TBECs,
the transition from the phase-separated to the miscible domain
at T # 0 has characteristic signatures in the spatial structure
of g,(cl)(r,r/).

C. Numerical methods

To solve the coupled DNLSEs, Egs. (2), we scale and
rewrite the equations in the dimensionless form. For this
we choose the characteristic length scale as the lattice
constant @ = Ay /2, with A the wavelength of the laser which
creates the lattice potential. Similarly, the recoil energy Egr =
hzk% /2m, with m the atomic mass of the species and k; =
2w /Ar, is chosen as the energy scale of the system. We use
the fourth-order Runge-Kutta method to solve these equations
for zero as well as finite temperatures. To initiate the iterative
steps to solve the equations appropriate initial guess values of
ce and dg are chosen. For the present work we chose values
corresponding to the side-by-side profile, as it gives quasiparti-
cle energies which are real and not complex. This is important,
as it shows that the solution we obtain is a stable one, and not
a metastable one. The stationary ground-state wave function
of the TBEC is obtained through imaginary-time propagation.
In the tight-binding limit, the width of the orthonormalized
Gaussian basis functions localized at each lattice site is 0.3a.
Furthermore, to study the quasiparticle excitation spectrum, we
cast Egs. (4) as matrix eigenvalue equations, and diagonalize
the matrix using the routine ZGEEV from the LAPACK library
[83]. For finite-temperature computations, to take into account
thermal fluctuations, we solve the coupled equations, Eqgs. (2)
and Eqgs. (4), self-consistently. The solution of the DNLSEs
is iterated until it satisfies the convergence criteria in terms
of the number of condensate and noncondensate atoms. In
general, the convergence is not smooth, and most of the time
we encounter severe oscillations in the number of atoms. To
remedy these oscillations and attain convergence, we damp the
solution using the successive overrelaxation (underrelaxation)
technique while updating the condensate (noncondensate)
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atoms. Thus, the new solutions after an iteration cycle (IC)
are

ciqe =r®ceic + (1 = r™)ezic-1, (9a)
dg5¢ = r%dgic + (1 = r*")dg 1c-1, (9b)
figenic = r"ikeac + (1 —r"ig 1c-1, (9¢)

where % > 1 (r'"" < 1) is the overrelaxation (underre-
laxation) parameter. The choice of r°" and r"" depend on
the temperature and interaction parameters. In general, our
observation is that the oscillations are more prominent at
higher temperatures, and hence, lower values of r°" and r""
must be chosen. This in turn implies that it takes a larger
number of iterations to get converged solutions at higher
temperatures.

III. RESULTS AND DISCUSSION

To examine the effects of thermal fluctuations on the
quasiparticle spectra we consider the ’Rb-8Rb TBEC with
87Rb labeled species 1 and ®*Rb labeled species 2. The
radial trapping frequencies of the harmonic potential are
w, = w, = w; =27 x 50 Hz with the anisotropy parameter
w,/w; = 20.33, and these parameters are chosen based on
the experimental work of Gadway and collaborators [34] on
the TBEC of two hyperfine states of 8’Rb in optical lattices.
It is important to note that we consider equal background
trapping potentials for species 1 and 2. We emphasize here
that the results are equally applicable to the case of the TBEC
consisting of two hyperfine states of 8’Rb, however, we have
chosen 8’Rb-%Rb to highlight that the small mass difference
has no influence on the geometry of the ground state. The
laser wavelength used to create the 2D lattice potential and
the lattice depth are A, = 1064 nm and Vy = SEg, respec-
tively. We then take the total number of atoms as N; = N, =
100 confined in a 40 x 40 quasi-2D lattice system. It must be
mentioned that the number of lattice sites considered is much
larger than the spatial extent of the condensate cloud. Although
the computations require a longer time with the larger lattice
size, we chose it to ensure that the spatial extent of the thermal
component is confined well within the lattice considered. The
tunneling matrix elements are J; = 0.66 Eg and J, = 0.71Eg,
which correspond to an optical lattice potential with a depth
of 5E. The intraspecies and interspecies on-site interactions
are set as Uy = 0.07Eg, Uy = 0.02ER, and Uy, = 0.15Ep,
respectively. For this set of parameters the ground-state density
distribution of 3’Rb-35Rb TBEC is phase separated with side-
by-side geometry. This is a symmetry-broken profile where
one species is placed to the left and the other to the right of
the trap center along the y axis. The evolution of the ground
state from the miscible to the side-by-side density profile due
to a decrease in the Uy, is reported in our previous work [37].
In the present work, we demonstrate the role of temperature in
the phase-separated domain of the binary condensate.

A. Zero temperature

At zero temperature, in the phase-separated domain, the
energetically preferable ground state of TBEC is the side-by-
side geometry, which is reported in our previous work [37].
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FIG. 1. Density distribution for the condensate atoms of
87Rb-35Rb TBEC as a function of the temperature 7/ T,. Density
profiles of the ’Rb (upper panel) and 3Rb species (lower panel)
are shown for 7/7T, = 0, 0.08, 0.17, and 0.2. In the phase-separated
domain, the condensate density has side-by-side geometry at zero
temperature, and as the temperature is increased, there is a transition
to the miscible domain or the densities completely overlap at
T., = 0.185T,. Here x and y are measured in units of the lattice
constant a.

Unlike in the 1D system [36] in the quasi-2D system the
presence of the quantum fluctuations does not alter the ground
state. For the parameters chosen the ¥’ Rb-3Rb TBEC is phase
separated, and the overlap integral has the value A = 0.10.
The density distributions of the condensate and noncondensate
atoms of the two species at zero temperature are shown in Fig. 1
and Fig. 2. This is a symmetry-broken side-by-side geometry
with noncondensate atoms more localized at the edges of the
condensate along the y axis.

B. Finite temperatures

AtT # 0, in addition to the quantum fluctuations, which are
present at zero temperature, the thermal cloud also contributes
to the noncondensate density. As shown in Figs. 1 and 2, at
T/T, = 0.08, the condensate density profiles of both species
begin to overlap or, in other words, the two species are partly
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FIG. 2. Density distribution for the noncondensate atoms of
87Rb-*Rb TBEC as a function of the temperature T/ T.. The non-
condensate density of the ’Rb (upper panel) and **Rb (lower panel)
species are shown for 7/ 7, = 0, 0.08, 0.17, and 0.2. Noncondensate
atoms which are localized at the edges acquire rotational symmetry
in the miscible phase, which happens at T, = 0.1857, as the
temperature is increased. Here x and y are measured in units of
the lattice constant a.
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miscible. This is also evident from the value of A = 0.16,
which shows a marginal increase compared to the value of
0.10 at zero temperature. In the figures, the temperature is
defined in units of the critical temperature 7, of 8Rb atoms,
which for the parameters considered is 338 nK based on our
finite-temperature computations. This value of 7 is consistent
with the analytic expression for an ideal Bose gas in an optical
mw*a® [ Ny

lattice [84],
2/3
e = —] , (10)
2rkp [ £(3/2)

where w is the geometric mean of the three oscillator frequen-
cies, Ny is the number of atoms of the kth species and ¢(3/2) =
2.612 is the Riemann zeta function. In the presence of the
harmonic confinement, the repulsive interatomic interaction
reduces the density at the trap center and hence decreases 7,
[84]. Upon a further increase in temperature, at 7/ 7T, = 0.18,
A = 0.36, this indicates an increase in the miscibility of
the two species. Another important feature at 7/7, = 0.08
and 0.18 is the localization of the noncondensate atoms at
the interface. This is due to repulsion from the condensate
atoms and the lower thermal energy, which is insufficient to
overcome this repulsion energy. The transition to the miscible
domain occurs when the temperature exceeds the characteristic
temperature

~ V 1 max/2max U12
-~

Ten ~ e 1D
where 7npmax 1S the maximum density of the kth species.
At higher temperatures, the extent of overlap between the
condensate density profiles increases, and the TBEC is com-
pletely miscible at T, = 0.1857, ~ 63 nK. This is reflected
in the value of A = 0.95, and the condensate as well as
the noncondensate densities acquire rotational symmetry.
The T, at which this transition occurs corresponds to the
thermal energy kp T, = 0.72ER, which is comparable to the
interspecies interaction energy of 0.66 E. Albeit, we discuss
in detail the results for the parameters mentioned earlier, we
find similar trends in the immiscible-miscible transition for
different values of J’s and U’s. As is to be expected the only
change is that the Ty, is lowered at a higher J. This is due to
the higher kinetic energy associated with a higher J; hence the
atoms require less thermal energy to overcome the interspecies
repulsion energy for the transition to the miscible phase. In
terms of the interaction energies, the lower value of Uy, and
higher value of U, increase the T, of the TBEC.

The transition from the phase-separated to the miscible
domain can further be examined from the evolution of
the quasiparticle modes as a function of the temperature. The
evolution of the few low-lying mode energies with temperature
is shown in Fig. 3, where the temperature is defined in
units of 7. It is evident from the figure that there are mode
energy bifurcations with the increase in temperature. These are
associated with the restoration of rotational symmetry when
the TBEC is rendered miscible through an increase in the
temperature.

As is to be expected the two lowest energy modes are
the zero-energy or the Goldstone modes, which are the
result of the spontaneous symmetry breaking associated with
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FIG. 3. Evolution of the excitation energies of the low-lying
quasiparticle modes as a function of the temperature in *Rb-%Rb
TBEC. The slosh and some of the other higher energy modes
become degenerate at Ty, = 0.1857,, where the density distribution
is transformed from phase-separated to the miscible profile. In the
plot, the slosh mode (SM), Kohn mode (KM), breathing mode (BM),
and quadrupole mode (QM) are shown by the black arrows. Here, the
excitation energy E; and the temperature 7 are scaled with respect
to the recoil energy Ey and the critical temperature 7, of the $’Rb
species, respectively.

condensation. In the phase-separated domain, these modes
correspond to one each for each of the species. The first two
excited modes are the nondegenerate Kohn or slosh modes
of the two species, and these remain nondegenerate in the
domain T < Tg,. The structures of these modes are shown in
Figs. 4 and 5. When T > T, as the TBEC acquires rotational
symmetry, the slosh modes becomes degenerate with 7 /2
rotation. A key feature in the quasiparticle mode evolution
is that the energy of all the out-of-phase modes increases for
T > T, whereas all the in-phase modes remain steady. Here,
out-of-phase and in-phase means that the amplitudes u; and
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FIG. 4. Quasiparticle mode function of the first excited mode
(slosh mode) as a function of the temperature for the *Rb-%*Rb
TBEC. The mode functions corresponding to the *’Rb and %Rb
species are shown in the upper and lower panels, respectively. The
slosh mode is an out-of-phase mode where the density flows of the two
species are in opposite directions. As the TBEC acquires rotational
symmetry at T, = 0.1857,, the slosh mode is rotated by an angle
7w/2 for T/T. > 0.185. The value of T/ T, is shown in the top-left
corner of each plot in the upper panel. The spatial coordinates x and
y are in units of the lattice constant a.
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FIG. 5. Quasiparticle mode function corresponding to the second
excited mode (slosh mode), which becomes degenerate with the first
excited mode for T/ T. > 0.185. The mode functions of the ¥’Rb and
85Rb species are shown in the upper and lower panels, respectively.
The value of T/ T, is shown in the top-left corner of each plot in the
upper panel. Here x and y are in units of the lattice constant a.

up of a quasiparticle are of different and the same phases,
respectively. Among the low-energy modes, the Kohn mode
is in-phase, whereas the breathing and quadrupole modes are
out-of-phase in nature. One unique feature of the TBEC in
the immiscible phase is the presence of interface modes; these
have amplitudes prominent around the interface region. The
existence of these modes is reported in our previous work
[37] and was investigated in other works [85,86] for TBECs
confined in a harmonic potential alone at zero temperature. As
an example, one of the low-energy interface modes is shown in
Fig. 6. Itis evident from the figure that the mode is out-of-phase
in nature, and it is transformed into the breathing mode in
the miscible domain when T > T,. In the miscible domain,
the breathing mode becomes degenerate with the quadrupole
mode and gains energy. The quasiparticles of the miscible
domain have a well-defined azimuthal quantum number, and
modes undergo rotations as 7 is increased further.

To gain additional insight into the immiscible-miscible
transition, we consider other TBECs. In particular, we consider

-5

-5 0 5

-5 0 5
T
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FIG. 6. The quasiparticle mode function corresponding to the
interface mode in the phase-separated domain of 8Rb -*Rb TBEC
as a function of the temperature. This is an out-of-phase mode and the
mode function is more prominent at the interface region between the
condensates. For 7'/ T, > 0.185, when the TBEC acquires rotational
symmetry, this mode is transformed into the out-of-phase breathing
mode, where the mode functions are radially symmetric. The value of
T /T, is shown in the top-left corner of each plot in the upper panel.
Here x and y are in units of the lattice constant a.
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FIG. 7. Normalized first-order spatial correlation function
g,((l)(O,r) for 8Rb (upper panel) and **Rb (lower panel) species at
T/T.=0,0.08,0.17, and 0.2. Here x and y are measured in units of
the lattice constant a.

Rb-Cs and Rb-K TBECsS confined in quasi-2D optical lattices.
The details of the parameters chosen and discussion are given
in the Appendix. Starting from the immiscible domain we
analyze the ground state and the quasiparticle mode evolution
with increasing temperature. Based on the results we observe
that the trend in the evolution of low-lying quasiparticle modes
with the temperature is qualitatively similar to that of the
87Rb-*>Rb TBEC. The condensate density profiles also exhibit
the same trend of transformation from immiscible side-by-side
geometry to the rotationally symmetric miscible profile. As is
to be expected, the value of T, depends on the mass ratio;
this is due to the mass dependence of the interaction energy.
In particular, for Rb-Cs and Rb-K TBECs, the T, values
are 0.627, and 0.53T,, respectively. The thermal energies
corresponding to these temperatures are 2.15Eg and 2.80Ek,
respectively. These are comparable to the interaction energies
of the TBECs, which are 1.97ER and 2.84Eg, respectively.
Here T, is the critical temperature of condensation for the
species with the lower value. In addition to the atomic mass of
the condensates, as mentioned earlier, the immiscible-miscible
transition also depends on the lattice parameters U and J.
For these two TBECs also we have examined the density
distributions with variation in the U and J parameters. We find
similar trends in the value of T, as in the 8Rb-3Rb TBEC.
That is, a decrease in T, with an increase in J and an increase
with lower and higher values of Uy, and U, respectively.

To investigate the spatial coherence of TBEC at equi-
librium, we examine the trends in g,((l)(O,r) defined earlier
in Eq. (8) and shown in Fig. 7 for various temperatures.
As mentioned earlier, at zero temperature, n;(r) ~ ng(r) has
complete phase coherence, and therefore, g,El) = 1 within the
spatial extent of the condensates; this is shown in Fig. 7.
At zero temperature or in the limit 7; = 0 the correlation
function, Eq. (8), resembles a Heaviside function, and the
negligible contribution from the quantum fluctuations smooths
out the sharp edges as g,(cl) drops to 0. More importantly, in
the numerical computations this causes a loss of numerical
accuracy, as it involves the division of two small numbers in
Eq. (8) [87]. However, at a finite temperature the presence
of noncondensate atoms modifies the nature of the spatial
coherence present in the system. The decay rate of the
correlation function increases with the temperature, and this
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is evident in Fig. 7, which shows g\"(0,r) at T/T, = 0.08,
0.17, and 0.2. In addition to this, the transition from the
phase-separated to the miscible TBEC is also reflected in the
decay trends of g,({l)(O,r).

IV. CONCLUSIONS

We have examined finite-temperature effects on the phe-
nomenon of phase separation in TBECs confined in quasi-2D
optical lattices. As the temperature is increased the phase-
separated side-by-side ground-state geometry is transformed
into the miscible phase. For the case of the TBEC comprised of
87Rb and *Rb, the transformation occurs at the characteristic
temperature. This demonstrates the importance of thermal
fluctuations, which can make TBECs miscible. Based on the
present work, in general, the TBEC undergoes the transition
to the miscible phase at a characteristic temperature 7¢,. This
corresponds to the temperature at which the thermal energy
overcomes the interspecies repulsion energy /7 imax?2maxU12-
The other key observation is that the transition from the
phase-separated domain to the miscible domain is associated
with a change in the nature of the quasiparticle energies.
Low-lying out-of-phase modes, in particular, the slosh mode,
become degenerate and increase in energy. On the other hand,
in-phase modes, such as the Kohn mode, remain steady as the
temperature (7' < T,) is increased. Interface modes, which are
unique to the phase-separated domain, in addition to changing
in energy are geometrically transformed into rotationally
symmetric breathing modes in the miscible domain. The
temperature-driven immiscible-to-miscible transition is also
evident in the profile of the correlation functions.
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APPENDIX

Here, we provide brief descriptions of the computations
pertaining to the Rb-Cs and Rb-K TBECs confined in quasi-2D
optical lattices.
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1. ¥Rb-'3Cs TBEC

We consider a 8’Rb-!**Cs TBEC containing 100 atoms of
each species confined in a 40 x 40 quasi-2D optical lattice
with a 1064-nm wavelength of the laser beams. The lower
number of atoms is chosen to improve the convergence of
finite-temperature computations, and at the same time it is
sufficient to provide a good description of the superfluid
phase of the TBECs. The radial trapping frequencies of the
external harmonic trapping potential are w, = 0y, = w| =
27 x 50 Hz, with the anisotropy parameter 20.33 [34]. The
tunneling matrix elements are J; = 0.66 Eg and J, = 1.70Eg,
corresponding to a depth of the optical lattice Vy = SEkg.
The lattice depth is considered such that the tight-binding
limit, Vj > uy, is valid. The large difference in the values
of Jj is due to the large mass difference between the atoms
of the two species. The intraspecies and interspecies on-site
interactions considered are Uy = 0.96Eg, Uy, = 0.42ER,
and U, = 1.2ER. These DNLSE parameters are derived from
the intra- and interspecies scattering lengths of the species,
the trap parameters, and the width of the Gaussian basis,
which is 0.3a. At zero temperature, the ground state of
the TBEC has side-by-side geometry with A =0 [37]. As
in the case of 3Rb-*’Rb, as the temperature of the TBEC
is increased (T < T.), the system is transformed into the
miscible phase. In addition, we have observed a bifurcation
in the energy of the slosh mode, and the mode becomes
degenerate with a discontinuity in the quasiparticle spectra
at T, = 0.627, ~ 140 nK.

2. ¥Rb-*'K TBEC

In the case of the ¥Rb-*'K TBEC, the wavelength of the
laser beams and the number of atoms are considered the
same as in the case of the 8’Rb-'**Cs TBEC. The radial
trapping frequencies are w, = w, = w; = 27 x 100 Hz, with
the anisotropy parameter 1.40 [88]. The tunneling matrix
elements are J; = 0.66Ex and J, = 2.84E, corresponding
to a5 Eg lattice depth. The intraspecies and interspecies on-site
interactions considered are U;; = 0.20ER, U, = 0.06Eg,
and Uj; = 0.60E . The set of parameters is chosen such that
the density profile of the TBEC is immiscible and has side-by-
side geometry at zero temperature. As in the previous cases, the
geometry of the TBEC is transformed from the side-by-side
type to the rotationally symmetric overlapping profile and the
slosh mode becomes degenerate at T, = 0.537, ~ 278 nK.
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