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Abstract

The present thesis is devoted to the study of effect of noncommutativity in space on various aspects
of field theory. We first compute the effect of a noncommutative background on the magnetic
moment of charged particles in a planar field theory. Specifically, we study this in the context
of a Chern-Simons field theory representing anyons. The fact that this theory is relevant for the
fractional quantum Hall effect makes this study worthwhile. We then study the symmetry aspects of
interacting fermions on the plane through the Slavnov-Taylor identity. The non-Abelian structure of
the U(1) noncommutative field theory necessitates the above analysis. This formal study is followed
by the computation of the magnetic and electric dipole moments. Several interesting results are
obtained from the above analysis. The effect of the noncommutative background on the theories
exhibiting phase transition is then analyzed through a non-perturbative approach. In particular,
we study the Bardeen-Cooper-Schreiffer (BCS) theory and find the effect of the noncommutative
parameter 6 on the order parameter. The effect of noncommutativity on the structure of the
vacuum is investigated.

This thesis is organized as follows. In chapter 2 we introduce noncommutative Chern-Simons
theories coupled to matter fields, bosonic as well as fermionic, in the fundamental representation.
We state the interaction vertices necessary for various perturbative calculations. In Chapters 3 and
4, we evaluate the one loop vertex diagrams, for the bosonic and the fermionic cases respectively.

These yield various moments for the scalars as well as the fermions. In Chapter 5, the structure of
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phase transition in noncommutative BCS theory is studied and the impact of the NC parameter
on the BCS vacuum is analyzed. We conclude in the final chapter indicating the open problems

and directions for further research work.
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Abbreviations

Abbreviation Explanation
QFT Quantum field theory
QED quantum electrodynamics
NC Noncommutative

CS Chern-Simons
uv Ultraviolet
IR Infrared
MCS Maxwell-Chern-Simons
BRST Becchi-Rouet-Stora-Tyutin
w.r.t with respect to
1-PI one particle irreducible
MM magnetic moment
ST Slavnov-Taylor
LOFF Larkin-Ovchinnikov-Fulde-Ferrel
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Chapter

Introduction

The idea of noncommuting variables made their appearance with the advent of quantum mechanics,
although it was familiar to the mathematicians dealing with matrices. As is well-known [35], the

canonical classical phase space variables, upon quantization, obey,
[z, 27] =0, [, p/] =0, [2',p]=ihéV. (1.0.1)

The consequence of noncommuting phase space variables results in the Heisenberg uncertainty
relation: AxAp > h/2. The presence of non-zero variance Ax and Ap means that localization of
points is not possible in phase space, a situation which led von Neumann to a rigorous study of the
“pointless” geometry of the quantum phase space.

In recent times, this noncommutativity of phase space variables has been extended to real
space-time coordinates [1, 2]. The previously commuting coordinates are replaced by the Hermitian
operators ' satisfying

[x?, 27 = if%. (1.0.2)
Here 0% is a constant real valued antisymmetric matrix with the length dimension two. The
immediate consequence of the above replacement is that the space-time coordinates satisfy the

uncertainty relation Az‘Ax/ > \9” |/2. From the previous experience of quantum phase space, a

space-time point is now replaced with a Planck cell of area =~ |6)].



1.1. Noncommutative classical mechanics

In 1947 Snyder [86], taking a cue from Heisenberg, constructed a new set of Lorentz transfor-
mations where the underlying space-time structure was noncommuting. This was motivated by
the immediate need to tame the divergences that had plagued quantum electrodynamics (QED).
It was believed that the presence of a fundamental length scale would provide a natural ultraviolet
momentum cut-off [39]. This idea of noncommuting coordinates was later abandoned due to the
successful implementation of the renormalization program. Noncommuting geometry resurfaced in
mathematics and physics literature in the 1980’s [1].

On the mathematical front, noncommutative (NC) geometry has been pioneered by A. Connes
[1]. The idea was to study the noncommuting algebra of functions and from this algebra construct
a noncommutative version of the Gelfand-Naimark theorem. This enables one to extend various
aspects of classical differential geometry to the NC setting. In physics, NC coordinates came into
vogue when it was found that certain string theories with background field, naturally gave rise to
NC coordinates. Subsequently it was shown by Seiberg and Witten that, the gauge theories on
noncommuting coordinates can be mapped to the gauge theories with commutative coordinates.
This map goes by the name of Seiberg-Witten map in the literature [83].

This spurred a lot of activity in the physics community. The developments ranged from NC

classical mechanics, NC quantum mechanics to string and gauge theories.

1.1 Noncommutative classical mechanics

Noncommutative classical mechanics [3, 33, 36, 79, 80] may sound, at the outset, quite improbable
due to the absence of operators, but we will see that postulating a symplectic structure on the

phase space of functions, one can consistently construct a NC version of classical physics.



1.1. Noncommutative classical mechanics

1.1.1 Modification to the Newton’s law

The theory under consideration is defined by a set of canonical variables (¢, with a =1,2,---,2n

with a symplectic structure {¢?,¢*}. For arbitrary functions of (* one can consistently write

oF 0G
F,G} ={¢" "}~ 1.1.1
The equation of motion with the above symplectic structure is
¢t ={¢*, H}, (1.12)

where the Hamiltonian (H) is a function of (. Similarly for any function F' in this phase space,
time evolution is given by,

F={F H}. (1.1.3)
In three dimensional configuration space (¢ = z! for @ = 1,2,3 and (® = p; for a = 4,5,6 and

1 =1,2,3. The new Poisson bracket relations with noncommuting coordinates are
{a", 27}y =09, {2',p;} = (5;, {pi,pj} =0. (1.1.4)

For any two arbitrary functions F' and G in the phase space, we obtain the following modified

Poisson bracket

JOF 0G OF 0G  0F 0G

F,G} =07 _—_—— _— : 1.1.5
{rG} Ox' Oz + 0xt Op;  Op; Ox° ( )
Let us consider the Hamiltonian
pip’
H = Vv
AP V(@)
here V() is some arbitrary potential. The equations of motion are
7 OV ov
=2 4pu=" . 5= _Z 1.1.6
e + o P Oxt’ ( )
which can be cast in the form
. oV 0%V
Pt = — 0" — UL. 1.1.7
e o0x; tm 0xI0xy, Tk ( )

The above equation can be interpreted as the modified Newton’s second law due to the noncom-

mutative symplectic structure [79, 80].



1.2. Noncommutative quantum mechanics

1.2 Noncommutative quantum mechanics

Introduction of noncommuting coordinates in physics is natural in the quantum mechanical setting.
The commutation relation between the phase space operators that needs to be modified is [z;, z;] =

i0;;. This brings in many interesting features as will be explored in the simple below.

1.2.1 The Landau problem

In this section a simple quantum mechanical system is dealt with, which gives rise to NC coordi-
nates. The system that we have in mind is charged particles in a magnetic field [55].

Consider N electrons, whose position and velocities are
k= (TkYk)y Uk =Tk, k=1,2,--- N. (1.2.1)

Electrons experience a constant magnetic field in the z-direction i.e., B = B2. The gauge is chosen
such that, the vector potential is A(z;) = (0, Bzy) and B = V x A. The Lagrangian for such a

system is

N
1 .
L= ; Smvf + gvk CA(ry) = V() — kz;; Ulry, — 1), (1.2.2)

where V' is the electron self-energy which can arise from impurity and U is a pair interaction
potential between the electrons.
The Hamiltonian is obtained by the standard minimal substitution
N o2
H = ;;—T’; +V(rg) +kz<:lU(rk - 7). (1.2.3)
Here 1, = pr—eA(rk)/c is the gauge invariant momentum and py, is the usual canonical momentum,

that obeys the usual canonical commutation relations

[zr, pi] = ihok = [yr,p]] and  [zg,yx] = 0 = [pg, p]]. (1.2.4)

It follows that
B
[, 7] = m%akl. (1.2.5)



1.2. Noncommutative quantum mechanics

From the above equation we see that the gauge invariant momenta do not commute in the presence
of a magnetic field. This momentum can be written in terms of harmonic oscillator creation and
annihilation operators. In the absence of interactions, V = U = 0, the energy eigenvalues of the

normal ordered Hamiltonian are those of the Landau levels

N
1
E:ZM(nk+§), ng=0,1,2,---, (1.2.6)
k=1

where w = eB/me, the cyclotron frequency of the classical electron orbits in the magnetic field.
The mass gap between Landau levels is the constant A = hw.

To see how a NC coordinate space emerges from the above Lagrangian, we take the B — oo or
equivalently m — 0 limit. In this limit Eq. (1.2.2) reduces to

N

Eo = Z ?mkyk - Z U(?“k — 7"1). (1.2.7)

k=1 k<l
We see that for every k the Lagrangian is of the form pg — h(p, ¢), therefore the following commu-
tation rule is obtained:

Che

[Tk, yk] = 5 (1.2.8)

The above can be identified with the NC parameter as % = eijf—g. This completes our simple

example of the appearance of NC coordinate space.

1.2.2 Two dimensional oscillator

The Hamiltonian for the two dimensional oscillator is given by [44]

H 1.2.
2M 2 (1.2:9)
Here X and P satisfy the commutation relations:
[Xi,Xj] = —Q’ihei]‘ [Xl, P]] = zhéw [PZ, P]] = O, (1210)

where 0;; is a real N x N matrix. Instead of working with the noncommuting coordinates X,

one can work with commuting coordinates z but with the products between the coordinates being



1.2. Noncommutative quantum mechanics

replaced by star product. We will have more to say about star products in the next chapter. For
the time being we can perform a change of variable: X; = x; + 0;;p;, P; = p;. These new variables
x, p satisfy the usual commutation relations: [z;, z;] = 0, [z;, p;] = ihd;; and [p;, p;] = 0.

The oscillator Hamiltonian in the new variables becomes

H = (1+ M*w%0*)Hy, where
1
Hy = o3 [pipi + Mzngixi + 29M2wgeijxipj} . (1.2.11)
In the above equation
2 W (1.2.12)
W= —————————r 2.
o (14 M3w?6?)
and 0;; = f¢;j, where ¢;; is the antisymmetric Levi-Civita tensor and obeys €€, = —d;;. One
defines the creation (a') and annihilation (a) operators such that
1 PR
T = (M—w@> (a! + ay), (1.2.13)
_ ¢ 1/2 (t
i = —= (hMw a; — a;). 1.2.14
Pi=7 (hMwg) ™= (a; — as) ( )
These operators satisfy the well-known Heisenberg-Weyl algebra
ail=0 tall=0 [ 1.2.15
lai,a;] =0, [a;,a;] =0, [ai,a;] = di;. (1.2.15)
Writing the Hamiltonian in terms of these operators
Hy = hwg(N + I+ QQMLUQJ;g) (1.2.16)
where N = ajai, J3 = €jripih/2 = —azeijaj/2 and I is the identity operator. If 6;; is not

proportional to €;; then, the third term of Eq. (1.2.16) will not be proportional to the angular
momentum. It would yield [Hyp, J3] # 0, implying that the rotational invariance is broken.
The NC two dimensional oscillator has a SU(2) symmetry. The generators J, (a = 1,2,3) and

the Casimir operator J2 are

1 1 1
Ji = 5((1;@1 + aJ{ag), Jy = §(a§a1 - agag), J3 = —§(a£a1 - aiag), (1.2.17)



1.2. Noncommutative quantum mechanics

and
3
N /N
2= "JJ,=—(=+1 1.2.18

respectively. One can verify that Eq. (1.2.15) implies that [Jy, Ji] = i€qpeJe and [J2, J,] = 0. Since
the number operator (V) commutes with the generators of the SU(2) algebra (.J,), it follows from

Eq. (1.2.16) that the energy eigenvalue problem becomes
Hy | j,m) = hwp(n + 1+ 20mMwy) | j,m), (1.2.19)

where | j,m) are the eigenvectors of J? and J3 simultaneously. The eigenvalues of J? and .J3 are
given by j and m, respectively. In the commutative case (6 = 0), the degeneracy of the nth energy
level is 2j4+1 = n+ 1. Therefore, due to the presence of noncommutativity the degeneracy is lifted.

The angular momentum states | j, m) can be obtained using Schwinger’s construction for angular
momentum in terms of oscillators. The oscillator operators AL, Ay are defined as

1 ) 1 ,
Ay = E(al Fiaz), Al = ﬁ(ai :tzag) (1.2.20)

which satisfy the commutation relations [A,, Ag] =0, [AL, A};], [Aq, A};] = o3, where a and 3 are

+ or —. We can define
(AL (4l

| ny,n_) = W

where ny are semi-positive definite integers, and Ay | 0,0) = 0, a complete and normalizable set of

1 0,0), (1.2.21)

common eigenstates of the Hermitian operators Ny = ALLLr and N_ = AT A_. By construction
[Ny, N_]|=0and N = Ny +N_, Jo = 1/2(Ny—N_), we can conclude that the common eigenstates
of energy and angular momentum can also be denoted as | n4,n_). The relationship amongst the
quantum numbers follows from n = 2j the relations for N and J3: 2j =ny +n_, 2m =ny —n_.

Instead of Eq. (1.2.21) we can write
( AL)(Hm) (AT )G—m)
Vi +m)/ (G —m)!

With this the NC two dimensional oscillator has been solved exactly. It is interesting to note that

| j,m) = 10,0). (1.2.22)

the Lagrangian that gives the Hamiltonian of Eq. (1.2.16) is

1 L ~ < ~ ~
L= EM(HQI — M2W}0g e dy — % G1a1. (1.2.23)

7



1.2. Noncommutative quantum mechanics

The second term in the above equation describes the interaction of a charged particle with a

constant magnetic field B. The components of the vector potential A are

B MngHC

A €k (1.2.24)

the magnetic field in turn is given by

MngGC
e

B=VxA=-2 = const (1.2.25)

here ¢ denotes the speed of light in vacuum. Therefore, the NC two dimensional harmonic oscillator
maps into the Landau problem. This also shows that the dynamics of a system in presence of a

NC parameter is similar to the commutative case with a magnetic field.

1.2.3 Monopoles and magnetic fields

In our discussion of the NC oscillator we had mentioned that rotational invariance is preserved in
two dimensions unlike in higher dimension where rotational invariance is broken. In this section we
will take up an example which will show the construction of these generators for higher dimensions
and also bring out the similarities between the dynamics in the presence of a magnetic field to that
of dynamics in a NC space.

Consider a more generalized commutation relation between the coordinates : [z% 2] =
ihqe® (z,p) [9]. Here § has been elevated to the status of a field instead of retaining it as a

constant tensor. The Jacobi identity
', [a?, ¥ + 27, (2%, )] + [2*, [, 27]] = 0 (1.2.26)

implies that € is a function of momenta only 6(p). To further explore the properties of the € field

we examine another Jacobi identity
[, [27, a¥]] + [27, [2", 2"]) + ¥, [2, 27]) = O, (1.2.27)
which gives

DgI* N oo™ N 06 _
opt  opi  OpF

(1.2.28)

8



1.2. Noncommutative quantum mechanics

It can be noticed that the above equation is similar to the Maxwell equation V - B = 0, which can
be written in the above form with Fj; = €;;1 B

Defining the angular momentum operator as L’ = eijkxjpk the following algebra follows

[mi, Lj] = ihe*z) + ihqgeilpleik, [pi, Lj] — ihekpy,

(LY, 7] = ihe* Ly, + ihiggel el p'p™ 0% (p). (1.2.29)

From the above relations it is clear that the SO(3) algebra is broken. Therefore one would believe
that in the (z,p) space there are no rotation generators. To restore the algebra one considers the

transformation L' — L + M} (x, p):
(2%, L] = ihe*ay,, [pt, 7] = ihe"*p,, and [L', L7] = ihe* Ly, (1.2.30)

The second commutation relations leads to the position independence criterion M, g (z,p) = Mg (p)
and the third commutation relation yields M}(p) = %qgejklpiplekj (p). Substituting these relations

in Eq. (1.2.30), we obtain the dual of the Dirac monopole in the momentum space [9, 40]

Sy = 907
O(p) = I (1.2.31)

where gy is the dual magnetic charge associated with the O field and is related to € in the following

manner: 0% = ¢95@,. Therefore one has

v 9oqo P
M, = ===, 1.2.32
o) = %22 (12:32)
The generalized angular momentum then becomes

L=(FAp)— 9090 ' (1.2.33)

This angular momentum operator now satisfies the usual angular momentum algebra.

1.2.4 Hydrogen atom

The Coulomb Hamiltonian in terms of the NC coordinates is [22]

A a 762
H= % - ;x (1.2.34)

9



1.3. Space-time symmetries

Similar to a variable change described in the previous section for the two-dimensional oscillator,
we perform the change given by

T, . -
eijpj and bi =Dy (1.2.35)

xi:@i+ﬁ

The variables = and p satisfy the usual commutation relations of Eq. (1.0.1). In these new variables

the Coulomb potential becomes

Vo) = — Ze?
V(@i — 035p; [2h) (x5 — O3, /2h)
_ze saibyp; 2
= —T — Ze W + 0(9 )
Z€2 2 E * 9_' 2

— —

where 0; = €101, L =7xp. Using (Fx p)-0=—7- (0 x p), we can write the modified Coulomb
potential as

Zet e - Zer 9
: <—r—3> +0(62). (1.2.37)

The higher order terms can be neglected since they carry higher powers of §. To calculate the
energy spectrum and the wavefunctions, the NC effects can be treated as perturbations of the
commutative theory since the effects are assumed to be small. This also enables one to use the
usual wavefunctions and probabilities. Therefore making use of the usual perturbation theory the

corrections to the energy levels, to first order in 6, is given by

_ L, Ze? L. -
A" = (nl'j] | Ah B | nljj.). (1.2.38)

It is worth mentioning that the above expression is similar to spin-orbit coupling, with the role of

spin being played by the noncommutative parameter 6.

1.3 Space-time symmetries

Poincaré invariance of the theory is of utmost importance for a consistent construction of field

theories. Using commutation relations for the coordinates given in Eq. (1.0.2), we notice that it

10



1.3. Space-time symmetries

violates Lorentz invariance since only the spatial coordinates are taken to be noncommuting. This
is done for the reasons of protecting the unitarity of the theory [46]. The obvious question then
that springs to mind is “How can we justify the construction of consistent field theories with a
constant theta?”.

In the next section we present the construction of Snyder [86] which states “It is usually assumed
that space-time is a continuum. This assumption is not required by Lorentz invariance. In this
paper we give an example of a Lorentz invariant discrete space-time”.

In the subsequent section, we will present new Lorentz transformations, which respect the

constant character of the NC parameter.

1.3.1 Snyder construction

Special theory of relativity is based on the invariance of S? = ¢?t? — 22 — 42 — 22 from one inertial

frame to another. Here the variables z,v, z, and ¢ take on a continuum of values simultaneously.
Elevating these variables to the status of operators, it is assumed that the spectra of the space-time
coordinate operators are invariant under Lorentz transformations. The main point to be understood
is that this continuum of values is not the only solution and there does exist a Lorentz invariant
space-time in which there is a natural unit of length.

It is this introduction of a natural unit of length that forces the noncommutativity of the
coordinates. To find the explicit form of the operators x,y, z,t that possess Lorentz invariant

spectra we consider the homogeneous quadratic form

- =ng—ni—n5 —n5 —ni, (1.3.1)

here 7’s are assumed to be real variables. The coordinates are defined as

o il 0 9 gl 8 0
= _774 o m B4 y Y= _774 o n2 B )
) 0 ] ia[ O 0 ]
— e t = — — —ny— 1.3.2
p=damy =y | Ktk (1.3.2)

11



1.3. Space-time symmetries

where a is the natural unit of length, and c is the velocity of light. The operators z,y, z,t are
assumed to be Hermitian operators. From the above equation it can be shown that the spectrum of
the above operators can be positive, negative or zero. The operator ¢, has a continuous spectrum,
from plus infinity to minus infinity.

The transformations leaving Eq. (1.3.1) and 74 invariant are covariant Lorentz transformations
on the variables 11, 72, 73, and 9. When the transformed variables ], 75, 15, and 7, are substituted
in Eq. (1.3.2) it is found that z, y, z, and ¢ undergo contravariant Lorentz transformation. The
new operators 2/, ¢,z and ¢’ that are formed by replacing 71, 12, 73, and 79 in Eq. (1.3.2) by n},
5, 14, and 7(, are linear expressions with real constant coefficients in z, y, z and ¢ and are Hermitian
operators.

Other physical operators can be defined as,

0 0 . 0 0 . 0 0
L, =1h [7738 m —nzan] yzlh[ma—m—nga—m] L, =1h [nzam _7710773]

M, =ih [7706?] +7716?7 } My = ih [77 86 +7726?7 } M, =ih [770663 +7738?7J - (1.33)
Here L,, Ly, L., M., M, and M, are the infinitesimal elements of three dimensional Lorentz
transformation and commute with the quadratic form S2. It can be seen that L., Ly, L., M,,
M, and M, do not involve 74 and as a consequence leave Eq. (1.3.1) invariant. Thus from the
above facts it is clear that the usual assumptions about the continuous nature of space-time are
not necessary for Lorentz invariance. The operators defined in Eq. (1.3.1) and Eq. (1.3.2) have

forty-five commutators, out of which only six differ from the ordinary ones. These are

ia? ia?
=—1L = —M
[l’, y] h FA) [tv [B] hC Z9
ia? ia?
2] = Lo [ty] = 5 - My, (1.3.4)
ia? ia?
iy § — .
[Za '1"] h Yo [ta :L‘] hC

12



1.3. Space-time symmetries

1.3.2 Constant ¢ and Lorentz transformations

As we have shown above the Snyder method is able to preserve Lorentz invariance but not Poincaré.
A way out of this quagmire is to postulate that the NC parameter itself is space-time dependent.
However, such theories have not been fully understood, furthermore in this thesis we have taken
our noncommutativity parameter to be constant hence, we will not venture into these proposals
any further.

The Lorentz transformation of the coordinates: z* = A;-xj is not compatible with the algebra,
defined in Eq. (1.0.2), since it requires 6% to transform as a second rank tensor i.e., 0% = A};A{ gk,
We have taken the NC parameter to be a constant, therefore it makes little sense to accept that it
transforms under Lorentz transformation. To get around this trouble an interesting solution was
provided in [16].

Similar to the commuting coordinates introduced for the Coulomb problem, we denote new
coordinates as x.

=1+ 2—1719ijpj. (1.3.5)
These new coordinates are commuting and obey the algebra defined in Eq. (1.0.1). Since time is not
an operator in ordinary quantum mechanics noncommutativity can be restricted to only the spatial
coordinates. We take x. transform as zt = AlzY that leaves the interval s* = 1,2t z? invariant

if 9 AYGAY 3 = Nag- Further the momentum four vector p* transforms as an usual Lorentz vector

pt = AF,p¥. Using Eq. (1.3.5), the NC coordinates transform as
1
— Y _HMV /
Yo T ot Py

1
= AMVQZ‘Z - 2—h

xH
6P A 7 D (1.3.6)

Using Eq. (1.3.5) once again, the final expression for the Lorentz transformation for the NC

coordinates are given by
w Wow Ao gup L juwp p

The first thing to be noticed about the above transformation is that in the limit 8** — 0 we recover

the ordinary Lorentz transformation for the coordinates.

13



1.3. Space-time symmetries

The square of the invariant length for the commutative coordinate z is s> = N e Y.
2 H 1 SV 1 e &
Spe = ata, + ﬁewx P’ + mﬂ 0,8Pa0" - (1.3.8)

It is easy to verify that s2, is left invariant by the noncommutative Lorentz transformation Eq.

(1.3.7).
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Chapter

Noncommutative gauge theories

2.1 Introduction

In this chapter we outline the construction of gauge theories in the NC setting. Of central impor-
tance is the NC star product or the Moyal product [70, 48]. The convenience of star product lies in
the fact that it preserves the operator character of the coordinates but treating them as ordinary
classical variables. In the next section we derive the Moyal product and subsequently we show that
under the star operation only the U(NN) gauge group closes and the others such as SU(N), SO(N)
etc, do not [66]. After that we present the construction of Wess and collaborators [57] where it is
indeed possible to go to other gauge groups including U(N). Then in Section IV we introduce NC
Chern-Simons (CS) theory and present our motivation for the study of magnetic moment (MM)

for the scalars as well spinors, that form chapters 3 and 4 respectively.

2.2 Star product

Noncommutativity of coordinates is incorporated by postulating the commutation relation of Eq.
(1.0.2). One can see that these are operators. Instead of working with operators, taking a cue from
developments in phase space formulation of quantum mechanics, one can work with functions but

by deforming the multiplication rule between these functions. This deformed product happens to
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2.3. Properties of star product

be the star product [48, 70]. Below we give a derivation of the star product for the NC coordinate
operators.

Weyl-Moyal correspondence associates a function to every operator valued object
W(X) — ®(z). (2.2.1)
Now defining
d(X) = /kdm e B X (k)
p(k) = /dx e T B (1), (2.2.2)

where k£ and z are real variables. The multiplication of two Weyl operators is given by

W (X)T(X) = /k / dk dp X 6y () 7% o (p)

- / / dk dp ¢ #+0) X= 3k XXl ) (1) gy (). (2.2.3)
kJp

The BCH formula has been used in obtaining the second equation. This gives the correspondence

W X)Wo(X) — (D x D) (z). (2.2.4)
Therefore we finally have the expression for the star product:

(@ + D) (2) = [e2? WP (y)B(2) (2.2.5)

Y=z=x ’
With the star/Moyal product having been defined the NC coordinate commutator can be written

as

(z' 27 — 27 % a') = ih". (2.2.6)

This commutation relation with the star product put in, is called the Moyal bracket.

2.3 Properties of star product
In this section we enumerate a few properties of the star product.
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2.3. Properties of star product

1. An important relation deals with the exponentials. This relation is useful in finding the

Feynman rules in momentum space.

eikm*eip:c _ ei(k—l—p)a:e—%kxz)’ where
Exp = k'p"0,,. (2.3.1)
2. Associativity:
[(f > g) x b] (z) = [f * (g h)] (z), (2.3.2)

this is very easy to prove if we can go to the momentum space and then making use of the

relation given in Eq. (2.3.1).

3. Star products under the integral

/d4 (f *g)(x /d4 (g f)(x /d4 (f - 9)( (2.3.3)

This can be proved by going to the momentum space and using Eq. (2.3.1). The x integration
is performed yielding a delta function §*(k + p). Since @ is antisymmetric the exponential

vanishes and hence we get

[ st s = [driwa-n = [ (o)) (2.3.4)
This particular property of the star product has important consequences for field theories on
NC spaces. It tells that the kinetic part of the action is same as its commutative counterpart.
Hence, only the interaction term of the action is affected by the star product. Therefore, one
can think of NC field theories as ordinary commutative theory but with a highly non-local

interaction.
4. From Eq. (2.3.3), we can obtain the cyclic property of the star products:

/dx fix fox-x fu)(z /dmfn*fl* K fro1) (). (2.3.5)

5. Complex conjugation.
(Frg) =g " (2.3.6)

It is clear that if f is a real function then f x f is also real.
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2.4. Noncommutative Schrodinger equation

2.4 Noncommutative Schrodinger equation

In the first chapter we had presented various quantum mechanical potential problems wherein the
technique of solving for the spectrum mainly relied in going to a new coordinate variable that
satisfied the usual commutative relations: [x?,2/] = 0. This redefinition of variables looks ad-hoc
at first sight but, with the use of star product we show that such a redefinition of the coordinates
is quite natural. This shift is similar to the Bopp’s shift of the phase space variables, obtained
in the deformation quantization formalism of quantum mechanics. For this we start with the NC
Schrédinger equation

0Y(, 1) [ﬁ

WS = | V(x)} *(, 1), (2.4.1)

For the sake of generality we have retained the general form of the potential. We have already
pointed out that quadratic terms are unaffected hence, only the potential term is modified due to

the *-product. Let us evaluate V(x) % ¢(x)
= 2?7000 V(@) (y)]a=y
v S (1) o
n=1
Replacing 97 = 9/ Oylk = ip /h, and introducing the notation p; = 0, ¥k we get
O -+ O V(@) - b7, ¥ (y) = (i/ﬁ)”/de‘ MV (k) (kDY) ) (y).- (24.2)
In the above expression we have gone to the momentum space. Summing over n we get

Viz)xv(z) = / AP ke e 5 M "V ()b (y) oy

-V [g; _ %} b(z). (2.4.3)

The above equation shows clearly that we can work with operator valued coordinates or using the

star product one can work with the classical variables.
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2.5. Noncommutative gauge theories

2.5 Noncommutative gauge theories

Construction of gauge theories in the NC setting has been studied quite extensively [2]. The
main reason seems to be that it exhibits many interesting features that are absent in commutative
theories. For example one immediate thing that one notices is that due to the noncommuting
nature of the fields the U(1) theory itself has a structure very similar to that of its corresponding
non-abelian commutative theory. Then we have have the interesting feature of the UV /IR mixing
[67, 68]. Finally it must be mentioned that the renormalizability of such theories has been and still

is quite challenging and remains a open problem [27].

2.5.1 Only U(N) gauge groups

In this subsection it is shown that under a star operation only the U(N) gauge algebra closes and
the others do not [66]. Consider the U(N) algebra whose generators, X,Y, are anti-Hermitean
matrices: Xt = —X. The bar stands for complex conjugation. The crucial observation for the

proof is the following property of the Moyal product,
(X*xY) =Y« XL, (2.5.1)
Using the ordinary rules for the transpose of matrices,
(X +Y) =YiXt + %eijajytaiX’f — éeifeklajalytaiakxt SRS (2.5.2)

The higher order terms are obvious. Now applying the complex conjugation and renaming the

indices of 6

1. -
(X +Y) = YIXT+ %ewaiytajxt ~ S070M0,0, 10,0 + - = V< X (2.5.3)

Taking into account X! = —X and Y = —Y yields,

XYL = (X#V) - (VX
= Yix Xt - XtxY?
= YxX-X+xY=—-[X,Y]. (2.5.4)
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2.6. The Munich construction

This shows that the algebra U(NV) is closed under the Moyal commutator.
Now turning to the algebras of SO(N), SU(N) and Sp(N). It is first shown that for N = 2
these algebras do not close w.r.t the Moyal commutator. The counter examples for both SO(2)

and Sp(2) are given by the formulae,

0 « 0 g
X = Y = , (2.5.5)
—a 0 -6 0

and the counter example for SU(2) is

X = Y = . (2.5.6)
0 —ia 0 —ip

Here o and 8 are coordinates on the manifold chosen so that % # 0. This can always be done
unless § = 0 and the Moyal product coincides with the ordinary multiplication of matrix-valued
functions. With X and Y as given above one can easily compute the Moyal commutator since all

derivatives of order higher than one vanish. The result for both counter examples is

-1 0
(X, Y], = 6P : (2.5.7)

0 -1
This matrix has a non-vanishing trace. Since the Lie algebras of SO(2),SU(2) and Sp(2) consist
of traceless matrices, it can be concluded that they are not closed under the Moyal commutator.

This conclusion is also valid for SO(N), SU(N) and Sp(N) for arbitrary N because they contain
SO(2),SU(2) and Sp(2) as their subgroups.

2.6 The Munich construction

In this section we present the technique of constructing NC gauge theories developed by Wess
and his collaborators [57, 62]. The goal of this approach is to consider noncommutative theories
as effective theories. The essential ingredient, in their technique, is that the fields and the gauge
transformations do not form a Lie algebra instead satisfy the enveloping algebra. This enables one

to consider gauge theories that are genuinely non-Abelian. Unlike the usual method where the
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2.6. The Munich construction

algebra does not close under star operation hence have to be restricted to only U(N) theories [66].

This technique relies on the idea of covariant coordinates which has also been discovered in [56]

2.6.1 Covariant coordinates

Consider fields 1(Z) as elements of the associative algebra 4,. Under an infinitesimal gauge trans-

formation they transform as
0(z) = ia(z)Y (). (2.6.1)

This transformation is covariant. The gauge parameter «(z) is also an element of A,. If they
are matrix valued then the transformation is non-Abelian in nature. Now we assume that the
coordinates are invariant under the gauge transformation: §& = 0. Multiplication of a field on the

left is not a covariant operation:
§(2'p) = id' o), (2.6.2)

and in general the RHS is not equal to ia(#)2%). Taking cue from ordinary gauge theory one can

introduce covariant coordinates X [56]such that
§(X) = iaX "), (2.6.3)

§(X?) = i[a, X?]. To find the relation between X* and 4*, an ansatz of the form X* = 2% + A%(2), is
chosen. Here A% (%) € A,. One can notice that the expression for the covariant coordinate resembles
that of the ordinary derivative plus a gauge potential that gives us the covariant derivative. The

transformation of the gauge potential can be obtained from Eq. (2.6.2):

SA" =i[a, A —i[2", a). (2.6.4)

2.6.2 Gauge transformations

In this subsection the explicit expression for the gauge transformation is derived.
The commutator [z¢,.] in the transformation of the gauge potential, Eq. (2.6.4), acts as a

derivation on the elements of A,. Since, coordinates coordinate do not commute this can be
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2.6. The Munich construction

written as a derivative on elements f € A,:
(2%, f] = 670, f. (2.6.5)

The derivative acts as a derivation on A,. i. e., 9;(fg) = (0;f)g + f(9;g) and on the coordinates
as: Ojz' = 5; The RHS of Eq. (2.6.5) is a derivation since 6 is constant. The transformation of
the gauge field can be written as

SA" = 0Y90;a + ila, A7). (2.6.6)
The gauge potential A of noncommutative Yang-Mills is introduced by defining A’ = 09 /lj. The
transformation law then for the gauge field Aj:

5A; = dja +ila, Aj). (2.6.7)

As already pointed out in the beginning of this chapter the usage of star products is more convenient.
Therefore we can represent the elements of A, by functions of the classical variables z*. In terms

of the star product and the classical variables Eq. (2.6.5) becomes
ot x f — frat =i070;f, (2.6.8)

where f(z) is now a function and 9;f = 9f/dx is the ordinary derivative. This follows directly
from the Moyal-Weyl product. It is interesting to note the form of the covariant coordinates written
in terms of A:

Xi=¢ 4094 (2.6.9)

Before we end this section we must point out that this technique of covariant coordinates is quite

general and can be applied to a variety of NC coordinates scenarios namely
e Lie algebra structure: [2¢,37] = z'C,ij ik,

e Quantum space structure: &'z’ = qilelka:%l.
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2.7. Noncommutative Chern-Simons theory

2.7 Noncommutative Chern-Simons theory

In 241 dimensions conventional Maxwell electrodynamics can be modified by the presence of a
Chern-Simons (CS) term [34, 82]. The latter violates parity and time reversal invariance [77]
and can provide a gauge field, a gauge invariant mass. The U(1) Maxwell-Chern-Simons (MCS)

Lagrangian is given by
3 1 wy M nwav Ap T 7
S= [ dx fZFWF + 76#1«0‘4 0" AP +pi Dip — map| . (2.7.1)

Here the covariant derivative is 9, —ieA, and unlike 3+1 dimensional QED here the gauge coupling
e is not dimensionless. Its mass dimension in natural units is [mass]!/2. The Bianchi identity is

given by 0, *F" = 0, where *F* = 1/2¢"?F,,. The equation of motion for the gauge field is given

by
* 0
[D+AF]PW:A4PW—fW%é}L, (2.7.2)
where J, = —ey,1. It is worth mentioning that unlike the conventional massive gauge non-

invariant theory, the transverse vector field * F'* satisfies linear equations. The two polarizations
modes are determined by the signs of the mass M and are independent degrees of freedom in the
absence of interaction.

Pure CS theory has also attracted considerable attention in the context of quantum Hall effect
[37, 87] and Knot theory [91]. CS theory can have dramatic consequences when coupled to matter
fields. It gives rise to particles called anyons, particles whose statistics are intermediate to that of
fermions and bosons [90]. The emergence of anyons can be seen by coupling the CS term to the

=

matter current J# = (p,J). In terms of components we have
p=MB, J =ME;. (2.7.3)

The first expression in the above equation gives the relation of the charge density to the magnetic
field. Therefore a CS term fixes a magnetic flux to the electric charge. The second expression gives

the conservation of charge-flux since, the time derivative of the first expression
p=MB= Mg, A; (2.7.4)
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2.7. Noncommutative Chern-Simons theory

along with current conservation equation: p+ 09;J° = 0 implies
Ji=—MeTA; + €90y, (2.7.5)

where y = M Ap. Thus this attachment of a magnetic flux to the charge is an explicit realization
of anyons. For many years anyons were considered merely a theoretical construct. Recently it has
been reported that anyons can indeed be experimentally observed [17].

Another feature of the CS term that is worth pointing out is that one cannot write down
such a term in 3+1 dimensions. The CS term is quite intrinsic and a very natural object in 241
dimensions. It is known that the CS term can be generated by one-loop effect in the presence of
massive fermions even though one does include it at the tree level [6, 30, 23, 77]. A CS type term
is also generated in the effective action of charged particles in a magnetic field [72]. It was later
on noticed via explicit loop calculations that even though a CS term can be generated by one-loop
fermionic effects, the CS coefficient (M) does not get radiative contributions at the two loop level,
either for the Abelian or in the non-Abelian theory. This peculiar feature in the case of Abelian
theory goes by the name of Coleman-Hill theorem [29]. It must be pointed out that this theorem is
valid at zero temperature and at finite temperature it does not hold. There have been attempts at
generalizing this theorem to the non-Abelian case [14]. But we will not be concerned about these
aspects in this thesis. It must however be mentioned that at finite temperature the coefficient of
the CS term does get modified [6].

In one-loop the vacuum polarization and the self energy do not receive corrections in pure CS
theory. Vertex gets modified by pure CS gauge field. This is expected since the CS field is known
to alter the statistics of the particles interacting with the same. The immediate question that arises
is how does one give the scalar particles a magnetic moment in 2417 The answer can be found if

one notices the Gordon decomposition for the fermions

_ L

o [P+ i Xy (2.7.6)

Tu

With K being the momentum transfer of the incoming p and the outgoing ¢ fermions. The presence

of the antisymmetric object is responsible for the MM. This antisymmetric Levi-Civita tensor can
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2.7. Noncommutative Chern-Simons theory

also be provided to the scalars coupled to a CS gauge field thereby leading to the MM for the
bosons in 2+1.

The U(1) NCCS action is given by [47]
M 24
Scg = 5 /degWP [Au * Oy A, + %Au * Ay x Ayl . (2.7.7)
The covariant gauge fixing term is

1
Sep = T d*x 9, A" x 9, A" (2.7.8)

The new feature of the NCCS action is the presence of the non-linear (A, x A, x A,) term, leading
to self-interaction amongst the photons; this is similar to the commutative non-Abelian version of
the theory [7, 58]. It is therefore natural to expect that the one loop contributions arising from the
above action will be similar to that of the commutative non-Abelian version of the above theory.
In this thesis we take up the study of the NCCS to which matter fields have been added.
We specially concentrate on the explicit evaluation of the one-loop vertex integrals leading to the

magnetic moment of the bosons and the fermions. The bosonic and the fermionic actions are
SBosonic = /dgx (D,u(ZsT * DV —m (ZST * Qb) (279)

and
SDirac = /d3m/7 * (i D —m), (2.7.10)

respectively. In both the above cases matter fields are taken to be in the fundamental representation.
Therefore the expression for the covariant derivative acquires the form: D, ¢ = 0,¢ —ieA, x ¢.

It has already been pointed out that the kinetic part of the action is same as their commutative
counterpart thereby the propagators are same in both the theories. The gauge field (G (p)),

Bosonic (D(p)), and the Fermionic (S(p)) propagators are given by

e _ 1 pP
t /ﬂ’(p) - _quppv (2711)

iD(p) = ——

O B S— 2.7.12
p? —m?2 +ie’ ( )
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2.7. Noncommutative Chern-Simons theory

e =ie(p+p)uexp [5p x p'].
p pl

Figure 2.1: The boson-photon vertex.

= 17, exp [%p X q}.

Figure 2.2: The fermion-photon verter.

= 2ie’g" exp [ip x p] cos [(k x k') /2].

= 2ieMe"*sin[(p x 1) /2.

Figure 2.4: The three gauge boson vertex.

and

iS(p) = i+ m)

= 7 2.7.13
p? —m? + i€’ ( )

respectively. The interaction vertices are depicted in the figures given below [12]
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Chapter

Chern-Simons scalar QED

3.1 Introduction

The possibility of particles carrying fractional angular momentum on a plane is, by now, well
accepted [17, 90]. The role of CS term [82] in inducing fractional spin has been carefully investigated
[89]. Field theoretically, it has been shown in 241 dimensions that, one can calculate fractional
angular momentum eigenvalues of single particle states. Furthermore, Polyakov showed that, the
interaction of scalar particles with the CS gauge field leads to the transmutation of a boson into
a spinning particle [75]. An interesting consequence of this is the appearance of spin MM for the
bosons, not possible in 34+1 dimensions. Although not present at the tree level, the boson spin is
induced at the one-loop level, leading to a MM for the bosons [61]. The existence of MM leads to
unusual planar dynamics, as shown for scalars and spinors in the context of MCS electrodynamics
[60, 42]. Therefore, the MM of anyons has been studied extensively [26, 41].

Recently, various aspects of NC theories with a CS term have been under the scrutiny of a
number of authors [10, 31, 64, 28, 47]. Mainly since they have many interesting connections with
other areas of physics and mathematics. NCCS theory and its variants have been quite useful in
explaining the filling fraction of the electrons in the lowest Landau level [88]. Keeping this as well

as the fact that, a spin magnetic moment can play an important role in the planar dynamics, we
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3.2. Calculation of nonplanar integrals

compute the magnetic moment of scalar particles in the context of noncommutative scalar QED in

241 dimension with a tree level CS term.

The chapter is organized as follows. In the following section, we give the explicit evaluation of

the non-planar integrals that will be needed for the loop calculations of this chapter as well the

subsequent chapter on fermionic magnetic moment. In Section III, the vertex contributions arising

from all the diagrams at one-loop level are computed. We concentrate on the parity odd gauge

invariant pieces, since the same lead to magnetic moment type interactions.

3.2 Calculation of nonplanar integrals

In this section we evaluate a non-planar integral. It is typical of the integrals that appear in NC

loop calculations. The same method will be used to calculate the vertex amplitudes. Consider a

non-planar integral of the type

/ &’k Ky otk xP
(@) 7 - &7F

Introducing an auxiliary variable for the numerator, i.e.,

and also noting that

1
(k2 — A2]3 56(A2)2 (k2 — A2]
the integral to be evaluated, Eq. (3.2.1),

— _l/oodaaze—cm?ﬂ/ &’k o—ok?+ikztikxP
2 Jo

0z, ) (2m)3
0 3 i(Ptz)]?_ (Ptz)?
_ _l/ daoge—aA?i/ﬁe—a[k— LAk
2 0 82’“ (271—)3
1 P

© 1/2 A2_P2
= —“/ daa YV2e A4,

2(2vm? Jo

In obtaining the above expression we have used Schwinger’s parametrization:

1 /oo _ 2 A2
s = dove @ (k=47
(k2 =A% Jo
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3.3. Induced magnetic moment

Using the standard expression for the integral representation for the modified Bessel function of

the second kind:
0o 5 ,8 v/2
/ drz’te 77T =2 [—] K,(2v/B7), (3.2.6)
0 Y

the final expression for the integral to be evaluated becomes
B 1"
| K [\PHA@ . (3.2.7)

/ Pk Ky ger 1 Py
(2m)? [k — A2 2 (2y/m)?

Similarly other types of integrals also arise in the evaluation of the vertex amplitude. These also
can be evaluated in a similar fashion as shown above. For the sake of completeness a lengthy list

of non-planar integrals and their solutions has been provided in the appendix.

3.3 Induced magnetic moment

In this section, we evaluate various scalar one-loop diagrams contributing to the vertex, upto first
order in 6. The calculations have been broken up into different subsections, corresponding to

different diagrams, for the sake of convenience.

3.3.1 Boson-photon vertex contribution

The contribution to the vertex arising from the diagram shown in Fig. (3.1), which is also present

in the commutative case, can be written in the form

L= —¢? g P+ —29)u(2p — 9)u (20 — 0),G"(q) e laxK o 5pxp’
Fu= / (2m)3 [(p— q)2 — m2[(p/ — )2 — m?] e PP (3.3.1)

where K, = (p’ — p),. The above can be simplified to yield

p_ A [ g a1~ 29),
BT ) P Pl - o - Rl — 0 -]

The loop integral can be evaluated in the standard manner. After combining the denominators and

e~ iK o 5pxp (3.3.2)

shifting the integration variable we get

=% / i [avf <d3q>s A 1)[p5 > %]3_ 20+ 2080 = 2] g - (12
M J, 0 27 G — w? ’

(3.3.3)
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3.3. Induced magnetic moment

Figure 3.1: scalar-gauge field vertez.

where w? = (1 —y)?m? — (1 — z)(x —y)K? and ¢ = ¢+ (z — y)p’ + (1 — x)p. For the sake of
notational simplicity, we continue to denote the new integration variable ¢ as ¢ in this, as well as
later calculations. In solving the above integrals, we retain only the g,q, term, since only this term

gives magnetic moment type interaction. The momentum integral yields

1/2
8’L€ €uop” '’ -
Fllt = 2\;‘_ng / d:n/ dye” 5(1=2y)pxp/ Ky jo(IK|[|wr])- (3.3.4)

The parametric integrals can be handled in an elegant manner by going to a particular frame of

2ws]

reference: the rest frame of the scalar particle, where p x p’ = 0. Also, we take §% = 0, since it is

known that space-time noncommutativity violates unitarity [46]. Using

Te ?

Ki1p0(2) = PR (3.3.5)

and retaining terms first order in 6 from the above expansion, we get

1 K

rl— 16 eWpP”le
a m 2

! g (3.3.6)

It must be mentioned that, the above expression is obtained in the X2 — 0 limit. Furthermore, we

have replaced p and p’ using the relations for K, and P, = p',, + p,.
Iz n T Pu
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3.3. Induced magnetic moment

Figure 3.2: The three photon vertex contribution.
3.3.2 Three-photon vertex contribution

Here, we deal with the three-gluon contribution shown in Fig. (3.2), to the NC vertex:

oo _2282M/ p + 2)p(P = OGP~ DeapsGP W =) . [=a) x @' —P)] z4xx
I (q2 m2) 2 ’
_ 2ie? [ dPq & )\ﬁuaﬁﬁﬁpa(p/ + 2o~ P+ 2 —9)s [p xp —qx /C] £5K3.3.7)
M) (2m)? (¢ =m?)(p— 0)*(t — 9)° 2

The above vertex F;Zu can be written in terms of planar and non-planar contributions in the form,

2 — de® [ d’q " pAP oG (
oM ) 2m)3 (¢ —m2)(p— @) (Y — q)?

In obtaining the above expression, we have simplified the numerator using the standard ¢ manipu-

@%pol B @*%po/einK]- (3.3.8)

lations. As before, combining the denominators and shifting the integration variable we get

3 ) )
2 / dx/ dy/ d q €’ p)\pog])u?)qlt [e%po’_eiqueg(ley)pxp’]’ (3.3.9)
)
2

where w3 = m?y? — (z — y)(1 — x)ICQ. The vertex can be separated as: Fi = sz + FiNP. The

planar part can be simplified:

- 2 1 x 1o, )\
r2p _ _ '€ / d / dy el P 3.3.10
’ A7 M J, “ 0 4 my ( )

It can be noticed that the above planar contribution has a logarithmic divergence. The non-planar

contribution can be written in the form
/2

4 N _
FZNP ie’e /\9 /dq}/ dy[ ] Ky o (|KlJwz]). (3.3.11)
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3.3. Induced magnetic moment

q q

Figure 3.3: The two photon vertex. Figure 3.4: The two photon vertex.

On expanding the Bessel function and retaining contribution linear in the NC parameter, we see that
the log divergence from the planar piece exactly cancels a similar divergence from the non-planar
contribution. Hence, the 3-photon vertex is divergence free. Such a cancellation of divergences
stemming from the planar and non-planar contributions has been noted in the photon self-energy

calculation in 3+1 dimensions [32]. The contribution to the vertex can be combined into a compact

form:
)
2 _ '€ |’C|
Fu == 4TrM€u1/pPV’Cp 4 (3312)
3.3.3 Two-photon vertices
The two photon vertex amplitude in Fig. (3.3) can be written in the form
2 3 A / . ,
s = 26 [ 4 9w = @i (NI st -k (3.3.13)
oM ) @) @ - a)? - m?] 2
which yields,
T — / / E“PA_p 32 [e%PXp' —l—e_inKe_%(%_l)po/]. (3.3.14)
(> — w3)
In obtaining the above expression we have redefined the integration variable by ¢ = g + xp’ and
defined w3 P 242, Tt is clear that the planar contribution is zero and only the non-planar integral
survives:
~ —-1/2
2¢2 /p,c/\ IC ~
pave _ 2¢ K7 / dre3@=npe | KL g R ), (3.3.15)
2y7) o 2Juws]
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3.3. Induced magnetic moment

H

* (p' = p)

(p—Q)< > (pr—q)

Figure 3.5: The two and three photon vertex.

which in the rest frame gives the final answer in the form

povp _ Caut K [ 1 m
dn M ‘]a 2|
Similarly for the other two photon vertex [Fig. (3.4)] we get,
[ANP _ _eupp” K - _m
4 M | ;q 2|

3.3.4 Two-photon and three-photon vertex

(3.3.16)

(3.3.17)

This last subsection deals with the two photon and three gluon vertex. Similar to the contribution

of Fig. (3.2) the contribution from this diagram is purely due to NC nature of the action. Calling

the contribution from this diagram as I" Z:
_ / d3q Gas ™ 0 — )s(P— A [(p’ —q) x
L M (P —a)*(p - ¢)? 2
, p—
sin [(p p) %

(pq)]

2

The standard manipulations give

5 _ _2i€2 d3q €L [PA/C”
g M J 2n)3 (' —q)*p—q) 2

Proceeding as before we get

2 d3 IC)\ v i /
5 ie” / / q 6“ A — )2 sin[g x Kle2P*P"
Ws
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3.4. Discussion

where wg = z(z — 1)K2. Performing the momentum integration, with ¢ = ¢+ p + 2K, one gets
~ ~ q-1/2
2e2e,, Y [ K] ~ i
="t = | do |- K_15(|K||w?])ezP™?". 3.3.21
I (Qﬁ)SM 0 €x 2|W§‘ 1/2(‘ Hw5|)e ( )

Upon simplification, the contribution from this vertex diagram turns out to be

s €€, KV KP

= 2w & (3.3.22)
47 M| K|
Combining the various vertices at first order in 6, one gets
£ - P L3R | R (2 m] gy
AT M m 4 47T M IK| 2

The above vertex contributions, as can be noticed, is separates into real and imaginary parts. The
real part results due to the appearance of the # dependent spin type term, unlike the other term
where only the magnitude of 6 appears. It can be seen from the above expression that, the theta
independent term of the first piece arises due to the original vertex diagram which yielded a finite
value to the parity odd part of the vertex function present in the commutative theory [60]. This
parity odd term can couple to the external magnetic field and hence it was interpreted as the
magnetic moment for the scalar particles. The present term receives a finite NC correction due to
the appearance of non-planar integrals. This correction depends on the value of the NC parameter
and hence can also be interpreted as a correction to the MM structure. The real piece of the vertex
function is interesting because, the parity odd spin term couples not only to the external fields but

it also couples to the NC parameter.

3.4 Discussion

In conclusion, we have evaluated the NC vertex diagrams at one loop level, up to first order in 0,
for the scalar particles. The non-planar contributions brought in corrections to the spin structure
and also coupled the external field to the 6 tensor. It is worth noting that, the NC contribution to
the imaginary part of the vertex (the part responsible for the MM in the commutative case) does

not depend on the mass of the fermion. Realizing that, the ]I@] acts as a derivative on the magnetic
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3.4. Discussion

field, one can infer that the presence of this term in the Hamiltonian (with a structure similar as
the coupling of spin to the magnetic field) will generate additional precession of a charged particle
in a in-homogenous magnetic field. It is also straightforward to see that, the force experienced
by the particles will be different as compared to the commutative case. Hence, a sufficiently
strongly varying magnetic field may make this effect experimentally verifiable, even though the
NC parameter is small. The fact that, NC theories are more apt for condensed matter systems
like fractional Hall effect where scalar CS theories appear, makes our result quite exciting and
potentially amenable to verification. Considering the real part of the vertex, it can be seen that it
does not contribute to the MM interaction since we get a term of the type K.A. This is due to the
fact that noncommutativity is restricted only to the spatial components i.e., 0% = 0. It has been
shown recently that, the MM for scalar matter fields in NC MCS can lead to the formation of bound

states on plane [43]. Hence, the implication of these loop corrections needs careful investigation.
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Chapter

Fermionic matter with Chern-Simons coupling

4.1 Introduction

This chapter is devoted to the study of MM of fermions coupled to a CS gauge field. The MM
calculation for the fermions coupled to the commutative non-Abelian and the Abelian CS term
was carried out in [20, 21, 41]. The calculation for the Abelian version of the theory is rather
straightforward, whereas evaluation of the vertex diagram for the non-Abelian case is non-trivial.
This is due to the self interaction of the gauge fields leading to a three-gauge boson vertex. The
authors of [20], make use of the BRST symmetry of the generating function to set up a Slavnov-
Taylor (ST) identity leading to a considerable simplification in extracting the MM. In this chapter
we will follow [20] because, even though we consider a U (1) NCCS theory, due to noncommutativity
it has a three-gauge boson term in the action.

The chapter is organized as follows. In the next section we evaluate the Abelian vertex diagram.
Then we show that the NCCS action has a x-BRST symmetry. This is then utilized to derive the
NC ST identity in section 4. The various Feynman amplitudes that are contained in the ST identity,
like the fermion self-energy and the composite ghost-gluon vertices are calculated in section 5 and

section 6.
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4.2. The Abelian vertex

P
P '(p — k) (¢ — ]‘-) q

(¢—p)

Figure 4.1: The abelian vertex diagram.
4.2 The Abelian vertex

In Fig. (4.1) we depict the Abelian type vertex. The vertex amplitude is given by

i€ [ Bk K (e K+ +E—m)
Ty =405 [ Gaorenie i TG F ey iy e

(4.2.1)

In the above X = (¢ — p). Here the gamma matrices are defined as 7 = 09,7! = io3,7% = ioy,
and g, is taken to be diag(1,-1,-1) same as that adopted in Ref. [34]. The above integral can be
simplified using the identity 7,7, = gu — %€uw,7” and the mass-shell condition: (p —m)u(p) =0
and @(q)(¢ —m) = 0. Defining P = (¢ + p) we have

T — _€Qe§pxq/ d’k 4(myu — qu — Pu) X Y K 4 K n
. (2m)3 | (2q-k+Kk2)(2p-k+Kk2)  K2(2p-k+ k%) k2(2q -k + k?)
4€ropk”q" P Yy

K2[(q + k)2 — m2[(p + k)2 — m?] e (4.2.2)

Before we proceed to calculate the above loop integrals, a few points are worth mentioning. Similar

to the bosonic case we restrict to NC spatial coordinates. Terms proportional to &k, which were zero

in the commutative case, due to symmetry arguments cannot be dropped because of a momentum
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4.2. The Abelian vertex

dependent phase exp(ik x X). Also the last term of the above integral which was zero, in the
commutative case, because of the appearance of terms proportional to € ,\appppAq" and € Mpq”p’\q",
upon integration are non-zero. Writing the above integral as II'), = IF,(}) + ]1“&2) + IF,(?) + ]1“,84), for

the sake of convenience, and performing the standard noncommutative loop integral yields

- 91/2
. 2 . 1
1 € i ‘ﬂ{’ %
EL):_MWGQPXQ A dx (m’yu—l-l“fKu-Fpu—fPu) m] K1/2(|9<A1’)
iX, 2]A1|]1/2 -
e e e K_15(IKA]) S, 4.2.3
2] ket a2s)
. 9 ; 1 ; - A 2’A ’ 1/2 ~
O — €W _tpxg [1 g —demxx %[ ~2] K o(I%A
" AM 73 0 2 L IX] 12 (%)
% 1"
— g || Ky (KA b, 4.2.4
J 2B 172(IXAz]) (4.2.4)
o2 i 1 i i K 2|A | 1/2 ~
B — " ipxa [ gpe57PxX %[ ﬁ] K _1(XA
" AMN T3 0 2 | |K| 1/2(1%As)
% 1"
@ _ 1€ ' ’ L (1) PxK racoicp | K] v Z
T ——eZqu/ dm/ dye 297X yey L PAKIKP K (| KA4D. (4.2.6

Here and in what follows, a tilde over a momentum indicates that it is contracted with the NC
parameter 0 i.e., K* = 0"*K,. Furthermore we have abbreviated A2 = (2K — p)?, A% = (px)?,

A2 = (gz)? and A3 = m?(1 — y)? — (z — y)(1 — )X2. In solving the above integrals we have used

/ T daarle el — o(3 ) 2K, 20/B7), (4.2.7)
0

where K, is the modified Bessel function of the second kind. Using

Te ?

2z

Kil/Q(z) = (4.2.8)
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4.2. The Abelian vertex

the above integrals can be cast in the following form

ro — _ i€’ e5Pxq /1 d (myu + 2Ky + pu — Pp) . wfu o~ 1K
’ 2 M 0 |A1| K|
2 _ 1
]F(Q) = _ e%PXQ/ dr e—gm?xx 4 _‘gCA2|
g A M 0 2ny<1 - 2|A]
]F(g) _ ie? eéqu/l dxe_%m?xx 4 Q/ Yue —|KAs]
g 4w M 0 2\9(] 20As] [
) _ 1 A —5(1=y)PxK ,—|KA
r® _ e%pxq/ dm/xd i€ PRI KO EITIT XA (4.2.9)
g Am M Vm2(1—y)2 = (z —y)(1 — )X

The parametric integrals can be solved elegantly by going over to the rest frame of the electron.

Retaining terms to only first order in 6 we get

r = —21:]2\4/Old:n{(mvu-l-xﬂcp-l-pu—ipu)(ﬁ—|g~<|)_ij~<u(%_m1|)}
= —87?}4 Oldm{i %(%—\AQD— <,Al| |ﬂ<|>}

rf = g ) e {i R 1800 a7

re = 87rM/ dz dy\/mQ — Z)”"_ﬂ;if(igfp = (4.2.10)

Solving the integrals in the low momentum transfer limit 4.e., K? = 0 and making use of the three

dimensional analogue of Gordon’s decomposition

1
— [P + i un XY, (4.2.11)

%:2m

the amplitude for the NC abelian type vertex can be written in the form

- 2 : Ao qep ; VA %%
ie iVpu€rop P KK 1€ K"y 1Ky L . v oA
— — + =5 —2imXK,, — i, K X1 . 4.2.12
A7 M T m m |K| R T 1A 1 ( )

r, =

This completes the calculation of the NC abelian type vertex. As can be seen that the extra 6
dependent contributions vanish smoothly in the § — 0 limit. This is because this vertex contribution

does not have any divergences.
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4.3. BRST symmetry

4.3 BRST symmetry

In this section we show the existence of a x-BRST symmetry for the NCCS action. This is a global
symmetry whose associated charge is nilpotent. Just like the local gauge invariance of the leads to
the Ward identities, the symmetry under x-BRST transformation will yield a NC version of the ST
identity. This identity will form the topic of the subsequent section.

The NCCS action with fermionic matter fields is given by
Ses =L [ g0 |0 A, 50,4, + 2N, x Ay A, S B 0) (i
cs = d°z |e 0 * Oy p—i—? u*x Ay x Ay, Spirac = | &z * (i P —m)p, (4.3.1)
1 1
Sost = 3 / d*zdo"exDjle,  Sgr = 5% / d*z 0, A" % 9, A"
The covariant derivatives are D,y = 0,9 — igA, * ¢ and D;‘c = Ouc — iglAu, clup and c(x)
are the ghost fields. Sgnost is the ghost action. Usually ghosts decouple in case of the Abelian
commutative theories, but in noncommutative theories ghost terms cannot be integrated, similar
to the non-Abelian theory. It is worth mentioning here that in [32], it was shown that for NC U(N)
CS theory, in the axial gauge, ghosts completely decouple, furthermore it was shown that there is
no UV/IR mixing. The presence of the ghost term in the action leads to a new vertex between the
gauge fields and the ghosts. This is depicted in Fig. (4.2).
Replacing the gauge parameter of the U(1) gauge transformations, by i g c¢(x) we get
OpAu(x) = Due(z) = due(x) — iglAu (), e(x)], (43.2)

dpib(x) = igc(x) « (). (4.3.3)

In the above equations dp is the BRST operator that enforces the BRST transformations, and

= —2eq"sin|(p x q)2].

Figure 4.2: The ghost-photon vertex.
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4.3. BRST symmetry

is independent of the space-time coordinates. Another important property of 5p is that it is a

Grassmanian object which satisfies the rule
op(F+G) = (6p) x G+ (—-D)IFIF « (55G), (4.3.4)

where |F| is the ghost number of the field F. The BRST transformation of the ghost field can
be derived from the nilpotency condition of the transformation: (% = 0. This gives the BRST

transformations for the fields as

dpe(z) = igc(x) * c(x), dpé(z) = B(z), 6pB(z) = 0. (4.3.5)

In the above we have introduced a field B, and is called the Nakanishi-Lautrup multiplier field.
The use of this field is that, the ghost and the gauge fixing parts of the action can be written in a

unified manner

Schost + Sar = ¢(x) x [B(x)§/2 + 0, A" ()]. (4.3.6)
We now show that the BRST transforms of the various fields, equations (4.3.2), (4.3.3), and (4.3.5)
are nilpotent; 3% = 0. For the gauge field A,(x) we have
312314#(95) = SB(SBAM) = gB(auC —ig[Ay, c])
= igdu(cxc) — ig&gAu *c—igA, * dpe
+ igbpex A, —igexdpA, =0, (4.3.7)

from the rule given Eq. (4.3.4). Similarly for the other fields we have

Oh(x) = igdplex ] = igdpex — igex dpy) =0,
6%c(z) = igdplex ] = igdpex ¢ —igex dpe =0,

gBE(IL’) =B =0,

63B =0.

Thus we have shown in this section how to obtain the x-BRST symmetry for the CS spinor action.
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4.4. Noncommutative Slavnov-Taylor identity

4.4 Noncommutative Slavnov-Taylor identity

Under a x-BRST variation, ) B, the fields transform as

~

SBAM = Dyc = 0uc —ig[Ay, cl; dpc =ig(ckc); dpe = B;

6B = 0; dph = igex; Opth = ig * c. (4.4.1)
The generating functional with the source terms is given by Z = Z[J,,,n,7,w,@, p, p,d,]. Now
Z = / [D®] exp {i(S + Sso + Scomp)} » (4.4.2)
with ® = (A,,1,¢,c,B) denoting the fields participating in the action.
Ssoz/de(J#*A“+77*¢+vﬁ*n+az*c+é*w+H*B) (4.4.3)
are the source terms for the fields, and
Scomp = /d?’x (8 * Sp At + p* 531!1 + 5311_1*;) + o *530) (4.4.4)

are the source terms for the composite BRST variations, that linearize the ST identity [59]. In the
above, source terms 7,7, w,© and J,, are Grassmann sources while J,, H, p, p, a are bosonic.

Under a BRST redefinition of the fields we have S’ — S + 455, S, — Sso + 65550, S —

comp

Secomp + 5 BScomp- Since Scomp is already a BRST variation of the fields 5 BScomp = 0, from the

nilpotency of the transformation. Therefore the BRST redefined partition function is

Z/ — ei[s+5BS+SSO+6BSSOJ’_SCUWP}. (445)

The invariance of the generating functional, 6pZ = Z' — Z = 0 then yields the Ward identity:
i[SBSSO]Z = 0. Where

535’50 = /d?’a:[J“ *x o AH + 531/_1 * 1 — 77*531# — wxdgc+dgekw+ Hx SB’B]. (4.4.6)
Since 6B = 0 and dgc = B, the ST identity becomes
/d3t[J“ * O At 40+ n — % dpth — @+ dpc+ B *w|Z. (4.4.7)
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4.4. Noncommutative Slavnov-Taylor identity

The above identity can be written in terms of the functional derivatives acting on the generating
function. The usefulness of the sources for the composite BRST variations becomes transparent

here. In terms of the functional derivatives the ST identity can be written as

/d3t [Ju(t) * % — 7j(t) * %(t) + %(t) *n(t) — @(t) x 5%(1&) + 5%@) *xw(t)| W =0. (4.4.8)

In the above expression we have taken Z = exp(iW). To obtain the relationship between various

Greens functions we will follow the standard technique of differentiating the above ST identity w.r.t

various sources and later setting them to zero. Acting §/07(x),

/d3t [J (t) * e + 7(t) * o + o *n(t) — 63 (t — x) 0
P on(2)0d () o1(x)op(t) — 67(x)op(t) op(t)
2 2
—o(t 0 2 wt)|W=0. (4.4.9)

) Sr@a T sn@on® ¢
Taking the functional derivative w.r.t 6/0n(y) yields
53 53 52

J [‘W * @, @ " entmen@se® T e’ ¢ Y
, 5? i 53 i 5
s e " Ss@eat) ‘;’“) * S(y)on(@)all)
+5n(y)5:(:c)5H(t) *w(t)|W=0. (4.4.10)
Finally taking the derivative w.r.t 6/dw(z) we obtain

JEaCE o ' - 5y

dw(2)on(y)on(z)ddu(t) — dw(z)dn(y)on(x)op(t) dw(z)on(z)op(t)

, 5 i 5 i 5t
) e ”(j) * Sl )en)oeD “’f’ * Sl bT@salh)

@D’ ¢ ) e *”“)] WL 11)

Now setting the external sources to zero and integrating out the delta functions we have the final

expression for the ST identity

53 53 53
—— + — - —
{5w(Z)577(y)5p(:E) dw(2)0n(x)op(y)  on(y)on(x)oH(z)

The above identity can also written in the form

] W = 0. (4.4.12)

E%W(ww(y)z‘l“(z» +ig(e(2)P(y)e(z) * () —igle(z)y(2)P(y) * C(y)>] =0 (4413)
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4.4. Noncommutative Slavnov-Taylor identity

To obtain the 1-PI expression from the connected Greens function, Legendre transformation has
to be taken:
T[A,, ¥, ¢, ¢, ¢,B] = W[J,,7,1,&,w,H| — /d3x Sso- (4.4.14)

Similar to the commutative theory, the composite operators remain inactive in the above transfor-

mation. Hence we have,

ow or oW or
— = . 4.4.15
50(0) ~ 0p@)  dp() (@) (4.4.15)
With the above transformation the 1-PI ST identity becomes
10 s 5 3 | . & .
Ea—zu/d ud’vd’w [ZGW(z—w)zS(:U—u) 5000 (0)3 Ay () zS(v—y)}
&7
+/d ud’v [5¢(u)5c(v)5ﬁ(w} iS(u—y)iD(v —2)
: &r .
+iS(x — u) 53 (2)c(0) () iD(v — z)] . (4.4.16)

where II'(u, v, w) is the 1-PI part of the fermion-gluon vertex function, I'5(x, u,v) and T'y(u,y,v)
are the composite ghost-gluon vertex functions arising from the source terms p and p respectively.
Also D denotes the ghost propagator. In order to obtain the above identity we have made use of

the chain rule for the various sources, e.g.,

b 3, oc(u) o
Sw(z) /d dw(z) de(u) (4.4.17)

The above identity in the momentum space acquires the form
1 . . J— . . . . . .
ZK“ G (X) 15 (p) i (p, ¢, X) 15(q)+[il'5(p, ¢, K) iS(q) — iS(p) iL'p(p, ¢, K)] iD(X) = 0. (4.4.18)

X is the same as defined earlier in the text. We have also used the same functional form for the
propagators as well as for the vertices to avoid cluttering of notation. Noting that the longitudinal

part of gauge field receives no quantum correction even in the noncommutative theory, i.e.,
K i (K) = KGO (K) = —ig 4.4.19
t MV( )_ i ,ul/( )_ Z§g<2’ ( o )

and using the general form of the full ghost propagator

1

PO = sy, e

(4.4.20)
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4.4. Noncommutative Slavnov-Taylor identity

Figure 4.3: The non-abelian type vertex diagram.
we obtain the required ward identity
KHIC . (p, ¢, %K) [1 + Zg(fKQ)] +T'5(p, q, fK)S_l(q) + S_l(p)Fp(p, q,%). (4.4.21)
Expanding the above identity up to one-loop order by using

t
u(p, g, %K) = ['m - 9211“53)} explp x g + O(g"),  By(X?) = g5 (K?) + O(g"),
_ l
$7Hp) =p—m—g?2D(p) +O0(g"), Tp(p.a. %) = [I+g°T( (p. 4, %) | exp[5% x g + O(g"),

i
I'yp,q,K)=— [I + gQFS)(p,q,fK)} exp[?K Xpl+ O(g"h), (4.4.22)
the required one-loop ST identity:

KT (p,0.%) = = = HEPE?) — i [2D(q) = 2D (p) | expl—ip x g

+9% [T (9, 0, %) (d — m) — (= m)TS (p, 0, %) | expl—ip x g]. (4.4.23)

In obtaining the above expression we have dropped terms of the form X#v, due to the on-shell
condition requirement. Therefore we see that the non-abelian type three photon vertex Fig. (4.3),
is now equivalent to evaluating the ghost self-energy, fermion self-energy and the composite vertex

diagrams. Before we go on to explicitly calculate the individual diagrams in later section it must
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4.5. Fermion self-energy

el el
k k
4 (¢ —Fk) q p (p—Fk) p
Figure 4.4: Fermion self-energy one. Figure 4.5: Fermion self-energy two.

be noted that the ghost self-energy is zero for the pure CS case. In the next section we calculate

the fermion self-energy.

4.5 Fermion self-energy

In this section we will calculate the self-energy of the fermion. From the ST identity it is clear that
we need to consider two separate fermion self-energy diagrams, these are depicted in the figures
(4.4) and (4.5). The contribution from these diagrams turns out to be the same as the commutative
case since the Moyal phases at the vertices cancel out.

The amplitude for the first self-energy diagram Fig. (4.4) (the second is exactly same with the

momentum factors appropriately put in) is

Bk i i(d— K+m) . i (g 1 kP
2(q) :/(27()3167 es(a k)xqmwfyﬂegqx(q k) [_Meuypﬁ]. (4.5.1)

The numerator can be simplified as

Num[2(q)] = +7(d— K+ m)v euwok”
= ['VV’YO['YH(QQ - koz) + mv"v“] E;u/pkp

= [2ik? — 2ig -k +2im K] (4.5.2)
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4.5. Fermion self-energy

Making use of the relation 2q - k = (¢ — m?) + k% — [(¢ — k)? — m?] in the numerator we get
Num[¥(q)] = ik? —i(¢® —m?) +i[(q — k)* — m?] + 2im
= ik*+i[(g — k)* —m?] + 2im K. (4.5.3)

where for the last equation we have used the on-shell condition ¢? = m?. Similarly the numerator

for the the other self-energy contribution is
Num([S(p)] = ik? +i[(p — k)* — m?] + 2im K. (4.5.4)

The combined contribution from both the diagrams can be simplified to

_ &’k 2k - (¢ —p)
>0 ~20) =€ | G el -

[1 + ]f;] (4.5.5)

Where C = (ie)? /M. We solve the integrals separately for the sake of convenience and denote them

3
11:/(d i P i : (4.5.6)

as I and Is.

2m)3 [(q — m?|[(p — k)* — m?]
Combining the denominators and shifting the integration variable we get
d3k ky+ [xqu+ (1 —2)p,]
I = / d:z/ % — w2 . (4.5.7)

Here w? = [zq+ (1 — z)p]? and k = k — [zq + (1 — z)p|, but we continue to call k as k for the sake

of convenience. The k,, integration is zero. Performing the momentum integration we get

zqg+ (1 —2x)p
4.5.8
/ \/x25<2 — K2+ m? ( )

Solving the above integral and putting all the factors the contribution from I; becomes

Py m
I :2(61-19)#016 9<1 [T_Ligm] (4.5.9)
The integral I5 is
[ &k Kk
2= / (2m)3 k2[(q — k)% — mQ]T(p — k)2 —m2’ (4.5.10)

Following the standard procedure we need to solve the integral

L=~ / d:n/l xdy/ dgk S (4.5.11)




4.6. The composite diagrams

Figure 4.6: The first composite vertex. Figure 4.7: The second composite vertex.

where w3 = [zq + yp]® and k = k — [zq + yp]. Furthermore the numerator A = koky + (xqu +
ypu)ka + (qu + ypu)ky + (qa + yYPa)(2qu + ypu). It can be seen that the k, and k, integrals will

not contribute. Performing the momentum integrals one gets

I, = / de /1 xdy ga,u _ x2QOcQ,u + yzpap,u +$y(Qapu +po¢(Ju)
16” VmA(x + y)? = K2y (Vm?(z + y)? — K2ay)?
(1.5.12)
The solution of the above integrals give
_ i Jou 1 1+X/2m _.’KafKul 1+%X/2m
T 16r | X [1-X/2m x3 1—%K/2m
4m 1 1+ %X/2m
o o — In|——— 4.5.1
+(daPu + Pady) <9<2(:J<2—4m2) tgs [1—%/2mD} (4:5.13)

Remembering that the expression is sandwiched between the spinors @(q) and u(p) we see that

using the on-shell condition the contribution from I3 turns out to be

i Y, 1+X/2m] imP, 4dm +L1 1+ %X/2m
1670 KX " |1T—%K/2m| T 167 \I2(K2—4am?) " K3 |1-K/2m

I = (4.5.14)

4.6 The composite diagrams

The composite vertex diagrams that contribute to the magnetic moment are given in figures (4.6)
and (4.7). To calculate the amplitude for the composite vertex diagrams we need the NC Feynman
rule for the vertex. This is shown in Fig. (4.8). Note that in the figures of the composite vertices

we have denoted the momentum X = r. With the above vertex rule the amplitude for Fig. (4.6)
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4.6. The composite diagrams

r \ = —eexp [—%jf X q].

Figure 4.8: The tree level composite verter.

LTG0 iy [ PR (B M)y ek (K — ) ki
iy = i) |- G | e [ e o (= m) e = 4yt
(4.6.1)

Similarly the amplitude corresponding to the second diagram, Fig. (4.7), is

ie)3] _i 3 e kP m), _, .
F(1) _ ﬂ(q) [u] €2pxq/ﬁ(ﬂ_ )(k—|—3<:) MVPk 2 (g/'i‘ K+ )( —ipxk _efquk)u(p)‘

g M (2m)? [(q + k) = m?]k?(k + X0)?
(4.6.2)
Combining both the expressions, using gamma matrix algebra and making use of
I p 1
ek = =5 (K= Kw); (4.6.3)

the contribution from the composite vertex diagrams becomes
(ie)g —ipxq( u W / dgk (k+ ¢+ m)(% ki k’yu)(qi m) ipxk igxk
i) e - [ R e e = )

Pl (B=m)Frvp = O d+m) sk —igx
’ / 2m)? (g + k)2 — m2]k2(k + X)? R '“)} : (4.6.4)

r

C

The numerators of the above two integrals can be simplified and cast in a more illuminating

manner. For example taking the numerator of the first integral in the above equation

NumA = (f+ g+m)(v k= K
= (Fwva— K Fy) + (B +m) (v k= F)
= 2(Khku— K Fyu) + (B +m) (v K= K
= 2[fk, + (B+m)(ku— Kvu)— K Ky,
= 2 [Jkp+ (B+m)(ku— ) — k] - (4.6.5)
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4.6. The composite diagrams

Where, in obtaining the above expression we have made use of the relations v,va = 2940 — YaVu-

Similarly for the other numerator we get

NumB = (fyu —vu K)(K+ 4 +m)

= 2 [%ku + (ky — v B)(d +m) — kQ'Vu] . (4.6.6)

Using the expressions of numerator A and B from equations (4.6.5) and (4.6.6) respectively, in Eq.

(4.6.4) we get

r _ [@] 4P (g _ pi(g) {/ (d?”f [ Kk + (B +m) (ku— Ky,

c M 21)3 | [(p+ k)2 — m2]k2(k — K)2
il ipxk _ igX dsk‘
s W e e [ o)
kku + (ku — Y %)(qu m) o gk _ i .
oo X TR €O fu. 4)

For the sake of convenience we will solve the above amplitude in parts first we consider the contri-
butions from the pure 7y, terms. We will call the contribution from this as Iy
2(1€)31 i nn_ B3k (m~y, — qu) . .
L = - 7 a2PXxq B M [ 2 tkxp ikxq
A e e e e )

3k my, — ) A
" / (2m)3 (k2 J(r 2}1{)(5 ﬁ TSEL emq)} u(p) (4.6.8)

Solving the above integrals is now a standard matter. Using Feynman parametric integral we get

for the above equation

I = Cha(g {/ /d%‘ M~ q“ Py +/ /dng mw_ ])PB} u(p),  (4.6.9)

Where Cy = [2(ie)3/iM] exp(—ip x q)(¢" — p"), ka =k +2(p+ K) =K, kg =k + 2(q¢ — X) + X,
wa = [z(p+XK) - K]? - K2(1 — 2), and wp = [z(q¢ — K) + K]?> — K2(1 — x). Furthermore, for the

phases associated with the integrals, we have used [exp(—ik X p) exp(—i(1l —z)q X p) —exp(—ik4 X
q) exp(ip X q)] = P4 and [exp(ikp X p)exp(—iq x p) — exp(ikp X q) exp(i(1 — x)p x q)] = Pp. The

momentum integrals are easy to evaluate, the relevant integrals are tabulated in Appendix A, and
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4.6. The composite diagrams

yield
Ilzcliﬂ(q) /1d31’(m7 _q) ﬂKlﬂ(mHWADei(l_x)qu
(2y/7)3 0 g 2wl
s Kaalldlleaher | + [ Pa(mr, - ) || P K (s )
Zwal 0 2|wp]
@ s

5K wpl)e't TP . 4.6.10
s Kalldllon) (). (16.10)

The parametric integrals are solved by going to the Fermion rest frame which results in the phases
present in the above integral becoming unity. This is because p x ¢ = 0. The integral I; then

becomes

1 1 exp(—|p||w exp(—|q||w
Il:ﬁa(q){ [ d%(qum[ p(r Jiw A p<| il u]

o TespClallsl)  exp(-lallesD])
—i—/o d’x(my, p#)[ o] ] }} (p). (4.6.11)

Expanding the exponentials to first order in 6 and performing the parametric integral we get

Iy = (ie)*(q" — p“)(‘ﬁ;—]\f’)ﬂ(q) [2my, — (g0 + pp)]ulp) (4.6.12)

The other terms of the numerator can be simplified as follows:

NumA = [Fk, + (¥ +m)(ku— Kyu)l(d —m)
= (Va8k%¢" —m Bk + (vavsp®ad” — mPky — ($+m) Fyu(d —m)
— 2 Bl + (2 q — 2m2), — 2m Rk, — (54 m) Frld — m) (46.13)
———
A2 A3 A4

Similarly the contribution from the other composite vertex can be cast as

NumB = 2p - kk,, + (2p - ¢ — 2m*)k,, — 2m fk, — (¥ — m)y, k(4 +m) (4.6.14)
B2 B3 B4

For the sake of convenience we have grouped the terms. Making use of the relations 2¢q - k =

K% — (k—K)?>+ (k> +2k-p) in A2 and 2p -k = K% — (k + K)? + (k% + 2k - q) in B2 respectively,
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4.6. The composite diagrams

and X2 = (¢ — p)? = 2m? — 2q - p, integral Iy can be written as

I = [(ﬁ;} e PX4 (g — pMYa(q) {/ (;l:;g [kz(kkﬁ K2 B2k iu% .p)]
(e = ) +/ (;i];s [/ﬂ(kki K)? R (k2 ]—?Qk - q)] (e = eim)} w61

We will not elaborate further on the explicit procedure of solving the above integral but merely

state the contribution from Is:

_ (ie)3

167 M (¢" = ") (qu + pu)(lal — |p])- (4.6.16)

Terms A3 and B3 lead to the integral I3

n= [P e - { [ o5 [ ]

. . d3k k ik x 1kxq
e [ e ) €0 - pu. - aon)

Combining the denominators in the standard manner and defining the contributions from A3 and
B3 as k=kas — (x +y)p+yq and k = ks — (x + y)q + yp respectively. With this redefinition of

the momentum variables

11—z 3 _ o
I = Cyeip%aa(q {/ dx/ dy/ d*k {kA3 ma) [k, a3 (a:+y)pu+yqu]}PA3

[k,243 - %243]3
- d3k sz—mx)[k B3 — (z + y)qu + ypul
dx/ dy/ [ £ d £ ] ng}u(p). (4.6.18)
/o 0 (2m)3 [k — whsl?
Where C3 = [—4m(ie)®/iM](g" — p"), wis = (2p — yXK)* — y&X?, why = (xq + yX)? — y&*,

Pa3 = [exp(—ikas X p)exp(—iyq X p) — exp(—ikas X p)exp(i(x + y)p X ¢)] and Pps = [exp(ikps X
p)exp(—i(x + y)q X p) — exp(ikps x q) exp(iyp x q)]. Going to the fermion rest frame we have

I3 = Csu(q {/ dl‘/l xdy/ &k [%AS_mx)[ “A?’_(x"'y)pu"‘yqu]]

[k?/-x:«; - WAS

11—z 3
( —ikasxXp _ ZkA:sXq / da:/ dy/ d k

{(%BB _ mm)[kgB?’__ (2 —i?:y)qu + ypu]] (eikB'g,Xp _ eikngq)} u(p). (4.6.19)
[k — wisl
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4.6. The composite diagrams

It can be noticed that we need to evaluate three different types of integrals. That is depending on
whether k occurs in the numerator or not, with the denominators being same. We first consider

integral independent of k43. Denoting this integral by I3(0), we get

B e &Pk ma[(x+y)py — v , [ Pk malyp, — (= +y)q,]
1(0) = /d / {/ 2m)3 k%5 — whsl? h /(27T)3 (k3 — whsl® PQ}

i (Putau) 2 12
—_—_— — . 4.6.2
eI (g2 g2y (46.20)

where we have defined Py = [exp(—ika3 X p) —exp(—ikas x q)] and Py = [exp(ikps x p) —exp(ikps ¥
q)]. Also the factor C3 is understood to be present in the above integrals as well as those given
below. The above result for the integrals has been calculated in the low momentum transfer limit.

Similarly the integrals with two momenta in the numerator gives

! 1=z 3k Kaskuas 3k Kpskups
I3(kk) = / d:v/ dy {/ = P1+/ K Pg}
) 0 0 (2m)3 [k?qg - W.%xg]g (27)3 [k%?, - %233]3

1C3y" |:ﬁ#ﬁ1l q~,udu - - :| 1Csm~yY o
— 2B g (g = |p ————[PuPy — Guly] - 4.6.21
967 |p‘ |q’ H (| ’ | |) 397 [ 12 o ] ( )
Finally we solve the integrals with a single k£ in the numerator
1—x k k A3
dx/ dy/ [ yq, — (x +y)p )¢PA3 — mx“—PAg}
/ g Pk — Wkl (5 — whs]®
1-z d3k‘ kBB k.n
—i—/ dx/ dy/ — {(yp —(z+vy)qu)—5——5—=PB3 — mx“—PB;@éLG 22)
0 0 (2m)3 g Pk — bl (ks — whsl?

Performing the momentum integrals

1) — /‘”/ﬂx @+ e |~ [P (i)
3 Y(yau — (= + y)pu)y” 3 (Vo | g /2Pl
Lo
Tt Kthwmq
— /ldaz/1 xdymm —= 7 Ky o(|pllwas|)
0 0 2| 3]
1 qu
+ 5 \/_3,/2@ N Ky o( !pllwAzll
+ | da dy [(ypy — (x + ¥)qu)y" [was — wps] — mawas — wps]] . (4.6.23)

O

0

53



4.6. The composite diagrams

In the above equation w43 — wps in parenthesis means that the expression is same as that given
previously in the equation but with w43 being replaced by wps. Expanding the bessel functions to
first order in # and after some algebra the parametric integrals that need to be calculated are

v

1 1-x
1 = [ do [ dy 207G = Do~ 0+ ) = 2= ) )

v

_2yy
mx

The parametric integrals give

3 m mx

We have left the last integral in the above expression as it is, for the time being, since it is divergent.
For obtaining the final contribution of the composite ghost-gluon vertex, terms A4 and B4 can

be simplified using gamma matrix algebra

Ad = (P+m) yu(d—m) = § kyu d—m P Jyu+m oy, d —m® fr .- (4.6.26)

The individual terms can be simplified to give

= 4k -pg, —2m g, — Ak - qp + 2mk - gy, + 2p - q Fyp — 2mk - py, + 2m Kp, — m? Fy,
= 2mk - py, —2m Kp, + m? kv
= 2m Kq, —2mk - gy, + m? Ky

= m? kv, (4.6.27)

Collecting all the contributions

Ad = (4k - pq, — 4k - qpu) + (4m Fp, — dmk - py,) +2(p - ¢ — m?) Fry,. (4.6.28)

Similarly for B4 we have

B4 = (4k - qp,, — 4k - pgy) + (4m fq, — dmk - qy,) +2(p - ¢ — m*)y, K. (4.6.29)
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4.7. Discussion

From the above we can see that only two types of integrals occur in the above equations

. Bk k

Ija = C4u(q)/ (2n)3 [kQ(kQ T2k 'up)(k; —X)?
~ 3k K

Iip = C4U(Q)/ (27)3 []@(k? +2k-q)(k+X)

We have defined Cy = [(ie)3/iM]exp(—ip x q/2)(¢" — p*). It is now a easy matter to solve the

:| (eipxk _ eiqu)u(p)’

2} (e PxF _ emixkyy(p). (4.6.30)

integrals. It can be noticed that we have single £ in the numerator so we can expect divergent
integrals. These integrals can be read of from the integrals provided in the appendix. From the
expressions of the various non-planar integrals calculated above we notice that the divergent pieces

occur in the terms that do not contribute to the MM.

4.7 Discussion

We can see from the calculation of the vertex diagrams that similar to the vertex corrections of QED
the contributions can be broken into several pieces. There exists purely 6 dependent contribution
to the MM namely terms of the type K. Furthermore there exists terms of the type X,, with theta
dependent coefficients. It can be noticed that they do not satisfy the Ward identity. It must be
mentioned that they arise from the composite diagrams.

It is known that in the NC scenario, unitarity may not be preserved. The problems occurring
in the BRST analysis is probably rooted in the above cause. In a physical gauge, like A3 = 0 the
three gluon interaction drops out, indicating that the violation of the Ward identity encountered

in the above calculation may be a gauge artefact.
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Chapter

Phase structure of noncommutative field

theories

5.1 Introduction

Noncommutative theories have occupied a great deal of interest in recent years. We have already
pointed out various reasons in the first chapter. In this chapter we study the phase structure of
NC theories. To be precise we study the NC version of the BCS theory. Phase transitions in NC
theories are specially intriguing and challenging due to the fact that these theories exhibit UV /IR
mixing. In many cases the presence of infrared singularities leads to phase transitions. A further
aspect worth mentioning is that these infrared singularities do not arise due to massless propagating
fields but rather due to loop effects. The effect of these singularities on the phase transition in the
context of A¢* theories has been studied. It was shown that the due to noncommutativity there is
a transition to a non-uniform striped phase [5, 11, 7, 50].

In this chapter, we concentrate on a non-relativistic noncommutative field theory at finite
density. We adopt a non-perturbative approach, through an appropriate Bogoliubov transformation
to find the stable vacuum in the presence of the four fermion contact interaction. It is found that a

LOFTF type ansatz is ideal for the same purpose. As will be seen, the presence of the noncommuting
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5.2. Noncommutative gap equation

parameter, yields a non-trivial ground state, even for a single species of fermions. It is worth
pointing out that, for the commutative case, the chemical potential difference between the two

species of fermions was responsible for LOFF type instability.

5.2 Noncommutative gap equation

The NC version of the BCS Hamiltonian is

2
M= (o) |50 — ] ) = §0a) w00 w0 ). (5:2.1)

2m

Here g is the coupling constant and p the chemical potential and r is the spinor index and can take

values +1/2. In momentum space the interaction has the form

g (11 Pk (k1 ko —ks—ka)z i/25,_ - kixk
=5 | [[ og ¢ ko harel/2 e hixhs, 2.2
Hint 2/i21 @) e e <i (5.2.2)

A suitable trial wavefunction can be constructed for the LOFF state as
| Q) = BB | gy (5.2.3)
Here the operators appearing in the exponential are defined as

B = /d3k i+ Dol <k + ) k) (5.2.4)

Here f(k) is the condensate function. It can be noticed from the above definition of the operators
that the particles have a relative total momentum with respect to each other and is characterized
by the vector q. Now using the above operators we can cast the particle creation and annihilation

operators in terms of the quasi-particle creation and destruction operators:

by (k) [ cosf(k—aq/2)  2rsinf(k—q/2) Uy (k) (5.2.5)
WL~k +q) ~2rsinf(k—q/2) cosf(k—q/2) ) | ¥l (~k+q)
In the above the tilde operators denote the quasi-particle operators and are constructed such that

(k)| Q) =0.
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5.2. Noncommutative gap equation

One can in principle have a more general operator where in the definition of B the condensate
function is taken to be complex f*(z). With this definition of Bf, the transformation matrix for

the quasi-particle operators can be written as

[ o P | P
v (—k+q) 2l Bl cos | f(k — q/2)] " (—k+q)

The free energy is obtained by taking the vacuum expectation value (VEV) of the operators (1 T1f)q
and (Y))q in the LOFF state. We calculate <¢j«(/€1)¢l(l€2)>g (From now on we will drop the
subscript € in the VEV expressions and it is to be understood that the state is the LOFF state)

going over to the quasi-particle operators, the expectation yields

A3k d3k ~ -
Tty = 1 2 T ; _ _
<wrws> = \/? \/T COSf —k1 + Q/2)wr(k1) +2r Slnf( k1 + q/2)¢—7‘( k1 + Q)]
[cos f(—ka+q/2) w;[(kg)—i—stinf( k2+q/2) (k2 +q)]),
[ PR Pk - . ~
- \/T \/T 2r Slnf —k1 + Q/2) COSf( ko + Q/2)<¢—r( k1 + Q)¢s(k2)>a
B k1 dPky B 3 B
= NN e 2rsin f(—k1 + q/2) cos f(—ka 4+ q/2)d— s6° (k1 + k2 — q). (5.2.7)
With k1 = P'/2+4 Q" and ky = P’'/2 — @', the expectation value can be written in the form
d3P/ d3 /
\/W\/(QQT)?)%COS]”(P'/2+Q’—Q/2) sin f(P'/2 — Q' —q/2)6_,s0°(P' —q). (5.2.8)
Next we compute the expectation value of (1, (ks3)1s(kq))q-
o) = [~ TR oo ks — q/200n (k) + 2 sin F(Fs — /203 (~Fs + )
r¥s = \/T \/T —dq r\h3 3 q —r 3 q
[cos (ks = a/2)dby (k2) + 2ssin f (ke = a/2)0L(=ka + @)
— [ s s (ks a/2) i ks = /2 )+ )
= 271- —dq 4 —q r\R3)W_g 4 T4
= d3k3 d3k4 2scos f(ks — q/2) sin f (ks — q/2)0r—s6%(ks + ks — q).  (5.2.9)
- \/?\/7 q 4 q r,—S 3 4 q . e

Redefining the momentum as shown above, with k3 = P/2 + Q and ky = P/2 — Q

3 30
\/L% \72T 2scos f(P/24 Q — q/2) sin f(P/2 — Q — q/2)8,_s6(P — q). (5.2.10)
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5.2. Noncommutative gap equation

Performing the P and P’ integrations in equations 5.2.8 and 5.2.10, the expectation value of the

interacting Hamiltonian becomes

g BQ  dBPQ

4) /@3 /r)

Similarly the kinetic term acquires the form

(Hint) = sin 2 (Q) sin 2f(Q")e'1*(Q+@)/2, (5.2.11)

(o) = [ PQU@+a/2? - ) sin? F(Q), (5.2.12)

where €(Q + q/2) = (Q + ¢/2)?/2m. Minimizing the free energy with respect to the condensate
function f(p) viz (H)/df(p) = 0, gives

3
ety + a/2) ~ plsin2(0) = ~g [ (5% cos2(p)sin24(Q) cos |

axp| qxQ
2 2

s —] (5.2.13)

In the above equation we have retained the real part of the phase and have dropped the sine terms

since they are odd functions of Q. Dividing by cos2f(p) we obtain

A(q) cos(q x p/2)

tan2f(p) = P — (5.2.14)
where
d3
Aq) = —%/ (27TC)23 sin2f(Q) cos [q ;Q] . (5.2.15)
The gap equation is then
d*Q A(g) cos?(g x Q/2)
Alg) = 2 . 5.2.16
= / (2m)% \/(e(Q + a/2) — 1)? + A%(q) cos?(q x Q/2) (5:2:10)
Expanding the cosine in terms of series to the first nontrivial order in 6
o9 [ 40 = - l4x Q) 5.2.17
4 / @2 | V(@) =2+ A2 4/(e(Q) — p)? + A (0247

It must be noted that the form of the gap equation depends crucially on the choice of A. For

example, instead of defining A as in Eq. (5.2.15), if we choose

; (5.2.18)

3
A(q7p):_g/ @°Q sin2f(Q)cos[ 5

gx(Q +p)}
4 ) (2m)3
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5.3. Solution of the gap equation

the gap equation then has the form

g [ 2’Q Alg, Q) N EICES)
A(CLP) 4 / (271‘)3 \/(g(Q + q/2) — /1')2 + AQ(q’ Q) |: 9 :|
_ g B3k A(gq, k —q/2) cos | x (k + p)
= 4 / (2m)3 \/(E(k‘) — )2+ A2(q. k—q/2) |: 5 :| ) (5.2.19)

where & = Q + ¢/2. A few points are in order here. We could have separated the phase
cos[g X p/2] since it does not depends on the integration variable. Then defining the gap as
A(q,p) = Aq) cos[q X p/2], we see that Eq. (5.2.19) reduces to that of Eq. (5.2.16). But we find

it advantageous to retain the above form of the equation.

5.3 Solution of the gap equation

The solution of the gap equation can be found following the technique presented in [73]. It can
be seen from the definition of A(g,p) that it is an even function hence, the ansatz we take is of
the form A + p2§ [73]. In principle we could have started out with a more general ansatz like
Alg,p) = A+p?5+ (p-q)01 + ¢*62 + (p- 0)d3, but as already noted since A(g, p) is an even function
of p terms linear in p can be dropped. As for the ¢? dependent term, it does not depend on the
integration variable and can be ignored in the contribution to the gap. Keeping in mind the above

considerations we have

A+pzézg/(di‘k (A +K20)(1 = [(g x p)* + (¢ x k)*]/8)

i) e e wr G o)

In the above expression we have ignored the 2(¢ x 7)(¢ X p) term from the cosine expansion.

Performing the angular integrations and retaining terms to order k2 in the gap equation

9 k2A1—(q><p) /8]
A+ p2 = — / T e g (5.3.2)

The above integral can be solved analytically. Computing first the pure A integral i.e., setting

p? =0 we get
00 2
1=—2 [ i . (5.3.3)
81 Jo /(e(k) — )% + (A + K25)?
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5.3. Solution of the gap equation

Noting that the above integral can be cast in the form

(o) tOé
Jal,y) = / dt ; 5.3.4
@) 0 V{t—1)2+ (x+yt)? (5:34)
the integral becomes
gmk
Where kp = /2mp, = A/u, and y = k%6/u. For § we get
gkrmA (g x ny)?

5 = 9kEmA (g x ny) T2, ). (5.3.6)

472 8
Here n, denotes the unit vector in the direction of p. It can be seen that in the absence of
noncommutativity (6 = 0) d becomes zero and the expression reduces to that of the ordinary BCS

gap equation. Making use of the relation

Ja(x’y) = - 1 +y2

sin To

a2
(1+y*)~1/? <1+—m2> Po(—2). (5.3.7)

where 2z = (1 — 2y)//(1 + 22)(1 + y2), and setting y = 0 in the above expression yields

1 (1+$2)1/4p1/2(_1/w/1+x2)' (5.3.8)

k‘FCL
The Legendre polynomial has a logaritmic singularity as z — 0. The expression for the leading
term is given by [38]

P,(2) = sin(ar) {ln <Z ; 1> + v+ 2¢(a+ 1) + wcot(an) | ; (5.3.9)

s

where v is the Euler-Mascheroni constant and ¢ is the derivative of the log of the gamma function.

The usual gap of the BCS theory is obtained for small values of kra:

8 T
A= _ . 5.3.10
eguexp< 2kF‘a|> ( )

To find out the effect of § on the gap we need to solve for ¢ from Eq. (5.3.6) we get

5= —(akpux)%(l + 2P o (=1/V/1 + 22). (5.3.11)

It must be pointed out that the three vectors available to us 6, p and g are mutually orthogonal.

This feature that the gap depends on the angles between the vectors has also been reported in [19].
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5.4. Conclusions

5.4 Conclusions

In this chapter we have studied the effect of noncommutative interaction on the BCS pairing
mechanism. It can be noticed that due to the presence of noncommutativity the pairing energy
decreases as compared to the ordinary BCS theory. Furthermore, it also supports the existence of
a finite momentum condensate just like the LOFF type of pairing. The crucial difference however
is that, LOFF pairing is possible in the presence of two species of fermions, whereas in our case
just single species is enough. It must also be mentioned that when the NC parameter is set to zero

the non-zero total momentum of the pair tends to zero leading to the usual BCS type of pairing.
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Chapter

Summary and future prospects

In conclusion, in this thesis we have studied the effect of noncommutativity on physical quantities
both from perturbative and non-perturbative points of view. the perturbative treatment was carried
out in anyonic planar field theories. The correction to magnetic moment was calculated at the one-
loop level for a bosonic theory. It is worth pointing out that complex scalar field theories can carry
a magnetic moment in a planar field theory. The magnetic moment coupling arises due to induced
spin in a Chern-Simons field theory. In a noncommutative theory corrections were obtained at one-
loop level. It was found that the presence of this dimensional parameter 6 can lead to novel type of
coupling of the matter field with magnetic field. In particular, a coupling sensitive to inhomogeneity
of the magnetic field was identified. The planar spin dynamics and motion of charged particles in
a non-uniform magnetic field will be affected.

Keeping in mind the usefulness of noncommutative CS theory to quantum Hall effect, this
effect may find physical applications. We then proceeded to relativistic fermionic field theories and
studied the BRST symmetry of the same with a CS coupling. The fact that U (1) noncommutative
theory is structurally quite analogous to non-Abelian theoires, necessitates the above analysis. The
above study was also required in the context of our calculation of the one-loop correction to the
fermionic moments. Presence of composite vertex made this calculation, rather tedious, which was

accomplished with the help of the above mentioned symmetry analysis. Differences between 3+1
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and 241 dimensional theories were highlighted.

We then studied the effect of noncommutativity on the vacuum structure of the BCS theory.
This was carried out using a non-perturbative approach in the context of a Gorkov type four-
Fermi coupling instead of the original BCS coupling. The 6 parameter significantly affected the
non-perturbative vacuum. It was found that, instead of the original Cooper-paired ground state,
the O-term prefers a LOFF type vacuum, where the paired particles can have non-zero center of
mass momentum. The vacuum structure was analyzed in detail for momenta close to the Fermi
surface and the similarity of the non-commutative theory with theories having derivative coupling
was pointed out.

A number of directions can be envisaged where further studies can be profitable carried out. The
precise connection of the noncommutative theories studied here with anyonic theories relevant to
quantum Hall effect should be investigated in order to physically test the effect of noncommutative
parameter as particle or quasi-particle dynamics. Since finite temperature and non-zero 6 have
similar effects. The effect of finite temperature and chemical potential in these theories also needs
investigation. It should be noted that in the noncommutative theories, one-loop finite temperature
effects leads to interesting physics in these theories.

The effect of finite temperature on the aforementioned BCS theory in a noncommutative back-
ground is bound to throw light on the phase structure of this theory. The possibility of a quantum
phase transition in this model, where # and temperature can both play significant roles needs to
be explored. The dynamics of quasi-particles and collective modes should also be studied carefully

for this effect of 6 on them.
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Appendix A

Important Integrals

Below we list a few frequently encountered nonplanar integrals that arise in the nonplanar loop

calculations.
1. »
/d3q etigxk 20 \Ia
(2m)3 [¢> —w?]?  (2y/7)? | 2Jw]
2. »
/d3q du ek — o Ky ﬂ
(27)3 [¢* — w?]? (2vm)3 | 2|w|
3.
/d3q qupet K 20 | KK, | K]
2n)% [ —w??2  2V7)? | 4 |2
~ 1-1/2
_ 9w | KL
2 | 2|w|
4. »
J e [ | IR )
@32 —wP T~ (2VA)° |2l G '
5.
/ d3q qu eiinK:il ]C/‘ &
(2m)3 [¢* — w2 2(2vm)? | 2|wl
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