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1. Introduction

Sir Isaac Newton is considered as the founder of modern science. His great perception gave
birth to what is regarded as Newtonian mechanics, the “physical laws” of nature. His mechan-
ics presents us the picture of deterministic universe provided all the physical laws and initial
conditions are given. French mathematician Laplace (1749-1827) fantasized the deterministic
world and wrote [1]:

“Let us imagine an Intelligence who would know at a given instant of time all forces acting
in nature and the position of all things of which the world consists; let us assume, further,
that this Intelligence would be capable of subjecting all these data to mathematical analysis.
Then it could derive a result that would embrace in one and the same formula the motion
of the largest bodies in the universe and of the lightest atoms. Nothing would be uncertain
for this Intelligence. The past and the future would be present to its eyes.”

Laplace’s view point stands by “cause and effect” of a system. The initial condition is the cause
and subsequent behaviour is the effect. The cause and effect are connected to each other by
the physical laws, expressed as differential equations. Towards the end of 19th century, French
mathematician Henri Poindarealized that small error in initial condition can be catastrophic

and remarked [2]

“A very small cause which escapes our notice determines a considerable effect that we
cannot fail to see, and then we say that the effect is due to chance. If we knew exactly
the laws of nature and the situation of the universe at the initial moment, we could predict
exactly the situation of that same universe at a succeeding moment. But even if it were
the case that the natural laws had no longer any secret for us, we could still know the
situation approximately. If that enabled us to predict the succeeding situation with the
same approximation, that is all we require, and we should say that the phenomenon has
been predicted, that it is governed by the laws. But it is not always so; it may happen that
small difference in the initial condition produce very great ones in the final phenomena. A
small error in the former will produce an enormous error in the latter. Prediction becomes
impossible ...

Systems which are sensitive to initial conditions exhibit chaos, even though they are determin-
istic by the physical laws. Studies on chaotic systems were not given much importance for quite
a long time since Poincathad foreseen the possibility of chaos in physical systems.

Differential equations, by which physical systems are described, are generally not solvable.
Or in other words, solutions of the equations can not always be represented by known mathe-
matical functions. Even if the solutions exist in the form of infinite series of known functions,
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such solutions will not bring out any qualitative features of the system. Limitation to solve
the insurmountable differential equations is the prime reason in ignoring the studies on chaos
through out the first half of 20th century.

Emergence of chaos from deterministic systems has been much appreciated only after an
“accidental discovery” made by the meteorologist Lorenz who attempted weather predictions
in 1960’s. His model, derived on the basis of fluid dynamical flow, consisting of twelve differ-
ential equations were solved numerically by computers. His simulated results were found to be
aperiodic and highly sensitive to initial conditions. He observed such chaotic behaviour even in
his much simpler version [3], recognized latter on as Lorenz equations, that retained mainly the
nonlinear force terms. The bitter fact of this discovery is the impossibility of long-time weather
forecasting.

However, Lorenz’s discovery evoked enormous interest to study simplified models of many
real life systemwiz. biological, economic and social systems. In particular, the detailed inves-
tigations by the biologist Robert May in 1970’s on a one-dimensional difference equation are
of significance. He chose [4] to study the so called logistic difference equation:

Tpi1 = axp(l —x,). (1.2)

This is a crude yet somewhat reasonable model developed by ecologists in 1950'’s for the sea-
sonal population growth of a species. In this equatiois,a parameter andis a variable which
can take any value between 0 and 1. The system behaviour was found to be highly sensitive to
parameter as well as to the initial conditions. A graph of his data had shown the coexistence
of regular and chaotic behaviour at all scales. The latter peculiarity had been supported with a
mathematical proof [5]. The underlying message is that even simplest models of the seething
real world possess variety of complex features.

In the past couple of decades, rapid developments in computers have fueled numerical explo-
rations of numerous simple physical models to unravel very many fascinating new phenomena
of chaotic dynamics.

1.1 Chaos in Hamiltonian systems

Deterministic dynamical systems are completely described by the equationF(x, )
wherex is a finite dimensional vector in state space. This equation alwaysrtfiqsesolution
x = x(xo,t) Wherex, = x(0) is the initial condition of the system under consideration. A
trajectory formed b (¢) describes dynamics of the system in the state space. If two trajectories,
which differ in their initial conditions by an infinitesimal amount, exponentially diverge from
each other in the tangent space then the system is locally unstable. This local instability is
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characterized by positive Lyapunov exponent defined as

A= lim (1) In (%) (1.2)
d(0)—0
whered(t) is the Euclidean distance between the two trajectories. The exponent measures the
mean rate of divergence. Local instability is the characteristic feature of a chaotic system.
Reader may refer to [6] and the subsequent work [7] for more mathematical definition of chaos.
In classical physics, an important class of dynamical systems are the Hamiltonian systems.
They are defined by Hamiltonian equations of motion

. OH . oOH
q= % 7 b= _87q
where the Hamiltonian functiod (q, p, t) describes the dynamical flow ardp are theN-
component vectorsgq = (q1,¢2,---qn), P = (p1,D2,--.pn) With N being the number of
degrees of freedom. In this description, state space (here it is called phase space) is spanned
by the2N components of position vectofand momentum vectgs. A fundamental property
of the Hamiltonian flow is that it possessesincat€-Cartan integral invarian{8], and con-
sequently the flow in phase space is a canonical transformation. It implies that the flow has
hierarchy of N quantities, preserved by the canonical transformation, c&édcar invari-
ants Volume of the phase space that is preserved under Hamiltonian flow (Liouville’s theorem)
is in fact one of the family of invariants. For the simplest case of one degree of freedom system,
the flow in phase spade, p) — (Q, P) is area-preserving.e.,o(Q, P)/d(q,p) = 1.

(1.3)

1.1.1 Integrable systems

Let us consider time independent Hamiltonian system in which case the eliégy) =
E is a constant of motion. Constant energy confines the dynami@\or 1 dimensional
subspace of the/N dimensional phase space. Liouville proved that the systemMittegrees
of freedom isintegrableby quadratures, ifV independent first integrals (constants of motion)
in involution are known. This implies that one degree of freedom systems are integrable (for
eg. harmonic oscillator, simple pendulum). Existenc&/ahdependent constants restricts the
dynamics onNV dimensionainvariant tori each of them characterized by frequencies. For
nonlinear systems, the frequencies vary from torus to torus. It is worth remarking that stable
confinement of motion on the torus leads the integrable system to be regular and predictable.
The dynamics oV dimensional tori embedded 21V — 1 dimensional energy shell is beyond
our ability to visualize. However, many features of the Hamiltonian systems can be understood
with just two degrees of freedom.



For two degrees of freedomV( = 2) system, the energy shell is three dimensional. To
further simplify the visualization of the dynamics on this shell, Poiaadevised a powerful
technique of projecting the 3D-space onto a 2D plane. This plane{saplane, with fixed;,),
calledPoincat€ sectiontransversally intersects the 2D tori that are embedded in the 3D energy
shell. The trajectory beginning in that plane returns to it after making a circuit around the tori.
Thus we have a mapping of the plane on to itself. Since the Hamiltonian flow is a canonical
transformation, mapping on the plane is area-preserving. On characterizing every torus with
frequenciesvs; andw,, the ratio of themy = w; /w,, calledwinding numberclassifies the tori
into two types: resonant (rationa) and non-resonant (irrational). The motion is periodic
on the resonant tori and quasiperiodic on the non-resonant tori. &irsceeal and recollecting
that in real axis rationals form a set of measure zero as they are infinitely outnumbered by
the irrationals, for an integrable system ‘almost all’ the tori are non-resonant. In the Foincar
section, a resonant torus appears as finite number of points and a non-resonant one as smooth
closed curve. This is equivalent to mapping on a circle, callest map

Opi1 = O+ 2ma(ry,) (1.4)

T'my1 = Tn
wherer identifies the torus. We note that the equivalence arises from the fact that the twist map
is also area-preserving.

1.1.2 Nonintegrable systems

The integrable systems are very rare and exceptional. In general, the Hamiltonian systems
are nonintegrablei.e., the system will not have as many constants of motion as degrees of
freedom, or in other words there will be some non-trivial perturbation to the integrable sys-
tem. In 19th and 20th century, it was considered to be a fundamental issue in mechanics to
understand the dynamics of nonintegrable systems. The issue was concerned with the fate of
unperturbed tori under perturbation. This problem was resolved in 1960’s by two celebrated
theorems namelitolmogorov-Arnold-Mose(KAM) theoremandPoincaté-Birkhoff(PB) the-
orem While the former concerned with the non-resonant tori, latter concerned with the resonant
tori. KAM theorem assures the presence of non-resonant tori with little deformation (KAM tori)
provided the perturbation is sufficiently small and smooth. We may note that the resonant tori
with & = m/n appears as periodic points on the projected plane. According to PB theorem,
under perturbation these points becdmeperiodic points of which points are stable (elliptic)
andn points are unstable (hyperbolic). The chairRefpoints are also arranged such that both
types are located alternatively. Thus successive applications of both the theorems provide self-
similar structure at all scales as the scenarine#rly integrablesystems. However, the vicinity
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of emerging unstable points from the resonant tori is the beginning of new phenomenological
transition to complex behaviour of the nonintegrable systems.

For very small perturbation, the KAM tori are strong barriers for the development of chaos in
the phase space. On increasing the perturbation, the KAM tori are gradually destroyed resulting
to ‘smooth transition to chaos’. In the absence of KAM tori, a chaotic orbit wanders all possible
regions of the energy shell. This can be seen as scatter of points in the Barction. The
rich range of transition to chaos in nonintegrable systems can be efficiently studied using the
perturbed twist map

Opi1 = O+ 2ma(r,) +ef(rn,0,)
i (1.5)

Tnel = T+ €g(rn,0y)
where the functiong andg are chosen such that the area-preserving property still holds. This
map exhibits all generic features of the chaotic Hamiltonian systems. The iterative map of this
kind is very easy to compute and also convenient for analytical treatments, unlike the Hamilto-
nian equations of motion.

1.1.3 Few examples

Investigations on chaotic dynamics of two degrees of freedom systems, using the ®oincar
section construction, became possible only after the use of computers in physics. It is worth
briefing few systems in the development of Hamiltonian chaos.

e The first and most enduring effort is the exploration bnidn and Heiles. They chose
a simple Hamiltonian system to model the motion of a star in cylindrically symmetric
gravitational potential of a galaxy [9]. Their model potential is bounded only upto a
critical energy and hence the energy is crucial in dictating the dynamical features. For
very small energy, with respect to the critical energy, they observed that the Foincar
section is predominantly regular where there were many smooth close loops. As the
energy is increased the system displays a transition to chaos, with reduction in number
of smooth loops. Above the critical energy, the Poigcsection is filled with scatter of
points and thus showing that the dynamics is highly chaotic. The motion in this case is
ergodic almost all the orbits eventually explore all parts of the available phase space.
The ergodicity implied that the star can eventually escape to infinity.

e Another instructive system is the Toda lattice [10], which models the propagation of
waves in nonlinear lattice. In 1970’s this system enjoyed much attention due to its spe-
cial kind of solutions calledolitons which are waves propagate through the medium
without any change of shape. The physical significance of the solitons is very wide in
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nature [11]. Ford and co-workers modelled the Toda lattice using equal point masses
on a ring with exponential interactions and studied the dynamical aspects [12]. Their
exhausting observations suggested that the system is integrable, albeit the nonlinear in-
teractions. However, the subsequent study [13] had shown that the system can become
chaotic provided the point particles have unequal masses.

¢ Nonlinear coupled oscillators are the ideal representatives of nonintegrable systems [14].
An important member of this family is the harmonic oscillators with nonlinear interaction
which models, in appropriate co-ordinates, the dynamics of Hydrogen atom in an external
uniform magnetic field. It was found in [15] that, in highly chaotic regimes the atom-field
guantum interaction is highly influenced by the unstable periodic orbits. A compilation
of literature in [16] provides a complete account on this topic.

¢ In addition to the Hamiltonian with smooth potential, there is an important class of dis-
continuous systems callgdanar billiards. Their Hamiltonian is of the form

(p3 +p;)/2 inside a boundaryl in zy-plane
H = (1.6)
00 outsideA .

Here the particle motion consists of straight segments joined by specular reflectibns at
and dynamics is very sensitive to the form4f[17]. In this class of system, two well
known models are Sinai billiard [18] and stadium billiard of Bunimovich [19]. Sinai’s
model consists of a particle moving in a square with identified edges containing a circular
reflecting obstacle of radiuB at the centre of square. The stadium billiard consists of
a particle confined in two semi circles of radiitsjoined by parallel straight lines with
length L. In the asymptotic limit, typical orbits of these billiards passes through almost
every region withinA. Equivalently, the 3D energy shell is fully explored by the orbits.

In addition, there are also very few special short periodic unstable orbits which do not fill
the regionA. They play an important role in the corresponding quantum spectra.

1.2 Quantum chaos

Dual (matter-wave) nature of atomic systems demanded new law of nature i.e., quantum
mechanics, subject to Bohr’s correspondence principle. Quantum mechanics is a probabilistic
theory and fundamental ingredient of it is the Heisenberg’s uncertainty principle that prohibits
precise determination of canonical variables like position and momentum of a particle simulta-
neously. As a consequence, the concept of trajectory does not exist in the new theory. However,
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classical mechanics emerges as the limiting case of quantum mechanics as follows. Consider-
ing an ansatz that the quantum wave functiow{g;, t) = ¢**(@9/% whereS is the classical

action andi is the Planck constant, in semiclassical liniit-G 0) time dependent Scédinger
equation is nothing but the time dependent Hamilton-Jacobi equation. We may notice that the
limit 7 — 0 is highly singular.

Basic formulation of quantum mechanics for integrable systems in semiclassical limit is
the Einstein-Brillouin-Keller (EBK) quantization [20]. In this formulation, quantized classical
objects forN degrees of freedom system are tNedimensional invariant tori. To be precise,
classical action along/ independent circuits of the tori are expressed as integral multiples of
h. Since the phase space of integrable systems are completely filled with tori, they are quanti-
zable using EBK method. On the other hand, in the nonintegrable case the tori are destroyed
by the perturbation and hence the EBK quantization is no longer applicable. Although this dif-
ficulty was realized long back by Einstein himself [20], the package of challenges in dealing
nonintegrable quantum systems were fully appreciated only after our improved understanding
of classical physics. In this context, many novel approaches supported by numerical techniques
paved way to what is now conventionally accepted as ‘quantum chaos’ - studies on noninte-
grable quantum systems in semiclassical limit. Such studies are mainly focussed on quantum
manifestations of chaotic dynamics in the semiclassical limit.

1.2.1 Eigenvalues

The lack of a quantization procedure for nonintegrable quantum systems was overcome
by an alternative general semiclassical method, pioneered by Gutzwiller [21], and further de-
veloped by Balian and Bloch [22]. This method is based on associating density fluctuations
of quantum energy levels to classical periodic orbits. For a given quantum system with the
eigenvalue equatioH |¢,,) = E,|¢,), the spectral density is represented as

d(E) =Y 6(E — E,) = d(E) + do(E) . (1.7)

Hered(FE) is the average density given by the Thomas-Fermi formula

1
UE) = o [ [ 5(E - Hap))dadp (1.8)

such that a quantum state occupies the phase space cell of v(ﬂum)év. This provides the

density after smoothening over the coarsest scale. Thedg(th) is the oscillatory correction

represented in terms afl non-zero length periodic orbits of the corresponding classical system.
Considering the level spaci§F = E,,,, — E,, the average spacingiSE ~ 1/d(E) ~

1Y, Only at this scale, all delta spikes of the density positioned at the er&rgye resolved.
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Influence of periodic orbit of period’ on the spectrum can be realized through the relation
AFE ~ h/T [23]. This relation means that a single orbit of peridgrovides collective property
(oscillatory clustering) of levels in the scaleF. That is shorter orbit gives spectral details

on coarser scale while the longer ones on finer scale. Thus the complete spectral details are
represented in terms of all the orbits upto the peflod~ h/AE ~ 1/hY~'. This period

is extremely long for the non-trivial classical case with > 1. But approaching the finest
scaleAE to get the complete spectrum is not practical for a chaotic system since the orbits are
isolated and unstable and their number grows exponentially with the peridd &8 whereh is

the topological entropy [24]. Hence instead of acquiring complete knowledge of the spectrum,
the level densitysmoothedver energy rang& E > AFE can be obtained by including all the
necessary shorter orbits. With beautiful illustration Berry has shown in [23] that contribution of
more and more orbits with longer period leads to the emergengésmikes in the spectrum.

The association of periodic orbits and the quantum spectra are well supported by spectral
behaviour of many chaotic quantum systems. One of the encouraging observations is the quan-
tum spectra of hydrogen atom in a strong external magnetic field. Both theoretical [15, 25]
and experimental [26] studies on diamagnetic excited atom of hydrogen have confirmed that
the spectral features are highly influenced by the periodic orbits. In addition, the spectra of mi-
crowave billiard [27] and tunnelling current through double barrier of guantum well in presence
of magnetic field [28] have upheld the periodic orbit theory of spectra.

1.2.2 Eigenstates

It is then natural to ask whether it is possible to understand the quantum states also, in the
semiclassical limit, through the knowledge of periodic orbits. Before answering this question,
it is instructive to recapitulate some of the early attempts to distinguish the quantum states of
nonintegrable systems from those of the integrable systems. A first and noted attempt in this
direction was made by Percival [29]. He suggested that, in semiclassical limit there are regular
and irregular states corresponding to two extreme sorts of classical motion. Since then it was of
great concern to distinguish the quantum states of integrable and nonintegrable systems. Berry
has first made use of Wigner function as a convenient tool to reveal some of the salient features
of the above mentioned quantum states. The Wigner function of a state is defined as [30]

W(q,p) = /e*ip-y/ﬁ<q+y/2\w><w|q—y/2> dy . (1.9)

(2rh)™
This function, which is not positive definite, roughly approximates to phase space density over
the manifold explored by the classical orbit corresponding to the gtateStarting from EBK
guantization for integrable case, Berry [31] has shown that the Wigner function collapses on
to the classicalV dimensional invariant torus. This is in full correspondence with the classical
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orbit confined on the torus. Although there is no known form for the semiclassical state of the
nonintegrable system, in ergodic regime Voros suggested the microcanonical distribution as an
approximation for the corresponding Wigner function [32]

Wiap)={ [ [ 05— Hap)dadp) o(E-H@p).  (L10)

Using this Berry argued that the quantum state is a Gaussian random function [33]. This is in
some sense a reflection of the unpredictable nature of classical orbit that fills the energy surface
ergodically. These results are in accordance with the Shnirelman’s theorem [34] that the phase
space invariants are the guiding factors for the morphology of quantum states, likettire

for the regular states arxdV — 1 dimensional energy surface for the irregular states. In contrast

to the periodic orbit theory approach, it was also believed that individual unstable orbits with
measure zero are unlikely to support irregular quantum states.

One of the most striking results concerned with eigenfunctions are brought to light from
Heller's numerical explorations on chaotic stadium billiard [35]. His analysis revealed that, in
addition to typical eigenstates which appear to have more complex structures, there are also
states that appear to be more regular such that their intensities are prominent in the vicinity of
some of the unstable short periodic orbits. He refers this quantum imprints of periodic orbits
on the states as ‘scars’. This observation leads to the speculation that, besides the invariant set
like the energy surface, set of periodic orbits could also influence morphological features of
eigenstates. A first attempt to explain scarring phenomena within the frame work of periodic
orbit theory was made by Bogomolny [36]. He shows that, analogous to spectral density, the
intensity of eigenstates averaged over small range of spectra can be associated to periodic or-
bits. Berry also arrived a similar results using Wigner function representation of quantum states
[37]. Theoretical investigations on systems like the nonlinearly coupled quartic oscillator [38],
hydrogen atom in magnetic field [39] and experiments with microwave cavities [40] provide
ample support for the scarring phenomena of chaotic quantum systems. Recently, semiconduc-
tor guantum well in presence of a uniform magnetic field [41] has emerged as a promising new
experimental set up for the studies on quantum chaos. In this system, states of electron in the
well that are scarred along some of the unstable periodic orbits are found to be responsible for
tunnelling current through the barrier of the well.

1.2.3 Statistics

We have already seen that spectral density of quantum system is of théiofdeHence
in the limit 2 — 0, the density is very large and it would be appropriate to study statistical
behaviour of the spectrum. In the semiclassical limit, intuitively one may then expect that
the degree of complexity of underlying classical dynamics could be reflected in the spectral
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statistics in some way or the other. One of the first steps in this direction is made in [42] where
the distributionP(s) of nearest neighbour spacisg= FE, ., — E, is derived for integrable
systems withV > 1. Itis shown that spacings follow Poisson distribution if(s) = exp(—s).

It is worth noting that this is also the spacing distribution of random numbers. An important
feature of this distribution lies in the limiting case: — 0, P(s) — 1. Thus the energy
eigenvalues of regular system are uncorrelated and exéugt clustering Although deriving

such a distribution is an impossible task for nonintegrable system, a first systematic numerical
analysis was made in [43] for the chaotic billiard systems with random matrix theory (RMT) as
atool.

RMT is a well established theory, initiated by Wigner and further developed mainly by
Dyson and Mehta [44], which describes spectral fluctuations of nuclear energy spectra. We
may recollect that nucleus comprises numerous nucleons and their interactions among them-
selves are highly complex, and complete knowledge of nuclear interactions are contentious
even today. Nevertheless, the RMT was conceived as a model for nuclear spectral fluctuations
which does not require any complicated details of the nuclear interactions except few symme-
try informations. To be more precise, the theory was built for eigenvalues of Hermitian matrix
whose elements are random numbers chosen from Gaussian distributions. The symmetry re-
guirements classify the comprising ensemble of Hermitian matrices into three classes. Among
them Gaussian orthogonal ensemble (GOE) is relevant for our discussion. GOE is an ensemble
of real matrices such that probability distribution of the matrix elements are invariant under
orthogonal transformation. This ensemble represents Hamiltonian with time-reversal symme-
try and no spint/2 interactions. A celebrated result of RMT is the Wigner distribution which
predicts spacing distribution of the eigenvalues for the GOE class as

P(s) = ? exp(—ms?/4). (1.11)

For the first time Bohigas et. al. [43] found that energy levels of a quantum particle confined
in planar billiards, whose underlying classical motion is fully chaotic, also follow the above dis-
tribution. Noticing the limitP(s) — 0 ass — 0, it was conjectured that the spectrum of chaotic
system exhibits RMT predictddvel repulsion The conjecture has been well supported by the
spectra of various systems like magnetized Hydrogen atom [45], billiard shaped microwave
cavity [46] etc. As an implication, RMT prediction of the spacing distribution emerges as
touchstone to classify highly chaotic systems from the regular ones in the quantum domain.
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1.3 Kicked rotor: a paradigm

We have already emphasized that area-preserving mappings are simple to study two degrees
of freedom time independent Hamiltonian systems. It is then certainly of interest to find out
an appropriate Hamiltonian system which corresponds to such mappings. It turns out that the
Hamiltonian of the form

1%
H(g,p,t) = { W petsrt (1.12)

P21 —v) AT <t<T
where0 < v < 1 generates such a mapping. The above Hamiltonian represents a particle which
experiences an impulsive force due to the potenfi@l) during the timeé) < ¢ < ~7" and then it
moves freely till the timé&". This process is repeated periodically with perfiadThe dynamics
of such externally driven systems can be chaotic as there are no constants of motion. Integrating
the equations of motion for the above Hamiltonian over a period frermT' tot = (n+ 1)7T,
n being an integer, yields the area-preserving mapping

Ont1 = Qn+ Tanrl

Pnt1 = DPn— T(av/8Q>qn .
An instructive model of this kind is a rotor which is periodically kicked by a standing wave.
This system is represented by the Hamiltonian

(1.13)

P, K
H= 5t cos(2mq) zn:é(n —t) (1.14)

which was first introduced by Casati et. al. [47]. The associated mapping is the well known
standard map

Pns1 = pn+ (K/27)sin(27q,)

Gnt1 = Gn+Pp1 (Mod1).
which is one form of the perturbed twist map that describes kick-to-kick dynamics of the rotor.
Albeit its simple form, the standard map exhibits variety of dynamics ranging from regular to
chaotic as strength of the kidk increases [48, 49]. It is worth remarking that the standard map
approximates motion of Hydrogen atom in external electric field [50].

(1.15)

1.3.1 Dynamical localization

Quantum mechanically also the delta kick facilitates to write analytical form of kick-to-kick
propagator by partial integration of the Seimger equation. Thus quantum dynamics of the
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rotor can be conveniently studied using quantum analogue of the classical map. The quantum
kicked rotor has been recognized as a paradigm of quantum chaos [51]. The kick provides pe-
riodic input of energy to the system, and classically very large kicking strength results to chaos
assisted unbounded diffusion in kinetic energy of the rotor. An important result of quantization
is that in generic case the energy is initially diffusive and then attains a quasiperiodic saturation
[52]. To understand this striking phenomena of ‘quantum suppression of classical diffusion’ it
will be appropriate to delineate a problem in solid state physics.

Conduction of electronic current through atomic lattice is one of the fundamental problems
in solid state physics. The electronic eigenstate is represented in tight-binding approximation
as

n#m

Herev,, H,, are the components of electronic eigenstate and energy associatibdattice

site respectively.F is the eigenvalue of the state aif,, is the hopping element. We may

note that behaviour of,, crucially depends ori/,,,,. For crystal lattice H,,, is constant and

1, corresponds to Bloch states. These are extended states which are responsible for transport
through the lattice. On the other hand, if the crystal is doped such that thE setis a random
sequence then the transport is significantly suppressed. Anderson showed that the randomness
in the on-site potential begets destructive quantum interference such that the electronic states are
exponentially localized in the lattice site [53]. This well knonderson localizatioprovides

a plausible mechanism for the suppression of electronic transport through the random lattice.

It has been shown in [54] that the Eqn. (1.16) also represents the rotor mod€lAkjth
being a ‘pseudorandom’ sequence in the generic cas@ abeing component of rotor eigen-
state (here itis called quasienergy state) in momentum representation. This one-to-one mapping
of rotor model to Anderson model show that generic rotor statesxgrenentially localized in
momentum spacedt is remarkable to notice that unlike the Anderson model, kicked rotor is
a deterministic system. Nevertheless the rotor states are localized and the randomness which
is responsible for the localization is of dynamical origin. Localization of this kind is termed
asdynamical localization This phenomenon is reflected in the kicked rotor as suppression of
chaos assisted diffusion upon quantization.

An important experiment to validate dynamical localization is an atom-optics realization of
the delta kicked rotor [55]. In this experiment neatly’ sodium atoms are trapped and laser
cooled in a magneto-optic trap (MOT) [56]. Within the trap the atoms are Gaussian distributed
both in the position and momentum. The sample of atoms then interact with a pulsed standing
wave of a laser light. As a consequence, the momenta of excited atoms are redistributed. In
order to evaluate the resultant momentum distribution, atoms are allowed for &_finte
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settle in their new widened spatial distribution. They are then frozen in their positions with
the trapping lasers to form ‘optical molasses’. The fluorescent image of the molasses, recorded
in a charged-coupled-device (CCD) camera, gives the new spatial distribution of the atoms.
From this distribution and the timg,,, the resultant momentum distribution of the atoms is
evaluated. This process is repeated fonumber of kicks. Shown in Fig. 1.1 is the average
kinetic energy of the atomic sample as a function of number of kicks. It is observed that for
initial few kicks the atomic energy follows the classical diffusion. As the number of kicks
increases, the energy deviates from the classical behaviour and saturates at the value predicted
by the localization theory. The measured distribution in momentum also supports the expected
exponential localization. These results confirm the dynamical localization and the subsequent
guantum suppression of the classical diffusion.

100

Figure 1.1:Straight line represents the classical diffusion in kinetic energy of the rotor in highly
chaotic regime. Solid dots are the experimentally measured average kinetic energy of the atoms.
Inset shows the exponential fall of momentum distribution of the excited atoms [55].

Dynamical localization is not a unique phenomenon of the delta kicked rotor and it can
observed in other systems as well. Experimental developments on microwave ionization of
Hydrogen atom [57] has evoked enormous interest in 1980’s to study the ionization mechanism
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for simple one-dimensional system

2
|
H=C _ = 4 cos(wt) (1.17)

2 |4
which represents a 1D Hydrogen atom interacting with an external microwave field. In chaotic
regime, it has been experimentally verified that the threshold field for ionization increases unlike
the classical predictions [58]. This is due to localization that occurs in the quantum excitations.
Thus Hydrogen atom in external field also serves as an ideal testing ground for the dynamical
localization. The interaction of a beam of atoms with modulated standing light wave represented
by the Hamiltonian of the form [59]

2

H = % — ecos[2k(x — ALsinwt)] (1.18)

is also another system which displays localization. An experimental realization of this system
using beams of ultra-cold atoms has shown that [60], when the system is classically chaotic,
light induced momentum transfer to the atoms is limited due to the localization. Thus the

dynamical localization is an important phenomenon by which the quantum systems significantly
differ from the corresponding classical systems in the chaotic regime.

1.4 Motivation for the thesis

As we have seen that until now much work has been done on chaotic systems and on their
guantum counterpart with the object of revealing quantum mechanical manifestations of clas-
sical chaos. Most of the work has used smooth Hamiltonian systems which are in general
integrable systems with smooth perturbation. For these systems KAM theorem is valid, on
increasing the perturbation the systems change from regular to chaotic and the underlying tran-
sition is gradual. This scenario has been widely studied in two degree of freedom systems or
equivalently area preserving maps. However, there are conditions upon which the KAM theo-
rem rests that may not always be satisfied by certain systems of physical interest. In particular if
the perturbation isot sufficiently smooth or even discontinuous, the KAM scenario may break
down. Large scale chaos may instantaneously develop in the system. One other way is that the
KAM scenario fails when the unperturbed system is fully resonant, as in the Kepler problem.
Let us focus only on non-KAM behaviour of the former kind.

To begin with we shall discuss the prevalence of systems where the non-KAM scenario may
be seen. The simplest systems where Hamiltonian chaos can develop is the sb.calégptee
of freedom system, which are time dependent one-degree of freedom systems. Thus consider
the driven rotor Hamiltonian
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2

H= % L FOV(6) (1.19)
whereV/(0) is an external potential that is periodic with perié andf(¢) is a periodic func-
tion of time with periodI". If V() is sufficiently smooth, the KAM theorem scenario combined
with the Poincag-Birkhoff theorem provides the generic behaviour. The smoothness or at least
continuity of V(0) is provided by the periodic boundary conditions in angular position of the
rotor. Introducing discontinuous potentials will lead to delta function forces equivalent to walls
of certain heights. This brings us to a natural class of systems where non-KAM behaviour will
be the rule rather than exceptiosxternally forced particles in wellsThis forms a broad class
of systems which have evoked considerable interest in recent years since the development of
quantum wells. Quantum wells are semiconductor fabricated structures that are potential wells
for the electrons. One of the recent experiments [41] has demonstrated that system comprising
electron inside the quantum well in presence of external electromagnetic field is a new testing
ground for our understanding on quantum chaos.

1.4.1 An illustration

In fact the simplest of such systems involve a particle in one-dimensional infinite square
wells (1D billiards) with time dependent external fields. Consider as an example the Hamilto-
nian

2
H = Hy + €ecos (?) cos(wt) (1.20)

whereH, = p?/2+V,,(z; a), describing such a particle. The potentig)(z; a) is the confining
infinite square well potential of widtRa, centered at the origin (see Fig. 1.2). Herand A

are field strength and wavelength of the external field which is being modulated in time with
frequencyw.

+p

Figure 1.2:Particle in 1D infinite square well potential.
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The equations of motion of the particle within the square well are

2 2
T=p ; p= ; € sin (ix) cos(wt) . (2.22)

It is easy to verify that Eqn. (1.21) is invariant under the transformation

t — wot, € — €/(2awp)?
r — x/2a, A — A/2a (1.22)
p — p/2awy, w—w/wp.

Here the frequencyy, which sets the new time scale, is arbitrary. Note that the new scaled
variables and parameters are referred by the old symbols and they are dimensionless. Setting
wo = w in the above transformation, the system has effectively two paraméters and

R = 2a/)\. HereR is the ratio of two length scales of the system i.e., well width and field

wavelength.

0.1
p 0O
—0.1 ‘ \..—1,—"\’ \ ‘\\\\ ‘ [ B
—0.5 0 0.5
X

Figure 1.3: Typical phase space of the system governed by the Hamiltonian in (1.20) with
dimensionless parametets= 0.001 andw = 1. The lower momentum region is increasingly
chaotic when the length scales do not match.
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The presence of two competing length scales, provides a rich range of non-KAM be-
haviours. In particular if the dimensionless rafibis a non-integer there is a possibility of
observing non-KAM phenomena. Under the perturbation we can roughly expect that states
whose absolute value of the initial momentum is less th&t| will be most affected. Thus
low energy states will be most affected by the time-dependent forces. Fig. 1.3 shows the effect
of the parametefz. While for R = 1 the system is essentially KAM type and has KAM tori
interspersed with resonances, any small deviatioR @iwvay from unity destroys low energy
KAM curves and leads to increased chaos. Fig. 1.4 shows the fate of an individual KAM torus
for which R = 1 is a ‘bifurcation’ point in parameter space and changes stability on either side.
We expect such behaviour to be generic to a large class of similar systems.

0.04 |- | R =095

0.02 —

004 ‘ | | ‘

0.03 —
0.04

0.03 —

Figure 1.4:Shown are orbits of Fig. 1.3 having identical initial conditions. The initial condition
corresponds to a KAM torus in the lower momentum regiornffet 1 (the negative momentum
region is not shown here). Note the abrupt change in the stability and the non-generic features
of the resultant phase space structures.

We shall note that some aspects of the classical motion of a particle in an infinite square
well potential in presence of an uniform monochromatic external field are already studied [61].
Quantum mechanically also similar systems have been introduced as a model of quantum chaos
[62, 63]. However, in all these earlier works there were no issues of competing length scales.
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Consequently, understanding on the above mentioned length scale induced non-KAM scenarios
and their guantum mechanical manifestations are completely missing. One of the main moti-
vation of this thesis is to fill this void. In this thesis we explore in great detail the classical and
guantum mechanical implications of naturally emerging competing length scales.

1.4.2 Outline of the thesis

The thesis is organized as follows. @hapter 2 we introduce one simplest possible system
which is appropriate for our investigation. Using one generalization of the standard map, we
study the classical dynamics with main focus on non-KAM transition to chao€hapter 3
the corresponding quantum system is analyzed using quantum map. Here, influences of the
length scales on the quantum system are studied in deta@hapter 4 attention is given on
special orbits of the system called ‘accelerator modes’ which are responsible for anomalous
classical transport in chaotic regimes. Possibility of such modes and their consequences in the
guantum system have been explored Clmapter 5 torus quantization of the classical map is
studied in detail as a model of bounded Hamiltonian system. At the end of each chapters we
summarize the results. Finally, we conclude the thesis with a brief outlook.
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2. Classical map

2.1 Introduction

One dimensional time periodic kicked systems have their own privileged place in the study
of Hamiltonian chaos. In this family of systems, a natural choice to understand the issue of
competing length scales and subsequent non-KAM scenario is given by the Hamiltonian

2 00
H = QP;M + V() 4 €cos (27;x> j:_OO(S (j — ;) : (2.2)
This Hamiltonian corresponds to a particle of magstrapped inside the infinite square well
Vsq(), in presence of time periodic impulsive external field. The square well of vidtis
centred at the origin. The external field is characterized with the streragitl the wavelength
A. The impulse is accomplished using train of delta functions with pefio&ecollecting the
Poisson summation formula

i 5 <j - ;) = i cos(nwt)

j=—00 n=-—00

wherew = 27 /T is the pulse frequency, we have

€ COS (27;\36) i <j — ;) = eni oS (27;\:6 — nwt) . (2.2)

=0 =0
That is, the effect of impulsive field is the same as that of an infinite number of travelling waves
with identical amplitudes and frequencies being multiples of pulse frequency.

The stroboscopic map, relating the dynamical variables immediately after successive kicks,
can be derived in a standard manner and results in the following:

To1 = (=1 (2 + pT/M) + (=1)"'sgn(p,)2ab,

o ‘ (2.3)
Pnr1 = (=1)"p,+ 2wl /N) sin(2mz,41/N)

whereb,, = [i {sonp,)(x, + p, T /M) + a}} is the number of bounces of the particle at the
walls during the interval between theth and the(n + 1)th kick. Here sg - -) and|- - -] stand
for sign and integer part of the argument respectively. The dynamical variahles are the
position and momentum of the particle just after tith kick; sgr(p,) = +1, depending on
whetherp,, > 0 or p,, < 0. Although sgny,,) is discontinuous and undefined fay = 0, one
can see easily from the map that either of the valdel§ €an be taken for sdp,,) as this does
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not alter the dynamics. Note that whenever the particle hits any of the two walls, it bounces
back with instantaneous sign change in its momentum.
With the following scaling
In P = Pl = QELW R = QLL (2.4)
2a’ " 2aM’ aM\’ A '
the above map be written in dimensionless form as

X, =

Xpi1 = (=1)"(X, + P,) + (=1)"*'sgr(P,)b,,

(2.5)
Poyy = (=1)"P, + (K/27)sin(2rRX,1,)

whereb,, = [sgr(Pn)(Xn + P,)+ %] We refer to this map as tiveell map Note thatK” andR

are the only two effective parameters of the well map. Heéres proportional to the strength of
the external fieldR is the ratio of the width of the well to the wavelength of the external field.
We do not impose any constraints Bnfor example, those imposed while considering standing
waves in a cavity, but allow all values. Evidently(,,| < 1/2 or |z, | < a as the particle motion

is confined between two rigid walls.

2.2 Generalized standard map

The phase space of the well map is a two dimensional plane with reflective boundary in
scaled positionX’ and unbounded in scaled momenténMoreover, the map is complex in its
form. However, our analysis of the well map may be simplified to great extent on realizing the
close relation between dynamics of the unperturbed particle in the well and that of the free rotor
(i.e, particle moving on a circle). The difference between the free particle inside the well and
the free rotor is in the boundary conditions. Both the free motions are same unless the particle
hits the walls. The correspondence between them is made explicit in the following way.

Let us consider the dynamics of a free rotor in discrete unit time steps, which is the map
relating successive anglés and angular momenta,:

0, = 60,+J, (mod]1
11 ( ) 2.6)
Jn+1 - Jn .

Here the motion is confined on a cylinder1/2,1/2) x (—oc, o0), and this is the unperturbed
twist map. Similarly the discretized free motion in a well of unit width is

Xn—H - <_1)bn (Xn + RL) + (_1)b7L+1Sgr(Pn)b7z

(2.7)
P = (-D)"P,.
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Denoting$S,, = (0,, J,.), andW,, = (X,,, P,) if both the maps are iterated with the same initial
conditions i.e. ]}V, = Sy, then we find a relation between théh iterate as

n—1
W,=(=1)"S, ; b=3b (2.8)
i=0

whereb is thetotal number of bounces of the particle after — 1) iterates. That is, theth
iterates of both the map most differ by signSince the maps (2.6) and (2.7) have reflection
symmetry about the origin, the particle dynamics is quantitatively same as the rotor dynamics.
Now if we introduce nonlinear perturbation to the twist map such that the resultant map is

Ops1 = 0,+J, (mod 1)
(2.9)
Jnt1 = Jn+ (K/2m)sin(27RO,41) -
It is easy to see that the relation (2.8) still exists between the well map and the perturbed twist
map. The time reversal of the perturbed twist map is

Jnr1 = Jn+ (K/27)sin(27R6,,) (2.10)

Opt1 = O+ 1 (mod 1)
and we call this map as tlgeneralized standard mgeBSM).

From the above description it is clear that quantitative dynamical featuresare for the

well map and the GSMThus in attempting to analyze the dynamics of the well map, it is
sufficient to understand the dynamics of the GSM. Also the map (2.10) is easier to handle than
the well map, asitis only a slightly generalized version of the well known standardiapl()
of kicked rotor [47, 48, 49]. When it is stated that the standard map is a one parameter system
the implicit assumption is that there is only one length scale. Here there are natwcdiyngth
scales whose ratio is the cause of many interesting effects as we shall see. In what follows we
discuss dynamical behaviour of the GSM in detail. Throughout the present study we consider
K andR to assumeeal positivevalues only.

2.3 Transition to chaos

For the standard map (GSM with = 1), whenK < 1, the dynamics is nearly regular. The
phase space is filled with large number of KAM tori which ay&tionally invariant circle§64]
extending across the phase plane. These closed (bepsircle the cylinder and are invariant,
meaning tha? C = C, where7 is an area preservirgpntinuoudransformation on the cylinder
(for instance Eq.(2.10) witl® = 1). KAM tori are the principal barriers for the unstable orbits
to diffuse in phase space. As increases there issamoothtransition from regular to chaotic
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behaviour with a reduction in the number of KAM tori [65]. Dynamical changes of KAM tori
with increase ofi{” are discussed in [66]. Ak ~ 1 all the KAM tori disappear from the phase
space [67]. For very larg” (> 1) the dynamics is chaotic and diffusive. In general, for integer
values ofR, the map is continuous and takes the form of standard mapAvith K R. Hence
the dynamical transitions are identical with that of the standard map.

R = 0.95 R

Figure 2.1:Phase space portrait of the GSM with = 0.3. We have shown the phase space

of unit square since GSM is periodic ihand 6§ with unit period. ForR = 1, the dynamics

is nearly regular wherein many smooth KAM tori are seen. WRetleparts from unity the
dynamics is increasingly complex and no KAM tori are seen. This may be compared to the
lower momentum region in Fig. 1.3.

When R assumes non-integer values the situation is entirely different from the earlier case,
particularly whenkK is small. A typical phase space portrait in Fig. 2.1 depicts an interesting
abrupt transition to chaos. While the phase space is nearly regul&rot, itis more complex
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with the coexistence of both regular and chaotic orbits even for small departGriEah unity.
Moreover, in the “non-standard map” case no KAM tori exist in the phase space. It is to be
noted that all these features are very similar to the length scale induced chaos and non-KAM
scenario which we discussed previously in the Chapter 1. Thus the GSM, albeit simple in form,
qualifies as the “standard map” for non-KAM systems like externally forced particle in potential
well.

Figure 2.2:Phase space portrait fok" = 0.3 to illustrate more effects of non-integ&rvalues.

A careful observation of Fig. 2.1 reveals that stability nature of different regions of the
phase space are different with respectto The regions of KAM tori R = 1) are replaced
by unstable chaotic orbits faR < 1. On the other hand, those regions are filled with chains
of stable islands foz > 1. In contrast, the regions around the stable fixed pdint (2),
i.e, principle resonance zones, have hierarchical stable structures for both the cBsgslof
Similarly, the regions near the separatrix are unstable and chaoti¢ f6rl. Thus the entire
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standard map may be regarded as being poised at a point of bifurcation when considered as a
function of the parametek. In general, no KAM tori appear in the phase spade i j (j is a
positive integer) for however small may be. The dynamics is either mixed or chaotic for non-
integerR. This is of course due to the discontinuity in the map wiieassumes non-integer
values. In other words, there are no closed lo@@ncircling the cylinder such th&at’C = C,
where7’ is the transformation defined by GSM with non-integer value®ofThe point of
discontinuity in7" arises at = —1/2 (or 1/2).

In Fig. 2.2 more phase space portraits are shown to illustrate the influence of non-iteger
The absence of KAM tori in the phase space is evident in all the cases, however, the dynamics
for the cases? < 1 andR > 1 are clearly distinguishable. The former is more chaotic and the
phase space is almost filled with unstable orbits. On the other hand, both regular and chaotic
regions are seen in the latter. But for larfe(>> 1), there is no such apparent difference in
dynamics between the above two case&as the leading chaos parameter. This discontinuous
dynamics implies the failure of both KAM and PoinéaBirkhoff scenarios. The modifications
that may occur are little understood, and Chirikov in [68] points out that the piecewise linear
sawtooth map

Pnt1 = Pntaxy,
(2.11)

Tpi1 = Tp+Dpap1 (Mod 1)
whenK is a non-integer such thatd < o < 0 is one such system where extremely complicated
locally stable motions occur and “it is not at all clear what could be a meaningful description,
if any, of this apparently trivial model”. The particle in a well naturally gives rise to a nonlinear
generalization of the sawtooth map and below we show how a simple method may give us
significant local stability information that elucidates the observed dramatic transition to chaos.

2.4 Stability analysis: new approach

In the absence of KAM theorem for irrational tori and the PoigeRirkhoff theorem for
rational tori, we apply a kind of local analysis to understand the change in stability of the orbits
with respect taR. Assuming thatx is small 1), let us denote an orbit of GSM (witR = j,
positive integer) a$f,,, J,, }. This satisfies the following mapping:

Jos1 = Jn + (K/27)sin(2750,)
o 2.12)

0n+1 - én + jn+1 (mOd 1) .

Also consider an orbi{é,,, J, } of the GSM withR = j + p and|u| < 1, with the same initial
conditions as the above orbit. On introducing the differentsés = 06,, — O, AT, = Jp, — T,
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it is possible to write an exact mapping equationAdgt, A.J as

Aduy = AJ, + (K/2r) {sin (20 R(0, + Ab,)) — sin(2750,) }
A6n+1 - Aen + AJn+1 .

(2.13)

Expanding in terms of\f,, and retaining first order terms leads to a time dependent force and
the non-autonomous linear set of equations

Adyyy = AJ,+ KRcos(2rR6,)Ab, + A,
(2.14)
A0n+1 = Aen + AJn—i—l

where

A, = K {sin(27rR9~n) — Sin(27rj§n)} .

2
The behaviour of such linear non-autonomous equations can be quite complex (compare for
instance the Mathieu differential equation which also arises in linear stability analysis). For the
analysis on stability of the orbits, we wish be intuitive and derive rough but useful estimates.
Although we never expan® about an integer, here we assume that this excursion is small,
so that the non-autonomous stability equations can be treated perturbatively. Appealing to the
method of averaging we simply replace the time dependent force by its time average. The
limitation of this is pointed out further ahead.
Considering the orbi{én, Jn} to be the KAM torus orbit which correspond fo= ;. Since
the motion is ergodic i, we replace the time average by an equivalent space average with
uniform measure. Thus

. 1/2
cos(2mRO,) ~ g(R) = / cos(2mRx) dx (2.15)

—-1/2

This procedure leads us to simple linear map:

AJ, = AJ,+ (K/m)sin(rR)Ab,, + A,
o (2.16)
Abpp1 = A0, +Adpp
and its stability can be seen from the corresponding Jacobian matrix which gives the stability
condition:|2 + (K /7)sin(mR)| < 2. Substitutingk = j + u, the stability condition becomes
47 -
% < (—1) sin(wp) < 0. (2.17)
This implies that ifj is odd KAM tori which exist atR = j are stable foy. > 0 and unstable

for © < 0; converse is the case jfis even. Shown in Fig. 2.3 are the typical stability changes
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of KAM orbit as R varies. Thus the above stability condition satisfactorily explains the ob-

servation. Althoughu is small in the above analysis, our numerical observation show that the
stability condition (2.17) is satisfied even for large valueg.oflere we can think of the integer

R values as bifurcation points for entire set of KAM tori orbits. This explains majority of the

phase space features seen earlier.
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Figure 2.3: Fate of an orbit with initial conditionS, = (0.25,0.33) as R varies. The orbit
corresponds to KAM torus for integét. Right column{ = 1): the orbit becomes unstable and
chaotic fory, < 0 while it becomes chain of stable islands for> 0; Left column § = 2): the
stability is reversed and can be compared with the right column.

To quantify the degree of complexity of the orbit shown in Fig. 2.3, we calculate the Lya-
punov exponents which measure the rate at which the neighbourhood orbit diverge from the
given orbit in the tangent space. The GSM in tangent space is given by
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OJni1 M 0J, M. = 1 KRcos(2rR6,) (2.18)
0 | "\ 66, ] 7 " 1 1+ KRcos(2nRb,) '

whereM, is the Jacobian matrix evaluatedrdh iterate. Consequently

n—1
O ) g [ 00 M= ][ M (2.19)
00, 00y i=0

and the exponents are given by

1
Ay = lim —In|Ay(n)| (2.20)

n—oo n,
where)_ (n) are the eigenvalues of the math&. Since we are considering the area-preserving
mapping the two exponents are such that+ A_ = 0. The maximum exponent, = 0 for
the regular orbit and., > 0 for the chaotic case.

R |08 098 10 102 1.2 18 198 20 202 22
A, | 0.24 0.083 0.004 0.0 0.003 0.003 0.005 0.005 0.04 0.21

From the table we see that the exponent is positiveifox. 1 and for R > 2 showing that
the orbit is chaotic in these cases. HOK R < 2 the exponent is nearly zero as the orbit
corresponds to regular case (see Fig. 2.3).

Now we dwell on other regions of phase space, for instance the chaotic regions around the
origin in Fig. 2.1, where the above procedure fails. In the interior of the originatesonance
(at R = 1) even a reversal of the stability criteria is observed. Origin of the phase space,
hyperbolic fixed point, is not affected bl and this is the genesis of chaos. Smooth stable
and unstable manifolds of the hyperbolic fixed point that existRoe= 1 can not exist for
R # 1 as they would then represent rotationally invariant curves. Therefore the presence of the
hyperbolic point necessarily implies chaos.

Within the framework of the stability analysis done earlier what has failed around the hyper-
bolic fixed points is the assumption of uniform measure. If we think of the simple pendulum we
are moving from energetic rotational motions (KAM tori) to slow oscillations of large amplitude
and clearly the time is spent preferentially around the turning points. Also the replacement with
time averages will fail as the time scales involving fastotions and slowA.J motions become
comparable. The latter effect becomes important as we move int®/theesonance region.

Note that the existence of two different time scales is initial value dependent and is present
in the standard map as weille., it does not arise as a result of the presence of the additional
parameter?.
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Figure 2.4:The function gR, 6.) is plotted with the turning poiri. of the pendulum. Positive-
ness of g corresponds to the instability of some GSM orbits. The points at which g changes its
sign are shown with the open circle.

The modified measure can be approximated by considering the simple pendulum. We now
takej = 1 for simplicity and consider only excursions &ffrom unity. The termcos(27 R0,
in Eqg. (2.14) is replaced with the ergodic average:

(2.21)

- 1/2 1/2 (2 d
cos(2mRb,,) ~ 9(R, 0.) {/ d } / cos(2rRiz) dz

WV E —coswa e \JE —costy

Here—1 < E < 1 is the scaled energy am{ is the turning point given byos(276,.) = E.

This is shown in Fig. 2.4 and the point where g crosses zero from above ought to be a point
where stability is recovered. This then explains the uniform chaos around the hyperbolic fixed
point for R # 1. This also explains the stability around the potht= (1/2,0). However the
interior of the resonance is not accessible to the simple theory. Remarkably Fig. 2.4 predicts a
recovery of stability at. ~ 0.15 which is seen folR = 0.95 while stability is recovered at a
much higher value of. for R = 1.05 and is not seen in Fig. 2.4. This fact may be attributed

to the failure of the averaging procedure in analyzing non-autonomous equations and have no
other recourse than Eq. (2.14) itself.
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Figure 2.5: Orbits with initial conditions on the line/ = 1/3 (top) andJ = (V5 — 1)/2
(bottom) forK = 0.1 and R = 1.05.

As we have noted, hyperbolic fixed point generates chao&fegr 1. Let us further move
on to the region of phase space f8r2 1 where there are lack of chaos with total absence
of hyperbolic points. The PoincauBirkhoff theorem concerning the breakup of rational tori
into an equal number of hyperbolic and elliptic periodic points is clearly violated. In fact the
modified scenario seems to be the creatiorowly elliptic fixed points forR 2 1 andonly

hyperbolic points forR < 1. To illustrate this we have shown in Fig. 2.5 the fate of points on

the linesJ = 1/3 and.J = (/5 — 1)/2. While in the former case three elliptic islands emerge
prominently, in the latter one can see chains of elliptic islands with the clear hierarchy of the
number of island$, 8, 13,21, 34 . .. deriving from the Fibonacci sequences generating closer
approximations to the golden mean. These island chains alternate as the ratios approach the
golden mean. As a limiting case we may think of a golden mean chain, but we have, of course,
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not rigorously proved its existence. There appear to be two types of orbits in the stable regions:
those that form an island chain and those that meander in the interstitial spaces between island
chains on presumably a fractal set. These would then be examples of strange non-chaotic sets
in Hamiltonian mechanics.

Thus simple methods provide detailed understanding of very complicated dynamics and dra-
matic stability changes that emerge from the natural length scales or the discontinuity. We may
also speculate that tuning the length scales would lead a good way of controlling or enhancing
chaos. While our study has been for Hamiltonian systems, dissipative systems may also display
such a behaviour.

2.5 Hyperbolic regime

In this section we discuss another peculiar property of the GSM. The trace of the Jacobian
matrix (2.18) is given by

|Tr M,| = |2 + KRcos(2mR6,)| . (2.22)

Since|d,,| < 1/2, for R < 1/2 the trace is such thalr M,,| > 2 (for R = 1/2, [Tr M,,| = 2

only at|6,| = 1/2). We remind that this range @, is the entire configuration space and

0, = +1/2 represent the wall boundaries. Since the Jacobian is only a function of the angle

and not a function of action at a given phase space point, we conclude that the Jacobian has real

eigenvalueghroughoutthe phase space. In other words, the system is completely chaotic or

hyperbolic fork < 1/2. This implies that there are contracting and expanding real directions or

alternatively stable and unstable manifolds throughout phase space [69]. It is worth remarking

that very few dynamical models are exactly known to be hyperbolic systems. These include the

sawtooth map [70, 71], the baker map and flows on surfaces of constant negative curvature [72].

The standard map even for large values of the paraniétemot proven to be hyperbolic. Thus

in this context, we place the fact that GSM has a parameter range for which it is hyperbolic for

all positive values of the paramet&r. The phase space of one such case is shown in Fig. 2.2.
The similarity of the GSM, whe® < 1/2, with the piecewise linear sawtooth map (2.11)

is made clear by the following linear approximation. In this regime, the farg@r R0,,) in the

GSM is monotonic and we have the linear approximatiosia@n R6,,) ~ 2sin(7R)0,. This

leads to|Tr M,,| ~ |2 + (K/7)sin(wR)|. The Lyapunov exponents in this approximation are

given by

Ay ~In(yt/y2—1) ; y=1+4 (K/2n)sin(7R). (2.23)
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It is clear from Fig. 2.6 that the approximated exponent fits fairly well with the actual one.
Similar agreement was seen for a wide range of initial conditions and different valuésisf

well. This shows the validity of the above linear approximation for the force whea 1/2,

which enables us to understand the gross behaviour of the Lyapunov exponents in this regime.
We note that the usual linear approximatian(27R6,,) ~ 27 Rf, near the origin was found

not to be as good as the above approximation.
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Figure 2.6:Positive Lyapunov exponent (circles) of an orbit of the GSM for Evealues. It is
calculated from the procedure which is described earlier. The solid curve is the approximated
exponent given by Eq. (2.23).

2.6 Diffusion

One of the striking results in the study of nonlinear phenomena has been the similarity to
many body thermodynamic property such as diffusion. The fact that deterministic dynamical
systems can give rise to diffusive behaviour reminiscent of stochastic processes like random
walks, has led to the speculation that indeed a lot of macroscopic stochastic behaviour can be
pinned onto microscopic deterministic chaos [73, 74]. Diffusion in a dynamical varigtdan
be characterized by long time behaviour of its variamée Considering that the variance has
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time dependence

o%(n) = (W) — (u,)* ~n? (2.24)

n

where(..) stands for ensemble averageis a characteristic exponent aneing the discrete
time. The rate of change of variance in long time limit is defined as the diffusion coefficient:

2
D = lim o (n) )
n—oo n

(2.25)

In general) < v < 2 and the diffusion processes are classified accordingly.

The central limit theorem (CLT) implies that= 1 and such is the case for most diffusion
processes and is hence caltemrmal Generalized simple one dimensional random walk prob-
lem [75], with«,, as the total displacement of the random walker atitmestep, substantiates
the CLT and the probability distribution functigi{«) in the long time limit converges to the
Gaussian form

p(u) = \/Qi?exp {W} (2.26)

with o2 ~ n. If there is long time correlation, which is dominated by rare events such as sticking
and flights, diffusion becomesomaloug~ # 1) in which case the limit in Eq. (2.25) does not
exist and the CLT fails to explain these processes. Flights are the events in which the random
walker can travel for long distances in spurts and the mean square of the flight length diverges.
They are called.évy flightq76, 77], characterized byuperdiffusior(y > 1). The Lévy flights
are common in many applications of physics [78]. On the other hand, sticking [76] is a strange
phenomenon occurring in deterministic kinetics, when chaotic orbits get trapped for long time
by cantori (broken KAM tori) around stable islands in the mixed phase space. Such stickiness
leads tosubdiffusion(y < 1), where the average time duration at each step diverges. The case
~ = 2, which we will encounter in Chapter 4, corresponds to the ballistic motion.

From the earlier discussion we have seen that the phase space of the GSM, even for small
K, does not have any KAM tori iR # 1 (in general for non-integer). This could cause the
dynamics to be chaotic and there is a possibility of diffusion in momenturiore over, for
R < 1the dynamics is mostly chaotic while fé& > 1 itis mixed with the coexistence of regular
and chaotic orbits in the phase space. This implies that the diffusion must be strongly affected
by the parameteR. Takingu,, = J, — Jy, jump in the momentuny at thenth iteration, we
observe from Fig. 2.7 that the diffusion is normal #or< 1. However, the diffusion coefficient
is small sinceK is small. The coefficient is maximum & = 1/2, where the discontinuity
of the GSM is maximum in the shown range; then it falls to zero wReapproaches zero or
unity. The force termin(27 R6#) approaches to zero witR and the diffusion is highly limited,
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presumably due the cantori, and hence fall in diffusion coefficientR At 1, the exponent
sharply falls down to zero, where there is no diffusion as the KAM tori are present in the phase
space.

o I
D.0004 =

Figure 2.7:The characteristic exponentand the diffusion coefficier? for R < 1 with K =

0.17. We have taken an ensemblel6f initial conditions distributed uniformly in a small
square, centred at (0.3,0.3) with side 0.1, and evolved each of them for 5000 time steps. The
ensemble is chosen such that it does not contain any regular orbits. Notice that there are some
small regular regions seen fdr/2 < R < 1in Fig. 2.1 and Fig. 2.2. However, the diffusive
nature of the chaotic orbits are not influenced by those regular regions.

For1l < R < 2 we have seen that the phase space is mixed with regular and chaotic orbits.
The phase space has no KAM tori and instead there are many chains of stable islands. However,
we expect that any diffusion of the chaotic orbits will be limited by the sticky regions around the
stable islands. In fact the stickiness is so overwhelming that our numerical results that indicate
subdiffusion ¢ < 1) in this parametric regime do not converge even after long time iterations of
large ensembles. In these kinds of situation, characterization by a simple diffusion process may
be inappropriate. More interesting and meaningful measures may be quantities like ®oincar
return time distribution [79] and exit time [80] of the chaotic orbits. Alternatively, we may
characterize the dynamics by the two-time correlation funcfiar), which is defined as

f(r) = lim — Zeem. (2.27)

n—oon
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In Fig. 2.8 typical time correlations of an orbit which is chaotic foe£ 1 are shown. The
oscillations inf(7) for R = 1 implies the existence of non-vanishing long time correlation as
a characteristic of regular case. Her= 0.9, the orbit is chaotic and diffusive id without
any constraint. In this casg(r) falls to zero after a small initial oscillation indicating rapidly
uncorrelating motion. On the other hand, #8r= 1.1 though the orbit is chaotic, there are
long time correlations. The persistence of these correlations may be associated to the fact that
the diffusion of the orbit is highly suppressed by the presence of chains of regular islands. The
non-diffusive chaotic orbit occupies the boundaries of regular islands (sticky regions) which can
retain the long time correlation. Thus we indicate another way in which the presence of island
chains affect the dynamical behaviour even in the absence of rotationally invariant circles: it
could for all practical purposes suppress diffusion while retaining long time correlations.

7001 4‘“ L L L L L L L L1
0.03 — —

0.02 —
f(r) O
—-0.02 —

0 100 200 300
T

-

Figure 2.8:Left column: an orbit withS, = (0.01,0.01) for K = 0.1r and R = 0.9,1, 1.1
from top to bottom. The orbit corresponds to a KAM torus near to the separatrik ferl and
it is chaotic forkR # 1 (for R = 0.9, A, = 0.2 and forR = 1.1, A, = 0.1). Right column:
corresponding two-time correlation of the orbit.
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Further we investigate the diffusion whénis large (i.e.,X > 1). In this regime the phase
space is highly chaotic anB is predominantly governed b since this is the leading chaos
parameter. However, here we are interestef® mependence ab to contrast from the known
results fork = 1. We have

K n—1
Up = Jp — Jo = 7 Z sin(27 R6;) (2.28)
T i=o

and

2= (2[;)2 <nzl sin(27rR9i)>2

=0
K 2 [n—1 n—2 n—1
= (27T> 2 sin?(27 RO;) + 2 Z;) AZ;Ll sin(27 R6;) sin(276;) » . (2.29)
= 1=0 7=
With the definition of ensemble average
(g) = //9(0, J)df dJ (2.30)

integrated averaged over all possible points/( in the fundamental domain of the phase space
i.e., from—1/2to 1/2 for both the variables, we introdu€& ) = (sin(27 R6;) sin(2r R0, ))

as the force-force correlation. Note ti@atr) is invariant under time translation. Assuming that
C'(r) falls off rapidly with 7, which is the case of chaotic systems, the diffusion coefficient is
given by

D= (;i) {0(0) + 22 0(7)} | (2.31)

In general first few terms may be sufficient for the chaotic systems due to the absence of
higher order correlation. The zeroth order correlation is

C(0) = ; {1 _ W} (2.32)

and the first order correlation is

C(1) = (sin(27nR6;)sin(2mrRO;11))
= (sin(27R6;_1) sin(27RY;))
_ / / sin(2rR(0 (mod 1) — J)) sin(27RE) df d.J
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- // sin(2rR(6 — J + 1)) sin(2mRO) d dJ (2.33)

wherel = [(0, J; K, R) is an integer. FOR = j, sin(2nrR(6 — J + 1)) = sin(2rR(0 — J))

and in this cas€’(1) = 0. Similarly we can show that'(2) = —J,(jK) where J;(x) is the
Bessel function of first kind. Although higher order correlations are more complicated, for the
standard mag is calculated upto fourth order correlation [49]. In [8D]is calculated using
different methods and since then the Bessel function oscillation of the diffusion coefficient for
the standard map is well known.

1.5

0.5 -

—O

\
0 1 2 3 4 5

Figure 2.9:Diffusion coefficient for three large values &f are shown. Solid lines correspond

to the actual coefficient, the dashed lines correspor@(t®) and the dotted lines correspond to
C'(0) 4+ 2C(2). For this calculation, an ensemble of 2500 points evolved each of them for 300
time steps. Results are independent of the ensemble.

For non-integerR, sin(2rR(6 — J + 1)) # sin(27rR(6 — J)). In this case, for a givek and
R the above integration becomes the sum of integration over thefgells
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C(1) = zlj / / ., Sn(2TR(O — ] +1) sin(2m R6) d6 dJ] (2.34)

HenceC(1) itself is not calculable in straight forward manner. However, we have found nu-
merically thatC'(1) ~ 0, when K is large. Since”'(2) is even more difficult here we calculate

it numerically. Fig. 2.9 shows typical behaviour of diffusion coefficientagaries. We may
notice that these oscillations significantly differ from the Bessel function oscillations of the
standard map. We also find thatis well approximated upt@’(2), implying that higher order
correlations are negligible. However, the large deviations arderd 0.7 for K = 5 may be

due to the presence of small regular regions (not shown) embedded in the chaotic phase space.
In the hyperbolic regime, i.eR < 1/2, C(0) itself is sufficient to reflect the behaviour 6f. It

is worth remarking that for the saw-tooth map all the higher order correlations are shown to be
zero andD depends only od'(0) in the hyperbolic regime [70]. In this context, we speculate
that for hyperbolic systems all higher order correlations are insignificant.

2.7 Summary

In this Chapter we have introduced a particle confined in one-dimensional infinite square
well potential in presence of time periodic impulsive external field as a simple and instructive
model for externally forced particle in well. Kick-to-kick classical dynamics of the particle is
investigated in detail with the help of one generalization of the standard map. The virtue of
generalization lies in the natural introduction of two competing length seaesvell width
and the field wavelength.

The ratio of the length scaldg is found to be decisive for the dynamics particularly when
the external field strength is small. Whénis integer the dynamics is nearly regular while
it can be chaotic ifR is non-integer. This is because the map is continuous for int&ger
and discontinuous otherwise. The resulting non-KAM scenario and the transition to chaos
for non-integerRk has been studied. In particular, the absence and fate of irrational tori under
perturbation is fairly understood using a simple stability theory. We have observed an alternative
to Poincae-Birkhoff scenario wherein the rational tori under perturbation becomes either stable
or unstable points. WheR < 1/2, the map is found to be hyperbolic - a rare class of dynamical
system.

We have studied the transport property in different chaotic regimes. In the mixed phase
space, although the KAM tori are absent, diffusive nature of the chaotic orbits is highly sup-
pressed by the presence of some regular islands. In highly chaotic regimes, the diffusion coef-
ficient is essentially governed by the first few force-force correlation.

37



3. Quantum map

3.1 Introduction

We now consider the quantum dynamics of the particle inside the infinite square well po-
tential well in presence of time periodic (peri@t impulsive field, and it can be easily studied
using iterative quantum map:

W(t+T)) = UIU(E) 5 [W(t+nT)) = U"[U(1)) (3.1)

whereU is the one time period quantum propagator amdpresents theth kick. The quantum
map, analogous to the classical map discussed in Chapter 2, describes kick-to-kick quantum
dynamics. Although the Hilbert space of the quantum system is infinite dimensional, for all
practical purposes, it is large but finifé-dimensional space. However, care must be given in
making sure that this artificial truncation does not influence the system.

Since the Sclirdinger equation is a first order linear differential equation, in the truncated
space there exisV linearly independent solutions. For time periodic Hamiltonian with period
T, according to Floquet theorem for linear system [82] the solutions of thé8iclger equation
are of the formy;(t + T)) = e~ |y);(¢)) wherej = 1,2,..., N; o, are real and distinct i.e.,
between 0 andr. In other words the solutions satisfy the eigenvalue equation

Ul (0) = e uy(1)) 5 oy = T2

The stategy,(t)) are calledquasienergy stateand £; are thequasienergie$83]. Then the
guasienergy states can be written as

(3.2)

() = e i) 5 [di(t+T)) = |g;(1)) . (3.3)

The statesp;(t)), calledsteady statesand the quasienergiés; are analogous to the stationary
states and energies of the conservative system [84]. It is to be noted that the inner product of
two arbitrary solutions of the Satdinger equation for arbitrary time dependent Hamiltonian is
independent of time due to hermiticity of the Hamiltonian. As a consequenge)|v;(t)) =

d,5, 1.e., the quasienergy states are orthogonal. At any givetiniey form a complete set in

the N-dimensional space. By the superposition principle, general solution of thédcper
equation with time periodic Hamiltonian with periddis then given byW(t)) = >, ¢;|v;(1))
wherec; are constants. With this the quantum map is
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|WU(t+nT)) = che_mfnwj(t)) . (3.4)

It is to be noted that is arbitrary. Thus the quasienergies and quasienergy states play central
role in the time periodic Hamiltonian system. They can be obtained by diagonalizing the matrix
form of U in some suitable basis states.

3.2 Matrix form of quantum propagator

For the Hamiltonian (2.1), by integrating the Sgétinger equation from just after one kick
to the next kick, we can write the quantum propagator can be written as

U =exp {—ik: cos (27;6) } exp {—i H;LT} (3.5

wherek = €7T'/h. Note that the propagator is the quantum counter counter part of the well
map and not that of the GSM. In Chapter 5, we will be discussing quantum propagator of the
GSM in detail. Natural choice of basis for tihiematrix is the eigenstates of the unperturbed
HamiltonianH,:

Holn) = &,In) (36)

wheren = 1,2, 3, ... The energy eigenfunctions and eigenvalues are

—= cos(™2£), for n odd n’m2h?
(wny = v» D En= (3.7)
7 sin("5."), forn even 8Ma

The U-matrix is then given by

2

Upn = (m|U|n) = (m| exp{—ik cos(2rz/\)}|n)e T = Fp,e ™7 (3.8)
where we have defined an effective Planck constant as

m2hT

T =M (3.9)
As the external field preserves parity we have
0, if m + n is odd
g{@m;n — (=1 Qme}, if m + n is even

where
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Q = /_ " cos(19) ek eosRO) g (3.11)

™

andfd = 7z /a. We note thaty, is a Bessel function integral for integ&s while for non-integer
R the integral constitutes a kind of “incomplete” Bessel function. Invoking the Bessel function
Js(k) through the following identity

o0

efikcose — Z (—Z)SJSUC) 67159

S=—0Q

the above integral can be evaluated as a series:
Q= 2mJo(k) 610+ 2> (—i)*Js(k) Cs (3.12)
s=1

where

- (—1)'2sRsin(sRn) for sR l
Cs = / cos(10) cos(sRP) df = (sR)*=1> 7 sB
- T, for sk = |l].
The relationJ_ (k) = (—1)°Js(k) has been used in Eq.(3.12). Note thakifis an integer,
Eq.(3.12) simplifies to

Q=27 i (=) Js (k) Opysr (3.13)

i.e., the integral becomes a single Bessel function.

The forms ofQ); allow us to assess the fall of the matrix elements of the unitary mggjx
For integerR the matrix can be essentially banded as the matrix elements fall off exponentially
after a certain cutoff. FoR = 1, as is well known and also can be seen from above thatfok
the matrix elements fall off exponentially, whermeasures the distance from the diagonal. On
the other hand wher is not an integer, apart from the Bessel function terms, there are terms
that are falling only algebrically ih For instance whe = 1/2 we have

(—i)°ssin(sm/2)
52 —4]?

Qu = 2m(= D' (k) + (~1)'8 3

s=1,3,5,...
The infinite series gets effectively cut-off fer> k. The finite sum has terms that only decay as
2. Fig. 3.1 shows tha®), falls asl~2 even for other non-integek values. Thus non-integét
values imply an important characteristic of the unitary quantum map: the algebric fall of matrix
elements, as opposed to the exponential fall characterizing iniederfact we may speculate
whether non-KAM systems amwayscharacterized by algebric decaying matrix elements in
the unperturbed basis. It is generally believed that localization properties of the eigenfunctions
crucially depend on the way in which matrix elements fall.

Jy(k) . (3.14)
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Figure 3.1:Shown are the behaviour gf; with 10 < £ < 50 for different non-integer values of
R. The thick liné~? is drawn to guide the eye.

The perturbing potentialos(27x/\) preserves the parity dfy, and hencé/ has the sym-
metry of parity. In addition, the system has a spatial translational symmetry Wheran
integer. Let us define a transformation for integeas

TF(X) = f((X + 1/R) mod1) (3.15)

such that7®f(X) = f(X). 7T has the eigenvalues, = exp(i2nl/R) wherel =
0,1,2,...,(R — 1). The commutation relatioft/, 7] = 0 leading to7 |¢)) = F|¢). For

R = 2, 5, = £1; in this case we consider only the states that correspopd+o1. It is to be
noted that the dimensionless quantum paramétarglr are related to the classical parameters
through the relation

K
& = 8kT. (3.16)

The semiclassical limit i — oo andT — 0, such that:7 is fixed. Any arbitrary state of the
system at a given time in the unperturbed basj¥ig)) = >, ¥,,(¢)|n) and its time evolution
isgivenasl,,(t+T) =3, Un.V, (). Itis to be noted that for a givelnthe infinite series in
Eq. (3.12) can be approximated to a finite series up tossays’ such thats’ > k where the
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Bessel function/,(k) decays exponentially. Since the quantum dynamics is implemented with
finite number,V, of basis states, we need to ensure that this artificial truncation does not affect
the calculations. The limit

N
Tim > [0, (1) — 1 (3.17)
n=1

has been used for this purpose.

3.3 Special case: kicked rotor

It was shown in the previous Chapter that standard map of the kicked rotor is the special
case R = 1) of the well system. It is natural to expect such connection in the quantum systems
also. In fact, in this section we show that when= 1 the quantum well system is nothing but
the quantum kicked rotor. For that let us consider the Hamiltonian of the kicked rotor moving
in a circle of radiug as

2
B=2 4 ccos(6)or (3.18)

2
wherepy, 0§ are the angular momentum and angle of the rotor. Herstands for the train
of periodic delta function with period’. The kick to kick quantum propagator in angular
momentum basi§|n) = ¢ /\/27 is given by

U = (m|Un) = (=)™ " T (k)e ™ 7/2 (3.19)

wherek = ¢T'/h andr = AT /r? withm,n = 0,£1, £2. .. SinceH preserves parity symmetry,
the quasienergy states are either even or odd(éR),) = +(—0|w;) or (n|h;) = +(—n|i);).
Then the eigensystem of the propagator

i Unn{nlh;) = e7*% (ml4);) (3.20)

n=—oo

is reduced to

Z ﬁmn(”hﬁ]) = e_iaj <m|77Z_)]> ; Umn = Umn - Um,—n (321)

n=0
by considering only the odd states. Notice that the above equation remains the same if we
replacem by —m sinceU,,, = U_,, _,. Thus it is sufficient to consider only. with positive
integers. Invoking the integral form of the Bessel function through the relation [85]

1
(—i)" Jn(k) = = / e~ 050 os(nd) df
0

T
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the parity reduced propagator matrix is

Upn = — 7712 /Tr sin(m@) sin(nd) e~ *<q9 (3.22)
0

m
wherem,n =1,2, ...
On the other hand, the well system also has the parity symmetry. Considering only the odd
states of the well system, the quantum propagator is

1 ) a )
Upin = — 671”27/ sin (n;wx) sin (mm) e heosme/A) gy (3.23)
a

—a a 2a
wherem = 2i,n = 2" with [,I’ = 1,2, ... With the substitutior§ = 7x/a and settingR = 1,
the above matrix element becomes

2 . ™ .
Up = = e-it7 / sin(10) sin(I'8) e~ * =0 g (3.24)
i 0

Now the matrix element&/,,, andU;; are identical provided = 87 or 7 = a. Combining

this condition withR = 1 (2a = \) we have2rr = A. That is, the intrinsic assumption made

in the kicked rotor system is that the wavelength of the impulsive field is equal to the perimeter
of the circle on which the rotor moves. In other workligked rotor has a single length scale
Since the parity symmetry reducé@matrix of the rotor is identical to that of the well system

for R = 1, in this case odd states of the rotor correspond to the odd states of well system, while
the even states have a similar relationship. Thus all that is known for the quantum kicked rotor,
including exponential localization of eigenstates, may be carried over to the well system with
R = 1. This allows us to address interesting questions of deviations from the kicked rotor in a
single model arising from the two competing length scales.

3.4 Quantum resonance

Here we investigate whether the parametdnas any effect on the important phenomenon
of “quantum resonance”. We notice that the unperturbed motion of the particle, given by the
HamiltonianH,, between the kicks simply adds phase to the wave function components (when
expressed in the unperturbed basis, as in Eq. (3.8)). At full resonane@f), the unperturbed
motion between the kicks is absent. In this case, without loss of generality, the time evolution
of an arbitrary state of the system is

(1)) = e e (0)) (3.25)

and thug¥(¢)]? = |¥(0)|>. Note that here is the number of kicks. In the position representa-
tion the above equation is written as
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W(z,t) = e~ HFeosCre/Nig (5 () (3.26)

and then the kinetic energy of the particle afté&icks is

E(t) = (()p"v(1)

K2 ra 2
_ h U*(z,t)

W . Z, t) de/' . (327)

a2

Using the relation

(LO0f O L Of
z(fax— 8m>_2Re<Zf&r>

where R€- - ) is the real part of the argument, and the boundary conditign¢) = 0, the
kinetic energy becomes

E(t)=FE(0) + ;]Z { <47i\kt> /a sin (27;3) Re{i\IJ*(x,O)aqjéi’ 0) } dx

B okt
A
In the limit¢ — oo the energy grows quadratically with the number of kickg\f0)) = |n),

i.e., the initial state is one of the unperturbed states itself, thep-Re= 0 and hence the
energy is purely quadratic. In this case the energy can be found exactly as

E(t) = E(0) {1 + (’“R>2(2 - A)} (3.29)

n

/a |W(x,0)]?sin’ (27;33) d:):} . (3.28)

—a

where

{ MR () i n £ 2R
(—=1)"*! if n=2R.

SinceA # 2, we observe that the quadratic energy growth is unaffected by the length scale
ratio R. Numerically we have found that this behaviour is also seen whgmnational multiples
of 27. Thus the quantum resonance phenomena of the well system is very similar to that of the
kicked rotor [86]. In the resonance condition, ieis rational multiples oR, the quasienergy
states are extended in the Hilbert space and they are unnormalized. They are very similar to
Block waves of electronic eigenstates in crystal lattice. Thus the diffusion in energy at the
resonance can be compared with the electronic transport due to the extended Block waves in

44



the lattice problem. Recent experiments on atoms in presence of pulsed standing light wave,
the atom-optics realization of delta-kicked rotor, have achieved enhancement in momentum
diffusion of the atoms under resonance condition [87].

It is to be noted that resonance is a non-generic pure quantum phenomena and no correspon-
dence to it can be seen in the classical system. In the context of a particle in a well, quantum
diffusion at the resonance may provide a mechanism to enhance ionization from sufficiently
deep finite well systems.

3.5 Results

Having given a sufficient description of the system under investigation, here we analyze the
guasienergy states and quasienergies of the generic quantum syssean (rrational multiples
of 2x) in the relevant classical regimes. On taking a truncatedimensional Hilbert space
spanned by the firsV unperturbed basis states that belong to odd parity, diagonalization of
the matrixU,,,, gives the eigenstates of odd stafes)}. In the unperturbed basis they can
be represented d8) = >, ¢,|n). Eigenvalues and eigenstates are obtained from numerical
diagonalization of thé/-matrix. In what follows we consider only states that are “converged” in
the sense that they are independent of the truncation\siZéhus the states we are interested in
belong to the infinite Hilbert space; they are states of the infinite cylindenataf a truncated
cylinder, or torus. The last distinction becomes important as quantum states that belong to the
cylinder can have completely different localization features from those that belong to a truncated
cylinder.

3.5.1 Localization and length scales

We have shown in the previous Chapter that the dynamical features of the classical system is
very much sensitive to the parameterin particular, for small classical field strengkh(< 1)
the kick to kick dynamics can be chaotic and as a consequence there is a possibility of classical
transport wherRt is non-integer. The natural and important question to be answered is that how
the localization of the generic quantum states is influencef bydifferent classical regimes.
Localization can be measured using a unified quantity, the Renyi participatiorg f §8i8]

1/(q—-1)
- (z |wn|2q) (3.30)

of which the entropy and participation ratio (PR) are special cases. In our analysis we first use
a normalized information entropy as a measure of the localization of states, and this is defined
as
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It is easy to see thatf = In¢&;/ 1n(N/2). This measure compares the entropy of the eigenfunc-
tions to that of V x N matrices belonging to Gaussian orthogonal ensemble (GOE) of random
matrix theory (RMT) which is approximately(N/2). The GOE is relevant to time reversal
symmetric systems such as the one we are considering.

0.7 — —

0.6 —
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0.4 — |

Figure 3.2:Average entropy of 1000 eigenstates far:= 0.1,7 = 0.001 (o); K = 1,7 = 0.01
(d); K =10,7 = 0.1 (). N = 1200 in all the cases.

First we calculate a gross measure of localization in a given spectrum by averaging over all
converged states. We set criteria for the states to be converged so that the states belong to the
cylinder, or are at least very close to states that belong to the cylinder. In all the following cases,
the eigenvalues are converged in modulus to unity to within 0.0001 or better. Fig. 3.2 shows
the average entropy as a function®f For smallK (< 1), the oscillations are qualitatively
similar with distinct entropy minima at integét and maxima at around half-integé&r. This
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may provide a simple mechanism for experimental control of the extent of localization. The
information entropy is, of course, basis dependent; the unperturbed basis we use is a useful one
as it has information about localization in the momentum.

The minima in entropy are expected to have strong associations with the presence of stable
regions in the classical phase space. Of special significance are KAM tori in phase space, as
these structures are complete barriers to classical diffusion in momentum. In spite of the fact
that in the classical system all the KAM tori break up in the standard mRap (1) at K = 1,
we observe a minimum entropy. This is due to the presence of cantori which are partial barriers
for chaotic orbits and suppress global diffusion. Maximum entropy around half-inkeigahe
classical parametric regime where the discontinuity is maximum, corresponding to maximum
chaos assisted diffusion.

0.12

0.08 —

0.04 [ =

0 200 400 600 800 1000

Figure 3.3:Shown is the scaled kinetic ener@y?) of a state, which is initially the ground state

of the unperturbed system, as a function of time. Here the parameters arel, 7 = 0.01;

R = 1 (solid line), R = 1.5 (dots) andR = 2 (dotted line). The effect of non-integéris
clearly seen in the evolution as the kinetic energy of the quantum particle saturates at a much
higher value compared to the integBrcases.
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The time evolution of non-stationary states must reflect the properties of the stationary states
and is also of importance in the context of experiments. Here we have studied the diffusion in
kinetic energy of a statgl) that is initially the ground state of the unperturbed system. We
illustrate with one example that for a fixed classical param&tehe effects of non-integel
are seen clearly for a givenvalue. Thus tuning? essentially tuneg sincea is fixed through
the relation (3.9). In Fig. 3.3 scaled kinetic ener@y?) = (¥(t)|P?|¥(t)) is shown as a
function of time (number of kicks) for a small value &f corresponding to a small classical
field strengthe. We note that while the quantum diffusion saturates at a much higher value for
R = 1.5, than that compared t8 = 1, the actual classical field strengtlffrom Eqg. (2.4)) is
smallerby a factor ofl.5. For comparison we show another integer cdses 2, where the
classical diffusion is smaller than fét = 1.

3.5.2 Localization and classical diffusion

In Fig. 3.2 oscillations in entropy are still present for lafgg= 10), while there is appar-
ently complete chaos for all relevafitvalues. We can understand these oscillations as due to
the strong correlation between the localization of eigenstates and classical diffusion coefficient.
SinceK andr are fixed in our numerical experiments, from the relation (3.16) we see that for
R < 1/2 the semiclassical parameteiis large. For large: the effective field strength of the
quantum particle is large. However, there is increased localization of staledexzeases from
1/2. This is the quantum reflection of the limited classical diffusion. In this case the diffusion is
highly limited presumably due to the presence of cantori. For the kicked rotor the exponential
localization length was found to be proportional to the classical diffusion coefficient [52]. This
was found by numerical experiments and is supported by certain qualitative arguments. We
are now in a position to examine the relationship between quantum localization and classical
diffusion in the context of the particle in a well, wherein we have the freedom of another control
parameter, namelz, with which to vary the classical diffusion.

Instead of studying localization lengths we study here the measures of localization such
as the entropy or the PR. We study the PR more closely rather than the entropy. In chaotic
regimes we have numerically ascertained that exponential of the entropy is proportional to the
PR, as shown in Fig. 3.4. The relationship between the localization length hitherto calculated
for the kicked rotor and the PR calculations we present will need more detailed study, but we
expect them to be roughly proportional to each other. In fact, if we assume a fully exponentially
localized state with),,| ~ exp(—|n — ng|/ls), then the PR is
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Figure 3.4: Average entropy and the log of the average PR corresponding to the/Case
10,7 = 0.1 of Fig. 3.2. The slope of the fitted straight linei9 + 0.01.

We recapitulate the argument connecting classical diffusion and the localization length for
the specific system we are considering, as there are difference in factors. Considering time evo-
lution of an initial state, kinetic energy diffuses for a certain tinand then attains quasiperi-
odic saturation. In other words, the number of unperturbed states that are excited during the
evolution increases initially and attains a saturatiQn This implies that,. is related to the
critical timet,. by the diffusion equation

wh? g = Deote <(pt - p0)2> = Dq.t (3.33)

whereD, is the classical diffusion coefficient in momentum gnd) represents the ensemble
average. Here the momenta and the diffusion coefficient have dimensions and we have taken
a = 1/2. Since the critical time is the Heisenberg time relevantfoequally spaced eigenstates

(or quasienergies) such that

h 27\ h
AE = Aol = (25 I 3.34
“r ( )T (334)

Ne

then
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te (3.35)

With the dimensionless diffusion coefficient = D, /T?, if the average localization length
(l) is alson,., we obtain the relation:

_ pr
(&) = 2(lx) = ;5 D(K, R) (3.36)
wherer is the dimensionless effective Planck constant defined in Eq. (3.9) &d constant
whose value has been numerically determinedl/@5or the standard map [89]. The diffusion
coefficientD(K, R) may be obtained using the dimensionless maps Eq. (2.5) or Eq. (2.10).

Here the dependence 6fonboth K and R is emphasized.

80

o

Figure 3.5:The average PRe] and the scaled classical diffusion coefficiesjtdre plotted as a
function of R for the case/ = 10, 7 = 0.1. The dotted line is the scaled coefficient calculated
using up to the second order time correlation. Higher order time correlations are insignificant
since the classical system is highly chaotic.
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In Fig. 3.5 we show the average PR and the scaled diffusion coefficient according to the
relation Eq. (3.36). We see that the relation derived above holds in some parameter regions
while it picks up only qualitative features of the oscillations in others. In particular, the relation
seems to hold foR < 1/2 when the classical system is hyperbolic as well as ardeird1. It
is worth reiterating that the above relation assumes that the quasienergy states are exponentially
localized. The deviations from the relation (3.36) might be due to fluctuations of the state com-
ponents in the unperturbed basis (one such case is shown below in Fig. 3.9). These fluctuations
may lead to different scaling behaviour between the average PR and the classical diffusion co-
efficient. More over where there are deviations we notice that the PR is mostly lower than that
expected from the diffusion coefficient relationship derived above. Larger the classical diffu-
sion larger is the average PR and consequently the number of states that are averaged over can
have significantly lower PR than the average. This happens because on the average energeti-
cally lower states below the critical energy determined by the spectrum averaged PR have low
PRs. Thus not averaging over sufficient number of states can also lead to different scaling laws.
The sharp deviation foR = 2 can be accounted for as due to the presence of an extra quantum
symmetry discussed above.

3.5.3 Measure of quantum chaos

Following our study on average PR and its scaling with the classical diffusion coefficient,
we may then enquire about how the PR itself is distributed in a given spectrum if the average
reflects the general behaviour. We find that when the classical system is chaotic, the distribution
of the normalized quantity = In &, /(In &) (this is similar to the distribution of the entropy
due to the linear relationship exhibited above) is nearly normal as seen in Fig. 3.6. This may be
attributed to a realization of the Central Limit Theorem. However the PRs and Inverse Partic-
ipation Ratios (IPRs) themselves are not normal. Their distributions may be got by assuming
that the distribution ofy is normal. Thus the PRs are distributed according to the lognormal
distribution [90]:

1 1 [ In&! ?
A& = expl —=— [ —2r —1 3.37
@) remen g p{ 207 <<ln£21> ) } (337

whereo? is the variance of). As an immediate consequence, distribution of IPRs is also
lognormal. Distribution of such localization measures is of great significance. Recently the
distribution of IPRs has been exploited to show that the distribution of resonance widths in
wave-chaotic dielectric cavities is lognormal [91].

When K is small K 1), the classical motion is nearly regular fBr= 1, while chaotic for
R < 0.5. However the time scales for classical diffusion is large making the observation of
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R effects on quantum dynamics hard to discern. For instance, the nearest neighbour spacing
distribution may remain very close to the Poisson distribution. In such a situation we find that
the distribution of the PRs provides a useful measure. In Fig. 3.7 such an example is shown,
wherein even for small field strengths the effect/dfs clearly visible as a tendency fgrto

be normally distributed. This is an indication of the “delocalization” that is taking place in
the eigenfunctions. This delocalization is limited in the sense that while the eigenfunctions
remain square integrable there is more spreading out in the bulk part of the states. Thus we
may conclude that the distribution of the localization measures is a sensitive quantity in chaotic
guantum systems.

P(y)

Figure 3.6:Probability distribution ofy, the normalized log of the PR, for the kicked rotor case
(R = 1) in the chaotic regime. Here we have tak&n= 10 andr = 0.025 (x), 7 = 0.05 (o).
Smooth curves are corresponding Gaussian distributions.
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Figure 3.7:Probability distribution ofy, the normalized log of the PR, for the case= 0.1, 7 =
0.001 (first row) and forK' = 1,7 = 0.01 (second row). Smooth curves are corresponding
Gaussian distributions. Note the sensitivity of these distributions to the classical dynamics.

3.5.4 Eigenvalues and eigenstates

It is clear from our earlier observations that the states are more localized in the regular
or mixed regimes of the classical system while less localized (or delocalized) in the chaotic
regimes. The degree of localization is also controlled by the ratio of the length scales and
complexity of the classical phase space is reflected in the localization measures. Here we look
at the quasienergies and the corresponding states more closely.

In Fig. 3.8 we have shown the nearest neighbour spacing distribution of the quasienergies for
various parameters. The first row and the last column of the catalogue correspond to classically
chaotic regimes and the rest belong to regular/mixed phase space regimes. In regular/mixed
regimes where the states are highly localized, the spacing shows excellent agreement with the
Poisson distribution. On the other hand, in chaotic regimes the spacing agrees well with the
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Poisson distribution except at small spacings. This is due to the fact that the bulk part of the
eigenstates is delocalized and they overlap each other. However, the tail part of the states are
exponentially localized and the degree of overlap is not significant enough. We also notice
that the spacing distribution is only slightly sensitive to the nature of the classical dynamics in
the case of the unbounded kicked rotor or the well, at least in the parameter regimes we have
investigated. In such situations, as we have demonstrated earlier, the distribution of PRs is a
good measure to distinguish the chaotic quantum systems from the regular systems.

(a) (b) (c)
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Figure 3.8:Nearest neighbour spacing distributions of 1000 quasienergies fdf (&)0.1, 7 =

0.001; (b) K = 1,7 = 0.01; (c) K = 10,7 = 0.1 with R = 0.5,1, 1.5 (top to bottom) and

N = 1200. Smooth curves are Poisson distributions. Note the relative insensitivity of these
distributions to the classical dynamics.

Our extensive calculations of the eigenstates in chaotic regimes show that, in general, it is
hard to qualitatively differentiate the states corresponding to non-infégalues from the rotor
(R = 1) states as far as their localization behaviour is concerned. In particular, it is not easy
to distinguish the emergence of non-exponential tails unequivocally. In spite of the fact that the
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guantity ); falls polynomially, our observations have not revealed any polynomial fall in the
eigenfunction components. However, we found that eigenstates corresponding to non-integer
R values generally have more fluctuations compared to the rotor states; this is illustrated with
some examples in Fig. 3.9. The fluctuations are closer to the RMT predictions in the case of
non-integerR values and is shown further below. Although an earlier study [92] shows that the
states of one discontinuous version of the standard map are algebraically localized we have not
seen any such behaviour throughout our study.
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Figure 3.9:Typical eigenstates for the cagé = 10,7 = 0.1. States corresponding t8 = 0.5
have more fluctuations compared to the rot@r£ 1) states.

Recently there have been studies of the special dase (1/2) of the system (2.1), with

the motivation of revealing quantal behaviour of non-KAM systems [63].

It was observed

that the quasienergy states are “extended” in the unperturbed basis and as a result the spacing
was shown to be Wigner distributed. At this juncture we would like to compare our results
with certain aspects of this work. In [63], the eigenstate shown in the highly chaotic regime
(K = 50, N = 1024; we have been unable to ascertain the value o$ed in this work) does
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notappear to belong to the unbounded phase space as it spreads all over the basis. Thus while
states such as these may belong to some truncated dynamical system, they do not belong to the
infinite Hilbert space of the well system. Increasing the dimensionality of the matrix used will
modify such states; in short, they are not converged. As we demonstrate below, unconverged or
poorly converged states may mislead us in understanding the spectrum.

R=1 R =

(@)

0.
M

Sy
Ny

1 1
1950

M =

L = 0.999
- = 772
1 1

M 1900

M 195

Figure 3.10:The nearest neighbour spacing distributions for the ddse 50, 7 = 0.1. Smooth
curves are the Poisson and Wigner distributions. The convergence criterion is relaxed as we
move from top to bottom. A “spectral transition” is observed.

Large K implies largek for given R and 7, and hence our calculation demands bigger
dimensionalityN of the truncated Hilbert space, since the PR is roughly increasikgd. asl-
though we takéV = 2000, getting a good number of converged states is problematic. However,
we pursue the spacing distribution with a different convergence criterion for the numerically
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obtained states. The convergence criterion uses the partial sum of the state components:

M
{(sumy,, =S |u.|* ; M<N. (3.38)
n=1

For a well converged state we expect thgum},, ~ 1, even forM < N. We denote byV,,

the number of converged eigenstates whiSem},, is greater tharb,, (an arbitrary number
close to, but less than, unity) for a fixed valueldt Thus the convergence criteria is character-
ized by M andS),.
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Figure 3.11:Typical well converged eigenstates for the highly chaotic cdse= 50,7 = 0.1
and N = 2000.

In Fig. 3.10, we show the spacing distributions with different criterion for two cases. In both
the cases transition to Wigner distribution is evident as the convergence criterion is relaxed. The
unconverged or poorly converged states do not belong to the physical system of our interest
and the corresponding quasienergies follow the RMT prediction. Obviously, reliability of the
result is more in the top plots where the spacing shows neither Poisson nor Wigner distributions.
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Though the tail part shows the Poisson behaviour there are significant discrepancies in the small
spacing. A more correct picture may be closer to the scenario of the chaotic regimes presented
in Fig. 3.8.

Shown in Fig. 3.11 are a few “well converged” states, with a more stringent convergence
criterion (M = 1600, Sy, = 0.9999). With this criteria we have only,, = 12 and4 for R = 1
and1/2 respectively. The state components exhibit strong fluctuations in the basis. Here again
it is hard to differentiate the two cases qualitatively. The states correspondihg-ta/2 also
appear to have exponential tails. To see the distribution of the state components, we introduce a
variablen, = |v,|?/]1,|* where the over bar stands for the average over the state components
suchthatj = 1. As seen from Fig. 3.12, the cumulative distributiong &dr both the cases have
very similar behaviour. Considerable deviations from the RMT predicted cumulative Porter-
Thomas distribution/(n) = erf(m), may be attributed to the localization of the states.
However, the distribution corresponds & = 1/2 tends to be closer to the RMT predicted
behaviour.
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Figure 3.12:Collective cumulative distribution of the components of the states shown in Fig.
3.11. Dotted curve corresponds o = 1 while dashed curve corresponds &= 0.5. Solid
curve is the cumulative Porter-Thomas distribution.
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3.6 Summary

This Chapter dealt with the quantum mechanical features of a particle inside the infinite
square well in presence of time periodic impulsive field. Our study was motivated to reveal the
role of competing length scales of the systein well width and wavelength of the field. If
their ratio R = 1 this system, like the classical version, is the quantum delta kicked rotor. Thus
the kicked particle in the well can be thought of as one generalization of the kicked rotor.

In the previous Chapter we showed that when the length scales do not match, even in per-
turbative regimes the dynamics can be increasingly complex wherein all the KAM tori in phase
space break up. As a result the transition to chaos is abrupt, a typical scenario of non-KAM
behaviour. Quantum mechanically the imprints of such a transition is seen in the localization
properties of the quasienergy states. In particular, the states are more localized for fhteger
and there is a spread in the bulk part (delocalization) of the states ivlassumes half-integer.

Thus we realize the length scale raficas a control parameter for the localization in the weak
field regime. This indeed enhances the quantum diffusion in the generic ¢aiehialf-integer.

On increasing the field strength, chaos assisted diffusion takes place in momentum. From
earlier studies on the kicked rotor it is known that the average localization length of the eigen-
states is directly proportional to the classical diffusion coefficient. We have shown that in our
generalization of the kicked rotor also, this result “grossly” explains the localization behaviour
of the eigenstates through the classical transport properties. Thus the kicked rotor continues
to serve as a useful model in understanding physical phenomena exhibited by a larger class of
systems.

We have observed, as expected, that in the regular case the nearest neighbour spacing dis-
tribution of the quasienergies show good agreement with Poisson distribution. Evidences are
presented to support that, in highly chaotic regimes the spacings show some deviations from the
Poisson distribution though the corresponding eigenstates belong to an unbounded phase space.
Limited overlap of the eigenstates results in such deviations. However, spacing does not show
the RMT predicted Wigner distribution as was claimed in an earlier study [63]. The earlier
result is attributed to lack of converged states in the statistics.

While the spacing is not much sensitive to the classical chaos, the distribution of partici-
pation ratios of the eigenstates is shown to be a good measure to distinguish chaotic quantum
systems from regular ones. Quantum mechanically, chaotic regimes are characterized by a
lognormal distribution of the participation ratios. In addition to the above generic quantum fea-
tures, we have also studied non-generic phenomena like “quantum resonance”. In the resonance
condition, the kinetic energy of the particle grows quadratically with the number of kicks. This
unbounded energy growth is not affected by the length scale ratio. The resonance condition
may then provide a mechanism to enhance the ionization in the deep finite well system.
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As far as experimental realizations of the presented results are concerned, the quantum wells
[41] are the possible candidate. We have demonstrated that the length scales effects may be best
observed in these experiments #r> 1 at small field strengths.
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4. Accelerator modes

4.1 Introduction

The phase space of dynamical system is broadly divided into two regions namely regular and
chaotic. If there are no regular regions, the deterministic dynamics is more like the Brownian
motion. In this case even a single chaotic orbit visits almost all the allowed regions and even-
tually fills the entire phase space, the dynamics is ergodic and the consequent diffusion process
is normal. It is worth remarking that ergodicity is a very restrictive condition, and in general
dynamical systems are non-ergodic and the phase space is mixed i.e., regular and chaotic re-
gions coexist. In such situations, a natural concern is the influence of regular regions on chaotic
orbits and also on global transport properties of the system in the long time limit. While the
long time correlation decays exponentially for fully chaotic systems, in the mixed case regular
regions are responsible in slowing the decay and as a result the evolution is no longer governed
by diffusion equation [93]. We may recollect from Chapter 2 that, some of the dominant regular
regions suppress diffusive nature of chaotic orbits. In contrast, here we will encounter another
sort of situation that the regular regions influence in enhancing global diffusion process.

The area-preserving maps which are periodic in both of their conjugate variables have spe-
cial kind of orbits calledaccelerator modefAM). They are called so as the particle in the state
of these modes is uniformly accelerated in each time step. Among skenle AM, which
are seen as small regular islands embedded in the chaotic sea (see Fig. 4.1), deserve attention
as they alter transport properties quite significantly in the chaotic regimes. Such modes were
first identified in standard map of the kicked rotor [48]. They are particular states of the ro-
tor such that the rotor acquires maximum acceleration in each kick (time step). To be precise,
momentum of the rotor increases linearly with discrete timeOr in other words, variance
of the momentum ig?(n) ~ n? with v = 2. As a consequence the diffusion coefficiént
diverges (see Eq. 2.25). In phase space the stable AM are separated from the chaotic region by
cantori which are partial barriers. The vicinity of the cantori are very sticky in the sense that it
retains long time correlations during the evolution. However, the dynamics in region between
the cantori and the boundary of the modes are highly complex in nature. If a chaotic orbit enters
through the cantori, it sticks to that region for very long time and thus accelerated along the
modes. Such long excursions of the chaotic orbits exhibit #weylflight type dynamics with
~ > 1. The anomalous diffusion due to the AM have been already studied for the standard map
with various motivations [94] and also for the Harper map [95].
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In the study of quantum chaos, naturally it is important to know the dynamics and effects
of these modes in the corresponding quantum system. A study on quantum kicked rotor has
shown that, in the semiclassical regime, momentum distribution of the propagated plane wave
has sharp peaks at large momentum as signatures of the AM [96]. Also in the quantum regime,
probability of the wave function in an AM decays exponentially with time and the decay rate
is 5 ~ exp(—1/h). Itis argued that the loss of probability, interpreted as barrier-penetration,
tends to reduce the effects of the modes in the quantum dynamics. Yet another study on the same
system illustrates that the AM induced anomalous transport enhances the fluctuations in local-
ization length of the quasienergy states [97]. The fluctuations are due to the non-exponential
localization of the states. Recent experimental realization of the quantum kicked rotor has
measured the time evolved momentum distribution [98]. It is found that the distribution is no
longer exponentially localized, indicating the influence of AM in the quantum system as well.
A similar experiment has demonstrated the AM in the quantum kicked rotor through enhanced
diffraction of matter waves in the classical path [99]. In this Chapter, we will explore the stable
AM and their quantum counterpart in the context of quantum well system.

4.2 Classical modes

We again invoke the GSM (2.10) to understand the dynamical features of AM in phase
space of the well map. Since GSM is periodic/imndé with unit period, the orbit with initial
conditions

K
J=m ; o sin(2rRO’) =1 4.2)
™

with m and! being integers will evolve such that the posit@nwill remain the same and the
momentumJ,, will increase byl at each step. The orbit will have uniform acceleration at each
iteration and hence called the Accelerator Modes. They are also sometime termed |§s step-
AM as the acceleration ig| at each iteration. Fixed points belong to the family of AM with

[ = 0 (orbits with zero acceleration). The stability condition for the AM is

—4 < KRcos(2mRA') < 0. 4.2)

Using (4.1) the stability condition becomes

K 2 \?
<2 < \/p (> 4.3
< 2m < + TR (4.3)
or
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O<R< Ry (4.4)

whereR; = (2/7) {(K/27r)2 — l2}71/2_ Stable AM exist in the phase space if the parameters
K and R satisfy the above condition. However, the restriction of the dynamics to between
the walls of the well or the GSM position co-ordinate to betwedn'2 and1/2 leads to the
following considerations.

For stable AM ¢’ is such that

1 1 1 1
—(j+-= < =(j+= 4.
R<j+4><|9’<R(‘7+2) (4-2)
wherej is a positive integer. The precise positions of these modes are given by
o1 , 1. (2n]l
’9‘_2R{2j+1_7rsm < e )} (4.6)

where arcsin function assumes its minimum value. For a given valiie a§R — oo, |¢'| — 0

and asRk — 0, |#'| — oo. Since the GSM is defined on a cylinder such f#gt< 1/2, zero in

the inequality (4.4) can not be the lower limit Bffor the stable modes to exist. Asincreases

|0’| decreases resulting the emergence of new stable modes in the phase space with higher values
of j; asR decreasef)’| increases and hence stable AM with higher valuesditappear from

the phase space whét| > 1/2. The last stable AM that disappear from the phase space are the
ones which correspond o= 0. When; = 0, Ry < Rwith Ry = 1 — (1/7)sin ' (27|l]/ K),

as|0’| < 1/2. Hence the inequality (4.4) is replaced by

Ry <R<R;. (47)

Both the inequalities (4.3) and (4.7) are simultaneously required for the stable AM to be present
in the dynamics unlike in the case of the standard map where the inequality (4.3} withis
sufficient. Thus the GSM has additional paramétarhich also needs to be tuned for a given

K for the existence of stable AM. Note that/dt= 27|l|, lower bound of the inequality (4.3),

Ry = 1/2 and this is the minimum possible value Bf. Hence as long a® < 1/2, for any

value of K, stable AM are absent. We may recollect that GSM is hyperbolidfer 1/2. In

this regime, there are no stable orbits including the stable AM.

Since the well map and GSM are quantitatively same, the location of the AM are same for
both the maps i.e(X’, P") = (¢, J'). All the above arguments hold for the AM of the well
map also. Shown in Fig. 4.1 is the phase space of the well map with stable AM. For a given
K, the position of the stable mode is such tht| ~ 1/R. Itis also noticeable that the size
of the AM islands increases d% decreases. For the well system, when the particle is at the
AM modes,nth kick causes the particle to undergdounces between the walls. 1ifis odd,
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momentum of the particle changes its sign which in turn flips position of the particle. This can
be easily seen by time evolving the well map with the initial conditi&nh (°’). In phase space,
regular regions at the location of AM are separated from the remaining chaotic region by cantori
(partial-barriers). If a chaotic orbit happens to pass through the cantori, it can be dragged along
the modes ballistically. This mechanism indeed enhances the transport in momentum, leading
to anomalous diffusion. This anomalous effect due to the AM can be seen by evolving an
ensemble of points for long time.

R =07 R =109
‘ T T T T ‘ T T T T ‘ ‘ T T T T ‘ T T T T
1.5~ -
P 0 N
-1.5 -
-0.5 0 0.5 -0.5 0 0.5
X

Figure 4.1: Phase space of the well map féf/2r = 1.05. Islands of regular regions in
the chaotic sea are the stable AM. Shown are the step-1 type () modes. ForR = 0.7,
| X'| = 0.43 and forR = 0.9, | X'| = 0.33. Region marked by the square is enlarged in Fig. 4.2.

64



0.1

0.05

-0.05

o
()
‘ T T T T ‘ T T T T ‘ T T T T ‘ T T T T ‘

-0.1

o
o B
(@)l
O;
wW
o .
w -
(o)l
O;
o~

Figure 4.2:A stable mode embedded in the chaotic sea.

Considering/ (P, — P,)*) ~ n”, Fig. 4.3 (i) shows the window (4.7) where the second mo-
ment of the momentum increases quadratically in time. Notice that the ensemble contains only
few points that correspond to the AM. However, in long time limit the evolution is dominated
by these points. This is understandable as the rest of the points in the ensemble are chaotic
and their diffusion is random walk type (normal= 1), until they are dragged along the AM
islands. Of course, outside the window (4.7), diffusion is quite normal where the AM do not
exist in the phase space. On taking the ensemble which does not contain the AM orbits, which
is the case of Fig. 4.3 (ii), we observe that- 1 for many values of? within the window (4.7).

This could be due to intermittent acceleration of the chaotic orbits when they approach neigh-
bourhood of the stable modes. Thus the ballistic motion of the stable modes and the consequent
enhancement in the diffusion are evident from our numerical experiments. Further we will be
simulating the quantum dynamics of these modes from the point of view of quantum-classical
correspondence.
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Figure 4.3:Exponenty is shown forK'/2m = 1.05. For these calculations, classical ensemble
contains 5000 phase space points (initial conditions) and each of them is evolved for 10000
time steps. The ensemble has fixgdand X, distributed uniformly between1/2 and1/2.

For (i) F, = 0 and for (ii) Py, = 0.25. The window (4.7) withkRy, = 0.598 and R; = 1.988,

where stable AM exist, is seen in (i) ase 2 due to ballistic evolution of the stable AM orbits
contained in the ensemble. In (ii), the anomalous transpprt (1) due to AM is seen.

4.3 Quantum modes

The natural choice to simulate the AM in quantum system is the time evolved Gaussian wave
packet which is initially placed on one of the AM. Since the quantum dynamics is represented
in unperturbed basis let us recollect the basis, but now in scaled variablég [as: = &, |n)
with
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V2 cos(nmX), forn odd n’m2h?

Xln) = 0 &= : 4.8
(Xln) {ﬁsin(mrX), forneven 2M 48)

The kick to kick time evolution of the quantum stalg(¢)) = >, ¥, (¢)|n) ; U, () = (n|¥(t)),
is then given by the quantum map

\I/m(t + T) = Z Umnan(t) ; Uy = e*irnQ <m’efikc05(27rRX)‘n> (49)

where
__ BT _ T
hn? 2M
As usual with the relatio/ R = 8k the semiclassical limit i# — co,7 — 0 andN is the
number of basis states for the calculation.

4.3.1 Gaussian wave packet

As the quantum dynamics is describedsih basis, and here we need to represent the initial
Gaussian wave packet (confined within the well) in this basis. Standard Gaussian wave packet
reads

(X = (X))* ¢<P>X} @10

207 N Te
whereo, measures the width of the wave packet, which is centréd atvith momentum(P).
Hereh. = 27 /7% is the effective Planck constant aAtlis the normalization constant which is
obtained from the condition

(X[w(0) = Cexp{—

[ o P ax =1

-1/2
as
- 2o,/ \T  E12—(X)
B (erf(y+) — erf(y_)> e o, ' (4-11)
To calculatel,,(0) we consider the following integral
/2 .
G =2 / e X)) dX (4.12)
—-1/2

With the change of variable = (X — (X))/v/20, the integral becomes

G, = 20,C BX) / e W eivaBog) gy, (4.13)

U—
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whereB = nr + (P)/h, anduy = y./+/2. Arriving the form of following standard integral

ax?+2bx 1 [T b —a a + b
/e ( C) dﬂf 72 - e:(p < C) eII < x;/_ )

G, can be represented as complex error function. Defining the complex error function [101] as

w(z) = e {1 — erf(—iz)} = <1 + 7/ )

wherez is a complex numbeny(z) is computed using the algorithm [102] and heri¢e as
well. Now the components of the Gaussian wave packet can easily be represented as

1
B.(0) { Y(Gn+G_,), fornodd (4.14)

(G, —G_,), forneven

With this construction the wave packet dynamics can be studied using the quantum map.

4.3.2 Quantum effects and correspondence

In the context of quantum-classical correspondence, it is necessary to suppress the quantum
resonance phenomena which is discussed in Chapter 3. This is possible byrtakimgational
multiple of 27r. This can be best achieved with= 2rgh’ whereg = (v/5 — 1)/2 is the most
irrational number (golden mean) ahdis the scaled Planck constant (= 0.787h'). Since our
interest is to explore quantum version of the classical modes, the following quantum dynamics
corresponds to the classical system wiffi2r = 1.05, R = 0.9. The wave packet (4.10) obeys
the minimum uncertainty relatioA XAP = h./2 and we takeA X = 0.02 throughout. The
dimensionless kinetic energy of the time evolved state is given by

8= o) - (Z) S o (4.15)

which is equivalent to the classical energ®?). The number of basis taken are as high as
N = 7500. The time evolution is performed for two casgz. the initial wave packet is placed
(a) on one of the AM with((X), (P)) = (X', P") = (0.33,0) and (b)not onthe AM with
((X), (P)) = (0,0.5). The initial conditions of the wave packet are chosen such that influence
of the stable AM can be compared and contrasted with rest of the chaotic motion.
In Fig. 4.4 we have shown the energy with time (kick) for= 0.02 (AP = 0.39). For the
case (a), the initial wave packet is confined to the AMXiraxis and elongated iff axis. Thus
the initial wave packet has both regular and chaotic components as the spreddeation is
more. On the other hand, for the case (b) it has only chaotic components. In both the cases,
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energy increases linearly withfor short time, then slows down and finally diffusion is absent
ast — oo. This is very similar to the suppression of the chaos assisted classical diffusion
in the quantum kicked rotor. One does not expect case (a) to show the classical behaviour of
the AM even in the short time scale as the initial wave packet has more spread in momentum.
More over, no qualitative difference is seen between the two evolutions. This implies that large
fraction of chaotic components which make up the initial wave packet dominate the dynamics
over the small fraction of regular components.

100 —
80 — —
60 — —

(E), I ]
40 / -

20 — —

‘ 1 1 ‘ 1 1 ‘ 1 1 ‘ 1 1 ‘
0 500 1000 1500 2000
t

Figure 4.4:Energy for the cases (a) and (b) with= 0.02.

Here we proceed further for the case (a)as— 0. In this semiclassical limit becomes
larger, causing fast spread of the wave packet in unperturbed basis states which in turn demands
practically infinite basis states for the long time quantum behaviour. Finite number of basis
states thus becomes the numerical constraints to uncover long time quantum features. Keeping
the limitations in mind, we focus the attention on short time quantum evolution. Considering
the power law behaviour &), ~ t7, Fig. 4.5 shows the exponemtas a function of scaled
Planck constant. Ag8’ decreases from 0.02 to 0.004 P decreases from 0.39 to 0.02. Thus
the fraction of chaotic components of the initial wave packet reducesiitind consequently
the fraction of regular components increases as the wave packet is normalized. We observe that
the exponent increases and there is a clear evidence of enhancement in quantum diffusion with
~ > 1 as a signature of the AM. Fa@r' = 0.001 or AP = 0.02 (= AX), the initial Gaussian
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wave packet (now circular I — P space) is confined only within the stable region of the AM
(see Fig. 4.2). In other words, the wave packet has only regular components. In this case the
energy of the wave packet grows quadratically in timex( 2). Thus the quantum dynamics of
Gaussian wave packet reproduces ballistic motion of the stable AM in the semiclassical limit.

1.8 = —

1.6 — —

1.4 — —

1.2 = —

Figure 4.5:Exponenty of the energy upté = 18 is plotted with/’. Open circle is the exponent
of the classical evolution (upto= 18) with the corresponding Gaussian ensemble containing
10000 points.

For comparison we have also shown the classical exponent in Fig. 4.5 which is calcu-
lated by time evolving an ensemble of initial conditions whose distribution is the corresponding
Gaussian. The deviation of quantum exponent from the classical exponent decreagés with
That is the quantum-classical deviation is proportional to the fraction of chaotic components
of the initial wave packet. If the wave packet has any chaotic components it loses its shape
exponentially faster in time and hence it fails to show the classical behaviour. In the case of
R’ = 0.001, due to the absence of chaotic components, the time evolved wave packet shows
good quantum-classical correspondence without losing its shape (see below).
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Figure 4.6:Energy for the cases (a) and (b) with= 0.001.

Shown in Fig. 4.6 is the short time behaviour of the cases (a) and (b) in semiclassical limit.
While the energy growth is quadratic in the former, it is linear in the latter. Corresponding
wave packet dynamics is shown in Fig. 4.7. We may recollect that the time evolved position
of the particle with the initial conditionX’, P’) flips its position i.e.,. X’ becomes- X" after
odd kicks. In (a) the time evolved wave packet, without losing its initial shape, exhibits all the
classical behaviour satisfactorily. On the other hand, wave packet of case (b) loses its shape
and spreads over the square well very quickly. This is indeed a typical behaviour of initially
localized wave function which corresponds to chaotic region of phase space. Suppose if we
associate two localized wave function to each of two neighbourhood orbits in a chaotic region,
general quantum solution (superposition of the two wave functions) delocalizes very quickly in
course of time. Once the wave packet delocalizes, in the long time limit chaotic and diffusive
nature may not be seen. Instead, phenomena like quantum interferences govern the dynamics.
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Figure 4.7:Evolution of the wave packet for the cases (a) and (b) with 0.001.

4.4 Summary

We have analyzed stable accelerator modes, which are small regular regions embedded in
chaotic phase space, for the kicked particle inside an infinite square well potential. Parametric
regimes for the existence of these modes are obtained. Ballistic behaviour of the modes are
shown to enhance the global transport in the chaotic regime. Quantum dynamics of these modes
are studied by time evolving Gaussian wave packet. It is shown that the chaotic components of
the wave packet are dominant in the time evolution and are also responsible for the quantum-
classical deviations. In appropriate semiclassical limit, the wave packet reproduces classical
behaviour of the accelerator modes in full correspondence.
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5. Quantized torus

5.1 Introduction

Area-preserving maps that are periodic in their conjugate variables can be restricted to unit
square with identified edges or equivalently to 2-torus. The periodic boundary conditions also
facilitate the quantization procedure wherein quantum dynamics is described in avidite
mensional Hilbert space. Resultant quantized maps on the torus are the simplest semiclassical
models that reflect generic features of chaotic quantum systems. The maps which are studied
in this line of approach are the baker map [103, 104], the saw-tooth map [105] and the standard
map [106]. Since the GSM is periodic in its conjugate variables with unit period (see Eqgn.
(2.10)), it is sufficient to confine the mapping onto the torus. In this Chapter, we explore quan-
tized version of the GSM on torus as a model of quantum chaos. Before quantizing the GSM, a
brief account on certain basic ingredients will be in order.

The compact toral phase space can be quantized by introducing boundary condigons in
andp [107] such that

iy = ("2 )bt = () 5.

wheren,m = —N/2,—-N/2+1,...,N/2 — 1 and N is an integer. Here andm are the
discrete eigenvalues of position and momentum operators respectixglgnd |m) are the
corresponding eigenstates;3 are the real numbers between 0 and 1. Notehat (27rh)_1 is
the dimensionality of the Hilbert space. The semiclassical limiis> co. In this quantization,
the eigenstates satisfy the relation

(n+ N| = (n|e™™ ; |m+ N) = e?P|m). (5.2)

The discretized eigenstates are periodic with perd@xcept the quantum phasesand 3.
Then the corresponding transformation function is
1 12
(nlm) = —— exp | (m+a)(n +9)| (5.3)

It would be useful to define unitary operatotsand B which shift the eigenstates as

nA = (n+1] ; AN = ¢
. (5.4)
Blm) = |m+1) ; BN = 2%,
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These operators satisfy the relation

(MIAIM) = By €27+
‘ (5.5)
(M BIn) = Gy 2T ODIN
That is the momentum states) are the eigenvectors of and similarly the position statés)
are the eigenvectors @&f. Thus we may realize that the operatdrand B are analogous to the
translation operatorsxp(igp/h) andexp(ipg/h) in the continuous case. An analogue of the
uncertainly relation is then given by the commutation relation

AB = BA exp 2'2]3(1 +a—-p0)] . (5.6)

It is to be noted that the momentum and position eigenstates are orthonormal sets and individu-
ally they form basis for thé&/-dimensional space. An arbitrary quantum state can be represented
either in|n) basis or inm) basis i.e.,

) =D In)(nlgp) =D [m)(m[¢) . (5.7)

Both the basis are complimentary to each other and the state components in one representation
is related to that of the other through the discrete Fourier transformation

(nly) = > (nlm)(ml[y) . (5.8)

m

Thus both the representations together form “quantum” phase space.

5.2 Quantized GSM

Considering a particle which trapped in a one dimensional infinite square well potential
Vo(q) of unit width (hard walls ay = +1/2) and experiences periodic kicks from the external
pulse. The Hamiltonian is

2

. kA T
H:%+%(q)+4—ﬂ2cos <2)\q>;5(j—t) (5.9)

As shown in Chapter 2, the underlying kick to kick dynamicessentiallygoverned by a
dimensionless area-preserving mapping:

D = p; + (k/27)sin(27rq;)
i ! ! (5.10)

4j+1 = ¢ +Pj+1
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which is defined on 2-torus i.e., a unit squard /2,1/2) x [—1/2,1/2) with periodic bound-
aries. Here- = 1/\ is the ratio of the two length scales of the system namely, the well width
and wavelength of the pulse field;is the effective strength of the kick. The above map arises
from the equations of motion of free particle in presence of a fiéld) which is applied as
time periodic impulse. The field is defined ds(q) = k cos(27rq)/(47%r); V(q) = V(¢ + 1)

and the corresponding Hamiltonian is

2

H = %+V(q)25(j—t). (5.11)

As in the case of classical map, it is easy to describe the kick to kick quantum dynamics
using the propagator

A

[F = —ib*/2h =iV (D)/h (5.12)

which is obtained by integrating the Stinger equation-ihd|«(t))/dt = H|i(t)) over unit
time. Thus, we have)(t + 1)) = U|y(t)) as the quantum map. The SéHinger equation with
the Hamiltonian (5.11) inV-dimensional space has solutions which satisfy the eigenvalue
equationf]]qﬁj) = e~"%|¢;) wherej = 1,2,..., N. Here¢; and|¢;) are the quasienergies and
guasienergy states and they may be obtained by diagonalizing the propagator matrix.

We note from the Eqn. (5.1) that far # 0 the time reversal symmetry of the system is
broken. On the other hand, the phasean be used to avoid any spatial symmetry. In what
follows we do not break the time reversal symmetry (ie.= 0). Choosing the position
representation we may write down the propagator matrix as

Upwr = (|U0') = (n|e /21 = V@M
; /!
= exp [—;V (n ]—\1[— 6)] (n|e= /2 |n')

= o |~V (") | Stk

m

= jifeXp [—;V <n’; ﬁ)} > exp [ZNW {—m2 +2m(n — n’)}} (5.13)

We may notice that ifV is even the term which is inside the sum is periodic with periad
Recognizing the summation as Gauss sum [108, 109], Wids even, the matrix becomes

1 (1 (n—n)? n' +
Um/—ﬁexp [—ZW{4—N+2NV< N )H (5.14)
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The resultant propagator matrix for the Hamiltonian (5.11) is then

efirr/él
VN

The parity symmetry of the Hamiltonian is reflected in the quantum propagator as the com-
mutation relatiof/, R] = 0 where the hermitian operatét is defined as

: , —ikN 2
Ut = gin(n—n)*/N exp{ Y cos [ "+ ﬁ)]} : (5.15)
r

Rin) = |—mn) for =0

= |—n—1) for f=05. (5.16)

SinceR? = 1 we may label the eigenstates Gfwith the eigenvalues-1 of R i.e., the states
are|¢y). Takings = 0.5 the symmetry matrix of ordeN is

Ry = (n|R|n')y =6(n+n'+1) (modN) (5.17)

which has ones along secondary diagonal and zeros elsewhere. The components of quasienergy
states are such thatn — 1|¢) = +(n|¢), i.e., the states are of the form

B |2)
|¢1) = ( Rypl2) ) . (5.18)

The eigenstates are obtained by diagonalizing the méaiyjx of order N. SinceN is even
integer, due to th&-symmetry we havéV/2 even parity state§ ¢, ) } and/N/2 odd parity states
{|¢—)}. On exploitingR-symmetry in the quantum system, we can reduce the diagonalization
to matrix of orderN/2 by standard procedure [104]. The reduced matrix is

” e im/4 —ikN {27‘&'7” ( N 1 Nﬂ
nn/ = C N \nT 5=
JN CP\ 2mr “UIN 27 2
X {ei“("*”/)Q/N + ei”("+"/+1)2/N} (5.19)
wheren,n’ =0,1,2,..., N/2 — 1. Now the separation of the parity states is obvious.

5.3 Quasienergies

We may recollect that the GSM exhibits abrupt non-KAM transition to chaos for non-integer
r even small perturbation strength € 1). On the other hand, for integerthe transition is
smooth with the gradual increase of perturbation strekgth semiclassical limit, it is natural
to expect that complexity of the classical dynamics arises due the parameteld be reflected
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in the quasienergy spectrum. Here we study the nearest neighbour spacing distribution of the
quasienergies.

In Fig. 5.1 we show typical behaviour of the spacing distribution for the standard map
(r = 1). For smallk the spacings follow Poisson distribution. This is a generic spectral be-
haviour of an integrable system. For integrable/nearly integrable system the quantum states
are localized along the classical local invariants in phase space subject to the uncertainty con-
dition. The localized states avoid overlapping among themselves such that the quasienergies
are independent and uncorrelated. This results in Poisson distribution of the quasienergy level
spacings.
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Figure 5.1:Nearest neighbour spacing distributions of 1000 quasienergies that correspond to
even parity states i.el\ = 2000, for the standard mapr(= 1). Smooth curve drawn for

k = 0.3,1 is the Poisson distribution. The smooth curve drawn for other cases is the Wigner
distribution.

On increasingc beyond unity, transition to chaos is smooth and foe= 5 the classical
system becomes highly chaotic. We observe that the spacings agree with the RMT predicted
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Wigner distribution as a signature of quantum chaos. In the chaotic regime, classical dynamics
lacks invariants and the phase space is filled with unstable orbits. Correspondingly, generic
guantum states are delocalized (ergodic) in the phase space. Strong overlapping of the states
causing the quasienergies to be correlated such that the spacings follow Wigner distribution. For
further increase of, classically the degree of complexity increases. That is, the time scale in
attaining ergodic nature reduces. However, the spacing measure of quantum spectrum remains
unchanged and follows the RMT prediction.

k =1 k = 25

k =5 k = 50

(0] 1 2 3
S

Figure 5.2:Spacing distributions for = 0.5. Other parameters are same as Fig. 5.1. Smooth
curve is the Wigner distribution.

On the other hand, for = 0.5 the spacings follow Wigner distribution irrespectivetofal-
ues (see Fig. 5.2). We recollect that for= 0.5 the underlying classical system is completely
chaotic. This shows that the spacings are sensitive to the classical dynamics. It is instructive to
compare these results with those that are obtained for the unbounded chaotic case discussed in
Chapter 3. In the latter, states generally deviate from the RMT prediction due to their localiza-
tion in momentum space and as a consequence the spacing distribution is close to Poisson. In
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other words, spacings are insensitive to the classical dynamics.
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Figure 5.3: Spacing distributions of quasienergies that correspond to even parity states for
k = 0.3. (Top to bottom:N = 2000, 1400, 1000, 600). Smooth curve drawn in left column is
the Wigner distribution and in right column the curve is Poisson distribution.

In Fig. 5.3 we show the spacing distribution with differéwitfor regular and chaotic cases.
In the regular case (= 1), the Poisson behaviour of spacings is independeit.ddn contrary,
the spacings for = 0.5 are significantly deviated from Wigner distribution for sma&ll Such
deviations of chaotic spectrum from the RMT predicted universality need detailed investigations
in future.

5.4 Quasienergy states and phase space

5.4.1 Information entropy

In this section we study the behaviour of the quasienergy states in different parametric
regimes. We quantify the states using information entropies both in position and momentum
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basis. Entropies in both the basis together are appropriate measures to understand how the
eigenstates are influenced by the phase space transitions. Let us define entropies of the eigen-
state

S5 ==Y e P nl(nlgn) P 5 85 ==X [mlg;)In|mlg) (520

n m

and the normalized average entropy

1 j . — 1 J
(S = ¥ %jsq S = ¥maD ;sp. (5.21)

Notice that the average is normalized with the RMT value, which is approximiatehy/2) for

GOE. Shown in Fig. 5.4 are typical behaviour of the entropies for two cases0.5,1. For

r = 1, the momentum entropy initially increases withuntil it reaches the maximum which

is slightly above the RMT predicted value/at= 5. For any further increase @fthe entropy
remains almost constant. On the other hand, entropy in position basis is larger than the RMT
value for smallk and it decreases with the increase:ofnterestingly, it attains the RMT value

atk ~ 1. The entropy is minimum &t ~ 2 and it settles to the RMT value far> 5.

1.05

0.95

o =
[AV)
S
(0]
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Figure 5.4:Normalized average entropies of the eigenstates for two cases. For this calculation
N =100 and is chosen to be 0.35 to avoid parity symmetry.
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As we will see below, quantum spectrum for the regular case is such that many states are
associated to the phase space region where there are KAM tori, while only very few states are
associated to the resonance region. In this case, average entropy is dominated by the KAM
tori states. For smalt, lower momentum entropy is due to the KAM states which are highly
localized in momentum. However, these states are maximally spread in position resulting the
(S). to be higher than the RMT prediction. Asincreases, KAM tori are slowly destroyed
and the diffusion in momentum begins. Parallelly, more nonlinear resonances emerge in the
phase space. This transition causes the increa$8 jrand decrease ifS), ask increases. For
k > 5, the phase space is almost completely chaotic and in this regime both the entropies do
not show any variations with the parameter. Presence of accelerator modesferk < 7.45
is not prominently reflected in the average entropies because of the fact that the modes are very
small regular regions embedded in the chaotic phase space and also the states corresponding to
the modes are very few.

Entropies of the other shown case=£ 0.5) also reflect all the complexities of the phase
space. Inthis case the phase space is completely chaotic. Fokghmadiffusion in momentum
is highly limited, presumable due to the cantori; increagingcreases the diffusion. Here we
observe that the momentum entropy increases much fastek\aitld the saturation is reached
much earlier than the previous case. On the other hand, for gmadisition entropy is higher
than the RMT value for which cantori are the responsible classical structures. The position
entropy falls to RMT value very rapidly and remains unchanged for any increaseattde.

5.4.2 Coherent-state representation

We now have a close look at some of the eigenstates for different parameters. It is conve-
nient to adopt coherent-state representation for the eigenstates. This gives useful semiclassical
description of the quantum states in phase space [110, 111]. The coheremi,$tatan be
constructed using shift operataofsand B as

lg,p) = A™9B"|0,0) (5.22)

wheregq, p are integers anf), 0) is the minimum uncertainty wave packet located at the origin

of the phase space. The above unitary translation provides a coherent-state that is placed at
the desired location in the quantized phase space. We follow the method devised in [104] to
construct0, 0) as the ground state of Harper operator:

1 1
2—§(A+A*)—§(B+BT) 0,0) = Ey[0,0). (5.23)

Thus any quantum state can be represented in the phase space using the normalized positive
definite quantity
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1
Ho = 10 plo)* (5.24)

which is a discrete equivalence of the Husimi distribution [112].

In the near integrable regime, the spectrum has many doublet states with nearly degenerate
eigenvalues. In a given pair, each state corresponds to different parity. All the doublet states
belong to the region of phase space where there are KAM tori. Two such states for the standard
map are shown in Fig. 5.5. Notice that the quantum states have non-zero intensities both on
positive and negativep-axis. This is forbidden in the classical system since the standard map
has periodic boundary condition in position unlike the well map where the boundary condition
is reflective (see Chapter 2). Fig. 5.5 also shows the superpositions of the nearly degenerate
states

|hx) = [¢1) il ¢2) (5.25)

(2)

)

(3) (4)
0.5 0.5

-0.5

(53]
o
o

Figure 5.5:Husimi distribution of the quantum states. Intensity of the state is maximum in black
shaded region and zero in white background. (1) and (2) correspond to the nearly degenerate
states|¢;) and|¢,) with difference in their quasienergiesy ~ 1072, (3) and (4) correspond

to the state$y, ) and|y_). Here = 0.5 and N = 50.
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that correspond to symmetry related classical KAM tori. This pure quantum behaviour is anal-
ogous to the text book problem of barrier tunnelling in symmetric double well system [113].
The analogy is that the statgs, ) are the nearly degenerate energy eigenstates of the double
well and the statelg). ) are the non-stationary states localized in one of the wells. With this, the
separatrix which demarcates the pair of KAM tori can be thought of as the classical potential
barrier. The observed quantum tunnelling between two distinct regular regions of the phase
space is called the “dynamical tunnelling” [114]. The tunnelling event in our case is presum-
ably due to coupling of nearly degenerate states which is correlated to the classical resonances
[115, 116]. This demonstration emphasizes that the nontrivial tunnelling phenomena can be ex-
plored with a simple quantum model like the one we have considered. Very recently, quantized
kicked Harper model has been used to stadyependence of the tunnelling splitting in near
integrable regimes [117].
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b S )

Figure 5.6:Quasienergy states in different classical regimes. First colume: 0.3, = 1;
second columnk = 25,7 = 1 and third column:k = 0.3, = 0.5. In all the cases we have
takeng = 0.5 and N = 50.

In Fig. 5.6 we show few of the eigenstates that correspond to different classical regimes.
In the nearly integrable regime (first column), one state is localized on the primary resonance;
the other on the secondary resonance; the third one is highly localized at the origin which
is the unstable fixed point. In the highly chaotic regime (second column), the states have more
complicated structures. In the hyperbolic regime (third column), one of the state is very complex
while the two other are more localized. This may be due to small values of
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Figure 5.7:Contours off(q, p) for two cases: (i) = 1 and (ii) » = 0.5 with £ = 0.3. Here
6 =0.5andN = 100.

Further we illustrate the influence ofn the quantized phase space for smalking inverse
participation ratio (IPR) which is defined as

flap) =3 Kaplég)l* (5.26)

The functionf(q, p) is the inverse of number of eigenstates associated with a given phase space
region. In Fig. 5.7, number of contours is proportional to the intensity of IPR in a given region.
We observe that IPR has very different behaviour for the two classically distinct cases. For
nearly regular case (i), very few eigenstates are associated to the primary resonance region and
many states are associated to the region where there are KAM tori. In (ii) IPR exhibits more
complicated structures as the quantum signature of underlying chaotic dynamics.

5.5 Level dynamics

In the studies on chaotic quantum systems, dynamics of quantum levels in parameter space
reflects many of the classical complexities. In particular, the levels do cross each other if the
system is regular while they avoid such crossings if the system is chaotic in the classical limit.
The level dynamics is mainly characterized by level velocity wherein the system parameter
plays the role of pseudo-time. The notion of curvature i.e., second derivative of the levels
with respect to the parameter, is introduced in [118] to quantify the avoided crossing. It is
shown that the curvature distribution of the chaotic system exhibits universal behaviour [119].
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This universality has been tested for various complex quantum systems [120]. Recently it is
shown that the variance of the level velocity is equivalent to diffusion coefficient of the action
velocity that corresponds to long periodic orbits [121]. In the same work it is also observed that,
even in highly chaotic regime RMT fails to capture detail behaviour of the velocity variance in
parametric space. These details are found to be important for semiclassical analysis. In this
section some statistical properties of the level velocities are exploited to characterize chaotic
guantum system.

5.5.1 Level velocities and RMT predictions

In what follows we take3 = 0.35 so thatR-symmetry is broken in the quantum system.
For convenience we ignore the factoin the following expressions. The quasienergies=
¢;(k,r) have the scaled velocities:

o (27 09
YT \TN ) Bk

- () [ lovronien

= WTZCOS(27T7"n/N)]<n|¢j>\2 (5.27)

and

(2o,
Yi = Nk | Or

- (%) [ilovioniey)

= —QWTZ(n/N)sin(27rrn/N)]<n|<;§j>\2—Zcos(Qﬂrn/N)|<n]¢j>\2. (5.28)

The average velocities in the semiclassical limit are

(x) = ;Z x; = sin(7r)

2sin(7r) | (5.29)

wr

1
W) = ;yj = cos(7r) —
The second moment afis given by
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= (mr)’ {Z cos?(2mrn/N) <|(n|¢])|4>

+ ; cos(2mrn/N) cos(2mrn’ /N) <|<n|¢j>|2|<n'|¢j>|2>} (5.30)

where the relation

n#n’
has been used in the derivation. Assuming that the average behaviour of the eigenfunction
components are independent of the specific position eigenvalues, the term within the angle
bracket can be taken out of the sum. The application of the relation (5.31) to the cross terms
gives

() = (ar)’ {[<|<n|¢j>r4> — (|(nl) P10 )] 3 cos(2mrn/N)

2
 (alon) 161" [ costzzrn/ )| } . 532)
Note that, in chaotic regimes the standard RMT results [122]

(J(nlg)|") = BIN(N +2)] " ~ 3N~

(Jnln) P [(lo)[*) = [N(N+2)] "~ N2
which correspond to Gaussian orthogonal ensemble are applicable here as well. We may notice
that applying these RMT results essentially adopt the assumption made above. On replacing the
sum by integration in semiclassical limit we arrive to

(5.33)

() l - sin(2mr)

6 = |+ (5.3)

2rr
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Similarly the second moment gfis

<yQ> = N Zy?

= Y {[2ar(n/N) sin(27ﬂ“n/.7\f)]2 + cos?(2mrn/N)

+ 47r(n/N)sin(2mrn/N) cos(2mrn/N)} <|<n|¢j>|4>

- ;/{(QM’/N)QTm' sin(27rn/N) sin(2rrn’ /N) + cos(2wrn/N) cos(27wrn’/N)

+ 47 (n/N) sin(2rrn/N) cos(2rrn’ /N)} ([(n]é;) | (n/|6;) ) - (5.35)

As before we can write down the RMT approximated second momenasef

() e = ]if {1 + (7?;“) + sin;j:r) B — (71'7’)2} — 2003(27#)} + (y>2 ) (5.36)

We also have

(zy) = jlvzmjyj
= —Zf(n)cos(Zﬁrn/N)<|<n|¢j>|4>

- ; F(n) cos(2mrn’ /N) (|(nle;) P(n|6;)) (5.37)

where
f(n) = mr{(2rrn/N)sin(27rn/N) + cos(2mrrn/N)} .
Repeating the above procedure we get

3sin(27r)

5 2| + (x)(y) . (5.38)

wr
<xy>RMT = ﬁ COS<27TT) -

In general, quantum eigenfunctions in the chaotic regimes are such that the quantities in
(5.33) fluctuate about the respective RMT values. It is worth noting that the RMT values ignore
basis dependent fluctuations. These fluctuations are in fact crucial for the quantities like second
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moments of the level velocities. Here we may enquire whether the fluctuations that are ignored
by the RMT are significant or not. To answer this, let us first write down the equations:

() qur = &) + 02 5 () = 0°) +0y 5 (2Y)ur = (2Y) + Oy (5.39)

whereo; are deviations of the RMT approximated quantities from the corresponding actual
values. Defining absolute normalized deviations as

) ) )
A= o] 5 Ay= || Ay = |2 (5.40)
(22) ! ‘<y2> [ (ay)
we average all the three positive quantities as
A= BByt Ay (5.41)

3
Here the single quantith would validate the RMT approximations (5.33). One would expect
the above quantity be large for regular/mixed regimes, where the RMT is not applicable, and
nearly zero for highly chaotic regimes. The above quantity is calculated for various parameters
and plotted in Fig. 5.8. We observe thatis nearly zeraonly for » < 1/2 in all the cases. On
the other handA is large even for some parametric values that correspond to non-hyperbolic
chaotic regimes.
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Figure 5.8:DeviationA for different parameters wittv = 200.
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In Fig. 5.9, the deviations are plotted for two distinct cases.Ferl, the deviation exhibits
many oscillations withk. It is noticeable that the first two prominent peaks appear around
r = 27, 4x respectively and for which there are accelerator modes in the phase space. These
deviations are even larger than those which occur in the mixed redire ). On contrary,
for r = 0.5, where the classically system is hyperbolic, the deviation is almost independent of
k and remains close to zero.

0.5 — —

L B -

‘ I ‘ I — ‘ I — ‘ I ‘ I — ‘ |
0 10 <0 30 40 o0
k

Figure 5.9:Deviation in the RMT approximated second moments of the level velocities for two
cases withV = 200.

These results indicate that even in highly chaotic regimes, basis dependent fluctuations of
the spectrum averaged eigenfunction properties are significant. These fluctuations may reflect
many finer details of the chaotic quantum states. On the other hand, in the hyperbolic regime
(r < 1/2), the approximations in (5.33) are quite satisfactory. However, we have not observed
any qualitative difference between fluctuations that correspond to hyperbolic regimes and those
of other highly chaotic regimes. These observations collectively support that, basis dependent
fluctuations of some of the spectrum averaged eigenstate properties about their RMT predictions
are significant for non-hyperbolic chaotic regimes hotfor the hyperbolic regimes.
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5.5.2 Correlation of level velocities

Now we enquire the correlation between two level velocitieand y. The correlation
coefficient between them is

N =T (5.42)

where

or=(2?) — () ; or =) — (W) i 0w = (ay) — (@)(y).

Figure 5.10: Correlation coefficient between the two level velocities wth= 200. Thick
smooth curve is the RMT predicted correlation.

The level velocity correlation has been calculated for various parameters and the results are

shown in Fig. 5.10. We find that only in the hyperbolic regime{(1/2), the two level veloci-
ties are perfectly correlated, i.e.,= 1. We have already shown that the RMT approximations
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are valid in this regime, and the RMT predicted velocity correlation can be calculated by ap-

plying the equations (5.34), (5.36) and (5.38) in (5.42). As we see from Fig. 5.10, the RMT

predicted correlation completely fails to agree with the observed correlation. At first sight this

disagreement may look strange. However, the following analysis reveals the reason for this
discrepancy. Let us now define three quantities

0. ) 0
I z . I Y . I zy
Al = | A, = 3| AL, = . (5.43)
T Y Yy
and the average of them is
A+ A+ A
A == 4 = (5.44)
3
10
8 s k =03 -
L ok = 1 4
L o k =5 _
- o k =25 ]
6 - —
A' [ _
4 - —
2 - —
O | 1 ‘ 1 1 ‘ 1 1 ‘ 1 1 ‘ 1 1 ‘ 7\
0.1 0.2 0.3 0.4 0.5

r

Figure 5.11:The quantityA’ is plotted forr < 1/2 with NV = 200. Notice that two sets of data
are beyond the range shown here.

Fig. 5.11 shows thad’ diverges. That is, the quantities in Eqn. (5.43) diverge-fer 1/2
while the quantities in Egn. (5.40) are close to zero. This implies that the denominators in
Eqn. (5.43) are very small. In other words?) ~ (z)°, (1) ~ (y)* and (zy) ~ (z)(y) for
r < 1/2. This can also be seen from the RMT approximations (5.34), (5.36) and (5.38) in the
limit N — oo. In fact, convergence of the approximations to the actual values of the second
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moments in the limitn.-. — oo is not fast enough to resolve very small variances. Here the
finiteness ofV plays crucial role. Thus, although the RMT predictions for the second moments
are valid forr < 1/2, this approximation is not applicable for the variance and hence for the

correlation of level velocities.

0.9 —

Figure 5.12:Correlation coefficient, withv = 200, between the two velocitiesandy for two

cases.

Shown in Fig. 5.12 are the correlation coefficient for two casesrFoi).5 the coefficient
remains unity ag varies and thus showing that perfect correlation is independent of strength
of the nonlinear perturbation. On the other hand,sfoe 1 the coefficient oscillates withk
but never becomes unity. These results confirm thially in hyperbolic regime« < 1/2) the

velocities ardully correlated.
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5.6 Summary

In this Chapter we have quantized GSM on 2-torus as a model system of a chaotic quantum
system and presented detailed numerical analysis on the quantum spectrum. Unlike the diffusive
system, nearest neighbour spacing distribution of quantum levels are sensitive to the underlying
classical dynamics. In semiclassical limit, RMT predicted spacing distribution is found to be an
unequivocal signature of quantum chaos. We have also studied quantum phase space transitions
as the classical system undergo transition to chaos in different regimes.

The GSM is a rare class of dynamical systems which has both hyperbolic and non-
hyperbolic chaotic regimes. This provided an opportunity to investigate these two regimes
in the corresponding quantum system. It is found that basis dependent fluctuations in some of
the spectral averaged properties of the quantum states are significant in non-hyperbolic chaotic
regimes. On contrary, the fluctuations are insignificant in hyperbolic regimes. This new charac-
terization of the chaotic quantum system is achieved using level dynamics statistics. More over,
the level velocities are found to be perfectly correlatat in the hyperbolic regimes.
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Epilogue

This thesis is an attempt to uncover transition to chaos and the corresponding quantum sig-
natures for externally driven particle in square well potential. The external driving force could
be an electromagnetic field. It is worth remarking that presence of reflective boundary walls of
the well causes the patrticle to experience discontinuous or at least non-smooth force. Hence
classical dynamics of the particle and the underlying transition to chaos could be beyond the
purview of the celebrated theorems on dynamical systemsKAM theorem and Poincér
Birkhoff (PB) theorem. Naturally the emerging scenario is important from dynamical point of
view. Implications of this scenario in the quantum system are also of great significance as semi-
conductor quantum wells have opened up new avenues for the experimental study of quantum
chaos. As our results have been summarized at the end of each chapter, here we delineate some
of the salient aspects of the problems addressed in the thesis with future prospects indicated.

In this thesis we have introduced a simple model which consists of a particle within an
one-dimensional infinite square well potential in presence of time periodic impulsive external
field. This system is exhaustively studied with the corresponding kick-to-kick dynamics. Albeit
simple, the model emerges as an instructive one as it shares variety of dynamical features with
the above mentioned class of systems. Classically and quantum mechanically this model is
one generalization of the delta kicked rotor. To be specific, it is equivalent to the kicked rotor
when the length scales of the systein width of the well and wavelength of the external field,
match. If the length scales dwt match, the classical system displays non-KAM scenario of
transition to chaos. A simple stability theory is found to be sufficient to have fair understanding
of ostensibly non-trivial scenario. With an illustration we have also shown an alternative to
the PB scenario. This deserves a qualitative study in future. We would like to emphasize that
the classical system is a rare family of dynamical systems as it possesses both hypadbolic
non-hyperbolic chaotic regimes.

When the length scales dwt match, even for weak field strength there are possibilities
of chaos assisted diffusion in momentum of the particle. Quantum mechanically this is man-
ifested as delocalization of eigenstates in momentum space. Thus we realize the competing
length scales as control parameters for the localization in the weak field regime. We have also
demonstrated the possibility of observing such effects in the quantum system. We believe that
theseneweffects can also be observed in finite quantum well system, and it is highly desirable
if they are experimentally tested. One of the promising extensions of the present work is to un-
fold the role of length scales in tunnelling and ionization phenomena of the finite well system.
We have shown that the distribution of localization measure of the eigenstates is sensitive to
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the underlying classical dynamics. To be specific, in chaotic regime participation ratios of the
eigenstates in unperturbed basis are lognormally distributegwaneasure of quantum chaos.
This empirical observation requires an appropriate theoretical support.

In this thesis we have also introduced a new quantum map as a simple model of quantum
chaos. Although the field of quantum chaos is populated with many models, one of the main ad-
vantages of this model over other models is that it providasgeueopportunity to distinguish
hyperbolic and non-hyperbolic chaotic regimes in the quantum domain. Some of our results
indicate that spectral averaged behaviour of quantum states are different in both the regimes.
In particular, basis dependent fluctuations of the states are insignifingnn the hyperbolic
chaotic regimes but not in the non-hyperbolic chaotic regimes. This new characterization of
chaotic quantum system demands detailed study using semiclassical theory.
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