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ABSTRACT

Grand unified theories (GUTs) which unify strong and electroweak interac-

tions also provide a constrained and unified description of all the fermions. In

particular, the renormalizable versions of GUTs based on SO(10) gauge group

are considered as excellent platforms to study the peculiar patterns of quark

and lepton masses and mixing angles observed in nature. In this thesis, we

examine many such SO(10) models for their viability or otherwise in explain-

ing all the fermion masses and mixing angles. The different SO(10) models,

which we study in this work, can be divided in three main categories: (i) the

supersymmetric SO(10) models (ii) the sypersymmetric SO(10) models with

flavor symmetries and (iii) the non-supersymmetric SO(10) models.

First we carry out an exhaustive analysis of supersymmetric models with

minimal (10H + 126H) and non-minimal (10H + 126H + 120H) Higgs content.

Extensive numerical fits to fermion masses and mixing are carried out in each

case assuming dominance of type-II or type-I seesaw mechanism. We use data

corresponding to different values of tanβ and with or without appreciable

finite supersymmetric threshold corrections. All the cases studied provide quite

good fits if the type-I seesaw mechanism dominates. This is not the case in

the minimal model based on several data sets and type-II seesaw mechanism.

This can be traced to the absence of the b-τ unification at the GUT scale in

these cases. In contrast, the type-II seesaw mechanism works uniformly well in

all the non-minimal model. Required scale of the B − L breaking is identified

in each case. In the case of type-I seesaw dominance in both the minimal and

non-minimal models, it is observed that the B−L breaking scale inferred from

neutrino masses lies closer to the GUT scale compared to the type-II seesaw

mechanism.

In SO(10) models, it is not clear if the exact tribimaximal mixing (TBM)

among leptons would be consistent with a precise description of the quark

masses and mixing. We address this question by developing a novel formalism

which allows determination of most general structures of the neutrino and

charged lepton mixing matrices consistent with tribimaximal mixing. These
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are then integrated into an SO(10) model within which detailed fits to fermion

masses and mixing angles are given. It is shown that one can obtain excellent

fits to all the fermion masses and quark mixing angles keeping tri-bimaximal

leptonic mixing intact. Various perturbations to tri-bimaximal mixing which

can arise in the model are considered and their impact on the predictions of

the reactor mixing angle θ13 is numerically discussed.

In the second part of this thesis, we study some interesting consequences

of different flavor symmetries when integrated with supersymmetric SO(10)

frameworks. First we integrate the µ-τ symmetry in the non-minimal super-

symmetric SO(10) model. This scenario is shown to lead to a generalized

CP invariance of the mass matrices and vanishing CP violating phases if the

Yukawa couplings are invariant under the µ-τ symmetry. Small explicit break-

ing of the µ-τ symmetry is then shown to provide a very good understanding of

all the fermion masses and mixing. Second we propose a specific ansatz for the

structure of Yukawa matrices in SO(10) models which differ from its generic

expectations of hierarchical neutrinos and lead to quasi degenerate neutrino

masses through the type-I seesaw mechanism. Consistency of this ansatz is

demonstrated through a detailed fits to fermion masses and mixing angles all

of which can be explained with reasonable accuracy in a model which uses the

most general Yukawa Higgs sector of SO(10). The proposed ansatz is shown to

follow from an extended model based on the three generations of the vector like

fermions and an O(3) flavour symmetry. Large neutrino mixing angles emerge

as a consequence of neutrino mass degeneracy in this model. In the last sec-

tion in this category, we propose a discrete symmetry S4 × Zn when suitably

integrated with SO(10) provides a viable framework to obtain an interest-

ing empirical relation called Quark-Lepton Complementarity (QLC), namely

θl12 ∼ π/4−θC . Consistency of this model is discussed through detailed analy-

sis of fermion masses and mixing angles. The model leads to the lepton mixing

matrix that is dominantly bimaximal with O(θC) corrections related to quark

mixings which generically predicts the large reactor angle θl13 ∼ θC/
√
2.

In the last part of this thesis, we carry out a detailed study of some non-
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supersymmetric SO(10) models. The non-supersymmetric SO(10) models

with a global U(1)PQ symmetry lead to the similar Yukawa sum-rules predicted

in the supersymmetric models. Detailed numerical fits to fermion masses and

mixing are carried out in each case assuming dominance of type-II or type-I

seesaw mechanism. It is shown that the minimal non-supersymmetric model

with type-I seesaw dominance gives excellent fits. In the presence of a 45H and

an intermediate scale, the model can also account for the gauge coupling uni-

fication making it potentially interesting model for the complete unification.

Structure of the Yukawa coupling matrices obtained numerically in this spe-

cific case is shown to follow from a very simple U(1) symmetry and a Froggatt-

Nielsen singlet. The non-minimal model with type-I seesaw also provides an

excellent fit to entire fermion spectrum while the model with 120H+126H fails

badly in this task. It is observed that type-II seesaw dominance is disfavored

in all the models because of non-unification of b quark and τ masses at the

GUT scale in the absence of supersymmetry.
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Chapter 1

Introduction

The last four decades or so has witnessed a tremendous advance in our under-

standing of the elementary particles and their interactions. One of the great

triumphs of physics in these years has been the development of a theory of the

strong, weak and electromagnetic interactions - the Standard Model (SM) -

which is now universally accepted [1, 2, 3]. The standard model is considered

to be a substantially correct and fundamental description of all interactions

except gravity. Moreover, many experimental evidences like the discoveries of

the charm and neutral current interactions in seventies, the direct production

of the intermediate gauge bosons in the middle of eighties, discovery of top

quark in the middle of nineties and the two decades of extensive precision

tests have confirmed the relevance of the standard model to such an extend

that it is often called the Standard Theory of elementary particle interactions

rather than just a “model”.

It is an impressive fact that the SM originated from the need to overcome

the issues of the Feynman-Gellmann [4] and Sudarshan-Marshak [5] model of

weak interactions formulated as a description of the physics in the hundred

MeV range. However the validity of SM is not compromised even stretching

the probed energy span up to the hundred GeV scale. At present, the SM is un-

dergoing the TeV scale experimental tests through the Large Hadron Collider

(LHC) at CERN. Assuming that the SM correctly describes all low-energy (i.e.

energies that have been explored to date) physics, one must still ask whether

1



2 Chapter 1. Introduction

the SM is the entire story or whether it is just the low energy limit of a big-

ger theory. The difficulty with the first point of view is that the SM leaves

an uncomfortable number of important questions unanswered. For example,

there is no explanation or prediction of the number of elementary fields. The

SM contains 19 arbitrary parameters (26 if one allows the neutrinos to have

masses). Furthermore, the strong, weak and electromagnetic interactions are

basically independent of each other in the SM. The attempt to understand

and to answer some of these questions has led to the development of Grand

Unified Theories (GUTs). The main idea behind such theory is that the ob-

served interactions are merely the low energy manifestation of an underlying

unified theory. It is possible that this underlying theory possesses additional

structure that may constrain some of the quantities that appear arbitrary at

the level of the SM.

A basic introduction to the main motivations behind such unified theories

is the main topic of this chapter. We begin by giving a very brief overview of

the SM in the next section. We particularly focus on the gauge structure of

the SM and discuss the fundamental interactions allowed by it. The symmetry

breaking mechanism and the origin of masses of different particles in the SM

will be mentioned briefly. Few questions which remain unanswered in the SM

will also be outlined. In Section 1.2, we describe the basic idea of the grand

unification and discuss its advantages over the SM. Finally, the outline of the

rest of the chapters in the thesis will be given in the last section.

1.1 The standard model & its limitations

The standard model is the combination of the Glashow-Weinberg-Salam (GWS)

model [1, 2, 3] of electroweak interactions and the theory of strong interactions

known as the Quantum Chromodynamics (QCD) developed by Fritzsch and

Gell-Mann [6, 7]. The gauge group of the SM is a direct product of three

different local gauge symmetries, GSM ≡ SU(3)c × SU(2)L × U(1)Y . The

SU(3)c corresponds to the gauge symmetry which governs the strong inter-
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actions while SU(2)L × U(1)Y is a symmetry of the electroweak interactions.

The fundamental quantum fields which appear in the SM are of four types.

These fields and their representations under SU(3)c × SU(2)L × U(1)Y are

Fields
SU(3)c × SU(2)L × U(1)Y

representations

Quarks
QL ≡

(

uα

dα

)

L

,

(

cα

sα

)

L

,

(

tα

bα

)

L

(3, 2, 1

3
)

uα
R, cαR, tαR (3, 1, − 4

3
)

dαR, sαR, bαR (3, 1, 2

3
)

Leptons
LL ≡

(

νe
e

)

L

,

(

νµ
µ

)

L

,

(

ντ
τ

)

L

(1, 2, − 1)

eR, µR, τR (1, 1, 2)

Gauge bosons
Gα

β (gluons) (8, 1, 0)

W±, W 3 (1, 3, 0)
B (1, 1, 0)

Scalar φ ≡
(

ϕ0

ϕ−

)

(1, 2, − 1)

Table 1.1: The fundamental quantum fields which appear in the standard
model and their representations under the standard model gauge group
SU(3)c × SU(2)L ×U(1)Y . The superscript α = r, g, b denote the color degree
of freedom.

shown in Table 1.1 where SU(2)L doublets are shown in a column vector and

SU(3)c triplets are indicated by the color indices α = r, g, b. The gauge or

vector bosons mediate the various interactions. The photon γ is responsible

for electromagnetic interactions, while the intermediate vector bosonsW± and

Z mediate charged and neutral current weak interactions respectively (We will

see later in this chapter that the γ and Z boson arise due to mixing between

W 3 and B after the electroweak symmetry breaking). The strong interactions

are ultimately due to the exchange of eight gluons Gβ
α. The basic fermions

are the leptons, or non-strongly interacting particles, and the quarks, which

interact strongly and are believed to be the constituents of the hadrons. Each

quark comes in three color states. The spin-0 scalar fields are introduced into

the SM to break the symmetry spontaneously and to give masses to all the

fermions and weak gauge bosons, W± and Z.
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1.1.1 The SU(3)c × SU(2)L × U(1)Y theory

The fundamental interactions of all the SM fields can be described by the

Lorentz invariant and renormalizable Lagrangian which is also invariant under

the local gauge transformations of SU(3)c×SU(2)L×U(1)Y group. As already

mentioned, such a Lagrangian can be written as a combination of the strong

and electroweak interactions.

LSM ≡ LQCD + LEW (1.1)

Let us briefly review the important features of the basic interactions de-

scribed by LQCD and LEW . The LQCD represents the interactions of QCD

which is a gauge theory based on the group SU(3)c. The quark fields qα of a

definite flavor transform according to the fundamental triplet representation

of SU(3)c. The leptons are of course SU(3)c singlets and hence do not par-

ticipate in the strong interactions. The SU(3)c has eight generators which

correspond to the same number of the gauge fields Ga required for the local

gauge invariance. The SU(3)c symmetry is assumed unbroken and therefore

the eight gluons are massless. The QCD Lagrangian in Eq.(1.1) can be written

as

LQCD =
∑

i

qiγ
µ

(

∂µ − igs
λa

2
Ga

µ

)

qi −
1

4
Ga
µνGµνa, (1.2)

where qi = (qri , q
g
i , q

b
i ), for three colors and i = u, c, t, d, s, b represents different

flavors. λa are Gell-Mann’s matrices for SU(3)c generators and Ga
µν are the

field strength tensors defined as

Ga
µν = ∂µG

a
ν − ∂νG

a
µ + gsfabcG

b
µG

c
ν . (1.3)

The above Lagrangian is independent of flavor and is non-chiral. The gauge

coupling constant gs determine the strength of the strong interactions between

two colored quarks. In this theory, gs has the property of asymptotic freedom

[8, 9], i.e. gs(Q
2) → 0 for Q2 → ∞, which was confirmed in the deep inelastic

scattering experiments. Here Q is the energy scale at which the experiment is



1.1. The standard model & its limitations 5

performed.

The LEW represents the gauge theory based on the group SU(2)L × U(1),

which is also known as GWS model of electroweak interactions. Such La-

grangian is completely dictated by the requirements of gauge invariance and

renormalizability and can be written as

LEW = LF + LG + Lφ − V (φ) + LY (1.4)

where

LF = ψLγ
µ
(

∂µ − i
gL
2
τaW a

µ − i
gY
2
Bµ

)

ψL

+ ψRγ
µ
(

∂µ − i
gY
2
Bµ

)

ψR (1.5)

is the gauge invariant kinetic term of the fermion fields. In the above ex-

pression, the color and generation indices are suppressed and are summed

over. ψL ≡ QL, LL and ψR ≡ uR, dR, eR are the left handed and right handed

fermions of the SM respectively. The kinetic term for the gauge boson fields

will be

LG = −1

4
WaµνWa

µν −
1

4
BµνBµν (1.6)

where Wa
µν and Bµν are field strength tensors for the vector fields of SU(2)L

and U(1)Y respectively and can be defined similarly as that of SU(3)c shown

in Eq. (1.3). The Lφ represents the gauge invariant kinetic term of the scalar

field which can be written as

Lφ = |
(

∂µφ− i
gL
2
τaW a

µφ− i
gY
2
Bµφ

)

|2 (1.7)

The Yukawa interactions term in the SM is

LY =
∑

i,j

(

Y ij
d QLiφdRj + Y ij

u QLiφ̃uRj + Y ij
l LLiφeRj

)

(1.8)

where φ̃ = iτ2φ
∗ and i, j = 1, 2, 3 stand for three generations of fermions. Y ij

d,u,l
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are complex Yukawa couplings.

Electroweak symmetry breaking and generation of the gauge boson

masses

Let us briefly study the breakdown of SU(2)L × U(1)Y symmetry to U(1)em,

which is the only observed exact local symmetry in nature. Consider the

following SU(2)L × U(1)Y invariant Higgs potential in Eq. (1.4)

V (φ) = −µ2φ†φ+ λ(φ†φ)2. (1.9)

For µ2 > 0, it is easy to see that the minimum of V corresponds to

〈φ〉 = 1√
2





0

υ



 , (1.10)

where υ = µ/
√
λ. It is easily checked that

1

2
(τ3 + Y )〈φ〉 = 0, (1.11)

which is the unbroken generator. The symmetry corresponds to this generator

can be identified with the U(1)em and one get the following formula for the

“electric charge”.

Q = I3 +
Y

2
. (1.12)

It is important to note that Y is a free parameter of the theory and one can

adjust it appropriately so that the electric charges of the quarks and leptons

come out correctly. This becomes possible due to the fact that ∆Q = ∆I3 = 1

for all doublets of fermions.

Since all the other electroweak generators are broken by the vacuum, the

gauge bosons corresponding to those generators become massive. The masses

of these generators can be obtained by substituting Eq. (1.10) in the kinetic
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term (1.7) of the scalar field which leads to

LW,Z
mass = −1

4
g2Lυ

2W+µW−
µ − 1

8
υ2(gLW3µ − gYBµ)

2. (1.13)

This implies that

mW =
1

2
gLυ, (1.14)

and one linear combination of the two neutral gauge bosons, i.e.,

Zµ ≡ 1
√

g2L + g2Y
(gLW3µ − gYBµ) (1.15)

picks up the mass

mZ =
1

2

√

g2L + g2Y υ. (1.16)

The other massless combination

Aµ ≡ 1
√

g2L + g2Y
(gYW3µ + gLBµ) (1.17)

associated with the unbroken generator Q can be identified as the photon field.

It can also be checked that mA = 0. The gauge coupling associated with Aµ

is the electric charge which can be expressed in terms of gL and gY as follows.

From Eq. (1.5), the gauge interactions involving only W3 and B vector

boson can be extracted out and written as

LF (W3µ, Zµ) = ψLγ
µ
(

i
gL
2
τ 3W 3

µ − i
gY
2
Bµ

)

ψL. (1.18)

Using Eqs. (1.15) and (1.17) one can rewrite the above expression as follows:

LF (W3µ, Zµ) = ψLγ
µ

(

g2Lτ3/2− (g2Y /2)Y
√

g2L + g2Y
Zµ +

gLgY
√

g2L + g2Y
QAµ

)

ψL. (1.19)

The first term predicts the structure of the neutral current interactions while

the second term in Eq. (1.19) implies that the magnitude of the electric charge
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of the positron is

e =
gLgY

√

g2L + g2Y
(1.20)

It is convenient to introduce a reparametrization of gL and gY in terms of

an angle θW (also known as the Weinberg angle) and the electric charge of the

positron:

gL ≡ e

sin θW
, (1.21)

gY ≡ e

cos θW
. (1.22)

⇒ tan θW = gY /gL. (1.23)

The W - and Z- masses can be written as

mW =
eυ

2 sin θW
, mZ =

eυ

2 sin θW cos θW
. (1.24)

Using the above equations in the first term of Eq. (1.19), i.e. the neutral

current interaction involving the Z-boson can be written as

LN.C. = −i e

sin θW cos θW
ZµψLγ

µ
(

I3W − sin2 θWQ
)

ψL. (1.25)

From this we can read off the neutral-current interaction of any particle. This is

an important prediction of the SU(2)L×U(1)Y model and has been confirmed

to a great degree of accuracy by neutral-current experiments.

The kinetic energy term LF also generates the conventional charged-current

weak interactions, which has the following form:

LC.C. = −i g

2
√
2
W+

µ [uLγ
µdL + νLγ

µeL] + h.c. (1.26)

In the above equation, the mixing between the various generations is not dis-

played. This will be addressed in the next paragraph.
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Fermion masses and mixing

The bare mass terms for fermions violate SU(2)L gauge invariance and there-

fore cannot be included in the SM Lagrangian shown in Eq. (1.1). However,

it is possible to generate masses for the fermions using the same Higgs field φ

which is used to break the gauge symmetries. Recall that Eq. (1.8) enables

the fermions to interact with the Higgs doublet through the gauge invariant

Yukawa interactions. Subsequent to the spontaneous breakdown of the gauge

symmetry, LY leads to the following mass terms for fermions:

LF
mass = dLiM

d
ijdRj + uLiM

u
ijuRj + eLiM

l
ijeRj , (1.27)

where Mf = Y fυ/
√
2 with f = u, d, l denoting the mass matrices for down-

and up-quarks and charged leptons respectively. Note that neutrinos are mass-

less and will never acquire mass in higher orders because its chiral partner νR

does not exist in the SM and the Majorana mass term for νL breaks the lepton

number.

The above mass matrices mix the weak eigenstates of different generations

and give rise to mixing between the different flavors of up- and down-type

quarks. The mass eigenstates which are the true eigenstates of the Hamiltonian

can be obtained by diagonalizing the mass matrices by means of biunitary

transformations:

Uf†
L MfUf

R =Mf
diag. = Diag.(mf1, mf2, mf3), (1.28)

where mfi are the masses of ith generation of f -type fermion. From the above

expression, the mass eigenstates denoted by f ′ can be written as

f ′
L,R ≡ Uf†

L,RfL,R. (1.29)

If we now rewrite the gauge boson interactions given in Eqs. (1.25) and (1.26)

in the mass eigenstates, we find that the neutral current interaction of the Z

boson remains diagonal, i.e. different flavors do not mix. This is an extremely
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desirable feature of the SM because it implies that any neutral-current process

that changes flavor can arise only at loop level and, therefore, must be sup-

pressed. This agrees with observations such as the suppression of K0
L → µµ

decay, KL −KS mass difference, etc.

In the mass eigenstates, the charged-current interaction term (1.26) can be

rewritten as

LC.C. = −i g

2
√
2
W+

µ u
′
Lγ

µUu†
L U

d
Ld

′
L + h.c. (1.30)

One can define

VCKM ≡ Uu†
L U

d
L (1.31)

as the matrix that mixes different generations and is responsible for such phe-

nomena as flavor changing weak processes. Such matrix is known as Cabbibo-

Kobayashi-Maskawa (CKM) matrix. The VCKM is a unitary matrix and in

general, it can be parametrized in terms of n(n− 1)/2 angles and n(n + 1)/2

phases for n generations of fermions. However in the case of Dirac fermions, it

is always possible to remove 2n− 1 phases by absorbing them in the fermion

fields and therefore only (n − 1)(n − 2)/2 phases are physical. For example,

the VCKM can be parametrized in terms of 3 angles and a phase for three gen-

erations of fermions. The expression of VCKM in its standard parametrization

is given in Appendix A. Before we end this subsection, two important points

must be noted about the mixing.

• The mixing matrices corresponding to UR does not appear in the final

theory involving flavor eigenstates.

• The left-handed mixing matrix for the charged leptons is also not ob-

servable because, in the charged current, one can redefine the neutrino

states and absorb U l
L in them. Since neutrinos are massless, all rotated

basis are equivalent.

As described above, the standard model is remarkably successful in corre-

lating all observed low-energy data in terms of a very few parameters. More-

over, all the particles predicted by the SM have been observed at particle
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colliders except the Higgs boson. However most of the successes of the SM

pertain only to the gauge sector of the theory where, with the help of only few

parameter, numerous neutral-current data are successfully understood. But

in the fermionic sector, all masses and mixing are unexplained. In the next

subsection, we give a list of some of the major puzzles of the SM.

1.1.2 Problems with the standard model

Despite being the most successful theory of particle physics to date, the stan-

dard model is not perfect. There are number of questions for which the stan-

dard model does not give adequate explanations. Some of the unexplained

features and unanswered questions are:

Neutrino masses and mixing

Perhaps the strongest motivation to go beyond the SM stems from the neutrino

physics. In the last two decades or so, a significant amount of experimen-

tal information about neutrino masses and lepton mixing was accumulated.

The solar and atmospheric neutrino anomalies found a successful theoretical

description within the framework of the neutrino oscillations. The neutrino

oscillations imply that neutrinos (at least two of them) are massive and they

mix with each other. From the theoretical point of view, the neutrinos are

strictly massless in the SM unlike other fermions. As already mentioned be-

fore, this difference arise due to the absence of the right-handed components

of the neutrinos that would allow a Dirac mass term for them. The convincing

evidences for neutrino mass imply that one certainly need an extension of the

SM.

The flavor problem

This is one of the most unsatisfactory aspects of the SM. First of all, what

dictates that the fermions must be assigned to doublets, except for a poste-

riori justification that it fits data? Second, why are there three generations?
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Furthermore, the fermion masses and mixing angles seem to exhibit a strong

hierarchical pattern. This stems from the fact that the symmetry of the model

does not impose any constraints on the flavor structure of these couplings and

thus there is no way to correlate the different Yukawa couplings from first

principle.

The gauge problem

The pattern of groups and representations is complicated and arbitrary. For

example, why should the gauge group be a direct product of three different

factors which lead to three different gauge coupling constant? In a more sat-

isfactory theory, one should have a way of not only understanding the three

gauge groups but also the origin of the three gauge couplings.

The hierarchy problem

One of the problem in the SM is the so called hierarchy problem stemming

from the fact that the Higgs mass is not protected by the gauge symmetry

from receiving large radiative corrections from the physics at very high ener-

gies. This calls for a tremendous amount of fine-tunning order by order in

the perturbation theory to make the Higgs mass stable and so the electroweak

symmetry breaking scale.

Quantization of the electric charge

Electric charge is not quantized in the SM. That is, in the electric charge

operator (1.12), the hypercharge assignment can be made independently for

each representation. The only group theoretic constraint is that the charge

differs by one unit between the fields that are associated in a doublet. However,

the charges of leptons, quarks and Higgs scalars need not be related by simple

factors like one or three.

In addition, the standard model does not provide an explanation of grav-

ity. Also, it does not account for the dark matter, dark energy and matter-

antimatter asymmetry found in the nature. It is obvious that one must go
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beyond the SM to address these questions. The grand unified theories, to

which I turn now, are motivated in part by the desire to answer some of these

questions.

1.2 Grand unified theories

1.2.1 General description

One way to constrain or determine some of the features that are arbitrary

in the standard model is to consider models with more symmetry. Espe-

cially promising are grand unified theories, in which the basic idea is that

if SU(3)c × SU(2)L ×U(1)Y is embedded in a larger underlying group G then

the additional symmetries may restrict some of the features that were arbi-

trary in the standard model. A typical consequence of this embedding is that

the new symmetry generators and their associated gauge bosons involve both

flavor and color. The new interactions mediated by such gauge bosons lead to

baryon number violating interaction like proton decay. However such an inter-

action is not found in the nature so far. The current experimental limit on the

proton lifetime τp (p→ π0e+) > 8.2× 1033 years [10] requires that the baryon

number violating interactions must be extremely weak. For models in which

the proton can decay via the exchange of a single gauge boson X , the lifetime

limit typically requires that MX > 1015.5 GeV. An unfortunate consequence

of this extreme weakness is that the signature of the new interactions, other

than proton decay, are beyond our experimental reach.

The most popular GUT schemes are based on the simple Lie groups which

basically means that the group is not a direct product of factors. The fa-

mous examples are the groups SU(5), SO(10) and E6. One can completely

unify the strong and electroweak interactions in this class of GUTs. If any

such theory is probed at momenta Q2 large compared to M2
X , where all the

spontaneous symmetry breaking effects can be ignored, then the strong, weak,

electromagnetic and baryon number violating interactions all look basically

similar and there is a single coupling constant. Some of these GUTs also
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unify the quarks and leptons which are placed together in the same repre-

sentation of G. It is only for Q < M2
X that SSB becomes important and

the running coupling constants gs, gL and gY become different. The strong,

weak and electromagnetic interactions observed at the low energy are there-

fore simply the result of the pattern of SSB of the underlying gauge group

G. Partial unification can also be achieved imposing for instance the Pati-

Salam (PS) symmetry SU(4)c × SU(2)L × SU(2)R that treats the lepton

as a “fourth color”. Some other examples of such kind of symmetries are

SU(3)c × SU(2)L × SU(2)R × U(1)B−L and the SU(5)× U(1). The choice of

the unified gauge group is driven by the requirements of minimality and by the

need of complex representations to account for chiral fermion. For example,

the SU(5) group has a fundamental representation 5 and 10-dimensional anti-

symmetric representation which accommodate all the SM fermions preserving

the chiral structure of the effective SU(3)c×SU(2)L×U(1)Y model. In the case

of SO(10), this can be achieved using its 16 dimensional irreducible spinorial

representation which predicts an extra fermion per family. Similarly, E6 has

27-dimensional representation which is chiral and it predicts extra 11 fermions

per family

1.2.2 Aspects of the grand unification

As we have already discussed, the neutrinos are massless in the SM. One can

extend the SM by introducing right handed neutrino which will generate the

Dirac mass term (MDνLνR, where MD = Y Dυ/
√
2) for neutrinos like other

fermions. However the smallness of neutrino masses cannot be understood

in this way. A simplest way would be to break lepton number (or B − L)

symmetry and add Majorana mass for the right-handed neutrinoMRν
T
RC

−1νR.

Thus both the terms lead to the Majorana neutrino mass matrix (in the basis

(νL, ν
c
R)

T )

M =





0 MD

MT
D MR



 . (1.32)
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In the limit MR ≫MD, the effective light neutrino masses can be given by

MνL ≈ −MDM
−1
R MT

D . (1.33)

Clearly, the left handed neutrino masses are much smaller than typical charged

fermion masses as long as MR ≫ υ. This is also known as type-I seesaw

mechanism [11]. Interestingly, if we take the Dirac Yukawa couplings of the

order one then atmospheric neutrino data requires that MR ∼ 1012−15 GeV.

This value is very close to the conventional GUT scale of 1016 GeV. Hence it

is possible that the seesaw mechanism naturally arises in GUTs and the small

neutrino masses are consequences of heavy GUT scale in the theory. Moreover,

a GUT based on SO(10) gauge group automatically predicts the existence of

the right handed neutrinos which makes the seesaw mechanism more plausible.

One of the interesting aspects of GUTs is a natural explanation of the

fractional quark charges. In the Cartan algebra of the unified group, the

electric charge operator can be identified with a combination of generators.

The eigenvalues of such generators are subject to strong constraints arising

from the nonabelian nature of the GUT group. For example, in the simplest

SU(5) GUT the electric charge operator must be traceless and thus the charges

of the quarks and leptons residing in 5 must sum up to zero [12]. This implies

that the three down-type antiquarks must equilibrate the electric charge of an

electron which leads to the relation

3Qdc +Qe = 0. (1.34)

Hence GUT can address the problem of the electric charge quantization which

is not answered in the SM.

Another aspect of the GUTs, which is the main theme of this thesis, is that

it addresses the so called flavor problem of the SM. Such a problem arise in

the SM due to the fact that each family of quarks and leptons resides in five

different multiplets of SU(3)c × SU(2)L ×U(1)Y and up to three independent

Yukawa structures are needed to construct the masses for charged fermions as
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shown in Eq. (1.8). The way this issue can be (at least partially) addresses

in unified theories is clear. Since the number of different fermion represen-

tations are reduced considerably once the SM multiplets are accommodated

within irreducible representations of higher symmetry group, the number of

independent contractions needed to generate the Yukawa terms are smaller.

Like in the SM, GUTs neither constraints the number of fermion families

nor correlate the fermions of different families. However, enhancing the com-

munication among the multiplets in the “vertical” direction, i.e. within each

generation of the SM multiplet, the GUTs can also lead to valuable clues on the

flavor textures. For example, such correlations can arise as a consequence of

various flavor symmetries acting on the generation indices of fermions. In this

way, the GUTs severely restrict the structure of the “horizontal” symmetries.

In some GUTs, neutrino resides in the same GUT multiplet with the quarks

and leptons. This provides a unique opportunity to study the structure of

the seesaw mechanism(s) [11]. For example, the tight correlations among the

effective Yukawa couplings of quarks and leptons arising from the same GUT

origin can give rise to nontrivial constraints on the structure of leptonic Dirac

and/or Majorana mass matrices which can subsequently uncover the patterns

of the parameters governing the neutrino physics. The neutrinos differ from

their charged partners in mass hierarchies and also the flavor mixing patterns

observed in the quark and lepton sector are widely different. Clearly, this

puzzle cannot be addressed in the SM because of the fact the quarks and

leptons are treated differently in the SM. However any GUT which unifies

quarks and leptons must explain the origin of such differences.

The potential qualitative influence of the GUTs on the puzzle of fermion

masses was known since the time when GUTs were proposed. However in the

last decade, several informations obtained from the the neutrino oscillation

experiments and the precision measurements of the fermion masses and mixing

parameters has inspired many quantitative studies of fermion masses in the

GUT models. As a result of this, for the first time we are able to test some

of the GUT models using the fermion mass data. As we will see later, of
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particular interest are the models based on the SO(10) gauge symmetry in

which neutrinos are in close connections with the charged fermions. This is

the main motivation behind the studies presented in this thesis. We focus our

attention on the models based on SO(10) group, in particular, those which

are based on the renormalizable Yukawa sector. The specific objectives of our

studies are:

• To do a general analysis of different versions of SO(10) GUT and examine

them for their viability or otherwise in explaining all the fermion masses

and mixing angles.

• To study the applications of some flavor symmetries on SO(10) and its

consequences on fermion masses and mixing.

• To understand and categorize ways of obtaining large mixing among

leptons and small mixing between quarks in spite of the fact that both

are treated identically before SO(10) breaking.

• To derive the predictions for the unknown parameters in the neutrino

sector like the reactor angle, CP phases and etc. in the predictive frame-

works built in SO(10) GUTs.

1.3 Outline of the thesis

The thesis is organized in the following manner: In the second chapter, we

review some general aspects of quarks and lepton masses in grand unified

theories. We first discuss the prototype GUT based on SU(5) gauge symmetry.

The basic features of supersymmetric SU(5) model constructed using minimal

choice of Higgs fields are outlined and shortcomings of the model are pointed-

out in brief. The most promising GUTs based on SO(10) gauge group are

also discussed in the same chapter. The origin of neutrino masses through

the seesaw mechanisms and their close links with charged fermion masses are

outlined.
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Chapter 3 is devoted to the detailed studies of fermion masses in SUSY

SO(10) models. The extensive analysis of fermion masses and mixing angles

is carried out in the case of minimal and non-minimal SUSY SO(10) mod-

els. Several observations made from such studies will be outlined. The close

connections between b-τ Yukawa unification and maximal atmospheric mixing

angle in case of type-II seesaw dominance are discussed at quantitative level. In

Chapter 4, we investigate the possibility of obtaining the exact tri-bimaximal

pattern in lepton mixing in SO(10) GUTs. We first derive the most general

way to obtain the exact tribimaximal mixing in any framework. Using it, we

check the viability of such mixing in the context of SO(10) model. All the

possible origins of perturbations in such mixing pattern are also discussed.

In Chapter 5, we investigate a role of some flavor symmetries in SO(10)

models. Viabilities of such approaches are discussed with detailed investiga-

tions of fermion spectrum in each case. Some interesting consequences arising

in SO(10) models due to different flavor symmetries are discussed. Chapter 6

is devoted to the nonsupersymmetric SO(10) models. We investigate different

possible choices of Higgs fields available in the renormalizable versions of non-

SUSY SO(10) in order to obtain realistic fermion mass spectrum. Merits and

demerits of each model will be discussed. We conclude our studies in Chapter

7. Finally, a set of Appendices is added for the details of technical points in

the main text.



Chapter 2

Grand Unified Theories and

Fermion Masses

In this chapter, we start by briefly introducing the most attractive GUTs

based on SU(5) and SO(10) gauge group and discussing their salient features

in view of the possible predictive power in Yukawa sector. The introductory

discussions and few observations that we make in this chapter will be very

helpful in understanding the correlations among quark and lepton masses and

mixing studied in the subsequent chapters.

2.1 SU(5) GUT and fermion masses

The first realistic attempt to embed the three distinct sector of the standard

model in a unified framework was made by Georgi-Glashow [13] in 1974 when

they proposed a simple grand unified theory based on an SU(5) gauge sym-

metry. The theory was capable of providing an understanding of the electric

charge quantization and predicted weak mixing angle θW in rough agreement

with the contemporary experimental data. Moreover, the different multiplets

accommodating the SM matter fields of each generation were embedded into

just two irreducible representations of SU(5). The theory turned out to be

very robust and compelling. Later, it was upgraded by further theoretical and

phenomenological developments, in particular, supersymmetry was invoked

19
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[14, 15] to solve the gauge hierarchy problem and to cure the mismatch of the

running gauge couplings at the GUT scale. As a results of these efforts, an

interesting GUT model known as the minimal SUSY SU(5) [14] has emerged

which is still considered a prototype of a potentially realistic grand unified

framework.

To appreciate the power of the unification idea and to explain the moti-

vations behind even larger GUT groups in subsequent chapters, let us first

discuss some of the interesting consequences of the SU(5) theory paying par-

ticular attention to the masses and mixing pattern arising in the quark and

lepton sectors.

2.1.1 SU(5) gauge symmetry and fermion fields

SU(5) is the smallest group of rank four that can unify the SM gauge group

[13]. In fact, it is actually the minimal group that unifies the SU(2)L and

SU(3)c of the SM and which automatically accommodates an extra U(1) sym-

metry that can be identified as the hypercharge. Three smallest irreducible

representations of SU(5) are of 5 (fundamental), 10 (two-index antisymmet-

ric) and 15 (two-index symmetric) dimensions. Their decomposition under

SU(3)c × SU(2)L × U(1)Y subgroup can be written as

5 = (3, 1, 1/3)⊕ (1, 2,−1/2)

10 = (3, 1,−2/3)⊕ (3, 2, 1/6)⊕ (1, 1, 1)

15 = (6, 1,−2/3)⊕ (3, 2, 1/6)⊕ (1, 3, 1) (2.1)

In the SM, we have 15 Weyl fermion fields and the most natural way to unify

them would be to put them in a 15 dimensional representation of SU(5). How-

ever one can see from the above decompositions that 15-plet contains color sex-

tet and weak triplet components which rule out this possibility. Interestingly,

all the SM fermions can be accommodated in 5̄ and 10 dimensional multiplets
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which has correct quantum numbers. One can identify

5̄F ≡
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(2.2)

Note that in 5̄F , a negative sign convention for the νe field is used to ensure

that (e − νe)
T transforms like (νe e)

T under the subgroup SU(2)L. Moreover,

the position of various fields in the corresponding multiplets are dictated by the

way the fundamental triplet of SU(3)c and the doublet of SU(2)L are placed

in the fundamental 5-plet of SU(5). In our notation, the triplet is spanned

over the first three indices of 5 while the doublet resides in the remaining pair.

The structure of 10F is then obtained by inspecting the distribution of the SM

quantum numbers in the antisymmetric subspace of 5× 5.

Note that the quarks and leptons reside in a single multiplet of SU(5) and

therefore they transform among each other via gauge interactions. As result,

the baryon and lepton numbers are violated in the gauge interactions mediated

through the new gauge bosons. This give rise to a variety of new phenomena,

as for instance the proton decay or the neutron-antineutron oscillations.

2.1.2 The Higgs sector and Yukawa interactions

The SU(5) decompositions of the three different matter bilinears constructed

from 5̄F and 10F are:

5̄× 5̄ = 10 + 15,

5̄× 10 = 5 + 45,

10× 10 = 5 + 45 + 50. (2.3)
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There is no singlet in the above equation and therefore the fermion masses

must be generated by the Higgs mechanism as in the SM case. Note that 5̄F

contains only one chiral component of matter fields residing in it so the matter

bilinear 5̄F × 5̄F cannot provide Dirac masses for the fermions. However, it

can be used to generate Majorana masses for neutrinos as we will see later in

details. The second term 5̄F × 10F contains both of the chiral components of

the down quarks and charged leptons and thus can be used to write Yukawa

interactions for these fields. Similarly, the third bilinear term 10F × 10F can

do the same job for the up-type quarks.

Restricting to the minimal choices of Higgs fields, the Dirac masses of

all quarks and charged leptons can be generated by only 5-plet Higgs. In the

supersymmetric version of SU(5), a pair 5H+5̄H is needed due to holomorphic

nature of superpotential. As it can be seen from Eq. (2.3), 5̄H give rise to

the masses of charged leptons and down-type quarks while 5H to the up-type

quarks. The relevant part of the superpotential can be written as:

WY = Y ij
5̄
5̄iF10

j
F 5̄H + Y ij

5 10iF10
j
F5H (2.4)

where the Yukawa coupling matrix Y5 is symmetric in generation space due to

the symmetry properties of the 10iF10
j
F bilinear term. The 5H and 5̄H contains

the respective MSSM Higgs doublets Hu and Hd in them which break the

electroweak symmetry by acquiring a nonzero VEV. The charged fermion mass

matrices generated after the symmetry breaking then read

Md =MT
l = Y5̄〈5̄H〉; Mu = Y5〈5H〉. (2.5)

We will discuss the phenomenological implications of the above mass relations

in the next subsection.

Let us now discuss the symmetry breaking pattern in SU(5). It is obvious

that the 5H (or 5̄H) is not sufficient to break SU(5) symmetry down to the

SU(3)c × SU(2)L × U(1)Y as there is no SM singlet in it. Since both SU(5)

and SU(3)c × SU(2)L × U(1)Y are rank 4 groups, the adjoint of SU(5) (a 24-
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dimensional multiplet) is the smallest Higgs representation that can be used for

this purpose. Under the SU(3)c×SU(2)L×U(1)Y , the 24H can be decomposed

as

24H = (8, 1, 0)⊕ (1, 3, 0)⊕ (3, 2,−5/6)⊕ (3̄, 2, 5/6)⊕ (1, 1, 0). (2.6)

The (1, 1, 0) component can acquire a GUT scale VEV and can break SU(5)

into the SU(3)c × SU(2)L × U(1)Y group of the SM. An alternate candidate

which can break SU(5) in to the SM is 75-dimensional Higgs multiplet that

allows for an implementation of the so-called “missing partner mechanism”

addressing the generic doublet-triplet splitting problem in unified schemes [16].

As discussed here, one needs atleast two Higgs fields to break SU(5) com-

pletely in to the SU(3)c × U(1)em group. Of course, more than two fields can

also be used for the same purpose. However, the choice of minimum Higgs

content allows one to construct a simple and predictive model which can po-

tentially be tested on the ground of its phenomenological implications. In the

next subsection, we will discuss one such model which provide a very good

example of the GUT framework constructed on the basis of minimality.

2.1.3 Minimal supersymmetric SU(5) model & its short-

comings

The minimal SUSY SU(5) model contains the 5H , 5̄H and 24H in its Higgs

content. The role of each of these fields is discussed in the previous subsection.

It is also assumed that model respects the R-parity. The Higgs superpotential

of the model is

WH =M55̄H5H +M2424H24H + λ24H24H24H + η5̄H24H5H (2.7)

and the Yukawa part is given by Eq. (2.4). There are 4 complex couplings in

the Higgs superpotential, that upon redefinition of two of the Higgs fields leave

6 real parameters. In the Yukawa sector, there are 6 complex parameters in
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the symmetric matrix Y5 and 9 complex parameters in Y5̄. Not all of them are

physical and one can select a basis in which Y5̄ is real and diagonal. Having

done that there is no more freedom in the up-quark coupling up to a phase

which can be absorbed in 5H . Together with the gauge coupling g, there are

total 21 real parameters in the minimal SUSY SU(5) model. Hence it turned

out to be more predictive when compared to the the MSSM in which the total

number of free parameters are 26. Of course we do not count the soft SUSY

terms here which can be taken universal (as generally done in the potentially

realistic SUSY models).

Though the minimal SUSY SU(5) model seems to be a promising candidate

for the simplest realistic GUT theory, it suffers from several drawbacks that

require additional assumptions and extensions. Like in the SM, neutrinos

remain massless in the minimal SUSY SU(5). There are three different ways

to solve this problem:

1. The most straightforward solution consists in adding SU(5) singlet con-

taining the right-handed neutrino component 1F ≡ (νL)
c and invoking

the standard Yukawa interaction and the singlet Majorana mass term:

WY ∋ Y ij
D 5̄iF1

j
F5H +M ij

R 1iF1
j
F . (2.8)

After the electroweak symmetry breaking, such term induces the masses

for neutrinos through type-I seesaw mechanism. However, the number

of real physical parameters one has to add are 21 (3 in MR + 18 in YD).

This doubles the parameters of the minimal model.

2. Another option could be to generate neutrino masses by adding a 15-plet

of Higgs which interacts with 5̄F through the term

WY ∋ Y ij
ν 5̄iF 5̄

j
F15H (2.9)

This is in a complete analogy with the type-II seesaw mechanism in which

the neutrino masses are generated through SU(2)L triplet Higgs. The
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15H contains the similar submultiplet (2.1) in it. In this approach, the

number of new real parameters is reduced to just 12 (arise from a real

symmetric Yν). Note that one also needs a 15H to preserve supersym-

metry at the High scale.

3. The third option is to allow R-parity violating couplings like 5̄F5H24H

[17]. However, such R-parity violating couplings introduce many new

parameters in the theory and some of them lead to the very short lifetime

for the proton which is phenomenologically not viable.

Clearly, any of the above extensions come with considerable number of new

parameters and the total number exceeds the number of real parameters in the

MSSM.

The second serious problem in the minimal SUSY SU(5) is with its predic-

tions for the fermion masses and mixing angles. As we have seen in the previous

subsection, the SU(5) gauge symmetry yields Md =MT
l at the renormalizable

level. This is a nontrivial prediction that the down quark and the charged

lepton spectra are identical at the GUT scale. In case of the third generation

this relation is nicely satisfied in terms of the b-τ Yukawa unification acquired

around the GUT scale. However, to get the right prediction for ys and yµ one

would rather need roughly yµ ∼ 3ys at MGUT while for the first generation

3ye ∼ yd. Therefore the light fermion masses call for an extension of the min-

imal SU(5), either by coupling additional Higgs multiplets (45H for example)

to the matter bilinears or emphasizing the role of the nonrenormalizable terms.

Another issue of the minimal SUSY SU(5) model comes from the predic-

tions for the proton lifetime. In supersymmetric GUTs, the new colored scalars

(superpartners of fermions) give rise to a set of d = 5 baryon and lepton num-

ber violating operators [18, 19]. This usually leads to a strong enhancement

of the proton decay amplitudes in comparison to the non-SUSY models where

such operators usually appear at d = 6 level. In the minimal SUSY SU(5),

d = 5 operators are generated upon integrating out the heavy colored triplet

HC ≡ (3, 1,−2/3) (H̄C ≡ (3̄, 1,+2/3)) residing in 5H (5̄H). The structure of
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the coefficients of these operators is dictated by the Yukawa interactions of 5H

and 5̄H with matter fermions encoded in Eq. (2.4), namely

WY ∋ Y ij
d d

c
L
iucL

jH̄C + Y ij
d Q

i
LL

j
LH̄C + Y ij

u Q
i
LL

j
LHC + .... (2.10)

In this scenario, the strength of proton decay operators is typically ∼ YuYd/MHC
.

As a result, these type of operators give a stringent lower bound on the pro-

ton decay lifetime of roughly τp ∼ 1032 years, see for instance [18, 19] and

references therein. This should be compared to the present SuperKamiokande

experimental bounds [10] of roughly τp ∼ 8.2 × 1033 years. This observation

often leads to the claims that the minimal SUSY SU(5) is excluded [19, 20].

However, it was pointed out in [21, 22, 23] that there still can be room in the

parametric space that remain compatible with experimental limits if the effec-

tive operators are invoked and/or the effects of GUT scale Yukawa mismatch

are taken into account. Therefore, though the minimal SUSY SU(5) is clearly

in troubles with proton decay, it still cannot be excluded completely on this

ground

2.1.4 Non-SUSY SU(5) model with adjoint fermions

As we have just discussed, the minimal SUSY SU(5) successfully leads to the

gauge coupling convergence while it badly suffers due to the predictions of fast

proton decay. Both these features arise in the model due to supersymmetry.

On the other hand, the minimal SU(5) model [13], in the absence of low energy

supersymmetry, does not provide the gauge coupling unification. One need a

minimal extension that care this problem and also generate the viable neutrino

masses. It does not suffice to add right-handed neutrinos as they are gauge

singlet and do not help in achieving the gauge coupling unification. In other

words type-I seesaw fails in minimal SU(5). As noted in the previous subsec-

tion, one can add 15H scalar and generate the neutrino masses through type-II

seesaw mechanism. 15H can also contribute in the running of gauge couplings

and unification can be achieved if the mass of 15H is adjusted accordingly.
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This has been studied in [24, 25] and it is shown that the constraints coming

from the unification of gauge interactions (up to two-loop level) predict light

scalar leptoquarks that reside in 15H .

The other interesting possibility is to add the adjoint fermions 24F in

the minimal non-SUSY SU(5) model. This cures both the unification prob-

lem and accounts for realistic neutrino mass spectrum [26, 27]. The reason

for the latter is that 24F contains both triplet and singlet fermions (see be-

low), and thus utilizing type-III seesaw [28, 29] gives also type-I as a bonus.

The 24 dimensional adjoint representation of SU(5) can be decomposed under

SU(3)c × SU(2)L × U(1)Y as

24 = (1, 1, 0)⊕ (1, 3, 0)⊕ (3, 2,−5/6)⊕ (3̄, 2, 5/6)⊕ (8, 1, 0). (2.11)

The type-III seesaw can be implemented using the 5H and 24F in the following

manner. The additional Yukawa interactions arising in the model due to 24F

can be written as

−Lnew
Y = yi05̄

i
F24F5H

+
1

Λ
5̄iF [y

i
124F24H + yi224H24F + yi3Tr(24H24F )]5H + h.c.(2.12)

Note that the higher dimensional operators are required in order to correct

the charged fermion masses which otherwise lead to unwanted relation like

Md = MT
l . After the SU(5) breaking one obtains the following physically

relevant Yukawa interactions for neutrinos with the triplet TF ≡ T i
Fσ

i and

singlet SF fermions.

−Lnew
Y = Li(y

i
TTF + yiSSF )H +

1

2
mSSFSF +

1

2
mTTFTF + h.c. (2.13)

where yiT , y
i
S are two different linear combinations of yi0 and yiaυGUT/Λ (with

a = 1, 2, 3), Li are the lepton doublets and H is the SM Higgs doublet. It is

clear from the above formula that besides the new appearance of the triplet

fermion, the singlet fermion in 24F acts precisely as the right-handed neutrino.
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After the electroweak symmetry breaking, one obtains in the usual manner the

light neutrino mass matrix upon integrating out SF and TF

mij
ν = υ2

(

yiTy
j
T

mT
+
yiSy

j
S

mS

)

(2.14)

with mT < 1 TeV (determined from the requirement of the gauge coupling

unification) and mS undetermined. One important prediction emerges from

the above formula is that only two light neutrinos get mass. This can be un-

derstood because the Yukawas are vectors and they can be rotated away in

one direction, say 3rd direction. Thus only one light neutrino effectively cou-

ples to the triplet, i.e. only one neutrino gets the mass through this coupling.

Obviously, the same can be said about the singlet and thus only two massive

light neutrinos.

It is shown in [26, 27] that the combination of proton decay and unification

constraints predicts the mass of the triplet fermion in 24F and the mass of

the triplet scalar in 24H below TeV. The stability of the proton prefers these

particles to lie as close as possible to MZ . However, in order to keep these

states light, the theory require substantial fine-tuning in parameters. Also the

observations from the atmospheric neutrinos requires very small yT ≈ 10−4-

10−5 due to light seesaw scale.

In this section, we discussed two prototype GUTs based on SU(5) group.

As we have seen in these models, the grouping of SM multiplets within few

irreducible representations of SU(5) group leads to correlations among the

various Yukawa couplings. The remainder of this chapter is devoted to a

similar analysis of the other very popular class of the unified schemes, the

SO(10) GUTs.

2.2 Fermion masses in SO(10) GUT models

The possibility of SO(10) as a grand unification group of the SM was first

noted by Georgi [30] and Fritzsch and Minkowski [31]. Unlike SU(5), SO(10)
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is a group of rank 5 with an extra U(1)B−L symmetry as in the left-right

symmetric groups. The advantages of SO(10) over SU(5) grand unification

are:

1. A family of fermions is entirely unified in an irreducible 16-dimensional

spinorial representation of SO(10). This predicts the existence of right-

handed neutrino.

2. The left-right symmetry is a finite gauge transformation in the form of

charge conjugation. This is because of both left-handed and right-handed

fermions reside in the same representation, namely 16F . As a result of

this, the gauge interactions in SO(10) conserve parity thus making it a

part of a continuous symmetry:

3. Besides SU(5)×U(1), its other maximal subgroup is SU(4)c×SU(2)L×
SU(2)R symmetry of Pati-Salam [32]. It therefore explains somewhat

mysterious relations md = me/3 of SU(5).

4. The unification of gauge couplings can be achieved with or without su-

persymmetry.

5. In the supersymmetric version, matter parity M = (−1)B−L, equivalent

to the R-parity R =M(−1)2S , is a gauge transformation [33]. It is possi-

ble to keep R-parity exact at all energies if the SO(10) gauge symmetry

is broken properly.

In order to understand some of these points, and in order to understand the

construction of the theory, we turn now to the brief discussions on SO(10)

GUT emphasizing its fermion mass sector in particular.

2.2.1 SO(10) gauge symmetry & fermions

In general, SO(2N) is the group of real orthogonal transformations, OTO =

OOT = I, with Det(O) = 1. The algebra of SO(2N) group has been discussed

in different ways in [34, 35, 36, 37, 38, 39]. One of the more convenient way
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using the spinor SU(N) basis is discussed in [35]. The different representations

of SO(10) and their decompositions in various subgroups are listed in [39, 40].

Here, we omit such discussions on the group theory of SO(10) and focus our

attention to the phenomenological consequences of SO(10) symmetry. The

reader is advised to refer to the above references for details of SO(10) algebra.

One of the interesting result emerging from the SO(10) algebra is that all

the SM matter multiplets of one generation fit neatly within 16-dimensional

chiral spinor of SO(10). Under the SU(3)c × SU(2)L × U(1)Y , the 16-plet

fermion can be decomposed as

16F = (3, 2, 1/3)⊕ (1, 2,−1)⊕ (3̄, 1,−4/3)⊕ (3̄, 1, 2/3)⊕ (1, 1, 2)⊕ (1, 1, 0).

(2.15)

These different components can be identified as QL, LL, u
c
L, d

c
L, e

c
L and the

SM singlet νcL respectively. Equivalently, one can write

16F = 5̄F ⊕ 10F ⊕ 1F . (2.16)

at the SU(5) level. This immediately brings two important benefits from the

fermion mass point of view.

The right handed neutrinos are automatically present and the structure

and the scale of Majorana masses are dictated by the Yukawa couplings, spon-

taneous symmetry breaking pattern and the requirement of gauge-coupling

unification. Secondly, since the gauge symmetry does not distinguish among

the components of the decomposition (2.15) there are tight correlations among

the effective Yukawa couplings that originate from a common source. As a re-

sult, the number of independent parameters determining the SO(10) textures

of the effective quark and lepton masses and mixing matrices can be reduced

considerably. This will be discussed in some details later.
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2.2.2 Higgs sector & symmetry breaking

As in any realistic GUT framework, the Higgs sector of a general SO(10) GUT

must satisfy two basic requirements: (1) It must allow for a proper spontaneous

symmetry breaking of SO(10) down to SU(3)c × SU(2)L × U(1)Y of the SM

(or MSSM in case of SUSY SO(10)) and (2) through Yukawa interactions, it

must be compatible with the current data on quark and lepton masses and

mixing. The SO(10) representations that are capable to act in both these role

are particularly interesting. In this subsection, we mainly discuss the Higgs

sector responsible for gauge symmetry breaking. The Higgs sector for viable

Yukawa interactions will be discussed in the next subsection.

The important difference with respect to SU(5) case comes from the fact

that SO(10) is a rank-5 group. Therefore, many different symmetry breaking

chains are available which leads to the rank-4 gauge group of the SM. To break

SO(10) properly along the desired chain one must make sure that at each in-

termediate scale there live Higgs multiplets capable to break the considered

symmetry down to a subsequent one. In addition, the components acquiring

VEVs must be singlet under the desired lower intermediate symmetry groups.

Looking at the decomposition of the basic SO(10) representations with respect

to the physically interesting subgroups, it is easy to see that only some combi-

nations of the SO(10) irreducible representations are suitable for such purpose.

For more clear understanding, let’s first decompose relevant representations of

SO(10) in to the Pati-Salam group, i.e. SU(4)c × SU(2)L × SU(2)R (see [40]
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for the full list).

10 = (6, 1, 1)⊕ (1, 2, 2)

16 = (4, 2, 1)⊕ (4̄, 1, 2)

45 = (15, 1, 1)⊕ (6, 2, 2)⊕ (1, 3, 1)⊕ (1, 1, 3)

54 = (6, 2, 2)⊕ (20, 1, 1)⊕ (1, 3, 3)⊕ (1, 1, 1)

120 = (15, 2, 2)⊕ (6, 3, 1)⊕ (6, 1, 3)⊕ (10, 1, 1)⊕ (10, 1, 1)⊕ (1, 2, 2)

126 = (15, 2, 2)⊕ (10, 3, 1)⊕ (10, 1, 3)⊕ (6, 1, 1)

126 = (15, 2, 2)⊕ (10, 3, 1)⊕ (10, 1, 3)⊕ (6, 1, 1)

210 = (15, 1, 3)⊕ (15, 3, 1)⊕ (10, 2, 2)⊕ (10, 2, 2)⊕

(6, 2, 2)⊕ (15, 1, 1)⊕ (1, 1, 1) (2.17)

The most common SO(10) breaking chains and different submultiplets that

can be used to break the intermediate symmetries at each step are given Fig.

2.1.

Interestingly, inspecting Fig. 2.1 and Eq. (2.17) one can see that at least

two (and three in the SUSY case) Higgs representations acquiring VEVs are

needed to break SO(10) down to the low energy SU(3)c ×U(1)em gauge sym-

metry. For instance, the breaking of SU(2)L × SU(2)R subgroup of SO(10)

can be governed by only two multiplets that contains the SM singlets - 16H

or 126H . However, the SM singlet components of none of these multiplets can

break SU(5) subgroup of SO(10). This can be easily seen in the case of 16H in

which only the SU(5) singlet is also a singlet under the SM. Therefore, to break

SO(10) through the left-right subgroups avoiding the SU(5) intermediate step,

additional Higgs representations are needed on the top of 16H or 126H . The

adjoint 45H can play this role in the non-supersymmetric SO(10) models. In

supersymmetric versions of SO(10), 45H turned out to be insufficient because

it does not develop a SUSY-preserving VEV [17] and so the usual choice is

45H + 54H . Another option is to replace these two representations by one,

namely 210H .
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SU(5)× U(1)

SU(3)c × SU(2)L × U(1)Y
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(4, 2, 1)/(4, 2, 1)

Figure 2.1: The physically viable breaking chains of SO(10) down to the
SM gauge symmetry. Different scalar multiplets which drive the breaking
are shown in the Pati-Salam representations.

Finally, one must look for a representation that breaks the SM down to

SU(3)c×U(1)em. This can be achieved by SM like Higgs residing in the SO(10)

Higgs. Although there are already such submultiplets in 16H or 126H, usually

additional multiplet(s) are also added to get viable Yukawa sector as we will

discuss in the next subsection. In most cases, the 10H vector representation

and/or the three-index antisymmetric tensor 120H is added to account for this.

2.2.3 Yukawa sector

The dimensions of the Higgs representation that can couple to the matter

fermions of the SM are given by the group theoretical properties of the bilinear

[40]

16× 16 = 10 + 126 + 120 (2.18)
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therefore, at the renormalizable level there are three types of SO(10) Higgs

multiplets that can give masses to the matter fermions. These are 10-dimensional

vector representation 10H , the 126-dimensional anti-self dual 5-index anti-

symmetric tensor 126H and the 120-dimensional 3-index antisymmetric tensor

120H. However, at the level of effective operators, any combination of Higgs

representation containing at least one of these three structures as a part of its

decomposition, can be used. In the renormalizable SUSY SO(10) theories, the

fermion masses arise from the following Yukawa interactions

−LY = 16iF [Y
ij
1010H + Y ij

126126H + Y ij
120120H ]16

j
F + h.c., (2.19)

where Y10 and Y126 are complex symmetric matrices while Y120 is a complex

anti-symmetric matrix in the generation indices ij. The symmetric or anti-

symmetric nature of Yukawa matrices arises from the group theoretical prop-

erties of corresponding bilinear couplings [34]. In the non-SUSY case one can

have two additional Yukawa matrices since the conjugate fields 10∗H and 120∗H

can also couple to the fermions. Let us now discuss in general the origin of

Dirac and Majorana masses of fermions arise due to the above Yukawa inter-

actions.

Dirac masses of fermions

The origin of fermion masses can be best understood in the language of Pati-

Salam decompositions of 16F , 10H, 126H and 120H already given in Eq. (2.17).

Note that 10H and 126H contain a SM like Higgs doublet in (1, 2, 2) ∈ 10H

and (15, 2, 2) ∈ 126H while 120H contains both of these multiplets. Moreover,

the multiplets that do not couple directly to the fermionic bilinears may also

contain similar submultiplets (for example, (10, 2, 2) ∈ 210H). After the GUT-

scale symmetry breaking, all these SU(2)L doublet components with equal SM

quantum numbers can mix and enter in the formulae for the effective SM light

Higgs doublet acquiring the electroweak VEV. In general, if there exist such

n submultiplets, the spectrum of these submultiplets is encoded in the n × n
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Higgs masses matrix MH . By minimal fine-tunning (enforcing Det(MH) = 0)

one obtains a light electroweak Higgs doublet as an admixture of all these

components:

H = V1jφj (2.20)

where φ is n-dimensional vector made up of SU(2)L doublet components com-

ing from different scalar multiplets in given SO(10) model and V is a unitary

mixing matrix. When the light Higgs doublet receive an electroweak VEV, due

to the mixing in Eq. (2.20) the following VEVs are generated on the relevant

SO(10) components:

〈(1, 2, 1)10H〉 = (V †)11〈H〉 ≡ υ10

〈(1, 2, 1)126H 〉 = (V †)21〈H〉 ≡ υ126

.. = ... ... (2.21)

Thus, in general, there are n distinct complex VEV parameters that generate

the fermion masses when electroweak symmetry is broken. In the supersym-

metric versions of SO(10), one needs two light Higgs doublets Hu and Hd and

therefore it requires two fine-tunning conditions. Therefore, in such models,

one gets 2n VEVs that contributes in the fermion masses. Depending on the

actual Higgs content in the theory, one gets correlations between the mass

matrices of different fermions. This will be discussed in more details in the

subsequent chapters.

Majorana masses of neutrinos and seesaw mechanisms

As it is clear from the decompositions given in Eq. (2.17), the Majorana part

of the neutrino sector is entirely governed by the VEVs of 126H (or 16H in the

case of nonrenormalizable Yukawa interactions). The right handed neutrinos
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get masses when the (10, 1, 3) ∈ 126H acquires a VEV:

Y12616F16F 〈126H〉 → Y126(4, 1, 2)16(4, 1, 2)16〈(10, 1, 3)126〉 (under PS)

→ Y126(1, 1, 0)16(1, 1, 0)16〈(1, 1, 0)126〉 (under SM)

≡ MRN
cT
L C−1N c

L (2.22)

Moreover, one can see that there is also a small VEV induced on the left-right

mirror component of this triplet, namely 〈(10, 3, 1)〉 ∈ 126H . This naturally

arises as a consequence of the Higgs potential minimization which approxi-

mately leads to the condition

〈(10, 3, 1)126〉 〈(10, 1, 3)126〉 =
υ2EW
γ

(2.23)

where γ is a parameter in the Higgs potential which is of O(1) and υEW is

an electroweak VEV. Clearly, the VEV of (10, 3, 1)126 is naturally strongly

suppressed. Since the SU(2)R breaking VEV must be close to the GUT scale,

the SU(2)L triplet VEV giving rise to the Majorana masses to the left-handed

neutrino

Y12616F16F 〈126H〉 → Y126(4, 2, 1)16(4, 2, 1)16〈(10, 3, 1)126〉 (under PS)

→ Y126(1, 2,−1)16(1, 2,−1)16〈(1, 3, 2)126〉 (under SM)

≡ MLL
T
LC

−1LL (2.24)

falls approximately to the right range to provide a significant correction to

the traditional (singlet) seesaw formula for the light neutrinos. Note that, in

agreement with expectations, both the Majorana mass matrices are symmetric

in the generation indices because of the symmetry properties of the Y126 matrix

[34]. Combining, Eqs. (2.22), (2.24) and Dirac masses for neutrinos, one can

construct a 6× 6 Majorana neutrino mass matrix

Mν =





ML MD

MT
D MR



 (2.25)
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which is when block-diagonalized in the limit of ML ≪ MD ≪ MR gives the

effective light neutrino mass term

Mν =ML −MDM
−1
R MT

D ≡M II
ν +M I

ν (2.26)

We will identify the first (second) term of the above equation as type-II (type-

I) seesaw mechanism. Unlike in conventional bottom-up approaches, here the

neutrino mass matrix is closely related with the charged fermion mass matri-

ces. The detailed investigations of such relations is the main subject of the

subsequent chapters in this thesis.

One can see the overlap of the sets of the multiplets equipped by the renor-

malizable Yukawa couplings - 10H , 126H and 120H - and those capable to break

GUT scale symmetries (see Fig. 2.1) is actually very small. Apart of 10H that

can not play any role in the high scale symmetry breaking mechanism, only

126H contains colorless SU(2)L doublets that can give rise to Dirac masses of

the matter fermions, and SU(2)R triplet capable to participate in the breaking

of SO(10) and also it can generate the small neutrino masses through seesaw

mechanisms. From this point of view, 126H can be viewed as a crucial ingre-

dient of a class of economical SO(10) models. An important representative

of this kind of model - the minimal renormalizable supersymmetric SO(10)

model - is the subject of the next chapter.

2.2.4 Proton decay in supersymmetric SO(10) models

Before we end this chapter, let us briefly comment on the proton decay in

SUSY SO(10) models. The situation is almost similar to that of the mini-

mal SU(5) discussed briefly in Section 2.1.3. However, the structure of the

effective operators that was very constrained in the SU(5) case can be re-

laxed and the upper bound on τp can be pushed well above the experimental

limits in some situations. This arise due to the fact that the colored Higgs

triplets governing the rise of d = 5 effective operators can be found in different

SO(10) representations and mix once the GUT scale symmetries are broken.
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Therefore, the relevant expressions for the Wilson coefficients typically contain

elements of the mixing parameterizing the projections of the SO(10) basis on

the triplet mass eigenstates. As a result, one can often suppress the proton

decay rate below the observable limit by adjusting properly the color triplet

mixing. However, such spreading of the Higgs multiplets can affect the gauge

coupling unification pattern. Further, in order to accommodate the realistic

Yukawa textures arising from fermion masses and mixing data studied in the

subsequent chapters, the Wilson coefficients cannot be made arbitrarily small

and there are still rather stringent limits on the proton decay in realistic SUSY

SO(10) models, see [41, 42, 43, 44] for examples.



Chapter 3

Fermion Masses in

Supersymmetric SO(10) Models

Among the variety of grand unified frameworks, a particular attention should

be naturally paid to the simplest schemes which has the maximum predictive

power. On quantitative level, it is always the amount of predictability that

qualifies a particular scheme (and the assumptions behind it) as experimentally

testable and capable to draw conclusions about the beyond Standard Model

physics. The elegant idea of grand unification can be tested only in such

schemes which are unbiased by additional assumptions and powered by the

concept of minimality. In this chapter, we investigate two such frameworks for

their viability to explain the low energy observables.

3.1 The minimal model with 10 + 126 Higgs

The minimal renormalizable supersymmetric SO(10) (MSGUT) model is a

very interesting example of a concise framework constructed on the principle

of the grand unification. The basic structure of the minimal SO(10) was first

considered by Clark, Kuo and Nakagawa [45] and Aulakh and Mohapatra [46].

The most interesting feature of this framework that separates it out from the

other unified theories is the minimal choice of the Higgs sector that allows

only small number of free parameters and thus makes the model extremely

39
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predictive. Both the renormalizability and supersymmetry play an important

role in restricting the parameter space of theory while the latter also helps in

achieving the gauge coupling unification and solving the hierarchy problem.

3.1.1 The minimal supersymmetric SO(10) model

As we discussed in the previous chapter, the SM matter fields and a right

handed neutrino resides in the three copies of 16-dimensional spinorial repre-

sentation 16iF . Let us now discuss in detail the Higgs content, symmetry break-

ing pattern and Yukawa interactions in the minimal supersymmetric SO(10)

model.

The Higgs sector and symmetry breaking

The Higgs sector is strongly constrained by the requirement of minimality,

renormalizability and supersymmetry. It is clear that such a theory must have

126H Higgs as it is indispensable to generate the masses of the right handed

neutrino and hence the seesaw mechanism. However the VEV of 126H leads

to non-vanishing D-term which breaks the supersymmetry at high scale. Su-

persymmetry can be preserved upto the TeV scale by adding the 126H and

assuming 〈126H〉 = 〈126H〉. The VEVs of 126H leave SU(5) unbroken so an

additional 210H Higgs is required for the consistent SO(10) breaking upto

the SM [46]. The other alternatives of the 210H Higgs are 45H and 54H but

none of them can do this job alone at the renormalizable level and both are

needed [17]. However this leads to more number of parameters and the min-

imal choice would naturally be the 210H Higgs. As we will see later in this

chapter, the Yukawa interactions of 16iF fermions with only 126H Higgs gives

incorrect masses of first and second generation charged fermions and also can-

not generate CKM mixing in the quark sector. Therefore an additional 10H

Higgs is added to achieve the viable fermion spectrum in the model. In short,

the MSGUT consists of 10H , 126H , 126H and 210H. The Higgs part of the



3.1. The minimal model with 10 + 126 Higgs 41

superpotential of the model can be written as [47]

WH = m1010
2
H +

m210

4!
2102H +

m126

5!
126H126H +

λ

4!
2103H

+
η

4!
210H126H126H +

1

4!
210H10H(α126H + β126H) (3.1)

and it has only 7 independent complex parameters. For the discussion that

follows it is convenient to use the decomposition of the SO(10) Higgs repre-

sentations under the SU(4)PS × SU(2)L × SU(2)R. Such decompositions is

already given in Eq. (2.17).

The consistent breaking of SO(10) down to the MSSM can be achieved by

allowing the MSSM singlets to take a VEV. Since 10H does not contain any

MSSM singlet, it does not take part in the SO(10) breaking. The physically

allowed VEVs are [47]

p = 〈(1, 1, 1)210H〉; a = 〈(15, 1, 1)210H〉; ω = 〈(15, 1, 3)210H〉

σ = 〈(10, 1, 3)210H 〉; σ̄ = 〈(10, 1, 3)126H 〉 (3.2)

As we have already discussed, the D-term flatness conditions implies |σ| = |σ̄|.
With this configuration of VEVs, the detailed calculations for the flatness

conditions for the F and D-terms are carried out in [48]. The result of such

analysis shows that if the VEVs of 210H components are spread enough, there

could be a cascade of intermediate steps. For example, a ≫ p, ω, σ leads to

the following breaking chain with left-right symmetry at intermediate scale.

SO(10)
MG−−→ SU(3)c × SU(2)L × SU(2)R × U(1)B−L

MI−−→ SM

Similarly, the condition p ≫ a, ω, σ allows the Pati-Salam symmetry at the

intermediate scale.

SO(10)
MG−−→ SU(4)PS × SU(2)L × SU(2)R

MI−−→ SM
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In contrast, the successful gauge coupling unification in MSSM strongly fa-

vors a single step breaking with all the rank-5 subgroups broken at around

MI ∼MG. The small uncertainty in the values of the couplings at MZ allows

MI an order or two of magnitude away from MG. However, the lowering of

intermediate scale also brings the GUT scale lower and such possibility is dis-

carded [48] by the existing proton lifetime bounds. So there is no room for

intermediate scale in MSGUT (except MI ∼ MG) concerning the gauge cou-

pling unification and proton decay constraints and only a single step breaking

of SO(10) down to the MSSM is allowed.

One of the important feature of the MSGUT model is the automatic R-

parity conservation along the symmetry breaking chains. The R-parity is de-

fined as

R = (−1)3(B−L)+2S

Note that the B−L breaking is achieved by the VEVs of (10, 1, 3) component

of the 126H . This implies that the B − L charge gets changed always by 2

units leaving R-parity exact. This automatically makes the lightest neutralino

stable which may be the viable candidate of the cold dark matter (CDM).

Yukawa interactions and fermion masses

The Yukawa interactions responsible for fermion masses in the model are

WY = 16iF (Y
ij
1010H + Y ij

126126H)16
j
F (3.3)

As already mentioned in Chapter 2, each of the representations 10H , 126H ,

126H and 210H contains one set of the MSSM like Higgs doublets Hu and Hd.

After the SO(10) breaking into the MSSM, the various doublets of the same

MSSM quantum numbers mix with each other due to terms proportional to α,

β and η in the superpotential shown in Eq. (3.1). This leads to 4×4 mass Higgs

doublet matrix. In order to arrange the right spectrum in low energy theory,

one has to impose the minimal fine-tuning condition [48] i.e. the determinant

of the mass matrix of the doublets vanishes in the first approximation leaving
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one massless linear combination of these doublets. Thus, in general, for each

MSSM hypercharge there are 4 different multiplets that mix to give rise to the

light Higgs doublets Hu and Hd which are identified with the standard MSSM

doublets. The electroweak symmetry is then broken by the VEVs of Hu and

Hd denoted by υu and υd respectively. The direction of these VEVs in the

space of the various doublet components is distributed among all the relevant

SO(10) components. Two of these components 10H and 126H which couple

to matter fields through Yukawa interactions shown in Eq. (3.3) give rise to

effective Yukawa sum rule [46]

Md = υ10d Y10 + υ126d Y126

Mu = υ10u Y10 + υ126u Y126

Ml = υ10d Y10 − 3υ126d Y126

MD = υ10u Y10 − 3υ126u Y126 (3.4)

As it has already been discussed in previous chapter, the 126H representation

contains the scalar multiplets (10, 3, 1)⊕ (10, 1, 3) under the Pati-Salam sub-

group and their VEVs υL = 〈(10, 3, 1)〉 and υR = 〈(10, 1, 3)〉 generate mass

matrices for the left and right handed neutrino fields respectively.

ML = υLY126

MR = υRY126 (3.5)

The effective mass matrix of the light neutrinos get contributions from both

type-I and type-II seesaw mechanisms.

Mν =ML −MDM
−1
R MT

D (3.6)

Equations (3.4), (3.5) and (3.6) provide an excellent framework to study the

relations between fermion masses and mixing and it is the main subject of a

detailed analysis in this section.
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For more details on other interesting features and issues that have been

avoided in this brief description of the minimal SUSY SO(10) scenario, the

interested readers are advised to refer [45, 46, 48, 49] and in references therein.

3.1.2 b-τ unification & large atmospheric mixing

It was first pointed out by Babu and Mohapatra [50] in 1992 that the fermion

mass relations (3.4), (3.5) and (3.6) in the MSGUT can provide a viable spec-

trum of fermion masses. Not only this, it establishes the deep connection

between quark and lepton mixing angles and provide the information about

the neutrino spectrum. Based on the relations given above, a very interesting

connection between the atmospheric mixing angle and b-τ Yukawa unification

was found a decade later in [51, 52]. In the case of type-II seesaw dominance,

it is clear from Eqs. (3.4), (3.6) that

Mν ∝Md −Ml (3.7)

In the diagonal basis of the charged leptons and for the small down quark

mixing, the 2-3 block of the neutrino mass matrix becomes

Mν ≈





ǫ ǫ

ǫ mb−mτ

mb



 (3.8)

where ǫ is a small parameter of the order of O(λ2) and λ can be identified with

Cabbibo angle. Clearly, one gets large (near maximal) atmospheric mixing

angle when mb ≈ mτ . In fact the GUT extrapolated values of observed masses

of the bottom quark and tau lepton show the approximate b-τ unification.

Hence the maximality of atmospheric mixing angle can naturally be explained

by linking it to the b-τ unification in this class of models. Following this

simplified picture, the more detailed analysis including the first generation was

carried out in [53, 54]. It was observed that the assumption of type II seesaw

mechanism for small neutrino masses coupled with b-τ mass unification in

MSGUT model leads not only to a natural understanding of large atmospheric
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mixing angle among neutrinos but also to large solar angle and a small Ue3 ∼
0.16 as required to fit observations.

In this chapter, we will see that this interesting connection has significant

role to play whenever type-II dominated scenarios are considered in not only

the minimal model but also in the simple extension of the minimal model with

120H. Moreover, we will see in chapter 5 that this simple connection disfavors

the the type-II dominance in non-supersymmetric GUT models due to non

unification of bottom and tau masses.

3.1.3 Fermion masses and mixing: Numerical analysis

As it was argued in the first chapter, understanding the pattern of fermion

masses and mixing is one of the longstanding challenges in particle physics.

The standard approaches to establish the correlations among the quark and

lepton masses and mixing parameters consists in imposing additional assump-

tions on the flavor structure through a class of the horizontal symmetries.

In contrast, the construction of MSGUT is such that it naturally can be ac-

countable for potentially realistic description of the fermion masses and mixing

patterns. After some redefinitions of parameters, the Eqs. (3.4) and (3.5) can

be rewritten as

Md = H + F,

Mu = r(H + sF ),

Ml = H − 3F,

MD = r(H − 3sF ),

ML = rLF ,

MR = r−1
R F. (3.9)

where H(= υ10d Y10), F (= υ126d Y126) are complex symmetric matrices. r, s, rL, rR

are dimensionless complex parameters of which r, rL, rR can be chosen real

without lose of generality. H can be made diagonal with real and positive
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eigenvalues by rotating the original 16F fermions in generation space. Hence

all the mass matrices are determined by 19 real parameters if only type-II

or type-I seesaw dominates. These parameters are determined using 18 ob-

servable quantities. In spite of the number of observables being less than the

parameters, not all observables can be fitted with required precision due to

non-linear nature of Eq. (3.9). These fermion mass relations are fitted to the

observed fermion parameters in various papers [53, 54, 55, 56, 57]. The most

general minimization is performed by Bertolini et al [57] allowing for arbitrary

combination of both the type-I and II seesaw contributions to neutrino masses.

The input values for quark and the charged lepton masses used in this analysis

is taken from [58] and correspond to tanβ = 10. It is found that the best

fits are obtained in a mixed scenario, type-I gives slightly worse and type-II

scenario is unable to reproduce all the observables within 1σ.

It is important to note that

1. All these existing analysis of fermion masses are based on simple ex-

trapolation of fermion masses presented in [58] ignoring the effects of

soft supersymmetry breaking. Clearly, the threshold effects introduced

through susy breaking can have non negligible impact on the first and

second generation fermion masses.

2. If type-II seesaw dominates then one needs b-τ unification at the GUT

scale in order to reproduce large atmospheric mixing angle. In contrast,

the extrapolated values [58] used in the analysis do not show complete

b-τ unification. This results in a poor fit to the atmospheric mixing angle

at the minimum. Threshold effects can play important role in achieving

the b-τ unification and improves the fit to fermion masses.

Motivated by these reasons, we perform the numerical analysis to check the

viability of Eqs. (3.9) with the updated data extrapolated at the GUT scale

with and without threshold corrections. We perform the χ2 minimization to

fit the free parameters of the model. The details of extracting the physical

observables from Eq. (3.9), the definition of the χ2 function and details of
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its minimization are discussed in Appendix A. Our input values of the quark

masses and mixing angles at the GUT scale are based on the analysis in [59].

This uses the updated values of the b and t quark masses and the CKM pa-

rameters. More importantly, finite threshold corrections induced by sparticles

are included in this analysis. Analysis in [59] proceeds in two steps. First,

the quark masses and mixing angles are determined by fitting the available

low energy data and evolving them to the supersymmetry braking scale MS.

In the second step, finite sparticle induced corrections are included and then

evolution is performed up to the GUT scale MGUT . We reproduce their table

of values so obtained as Table 3.1 for convenience of the reader.

A B C D C1 C2

tan β 1.3 10 38 50 38 38
γb 0 0 0 0 −0.22 +0.22
γd 0 0 0 0 −0.21 +0.21
γt 0 0 0 0 0 −0.44

yt(MX) 6+1
−5 0.48(2) 0.49(2) 0.51(3) 0.51(2) 0.51(2)

yb(MX) 0.0113+0.0002
−0.01 0.051(2) 0.23(1) 0.37(2) 0.34(3) 0.34(3)

yτ (MX) 0.0114(3) 0.070(3) 0.32(2) 0.51(4) 0.34(2) 0.34(2)
Observables GUT scale values with propagated uncertainty
(mu/mc) 0.0027(6) 0.0027(6) 0.0027(6) 0.0027(6) 0.0026(6) 0.0026(6)
(md/ms) 0.051(7) 0.051(7) 0.051(7) 0.051(7) 0.051(7) 0.051(7)
(me/mµ) 0.0048(2) 0.0048(2) 0.0048(2) 0.0048(2) 0.0048(2) 0.0048(2)

(mc/mt) 0.0009+0.001
−0.00006 0.0025(2) 0.0024(2) 0.0023(2) 0.0023(2) 0.0023(2)

(ms/mb) 0.014(4) 0.019(2) 0.017(2) 0.016(2) 0.018(2) 0.010(2)
(mµ/mτ ) 0.059(2) 0.059(2) 0.054(2) 0.050(2) 0.054(2) 0.054(2)

(mb/mτ ) 1.00+0.04
−0.4 0.73(3) 0.73(3) 0.73(4) 1.00(4) 1.00(4)

sin θq12 0.227(1) 0.227(1) 0.227(1) 0.227(1) 0.227(1) 0.227(1)

sin θq23 0.0289+0.0179
−0.00073 0.0400(14) 0.0386(14) 0.0371(13) 0.0376(19) 0.0237(18)

sin θq13 0.0026+0.0022
−0.00045 0.0036(7) 0.0035(7) 0.0033(7) 0.0034(7) 0.0021(5)

δCKM [◦] 56.31 ± 10.24 56.31 ± 10.24 56.31± 10.22 56.31 ± 10.22 56.31 ± 10.27 56.31± 10.25

Table 3.1: The input values of various observables of quark sector and charged
lepton masses obtained at GUT-scale MGUT for various values of tan β and
threshold corrections γt,b,d assuming an effective SUSY scale MS = 500 GeV
(see [59] for details). The numbers in the brackets denote the errors in the last
digits of given quantities.

In the Table 3.1, column (A)-(D) show the evolved values of quark mass

ratios and mixing angles in the absence of threshold corrections for various

values of tan β. One clearly sees the absence of the b-τ unification at the

GUT scale except for the low value of tan β. This changes with the inclusion

of threshold corrections. These corrections are parameterized by γd,u,b,t which

are defined in the following manner. The down quark mass matrix is determine
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by the term QYdd
cHd in the minimal supersymmetric standard model. The

corresponding term QY ′
dd

cH∗
u involving the second doublet H∗

u is not allowed

in the superpotential by SUSY but it can be radiatively generated after the

SUSY breaking. Since tanβ ≡ 〈H0
u〉

〈H0
d〉 , such terms give significant corrections to

the tree level values for large tan β and should be included in evolving fermion

masses and mixing from low energy scale to the MX . The corrected down

quark matrix is parameterized in [59] by

Ud†
L (1 + Γd + V †

CKMΓuVCKM)Y d
diagU

d
R

where Ud
L,R and VCKM are the (diagonal) down quark mass and the CKM ma-

trix before the radiative corrections. The loops involving down squark-gaugino

generate the second term and the loop with up squark-chargino generate the

second term. Γd,u are diagonal in the approximation of taking diagonal squark

masses in the basis with diagonal quarks. Assuming equality of the first two

generation squark masses, the diagonal elements Γd = (γd, γd, γb) correct the

down quark masses and Γu = (γu, γu, γt) correct the CKM matrix in addition.

The SUSY threshold corrections are included through these parameters and

their best fit values corresponding to three classical GUT predictions namely

mb = mτ , mµ = 3ms and md

3me
= 1 are determined. Last two columns corre-

spond to different values of γ’s determined this way. Comparison of column C

with C1, C2 shows that threshold corrections change significantly the b quark

mass as well as θq23, θ
q
13. The neutrino masses and mixing that we use are

the updated low scale values [60] but the effects of the evolution to MGUT on

the ratio of the solar to atmospheric mass scale and on the mixing angles are

known to be small for the normal hierarchical spectrum that we obtain here.

We now discuss detailed fits to fermion masses and mixing based on the

input values in Table 3.1. It is assumed that either the type-I or the type-II

seesaw term in the neutrino mass matrix dominates and analysis is carried out

separately in each of these two cases. It turns out to be convenient to express
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H and F in terms of Ml and Md, and substituting them in Eqs. (3.9) we get

Mu = rmτ

(

3 + s

4
M̃d +

1− s

4
M̃l

)

,

MD = rmτ

(

3(1− s)

4
M̃d +

1 + 3s

4
M̃l

)

,

ML =
rLmτ

4
(M̃d − M̃l),

MR =
r−1
R mτ

4
(M̃d − M̃l). (3.10)

We have chosen the basis with a diagonal Ml and introduced M̃d,l =
1
mτ
Md,l.

Thus

M̃l = Diag.(me/mτ , mµ/mτ , 1)

Hence all the quantities in the bracket in the above equation depend on the

known ratios of charged lepton masses. M̃d is a complex symmetric matrix with

12 real parameters. Since we are fitting the ratios of different mass eigenvalues

and mixing angles, the parameter r remains free and it can be fixed by mt.

rL (rR) in the case of type-II (type-I) seesaw dominance is determined from

the atmospheric mass scale. There are total 14 real parameters (12 in M̃d and

complex s) which are fitted over 14 observables. Four unknown observables

in lepton sector (θl13 and three CP violating phases) get determined at the

minimum. Results of numerical analysis carried out separately for the type-II

and the type-I dominated seesaw mechanisms are shown in Table 3.2 and Table

3.3 respectively.

The main outcomes of this analysis are the following.

• The best fit in the type-II case is obtained at low tan β = 1.3 . The

corresponding set of fitted parameters are given in Appendix B.1. This

case has b-τ unification and threshold corrections are not very significant.

On the other hand, cases B, C, D with relatively large tan β but with-

out inclusion of threshold correction give quite bad fit. There is a clear

correlation between the overall fit and the presence or absence of the

b-τ unification in type-II models. Cases corresponding to the absence
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A B C D C1 C2

Observables Pulls obtained for best fit solution
(mu/mc) −0.00668428 0.0276825 0.0259467 0.120767 −0.0212532 0.0356043
(mc/mt) 0.56521 0.157569 0.0201093 0.0730136 0.130288 0.320944
(md/ms) −1.21642 −0.891034 −0.27664 −1.36265 −1.04724 −1.57673
(ms/mb) 0.112798 0.440678 0.163272 0.752408 0.884723 0.789053
(me/mµ) 0.0590249 −0.00627804 0.3944 0.0396087 0.0297987 0.0555931
(mµ/mτ ) 0.182548 0.103214 0.821485 0.0192305 0.26316 0.121145
(mb/mτ ) 0.87282 2.20829 2.79368 2.34331 0.26656 0.407798
(

∆m2
sol

∆m2
atm

)

0.256292 0.116314 −0.14908 0.230056 0.0188227 −0.0140039

sin θq12 0.0730813 0.0702755 0.0399788 0.105989 0.0779176 0.127757
sin θq23 −0.0311676 −0.172792 −0.471738 −0.0960437 −0.757038 −0.945821
sin θq13 1.33502 −0.0354198 0.494732 0.606606 0.890741 1.17758
sin2 θl12 0.00836789 −0.106439 −0.599727 −0.27881 −0.63356 −0.510182
sin2 θl23 −1.53367 −4.97038 −4.95673 −4.70944 −2.56294 −1.84412
δCKM[◦] −0.345931 −0.163765 −0.600814 −0.214459 −0.650554 −0.75885
χ2
min 6.9367 30.70 34.52 30.68 10.804 9.3559

Observables Corresponding Predictions at GUT scale

sin2 θl13 0.0226508 0.0190847 0.0206716 0.0196974 0.0239619 0.0209208
δMNS[

◦] 19.9399 18.9784 19.5619 11.92 358.789 1.78569
α1[◦] 337.171 346.627 344.795 350.595 12.4786 349.711
α2[◦] 147.364 151.912 146.886 161.702 194.023 168.156

rLmτ [GeV] 8.37× 10−10 6.0× 10−10 6.49× 10−10 6.94 × 10−10 7.15× 10−10 9.1× 10−10

Table 3.2: Best fit solutions for fermion masses and mixing obtained assuming
the type-II seesaw dominance in the minimal SUSY SO(10) model. Pulls of
various observables and predictions obtained at the minimum are shown for
six different data sets.

of the b-τ unification cannot reproduce the atmospheric mixing angle

and results in relatively poor fits. Inclusion of threshold corrections im-

proves the fit but still md

ms
and the atmospheric mixing angle cannot be

reproduced within 1σ. The fit for tanβ = 10 obtained here with inputs

from [59, 60] is poor compared to the corresponding fit presented in [57]

which uses input from [58]. Compared to data in [58], the result from

[59] display larger deviation from the b-τ unification and also errors in

more recent input that we use for sin2 θl23 are smaller. Both these features

combine to give larger pulls for the ratio mb

mτ
and sin2 θl23 and results in

poor fit.

• In contrast to the type-II case, the fits obtained in type-I case are uni-

formly better. Here one does not expect correlation between the atmo-

spheric mixing angle and b-τ unification. Thus the cases B, C, D with

large tanβ also give quite good fits. Even in these cases (except D)

main contribution to χ2 comes from the pull in the atmospheric mixing
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A B C D C1 C2

Observables Pulls obtained for best fit solution
(mu/mc) 0.0486938 −0.180782 0.0653101 0.0053847 0.0467579 −0.0119661
(mc/mt) 1.22599 0.130589 0.246294 0.146932 0.297256 0.273346
(md/ms) −0.229546 −0.730641 0.223201 −0.748148 −2.2904 −0.689684
(ms/mb) −0.932536 −0.886438 −0.977249 −1.05766 0.735548 0.000467775
(me/mµ) 0.0340323 0.442759 0.103692 −0.476364 0.0649144 −0.0648856
(mµ/mτ ) 0.310305 −0.526529 0.881934 0.938701 0.705648 0.0178824
(mb/mτ ) −0.486477 −0.194215 0.0172182 −0.34079 0.789868 −0.734937
(

∆m2
sol

∆m2
atm

)

0.122267 −0.10063 −0.00563647 −0.120429 −0.180164 0.158557

sin θq12 0.0432634 0.227948 0.0186715 0.084149 0.130301 0.0922391
sin θq23 −0.281221 −0.0401177 −0.167224 0.0649082 −0.273222 −1.17651
sin θq13 1.37864 −0.275689 0.926186 0.559003 1.48675 0.248759
sin2 θl12 −0.0528379 −0.0598219 −0.38133 −0.172148 −0.746107 0.0694831
sin2 θl23 −1.22555 −1.27077 −1.43475 0.0548963 −1.99485 −0.946001
δCKM[◦] −0.291137 0.397159 −0.350422 −0.755859 −0.956628 −0.3197
χ2
min 6.3479 3.7962 5.0715 3.8665 14.789 3.4746

Observables Corresponding Predictions at GUT scale

sin2 θl13 0.0223307 0.0194886 0.0218753 0.0186789 0.0253152 0.0205366
δMNS[

◦] 2.41793 4.52493 6.08769 335.07 357.142 14.7651
α1[◦] 347.106 8.42838 7.64991 28.0261 14.5679 1.13126
α2[◦] 163.759 191.241 188.713 218.586 196.273 177.828

rR

(

m2
t

mτ

)

[GeV] 1.77× 10−10 2.63× 10−10 2.50× 10−10 4.02 × 10−10 7.3× 10−11 2.82 × 10−10

Table 3.3: Best fit solutions for fermion masses and mixing obtained assuming
the type-I seesaw dominance in the minimal SUSY SO(10) model. Pulls of
various observables and predictions obtained at the minimum are shown for
six different data sets.

angle. Threshold corrections are significant for large tan β and specific

cases C1, C2 achieve b-τ unification but the overall fit worsens compared

to B, C, D. Unlike in the type-II case, the χ2 value obtained here for

tanβ = 10 is comparable to the corresponding value in [57]. We give the

fitted parameters for the best fit solution (case C2) in Appendix B.1.

3.1.4 Tension between seesaw scale & unification scale

It is remarkable feature of the MSGUT that a constrained Yukawa sector

provide a reasonably good fit and can account correctly for all the fermion

masses and mixing. However, some of the parameters of the fermion mass

sector are tightly constrained from the requirement of gauge unification and

proton decay lifetime. From the systematic survey of the parameter space, it

is found that the MSGUT is incompatible with the generic type-I and type-II

seesaw mechanisms [61, 62, 63, 64]. Such an incompatibility of the seesaw
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mechanisms are also confirmed by [57, 65]. The main conclusions of these

studies are

• For the generic as well as the special values of MSGUT couplings and

Yukawa couplings taken from the generic type-II seesaw fit, it implies

that type-II is highly sub-dominant to type-I seesaw in most of the pa-

rameter space of the MSGUT.

• The maximal values of the type-I seesaw masses attainable in the MSGUT

fall at least an order or two of magnitude short of those required by at-

mospheric neutrino oscillation.

In very simple words, both of these seesaw mechanisms arise due to U(1)B−L

and are inversely proportional to MB−L. In MSGUT, supersymmetric unifica-

tion forces MB−L ∼ MGUT which gives the neutrino mass scale smaller than

the required by the atmospheric neutrino oscillation.

This problem of over suppression of seesaw mechanisms can also be seen

from the results of the generic fit presented in Table 3.2 and 3.3. The overall

scale of neutrino mass rL(rR) in the case of type-II (type-I) seesaw can be

fixed by using the atmospheric scale as normalization. The resulting values

are displayed in Table 3.2 and 3.3. As discussed earlier, rL(rR) arise from the

VEVs of the components of 126H transforming as (3, 1,−2) ((1, 3,−2)) under

the SU(2)L×SU(2)R×U(1)B−L. In particular, 〈(1, 3,−2)〉126H sets the scale of

the B−L breaking and is directly determined from the fits to fermion masses

in the type-I scenario. From Eqs. (3.10),

〈(1, 3,−2)〉126H ≈ r−1
R vsm cos β , (3.11)

where sm gives the mixing of the light Hd in the doublet part of 126H and

v ≈ 174 GeV. rR is roughly independent of the input data set and for the

value rR ≈ 2.6× 10−10mτ/m
2
t GeV, Eq. (3.11) gives

〈(1, 3,−2)〉126H ≈ 3.7× 1015sm cos β GeV
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Thus the B − L breaking scale in the type-I seesaw can be close to the GUT

scale for sm cos β ∼ O(1). It would however be significantly lower for large

values of tan β and would conflict with the constraints from the gauge coupling

unification. The determination of the B − L breaking scale in the type-II

dominated scenario is dependent on the details of the superpotential. Earlier

[57, 62] analysis in the minimal model has shown that this scale cannot easily

be lifted to the GUT scale and pauses a problem with the gauge coupling

unification in the minimal scenario both for the type-I and type-II seesaw

dominance [57]. Thus the problem persists for these new fits also and one does

need to go beyond the minimal model.

3.2 The non-minimal model with 10 + 126+ 120

Higgs

In the last section we investigated in detail the correlations among the Yukawa

couplings in the minimal SUSY SO(10) model. We have seen that the consis-

tent neutrino masses demand a seesaw scale significantly lower than the GUT

scale which unfortunately spoils the gauge coupling unification of the MSSM.

As a result of this, the minimal model is turns out to be over constrained

and it needs suitable extensions. An obvious attempt to loosen the corset of

the minimal theory is to add the 120-plet of scalars [66, 67, 68, 69]. As we

have seen in the previous chapter, 120H can couple to the matter fields at the

renormalizable level and can contribute in the fermion mass sector. In this

section, we investigate the viability of such scenario with the realistic fermion

mass spectrum as we did in the case of the minimal model.

3.2.1 Extension of the minimal model with additional

120 Higgs

Adding a 120-plet Higgs is perhaps the simplest possible way to extend the

minimal model to overcome from its over constrained parameter space. The
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antisymmetric nature of the Yukawa structure coming from an additional 120H

brings the minimal number of new parameters. It also introduce additional

4 complex parameters in the Higgs superpotential. An important feature of

120H is that it cannot participate in the spontaneous symmetry breaking of

the SO(10) symmetry and thus the presence of both the 210H and 126H is

necessary (Recently, an alternative model is also proposed in [70] where 210H

is replaced by 45H ⊕ 54H). The Higgs part of superpotential of this model can

be written as

WH = Wmin +m120120
2
H +

γ

4!
10H120H210H

+
η′

4!
210H120H120H +

1

4!
210H120H(α

′126H + β ′126H) (3.12)

where Wmin is a Higgs superpotential of the minimal model given by Eq. (3.1).

Since 120H does not contribute to SO(10) breaking, one may assume that the

same breaking pattern like the minimal SUSY SO(10) is achieved (see Section

3.1.1 for details).

3.2.2 Yukawa sector & assumption of spontaneous CP

violation

The Yukawa part of the superpotential of the model under consideration is

given by

WY = 16iF (Y
ij
1010H + Y ij

126126H + Y ij
120120H)16

j
F (3.13)

where, as we have already seen, Y ij
10 and Y ij

126 are symmetric matrices and

Y ij
120 is an antisymmetric matrix in generation space. An important feature of

the 120-dimensional representation of SO(10) is its SU(2)L doublet contents.

Unlike 10H or 126H , 120H contains two copies of the SU(2)L × SU(2)R bi-

doublets residing in the components with Pati-Salam quantum numbers (1, 2,

2) and (15, 2, 2). Since 210H mixes 126H, 126H , as well as 120H , with 10H

one expects that all the color singlet SU(2)L doublets mix to give the two
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light Higgs doublets of MSSM, leaving the remaining states heavy. After the

electroweak symmetry breaking, the above Yukawa interactions result into the

following effective sum-rules for fermion mass matrices.

Md = υ10d Y10 + υ126d Y126 + (υ120d + υ̃120d )Y120

Mu = υ10u Y10 + υ126u Y126 + (υ120u + υ̃120u )Y120

Ml = υ10d Y10 − 3υ126d Y126 + (υ120d − 3υ̃120d )Y120

MD = υ10u Y10 − 3υ126u Y126 + (υ120u − 3υ̃120u )Y120 (3.14)

Since the 120H does not contribute in the Majorana masses of the neu-

trinos, the matrices ML and MR will maintain there form of Eq. (3.5). The

light neutrino mass matrix after the seesaw mechanism is given by the same

expression of Eq. (3.6). The above sum-rules can suitably be rewritten as

Md = H + F + iG ,

Mu = r(H + sF + itu G ),

Ml = H − 3F + itl G ,

MD = r(H − 3sF + itD G ),

ML = rLF ,

MR = r−1
R F. (3.15)

where (G) H , F are complex (anti)symmetric matrices. r, s, tl, tu, tD, rL, rR

are dimensionless complex parameters of which r, rL, rR can be chosen real

without lose of generality. In this case, the most general model assuming type-

II (type-I) dominance has 29 (31) independent parameters after rotating to

basis with a real and diagonal H . One needs to make additional assumptions

in order to reduce the parameter space. Considerable reduction in number of

parameters is achieved assuming parity symmetry [71] or equivalently spon-

taneous CP violation [72]. This leads to Hermitian Dirac mass matrices. In

our notation, this corresponds to taking all the parameters in Eq. (3.15) to be

real, see [72, 73] for details. Such a model has only 17 parameters in case of
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the type-II dominance, two less than in case of the minimal model. In spite

of the reduction in number of parameters the allowed fermionic structure is

analytically argued [56, 71, 74] to help in reducing tension in obtaining correct

CP violating phase or fitting the first generation masses.

Numerical fits depend on whether type-II or type-I seesaw mechanism is

used. Comparison of various models in case of the type-II seesaw dominance is

made in [75]. All the models in this category give a very good fit to data with a

significantly lower χ2 than in case of the minimal model. The assumption of the

type-I dominance leads to better fits compared to the type-II case. Moreover,

unlike the type-II dominance, one does not need intermediate scale [66, 72, 73,

76] for reproducing the correct neutrino mass scale. This is a welcome feature

from the point of view of obtaining the gauge coupling unification. All these

works are based on the use of quark masses derived in [58] at tanβ = 10. We

shall re-examine the non-minimal model with a different set of input which

include the finite threshold corrections.

3.2.3 Fermion masses and mixing: Numerical analysis

We now check the viability of Eq. (3.15) by detailed numerical analysis. As

before, the parameters r and rR(rL) respectively determine the mt and overall

scale of neutrino masses in type-I (type-II) seesaw dominated scenarios. Our

choice of 14 observables is the same as in the previous section. But they are now

determined from the more general expression with non-zero G. H can be made

diagonal without loss of generality. The mass matrices Mu,Md,Ml,MD,MR

and ML are expressed in terms of 16 real parameters (3 in H , 6 in F , 3 in G,

s, tl, tu, and tD) which determine 14 observables Pi defined before.

Results of numerical analysis carried out separately for the type-II and

type-I dominated seesaw mechanisms are shown in Table 3.4 and Table 3.5

respectively. The parameters obtained for the best fit solutions are given in

Appendix B.1 and B.1. The following remarks are in order in connection

with the results presented in these tables. As discovered in earlier numerical

analysis [73, 75], the introduction of the 120H leads to remarkable improvement
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A B C D C1 C2

Observables Pulls obtained for best fit solution
(mu/mc) 0.00196316 0.019005 −0.026015 −0.00109589 −0.00812155 0.0000225717
(mc/mt) 0.000750815 −0.114469 0.0964863 0.296526 −0.0278823 −0.00413523
(md/ms) 0.0547314 0.618531 0.0606721 −1.14305 0.0271889 0.00312586
(ms/mb) 0.0565403 0.473347 −1.30774 0.675173 0.0105556 0.0361755
(me/mµ) 0.0114456 −0.0155357 0.0482971 −0.00371258 0.00167012 0.000128709
(mµ/mτ ) −0.00279654 −0.66999 0.111235 −0.0605957 0.00155096 −0.00249006
(mb/mτ ) −0.171035 −0.301056 −0.381508 1.57926 0.0514536 −0.048487
(

∆m2
sol

∆m2
atm

)

0.00833338 −0.297416 0.191515 0.2129 0.00050834 −0.00412658

sin θq12 −0.0106839 −0.0145213 −0.0420229 0.0809603 −0.00715584 0.0000538731
sin θq23 −0.00295777 −0.058218 0.301593 0.341191 0.0120366 −0.000633901
sin θq13 −0.00466345 −0.661544 0.381317 −0.632744 −0.137308 0.00650479
sin2 θl12 0.0106277 −0.194399 0.333404 0.399294 0.00217496 −0.0043514
sin2 θl23 −0.0198083 1.08433 −0.472589 −0.885401 0.0314484 0.00752103
δCKM[◦] −0.00915099 0.168633 −0.520071 0.246618 −0.0314877 −0.0382519
χ2
min 0.0364 2.9315 2.7639 5.921 0.0254 0.0038

Observables Corresponding Predictions at GUT scale

sin2 θl13 0.0215726 0.0312498 0.03568 0.0214329 0.0289663 0.0069694
δMNS[

◦] 34.3864 5.21955 89.5 315.898 355.507 75.6953
α1[◦] 6.26083 76.0772 289.921 80.1968 60.3609 240.526
α2[◦] 161.011 253.288 76.0613 283.63 220.306 34.4702

rLmτ [GeV] 1.27× 10−9 9.57× 10−10 6.82× 10−10 1.56× 10−9 2.36× 10−9 3.68× 10−9

Table 3.4: Best fit solutions for fermion masses and mixing obtained assuming
the type-II seesaw dominance in the non-minimal SUSY SO(10) model. Pulls
of various observables and predictions obtained at the minimum are shown for
six different data sets.

in numerical fits in the type-II case. This mainly arises because the near

maximality θl23 is not directly connected to the the b-τ unification. Thus the

cases B, C, D which do not have the b-τ unification also lead to very good

fits in contrast to the minimal case. The fits in cases (A, C1, C2) which

have b-τ unification are even better and all the observables are fitted almost

exactly in these cases. These include the low tanβ inputs and cases with

large tanβ and threshold corrections. As the results of Table 3.5 show, the fits

obtained assuming the type-I seesaw dominance are uniformly better compared

to the corresponding type-II results and show significantly improvement over

the minimal model with type-I dominance, Table 3.3.

One important difference compared to the minimal case is the overall B−L
scale determined from the neutrino masses. Unlike the minimal case, the values

of r−1
R in Table 3.5 are strongly dependent on the input data set and in some

cases are quite large although each data set appear to give very good fit to

fermion masses. For example, one obtains in case (A) from Eq. (3.11) and
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A B C D C1 C2

Observables Pulls obtained for best fit solution
(mu/mc) −0.0151499 0.0262493 −0.0019449 −0.00461056 0.00542513 −0.000078
(mc/mt) −0.0003845 0.0008125 0.0002582 0.004616 −0.003040 0.00490
(md/ms) −0.0778857 −0.0653974 −0.0053692 0.0272334 0.00701785 0.00147573
(ms/mb) −0.052311 0.0706689 0.0726379 0.0830354 0.0120634 0.0296307
(me/mµ) 0.00127584 0.00152407 0.00164957 0.0268034 −0.00722174 −0.0003495
(mµ/mτ ) −0.0553488 −0.0188764 −0.0212797 −0.0282999 −0.00866254 −0.008754
(mb/mτ ) −0.0103881 0.0214596 0.0260868 0.0498589 0.00493891 0.00967378
(

∆m2
sol

∆m2
atm

)

0.0324886 0.00926157 0.00312614 −0.00630473 −0.00302065 0.000653399

sin θq12 0.0159112 −0.0140628 −0.000195379 0.00791696 −0.0171517 −0.000184021
sin θq23 0.0375281 −0.00674466 −0.00216987 0.00501282 0.0100126 0.00590551
sin θq13 0.0309917 0.0571306 0.175888 0.0213394 −0.131639 −0.00184989
sin2 θl12 0.00539037 −0.0176765 0.00577816 −0.013618 0.0092152 0.000404734
sin2 θl23 0.0332756 0.0143127 0.0125096 0.0200216 0.00356131 0.00026684
δCKM[◦] −0.0585649 −0.00882152 −0.0406312 −0.0292954 −0.0291351 −0.0310722
χ2
min 0.0204 0.0150 0.0392 0.0137 0.0191 0.0011

Observables Corresponding Predictions at GUT scale

sin2 θl13 0.0122064 0.0168745 0.0146633 0.0359278 0.0246489 0.030277
δMNS[

◦] 87.6747 22.8731 330.351 282.035 272.186 84.0238
α1[◦] 5.82048 167.229 192.077 286.062 352.828 329.804
α2[◦] 339.846 331.88 34.5585 336.358 17.6585 325.182

rR

(

m2
t

mτ

)

[GeV] 6.56× 10−15 1.22× 10−12 1.34× 10−12 3.03× 10−15 5.0× 10−14 1.40× 10−13

Table 3.5: Best fit solutions for fermion masses and mixing obtained assuming
the type-I seesaw dominance in the non-minimal SUSY SO(10) model. Pulls
of various observables and predictions obtained at the minimum are shown for
six different data sets.

Table 3.5,

〈(1, 3,−2)〉126H ≈ 1.5× 1020sm cos β GeV

Thus reproducing neutrino masses in this case would require fine tuning sm ∼
10−4 if the B − L breaking scale is to be close to MGUT . In contrast, in case

C2 with tanβ = 38, Table 3.5 gives

〈(1, 3,−2)〉126H ≈ 1.8× 1017sm GeV

which is close to the GUT scale.

3.3 Conclusions

In this chapter, we have undertaken an exhaustive analysis of some attractive

class of SUSY SO(10) models. Using several different data sets as input,

we have numerically determined viability of these models in reproducing the
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fermion spectrum. We used data corresponding to different values of tanβ

and with or without appreciable finite threshold correction. Comparison of

different set clearly brings out some interesting features.

• In the minimal model with type-II seesaw dominance, the b-τ unification

appears to be a key ingredient. The cases without such unification cannot

explain the entire fermion spectrum. In particular, the case of very low

tanβ showing this unification works much better than the previously

studied data set with tan β = 10.

• In the non-minimal model with type-II seesaw dominance, one gets good

fits compared the minimal model and the b-τ unification is not necessarily

required. However, the presence of b-τ unification improves the fit.

• This connection is not required if neutrinos obtain their masses from the

type-I seesaw mechanism. In this case one can obtain very good fits in

the minimal model almost for every data set used.

• In the case of type-I seesaw dominance, the B−L breaking scale inferred

from neutrino masses also lies closer to the GUT scale compared to the

type-II seesaw mechanism. The situation becomes better when a 120-

plet of Higgs field is added to the model. Here one can get excellent fits

to fermion masses in both the type-I and type-II seesaw mechanisms.





Chapter 4

Viability of The Exact

Tribimaximal Lepton Mixing in

SO(10)

The observed mixing pattern among leptons is remarkably close to the tribi-

maximal mixing (TBM) [77].

OTBM =
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(4.1)

This possibly indicates underlying flavour symmetries several of which have

been identified and studied, see [78] for a review. Incorporating such symme-

tries or the tribimaximal mixing into grand unified theories, particularly based

on the SO(10) gauge group is quite challenging, see [79, 80] for some examples.

Since all fermions in a given generation are unified into a single 16 dimensional

irreducible representation of SO(10), imposition of the TBM structure on the

leptonic mass matrices also constrains the quark mass matrices. It is not clear

if the requirement of the exact tri-bimaximal mixing among leptons would be

consistent with a precise description of the quark masses and mixing. In this

chapter, we try to address this issue by checking the viability of the exact tribi-

61
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maximal mixing in the non-minimal SUSY SO(10) model. First, we device a

general method of incorporating the exact TBM structure within SO(10) and

then we use it to obtain quantitative description of the fermion masses and

mixing in the model of our interest.

4.1 Leptonic mixing matrices and tribimaxi-

mal mixing

We shall derive general forms for the neutrino mass matrix Mν and the left

handed charged lepton mixing matrix Ul which lead in the flavour basis to a

neutrino mass matrix Mνf exhibiting the TBM structure. We define the TBM

structure for Mνf as follows:

Mνf =
1

3
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(f1 + 2f2 + 3f3)











, (4.2)

where f1,2,3 are complex neutrino masses. This matrix is diagonalized by

UPMNS = OTBMQ , (4.3)

where Q is a diagonal phase matrix.

A more general definition of TBM structure would be to replace Mνf and

UPMNS above by PlMνfPl and P
∗
l UPMNS, where Pl denotes a diagonal phase

matrix. Since Pl can be rotated away by redefining the charged lepton fields,

we shall refer to TBM structure as the one defined by Eqs. (4.2,4.3).

It is known [81, 82] that Mνf in Eq. (4.2) is invariant under a Z2 × Z2

symmetry. The elements of the Z2 × Z2 are defined as

S2 =
1

3











−1 2 2
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2 2 −1











and S3 =











1 0 0

0 0 1

0 1 0











. (4.4)
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and satisfy

ST
2,3MνfS2,3 = Mνf (4.5)

We shall exploit this Z2 × Z2 invariance in arriving at the structure of Ul.

As noted in [75], one can always choose a specific basis in which Mν exhibits

the TBM structure and is thus invariant under Z2 × Z2:

ST
2,3MνS2,3 =Mν (4.6)

If M ′
ν in an arbitrary basis is not invariant under Z2 × Z2 then one can go to

a new basis with Mν = UTM ′
νU and choose U in such a way that

UT
ν MνUν = Dν , (4.7)

with Dν a diagonal matrix with real positive elements and

Uν ≡ OTBMP . (4.8)

P being a general diagonal phase matrix. Let Ul denote the mixing matrix

among the left handed charged leptons in a basis in which Mν is Z2 × Z2

symmetric. If such a defined Ul itself is Z2 × Z2 symmetric, i.e. satisfies

ST
2,3UlS2,3 = Ul (4.9)

then Mνf will also satisfy Eq. (4.5) and thus would exhibit the TBM structure

of Eq. (4.2). This follows trivially from the definition

Mνf = UT
l MνUl , (4.10)

after using Eqs. (4.6,4.9). Thus the Z2 × Z2 invariance of Ul is sufficient to

ensure the TBM for Mνf .

Above equation allows us to determine TBM preserving class of Ul in a

basis with Mν satisfying Eq. (4.6). S3 invariance corresponds to imposing the
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µ-τ interchange symmetry on Ul. The S2 invariance further requires UT
l = Ul

and that the sum of elements in each of its raw must be equal. Such a Ul can

be parameterized as

Ul = eiαPlŨlPl , (4.11)

where Pl = diag.(1, eiβ, eiβ) is a diagonal phase matrix and

Ũl =
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, (4.12)

with tan θ = −2
√
2 cos β. Ul is thus fully determined by three phases α, β and

δ.

The form of Ul as given above is the most general one required in order to

obtain TBM in the basis withMν satisfying Eq. (4.6). The generality is proved

by noticing that the Z2 × Z2 invariance of Ul is also necessary if Mνf is to

exhibit the TBM structure. This follows in a straightforward manner. Assume

that Mνf has TBM structure of Eq. (4.2). The UPMNS matrix in this case

can be chosen to have the form in Eq. (4.3). Since Ul = UνU
†
PMNS, it has the

following form in the basis specified by Eq. (4.8):

Ul = OTBMPQ
∗OT

TBM ,

=
1

3
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, (4.13)

where pi denote the elements of the diagonal phase matrix PQ∗. Interestingly,

the above Ul is obtained from the general TBM Mνf Eq. (4.2), by replacing

the neutrino masses with the phases pi and like Mνf such a Ul is automatically

Z2 × Z2 symmetric. Thus Eq. (4.9) also becomes necessary for the Z2 × Z2

invariance of Mνf . Eq. (4.13) provides an alternative parametrization of Ul.
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It reduces to the earlier parametrization in Eq. (4.12) with the definition

p1 = −ei(α+β−η),

p2 = ei(α+β+η),

p3 = −ei(α+2β+δ), (4.14)

with cos η = −3cθ cos β and sin η = −cθ sin β.

We note that the Uν and Ul in Eqs. (4.8,4.11) are defined up to a simul-

taneous redefinition Uν → UUν and Ul → UUl. In addition, Ul can also be

multiplied by an arbitrary phase matrix from the right. Since Pl is arbitrary,

the Ul in some model may not appear to have the Z2 × Z2 invariance even in

a basis with Uν chosen as in Eq. (4.8). But the above exercise shows that Ul

can always be chosen to have the TBM form by appropriate rephasing of the

charged lepton fields.

The above reasoning can be applied to more general patterns of mixing

and not just to TBM. The key role in this construction is played by the fact

that one can always choose a basis in which Mν is Z2 × Z2 symmetric. This

follows from the fact that the Z2 ×Z2 symmetry does not put any restrictions

on the neutrino masses but only on the structure of mixing. As long as the

neutrino mass matrices obey such “mass-independent” symmetries, the above

construction of determining the most general Ul can be carried through. One

can indeed define [81, 82] an appropriate Z2 × Z2 symmetry corresponding

to every mixing pattern and then impose this symmetry on Ul to obtain the

desired mixing structure in the flavour basis.

4.2 Obtaining the exact TBM in SO(10) model

We now integrate the above leptonic structures into an SO(10) model dis-

cussed in the previous chapter i.e. the supersymmetric SO(10) model with

the Higgs transforming as 10, 126, 120 representations of SO(10). For simplic-

ity, we assume that the dominant contribution to Mν is a type-II seesaw, i.e.
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linear in the 126 Yukawa coupling. The last assumption with its attractive

consequences is made in a number of SO(10) models [51, 71, 73, 74, 75]. But

it is also realized [70, 83] that its justification requires a non-minimal Higgs

sector.

The fermion mass relations in this case after electroweak symmetry break-

ing are already shown in Eq. (3.15) and the light neutrino mass matrix is

given by Eq. (3.6). The first term proportional to F denotes type-II seesaw

contribution. In the numerical analysis that follows, we shall assume that Mν

is entirely given by this term and subsequently analyze the effect of a small

type-I corrections on the numerical solution found.

We can always rotate the 16-plet fermions in generation space in such a

way that Mν ∝ F is diagonalized by the TBM matrix.

F → RTFR = FTBM ≡ OTBM Diag.(f1, f2, f3) O
T
TBM (4.15)

where fi are now real eigenvalues of F and the OTBM is given by Eq. (4.1). The

matrix (G)H maintains its (anti)symmetric form in such basis and we use the

same label for them in the rotated basis. In case of type-II seesaw dominance,

the light neutrino mass matrix Mν = rLFTBM has the form given on the RHS

of Eq. (4.2). The model has altogether 17 independent real parameters (3 in

FTBM , 6 in H , 3 in G, r, s, tu, tl and rL) which determine the entire 22 low

energy observables of the fermion mass spectrum. Some of these parameters

can be fixed by the known values of observables directly. As noted in [84],

the SO(10) relation for the charged lepton mass matrix in Eq. (3.15) can be

rewritten as

H + itlG = VlDlV
†
l + 3FTBM , (4.16)

where Dl is a diagonal charged lepton mass matrix. Since H and G are real,

the real and imaginary parts of the RHS separately determine H and tlG

in terms of the charged lepton masses, parameters of FTBM and Vl. Vl is a

unitary matrix that diagonalizes Ml and contains nine free parameters in the

most general situation. One can suitably write Vl = ṼlP where P is diagonal
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phase matrix and Ṽl contains six real parameters. From Eq. (4.16), it is easy

to see that the phase matrix P does not play any role in determining H and G

and can be removed. So the nine real parameters of LHS can be related to six

real parameters of Ṽl, three charged lepton masses and parameters of FTBM

in Eq. (4.16). This fixing helps us in numerical analysis as we will see in the

next subsection.

4.3 Numerical analysis

We perform a numerical analysis to study the viability of Eq. (3.15) with the

experimentally observed values of fermion masses and mixing angles. We shall

present numerical analysis in two different cases. (A) Corresponding to the

most general Vl (B) with Vl = Ul given as in Eqs. (4.11,4.12). The case (A) has

already been studied numerically in [75, 83, 84]. Since our numerical procedure

is somewhat different, we repeat this analysis and use it as a benchmark with

which to compare the case (B) which leads to the exact TBM at MGUT . We

use the same χ2 fitting procedure used in the previous chapter to fit the model

with the data. To make consistent comparison of this scenario with other

existing models analyzed in [75] we use the same input values of quark and

lepton masses and mixing angles as used in [75]. In this data set, the charged

fermion masses at the GUT scale are [58] obtained from the low energy values

using MSSM and tanβ = 10. The effect of the RG evolution on the quark

mixing angles is known to be negligible. This is also true for the lepton mixing

angles in case of the hierarchical neutrino spectrum. We assume such hierarchy

in neutrino masses and therefore the input values of the quark mixing angles,

CP phase and neutrino parameters we use correspond to their values at low

energy. The lepton mixing angles and solar and atmospheric squared mass

differences are taken from [85]. We reproduce all these input values in Table

4.1 for convenience of the reader.
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GUT scale values with propagated uncertainty

md(MeV) 1.24 ± 0.41 ∆m2
sol(eV

2) (7.65 ± 0.23) × 10−5

ms(MeV) 21.7 ± 5.2 ∆m2
atm(eV2) (2.40 ± 0.12) × 10−3

mb(GeV) 1.06+0.14
−0.09 sin θq12 0.2243 ± 0.0016

mu(MeV) 0.55 ± 0.25 sin θq23 0.0351 ± 0.0013
mc(GeV) 0.210 ± 0.021 sin θq13 0.0032 ± 0.0005

mt(GeV) 82.4+30.3
−14.8 sin2 θl12 0.304 ± 0.022

me(MeV) 0.3585 ± 0.0003 sin2 θl23 0.50 ± 0.07
mµ(MeV) 75.672 ± 0.058 sin2 θl13 < 0.04(3σ)
mτ (GeV) 1.2922 ± 0.0013 JCP (2.2 ± 0.6) × 10−5

Table 4.1: Input values for quark and leptonic masses and mixing angles in
the MSSM extrapolated at MGUT = 2×1016 GeV for tanβ = 10 which we use
in our numerical analysis.

4.3.1 The most general lepton mixing

We fit the above data to the fermion mass relations (3.15) predicted in the

model by numerically minimizing the χ2 function. As already mentioned

above, this exercise has been done in [75] and a very good fit correspond-

ing to χ2
min = 0.127 is found. We repeat the same analysis because of the

following differences in our fitting procedure:

• Compared to other observables, the charged lepton masses are known

very precisely with extremely small errors in their measurements. Instead

of fitting them through χ2 minimization, we use their central values as

inputs on the RHS of Eq. (4.16). Because of this, our definition of the

χ2 function in Eq. (A.5) does not include the charged lepton masses in

it.

• We also use the central value of the solar to the atmospheric mass squared

difference ratio as an input and use it to fix f3 through the following

relation:

f3 = f2

(

∆m2
atm

∆m2
sol

+

(

1− ∆m2
atm

∆m2
sol

)(

f1
f2

)2
)1/2

. (4.17)

After obtaining the solution, the overall scale of neutrino masses rL at
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the minimum is determined by using the atmospheric scale as a normal-

ization.

• In [75], the reactor angle θl13 is included in the χ2 function and fitted to

its value sin2 θl13 = 0.01± 0.016 obtained from the global fits to neutrino

oscillation data. We do not include θl13 in the definition of χ2 function

but do the minimization with a constrain sin2 θl13 ≤ 0.04 which is the

present 3σ upper bound on it [85].

As a result of these simplifications, the χ2 function in our approach includes

only 12 observables, 6 quark masses, 3 quark mixing angles, a CKM phase and

2 lepton mixing angles. These are complex nonlinear functions of 12 real pa-

rameters (2 in FTBM , 6 in Vl, r, s, tl and tu). This χ
2 is numerically minimized

as discussed in Appendix A.2. The results of our analysis are shown in column

A in Table 4.2.

We obtain an excellent fit corresponding to χ2
min = 0.035 which is slightly

better than χ2
min = 0.127 obtained in [75]. Parameters obtained for the best fit

solutions are shown in Appendix B.2. All the observables are fitted within the

0.1σ deviation from their central values. The solution at its minimum predicts

large reactor mixing angle sin2 θl13 ≈ 0.039 near to its present upper bound.

4.3.2 The exact tribimaximal lepton mixing

After discussion of the above general case, we now specialize to the case of the

exact TBM. This case is of considerable theoretical interest since it can point

to some underlying symmetry existing at MGUT . We can implement the exact

TBM in a model independent way by choosing Vl = Ul in Eq. (4.16). With

this choice, all the leptonic mixing angles get fixed to their TBM values. Also

the central value of the ratio of the solar to the atmospheric (mass)2 differences

is used as input and a parameter rL is determined at the minimum by using

the atmospheric scale. Thus the χ2 function in Eq. (A.5) now involves only

observables in the quark sector. As already discussed, Ul in Eqs. (4.11,4.12)
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Case A Case B1 Case B2

Observables Fitted value Pull Fitted value Pull Fitted value Pull
md[MeV] 1.19851 −0.101205 1.22098 −0.0463899 1.02686 −0.519852
ms[MeV] 22.1374 0.0841145 21.9922 0.0561874 22.0058 0.058806
mb[GeV] 1.05103 −0.0996223 1.16345 0.738942 1.2842 1.60145
mu[MeV] 0.550206 0.000824013 0.550234 0.000936368 0.550787 0.00314771
mc[GeV] 0.209956 −0.00208935 0.209952 −0.00230315 0.210481 0.0229054
mt[GeV] 82.6175 0.00717855 82.5855 0.00612198 81.7487 −0.0440052
me[MeV] 0.3585 − 0.3585 − 0.3585 −
mµ[MeV] 75.672 − 75.672 − 75.672 −
mτ [GeV] 1.2922 − 1.2922 − 1.2922 −
(

∆m2
sol

∆m2
atm

)

0.031875 − 0.031875 − 0.031875 −

sin θq12 0.224299 −0.0007232 0.2243 0.0002182 0.224303 0.0019076
sin θq23 0.0350871 −0.0099165 0.0350951 −0.0038047 0.0351294 0.022597
sin θq13 0.00317877 −0.0424606 0.00319436 −0.0112796 0.0031749 −0.0502087
sin2 θl12 0.303622 −0.0171641 0.3333 − 0.3333 −
sin2 θl23 0.501109 0.015842 0.5 − 0.5 −
sin2 θl13 0.0394 − 0 − 0 −
JCP 2.24× 10−5 0.0732629 2.21× 10−5 0.0194165 2.25× 10−5 0.0845729
δMNS 273.934 − − − − −
α1 186.801 − 160.829 − 180 −
α2 70.8178 − 318.593 − 0 −
rL 6.62× 10−10 − 9.82× 10−10 − 3.53× 10−9 −

χ2
min 0.0351 0.5519 2.8510

Table 4.2: Best fit solutions for fermion masses and mixing obtained assuming
type-II seesaw dominance in the SUSY SO(10) model with 10 + 126 + 120
Higgs. Various observables and their pulls at the minimum are shown for three
different cases correspond to (A) the general (non TBM) leptonic mixing, (B1)
Exact TBM leptonic mixing with Ul of Eqs. (4.11,4.12) and (B2) Exact TBM
leptonic mixing with diagonalMl and tl = 0 (See the discussions in the text for
more details). The predictions of different approaches are shown in boldface.

is parameterized by three phase angles α, β and δ. An overall phase α is

irrelevant for the physical observables and can be removed. This leaves only 8

real parameters (2 in FTBM , 2 in Ul, r, s, tl and tu) which are fitted to the 10

observables in the quark sector by minimizing the χ2. The results are shown

in column B1 in Table 4.2. The obtained fit corresponds to χ2
min = 0.552

(χ2
min/d.o.f. = 0.276). Only the fitted value of mb deviates slightly from the

central value with a 0.74σ pull. All the remaining observables are fitted within

0.06σ. A set of parameters obtained for this solutions are shown in Appendix

B.2. The fit obtained here is not significantly different from the general case

discussed before showing that all the fermion masses and mixing angles can

be nicely reproduced along with the exact TBM within the SO(10) framework

discussed here.

Before we discuss possible perturbations in TBM pattern, let us discuss
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a very special case corresponding to a diagonal Ml. This corresponds to Ul

coinciding with an identity matrix and is a special case of Eqs. (4.11,4.12) with

β = π
2
and δ = 0. SinceMl is real and diagonal in this case, tlG must vanish in

Eq. (4.16). If G = 0 then the quark mass matrices also become real and there

is no room for CP violation. The viable scenario must therefore have nonzero

G and hence tl = 0. As a result, unlike before, the three parameters in G do

not get determined from Ml, see, Eq. (4.16) and remain free. They can be

fitted from the quark sector observables. We carried out a separate numerical

analysis for this particular case and the results are shown in column B2 in Table

4.2. The fit obtained gives relatively large χ2
min = 2.85 (χ2

min/d.o.f. = 1.43)

with more than 1σ deviation in the bottom quark mass. Although the obtained

χ2
min is statistically acceptable at 90% confidence level, it is not as good as the

previous one and we shall not consider this case with Ul = I any further.

4.4 Perturbations to the tribimaximal mixing

The TBM is an ideal situation and various perturbations to this can arise in

the model. We need to analyze these perturbations in order to distinguish

this case from the generic case without the built in TBM. A deviation from

tri-bimaximality can arise due to

1. renormalization group evolution (RGE) from MGUT to MZ .

2. small contribution from the sub dominant type-I seesaw term in Eq.

(3.6).

3. the breaking of the Z2 × Z2 symmetry in Ul which ensured TBM.

The effect of (1) is known to be negligible [86, 87] in case of the hierarchical

neutrino mass spectrum which we obtain here. We quantitatively discuss the

implications of the other two scenarios via detailed numerical analysis in the

following subsections.
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4.4.1 Perturbation from type-I seesaw

Depending on the GUT symmetry breaking pattern and parameters in the

superpotential of the theory, a type-I seesaw contribution can be dominant

or sub dominant compared to type-II but it is always present and can gener-

ate deviations in an exact TBM mixing pattern in general. In the approach

pursued here it is assumed that such contribution remains sub dominant and

generates a small perturbation in dominant type-II spectrum. Eq. (3.6) can

be rewritten as

Mν = rL(F − ξMDF
−1MT

D) (4.18)

where ξ = rR/rL determine the relative contribution of type-I term in the

neutrino mass matrix.

The second term in Eq. (3.6) brings in two new parameters ξ and tD present

in the definition of MD in Eq. (3.9). These parameters however affect only

the neutrino sector. We isolate the effect of type-I contribution by choosing

other parameters at the χ2 minimum found in Section 4.3.2. ξ and tD remain

unconstrained at this minimum and their values do not change the χ2 obtained

earlier since the latter contains only the observables in the quark sector. The

ξ, tD however generate departure from the exact TBM. We randomly vary the

parameters ξ and tD and evaluate the neutrino masses and mixing angles.

While doing this, we take care that all these observables remain within their

present 3σ [85] limits. Such constrains allow very small values of |ξ| ≤ 10−7.

The correlations between different leptonic mixing angles found from such

analysis are shown in Fig. 4.1.

It is seen from Fig. 4.1 that the perturbation induced by type-I term

cannot generate considerable deviation in the reactor angle if the other two

mixing angles are to remain within their 3σ range. In particular, requiring that

sin2 θl12 remains within the 3σ range puts an upper bound sin2 θl13 ≤ 0.0002.

Moreover, the model predicts interesting correlations between the solar and the

atmospheric mixing angles. The present 1σ range of the solar mixing angle

prefers the range 0.45 − 0.5 for sin2 θl23 and this range will become narrower
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Figure 4.1: Correlations among the lepton mixing angles when two real param-
eters ξ and tD are varied randomly. The points with different colors correspond
to |tD| < 1 (blue), 1 ≤ |tD| < 5 (red) and 5 ≤ |tD| < 10 (green). The black
lines are the updated central values of sin2 θl12 and sin2 θl23 obtained by the
global fits on neutrino oscillation data [85]. The unshaded and the shaded
regions correspond to 1σ and 3σ bounds respectively.

with more precise measurements of θl12.

4.4.2 Perturbation from the charged lepton mixing

A different class of perturbation to TBM arise when Ul deviates from its Z2×Z2

symmetric form given in Eq. (4.11). In this case, the neutrino mass matrix

has TBM structure but the charged lepton mixing leads to departure from

it. This case has been considered in the general context (for examples, see

[88] and references therein) as well as in SO(10) context [75]. Within our

approach, we can systematically look at the perturbations which change the

values of any one or more angles from the TBM value. Alternative possibility

is to simultaneously perturb all three mixing angles and look at the quality of

fit compared to the exact TBM case. We follow this approach. For this we
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choose Ul to be a general unitary matrix and go back to the analysis in Section

III-A. There, we have fitted the solar and the atmospheric mixing angles to

their low energy values given in Table 4.1. Here, we modify the definition of

χ2 and pin down a specific value oi of the mixing angles pi by adding a term

χ2
lm =

∑

i

(

pi − oi
0.01oi

)2

(4.19)

to χ2
q that contains all the observables of the quark sector. Sum in Eq. (4.19)

runs over the three lepton mixing angles. The χ2 = χ2
q+χ

2
lm is then numerically

minimized to fit the 13 observables determined in terms of 12 real parameters

as mentioned in Section 4.3.1. Artificially introduced small errors in Eq. (4.19)

fix the value oi for pi at the minimum of the χ2. We then look at the quantity

χ̄2
min ≡ χ2|min − χ2

lm|min (4.20)

which represents the fit to the quark spectrum when the lepton mixing angles

pi are pinned down to values oi. We repeat such analysis by randomly varying

oi within the allowed 3σ ranges of lepton mixing angles [85]. The results are

displayed in Fig. 4.2.

We plot the correlations among the lepton mixing angles and show the cor-

responding values of χ̄2
min in three different regions. The points correspond-

ing to χ̄2
min < 1 (green) represent very good fit in which all the observables

are fitted within 1σ. The obtained fit shown by the points corresponding to

1 ≤ χ̄2
min < 4 (blue) is not as good as the previous one but it is statistically

acceptable. The points for χ̄2
min > 4 (red) represent poor fit and can be ruled

out at 95% confidence level. Fig. 4.2 shows definite correlations between θl23

and θl13. It is seen that the region χ̄2
min < 4 falls largely above sin2 θl13 > 0.005

for sin2 θl23 = 0.5 which may be regarded as an approximate lower bound on

θl13. Such a lower bound on θl13 increases with atmospheric mixing angle if

sin2 θl23 > 0.5. This is to be contrasted with the previous case where pertur-

bation from type-I seesaw term led to an upper bound. The bounds obtained
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Figure 4.2: Correlations among the lepton mixing angles in case of the most
general charged lepton mixing matrix Ul. The points with different colors
correspond to χ̄2

min < 1 (green), 1 ≤ χ̄2
min < 4 (blue) and χ̄2

min ≥ 4 (red). The
black lines are the updated central values of sin2 θl12 and sin2 θl23 obtained by
the global fits on neutrino oscillation data [85]. The unshaded and the shaded
regions correspond to 1σ and 3σ bounds respectively.

numerically would allow us to clearly distinguish the case of the exact TBM

at MGUT in comparison to the one in which the charged leptons lead to de-

partures from the tribimaximality. Unlike in the previous case, we do not find

any clear correlation among the solar and atmospheric mixing angles in this

case. The situation here is qualitatively different from the perturbation due to

type-I term.

4.5 Conclusions & outlook

We have analyzed the viability of the exact tribimaximal mixing in a larger

context of the grand unified SO(10) theory taking a specific model as an ex-

ample. The TBM structure for the neutrino mass matrix is a matter of choice

of the basis [75]. Thus the existence of TBM is linked to the structure of
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the charged lepton mixing matrix Ul in this basis. All the related studies in

this context [75, 88] assume that Ul deviates slightly from identity and discuss

the breaking of the TBM pattern through such Ul. We have shown that it

is possible to construct a class of non-trivial Ul quite different from identity

which preserve the TBM structure of Mν when transformed to the flavour

basis. Identification of such non-trivial Ul becomes crucial in the context of

SO(10) and allows us to obtain a viable fit to fermion spectrum keeping TBM

intact. The quality of fit obtained in this case is excellent as shown in Table

4.2 and differs only marginally from a general situation without imposing the

TBM structure at the outset.

The existence of TBM at the GUT scale may be inferred by considering its

breaking which can arise in the model and the reactor mixing angle is a good

pointer to this. The quantum corrections are known [86, 87] to lead to very

small θl13 for the hierarchical neutrinos. Similarly, corrections coming from

type-I seesaw term imply an upper bound, sin2 θl13 ≤ 0.0002 as discussed in

Section 4.3.1. These two cases are in sharp contrast to a situation in which

one does not impose the TBM at MGUT and determined Ul from a detailed

fits to fermion masses as done here and in [75]. Requiring that one gets an

acceptable fit, one is lead to an approximate lower bound sin2 θl13 ≥ 0.005 in

this case. θl13 can thus provide a good way of determining the existence or

otherwise of the exact TBM at MGUT in the specific model considered here.

Very recently, the observations of νe−νµ oscillation by T2K [89] and MINOS

[90] experiments and their combined effect on global fits [91, 92] of neutrino

oscillation data have indicated that θl13 is nonzero at 3σ. If confirmed, these

results disfavor the exact TBM pattern in the lepton mixing. Taking this into

the consideration, we have updated our numerical analysis and its results are

reported in [93]. It is found that the quantum corrections and corrections

coming from type-I seesaw term can be ruled out by relatively large value of

θl13 as indicated by the observations from T2K and MINOS. However, the per-

turbations from the charged lepton mixing can provide the large θl13 consistent

with the detailed description of all the fermion masses and mixing angles.



Chapter 5

Supersymmetric SO(10) Models

with Flavour Symmetries

The two major elements of the flavor puzzle in the SM are: (i) strong mass

hierarchy in the quark and charged lepton sector in contrast to the weak mass

hierarchy for neutrinos; (ii) large lepton mixing angles i.e. θl23 = 45o and θl12 =

35o as against small quark mixing angles θq23 = 2.5o and θq12 = 12o and some

empirical relations between some of the mixing angles and the fermion masses.

In generic bottom-up pictures where quarks and leptons are treated as different

species of particles with no particular relation between them, this problem is

not so serious since one can simply focus on each sector separately, as is often

done for neutrinos [11, 78, 94, 95]. In this kind of approaches, a suitable

flavour symmetry, applied on the quark and lepton sector separately, can lead

to the understanding of (i) and/or (ii). However all these approaches fail in

explaining the origin of differences between quark and lepton sector. Since

grand unified theories not only unify different gauge couplings at a high scale

but also unify quarks and leptons within a single framework, they have often

been thought of as an attractive venue for unraveling this puzzle. However,

in grand unified theories where the quarks and leptons unify at a very high

scale, one would naively expect that their masses and mixings would exhibit a

similar pattern. Therefore a major challenge in such frameworks is to find out

a suitable flavor symmetry which uniquely determines the observed differences

77
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in the flavor patterns of quarks and leptons. This makes it highly nontrivial to

understand all the details of flavor puzzle although many attempts have been

made (see [11, 78] for examples and references therein).

In this chapter, we propose and study some similar models in which the

suitable flavor symmetries are integrated in the SUSY SO(10) GUT frame-

work. The consequences of such integrations are unique and very interesting.

For example, we discuss the µ-τ symmetric SO(10) in the first section of this

chapter which explain the observed differences between quark and lepton mix-

ing angles. In the second section, we propose a specific ansatz followed by a

flavor symmetry that leads to the quasidegenerate neutrinos which is gener-

ally opposed in the GUTs because of the quark-lepton unification. In the last

section, we discuss an SO(10) GUT model with a discrete family symmetry

which predicts several interesting relations between the observables of quark

and lepton sectors.

5.1 Fermion masses and mixing in µ-τ sym-

metric SO(10)

5.1.1 µ-τ symmetry

There exist variety of theoretical frameworks/specific models [94, 95] which

try, to account for the large atmospheric mixing angle observed more than a

decade ago. One class of theories attribute the maximal atmospheric mixing to

the presence of some underlying flavour symmetry. This would be a preferred

alternative if the deviation of the atmospheric mixing angle from maximality

is constrained to be very small. The simplest of such flavour symmetries is

the µ-τ symmetry [96, 97, 98, 99, 100, 101, 102] which exchanges the µ and τ

fields. The light neutrino mass matrix Mν is restricted to have the following



5.1. Fermion masses and mixing in µ-τ symmetric SO(10) 79

form in the presence of this symmetry:

Mν =











X A A

A B C

A C B











(5.1)

If it is assumed to be true in the flavour basis, this form leads to a maximal

atmospheric mixing and comes with an additional prediction that one of the

three leptonic mixing angles namely, θl13 must be zero. In the same basis, the

charged lepton mass matrix is diagonal and consequently, it is not invariant

under the µ-τ symmetry which would have implied mµ = mτ .

µ-τ symmetry is predictive and simple but it appears to have two short-

comings. Successful predictions follow only if it is an effective symmetry of the

neutrino mass matrix in specific basis corresponding to a diagonal charged lep-

ton mass matrix. The underlying flavour symmetry in general may not pick up

this basis. Secondly, µ-τ symmetry has been proposed with a view of explain-

ing the mixing angles in the leptonic sector alone. It would be more desirable to

have a symmetry providing overall understanding of complete fermionic mass

spectrum. This can be done using the grand unified theory as the underlying

framework. Various alternatives within such theories to simultaneously obtain

small mixing in the quark sector and large mixing among leptons have already

been proposed [11, 51, 103].

5.1.2 µ-τ symmetric SO(10)

If µ-τ symmetry is to be integrated with grand unification then a more general

symmetry which exchanges the second and third generations of fermions should

be imposed. Consequences of this generalization were first considered in [98,

99, 100]. It was subsequently noted [101] that this generalization automatically

leads to understanding of why Cabibbo angle is larger than other two angles

and a mild breaking of this symmetry was shown to lead to a correct description

of the quark mixing angles and masses. Most of these works did not use the
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grand unified framework. Here, we consider a model based on the SO(10)⊗
Zµ−τ

2 ⊗ ZP
2 . The first Z2 corresponds to the generalized µ-τ symmetry. The

second Z2 symmetry called [71] “parity” interchanges two components of the

16F field transforming as (4, 2, 1) and (4, 1, 2) under the Pati-Salam group

decomposition (2.17).

We use the non-minimal SUSY SO(10) model discussed in Chapter 3 as

a basic framework. As already shown in Section 3.2, the model predicts the

Yukawa sum-rules (3.14) which can be suitably written as:

Md = H + F + i G ,

Mu = rH + sF + i tuG ,

Ml = H − 3F + i tl G ,

MD = rH − 3sF + i tD G ,

ML = rLF ,

MR = r−1
R F. (5.2)

The generalized parity symmetry ZP
2 makes the matrices H , F and G real.

In addition, if all VEVs and (hence r, s, t, p, q, rL, rR) are real then all the Dirac

masses in Eq. (5.2) are Hermitian and ML,MR are real. We assume that the

10H and 126H fields are invariant under the generalized µ-τ symmetry while

the 120H changes sign. This assumption allows spontaneous breaking of the

µ-τ symmetry. The resulting structures for H,F,G are given by

H =











h11 h12 h12

h12 h22 h23

h12 h23 h22











; F =











f11 f12 f12

f12 f22 f23

f12 f23 f22











; G =











0 g12 −g12
−g12 0 g23

g12 −g23 0











(5.3)

All the coefficients in these matrices are real. They satisfy

ST (H,F,G)S = (H,F,−G) , (5.4)
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where

S =











1 0 0

0 0 1

0 1 0











(5.5)

exchanges the second and the third generations. The effective neutrino mass

matrix Mν (3.6) for the three light neutrinos is a combination of type-I and

type-II seesaw mechanisms which we rewrite here for convincingness.

Mν = rLF − rRMDF
−1MT

D ≡M II
ν +M I

ν (5.6)

In general, both contributions are present but one may dominate over the

other. We shall be considering two separate cases corresponding to the type-II

and type-I dominance respectively.

The relations θl23 = π
4
and θl13 = 0 are major predictions and motivation

for imposing the µ-τ symmetry. These can arise if the effective neutrino mass

matrix Mνf in flavour basis possesses a µ-τ symmetry. Let us see how this

can come about in our approach. It is easy to see that the fermionic mass

matrices in our model satisfy:

S−1MfS =M∗
f , (5.7)

S−1M II
ν S =M II

ν , (5.8)

S−1M I
νS =M I∗

ν . (5.9)

f = u, d, l, D label the (Dirac) fermionic mass matrices. The M I,II
ν correspond

to the type-I and II contributions to the light neutrino mass matrix, Eq. (3.6).

Let us note that

• Eq. (5.8) implies an exact µ-τ symmetry for M II
ν .

• Eqs. (5.7,5.9) correspond to an invariance under the generalized CP
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transformation defined [97, 104, 105] as

fα → iSαβγ
0Cfβ

T
(5.10)

• If Eq. (5.8) represents the neutrino masses in flavour basis then one

obtains the predictions θl23 =
π
4
and θl13 = 0.

• If Eq. (5.9) holds in the flavour basis then only the θl23 is maximal with

definite correlations of θl13 with the CP violating phase δPMNS [104, 105].

• Ml is not diagonal here and hence these predictions do not follow im-

mediately. It is still possible to recover these predictions even with a

non-diagonal Ml.

Define

U †
l MlUl = Dl , (5.11)

where Dl is the diagonal mass matrix for the charged leptons. By factoring

out a diagonal phase matrix Pl, the Ul can be written as:

Ul ≡ ŨlPl (5.12)

The neutrino mass matrix in the flavour basis is then given by

Mνf = P †
l Ũ

†
l MνŨ

∗
l P

∗
l ≡ P †

l M̃νfP
∗
l (5.13)

The predictions of the µ-τ symmetry are recovered if M̃νf is µ-τ invariant.

This does not require a diagonal Ml. A general µ-τ symmetric Ũl satisfying

S−1ŨlS = Ũl will do the job in case of the type-II dominance. This makes it

possible to recover the predictions of the µ-τ symmetry for a non-diagonal Ml

and obtain reasonably good fits to other fermion masses and mixing.

It is known [97, 104, 105] that with appropriate choice of Pl, Ũl can be cast
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into the following form if Ml satisfies Eq. (5.7):

Ũl =











u1l u2l u3l

w1l w2l w3l

w∗
1l w∗

2l w∗
3l











, (5.14)

with real uil. A unitary matrix with this form can be parametrized in terms

of two angles and a phase.

Ũl = Pη











c1 s1c2 s1s2

s1√
2

− 1√
2
(c1c2 − iǫs2) − 1√

2
(c1s2 + iǫc2)

s1√
2

− 1√
2
(c1c2 + iǫs2) − 1√

2
(c1s2 − iǫc2)











, (5.15)

where ǫ = ±1, s1,2 ≡ sin θ1,2 , c1,2 = cos θ1,2. c2 and s2 can be chosen positive

with appropriate choice of Pl in Eq. (5.12).

Pη = Diag.(1, e−iη, eiη)

is a diagonal phase matrix. The above Ũl becomes µ-τ symmetric if s2 = c2 and

η = 0. This defines a one parameter family of the leptonic mass matrices which

lead to the prediction of the µ-τ symmetry in case of the type-II dominance.

We will use this form subsequently in our numerical analysis.

There is an important but unwelcome feature associated with the gener-

alized CP invariance of the mass matrices in Eq. (5.7). The CKM matrix in

this case turns out to be real. To see this explicitly, we note that just as in

case of Ul, the matrices Uu,d diagonalizing the up and down quark masses can

be written as Ũu,dPu,d. Ũu,d have the same form as the RHS of Eq. (5.14) with

the replacement of uil with uiu,id and wil with wiu,id. The phase matrices Pu,d

can be absorbed in redefining the quark fields and the remaining part of the

CKM matrix is given by

Vij ≡ (Ũ †
uŨd)ij = uiuujd + 2Re(wiuw

∗
jd)
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which is real since uiu,id are real.

One can generate CP violation in the model by breaking the generalized

CP invariance of the mass matrices. This can be done in two ways. Either

one allows complex VEV for some of the Higgs doublets as in [72, 76] or one

retains the real VEV but allows breaking of the µ-τ symmetry in the Yukawa

couplings. In the following, we will discuss the second alternative.

5.1.3 Numerical analysis

We now discuss the numerical implications of this model in detail. As already

mentioned, we assume that either the type-I or the type-II term in the neutrino

mass matrix dominates and carry out analysis separately in each of these two

cases. The free parameters in the model are r, s, t, p, q, rL, rR, Eq. (5.2) and the

real elements of the matrices G,H, F , Eq. (5.3). Parameter q is absent in the

type-II case. An overall rotation R on G,H, F : (G,H, F ) → RT (G,H, F )R

amounts to a choice of initial basis for the 16-plet of fermions. We can use

this freedom to set say, h12 = 0. This is done with a specific choice R =

RT
23(

π
4
)R12(θ

h
12)R23(

π
4
). Here Rij(θ) denotes rotation in the ijth plane by an

angle θ and

tan 2θh12 =
2
√
2h12

h11 − h22 − h23
.

This rotation amounts to redefinition of elements of F and G which still retain

the same form as in Eq. (5.3). We continue to use the same notation for the

parameters of the redefined F,G. With the choice h12 = 0, we have 14 (15)

input parameters in case of type-II (type-I) seesaw dominance. These input

parameters together generate 12 fermion masses and six mixing angles. As

already remarked, the exact µ-τ symmetric H,F,G are not able to generate

CP violation. We introduce this CP violation by adding a small µ-τ breaking

difference between the 22 and 33 elements in H . This one additional parameter

now leads to four CP violating phases, one in the CKM matrix and three in

the PMNS matrix.

We use the same χ2 technique discussed in the Appendix A to fit the
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fermion mass spectrum on the model. Our choice of the input values of the

physical observables are same as given in Table 4.1 of the previous chapter,

except for the values of light quarks md, ms and mu which are obtained by

taking their low-energy values from [106] and scaling them to MGUT . We

reproduce all these input values in Table 5.1 for convenience. While fitting, we

GUT scale values with propagated uncertainty

md(MeV) 1.03 ± 0.41 ∆m2
sol(eV

2) (7.9 ± 0.3) × 10−5

ms(MeV) 19.6 ± 5.2 ∆m2
atm(eV2) (2.50+0.20

−0.25)× 10−3

mb(GeV) 1.06+0.14
−0.09 sin θq12 0.2243 ± 0.0016

mu(MeV) 0.45 ± 0.15 sin θq23 0.0351 ± 0.0013
mc(GeV) 0.210 ± 0.021 sin θq13 0.0032 ± 0.0005

mt(GeV) 82.4+30.3
−14.8 sin2 θl12 0.31 ± 0.025

me(MeV) 0.3585 ± 0.0003 sin2 θl23 0.50 ± 0.065
mµ(MeV) 75.6715 ± 0.058 sin2 θl13 < 0.0155(1σ)
mτ (GeV) 1.2922 ± 0.0013 JCP (2.2 ± 0.6) × 10−5

Table 5.1: Input values for quark and leptonic masses and mixing angles in
the MSSM extrapolated atMGUT = 2×1016 GeV for tanβ = 10 which we use
in our numerical analysis.

omit the parameters rR, rL which define the overall scales of neutrino masses

in case of the type-I and type-II seesaw respectively. The ratio of the solar

and atmospheric mass scales and neutrino mixing parameters are independent

of these overall scales and are used in our definition of χ2 function instead of

the individual neutrino masses. In addition, we assume ∆m2
atm to be positive

corresponding to the normal neutrino mass hierarchy. Parameters rR, rL are

fixed subsequent to minimization using the atmospheric scale.

Numerical analysis: Type-II seesaw

We perform the minimization in three physically different cases.

(A) In this case, we impose the conditions θl23 = π
4
and θl13 = 0 using

a µ-τ symmetric Ũl. As discussed in the earlier section, this is done using

parametrization in Eq. (5.15) with s2 = c2 = 1√
2
. The charged lepton mass

matrix is then determined completely in terms of three masses and the angle θ1.
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Using the third of Eq. (5.2), the real and imaginary parts ofMl can be used to

determine respectively elements ofH in terms of that of F and elements of G in

terms of p, the charged lepton masses and θ1. f12 also gets determined in terms

of these parameters because of the choice h12 = 0. Thus f22, f23, f11, r, s, t, p, θ1

are the only free parameters which determine the 11 remaining observables -

six quark masses, three angles of the CKM matrix, the solar angle and the

solar to atmospheric mass ratio. The result of the minimization are shown in

Table 5.2. The parameters obtained at the minimum are shown in Appendix

B.3. One obtains a reasonably good fit to all observables except the down and

bottom quark masses which are respectively ∼ 1.5σ and ∼ 2.5σ away from

their respective mean values. All other observables are reproduced correctly

with very small pulls as seen in the Table 5.2.

A B C

Quantity Pull Pull Pull

md −1.47532 0.167255 0.0620115
ms −0.8225 0.271662 −0.0545523
mb −2.52388 1.68787 1.72811
mu 0.274609 −0.00446626 −0.00184452
mc −0.0125887 0.000159604 0.00744292
mt 0.00190476 0.00901941 −0.0199522
me 0 −0.000951761 0.000179815
mµ 0 0.0176266 −0.000749102
mτ 0 −0.0192274 −0.017642

∆m2

sol

∆m2

atm

0.679035 −0.169337 −0.0544521

sin θq
12

−0.0116059 0.00250491 −0.00412383
sin θq

23
0.155231 −0.00717926 0.0402861

sin θq
13

−0.0705362 0.0000163982 0.0163964
sin2 θl12 0.112082 −0.111783 −0.00578002
sin2 θl23 0 0.129873 −0.141465
δCKM − − −0.0364271
χ2 9.80473 3.00957 3.02019

Predictions Predictions Predictions

sin2 θl23 0.5 − −
sin2 θl13 0 0.000471537 0.000226908
δCKM 0◦ 0◦ −
δPMNS 0◦ 0◦ −12.759◦

α1 180◦ 180◦ 169.80◦

α2 0◦ 0◦ −9.445◦

rL 2.8714× 10−10 1.8183× 10−9 1.8645× 10−9

Table 5.2: Best fit solutions for fermion masses and mixing obtained assuming
the type-II seesaw dominance. Various observables and their pulls obtained at
the minimum are shown in three cases (A)-(C) defined in the text.
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(B) In this case, we do not impose the maximality of θl23 but include sin
2 θl23

in the χ2 to be minimized. sin2 θl13 is not included in the definition of χ2 but

we require it to be ≤ 0.0155 during the minimization. r, s, t, p and elements of

H,F,G are now treated as free and the χ2 definition now includes the charged

lepton masses as well. This results in significant improvement in the fit and

one is able to fit 15 observables in terms of 13 parameters with χ2 = 3.01. The

fit to the bottom and the down quark masses also improves. δCKM remains

zero in this case.

(C) For this case, we depart from the exact 23 symmetry and take h22

different from h33. As already discussed, this breaks the generalized CP and

results in a non-trivial CKM phase. Remarkably, a very small (∼ 8%) breaking

of the 23 symmetry is able to generate a non-trivial CKM phase and χ2
min =

3.02 with 2 degrees of freedom. Bottom quark mass is the only variable which

deviates from its central value considerably.

Some of the observables are not part of the χ2 and their values get fixed

at the minimum. These are shown as predictions in Table 5.2. These include

the CP violating Dirac phase δPMNS and the Majorana phases α1,2. These are

trivial for the cases (A) and (B) due to the generalized CP invariance but one

obtains non-zero values displayed in the Table 5.2 in case (C).

Before going into the more detailed predictions, let us underline some im-

portant points connected with the above fits.

• Detailed fits to fermion masses have been considered in a number of

papers with [72, 76] or without [57, 65] the addition of the 120-plet to

the minimal 10 + 126 Higgs fields. The minimal model without the 120-

plet but not imposing reality of the coupling has more parameters than

the present case but the fit is not better compared to here, e.g. the fit

in pure type-II case [57] with 18 parameters and 15 data points gives a

minimum χ2 around 14.5.

• The best fit solutions in cases (B) and (C) give θl23 close to maximal and

θl13 close to zero as seen from Table 5.2.
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• We have fixed the overall scale of neutrino mass rL in Eq. (5.6) by using

the atmospheric scale as normalization. The resulting values are dis-

played in Table 5.2. In all three cases, rL comes close to 10−10. rL is

related to the mass of the left handed triplet residing in the 126 represen-

tation and to other parameters in the superpotential. Detailed analysis

[38, 39, 48, 49, 57, 63, 64, 65] has shown that one needs this triplet mass to

be at an intermediate scale ∼ 1012 GeV if the overall neutrino mass scale

is to be correctly reproduced. The presence of such light triplet conflicts

with the gauge coupling unification. An additional 120-plet does not

qualitatively alter the situation. One possible solution suggested [83] in

the literature is to add a 54-plet of Higgs and allow SO(10) to break first

to SU(5) leaving a complete 15-plet of Higgs light at around 1012 GeV.

Other solution corresponds to having split supersymmetry breaking [65].

Third possibility is to allow type-I seesaw dominance [66, 67, 68, 69]. We

shall look at this in the next subsection in the present context.

We now turn to predictions in the neutrino sector. As it has been already

discussed in Section 4.4.2 in the previous chapter, the firm predictions of the

scheme can be obtained by checking the variation of χ2 with the values of

various observables. We do the similar analysis here and check the predictions

of the model for (1) deviations in θ23 from its maximal value (2) the reactor

angel and (3) Dirac CP violating phase in the lepton sector. The results are

displayed in Figs. 5.1, 5.2, 5.3.

Fig. 5.1 shows the variation of χ̄2
min for various pinned downed values of

sin2 θl23. It is seen that the minimum occurs when sin2 θl23 is fixed to around

0.46 rather than the value 0.5 obtained in the fits shown in Table 5.2. The

variation of χ̄2
min is not drastic and all values in the range 0.3−0.7 are allowed

at 90%CL. In comparison, variation of χ̄2
min with sin2 θl13 shown in Fig. 5.2

is little more significant. There is a preference for values close to zero but

values up to 0.008 cannot be ruled out at 90% confidence level. Fig. 5.3

shows the prediction for the PMNS phase in the leptonic mixing matrix. Clear

prediction is the negative values for the sin δPMNS. However, all negative
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Figure 5.1: Variation of χ̄2
min with sin2 θl23 in Type-II seesaw.
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Figure 5.2: Variation of χ̄2
min with sin2 θl13 in Type-II seesaw.

values are allowed within the 90% confidence limit.

Numerical analysis: Type-I seesaw

The structure of the neutrino mass matrix in the type-I case is qualitatively

different compared to the type-II case. Unlike M II
ν , M I

ν is not µ-τ invariant

in general. But it can be made approximately µ-τ symmetric if either 120

contribution or the 10+126 dominates inMD, see Eq. (5.2). We discuss below

fits in three qualitatively different cases as done for the type-II dominance.
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Figure 5.3: Variation of χ̄2
min with sin δPMNS in Type-II seesaw.

(A) Here we impose the exact µ-τ symmetry for M I
ν by hand, i.e. by

choosing q = 0 in MD. As before, Ul is also chosen µ-τ symmetric. The

input parameters and observables are the same as in the case (A) of type-II

seesaw. The results of the fits are displayed in the first column of the Table

5.3. The total χ2 involves 11 observables and is determined by 8 parameters .

The minimum value is ∼ 13. While most observables can be fitted nicely, the

top quark mass deviate by 3.6σ from the central value. Enforcing the exact

µ-τ symmetry does not appear to be a very good choice.

(B) In this case, we do not take q = 0. M I
ν now satisfies Eq. (5.9) and

is not symmetric under µ-τ symmetry. θl23 is not fixed to be maximal but is

included in the definition of χ2. As in the earlier case (B), χ2 is defined by 15

observables and is determined in terms of 14 parameters. The CP violating

phases are zero in this case and the CKM phase is therefore not included in

χ2. Experimental bound on θl13 shown in Table 4.1 is imposed during the

minimization. One now gets excellent fit to all the included variables with

χ2
min = 0.017.

(C) In this case we introduce a small explicit µ-τ symmetry breaking by

assuming h22 6= h33 in Eq. (5.2). This allows CP violation. χ2 definition now

includes all 16 observables and depends on 15 parameters. Bound on θl13 is
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A B C

Quantity Pull Pull Pull

md −0.31569 0.0346007 −0.379829
ms 0.473034 −0.0483779 −0.0717277
mb −0.108264 −0.113763 −0.114314
mu 0.50263 0.00026323 0.00344698
mc −0.151225 −0.000606809 −0.00938266
mt −3.60744 −0.0193107 0.0122663
me 0 −4.874× 10−6 0.0000348858
mµ 0 0.000480511 0.00078371
mτ 0 0.00254153 −0.0106065

∆m2

sol

∆m2

atm

−0.00977627 −0.00192856 0.0125218

sin θq
12

0.0218205 −0.00061312 0.00761817
sin θq

23
0.00289271 0.00129946 0.0284214

sin θq
13

−0.238953 −0.00823361 0.0366413
sin2 θl12 −0.0129712 0.000590904 −0.00265193
sin2 θl23 0 −0.00544523 0.0289959
δCKM − − −0.120278
χ2 13.6821 0.0169632 0.180526

Predictions Predictions Predictions

sin2 θl23 0.5 − −
sin2 θl13 0 0.0135605 0.013505
δCKM 0◦ 0◦ −
δPMNS 0◦ 0◦ −0.287748◦

α1 180◦ 0◦ 2.156◦

α2 0◦ 0◦ 2.616◦

rR 4.1143× 10−11 5.2329× 10−18 5.0093× 10−18

Table 5.3: Best fit solutions for fermion masses and mixing obtained assuming
the type-I seesaw dominance. Various observables and their pull obtained at
the minimum are shown in three cases (A)-(C) defined in the text.

imposed during minimization. Once again we get an excellent fit to all the

observables with χ2
min = 0.18. CP violating phases in the PMNS matrix come

as predictions.

Noteworthy features of the fits in (B) and (C) cases above are the following:

• The overall neutrino mass scale is determined to be around rR ∼ 5 ×
10−18. rR is related to the ratio of the VEV of the doublet and the RH

triplet components in 126. The values of rR obtained here are similar to

the values obtained in [72] which assume 126 RH triplet VEV to be at the

GUT scale. Thus one does not need an intermediate scale in order to fit

the neutrino masses and one can obtain the gauge coupling unification.

This is consistent with observations in [68, 69, 72, 76].
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• Maximality of θl23 is not imposed. But it is fixed to be very close to π
4
at

the minimum in both the cases. The departure from the µ-τ symmetry

results in θl13 being non-zero and is fixed around the upper bound at the

minimum as seen from the Table 5.2.

• Although an explicit breaking of the µ-τ symmetry is introduced in case

(C), the amount of the breaking required in order to obtain the large CP

violating phase is extremely tiny,

h22 − h33
h22 + h33

∼ 0.0045 . (5.16)

• The exact µ-τ symmetry is known [103] to lead to the unwanted predic-

tions Vub = Vcb = sin2 θl23 = 0. Here we have two sources of breaking this

symmetry, spontaneous through the VEV of the 120-plet and explicit

through Eq. (5.16) which allows one to reproduce the mixing angles

correctly. In spite of the µ-τ breaking, the final fermion mass matri-

ces display a remarkably good µ-τ symmetry. We make this explicit by

giving the quark and lepton mass matrices in the case (C) above in Ap-

pendix B.3. Mu,d,l and M
I
ν are seen to be nearly µ-τ symmetric. There

is an order of magnitude difference in the imaginary parts of the 12 and

13 elements of M I
ν . But these imaginary parts are much smaller than

the corresponding µ-τ symmetric real parts. The only source of the large

µ-τ breaking occurs as a difference between the 12 and 13 elements of

the Dirac neutrino mass matrix MD. This results from the spontaneous

breakdown and rather large value of the parameter q.

• As in [72, 76] we have concentrated here in obtaining generic fits to

fermion masses rather than considering the entire parameter space of

the theory given by the Yukawa couplings and basic parameters in the

superpotential. Parameters in fermion mass matrices are related to the

strengths of the light Higgs components in various SO(10) Higgs rep-

resentations. These are determined by the fine tuning conditions and
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the full superpotential. Grimus and Kühböck [76] have laid down consis-

tency constraints on these parameters following from these fine tuning

relations and from the requirement that the Yukawa couplings stay in the

perturbative regime. We have checked that these conditions are satisfied

by the parameters given in the Appendix B.3.

We follow a similar procedure of the type-II case to obtain possible predic-

tions on the neutrino mixing variables. Variations of χ̄2
min obtained at different

local minima are shown as scattered plots in Fig. 5.4, 5.5, 5.6.
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Clear predictions emerge unlike in the type-II case. As Fig. 5.4 shows,

the sin2 θl23 is preferentially restricted near 0.5 and one obtains the limit ∼
0.42 − 0.63 at the 90% CL. Fig. 5.5 shows similar variation with respect to

sin2 θl13. Here, the preferred values occur near the present limit and one obtains

sin2 θl13 > 0.005 at 90% CL. The predicted values for sin δPMNS are displayed

in Fig. 5.6. These are negative but very small.

We end this section with a comment on the specific µ-τ symmetry defined

by S used in Eq. (5.5). Definition of S is basis-dependent. One could change

the original basis of the 16-plet through an arbitrary rotation R. The struc-

ture of the Yukawa couplings and the resulting fermionic mass matrices would

look different in the new basis. The new Yukawa couplings would still satisfy

the same equation as (5.4) but now with a rotated S: SR ≡ RTSR. Thus

the µ-τ symmetry may appear to look different with different choices of R.

Specifically, if R corresponds to a rotation by π
4
in the 23 plane then the SR

assumes the form

SR =











1 0 0

0 −1 0

0 0 1











. (5.17)

This is nothing but the Z2 symmetry imposed in [76] which is thus equivalent

to the generalized µ-τ symmetry considered here if both remain unbroken.
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Difference arises after these symmetries are broken. Ref. [76] uses complex

VEV to achieve Z2 breaking as a result of which analogue of Eqs. (5.7-5.8) do

not hold in their case. In our approach, we introduce small explicit breaking

of µ-τ symmetry in H . The model in [76] has 20 free parameters compared to

15 used here.

Note that the explicit breaking of the µ-τ symmetry is technically natural

in the supersymmetric context. Alternatively, one can achieve such breaking

by introducing an additional 10-plet of the Higgs field which changes sign under

the µ-τ symmetry. Combined contributions of these two 10-plets would then

give an explicitly µ-τ non-invariant H .

5.2 Quasidegenerate neutrinos in SO(10)

As we already noted in the beginning of this chapter,

1. Two of the neutrino mixing angles are large as opposed to the small

quark mixing angles.

2. Neutrino mass hierarchy is milder compared to quarks and extreme case

of all neutrinos being quasidegenerate is still an allowed possibility.

Several independent reasons have been advanced [11, 51, 103] to understand

feature (1) of the fermion spectrum but it may be that its answer lies in (2).

Large mixing angles become quite natural if neutrinos are almost degenerate.

They remain undefined in the exact degenerate limit. A small perturbation

which leads to differences in neutrino masses can also stabilize all or some of

the mixing angles to large values. Thus theory which predicts quasidegeneracy

has built in mechanism to explain large mixing angles.

The stringent constraints on the degenerate mass m0 comes from cosmol-

ogy. Depending on which data set one uses and method of analysis, 3m0 can

vary between 0.9-1.7 eV or 2-3 eV [107], the latter limit is based solely on

the information from the cosmological microwave background studies. All the

neutrinos having a quasidegenerate mass in the range 0.3-1 eV is thus an al-
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lowed possibility. It is non-trivial to accommodate this possibility within the

conventional pictures of neutrino mass generation. Indeed, unified treatment

of all fermion masses tend to generate hierarchical masses for neutrinos as well.

For example, the light neutrino masses are related to the Dirac neutrino mass

matrix MD in type I seesaw model [11] and generically follow the hierarchi-

cal patterns as many grand unified framework predicts MD ∼ Mu where Mu

is a mass matrix for up-type of quarks. We present an SO(10) based uni-

fied description of fermion masses and mixing leading to hierarchical charged

fermions and quasidegenerate neutrino masses. We propose a specific ansatz

for the structure of Yukawa matrices in SO(10) models which differ from this

generic expectations and lead to quasidegenerate neutrinos through the type-I

seesaw mechanism. Consistency of this ansatz is demonstrated through a de-

tailed fits to fermion masses and mixing angles all of which can be explained

with reasonable accuracy in a model which uses the Higgs fields transforming

as 10, 120 and 126 representations of SO(10). The proposed ansatz is shown

to follow from an extended model based on the three generations of the vector

like fermions and an O(3) flavour symmetry.

5.2.1 Ansatz & phenomenology

We use supersymmetric SO(10) as our basic framework and consider its most

general Yukawa sector. The fermion masses arise in renormalizable through

their couplings to Higgs fields transforming as 10, 126 and 120 representations.

As already discussed in the previous chapters, all three Higgs fields are not

necessarily required to construct viable models and can either choose a valid

minimal Higgs fields or can invoke additional symmetries to reduce the number

of free parameters in the theory. In our context, we find that all the three Higgs

representations are needed to obtain satisfactory and viable fits to fermion

masses and mixing angles. As noted earlier, the final fermion mass matrices

(3.14) obtained after SO(10) and SU(2)L×U(1) breaking can be parametrized
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as:

Md = H + F +G,

Mu = r(H + s F + tu G),

Ml = H − 3 F + tl G,

MD = r(H − 3s F + tD G),

ML = rL F,

MR = r−1
R F. (5.18)

where the matricesH and F are complex symmetric andG is an anti-symmetric

matrix in generation space. r, s, tu, tl, tD, rL, rR are complex parameters

determined by the ratios of VEVs and mixing among various Higgs doublets.

The light neutrino mass matrix is given by Eq. (5.6). It is known that the

above fermion mass structure allows different mixing patterns for quarks and

neutrinos if type-II seesaw mechanism dominates [63]. Consider the limit in

which the contribution of the 10-pletH dominates. In this limit, all the charged

fermions are diagonalized by the same matrix and the CKM matrix becomes

proportional to identity. In the same limit, neutrino mixing with the type-II

dominance is governed by F in Eq. (5.6) leading to non-trivial leptonic mixing.

In fact, if only H dominates the charged fermion masses then one can obtain

b-τ unification which in turn drives the large atmospheric mixing [63]. The

existing fits [56, 57, 74] to fermion masses and mixing with type-II dominance

are for the hierarchical neutrino masses. Degenerate neutrino spectrum can

be obtained in this approach with an additional assumption:

F = c0I (5.19)

I denoting a 3× 3 identity matrix. The sub-dominant type-I contribution can

then lead to the quark mixing and neutrino mass differences.

As noted in Section 3.1.4, the realization of the attractive type-II dominated

scenario was found difficult in the context of the minimal model [48, 56, 57, 63,
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74]. This motivates us to study degenerate neutrinos in the context of a purely

type-I seesaw mechanism. A general framework to obtain quasidegenerate

neutrinos in type-I seesaw was recently discussed in [108]. It was shown in

this approach that MR has the following form in an effective theory invariant

under a specific flavour symmetry:

MR ≈MT
DMD + ... . (5.20)

This form leads to degenerate neutrinos to the lowest order.

An equivalent description at the SO(10) level can be obtained by imposing

the following ansatz:

F = aH2 , (5.21)

Since H is a symmetric matrix it can be diagonalized by a unitary matrix

UT H U = DH , where DH is a diagonal matrix with real elements. Without

loss of generality, we can express the mass matrices in (5.18) in an SO(10)

basis with a diagonal H . This basis are obtained from Eq. (5.18) by the

replacement H → DH and

F −→ UT F U = a(UTHU U †U∗ UTHU) = a DHV
∗DH . (5.22)

G retains its antisymmetric form and we use the same notation for it and for

various mass matrices in the new basis. From now on, we will work in this

rotated basis. V = UTU in Eq. (5.22) is a symmetric unitary matrix which

can be parametrized [109] as

V = PRT
23(φ)U12(θ, α)R23(φ)P , (5.23)
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with

R23(φ) =











1 0 0

0 cos φ sinφ

0 sinφ − cos φ











; U12(θ, α) =











cos θ sin θ 0

sin θ − cos θ 0

0 0 eiα











(5.24)

and P = Diag.(eiβ1 , eiβ2, 1) is a diagonal phase matrix (One phase in P is

absorbed in the complex parameter a in Eq. (5.22)).

Before we present the detailed fits let us look at the implications of the

ansatz Eq. (5.21) qualitatively.

• Correct b-τ unification and second generation masses are obtained if

dominant contribution to the charged fermion masses come from the 10-

plet, i.e. from H with a sub-dominant contribution from 126, 120 fields.

Retaining only the H contribution, the ansatz, Eq. (5.21) implies that

M I
ν = −rRMDF

−1MT
D ≈ −r

2rR
a

V + ... , (5.25)

where the ... terms arise from the 126 and 120 contribution to the Dirac

mass matrix MD. CKM matrix is unity in this limit while the neutrino

mixing is determined from V . Diagonalization of V leads [109] to θ23 = φ,

θ12 =
θ
2
and θ13 = 0 where the angles θij are angles defined in the standard

parametrization of the leptonic mixing matrix in which θ12 drives the

solar and θ23 the atmospheric neutrino oscillations. Thus ansatz in Eq.

(5.21) can lead to correct description of the quark and leptonic mixing

angles to zeroth order without requiring the type-II dominance as is

commonly done.

• If H in the original basis was real then V entering Eq. (5.22) would

be unity. In this case, all the fermion mixing vanish in the absence of

the 120 contribution. Thus complex couplings and CP violation proves

to be important in understanding large neutrino mixing within this ap-

proach. Numerically, we find that even after including 120 contribution,



100 Chapter 5. Supersymmetric SO(10) Models with Flavour Symmetries

one cannot get the correct mixing pattern with a real H .

The mixing angles obtained at zeroth order withH dominance get corrected

by the contributions from 126 and 120-plets. They induce non-zero quark

mixing angles and perturb Eq. (5.25):

M I
ν = −rRr

2

a
(V − 6saDH + tD(GD

−1
H V − V D−1

H G)) +O(s2, t2D)) (5.26)

The above neutrino mass matrix corresponds to an effective dimension five op-

erator induced after integration of the right handed neutrino fields. Assuming

that the heavy mass scale is close to the GUT scale and neglecting the effect

of the Dirac neutrino couplings in the renormalization group (RG) evolution

one can obtain [11] the low scale neutrino mass matrix as follows. Define the

neutrino mass matrix Mνf(MX) in the flavour basis as

Mνf(MX) = U †
l Mν(MX)U

∗
l , (5.27)

where Ul diagonalizes the charged lepton mass matrix Ml. The radiatively

corrected neutrino mass matrix is then given by [11]

Mνf(MZ) = IτMνf(MX)I
†
τ , (5.28)

where Iτ ≈ Diag(1, 1, 1+ ǫτ ) and ǫτ ≈ − 1
cos2β

m2
τ

16π2υ2 ln
MX

MZ
. More detailed treat-

ment then presented here would need to include threshold corrections due to

right handed neutrinos and ruining between the GUT and the right handed

neutrino mass scale etc.

5.2.2 Numerical analysis

We now discuss the fits to the fermion masses and mixing angles based on

the ansatz (5.21) and (5.19) which leads to degenerate neutrino spectrum in

case of type-I and type-II seesaw dominance respectively. We use the same
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χ2 technique used before. We use as our input the quark and lepton masses

obtained at MX in the MSSM for tan β = 10, MSUSY = 1TeV and MGUT =

2 × 1016GeV. These input values of the charged fermion masses and quark

mixing are same as used in the previous section and are given in a Table 5.1.

Unlike in the previous works, the neutrino mixing angles are susceptible to

change by the RG evolution due to quasidegenerate nature of neutrinos. We

include this effect as follows. Using the charged lepton mass matrix at MX ,

we numerically determine the neutrino mass matrix in the flavour basis atMX

through Eq. (5.27). Neglecting running of the mixing angles in Ul, the low

scale neutrino mass matrix in Eq. (5.28) is numerically determined and used to

obtain the observable neutrino masses and mixing angles. For neutrino masses

and lepton mixings, we use the updated low energy values given in [60].

Numerical Fits: Type-I seesaw

We first do the fitting for the ansatz (5.21) and the fermion mass matrices,

Eq. (5.18) that leads to quasidegenerate neutrino spectrum if type-I seesaw

contribution dominates over type-II in Eq. (5.6). In this case we have total

25 real parameters (3 in DH , 5 in V , 6 in G, real r, complex s, a, tu, tl, tD

) which are fitted over 16 observables (9 charged fermion masses, 4 CKM

parameters, 2 leptonic mixing angles and ∆m2
sol/∆m

2
atm ). Lepton mixings

and ∆m2
sol/∆m

2
atm are independent of the overall neutrino mass (m0 = | rRr2

a
|)

appearing in Eq. (5.26). m0 sets the overall neutrino mass scale and can be

determined from the fit using the observed value of ∆m2
atm. Our definition of χ2

allows only the solution with ∆m2
sol cos 2θ > 0 as required by experiments. We

also set r = mt

mb
and minimize χ2 with respect to the remaining 24 parameters.

The results of the minimization are displayed as solutions (1) and (2) in Table

5.4.

We obtained the best fit value of χ2 = 2.038 corresponding to the solution

1 for which all the observables are fitted within . 0.9σ. Solution 2 is also

acceptable which fits all observables within . 0.7σ with exception of down
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Type-I: Solution 1 Type-I: Solution 2 Type-II

No. Observables Fitted value Pull Fitted value Pull Fitted value Pull
1 md[MeV] 0.653677 −0.917861 0.207819 -2.00532 0.868041 −0.395023
2 ms[MeV] 17.5885 −0.386821 21.6923 0.402361 12.2829 -1.40714

3 mb[GeV] 1.11131 0.418721 1.05832 −0.046348 1.25634 1.69141

4 mu[MeV] 0.462718 0.0847896 0.450825 0.005499 0.450489 0.0032611
5 mc[GeV] 0.210603 0.0136849 0.211727 0.0695654 0.210393 0.00324503
6 mt[GeV] 63.6891 −0.832404 67.6155 −0.658038 102.325 0.883371
7 me[MeV] 0.358503 0.009696 0.358506 0.0206782 0.358502 0.00503107
8 mµ[MeV] 75.6719 0.00734514 75.6711 −0.0083064 75.6709 −0.0111809
9 mτ [GeV] 1.29219 −0.008144 1.29223 0.0218404 1.29217 −0.0244576

10
∆m2

sol

∆m2

atm

0.0303514 0.050109 0.0303237 0.0377877 0.0302538 0.00659421

11 m0[eV] 0.31 − 0.17 − 0.36 −
12 sin θq12 0.224205 −0.0592102 0.224306 0.00359473 0.224154 −0.0913125
13 sin θq23 0.0351308 0.023704 0.0350426 −0.0441173 0.0351436 0.033571
14 sin θq13 0.003193 −0.0132867 0.0031588 −0.0825897 0.00326199 0.123983
15 sin2 θl12 0.319801 −0.0619079 0.321124 0.0187774 0.321168 0.0214673
16 sin2 θl23 0.481942 0.313909 0.436492 −0.178126 0.439779 −0.14255
17 sin2 θl13 0.01953 − 0.00288 − 0.03568 −
18 δCKM [◦] 67.7227 0.247333 56.4935 −0.134071 49.7146 −0.429864
19 δPMNS [

◦] 53.98 − -66.99 − -25.33 −
20 α1[◦] 146.55 − -59.31 − 137.71 −
21 α2[◦] -89.88 − 162.41 − -33.44 −

χ2 2.038 4.684 6.0

Table 5.4: Best fit solutions for fermion masses and mixing obtained assum-
ing the type-I seesaw dominance (solutions (1) and (2)) and type-II seesaw
dominance (solution(3)). Various observables and their pulls obtained at the
minimum are shown (See text for details). The bold faced quantities are pre-
dictions of the respective solutions.

quark mass md. We also include in table the values of the Majorana phases

obtained at the minimum. The fits obtained here are better than the one

obtained by Bertolini et al. [56, 57, 74] in case of the minimal model with

complete type-II seesaw dominance and hierarchical neutrinos. Unlike here,

their fits have several observables which are > 1 or 2σ away from the central

values.

The values of input parameters determined from χ2 minimization in case

of solution 1 of Table 5.4 are the following.

DH = Diag.(0.00033658, 0.0149966,−0.757334) (5.29)

G12 = (0.00167+0.00154i) ; G13 = (0.0108+0.0101i) ; G23 = (0.191+0.033i) .

(5.30)
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a = −(5.24− 9.34i)GeV−1; tl = 0.15− 1.05i; tu = 0.551− 0.084i;

s = (−3.21 + 3.32i)× 10−4; tD = −(2.56 + 0.43i)× 10−4;

φ = 50.65◦; θ = −56.9◦;α = 0.20◦; β1 = −39.55◦; β2 = 83.79◦ (5.31)

Elements of DH and G are expressed in GeV units. Note that φ and θ/2

respectively determine the atmospheric and the solar mixing angles at MX

in the absence of perturbation. These values get stabilized at MX to φ ≈
40.4◦ ; θ ≈ −61.0◦ once the perturbations from 126H , 120H couplings are

added. RG running changes them to the required values displayed in Table

5.4. θ13 has not been included in our definition of χ2 and its initial value was

zero. This becomes non-zero but remains small in both the solutions displayed.

However, almost the entire allowed range in θ13 is compatible with reasonable

fits to other fermion masses as shown by both the solutions. Unlike the solar

and atmospheric mixing angles, the ratio ∆m2
sol/∆m

2
atm changes appreciably

from 0.09 at MX to 0.03 at MZ by the RG effects. All these solutions predict

large CP violating leptonic phase.

Noteworthy outcome of the fits is the values of m0 determined using the

observed value of ∆m2
atm. Values of m2

0 in table are seen to be ≫ ∆m2
atm

showing the consistency of our ansatz. This arises as a result of Eq. (5.26)

and smallness of s, tD. The m0 in turn determine the heaviest RH neutrino

mass scale (see Eq. (5.18) and ansatz (5.21))

M3 ≈ r−1
R |a|m2

b ≈
r2

m0

m2
b ≈ 1.3× 1013GeV ,

in case of solution 1. Here we used, m0 = rRr2

|a| . Thus the RH neutrino mass

falls below the GUT scale for this particular solution.

Numerical Fits: Type-II seesaw

We now turn to the numerical discussion of the ansatz (5.19) in which the

contribution of 126 to fermion masses is assumed to be degenerate. Such an

ansatz for the type-II contribution was considered [110, 111] in the specific
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context of SO(10). Detailed fits to fermion masses with recent data are how-

ever not presented in these works. We do this essentially following the same

procedure as the one adopted in purely type-I case. We assume H,G to have

the most general form. One could choose to work in a basis with a diagonal

H . In this basis, Eq. (5.19) gets changed to

F = c0V , (5.32)

where V is a unitary symmetric matrix defined in Eq. (5.23). In this basis, the

charged fermion mass matrices can be obtained from Eq. (5.18) by replacing

H with diagonal DH , and F with c0V . The neutrino mass matrix, Eq. (5.6)

can be written in the same basis as

Mν = m0

(

V − ǫ MDV
∗MT

D

)

(5.33)

The parameter ǫ controls the contribution from type-I seesaw which induces

splittings in neutrino masses.

We use these equations to fit all the fermion masses and mixing using the

previous procedure. Results corresponding to the minimal case are displayed

in Table 5.4. The best fit solution we obtained here corresponds to χ2 = 6.0

which is acceptable for 16 data points from statistical point of view and all

the observables except mb and ms are fitted within 1σ. The obtained fit in

the type-II case is however not as good as in the case of pure type-I seesaw

combined with the ansatz (5.21). As before, the m0 sets the overall neutrino

mass scale which is determined to be ∼ 0.36 eV using the atmospheric scale

and fits shown in the Table 5.4. Numerical fits also lead to ǫ ≈ 2×10−6GeV−2.

Since the scale of MD is set by the top mass the type-I contribution relative

to the type II is given by ǫm2
t ∼ 10−2 and type II contribution dominates as

assumed. Now the overall scale of the RH neutrino mass is given by (see Eq.

(5.18 and ansatz (5.19))

M3 ≈
1

m0ǫ
≈ 1.1× 1015GeV
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is close to the GUT scale unlike the minimal models with type-II dominance

but hierarchical neutrinos [48, 56, 57, 63, 74]. Increase in M3 here is linked to

degeneracy of neutrinos. The atmospheric neutrino mass scale in models with

type-II seesaw and hierarchical neutrinos is typically given by

∆m2
atm ∼ v4

M2
3

.

While in the present case it arises from the combination of type-I and type-II

contributions and is scaled by

∆m2
atm ∼ m0

v2

M3

leading to a higher M3 compared to purely type-II dominated scenario.

5.2.3 An SO(10)×O(3)×U(1) model for quasidegenerate

neutrinos

In this subsection, we illustrate how the ansatz (5.21) can be obtained in a

model from a flavour symmetry. A simple flavour symmetry to be used is

O(3) under which three generation of the 16F transform as triplets. The O(3)

breaking is introduced through a complex flavon field η transforming as spin

2. We need to introduce three generations of vector-like multiplets 16V + 16V

transforming as (16, 3) + (16, 3) under SO(10)×O(3) and a U(1)X symmetry

in order to realize Eq. (5.21). The X-charges of (16F , 16V , 16V , η, 10H, 126H)

are chosen respectively as (x, y,−y, 1/2(y − x),−(x + y),−2y) with x 6= y.

The general super potential invariant under SO(10) × O(3) × U(1)X can

be written as:

W =M16V 16V+β16V 16V 126H+γ16V 16F10H+
δ

MP
16V η

216F+
δ′

MP
16V (Trη

2)16F

(5.34)

The O(3) and U(1)X breaking originates in the above super potential only

from the Planck scale effects through the VEV of the flavon field η. The last
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two terms are the only terms which determine both the 10 and 126 Yukawa

couplings once the heavy vector like fields are integrated out. The dotted terms

correspond to terms suppressed by M2
P . Here, the mass M of the vector like

pair and the scale of the VEV of η lie above the GUT scale. The effective

theory after integration of the vector like field is represented by

Weff ≈ β16Fξ
216F126H + γ16F ξ16F10H , (5.35)

where

ξab ≡
δ

MMP
(η2ab +

δ′

δ
Trη2δab)

and a, b = 1, 2, 3 refer to the O(3) index. This effective super-potential is also

SO(10)×O(3)×U(1)X invariant. The Yukawa coupling H is proportional to

the 〈ξ〉 and is a general complex symmetric matrix. The F is related to the

square of H and satisfies the ansatz in Eq. (5.21). The coupling to the 120H

field can be generated by introducing a flavon field χ with the U(1)X charge

−2x and transforming as a triplet of O(3). This leads to the Yukawa coupling

matrix G through the coupling

16F
χ

MP
16F120H

A detailed model along this line will require study of the details of the vac-

uum structure of the potential involving η, χ and possibly additional fields for

generating the right structure of the Yukawa couplings H , G.

For type-II dominated degenerate neutrino spectrum, the ansatz (5.19) if

the contribution of 126 to fermion masses is assumed to be O(3) invariant. The

O(3) breaking arises from the H and G contributions which lead to departure

from degeneracy through the type-I seesaw.
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5.3 Quark-lepton complementarity in SO(10)

As it has been already mentioned in the beginning of this chapter, two of the

three leptonic mixing angles are large. In contrast, the observed quark mixing

angles are small and hierarchical. It has been observed long ago [112] that

there exists an interesting empirical relation between quark and lepton mixing

angles.

θl12 + θq12 ∼
π

4
(5.36)

The above relation is known as Quark-Lepton Complementarity [112, 113, 114,

115, 116, 117, 118] and still favored by the present experimental data within

their measurement errors. It is also possible to write similar relation between

23 angles of quark and lepton mixing.

θl23 + θq23 ∼
π

4
(5.37)

If such relations are not accidental, they strongly suggest the common roots

between quarks and leptons [113, 114, 115, 116, 117, 118]. Clearly it is very

hard to realize such relations in ordinary bottom-up approaches where the

quarks and leptons are treated separately with no specific connections between

them. So one requires top-down approaches like the grand unified theories

which sometime also unify quarks and leptons and provide a framework to

construct a model in which QLC relation can be embedded in a natural way.

5.3.1 QLC & Grand unification

The general conditions under which QLC relation (5.36) can be realized from

quark-lepton unification are thoroughly discussed in [113, 114]. We describe

one such possibility here. Assume that the structure of neutrino and quark

mass matrices at high scale are such that the PMNS matrix is exact bimaximal

VPMNS = UBM whereas the CKM matrix is an identity matrix to a leading
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order.

UBM =











1√
2

− 1√
2

0

1
2

1
2

− 1√
2

1
2

1
2

1√
2











(5.38)

Both the mixing matrices get corrected by O(θC) terms coming from the next

leading order where the down quark and charged lepton mass matrices are

equal (or nearly so). In this scenario, a QLC relation can emerge from quark-

lepton unification at high scale. Construction of a realistic GUT model in

which all fermion masses and mixing angles are correctly reproduced along

with QLC is highly non-trivial. In fact several models [115, 116, 117, 118]

proposed to explain QLC are based on a smaller gauge group, namely Pati-

Salam SU(4)c × SU(2)L × SU(2)R group. A complete and realistic model

based on SO(10) GUT has not been proposed so far. The original proposal

[114] was based on SU(5) relation Me = MT
d but detailed explanation of the

fermionic spectrum was not developed. Here we present a predictive SO(10)

based unified description of fermion masses and mixing in which QLC relation

can be naturally realized.

We consider three families of 16-dimensional fermions obtaining their masses

from renormalizable couplings to four Higgs multiplates, three of them (de-

noted by 10H , 10
′
H and 10′′H) transforming as 10 and the other (126H) as

126 dimensional representations under SO(10). Like the minimal model dis-

cussed in the previous chapter, the SO(10) breaking can be achieved with

210H + 54H + 126H + 126H [39, 42, 49, 83]. The Yukawa interactions of the

model can be written as

WY = 16F [Y1010H + Y126126H + Y10′10
′
H + Y10′′10

′′
H ]16F (5.39)

where Yi are symmetric Yukawa coupling matrices. As noted in Chapter 2, 10H

and 126H have two MSSM doublets in each of them. Assuming the fine-tuning

condition for MSSM like light Higgs doublets, the fermion mass matrices after
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the electroweak symmetry breaking can be suitably written as

Md = H + F + t H ′ +H ′′;

Mu = r H + s F +H ′ + p H ′′;

Me = H − 3F + t H ′ +H ′′;

MD = r H − 3s F +H ′ + p H ′′;

ML = rL F ;

MR = r−1
R F. (5.40)

where H,F,H ′ and H ′′ are obtained by multiplying electroweak VEVs and

Higgs mixing parameters with Yukawa coupling matrices Y10, Y126, Y10′ and Y10′′

respectively. r, s, t, p, rL are rR are dimensionless parameters determined by the

Clebsch-Gordan coefficients, ratios of VEVs, and mixing among Higgs fields..

MD denotes neutrino Dirac mass matrix. ML(MR) is the Majorana mass

matrix for left-(right-)handed neutrinos which receives a contribution only from

the VEV of 126H field. In generic SO(10) models of this type, the effective

neutrino mass matrix Mν for the three light neutrinos has both the type-I and

type-II contributions and given by Eq. (5.6). In general, both contributions

are present and they depend on two different parameters so one may dominate

over the other. It has been shown in several references [39, 42, 49, 83] that it

is possible to have symmetry breaking pattern in SO(10) where type-II term

dominates over the type-I contributions. The equations (5.40) and (5.6) are

the key equations that provide basic platform to construct a model in which

the QLC relation (5.36) can be realized.
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5.3.2 An SO(10) ansatz for QLC

We propose following ansatz which leads to relation (5.36).

H =
1

2











0 0 0

0 h h

0 h h











; F =











b+ c
√
2a 0

√
2a b+ c 0

0 0 b− c











;

H ′ =











0 0
√
2a′

0 0 0
√
2a′ 0 0











; H ′′ = x I (5.41)

where I is 3 × 3 identity matrix. To do the simple analytical study of such

ansatz we assume that all the above parameters are real. Without loss of

generality, we can express the above matrices in a basis with diagonal H .

Such basis are obtained by rotating the 16-dimensional fermion fields in 2-3

plane by an angle π/4. The matrices in (5.41) will be redefined in new basis

as

(H,F,H ′, H ′′) → R23

(π

4

)

(H,F,H ′, H ′′)RT
23

(π

4

)

(5.42)

and can be rewritten as

H =











0 0 0

0 0 0

0 0 h











; F =











b+ c a a

a b c

a c b











;

H ′ =











0 −a′ a′

−a′ 0 0

a′ 0 0











; H ′′ = x I (5.43)

Before we present the detailed analysis let us look at some immediate im-

plications of the above ansatz. The dominant 10-Higgs coupling matrix H has

rank-1. As it was pointed out in [119, 120] this can simultaneously explain

both the observed hierarchy of quark masses as well as the origin of large lep-

ton mixings if the light neutrino masses are generated through type-II seesaw



5.3. Quark-lepton complementarity in SO(10) 111

mechanism. Assuming only one 10-Higgs contribution in charged fermion mass

matrices, we get at zeroth order,

mb = mτ =
1

r
mt; VCKM = I; VPMNS = UBM . (5.44)

Correct b-τ unification and large lepton mixings (bimaximal) are obtained with

no mixings between quarks. The charged fermions of first two generations are

massless in this case. Further, the contributions coming from other Higgs

coupling matrices F,H ′ and H ′′ make the model realistic by giving nonzero

masses to first two fermion generations as well as by perturbing both the

mixing matrices which reproduce observed mixing patterns for both the quark

and lepton sectors.

We now present the detailed analysis of ansatz (5.43). Substituting it in

Eq. (5.40) and (5.6), we get

Mu =











s(b+ c) + x′ sa− a′ sa + a′

sa− a′ sb+ x′ sc

sa+ a′ sc rh+ sb+ x′











;

Md =











b+ c+ x a− ta′ a+ ta′

a− ta′ b+ x c

a+ ta′ c h+ b+ x











;

Me =











−3(b+ c) + x −3a− ta′ −3a + ta′

−3a− ta′ −3b+ x −3c

−3a+ ta′ −3c h− 3b+ x











;

Mν = rL F (5.45)

where x′ = px. Since each mass matrix is real symmetric, it can be diagonalized

by a rotation matrix parameterized (in the standard parameterization) by three

angles.

RT
fMfRf = Diag.(mf1, mf2, mf3); (5.46)

Rf = R23(θ
f
23)R13(θ

f
13)R12(θ

f
12)
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where f = d, u, e, ν and Rij is a rotation matrix in ij plane. The charged

fermion mass matrices are hierarchical (h ≫ b, c ≫ a, a′ ≫ x, x′) and can

be approximately diagonalized by Jacobi rotation. The results obtained from

such diagonalization for the quark sector are displayed below.

mb ≈ h+ b+ x+O
(

c2

h

)

;

ms ≈ b+ x+
(a− ta′)2

b

(

1− x

b

)

+O
(

c2

h

)

;

md ≈ b+ c+ x− (a− ta′)2

b

(

1− x

b

)

+O
(

a2

h

)

. (5.47)

mt ≈ rh+ sb+ x′ +O
(

s2c2

rh

)

;

mc ≈ sb+ x′ +
(sa− a′)2

sb

(

1− x′

sb

)

+O
(

s2c2

rh

)

;

mu ≈ s(b+ c) + x′ − (sa− a′)2

sb

(

1− x′

sb

)

+O
(

s2a2

rh

)

. (5.48)

θd12 ≈ −a− ta′

b

(

2 +
c− x

b

)

; θd23 ≈ − c

h
; θd13 ≈ −a + ta′

h

(

1 +
c

h

)

.(5.49)

θu12 ≈ −sa− a′

sb

(

2 +
sc− x′

sb

)

; θu23 ≈ − sc

rh
; θu13 ≈ −sa+ a′

rh

(

1 +
sc

rh

)

.(5.50)

Let us underline some important points in connection with above relations.

• The six real parameters h, b, x, r, s, x′ can be approximated from the six

quark masses. mb and ms determine the parameters h and b. It is easy

to see that r ≈ mt/mb and s ≈ mc/ms are required to obtain the masses

of heavy quarks mt and mc. Further, md and mu fix the values of x and

x′. Since b, c ≫ x, we require c ∼ −b to obtain small masses of first

generation fermions.

• Let us assume that a′ ≈ sa in order to keep θu12 ≪ θd12. Also note that



5.3. Quark-lepton complementarity in SO(10) 113

θu23 ≈ (s/r)θd23 ≪ θd23 and θu13 ∼ (s/r)θd13 ≪ θd13. In this limit, the quark

mixing matrix takes the form

VCKM = U †
uUd ≈ Ud ≈ R23(θ

d
23)R13(θ

d
13)R12(θ

d
12) (5.51)

• The elements of the CKM matrix fix some more parameters as follows.

c ∼ −Vcb h; a− ta′ ∼ −Vus b; a+ ta′ ∼ −Vub h. (5.52)

An interesting relationship between Vus and Vub can be found in the limit

t ∼ 0.

Vub ≈ Vus
ms

mb
+O

(

m2
s

m2
b

)

(5.53)

We will show later in this section that t ∼ 0 is a necessary requirement

to obtain QLC relation(5.36).

• Our assumption of real parameters makes the theory CP invariant. The

observed CP violation in the quark sector can be accommodated by mak-

ing some parameters complex.

It is interesting to note that all the parameters are fixed in terms of the

observables of the quark sector. Hence the entire lepton sector emerges as the

prediction of the model. Let us first derive the predictions for the charged

leptons.

mτ ≈ h− 3b+ x+O
(

c2

h

)

;

mµ ≈ −3b+ x− (3a+ ta′)2

3b

(

1 +
x

3b

)

+O
(

c2

h

)

;

me ≈ −3(b+ c) + x+
(3a+ ta′)2

3b

(

1 +
x

3b

)

+O
(

a2

h

)

. (5.54)
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θe12 ≈ −3a+ ta′

3b

(

2 +
3c+ x

3b

)

; θe23 ≈
3c

h
; θe13 ≈

3a− ta′

h

(

1 +
c

h

)

.(5.55)

Noteworthy features of the above relations are the following,

• It predicts mτ ≈ mb and mµ ≈ −3ms.

• For b = −c, me ≈ md which is viable with observed values of me and md

extrapolated at the GUT scale within 3σ deviations [58]. However for

b 6= −c, any desired value of md/me can be obtained.

• For t ∼ 0, θe12 ≈ θC , θ
e
23 ≈ −3θcb and θ

e
13 ≈ −3θub.

The light neutrino mass matrix in Eq. (5.45) has the most general form

which can be diagonalized by bimaximal matrix UBM . The mass eigenvalues

are,

m1 = m0(b+ c+
√
2a); m2 = m0(b+ c−

√
2a); m3 = m0(b− c) (5.56)

Interestingly, for b = −c (which can now also be written as Vcb ≈ ms/mb),

we get the partial degenerate neutrino mass spectrum m1 = −m2 ≪ m3

which leads to vanishing solar (mass)2 difference (∆m2
sol = m2

2 − m2
1 = 0)

at high scale. We performed numerical study and found that the radiative

corrections to the original neutrino mass matrix are unable to generate the

required splitting between m1 and m2. Another way to induce non zero value

of ∆m2
sol is to allow type-I contribution to the original type-II seesaw neutrino

mass matrix. However such contribution is highly hierarchical (likeM2
t ) and it

largely contributes to the 33 element of neutrino mass matrix which ultimately

spoils the nice symmetry of neutrino mass matrix and hence the bimaximality

of neutrino mixings. This forces us to consider the case where Vcb 6= ms/mb.

In this case we obtain the following expression for the ratio of the solar to

atmospheric squared mass difference.
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∆m2
sol

∆m2
atm

≈
√
2Vus

(

ms/mb

Vcb

(

1 +
ms

mb

)

− 1

)

(5.57)

Note that one requires ms/mb ∼ 1.08 Vcb to obtain the observed value of

∆m2
sol/∆m

2
atm(∼ 0.031) and it implies that Vcb < ms/mb which is not favored

by their present observed values extrapolated at the GUT scale. However as

argued in [120], the threshold corrections to b − s quark mass mixing from

gluino and wino exchange via one-loop diagrams can give desired value of Vcb.

The required deviation from b = −c is quantified by

b+ c ≈ ms

(

1− Vcb
ms/mb

)

. 0.08 ms

which is small and of order of first generation fermion masses and hence allows

the correct md in Eq. (5.47).

The leptonic mixing matrix can be seen as dominant bimaximal mixing

resulting from neutrino mass matrix and then corrected byO(θC) terms coming

from the unitary matrix Ue which diagonalize charged lepton mass matrix.

VPMNS ≡ U †
eUν = UT

e UBM (5.58)

where Ue = R23(−3θcb)R13(−3θub)R12(θC). The resulting neutrino mixing pa-

rameters are the following.

Ue2 ≡ (VPMNS)12 ≈ − 1√
2
+

(Vus − 3Vub)

2
;

Uµ3 ≡ (VPMNS)23 ≈ − 1√
2
(1 + 3Vcb);

Ue3 ≡ (VPMNS)13 ≈ − 1√
2
(Vus + 3Vub). (5.59)

The correction of O(θC) from charged lepton generates correct solar mixing

angle which follows QLC relation (5.36). The atmospheric mixing angle gets

considerable deviation θl23 ≈
π

4
+ 3θcb in this model unlike the standard QLC

relation for 23 mixing angle of quark and lepton given in Eq. (5.37). The
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model also predicts large value of Ue3 ≈ 0.16 which can be tested in planned

long baseline experiments.

Note that Eq. (5.59) holds at GUT scale which might be changed by RGE

corrections in principle. However it is known that running of the Cabibbo

angle is negligibly small in MSSM even with large value of tanβ. Running of

leptonic mixing angle depends on the type of mass spectrum of light neutrinos.

For b 6= −c, neutrino mass spectrum follows normal hierarchy m1 < m2 ≪ m3.

The effect of RGE corrections are known to be negligible [86, 87] in this case

and Eq. (5.59) holds at low scale also.

5.3.3 An explicit numerical example

We now provide an example of values of the parameters of Eq. (5.43) which

successfully generate entire fermion mass spectrum as well as mixing patterns

for both quark and lepton sector. The required CP violation in the quark

sector is incorporated by making a′ complex. In the limit t ∼ 0, a′ contributes

only to the up quark mass matrix and does not change the other predictions

of ansatz given in Eq. (5.43). One more parameter x′ is made complex to

reproduce mu correctly. The numerical values of parameters are

h = 1.7 GeV; b = 0.0243 GeV; c = −0.022113 GeV; a = −0.0052 GeV;

a′ = (0.0344247− 0.028885i) GeV; x′ = (0.0233596− 0.00293374i) GeV;

x = 0.00325 GeV; r = 55.88; s = −8.64198; t = 0. (5.60)

Substituting these numbers in Eq. (5.45), we get

mt = 94.8 GeV; mc = 0.19 GeV; mu = 0.65 MeV;

mb = 1.73 GeV; ms = 28.5 MeV; md = 4.21 MeV;

mτ = 1.63 GeV; mµ = 75.4 MeV; me = 0.35 MeV.

(5.61)
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sinθus = 0.222; sinθcb = 0.015; sinθub = 0.005; δCKM = 60.9◦;

sin2θl12 = 0.368; sin2θl23 = 0.527; sin2θl13 = 0.024;
∆m2

sol

∆m2
atm

= 0.030.
(5.62)

The obtained spectrum is in good agreement with the data extrapolated at

the GUT scale. For example, we compare our results with the charged fermion

masses obtained at the GUT scale in the MSSM for tanβ=55,MSUSY = 1 TeV

and MGUT = 2 × 1016 GeV given in Table 5 of reference [58]. All charged

fermion masses (except md) obtained here fits with the data within 1σ. Our

ansatz predicts larger value of md. The quark mixing angles θcb is small (<

ms/mb) as required by Eq. (5.57). The reproduced values of lepton mixing

angles and ∆m2
sol/∆m

2
atm are also in accordance with their updated low energy

values (within 3σ measurement errors) given in [60].

5.3.4 An SO(10) ×S4 × Zn model of QLC

In this section, we will illustrate how the ansatz (5.41) can be obtained in a

model from flavor symmetry. We use discrete flavor symmetry based on the

group S4 which is a group of permutation of four distinct objects. It has 24

distinct elements filled in five conjugate classes and hence five irreducible rep-

resentations of dimensions 32, 31, 2, 12 and 11. A singlet representation with

subscript “2” changes sign under transformation involving the odd number of

permutations of S4. More details on the group theory of S4, its multiplication

rules and the Clebsch-Gordan (CG) coefficients are reported in Appendix C.

Our model follows the same line as model constructed in [120] and uses

the same symmetry group. However it differs at some places since the ansatz

required here is different from their ansatz. The basic matter fields and Higgs

fields content of the model is the same as discussed in Section 5.3.1. In addition

to this we use five flavon fields which are singlets under SO(10) and two pair

of vector-like fermion fields which transform like 16 ⊕ 16 under SO(10). We

impose the S4 symmetry together with Zn symmetry to get desired structure
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of Yukawa matrices. Three matter fields 16F are assigned as 32 dimensional

representation of S4 while five flavon fields χ, φ, η, σ and σ′ form 31, 32, 31, 11

and 12 representations of S4 respectively. The other fields are singlet (11 or 12)

under S4. An additional Zn symmetry is required to allow/forbid interactions

between particular fields. The Zn charges of various fields are listed in Table

5.5 where ω = ei(2π/n).

16F 10H 10′
H

10′′
H

126H χ φ η σ σ′ 16V 1 16V 1 16V 2 16V 2

SO(10) 16 10 10 10 126 1 1 1 1 1 16 16 16 16
S4 32 11 12 11 11 31 32 31 11 12 11 11 12 12

Zn 1 ω−2m ω−(p+q) ω−2q ω−2k ωk ωm ωp ωk ωq ωm ω−m ωk ω−k

Table 5.5: Various fields and their representations under SO(10)× S4 × Zn.

Let us consider a theory above GUT scale which is invariant under the

symmetry group SO(10) × S4 × Zn. The Yukawa superpotential allowed by

such symmetry can be written as

W = (φ16F )16V 1 + λ16V 116V 110H +M116V 116V 1

+ (χ16F )16V 2 + λ′16V 216V 2126H +M216V 216V 2

+
∑

i

αi

Λ2
(χ216F16F )i126H +

β

Λ2
σ(χ16F16F )126H +

γ

Λ2
σ2(16F16F )126H

+
α′

Λ2
σ′(η16F16F )10

′
H +

α′′

Λ2
σ′2(16F16F )10

′′
H (5.63)

where Λ is the Planck scale up to which the theory is valid. The S4 singlet

contraction of flavor index is indicated with bracket. αi, α
′, α′′, β, γ, λ, and λ′

are coefficients of O(1). The term (χ216F16F ) represents all the different S4

contractions which can be constructed as follows:
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(χ216F16F )i ≡ ((χχ)11
(16F16F )11

), ((χχ)2(16F16F )2),

((χχ)31
(16F16F )31

), ((χχ)32
(16F16F )32

),

((χ16F )12
(χ16F )12

), ((χ16F )2(χ16F )2),

((χ16F )31
(χ16F )31

), ((χ16F )32
(χ16F )32

)

(5.64)

where (...)R indicates the representation R under S4. Now consider a theory

below the scale of M1,2 and at the GUT scale. The effective superpotential

after integrating out heavy vector-like fields is given by,

Weff =
λ

M2
1

(φ16F )(φ16F )10H +
λ′

M2
2

(χ16F )(χ16F )126H

+
∑

i

αi

Λ2
(χ216F16F )i126H +

β

Λ2
σ(χ16F16F )126H +

γ

Λ2
σ2(16F16F )126H

+
α′

Λ2
σ′(η16F16F )10

′
H +

α′′

Λ2
σ′2(16F16F )10

′′
H (5.65)

where first two terms allow the desired rank-1 structure of Yukawa matrices.

Note that effective Yukawa superpotential still has the symmetry SO(10) ×
S4 × Zn. This symmetry will be broken to SO(10) by VEVs of the flavon

fields. In order to get the desired structure of Yukawa couplings, we will

choose particular vacuum alignment of the flavon fields as given below.

〈φ〉 =











0

1

1











υφ; 〈χ〉 =











0

0

1











υχ; 〈η〉 =











0

1

0











υη;

〈σ〉 = υσ; 〈σ′〉 = υσ′ (5.66)

These VEVs of flavon fields break flavor symmetry S4 at the GUT scale and
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generate following structure of various Yukawa couplings.

Y10 =
λυ2φ
M2

1











0 0 0

0 1 1

0 1 1











(5.67)

Y126 =
λ′υ2χ
M2

2











0 0 0

0 0 0

0 0 1











+
υ2χ
Λ2











α̃ 0 0

0 α̃ 0

0 0 α̃0











+
βυχυσ
Λ2











0 1 0

1 0 0

0 0 0











+
γυ2σ
Λ2

I (5.68)

Y10′ =
α′υσ′υη
Λ2











0 0 1

0 0 0

1 0 0











(5.69)

Y10′′ =
α′′υ2σ′

Λ2
I (5.70)

where all non-relevant CG coefficients are suitably absorbed. α̃ and α̃o are

linear combinations of different αi. The Yukawa matrices derived from the

super potential can successfully explain the ansatz given in Eq. (5.41). Note

that M2 ≪ Λ which implies b+ c≪ b− c (or b ≈ −c) in Eq. (5.41). Further,

the assumption M1 ≪M2 leads to h≫ b, c.

It is very important to show that the required vacuum structure of flavon

fields (5.66) is allowed by flavon superpotential. This point has already been

discussed in great details in reference [120]. Since our model has the same

kind of flavon structure as theirs, we simply use their results. Note that due

to non-trivial Zn charges, bilinear terms which correspond to masses of flavon
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fields are not allowed. As a result of this the model requires doubling of flavon

fields to allow Dirac type mass terms. The new flavon fields have the same S4

representations but opposite Zn charges. It has been shown in [120] that all

the desired vacua of Eq. (5.66) are present in the model.

5.4 Conclusions & outlook

Aim of the first section of this chapter was to integrate the successful µ-τ sym-

metry within the SO(10) framework in order to obtain a constrained picture

of fermion masses and theoretical understanding of the largeness of the atmo-

spheric mixing angle. The explicit model discussed here provides this integra-

tion rather well as shown by the detailed fits to fermion masses presented in Ta-

bles 5.2 and 5.3. Interestingly, mass matrices obtained in the model under con-

sideration display a generalized CP invariance if Yukawa couplings are taken

to be µ-τ symmetric. Small explicit breaking of this symmetry is sufficient to

generate the required CP violating phase. The best scenario is obtained in the

type-I seesaw model with very tiny explicit µ-τ symmetry breaking. This sce-

nario is characterized by the predictions sin2 θl23 ∼ 0.42−0.63, sin2 θl13 > 0.005

and negligible CP violation in neutrino oscillations. Final quark, the charged

lepton and the light neutrino mass matrices respect µ-τ symmetry to a very

good approximation indicating that this symmetry provides a good descrip-

tion of the entire fermion spectrum rather than being restricted to the neutrino

sector alone.

Quasidegenerate neutrino is an experimentally allowed possibility. Consid-

ering the popular mechanisms for neutrino mass generation, it is challenging to

obtain quasidegenerate masses for neutrinos. This becomes more challenging

in GUTs since quarks do not share this properties. In this chapter, we have

shown that it is indeed possible to obtain such a description starting from the

fermionic mass structure, Eq. (5.18) that can arise in a general SO(10) model.

We considered two distinct possibilities based on purely type-I and the other

based on the mixture of type-I and type-II seesaw mechanisms. Both these
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possibilities can lead to quasidegenerate spectrum if they are supplemented

respectively with ansatz (5.21) and (5.19). We have shown through the de-

tailed numerical analysis that these ansatz are capable of explaining the entire

fermionic spectrum and not just the quasidegenerate neutrinos. Moreover, the

origin of large leptonic mixing here is linked to the quasidegenerate structure of

the neutrino mass matrix providing yet another reason why quark and leptonic

mixing angles are so different in spite of underlying unified mass structure.

In the last section of this chapter, we have discussed a possible way to

realize QLC relation (5.36) between the Cabibbo angle and solar mixing angle

in realistic quark-lepton unification theory based on SO(10) gauge group. All

the previous attempts in this direction are based either in the context of the

Pati-Salam or SU(5) symmetric theories. Ours is the first complete model

which achieves QLC relation in SO(10) model. We have shown here that

it is indeed possible to obtain such relation starting from the fermionic mass

structure (5.40) if they are supplemented with ansatz (5.41) and assuming that

only type-II seesaw mechanism is responsible for light neutrino masses. One

necessary ingredient for QLC is bimaximal mixing pattern from the neutrino

sector which has been obtained through specific ansatz. Our ansatz also makes

use of recently proposed [119] rank-1 strategy which naturally explains charged

fermions mass hierarchy as well as origin of hierarchical quark mixing angles as

opposed to the large lepton mixing angles. We have shown through the detailed

analysis that this ansatz is capable of explaining the entire fermionic spectrum

and not just the QLC relation. Moreover, the various predictions made by such

ansatz are in agreement with observations. We have shown that the proposed

ansatz can be obtained in a model from a discrete flavor symmetry group S4

together with an additional Zn symmetry. A generic prediction of our approach

is θl13 ≈ θC/
√
2 which is near to its current experimental upper bound. The

atmospheric mixing angle gets considerable deviation from maximality (θl23 ≈
π/4 + 3θcb) in this approach. These predictions can be confirmed or excluded

by the current generation of neutrino oscillations experiments.



Chapter 6

Fermion Masses in

Non-supersymmetric SO(10)

Models

Most of the attention in recent years has been focused on the supersymmetric

versions of grand unified theories because of the facts that (i) low energy super-

symmetry controls the gauge hierarchy and (ii) perhaps more importantly, it

leads to the successful gauge coupling unification. While (i) provides very good

motivations to integrate supersymmetry with GUTs, (ii) does not forbid com-

pletely the possibilities of constructing the viable nonsupersymmetric GUTs.

It is well known that the gauge couplings do not unify without low-energy

supersymmetry in the minimal SU(5) theory. The problem is the following:

while the color and weak gauge couplings meet at around 1016 GeV, an ideal

scale from the point of view of the proton stability and perturbativity, the U(1)

coupling meets the SU(2)L coupling at around 1013 GeV in the absence of low

energy supersymmetry. Most interestingly, SO(10) GUT does not need super-

symmetry for a successful unification of gauge couplings. On the contrary, the

failure of ordinary SU(5) tells us that in the absence of supersymmetry there

is necessarily an intermediate scale such as the left-right symmetry breaking

scaleMR. In this case the SU(2)L and SU(3)c couplings run as in the standard

model or with a tiny change depending whether or not there are additional

123
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Higgs multiplets atMR. However, the U(1) coupling is strongly affected by the

embedding in SU(2)R above MR. The large contributions of the right-handed

gauge bosons makes the U(1) coupling increase much slower and helps it meet

the other two couplings at the same point. The scaleMR typically lies between

1010 GeV and 1014 GeV, which fits very nicely with the seesaw mechanisms.

Another motivation to study the nonsupersymmetric GUTs comes from the

failure of the minimal supersymmetric SO(10) model. As discussed in detail

in Chapter 3 (Section 3.1.4), there is an inherent tension between the need for

a relatively large atmospheric mass-squared difference in the neutrino sector

(implying an upper bound on MBL quite below MGUT ) and the requirements

of the gauge coupling convergence (preferring MBL close to MGUT ). This

issue is absent in the nonsupersymmetric case because then the separation

between the GUT scale and intermediate scale(s) is essential for a successful

gauge unification. In fact, a minimal non-supersymmetric SO(10) model has

been revived in recent studies [121, 122] and it is shown that successful gauge

coupling unification and consistent breaking of SO(10) upto the SM can be

achieved with one or two intermediate symmetry breaking scales. It is observed

that the minimal non-SUSY SO(10) is more economical then the corresponding

supersymmetric case as far the choice of Higgs representation is concerned.

Any such viable constructions must be also accountable for the realistic

fermion mass spectrum and this is the principle motivation behind the studies

carried out in this chapter. We do the detailed investigations of three different

cases for the viable fermion mass spectrum. These three cases correspond to

three different choices of the Higgs fields (1)10H + 126H , (2)120H + 126H and

(3)10H +120H +126H which are responsible to generate fermion masses at the

renormalizable level. In this chapter, we discuss the viability of each case and

derive its possible predictions for the lepton mixing observables.
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6.1 Minimal model with 10 + 126 Higgs

The minimal choice of Higgs content plays a crucial role in the construction

of any predictive and phenomenologically relevant GUT models. We have al-

ready seen in Chapter 3 some nice examples of SUSY GUT models constructed

demanding the minimality of Higgs sector. A similar approach is also followed

in the case of non-supersymmetric SO(10) theory. Like other GUTs, here also

the choice of the Higgs representation is subject to two main requirements,

(1) a consistent SO(10) breaking up to the SM and (2) realistic fermion mass

spectrum. We will discuss the minimal Higgs content needed to meet both

these requirements.

6.1.1 Symmetry breaking & intermediate scales

A full breaking of the SO(10) GUT symmetry down to the SM can be achieved

via a pair of Higgs multiplets: one 45-dimensional adjoint representation, 45H

and one 126-dimensional tensor representation 126H . Note that 126H can also

be replaced by a smaller representation 16H . However we stick to the choice

of 126H because it also contributes in the fermion masses (essentially for the

seesaw mechanisms) at the renormalizable level. The explicit decomposition

of the 45 and 126 representations under the Pati-Salam gauge group are given

in Eqs. (2.17). We rewrite them here for the convenience.

126 = (15, 2, 2)⊕ (10, 3, 1)⊕ (10, 1, 3)⊕ (6, 1, 1)

45 = (15, 1, 1)⊕ (6, 2, 2)⊕ (1, 3, 1)⊕ (1, 1, 3) (6.1)

A SM preserving breaking pattern is controlled by the following two 45H

VEVs and one 126H VEV.

ωY ≡ 〈(15, 1, 1)45〉; ωR ≡ 〈(1, 1, 3)45〉; χB−L ≡ 〈(10, 3, 1)126〉 (6.2)

Different VEV configurations trigger the spontaneous breakdown of the SO(10)
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symmetry into the following subgroups. For χB−L = 0 one finds

ωR = 0, ωY 6= 0 ⇒ SU(3)c × SU(2)L × SU(2)R × U(1)B−L

ωR 6= 0, ωY = 0 ⇒ SU(4)c × SU(2)L × U(1)R

ωR 6= 0, ωY 6= 0 ⇒ SU(3)c × SU(2)L × U(1)R × U(1)B−L

ωR = +(−)ωY 6= 0 ⇒ standard (flipped)SU(5)× U(1)

(6.3)

and all these intermediate symmetries are spontaneously broken down to

the SM symmetry when χB−L 6= 0. Remarkably enough, a consistent SO(10)

gauge symmetry breaking in the usual low-scale supersymmetric context re-

quires minimally 45H + 54H [17] or 210H [47], in addition to 126H + 126H . A

series of studies in the early 1980’s of the non-SUSY SO(10) models [123, 124,

125, 126] indicated that the requirement of the gauge coupling unification, even

without proton decay limits, excludes any intermediate SU(5) symmetry stages

and so the last option in Eq. (6.3) is not viable. Recently, similar analysis

has been carried out using the updated values of the gauge coupling constants

in [121]. According to this analysis, the phenomenologically favored scenarios

allowed by gauge coupling unification correspond to a two-step breaking along

one of the following directions (labeled as chain VII and XII in Ref. [121]):

SO(10) −→ SU(3)c × SU(2)L × SU(2)R × U(1)B−L −→ SM

SO(10) −→ SU(4)C × SU(2)L × U(1)R −→ SM (6.4)

where the first breaking stage is driven by the VEVs of 45H , while the breaking

to the SM at the intermediate scale MI is controlled by the VEV of 126H .

One of the two 45H VEVs may also contribute to the second step (see [121]

for details).

It was shown about 30 years ago that while the above chains (6.4) are the

only ones which are compatible with the non-SUSY unification constraints,

they seem to be disfavored by the detailed Higgs sector dynamics [123, 124,

125, 126] due to the emergence of tachyons within the corresponding vacua.
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This is due to the fact that a detailed analysis of the classical (tree level) Higgs

potential [123, 124, 125, 126] reveals a pair of scalar multiplets with the SM

level masses given by the following relation.

M2(1, 3, 0)45
M2(8, 1, 0)45

= −(ωY + 2ωR)

(ωR + 2ωY )
(6.5)

It is clear that at least one of the scalar multiplets develops a negative mass-

squared in the majority of the parametric space (unless −2 < ωY /ωR < −1/2).

This leads to the instability in the vacuum configuration. Consequently, all

stable settings exhibit an intermediate flipped SU(5) × U(1) stage which is

problematic with the gauge coupling unification as mentioned before. Recently,

it is argued in [122] that this old result is an artifact of the tree level Higgs po-

tential and it is shown that quantum corrections have a dramatic impact. The

minimization of the one-loop effective potential in the χB−L = 0 limit shows

that the simplest non-SUSY SO(10) model with a 45H +126H (or 16H) Higgs

sector allows breaking through the intermediate symmetry patterns available.

In particular, the chains shown in Eq. (6.3) are supported. This result gen-

erally applies to any Higgs sector where the vacuum is dominated by the 45H

VEVs. This observation has opened the option of reconsidering the non-SUSY

SO(10) model as a reference framework for model building. However as argued

earlier, any realistic model must produce the viable fermion mass sector and

it requires the extension of Higgs sector to include 10H and/or 120H .

6.1.2 The Yukawa sector and global U(1)PQ symmetry

At the renormalizable level, the most general Yukawa Higgs sector can contain

10H , 120H and 126H representations which generate the masses for matter

fields once the electroweak symmetry breaks. As noted earlier, all three Higgs

are not needed in general and one can select at least two of them to construct

the realistic theory of fermion masses. The 126H is required forB−L symmetry

breaking and hence for the renormalizable versions of the seesaw mechanisms,

so it is indispensable. As we already discussed in Chapter 3, the SUSY version
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with 10H + 126H scalars has been studied in the great details and found to be

consistent with low energy observations of fermion masses and mixing angles

(accept the fact that it cannot account for the observed atmospheric scale).

Thus, a first obvious possibility in non-SUSY SO(10) is to address the model

with 10H + 126H , and to see whether or not it can continue to be realistic.

Unlike the SUSY case, there is no systematic and complete three generation

analysis of fermion masses within non-supersymmetric models. Various is-

sues involved are summarized in a recent paper [127] which contains analytic

discussion of the simplified two generation case.

In the absence of SUSY, both the real and the imaginary parts of 10H

can independently couple to fermions, this would mean additional Yukawa

couplings. So the most economical possibility for fermion masses and mixing

in non-supersymmetric model would be to choose a real 10H . It is argued [127]

that a 126H and a real 10H cannot fit even two generation case and leads to

wrong prediction like mb = mt. Thus one needs a complex 10H . As noted in

Chapter 2, it introduces an extra set of Yukawa couplings which makes the

model less predictive. This can be avoided by assigning a Peccei-Quinn (PQ)

charge to 10H . Consider the following general definition of the PQ symmetry:

16F → eiα16F ; 10H → e−2iα10H ; 126H → e−2iα126H . (6.6)

The most general Yukawa interactions allowed by this symmetry can be

written as

−LY = 16iF (Y
ij
1010H + Y ij

126126H)16
j
F + h.c. (6.7)

which is similar to Yukawa interactions in the MSGUT (3.3). The 10H and

126H contain respectively bi-doublets (1,2,2) and (15,2,2). They need to mix

in order to finally generate the standard model doublet(s) simultaneously con-

taining the 10H and 126H components. This can be achieved by fine tuning.

For example, the mixing between bi-doublets is achieved through the following
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term

V ∼ χijχklΣijklmφm (6.8)

which couples 45H (χ) to 126H (Σ) and 10H (φ). This mixes two bi-doublets

when component of 45H transforming as singlet under the SU(3)c×SU(2)L×
SU(2)R×U(1)B−L acquires a VEV. Then through fine tuning one can keep one

of the two bi-doublets in 10H and 126H at the intermediate scale. Subsequent

breaking to SM is achieved through the (1, 1, 3) component of 126H . Eq. (6.8)

provides this way the required mixing between doublets in 126H and 10H .

After the electroweak symmetry breaking, Eq. (6.7) reduces to the same

mass matrices relations Eqs. (3.4, 3.5) obtained in the case of MSGUT. We

rewrite them here for the convenience of the reader.

Md = H + F,

Mu = r(H + sF ),

Ml = H − 3F,

MD = r(H − 3sF ),

ML = rLF ,

MR = r−1
R F. (6.9)

and the light neutrino mass matrix after the seesaw mechanism is given by

Mν ≡ M II
ν +M I

ν =ML −MDM
−1
R MT

D (6.10)

Thus formally both SUSY and non-SUSY cases look alike. But there is an

important difference. The renormalization group running of the Yukawa cou-

plings is different in these two cases. Moreover the non-supersymmetric case

has intermediate scales. Thus input values and consequently the resulting fits

would be quite different in these two cases.
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6.1.3 Fermion masses and mixing: Numerical analysis

We now check the viability of Eqs. (6.9, 6.10) through χ2 fitting. Minimization

of χ2 is performed based on the input values of the charged fermion masses ob-

tained by running quark and lepton masses up to the GUT scale with mH=140

GeV [128]. We use the updated low energy values of quark mixing angles, CP

phase and neutrino parameters since the effect of RG is known to be negligible

for hierarchical neutrino spectrum. We reproduce all the input values in Table

6.1 for convenience. As before, we takeMd andMl as independent and express

the remaining matrices in terms of them and r, s as in Eqs. (3.10). Since the

masses of the charged leptons are known precisely, we go to the basis with a

diagonal Ml and use them as fixed input. Thus we have 15 real parameters

(12 in Md, complex s and real r) which determine remaining 13 observables

shown in Table 6.1. The χ2 function is defined in terms of these parameters.

GUT scale values with propagated uncertainty
md(MeV) 1.14+0.51

−0.48 ∆m2
sol(eV

2) (7.59± 0.20)× 10−5

ms(MeV) 22+7
−6 ∆m2

atm(eV
2) (2.51± 0.12)× 10−3

mb(GeV) 1.00± 0.04 sin θq12 0.2246± 0.0011
mu(MeV) 0.48+0.20

−0.17 sin θq23 0.0420± 0.0013
mc(GeV) 0.235+0.035

−0.034 sin θq13 0.0035± 0.0003
mt(GeV) 74.0+4.0

−3.7 sin2 θl12 0.3208± 0.0164
me(MeV) 0.469652046± 0.000000041 sin2 θl23 0.4529+0.0924

−0.0484

mµ(MeV) 99.1466226± 0.0000089 sin2 θl13 < 0.049(3σ)
mτ (GeV) 1.68558± 0.00019 δCKM 69.63◦ ± 3.3◦

Table 6.1: Input values for quark and leptonic masses and mixing angles in the
non-supersymmetric standard model extrapolated at MGUT = 2× 1016 GeV.

Results of numerical analysis carried out separately for type-I and type-II

dominated seesaw mechanisms are shown in Table 6.2. Parameters obtained

for the best fit solutions are shown in Appendix B.4. It is evident that the type-

II mechanism fails completely in reproducing the spectrum. Once again this

is linked to the complete absence of the b-τ unification in non-supersymmetric

theories. Neither the atmospheric mixing nor the b quark mass can be repro-
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duced correctly in this fit. In contrast, the type-I seesaw works quite well. In

fact, the quality of fit in this case is much better than the minimal supersym-

metric model with type-I seesaw, Table 3.3.

Type-I Type-II

Observables Fitted value pull Fitted value pull

md 0.000810163 −0.687161 0.00101285 −0.264898
ms 0.0208099 −0.198354 0.0225915 0.0844982
mb 0.999667 −0.00831657 1.08201 2.05031
mu 0.000495023 0.0751133 0.000507336 0.13668
mc 0.237348 0.0670883 0.237096 0.0598882
mt 73.9427 −0.0154941 74.3006 0.075144
me 0.000469652 − 0.000469652 −
mµ 0.0991466 − 0.0991466 −
mτ 1.68558 − 1.68558 −

(

∆m2
sol

∆m2
atm

)

0.030526 0.127968 0.0297114 −0.235285

sin θq12 0.224651 0.0464044 0.224499 −0.0916848
sin θq23 0.0420499 0.0392946 0.0421308 0.103004
sin θq13 0.00349369 −0.0974312 0.00353053 0.0389979
sin2 θl12 0.323245 0.148134 0.3108 −0.610792
sin2 θl23 0.435096 −0.369178 0.113306 −7.02461
sin2 θl13 0.0244287 − 0.0176863 −
δCKM[◦] 69.5262 −0.0314447 69.2051 −0.128759
δMNS[

◦] 318.465 − 14.5386 −
α1[

◦] 21.5053 − 345.645 −
α2[

◦] 215.128 − 141.905 −
rR(L) 5.62× 10-14 − 2.09× 10-10 −
χ2 0.710777 54.1197

Table 6.2: Best fit solutions for fermion masses and mixing obtained assuming
the type-I and type-II seesaw dominance in the minimal non-SUSY SO(10)
model. Various observables and their pulls at the minimum are shown. All
the masses shown are in GeV units. The bold faced quantities are predictions
of the respective solutions.

As before the rR gets determined from the atmospheric neutrino mass scale.

Assuming, that only one standard model survives at the electroweak scale one

has,

〈(1, 3,−2)〉126H ≈ r−1
R smv

rR in Table 6.2 gives

〈(1, 3,−2)〉126H ≈ 3× 1015smGeV . (6.11)
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Unlike the supersymmetric model, one would like to have this scale at an inter-

mediate value 1011 GeV [121] in order to achieve the gauge coupling unification.

This will require substantial fine tuning. The exact value of the required in-

termediate scale for the gauge coupling unification would depend on threshold

effects not included in the analysis in [121]. This would need a detailed study

of the scalar potential minimization and the scalar sector of the theory.

The leptonic parameters θ13 and three CP violating phases α1,2 and δMNS

get fixed at the minimum and are shown in Table 6.2. The firm predictions on

these observables in the scheme can be obtained by checking the variation of

χ2 with the values of various observables. As already explained in Chapter 4

(Section 4.4), we pin down a specific value p0 of an observable P by adding a

term

χ2
P =

(

P − p0
0.01 p0

)2

to χ2 and then minimizing

χ̂2 ≡ χ2 + χ2
P .

If P happens to be one of the observables used in defining χ2, then its con-

tribution is removed from there. Artificially introduced small error fixes the

value p0 for P at the minimum of the χ̂2. We then look at the variation of

χ̄2
min ≡ (χ̂2 − χ2

P )|min (6.12)

with p0. The results of such analysis carried out for the observables sin2 θl23

and sin2 θl13 are displayed in Fig. 6.1 and Fig. 6.2 respectively. sin2 θl23 can

assume value in large range and the 90% confidence level bound corresponding

to ∆χ2 = 4.61 covers its entire 3σ range 0.33 − 0.64. In contrast, a clear

prediction emerges for the angle sin2 θl13 which preferentially lies in the range

0.015− 0.03.
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Figure 6.1: Variation of χ̄2
min with sin2 θl23 in the minimal non-susy SO(10)

model with Type-I seesaw.
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Figure 6.2: Variation of χ̄2
min with sin2 θl13 in the minimal non-susy SO(10)

model with Type-I seesaw.

6.1.4 Yukawa matrices and underlying flavour structure

Numerical analysis presented in the previous subsection has demonstrated vi-

ability of the minimal non-SUSY SO(10) model in explaining the fermion

masses and mixing. In the process, it has also provided us with specific struc-

ture of fermion mass matrices which can be used to obtain some insight into

the underlying flavour structure. In this subsection, we discuss the observed

flavor structure of the model in detail.

At the SO(10) level, Yukawa couplings H,F,G determine the flavour struc-

ture of various mass matrices, Eqs. (6.9). Thus any underlying flavour symme-

try if it exists should get reflected in the structure of these matrices. Specific

structures for the Yukawa coupling matrices have been used to predict relations

between the (hierarchical) quark masses and (small) quark mixing, see for ex-
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ample [59, 129, 130, 131]. In a large class of such models, the observed masses

and mixing patterns among quarks are reproduced when elements of the quark

mass matrices are expressed as powers of one or two expansion parameters.

Following this, we try to look for a similar parameterization for the underlying

matrices F,H in case of the minimal non-supersymmetric model. We choose

the Cabibbo angle λ = 0.2246 as a convenient parameter. Elements of F and

H in this case are then found to have the following hierarchical structure in

the basis with a diagonal Ml:

H = 1.088e0.435i GeV











0.513e1.659iλ4 0.361e−1.257iλ3 0.685e0.843iλ2

0.361e−1.257iλ3 0.119e1.143iλ2 0.490e−2.123iλ

0.685e0.843iλ2 0.490e−2.123iλ 1











,

F = 0.278e2.561i GeV











0.802e−0.226iλ4 0.470e2.90iλ3 0.892e−1.283iλ2

0.470e2.90iλ3 2.359e0.515iλ2 0.639e2.034iλ

0.892e−1.283iλ2 0.639e2.034iλ 1











(6.13)

The 33 element turns out to be largest both for F and H and we have

normalized other elements by its value in writing the above structure. Most

coefficients in powers of λ are roughly O(1) except for the 22 elements.

The above structure determined numerically here is suggestive of an un-

derlying U(1) symmetry used [132] in the Froggatt Nielsen (FG) approach.

Indeed a simple U(1) can explain the occurrence of various powers of λ in

Eq. (6.13). Consider a U(1) symmetry with the U(1) charges 2, 1, 0 assigned

respectively to three generations of 16F -plet. Both 10H and 126H are assumed

neutral under this symmetry. In this case, the 33 elements of F,H arise from

the renormalizable couplings 163F163FφH (φ = 10, 126). The 23 and 32 ele-

ments follow from the couplings 162F163FφH
η
M
. Likewise, the two, three and

four powers of η respectively generate O(λ2, λ3, λ4) terms in Eq. (6.13) where

λ = 〈η〉
M
, M being some underlying scale above the U(1) breaking scale 〈η〉 and

η is assumed to carry the U(1) charge −1. The quark mass matrices resulting

from the above F,H also follow this simple pattern as in Eq. (6.13):
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Md = 0.9708e0.6809i GeV











0.800e1.481iλ4 0.539e−1.503iλ3 1.024e0.597iλ2

0.539e−1.503iλ3 0.699e2.204iλ2 0.733e−2.370iλ

1.024e0.597iλ2 0.733e−2.370iλ 1











,

Mu = 72.639e0.523i GeV











0.609e1.585iλ4 0.419e−1.359iλ3 0.796e0.741iλ2

0.419e−1.359iλ3 0.281e1.981iλ2 0.570e−2.225iλ

0.796e0.741iλ2 0.570e−2.225iλ 1











This structure is already proposed and studied in [130] as a possible ex-

planation of quark and neutrino mixing and masses. Here it follows from a

detailed analysis of this specific SO(10) model. As shown in [130], such a

form can reproduce the observed mixing and mass patterns for quarks. The

expansion parameter chosen in [130] is somewhat larger, λ = 0.26. The Dirac

neutrino mass matrix on the other hand is given by

MD = 86.240e0.210i GeV











0.253e1.795iλ4 0.201e−0.959iλ3 0.382e1.140iλ2

0.201e−0.959iλ3 0.567e−0.222iλ2 0.273e−1.825iλ

0.382e1.140iλ2 0.273e−1.825iλ 1











(6.14)

The coefficients in front of various elements are anomalously small and

thus MD does not really share the same symmetry as the underlying Yukawa

matrices. The MD and MR ∼ F conspire to produce a neutrino mass matrix

which has an interesting form

Mν = 0.087e−0.898irRr
2 GeV











1.339e2.543iλ3 0.878e−0.662iλ2 1.753e1.529iλ

0.878e−0.662iλ2 0.800e−2.646i 1.062e−1.458i

1.753e1.529iλ 1.062e−1.458i 1











(6.15)

Since we are working in a basis with a diagonal Ml, the above matrix de-

termines physical neutrino mixing and allows us to understand the leptonic

mixing structure analytically. Firstly, the 23 block has all elements of O(1)
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which results in the large atmospheric angle and hierarchy in neutrino masses.

Secondly, the 11 and 12 elements are zero to leading order in λ. In the ap-

proximation of neglecting higher powers of λ, the Mν has two-zero texture

(classified as A1 in [133]). The presence of the zeros leads to a firm prediction

of the third mixing angle [133]

sin2 θl13 ≈
(

∆m2
sol

∆m2
atm

)

sin2 θl12 cos
2 θl12

cos 2θl12 tan
2 θl23

. (6.16)

This analytic relation is in very good agreement with the numerical values.

Evaluation of the RHS using the best fit values of parameters in Table 6.2

leads to sin2 θl13 ≈ 0.0245 in agreement with the numerical prediction. Even

away from the minimum χ2, one would get sin2 θl13 around 0.02 as long as two

zero structure and hence Eq. (6.16) holds approximately. This is born out

quite well in Fig. 6.2.

The simple U(1) symmetry used to explain the structure of F,H may ap-

pear to have two shortcomings. Firstly, the specific structures are found in

a basis with a diagonal Ml Secondly, the coefficients of powers of λ in F,H

are not strictly O(1), notably in the 22 elements. In general, the definition

of symmetry and resulting texture of Yukawa matrices are basis dependent.

Basis with a diagonalMl are very special basis and it would be more desirable

to find a basis in which Ml also has a structure similar to the F,H,Md,Mu.

One can indeed find a class of unitary rotations which bring the diagonalMl to

the form as in Eq. (6.13) and at the same time retain the forms of F,H albeit

with a different set of coefficients. The U(1) symmetry leads to the following

general form of the Yukawa matrices:

(F,H) = aF,H33











aF,H11 λ4 aF,H12 λ3 aF,H13 λ2

aF,H12 λ3 aF,H22 λ2 aF,H23 λ

aF,H13 λ2 aF,H23 λ 1











. (6.17)

F,H as given above can be diagonalized with high accuracy by rotation RF,H

consisting of three successive rotations in 2-3, 1-3 and 1-2 plane with the mixing
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angles [130]

sin θF,H23 ≈ aF,H23 λ,

sin θF,H13 ≈ aF,H13 λ2,

tan 2θF,H12 ≈ 2λ
aF,H12 − aF,H23 aF,H13

aF,H22 − (aF,H23 )2 +O(λ2)
(6.18)

The eigenvalues of F,H are O(1, λ2, λ4). The eigenvalues ofMl are roughly

of similar order-though the coefficient for the electron mass is somewhat small.

Thus Ml can be put to the form as in (6.13) by rotating the diagonal Ml with

a rotation matrix Vl with angles as in Eq. (6.18) but with a different set of

coefficients alij. It is easy to see that when F,H are expressed in new basis their

forms do not change to leading order in λ but now coefficients in front of powers

of λ are different say, a′F,Hij . They depend on aF,Hij and alij . Thus symmetry in

question may manifest itself in more general basis than the specific diagonal

basis provided a′F,Hij are also O(1).

Let us consider a simple example. Rotate F,H and diagonal Ml with a

common rotation Vl defined as

Vl =











1 0 0

0 1− 1/2λ2 λeiβ

0 −λe−iβ 1− 1/2λ2











β can be chosen such that the coefficient of various powers of λ in elements of

F ′ = V T
l FVl and H

′ = VlHVl are near to 1. The best fit value of β turns out

to be β = 1.055 and for this one gets

|F ′| = 0.278 GeV











0.802λ4 0.772λ3 0.892λ2

0.772λ3 1.12λ2 1.638λ

0.892λ2 1.638λ 1











|H ′| = 1.088 GeV











0.513λ4 0.593λ3 0.685λ2

0.593λ3 0.939λ2 0.876λ

0.685λ2 0.876λ 1











(6.19)
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Unlike in Eq. (6.13), all the coefficients of various elements in the above

equation are now O(1). Ml is non-diagonal in this basis and is given by

|Ml| = 1.685GeV











0.109λ4 0 0

0 1.06λ2 1.006λ

0 1.006λ 1











. (6.20)

Hence, the Yukawa coupling matrices obtained numerically in this case display

interesting structure which can be understood from a very simple symmetry

imposed at a high scale. These features coupled with its economy makes the

minimal non supersymmetric model an attractive choice to unify basic gauge

and Yukawa interactions.

6.2 Model with 126 + 120 Higgs

We now consider an alternative model obtained by replacing 10H with 120H

in the minimal model discussed before. This model is argued to be quite at-

tractive and predictive when restricted to the second and the third generations

[127]. It is thus interesting to see if the model works in more realistic case with

three generations which require explanation of several new observables.

In the presence of 120H together with 10H + 126H and U(1)PQ symmetry,

the most general effective Yukawa sum-rules are given by Eq. (3.14). With

Y10 = 0, they reduce to the mass relations of the present model and can be

suitably written as:

Md = F +G,

Mu = s(F + tuF ),

Ml = −3F + tlG,

MD = s(−3F + tDG),

ML = rLF ,

MR = r−1
R F. (6.21)
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where (G) F is a complex (anti)symmetric matrix and s, rL, rR, tl, tu and tD

are the complex parameters in general out of which the parameters s, rL and

rR can be made real without loss of generality.

6.2.1 Outlines of two generation analysis

A simple two generation study was carried out in the context of the above

mass relations in [127]. It was found out that the above relations seem to lead

to three main predictions. We briefly outline the main points and predictions

of their analysis here before we begin the full three generation analysis. In the

basis where F is diagonal with real and positive elements, the most general

charged fermion mass matrix can be written as [127]:

Mf = µf





sin2 θ i(sin θ cos θ + ǫf )

−i(sin θ cos θ + ǫf ) cos2 θ



 (6.22)

where f = u, d, l stands for charged fermions, |µf | ≈ m3f , |ǫf | ≈ m2f/m3f

and m2f and m3f correspond to second and third generation masses of f type

fermions respectively. It is also evident from Eqs. (6.21) and seesaw formula

of neutrino mass matrix (6.10) that in the limit of tD → 0,

M I
ν ∝M II

ν ∝ F (6.23)

Eq. (6.22) and (6.23) leads to the following predictions.

1. For the neutrino masses, it gives the relation

m2
3 −m2

2

m2
3 +m2

2

=
cos 2θA

1− sin2 2θA/2
+O(ǫ) (6.24)

The above relation predicts the relation between the degeneracy of neu-

trino masses and the maximality of atmospheric mixing angle θA. For

∆m2
atm = m2

3−m2
2 ≈ 2.5×10−3 eV2 and θA = 45o, the above relation puts

a lower bound on m2 > 0.03 eV. Further, this lower bound decreases (i.e.

neutrinos becomes more hierarchical) with increasing deviation from the
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maximality for the atmospheric mixing.

2. The model predicts

mτ

mb
≈ 3 + 3 sin 2θARe[ǫl − ǫd] +O(ǫ2) (6.25)

We will see later that this relation holds approximately true also in the

full three generation study. However it kills the model because the ex-

trapolation of mb and mτ at the GUT scale leads to mτ ≈ 1.6mb.

3. It was also shown that Eq. (6.22) leads to the following relation between

quark mixing Vcb and the atmospheric mixing angle θA.

|Vcb| ≈ |Reξ − i cos 2θAImξ|+O(ǫ2) (6.26)

where ξ = cos 2θA(ǫd − ǫu).

It is important to note that all three predictions, particularly (1) and (3),

are very sensitive to the corrections arise due to the inclusion of first generation.

In the next subsection we carry out complete three generation analysis of Eqs.

(6.21). We will see there that none of the predictions (1) and (3) holds in three

generation case while (2) survives but it is found inconsistent with the fermion

masses extrapolated at the GUT scale given in Table 6.1.

6.2.2 Full three generation study: Numerical analysis

In Eqs. (6.21), F can be made real diagonal without loss of generality. Ml is not

diagonal and the charged lepton masses are included in the χ2 function unlike

the previous case of the minimal model where they were set as input. Since

the errors in the charged lepton masses are extremely small, the numerical

optimization algorithm we use is unable to converge to the solution in finite

time. Thus we set 10% error in charged lepton masses and minimize the χ2

with respect to 16 (3 in F , 6 in G, real s and complex tl, tu, tD) real parameters.
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Type-I Type-II

Observables Fitted value pull Fitted value pull

md 0.000186192 −1.9871 0.000223284 −1.90982
ms 0.00267758 −3.2204 0.00296063 −3.17323
mb 0.844022 −3.89946 0.836471 −4.08822
mu 0.00048096 0.00480131 0.000483412 0.0170595
mc 0.23454 −0.0135291 0.237869 0.0819818
mt 74.053 0.0132566 73.891 −0.0294532
me 0.000467656 −0.0424983 0.000475465 0.123771
mµ 0.0964545 −0.271534 0.101839 0.271587
mτ 2.61149 5.49314 2.60147 5.43367

(

∆m2
sol

∆m2
atm

)

0.0303749 0.0605819 8.59 × 10−7 −13.4841

sin θq12 0.224581 −0.0172464 0.224591 −0.00790894
sin θq23 0.0419722 −0.0218756 0.0420623 0.0490417
sin θq13 0.00354561 0.0948516 0.00353062 0.0393252
sin2 θl12 0.321216 0.0243762 0.320612 −0.0124452
sin2 θl23 0.450311 −0.0544896 0.0375094 −8.59228
δCKM 69.5526 −0.0234639 69.5794 −0.0153481

χ2 59.7934 315.705

Table 6.3: Best fit solutions for fermion masses and mixing obtained assuming
the type-I and type-II seesaw dominance in non-SUSY SO(10) model with
120 + 126 Higgs. All the masses shown are in GeV units. Various observables
and their pulls at the minimum are shown.

Results of numerical analysis carried out separately for type-I and type-

II dominated seesaw scenarios are shown in Table 6.3. The detailed fits are

quite different in two cases showing that a simple proportionality (6.23) of

the type-II and type-I contribution observed in the two generation study [127]

does not hold in general. The model fails badly in reproducing the fermion

mass spectrum in either case. Analytic study of the two generations lead in

the model to a relation mτ ≈ 3mb. This is born out in the detailed numerical

study with three generations as well. But this relation becomes one of the

causes of the failure of the model as is clearly seen in the Table 6.3. Likewise,

the numerical fits lead to nearly vanishing solar scale at the minimum in the

type-II case. This becomes an added cause of very poor fits. It appears from

the results that the renormalizable model with 45H +120H +126H Higgs fields

is not a good candidate to obtain even fermion mass spectrum.
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6.3 Model with 10 + 126 + 120 Higgs

As we have already discussed in Section 6.1, the minimal case works quite well

and provides realistic fermion mass spectrum and there is no real motivation

to go to the non-minimal case with 10H +126H +120H. However we carry out

such analysis for completeness and find that this case works even better than

the minimal case as far as the fermion masses are concerned.

6.3.1 Extension with additional 120 Higgs

The minimal model discussed in Section 6.1 is extended by adding 120H field

which transforms as

120H → e−2iα120H

under the global U(1)PQ symmetry. Like in the SUSY case, here also, 120H do

not play any major role in SO(10) symmetry breaking and the entire symmetry

breaking is governed by 45H and 126H . However 120H contributes in the

fermion masses through its two SM like doublets. Assuming that the CP is

violated maximally and spontaneously (or equivalent Z2 parity defined in [83]),

we obtain the same fermion mass relations Eqs. (3.15) as we obtained in the

SUSY case. We rewrite these relations again for convenience.

Md = H + F + iG ,

Mu = r(H + sF + itu G ),

Ml = H − 3F + itl G ,

MD = r(H − 3sF + itD G ),

ML = rLF ,

MR = r−1
R F. (6.27)

where (G) H , F are real (anti)symmetric matrices. r, s, tl, tu, tD, rL, rR

are dimensionless real parameters. We carry out the numerical analysis of the

above relations to check their consistency with the data given in Table 6.1.
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6.3.2 Numerical analysis of fermion masses & mixing

We select a basis in which H is diagonal in Eqs. (6.27). Ml is not diagonal

in this basis and we parameterize it as Ml = UlDlU
†
l with Ul being a general

unitary matrix expressed in terms of three angles and six phases and Dl is a

diagonal matrix for the charged lepton masses. One can rewrite Ml in Eqs.

(3.9) as

3F − itlG = H − UlDlU
†
l

Since F and G are real, the real and imaginary parts of the RHS separately

determine F and tlG in terms of the charged lepton masses and parameters

of H and Ul which are put back in Eqs. (3.9). The remaining fermion mass

matrices can be expressed in terms of 17 (3 in H , 9 in Ul, real r, s, tl, tu, tD)

real parameters in the case of type-I seesaw dominance which determine 16

observables Pi shown in Table 6.1. One parameter tD becomes irrelevant for

the type-II seesaw case. We do the numerical analysis for this case and results

are shown in Table 6.4.

Parameters obtained for the best fit solutions in type-I case are shown in

Appendix B.4. Unlike the supersymmetric case, the presence of 120H does

not help in improving the fits in the type-II seesaw dominated case. But

the fits obtained for the type-I scenario are considerably better compared to

the corresponding supersymmetric as well as the minimal non-supersymmetric

case. Pulls in all observables are practically zero in this case.

The predictions of the model for the observables sin2 θl23 and sin2 θl13 are dis-

played in Fig. 6.3 and Fig. 6.4 respectively. Once again a clear predictionsin2 θ13 &

0.015 emerges in this case.

6.4 Conclusions & outlook

In this chapter, we carried out a detailed analysis of the fermion masses in

non-supersymmetric models. The minimal non-supersymmetric SO(10) model

with 45H + 10H + 126H is quite economical and is argued recently [121, 122]
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Type-I Type-II

Observables Fitted value pull Fitted value pull

md 0.00113968 −0.000676838 0.00108711 −0.110189
ms 0.0219909 −0.00150966 0.0142689 −1.28852
mb 1. 0.0000376219 1.19665 4.9162
mu 0.000480133 0.000666686 0.000486627 0.0331338
mc 0.235007 0.000211758 0.240819 0.166268
mt 73.9997 −0.0000888053 77.4295 0.857367
me 0.000469652 0 0.000469652 0
mµ 0.0991466 0 0.0991466 0.220249
mτ 1.68558 0 1.68558 0.000124065

(

∆m2
sol

∆m2
atm

)

0.0302402 0.000545016 0.0260106 −1.88556

sin θq12 0.224601 0.00105776 0.224567 −0.0304356
sin θq23 0.0420001 0.0000431604 0.0431393 0.897068
sin θq13 0.00351992 −0.000308192 0.00338234 −0.509862
sin2 θl12 0.320821 0.000292661 0.278093 −2.6052
sin2 θl23 0.453034 0.000947066 0.343286 −2.26804
sin2 θl13 0.0306736 − 0.00538748 −
δCKM[◦] 69.6278 −0.000660788 72.7155 0.935014
δMNS[

◦] 355.719 − 46.8148 −
α1[

◦] 60.079 − 60.6202 −
α2[

◦] 214.691 − 250.978 −
rR(L) 1.56 × 10-15 − 3.43× 10-10 −
χ2 ∼ 10-6 44.0801

Table 6.4: Best fit solutions for fermion masses and mixing obtained assuming
the type-I and type-II seesaw dominance in the non-supersymmetric SO(10)
model with 10 + 126 + 120 Higgs. Various observables and their pulls at the
minimum are shown. All the masses shown are in GeV units. The bold faced
quantities are predictions of the respective solutions.
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Figure 6.3: Variation of χ̄2
min with sin2 θl23 in the extended model with Type-I

seesaw.
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to be a viable candidate for the gauge coupling unification. As shown here it

also provides a very good description of fermion masses as well. Some of the

interesting outcomes of this study are the following.

• Unlike the supersymmetric case, the extrapolated values of bottom quark

mass and tau lepton mass at the GUT scale do not unify. Thus type-II

models in this category fail completely, namely, they predict very small

atmospheric mixing angle θl23 ∼ O(Vcb).

• Intermediate scale ∼ 1011 GeV is required in this model in order to obtain

the unification of gauge coupling [121]. The scale preferred from the fits

to fermion masses presented in the minimal model is somewhat larger.

This scale can be reduced if the admixture of the light doublet in the

doublet component of 126H is very small, see Eq. (6.11).

• The Yukawa coupling matrices obtained numerically in this case display

interesting structure which can be understood from a very simple sym-

metry imposed at a high scale.

• Based on simplified two generation study, a model with 120H+126H was

argued to be potential candidate for the viable fermion spectrum. As it

is shown here through complete three generations study, this model fails

in explaining the fermion spectrum and hence can be ruled out.
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• The non minimal model with 10H+126H+120H also provides an excellent

fit to the fermion masses and mixing angles.

In particular, the minimal model with type-I seesaw emerges as best vi-

able scenario based on which a complete non-SUSY SO(10) model can be

constructed. Consistency of the parameter space provided by fermion mass

fitting as well as simultaneous analysis of the constraint from the gauge cou-

pling unification will depend on the detailed analysis of the scalar sector of the

theory. Such analysis will provide the playground for exploring the possibility

of a realistic and predictive GUT, along the lines of the recent efforts in the

supersymmetric context.



Chapter 7

Summary & Outlook

An understanding of the fermion mass spectrum and their peculiar mixing

patterns is one of the major goals of the particle physics beyond the standard

model. Because of the virtue of quark-lepton unification, the grand unified

theories can play an important role in revealing the origin of similarities and

contrasts between the quarks and leptons masses and mixing patterns observed

in nature. On the other hand, eventhough the idea of the grand unification is as

old as the standard model, it is still an “idea” because most of its smoking gun

signals lie in the domain beyond our experimental reach. As a result, one has

to rely either on its predictions of ultra-weak interactions like nucleon decay or

some of its indirect evidences like the unification of the gauge couplings. Most

importantly, it is recently understood that the fermion masses and mixing can

also provide a testing ground for GUTs at least when they are constructed on

the principle of minimality. The precisely known values of fermion masses and

mixing angles can provide a crucial viability test for any such GUT framework.

We have examples of beautiful models such as the minimal SUSY SU(5) model

(in Chapter 2) and minimal SUSY SO(10) model (in Chapter 3) which are

consistent with other constraints but which failed in explaining the observed

fermion mass spectrum.

In this thesis, we have concentrated on studies of the implied fermion mass

spectrum within otherwise successful GUT models based on an SO(10) gauge

symmetry. The choice of SO(10) based models is naturally motivated due
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to their economy and ability to incorporate neutrino masses. A complete

unification of a fermion family leads to very interesting consequences which

otherwise are impossible to achieve in ordinary bottom-up approaches. We

have outlined some of these features of SO(10) GUTs and their advantages

over the standard model in the first two chapters of the thesis. Particularly in

the second chapter, we disuses the origin of fermion masses and connections

between quark and lepton spectra in SU(5) and SO(10) based GUTs. Many

qualitative comparisons have been drawn in order to understand the relevance

of SO(10) GUT which is quantitatively studied in the subsequent chapters.

We have already summarized the detailed results and their major implications

at the end of each chapter. Here we briefly discuss the main outcomes of each

study.

As argued earlier, the minimality sometimes leads to predictive frameworks

which can be tested through their viability in reproducing the fermion mass

spectrum. In Chapter 3, we study two such models built on the SUSY SO(10)

gauge theories. One of them is the minimal SUSY SO(10) model which was

studied earlier in great details and found inconsistent due to the conflict be-

tween the position of the seesaw scale and the requirements of gauge couplings

unification. However all these studies were based on the fermion mass data

which do not include the supersymmetric threshold corrections. Such SUSY

threshold corrections play significant role in changing some of the observables

of fermion mass spectrum extrapolated at the GUT scale. For example, the vi-

ability of type-II seesaw mechanism in the minimal model crucially depends on

the precise b-τ unification at the GUT scale which is sensitive to SUSY thresh-

old corrections. We show that the type-II seesaw mechanism in the minimal

model can provide reasonable fits only in the cases where b-τ unification is

achieved with/without including the threshold corrections. A small departure

from b-τ unification results into the small atmospheric mixing angle which is

disfavored by the neutrino oscillation experiments. On the other hand, type-I

seesaw works uniformly well and does not require b-τ unification. We also

confirm the existing conflict between seesaw scale and unification scale from
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our fitted parameters. The extension of the minimal model is also studied.

It is found that in this model, one obtains reasonable improvements over the

minimal model and both type-I and type-II cases work well. In the case of

type-II seesaw dominance, the b-τ unification is not necessary to obtain the

good fits unlike in the minimal model. However its presence improves the fit.

As a result, the non-minimal model which correctly accounts for the realis-

tic fermion mass spectrum can be considered as the potential candidate for

the new minimal GUT model. However its ultimate fate depend on the con-

sistency of the fitted parameters with the other constraints coming from the

scalar potential minimization, proton decay etc.

In Chapter 4 and 5, we tried to understand the origin of difference between

the quark and lepton mixing patterns. In the quark-lepton unified frameworks,

one naively expects that the quark and lepton mixing patterns would be iden-

tical. However this is not the case and we know that the lepton mixing angles

are large when compared to the quark mixing angles. The lepton mixing an-

gles seem to follow a particular mixing pattern known as tribimaximal mixing.

It is not even known that such large lepton mixing are compatible with the

small and hierarchical quark mixing together with fermion masses. In Chapter

4, we address this question by checking the viability of the exact tribimaximal

lepton mixing with the remaining fermion mass spectrum. We first find out

the most general condition under which the exact tribimaximal lepton mixing

pattern can exist and then we numerically investigate the viability of an en-

tire fermion mass spectrum subject to this condition in a non-minimal SUSY

SO(10) model. It is found that the exact TBM pattern in the lepton mixing

is a viable scenario and it is consistent with the entire fermion spectrum.

We study some flavor symmetric models built on SUSY SO(10) framework

in Chapter 5 which can account for the observed differences between quark

and lepton flavor mixing patterns. Flavor symmetry constraints the param-

eter space in a given model by establishing the horizontal relations between

different families of fermions. This sometimes leads to an understanding of

specific flavor mixing pattern. In a grand unified framework, such symmetries
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must uniquely determine the flavor mixing pattern of quarks and leptons treat-

ing them identically at the GUT scale. We provide three candidate SO(10)

GUT models of flavor symmetries which do this job in different ways. The

spontaneously broken µ-τ symmetry in an SO(10) model simultaneously ac-

counts for the small quark mixing and large lepton mixing being consistent

with fermion masses. One gets similar patterns in fermion mass matrices irre-

spective of type-I or type-II seesaw dominance. In the second part of Chapter

5, we propose an SO(10) model based on a continuous O(3) symmetry which

leads to quasidegenerate neutrinos. The large lepton mixing angles are the

natural consequences of quasidegenerate neutrinos. Consistency of quasidegen-

erate neutrino spectrum with hierarchical charged fermions is shown through

detailed numerical analysis. In the last section of Chapter 5, we consider an

S4 symmetric SO(10) model which establishes many interesting connections

between the observables of the quark and lepton sector. It predicts relations

like quark-lepton complementarity, Georgi-Jarlskog relations which were em-

pirically known since long ago. The largeness of lepton mixing angles can be

understood in terms of type-II seesaw dominance.

The non-supersymmetric SO(10) GUTs have emerged as natural alterna-

tives to SUSY GUTs because an intermediate seesaw scale required for neutrino

masses is a necessary ingredient of this model if gauge couplings are to unify.

In order to construct a realistic model based on non-SUSY SO(10), one needs

to decide a suitable Higgs content which can account for consistent symmetry

breaking and viable fermion mass spectrum. In Chapter 6, we address the

second requirements through detailed investigations of different Higgs content

and checking their viability with respect to observed fermion spectrum. We

find that the minimal model based on the scalar content 10H+126H+45H and

with a global U(1)PQ symmetry can precisely reproduce entire fermion spec-

trum if type-I seesaw dominates. Also an extension with 120H works well while

a replacement of 10H by 120H fails in explaining the observed fermion masses.

It is shown that type-II seesaw mechanism in all these models is disfavored by

the b-τ non-unification at the GUT scale. Our results strongly favor the scalar
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sector which includes 10H +126H +45H as the best candidate for the minimal

non-SUSY SO(10) model. However, one has to test the consistency of the

10H+126H +45H vacuum against gauge unification. If the vacuum turned out

to be compatible with the phenomenological requirements it would be then im-

portant to perform an accurate estimate of the proton decay branching ratios.

As a matter of fact non-supersymmetric GUTs offer the possibility of making

definite predictions for proton decay where the main theoretical uncertainty

lies in the mass of the leptoquark vector bosons, subject to gauge unification

constraints.





Appendix A

Extraction of the observables

and fitting procedure

In this Appendix, we discuss our method of extracting the physical observables

from the fermion mass matrices predicted in the different models. We also

briefly explain the χ2 method through which we fit the model on the fermion

mass data extrapolated at the GUT scale.

A.1 Extraction of the physical observables

From the given mass matrices of fermions, we extract the physically relevant

quantities as the following. First we diagonalize the mass matrices by biunitary

transformations:

U †
fL
MfUfR = Diag.(mf1 , mf2 , mf3) ≡ Df (A.1)

where f = u, d, l, ν stands for up-, down-type quarks, charged leptons and

neutrinos respectively. In practice, the UfL (UfR) is constructed from the

eigenvectors of a Hermitian matrix MfM
†
f (M †

fMf ). In the most of the cases

we studied in the thesis,Mf is either complex symmetric or Hermitian. In these

special cases, one obtains UfR = U∗
fL

or UfR = UfL respectively. Basically, UfL,R

are the unitary rotations which relate the flavor eigenstates to the physical
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eigenstates (denoted by f ′
L,R) by the following transformation:

fL,R = UfL,R
f ′
L,R (A.2)

As a result, the charged-current interactions (1.26) couple to the physical

fermions f ′
L,R with couplings given by

VCKM ≡ U †
uL
UdL

VPMNS ≡ U †
lL
UνL (A.3)

where VCKM is Cabibbo-Kobayashi-Maskawa [134, 135] matrix which mixes the

quark flavors while an analogous mixing in the lepton sector is characterized

by the Pontecorvo-Maki-Nakagawa-Sakata [136, 137] mixing matrix, namely

VPMNS. In the case of three fermionic generations, each of the above matrix

is a 3× 3 unitary matrix and can be parametrized by three mixing angles and

a CP-violating phase [106]. In the popular “standard parametrization”, it can

be written as

V = PL











c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13











PR

(A.4)

where sij = sin θij and cij = cos θij . PL = Diag.(eiβ1, eiβ2 , eiβ3) and PR =

Diag.(ei
α1
2 , ei

α2
2 , 1) are diagonal phase matrices. In the quark sector, both

PL and PR can be rotated away by redefining the quark fields uL and dL

respectively and thus none of them is physical. However, in the lepton sector,

PR cannot be rotated away if neutrinos are Majorana fields. This keeps α1

and α2 physically relevant and they are known as the Majorana phases [106].

From Eqs. (A.1) and (A.4), we have total 22 physical observables (12

fermion masses + 3 quark mixing angles + CP phase in the quark sector + 3

lepton mixing angles + 3 CP phases in the lepton sector) which can be probed

in the low energy experiments. Out of these 22 observables, 17 have already
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been measured (9 charged fermion masses, ∆m2
sol, ∆m

2
atm, 4 CKM parameters,

θl23 and θl12 mixing angles in the lepton sector). There exists upper bound on

the reactor angle θl13 in the lepton sector while the remaining 3 phases and

the absolute mass of neutrinos are not known. Recently, the T2K and MINOS

experiments have indicated nonzero θl13. We have also taken this into account

wherever required.

A.2 Fitting procedure

The different SO(10) scenarios discussed in the thesis predict the fermion mass

matrices Mf as functions of finite number of free parameters xα. In order to

check the viability of these predictions and further to determine the best fit

values of parameters xα, we carry out the χ2 fitting in the thesis wherever it

is needed. For this, we construct a χ2 function defined as

χ2(xα) =
∑

i

(

Pi(xα)− Oi

σi

)2

. (A.5)

where the sum runs over different observables. Pi denote the theoretical values

of physical observables which are extracted from the fermion mass matricesMf

as discussed above. The Oi are the experimental values of the same observable

extrapolated to the GUT scale and σi denote the 1σ errors in Oi.

The data of the fermion masses and mixing angles are fitted by minimizing

the χ2(xα) with respect to the free parameters xα. Note that the χ2(xα) is

highly non-linear and complex function in general which cannot be minimized

by any known analytical technique. Thus it is minimized using an algorithm

based on the numerical optimization technique, the simplex method [138]. To

implement this method, we use the function minimization tool MINUIT [139]

developed by the CERN library. The simplex method does not use the first

derivatives of function to locate the minima. As a result, it is rather robust

with respect to gross fluctuations in the function value and hence considered to

be most suitable method of optimization for extremely non-linear and complex
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functions. However, it gives no reliable information about the parameter errors.

Moreover, it cannot be expected to converge accurately to the minimum in a

finite time. It is also important to note that considering the non-linearity and

complexity of the problem here, the algorithm is not guaranteeing the global

minimum. In this case, it is difficult to rule out the existence of still lower

minima if it exist which may improve the solutions. To increase the chance of

getting global minimum we run the program for long enough time to scan all

the possible minimum which may exist in the parameter space.



Appendix B

Parameters obtained for the

best fit solutions

In this Appendix, we show the parameter values obtained from our fitting

procedure for some of the best fitted models that we have analyzed. The

fitted parameters are shown in each case and all the fermion mass matrices

can be constructed from these parameters using the mass relations predicted

by respective models.

B.1 The supersymmetric SO(10) models

The minimal model with type-II seesaw

The best fit (χ2 = 6.9367) is obtained for tan β = 1.3 in this case. The results

are given in column A of Table 3.2. The values of parameters obtained at the

minimum of χ2 are:

Ml = mτ











0.000285653 0 0

0 0.0593651 0

0 0 1.











Md = mτ











0.001190 + 0.000816i −0.001425− 0.003735i −0.044221− 0.009033i

−0.001425− 0.003735i −0.0193451+ 0.013953i 0.081325+ 0.095024i

−0.044221− 0.009033i 0.081325+ 0.095024i 1.00871− 0.133436i











s = 0.0963194+ 0.158168i (B.1)
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The minimal model with type-I seesaw

The best fit (χ2 = 3.4746) is obtained for tan β = 38 in this case. The results

are given in column C2 of Table 3.3. The values of parameters obtained at the

minimum of χ2 are:

Ml = mτ











0.00025867 0 0

0 0.0540358 0

0 0 1.











Md = mτ











0.001800i 0.005386− 0.000214i 0.034807+ 0.031733i

0.005386− 0.000215i −0.009305− 0.018381i 0.097663− 0.104384i

0.034807+ 0.031733i 0.097663− 0.104384i 0.945297− 0.052779i











s = 0.467643− 0.124332i (B.2)

The non-minimal model with type-II seesaw

The best fit (χ2 = 0.0038) is obtained for tan β = 38 in this case. The results

are given in column C2 of Table 3.4. The values of parameters obtained at the

minimum of χ2 are:

H = mτ











−0.000251755 0 0

0 −0.00357438 0

0 0 −0.98908











F = mτ











−0.000423953 0.000552908 0.00210575

0.000552908 −0.00692301 −0.00563144

0.00210575 −0.00563144 −0.00837315











G = mτ











0 0.000948193 0.00669678

−0.000948193 0 −0.0227847

−0.00669678 0.0227847 0











(s, tu, tl) = (−0.82278, 0.123789, − 8.02413) (B.3)
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The non-minimal model with type-I seesaw

The best fit (χ2 = 0.0011) is obtained for tan β = 38 in this case. The results

are given in column C2 of Table 3.5. The values of parameters obtained at the

minimum of χ2 are:

H = mτ











−0.000124146 0 0

0 −0.00336696 0

0 0 0.998283











F = mτ











0.00107671 −0.00155537 −0.00259023

−0.00155537 0.0136525 −0.0253916

−0.00259023 −0.0253916 0.00144251











G = mτ











0 −0.00116384 0.00106055

0.00116384 0 0.00165029

−0.00106055 −0.00165029 0











(s, tu, tl, tD) = ( 0.0817661, − 0.242018, − 10.8351, 565.082) (B.4)

B.2 The tribimaximal mixing in SO(10)

TBM in SO(10): The most general Vl

The parameter values corresponding to the best fit solution shown in column

A in Table 4.2 are the following.

H =











0.0023206 0.000117224 −0.0219357

0.000117224 0.0438213 0.121791

−0.0219357 0.121791 1.06669











GeV

F =











−0.00289886 −0.00526436 −0.00526436

−0.00526436 −0.0411171 0.0329539

−0.00526436 0.0329539 −0.0411171











GeV

G =











0 0.003501 0.00758655

−0.003501 0 0.0435519

−0.00758655 −0.0435519 0











GeV

(r, s, tu, tl) = (77.6714, 0.545681, 0.214621, 7.64053) (B.5)
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TBM in SO(10): Exact TBM lepton mixing (Vl = Ul)

The parameter values corresponding to the best fit solution shown in column

B1 in Table 4.2 are the following.

H =











0.00111546 0.000428794 −0.020097

0.000428794 0.0188148 0.0639684

−0.020097 0.0639684 1.17731











GeV

F =











−0.0016484 −0.00375321 −0.00375321

−0.00375321 −0.0276748 0.0222732

−0.00375321 0.0222732 −0.0276748











GeV

G =











0 −0.00278749 −0.0378996

0.00278749 0 −0.0820076

0.0378996 0.0820076 0











GeV

(r, s, tu, tl) = (70.5742, 0.526782, 0.551405, 2.15986) (B.6)

B.3 The µ-τ symmetric SO(10)

µ-τ symmetric SO(10): type-II seesaw

The parameter values corresponding to the best fit solution obtained for the

case C in Table 5.2 are the following.

H =











−0.818923 0 0

0 −701.354 −32.0485

0 −32.0485 −598.783











MeV

F =











−0.343138 −2.07269 −2.07269

−2.07269 11.2606 −14.3836

−2.07269 −14.3836 11.2606











MeV

G =











0 4.19817 −4.19817

−4.19817 0 617.845

4.19817 −617.845 0











MeV

(r, s, tu, tl) = (61.1056, − 121.664, 65.9824, − 0.980791) (B.7)
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µ-τ symmetric SO(10): type-I seesaw

The parameter values corresponding to the best fit solution obtained for the

case C in Table 5.3 are the following.

H =











35.0178 0 0

0 556.777 554.429

0 554.429 551.775











MeV

F =











−15.716 20.8951 20.8951

20.8951 −29.4636 −29.5305

20.8951 −29.5305 −29.4636











MeV

G =











0 2.79728 −2.79728

−2.79728 0 −3.21385

2.79728 3.21385 0











MeV

(r, s, tu, tl, tD) = (83.7973, 178.571, 0.011244, 1.0715, 4537.34) (B.8)

We also give the fermion mass matrices obtained from eq.(5.2) using the

best fit values of the parameters given above.

Md =











19.3018 20.8951+ 2.79728i 20.8951− 2.79728i

20.8951− 2.79728i 527.314 524.898− 3.21385i

20.8951 + 2.79728i 524.898+ 3.21385i 522.311











MeV

Mu =











127.971 3731.25+ 2.99727i 3731.25− 2.99727i

3731.25− 2.99727i 41395.1 41186.3− 3.44363i

3731.25 + 2.99727i 41186.3+ 3.44363i 40975.9











MeV

Ml =











82.1659 −62.6852+ 0.0314526i −62.6852− 0.0314526i

−62.6852− 0.0314526i 645.168 643.02− 0.0361365i

−62.6852+ 0.0314526i 643.02 + 0.0361365i 640.166











MeV

M I
ν =











−0.0242264 −0.0143681+ 0.0004742i −0.0143657− 0.0000756i

−0.0143681+ 0.0004742i −0.012829+ 0.0067828i −0.016311+ 0.0002142i

−0.0143657− 0.0000756i −0.016311+ 0.0002142i −0.0127693− 0.0062952i











eV(B.9)
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B.4 The non-supersymmetric SO(10) models

The minimal non-SUSY SO(10) model with type-I seesaw

The values of fitted parameters corresponding to the best fit solution obtained

for type-I seesaw in Table 6.2 are the following.

Ml =











0.000469652 0 0

0 0.0991466 0

0 0 1.68558











GeV

Md =











−0.001101+ 0.001641i 0.004037− 0.004345i 0.014501+ 0.048008i

0.00403− 0.004345i −0.033107+ 0.008704i −0.018711− 0.158707i

0.014501+ 0.048008i −0.018711− 0.158707i 0.754282+ 0.611126i











GeV

(r, s) = (69.1739, 0.362941− 0.0463175i) (B.10)

The non-minimal non-SUSY SO(10) model with type-I

seesaw

The values of fitted parameters corresponding to the best fit solution obtained

for type-I seesaw in Table 6.4 are the following.

H =











0.00158452 0 0

0 0.0407501 0

0 0 −0.330398











GeV

F =











−0.00116221 −0.000145513 0.0130876

−0.000145513 −0.0224155 −0.00121344

0.0130876 −0.00121344 −0.667509











GeV

G =











0 −0.00670763 0.00612927

0.00670763 0 −0.0437162

−0.00612927 0.0437162 0











GeV

(r, s, tl, tu, tD) = (−52.4173, 1.61949, 3.1751, 0.0413014, − 11.7339) (B.11)



Appendix C

The S4 group theory:

Representations and invariants

C.1 The S4 group

The group S4 is the permutation group of four distinct objects. It is isomorphic

to the symmetry group of a regular octahedron and so well-known in solid

state physics. Its order is 24, i.e. it has 24 distinct elements. S4 has five

conjugate classes and therefore contains five irreducible representations which

are all real. Among these are two one-dimensional ones, the identity (i.e. the

representation being invariant under all transformations of S4, also called the

symmetric representation) and the anti-symmetric one (i.e. the one changing

sign under odd permutations, also called alternating). In the following we will

denote the identity one with 11 and the anti-symmetric one with 12. There is

one two-dimensional representation called 2 and two three-dimensional ones,

31 and 32. Out of these five irreducible representations only the two three-

dimensional ones are faithful. Their characters χ, i.e. the traces of their

representation matrices, are given in the character table, see Table C.1. There

we use the following notations: Ci with i = 1, ..., 5 are the five classes of the

group, ◦Ci is the order of the ith class, i.e. the number of distinct elements

contained in this class, ◦hCi is the order of the elements R in the class

Ci, i.e. the smallest integer (> 0) for which the equation R
◦hCi = 1 holds.
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classes
C1 C2 C3 C4 C5

G 1 A2 AB2 B A
◦Ci 1 3 6 8 6
◦h Ci 1 2 2 3 4

11 1 1 1 1 1

12 1 1 -1 1 -1

2 2 2 0 -1 0

31 3 -1 1 0 -1

32 3 -1 -1 0 1

Table C.1: Character table of the group S4. see text for details

Furthermore the table contains one representative for each class Ci given as

product of the generators A and B of the group.

From the generators A and B all other elements of S4 can be formed by mul-

tiplication. They ought to fulfill the following relations [140] :

A4 = 1 , B3 = 1 and AB2A = B , ABA = BA2B . (C.1)

We show one possible choice of generators in the next section. Using them we

calculate the Clebsch Gordan coefficients for all the Kronecker products.

S4 is the smallest group containing one-, two- and three-dimensional represen-

tations together with the group T ′.

S4 can be embedded into SO(3) as well as in SU(3) (where it is isomorphic

to the group ∆(24) [141]) and therefore gives the opportunity to embed our

discrete flavor symmetry into a continuous one which is broken at a high energy

scale.

In our model the group S4 is broken completely at the electroweak scale, how-

ever this breaking could also occur in two steps such that S4 breaks to one

of its subgroups which is then completely broken. The non-abelian subgroups

of S4 turn out to be already well-known as flavor symmetries: they are S3

(which is isomorphic to D3), D4 and A4. Correlation tables containing the

corresponding breaking sequences for the representations of S4 can be found
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in [142].

C.2 Representation matrices

The representation matrices fulfilling Eq.(C.1) can be chosen as:

A =





−1 0

0 1



 and B = −1

2





1
√
3

−
√
3 1



 for 2 ,

A =











−1 0 0

0 0 −1

0 1 0











and B =











0 0 1

1 0 0

0 1 0











for 31

and

A =











1 0 0

0 0 1

0 −1 0











and B =











0 0 1

1 0 0

0 1 0











for 32 .

These matrices can be found in [140].

C.3 Kronecker products

The Kronecker products can be calculated from the above given character table

[143].

1i × 1j = 1(i+j) mod 2 +1 ∀ i and j

2× 1i = 2 ∀ i

3i × 1j = 3(i+j) mod 2 +1 ∀ i and j

3i × 2 = 31 + 32 ∀ i

31 × 32 = 12 + 2+ 31 + 32

[2× 2] = 11 + 2 , {2× 2} = 12 and
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[

3i × 3i
]

= 11 + 2+ 31 ,
{

3i × 3i
}

= 32 ∀ i

where we introduced the notation [µ× µ] for the symmetric and {µ× µ} for

the anti-symmetric part of the product µ× µ.

Note that ν × µ = µ× ν for all representations µ and ν.

C.4 Clebsch Gordan coefficients

The Clebsch Gordan coefficients can be calculated [144] with the given repre-

sentation matrices for

A,A′ ∼ 11 , B, B′ ∼ 12 ,





a1

a2



 ,





a′1

a′2



 ∼ 2 ,











b1

b2

b3











,











b′1

b′2

b′3











∼ 31 and











c1

c2

c3











,











c′1

c′2

c′3











∼ 32 .

Since we choose all the representation matrices to be real, it also holds:

A⋆ ∼ 11 , B⋆ ∼ 12 ,





a⋆1

a⋆2



 ∼ 2 ,











b⋆1

b⋆2

b⋆3











∼ 31 and











c⋆1

c⋆2

c⋆3











∼ 32 .

The Clebsch Gordan coefficients for the one-dimensional representations are

trivial:

AA′ ∼ 11 , AB ∼ 12 , B A ∼ 12 , B B′ ∼ 11

as well as the products 11 × µ of any representation µ with the total singlet

11:





Aa1

Aa2



 ∼ 2 ,











Ab1

Ab2

Ab3











∼ 31 ,











Ac1

Ac2

Ac3











∼ 32 .
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And here are the ones for 12 × µ of any representation µ:





−B a2

B a1



 ∼ 2 ,











B b1

B b2

B b3











∼ 32 ,











B c1

B c2

B c3











∼ 31 .

The Clebsch Gordan coefficients for µ× µ have the form:

for 2

a1a
′
1 + a2a

′
2 ∼ 11

−a1a′2 + a2a
′
1 ∼ 12





a1a
′
2 + a2a

′
1

a1a
′
1 − a2a

′
2



 ∼ 2

for 31

3
∑

j=1

bjb
′
j ∼ 11





1√
2
(b2b

′
2 − b3b

′
3)

1√
6
(−2b1b

′
1 + b2b

′
2 + b3b

′
3)



 ∼ 2











b2b
′
3 + b3b

′
2

b1b
′
3 + b3b

′
1

b1b
′
2 + b2b

′
1











∼ 31 ,











b3b
′
2 − b2b

′
3

b1b
′
3 − b3b

′
1

b2b
′
1 − b1b

′
2











∼ 32
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for 32

3
∑

j=1

cjc
′
j ∼ 11





1√
2
(c2c

′
2 − c3c

′
3)

1√
6
(−2c1c

′
1 + c2c

′
2 + c3c

′
3)



 ∼ 2











c2c
′
3 + c3c

′
2

c1c
′
3 + c3c

′
1

c1c
′
2 + c2c

′
1











∼ 31 ,











c3c
′
2 − c2c

′
3

c1c
′
3 − c3c

′
1

c2c
′
1 − c1c

′
2











∼ 32 .

Note here that the parts belonging to the symmetric part of the product

µ×µ are symmetric under the interchange of unprimed and primed whereas the

ones belonging to the anti-symmetric part change sign, i.e. are anti-symmetric.

Note also that for our choice of generators the Clebsch Gordan coefficients for

31 × 31 and 32 × 32 turn out to be the same. For the coupling 2 × 31 the

Clebsch Gordan coefficients are











a2b1

−1
2
(
√
3a1b2 + a2b2)

1
2
(
√
3a1b3 − a2b3)











∼ 31











a1b1

1
2
(
√
3a2b2 − a1b2)

−1
2
(
√
3a2b3 + a1b3)











∼ 32

(C.2)

and for 2× 32
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a1c1

1
2
(
√
3a2c2 − a1c2)

−1
2
(
√
3a2c3 + a1c3)











∼ 31











a2c1

−1
2
(
√
3a1c2 + a2c2)

1
2
(
√
3a1c3 − a2c3)











∼ 32.

(C.3)

And for 31 × 32 one finds the following combinations:

3
∑

j=1

bjcj ∼ 12




1√
6
(2b1c1 − b2c2 − b3c3)

1√
2
(b2c2 − b3c3)



 ∼ 2











b3c2 − b2c3

b1c3 − b3c1

b2c1 − b1c2











∼ 31 ,











b2c3 + b3c2

b1c3 + b3c1

b1c2 + b2c1











∼ 32 .

(C.4)
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We propose a specific ansatz for the structure of Yukawa matrices in SOð10Þ models that lead to

quasidegenerate neutrinos through the type-I seesaw mechanism. Consistency of this ansatz is demon-

strated through detailed fits to fermion masses and mixing angles, all of which can be explained with

reasonable accuracy in a model that uses the Higgs fields transforming as 10, 120, and 126 representations

of SOð10Þ. The proposed ansatz is shown to follow from an extended model based on the three generations

of the vectorlike fermions and an Oð3Þ flavor symmetry. Successful numerical fits are also discussed in

earlier proposed models, which used a combination of the type-I and type-II seesaw mechanisms for

obtaining quasidegenerate neutrinos. Large neutrino mixing angles emerge as a consequence of neutrino

mass degeneracy in both these cases.

DOI: 10.1103/PhysRevD.82.031701 PACS numbers: 12.10.�g, 12.10.Kt, 12.15.Ff, 14.60.Pq

I. INTRODUCTION

Experiments over the years have revealed the following:
(1) Two of the neutrino mixing angles are large as

opposed to the small quark mixing angles.
(2) Neutrino mass hierarchy is milder compared to

quarks, and the extreme case of all neutrinos being
quasidegenerate is still an allowed possibility.

Several independent reasons have been advanced [1–3] to
understand feature (1) of the fermion spectrum but it may
be that its answer lies in (2). Large mixing angles become
quite natural if neutrinos are almost degenerate. They
remain undefined in the exact degenerate limit. A small
perturbation that leads to differences in neutrino masses
can also stabilize all or some of the mixing angles to large
values. Such theory, which predicts quasidegeneracy, has a
built-in mechanism to explain large mixing angles. We
present an SOð10Þ-based unified description of fermion
masses and mixing leading to hierarchical charged fermi-
ons and quasidegenerate neutrino masses.

SOð10Þ models provide a natural framework for under-
standing neutrino masses because of the seesaw mecha-
nisms [1] inherent in them. Neutrino masses arise in these
models from two separate sources either from the vacuum
expectation value of the left-handed triplet (type-II) or
from the right-handed triplet (type-I) Higgs. It was pointed
out [4,5] long ago that the combination of these two
sources provides an interesting framework for understand-
ing quasidegeneracy of neutrinos. In this approach, some
flavor symmetry leads to a degenerate type-II contribution,
and its breaking in the Dirac neutrino masses then leads to
departure from degeneracy through the type-I contribution.
This is realizable if the type-II contribution dominates over

the type-I, which is not always the case [6,7]. An alter-
native possibility is that both degeneracy and its breaking
arise from a single source, namely, the type-I seesaw
mechanism. This, however, requires a peculiar structure
for the right-handed (RH) neutrino mass matrix MR. It has
been pointed out that the required structure can arise from
the ‘‘Dirac screening’’ [8] or more generally from the
application of the minimal flavor violation [9] hypothesis
to the leptonic sector [10].
While these possibilities are known, there does not exist

a detailed study of all fermion masses and mixing in the
context of realistic SOð10Þ models with quasidegenerate
neutrinos, and we address this question using (A) a type-I
mechanism alone and (B) a combination of type-I and
type-II mechanisms.
We use supersymmetric SOð10Þ as our basic framework.

Fermion masses arise in renormalizable SOð10Þ models
through their couplings to Higgs fields transforming as 10,

126, and 120 representations. One needs at least two of
these fields to get fermion mixing, and the minimal model

with 10 and 126 has attracted a lot of attention [2,6,7,11].
There have been studies of models with an additional 120
also [12–14]. In our context, we find that all three Higgs
representations are needed to obtain satisfactory fits to
fermion masses and mixing. Starting with a supersymmet-
ric SOð10Þ, an effective minimal supersymmetric standard
model (MSSM) is obtained by assuming fine-tuning, which
keeps only two Higgs doublets lights. The final fermion
mass matrices obtained after SOð10Þ and SUð2ÞL �Uð1Þ
breaking can be parametrized as [13,14]

Md ¼ H þ FþG; Mu ¼ rðH þ sFþ tuGÞ;
Ml ¼ H � 3Fþ tlG; MD ¼ rðH � 3sFþ tDGÞ;
ML ¼ rLF; MR ¼ r�1

R F; (1)

where the matrices H and F are complex symmetric and G
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is an antisymmetric matrix in generation space. We follow
the same conventions as used in [14]. H, F, and G arise

from the fermionic Yukawa couplings to the 10, 126, and
120 Higgs fields, respectively. r, s, tu, tl, tD, rL, and rR are
complex parameters. The light neutrino mass matrix is
given by

M � ¼ rLF� rRMDF
�1MT

D � MII
� þMI

�: (2)

It is known that the above fermion mass structure allows
different mixing patterns for quarks and neutrinos if a type-
II seesaw mechanism dominates [2,11]. Consider the limit
in which the contribution of the 10-plet H dominates. In
this limit, all the charged fermions are diagonalized by the
same matrix and the Cabibbo-Kobayashi-Maskawa (CKM)
matrix becomes proportional to identity. In the same limit,
neutrino mixing with the type-II dominance is governed by
F in Eq. (2) leading to nontrivial leptonic mixing. In fact, if
only H dominates the charged fermion masses, then one
can obtain b-� unification, which in turn drives the large
atmospheric mixing [2]. The existing fits [7,14] to fermion
masses and mixing with type-II dominance are for the
hierarchical neutrino masses. A degenerate neutrino spec-
trum can be obtained in this approach with an additional
assumption:

F ¼ c0I; (3)

with I denoting a 3� 3 identity matrix. The subdominant
type-I contribution can then lead to the quark mixing and
neutrino mass differences.

The realization of the attractive type-II dominated sce-
nario was found difficult in the context of the minimal
model [6,7]. It was found that parameter space favored by
the overall fit to fermion masses suppresses the type-II
contribution compared to the type-I. This motivates us to
study degenerate neutrinos in the context of a purely type-I
seesaw mechanism. A general framework to obtain quasi-
degenerate neutrinos in a type-I seesaw was recently dis-
cussed [10] and following it we impose

F ¼ aH2: (4)

Since H is a symmetric matrix it can be diagonalized by a
unitary matrix: UTHU ¼ DH, where DH is a diagonal
matrix with real elements. Without loss of generality, we
can express the mass matrices in (1) in an SOð10Þ basis
with a diagonal H. This basis is obtained from Eq. (1) by
the replacement H ! DH and

H2 ! DHV
�DH; (5)

where DH is a diagonal matrix with real elements. G
retains its antisymmetric form, and we use the same nota-
tion for it and for various mass matrices in the new basis.
V ¼ UTU in Eq. (5) is a symmetric unitary matrix that can
be parametrized [15] in terms of two angles and three
phases.

Before we present the detailed fits, let us look at the
implications of the ansatz Eq. (4) qualitatively.
(i) Correct b-� unification and second generation

masses are obtained if a dominant contribution to
the charged fermion masses comes from H with a
subdominant contribution from F and G. Retaining
only the H contribution, the ansatz, Eq. (4) implies
that

M I
� ¼ �rRMDF

�1MT
D � � r2rR

a
V þ � � � ; (6)

where the � � � terms arise from the 126 and 120
contributions to the Dirac mass matrix MD. The
CKM matrix is unity in this limit while the neutrino
mixing is determined from V. The diagonalization of
V leads [15] to �23 ¼ �, �12 ¼ �

2 , and �13 ¼ 0

where the angles �ij are angles defined in the stan-

dard parametrization of the leptonic mixing matrix
and �; � enter into the definition of V [15]. Thus
ansatz in Eq. (4) can lead to a correct description of
the quark and leptonic mixing angles to zeroth order
without requiring the type-II dominance as is com-
monly done.

(ii) If H in the original basis was real, then V entering
Eq. (5) would be unity. In this case, all the fermion
mixing vanish in the absence of the 120 contribution.
Thus complex couplings and CP violation prove to
be important in understanding large neutrino mixing
within this approach.

The contributions from 126 and 120-plets induce nonzero
quark mixing angles and perturb Eq. (6):

M I
�ðMXÞ ¼ � rRr

2

a
ðV � 6saDH þ tDðGD�1

H V

� VD�1
H GÞ þOðs2; t2DÞÞ: (7)

MI
�ðMXÞ corresponds to an effective dimension five op-

erator induced after integration of the right-handed neu-
trino fields. Assuming that the heavy mass scale is close to
the grand unified theory (GUT) scale and neglecting the
effect of the Dirac neutrino couplings in the renormaliza-
tion group (RG) evolution, the radiatively corrected low
scale neutrino mass matrix is given by [1]

M �fðMZÞ ¼ I�M�fðMXÞIy� ; (8)

where I� � Diagð1; 1; 1þ ��Þ, �� � � 1
cos2�

m2
�

16�2�2 ln
MX

MZ
,

and M�f denotes the neutrino mass matrix in the flavor

basis.

II. NUMERICAL FITS: TYPE-I SEESAW

We now discuss detailed fits to fermion masses and
mixing based on the ansatz (4) and the fermion mass
matrices, Eq. (1). The latter are defined at the GUT scale
MX. We use as our input the quark and lepton masses
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obtained at MX in the MSSM for tan� ¼ 10, MSUSY ¼
1 TeV, and MGUT ¼ 2� 1016 GeV. The input values in
the quark sector are given in [14,16]. We include the RG
evolution in neutrino mass matrix as follows. Using the
charged lepton mass matrix at MX, we numerically deter-
mine M�fðMXÞ. The low scale neutrino mass matrix in

Eq. (8) is then numerically determined and used to obtain
the observable neutrino masses and mixing angles. For
neutrino masses and lepton mixings, we use the updated
low energy values given in [17].

We do the	2 fitting to check the viability of the model as
previously done in [7,13,14]. In this case we have a total of
25 real parameters (3 inDH, 5 in V, 6 in G, real r, complex
s, a, tu, tl, and tD), which are fitted over 16 observables (9
charged fermion masses, 4 CKM parameters, 2 leptonic
mixing angles, and �m2

sol=�m
2
atm). Lepton mixings and

�m2
sol=�m

2
atm are independent of the overall neutrino

mass (m0 ¼ j rRr2a j) appearing in Eq. (7).m0 sets the overall

neutrino mass scale and can be determined from the fit
using the observed value of �m2

atm. Our definition of 	2

allows only the solution with �m2
sol cos2� > 0 as required

by experiments. We also set r ¼ mt

mb
and minimize 	2 with

respect to the remaining 24 parameters. The results of the
minimization are displayed as solutions (1) and (2) in
Table I. We obtained the best fit value of 	2 ¼ 2:038
corresponding to the solution (1) for which all the observ-
ables are fitted within & 0:9
. Solution (2) is also accept-
able, which fits all observables within & 0:7
 with the
exception of the down quark mass md. We also include in
Table I the values of the Majorana phases obtained at the
minimum.

�13 has not been included in our definition of 	2 and its
initial value was zero. This becomes nonzero but remains
small in both the solutions displayed. However, almost the
entire allowed range in �13 is compatible with reasonable
fits to other fermion masses as shown by both the solutions.
All the solutions displayed in Table I predict large CP
violating leptonic phase.

The values ofm0 determined using the observed value of
�m2

atm are seen from Table I to be � �m2
atm showing the

consistency of our ansatz. This arises as a result of Eq. (7)
and the smallness of s, tD. The m0 in turn determine the
heaviest RH neutrino mass scale [see Eq. (1) and ansatz
(4)],

M3 � r�1
R jajm2

b � r2

m0

m2
b � 1:3� 1013 GeV;

in case of solution (1). Here we used, m0 ¼ rRr
2

jaj . Thus the
RH neutrino mass falls below the GUT scale for this
particular solution.

Let us now illustrate how the ansatz (4) can be obtained
in a model from a flavor symmetry. A simple flavor sym-
metry to be used is Oð3Þ under which three generations of
the 16-plet c transform as triplets. The Oð3Þ breaking is

introduced through a complex flavon field � transforming
as spin 2. We need to introduce three generations of vector-

like multiplets �V þ� �V transforming as ð16; 3Þ þ ð16; 3Þ
under SOð10Þ �Oð3Þ and a Uð1ÞX symmetry in order to
realize Eq. (4). The X charges of ðc ;�V;� �V; �;�10; �126Þ
are chosen, respectively, as ðx; y;�y; 1=2ðy� xÞ;�ðxþ
yÞ;�2yÞ with x � y. The general superpotential invariant
under SOð10Þ �Oð3Þ �Uð1ÞX can be written as

W ¼ M� �V�V þ ��V�V�126 þ ��Vc�10

þ 

MP

� �V�
2c þ 0

MP

Tr�2� �Vc þ � � � : (9)

The Oð3Þ and Uð1ÞX breaking originates in the above
superpotential only from the Planck scale effects through
the vacuum expectation value (vev) of the flavon field �.
The last two terms are the only terms that determine both

the 10 and 126 Yukawa couplings once the heavy vector-
like fields are integrated out. The dotted terms correspond
to terms suppressed by M2

P. Here, the mass M of the
vectorlike pair and the scale of the vev of � lie above the
GUT scale. The effective theory after integration of the
vectorlike field is represented by

Weff � �c�2c�126 þ �c�c�10; (10)

where

�ab � 

MMP

�
�2
ab þ

0


Tr�2ab

�

and a; b ¼ 1; 2; 3 refer to the Oð3Þ index. This effective
superpotential is also SOð10Þ �Oð3Þ �Uð1ÞX invariant.
The Yukawa coupling H is proportional to the h�i and is a
general complex symmetric matrix. The F is related to the
square ofH and satisfies the ansatz in Eq. (4). The coupling
to the 120 field can be generated by introducing a flavon
field 	 with the Uð1ÞX charge �2x and transforming as a
triplet ofOð3Þ. This leads to the Yukawa coupling matrixG
through the coupling

c
	

MP

c�120:

A detailed model along this line will require study of the
details of the vacuum structure of the potential involving�,
	, and possibly additional fields for generating the right
structure of the Yukawa couplings H, G.

III. NUMERICAL FITS: TYPE-II SEESAW

We now turn to the numerical discussion of the ansatz

(3) in which the contribution of 126 to fermion masses is
assumed to be Oð3Þ invariant. The Oð3Þ breaking arises
from the H and G contributions, which lead to departure
from degeneracy through the type-I seesaw. We shall not
specify how this breaking occurs [18]. Such an ansatz for
the type-II contribution was considered [5] in the specific
context of SOð10Þ. Detailed fits to fermion masses with
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recent data are, however, not presented in these works. We
assume H, G to have the most general form and choose to
work in a basis with a diagonalH. In this basis, Eq. (3) gets
changed to

F ¼ c0V; (11)

where V is a unitary symmetric matrix. In this basis, the
charged fermion mass matrices can be obtained from
Eq. (1) by replacing H with diagonal DH, and F with
c0V. The neutrino mass matrix, Eq. (2) can be written in
the same basis as

M� ¼ m0ðV � �MDV
�MT

DÞ: (12)

The parameter � controls the contribution from a type-I
seesaw, which induces splittings in neutrino masses.

We use these equations to fit all the fermion masses and
mixing using the previous procedure. Results correspond-
ing to the minimal case are displayed as solution (3) in
Table I. The best fit solution we obtained here corresponds
to 	2 ¼ 6:0, which is acceptable for 16 data points from a
statistical point of view and all the observables except mb

and ms are fitted with less than 1
 accuracy. The obtained
fit in the type-II case is, however, not as good as in the case
of a pure type-I seesaw combined with the ansatz (4). As
before, them0 sets the overall neutrino mass scale, which is
determined to be �0:36 eV, using the atmospheric scale

and fits shown in Table I. Numerical fits also lead to � �
2� 10�6 GeV�2. Since the scale of MD is set by the top
mass, the type-I contribution relative to the type-II is given
by �m2

t � 10�2, and the type-II contribution dominates as
assumed. Now the overall scale of the RH neutrino mass is
given by [see Eq. (1) and ansatz (3)]

M3 � 1

m0�
� 1:1� 1015 GeV;

which is close to the GUT scale, unlike the minimal models
with type-II dominance but hierarchical neutrinos [6,7].
The increase in M3 here is linked to the degeneracy of
neutrinos. The atmospheric neutrino mass scale in models
with type-II seesaw and hierarchical neutrinos is typically
given by

�m2
atm � v4

M2
3

;

while in the present case it arises from the combination of
type-I and type-II contributions and is scaled by

�m2
atm �m0

v2

M3

;

leading to a higher M3 compared to a purely type-II
dominated scenario.

TABLE I. Best fit solutions for fermion masses and mixing obtained assuming the type-I seesaw dominance [solutions (1) and (2)]
and type-II seesaw dominance [solution (3)]. Various observables and their pulls obtained at the minimum are shown (see text for
details). Notations and conventions used here are the same as in [14]. The boldfaced quantities are predictions of the respective
solutions.

Sol. 1 Sol. 1 Sol. 2 Sol. 2 Sol. 3 Sol. 3

No. Observables Fitted value Pull Fitted value Pull Fitted value Pull

1 md [MeV] 0.653 677 �0:917 861 0.207 819 �2:005 32 0.868 041 �0:395 023
2 ms [MeV] 17.5885 �0:386 821 21.6923 0.402 361 12.2829 �1:407 14
3 mb [GeV] 1.111 31 0.418 721 1.058 32 �0:046 348 1.256 34 1:691 41
4 mu [MeV] 0.462 718 0.084 789 6 0.450 825 0.005 499 32 0.450 489 0.003 261 1

5 mc [GeV] 0.210 603 0.013 684 9 0.211 727 0.069 565 4 0.210 393 0.003 245 03

6 mt [GeV] 63.6891 �0:832 404 67.6155 �0:658 038 102.325 0.883 371

7 me [MeV] 0.358 503 0.009 696 91 0.358 506 0.020 678 2 0.358 502 0.005 031 07

8 m� [MeV] 75.6719 0.007 345 14 75.6711 �0:008 306 4 75.6709 �0:011 180 9
9 m� [GeV] 1.292 19 �0:008 144 29 1.292 23 0.021 840 4 1.292 17 �0:024 457 6
10

�m2
sol

�m2
atm

0.030 351 4 0.050 109 0.030 323 7 0.037 787 7 0.030 253 8 0.006 594 21

11 m0 [eV] 0:31 � � � 0:17 � � � 0:36 � � �
12 sin�q12 0.224 205 �0:059 210 2 0.224 306 0.003 594 73 0.224 154 �0:091 312 5
13 sin�q23 0.035 130 8 0.023 704 0.035 042 6 �0:044 117 3 0.035 143 6 0.033 571

14 sin�q13 0.003 193 36 �0:013 286 7 0.003 158 71 �0:082 589 7 0.003 261 99 0.123 983

15 sin2�l12 0.319 801 �0:061 907 9 0.321 124 0.018 777 4 0.321 168 0.021 467 3

16 sin2�l23 0.481 942 0.313 909 0.436 492 �0:178 126 0.439 779 �0:142 55
17 sin2�l13 0:019 526 6 � � � 0:002 881 76 � � � 0:035 683 6 � � �
18 CKM [	] 67.7227 0.247 333 56.4935 �0:134 071 49.7146 �0:429 864
19 PMNS [	] 53:98 � � � �66:99 � � � �25:33 � � �
20 �1 [	] 146:55 � � � �59:31 � � � 137:71 � � �
21 �2 [	] �89:88 � � � 162:41 � � � �33:44 � � �

	2 2.038 4.684 6.0
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IV. SUMMARY

Obtaining a unified description of vastly different pat-
terns of quark and lepton spectra is a challenging task. This
becomes more so if neutrinos are quasidegenerate. We
have shown here that it is indeed possible to obtain such
a description starting from the fermionic mass structure,
Eq. (1) that can arise in a general SOð10Þ model. We
considered two distinct possibilities based on purely
type-I and the other based on the mixture of type-I and
type-II seesaw mechanisms. Both these possibilities can

lead to quasidegenerate spectra if they are supplemented,
respectively, with ansatz (4) and (3). We have shown
through the detailed numerical analysis that these ansatz
are capable of explaining the entire fermionic spectrum
and not just the quasidegenerate neutrinos. Moreover, the
origin of large leptonic mixing here is linked to the quasi-
degenerate structure determined by the matrix V, providing
yet another reason why quark and leptonic mixing angles
are so different in spite of underlying unified mass
structure.
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The present observations of Cabibbo angle and solar mixing angle satisfy the empirical relation called
Quark–Lepton Complementarity (QLC), namely θ l

12 ∼ π/4 − θC . It suggests the existence of correlation
between quarks and leptons which is supported by the idea of grand unification. We propose a specific
ansatz for the structure of Yukawa matrices in SO(10) unified theory which leads to similar relation if
neutrinos get masses through type-II seesaw mechanism. Viability of this ansatz is discussed through
detailed analysis of fermion masses and mixing angles all of which can be explained in a model which
uses three Higgs fields transforming as 10 and one transforming as 126 representations under SO(10).
It is shown that the proposed ansatz can be derived from an extended model based on the two pairs
of 16-dimensional vector-like fermions and an S4 × Zn flavor symmetry. The model leads to the lepton
mixing matrix that is dominantly bimaximal with O(θC ) corrections related to quark mixings. A generic
prediction of the model is the reactor angle θ l

13 ∼ θC /
√

2 which is close to its present experimental upper
bound.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Experiments on neutrino oscillations have revealed that two of
the three leptonic mixing angles are large. One of them called the
atmospheric mixing angle is almost maximal θ l

23 = 42.3◦ (+11.4
−7.1 )

and the other known as the solar mixing angle θ l
12 = 34.5◦ (+3.2

−2.8) is
smaller compared to it [1]. In contrast, the observed quark mixing
angles are small and hierarchical. The largest angle is the Cabibbo
angle θC ≡ θus ≈ 13◦ while other two are θcb ≈ 2.4◦ and θub ≈ 0.2◦ .
An understanding of such wide dissimilarity between the quark
and lepton mixing patterns is considered as one of the major chal-
lenges for the physics beyond the standard model. It has been
observed long ago [2] that there exists an interesting empirical re-
lation between quark and lepton mixing angles.

θ l
12 + θus ∼ π

4
. (1)

The above relation is known as Quark–Lepton Complementarity [3–
6] and still favored by the present experimental data within their
measurement errors. It is also possible to write similar relation
between 23 angles of quark and lepton mixing.

θ l
23 + θcb ∼ π

4
. (2)

If such relations are not accidental, they strongly suggest the com-
mon roots between quarks and leptons [3–5]. Clearly it is very

E-mail address: kmpatel@prl.res.in.

hard to realize such relations in ordinary bottom-up approaches
where the quarks and leptons are treated separately with no spe-
cific connections between them. So one requires top-down ap-
proaches like the Grand Unified Theories (GUT) which sometime
also unify quarks and leptons and provide a framework to con-
struct a model in which QLC relation can be embedded in a natural
way.

The general conditions under which QLC relation (1) can be
realized from quark–lepton unification are thoroughly discussed
in [3,4]. We describe one such possibility here. The quark mix-
ing matrix known as Cabibbo–Kobayashi–Maskawa (CKM) matrix is
defined as V CKM = U †

u Ud where Uu(Ud) is unitary matrix that di-
agonalizes the up-(down-)type quark mass matrix. Corresponding
leptonic mixing matrix, also called Pontecorvo–Maki–Nakagawa–
Sakata (PMNS) matrix, is V PMNS = U †

eUν . Assume that the structure
of neutrino and quark mass matrices at high scale are such that
the PMNS matrix is exact bimaximal V PMNS = UBM whereas the
CKM matrix is an identity matrix to a leading order.

UBM =

⎛
⎜⎜⎝

1√
2

− 1√
2

0

1
2

1
2 − 1√

2
1
2

1
2

1√
2

⎞
⎟⎟⎠ . (3)

Both the mixing matrices get corrected by O(θC ) terms coming
from the next leading order where the down quark and charged
lepton mass matrices are equal (or nearly so). In this scenario,
a QLC relation can emerge from quark–lepton unification at high
scale. Construction of a realistic GUT model in which all fermion

0370-2693/$ – see front matter © 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.physletb.2010.11.024
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masses and mixing angles are correctly reproduced along with QLC
is highly non-trivial. In fact several models [5] proposed to ex-
plain QLC are based on a smaller gauge group, namely Pati–Salam
SU(4)c × SU(2)L × SU(2)R group. A complete and realistic model
based on SO(10) GUT has not been proposed so far. The original
proposal [4] was based on SU(5) relation Me = MT

d but detailed ex-
planation of the fermionic spectrum was not developed. Here we
present a predictive SO(10) based unified description of fermion
masses and mixing in which QLC relation can be naturally real-
ized.

The renormalizable models based on the SO(10) gauge group
are quite powerful in constraining the fermion mass structure.
Moreover, they provide a natural framework for understanding
neutrino masses because of the seesaw mechanisms inherent
in them. Fermion masses arise in these models through their
couplings to Higgs fields transforming as 10-, 126- and 120-
dimensional representations under SO(10). Neutrino masses arise
from two separate sources either from the vacuum expectation
value (vev) of the right-handed triplet (type-I) or from the left-
handed triplet (type-II) Higgs. The minimal model with 10 and
126 Higgs fields has attracted a lot attention [7–9]. There also
exist a class of models where appropriate flavor symmetry is inte-
grated with SO(10) framework with extended Higgs sector [11–14]
to construct a predictive theory which can simultaneously explain
hierarchical nature of quark masses and mixing angles and large
lepton mixing angles. In this Letter, we show that QLC relation
follows in a specific SO(10) model combined with S4 symmetry if
dominant source of neutrino mass is type-II. An additional Zn sym-
metry is required in the model to get desired interactions between
various fields.

The Letter is organized as follows. We describe the fermion
mass relations in the model based on renormalizable supersym-
metric (SUSY) SO(10) GUT in the next section. In Section 3, we
propose a specific ansatz which predictively interrelates various
observables of quark and lepton sectors and leads to QLC relation.
We also discuss the phenomenological implications of such ansatz
in this section. In Section 4, we justify the proposed ansatz by a
flavor symmetry group S4 × Zn . Finally we conclude in Section 5.

2. Renormalizable SUSY SO(10) model for fermion masses

We consider three families of 16-dimensional fermions ob-
taining their masses from renormalizable couplings to four Higgs
multiplets, three of them (denoted by Φ,Φ ′ and Φ ′′) transform-
ing as 10 and the other (Σ̄) as 126-dimensional representations
under SO(10). The SO(10) breaking can be achieved with either
210 + 54 + 126 + 126 [9] or 45 + 54 + 126 + 126 + 120 [10]. The
Yukawa interactions of the model can be written as

W Y = Y10ψψΦ + Y126ψψΣ̄ + Y10′ψψΦ ′ + Y10′′ψψΦ ′′ (4)

where Yi are symmetric Yukawa coupling matrices. The represen-
tations Φ,Φ ′,Φ ′′ and Σ̄ have two minimal supersymmetric stan-
dard model (MSSM) doublets in each of them. It is assumed that
only one linear combination of the up-type doublets and one of
the down-type doublets remain light and play the role of Hu and
Hd fields. Once these light doublets acquire vacuum expectation
values, they break electroweak symmetry and generate the fermion
masses as well. The resulting fermion mass matrices can be suit-
ably written as [11]

Md = H + F + t H ′ + H ′′;
Mu = rH + sF + H ′ + pH ′′;
Me = H − 3F + t H ′ + H ′′;

MD = rH − 3sF + H ′ + pH ′′;
ML = rL F ;
MR = r−1

R F , (5)

where H, F , H ′ and H ′′ are obtained by multiplying electroweak
vevs and Higgs mixing parameters with Yukawa coupling matri-
ces Y10, Y126, Y10′ and Y10′′ respectively. r, s, t, p, rL are rR are
dimensionless parameters determined by the Clebsch–Gordan co-
efficients, ratios of vevs, and mixing among Higgs fields (see [12]
for example). MD denotes neutrino Dirac mass matrix. ML(MR) is
the Majorana mass matrix for left- (right-)handed neutrinos which
receives a contribution only from the vev of Σ̄ field. In generic
SO(10) models of this type, the effective neutrino mass matrix Mν

for the three light neutrinos has type-I and type-II contributions.

Mν ≡MI I
ν +MI

ν = rL F − rR MD F −1MT
D . (6)

In general, both contributions are present and they depend on
two different parameters so one may dominate over the other.
It has been shown in several references [9] that it is possible to
have symmetry breaking pattern in SO(10) where type-II term
dominates over the type-I contributions. In this limit, neutrino
masses and mixing are governed by F which can be written as
F ∼ Md − Me . It is well known that this relation establish interest-
ing relationship between b − τ unification and large atmospheric
mixing angle [8]. Eqs. (5) and (6) are the key equations that pro-
vide basic platform to construct a model in which the QLC relation
(1) can be realized.

3. Ansatz

We propose following ansatz which leads to relation (1).

H = 1

2

⎛
⎝ 0 0 0

0 h h

0 h h

⎞
⎠ ; F =

⎛
⎝b + c

√
2a 0√

2a b + c 0

0 0 b − c

⎞
⎠ ;

H ′ =
⎛
⎜⎝

0 0
√

2a′

0 0 0√
2a′ 0 0

⎞
⎟⎠ ; H ′′ = xI, (7)

where I is 3 × 3 identity matrix. To do the simple analytical study
of such ansatz we assume that all the above parameters are real.
Without loss of generality, we can express the above matrices in
a basis with diagonal H . Such basis are obtained by rotating the
16-dimensional fermion fields in 2–3 plane by an angle π/4. The
matrices in (7) will be redefined in new basis as

(
H, F , H ′, H ′′) → R23

(
π

4

)(
H, F , H ′, H ′′)RT

23

(
π

4

)
(8)

and can be rewritten as

H =
⎛
⎝0 0 0

0 0 0

0 0 h

⎞
⎠ ; F =

⎛
⎝b + c a a

a b c

a c b

⎞
⎠ ;

H ′ =
⎛
⎝ 0 −a′ a′

−a′ 0 0

a′ 0 0

⎞
⎠ ; H ′′ = xI. (9)

Before we present the detailed analysis let us look at some im-
mediate implications of the above ansatz. The dominant 10-Higgs
coupling matrix H has rank-1. As it was pointed out in [13,14] this
can simultaneously explain both the observed hierarchy of quark
masses as well as the origin of large lepton mixings if the light
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neutrino masses are generated through type-II seesaw mechanism.
Assuming only one 10-Higgs H contribution in charged fermion
mass matrices, we get at zeroth order,

mb = mτ = 1

r
mt; V CKM = I; V PMNS = UBM. (10)

Correct b–τ unification and large lepton mixings (bimaximal) are
obtained with no mixings between quarks. The charged fermions
of first two generations are massless in this case. Further, the con-
tributions coming from other Higgs coupling matrices F , H ′ and
H ′′ make the model realistic by giving nonzero masses to first
two fermion generations as well as by perturbing both the mix-
ing matrices which reproduce observed mixing patterns for both
the quark and lepton sectors.

We now present the detailed analysis of ansatz (9). Substituting
it in Eqs. (5) and (6), we get

Mu =
⎛
⎜⎝

s(b + c) + x′ sa − a′ sa + a′

sa − a′ sb + x′ sc

sa + a′ sc rh + sb + x′

⎞
⎟⎠ ;

Md =
⎛
⎜⎝

b + c + x a − ta′ a + ta′

a − ta′ b + x c

a + ta′ c h + b + x

⎞
⎟⎠ ;

Me =
⎛
⎜⎝

−3(b + c) + x −3a − ta′ −3a + ta′

−3a − ta′ −3b + x −3c

−3a + ta′ −3c h − 3b + x

⎞
⎟⎠ ;

Mν = rL F , (11)

where x′ = px. Since each mass matrix is real symmetric, it can be
diagonalized by a rotation matrix parameterized (in the standard
parameterization) by three angles.

RT
f M f R f = Diag(m f 1,m f 2,m f 3);

R f = R23
(
θ

f
23

)
R13

(
θ

f
13

)
R12

(
θ

f
12

)
, (12)

where f = d, u, e, ν and Rij is a rotation matrix in i j plane. The
charged fermion mass matrices are hierarchical (h 	 b, c 	 a,a′ 	
x, x′) and can be approximately diagonalized by Jacobi rotation. The
results obtained from such diagonalization for the quark sector are
displayed below.

mb ≈ h + b + x +O
(

c2

h

)
;

ms ≈ b + x + (a − ta′)2

b

(
1 − x

b

)
+O

(
c2

h

)
;

md ≈ b + c + x − (a − ta′)2

b

(
1 − x

b

)
+O

(
a2

h

)
. (13)

mt ≈ rh + sb + x′ +O
(

s2c2

rh

)
;

mc ≈ sb + x′ + (sa − a′)2

sb

(
1 − x′

sb

)
+O

(
s2c2

rh

)
;

mu ≈ s(b + c) + x′ − (sa − a′)2

sb

(
1 − x′

sb

)
+O

(
s2a2

rh

)
. (14)

θd
12 ≈ −a − ta′

b

(
2 + c − x

b

)
; θd

23 ≈ − c

h
;

θd
13 ≈ −a + ta′

h

(
1 + c

h

)
. (15)

θu
12 ≈ − sa − a′

sb

(
2 + sc − x′

sb

)
; θu

23 ≈ − sc

rh
;

θu
13 ≈ − sa + a′

rh

(
1 + sc

rh

)
. (16)

Let us underline some important points in connection with
above relations.

• The six real parameters h,b, x, r, s, x′ can be approximated
from the six quark masses. mb and ms determine the param-
eters h and b. It is easy to see that r ≈ mt/mb and s ≈ mc/ms

are required to obtain the masses of heavy quarks mt and mc .
Further, md and mu fix the values of x and x′ . Since b, c 	 x,
we require c ∼ −b to obtain small masses of first generation
fermions.

• Let us assume that a′ ≈ sa in order to keep θu
12 
 θd

12. Also
note that θu

23 ≈ (s/r)θd
23 
 θd

23 and θu
13 ∼ (s/r)θd

13 
 θd
13. In this

limit, the quark mixing matrix takes the form

V CKM = U †
u Ud ≈ Ud ≈ R23

(
θd

23

)
R13

(
θd

13

)
R12

(
θd

12

)
. (17)

• The elements of the CKM matrix fix some more parameters as
follows.

c ∼ −V cb h;
a − ta′ ∼ −V usb; a + ta′ ∼ −V ubh. (18)

An interesting relationship between V us and V ub can be found
in the limit t ∼ 0.

V ub ≈ V us
ms

mb
+O

(
m2

s

m2
b

)
. (19)

We will show later in this section that t ∼ 0 is a necessary
requirement to obtain QLC relation (1).

• Our assumption of real parameters makes the theory CP in-
variant. The observed CP violation in the quark sector can be
accommodated by making some parameters complex.

It is interesting to note that all the parameters are fixed in
terms of the observables of the quark sector. Hence the entire
lepton sector emerges as the prediction of the model. Let us first
derive the predictions for the charged leptons.

mτ ≈ h − 3b + x +O
(

c2

h

)
;

mμ ≈ −3b + x − (3a + ta′)2

3b

(
1 + x

3b

)
+O

(
c2

h

)
;

me ≈ −3(b + c) + x + (3a + ta′)2

3b

(
1 + x

3b

)
+O

(
a2

h

)
. (20)

θe
12 ≈ −3a + ta′

3b

(
2 + 3c + x

3b

)
; θe

23 ≈ 3c

h
;

θe
13 ≈ 3a − ta′

h

(
1 + c

h

)
. (21)

Noteworthy features of the above relations are the following,

• It predicts mτ ≈ mb and mμ ≈ −3ms .
• For b = −c, me ≈ md which is viable with observed values of

me and md extrapolated at the GUT scale within 3σ deviations
[16]. However for b �= −c, any desired value of md/me can be
obtained.

• For t ∼ 0, θe
12 ≈ θC , θe

23 ≈ −3θcb and θe
13 ≈ −3θub .
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The light neutrino mass matrix in Eq. (11) has the most general
form which can be diagonalized by bimaximal matrix UBM . The
mass eigenvalues are,

m1 = m0
(
b + c + √

2a
);

m2 = m0
(
b + c − √

2a
); m3 = m0(b − c). (22)

Interestingly, for b = −c (which can now also be written as V cb ≈
ms/mb), we get the partial degenerate neutrino mass spectrum
m1 = −m2 
 m3 which leads to vanishing solar (mass)2 differ-
ence (
m2

sol = m2
2 −m2

1 = 0) at high scale. We performed numerical
study and found that the radiative corrections to the original neu-
trino mass matrix are unable to generate the required splitting
between m1 and m2. Another way to induce non-zero value of

m2

sol is to allow type-I contribution to the original type-II seesaw
neutrino mass matrix. However such contribution is highly hier-
archical (like M2

t ) and it largely contributes to the 33 element of
neutrino mass matrix which ultimately spoils the nice symmetry
of neutrino mass matrix and hence the bimaximality of neutrino
mixings. This forces us to consider the case where V cb �= ms/mb .
In this case we obtain the following expression for the ratio of the
solar to atmospheric squared mass difference.


m2
sol


m2
atm

≈ √
2V us

(
ms/mb

V cb

(
1 + ms

mb

)
− 1

)
. (23)

Note that one requires ms/mb ∼ 1.08 V cb to obtain the ob-
served value of 
m2

sol/
m2
atm(∼ 0.031) and it implies that V cb <

ms/mb which is not favored by their present observed values ex-
trapolated at the GUT scale. However as argued in [14], the thresh-
old corrections to b–s quark mass mixing from gluino and wino
exchange via one-loop diagrams can give desired value of V cb . The
required deviation from b = −c is quantified by

b + c ≈ ms

(
1 − V cb

ms/mb

)
� 0.08ms

which is small and of order of first generation fermion masses and
hence allows the correct md in Eq. (13).

The leptonic mixing matrix can be seen as dominant bimaximal
mixing resulting from neutrino mass matrix and then corrected by
O(θC ) terms coming from the unitary matrix Ue which diagonalize
charged lepton mass matrix.

V PMNS ≡ U †
eUν = U T

e UBM (24)

where Ue = R23(−3θcb)R13(−3θub)R12(θC ). The resulting neutrino
mixing parameters are the following.

Ue2 ≡ (V PMNS)12 ≈ − 1√
2

+ (V us − 3V ub)

2
;

Uμ3 ≡ (V PMNS)23 ≈ − 1√
2
(1 + 3V cb);

Ue3 ≡ (V PMNS)13 ≈ − 1√
2
(V us + 3V ub). (25)

The correction of O(θC ) from charged lepton generates correct
solar mixing angle

θ l
12 ≈ π

4
− θC√

2
. (26)

Note that the correction induced in this approach is θC /
√

2 which
is small compared to exact QLC relation (1) but it is still viable
with the experimental observations. The atmospheric mixing angle
gets considerable deviation θ l

23 ≈ π
4 + 3θcb in this model unlike

the standard QLC relation for 23 mixing angle of quark and lepton

given in Eq. (2). The model also predicts large value of Ue3 ≈ 0.16
which can be tested in planned long baseline experiments.

Note that Eq. (25) holds at GUT scale which might be changed
by RGE corrections in principle. However it is known that running
of the Cabibbo angle is negligibly small in MSSM even with large
value of tanβ . Running of leptonic mixing angle depends on the
type of mass spectrum of light neutrinos. For b �= −c, neutrino
mass spectrum follows normal hierarchy m1 < m2 
 m3. The ef-
fect of RGE corrections are known to be negligible in this case and
Eq. (25) holds at low scale also.

We now provide an example of values of the parameters of
Eq. (9) which successfully generate entire fermion mass spectrum
as well as mixing patterns for both quark and lepton sector. The
required CP violation in the quark sector is incorporated by mak-
ing a′ complex. In the limit t ∼ 0, a′ contributes only to the up
quark mass matrix and does not change the other predictions of
ansatz given in Eq. (9). One more parameter x′ is made complex to
reproduce mu correctly. The numerical values of parameters are

h = 1.7 GeV; b = 0.0243 GeV; c = −0.022113 GeV;
a = −0.0052 GeV; a′ = (0.0344247 − 0.028885i) GeV;
x′ = (0.0233596 − 0.00293374i) GeV; x = 0.00325 GeV;
r = 55.88; s = −8.64198; t = 0. (27)

Substituting these numbers in Eq. (11), we get

mt = 94.8 GeV; mc = 0.19 GeV; mu = 0.65 MeV;
mb = 1.73 GeV; ms = 28.5 MeV; md = 4.21 MeV;
mτ = 1.63 GeV; mμ = 75.4 MeV; me = 0.35 MeV. (28)

sin θus = 0.222; sin θcb = 0.015; sin θub = 0.005;
δCKM = 60.9◦; sin2 θ l

12 = 0.368; sin2 θ l
23 = 0.527;

sin2 θ l
13 = 0.024; 
m2

sol


m2
atm

= 0.030. (29)

The obtained spectrum is in good agreement with the data ex-
trapolated at the GUT scale. For example, we compare our results
with the charged fermion masses obtained at the GUT scale in the
MSSM for tanβ = 55, MSUSY = 1 TeV and MGUT = 2 × 1016 GeV
given in Table 5 of Ref. [16]. All charged fermion masses (except
md) obtained here fits with the data within 1σ . Our ansatz predicts
larger value of md . The quark mixing angles θcb is small (< ms/mb)
as required by Eq. (23). The reproduced values of lepton mixing an-
gles and 
m2

sol/
m2
atm are also in accordance with their updated

low energy values (within 3σ measurement errors) given in [1].

4. The model

In this section, we will illustrate how the ansatz (7) can be ob-
tained in a model from flavor symmetry. We use discrete flavor
symmetry based on the group S4 which is a group of permuta-
tion of four distinct objects. It has 24 distinct elements filled in
five conjugate classes and hence five irreducible representations
of dimensions 32,31,2,12 and 11 . A singlet representation with
subscript “2” changes sign under transformation involving the odd
number of permutations of S4. More details on the group theory
of S4, its multiplication rules and the Clebsch–Gordan coefficients
are reported in [15].

Our model follows the same line as model constructed in [14]
and uses the same symmetry group. However it differs at some
places since the ansatz required here is different from their ansatz.
The basic matter fields and Higgs fields content of the model is
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Table 1
Various fields and their representations under SO(10) × S4 × Zn .

ψ Φ Φ ′ Φ ′′ Σ̄ χ φ η σ σ ′ ΨV 1 Ψ̄V 1 ΨV 2 Ψ̄V 2

SO(10) 16 10 10 10 126 1 1 1 1 1 16 16 16 16
S4 32 11 12 11 11 31 32 31 11 12 11 11 12 12

Zn 1 ω−2m ω−(p+q) ω−2q ω−2k ωk ωm ωp ωk ωq ωm ω−m ωk ω−k

the same as discussed in Section 2. In addition to this we use
five flavon fields which are singlets under SO(10) and two pair
of vector-like fermion fields which transform like 16 ⊕ 16 under
SO(10). We impose the S4 symmetry together with Zn symmetry
to get desired structure of Yukawa matrices. Three matter fields
ψ are assigned as 32-dimensional representation of S4 while five
flavon fields χ,φ,η,σ and σ ′ form 31,32,31,11 and 12 represen-
tations of S4 respectively. The other fields are singlet (11 or 12)
under S4. An additional Zn symmetry is required to allow/forbid
interactions between particular fields. The Zn charges of various
fields are listed in Table 1 where ω = ei(2π/n).

Let us consider a theory above GUT scale which is invariant
under the symmetry group SO(10) × S4 × Zn . The Yukawa super-
potential allowed by such symmetry can be written as

W = (φψ)Ψ̄V 1 + λΨV 1ΨV 1Φ + M1ΨV 1Ψ̄V 1

+ (χψ)Ψ̄V 2 + λ′ΨV 2ΨV 2Σ̄ + M2ΨV 2Ψ̄V 2

+
∑

i

αi

Λ2

(
χ2ψψ

)
iΣ̄ + β

Λ2
σ(χψψ)Σ̄ + γ

Λ2
σ 2(ψψ)Σ̄

+ α′

Λ2
σ ′(ηψψ)Φ ′ + α′′

Λ2
σ ′2(ψψ)Φ ′′ (30)

where Λ is the cut-off scale up to which the theory is valid.
In renormalizable SO(10) models where large dimensional Higgs
fields are used, the gauge coupling hits the Landau pole soon af-
ter the unification scale and hence the cut-off scale of theory
lies near to the GUT scale. For example, the Higgs fields men-
tioned in Table 1 together with 210 + 54 + 126 Higgs (required
by consistent SO(10) breaking) give large negative contribution to
β-function which makes the gauge coupling non-perturbative just
after GUT scale (Λ ∼ 6 × 1016 GeV). In an alternative model [10]
where 210 Higgs is replaced by 45 + 120, cut-off scale Λ can be
lifted slightly (up to ∼ 1017 GeV). In such model, the Yukawa inter-
actions of fermions with 120-plet Higgs field can be avoided using
the S4 × Zn symmetry. For example, if 120 Higgs transforms as (12 ,
1) representation of S4 × Zn then the renormalizable Yukawa in-
teraction (ψψ120H ) is not invariant under S4 symmetry. Further,
It is easy to see that the higher-dimensional non-renormalizable
Yukawa interactions mediated by flavon fields are forbidden by the
Zn symmetry. M1,2 are mass scales of heavy vector-like fermions
stay between the GUT scale and cut-off scale. Since the cut-off
scale lies near the GUT scale, all these intermediate scales are very
close to each other. Further, αi,α

′,α′′, β , and γ small coefficients
of O(Λ2/M2

Pl). The S4 singlet contraction of flavor index is indi-
cated with bracket. The term (χ2ψψ) represents all the different
S4 contractions which can be constructed as follows:

(
χ2ψψ

)
i ≡ (

(χχ)11(ψψ)11

)
,
(
(χχ)2(ψψ)2

)
,(

(χχ)31(ψψ)31

)
,
(
(χχ)32(ψψ)32

)
,(

(χψ)12(χψ)12

)
,
(
(χψ)2(χψ)2

)
,(

(χψ)31(χψ)31

)
,
(
(χψ)32(χψ)32

)
(31)

where (· · ·)R indicates the representation R under S4. Now con-
sider a theory below the scale of M1,2 and at the GUT scale.

The effective superpotential after integrating out heavy vector-like
fields is given by,

Weff = λ

M2
1

(φψ)(φψ)Φ + λ′

M2
2

(χψ)(χψ)Σ̄

+
∑

i

αi

Λ2

(
χ2ψψ

)
iΣ̄ + β

Λ2
σ(χψψ)Σ̄

+ γ

Λ2
σ 2(ψψ)Σ̄ + α′

Λ2
σ ′(ηψψ)Φ ′

+ α′′

Λ2
σ ′2(ψψ)Φ ′′ (32)

where first two terms allow the desired rank-1 structure of Yukawa
matrices. Note that effective Yukawa superpotential still has the
symmetry SO(10) × S4 × Zn . This symmetry will be broken to
SO(10) by vevs of the flavon fields. In order to get the desired
structure of Yukawa couplings, we will choose particular vacuum
alignment of the flavon fields as given below.

〈φ〉 =
( 0

1
1

)
υφ; 〈χ〉 =

( 0
0
1

)
υχ ; 〈η〉 =

( 0
1
0

)
υη;

〈σ 〉 = υσ ; 〈
σ ′〉 = υσ ′ . (33)

These vevs of flavon fields break flavor symmetry S4 at the GUT
scale and generate following structure of various Yukawa cou-
plings.

Y10 = λυ2
φ

M2
1

(0 0 0
0 1 1
0 1 1

)
; (34)

Y126 = λ′υ2
χ

M2
2

(0 0 0
0 0 0
0 0 1

)
+ υ2

χ

Λ2

(
α̃ 0 0
0 α̃ 0
0 0 α̃0

)

+ βυχυσ

Λ2

( 0 1 0
1 0 0
0 0 0

)
+ γ υ2

σ

Λ2
I; (35)

Y10′ = α′υσ ′υη

Λ2

( 0 0 1
0 0 0
1 0 0

)
; (36)

Y10′′ = α′′υ2
σ ′

Λ2
I, (37)

where all non-relevant Clebsch–Gordan coefficients are suitably
absorbed. α̃ and α̃0 are linear combinations of different αi . The
Yukawa matrices derived from the super potential can successfully
explain the ansatz given in Eq. (7). Further, one has to assume
λ′ 	 αi in order to achieve the relation b ≈ −c in Eq. (7) since
there is no large hierarchy between the two scales M2 and Λ.
Note that in Eq. (30) we included only the leading order operators,
linear and quadratic in flavon fields. Higher-dimensional operators
with 2 + d (d > 0) flavons can generate significant corrections to
the mass matrices particularly when Λ is not very far from the
GUT scale. However all the operators up to some given d can be
forbidden by using a Zn with sufficiently large n and choosing
carefully the Zn charges of various fields in Table 1.
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It is very important to show that the required vacuum struc-
ture of flavon fields (33) is allowed by flavon superpotential. This
point has already been discussed in great details in reference [14].
Since our model has the same kind of flavon structure as theirs, we
simply use their results. Note that due to non-trivial Zn charges,
bilinear terms which correspond to masses of flavon fields are not
allowed. As a result of this the model requires doubling of flavon
fields to allow Dirac type mass terms. The new flavon fields have
the same S4 representations but opposite Zn charges. It has been
shown in [14] that all the desired vacua of Eq. (33) are present in
the model.

5. Summary

In this Letter, we have studied a possible way to realize quark–
lepton complementarity between the Cabibbo angle and solar mix-
ing angle in realistic quark–lepton unification theory based on
SO(10) gauge group. We have shown here that it is indeed pos-
sible to obtain such relation Eq. (26) starting from the fermionic
mass structure (5) if they are supplemented with ansatz (7) and
assuming that only type-II seesaw mechanism is responsible for
light neutrino masses. One necessary ingredient for QLC is bi-
maximal mixing pattern from the neutrino sector which has been
obtained through specific ansatz. Our ansatz also makes use of
recently proposed [13] rank-1 strategy which naturally explains
charged fermions mass hierarchy as well as origin of hierarchical
quark mixing angles as opposed to the large lepton mixing an-
gles. We have shown through the detailed analysis that this ansatz
is capable of explaining the entire fermionic spectrum and not
just the QLC relation. Moreover, the various predictions made by
such ansatz are in agreement with observations. We have shown
that the proposed ansatz can be obtained in a model from a dis-
crete flavor symmetry group S4 together with an additional Zn

symmetry. A generic prediction of our approach is θ l
13 ≈ θC /

√
2

which is near to its current experimental upper bound. The atmo-
spheric mixing angle gets considerable deviation from maximality
(θ l

23 ≈ π/4 + 3θcb) in this approach. These predictions can be con-
firmed or excluded by the current generation of neutrino oscilla-
tions experiments.
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