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Abstract

Neutrino, meaning “the little neutral one” (in Italian) is a sub-atomic fundamental

particle. It is the most abundant particle in the universe after the photon. In 1930,

Wolfgang Pauli first postulated the existence of the neutrino to explain the conservation

of energy and the angular momentum in nuclear beta-decay. In the Standard Model

(SM) of particle physics, there are three types of neutrinos (namely electron, muon and

tau neutrino) which are electrically neutral, spin-half and massless fermions. Neutrinos

cover a wide range of energies from 10−6 eV to 1018 eV which have been detected by

different experiments – starting from detection of MeV neutrinos e.g, in nuclear beta-

decay, solar and reactor experiments to very high energy PeV neutrinos in the IceCube

experiment. In this doctoral work, we study some of the very interesting aspects of

neutrino physics from both phenomenological as well as theoretical point of view.

Last few decades have witnessed remarkable developments in the field of neutrino

physics coming from the observation of neutrino oscillation in terrestrial experiments.

Neutrino oscillation requires that at least two of the neutrinos possesses small but non-

zero mass and there is mixing between different flavors of neutrinos. Since in the SM

neutrinos are massless, the phenomenon of neutrino oscillation implies physics be-

yond the SM. The three-flavor neutrino oscillation framework containing six oscilla-

tion parameters (θ12, θ13, θ23,∆m
2
21, |∆m2

31| and δCP ) is now well established. Global

analysis of neutrino oscillation data have determined some of these parameters with

considerable precision. At the current juncture, the three unknown neutrino oscillation

parameters are the neutrino mass hierarchy (∆m2
31 > 0, known as the normal hierar-

chy or ∆m2
31 < 0, known as the inverted hierarchy), octant of the mixing angle θ23 (

θ23 < 45◦, known as the lower octant or θ23 > 45◦, known as the higher octant) and

the CP phase δCP . A major part of this doctoral work is devoted to the determination

of these unresolved parameters using different oscillation experiments.

The main obstacle for an unambigous determination of these unknowns are the

presence of parameter degeneracies which means different sets of oscillation param-

eters giving the same probability. In our study, we advocate a comprehensive way to

study the remaining parameter degeneracies in the form of a generalized “hierarchy−θ23−
δCP ” degeneracy. To analyze this, we consider long baseline neutrino oscillation exper-
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iments NOνA and T2K and atmospheric neutrino oscillation experiment ICAL@INO.

We discuss their physics reach and illustrate their synergistic effects to resolve the dif-

ferent degenerate solutions. We also explore the potential of the next generation super-

beam experiment, DUNE to determine the different unknowns in neutrino oscillation

parameters. Our study mainly focuses on the determination of the octant of θ23 and the

CP phase δCP . In particular, we emphasize on the role played by the antineutrinos, the

broadband nature of the beam and the matter effect.

Theoretically, the challange is to construct models of neutrino masses and mix-

ing which can explain the observed values of the mass squared differences and the

mixing angles. We discuss consequences of the assumption that the (Majorana) neu-

trino mass matrix Mν and the charged lepton mass matrix Ml satisfy, STνMνSν =

−Mν , T
†
l MlM

†
l Tl = MlM

†
l with respect to some discrete groups Sν , Tl contained in

A5 group. These assumptions lead to a neutrino mass spectrum with a massless neu-

trino and a degenerate pair of neutrinos and also constrain the mixing among them. We

derive possible mixing patterns considering the various subgroups of A5.

Another interesting question in neutrino physics is the existence of light sterile

neutrinos. There are many experimental evidences which seem to support such a hy-

pothesis. In this direction, we consider the “minimal extended type-I seesaw” (MES)

model which naturally gives rise to a light sterile neutrino. We focus on the texture zero

study of the various fermion mass matrices involving the charged leptons and neutri-

nos in this model. In this study, we obtain only two allowed one-zero textures in the

neutrino mass matrix, mν , namely meτ = 0 and mττ = 0, having inverted hierarchical

mass ordering. In the context of the MES model, we obtain extra correlations among

neutrino oscillation parameters which can be tested in future oscillation experiments.

Keywords: Neutrino Physics, Neutrino Oscillation, PMNS matrix, Long-Baseline

Neutrino Experiments, Atmospheric Neutrino Experiments, CP Phases, Sterile Neu-

trino, Texture Zero, Neutrino Mass Matrix, Flavor Antisymmetry, Type-I seesaw, MES

model.
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Chapter 1

Introduction

.

“Do not say, It is morning, and dismiss it with a name of yesterday.

See it for the first time as a newborn child that has no name.”

Rabindranath Tagore

Neutrinos ! the miraculous subatomic fundamental particles are the lightest among

all the Standard Model (SM) particles (except photons and gluons which are massless)

and interact only via the weak interactions among all the fundamental interactions. As

a result, it is an utmost difficult task to detect the neutrinos. They are omnipresent in

nature, being produced both naturally and artificially. Naturally produced neutrinos

come to the Earth from the Sun, supernovae, collisions of cosmic rays with nuclei in

the atmosphere, natural radio activity of the Earth, etc. whereas those produced in

accelerators and nuclear reactors are examples of artificial or the man-made neutrinos.

The naturally produced neutrinos carry information from deep inside stars and hence

can help to understand the stellar evolution processes. In the SM neutrinos are mass-

less. Thus generation of neutrino mass signifies physics beyond the SM (BSM). This

can also be related to some of the unresolved fundamental queries, like, the unification

of forces, the matter-antimatter asymmetry, etc. Thus neutrinos are believed to hold

the key to a deeper understanding of nature.

The plan of this chapter goes as follows : in the next section (1.1), we discuss

the discovery of the neutrino whereas in section (1.2) we present a discussion of the

neutrinos in the SM. A brief overview of neutrino oscillation is presented in section

1
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(1.3). In section (1.4), we discuss the neutrinos beyond the SM and the generation

of neutrino mass. Section (1.5) is devoted to the discussion of sterile neutrinos. We

mention some of the unresolved issues of neutrino physics in section (1.6). At the end

of this chapter, in section (1.7), we give the layout of the doctoral work presented in

this thesis.

1.1 The Discovery of Neutrinos
The history behind the discovery of the neutrino goes back to 1914, when J. Chadwick

first demonstrated the observed beta-decay spectrum from radioactive sources. An un-

stable radioactive nucleus undergoes beta-decay where a neutron decays to a proton

and an electron. However, experimental observation demonstrated a continuous be-

havior of the electron energy spectrum, unlike alpha or gamma-decay spectrum which

showed a discrete nature [1]. This continuous nature of the spectrum questioned the

hypothesis of energy conservation in nuclear beta-decay. As a solution, in 1930, W.

Pauli postulated the existence of a new particle neutrino to account for the mismatch

between the observed and expected energy spectra of the electron ∗, thus saving the

principle of conservation of energy in nuclear beta-decay. In this hypothesis, neutri-

nos are electrically neutral and spin half fermions to save the conservation of electric

charge and angular momentum. Pauli also postulated the neutrinos to be massless.

These neutrinos take part only in the weak interactions and hence can escape detection
†. Therefore, it is not astonishing that the first neutrino was discovered 26 years after

it was first proposed. The very first observation of the neutrino was made at the Sa-

vannah River Nuclear Reactor in 1956, by Reines and Cowan [2]. Only neutrino that

was known at that time was the electron neutrino (νe). After that two more types of

neutrinos were discovered corresponding to the two other charged leptons– muon and

tau. The second type of neutrino, named as the muon neutrino (νµ), was discovered in

1962 by L. Lederman, M. Schwartz and J. Steinberger [3]. In July 2000, the DONUT

collaboration [4] announced the discovery of the third type of neutrino called the tau

neutrino (ντ ).

In the mid-1960s R. Davis proposed the Homestake experiment to test the hypoth-

∗Note that Pauli called this particle as “neutron” and later Fermi coined the name “neutrino”.
†In 1933, Fermi formulated the theory of beta decay via weak interactions.
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esis of solar energy generation by observing the neutrinos coming from the sun [5].

This detection was based on the reaction of the neutrinos with chlorine giving rise to

an isotope of argon. It was observed that the detected neutrino flux was lower than the

expected theoretical predictions of the Standard Solar Model (SSM) developed by J.

Bahcall [6]. There could be three reasons to explain this mismatch : (i) the experimen-

tal results were wrong, (ii) the calculation of neutrino fluxes from the SSM were not

correct and (iii) the electron neutrinos coming from the Sun were getting transformed

into some other flavors of neutrino and they simply crossed the detector undetected

since the detector was sensitive only to the electron neutrino. Neutrino oscillation pro-

posed by B. Pontecorvo in 1957 was counted as a possible solution of number (iii)

above [7, 8]. Neutrino oscillation requires non-zero neutrino mass which is a signal

of new physics beyond the SM. Subsequent solar neutrino experiments confirmed the

shortfall and finally the SNO [9, 10] experiment established the disappearance of the

solar neutrinos on a firm footing. Around 1998, the SK experiment declared their atmo-

spheric neutrino measurement and the zenith angle dependence of the data conclusively

established neutrino oscillations [11]. These discoveries led to the prestigious Nobel

Prize in the field of Neutrino Physics in the year 2015 for T. Kajita of the SK and A.

B. McDonald of the SNO collaboration. KamLAND [12] experiment confirmed solar

neutrino oscillations using reactor neutrinos whereas accelerator based long baseline

experiments, K2K [13, 14] and MINOS [15] and later, T2K [16] and NOνA [17, 18]

corroborated the atmospheric neutrino oscillation using man-made sources.

1.2 Standard Model and Neutrinos

The Standard Model (SM) of particle physics is a gauge quantum field theory based on

the internal symmetries of the unitary product group SU(3)C⊗SU(2)L⊗U(1)Y , where

subscript C denotes color, L implies left handed chirality and Y is the hypercharge. In

nature, there are four low energy fundamental interactions. The SM includes three of

them namely, electromagnetic, weak and strong interactions whereas it does not ex-

plain the gravitational interaction. The representation of the SM fermions and their

quantum numbers under the unitary gauge groups are given in table (1.1). The ele-
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Lepton doublet Quark doublet Lepton singlet Up Quark Down Quark

LL(1,2,-1) QL(3,2,
1

3
) lR(1,1,-2) UR(3,1,

4

3
) DR(3,1,-

2

3
)νe

e


L

u
d


L

eR uR dRνµ
µ


L

c
s


L

µR cR sRντ
τ


L

t
b


L

τR tR bR

Table 1.1: Fermionic representation of the SM fermions under SU(3)C ⊗ SU(2)L ⊗ U(1)Y group.

We calculate the charges of the individual particles using the formula Q = T3 + Y/2.

mentary fermions are divided in two categories namely, Leptons and Quarks. In this

model the left-handed leptons and quarks are SU(2)L doublets whereas their corre-

sponding right-handed partners are singlets under SU(2)L. Also each quark comes

in three colors i.e. they carry color quantum number whereas leptons are color sin-

glets. The first row of the table (1.1) shows the quantum numbers corresponding to

the SM gauge group. As an example, the three entries of LL(1, 2,−1) imply that the

lepton doublet (LL) is a color singlet under SU(3)C , doublet under SU(2)L and carries

hyper-charge (-1). The number of rows of the table (1.1) correspond to the number of

generations of the fermion family. The mediators of the low energy SM interactions

are the gauge bosons and these are the W±, Z bosons which mediate the weak inter-

action, gluons which are the mediators of the strong interaction and the photon which

is the carrier of the electromagnetic interaction. In the SM, neutrinos interact via both

the W± and Z bosons exchange processes and these are called the charge current (CC)

and neutral current (NC) interactions respectively. The existence of the three types of

neutrinos in the SM were further confirmed by the Large Electron-Positron Collider

(LEP) experiment at CERN. This experiment measured the invisible decay width of

the Z-boson into neutrinos, which indicated the number of light neutrinos in the SM to

be three [19].

We also notice form the table (1.1) that there are no right-handed partners for the

neutrinos. The reason behind the absence of right-handed neutrinos in the SM is mo-
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tivated by the observation of parity violation in weak interactions. In 1956, T. D. Lee

and C. N. Yang conjectured that parity is violated in weak interactions [20] to solve the

famous Tau-Theta Puzzle. In the same year, Madam Wu experimentally confirmed par-

ity violation in weak interactions, where she observed that for the 60Co nuclei nuclear

spin of the electron is always opposite to its momentum [21]. This mismatch can only

be explained by the presence of left handed electrons (eL) and right handed antineutri-

nos (ν̄R) and the corresponding absence of mirror image state, left handed antineutrino

(ν̄L) ‡. Further, the experimentally measured helicity of neutrinos by M.Goldhaber

et.al. [22] confirmed that the neutrinos are indeed left handed.

In the SM, mass terms of the fermions appear in the Lagrangian as a result of

the breaking of the underlying symmetries and the mechanism responsible for this

is known as the Higgs Mechanism or Englert-Brout-Higgs-Guralnik-Hagen-Kibble

mechanism [23], [24], [25], [26], [27], [28]. The Higgs-lepton Yukawa Lagrangian

for the charged leptons in flavor basis can be written as

LY = −
∑

β,α=e,µ,τ

YβαLβL ΦlαR +H.c., (1.2.1)

where Y is the Yukawa coupling and Φ is the Higgs doublet. In the unitary gauge, Φ

can be written as

Φ =
1√
2

 0

v +H(x)

 , (1.2.2)

where, v is the vacuum expectation value or vev that arises from the spontaneous

breaking of the SM symmetry,

SU(2)L × U(1)Y → U(1)Q, (1.2.3)

where U(1)Q is the gauge symmetry group corresponding to the electromagnetic inter-

actions. Also, H(x) is the field corresponding to the physical Higgs boson.

Using equation (1.2.2) in equation (1.2.1), the Higgs-lepton Yukawa Lagrangian

can be written as

−LY = (
v +H√

2
)
∑

β,α=e,µ,τ

YβαlβL lαR +H.c. (1.2.4)

‡Note that in the massless limit, helicity of a particle is right-handed if the spin and the motion of the

particle is in same direction whereas if they are in opposite direction then the particle is left-handed.
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And the mass terms for the charged leptons can be written as,

−Lm =
∑

α=e,µ,τ

mβαlβLlαR +H.c., (1.2.5)

where mβα = Yβαv/
√

2 is the charged lepton mass matrix which is proportional to the

Higgs vev. In the SM, there are no right-handed neutrinos and hence one can not write

a mass term for the neutrinos unlike the charged leptons and quarks.

SM is sometimes regarded as a “theory of almost everything” and an extremely

successful model from both theoretical and experimental point of view. Successes of

the SM include : (i) the prediction of the W and Z bosons, the gluons, the top and the

charm quark, long before they were observed experimentally, (ii) precise agreement

with measurements of the fine structure constant α = 1/137.035999070, (iii) the pre-

diction of the Higgs boson. The recent discovery of the last missing piece of the SM

namely, Higgs boson firmly established this model§. But there are a number of issues

which can not be addressed within the SM and one needs to go beyond the SM to

explain these. One of the fundamental phenomenon that the SM does not incorporate

is the gravity. There are some ad hoc features in the SM namely, (i) the unification

of gauge couplings does not happen in SM , (ii) it has 19 free parameters which are

known experimentally but the origin of the values are still unknown, (iii) there is no ex-

planation of the hierarchy between fermion masses, (iv) the Higgs mass receives large

quantum corrections, dominantly from the top loop and a severe fine tuning is required

in order to keep Higgs mass light (the naturalness problem), etc. Other phenomena

such as – explanation regarding the dark matter and dark energy, matter-antimatter

asymmetry, the disagreement of the massless nature of neutrinos with the observed

neutrino oscillations, etc also remain unexplained within the SM. Therefore, there are

several attempts towards the formulation of a more fundamental theory at a higher

scale whose low energy realization could be the SM. The experimental observations

of neutrino oscillation puts an emphasis on the beyond the SM scenarios which could

successfully explain the neutrino mass generation. In the next section, we present a

brief overview on the mechanism of neutrino oscillation.

§The Nobel Prize in Physics 2013 was awarded jointly to F. Englert and P. W. Higgs for predicting

the existence of Higgs boson which subsequently detected at the Large Hadron Collider (LHC) [29,30].
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1.3 Neutrino Oscillation

The concept of oscillation of neutrinos was first put forward by B. Pontecorvo in

1957 and later in 1962 a quantitative theory of neutrino oscillation was first devel-

oped by Maki, Nakagawa and Sakata. Neutrino oscillation is a quantum mechanical

phenomenon where three mass eigenstates (|νk〉, k = 1, 2, 3) of neutrinos are related

to three flavor eigenstates(|να〉, α = e, µ, τ ) via an unitary mixing matrix. Mathemat-

ically,

|να〉 =
∑
k

U∗αk|νk〉, (1.3.1)

where the mixing matrix U is referred to as the Maki-Nakagawa-Sakata (MNS) ma-

trix or as the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix. In the three flavor

framework U is parameterized by three mixing angles (θ12, θ13, θ23) and a CP phase

δCP . The probability that a neutrino in its initial flavor α, will later be detected as

flavor β in vacuum is,

Pνα→νβ = δαβ − 4
∑
k>j

Re(U∗αkUβkUαjU
∗
βj) sin2(∆kj)

+ 2
∑
k>j

Im(U∗αkUβkUαjU
∗
βj) sin(2∆kj) (1.3.2)

where ∆kj = ∆m2
kjL/4E = (m2

k−m2
j)L/4E gives the two mass squared differences,

∆m2
21, ∆m2

31. We note here that the three flavor neutrino oscillation framework de-

pends on six oscillation parameters, namely three mixing angles θ12, θ13, θ23 and a CP

phase δCP which are contained in U and two mass squared differences, ∆m2
21, ∆m2

31.

A detailed description of the mechanism of neutrino oscillation considering neutrino

propagation in vacuum as well as matter will be discussed in chapter (3). Neutrino os-

cillation have been observed in many experiments. This has established the fact that at

least two of them have tiny but non-zero mass and there is flavor mixing necessitating

the extensions of the SM. In the next section, we discuss the generation of neutrino

mass via minimal extension of the SM.
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1.4 Generation of Neutrino Mass

In the minimal extension of the SM, the neutrino mass term can be written by adding a

right-handed singlet fermion νR. With the inclusion of νR, a Dirac neutrino mass term

can be written as,

− LDm = mD(νLνR + νRνL), (1.4.1)

where, νL,R = PL,R ν with PL,R = (1 ∓ γ5)/2 and mD = yνv/
√

2 as given by

the equation (1.2.5). This implies that the Dirac neutrino mass term is proportional

to the Higgs vev like other charged leptons and quarks. But the neutrino masses are

very small which requires minuscule Yukawa couplings. However there is no natural

explanation for this in the SM.

As neutrinos are electrically neutral, in principle neutrinos can be their own anti-

particle unlike other SM fermions. Such a fermion is known as a Majorana fermion

after the Italian theoretician Z. Ettore Majorana who first proposed this ¶. In this case,

the charge conjugated field (νL)C = (νC)R serves as the right-handed partner. Then

the Majoranan neutrino mass term can be written as,

− LMm =
1

2
mL(νCL νL + νLν

C
L ) +

1

2
MR(νCRνR + νRν

C
R ), (1.4.2)

where C is the charge conjugation operator. The terms in the equation (1.4.2) violates

lepton number by 2 units. However although neutrinos carry no charge they carry

leptonic quantum number which is +1 for the neutrinos and -1 for the charge conjugate

states. Thus Majorana mass term breaks this quantum number. At the current juncture,

there is no experimental evidence which can tell whether the neutrino is a Dirac or a

Majorana like fermion. To resolve this issue will be one of the most fascinating tasks

for future neutrino experiments. The most promising experiments which can establish

lepton number violation and can probe the Majorana nature of the neutrinos are the

neutrinoless double beta-decay (0νββ) experiments [31]. The half life for the 0νββ

can be expressed as,
1

T 0ν
1/2

= G0ν |M0ν |2|mee|2, (1.4.3)

¶ Note that the Dirac fermion is not its own anti-particle.



1.4. Generation of Neutrino Mass 9

where, G0ν is the phase space factor and M0ν is the nuclear matrix element coming

from nuclear physics. mee is the effective Majorana neutrino mass which can be written

by considering only the contribution from the three active neutrinos as,

mee ≡ meff =
∑
i

U2
eimi, (1.4.4)

where Uei are the elements of the leptonic mixing matrix. These experiments also give

bounds on meff by measuring the life time of the 0νββ processes. Current bounds

on meff ≤ (0.12− 0.25) eV came from the combined study of KamLAND-ZEN and

EXO-200 [32]. A large number of experiments such as CUORE [33], GERDA [34],

SuperNEMO [35], KamLAND-ZEN [32] and EXO [36] aim to discover the evidences

for neutrinoless double beta decay. Bounds on the sum of the neutrino masses also

come from cosmology which implies
∑
i

mi ≤ 0.17 eV [37]. The upcoming beta-

decay experiment, KATRIN, will measure mβ =
√
|U2

ei|m2
i with an expected sensitiv-

ity of 0.2 eV at 90% C.L [38]. This can also give information on the absolute neutrino

mass scale.

Considering both Dirac and Majorana mass terms, the most general Lagrangian for

neutrino mass can be written as,

−Lmass = LDm + LMm ,

= νRmDνL +
1

2
νCLmLνL +

1

2
νRMRν

C
R +H.c.,

=
1

2
νRmDνL +

1

2
νCLm

T
Dν

C
R +

1

2
νCLmLνL +

1

2
νRMRν

C
R +H.c., (1.4.5)

=
1

2
nCLMnL +H.c., (1.4.6)

where, nL = (νL νCR )
T

, we have used νRmDνL = νCLm
T
Dν

C
R in the third line

and

M =

mL mT
D

mD MR

 . (1.4.7)

This mass matrix can be diagonalized using an unitary mixing matrix [39]. In the

approximation mL � mD �MR we get

Mlight = mL −mT
DM

−1
R mD. (1.4.8)

ConsideringmL = 0 the light neutrino mass matrix can be written asmν = −mT
DM

−1
R mD

and diagonalization of this leads to masses and mixing for the three active neutrinos.



10 Chapter 1. Introduction

This is the famous type-I seesaw mechanism which provides an elegant way to gen-

erate light neutrino masses considering MR (∼ 1014 eV) close to the Grand Unified

Theory (GUT) scale.

The origin of the seesaw mechanism can be explained by the effective dimension-

5 Weinberg operator [40, 41] which is compatible with the SM gauge group. This is

given by

L5 ∼ κ5LLLLΦΦ, (1.4.9)

where LL and Φ are the SM lepton and Higgs doublets respectively and κ5 = a5/Λ is

the effective coupling, suppressed by some high energy scale Λ which can be taken as

the scale of some new physics beyond the SM. There are 4 possible ways to construct

a gauge singlet term from the two lepton and Higgs doublets where L ∼ (1, 2,−1) and

Φ ∼ (1, 2, 1) under the SU(3)C × SU(2)L × U(1)Y gauge group.

• Case 1: each L − Φ forms a fermion singlet which generates neutrino mass

by exchanging a right handed singlet fermion. This corresponds to the Type-I

seesaw mechanism [42–45].

• Case 2: each L − L and Φ − Φ forms a scalar triplet and generates a singlet

term by the tree level exchange of a heavy Higgs triplet giving rise to the Type-II

seesaw mechanism [46–49].

• Case 3: each L − Φ forms a fermion triplet and this process generates neutrino

mass through the Type-III seesaw mechanism by the tree level exchange of a

right-handed fermion triplet [50–52].

• Case 4: each L − L and Φ − Φ pair forms a scalar singlet but this will lead to

terms like νCL eL which does not generate neutrino mass.

Note that L5 violates lepton number by 2 units and hence seesaw mechanism implies

neutrinos are Majorana particles.

1.5 Neutrinos Beyond Three Flavors

Sterile neutrinos are singlets under the SM unitary product group and do not take part

in weak interactions. But they can couple with the active neutrinos (νe, νµ and ντ )
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through the mass term in the Lagrangian. Thus they can mix with the active neutrinos

via active-sterile mixing and hence can be probed in oscillation experiments. Presently,

there are no bounds on the number of light sterile neutrinos and their mass scales.

The standard three flavor neutrino oscillation scenario is now very well established

and the results from the solar, reactor, atmospheric and long baseline oscillation exper-

iments have reported neutrino oscillations with the mass squared difference of ∼ 10−5

eV2 and ∼ 10−3 eV2 respectively. The short baseline neutrino oscillation experiment

LSND reported the evidence of neutrino oscillations with the mass squared difference

of ∼ eV2 [53–55]. This requires the introduction of a fourth neutrino to accommodate

three independent mass squared differences. But Z −→ ν ν̄ implies only three active

neutrinos with masses < 45 GeV are possible in the SM. So the fourth neutrino has to

be SM singlet or sterile. LSND results could be explained by the existence of at least

one sterile neutrino. MiniBooNE experiment [56] was built to verify LSND results.

The results of MiniBooNE experiment showed some overlap with the LSND results

and hence supported the existence of the sterile neutrino. Recently, two solar neutrino

detectors, GALLEX and SAGE reported the deficit of measured electron neutrinos

from the intense artificial radioactive sources 51Cr and 37Ar. They reported that the

number of measured events are ∼ 2.8σ smaller than the prediction which is termed as

the “Gallium anomaly” [57]. The reactor electron antineutrino flux studies have also

provided evidence for sterile neutrinos [58]. Their analysis with recalculated reactor

fluxes [58] showed a deficit in the observed rate as compared to the predicted rate and

the ratio is 0.943 ± 0.023 at 98.6% C.L. It has been illustrated that Gallium anomaly

can be explained by considering ∆m2 & 0.35 eV2 [57] whereas explanation of re-

actor anomaly needs ∆m2 & 0.5 eV2 [59]. Recent results of the Planck experiment

also shows the possibility of light sterile neutrino if one deviates slightly from the base

ΛCDM model [37]. Note that the seesaw mechanism [40, 41] discussed above, con-

siders sterile or singlet neutrinos with masses of the order of TeV or as heavy as GUT

scale. However theoretically it is challenging to have light sterile neutrinos and many

works have addressed this issue [60–62]. Thus, at the present juncture, the scenario

with a light sterile neutrino is quite fascinating both theoretically and experimentally

and many future experiments are proposed to confirm/falsify this [63].
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1.6 Unresolved Issues

The past decades have seen tremendous progress in our knowledge about neutrinos due

to a host of remarkable experimental results. These results have enriched the field of

high energy physics. However, there are still many unresolved questions both on the

experimental and theoretical side. These include ;

• Determination of the remaining unknown neutrino oscillation parameters namely,

the mass hierarchy, octant of 2-3 mixing angle and the CP phase δCP .

• To understand the nature of leptonic mixing matrix which is very much different

than the mixing matrix in the quark sector.

• The smallness of neutrino mass compared to that of other fermions, like charged

leptons and quarks.

• Whether neutrinos are Dirac or Majorana particles. This answers if the neutrinos

and antineutrinos are different particles or they are the same.

• Existence of new species of neutrinos other than the three active neutrinos.

• New physics effect on neutrino oscillations, like non-standard interactions which

can affect neutrino production, propagation and detection significantly.

• Existence of other new physics effects on neutrino oscillations like non-unitarity,

extra-dimensions, long range forces, etc.

• The issue of generation of baryon asymmetry via leptogenesis, which is possible

in seesaw models, and its connection with low energy CP violation.

• Does the neutrino possess a non-zero neutrino magnetic moment?

• Does the neutrino sector violate Lorentz or CPT symmetry ?

In this thesis we address some of the above issues.
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1.7 Layout of the thesis

In the next chapter (2), we briefly discuss the various sources of neutrinos – both nat-

ural and artificial. We also give a brief overview of the different detector technologies

that are being used in the current neutrino oscillation experiments. Apart from that

we discuss the experimental set-ups and physics goals of four specific experiments

namely, T2K, NOνA, DUNE and ICAL@INO which have been considered in this

thesis to study neutrino oscillation phenomenology.

In chapter (3), we discuss the formalism of neutrino oscillation. First we con-

sider the simple two flavor neutrino oscillation mechanism. We next describe how the

vacuum oscillation phenomenon can change in presence of matter. We also present

approximate expressions of oscillation probabilities in constant density matter. At the

end of chapter (3), we discuss the current status of various neutrino oscillation param-

eters and mention the unknowns. How these unknown oscillation parameters can be

determined via oscillation experiments constitute a major part of the doctoral work.

Chapter (4) is dedicated to the study of degeneracies in neutrino oscillation pa-

rameters and their resolutions. We explore the potential of the neutrino oscillation

experiments T2K, NOνA and INO to resolve the degeneracies in neutrino oscillation

parameters. We describe the parameter degeneracies both at the probability level as

well as at the χ2 level. We point out a comprehensive way to discuss the parameter

degeneracies in the form of a generalized “hierarchy−θ23−δCP ” degeneracy. We illus-

trate the different degenerate solutions by considering 6 years neutrino runs for NOνA.

Next, we study the resolution of these degeneracies considering (3+3) years of (ν + ν̄)

run for NOνA. We then describe successively, (i) the role of T2K and NOνA and (ii)

the combined effect of NOνA, T2K and INO to resolve the degeneracies. In chap-

ter (5), we explore the potential of the next generation superbeam experiment, DUNE

to determine the different unknown neutrino oscillation parameters. We mainly fo-

cus on the study of the octant of θ23 and the determination of the CP phase δCP . It

is well known that the precise determination of octant and δCP is interlinked through

the octant-δCP degeneracy. Thus, we concentrate on the resolution of these two un-

knowns. We illustrate the role played by the antineutrinos, the broadband nature of the
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beam and the matter effect. We also discuss the synergistic effects between neutrino

and antineutrino runs by considering their different run times.

Chapter (6) is devoted to understand the neutrino masses and mixing angles from

a theoretical point of view. A systematic approach based on flavor symmetries has

evolved in last several years which provide concrete framework to understand this. In

this respect, we emphasize on the implications of an ansatz of flavor antisymmetry in

the context of the flavor group A5. We discuss the consequences of an assumption

that the (Majorana) neutrino mass matrix Mν and the charged lepton mass matrix Ml

satisfy, STνMνSν = −Mν , T
†
l MlM

†
l Tl = MlM

†
l with respect to some discrete groups

Sν , Tl contained in A5. These assumptions lead to a neutrino mass spectrum with two

degenerate and one massless neutrino and also constrain mixing among them. We

study all the subgroups of A5 which predicts neutrino mixing patterns.

In chapter (7), we discuss the “minimal extended type-I seesaw” (MES) model

which can give rise to ∼ eV scale sterile neutrinos. In this model, we extend the SM

with three right handed neutrinos and one extra singlet S to generate a light sterile

neutrino. The active neutrino mass matrix, depends on the Dirac neutrino mass matrix,

Majorana neutrino mass matrix and the mass matrix which formed by the coupling of

the right handed neutrinos and the singlet. We study the texture zeros in this fermion

mass matrices. In our study, we obtain only two allowed forms of mν (meτ = 0 and

mττ = 0), having inverted hierarchical mass spectrum. In the context of the MES

model, we find some extra correlations among neutrino oscillation parameters which

can be tested in future neutrino oscillation experiments. We conclude our thesis in

chapter (8) where we summarize our findings.



Chapter 2

Production and Detection of

Neutrinos

“A theory is something nobody believes, except the person who made it.

An experiment is something everybody believes, except the person who made it.”

– Albert Einstein

Neutrinos are elusive in nature but they are also very abundant in the universe. It is

very difficult to detect neutrinos because they interact very weakly. Hence, one needs

a huge detector to detect sufficient number of neutrinos. In this chapter, we outline

different sources of neutrinos and discuss about some of the detectors for detecting

neutrinos. In section (2.1) of this chapter, we start with a brief overview of the various

sources of neutrinos. Later, in section (2.2), we present a discussion on some of the

different detector technologies which are used in the neutrino oscillation experiments.

This includes Čerenkov detectors, scintillator detectors, liquid argon detectors, iron

detectors etc. We also present, in section (2.3), a short description of all the experi-

mental configurations that we have considered in our study presented in the subsequent

chapters.

2.1 Sources of Neutrinos : Natural and Artificial

In this section, we discuss about both natural and artificial sources of neutrinos. Neu-

trinos are the most abundant particles in the universe after the photon. The energy of

15
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the neutrinos ranges from 10−6 eV to 1018 eV as can be seen from the figure (2.1). The

neutrinos coming from the natural sources include relic neutrinos, solar neutrinos, at-

mospheric neutrinos, supernovae neutrinos, geoneutrinos, ultra high energy neutrinos,

etc. whereas man made or artificially produced neutrinos are those neutrinos which

come from accelerator beams and nuclear reactors.

Figure 2.1: Fluxes of neutrinos from different neutrino sources with varying energy ranges [64].

Relic neutrinos : Relic neutrinos or cosmological neutrinos having the small-

est energy but maximum flux as described in figure (2.1) constitute the Cosmic Neu-

trino Background (CνB). Standard Big-Bang theory also predicts the existence of CνB

along with the cosmic microwave background (CMB) radiation. In the early universe,

neutrinos were in the thermal equilibrium in the form of hot plasma interacting with

other particles via the weak interactions. During that era, the weak interaction pro-

cesses before the decoupling of the neutrinos were,

n e+ � p νe, p e− � nνe, n� p e− νe . (2.1.1)

As the rate of the weak interaction processes decreased with the expansion of the uni-

verse, the neutrinos started decoupling. These happened when the weak interaction

rate became smaller than the expansion rate. These relativistic decoupled neutrinos are

the hot relics. The universe was about 1 s old and the temperature was of the order

1010 K at that epoch. Today, temperature of CνB is around 1.95 K and they conatin
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information of the early universe after Big-Bang [65]. However, unlike CMB, this has

not been detected directly. But there are compelling indirect evidences for the exis-

tence of CνB. One of the most promising method to observe CνB are in the tritium

decay experiments, which are dicussed in Refs. [65,66] whereas looking for evidences

for CνB considering circular polarization of CMB are discussed in Ref. [67].

Solar neutrinos : Neutrinos coming from the Sun are produced in the solar

core via thermonuclear fusion reaction processes. Energy (Eν) of these neutrinos are

in the range 0.2 6 Eν 6 15 MeV. The thermonuclear energy production process can

be expressed in terms of the following reaction :

4p+ 2e− → 4He+ 2νe + 26.731 MeV (2.1.2)

This is the net result of two cycles (namely, pp and CNO cycle). Energy is released in

this process mostly through photons and a small fraction of the total energy released are

carried away by the neutrinos (〈2Eνe〉 = 0.59MeV). These neutrinos can be directly

detected at the detectors on Earth which provide a unique tool to study the interior

of the Sun. In 1968, R. Davis first observed the solar neutrinos in the pioneering

Homestake gold mine experiment in Lead, South Dakota [5]. Later, various other

neutrino experiments have detected the solar neutrinos; these are, Homestake [68],

Kamiokande [69], GALLEX [70], SAGE [71], GNO [72], SNO [73] and Borexino

[74].

Geoneutrinos : Geoneutrinos are mainly electron antineutrinos (νe) produced

inside the Earth by the natural decay of the radioactive nuclei. The radioactive nuclei

that undergo beta-decay and emit electron antineutrinos are mainly,238U and 232Th.

The principal reactions to observe electron antineutrinos (νe) are the capture of free

protons followed by the detection of neutron. The capture and detection reactions are

as follows,

νe p → e+ n (2.1.3)

n p → γ d (2.1.4)

These neutrinos are produced in the sub-MeV to a few MeV range. Recently, two

experiments have reported the detection of geoneutrinos namely KamLAND [75] and

Borexino [76].
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Supernova neutrinos : When a massive star, at the end of its life collapses

to a neutron star or a black hole via a supernova explosion, almost 99% of the grav-

itational binding energy is carried away by the neutrinos. The energy range of these

neutrinos are ∼ MeV [77], [78]. These neutrinos come in all the three flavors. The

confirmation on the detection of the supernova neutrinos came on 23rd February 1987,

when neutrinos from the supernova SN1987A were detected by the Kamiokande ex-

periment (detected 11 events) in Japan [79] and the IMB experiment (detected 7 events)

in USA [80].

Reactor neutrinos : Nuclear reactors are one of the major sources of elec-

tron antineutrinos which are produced in the β-decays of neutron rich nuclei (like,
235U, 238U , 239Pu, 241Pu) via controlled nuclear fission processes. The energy range

for the reactor antineutrinos is of the order few MeV. These neutrinos have been used

all along from the first detection of neutrinos in 1956 by Reines and Cowan [2] using

inverse beta decay process (νe p → e+ n) up to the most recent oscillation studies.

There were a number of short baseline (source to detector distance < 1 km) reac-

tor neutrino experiments which reported null result for oscillation ∗. The KamLAND

experiment having source to detector distance 180 km, was the first to observe oscil-

lations of the reactors antineutrinos [12]. Later, Daya Bay [81], RENO [82], Double

Chooz [83] experiments also reported the detection and oscillation of reactor antineu-

trinos.

Accelerator neutrinos : Neutrinos produced at the particle accelerators are

one of the major sources of artificially created neutrinos. These are generated as the

final products of pion or kaon decay when protons are bombarded on a target. There

are two methods to produce neutrinos from pion decays namely, (i) the decay of pions

in flight (DIF) and (ii) the decay of pions at rest (DAR). In the DIF mechanism, while

pions and kaons are travelling through decay pipe, they decay to muon-neutrinos (νµ)

and muon-antineutrinos (νµ). In this process νµ beams are produced by the decay of

π+, K+ → µ+ νµ which contain about 1% of νµ and 1% of νe because of the further

decays of µ+ → e+ νe νµ. Depending on the polarity of the focusing horn one gets pure

∗Note that, later the results of this short baseline experiments were discussed incorporating an ∼eV

sterile neutrino [59].
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νµ or νµ beams. The typical energy range for the neutrinos produced in this mechanism

are of a few tens of MeV to a few GeV. In the case of DAR mechanism, the beam is

composed of νµ coming from the decay of the π+ † in the following manner,

π+ → µ+ νµ, (2.1.5)

µ+ → e+ νe ν̄µ

The produced νµ beam has energy in the range of the order of a few times 10

MeV and this are used to study νµ → νe oscillations. In addition, the flux of electron

neutrinos (νe) coming from the second decay chain being small, it is possible to search

for νµ → νe oscillations as well.

Three largely used accelerators based beams are :

1. The neutrinos at the main injector (NuMI) [84] beam from Fermilab [15]. The

neutrino detectors that used the NuMI beam were MINOS, MINERνA whereas

NOνA is currenlty taking data based on the NuMI beam.

2. The CNGS beam from CERN to Gran Sasso [85]. Neutrino detectors like,

OPERA [86] and ICARUS [87], [88] used neutrinos from the CNGS beam to

detect neutrinos.

3. The muon neutrino beam from Japan proton accelerator research complex or

J-PARC. The on-going neutrino oscillation experiment, T2K [89] is using the

J-PARC neutrino beam. Two next generation experiments T2HK and T2HKK

will also use the J-PARC neutrino beam [90, 91].

The neutrino oscillation experiments like, LSND [55] and MiniBooNE [92] stud-

ied the oscillations of the neutrinos in the MeV energy range whereas long baseline

accelerator experiments like K2K [14, 93], MINOS [15] studied neutrino oscillations

in the GeV energy range. Also, on going experiments like, T2K [89] and NOνA [94]

study neutrino oscillations in the GeV energy range.

Atmospheric neutrinos : Atmospheric neutrinos are created when cosmic

rays collide with the nuclei in the Earth’s atmosphere and produce charged particles

†Note that in this process π− are being absorbed by the nuclei.
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like pions and kaons. They decay to produce muons and muon neutrinos :

π+ → µ+ νµ, π− → µ− νµ (2.1.6)

These muons further decay to give rise to electrons, electron neutrinos and muon neu-

trinos,

µ+ → e+ νe ν̄µ, µ− → e− νe νµ (2.1.7)

Kaons produced in the atmosphere also contribute to the production of muons and

muon neutrinos. Energy of the atmospheric neutrinos lies in sub-GeV to multi-TeV

order [95]. The first report on the detection of atmospheric neutrinos came, in 1965,

from the Kolar Gold Field Mine in India [96, 97] and the East Rand Proprietary Gold

Mine in South Africa [98]. Later, Kamiokande [99], IMB [100], Soudan-2 [101] ex-

periments have also reported the detection of atmospheric neutrinos. Most recently,

the high statistics Super-Kamiokande [102] established the detection of atmospheric

neutrinos on firm footing.

Ultra High Energy Neutrinos : Neutrinos having energies greater than

1015 eV are known as the Ultra High Energy Neutrinos (UHE). Currently proposed

astrophysical sources of high energy cosmic neutrinos include those from active galac-

tic nuclei (AGN) [103] and gamma ray bursts (GRB) [104]. Production of these UHE

neutrinos depend on the interaction of protons with the soft photons or matter. The pro-

tons in these sources are accelerated via Fermi acceleration mechanism to very high

energies before they collide with matter [105]. UHE neutrino telescopes were planned

to study the neutrinos coming from the distant astrophysical sources [106]. These neu-

trinos cover a very long path from their sources to reach the Earth. Due to such a long

distance, the oscillation of this high energy neutrinos get averaged out. Hence, their

final flavor composition depends on the initial sources of the neutrinos as different

sources can have different initial flavor and the neutrino mixing angles. The ANITA

or ANtarctic Impulsive Transient Antenna is a balloon-borne radio pulse detector sys-

tem, designed to search for UHE neutrinos with energies greater than 1018 eV [107].

It has completed its three launch successfully and recently its 4th phase, ANITA-IV,

launched in December 2016. The IceCube Neutrino Observatory at the South Pole is

currently the most sensitive detector for the detection of astrophysical neutrinos. Re-

cently, IceCube collaboration has reported the results of an all sky search of the UHE
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neutrino events in the energy range between 30 to 2000 TeV [108]. They have detected

a total of 37 neutrino events.

2.2 Detector Technologies

In this section, we discuss about the various detection techniques of neutrinos. Neu-

trinos are electrically neutral and interact only via weak interactions. Hence, neutrino

detectors must be very large to detect a significant number of neutrinos. Neutrinos in-

teract in two ways namely, charged current (CC) and neutral current (NC) interactions

via W± and Z boson exchange processes respectively :

νl +N → l− +X : CC, (2.2.1)

νl +N → νl +X : NC, (2.2.2)

where l = e, µ, τ , N is the nucleon and X is the final state hadron. Various categories

of detectors used for the neutrino experiments are, Čerenkov detectors, scintillator

detectors, iron detectors, radiochemical detectors, emulsion detectors, etc. We discuss

some of these below.

Čerenkov detectors : The radiation of Čerenkov light occurs, if the speed of

a charged particle is greater than the speed of light in a medium. In these kind of detec-

tors, the detection medium is mainly purified water or heavy water (D2 O) contained in

a large tank surrounded by photomultiplier tubes (PMT’s) which detect the Čerenkov

radiation emitted by the final state particles. Inside the medium, Čerenkov photons are

emitted in a cone which allows one to identify the particle and reconstruct its energy

and direction. Some of the neutrino detectors which have used the Čerenkov detection

principle are : (i) The IMB detector [109] located at the Morton Salt mine, Ohio (USA)

used water Čerenkov detectors to detect atmospheric neutrinos. (ii) The Kamiokande

detector and its upgraded version Super-Kamiokande (SK) [110] in Japan are also ex-

amples of water Čerenkov detector which have studied neutrinos from different sources

including the Sun, supernovae, the atmosphere, and accelerators. (iii) The SNO detec-

tor [111], which was designed to study solar neutrinos located in the Creighton mine,

used heavy water as the detection medium. (iv) Currently running IceCube experiment

also use Čerenkov detection technique to detect high energy neutrinos.
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Scintillator detectors : A scintillator is any material (like mineral oil) that

can release a photon in the UV or visible light range, when an excited electron returns

to its minimum energy state or ground state in the scintillator. Later, these scintilla-

tion photons are detected by PMTs and converted into an electronic signal. In 1903, W.

Crookes first built the scintillator counter and used zinc sulfide screen for the visual ob-

servation of the light flashes. The long baseline neutrino oscillation experiments, like

NOνA [94] and reactor experiments, like KamLAND [12], Double-CHOOZ [112],

Daya-Bay [113], RENO [114] have used scintillator detectors.

Liquid argon detectors : These represent an innovative technology for a

new class of very large detectors for the detection of particle events. The Liquid argon

time projection chambers (LArTPC) measure the ionization energy loss of the charged

particles, in order to trace the particle trajectory and momentum [115]. Under the influ-

ence of an uniformly applied electric field within the detector volume, ionized charged

particles’ tracks are drifted towards the other side of the detector on the collection

plane. For all the charged particles, precise charge amplitude and the arrival times are

recorded and used to reconstruct the event topology. The scintillation light emitted dur-

ing the event is also detected by the PMTs. Liquid argon has several advantages due to

which the neutrino community has shown a lot of interest to use LArTPC as a detectors

for neutrino experiments [116]. Liquid argon is dense and relatively inexpensive, mak-

ing large-scale experiments economically viable. Also argon is a noble element with

a vanishing electronegativity. So the ionized electrons will not be absorbed as they

drift towards the detector. This makes liquid argon an ideal detector medium to detect

the neutrino interactions. ICARUS is the very first experiment where this technology

has been tested [88]. Ongoing neutrino experiment MicroBooNE is using LArTPC as

a detector and the proposed experiment DUNE is also planning to use LArTPC as a

detector.

Iron detectors : Iron is a dense material, so using an iron detector, one can

detect more neutrino events compared to a lighter target like water. Also, iron can be

magnetized and hence such detectors can identify the charge of the final state particles.

Thus these detector can be used to record neutrino or antineutrino events separately.

Some of the neutrino detectors which used iron as a detection medium are : (i) Soudan
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2, a 960 ton iron tracking calorimeter detector located in the Soudan Mine in Northern

Minnesota (USA) whose primary goal was to search for proton decay [117]. Later,

it also reported the measured to expected atmospheric neutrino neutrino flavor ratio

[118]. (ii) The long baseline experiment, MINOS is an example of steel-scintillator

tracking calorimeter detector [119], [15]. It has two detctors, the mass of the near

detector which is 1 km away from the source is 0.98 kton whereas mass for the far

detectors which is 735 km away from the source is 5.4 kton. (iii) Proposed atmospheric

neutrino experiment, India-based neutrino observatory (INO) has also plans to use 50

kton magnetised Iron CALorimeter (ICAL) detector [120,121]. A detailed description

of the ICAL detector are discussed in the next section.

2.3 Overview of a Few Detectors

In this section, we describe the experimental set-ups and physics goals of the exper-

iments that we have considered in the analysis performed in this thesis. These are

T2K, NOνA, DUNE and ICAL@INO. Out of these four experiments, first three are

long baseline beam based experiments and the last one is an atmospheric neutrino

experiment. Among these, first two are currently taking data and the remaining two

are proposed next generation experiments. T2K and NOνA are off-axis experiments

whereas DUNE will be an on-axis experiment ‡. In the off-axis case as the detector is

kept at a certain angle, the neutrino flux decreases but peaks sharply. In that case, if

the oscillation maxima can be made to coincide with the flux peak, then the signal can

be enhanced and the background events can be reduced sufficiently.

T2K : The Tokai to Kamioka (T2K) is a currently running long-baseline neutrino

oscillation experiment in Japan. In this experiment, neutrinos travel a long path of

295 km from J-PARC high intensity proton accelerator facility in Tokai with 30 GeV

proton beam energy and 750 kW proton beam power [123]. This proton beam strikes a

graphite target to produce charged mesons (e.g. pions and kaons), which are focused by

three magnetic horns before they further decay. By using polarity of the horn current

these mesons are separated either in positively or negatively charged beams largely

‡Off-axis [122] means that the detector is kept at a certain angle from the neutrino source whereas

on-axis means the source and detector are at the same beamline.
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composed of νµ or νµ. These neutrino beams are measured by two near detectors (ND)

namely , INGRID and ND280 which are located at 280 m from the target and a far

detector (FD) which is 2.5◦ off-axis angle from the beam direction. The FD is the

Super-Kamiokande water Čerenkov detector with 50 kton mass placed in Kamioka

mine. The off-axis muon neutrino energy spectrum peaks at 0.6 GeV. This reduces

the backgrounds compared to on-axis spectrum. T2K started taking data in neutrino

mode from January 2010 till May 2016 with total exposure of 7.482 × 1020 protons

on target (POT). From May 2014, it has started taking data in antineutrino mode with

an exposure of 7.471 × 1020 POT [124]. The first combined analysis of neutrino and

antineutrino for T2K are given in [124]. Future plans with increase in exposure to

20 × 1021 POT are discussed in [125]. The main objectives of this experiment are as

follows [123] :

• Precision measurements of oscillation parameters (namely, sin2 2θ23, ∆m2
31) in

the disappearance channel (νµ → νµ) mode.

• To look for CP violation in the leptonic sector using the appearance channel

(νµ → νe) mode.

NOνA : The NuMI Off-axis νe Appearance (NOνA) experiment at Fermi Na-

tional Accelerator Laboratory (Fermilab), USA is a long baseline neutrino oscillation

experiment which is presently taking data. A muon neutrino (νµ) beam having a beam

power of 0.7 MW with 120 GeV proton energy corresponding to 6.0× 1020 POT from

NuMI beamline travels a distance of 810 km before it gets detected by the Totally Ac-

tive Scintillator Detector (TASD) in Ash River, Minnesota. In this case, a FD with 14

kton mass is located at the surface at an angle of 14 mrad (0.8◦) off-axis from the neu-

trino beamline in such a way that the νµ-beam peaks around 2 GeV. It also has a ND

with the 290 ton detector mass which is located 100 m underground at the Fermilab

site. Experimental details of NOνA experiment has been discussed in [94, 126, 127].

The primary goals of NOνA include [126],

• Precision measurements of the appearance channel which will provide : (i) the

precise value of sin2 2θ13. Its goal is to increase the sensitivity by an order of

magnitude as compared to the MINOS experiment. (ii) To observe the mass
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hierarchy. (iii) The determination of the CP violating phase δCP in the leptonic

sector and (iv) to find the octant of θ23.

• The study of νµ or νµ disappearance will improve precision of θ23 and the atmo-

spheric mass squared difference (|∆m2
32|).

Recently, the first measurements of electron neutrino appearance [17] and disappear-

ance [18] channel results for NOνA have been published.

DUNE : The Deep Underground Neutrino Experiment (DUNE) is a future gen-

eration high statistics superbeam accelerator experiment at Fermilab. It is an on-axis

(broad band beam) experiment where a νµ-beam will travel a distance of 1300 km from

Fermilab to a far detector at Sanford Underground Research Facility (SURF) in Lead,

South Dakota which is ∼1478 m underground. The beam of neutrinos will be from

Fermilab’s Main Injector accelerator as a proton source. The beam for DUNE is ex-

pected to be the highest intensity neutrino beam in the world. For the initial run, which

is planned to start in 2026, a proton beam power of 1.2 MW with a proton energy of

120 GeV having an exposure of 1.0 × 1021 POT/year is planned. Also the FD will be

a 10 kton LArTPC detector which will be upgraded to 40 (or 34) kton later. It will

also have a ND which will be at the Fermilab site [128–130]. The primary science

programs for DUNE are [128],

• To find the CP violating phase δCP in the leptonic sector.

• Determination of the correct mass ordering.

• Measurement of the mixing angle θ23 and it’s octant.

• To search for proton decay.

• To look for supernova neutrinos by detecting νe flux from the core-collapse su-

pernova.

Other than the primary physics goals, DUNE can also look for a number of new physics

scenarios. These include sterile neutrino searches, non-standard interaction effects,

measurement of tau neutrino appearance probability, dark matter searches, etc [128].
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INO : The India-based Neutrino Observatory (INO) is one of the major neutrino

oscillation projects which will study atmospheric neutrinos in an underground labora-

tory [120]. It is proposed to be built in Bodi West Hills, in Theni district of Tamil Nadu

in South India. The detector of this project is planned to be a 50 kton magnetized iron

calorimeter (ICAL) detector which is sensitive to mainly νµ or νµ events generally in

the energy range 0.5-25 GeV [131]. There will be 151 layers of Resistive Plate Cham-

bers (RPCs) in this detector interleaved with 5.6 cm thick iron plates. These plates act

as the target while the RPCs are the active detector elements which will detect the final

state particles. Moreover, due to the applied magnetic field of strength 1.5 T, ICAL de-

tector can distinguish between µ+ and µ−. This is an unique feature of this detector. It

is optimized to detect muons when they propagate through the detector by identifying

their charges and the accurate determination of their energies and directions [132,133].

Detailed specifications are mentioned in [121]. ICAL detector can also be used to re-

construct energy of hadrons produced in a neutrino interaction. The sensitivity study

which include hadronic information are discussed in [134]. The primary physics goals

of this project include,

• Precise measurement of the 2-3 neutrino oscillation parameters using atmo-

spheric neutrino data and to determine the octant of θ23.

• Determinination of the neutrino mass hierarchy by studing the Earth matter ef-

fect on atmospheric neutrinos.

Apart from these, various possible new physics scenarios that INO can look for include,

the study of the non-standard interactions, CPT violation, dark matter searches, sterile

neutrinos, magnetic monopoles, etc [121].

2.4 Summary

In this chapter, we first present a discussion of the various sources of neutrinos includ-

ing both natural and artificial sources. In section (2.2), we give an overview of the

various detector technologies which are used to detect neutrinos. In section (2.3), we

describe the various experimental set ups that we have considered in our study and

mention their main physics goals.



Chapter 3

Neutrino Oscillation in Vacuum and

Matter

“You can’t change how people treat you or what they say about you.

All you can do is change how you react to it.”

– Mahatma Gandhi

3.1 Introduction

Neutrino oscillation or flavor conversion is a quantum mechanical phenomenon in

which a neutrino produced with a definite flavor (say, να, α = e, µ or τ ) is later con-

verted to some other flavor. This was first proposed by B. Pontecorvo in late 1950s in

analogy with the neutral K-mesons oscillations [7]. Pontecorvo proposed the concept

of neutrino oscillation between left-handed neutrinos and antineutrinos. Since left-

handed antineutrinos do not take part in weak interactions, Pontecorvo named them

as sterile neutrinos. Note that at that time, the only known active neutrino was the

electron neutrino (νe). Although the sterile neutrino (a neutral fermion), does not take

part in weak interaction, it can mix with the active neutrinos and hence can take part

in oscillation. After the discovery of the muon-neutrino, concepts behind the neutri-

nos flavor conversion among active neutrinos became clear. This required neutrinos to

have definite masses and mixing among flavors. In 1962, Maki-Nakagawa-Sakata first

considered the mixing of three different flavors of neutrinos [135].

Neutrinos of three definite flavors νe, νµ, ντ are produced in charged current (CC)

27
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weak interaction processes in association with charged leptons e, µ, τ respectively. The

charged current weak interaction Lagrangian can be written as,

−LCCI =
g√
2

∑
α=e,µ,τ

ναLγ
ρlαLW

ρ +H.c.

=
g√
2

∑
α=e,µ,τ

∑
k=1,2,3

U∗αkνkLγ
ρlkLW

ρ +H.c. (3.1.1)

where, g is the coupling constant associated with SU(2)L and νk are fields with definite

mass. Note that the second line of the above equation is obtained when leptonic fields

are transformed from the flavor basis to the mass basis. Here, we consider only three

massive neutrinos νkL (i.e. k=1,2,3) corresponding to the three active neutrinos. In

principle, there can be more than three neutrinos and additional neutrinos can be treated

as sterile. The equation (3.1.1) shows that the mass and flavor states are related as,

|να〉 =
∑
k

U∗αk|νk〉 (3.1.2)

where U is the PMNS mixing matrix.

In general, a N ×N unitary mixing matrix contains N2 independent parameters of

which N(N − 1)/2 are mixing angles and N(N + 1)/2 are phases. But among all the

phases, (2N − 1) phases are unphysical and can be absorbed by the proper re-phasing

of the Dirac fields leaving (N−1)(N−2)/2 physical phases. If neutrinos are Majorana

fermions then one can only re-phase the N phases of the charged lepton fields, leaving

N(N − 1)/2 physical phases. Out of these (N − 1)(N − 2)/2 are the usual Dirac

phases, while (N − 1) are specific to the Majorana case and are named as Majorana

phases. Thus, in the two flavor framework (i.e. for N = 2) the unitary mixing matrix

has no phase and the only independent parameter is the mixing angle. Considering N

= 3 i.e. in the three flavor formalism, we have three mixing angles and one CP phase.

Thus, to have CP violation in the leptonic sector, one needs minimum three generation

of neutrinos.

The plan of this chapter is as follows: in the next section (3.2), we discuss the

standard quantum mechanical formalism of neutrino oscillation considering a simple

two flavor formalism in vacuum. In the section (3.3) of this chapter we extend the

discussion to the three flavor case. If neutrinos propagate through matter rather than
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vacuum as discussed in the section (3.4.1) then interaction with matter modifies the

propagation and this brings significant changes in the neutrino oscillation probabilities.

We calculate the neutrino oscillation probabilities considering two flavor framework in

presence of matter in section (3.4.2). In the three flavor formalism it is difficult to

exactly solve the propagation equation in presence of matter. Therefore, in the section

(3.4.3), we discuss the various approximation methods to calculate neutrino oscillation

probability for the three flavor framework and present the probability expressions. In

the section (3.5), we present a brief discussion on the various experimental evidences

of neutrino oscillation. We end this chapter with section (3.6), where we discuss the

current status of all the oscillation parameters in the three flavor formalism and tabulate

the various unknowns in neutrino oscillation physics.

3.2 Two Flavor Neutrino Oscillation

We derive the neutrino oscillation probability by considering a simple plane wave ap-

proximation. In 1975-76, the standard theory of neutrino oscillation using the plane

wave approximation was developed by Eliezer and Swift [136], Fritzsch and Minkowski

[137], Bilenky and Pontecorvo [138, 139] ∗. For the two flavor case the flavor states

(say νe and νµ) are the linear superpositions of the two mass eigenstates (say ν1 and

ν2). The unitary mixing matrix which relates mass eigenstates to flavor eigenstates in

2-flavor paradigm contains one independent parameter namely, one mixing angle. The

basis transformation from the mass eigenstates to the flavor eigenstates can be written

as |νe〉
|νµ〉

 =

 cos θ sin θ

− sin θ cos θ

|ν1〉
|ν2〉

 , (3.2.1)

where θ is the mixing angle corresponding to rotations in the two dimensional plane.

Let, at initial time t = 0, neutrino is in the flavor state |νe〉 i.e.

|νe(t = 0)〉 = cos θ|ν1〉+ sin θ|ν2〉 . (3.2.2)

∗A more realistic approach is to consider the wave packet treatment [140]. However for the neutrino

oscillation phenomenology that we have considered in this doctoral work, the wave packet effects are

not important [141].
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The mass eigenstates are the eigenstates of the Hamiltonian, i.e.

H0|νk〉 = Ek|νk〉,

=
√
p2 +m2

k |νk〉,

' (p+
m2
k

2p
)|νk〉, (

m

p
� 1) (3.2.3)

where Ek (k = 1, 2) are the energy eigenvalues. We also use, c = 1 = ~ in the above

equation (the natural unit), as is the usual practice in particle physics. Assuming mass

eigenstates propagate with same momentum we get,

E2 − E1 =
m2

2 −m2
1

2p
≈ ∆m2

2E
. (3.2.4)

Notice that ∆m2 = m2
2−m2

1 is the mass squared difference of the two mass eigenstates

and we use E ' p in the denominator for the ultra-relativistic neutrinos.

The time evolution of Schrödinger equation for the mass eigenstates |νk〉 is,

i
d

dt
|νk(t)〉 = H0|νk(t)〉. (3.2.5)

This implies that the neutrino mass eigenstates evolve in time as

|νk(t)〉 = e−iEkt|νk〉. (3.2.6)

Hence, after a finite time t, the flavor eigenstates, |νe(t = t)〉 can be written as,

|νe(t = t)〉 = cos θ|ν1〉e−iE1t + sin θ|ν2〉e−iE2t. (3.2.7)

Using equation (3.2.1), |ν1〉, |ν2〉 can be expressed in terms of flavor states to give :

|νe(t = t)〉 = a(t)|νe〉+ b(t)|νµ〉, (3.2.8)

where,

a(t) = cos2 θe−iE1t + sin2 θe−iE2t, (3.2.9)

b(t) = cos θ sin θ(e−iE2t − e−iE1t). (3.2.10)

Any non-zero value of b(t) indicates neutrino flavor transition from electron neutrino at

time (t=0) to muon neutrino at time (t=t). Here, |a(t)|2 gives the survival probability of

electron neutrino or the disappearance channel probability (Pee) and |b(t)|2 gives the
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appearance probability of electron neutrino to muon neutrino or appearance channel

probability (Peµ). These are given by,

Pνe→νe = Pee = 1− sin2 2θ sin2

(
E2 − E1

2
t

)
,

= 1− sin2 2θ sin2

(
∆m2L

4E

)
,

{
E2 − E1 =

∆m2L

2E

}
(3.2.11)

Pνe→νµ = Peµ = sin2 2θ sin2

(
∆m2L

4E

)
, (3.2.12)

where we use t' L, the length travelled by the neutrino before its detection and one can

assume it safely because of the ultra-relativistic nature of the neutrinos. We notice from

equation (3.2.12) that a non-zero oscillation probability requires neutrinos masses to

be non-degenerate i.e. m1 6= m2 and the mixing angle to be non-zero. We also notice

from the mixing matrix as given by equation (3.2.1) that two-flavor neutrino oscillation

probability does not depend on any phase and hence there are no CP or T violation.

Therefore, it is clear that, in the two-flavor paradigm, the direct and the time reversed

transition probabilities of neutrinos and antineutrinos are equal :

Pνα→νβ = Pνβ→να = Pνα→νβ = Pνβ→να . (3.2.13)

After inserting appropriate conversion factors, the probability expression given by

the equation (3.2.12) can be written as

Pνe→νµ = sin2 2θ sin2

(
1.27

∆m2L

E

)
, (3.2.14)

where L is in km (m), E is in GeV (MeV) and ∆m2 is in eV2.

This expression can also be written in terms of the neutrino oscillation length, Losc,
as

Pνe→νµ = sin2 2θ sin2

(
π
L

Losc

)
, (3.2.15)

where,

Losc = 2.47
E(GeV )

∆m2(eV 2)
km . (3.2.16)

We notice from the equation (3.2.15) that sin2 2θ represents the amplitude of the flavor

conversion which is maximum for θ = 45◦. Also, if the source to detector distance

is less than the oscillation length i.e. L � Losc, then a definite flavor has no time

to convert to another flavor whereas if L � Losc, then very rapid oscillations occur
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and only average effect of the probability will be detectable. To have maximum flavor

conversion, one needs Losc = 2L i.e. source to detector distance has to be double of

the oscillation length. This maximum flavor conversion also implies,

1.27
∆m2L

E
∼ π

2
,

∆m2L

E
∼ 1. (3.2.17)

∆m2 ∼ E(MeV )

L(m)
=
E(GeV )

L(km)
. (3.2.18)

Traditionally, various types of neutrino oscillation experiments are classified depend-

ing on the average values of L/E and this determines the sensitivity to the mass squared

differences (∆m2). In the table (3.1), we present the various source-detector distances

and energies of different type of experiments and to what value of ∆m2 they are sen-

sitive.

Experiments L E ∆m2 (eV2)

Reactor SBL ∼ 10 m ∼ 1 MeV ∼ 0.1

Accelerator SBL ∼ 10 m – 1 km ∼ 10 MeV – 102 GeV ∼ (1–102)

Reactor LBL ∼ 1 km ∼ 1 MeV ∼ 10−3

Accelerator LBL ∼ 103 km & 1 GeV & 10−3

Atmospheric ∼ 20 – 104 km 0.5 – 102 GeV ∼ 10−4

Reactor VLB ∼102 km & 1 MeV ∼ 10−5

Solar ∼ 1011 km 0.2 – 15 MeV ∼ 10−12

Table 3.1: Various energies and baselines and the value of mass squared difference that give max-

imum oscillation affect. Here, SBL=short baseline, LBL=long baseline and VLB=very long baseline

oscillation experiments.

In figure (3.1), we present the appearance and disappearance probabilities against

the neutrino energy as given by equations (3.2.11, 3.2.12). For illustrative purpose,

we consider L = 1000 km, the mixing angle between the two flavors as maximal (i.e.

θ = 45◦) and the mass squared difference : ∆m2 = 2.5× 10−3 eV 2. We observe from
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the figure that for this baseline at energy E = 2 GeV (where first oscillation maximum

occurs), an electron type neutrino is fully converted to a muon type giving rise to

maximum flavor conversion probability (i.e. Peµ = 1) whereas survival probability

becomes zero (i.e. Pee = 0).
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Figure 3.1: Graphical representation of two-flavor neutrino oscillations.

3.3 Three flavor neutrino oscillation

In this section, we obtain the neutrino oscillation probabilities in vacuum for a three

neutrino framework. This formalism is a simple extension of the two flavor picture

with an increase in the number of oscillation parameters. The transformation that

relates mass eigenstates to the flavor eigenstates can be written as


|νe〉
|νµ〉
|ντ 〉

 = U∗


|ν1〉
|ν2〉
|ν3〉

 . (3.3.1)

where, U is the 3×3 PMNS mixing matrix. This mixing matrix can be parameterized in

terms of three mixing angles (θij, j > i = 1, 2, 3) and a CP phase as discussed above.

In the three-flavor formalism, one can have various parameterizations for the unitary

mixing matrix, as discussed in Ref. [142]. We adopt the standard parameterization of
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the leptonic mixing matrix U from the Particle Data Book [143], which is given by,

U = U(θ23)U(θ13, δ)U(θ12),

=


c12c13 s12c13 s13e

−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 , (3.3.2)

where, Uij are the rotation matrices in (i× j)-plane and sij = sin θij and cij = cos θij .

The mixing matrix for the antineutrinos are obtained by changing the sign of Dirac CP

phase (δ → −δ).
Equation (3.3.1) gives the relation between the flavor and the mass eigenstates at

time (t=0). The time evolution equation, at a later time (t), can be expressed as

|να(t)〉 = U∗αk|νk〉e−iEkt. (3.3.3)

Using the inverse transformation from equation (3.1.2) for |νk〉, we can write the above

equation as,

|να(t)〉 = U∗αkUβk|νβ〉e−iEkt, (3.3.4)

where α, β = e, µ, τ .

The transition probability that a neutrino, originally of flavor α, will later be de-

tected as flavor β in vacuum is,

Pνα→νβ = |〈νβ|να(t)〉|2 , (3.3.5)

=

∣∣∣∣∣∑
k

U∗αkUβke
−iEkt

∣∣∣∣∣
2

, (3.3.6)

=
∑
k=j

|Uαk|2|Uβj|2 +
∑
k 6=j

UαkUβjU
∗
αjU

∗
βke
−i(Ek−Ej)t. (3.3.7)

Using the relation∣∣∣∣∣∑
k

UαkU
∗
βk

∣∣∣∣∣
2

=
∑
i

|Uαk|2|Uβk|2 +
∑
k 6=j

UαkUβjU
∗
αjU

∗
βk, (3.3.8)

and the unitarity condition,

∑
k

UαkU
∗
βk = δαβ. (3.3.9)
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One can express the probability as

Pνα→νβ = δαβ − 4
∑
k>j

Re(U∗αkUβkUαjU
∗
βj) sin2(

∆m2
kjL

4E
)

+ 2
∑
k>j

Im(U∗αkUβkUαjU
∗
βj) sin(

∆m2
kjL

2E
)

= δαβ − 4
∑
k>j

Re(U∗αkUβkUαjU
∗
βj) sin2(∆kj) + 2

∑
k>j

Im(U∗αkUβkUαjU
∗
βj) sin(2∆kj)

(3.3.10)

where,

∆kj =
∆m2

kjL

4E
=

(m2
k −m2

j)L

4E
. (3.3.11)

We can see from the probability expression as given by equation (3.3.10) that it de-

pends on six oscillation parameters. These are the three mixing angles (θij, i < j =

1, 2, 3) and the Dirac CP phase δ contained in the unitary mixing matrix U and the two

independent mass squared differences (∆m2
21, ∆m2

31)†.

Similarly, one can calculate probability expression for the antineutrinos by follow-

ing the steps as discussed above and by considering the basis transformation as,

|να〉 =
∑
k

Uαk|νk〉 , (3.3.12)

giving the antineutrino probability (Pνα→νβ ) as,

Pνα→νβ = δαβ − 4
∑
k>j

Re(U∗αkUβkUαjU
∗
βj) sin2(∆kj)− 2

∑
k>j

Im(U∗αkUβkUαjU
∗
βj) sin(2∆kj).

(3.3.13)

3.4 Neutrino Propagation Through Matter

In this section, we start the discussion with the interaction potential experienced by the

neutrinos while propagating through matter. Later, using this potential we derive the

neutrino oscillation probabilities considering both two flavor and three flavor formal-

ism.
†Note that ∆m2

21 − ∆m2
31 + ∆m2

32 = 0, hence oscillation experiments are only sensitive to two

independent mass squared differences.
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3.4.1 Effective matter potential

In 1978, L. Wolfenstein first pointed out that neutrino propagation in matter is signifi-

cantly different than that in the vacuum because of coherent forward elastic scattering

of neutrinos with matter [144]. Later, in 1985 S.P. Mikheev and A.Yu. Smirnov elab-

orated these concepts [145, 146]. A very important point to be noted here is that the

coherent forward elastic scattering amplitudes are not the same for all the active neu-

trinos. The reason behind this is that the normal matter is made up of electrons (also

protons and neutrons) but not muons or taus and hence, electron neutrino is signif-

icantly affected while propagating through matter. Thus, νe encounters both charge

current (CC) and neutral current (NC) interactions with the electrons whereas νµ or ντ

interacts with matter only via NC interaction. CC (NC) neutrino interaction with mat-

ter is shown in left (right) column of fig. (3.2) using Feynman diagrams. The effective

Figure 3.2: Tree level Feynman diagrams for the CC potential VCC generate through W ex-

change and the NC potential VNC generate through Z exchange.

Hamiltonian for the CC interaction can be written as ‡

HCC
eff =

GF√
2

[
ν̄eγ

µ(1− γ5)e
][
ēγµ(1− γ5)νe

]
, (3.4.1)

where GF is the Fermi constant. Using the Fierz transformation we obtain,

HCC
eff =

GF√
2

[
ν̄eγ

µ(1− γ5)νe
][
ēγµ(1− γ5)e

]
. (3.4.2)

‡Notice that, one can also calculate the contribution to the matter potential due to NC interactions.

Since it is the same for all the flavors and appears as a phase with all the flavors, it does not have any

overall effect in the flavor transition probabilities. Therefore, we do not consider this in our study [147].
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The interaction potential is given by the average of the effective Hamiltonian over the

electron background i.e.,

〈HCC
eff 〉 =

GF√
2

[
ν̄eγ

µ(1− γ5)νe
]
〈ēγµ(1− γ5)e〉. (3.4.3)

In the non-relativistic limit using the explicit forms of Dirac spinors one can show

that [148, 149]

〈ēγ0e〉 = Ne, (3.4.4)

〈ēγµγ5e〉 ∼ spin, (3.4.5)

〈ēγie〉 ∼ velocity, (3.4.6)

where, Ne is the electron number density of the medium. In the rest frame of unpolar-

ized electrons only the first term (equation(3.4.4)) is non-zero and thus we obtain,

〈HCC
eff 〉 =

√
2GFNeν̄eLγ

0νeL, (3.4.7)

= VCC ν̄eLγ
0νeL, (3.4.8)

= VCCJν , (3.4.9)

where νeL = PLνe =
1− γ5

2
νe, Jν = ν̄eLγ

0νeL and VCC is the interaction potential

given by

VCC =
√

2GFNe. (3.4.10)

For antineutrinos, we have to consider the charge conjugate field νCeL and in that

case, § we obtain,

JCν = νTeL(γ0)T ν̄TeL (3.4.11)

= −ν̄eLγ0νeL, (3.4.12)

and thus for the antineutrinos the effective Hamiltonian becomes

〈HCC
eff 〉 = −

√
2GFNeν̄eLγ

0νeL, (3.4.13)

which gives the interaction potential for the antineutrinos as

VCC = −
√

2GFNe. (3.4.14)
§We have, νCeL = Cν̄TeL, ν̄

C
eL = −νTeLC−1 and C−1γ0C = (−γ0)T , using this transformation one

can calculate the current term JCν for antineutrinos.
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3.4.2 Two flavor formalism

As discussed earlier, the Hamiltonian in the flavor basis in case of vacuum can be

written as

H0
f =

∆m2

4E

− cos 2θ sin 2θ

sin 2θ cos 2θ

 . (3.4.15)

With the inclusion of the matter potential VCC , the Hamiltonian in the flavor basis

becomes,

Hm
f =

1

4E

−∆m2 cos 2θ + 4EVCC ∆m2 sin 2θ

∆m2 sin 2θ ∆m2 cos 2θ

 , (3.4.16)

=
1

4E

−∆m2 cos 2θ + 2A ∆m2 sin 2θ

∆m2 sin 2θ ∆m2 cos 2θ

 , (using A = 2EVCC) (3.4.17)

=
1

4E

A−∆m2 cos 2θ ∆m2 sin 2θ

∆m2 sin 2θ −A+ ∆m2 cos 2θ

 , (3.4.18)

where we have used, 2A 0

0 0

 =

A 0

0 A

+

A 0

0 −A

 . (3.4.19)

The first term of this equation is just the constant multiple of an identity matrix and

this changes the eigenvalues by an additive factor and eigenvectors by a phase. Hence,

this does not affect the oscillation probabilities.

The energy eigenvalues of Hm
f are obtained by diagonalising the equation (3.4.18)

as,

E1,2 =
1

4E

[
A±

√
(∆m2 cos 2θ − A)2 + (∆m2 sin 2θ)2

]
. (3.4.20)

Now using the fact that E2 − E1 = (m2
2 − m2

1)/2E, we obtain the modified mass

squared difference in the presence of matter as,

(∆m2)M =
√

(∆m2 cos 2θ − A)2 + (∆m2 sin 2θ)2. (3.4.21)

Let us denote the mixing angle in the presence of matter as “θM” and mixing matrix

as “UM”. The basis transformation which relates the flavor basis with the mass basis

is given by,

Hm
M = U †MH

m
f UM . (3.4.22)
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After solving this, we obtain,

tan 2θM =
∆m2 sin 2θ

∆m2 cos 2θ − A , (3.4.23)

and using this modified mixing angle and mass squared difference in presence of mat-

ter, the probability expression for Peµ in constant matter density becomes,

Peµ = sin2 2θM sin2

(
1.27(∆m2)ML

E

)
. (3.4.24)

Another interesting phenomenon in this case is the Mikheyev-Smirnov-Wolfenstein or

MSW resonance [145, 146]. This happens when

∆m2 cos 2θ = A (3.4.25)

= 0.000076 ρ(g/cc) E(GeV ) eV 2. (3.4.26)

where ρ is the matter density.

If this condition is satisfied then we see form equation (3.4.23) that the mixing angle

becomes maximal i.e. 45◦. This leads to the possibility of total flavor transition be-

tween the two generation of neutrinos. Since A is positive for neutrinos, resonance

can only occur for ∆m2 > 0 and θ < 45◦ or ∆m2 < 0 and θ > 45◦. Similarly, for

the antineutrinos where A is negative, the resonance condition is given by ∆m2 > 0

and θ > 45◦ or ∆m2 < 0 and θ < 45◦. This shows that the fact that the neutrino and

antineutrino probabilities depend on the sign of ∆m2 and octant of θ in matter. Thus

the experiments which can observe this resonance effect can lead to the determination

of the same.

3.4.3 Three flavor formalism

The time evolution of the Schrödinger equation, in presence of matter, can be written

in the flavor basis as

i
d

dt
|να(t)〉 = H|να(t)〉, with |να(t = 0)〉 = |να〉, (3.4.27)

where,
H = UTH0U

∗ +HI . (3.4.28)

Here, U is the PMNS mixing matrix as defined by equation (3.3.2), H0 is the vacuum

Hamiltonian andHI is the interaction Hamiltonian in presence of matter with,

H0|νk〉 = Ek|νk〉, (3.4.29)

HI |να〉 = Vα|να〉, (3.4.30)
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where, Vα = VCC is the matter potential and

Ek =
√
p2 +m2

k,

= E +
m2
k

2E
, (3.4.31)

using the fact that for ultra-relativistic neutrinos p ' E. After solving the time evo-

lution equation as given by equation (3.4.27) in the flavor basis, the probability that

a neutrino created at time, t = 0 with flavor α and detected at later time, t = t can be

calculated as

Pνα→νβ = |〈νβ|να(t)〉|2 = |Ψαβ(t)|2, (3.4.32)

where, Ψαβ(t) = 〈νβ|να(t)〉 is the transition amplitude from να → νβ .

Now, the time evolution of the Schrödinger equation using the total Hamiltonian

as given by equation (3.4.28) can be expressed in terms of the transition amplitudes in

the flavor basis as

i
d

dt
Ψαβ(t) =

∑
γ

[∑
k

UβkEkU
∗
γk + δβγVCC

]
Ψαγ(t),

=
∑
γ

[∑
k

Uβk
∆2
k1

2E
U∗γk + δβeδγeVCC

]
Ψαγ(t). (3.4.33)

To get the final form of equation (3.4.33), we have subtractedm2
1I/2E from the Hamil-

tonian using the fact that the subtraction of a constant times identity matrix does not

affect the probability calculation. Note that we have also used equation (3.4.31) to

get the final form. We notice that the first term of the r.h.s correspond to vacuum os-

cillation and second term is an additional term due to matter interactions. The above

equation can be expressed as

i
d

dx
ψα = HFψα (3.4.34)

where for ultra-relativistic neutrinos, one can assume t ' x.

Here, ψα = (ψαe, ψαµ, ψατ )
T and HF is the Hamiltonian in the flavor basis which can

be defined as

HF =
1

2E
(UM2U † + A), (3.4.35)

with

M2 = diag(0,∆21,∆31), A = diag(A, 0, 0). (3.4.36)
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where A is defined in equation (3.4.25). Now, we use equation (3.4.36) and A in

equation (3.4.35) and introduce one more parameters, α = ∆21/∆31 with this, equation

(3.4.35) can be written as

HF =
∆31

2E
Udiag(0, α, 1)U † +

1

2E
diag(A, 0, 0). (3.4.37)

The unitary matrix which will diagonalize this Hamiltonian (HF ), given by equation

(3.4.37), will give the mixing angles in presence of matter and the eigenvalues will

give the mass squared differences. However, it is difficult to solve equation (3.4.37) to

find the exact eigenvalues and the eigen functions and hence calculate the oscillation

probability. But, it is possible to use various approximations to solve this equation

analytically as discussed in [150–152] namely, (i) one mass scale dominance (OMSD),

(ii) double expansion upto second order in (α − s13), (iii) first order in α and exact

dependence on s13. Below we present a brief overview of these approximations.

(i) One Mass Scale Dominance (OMSD) : In this approximation, the measured

small mass squared difference ∆21 can be neglected as compared to ∆31 (see table

3.2 for the values). Under this approximation, the oscillation probabilities do not de-

pend on the solar parameters θ12, ∆21 and the CP violating phase δ. The probability

expressions Pµµ and Peµ derived under this approximation are given by ¶,

Pµµ = 1− cos2 θM13 sin2 2θ23 sin2

(
∆31 + A+ ∆M

31

4E

)
L (3.4.38)

− sin2 θM13 sin2 θ23 sin2

(
∆31 + A−∆M

31

4E

)
L

− sin4 θ23 sin2 2θM13 sin2

(
∆M

31L

4E

)
,

Peµ = sin2 θ23 sin2 2θM13 sin2(∆M
31L/4E) (3.4.39)

with

∆M
31 =

√
(∆31 cos 2θ13 − A)2 + (∆31 sin 2θ13)2. (3.4.40)

and,

tan 2θM13 =
∆31 sin 2θ13

∆31 cos 2θ13 − A
. (3.4.41)

¶Note that, ∆M
31 and θM13 are the matter modified mass squared difference and mixing angle respec-

tively.
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Note that, above equation (3.4.41) gives resonance in the 1-3 sector. Further, in this ap-

proximation reactor mixing angle (θ13) is exact. Hence, the physics near the resonance

region can be explained better using this approximation. For this reason one can use

the OMSD approximation to understand the oscillation results of the atmospheric neu-

trino experiments [153] and to study MSW resonance effect [145, 146]. The validity

of OMSD approximation implies, ∆21L/E � 1 this leads to L/E � 104(km/GeV ).

For instance the OMSD condition can be violated by considering neutrinos having

energy, E ' 1 GeV and baseline, L ≥ 104 km.

(ii) Double expansion upto second Order in (α − s13) : After inspecting the

current best fit value and 3σ ranges of six oscillation parameters as given in table

(3.2), one can consider two small fundamental expansion parameters to find oscillation

probabilities [152]. These are α = ∆21/∆31 ' 0.0299, sin θ13 = 0.15. Numerical

values are obtained by using the best fit values of the parameters as in table (3.2).

Considering these two small parameters in the perturbative expansions, the oscillation

probability that are relevant in our study are given by,

Pµµ = 1− sin2 2θ23 sin2 ∆ + α c2
12 sin2 2θ23 ∆ sin 2∆

− α2 sin2 2θ12 c
2
23

sin2 Â∆

Â2
− α2 c4

12 sin2 2θ23 ∆2 cos 2∆

+
1

2Â
α2 sin2 2θ12 sin2 2θ23

[
sin ∆

sin Â∆

Â
cos(Â− 1)∆− ∆

2
sin 2∆

]

− 4 s2
13 s

2
23

sin2(Â− 1)∆

(Â− 1)2
− 2

Â− 1
s2

13 sin2 2θ23

[
sin ∆ cos Â∆

sin(Â− 1)∆

Â− 1
− Â

2
∆ sin 2∆

]

− 2α s13 sin 2θ12 sin 2θ23 cos δCP cos ∆
sin Â∆

Â

sin(Â− 1)∆

Â− 1

+
2

Â− 1
α s13 sin 2θ12 sin 2θ23 cos 2θ23 cos δCP sin ∆

×
[
Â sin ∆− sin Â∆

Â
cos(Â− 1)∆

]
(3.4.42)

Pµe = α2 sin2 2θ12c
2
23

sin2 Â∆

Â2
+ 4s2

13s
2
23

sin2(Â− 1)∆

(Â− 1)2
(3.4.43)

+ 2αs13 sin 2θ12 sin 2θ23 cos(∆ + δCP )
sin Â∆

Â

sin(Â− 1)∆

Â− 1



3.4. Neutrino Propagation Through Matter 43

where, Â = A/∆31, sij = sin θij, cij = cos θij, ∆ = ∆31L/4E. To derive this

expressions it is considered that , α, s13 � 1. Validity of the above expressions implies

α∆ = ∆21L/4E � 1 (or L/E � 104 km) i.e. when solar mass squared difference

has no significant impact on the oscillations. One also notices from these expressions

that in absence of matter i.e. when A = 0 and when A = 1, the probability expressions

diverge and one would expect that the approximations are no longer valid. However, it

turns out that the oscillation probability remains finite once the limiting cases A → 0

and A→ 1 are taken in consideration.

(iii) First Order in α and Exact Dependence on s13 : In this approximation, we

calculate the oscillation probabilities considering upto first order in α whereas we have

used exact dependency of the mixing angle θ13 in terms of s13. The muon-neutrino to

electron-neutrino conversion probability can be written as [152],

Pµe = s2
23 sin2 2θ13

sin2C13

C2
13

∆− 2s2
12s

2
23 sin2 2θ13

sinC13

C2
13

∆

×
(

∆
cosC13∆

C13

(1− A cos 2θ13)− A sinC13∆

C13

cos 2θ13 − A
C13

)
+ s13 sin 2θ12 sin 2θ23

sinC13∆

AC2
13

{
sin δCP [cos(1 + A)∆− cosC13∆]C13

+ cos δCP [C13 sin(1 + A)∆− (1− A cos 2θ13) sinC13∆]
}

+O(α2) (3.4.44)

where, ∆ = ∆31L/4E and

C13 ≡
√

sin2 2θ13 + (A− cos 2θ13)2 (3.4.45)

Like the previous case, this approximation is also valid in the limit α∆ = ∆21L/4E �
1 or in the region where solar mass squared difference is not important. This is an

improvement over OMSD.

Probability expressions derived above using various approximations are calculated

assuming constant matter density approximation. Similar approximate expressions for

antineutrinos can be obtained by replacing A → −A and δCP → −δCP . In our study,

we consider the “double expansion upto second order in (α− s13) ” approximation for

analytic explanations. However in numerical calculations, we consider the full three

flavor neutrino propagation equation [154] assuming the Preliminary Reference Earth

Model (PREM) density profile [155].
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In general, we can see that the three flavor neutrino oscillation probability depends

on total eight parameters and the matter potential,

Pαβ = Pαβ(∆m2
21,∆m

2
31, θ12, θ13, θ23, δCP , E, L, V (x)) (3.4.46)

First six-parameters are the fundamental oscillation parameters whereas E and L de-

pend on the experimental configuration and V (x) (x ∈ (0, L)) depends on the path

travelled by the neutrino.

3.5 Evidences for Neutrino Oscillations

In this section we discuss the various evidences of neutrino oscillations.

Solar neutrino problem : In 1968, R. Davis first detected the solar neutri-

nos at the Homestake gold mine experiment in South Dakota [5] using the following

reaction,

νe +37 Cl→38 Ar + e− (3.5.1)

The experimentally measured flux by the Homestake experiment was reported to be

one-third of the theoretically predicted flux of SSM developed by J. Bahcall [6]. This

was known as the Solar neutrino problem. Neutrino oscillation or flavor conversion

phenomenon developed by B. Pontecorvo in 1957 [7, 8] was considered as one of

the possible solutions to this problem. In 1991, Kamiokande experiment [156] in

Japan first time cross checked the shortfall observed in the Homestake experiment.

Kamiokande, being a real time experiment, using the neutrino-electron scattering, also

verified for the first time that the neutrinos are indeed coming from the sun. Later,

other solar neutrino experiments like GALLEX [70], SAGE [71] and GNO [72] also

confirmed this deficit. These experiments used Gallium (Ga) instead of Chlorine (Cl)

because Ga is sensitive to the low energy pp neutrinos coming from the Sun. These are

the neutrinos which are mainly responsible for solar luminosity. In 1998, high statis-

tics SuperKamiokande (SK) experiment [69] also endorsed the shortfall of the solar

neutrinos. Combining SK with Chlorine and Gallium data, a solution in terms of mod-

ification of SSM became highly unlikely and flavor oscillation became a front runner

in explaining the deficit. Finally, the Sudbury Neutrino Observatory (SNO) experi-

ment in Canada experimentally verified the neutrino flavor conversion by measuring
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the ratio between CC to NC events [9, 10]. This also confirmed the presence of muon

and tau neutrino flavor in the solar electron neutrino flux. Total measured 8B flux by

this experiment via NC reaction was also in good agreement with the predictions of

the SSM. Thus the neutrino oscillation observed by SNO resolved the solar neutrino

problem. The data from solar neutrino experiments imply ∆m2
21 ∼ 8.0×10−5eV2 and

θ ∼ 33.9◦ and confirm the MSW effect [157].

The reactor experiment KamLAND (Kamioka Liquid scintillator AntiNeutrino De-

tector) (L = 180 km) [12] in Japan was designed to observe the oscillation of the elec-

tron antineutrinos coming from nuclear reactors. The L/E of KamLAND is 180 km/1

MeV corresponding to a sensitivity of ∼ 10−4eV2 for the mass squared difference.

This is the region of sensitivity of the solar neutrinos as well. Thus KamLAND veri-

fied the solar neutrino oscillation using reactor neutrinos. Addition of KamLAND data

improved the global fit of solar neutrino data and significantly restricted the allowed

range of solar mass squared difference [158].

Atmospheric neutrino problem : Atmospheric neutrino experiments have

also observed the flavor conversion of neutrinos. When cosmic rays collide with the

nuclei in the Earth’s atmosphere, they produce charged particles like pions and kaons.

These later decay to muons and muon neutrinos and the muons further decay giving

neutrinos as follows,

π±(K±)→ µ± + νµ(ν̄µ)

µ± → e± + νe(ν̄e) + ν̄µ(νµ) (3.5.2)

By inspecting the above decay chain, one expects that the ratio between the muon and

the electron neutrinos to be 2 : 1. However, various atmospheric neutrino experiments,

like Kamiokande [99], IMB [100], Soudan 2 [101] reported that the observed fluxes

have mismatch with the expected fluxes. This was known as the Atmospheric Neutrino

Anomaly. Later, high statistics SK experiment has also confirmed this anomaly. This

experiment had enough statistics to study the zenith angle dependence of the up-going

and down-going neutrinos. The down-going neutrinos travel a distance∼ 10 km before

they reach the detector, whereas up-going neutrinos coming from the other side of

the Earth cover larger baselines upto ' 10000 km and can oscillate to other flavors.

This can lead to an up-down asymmetry in the neutrino data and SK observed this
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asymmetry in the zenith angle distribution of their data [11]. This can be explained by

two flavor νµ − ντ oscillation [159, 160]. The three flavor fit of SK data has also been

performed [161].

The LBL experiment KEK to Kamioka or K2K (L = 250 km) [13,14] at Japan was

built to confirm the oscillation of atmospheric neutrinos using man-made sources. Its

reported results were in good agreement with that of SK atmospheric neutrino exper-

iment. Later, the Main Injector Neutrino Oscillation Search or MINOS (L = 735 km)

experiment [15] at Fermilab also reported neutrino oscillations with ∆m2 in the same

ballpark as required to explain the atmospheric neutrino oscillations. Ongoing exper-

iments T2K [16], NOνA [17, 18] which are also sensitive to atmospheric oscillation

parameters have confirmed the neutrino oscillation phenomenon and their measured

mass squared differences also fall in the region expected to describe atmospheric neu-

trino oscillations.

3.6 Present Status of Neutrino Oscillation Parameters

As discussed above, the three-flavor neutrino oscillation probability is sensitive to six

fundamental oscillation parameters, these are the three mixing angles (θ12, θ13, θ23) ,

two mass squared differences (∆m2
21,∆m

2
31) and a CP phase δCP . The last mixing

angle that was measured is θ13. This parameter is also named as the reactor mixing

angle as it has been measured by the reactor experiments, like Double CHOOZ [83],

Daya Bay [81], RENO [82]. These experiments have determined θ13 to be non-zero

upto 5σ C.L. In the approximation, where θ13 is small, the sub-leading effects of the

probability expressions can be neglected. In that scenario, the solar neutrino oscil-

lations are governed by solar parameters (θ12,∆m
2
21) which have been measured by

solar neutrino experiments, Homestake, GALLEX, SAGE, GNO, SNO [9] and Kam-

LAND [12] while the atmospheric neutrino experiments are governed by atmospheric

parameters (sin2 2θ23, |∆m2
31|) which have been determined by atmospheric neutrino

experiment SK and long baseline neutrino experiments like (MINOS [15], T2K [16]

and NOνA [17, 18]). Accelerator experiments MINOS [162] and T2K [16] have also

measured θ13 to be non-zero. In a full three generation framework, this mixing angle

affects both solar and atmospheric oscillation analysis and hence it plays a crucial role
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in the global analysis of neutrino oscillation data. In table (3.2), we present the current

best fit values and 3σ ranges of neutrino oscillation parameters from the global analysis

data from all the neutrino oscillation experiments [163].

Parameter Best Fit ±1σ 3σ range

∆21[10−5 eV2] 7.50+0.19
−0.17 7.03 – 8.09

|∆31[10−3 eV2]| (NH) 2.524+0.039
−0.040 2.407 – 2.643

|∆31[10−3 eV2]| (IH) 2.514+0.038
−0.041 2.399 – 2.635

sin2 θ12 0.306±0.012 0.271 – 0.345

sin2 θ13 (NH) 0.02166±0.00075 0.01934 – 0.02392

sin2 θ13 (IH) 0.02179±0.00075 0.01953 – 0.02408

sin2 θ23 (NH) 0.441+0.027
−0.021 0.385 – 0.635

sin2 θ23 (IH) 0.587+0.020
−0.024 0.393 – 0.640

Table 3.2: Current best fit and 3σ ranges of neutrino oscillation parameters [163].

Figure 3.3: Possible mass patterns of neutrinos. Here, left (right) panel is for NH (IH). Color com-

positions of the various bands represent the proportion of flavor eigenstates of neutrinos in the mass

eigenstates.

In table (3.2), δCP has not been included, as it’s value is still unknown. How-

ever, recently the on going accelerator experiment, T2K has hinted that the Dirac CP

phase is close to its maximal value (i.e. δCP ∼ 257◦) for normal hierarchy using

both neutrino and antineutrino runs and including appearance and disappearance chan-

nel data [124]. Any value of this parameter other than 0◦ and ±180◦ would signal
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CP violation in the leptonic sector. In this case it is often useful to talk in terms of

lower half-plane (LHP) with −180◦ < δCP < 0◦ and upper half-plane (UHP) with

0◦ < δCP < 180◦. Other major unknowns to be determined by the future neutrino os-

cillation experiments are: (i) the neutrino mass hierarchy i.e. whether m3 > m2 > m1

(normal hierarchy (NH)) or m3 < m1 ≈ m2 (inverted hierarchy (IH)). In figure (3.3),

we show the schematic diagram of neutrino mass hierarchy considering both NH and

IH. (ii) the octant of θ23 (θ23 > 45◦ is known as Higher Octant (HO) and θ23 < 45◦

is known as Lower Octant (LO)). The latest NOνA analysis considering both appear-

ance and disappearance channel data in neutrino mode, shows that there are two best fit

points occurring for normal mass ordering, namely, sin2 θ23 = 0.404, δCP = 1.48π and

sin2 θ23 = 0.623, δCP = 0.74π [164]. This result is in tension with the measurements

of T2K which gives best fit ∼ 0.53 for sin2 θ23 [124].

3.7 Summary

In this chapter, we start the discussion with the phenomenon of neutrino oscillation in

vacuum considering simple two-flavor formalism. Later, we extend our discussion to

the full three-flavor formalism and derive the probability expressions in vacuum. How-

ever, propagation of neutrinos can be significantly affected in presence of matter which

can modify the neutrino oscillation probabilities. Hence, we calculate the effective in-

teraction potential in presence of matter and present the expressions of the neutrino

oscillation probabilities in matter considering a simple two flavor framework. In the

three flavor formalism in presence of matter, exact analytical calculation of neutrino

oscillation probability is difficult. Therefore, we present various approximate methods

to calculate neutrino flavor transitions in the three flavor formalism. In section (3.5),

we give a brief illustration of the various evidences of neutrino oscillation. At the end

of this chapter, we discuss the current status of all the neutrino oscillation parameters

and tabulate their allowed 3σ ranges with the best fit values from the global analysis of

data from neutrino oscillation experiments. We also mention yet undetermined param-

eters in the neutrino oscillation physics. Determination of these unknowns in future

neutrino oscillation experiments is the main theme of the next two chapters.



Chapter 4

Parameter Degeneracies and Their

Resolution

“Success can only come to you by courageous

Devotion to the task lying in front of you.”

– C. V. Raman

4.1 Introduction

At the present juncture, the three major unknown neutrino oscillation parameters are

the mass hierarchy, the octant of the mixing angle θ23 and the CP phase δCP . The ap-

pearance channel (Pµe), often known as the “golden channel”, can measure all the three

unknown parameters described above∗. However, the measurement is complicated by

the fact that different sets of values of parameters can give the same oscillation proba-

bility. This gives rise to degeneracies that render an unambiguous determination of the

true parameters difficult. It was discussed in Ref. [165] that there can be eight-fold de-

generacies in neutrino oscillation probabilities which are (a) the intrinsic or θ13 − δCP
degeneracy [166], (b) the hierarchy-δCP degeneracy [167] and (c) the intrinsic octant

degeneracy [168]. The intrinsic degeneracy refers to clone solutions occurring due to

a different θ13 and δCP value. This degeneracy can be removed to a large extent by

using spectral information [169]. Moreover, the current precision determination of θ13

∗Originally, Pµe was termed as the golden channel because of its sensitivity to θ13, hierarchy and

δCP .

49
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[170–173] has removed this degeneracy to a great extent. The hierarchy-δCP degener-

acy leads to wrong-hierarchy solutions occurring for a different value of δCP other than

the true value. The intrinsic octant degeneracy refers to duplicate solutions occurring

for θ23 and π/2− θ23.

Many papers have discussed the possibilities of the resolution of these degenera-

cies by using different detectors in the same experiment [174–176]. The synergis-

tic combination of data from different experiments was also discussed as an effec-

tive means of removing such degeneracies by virtue of the fact that the oscillation

probabilities offer different combinations of parameters at varying baselines and ener-

gies [169, 177–184]. In particular, the synergy between long-baseline (LBL) experi-

ments NOνA and T2K in resolving the hierarchy-δCP degeneracy has been discussed

recently in Refs. [185–188].

It has been shown in Refs. [182,189,190] that a precise measurement of the mixing

angle θ13 is helpful for the removal of octant degeneracy. Octant sensitivity in the T2K

and NOνA experiments has been studied recently in Refs. [191, 192] in view of the

measurement of a non zero θ13. The octant degeneracy is different for neutrinos and

antineutrinos and hence a combination of these two data sets can be conducive for the

removal of this degeneracy for most values of δCP [193–195].

Since atmospheric neutrino baselines experience strong Earth matter effects, these

effectively remove the overlap between the right and wrong-hierarchy solutions [196–

199]. In particular, atmospheric neutrino experiments, capable of distinguishing neu-

trinos and antineutrinos, can be very useful in resolving degeneracies related to the

mass hierarchy [199–209]. The octant sensitivity of the atmospheric neutrinos comes

from both the appearance [210] and disappearance channels [211], and also benefits

from significant matter effects, especially facilitated by the large value of θ13 measured

by the reactor experiments. Atmospheric neutrinos also provide a synergy with LBL

experiments in terms of probability behavior with respect to the parameters, so that the

combination of atmospheric neutrino data with LBL data exhibits reduced effect of the

hierarchy and octant degeneracies [192, 206, 212–214].

In this chapter, we show that with the high precision measurement of θ13 by reactor

experiments, the degeneracies can be discussed in an integrated manner in terms of a
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generalized “hierarchy-θ23 - δCP ” degeneracy. A good way to visualize the different

degenerate solutions is in terms of contours in the test (θ23 − δCP ) plane for different

choices of true values of parameters†. These plots also give an indication regarding the

precision of the parameters δCP and θ23. Although hierarchy degeneracy is discrete, the

θ23− δCP degeneracy is continuous for the appearance channel probability Pµe. Inclu-

sion of the information from the disappearance channel Pµµ restricts θ23 and discrete

degenerate solutions are generated. We classify, for the first time the wrong-hierarchy

and wrong-octant solutions with respect to right or wrong δCP values. This also allows

us to understand how the hierarchy and octant degeneracies can affect the precision in

δCP . We observe that since the wrong-hierarchy and wrong-octant solutions can occur

for wrong values of δCP as well, there can exist, in principle, a total of eight degenerate

solutions corresponding to different combinations of hierarchy, octant and δCP . This

is summarized in table 4.1‡. Note that these solutions are different from the eight-fold

degenerate solutions that have been discussed in the literature.

Solutions with right δCP Solutions with wrong δCP

I. RH-RO-RδCP V. WH-WO-WδCP

II. RH-WO-RδCP VI. RH-RO-WδCP

III. WH-RO-RδCP VII. RH-WO-WδCP

IV. WH-WO-RδCP VIII. WH-RO-WδCP

Table 4.1: Various possibilities of degeneracy in the probability Pµe. Here, R=right, W=wrong,

H=hierarchy and O=octant.

The plan of this chapter is as follows : in section (4.2), we provide the details of the

various experiments that we have considered to study parameter degeneracies and their

resolution in neutrino oscillation physics. In section (4.3), we give the details of the

statistical analysis performed to study the phenomenology of the various experiments.

We then show the presence of degeneracies in the neutrino oscillation parameters and

†Note that prior to the discovery of a nonzero value of θ13, the degeneracies were studied mainly in

θ13 − δCP plane.
‡ It is to be noted in this connection that if the δCP precision is not good then there can be continuous

regions connecting right and wrong δCP solutions and hence it may not always be possible to identify

discrete wrong δCP solutions.
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discuss the degeneracies in NOνA, T2K and INO at the probability level in section

(4.4). Next, we explore the degeneracies at the χ2-level considering 6 years of neutrino

run of NOνA in subsection (4.4.3). In section (4.5), we illustrate the resolution of the

degeneracies. We first discuss the role of antineutrinos considering NOνA[3+3] years

of (ν+ ν̄) run. Next, we discuss the combined effect of NOνA and T2K. Subsequently,

we also describe the role of INO in conjunction with NOνA and T2K to resolve the

various degenerate regions. We also discuss the capability to distinguish δCP = 0◦

from 180◦ in section (4.6). We summarize our findings in section (4.7).

4.2 Details of Experimental Configuration

For the numerical studies, we use the GLoBES package [215, 216] (along with the

required auxiliary files [217, 218]) for the LBL experiments. For the simulation of

T2K data, we consider 22.5 kton Super-Kamiokande Water Čerenkov detector and

0.75 MW neutrino beam power with 30 GeV proton beam energy. This beam power

corresponds to the exposure of 1.0×1021 POT/year. T2K has been proposed to run for

a total luminosity of 7.8×1021 protons on target (POT). In case of NOνA, we consider

a 14 kton totally active scintillator detector (TASD) as the far detector with a beam

power of 700 kW with 120 GeV proton energy which correspond to an exposure of

6.0× 1020 POT/year. For the simulation of NOνA data, we consider the re-optimized

NOνA set up from Refs. [187, 219].

The atmospheric neutrino detector considered by us is the magnetized iron calorime-

ter detector (ICAL) planned by the INO collaboration. In our analysis, we take a 50

kton detector for ICAL@INO with a runtime of 10 years. We also use constant an-

gular and energy resolutions of 10◦ and 10% respectively and 85% overall efficiency.

ICAL has an advantage over other detectors because it can be magnetized which al-

lows charge identification, thus providing the facility to distinguish between µ+ and

µ−. The muon resolutions from INO simulation codes can be found in Ref. [220].

We have verified that the constant resolutions used in our works give similar results to

those obtained using resolutions from INO simulation [205, 206].
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4.3 Details of Statistical Analysis

In this section, we give a brief overview of the statistical analysis that we have done

in our study §. In our numerical analysis, we do the χ2 test to find the sensitivity and

precision of the various oscillation parameters. We define the total χ2 as

χ2 = χ2
stat + χ2

pull + χ2
prior. (4.3.1)

We discuss the details about χ2
pull and χ2

prior analysis in the appendix A.

Depending on the number of events in each bin one can consider the Poissonian

or Gaussian distribution of the statistical χ2
stat. In principle, if the number of events

in each bin are more than five then one can consider the Gaussian distribution. In the

Gaussian formalism the χ2
stat is given by,

χ2
stat = Min

(N true
ex −N test

th )2

σ(N true
ex )2

, (4.3.2)

where,

N true
ex is the total number of simulated experimental or true events,

N test
th is the total number of simulated theoretical or test events events,

and σ is the error in measuring the experimental or true events.

However, if the number of events in each bin are less than five then one uses Pois-

sonian distribution. In this formalism the χ2
stat is given by,

χ2
stat = Min

[
2

{
N test

th −N true
ex −N true

ex log

(
N test

th

N true
ex

)}]
, (4.3.3)

In our analysis, we incorporate marginalisation over the systematic errors by the

method of pulls [221, 222]. We also include 5% prior of the oscillation parameter θ13

to take into account the constraints on this parameter from the reactor experiments ¶.

We add the resultant χ2 of the various experiments and finally marginalize over the

oscillation parameters in their allowed 3σ range.

Following are the χ2 tests that we do for the various quantities :

§The detailed analysis and the steps to calculate the number of events are discussed in the appendix

A.
¶The method of inclusion of pulls for the systematic errors and the prior in our numerical simulation

are discussed in appendix A.
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• The mass hierarchy sensitivity,

χ2
stat = Min

[N true
ex (NH)−N test

th (IH)]
2

σ(N true
ex (NH))2

(4.3.4)

Similar tests can also be performed by replacing NH by IH and vice-versa.

• The octant sensitivity,

χ2
stat = Min

[N true
ex (LO)−N test

th (HO)]
2

σ(N true
ex (LO))2

(4.3.5)

Similar tests can also be performed by replacing LO by HO and vice-versa.

• Precision on θ23,

χ2
stat = Min

[Nex(θtrue23 )−Nth(θtest23 )]
2

σ(Nex(θtrue23 ))2
(4.3.6)

• The CP violation discovery χ2,

χ2
stat = Min

[Nex(δtrue
CP )−Nth(δtest

CP = 0,±180◦)]2

σ(Nex(δtrue
CP ))2

(4.3.7)

In our analysis, the representative neutrino oscillation parameters that we have

considered are consistent with the results obtained from global-fit of world neutrino

data [163, 223–225].

4.4 Indentifying Degeneracies

4.4.1 Degeneracies in Neutrino Oscillation Parameters

To understand the various degeneracies at the probability level, we mention the relevant

oscillation probabilities considering the Earth matter density to be constant ‖. The

probability expressions are as follows [226–228]:

Pµe = α2 sin2 2θ12c
2
23

sin2 Â∆

Â2
+ 4s2

13s
2
23

sin2(Â− 1)∆

(Â− 1)2
(4.4.1)

+ 2αs13 sin 2θ12 sin 2θ23 cos(∆ + δCP )
sin Â∆

Â

sin(Â− 1)∆

Â− 1

Pµµ = 1− sin2 2θ23 sin2 ∆ +O(α, s13) (4.4.2)

‖We have discussed in detail regarding the derivation of the probability expressions in chapter (3).
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where sij(cij) = sin θij(cos θij) for j > i (i, j = 1, 2, 3). We use the following

notation: ∆ = ∆m2
31L/4E , Â = A/∆m2

31, where A = 2EV = 0.000076× ρ(
g

cc
)×

E(GeV) is the Wolfenstein matter term. The antineutrino oscillation probability can

be obtained by replacing δCP → −δCP and V → −V . As we have discussed earlier,

∆m2
31 > 0 for NH and ∆m2

31 < 0 for IH. The matter term A is positive for neutrinos

and negative for antineutrinos. Therefore, in the case of neutrino, Â > 0 for NH and

Â < 0 for IH while the opposite is true for the antineutrinos. The presence of the matter

term Â brings the hierarchy sensitivity in the oscillation probability. This implies that

greater is the baseline, larger will be the value of Â and hence hierarchy sensitivity will

be more.

We observe the following salient features from the probability expressions:

• The leading order term in Pµµ is proportional to sin2 2θ23 sin2 ∆. This gives rise

to the intrinsic hierarchy and octant degeneracies:

Pµµ(∆) = Pµµ(−∆) (4.4.3)

Pµµ(θ23) = Pµµ(π/2− θ23). (4.4.4)

This leads to a loss of sensitivity to the hierarchy and octant, when the measure-

ment is performed using this channel.

• The appearance channel Pµe does not have intrinsic degeneracies but suffers

from the combined effect of different parameters, which leads to the following

sets of degeneracies:

Pµe(θ13, δCP ) = Pµe(θ
′
13, δ

′
CP ) (4.4.5)

Pµe(∆, δCP ) = Pµe(−∆, δ′CP ) . (4.4.6)

Equations (4.4.4, 4.4.5, 4.4.6) constitute the eight-fold degeneracy discussed in

Ref. [165].

Recently, it has been discussed that in the context of probabilities which are depen-

dent on sin2 θ23, the octant degeneracy can be generalized to include all values of θ23

in the second octant [192] and can also be correlated with δCP [192, 229]. The pattern

of parameter degeneracies in the three-dimensional θ23− θ13− δCP space arising from
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the appearance probability Pµe has been discussed in Ref. [230]. This is a continuous

degeneracy and can be expressed as

Pµe(θ23, θ13, δCP ) = Pµe(θ
′
23, θ

′
13, δ

′
CP )⇒ generalized octant degeneracy.(4.4.7)

However the reactor experiments have measured sin2 θ13 with a high degree of accu-

racy and future measurements are expected to improve it further. This has reduced the

impact of θ13 uncertainty on octant degeneracy to a large extent [192]. Therefore, we

consider another generalized degeneracy which is the hierarchy-θ23 - δCP degeneracy:

Pµe(θ23,∆, δCP ) = Pµe(θ
′
23,−∆′, δ′CP )⇒

generalized hierarchy − θ23 − δCP degeneracy. (4.4.8)

This degeneracy can be observed best in the test (θ23 − δCP ) plane. Studying it in

this fashion allows us to view the degeneracies arising out of the remaining unknown

parameters in a comprehensive manner. We note that while the hierarchy degeneracy

is always discrete, the θ23 − δCP degeneracy arising out of the appearance channel

is continuous. On the other hand, the intrinsic octant degeneracy arising from the

Pµµ channel is independent of δCP and discrete in θ23 except for θ23 values close to

maximal. Thus combining the survival and conversion probabilities give rise to dis-

connected degenerate regions in the θ23 − δCP plane. We have elaborated this point in

the Appendix B. We study the occurrence of the above degeneracies in next subsection

in terms of probabilities for NOνA, T2K and INO to identify the different possible

degenerate solutions at the probability level.

4.4.2 Identifying degeneracies using oscillation experiments

For the understanding of the presence of degeneracies at the probability level, we con-

sider the baseline 295 km (T2K), 810 km (NOνA) and a baseline 7500 km which is

a typical baseline traversed by the upward going atmospheric neutrinos. Figure 4.1

shows the probability Pµe for neutrinos (left panel) and antineutrinos (right panel) as

a function of δCP for both NH and IH. The plots in the upper panel correspond to

NOνA with energy, E = 2 GeV while those in the lower panel are for T2K with en-

ergy, E = 0.6 GeV. These probabilities are plotted for the energy where the neutrino
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flux peaks. The hatched area denotes variation over θ23. For the lower (higher) oc-

tant, we vary θ23 between 39◦ − 42◦ (48◦ − 51◦). This is a good assumption for θ23

not too close to its maximal value, for the purpose of illustrating the physics, since

for a given θ23(true), the disappearance channel anyway excludes values away from

θ23(true) and π/2 − θ23(true). Thus, these plots implicitly assume information from

the disappearance channel.
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Figure 4.1: The oscillation probability Pµe as a function of δCP . Here, upper (lower) row represents

oscillation probability for NOνA (T2K). The left (right) panel is for neutrinos (antineutrinos).

From Fig. 4.1, the following points can be noted.

For neutrinos – :

• The NH probabilities are higher than the IH probabilities. This is because of

enhanced matter effect for neutrinos for NH in the Earth’s matter.

• For both NH and IH the probabilities are higher in the LHP ∗∗.

∗∗Note that −180◦ < δCP < 0◦ and 0◦ < δCP < 180◦ correspond to LHP and UHP respectively.
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• The probabilities for higher octant are higher for both NH and IH.

while, for antineutrinos – :

• The matter term A changes its sign, and IH probabilities become higher than

NH.

• The flip in sign of δCP makes both the NH and IH probabilities higher in the

UHP.

• Like neutrinos, the probabilities for a higher octant remains higher for both NH

and IH.

For both neutrinos and antineutrinos the lowest line in the LO (HO) band corresponds

to 39◦(48◦), while the highest point corresponds to 42◦ (51◦), due to the sin2 θ23 depen-

dence of the leading order term.

The overlapping regions between the various curves at a specific value of the δCP

indicate the degeneracy occurring for the right value of δCP , while the same value of

probability for different δCP values denotes the degeneracy occurring at wrong values

of δCP . Below, we explain the occurrence of the different degenerate combinations

of (hierarchy, θ23, δCP ) taking the NOνA neutrino probabilities in figure (4.1) as an

example :

1. The overlapping regions between the NH-LO (blue) and IH-HO (green) bands

around δCP = −120◦ and 90◦ give rise to WH-WO-RδCP degenerate solutions

in the probability. However, for the antineutrinos these bands are well separated.

Thus, combining NOνA neutrino and antineutrino data can help in removing

these solutions.

2. The probability corresponding to UHP of the NH-LO (blue) band can be the

same as those for the LHP of the IH-LO (yellow) band for θ23 = 39◦. This can

give rise to WH-RO-WδCP solutions. Note that this degeneracy is present in the

antineutrinos for the same values of δCP . Thus, for true NH, UHP (i.e. 0◦ <

δCP < 180◦) is the unfavorable half-plane of δCP , and this degeneracy cannot be

resolved by using NOνA data alone. For T2K, the probability exhibits a sharper

variation with δCP , and hence this degeneracy is less pronounced between the
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UHP and LHP. Hence, the addition of T2K data to NOνA can be helpful in

removing this degeneracy. For LHP (i.e. −180◦ < δCP < 0◦), which is the

favorable half-plane of δCP in NH, there is no WH-RO-WδCP solution for both

NOνA and T2K.

3. For δCP ∈ UHP, the NH-HO (red) band can share same value of probability with

NH-LO (blue) band for δCP ∈ LHP. This is the reason for the RH-WO-WδCP

solution. For the antineutrinos, the degeneracy is seen to be between NH-HO-

LHP and NH-LO-UHP. Thus, a combination of neutrinos and antineutrinos helps

to remove this degeneracy.

4. The WH-WO-WδCP solution can be observed along the isoprobability line that

intersects the NH-LO (blue) and IH-HO (green) bands at different values of δCP .

This degeneracy can be seen for instance between {NH, 39◦, −180◦} and {IH,

51◦, 0◦}. Again, the antineutrino probability does not suffer from this degener-

acy, and thus combining neutrino and antineutrino data can be helpful in remov-

ing these solutions.

5. One can also have RH-RO-WδCP solutions as a result of a so called intrinsic CP

degeneracy that occurs for the same hierarchy and same value of θ23 but at a dif-

ferent value of δCP . This is due to the harmonic dependence of the probability on

δCP . For instance, within the NH-HO (blue) band, δCP = 0◦ and δCP ≈ −135◦

have the same value of probability for θ23 = 39◦. However, for antineutrinos,

this occurs for δCP = 0◦ and δCP = +135◦. Thus, a combination of neutrino

and antineutrino data can help to get rid of this degeneracy. This can also be seen

to occur for T2K, for {NH, 48◦, −180◦} and {NH, 48◦, 0◦}. For T2K, since the

flux peak coincides with the probability peak, the CP-dependent term is propor-

tional to sin δCP and thus this degeneracy occurs for δCP and π− δCP [229]. For

NOνA, since the flux and the probability peaks are not at the same energy, the

degeneracy does not correspond exactly to δCP and π − δCP . It is interesting to

note that this degeneracy does not occur for δCP = ±90◦.

Thus, among the 8-solutions listed in table (4.1), only the WH-RO-RδCP and RH-

WO-RδCP solutions do not exist even at the probability level for NOνA. At the χ2-
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level, many of these may not appear as discrete degeneracies. In particular, for a

C.L. beyond the reach of a particular experiment’s precision, the different discrete

degenerate solutions merge, and the degeneracy becomes continuous.
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Figure 4.2: The oscillation probability Pµe as a function of energy for L = 7500 km. The left (right)

panel is for neutrinos (antineutrinos).
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Figure 4.3: Here details are same as figure 4.1 except that we used fixed energy E = 6 GeV.

In figure 4.2, we plot the appearance channel probability considering a baseline of

7500 km. We notice that because of the longer baseline and very high matter effect,

mass hierarchy degeneracy can be resolved. From the left panel of the figure, we see

that at energy of 6 GeV neutrinos have a very high probability for NH whereas prob-

ability for the IH is almost zero. This descriptions get reversed for the antineutrinos.

Thus to understand the probability behaviour at 6 GeV, we plot the probability against

δCP for this fixed energy in figure 4.3. The bands are for θ23 as described in figure 4.1.



4.4. Indentifying Degeneracies 61

But we consider the case NH (IH) for neutrinos (antineutrinos) as the IH (NH) prob-

ability is almost zero for neutrinos (antineutrinos). We observe that for the 7500 km

there is no hierarchy as well as octant degeneracy at the probability level. We notice

here an important point that Pµe is not sensitive to CP. Thus atmospheric neutrinos can

be used to resolve degeneracies of neutrino oscillation parameters.

In the next subsection we present a detailed descriptions of the degeneracies at the

χ2 level considering 6 years neutrino runs of NOνA .

4.4.3 Chi-squared (χ2) level study

In this section, we discuss the presence of different degenerate solutions at the χ2 level.

In figure (4.4), we present a set of contour plots in the (θ23− δCP ) test-parameter plane

assuming only neutrino run (6 years) of NOνA [6+0] to show the different degenera-

cies at the event level. These plots are drawn assuming the true hierarchy to be NH and

different choices of representative true values of θ23 and δCP . In this figure, the suc-

cessive rows are for θ23 = 39◦, 42◦, 48◦, 51◦. The true δCP values chosen are 0◦,±90◦

corresponding to CP conservation and maximum CP violation respectively. It is note-

worthy that the allowed area in the test (θ23 − δCP ) plane also gives an idea about the

precision of these two parameters. The blue contours correspond to the right hierarchy

and magenta curves correspond to the wrong-hierarchy.

The first column of figure (4.4) shows that for δCP = −90◦ and θ23 = 39◦, apart

from the true solution, RH-WO-WδCP and WH-WO-RδCP solutions are observed in

the upper and lower right quadrants respectively. The RH-WO-WδCP solution is also

seen for θ23 = 42◦ (first pannel of second row). For this case, at δCP = −90◦, the

uppermost point of the blue band in the NOνA neutrino probability, in figure 4.1 one

can see that the same value of probability is possible for NH-HO (red band) near δCP =

+45◦ and ±180◦. This explains the shape of the allowed zone – wider at these values

and narrower at 90◦. The WH-WO-RδCP solution is seen only at a 2σ level for θ23 =

42◦. This can be understood by observing that the points 42◦ (the upper tip of the blue

band) and 48◦ (the lower tip of the green band) are more separated as compared to

39◦ (the lower tip of the blue band) and 51◦ (the upper tip of the green band). For

θ23 in the higher octant (48◦ and 51◦) there are no spurious wrong-hierarchy solutions
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Figure 4.4: Contour plots in test (θ23 × δCP ) plane for NOνA[6+0] with true values of θ23 =

39◦, 42◦, 48◦, 51◦ in successive rows. The 3-columns correspond to δCP = −90◦, 0◦,+90◦ respec-

tively.
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even with only neutrinos. This is because for NH, θ23 in the higher octant and −90◦

corresponds to the maximum probability for the neutrinos and this cannot be matched

by any other combination of parameters. Hence, no degenerate solutions appear and

only the neutrino run for NOνA suffices to give an allowed area only near the true

point. Note that the contours for 48◦ extend to the wrong octant also. However, (here

and elsewhere) this is not due to any degenerate behavior of the Pµe probability but

due to the poor θ23 precision of the Pµµ channel near maximal mixing.

For the CP conserving case i.e. for δCP = 0◦, a discrete RH-RO-WδCP solution is

seen to be allowed at 1σ for θ23 ∈ LO and δCP around - 135◦. This is due to the intrinsic

CP degeneracy as discussed in the context of probabilities. But at 2σ, due to the

poor δCP precision this degeneracy becomes continuous and the whole LHP becomes

allowed. For θ23 belonging to the higher octant larger statistical errors are involved as

compared to θ23 ∈ LO, and this degeneracy appears as continuous in the LHP even at

1σ, and at 2σ the full δCP range becomes allowed. For θ23 = 39◦ and 42◦, we also see

wrong-hierarchy solutions appearing in the wrong octant. From the probability figure,

we identify that this degeneracy occurs around δCP = −30◦,−180◦, 180◦ for θ23 = 39◦

which allows the LHP of δCP at 1σ and the whole δCP range at 2σ. For θ23 = 42◦, this

degeneracy is seen to occur around δCP = −90◦ giving distinct degenerate solutions

at the 1σ and 2σ levels. For θ23 = 42◦, a discrete RH-WO-WδCP solution appears

at 1σ. From Fig. 4.1, it is seen that {NH, 42◦, 0◦} has the same value of probability

corresponding to {NH, 48◦, 90◦}. At 2σ, this merges with the RH-RO-WδCP solution.

For θ23 = 39◦, this solution appears as a 2σ allowed patch around {NH, 51◦, 90◦}.
From Fig. 4.1, it can be seen that the above points are not exactly degenerate in terms

of probability but due to lack of precision, they become allowed. For a similar reason,

the 2σ patch with wrong-hierarchy appears in the right octant for θ23 = 39◦ and 42◦.

For θ23 = 51◦ a right-hierarchy patch occurs with wrong octant. For θ23 = 48◦,

because of proximity to maximal mixing, the true parameter space also extends to the

wrong-octant. In general, we see that the CP precision is poorer for δCP = 0◦ at this

stage. This is due to the unresolved degeneracies for δCP = 0◦ which lead to multiple

allowed regions and continuous bands at 2σ.

The third column represents δCP = +90◦. In this case, we observe a WH-WO-
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RδCP solution for both θ23 = 39◦ and 42◦. This can be understood from the intersection

of the blue and green bands in Fig. 4.1 close to δCP = 90◦ in the UHP. We also get

a WH-RO-WδCP region in the LHP. For 42◦, since the θ23 precision coming from

the disappearance channel is worse, at 2σ both these solutions merge, and a discrete

degenerate region is not obtained. For θ23 = 51◦ from Fig. 4.1, we see that the point

{NH, +90◦, 51◦} in the red band intersects the blue band around {NH, −90◦, 39◦}
giving a RH-WO-WδCP solution. A WH-RO-WδCP solution is also obtained in this

case in the LHP. Similar regions are also obtained for θ23 = 48◦. However, the RH-

WO-WδCP solution merges with the true solution at 2σ level.

4.5 Resolution of Degeneracies

4.5.1 Resolution of degeneracies using NOνA[3+3]

In this subsection, we present the role of antineutrinos to resolve various degeneracies.

To address this we devide the six years of neutrino run to (3+3) years of (ν + ν) run

for NOνA. For illustrative purpose, we consider the true hierachy as NH. Figure (4.5)

shows the role of antineutrinos.

We observe the following generic features from the figure (4.5) :

• We observe that for θ23 = 39◦ and 51◦ (first and last row), the wrong-octant

regions are almost completely removed for all the three δCP values, except for

the value (51◦,−90◦) where we still have wrong-octant region at 2σ, whereas,

for the true θ23 values 42◦ and 48◦, both the right-hierarchy and wrong-hierarchy

solutions extend to the wrong-octant region.

• For δCP = −90◦ and θ23 = 51◦, NOνA[6+0] can already resolve all the degen-

eracies as can be seen in figure (4.4). However, the precision of θ23 is worse with

NOνA[3+3]. This is because splitting the neutrino run into equal (ν + ν) runs

reduces the statistics and hence the precision becomes worse.

• In NOνA[3+3], for δCP = 0◦ and θ23 = 39◦, 42◦ (middle panel for second and

third row), comparing with the corresponding figures in figure (4.4), we see that

the spurious solution appearing at −150◦ at 1σ due to the intrinsic degeneracy
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Figure 4.5: Here, columns correspond to the true δCP = −90◦, 0◦, 90◦ respectively whereas each

row correspond to the true θ23 = 39◦, 42◦, 48◦ and 51◦ respectively for NOνA[3+3].
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is no longer present with the addition of antineutrino data, since for the antineu-

trino probability in NOνA the intrinsic degeneracy is between 0◦ and +150◦ as

discussed earlier. Thus the addition of neutrino and antineutrino data solves the

intrinsic degeneracy at 1σ at both these δCP values but at 2σ both ±150◦ remain

allowed.

• For NOνA[3+3], among all possible cases of (δCP , θ23), the combination (−90◦, 39◦)

best depicts the precision on the allowed parameter space.

4.5.2 Combined effects of NOνA, T2K and ICAL@INO

In figure (4.6), we illustrate the role of the combined effect of NOνA[3+3]+T2K[8+0].

From the figure (4.5), we notice that for θ23 = 39◦, 51◦, NOνA[3+3] was able to re-

move wrong-octant solutions for all the CP value except for the plot (51◦, 90◦) where

we still had right hierarchy-wrong octant regions at 2σ C.L. Combined effect NOνA+T2K

helps to remove this degeneracy completely at 2σ C.L and improves precision in large

extent for the ramaining cases. We also observe by comparing figure (4.5) with figure

(4.6) that for θ23 = 39◦, 42◦ and 51◦ the parameter space get largely constrained for

all the three values of δCP , whereas for θ23 = 48◦ because of the presence of wrong-

hierarchy region a degenerate solution extends towards the LO region. Overall, we no-

tice that addition of T2K with NOνA helps very largly to increase the precision of the

parameter space where wrong-octant solutions are already removed by NOνA[3+3].

Combined effect also constrained the parameter space including wrong-hierarchy re-

gion because of increase in statistics for NOνA[3+3]+T2K[8+0].

Figure (4.7) shows the role of ICAL when combined with NOνA[3+3]+T2K[8+0].

We observe that when ICAL data are added to T2K and NOνA, the remaining wrong-

hierarchy regions are resolved for all the true values of θ23 considered. The wrong-

octant extensions of the right-hierarchy solutions are also reduced in size and the pre-

cision of θ23 improves. The combination of T2K+NOνA+ICAL can resolve all the

degeneracies at a 2σ level for true θ23 = 39◦, 51◦ for all the three δCP values. For

the θ23 and δCP combinations of {42◦, 0◦} and for 48◦, ±90◦, 0◦ , there are still al-

lowed regions in the wrong-octant. Note that some of the wrong-octant regions that

are removed by the NOνA antineutrino run could also be removed by the ICAL data.
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Figure 4.6: Here, columns correspond to the true δCP = −90◦, 0◦, 90◦ respectively whereas each

row correspond to the true θ23 = 39◦, 42◦, 48◦ and 51◦ respectively for NOνA[3+3]+T2K[8+0].
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The following additional observations can be made regarding alternative parameter

values and running modes:

• In generating the above plots, we considered T2K running in neutrino mode

with its full beam power. We find that once one includes the antineutrino run

from NOνA, running T2K in the antineutrino mode is no longer necessary for

removing spurious wrong-octant solutions. Rather, running in the neutrino mode

gives enhanced statistics and hence better precision. If on the other hand NOνA

runs in full neutrino mode and the antineutrino component comes from T2K, we

have verified that we get similar results.

• We have presented the results for the case of true NH. If the true hierarchy is

chosen to be IH, one would get a different set of allowed regions based on the

degeneracies observed in Fig. 4.1. For example, for δCP = −90◦ and θ23 = 39◦

for NOνA[6+0] in the true IH case, apart from the true solution, RH-WO-WδCP

and WH-RO-WδCP solutions would be obtained. This can be predicted from

Fig. 4.1 by drawing a horizontal line from the bottom of the IH-LO band at

δCP = −90◦, which cuts both the IH-HO and NH-LO bands near δCP = 90◦.

The situation for NOνA[3+3] and other combinations would be more compli-

cated since the allowed regions and precision for true IH depend not only on the

probability behavior but also on the statistics of neutrino and antineutrino data

in the respective experiments.

• The results are significantly dependent on the true value of θ13, chosen here to

be sin2 2θ13 = 0.1. Lower values of θ13 (or worse θ13 precision) would lead to

poorer CP precision and more difficulty in removing the degeneracies. This is

because δCP is coupled with θ13 in the oscillation probability.

4.6 Distinguishability between 0◦ and 180◦

It will also be interesting to see how far the two CP conserving values 0◦ and 180◦ can

be distinguished by the experimental setups considered. In this section, we discuss this
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Figure 4.7: Here, columns correspond to the true δCP = −90◦, 0◦, 90◦ respectively whereas each

row correspond to the true θ23 = 39◦, 42◦, 48◦ and 51◦ respectively for NOνA[3+3]+T2K[8+0]+ICAL.



70 Chapter 4. Parameter Degeneracies and Their Resolution

issue. The true events are generated for δCP = 0◦, θ23 = 39◦ and normal hierarchy.

In the test spectrum, we consider δCP = 180◦ and marginalize over θ13. For purposes

of comparison we also give the results for test δCP = 90◦. The results are presented

in table 4.2. We observe that a 2σ sensitivity in distinguishing between δCP = 0◦

and δCP = 180◦ can be achieved by NOνA+T2K. Adding ICAL data increases the

sensitivity further. It is interesting to note that for beam based experiments, 0◦ and 90◦

have much larger separation than that between 0◦ and 180◦. But for ICAL, 0◦ and 180◦

are more separated though the χ2 values are very small. This is because ICAL itself

has limited CP sensitivity due to angular smearing over all directions [231]. Note that

for experiments like PINGU the CP sensitivity can be higher, and the χ2 difference

between 0◦ and 180◦ can be appreciable [232].

ν + ν Test δCP = 90◦ Test δCP = 180◦

NOνA[3+3] 6.31 2.82

NOνA[3+3]+T2K[8+0] 14.63 4.77

ICAL 1.21 1.60

NOνA[3+3]+T2K[8+0]+ICAL 14.83 5.4

Table 4.2: χ2 sensitivity for test δCP = 90◦, 180◦ with true values of δCP = 0◦ for NH-39◦.

4.7 Summary

With the precise measurement of θ13 by the reactor experiments, the intrinsic degen-

eracy is largely removed and a 4-fold degeneracy out of the original eight [165] –

involving wrong-hierarchy and wrong-octant solutions – remains to be solved by the

current and upcoming experiments. In this chapter, we study these degeneracies in

detail and propose that the remaining degeneracies can be studied in the most compre-

hensive manner by considering the generalized hierarchy–θ23−δCP degeneracy. These

are best visualized by contours in the test (θ23 − δCP ) plane drawn for both right and

wrong-hierarchy for different representative values of true parameters. We show that,

depending on whether the wrong-hierarchy and/or wrong-octant solutions occur with

right or wrong values of δCP , there can be a total of eight possibilities. We study these
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possibilities at the probability level for NOνA , T2K and INO. At this level, the degen-

eracy is defined as the equality of the probabilities for different values of parameters.

However, at the χ2 contour level, because of the precision of the experiments, one gets

finite allowed regions corresponding to degenerate solutions. We define a degenerate

solution to be one which is distinct from the true solution at the 1σ level. The sample

true values that we consider for obtaining the contours are θ23 = 39◦, 42◦, 48◦ and 51◦

and δCP = ±90◦, 0◦.

Considering only the neutrino run of NOνA, as an illustrative example, we identify

which of these degenerate solutions actually occur for different representative choices

of true parameters. At the present level of precision, for δCP = ±90◦, the right (wrong)

δCP solutions are those which occur in the same (opposite) half-plane as compared to

the true solution. Since δCP = 0◦ is common to both half-planes, for this case the

right and wrong δCP solutions at a particular C.L. are inferred from the nature of the

contours. The different degenerate solutions obtained are the (i) WH-WO-RδCP , (ii)

RH-WO-WδCP , (iii) WH-RO-RδCP , (iv) RH-RO-WδCP and (v) WH-WO-WδCP re-

gions. Although the options (i-iii) have been noticed in the literature earlier, the option

(iv) which exists for the same true θ23 and hierarchy but different δCP has not been

discussed extensively. A probability level discussion on this was done in Ref. [229],

where it was called θ23 − δCP degeneracy. However, since it can occur for the same

hierarchy and same θ23 we call it intrinsic CP degeneracy. The WH-WO-WδCP so-

lutions often appear as part of i), given the CP precision of the current experiments.

Next, we present the results combining NOνA[3+3] with T2K[8+0]. It is seen that

the synergy between T2K and NOνA helps in removing the WH-RO-WδCP solutions

for true δCP = 0◦, 90◦. For true δCP = −90◦, NOνA itself is sufficient for remov-

ing this degeneracy. The remaining degenerate solutions at 2σ can be resolved by

adding ICAL data. The latter is seen to play an important role in removing the wrong-

hierarchy solution for θ23 = 48◦. In conclusion, we show that the combination of

data from different LBL and atmospheric neutrino experiments can play a crucial role

in removing the degeneracies associated with neutrino oscillation parameters, thereby

improving the precision of the parameters θ23 and δCP . This also paves the way toward

an unambiguous determination of these parameters.





Chapter 5

The Role of Antineutrinos at DUNE

“It Is Very Easy To Defeat Someone,

But It Is Very Hard To Win Someone”

– A. P. J. Abdul Kalam

5.1 Introduction

In the previous chapter (4), we have discussed the combined effect of NOνA, T2K and

ICAL@INO to resolve the generalized “hierarchy-θ23-δCP ” degeneracy in neutrino

oscillation parameters. In the present chapter, our focus is on the next generation

superbeam experiment DUNE (Deep Underground Neutrino Experiment). This is a

1300 km baseline experiment in which an intense neutrino beam is fired from Fermilab

to Sanford Lab in South Dakota, USA. Because of longer baseline, DUNE has higher

matter effect and hence it can resolve the hierarchy degeneracy at 5σ for all values of

δCP with an exposure of 300 kton.MW.year as discussed in Ref. [128]. The authors in

Ref. [128] also illustrated the CP sensitivity of DUNE by considering equal neutrino

and antineutrino runs.

We concentrate on the determination of the octant of θ23 and the CP phase δCP . It is

well known that the precise determination of the octant and δCP is interlinked through

the octant-δCP degeneracy. As we have discussed in the last chapter (4), for Pµe and

Pµ̄ē the octant-δCP degeneracy occurs at different values of δCP . Thus the combina-

tion of neutrino and antineutrino runs help to resolve this. However, in regions where

neutrinos do not have octant degeneracy, adding antineutrino data is expected to de-

73
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crease the sensitivity because of the degeneracy and reduced statistics. In the case of

the DUNE baseline, we find that the antineutrino runs help even in the parameter space

where the antineutrino probabilities suffer from degeneracies. We explore these in de-

tail and point out that this happens because of the (i) broadband nature of the beam

so that even if there is degeneracy at a particular energy bin, over the whole spectrum

the degeneracy may not be there; (ii) enhanced matter effect due to the comparatively

longer baseline which creates an increased tension between the neutrino and the an-

tineutrino probabilities. This in turn raises the overall χ2 in case of the combined runs.

This feature is more prominent for IH since the antineutrino probabilities in this case

are much higher than the neutrino probabilities due to matter effects.

The δCP sensitivity of an experiment is often understood in terms of the CP asym-

metry between the neutrinos and antineutrinos.

Acp =
Pµe − Pµe
Pµe + Pµe

∼ sin δCP
sin θ13

(5.1.1)

However the diagnostics used for probing CP violation (CPV) is the sum total of the χ2

contribution of the neutrinos and antineutrinos: χ2
total = χ2

ν + χ2
ν̄ which does not show

the same dependence as Acp on the θ13 as given by equation (5.1.1) [233]. Hence one

needs to understand the actual role played by the antineutrinos, if any, for determina-

tion of CPV. It has been observed that one of the roles of antineutrinos in enhancing CP

sensitivity is their ability to remove the octant-δCP degeneracy [193, 230]. For T2K,

antineutrinos do not play any role for the discovery of CP violation [234, 235]. How-

ever for the NOνA experiment, antineutrinos seem to be playing some role even when

there is no octant degeneracy [234]. In this work, it is one of our goals to understand

the role of antineutrinos for enhancing CP sensitivity for the DUNE baseline. In par-

ticular we explore whether the antineutrino runs can play any non-trivial contribution

to the total χ2 if octant and hierarchy are assumed to be known and if so, then what are

the physics issues involved.

The plan of this chapter is as follows : in the next section (5.2), we give the details

of the experimental set-up considered in our study. In the section (5.3), we illustrate

the presence of degeneracies in the appearance channel probablity for DUNE. Section

(5.4) is devoted to the resolutions of degeneracies, where we mainly demonstrate the

broadband nature of DUNE and the role of antineutrinos to resolve the octant degen-
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eracies and the capability of CPV discovery potential. We summarize our conclusions

in section (5.5)

5.2 Specification of the Experiment

We use the same simulation package namely, GLoBES as used in the previous chap-

ter for the numerical simulation of the number of events, incorporating appropriate

specifications for the DUNE experiment. We consider a 10 kton LArTPC detector for

detecting the neutrinos coming from the accelerator at Fermilab. In our simulation, we

consider neutrino flux [236] corresponding to a proton beam of power 1.2 MW and

energy 120 GeV giving 1.0 × 1021 POT/year. The systematic errors are incorporated

into our analysis using the pull method [221, 222] as outlined in Ref. [203]. The sys-

tematic errors and the efficiencies corresponding to signal and background are taken

from Ref. [237]. We also add 5% prior on sin22θ13 in our numerical simulation ∗. To

generate the data, representative values of neutrino oscillation parameters, consistent

with the global-fit of world neutrino data are used from Refs. [163, 223–225].

5.3 Identifying Degeneracies at DUNE

In figure (5.1), we present the appearance channel probability for the DUNE baseline

for an energy, E = 2 GeV. In the previous chapter (4), we have given the probabil-

ity expressions for both the appearance as well as disappearance channel which are

relevant for LBL experiments. The same expressions can be used here also for the the-

oretical understanding of degeneracies. The bands are due to the variation of θ23 (see

figure caption for details). Left (right) panel figure describes the oscillation probability

for neutrino (antineutrino). We notice that, the neutrino oscillation probability for NH

gets significant enhancement in presence of Earth’s matter as compared to IH as shown

in the left panel. It is seen that the maximum probability for NH becomes 3-times more

than that of IH. But in the case of antineutrinos the scenario gets reversed asA and δCP

changes their sign, as can be observed in the right panel. Note that for vacuum oscil-

∗Note that the detailed discussion on the inclusion of pulls for the systematic errors and the prior in

our numerical simulation are discussed in appendix A
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Figure 5.1: Left panel (right panel) represents Pµe(Pµe) for DUNE. Here the bands are over current

3σ range of θ23 [225]. For LO, NH (LO, IH) we consider the range of θ23 over 38.8◦−45◦( 39.4◦−55◦)

and for HO, NH (HO, NH) we consider the range of θ23 over 45◦ − 53.3◦(45◦ − 53.1◦).

lation maxima, ∆ corresponds to 90◦. Thus for the appearance channel probability

(cf. Eq. 4.4.1), δCP = −90◦ (+90◦) corresponds to maximum (minimum) point in the

probability for neutrinos. For antineutrinos it is the opposite. Thus, for these values of

δCP , the octant sensitivity is expected to be maximum if there is no degeneracy. Note

that with the inclusion of matter effect, the appearance channel probability maxima

does not coincide with the vacuum maxima and in that case the maximum and mini-

mum points in the probability do not come exactly at ±90◦ but gets slightly shifted.

This can be seen from figure (5.1). However for illustration, we consider δCP = ±90◦

as the reference.

It is to be observed that, if we draw a horizontal line at particular probability value

then the different intersection points with the given band lead to different degenerate

solutions. The occurrence of octant degeneracies that can be inferred from these plots

are summarized in table (5.1). From the above discussions as well as from the earlier

studies it is clear that the nature of octant - δCP degeneracy is different for neutrinos and

antineutrinos and therefore combined neutrino-antineutrino run is helpful for resolving

the octant degeneracy [193, 230, 238]. Also note that the behaviour of octant-δCP

degeneracy in neutrinos and antineutrinos is same for both NH and IH.

The probability plot as given in figure (5.1) is done for an energy of 2 GeV. How-

ever it is possible that because of the broadband nature of the beam the occurrence of

degeneracy at a particular energy may not be true over the whole energy range. Thus
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Octant Degeneracy ν ν

LHP, LO degenerate with UHP, HO no degeneracy

UHP, LO no degeneracy degenerate with LHP,HO

LHP, HO no degeneracy degenerate with UHP, LO

UHP, HO degenerate with LHP,LO no degeneracy

Table 5.1: The octant degenerate parameter space for neutrinos and antineutrinos. Here, LO = Lower

octant, HO = Higher octant, UHP = Upper half plane (0◦ < δCP < 180◦) and LHP = Lower half plane

(−180◦ < δCP < 0◦).

for DUNE, one can still get some amount of octant sensitivity, even in the degenerate

parameter space outlined in table (5.1), when integrated over all the energy bins.

It is to be noted that figure (5.1) does not demonstrate any hierarchy degeneracy

since the two bands corresponding to NH and IH remain non-overlapping. However

conclusions drawn at the probability level need to be substantiated by a proper χ2 anal-

ysis to determine with what significance the hierarchy degeneracy is actually resolved

by DUNE. Therefore we will present the results of octant sensitivity either for both

cases – right and wrong hierarchy or by marginalizing over the hierarchy.

5.4 Resolution of degeneracies
In this section we discuss the octant sensitivity of DUNE for a 10 kton detector volume

which is the projected detector volume for DUNE in the first phase. The prescriptions

regarding the generation of number of events and the χ2 analysis are discussed in ap-

pendix (A). In figure (5.2) we show the χ2 for octant discovery which is the combined

sensitivity coming from appearance channel, disappearance channel and sin2 2θ13 prior

i.e.

χ2 = χ2
ap + χ2

disap + χ2
prior (5.4.1)

as a function of true δCP .

5.4.1 Octant discovery χ2

We consider the representative true values of θ23 = 39◦(51◦) for LO (HO). χ2 is

marginalized over test values of θ23 over the opposite octant. We give the plots sepa-
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rately for true and false hierarchy. This shows for what parameters and to what extent

the octant sensitivity is affected by the lack of knowledge of hierarchy. Depending on

the true parameters, we get four combinations of (hierarchy−octant): NH-LO, NH-

HO, IH-LO, IH-HO. For all the plots in the upper row of figure (5.2), dark-blue curves

are for True(NH)-Test(NH) and magenta curves are for True(NH)-Test(IH) while for

the lower row dark-blue curves correspond to True(IH)-Test(IH) and magenta curves

correspond to True(IH)-Test(NH). Below we discuss the results for each true combi-

nation.
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Figure 5.2: Octant discovery χ2 for DUNE. Left (right) panel is for LO (HO), where true(θ23) is

considered as 39◦(51◦) and test(θ23) is marginalized over (45◦ to 55◦) for LO and (35◦ to 45◦) for HO.

The labels NH, IH inside the plots signifies test hierarchy.

• NH-LO (θtrue
23 = 39◦) : The figure for true NH-LO shows that for values of δCP

in the LHP , a 10 year neutrino run of DUNE can resolve the octant degener-

acy at 3σ C.L. The inclusion of antineutrino run helps in enhancing the octant
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sensitivity for δCP in LHP and θ23 in LO since the antineutrino probability is

devoid of the octant degeneracy. Note that in this case though pure neutrino run

suffers from octant degeneracy, still we get χ2 around 10. This is one of the

unique features of the broadband beam where the degeneracy does not exist over

the entire energy range and one can still have some octant sensitivity from the

neutrino channel. For the UHP on the other hand the neutrino data gives a better

octant sensitivity since antineutrinos are plagued with degeneracies for LO, as

shown by the blue curves. However the scenario changes if we assume the hier-

archy is not known. In that case the antineutrino run is seen to help to remove

wrong hierarchy-wrong octant solutions in-spite of having degeneracies, as is

seen from the magenta curves. In order to understand this point we have plotted

the appearance channel probability vs energy in figure (5.3).
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Figure 5.3: Here, left panel (right panel) represents Pµe(Pµe) as a function of energy for DUNE and

hierarchy corresponds to orange (light blue) curve is NH (IH).

The left panel is for neutrinos and the right panel is for antineutrinos. In the

left panel we see that the orange curve (δCP = +90◦) is well separated from

the dotted blue curve (δCP = −90◦) near the oscillation maxima for θ23 =

39◦. But when marginalized over θ23, the dashed blue curve which corresponds

to δCP = −90◦ and θ23 = 51◦, overlaps with the orange curve to give WH-

WO-WδCP solution†. On the other hand in the right panel we see that due the

†Due to the presence of Pµµ channel, the wrong octant minima comes around θ23 = 51◦ for true

θ23 = 39◦.
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marginalization of θ23 the dashed blue curve moves far away from the orange

curve resolving the degeneracy. Note that if we marginalize over hierarchy then

for UHP the minimum will come at the WH solution with only neutrino data and

hence octant degeneracy is not resolved at 3σ for 9◦ < δCP < 90◦, belonging to

the UHP. However with 7+3 years run the octant degeneracy is resolved with a

χ2 > 25 even without the knowledge of the true hierarchy for all values of δCP .

With 5+5 year run in most part of UHP the minima occurs with the RH solution.

But for 45◦ < δCP < 115◦, the WH minima is below the one with RH.

• NH-HO (θ23 = 51◦) : For this case from figure (5.1) it is seen that for (51◦, -90◦,

NH) no octant degeneracy prevails at the probability level for neutrinos whereas

antineutrinos have octant degeneracy. Also, antineutrinos have less statistics.

Thus we expect that only neutrino run should give a better sensitivity. But, we

notice from the top right figure of figure (5.2), that addition of antineutrino gives

higher χ2 value as compared to only neutrino mode [10+0]. In order to under-

stand this feature in the first panel of figure (5.4) we plot the χ2 vs test δCP .

 0

 30

 60

 90

 120

-180 -135 -90 -45  0  45  90  135  180

χ
2

δCP(Test)

DUNE, NH-NH, 51
o
,-90

o

[10+0]

[7+3]

[5+5]

[0+10]

 0

 10

 20

 30

 40

 50

-180 -135 -90 -45  0  45  90  135  180

χ
2

δCP(Test)

DUNE, NH-NH, 51
o
,+90

o

[10+0]

[7+3]

[5+5]

[0+10]

 0

 30

 60

 90

 120

-180 -135 -90 -45  0  45  90  135  180

χ
2

δCP(Test)

DUNE, IH-IH, 51
o
,-90

o

[10+0]

[7+3]

[5+5]

[0+10]

Figure 5.4: Octant χ2 vs test(δCP ) for DUNE.

The curve for only antineutrinos indeed confirms the occurrence of degeneracies

close to δCP ∼ 90◦. However at that point the neutrino χ2 is very high. Thus,

when the neutrino and antineutrino data are combined the overall minima is gov-

erned by the neutrinos and so comes close to the true value of δCP = −90◦.

At this point both neutrinos and antineutrinos have octant sensitive contribu-
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tion. This is shown in table 5.2 where we illustrate the contributions from the

neutrinos and antineutrinos separately for the appearance channel. It is evident

that as we increase the antineutrino component the contribution from neutrino

channel reduces whereas that from the antineutrino channel increases. Thus al-

though the antineutrino channel has degeneracy the minima does not come at

the point of degeneracy as it is governed by the neutrinos. Even then the total

χ2(= χ2
ap,ν + χ2

ap,ν) from appearance channel (11.13, 10.19), corresponding to

[7 + 3] and [5 + 5] respectively, is less than the pure neutrino run. However, the

total χ2 for the mixed run is higher.

To understand this point we list the contribution from the disappearance χ2. It

is seen that although for pure neutrino run the disappearance channel does not

have any octant sensitive contribution to the total χ2, for mixed runs this channel

provides some octant sensitivity. This arises because, due to matter effects the

neutrino and antineutrino probabilities are different and hence the χ2 minima

comes at different places.

When one combines neutrino and antineutrino runs then this creates a synergy

and hence some octant sensitivity arises from the disappearance channel also.

Due to this reason when one combines appearance and disappearance channels

then the addition of antineutrino runs actually gives a slight increase in χ2. In

the UHP, on the other hand, the octant sensitivity increases with antineutrino run.

This is clear, since for Pµe the neutrino channel suffers from octant degeneracy

whereas the antineutrino channel does not and the addition of antineutrinos help

to overcome the degeneracy. To illustrate this point further in the middle panel

of figure (5.4) we plot the χ2 vs test δCP for true values (51◦, 90◦). In this case

the pure neutrino run gives the minima in the LHP close to δCP ∼ −45◦ whereas

pure antineutrino run gives minima near the true value. However when we com-

bine neutrino and antineutrino runs then the overall minima comes in between

and moves towards the antineutrino minima as the ν̄ component is increased. At

this point there is octant sensitive contribution from both neutrinos and antineu-

trinos. Thus the antineutrino data helps in this case by trying to shift the minima

away from the degenerate point. We also compare the χ2 for DUNE with that
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(ν + ν) Test parameters χ2
ap,ν χ2

ap,ν χ2
disap,(ν+ν) Prior Total

NH, 510, -900(true)

[10+0](8+0) θ23=41.50(410) 11.5(6.65) 0 0.5(0.35) 9(1.44) 21.05(8.44)

sin2 2θ13 = 0.115(0.106)

[7+3](5+3) same as [10+0](8+0) 9.14(4.28) 1.99(1.44) 1.97(0.37) 9(1.44) 22.46(7.18)

[5+5](4+4) same as [10+0](8+0) 7.21(3.46) 2.98(1.44) 3.34(0.37) 9(1.44) 22.52(6.72)

IH, 510, -900(true)

[10+0](8+0) θ23=400(410),δCP = −1050(−900) 10.86(5.23) 0 0.09(1.47) 5.76(1.44) 16.71(8.14)

sin2 2θ13 = 0.112(0.106)

[7+3](5+3) same as [10+0](8+0) 8.22(3.36) 8.10(1.33) 1.62(0.96) 5.76(1.44) 23.71(7.09)

[5+5](4+4) θ23=40.50(410),δCP = −1200(−900) 6.46(3.37) 9.78(2.08) 2.14(0.84) 5.76(0.36) 24.15(6.66)

sin2 2θ13 = 0.112(0.103)

Table 5.2: Here, [10+0], [7+3] and [5+5] refers to (ν + ν) runs of DUNE , where as (8+0), (5+3)

and (4+4) refers to (ν + ν) runs of T2K. The numbers in the parenthesis correspond to T2K. Also “Test

parameters” refer to the test values where χ2 minimum appears and remaining oscillation parameters

are same as true parameters.

of T2K, given in parentheses in table (5.2), to understand the role of broadband

beam and enhanced matter effect. It is seen from the last column that for T2K

the χ2 reduces with increasing antineutrinos as is expected. Note that this is in

contrast to DUNE due to its broadband nature and enhanced matter effect.

• IH-LO (θ23 = 39◦) : In this case for LHP the antineutrino run enhances the sen-

sitivity because they do not suffer from octant degeneracy as can be seen from

table 5.1. But for the UHP the antineutrino probability has octant degeneracy.

Thus again we expect that in UHP adding antineutrino data should reduce the

sensitivity. But the figure shows a slight enhancement. This can again be ex-

plained by similar reasoning as for the NH, 51◦ and −90◦ case. There is also the

finite contribution from the disappearance channel enhancing the octant sensitiv-

ity when the neutrino and antineutrino runs are combined. These combinations

of hierarchy−octant can resolve octant degeneracy at 5σ C.L. with [5+5] years

of [ν + ν] run for any value of true δCP as shown in figure (5.2).
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• IH-HO (θ23 = 51◦) : For this case, for δCP in LHP the octant sensitivity with

pure neutrino run is seen to be above χ2 = 9 in the interval −180◦ < δCP <

−45◦. Adding antineutrino data helps to raise the χ2 for octant sensitivity. As be-

fore we ask the question how antineutrino data is helpful despite the presence of

degeneracies in this channel. This can be explained again similar to the NH-HO

case. The third panel of figure (5.4) shows that for pure antineutrinos, there is

very small octant sensitivity and the minima comes in the UHP between 90◦ and

135◦. However at the point, in the LHP, where the pure neutrino χ2 is minimum,

antineutrino χ2 has a large non-zero value and for combined runs the minima

is still governed by the neutrinos. Thus the contributions from the antineutrinos

are also being added up in-spite of having degeneracy. The neutrino and an-

tineutrino contributions from the appearance channel are shown in table 5.2. It

is seen that for IH, because of the enhancement of the antineutrino probability

due to matter effect, a large octant sensitive contribution to the χ2 is obtained.

The disappearance channel also gives a small contribution but the contribution

from the antineutrino channel is almost comparable or larger than the neutrino

channel. It is also to be noted that if hierarchy is not known then for some val-

ues of δCP the minima comes in the wrong hierarchy region for pure neutrino

run and the sensitivity is further reduced. Addition of antineutrinos resolves the

hierarchy with χ2 ≥ 25 and so the minima does not occur anymore for wrong

hierarchy solution. For the UHP, only neutrino run has very poor sensitivity due

to degeneracies with δCP and addition of antineutrino runs help. The UHP is

more favourable for resolution of hierarchy-δCP degeneracy and even with only

neutrino run hierarchy is resolved at 3σ for all values of δCP . Overall a sensitiv-

ity, close to χ2 = 25 is achieved for this combination of hierarchy and θ23 with

7+3 or 5+5 combination for the whole range of δCP . For this case also in table

5.2, the T2K χ2 values are given in parentheses. It is seen from the last column

that the overall χ2 for T2K decreases with enhanced antineutrinos unlike that in

DUNE. If one compares the appearance χ2 values for the antineutrino channel

for DUNE and T2K then it is seen that the contribution of this channel for DUNE

is quite high and comparable or even greater than the neutrino contribution. This
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is due to the enhanced matter effect associated with IH and HO for the longer

baseline of DUNE.

After discussing the role of antineutrinos and disappearance channel in octant sensitiv-

ity for DUNE, in figure (5.5) we present the octant χ2 as a function of true θ23 for max-

imal CPV. Depending on if the true hierarchy is NH or IH and true δCP is ±90◦ we get
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Figure 5.5: Octant sensitivity χ2 for DUNE. Left (right) panel is for δCP = −90◦(+90◦), where

true hierarchy is considered as NH(IH) for upper(lower) row. Here black, magenta and yellow lines

represent χ2 value at 2σ, 3σ and 4σ respectively.

4 possible combinations. From these figures one can read off the range of θ23 for which

octant can be determined for δCP = ±90◦ at a specified C.L. We see for all the four

cases of figure (5.5) that with 7+3 years of (ν + ν̄) run octant can be determined at 3σ

(4σ) for δCP = ±90◦ excepting for the range 41.5◦ < θ23 < 49◦(40.5◦ < θ23 < 50.7◦).

From the figures we also see that 7+3 and 5+5 combinations give almost same sensitiv-

ity. However for the pure neutrino run the ranges are different and also vary depending
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on the true values of δCP and hierarchy.

So far we have focused on the cases for which either true θ23 was fixed or true

δCP was fixed. In figure (5.6) we give the 3σ exclusion plots in true(θ23 − δCP ) plane.

We consider all possible true values of δCP from (−180◦ to +180◦) and θ23 in lower
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Figure 5.6: Contour plots in true θ23 × δCP -plane, here true hierarchy is NH (IH) for upper (lower)

row and left(right) panel is for LO (HO). Marginalization over hierarchy is done. The allowed regions

are to the right (left) side of the contours in the left (right) panel.

octant from 35◦ − 45◦ and higher octant from 45◦ − 55◦. This figure shows the role of

antineutrino run in the full range of allowed δCP and θ23 parameter space. The allowed

region for the left (right) panel is the R.H.S (L.H.S) of each curve of the true(θ23−δCP )

plane ‡. We observe by comparing the left and the right panels that DUNE can provide

better constraints on θ23 parameter space in case of LO as compared to HO. For NH-LO

the antineutrino run is necessary for the LHP and part of UHP. Only in the range 90◦ <

‡ For NH-LO, DUNE[10+0] (top left panel of figure (5.6), the area enclosed by the blue curve also

corresponds to the allowed region.



86 Chapter 5. The Role of Antineutrinos at DUNE

δCP < 135◦ the only neutrino run i.e., the [10+0] configuration gives a slightly better

sensitivity. On the other hand for NH-HO the antineutrinos play a more prominent role

for δCP in the UHP. For IH-LO the antineutrino run is again important apart from near

δCP ∼ 90◦, for which the improvement in sensitivity by adding antineutrinos is not

very significant. For IH-HO the antineutrinos play important role in the full parameter

space. Also the exclusion plots show that if true θ23 lies between (43◦−49◦) then it is

not possible to resolve octant degeneracy at 3σ C.L. by DUNE using 10 kt detector.

Overall one can say that antineutrino runs are necessary for most of the parameter

region and 7+3 and 5+5 give similar sensitivities. Note that in the context of LBNO

75% - 25% (ν − ν) was recommended in [239].
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Figure 5.7: θ23 precision plots of DUNE in True (θ23) - Test (θ23) plane at 3σ (99.73%) C. L. Here

top (bottom) row is for NH (IH).

Finally, in figure (5.7), we plot the 3σ precision contours in the true θ23-test θ23

plane for δCP = ±90◦. These figures reflect the relation between octant degeneracy
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and precision of θ23. The upper panels are for normal hierarchy and the lower panels

are for inverted hierarchy. From these plots we see that for pure neutrino run there

are other allowed values of θ23 apart from the true value, if θ23 ∈ LO (HO) at δCP =

−90◦(+90◦) . This happens because of the octant degeneracy. As we have already

seen, for δCP = −90◦(+90◦), neutrinos suffer from octant degeneracy in LO (HO) in

both the hierarchies and this in turn affects the precision of θ23 which is clearly seen

from the figures. Adding antineutrinos help to improve the precision and both 7+3 and

5+5 give almost similar precision of θ23. But as one approaches the maximal value of

θ23, the precision becomes worse due to the difficulty in determining the octant around

those values of θ23.

5.4.2 Antineutrinos, Octant Degeneracy and CPV discovery po-

tential of DUNE

In this subsection we present the CPV discovery χ2 of DUNE as a function of true δCP .

CPV discovery potential of an experiment is defined by its capability of distinguishing

a true value of δCP from the values 0◦ and 180◦. We present these figures for the case

where hierarchy and octant are assumed to be unknown and known respectively. The

main aim of this section is to elucidate the role of antineutrinos in discovering δCP

and the interconnection with the octant degeneracy. The figure (5.8) plots the CPV χ2,

when hierarchy and octant are assumed to be unknown. From the different panels it is

seen that:

• The ν̄-runs play an important role for (i) LO near true δCP = −90◦ and (ii) HO

near true δCP = +90◦. This is true for both NH and IH. Note from table 5.1

that these are the regions where neutrino probabilities exhibit octant degeneracy.

Since antineutrino probabilities do not possess this degeneracy, addition of these

helps in the removal of the degeneracy and enhancement of CP sensitivity.

• For true hierarchy as NH , +90◦-LO and -90◦-HO do not have octant degeneracy

for neutrinos whereas antineutrinos have degeneracy (see table 5.1). Even then

7+3 gives almost same result as 10+0 notwithstanding the loss of statistics. In

both cases this happens due to tension between the neutrino and antineutrino

χ2s.
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Figure 5.8: CPV χ2 for DUNE when hierarchy and octant are unknown.

– For +90◦-LO the minima for 10+0 comes at δCP = 180◦ whereas replacing

3-years of ν run by ν̄ run shifts the χ2
min at δCP = 0◦ where the neutrino

contribution is higher and thus 7+3 becomes comparable to 10+0.

– For the case of -90◦-HO and neutrinos the CPV χ2 is a falling function of

θ13, and the minima comes at 0.109 while for 7+3 it comes at 0.106. The

neutrino contribution at sin2 θ13 = 0.106 being higher the overall χ2 for

7+3 becomes greater.

• Similarly, for true hierarchy IH, +90◦-LO and -90◦-HO are free from octant de-

generacy for neutrinos. But still the CP sensitivity for these cases are slightly

better for combined ν − ν̄ run (for both 7+3 and 5+5 case) as compared to pure

neutrino run. This happens because due to matter effects the Pµe is higher than

Pµe for IH (see Fig. 5.1). Thus addition of antineutrinos enhances the appearance

χ2.
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Figure 5.9: CPV χ2 for DUNE when hierarchy and octant are known.

In figure (5.9), we present the same plots as that of figure (5.8) but assuming the hier-

archy and octant to be known.

• Comparing with the plots in figure (5.8) we see that the CP sensitivity for -90◦-

LO is better for the 10+0 case, for both the hierarchies. In fact for -90◦-LO-

NH, 10+0 gives the best sensitivity if the octant is known. This establishes the

fact that, the antineutrino run was instrumental for removing the wrong octant

solutions.

• For +90◦-NH-HO although there is some improvement for the 10+0 case as com-

pared to the case of unknown octant, the CP sensitivity of 7+3 and 5+5 are still

better than 10+0. This implies that though octant is known, antineutrinos play

some role in enhancing the CP sensitivity.
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5.4.3 Percentage of antineutrino run

In this subsection, we discuss what antineutrino fraction can give maximum CPV dis-

covery. In the first and second panels of figure (5.10), we plot the percentage of ν̄ run

vs percentage of δCP values for which CP violation can be discovered at 3σ C.L. in

DUNE for four cases encompassing both hierarchies and octants. The first (second)

panel represent when octant and hierarchy are known (unknown). From both plots it

is seen that with dominant ν̄ or ν run a lesser CP fraction is reached. Overall 40% an-

tineutrino run seems to be optimum in all cases. Comparing these two plots it is seen

that when octant is known then greater percentage of CP fraction can be probed with

less antineutrino component. The maximum CP coverage can be achieved for IH-HO

and minimum for NH-HO.
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Figure 5.10: CPV discovery χ2 at 3σ C.L. in (% of δCP (True), % of ν̄-run) plane. Here, y-axis

represents the % of ν̄-run out of total 10 years of [ν + ν̄] run in DUNE.

In the third panel of figure (5.10) the same is plotted by combining NOνA and T2K

with DUNE. From the figure we can see that the percentage of δCP that can be probed

is enhanced in all cases. The curves are now much flatter implying that even with pure

neutrino or antineutrino runs considerable CP coverage can be obtained. This is due

to the contribution from NOνAand T2K. In figure (5.11) we show the dependence of

percentage of δCP that can be probed as a function θ23. This figure is drawn assuming

60% ν and 40% ν̄-run which is the optimal configuration as seen in figure (5.10). The

coverage of δCP for which CPV can be discovered at 3σ C.L. is better for IH. For NH

specially close to 45◦ the coverage is less due to the poor precision of θ23 as discussed
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earlier.
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Figure 5.11: CPV discovery χ2 at 3σ C.L. for DUNE[6+4] for all true θ23 when hierarchy and octant

are unknown.

5.5 Summary
In this chapter we perform a detailed investigation of the octant and δCP sensitivity of

the future generation superbeam experiment DUNE. We analyze in detail the physics

of the antineutrinos for the DUNE baseline and what kind of synergy can be offered by

the addition of antineutrinos to pure neutrino runs. We find that for the DUNE baseline

the addition of antineutrinos are helpful in general. This statement holds true even

when there may be some degeneracy associated with the antineutrino channel and one

expects the pure neutrino run to give the best results. This occurs because of opposing

tendencies of neutrino and antineutrino χ2s.

We consider two representative values of θ23 = 39◦, 51◦ to study the behaviour

of χ2 with δCP for both the hierarchies. We find that although for some δCP values

(3− 4)σ sensitivity can be achieved with only neutrino runs, overall adding antineutri-

nos is helpful. For a 7+3 year (ν + ν̄) run, close to 4σ sensitivity can be achieved over

all values of δCP . It is found that 7+3 and 5+5 runs do not give significantly different

results. We compute the χ2 as a function of true θ23 for maximum CPV. From this

study we find that with 7+3 years option octant degeneracy can be resolved at 3σ for

all the values of θ23 excepting the range 41.5◦ < θ23 < 49◦. Increasing the antineu-

trino component and making runtime 5+5 does not make any discernible difference to

the results. Finally we also study the octant sensitivity in the true(θ23 − δCP ) plane

which checks the validity of the conclusions drawn earlier over the whole parameter
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range. We find that including antineutrino runs, octant sensitivity can be obtained at

3σ excepting the range 43◦ < θ23 < 49◦ over the whole range δCP . In this case with

only the neutrino runs octant remains undetermined over a larger parameter space. We

also present the 3σ precision contours in the true θ23-test θ23 plane. These plots show

that adding antineutrino runs also help in obtaining improved precision on θ23.

We illustrate the results on the CPV discovery potential of DUNE emphasizing the

role played by the antineutrinos. The CP sensitivity of any long-baseline experiment

is affected by the occurrence of the wrong-hierarchy wrong-octant wrong-δCP solu-

tions. Since the antineutrinos help in removing these solutions, one of the main role

of the antineutrinos in enhancing CP sensitivity is to remove these wrong solutions.

We present results for cases where hierarchy and octant are unknown and known and

compare the role of the antineutrinos in both situations. We find that when octant is not

known then in parameter spaces where octant degeneracy is manifest the antineutrino

component increases CP sensitivity by removing wrong octant solutions. This is the

case for instance for LO, δCP ∼ −90◦ and HO, δCP ∼ +90◦ for both hierarchies.

However even when the octant is known the addition of antineutrinos can improve the

result because of the tension between the two χ2s which raises the overall χ2. The

contribution from the antineutrino channel is higher for IH since due to matter effects

the antineutrino probability is higher than the corresponding neutrino probability. We

have also explored how the addition of antineutrinos affects the fraction of δCP values

for which CP sensitivity can be probed at the 3σ level. We find that when the octant is

known, the same sensitivity can be achieved with a lesser fraction of antineutrinos for

both hierarchies. The maximum CP fraction is achieved for IH-LO. Overall the best

result comes with 60% neutrino and 40% antineutrino runs for all the four cases.

In this chapter, we have explored the role of antineutrinos in enhancing octant and

CP sensitivity for DUNE experiment. We emphasize on the importance of antineu-

trino runs in resolving octant degeneracy and increasing CP sensitivity. Although for

some specific parameters only neutrinos run can give 3σ octant sensitivity for a 10

kton detector mass of DUNE, overall a balanced neutrino-antineutrino run gives a bet-

ter sensitivity. For the case of δCP discovery also, in most of the parameter space,

antineutrinos play an important role due to synergistic effects between neutrinos and

antineutrinos even under the assumption that the octant is known.



Chapter 6

Flavor Antisymmetry in Neutrinos

“Science is a perception of the world around us.

Science is a place where what you find in nature pleases you.”

– S. Chandrasekhar

6.1 Introduction

Neutrino oscillations imply neutrinos have non-zero masses and mixing angles. Ear-

lier chapters were devoted to the study of neutrino oscillations, the presence of degen-

eracies in neutrino oscillation parameters and their possible resolutions using various

neutrino oscillation experiments. One also needs to construct theoretical frameworks

which can describe the observed values of neutrino masses and mixing angles and pre-

dict the unknown ones. Flavor symmetries provide a concrete framework to do this. In

this chapter, we illustrate a framework based on flavor antisymmetry from the theoret-

ical point of view to understand the neutrino mixing patterns. A systematic approach

based on flavor symmetries has evolved in last several years, see reviews [240–244] and

references therein. This is based on the observation that patterns of neutrino masses

and mixing is intimately linked to the residual symmetries of the neutrino and the

charged lepton mass matrices [245–247]. These residual symmetries of mass matrices

can be related to the full symmetry Gf of the underlying theory by assuming that the

former symmetries are contained in Gf . This provides a direct link between the group

theoretical structure of Gf and the observed mixing angles. This approach has been

used to predict various mixing patterns consistent with observations in large number

93
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of cases with many different discrete symmetry groups Gf [240–244, 248].

In the symmetry approach, the Majorana neutrino mass matrix Mν and the charged

lepton mass matrix Ml transform as

STνMνSν = Mν , (6.1.1)

T †l MlM
†
l Tl = MlM

†
l , (6.1.2)

where Sν and Tl are the symmetry matrices correspond to Mν and MlM
†
l respectively

contained in Gf . The matrices diagonalizing this symmetry matrices can be related to

the mixing matrices in each sector.

The above approach is also generalized to link both the mass and the mixing pat-

terns of neutrinos to some underlying symmetries. Three possible neutrino mass pat-

terns provide a good zeroeth order approximation to the observed neutrino mass spec-

trum, fully degenerate spectrum, quasi degenerate spectrum with two degenerate neu-

trinos and a spectrum with two massive and one massless neutrinos. A systematic

procedure is evolved to relate these patterns to underlying discrete symmetries. A gen-

eral analysis is presented for three classes of groups, the discrete von-Dyck groups in

the case of the degenerate and quasi degenerate spectrum [249], all possible discrete

subgroups of SU(3) having 3 dimensional irreducible representation in case of the

quasi degenerate neutrinos [250] and a large class of discrete subgroups of U(3) in

case of one massless neutrino [251–253] .

The basic assumption in the above approaches is that the underlying theory is in-

variant under some discrete group Gf but the Higgs vacuum expectation value (vev)

determining neutrino mass matrix Mν and the Hermitian combination of the charged

lepton mass matrix MlM
†
l remain invariant under smaller subgroups Gν and Gl of Gf .

The structure of these groups and their embedding in Gf is sufficient for the determi-

nation of mixing patterns without the knowledge of the detailed dynamics. A different

dynamical possibility is studied in Ref. [254]. Here it is assumed that the Higgs vac-

uum expectation values breaking flavor groupGf lead to a neutrino mass matrix which

displays antisymmetry. Specifically, Mν satisfies

STνMνSν = −Mν , (6.1.3)

for some subgroups Sν of Gf . This assumption was shown in Ref. [254] to constrain
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not just the mixing angles but also the neutrino mass spectrum which could be de-

termined purely from the group theoretical arguments. Detailed mixing and mass

patterns allowed within the discrete subgroups ∆(3N2) and ∆(6N2) and a specific

dynamical realization of the basic idea in case of the group A4 ≡ ∆(3.22) was dis-

cussed in Ref. [254]. Also it was shown in a specific example that the antisymmetry

of the mass matrix can arise from the minimization of some suitable potential. In

the present chapter, we pursue this idea further and apply it to the symmetry group

A5. We discuss the mass patterns and all the mixing patterns possible within A5 us-

ing the idea of flavor antisymmetry of the neutrino mass matrix. A5 has been used in

the past [255–257, 257–261] to predict the neutrino mixing patterns assuming flavor

symmetry. The mixing patterns predicted here are quite different compared to these

cases.

A detailed analysis of A5 also becomes interesting from a related point of view.

It was shown [262] that all the discrete subgroups of O(3) can lead to a universal

prediction of θ23 =
π

4
and |δ| =

π

2
when Gν is chosen as Z2 × Z2 or Zm and Gl

is chosen as Zn, m,n ≥ 3. As we will see, the same predictions also follow when

neutrino mass matrix possesses residual antisymmetry instead of symmetry.

The plan of the present chapter goes as : in next section (6.2), we demonstrate the

steps which relate mixing angles with symmetry groups. In section (6.3), we discuss

some of the properties of the group A5 relevant for our study. We introduce the idea

of flavor antisymmetry in section (6.4) and discuss its consequences. Section (6.5) is

devoted to a detailed discussion of various mixing patterns possible within the group

A5 under the assumption of the flavor antisymmetry. Section (6.6) discusses explicit

realization of the ideas discussed in the previous section. The last section (6.7) sum-

marizes the findings.

6.2 Relating Mixing Angles with Symmetry Groups

In this section we demonstrate the steps used in relating mixing angles to symmetry

groups G [245–247, 263–266]. Let Uν and Ul diagonalize the Majorana neutrino mass
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matrix Mν and the charged lepton mass matrix Ml respectively be defned as

UT
ν MνUν = diag(mν1 , mν2 , mν3) , (6.2.1)

U †lMlM
†
l Ul = diag(m2

e, m
2
µ, m

2
τ ). (6.2.2)

Assume that Mν (MlM
†
l ) is invariant under some set of discrete symmetries Sν (Tl):

STνMνSν = Mν and T †l MlM
†
l Tl = MlM

†
l , (6.2.3)

where Sν and Tl are the 3-dimensional representations of elements of some symme-

try group Gf . Also it is assumed that elements within Sν and Tl commute among

themselves. Let, Vν , Vl be unitary matrices which diagonalize Sν and Tl as :

V †ν SνVν = DS and V †l TlVl = DT , (6.2.4)

where DS and DT correspond to diagonal matrices. Eqs. (6.2.1, 6.2.3, 6.2.4) can be

used to show that [245–247, 263–266]

Uν = VνPν and Ul = VlPl , (6.2.5)

where Pl,ν are the diagonal phase matrices. Therefore, one can write:

U ≡ UPMNS = U †l Uν = P ∗l V
†
l VνPν . (6.2.6)

The structure of the matrices Vl,ν is thus determined by group theory. The equation

(6.2.6) provides a direct link between the mixing angles with the group symmetries.

6.3 A5 and Its Abelian Subgroups

Group theory of A5 is discussed in several papers [255–257, 257, 258, 267]. We sum-

marize here the features which we require for subsequent analysis. The A5 group has

60-elements and 5-conjugacy classes. The group can be represented in terms of three

generators H,E, f1,

H =
1

2


−1 µ− µ+

µ− µ+ −1

µ+ −1 µ−

 ; E =


0 1 0

0 0 1

1 0 0

 ; f1 =


1 0 0

0 −1 0

0 0 −1

 , (6.3.1)
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with µ± = (−1±
√

5)/2 which provides a faithful 3-dimensional irreducible represen-

tation ∗. The above equation defines the basis of the representation labeled as 31 and

we will refer to this basis as symmetry basis. Multiple products of these generate all

the sixty elements of A5. It is convenient for our purpose to discuss these elements in

terms of the Zn subgroups they form. We list them and their required properties below.

• Z2: 15 Z2 subgroups of A5 are generated by the elements:

O2 ≡ (fa, H, faHfa, EHE
−1, E−1HE,EfaHfaE

−1, E−1faHfaE) , (6.3.2)

where a = 1, 2, 3, f2 = E2f1E, f3 = E2f2E and f1 is given by equation (6.3.1).

One also needs the matrices which diagonalize the elements in O2 when Z2

is used as a residual symmetry. These get determined by a matrix VH which

diagonalizes H . Let VH be such matrix then

V †HHVH = diag(1,−1,−1) . (6.3.3)

Explicitly,

VH =


1

2
−
√

3

2
0

µ−
2

µ−

2
√

3

µ+√
3

µ+

2

µ+

2
√

3
−µ−√

3

 . (6.3.4)

The above VH is arbitrary upto a unitary rotation in the 2-3 plane. We shall

use the above explicit form for the subsequent analysis. We can express all the

elements of A5 in the form QPQ−1. This simplifies their diagonalization since

UQPQ−1 = QUP where, Ug diagonalizes the element g. Using this, the matrices

diagonalizing all the 15 elements in O2 can be expressed in terms of VH and are

given by the following set

U2 ≡ (I, VH , faVH , EVH , E
−1VH , EfaVH , E

−1faVH) . (6.3.5)

Respective entries of this set correspond to matrices which diagonalize the cor-

responding elements of O2.

∗Note that ‘faithful’ means that the identity element is the only element whose trace will be ‘d’ for

the d-dimensional representation.
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• Z2 × Z2 : Not all the fifteen elements in O2 commute among themselves. But

one can find five sets of three commuting elements among O2. These three

along with identity form a Z2 × Z2 subgroup of A5. These subgroups are listed

in Table 6.1. Since S1 and S2 in the table commute, they can be simultaneously

S1 S2 S3 Uc

f1 f3 f2 I

H E−1f2Hf2E Ef3Hf3E
−1 VHRµ

f1Hf1 E
−1f1Hf1E Ef1Hf1E

−1 f1VHRµ

f2Hf2 E
−1f3Hf3E EHE−1 f2VHRµ

f3Hf3 E−1HE Ef2Hf2E
−1 f3VHRµ

Table 6.1: Elements of the five Z2 × Z2 subgroups of A5 along with their combined diagonalizing

matrices Uc defined in the text. S1, S2, S3 together with identity form a Z2 × Z2 subgroup of A5.

diagonalized by a matrix Uc. We shall define Uc as

U †cS1Uc = f1 = diag(1,−1,−1) ,

U †cS2Uc = f3 = diag(−1,−1, 1) . (6.3.6)

The same matrix Uc also puts S3 = S1S2 into a diagonal form f2. As before,

the matrix Uc can also be expressed in terms of VH diagonalizing H and a real

rotation Rµ in the 23 plane

Rµ =


1 0 0

0 − sin θµ cos θµ

0 cos θµ sin θµ

 , (6.3.7)

where tan θµ = µ− − 1 . Uc for all five subgroups are given in table 6.1.

• Z3 subgroups: The 20 elements generating Z3 subgroups of A5 are given by the

set

O3 = (Em, faE
mfa, A

m, EAmE−1, E−1AmE,AEmA−1, Af2,3E
mf2,3A

−1) .

(6.3.8)
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m = 1, 2,a = 1, 2, 3 and the matrix A ≡ Hf1. The matrices diagonalizing these

elements can be expressed in terms of the matrices Uω and UA which diagonalize

E and A respectively:

U3 = (Uω, faUω, UA, EUA, E
−1UA, AUω, Af2,3Uω) . (6.3.9)

Uω is given by

Uω =
1√
3


1 1 1

1 ω ω2

1 ω2 ω

 , (6.3.10)

ω = e
2πi
3 and UA can be found in the Appendix of the reference [262].

• Z5 subgroups: There are 24 different Z5 subgroups within A5. Their generating

elements can be expressed in terms of T ≡ f1EH , E and f1,2,3 as follows:

O5 = (T p, f2T
Pf2, ET

pE−1, E−1T pE,Ef2T
pf2E

−1, E−1f2T
pf2E) ,

(6.3.11)

where p = 1, 2, 3, 4. This set is diagonalized by

U5 = (UT , f2UT , EUT , E
−1UT , Ef2UT , E

−1f2UT ) , (6.3.12)

where UT is a matrix diagonalizing T . Its explicit form is given in the Appendix

of [262].

The elements in the sets O2,3,5 along with the identity constitute all the sixty elements

of A5. We note that all the matrices diagonalizing set O3 and O5 possess the following

general form as explicitly shown in Ref. [262].

U =


x1 z1 z∗1

x2 z2 z∗2

x3 z3 z∗3

 , (6.3.13)

where x1, x2, x3 are real. We shall use this form to derive properties of the mixing

matrix in the following.
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6.4 Flavor Antisymmetry and Neutrino Mass Textures

We first briefly review the implications of the assumption of the flavor antisymme-

try [254] represented by equation (6.1.3) where Sν is assumed to be any 3 × 3 matrix

belonging to a discrete subgroup of SU(3). The very assumption of flavor antisymme-

try implies that (at least) one of the neutrinos remains massless. This simply follows

by taking the determinant of equation (6.1.3) and noting that Det(Sν) = 1. Other

implications of equation (6.1.3) become clear in a basis with diagonal Sν . Let Sν be

diagonalized by a unitary matrix VSν as :

V †SνSνVSν = DS ≡ diag(λ1, λ2, λ3) , (6.4.1)

with λ1λ2λ3 = 1. Unitarity of Sν implies that λ1,2,3 are some roots of unity. It was

argued [254] that only two possible forms of DS can lead to a neutrino mass matrix

with two massive neutrinos. These are given by

D1S = diag(λ,−λ∗,−1) ,

D2S = diag(±i,∓i, 1) , (6.4.2)

and their permutations. λ2p = 1 for some integer p†. The group generated by the

residual symmetry Sν having diagonal form D1S (D2S) is Z2p(Z4). Define

M̃ν = V T
SνMνVSν . (6.4.3)

With this definition, equation (6.1.3) can be written as

(M̃ν)ij(1 + λiλj) = 0 (6.4.4)

where i,j are not summed.

Then the allowed textures of M̃ν get determined by the allowed forms of DS . There

exists only four allowed textures for M̃ν which correspond to one massless and a de-

generate or non-degenerate pair of neutrinos. Equation (6.4.4) determines the forms

of M̃ν . Let us start the discussion by considering one of the off-diagonal terms of

M̃ν 6= 0. In this case, we will have three possibilities,
†Note that equation (6.1.3) requires that S2p

ν = 1 ifMν is not identically zero and Sν has finite order.

This translates to λ2p = 1.
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• For λ = 1, D1S = diag(1, − 1, − 1):

M̃ν = m0


0 cν sνe

iβν

cν 0 0

sνe
iβν 0 0

 , (6.4.5)

where cν = cos θν , sν = sin θν . This structure of M̃ν describes a massless and a

degenerate pair of neutrinos.

• For λ = ±i, D1S = diag(±i, ± i, − 1):

M̃ν =


x1 y 0

y x2 0

0 0 0

 , (6.4.6)

This form of M̃ν describes a massless and two non-degenerate pair of neutrinos.

• For λ 6= ±1,±i, D1S = diag(λ, − λ∗, − 1):

M̃ν = m0


0 1 0

1 0 0

0 0 0

 , (6.4.7)

This describes a massless and a degenerate pair of neutrinos ‡.

• Let us discuss the case by considering a diagonal terms of M̃ν 6= 0 (say (M̃ν)11 6=
0). This implies DS = diag(±i, λ̃, ∓ iλ̃∗) with |λ̃| = 1. We notice that the

case with λ̃ = ±i gives D1S which is already discussed. λ̃ = ∓i implies the

condition D2S of equation (6.4.2). This gives a new structure,

For λ̃ = ∓i, DS = diag(i, − i, 1):

M̃ν = m0


x1 0 0

0 x2 0

0 0 0

 , (6.4.8)

This texture describes a massless and a non-degenerate pair of neutrinos.

For λ̃ = ±1 one gets permutation of D1S or D2S whereas λ̃ 6= ±1, ± i gives

two massless neutrinos.
‡Note that we will have only these three forms of M̃ν , permutation of the elements of D1S will not

give any new structures of M̃ν .
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Thus the condition given by equation (6.4.2) and its all possible permutations give

all possible textures of M̃ν which are consistent with flavor antisymmetry as given

by eqaution (6.1.3). But in our study we observe that only the case given in equa-

tion (6.4.5) gets realized in A5.

6.4.1 The allowed residual symmetries in A5

We now discuss possible residual symmetries of the leptonic mass matrices within A5

and the resulting mixing patterns. The choices of residual antisymmetry of Mν within

A5 are restricted. These can be obtained simply from the characters χ of all the sixty

elements. χ is real for all the elements. In this case, the eigenvalues of any element are

given by

(1,
1

2

(
χ− 1 +

√
(χ− 1)2 − 4

)
,
1

2

(
χ− 1−

√
(χ− 1)2 − 4

)
) . (6.4.9)

These eigenvalues must have the form displayed in one of the two equations given in

(6.4.2) in order for an element with character χ to be able to be a viable antisymmetry

operator. Elements belonging to Z3 and Z5 subgroups have χ = 0 and (−µ+,−µ−).

Their eigenvalues following from above do not have these forms. Thus only viable

choice for the antisymmetry operator Sν can be any element in the set O2 having

character -1 and eigenvalues (1,−1,−1). We shall require that at least one of the

symmetries of Mν acts according to equation (6.1.3). We will thus consider two possi-

ble choices of the residual neutrino symmetries (1) Sν = Z2 as antisymmetry and (2)

Sν = Z2×Z2 where one of the Z2 transformsMν into it’s negative and the other leaves

it invariant. In contrast, the eigenvalues of the residual symmetry of MlM
†
l is not re-

stricted and we can take any of the Zn of A5 as the residual symmetry Tl. We shall

consider the following choices for Tl (a) (Z3, Z5) groups generated by (O3, O5) (b)

five Z2 × Z2 subgroups or (c) elements of the Z2 subgroups contained in O2. Possible

choices of Sν and Tl determine the leptonic mixing matrix.

Elements in O2 when used as antisymmetry operator lead to a unique form for the

neutrino mass matrix M̃ν given in equation (6.4.5). This texture describes a pair of

degenerate and one massless neutrino. Residual antisymmetry in this case is Z2. The
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neutrino mass matrix in equation (6.4.5) can be diagonalized by a matrix Vν :

V T
ν M̃νVν = diag(m0,m0, 0) (6.4.10)

where,

Vν =


1√
2

− i√
2

0

cν√
2

icν√
2

−sν
sν√

2
e−iβν

isν√
2
e−iβν cνe

−iβν




cosψ − sinψ 0

sinψ cosψ 0

0 0 1

 . (6.4.11)

The arbitrary rotation by an angle ψ originates due to degeneracy in masses. It follows

from equations (6.4.3,6.4.10) that the matrix Mν is diagonalized by the product VSνVν .

Thus the neutrino mixing matrix with the residual antisymmetry Z2 in the symmetry

basis is given by

U I
ν = VSνVν . (6.4.12)

Note that the U I
ν gets determined by the structure of Sν and essentially two unknown

angles θν and βν . The unknowns can be fixed if the residual symmetry is chosen as

Z2 × Z2. Consider the Z2 × Z2 groups generated by S1ν = S1 and S2ν = S2 where

S1, S2 are as in table 6.1. They satisfy

ST1 MνS1 = −Mν ; ST2 MνS2 = Mν . (6.4.13)

As discussed in the previous section, both S1 and S2 are diagonalized by Uc as

given in table 6.1. The structure of the neutrino mass matrix in this case becomes

transparent in the basis with diagonal S1, S2 Let

M ′
ν = UT

c MνUc . (6.4.14)

Equation (6.4.13) reduces in the prime basis to

fT1 M
′
νf1 = −M ′

ν , fT3 M
′
νf3 = M ′

ν . (6.4.15)

The first of this equation implies the form (6.4.5) for M ′
ν . The second imposed on this

then leads to the restriction sν = 0, cν = 1. The final M ′
ν is determined by an overall

scale m0 and is diagonalized by U12 ≡ R12(
π

4
)diag(1, i, 1). It follows from this and

equation (6.4.14) that Mν is diagonalized by

U II
ν = UcU12 = UcR12(

π

4
)diag(1, i, 1) . (6.4.16)
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The matrix Ul diagonalizing MlM
†
l also gets determined by its symmetry. Assume

that

T †l MlM
†
l Tl = MlM

†
l . (6.4.17)

This implies that Tl commutes with MlM
†
l . Hence the matrix UTl diagonalizing Tl can

be taken to be the matrix which diagonalizes MlM
†
l also. Three possible choices of Tl

referred as (a),(b),(c) above lead to specific forms of Ul:

Ua
l = U3,5 ,

U b
l = Uc ,

U c
l = U2U23 . (6.4.18)

Here, U3,5 are given by any matrix in the set, U3 , equation (6.3.9) and U5 , equa-

tion (6.3.12) when Tl belongs to O3 or O5 respectively. Uc is given in Table 6.1 for Tl

belonging to Z2×Z2. There is some arbitrariness in the choice of Ul when Tl is chosen

as any of the element O2 forming a Z2. These elements have eigenvalues (1,−1,−1)

and matrix diagonalizing Tl is arbitrary up to a unitary rotation in the 23 plane. This

rotation can be taken without the loss of generality to U23 ≡ diag(1, 1, eiβl)R23(θl).

Various combinations of Ua,b,c
l and U I,II

ν give all possible U ≡ U †l Uν in A5.

6.5 Mixing Patterns in A5

As discussed, all possible structure of the PMNS matrix U in A5 with flavor antisym-

metry are given by

U ∼ U †a,b,cl U I,II
ν . (6.5.1)

Not all of these give viable mixing pattern for neutrinos as we will show. Before

discussing individual choices, we first derive a fairly general property of the mixing

matrix with flavor antisymmetry. If (a) the neutrino mass matrix shows flavor anti-

symmetry equation (6.1.3), with S2
ν = 1 and a real mixing matrix Vν or (b) if it has

residual symmetry structure Z2 × Z2 as in equation (6.4.13) and if the charged lep-

ton matrix MlM
†
l is invariant under a residual symmetry Z3 or Z5 within A5 then the

mixing matrix can be chosen to have the property

|Uµi| = |Uτi| , (i = 1, 2, 3) . (6.5.2)
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This property known as the µ−τ reflection symmetry [268] or generalized µ-τ symme-

try was derived [269] using a generalized definition of CP. The same result was derived

from more general assumptions in case of the non-degenerate neutrinos [262, 270] as

well as for a pair of degenerate neutrinos [249, 262]. The basic assumption in these

cases was the existence of a real residual symmetry. The same result also follows

when the symmetry is replaced by antisymmetry as we discuss below.

The equality |Uµ3| = |Uτ3| implies atmospheric mixing angle to be maximal. The

equality |Uµ2| = |Uτ2| then leads to the maximal CP phase |δ| =
π

2
if neutrinos are

non-degenerate and s13 6= 0. For the degenerate solar pair, the first two columns

of U depend on an unknown mixing angle ψ as given in equation (6.4.11). But by

considering ψ invariant combination of the observables, it was argued [249] that one

instead gets |δ − κ| = π

2
where κ is the Majorana phase.

The proof of equation (6.5.2) is straightforward and follows the proof given in [262]

in case of the flavor symmetry. Assume that neutrino mass matrix M̃ν has the structure

(6.4.5) with βν = 0. Then it is diagonalized by U I
ν = U2Vν . Here U2 belonging to the

set U2 is real. For βν = 0, one therefore gets U I
ν = OνP , with Oν being a real

orthogonal matrix and P = diag.(1, i, 1). A similar structure of Uν also holds in case

II with Z2×Z2 symmetry since in this case, the neutrino mixing matrix Uν is given by

U II
ν , equation (6.4.16) which also can be written as an orthogonal matrix times a phase

matrix because of the reality of Uc. The charged lepton mixing matrix on the other

hand has a general structure specified by equation (6.3.13) when the residual charge

lepton symmetry is either Z3 or Z5. It is then easy to see that Ul as in equation (6.3.13)

and Uν as Oν times a diagonal phase matrix leads to equation (6.5.2). This result does

not follow when the residual symmetry of the charged leptons is Z2 or Z2 × Z2 since

in this case Ul does not have the form given in equation (6.3.13).

Let us now discuss individual choices of residual symmetries and their viability or

otherwise. We will work out various mixing patterns for different choices and confront

them with the results of the global fits as given in [223, 271, 272]. For definiteness,

we shall use the results given in [272]. The structures of U I,II appearing in equa-

tion (6.5.1) are determined only up to a rotation in the 12 plane and the solar angle

remains undetermined at the leading order. The third column of U is however inde-
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pendent of the unknown angle and can be predicted group theoretically at the zeroth

order. We shall thus concentrate on the prediction of θ13 and θ23 determined by the

third column of |U |. Also, the ordering of eigenvalues of Tl cannot be determined

group theoretically. Change in this ordering permutes the rows of U . Thus any of the

entries of the third column |Ui3| may be identified with the physical mixing elements

|Uα3| (α = e, µ, τ). In view of this, we shall consider different orderings which can

give viable mixing patterns.

6.5.1 Sν = Z2 and Tl = Z3 or Z5

There are 15 different choices of Z2 and 20+24 choices of the Z3 + Z5 symmetry

within A5. Specific forms of Ul and Uν as discussed before can be used to obtain |Ui3|
in all these cases. They are determined by the unknown angles θν and βν . While the

dependence of |Ui3| on these are different for different choices of residual symmetries

all the choices share the following features

• If βν = 0 then equation (6.3.13) holds for the specific ordering of eigenvectors

of Tl as given in equation (6.5.2). The atmospheric mixing angle is predicted to

be maximal for all the values of θν . In this case, |Ue3| is to be identified with the

13 element of |U | since |U23| = |U33|. In all these cases, |Ue3| depends on θν

which can be chosen to obtain the correct s2
13.

• If βν 6= 0 then any of |Ui3| can be identified with |Ue3|. It is possible in this

case to choose two unknowns θν and βν to obtain correct θ13 and θ23. Let us

discuss a specific example with Sν = E2f1Hf1E and Tl = E as illustration.

They respectively generate Z2 antisymmetry in Mν and Z3 symmetry in MlM
†
l .

The mixing matrix is given by U = U †ωE
2f1VHVν with VH as in equation (6.3.4)

and Uω as in (6.3.10). The third column of the mixing matrix is then given by

|U13|2 =
1

9
|cν(1 + 2µ+)− sνeiβν |2 ,

|U23|2 =
1

36
| − 2cν(1− ωµ+) + sνe

iβν (µ+ + 3ω + ω2µ−)|2 ,

|U33|2 =
1

36
| − 2cν(1− ω2µ+) + sνe

iβν (µ+ + 3ω2 + ωµ−)|2 . (6.5.3)

For βν = 0, one gets |U23|2 = |U33|2 in accordance with the general result
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discussed above. In this case, identification of |U13|2 with |Ue3|2 leads to the

result θ23 =
π

4
. θν = 0.959 then leads to s2

13 ∼ 0.024. Any of |Ui3|2 can be

identified with |Ue3|2 when βν is non-zero, e.g. the choice βν = −1.076, θν =

−0.801 leads to |Ui3|2 = (0.444, 0.024, 0.532). In this case, |U23|2 plays the role

of |Ue3|2. This specific ordering in U can be obtained by exchanging the first and

the second column of Uω.

6.5.2 Sν = Z2 × Z2 and Tl = Z3 or Z5

In this case, Sν can be chosen in five different ways corresponding to five different

Z2 × Z2 subgroups. The corresponding neutrino mixing matrix Uν is given by equa-

tion (6.4.16). As before Tl can be chosen in 44 different ways with Ul either in U3

or U5. Unlike in the previous case, both Uν and Ul get completely fixed group the-

oretically. This case also predicts the maximal atmospheric mixing angle as already

outlined. Possible values of θ13 are also fixed. Explicit evaluation of various cases

reveal that in all the cases one either gets θ13 = 0 or s2
13 > 0.1. The zero value for

θ13 occurs for example when S1 = H,S2 = E2f2Hf2E and Tl = f3Ef3. One would

require relatively large perturbations in this case to get θ13 within its 3σ range.

6.5.3 Sν = Z2 × Z2 and Tl = Z2

This case is characterized by completely determinedUν = U II
ν andUl = U c

l containing

two unknowns θl, βl. The explicit form of U c
l is given in equation (6.4.18) while Uc

can be any of the five forms given in table 6.1. Ul in this case does not have the general

form given in equation (6.3.13). As a result, one does not obtain equation (6.5.2)

corresponding to the µ-τ reflection symmetry and the atmospheric mixing angle is not

predicted to be maximal. But this case has the following interesting feature. Explicit

evaluation of U = U c†
l U

II
ν reveals that one of the entries in the third column of U is

independent of the unknown angles θl, βl and can be predicted group theoretically. The

third column of the mixing matrix U in this case is given by

|U13|2 = |(U †TlU
II
ν )13|2 ,

|U23|2 = |cl(U †TlU
II
ν )23 + sle

−iβl(U †TlU
II
ν )33|2 ,

|U33|2 = | − sl(U †TlU
II
ν )23 + cle

−iβl(U †TlU
II
ν )33|2 (6.5.4)
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where Tl belongs to the set O2 and UTl to U2. We get interesting pattern when we

identify Tl with S1ν = S1 residing in Z2×Z2. There exists five such choices and in all

these cases, the mixing matrix U is independent of the explicit form of UTl . One gets

from equation (6.4.16) and equation (6.4.18)

U = U †23RµR12(
π

4
)diag.(1, i, 1) .

The neutrino mass matrix Mνf ≡ UT
l MνUl in the flavor basis has the following form

in this case:

Mνf = m0


0 eiβlcµsl − clsµ eiβlclcµ + slsµ

eiβlcµsl − clsµ 0 0

eiβlclcµ + slsµ 0 0

 , (6.5.5)

where cl = cos θl, cµ = cos θµ... etc. This form can be obtained by imposing Le−Lµ−
Lτ symmetry on Mνf as has been done in the past. Here, this symmetry arises as an

effective symmetry ofMνf from a very different set of basic symmetries. This symme-

try leads to a degenerate pair of neutrinos and vanishing θ13. The atmospheric mixing

angle is determined as sin2 θ23 = |eiβlclcµ + slsµ|2. Perturbations to this symmetry

have been studied in the past [273–275]. It is possible to simultaneously generate the

correct solar scale, solar angle and θ13 with suitable but relatively large perturbations.

Consider perturbing the zero entries in equation (6.5.5) by,

δMνf = m0


ε1 0 0

0 ε2 ε4

0 ε4 ε3

 . (6.5.6)

Parameters |ε| are assumed less than the dominant entry of Mνf . We give here one

example of perturbations which reproduces the observed spectrum within 3σ:

{ε1, ε2, ε3, ε4} = {−0.284497, 0.284497,−0.0748816, 0.182915} (6.5.7)

leading to

{ ∆m2
sol

∆m2
atm

, s2
12, s

2
13, s

2
23} = {0.0339706, 0.358739, 0.0243674, 0.443736} . (6.5.8)

We have taken βl = 0 and cos(θl− θµ) ≈ −0.69. The values of parameters required to

get above values is quite large and the solar angle is also near to it’s 3σ limit. We have
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verified by randomly varying the parameters over a large range that this is a general

feature of this case. Relatively large perturbation to the basic symmetry may come

from some soft breaking as discussed for example in [275].

We get a non-zero |U13|2 when Tl is not identified with S1. One could determine

these values for different choices of Tl. The predicted |U13|2 is found from the explicit

evaluation of various cases to take one of the three values (0.095, 0.25, 0.65). Of

these, only the last value provides a good leading order prediction. |U13|2 ∼ 0.65 can

be identified in this case either with |Uµ3|2 or |Uτ3|2 as this gives s2
23 close to its 3σ

range 0.38 − 0.64. [272]. This amounts to reordering of the eigenvectors of Tl. An

example of this choice is provided by S1 = f3Hf3, S2 = E−1HE and Tl = f1Hf1.

|Ui3|2 are given in this case by

|U13|2 =
1

4
(2 + µ+) ≈ 0.654 ,

|U23|2 =
|µ+cl + 2(1 + µ+)sle

−iβl |2
12(2 + µ+)

,

|U33|2 =
| − µ+sl + 2(1 + µ+)cle

−iβl |2
12(2 + µ+)

, (6.5.9)

One could identify either the second or the third entries with s2
13 and determine θl

accordingly, e.g. θl ∼ 1.6488, βl = 0 leads to s2
13 ≡ |U33|2 ∼ 0.024 giving s2

23c
2
13 ≡

|U13|2 ∼ 0.654. The resulting sin2 θ23 is given by 0.67. Small perturbation to this case

can lead to θ23 within 3σ range and also split the degeneracy.

6.5.4 Sν = Z2 and Tl = Z2 × Z2

In this case, the Z2 can be generated by any of the fifteen elements in O2 while Tl

is generated by T1l ≡ S1 and T2l ≡ S2, where S1, S2 form any of the five Z2 ×
Z2 subgroups listed in table 6.1. The PMNS matrix in this case is given by U =

U b†
l USνVν . Just as in the previous case, the atmospheric mixing angle is not predicted

to be maximal but now unlike it, both the angles s2
13 and s2

23 depend on the unknown

parameters θν , βν . Not all the choices of the residual symmetries leads to a viable

values of θ13, θ23 in spite of the presence of the two unknowns. We determine the

allowed patterns by fitting θν , βν to the observed values of θ13, θ23. This allows us to

identify cases which provide viable patterns of the mixing angles. One finds essentially
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three patterns this way. Examples of the residual symmetries, the patterns and best fit

values of θν , βν in each of these cases are listed below.

Sν = f3Hf3 : θν = 1.42417, βν = 1.84521, s2
13 = 0.024, s2

23 = 0.455,

Sν = f2Hf2 : θν = −0.487, βν = 0, s2
13 = 0.0244, s2

23 = 0.676 ,

Sν = H : θν = −0.6716, βν = −1.1620, s2
13 = 0, s2

23 = 0.455 . (6.5.10)

All the above cases occur for the choice T1l = H and T2l = E−1f2Hf2E. Similar

results follow for different choices of Z2 × Z2 as Tl but with alternative choices of Sν .

The first case given above reproduces the observed values of the mixing angles θ13, θ23.

The second choice gives a θ23 on the verge of its 3σ value but correct s2
13. Thus small

perturbation to this case can lead to a viable pattern. The third choice corresponding

to s2
13 = 0 would need significant corrections from the perturbations and is analogous

to the case already discussed in section (IIIC).

6.5.5 Sν = Z2 × Z2 and Tl = Z2 × Z2

In this case, the residual symmetries of neutrinos and the charged leptons correspond

to (different) Z2×Z2 groups. Due to the presence of two Z2 groups, there are no unde-

termined parameters and the mixing angles θ13, θ23 get predicted group theoretically.

Since we have five different Z2 × Z2 subgroups, there are twenty different choices

which would lead to a non-trivial mixing matrix U . None of these correspond to even

a good zeroeth order values. The predicted third column of |U |2 in all these cases is

|Ui3|2 = (0.0954915, 0.25, 0.654508)T . (6.5.11)

and its permutations. These predictions are quite far from the observed mixing angles.

6.6 Explicit Realization with A5 × Z3 Symmetry

In this section we discuss a realization of the above group theoretical discussion choos-

ing specific examples of Sν and Tl. We discuss the necessary Higgs fields and vacuum

structure needed to implement above the symmetries. Implementation of antisymme-

try needs imposition of an additional discrete symmetry which we choose as Z3. We

use supersymmetry as the basic ingredient.
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Irreducible representations (IR) of A5 are : 1 + 31 + 32 + 4 + 5 where 31 and 32

are non-equivalent IR. We assign lL, lc to 31 which is explicitly generated by E,H, f1

given in equation (6.3.1). It follows from the product rule

31 × 31 = (1 + 5)symm + 3antisym

that the symmetric neutrino mass matrix can arise from 1 + 5 and the charged lepton

masses can arise from all three IR. The neutrino masses are generated from a 5-plet

η5ν of flavon. Various fields transform under Z3 as

(lL, ην)→ ω(lL, η5ν) , lc → ω2lc .

The standard Higgs fields Hu, Hd and Higgs triplet ∆ are singlets of A5 × Z3.

The neutrino masses are generated from the following superpotential using the

type-II seesaw mechanism:

Wν =
1

2Λ
(lL∆lL)5h5νη5ν . (6.6.1)

Note that the singlet term (lL∆lL)1 allowed by A5 is prevented above due to the Z3

symmetry. The charged lepton masses are generated by three additional flavons, a

singlet η1l, a 5-plet η5l and a 3-plet η3l all transforming trivially under Z3. The relevant

superpotential is

Wl =
1

Λ
[hsl(lLHdl

c)1η1l + h5l(lLHdl
c)5η5l + h3l(lLHdl

c)3η3l] . (6.6.2)

The Z3 symmetry separates the neutrino and the charged lepton sectors and does not

allow flavons of one sector to couple to the other sector at the leading order.

We specialize to a particular choice of symmetries already discussed in section

(IIIA). This corresponds to Tl = E and Sν = E2f1Hf1E. The above Sν can serve

as an antisymmetry of the neutrino mass matrix if the 5-plet η5ν has antisymmetric

vacuum expectation value:

Sν(5) 〈η〉5ν = −〈η〉5ν . (6.6.3)

Sν(5) in equation (6.6.3) corresponds to the five dimensional representation of Sν . This

representation can be obtained from the basic generators defined as a, b, c in [258] by
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noting the correspondence E = b, f3 = a and H = bc. This leads to

Sν(5) =



1

2
0 −1

2

1

2
√

2

√
3
2

2

0
1

2
−1

2
− 1√

2
0

−1

2
−1

2
0 − 1

2
√

2

√
3
2

2
1

2
√

2
− 1√

2
− 1

2
√

2
−1

4
−
√

3

4√
3
2

2
0

√
3
2

2
−
√

3

4

1

4


. (6.6.4)

Antisymmetry of 〈η5ν〉 together with A5 symmetry in Wν results in the flavor anti-

symmetric mass matrix. It is worth noting that unlike in the case of symmetry, equa-

tion (6.6.3) breaks the symmetry Sν completely and it does not remain as a residual

symmetry. But just as in the case with symmetry, a broken solution given in equa-

tion (6.6.3) may also arise from the minimization of suitable superpotential but would

need enlargement in the model. This is explicitly demonstrated [254] in a simpler case

of the group A4.

Denoting the vev 〈η5ν〉 as (s1, s2, s3, s4, s5)T , equation (6.6.3) is solved for

s2 = s3 − s1 , s4 =
√

2s3 −
3s1√

2
, s5 = −

√
3

2
s1 . (6.6.5)

Inserting this solution in equation (6.6.1), we get the neutrino mass matrix

M0
ν = m0


−3 +

√
5 + y(1−

√
5)

2
√

2

1√
2

y√
2

1√
2

−2
√

5 + y(1 +
√

5)

2
√

2

y − 1√
2

y√
2

y − 1√
2

3 +
√

5− 2y

2
√

2

, (6.6.6)

which satisfies the flavor antisymmetry, equation (6.1.3) with respect to Sν = E2f1Hf1E.

This matrix has only one complex parameter y ≡ s3

s1

apart from an overall scale. In

particular, M̃ν ≡ V T
SνMνVSν has the form given in equation (6.4.5) with

tan θν e
iβν = −

1 + µ+
s3
s1

(µ+ − µ−) + µ−
s3
s1

, (6.6.7)

where VSν = E2f1VH diagonalizes Sν = E2f1Hf1E. The neutrino mixing matrix

is then given by Uν = E2f1VHVν with Vν as given in equation (6.4.11) and θν , βν
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given by equation (6.6.7) in terms of
s3

s1

. The charged lepton mixing matrix is analo-

gously determined by the form ofMl obtained fromWl. Wl and the residual symmetry

Tl = E coincide with the one already discussed in [262]. The Tl invariant vacuum

configuration discussed in [262] leads to the following charged lepton mass matrix

Ml =


m0 m1 −m2 m1 +m2

m1 +m2 m0 m1 −m2

m1 −m2 m1 +m2 m0

 , (6.6.8)

wherem0,1,2 respectively label the singlet, triplet and 5-plet contributions toMl. MlM
†
l

is diagonalized by the matrix (6.3.10) which also diagonalizes Tl :

U †ωMlM
†
l Uω = diag(m2

1,m
2
2,m

2
3)

with eigenvalues

λ2
1 = m2

0 + 4|m1|2 + 4m1Rm0 ,

λ2
2 = m2

0 + |m1|2 + 3|m2|2 + 2
√

3 Im(m1m
∗
2)− 2m0(m1R +

√
3m2I) ,

λ2
3 = m2

0 + |m1|2 + 3|m2|2 − 2
√

3 Im(m1m
∗
2)− 2m0(m1R −

√
3m2I) (6.6.9)

Here, m1R,2R and m1I,2I respectively denote the real and imaginary parts of m1,2. m0

is assumed real without loss of generality.

The identification of eigenvalues λ2
1,2,3 with the physical charged lepton masses

m2
e,µ,τ depends on the choice of parameters m0,1,2. In particular, one can choose these

parameters in a way that gives λ2
2 = m2

e ,λ2
1 = m2

µ and λ2
3 = m2

τ . With this identifica-

tion,

Ul =
1√
3


1 1 1

ω 1 ω2

ω2 1 ω

 . (6.6.10)

This Ul together with Uν = E2f1VHVν gives the mixing matrix U which is already

worked out in equation (6.5.3). The above form of Ul leads to the identification

|U23|2 = s2
13 , |U13|2 = c2

13s
2
23. Values of θν , βν giving correct s2

13, s
2
23 were already

determined in section IIIA. This translates to the following values of the model param-

eter
s3

s1

when equation (6.6.7) is used :

s3

s1

≈ 0.9979 exp(−i 0.7181) . (6.6.11)
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Non-zero neutrino masses remain degenerate at the leading order. They can be split

and the solar angle can be determined by perturbations which break antisymmetry at

the non-leading order. A simple perturbation can be generated by introducing a singlet

flavon η1ν transforming as η1ν → ω2η1ν under Z3. This flavon leads to a non-leading

term
h1ν

2Λ2
(ll∆lL)1η

2
1ν

in Wν . This generates a diagonal perturbation which can be parameterized as

Mν = m0(M̂0
ν + εI)

with M̂0
ν ≡

M0
ν

m0

and |ε| << 1. This simple perturbation is enough to generate

the solar splitting without disturbing the zeroeth order values of s2
13, s

2
23 significantly.

One could vary
s3

s1

around the zeroeth order value determined in equation (6.6.11)

and find the region of parameters which fits the data with |ε| < 0.1. This proce-

dure leads to a solution close to the best fit values of all parameters. For example,
s3

s1

= 1.00019 exp(−i 0.711498) and ε = 0.0168241 leads to

sin2 θ12 = 0.295455 , sin2 θ13 = 0.0235172 ,

sin2 θ23 = 0.449634 ,
∆m2

sol

∆m2
atm

= 0.0285398 . (6.6.12)

6.7 Summary
In this chapter, we have studed the consequences of an ansatz of flavor antisymmetry in

the context of the flavor group A5 assuming that Sν in equation (6.1.3) and Tl in equa-

tion (6.4.17) are contained in the group A5. These assumptions constrain the mixing

patterns which we have determined in various cases. The use of flavor antisymmetry

in the context of the A5 group necessarily leads to a degenerate pair of neutrinos in ad-

dition to a massless one. This is a good zeroeth order prediction. Small perturbations

splitting the degeneracy can lead to a viable neutrino masses. The predicted neutrino

mass hierarchy is inverted.

We have considered discrete subgroups Z2 and Z2 × Z2 of A5 as residual symme-

tries of Mν and discrete groups Z3, Z5, Z2 and Z2×Z2 contained in A5 as symmetries
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of MlM
†
l and worked out the resulting mixing patterns at the leading order in all the

cases. The third column of the mixing matrix and hence the angles θ13, θ23 get deter-

mined at this order. Various predictions discussed in section (6.5) can be summarized

as follows :

• It is possible to get a universal prediction of the maximal atmospheric mixing

angle with the choice Sν as Z2 or Z2 × Z2 and Tl as any element in Z3, Z5. For

Sν = Z2, one can also get the correct θ13 at the leading order while the case of

Sν = Z2 × Z2 predicts either θ13 = 0 or large s2
13 ≥ 0.1.

• The case Tl = Z2 and Sν = Z2 × Z2 does not predict maximal θ23 but can

be used to predict one of the entries of the third column. The other entry gets

determined by an unknown angle inherent with the use of the Z2 groups. The

viable predictions within this case are either θ13 = 0 or s2
23c

2
13 = 0.65. The

former requires large perturbation and we have presented a typical set of such

perturbation which lead to correct description of masses and mixing angles.

• The case Sν = Z2 and Tl = Z2 × Z2 involves an unknown angle and a phase.

Not all possible choices of Sν , Tl in this category can lead to correct mixing in

spite of the presence of two unknowns. We have identified cases which lead to

the correct description of the mixing angles θ13, θ23.

• The case of both Sν and Tl belonging to different Z2 × Z2 subgroups of A5 is

fully predictive without any unknowns. But none of the possible cases within

this category lead even to a good zeroeth order prediction.

We have supplemented the group theoretical predictions of neutrino mixing an-

gles and mass patterns using the hypothesis of flavour antisymmetry in the context

of the discrete subgroup A5 of SO(3). We have determined the Higgs content and

the required vacuum pattern which realizes one of the viable cases discussed group

theoretically. The use of a concrete model also allows a systematic discussion of pos-

sible perturbations and we have given an example of a perturbation within the model

which can be used to split the degeneracy of neutrinos and which can give the correct

descriptions of all mixing angles and masses.





Chapter 7

Texture Zero Studies in the Minimal

Extended type-I Seesaw Model

“ ...failure is not about not succeeding. Rather it is about not putting in your bet effort

and not contributing, however modestly, to the common good. ”

– V. Sarabhai

7.1 Introduction

In the previous chapters, we have discussed about the neutrino oscillation mechanism

by considering three active neutrinos. Another very interesting aspect in neutrino

physics is the search for the existence of light sterile neutrinos in neutrino oscilla-

tion experiments. These neutrinos do not carry any charge under the SM gauge group

and thus, they do not take part in the weak interactions. But they can mix with the

active neutrinos and hence their existence can be probed in neutrino oscillation exper-

iments. As discussed in chapter (1) the sterile neutrino hypothesis gained popularity

in the context of the LSND results which reported oscillations governed by a ∆m2 ∼
eV2 [53–55]. The latest data of the MiniBooNE experiment [56] also have some over-

lap with the allowed regions of the LSND experiment and hence support the existence

of the sterile neutrino hypothesis. Indication for sterile neutrinos also came from Gal-

lium anomaly [57] and the anomaly in reactor antineutrino flux studies [58] with the

recalculated fluxes. Both these anomalies showed a deficit in the observed rate as com-

pared to the predicted rates. Recent analysis of the Planck data can also accomodate

117
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the possibility of light sterile neutrino in the eV scale if one deviates slightly from the

base ΛCDM model [37]. In short, the scenario with a light sterile neutrino is quite riv-

eting at present and many future experiments are proposed to test this [63]. Although

it is possible to have a better fit of neutrino oscillation data with more than one light

sterile neutrinos [276–278], the 3+1 scheme i.e., three active neutrinos and one sterile

neutrino in the sub-eV and eV scale respectively, is considered to be minimal. There

are three different ways to add sterile neutrino in the standard mass patterns and these

are, (i) 3+1 scheme in which three active neutrinos are of sub-eV scale and sterile neu-

trino is of eV scale [279]. (ii) 2+2 scheme in which two different pairs of neutrino mass

states differ by eV2 [280]. The latter scheme was disfavored by solar and atmospheric

data [281]. (iii) 1+3 scheme in which three active neutrinos are in eV scale and sterile

neutrino is lighter than the active neutrinos. This scenario is however disfavored from

cosmology [282, 283]. Hence, we focus on the 3+1 scenario in our study.

Theoretically it is challenging to construct models with light sterile neutrinos. Fla-

vor symmetry models giving rise to eV sterile neutrinos have been studied in the lit-

erature [60–62]. These models might require modifications to usual seesaw frame-

work [284, 285]. In the explicit seesaw models, the eV scale sterile neutrinos with

their mass suppressed by Froggatt - Nielsen mechanism can be naturally accommo-

dated in non Abelian A4 flavor symmetry [61, 286, 287]. S3 bimodel or schizophrenic

models for light sterile neutrinos are also widely studied in Refs. [288, 289]. In order

to have a theoretical understanding of the origin of eV scale sterile neutrino as well

as admixtures between sterile and active neutrinos, the authors of Refs. [61, 286, 287]

have studied an extension to the canonical type-I seesaw model. This model is known

as “minimal extended type - I seesaw” (MES) model. In the MES model a fermion sin-

glet, S, is added along with three right handed neutrinos. This extension results into an

eV scale sterile neutrino naturally, without imposing tiny mass scale or Yukawa term

for this neutrino.

In this chapter, we study the various possible textures of the Dirac neutrino mass

matrix, MD, Majorana neutrino mass matrix, MR and the mass matrix MS that origi-

nate from the Yukawa interaction between right handed neutrinos with the gauge sin-

glet within the framework of MES model and classify the allowed possibilities. It has
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been noted by many authors [290–294] that the zeros of the Dirac neutrino mass ma-

trixMD and the right handed Majorana mass matrixMR are the progenitors of zeros in

the effective Majorana mass matrix mν through the type - I seesaw mechanism. This

motivates us to look for zeros in various neutrino mass matrices in the MES model

which can lead to viable texture zeros in neutrino mass matrix. We also seek extra

correlations connecting the parameters of the active and sterile sector which can put

further constraints on the allowed possibilities.

We classify different structures of MD, MR and MS that can give allowed textures

for the light neutrino mass matrix mν . Interestingly, the only phenomenologically

allowed form of mν that we obtain are the two one zero textures – namely meτ = 0

and mττ = 0. In the MES model, because of extra correlations connecting active

and sterile sector, not all Yukawa matrices that give meτ = 0 or mττ = 0 for mν

are allowed. We study these additional correlations and tabulate the allowed textures.

We also include a discussion on the impact of NLO corrections in this model. In this

context it is also important to study the origin of zero textures. Here, we show that

it is possible to obtain various zero entries in lepton mass matrices with an Abelian

discrete symmetry group Z8 × Z2. An alternative approach to obtain lepton mixing is

discussed in Ref. [295] by considering non-Abelian symmetry group. We follow the

method discussed in Ref. [296] to obtain Abelian discrete symmetry group which can

generate viable zero textures in mν . Their method is based on the type - I seesaw and

we extend it to apply on the MES model.

This chapter is organized in the following manner. In next section (7.2) a brief

review of the MES model is given. In section (7.3) and its subsections, we present

the formalism of this study. We discuss the implication of the allowed forms of one

zero textures in mν , in section (7.4). The following section (7.5) discusses the results

obtained from the comparison of low energy and high energy neutrino mass matrices

and the extra correlations connecting active and sterile sector. We also describe the

importance of NLO corrections in section (7.5.1). Symmetry realizations for the al-

lowed zero textures are discussed in section (7.6). The summary of our findings and

conclusions are presented in section (7.7).
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7.2 Minimal Extended type-I Seesaw Mechanism
In this section, we illustrate the basic structure of the MES model. In this model, the

fermion content of the SM is extended by three right handed neutrinos together with a

gauge singlet field S. One can get a natural eV scale sterile neutrino without inserting

any small Yukawa coupling in this model [61, 286]. The Lagrangian containing the

neutrino masses can be written as

− LM = νLMDνR + ScMSνR +
1

2
νcRMRνR + h.c. (7.2.1)

Here, MD,MR are the (3× 3) Dirac and Majorana mass matrices respectively and MS

is a (1× 3) coupling matrix between right handed neutrinos with the gauge singlet. In

the basis (νL, νcR, S
c), the (7× 7) neutrino mass matrix can be expressed as

M7×7
ν =


0 MD 0

MT
D MR MT

S

0 MS 0

 . (7.2.2)

We consider the following hierarchical mass spectrum in these mass matrices i.e.

MR � MS > MD, in analogy with the type - I seesaw. The right handed neutrinos

are much heavier compared to the electroweak scale and thus they will decouple at the

low scale. Therefore, equation (7.2.2) can be block diagonalized using the seesaw ap-

proximation and the effective neutrino mass matrix in the basis (νL, Sc) can be written

as

M4×4
ν = −

 MDM
−1
R MT

D MDM
−1
R MT

S

MS(M−1
R )TMT

D MSM
−1
R MT

S

 . (7.2.3)

Note that the rank of M4×4
ν is three and hence one of the light neutrino always remains

massless.

Considering MS > MD, one can apply seesaw approximation once again on equa-

tion (7.2.3) to obtain the active neutrino mass matrix as ∗

m3×3
ν 'MDM

−1
R MT

S (MSM
−1
R MT

S )−1MS(M−1
R )TMT

D −MDM
−1
R MT

D, (7.2.4)

whereas the mass of the sterile neutrino is given by,

ms ' −MSM
−1
R MT

S . (7.2.5)
∗Note that RHS of equation (7.2.4) does not vanish since (MS)1×3 is a vector rather than a square

matrix.
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Note that the zero textures of fermion mass matrices in the context of the type - I

seesaw mechanism studied in Refs. [290–292, 294], leading to viable texture zeros in

m3×3
ν can be different from that of the MES model because of the presence of the first

term of equation (7.2.4). The active-sterile neutrino mixing matrix is given by,

V '

 (1− 1

2
RR†)U ′ R

−R†U ′ 1− 1

2
R†R

 , (7.2.6)

where R3×1 governs the strength of active-sterile mixing and can be expressed as

R3×1 = MDM
−1
R MT

S (MSM
−1
R MT

S )−1. (7.2.7)

Additionally in our formalism we assume |Vτ4| = 0, which is allowed by the current

active sterile neutrino mixing data. Thus, R3×1 = (Ve4, Vµ4, 0)T which is suppressed

by the ratio O(MD)/O(MS).

SNH SIH

m1 0
√

∆m2
31

m2

√
∆m2

21

√
∆m2

21 + ∆m2
31

m3

√
∆m2

21 + ∆m2
32 0

m4

√
∆m2

41

√
∆m2

43

Table 7.1: Neutrino mass spectrum for normal and inverted hierarchies. ∆m2
12, ∆m2

31 (∆m2
32) are

the solar and atmospheric mass squared differences and ∆m2
41 (∆m2

43) is the active sterile mass squared

difference. The allowed ranges of these three mass squared differences are given in table (7.2).

We consider two different mass hierarchies in 3+1 framework. We denote 3+1 sce-

nario as (SNH) when the three active neutrinos follow normal hierarchy (m1 < m2 �
m3) and the second choice is (SIH) when the three active neutrinos follow inverted hi-

erarchy (m3 � m1 ≈ m2) as shown in figure (7.1). These masses can be expressed in

terms of the mass squared differences obtained from oscillation experiments as given

in table (7.1). In the next section we systematically explore the various zero texture

structures of MD, MR and MS which can give rise to viable zero textures of m3×3
ν .

The best fit values along with 3σ ranges of neutrino oscillation parameters used in our

numerical analysis are given in table (7.2).
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Figure 7.1: Left (right) panel corresponds to allowed mass spectrum in 3+1 scheme for

SNH (SIH).

7.3 Formalism

In our formalism, the charged lepton mass matrix,Ml, is considered to be diagonal. For

the right handed Majorana neutrino mass matrix, we consider four different structures:

(i) Diagonal MR having three zeros i.e.,

MR =


r1 0 0

0 r2 0

0 0 r3

 . (7.3.1)

(ii) Non-diagonal minimal form of MR having four zeros with Det (MR) 6= 0 i.e.,

MR =


0 r2 0

r2 0 0

0 0 r1

 ;


0 0 r2

0 r1 0

r2 0 0

 ;


r1 0 0

0 0 r2

0 r2 0

 . (7.3.2)

These three non-diagonal forms of MR correspond to Le − Lµ, Le − Lτ and Lµ − Lτ
flavor symmetry respectively. Such forms of MR in the context of zero textures in the

type-I seesaw model have been considered for instance in Ref. [301]. The mass matrix,

MS = (s1, s2, s3) being a 1 × 3 matrix can have one zero or two zeros. In Ref. [286],

an A4 based model was considered with 2 zeros in MS and 3 zeros in MD to obtain the

m3×3
ν as given by equation (7.2.4). In our analysis, we find that the maximum number

of zeros of MD that can give phenomenologically allowed zero textures in mν is five.



7.3. Formalism 123

Parameter Best Fit 3σ Range

∆m2
21[10−5 eV2] 7.37 6.93 – 7.97

∆m2
31[10−3 eV2] (NH) 2.50 2.37 – 2.63

∆m2
31[10−3 eV2] (IH) 2.46 2.33 – 2.60

sin2 θ12/10−1 2.97 2.50 – 3.54

sin2 θ13/10−2 (NH) 2.14 1.85 – 2.46

sin2 θ13/10−2 (IH) 2.18 1.86 – 2.48

sin2 θ23/10−1 (NH) 4.37 3.79 – 6.16

sin2 θ23/10−1 (IH) 5.69 3.83 – 6.37

δ13/π (NH) 1.35 0 – 2

δ13/π (IH) 1.32 0 –2

Rν(NH) 0.0295 0.0263 – 0.0336

Rν(IH) 0.0299 0.0266 – 0.0342

∆m2
LSND(∆m2

41or∆m2
43) eV2 1.63 0.87 – 2.04

|Ve4|2 0.027 0.012 – 0.047

|Vµ4|2 0.013 0.005 – 0.03

|Vτ4|2 – < 0.16

Table 7.2: The latest best-fit and 3σ ranges of active ν oscillation parameters from [297]. The current

constraints on sterile neutrino parameters are from the global analysis [298–300]. Here Rν is the solar

to atmospheric mass squared difference ratio.

For such cases, two zeros in MS do not lead to any viable textures in mν . The only

allowed possibility therefore is one zero in MS result in three possible structures. The

possible combinations of MD, MR and MS that lead to phenomenologically viable

textures of mν are discussed in the following subsections.

7.3.1 5 zeros in MD and diagonal MR

First let us assumeMR to be diagonal. AsMD is a non-symmetric 3×3 matrix, 5 zeros

can be arranged in 9C5 = 126 ways. Thus considering 126 cases of MD together with

3 cases of MS and 1 case of MR, we obtain total 378 possible structures of mν . Out of
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all possible combinations of these matrices the only allowed texture that we obtain is

the one zero texture in mν with meτ = 0. Here, we have three possible forms of MS

and these are,

M
(1)
S = (0, s2, s3), M

(2)
S = (s1, 0, s3), and M

(3)
S = (s1, s2, 0). (7.3.3)

The various forms of MD which lead to viable texture meτ = 0 are presented below:

M
(1)
S ,M

(1)
D =


0 0 a3

b1 0 b3

c1 0 0

 ,M
(2)
D =


0 a2 0

b1 0 b3

c1 0 0

 ,M
(3)
D = M

(1)
D Z23,M

(4)
D = M

(2)
D Z23.

(7.3.4)

M
(2)
S ,M

(5)
D =


0 0 a3

0 b2 b3

0 c2 0

 ,M
(6)
D =


a1 0 0

0 b2 b3

0 c2 0

 ,M
(7)
D = M

(5)
D Z13,M

(8)
D = M

(6)
D Z13.

(7.3.5)

M
(3)
S ,M

(9)
D =


a1 0 0

0 b2 b3

0 0 c3

 ,M
(10)
D =


0 a2 0

0 b2 b3

0 0 c3

 ,M
(11)
D = M

(9)
D Z12,M

(12)
D = M

(10)
D Z12.

(7.3.6)

Here, Z12, Z13 and Z23 are the permutation matrices that exchange first and second

columns, first and third columns and second and third columns respectively. Therefore,

we observe that out of 126 cases only 12 above forms of M (i)
D , i = 1 − 12 give the

allowed texture meτ = 0 of mν when MR is diagonal.

7.3.2 5 zeros inMD and non-diagonalMR corresponding to Le−Lµ
flavor symmetry

The form of MR that we consider here corresponds to flavor symmetry Le − Lµ as

given in equation (7.3.2). Among the 378 possibilities we obtain two allowed one zero

textures of mν , namely meτ = 0 and mττ = 0. We observe that out of total 126 forms

of MD, only four structures give rise to meτ = 0 while eight structures give rise to

mττ = 0. We list them below:
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Textures leading to meτ = 0

M
(3)
S ,M

(13)
D =


a1 0 0

0 b2 b3

0 0 c3

 ,M
(14)
D =


0 a2 0

0 b2 b3

0 0 c3

 ,M
(15)
D = M

(13)
D Z12,M

(16)
D = M

(14)
D Z12.

(7.3.7)

Textures leading to mττ = 0

M
(1)
S , M

(17)
D =


a1 a2 0

b1 0 0

0 c2 0

 ,M
(18)
D =


a1 0 a3

b1 0 0

0 c2 0

 , (7.3.8)

M
(19)
D =


a1 0 0

b1 b2 0

0 c2 0

 ,M
(20)
D =


a1 0 0

b1 0 b3

0 c2 0

 .

M
(2)
S , M

(21)
D =


0 a2 a3

0 b2 0

c1 0 0

 ,M
(22)
D =


a1 a2 0

0 b2 0

c1 0 0

 , (7.3.9)

M
(23)
D =


0 a2 0

b1 b2 0

c1 0 0

 ,M
(24)
D =


0 a2 0

0 b2 b3

c1 0 0

 .

7.3.3 5 zeros inMD and non-diagonalMR corresponding to Le−Lτ
flavor symmetry

The form of MR that we consider in this subsection corresponds to flavor symmetry

Le − Lτ as given in equation (7.3.2). In this case also we observe that out of total 126

cases of MD, only four structures of MD give rise to meτ = 0 and eight forms of MD

give rise to texture mττ = 0. We list them below. Note that these forms of MD are

different from those obtained in the earlier subsection.

Textures leading to meτ = 0

M
(2)
S ,M

(25)
D =


0 0 a3

0 b2 b3

0 c2 0

 ,M
(26)
D =


0 0 a3

b1 b2 0

0 c2 0

 ,M
(27)
D = M

(25)
D Z13,M

(28)
D = M

(26)
D Z13.

(7.3.10)
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Textures leading to mττ = 0

M
(1)
S , M

(29)
D =


a1 a2 0

b1 0 0

0 0 c3

 ,M
(30)
D =


a1 0 a3

b1 0 0

0 0 c3

 , (7.3.11)

M
(31)
D =


a1 0 0

b1 b2 0

0 0 c3

 ,M
(32)
D =


a1 0 0

b1 0 b3

0 0 c3

 .

M
(3)
S , M

(33)
D =


0 a2 a3

0 0 b3

c1 0 0

 ,M
(34)
D =


a1 0 a3

0 0 b3

c1 0 0

 , (7.3.12)

M
(35)
D =


0 0 a3

0 b2 b3

c1 0 0

 ,M
(36)
D =


0 0 a3

b1 0 b3

c1 0 0

 .

7.3.4 5 zeros inMD and non-diagonalMR corresponding toLµ−Lτ
flavor symmetry

The form of MR that we consider here corresponds to flavor symmetry Lµ − Lτ as

given in equation (7.3.2). Here also we observe that out of 126 cases of MD only four

structures of MD give rise to texture Meτ = 0 and 8 forms of MD give rise to texture

Mττ = 0. But these forms of MD are different from those obtained in the earlier two

subsections:

Structures leading to meτ = 0

M
(1)
S ,M

(37)
D =


0 a2 0

b1 0 b3

c1 0 0

 ,M
(38)
D =


0 0 a3

b1 0 b3

c1 0 0

 ,M
(39)
D = M

(37)
D Z23,M

(40)
D = M

(38)
D Z23.

(7.3.13)



7.4. Active Neutrino Mass Matrix with 1-Zero Texture 127

Structures leading to mττ = 0

M
(2)
S , M

(41)
D =


a1 a2 0

0 b2 0

0 0 c3

 ,M
(42)
D =


0 a2 a3

0 b2 0

0 0 c3

 , (7.3.14)

M
(43)
D =


0 a2 0

0 b2 b3

0 0 c3

 ,M
(44)
D =


0 a2 0

b1 b2 0

0 0 c3

 .

M
(3)
S , M

(45)
D =


0 a2 a3

0 0 b3

0 c2 0

 ,M
(46)
D =


a1 0 a3

0 0 b3

0 c2 0

 ,

M
(47)
D =


0 0 a3

b1 0 b3

0 c2 0

 ,M
(48)
D =


0 0 a3

0 b2 b3

0 c2 0

 . (7.3.15)

Note that in general the entries of the Yukawa matrices MD, MR and MS are com-

plex (of the form peiθ). However some of the phases can be absorbed by redefinition

of the leptonic fields. For the case when MR is diagonal, the number of un-absorbed

phases is two – one each in MD and MS whereas for the off-diagonal MR only one

phase remains in MS . In this section we do not explicitly write the phases. However

in section (7.5) where we discuss specific cases, the phases are explicitly included.

7.4 Active Neutrino Mass Matrix with 1-Zero Texture

In this section, we discuss the implications of the one-zero textures meτ = 0 and

mττ = 0 for the light neutrino mass matrix without taking recourse to any model. The

(3 × 3) light neutrino mass matrix, mν , being symmetric, there are 6 possible cases

of one zero textures with a vanishing lowest mass and these are studied in detail in

Refs. [302–305]. In the above section, we observed that in context of the MES model

only viable textures of mν that we obtain are meτ = 0 and mττ = 0. According to the

recent studies [304–306], both these textures are ruled out for normal hierarchy when

the lowest mass m1 is zero but they can be allowed for the inverted hierarchy even
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when then lowest mass m3 is zero †.

This kind of mass pattern can be obtained completely from group theoretical point

of view if one assumes that Majorana neutrino mass matrix displays flavor antisymme-

try under some discrete subgroup of SU(3) as discussed in Refs. [254, 307].

In this section we re-analyse the textures meτ = 0 and mττ = 0 for the inverted

hierarchical mass spectrum assuming m3 = 0 in the light of recent neutrino oscillation

data as given in table (7.2). In our analysis we find that correlations among various

oscillation parameters become highly constrained as compared to the earlier studies.

This is due to the recent constraints on the 3σ ranges of the mass squared differences

and θ13 as compared to earlier results [303–305] ‡.

In three neutrino paradigm, low energy Majorana neutrino mass matrix can be

diagonalized as,

m3×3
ν = U ′diag(m1,m2,m3)U ′T . (7.4.1)

Here, U ′ = U.P (P = diag(1, eiα, ei(β+δ13))) is a lepton mixing matrix in the basis

where Ml is diagonal. The PMNS matrix U has 3 mixing angles and a CP phase δ13.

The elements of neutrino mass matrix can be calculated from equation (7.4.1) are,

(m3×3
ν )ab = m1Ua1Ub1 +m2Ua2Ub2e

2iα +m3Ua3Ub3e
2i(β+δ13), (7.4.2)

where, a, b = e, µ and τ and mi(i = 1, 2, 3) are given in table (7.1). We express

elements of mν as mab in the text.

Imposing the condition of zero texture for IH with m3 = 0 in the above equation

we get,

m1Ua1Ub1 +m2Ua2Ub2e
2iα = 0, (7.4.3)

which can be simplified to obtain the mass ratio

m1

m2

e−2iα = −Ua2Ub2
Ua1Ub1

. (7.4.4)

Let, q =
m1

m2

e−2iα we get

†We also observed that both these textures are disallowed for NH with the most recent data.
‡ The latest constraint on |∆m2

31| comes from T2K and NOνA including both appearance and disap-

pearance modes [17, 18, 308, 309]. Whereas reanalysis of KamLAND data shows decrease in the value

of ∆m2
21 and sin2 θ12 as discussed in Refs. [297].
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α = −1

2
Arg(q), (7.4.5)

|q| = m1

m2

=

∣∣∣∣−Ua2Ub2
Ua1Ub1

∣∣∣∣ . (7.4.6)

Let us define the ratio of the two mass squared differences as

Rν =
∆m2

21

|∆m2
31|

=
1− |q|2
|q|2 . (7.4.7)

The Rν defined above can be calculated either using the current neutrino mass squared

differences as given in table (7.2) or by calculating |q|. If the value of Rν calculated

using |q| falls in the allowed 3σ range of Rν from the current data, then we say the

texture under consideration is allowed by the current data. As given in table (7.2) we

vary the Dirac CP phase δ13 from 0◦ < δ13 < 360◦ while the relevant Majorana phase

α in the range 0◦ < α < 180◦ and find the correlations among different parameters,

specially the predictions for α and δ13.

We also study the effective Majorana neutrino mass, mee, governing neutrinoless

double beta decay (0νββ) for these allowed textures. In three flavor paradigm this can

be written as

mee = |ΣU2
eimi|

= |m1c
2
12c

2
13 +m2e

2iαc2
13s

2
12 +m3e

2iβs2
13|. (7.4.8)

where cij(sij) = cos θij(sin θij), (i < j, i, j = 1, 2, 3). From the above equa-

tion we understand that mee depends on the Majorana phases but not on the Dirac

phase. Various experiments such as CUORE [33], GERDA [34], SuperNEMO [35],

KamLAND-ZEN [32] and EXO [36] are looking for signatures for neutrinoless double

beta decay (0νββ). The current experiments provide bounds on the effective Majorana

mass mee from the non-observation of 0νββ. For instance, the combined results from

KamLAND-ZEN and EXO-200 [32] give the upper bound on the effective Majorana

neutrino mass as mee < (0.12 - 0.25) eV where the range signifies the uncertainty in

the nuclear matrix elements. The future experiments can improve this limit by one

order of magnitude. Below we discuss the various correlations that we obtain for the

allowed textures.
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7.4.1 Case I: meτ = 0

Figure 7.2: Correlation plots of meτ = 0 for IH with vanishing m3 in 3 neutrino paradigm.

The Majorana mass matrix element meτ in 3-flavor case can be written as

meτ = m1Ue1Uτ1 +m2Ue2Uτ2e
2iα +m3Ue3Uτ3e

2i(β+δ13). (7.4.9)

Imposing the condition of zero texture with vanishing lowest mass (m3 = 0) for IH,

we get,

|m1Ue1Uτ1 +m2Ue2Uτ2e
2iα| = 0,

|m1c12c13(s12s23 − c12c23s13e
iδ) +m2s12c13(−c12s23 − s12c23s13e

iδ)2e2iα| = 0.

(7.4.10)

From the above equation we obtain the mass ratio as below

m2

m1

≈ 1− s13 cos δ13

tan θ23s12c12

+O(s2
13). (7.4.11)

The mass ratio
m2

m1

should be greater than 1. For this to happen cos δ13 should be

negative. We find that due to the interplay of the terms O(s13) and O(s2
13) the phase

δ13 is restricted to the range [85◦ − 95◦] and [265◦ − 275◦]. The effective mass, mee

as function of Majorana phase α is constrained due to very small allowed range of α

(5◦ < α < 10◦, 170 ◦ < α < 175◦) as shown in equation (7.4.8). The allowed range of

mee for this texture is 0.046 eV < mee < 0.05 eV and which can be probed in future

experiments. Also, this texture predicts Dirac CP phase ∼ 270◦ which is in agreement

with the indications from the current ongoing oscillation experiments like T2K and

NOνA. There is however no constrain on the values of the neutrino mixing angles θ13

and θ23 seen in right panel of figure (7.2) for this texture.
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7.4.2 Case II: mττ = 0

The Majorana mass matrix element mττ in 3-flavor case can be written as,

mττ = m1U
2
τ1 +m2U

2
τ2e

2iα +m3U
2
τ3e

2i(β+δ13). (7.4.12)

Imposing the condition of texture zero with vanishing lowest mass(m3 = 0) for IH, we

get,

|m1U
2
τ1 +m2U

2
τ2e

2iα| = 0,

|m1(s12s23 − c12c23s13e
iδ)2 +m2(−c12s23 − s12c23s13e

iδ)2e2iα| = 0. (7.4.13)

The mass ratio from the above equation can be written as

m2

m1

≈ s2
12

c2
12

[
1− 2 cot θ23s13 cos δ13

c12s12

]
+O(s2

13). (7.4.14)

Since this mass ratio
m2

m1

is always greater than 1 from oscillation data, we find that

Figure 7.3: Correlation plots of mττ = 0 for IH with vanishing m3 in 3 neutrino paradigm.

cos δ13 should be negative for this texture as well. As can be seen from figure 7.3

that δ13 is constrained in the range 140◦ < δ13 < 220◦. We observe that, due to the

more constrained values of mass squared differences and θ13 from present data, as

considered in our analysis, the atmospheric mixing angle θ23 is restricted to be below

maximal. In the earlier analysis [303–305] there was no preferred octant of θ23. The

values of θ23 > 45◦ are disallowed for this texture as can be seen in figure 7.3. The

effective mass, mee, being function of unknown Majorana phase α as seen in equation

(7.4.8) is constrained due to very small allowed range of α (80◦ < α <110◦). The

allowed range of mee for this texture is 0.014 eV < mee < 0.018 eV which is smaller
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compared to the case meτ=0 where a vanishing element is off-diagonal. The allowed

values of the effective mass mee for diagonal texture mττ are on the lower side having

no overlap with non-diagonal texture zero meτ . Thus, mee can be used to distinguish

between diagonal and off-diagonal one texture zero classes with a vanishing neutrino

mass. Note that allowed ranges of δ13 and mee are more constrained in our analysis

as compared to Refs. [303, 304] again due to the recent improved constraints on the

mass squared differences and θ13 at 3σ. In the next section, we discuss how these

correlations can change if we assume specific textures in the MES model giving rise to

these forms.

7.5 Comparison of low and high energy neutrino mass

matrix elements
In this section, we obtain explicitly the light neutrino neutrino mass matrix (mν) (equa-

tion 7.2.4), sterile mixing matrix (ms) (equation 7.2.5) and the active sterile mixing

matrix (R) (equation 7.2.7) using the different forms of MD, MS and MR given in sec-

tion (III) of the MES model. Since in the MES model both the active neutrino mass

matrix mν and the active sterile mixing matrix R depends on the parameters of MS ,

MD and MR, this can induce additional correlations between active and sterile sector.

Similarly, the mass of the sterile neutrino ms depends on MS and MR. Hence express-

ing the various variables in terms of the parameters of these matrices one can get some

interrelations.

For illustrative purposes, we will discuss three specific cases. In case I and II we

discussmeτ = 0 assuming diagonal structure ofMR and in the case III, we study about

mττ = 0 by considering the off diagonal form of MR. Note that here we consider the

complex phases in our calculation. We compare the high energy mass matrix with

low energy mass matrix after the decoupling of the eV sterile neutrino as discussed in

section II.

• Case I : Considering the forms of M (1)
S , M (1)

D and diagonal MR from equa-

tion (7.3.4),

M
(1)
S = (0, s2, s3e

iρ2),M
(1)
D =


0 0 a3

b1 0 b3e
iρ1

c1 0 0

 ,MR = diag(r1, r2, r3) (7.5.1)
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and using them in equations(7.2.4, 7.2.5 and 7.2.7) we get the low energy neu-

trino mass matrix, the sterile mass and the active sterile mixing matrix as

m3×3
ν =


− a2

3s
2
2

(r3s2
2 + r2s2

3e
2iρ2)

− a3b3e
iρ1s2

2

(r3s2
2 + r2s2

3e
2iρ2)

0

. −b
2
1

r1
− b23s

2
2e

2iρ1

(r3s2
2 + r2s2

3e
2iρ2)

−b1c1

r1

. . −c
2
1

r1

 , (7.5.2)

ms = −
(
s2

2

r2
+
s2

3e
2iρ2

r3

)
, R =


a3r2s3e

iρ2

(r3s2
2 + r2s2

3e
2iρ2)

b3r2s3e
i(ρ1+ρ2)

(r3s2
2 + r2s2

3e
2iρ2)

0

 =


Ve4

Vµ4

0

 . (7.5.3)

From equation (7.5.2) and (7.5.3) it can be seen that

mµτ

mττ

=
b1

c1

,
Ve4
Vµ4

=
a3

b3

e−iρ1 =
mee

meµ

(7.5.4)

Here mab, (a, b = e, µ, τ) are the low energy neutrino mass matrix elements.

The eigenvalues of m3×3
ν will give the masses of the three active neutrinos. Note

that, only allowed hierarchy in our case is IH and hencem3 = 0 andms = m4 =√
∆m2

43. From equation (7.5.4) we get,∣∣∣∣Ve4Vµ4

∣∣∣∣ =

∣∣∣∣mee

meµ

∣∣∣∣ . (7.5.5)

We find that the LHS of equation (7.5.5) lies in the range (0.63 – 3.06) whereas

RHS lies in (3.9 - 5.9) in their 3σ range. This shows that there is no overlapping

between lhs and rhs of equation (7.5.5) and hence disallowed from current neu-

trino oscillation data. We observe that out of 12 forms of M (i)
D , (i = 1, 2, ...12)

as given in equation (7.3.4 -7.3.6), 6 of them (M (2)
D , M (4)

D , M (6)
D , M (8)

D , M (9)
D and

M
(11)
D ) do not lead to the correlation given in equation (7.5.5) and these M (i)

D ’s

are not ruled out. Hence a detail analysis of one of these M (i)
D ’s is discussed

below in Case II.

• Case II : Considering the form of M (1)
S , M (2)

D and diagonal MR given in equa-

tion (7.3.4),

M
(1)
S = (0, s2, s3e

iρ2),M
(2)
D =


0 a2 0

b1 0 b3e
iρ1

c1 0 0

 ,MR = diag(r1, r2, r3)

(7.5.6)
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and using them in equations (7.2.4, 7.2.5 and 7.2.7) we get the texture meτ = 0,

m3×3
ν =


− a2

2s
2
3e

2iρ2

(r3s2
2 + r2s2

3e
2iρ2)

a2b3s2s3e
i(ρ1+ρ2)

(r3s2
2 + r2s2

3e
2iρ2)

0

. −b
2
1

r1
− b23s

2
2e

2iρ1

(r3s2
2 + r2s2

3e
2iρ2)

−b1c1

r1

. . −c
2
1

r1

 . (7.5.7)

The sterile mass and active sterile mixing becomes

ms = −
(
s2

2

r2
+
s2

3e
2iρ2

r3

)
, R =


a2r3s2

(r3s2
2 + r2s2

3e
2iρ2)

b3r2s3e
i(ρ1+ρ2)

(r3s2
2 + r2s2

3e
2iρ2)

0

 =


Ve4

Vµ4

0

 . (7.5.8)

It can be seen from the above equations that

mµτ

mττ

=
b1

c1

,
mee

meµ

= −a2s3

b3s2

ei(ρ2−ρ1). (7.5.9)

From equation (7.5.7) we get the following relation between the light neutrino

mass matrix elements,

mµµ =
b1

c1

mµτ −
b3s2

a2s3

ei(ρ1−ρ2)meµ =
m2
eµ

mee

+
m2
µτ

mττ

,

which implies,

mee =
m2
eµmττ

mµµmττ −m2
µτ

. (7.5.10)

To obtain equation (7.5.10) we have used the correlations of equation (7.5.9).

Now to test the viability of these structures of MD, MR and MS , we look for

the parameter space in which both the conditions meτ = 0 and equation (7.5.10)

are satisfied simultaneously. In the upper panels of figure (7.4), we have plotted

the correlations obtained between different low energy parameters in this sce-

nario. Comparing these correlations with figure (7.2) (which corresponds to only

meτ = 0), we find that the MES model disfavours a large area in the sin2 θ23 −
sin2 θ13 plane and allows θ23 values in the lower octant : 0.383 < sin2 θ23 < 0.42

whereas the admissible values of θ13 ( 0.021 < sin2 θ13 < 0.0248) are near the

higher side of it’s allowed range. However the values of α andmee which are pre-

dicted by the two cases are similar. The prediction of the texture with meτ = 0
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is 6◦ < α < 13◦ and 167◦ < α < 174◦ while the MES model predicts a slightly

constrained range 11.7◦ < α < 13◦ and 167◦ < α < 168.1◦. In this case we also

obtain another correlation for sterile neutrino mass from this model of the form,

ms =

∣∣∣∣− meµ

Ve4Vµ4

∣∣∣∣ . (7.5.11)

In the lower panels of figure (7.4), we have plotted the prediction of ms as

Figure 7.4: Correlation plots for case II.

given by equation (7.5.11) by varying Ve4 and Vµ4 within their allowed range as

given in table (7.2). This is obtained when both the conditions i.e., meτ = 0

and equation (7.5.10) is satisfied simultaneously. From the figures we see that

the prediction of ms by this model is consistent with data coming from the SBL

experiments.

• Case III : Considering the cases for the off-diagonal forms of MR given in

Eqs.(7.3.7-7.3.15), we find that out of the 36 M (i)
D , (i = 13, 14, ..., 48), 19 cases

lead to exactly the same correlation depicted by equation (7.5.5). This is not

allowed from current oscillation data as discussed earlier. Among the remaining

17 cases 11 M (i)
D (for i = 17, 19, 22, 23, 30, 32, 34, 42, 43, 44 and 45) lead to a
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correlation of the form, ∣∣∣∣Ve4Vµ4

∣∣∣∣ =

∣∣∣∣meτ

mµτ

∣∣∣∣ . (7.5.12)

This is also not satisfied by current neutrino oscillation data as the RHS of equa-

tion (7.5.12) lies in the range (3.8 – 4.7) showing no overlapping with LHS. The

remaining six forms of M (i)
D are M (18)

D , M (21)
D , M (29)

D , M (33)
D , M (41)

D and M (46)
D .

All these forms of MD and the corresponding forms of MR and MS lead to neu-

trino mass matrix withmττ = 0. We found that, all theseMD’s lead a correlation

of the form, ∣∣∣∣Ve4Vµ4

∣∣∣∣ =

∣∣∣∣meµ

mµµ

∣∣∣∣ (7.5.13)

which is satisfied by current oscillation data. The RHS of equation (7.5.12) lies

in the range (1.8 – 2.3) which shows complete overlap with LHS (0.63- 3.06).

For illustration, we consider M (18)
D with corresponding MR and M (1)

S and using

them in equations (7.2.4, 7.2.5 and 7.2.7) we get ,

m3×3
ν =


a1s2(a1s2r1 + 2a3s3r2e

iρ2)

r2
2s

2
3e

2iρ2

b1s2(a1s2r1 + a3s3r2e
iρ2)

r2
2s

2
3e

2iρ2
−a1c2

r2

.
b21s

2
2r1

r2
2s

2
3

e−2iρ2 −b1c2

r2

. . 0

 ,

(7.5.14)

ms = −s
2
3

r1
e2iρ2 , R =


a1s2r1 + a3s3r2e

iρ2

r2s2
3e

2iρ2

b1s2r1

r2s2
3e

2iρ2

0

 =


Ve4

Vµ4

0

 . (7.5.15)

From the above matrices we find the following correlation,

ms =

∣∣∣∣− meµ

Ve4Vµ4

∣∣∣∣ . (7.5.16)

Also the correlation mentioned by equation (7.5.13). We find that both the equa-

tions (7.5.13 and 7.5.16) are consistent with the current oscillation data. The si-

multaneous validity of equations (7.5.13 and 7.5.16) lead to light sterile neutrino

mass in the range 1.4 eV < ms < 3.5 eV which is marginally allowed by global

analysis as seen from figure (7.5). However, individual experiments (MINOS,

IceCube, Daya Bay) still allow higher value of sterile neutrino mass [310–313].
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Figure 7.5: Sterile neutrino mass from Eqs.(7.5.16) for mττ = 0. The yellow line is the current upper

bound on ms as given by global analysis of 3+1 neutrino oscillation data.

7.5.1 NLO correction for MES model
In section (7.3), the structures of various mass matrices are obtained using the lead-

ing order expression of m3×3
ν as given by equation (7.2.4) which give rise to texture

zeros with exact cancellation. However, if MD/MS ∼ 0.1, NLO corrections can be

important. In this section, we discuss the effect of NLO correction terms for the MES

model corresponding to the allowed texture zeros. The NLO correction term can be

calculated following the standard algorithm given in Ref. [39]. To calculate the NLO

term, let us rewrite equation (7.2.3) in the form,

M4×4
ν =

 ML MT
D

MD MR

 (7.5.17)

where,

ML = MDM
−1
R MT

D, MD = MS(M−1
R )TMT

D, MR = MSM
−1
R MT

S (7.5.18)

(m3×3
ν )NLO =

1

2

[
MT

DM−1
R M−1∗

R M∗DML + (last term)T
]

− 1

2
MT

DM−1
R

[
MDM†DM−1∗

R + (last term)T
]
M−1

R MD

=
1

2
[MDM

−1
R MT

S (MSM
−1
R MT

S )−1(M∗SM
−1∗
R M †S)−1 M∗S(M−1

R )†M †D MDM
−1
R MT

D

+ (last term)T ]

− 1

2
MDM

−1
R MT

S (MSM
−1
R MT

S )−1[MS(M−1
R )TMT

D M∗D(M−1
R )∗M †S

(MSM
−1
R MT

S )−1∗ + (last term)T ](MSM
−1
R MT

S )−1 MDM
−1
R MT

S (7.5.19)

In the second line we use the form ofML, MD andMR as given by equation (7.5.18)

to obtain the final form given by equation (7.5.19). We see that the contribution of the
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NLO terms of equation (7.5.19) are proportional to M4
D/MRM

2
S . This implies that a

term of the order M4
D/MRM

2
S will add to every term of m3×3

ν as given by the equation

(7.5.7). To get the specific form of NLO correction term, in equation (7.5.19), we use

the specific forms of MD, MR and MS used for obtaining equation (7.5.7). The NLO

correction term we obtain for (1,3) element of equation (7.5.7) is∼ a3b3b1c1r
2
2s

2
3

2r1(r3s2
2 + r2s2

3)2
,

which is of the order of M4
D/MRM

2
S , where a3, b3, b1, c1 are elements of MD, r1, r2

are elements of MR and s2, s3 are elements of MS . We see here that because of

NLO corrections, we no longer have exact cancellation leading to meτ = 0, unlike the

leading order case. But, if we consider representative values of parameters say, MD ∼
80 GeV, MR ∼ 6 × 1014 GeV and MS ∼ 1000 GeV then we find that mν ∼ 0.011

eV, ms ∼ 1.6 eV, R∼ 0.1 and NLO∼ 10−5 eV. In figure (7.6) we show the allowed

parameter spaces of MD, MR and MS which can lead to NLO correction term∼ 10−5

eV or less.§ Hence, there exist a parameter space where we can safely neglect NLO

correction terms in our analysis compared to leading order terms and consider the

texture zero even with the inclusion of the NLO term.¶ Thus, all the model predictions

corresponding to leading order terms remain unchanged. Note that similar conclusions

can also be obtained for the texture mττ = 0.

Figure 7.6: This plot shows the allowed parameter spaces of MD (GeV), MR (in units of 1015 GeV)

and MS (GeV) which lead to NLO correction term∼ 10−5 eV or less.

7.6 Symmetry realization
Singular one zero neutrino mass matrices can be realized using a discrete Abelian fla-

vor symmetry within the context of the MES mechanism. Earlier in Ref. [296] authors
§In our numerical analysis texture zero (say, meτ = 0) corresponds to meτ = 10−5 eV .
¶We notice that the set of MD, MR and MS which do not give NLO∼ 10−5 eV do not give the one

zero textures.
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studied the possibilities to enforce zero textures in arbitrary entries of the fermion mass

matrices by means of Abelian symmetries in the context of the type - I seesaw mecha-

nism. We adopt the same approach to probe the zero textures of mν in the context of

the MES mechanism. We observe that one zero textures of mν with a vanishing mass

can be realized by Z8 × Z2 symmetry. To realize the texture structures we extend the

SM particle composition by three right handed neutrinos (νeR, νµR, ντR) as required in

the MES model and two more Higgs doublets (φ′, φ′′) in addition to the SM one (φ).

Few SU(2)L scalar singlets (χi, i = 1, 2) are required to realize diagonal MR whereas

two singlets λi, i = 1, 2 helps in realizing one zero texture structure of MS . Note that

the model that we discuss here to get the zero texture structure is general, flexible and

in no way unique. The additional discrete group Z2 is introduced to restrict some of the

unwanted terms in the Lagrangian. For illustration, we present the detailed symmetry

realization of our two viable textures of mν (meτ ,mττ = 0). The particle assignments

for (meτ = 0 which is allowed by current data (case II) under the action of Z8 × Z2

symmetry are given in table (7.3). According to the charge assignments of the lep-

Lepton (Z8 × Z2) RH Singlet (Z8 × Z2) ν fields (Z8 × Z2) Higgs (Z8 × Z2)

doublet doublet

D̄Le (ω6, -1) eR (ω2, -1) νeR (ω5, 1) φ (1, 1)

D̄Lµ (ω3, 1) µR (ω5, 1) νµR (ω2, -1) φ′ (ω3, 1)

D̄Lτ (ω5, 1) τR (1, 1) ντR (1, 1) φ′′ (ω2, 1)

Table 7.3: Here, D̄Ll
denote SU(2)L doublets and lR, νlR (l = e, µ, τ ) are the right-handed (RH)

SU(2)L singlet for charged lepton and neutrino fields respectively. Also, φ, φ′ and φ′′ are the Higgs

doublets.

tonic field given in table (7.3) the bilinears D̄LllR, D̄LlνlR and νTlRC
−1νlR relevant for

Ml, MD and MR transform as

D̄Ll lR ∼


1 ω3 ω6

ω5 1 ω3

ω7 ω2 ω5

 , D̄LlνlR ∼


ω3 1 ω6

1 ω5 ω3

ω2 ω7 ω5

 , νlRνl′R ∼


ω2 ω7 ω5

ω7 ω4 ω2

ω5 ω2 1

 ,

(7.6.1)

where ω = eπi/4, ω8 = 1 . We introduce three SU(2)L doublet Higgs (φ, φ′,φ′′). One

of these Higgs doublet φ, is invariant under Z8 while the other two fields transforms

as: φ′ → ω3φ′ (φ̃′ → ω5φ̃′) and φ′′ → ω2φ′′ (φ̃′′ → ω6φ̃′′). The (Z8 × Z2) invariant
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Yukawa Lagrangian than becomes

−LY = YeeD̄LeeRφ+ YµµD̄LµµRφ+ YττD̄Lτ τRφ
′+ (7.6.2)

YeµD̄LeνµRφ̃+ YµeD̄LµνeRφ̃+ YµτD̄LµντRφ̃
′ + YτeD̄LτνeRφ̃

′′ + h.c.

Here all φ̃ = iτ2φ
∗. The Higgs fields acquires the vacuum expectation values 〈φ〉o 6= 0

and results in the Ml and MD of the following form,

Ml =


me 0 0

0 mµ 0

0 0 mτ

 ,MD =


0 a2 0

b1 0 b3

c1 0 0

 . (7.6.3)

Here me = Yee〈φ〉o, mµ = Yµµ〈φ〉o mτ = Yττ 〈φ′〉o. The elements of MD are a2 =

Yeµ〈φ∗〉o, b1 = Yµe〈φ∗〉o, b3 = Yµτ 〈φ′∗〉o and c1 = Yτe〈φ′′∗〉o. For the right-handed

Majorana mass matrix (MR) and for the mass matrix MS , we introduce few SU(2)L

scalar singlets and their transformation under Z8×Z2 is given in the table (7.4). Thus

Scalar singlet (Z8 × Z2) Scalar singlet (Z8 × Z2)

χ1 (ω6, 1) λ1 (1, 1)

χ2 (ω4, 1) λ2 (ω2, -1)

Table 7.4: Here, scalar singlet χ1 and χ2 give MR whereas λ1 and λ2 give MS .

the mass matrices MR and MS becomes,

MR =


r1 0 0

0 r2 0

0 0 r3

 , MS =
(

0 s2 s3

)
. (7.6.4)

We also give the transformation to the singlet field S as (ω6, -1) under (Z8×Z2) which

will prevent the term of the form ScS as demand by the MES model will still give

the correct form of MS . Using the minimal extended type I seesaw given in equation

(7.2.4) with the mass matrices MD, MR and MS as discussed above leads to effective

neutrino mass matrix mν with a texture zero at (1,3) position.

Similarly, one can assign the various fields transformation under the action of (Z8×
Z2) to obtain the texture with mττ = 0. The form of M (18)

D , MR and MS used to get

mττ = 0 are given in equation (7.3.8). We summarize the fields transformations in

the table (7.5). Here, no extra scalar singlet is needed to obtain the mass structure of
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MR which has Le − Lµ symmetry and for MS we need two scalar singlets (λ1, λ2)

which transform under Z8 × Z2 as (ω2, 1) and (ω7, -1) respectively. We also give

transformation to singlet field S as (ω, 1) under (Z8 × Z2) which will prevent the

term ScS. Note that symmetry realization of this texture is more economical than the

meτ = 0 texture.

Lepton (Z8 × Z2) RH Singlet (Z8 × Z2) ν fields (Z8 × Z2) Higgs (Z8 × Z2)

doublet doublet

D̄Le (1, 1) eR (1, 1) νeR (ω3, 1) φ (1, 1)

D̄Lµ (ω5, -1) µR (ω3, -1) νµR (ω5, 1) φ′ (ω3, 1)

D̄Lτ (ω3, 1) τR (ω2, 1) ντR (1, -1)

Table 7.5: The fields descriptions are same as given in table (7.3).

7.7 Summary
In this chapter we describe the low energy phenomenology of the minimal extended

type-I seesaw model which can accommodate an eV scale light sterile neutrino.This

model is motivated by the recent experimental evidences which support the existence

of light sterile neutrinos in addition to three active neutrinos. To formulate the MES

model, apart from three right handed neutrinos, an extra gauge singlet S is added to

the SM. This model gives rise to one massless, two active neutrinos in the sub-eV scale

and one sterile neutrino in the eV scale.

We obtain different textures of fermion mass matrices, MD, MR and MS that give

rise to phenomenologically allowed zero textures in the low energy neutrino mass ma-

trix, mν . The maximum number of zeros in MD that results in viable mν are found to

be five. Thus, there are 126 different possible structures of MD to be probed. We con-

sider four possible structures of MR with one diagonal and three non diagonal forms.

The maximum number of zeros in MS is one as two zeros do not result in phenomeno-

logically viable textures of mν . This leads to three possible structures of MS . After

analysing all the different combinations we obtain only two viable one zero textures of

mν (meτ = 0 and mττ = 0) with different possible structures of MD, MR and MS . We

study these textures of mν in the light of the current oscillation data. Both these tex-

tures have inverted hierarchical mass spectrum and we get constraints on observables
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like effective Majorana neutrino mass mee and Dirac CP phase δ13.

Next we studied the predictions of the MES model for the Yukawa matrices that

gave viable forms of mν and check whether any extra correlations can come from the

model. We find that some of the Yukawa matrices which can generate allowed one

zero textures meτ = 0 and mττ = 0 in the active neutrino mass matrix, mν , cannot

satisfy the extra correlations coming from the predictions of the MES model. Our

analysis reveals that due to these additional correlations among the 126×4×3 = 1512

possible combinations of MD, MR and MS , only 6 combinations giving meτ = 0 and

other 6 combinations giving mττ = 0 are allowed from the current oscillation data.

The 6 allowed combinations which give meτ = 0, reveal severe restrictions on the

values of θ23 and θ13 due to the extra correlations in the MES model and only the

lower octant of θ23 and relatively higher values of θ13 remains allowed. In addition

an interesting correlation is obtained, connecting the mass of the sterile neutrino to

the active sterile mixing parameters, which also involves the light neutrino masses and

mixing. For meτ = 0 the prediction for the sterile neutrino mass obtained from the

MES model is in complete agreement with what is obtained from global analysis. The

texture, mττ = 0 also predicts a correlation for sterile neutrino mass. This however is

in marginal agreement with the global analysis.

We also explored the consequences of NLO correction terms in our analysis and

depicted the parameter space in MD, MR and MS for which the NLO corrections

can be neglected as compared to the leading order term. Finally, working within the

framework of the MES mechanism, we present a discrete Abelian symmetry model

based on Z8 × Z2 group leading to the two phenomenologically allowed zero textures

of mν .

In this chapter, we analysed the low energy predictions of the minimal extended

seesaw model that can give an eV scale sterile neutrino. The results described in our

analysis shows the compatibility of this model with the neutrino oscillation data. We

also find correlations that can be tested in future experiments. This kind of study

is indispensable to test the viability of a given model in the context of present and

forthcoming neutrino oscillation experiments.
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Summary

In this doctoral work, we have addressed some interesting aspects of neutrino physics

from the phenomenological as well as theoretical point of view. These are mainly,

1. Study of degeneracies in neutrino oscillation parameters and their resolutions

using neutrino oscillation experiments.

2. Flavor antisymmetric models with respect to A5 discrete group, which predicts

inverted neutrino mass ordering and mixing angles consistent with experimental

data.

3. Sterile neutrino phenomenology considering “minimal extended type-I seesaw”

mechanism.

The parameters involved in three flavor neutrino oscillations are : two mass squared

differences (∆m2
j1, j = 2, 3), three mixing angles (θij, i < j = 1, 2, 3) and the CP

phase δCP . At the present era, the major unknown neutrino oscillation parameters are

the mass hierarchy, the octant of the mixing angle θ23 and the CP phase δCP . Determi-

nation of these unknowns using various neutrino oscillation experiments and exploring

the synergy between different experiments constitute a dominant part of the thesis. In

this respect, we concentrate on four neutrino oscillation experiments namely, T2K,

NOνA, DUNE and ICAL@INO ∗. It is well known that presence of parameter degen-

eracies are the major drawbacks that these experiments can come across to determine
∗Note that T2K and NOνA are the currently operating long baseline (LBL) experiments whereas

DUNE and ICAL@INO are the next generation LBL and atmospheric neutrino experiments respec-

tively.

143
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these unknowns. We study the synergy between the different LBL experiments and the

combined effect of LBL and atmospheric neutrino experiments to resolve these degen-

eracies. In this thesis, the first three chapters are introductory whereas in the next four

chapters, we have discussed the work that has been accomplished during the doctoral

period.

We start the thesis with a discussion of the history of the discovery of neutrino in

chapter (1). Later, we briefly discuss neutrinos in the SM, neutrino oscillation which

implies neutrinos have non-zero masses and mixing angles and hence physics beyond

the SM. We also briefly describe the generation of neutrino masses via seesaw mecha-

nism. Next, we present a brief overview regarding neutrinos beyond three flavors and

mention some of the unresolved issues in neutrino physics. In chapter (2), we discuss

the different sources of neutrinos. We also give brief descriptions about the various

detector technologies. We end this chapter with a discussion on the specifications of

different experiments that we have considered in this thesis. In chapter (3), we present

the formalism of neutrino oscillations and give the neutrino oscillation probabilities

for both vacuum as well as matter. We also mention the current status of the neutrino

oscillation parameters and various unknowns in neutrino oscillation physics.

In chapter (4), we focus on the physics reach of T2K, NOνA and ICAL@INO ex-

periments to resolve the presence of degeneracies in neutrino oscillation parameters.

We study these degeneracies in detail and propose that different degeneracies can be

studied in a most comprehensive manner by considering the generalized “hierarchy–

θ23 − δCP ” degeneracy. We show that, depending on whether the wrong-hierarchy

and/or wrong-octant solutions occur with right or wrong values of δCP , there can be

a total of eight possibilities. We describe the presence of parameter degeneracies at

the probability level for T2K, NOνA and INO. Considering six years of neutrino runs

for NOνA, we identify which of these degenerate solutions actually occur for differ-

ent representative choices of true parameters at the χ2-level. We discuss the role of

antineutrinos, considering NOνA[3+3], for the resolution of different degenerate solu-

tions. Next, we present the results combining NOνA[3+3] with T2K[8+0]. It is seen

that the synergy between T2K and NOνA helps in removing the wrong hierarchy-right

octant-wrong δCP solutions for true δCP = 0◦, 90◦ at 1σ C.L. For true δCP = −90◦,
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NOνA itself is sufficient for removing this degeneracy at 2σ C.L. The remaining de-

generate solutions at 2σ can be resolved by adding INO data with NOνA and T2K.

Addition of INO also helps to improve the precision of the parameters θ23 and δCP .

We illustrate the potential and proficiency of the next generation superbeam exper-

iment DUNE (L=1300 km) to determine the unknowns in neutrino oscillation param-

eters in chapter (5). In particular, we focus on the study of octant and δCP sensitivity.

We analyze in detail the physics of the antineutrinos for the DUNE baseline and what

kind of synergy can be offered by the addition of antineutrinos with the pure neutrino

runs. We also illustrate to what extent the broad-band nature of the beam and enhanced

matter effect influences the octant sensitivity . We observe that for the DUNE baseline

addition of antineutrinos are helpful in general. We find that when antineutrinos are

combined with neutrinos then the overall χ2 minimum is still governed by the neu-

trinos because of higher statistics. At this point the antineutrino contribution to χ2 is

higher and hence adding these enhances octant sensitivity in spite of the associated

octant degeneracy. We also describe how addition of antineutrinos affect the fraction

of δCP values for which CP sensitivity can be probed at 3σ level.

From a theoretical point of view, it is always challenging to formulate a model

which can explain the neutrino mixing pattern. In this context, we illustrate conse-

quences of an ansatz of flavor antisymmetry in the context of the flavor group A5 in

chapter (6). We assume that the Majorana neutrino mass matrix Mν and the charged

lepton mass matrix Ml satisfy, STνMνSν = −Mν , T
†
l MlM

†
l Tl = MlM

†
l with respect

to some discrete groups Sν , Tl contained in A5 group. These assumptions constrain

the leptonic mixing pattern and lead to a degenerate pair of neutrinos in addition to a

massless one i.e. flavors inverted mass ordering. This is a good zeroth order predic-

tion. Small perturbations splitting the degeneracy can lead to viable neutrino masses.

We consider discrete subgroups Z2 and Z2 × Z2 of A5 as residual symmetries of the

neutrino mass matrix, Mν and discrete groups Z3, Z5, Z2 and Z2 ×Z2 contained in A5

as symmetries of the charged lepton mass matrix, MlM
†
l and calculate the resulting

mixing patterns at the leading order in all the cases. The third column of the mixing

matrix and hence the angles θ13, θ23 get determined at this order. We also provide the

group theoretical derivation of the mixing patterns in A5 with a concrete example.
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In chapter (7), we consider the low energy phenomenology of the “minimal ex-

tended type-I seesaw” (MES) model which can give an eV scale light sterile neutrino.

In this model, Standard Model is extended with 3-right handed neutrinos and an extra

gauge singlet S. The lightest active neutrino always remains massless whereas the re-

maining two are in the sub-eV scale and the sterile neutrino is in the eV scale. After

scrutinizing all the possible combinations of fermion mass matrices, remarkably, we

find the only phenomenological allowed possibilities are– two one-zero textures of mν

(meτ = 0 and mττ = 0). We study these textures of mν in light of the current oscilla-

tion data and notice that both these textures predict inverted mass ordering. Next, we

discuss the predictions of the MES model and obtain extra correlations among neutrino

oscillation parameters which can be tested in future oscillation experiments. We also

illustrate the importance of next-to-leading order correction terms in this model. Fi-

nally, working within the framework of the MES model, we present a simple discrete

Abelian symmetry group Z8 × Z2 which explains allowed zero textures of mν .

Neutrino physics has now entered an era of precision studies. During the last

two decades, tremendous growth has happened in the area of experimental neutrino

physics. This has also contributed immensely to the advancement of our knowledge

about neutrino properties. The worldwide effort now is to determine the remaining un-

known parameters and to understand the origin of neutrino masses and mixings which

is also the task undertaken in this thesis. It is expected that the ongoing neutrino oscil-

lation experiments will be able to shed light on the above unknowns and set the agenda

for the future experiments. Some of the noteworthy future experiments are, DUNE,

T2HK, T2HKK, INO, PINGU, etc. Apart from the determination of the oscillation

parameters, the prospect of probing new physics like, non-standard interactions, sterile

neutrinos, CPT violation, etc. has also been studied widely in the literature. Once there

is some definite knowledge about the three unknowns, the exploration of new physics

studies may gain momentum in the future. Also a better knowledge of the unknown

oscillation parameters can provide further insight into allowed theoretical scenarios.

In this direction, sufficient theoretical progress has been made already. Therefore, in

coming times with new experimental results from the ambitious neutrino projects, the

study of neutrino physics will be even more exciting and challenging.



Appendix A

Numerical Details

A.1 Event calculation

In the present appendix, we illustrate the calculation of the number of neutrino events

that are detected in a neutrino detector. We also explain the χ2 analysis procedure that

has been performed in our study. Let us consider a neutrino oscillation experiment

where we are interested to look for the oscillation probability Pµe({s}) i.e. the proba-

bility that a neutrino with an initial flavor νµ is converted to a final flavor νe ∗. Let us

denote Φµ as the νµ flux at the detector. Then the number of νe events at the detector

can be written as

N ' ΦµPµe({s})σe, (A.1.1)

where σe denotes the cross section of the νe.

Equation (A.1.1) provides the schematic form for the calculation of number of neu-

trino events. However, this is not a simple task because of the process of reconstruction

of the neutrino energy. We like to mention here that in any neutrino oscillation exper-

iment the detector does not detect neutrinos directly. When neutrinos pass through a

medium, their interactions produce charged leptons corresponding to the given flavor

of neutrino. The energy of these particles are measured from which the neutrino energy

is reconstructed using some definite algorithm. In our work, we parameterize this us-

ing a simple Gaussian resolution or smearing function involving true and reconstructed

∗Note that {s} =
{

∆m2
21,∆m

2
31, θ12, θ13, θ23, δCP

}
denotes the set of oscillation parameters.
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neutrino energy,

R(Et, Em) = Ne e
−
[

(Et−Em)2

2σ2
E

]
, (A.1.2)

where R(Et, Em) is the smearing function, Et, Em are the true and measured energy

of the neutrinos respectively. Ne is the normalization coefficient and σE is the width

ofR(Et, Em). This σE can be expressed as

σE = αE + β
√
E + γ. (A.1.3)

where the coefficients α, β and γ depend on the detector specifications. Using these

measured neutrino energy information, the number of neutrino events can be expressed

as a function of measured energy Em and is given by,

N(Em) =

∫
Φµ(Et)Pµe({s}), Et)R(Et, Em)σe(Et)ε dEt, (A.1.4)

where ε denotes the detector efficiency and the integration is done over the entire true

energy range.

We also incorporate the binning information of the measured neutrino events. We

can express the measured neutrino events for the ith bin as

Ni =

∫ ∫
Φµ(Et)Pµe({s}), Et)R(Et, Em)σe(Et)ε dEt dEm (A.1.5)

Expression (A.1.5) can be used for the long baseline superbeam neutrino oscil-

lation experiments. In the case of atmospheric neutrino experiments, the oscillation

probability and the flux of the initial neutrino flavor not only depend on the true energy

but also on the direction of the neutrinos (i.e. on the zenith angle θ). This angular de-

pendence brings a new smearing function named as angular smearing and it is given

by [203],

R(Ωt,Ωm) = Na e

[
(θt−θm)2+sin2 θt(φt−φm)2

2σ2
Ω

]
, (A.1.6)

where Na is the normalization constant, φ is the azimuthal angle, ‘t’ and ‘m’ represent

the ‘true’ and ‘measured’ values respectively.

Thus the events for atmospheric neutrino experiments considering ith energy bin

and jth zenith angle bin can be expressed as

Nij =

∫ ∫ ∫ ∫
Φµ(Et,Ωt)Pµe({s}), Et,Ωt)R(Et, Em)R(Ωt,Ωm)σe(Et)ε

×dEt dEm dΩt dΩm, (A.1.7)
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As mentioned earlier, integration is done by considering the full spectrum of Et and Ωt

whereas for Em and Ωm, the integration is done only by considering ith and jth bins

respectively. In the above framework, we consider νµ → νe channel as an example.

However, similar procedure can be followed for other channels also. There are various

background events which can also be mis-identified as an event in a detector. There-

fore, while simulating total number of events at the detector one considers the sum of

both signal and background events.

A.2 χ2 Analysis

In our analysis, we use simulated data in lieu of real data. The experimental events,

N ex
i (say ith bin) are generated for some specific set of parameter values. These are

called true parameters. Similarly, we also generate the number of events by considering

test set of parameters for a given bin and name them as test or theoretical events N th
i .

For the χ2 analysis, one uses the Gaussian formula in the analysis when the number

of events per bin is greater than five and in this case the statistical χ2 can be expressed

as

χ2
stat =

∑
i

(N th
i −N ex

i )2

N ex
i

, (A.2.1)

whereas one can use Poisson formula if the number of events per bin are less than five

i.e.,

χ2
stat =

∑
i

2

[
N th
i −N ex

i −N ex
i log

(
N th
i

N ex
i

)]
. (A.2.2)

where, Nex is the total number of simulated experimental or true events, and N th is

the total number of simulated theoretical or test events.

The formalism discussed above gives us the statistical χ2 for a given oscillation

experiment. However, one needs to consider the various systematic uncertainties in

the experiment †.

In order to incorporate the systematic errors, we use the method of pull [221,222].

Let us consider the systematic uncertainties in terms of cross-sections. Suppose when
†Note that the systematic errors for an experiment can comes form uncertainties in the cross-sections,

neutrino flux, directional uncertainties, etc.
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the cross-section deviates from its central value by 1σ, then let ci be the change in

the number of events in the ith bin. Now for a ξσ change from the central value will

lead to ξci change in the total number of events (note here that ξ is the pull variable.).

Therefore, the number of events due to this pull variable will change as follows :

N th
i → N th

i + ξci. (A.2.3)

This will change total χ2 as

χ2
total = χ2

stat + χ2
syst,

= χ2
stat + ξ2. (A.2.4)

We can also generalize this for multiple number of systematic errors and the final

expression can be written as

χ2
total =

∑
i

(N th
i −N ex

i )2

N ex
i

+
∑
k

ξ2 (A.2.5)

where k runs over the number of pull variables.

The final χ2
pull is obtained by varying ξk in their 3σ ranges and by minimizing over

the total χ2 as

χ2
pull = Min

[
χ2
total

]
. (A.2.6)

Finally, we discuss about the uncertainties in the oscillation parameters. We con-

sider these uncertainties by varying all the parameters in their 3σ range in the test

events and then we minimize the resultant χ2 with respect to these test parameters ‡.

χ2 = Min{xth}
[
χ2
pull + χ2

prior

]
, (A.2.7)

here χ2
prior is the prior or penalty term arising due to the deviation of the oscillation

parameters from their true values. In our numerical analysis we add prior only for θ13.

This is because the solar parameters (θ12, ∆21) are measured very precisely. Also for

the atmospheric parameters (θ23, ∆31) we have not considered any prior because the

disappearance channel itself is capable of measuring these parameters. The form of

the prior for the parameter θ13 can be written as

χ2
prior =

[
sin2 2θex13 − sin2 2θth13

σ(sin2 2θ13)

]2

. (A.2.8)

where σ(sin2 2θ13) is the error in the measurement of sin2 2θ13.
‡Note that the true events are calculated by considering a set of true oscillation parameters.



Appendix B

Synergy between the oscillation

probabilities and the role of

antineutrinos

In this appendix, we discuss the origin of discrete degenerate regions in the test δCP −
θ23-plane from the combination of appearance and disappearance channels for NOνA.

We demonstrate the role of antineutrinos in resolving the degeneracies. The reference

true point chosen, in generating the data, is δCP = −90◦ and θ23 = 39◦. In the up-

per row of figure B.1, we plot the sensitivity of NOνA[6+0]. The serpentine curves

in the top-left panel of figure B.1 represent the allowed area at 90% C.L. from only

the appearance channel. The area inside the vertical curves represents the allowed

area from only the disappearance channel at the same C.L. The area between the blue

dotted (magenta dotted) curves denotes the region obtained for the right (wrong) hier-

archy. For the appearance channel, the allowed region is continuous and no discrete

degenerate solutions appear. This can be understood in the following manner. In the

neutrino appearance channel, δCP = −90◦ corresponds to the maximum value in the

probability. As one moves away from −90◦, the probability decreases and reaches its

minimum value at +90◦. On the other hand, the probability increases(decreases) as

θ23 increases(decreases). So if we draw an imaginary horizontal line and an imaginary

vertical line at the true point, then the allowed region is expected to come along the

diagonal of the rectangle obtained by the intersection of these two imaginary lines and
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antineutrinos

the X,Y axes for θ23 > 39◦ and δCP ≤ +90◦. For δCP > +90◦, the probability starts

to increase, so θ23 has to fall to keep the probability same. This explains the serpentine

nature of the allowed area. The width of the band corresponds to the θ23 precision of

the experiment. For the disappearance channel, the allowed region is in the vicinity of

θ23 and π/2−θ23 and parallel to the δCP axis since the Pµµ probability has a very weak

dependence on δCP . However, the combination of the disappearance and appearance

channels gives discrete regions in the parameter space due to the excellent θ23 preci-

sion of the disappearance channel near θ23 = 39◦ and 51◦. This helps to exclude the

other wrong values of θ23. This is shown in the top right panel of figure B.1. Apart

from the allowed regions around the true value, one can identify the distinct degenerate

solutions corresponding to wrong hierarchy-wrong octant-right δCP (WH-WO-RδCP )

and right hierarchy-wrong octant-wrong δCP (RH-WO-WδCP ) regions.

To show the exact synergy between the appearance and disappearance channels, in

the middle panel of the top row we plot the χ2 as a function of θ23(test) for a fixed δCP

value of −90◦ for the same hierarchy (NH). This figure shows that, though the disap-

pearance channel suffers from the intrinsic octant degeneracy and does not have any

octant sensitivity itself (χ2 ∼ 0), when added to the appearance channel, the channel

is responsible for that of δCP .

Next, we discuss the role of antineutrino runs in NOνA. In the bottom row of fig-

ure B.1, we plot the same figures as the top row but for the 3 year neutrino + 3 year

antineutrino run. In the bottom left panel, we see that when antineutrino information

is added to neutrino data, the allowed region from the appearance channel is signifi-

cantly reduced. The reason is as follows: as δCP changes its sign for antineutrinos, the

serpentine shape of the allowed region gets flipped with respect to δCP . This excludes

the right hierarchy-wrong octant regions of δCP ∈ UHP (i.e. RH-WO-WδCP ) and the

wrong hierarchy-wrong octant regions of δCP ∈ LHP (i.e. WH-WO-RδCP ). Thus,

after adding the antineutrino data only the RH-RO-RδCP solution remains, as can be

seen from the third panel in the bottom row. From the NOνA antineutrino probability

figure in the top right panel of figure 4.1, it is seen that the probability of the true point

cannot be matched by any points in the NH-HO or IH-HO bands. This means that for

this true point antineutrinos are free from the degeneracies that appear with the wrong
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Figure B.1: The plots in the upper row are for NOνA running only in the neutrino mode i.e.

NOνA[6+0]. Those in the lower row are for NOνA running in equal neutrino and antineutrino mode

i.e NOνA[3+3]. To generate these plots, we have assumed true θ23 = 39◦, true δCP = −90◦ and true

hierarchy = NH, whereas test parameters are marginalized over the range given in table 3.2. The plots

in the middle panel are generated for a fixed value of the test δCP (= −90◦).

octant in neutrinos. Thus, the addition of antineutrino information removes the wrong

octant solutions of NOνA[6+0] that appear in the top right panels of figure B.1.

The nature of the disappearance channel contours are seen to remain unaltered but

now the allowed area is slightly broader. This is because of a reduction in the overall

statistics due to the smaller cross sections of the antineutrinos. This is also seen in the

middle panels where the widths of the χ2contours increase.
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The three major unknown neutrino oscillation parameters at the present juncture are the mass hierarchy,
the octant of the mixing angle θ23 and the CP phase δCP. It is well known that the presence of hierarchy-δCP
and octant degeneracies affects the unambiguous determination of these parameters. In this paper, we show
that a comprehensive way to study the remaining parameter degeneracies is in the form of a generalized
hierarchy-θ23-δCP degeneracy. This is best depicted as contours in the test (θ23 − δCP) plane for different
representative true values of parameters. We show that the wrong-hierarchy and/or wrong-octant solutions
can be further classified into eight different solutions depending on whether they occur with the wrong or
right value of δCP. These eight solutions are different from the original eightfold degenerate solutions and
can exist, in principle, even if θ13 is known. These multiple solutions, apart from affecting the
determination of the true hierarchy and octant, also affect the accurate estimation of δCP. We identify
which of these eight different degenerate solutions can occur in the test (θ23 − δCP) parameter space, taking
the long-baseline experiment NOνA running in the neutrino mode as an example. The inclusion of the
NOνA antineutrino run removes the wrong-octant solutions appearing with both right and wrong hierarchy.
Adding T2K data to this resolves the wrong hierarchy-right octant solutions to a large extent.
The remaining wrong-hierarchy solutions can be removed by combining NOνAþ T2K with atmospheric
neutrino data. We demonstrate this using ICAL@INO as the prototype atmospheric neutrino detector.
We find that the degeneracies can be resolved at the 2σ level by the combined data set, for the true
parameter space considered in the study.
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I. INTRODUCTION

The standard three-flavor neutrino oscillation probability
is described by six parameters, namely three mixing angles
(θ12, θ23, θ13), two mass squared differences [Δm2

31, Δm2
21

(Δm2
ij ¼ m2

i −m2
j )] and the Dirac CP phase δCP. The

neutrino oscillation data from solar, atmospheric, reactor
and accelerator experiments have so far given information
about each of these oscillation parameters except δCP [1–3].
At present, the unknowns in neutrino oscillation physics are
(i) the sign of Δm2

31 [Δm2
31 > 0 known as normal hierarchy

(NH) and Δm2
31 < 0 known as inverted hierarchy (IH)],

(ii) the octant of θ23 [θ23 > 45° known as a higher octant
(HO) and θ23 < 45° known as a lower octant (LO)] and
(iii) the CP phase δCP; any value of this parameter other
than 0° and �180° would signal CP violation in the lepton

sector. In this case, it is often useful to talk in terms of the
lower half-plane (LHP) with −180° < δCP < 0° and upper
half-plane (UHP) with 0° < δCP < 180°.
The appearance channel Pμe often known as the “golden

channel” can measure all the three unknown parameters
described above.1 However, the measurement is compli-
cated by the fact that different sets of values of parameters
can give the same oscillation probability. This gives rise to
degeneracies that render an unambiguous determination of
true parameters difficult. It was discussed in Ref. [4] that
there can be eight-fold degeneracies in neutrino oscillation
probabilities which are (a) the intrinsic or θ13 − δCP
degeneracy [5], (b) the hierarchy-δCP degeneracy [6] and
(c) the intrinsic octant degeneracy [7]. The intrinsic
degeneracy refers to clone solutions occurring due to a
different θ13 and δCP value. This degeneracy can be
removed to a large extent by using spectral information
[8]. Moreover, the current precision determination of θ13*monojit@prl.res.in

†pomita.ghoshal@gmail.com
‡sruba@prl.res.in
§newton@prl.res.in∥raut@kth.se

1Originally, Pμe was termed as the golden channel because of
its sensitivity to θ13, hierarchy and δCP.
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[9–12] has removed this degeneracy to a great extent.
The hierarchy-δCP degeneracy leads to wrong-hierarchy
solutions occurring for a different value of δCP other than
the true value. The intrinsic octant degeneracy refers to
duplicate solutions occurring for θ23 and π=2 − θ23.
Many papers have discussed possibilities of the reso-

lution of these degeneracies by using different detectors in
the same experiment [13–15]. The synergistic combination
of data from different experiments was also discussed as
an effective means of removing such degeneracies by virtue
of the fact that the oscillation probabilities offer different
combinations of parameters at varying baselines and
energies [8,16–23]. In particular, the synergy between
long-baseline (LBL) experiments NOνA and T2K in
resolving the hierarchy-δCP degeneracy has been discussed
recently in Refs. [24–27].
It has been shown in Refs. [21,28,29] that a precise

measurement of the mixing angle θ13 is helpful for the
removal of octant degeneracy. Octant sensitivity in the T2K
and NOνA experiments has been studied recently in
Refs. [30,31] in view of the measurement of a nonzero
θ13. The octant degeneracy is different for neutrinos and
antineutrinos, and hence a combination of these two data
sets can be conducive for the removal of this degeneracy for
most values of δCP [32–34].
Since atmospheric neutrino baselines experience strong

Earth matter effects, these effectively remove the overlap
between right- and wrong-hierarchy solutions [35–38]. In
particular, atmospheric neutrino experiments capable of
distinguishing neutrinos and antineutrinos can be very useful
in resolving degeneracies related to the mass hierarchy
[38–48]. The octant sensitivity of the atmospheric neutrinos
comes from both the appearance [49] and disappearance
channels [50] andalso benefits from significantmatter effects,
especially facilitated by the large value of θ13 measured by
reactor experiments. Atmospheric neutrinos also provide a
synergy with LBL experiments in terms of probability
behavior with respect to parameters, so that the combination
of atmospheric neutrinodatawithLBLdata exhibits a reduced
effect of thehierarchy andoctant degeneracies [31,45,51–53].
Recently, it has been realized that for the appearance

channel, the octant degeneracy can be generalized to the
octant-δCP degeneracy corresponding to any value of θ23 in
the opposite octant [31,54]. A continuous generalized
degeneracy in the three-dimensional θ23 − θ13 − δCP plane
has been studied in Ref. [54]. In this work, we show that with
the high precision measurement of θ13 by reactor experi-
ments, the degeneracies can be discussed in an integrated
manner in terms of a generalized hierarchy-θ23 − δCP
degeneracy. A good way to visualize the different degenerate
solutions is in terms of contours in the test (θ23 − δCP) plane
for different choices of true values of parameters.2 These

plots also give an indication regarding the precision of the
parameters δCP and θ23. Although hierarchy degeneracy is
discrete, the θ23 − δCP degeneracy is continuous for the
appearance channel probability Pμe. Inclusion of the
information from the disappearance channel Pμμ restricts
θ23, and discrete degenerate solutions are generated. We
classify, for the first time, the wrong-hierarchy and wrong-
octant solutions with respect to right or wrong δCP values.
This also allows us to understand how the hierarchy and
octant degeneracies can affect the precision in δCP. We
observe that since the wrong-hierarchy and wrong-octant
solutions can occur for wrong values of δCP as well, there
can exist, in principle, a total of eight degenerate solutions
corresponding to different combinations of hierarchy,
octant and δCP. This is summarized in Table I.3 Note
that these solutions are different from the eight-fold
degenerate solutions that have been discussed in the
literature. To the best of our knowledge, the parameter
degeneracies have not been studied in this generalized
form in the literature prior to this. We identify which
degenerate solutions among the eight possibilities listed in
Table I exist in the neutrino oscillation probabilities for
typical baselines and energies corresponding to the LBL
experiments T2K and NOνA.
For representative true values of these parameters, we

demonstrate to what extent the degenerate solutions can be
removed by NOνA, NOνAþ T2K and NOνAþ T2Kþ
ICAL. Note that, although the combined capability of
NOνA, T2K and ICAL in the hierarchy octant and δCP
determination have been investigated, a comprehensive
study for the removal of degeneracies using these three
facilities together has not been done before.
The paper is organized as follows. In Sec. II, we give the

experimental details of the LBL and atmospheric neutrino
experiments being considered. In Sec. III, first we sum-
marize the parameter degeneracies and identify degenerate
solutions at the level of neutrino oscillation probabilities.
Then, we show their occurrence at the event level consid-
ering NOνA and discuss the resolution of the different
kinds of degeneracies by combinations of the given

TABLE I. Various possibilities of degeneracy in the probability
Pμe. Here, R ¼ right, W ¼ wrong, H ¼ hierarchy and
O ¼ octant.

Solution with right δCP Solution with wrong δCP

I. RH-RO-RδCP V. WH-WO-WδCP
II. RH-WO-RδCP VI. RH-RO-WδCP
III. WH-RO-RδCP VII. RH-WO-WδCP
IV. WH-WO-RδCP VIII. WH-RO-WδCP

2Note that prior to the discovery of a nonzero value of θ13, the
degeneracies were studied mainly in θ13 − δCP plane.

3It is to be noted in this connection that if the δCP precision is
not good, then there can be continuous regions connecting right
and wrong δCP solutions, and hence it may not always be possible
to identify discrete wrong δCP solutions.
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experiments. We also present the precision of the param-
eters θ23 and δCP from the combined analysis with
NOνAþ T2Kþ ICAL data. The conclusions are presented
in Sec. IV. The Appendix outlines the synergy between the
disappearance and appearance channels and the role of
antineutrinos.

II. EXPERIMENTAL DETAILS

We use the GLoBES package [55,56] (along with the
required auxiliary files [57,58]) to simulate the data of the
two long-baseline neutrino oscillation experiments T2K
(Tokai to Kamioka, Japan) and NOνA (NuMI Off-Axis νe
Appearance, Fermilab). The source to detector distance,
L, for T2K is 295 km. In the T2K experiment [59], muon
neutrinos are directed from J-PARC, making an off-axis
angle of 2.5° toward the Super-Kamiokande detector,
which is a Water Čerenkov detector of mass 22.5 kt.
T2K has been proposed to run for a total luminosity of
7.8 × 1021 protons on target (POT), and it has already
collected 10% of the total data in the neutrino mode. At
present it is running in the antineutrino mode, and the first
results have been reported [60]. The recently operational
NOνA experiment is also sending muon neutrinos through
two detectors, one at Fermilab (the near detector) and one
in northern Minnesota (the far detector), making an off-
axis angle of 0.8° and traveling a distance of 810 km to
reach the far detector, which is a 14 kt totally active
scintillator detector (TASD). The beam power of NOνA is
planned to be 700 kW which corresponds to 6 ×
1020 POT=year which will run for 3ðνÞ þ 3ðν̄Þ years. In
our simulation of NOνA data, we considered the reopti-
mized NOνA set up from Refs. [26,61].
For the simulation of an atmospheric neutrino experi-

ment, we consider a magnetized iron calorimeter detector
(ICAL) planned by the India-based Neutrino Observatory
(INO), the primary goal of which is to study atmospheric
muon neutrinos. ICAL@INO has an advantage over other
detectors because it has a magnetic field which allows
charge discrimination, thus providing the facility to dis-
tinguish between μþ and μ−. Here, we consider the 50 kt
detector for ICAL@INO with a runtime of 10 years. In our
numerical analysis, we have used constant detector angular
and energy resolutions of 10° and 10% respectively and
85% overall efficiency. The muon resolutions from INO
simulations can be found in Ref. [62]. We have checked
that the constant resolutions used in this paper give results
similar to those obtained using resolutions from INO
simulation codes [44,45]. In our analysis of atmospheric
neutrinos, we used the Gaussian formula to compute the
statistical χ2. Systematic errors are taken into account
using the method of pulls [63,64] as outlined in Ref. [42].
We have added a 5% prior on sin22θ13.
We use the following representative values for the

oscillation parameters in our numerical simulation as given
in Table II, Refs. [1–3].

III. IDENTIFYING DEGENERACIES IN
NEUTRINO OSCILLATION PARAMETERS

AND THEIR RESOLUTION

For the baselines relevant for the experiments NOνA
and T2K, the Earth matter density is in the range
(2.3 − 3.0 g=cc), well below the matter resonance.
Therefore, oscillation probabilities computed assuming
constant matter density can be used for these experiments.
Such probabilities calculated using perturbative expansion
of the small leptonic mixing angle θ13 (in terms of s13) and
the mass hierarchy parameters αð≡Δm2

21=Δm2
31Þ are given

as follows [65–67],

Pμμ ¼ 1 − sin22θ23sin2ΔþOðα; s13Þ ð1Þ

Pμe ¼ 4s213s
2
23

sin2ðA − 1ÞΔ
ðA − 1Þ2 þ α2cos2θ23sin22θ12

sin2AΔ
A2

þ αs13 sin 2θ12 sin 2θ23 cosðΔþ δcpÞ

×
sinðA − 1ÞΔ
ðA − 1Þ

sinAΔ
A

; ð2Þ

where sijðcijÞ ¼ sin θijðcos θijÞ for j > i (i; j ¼ 1, 2, 3).
We use the following notation: Δ≡ Δm2

31L=4E,
A≡ 2EV=Δm2

31 ¼ VL=2Δ, where V ¼ ffiffiffi

2
p

GFne is the
Wolfenstein matter term. The antineutrino oscillation
probability can be obtained by replacing δCP → −δCP
and V → −V. Hence, in the neutrino oscillation probability,
A is positive for NH and negative for IH, and for
antineutrinos, the sign of A gets reversed. We observe
the following salient features from the probability formulas:

(i) The leading order term in the muon neutrino survival
probability Pμμ, also known as the disappearance
channel, is proportional to sin22θ23sin2Δ. This gives
rise to the intrinsic hierarchy and octant degeneracies:

PμμðΔÞ ¼ Pμμð−ΔÞ ð3Þ

Pμμðθ23Þ ¼ Pμμðπ=2 − θ23Þ: ð4Þ

TABLE II. Values of neutrino oscillation parameters used in our
simulations. Here, the second column gives the true values of the
parameters, and the third column represents the parameter range
over which we have marginalized the test values.

Oscillation
parameters True value Test value

sin2 2θ13 0.1 0.085–0.115
sin2 θ12 0.31 –
θ23 LO ¼ 39°, 42°,

HO ¼ 48°, 51°
35°–55°

Δm2
21 7.60 × 10−5 eV2 –

Δm2
31 2.40 × 10−3 eV2 ð2.15–2.65Þ × 10−3 eV2

δCP 90°, 0°,−90° −180° to þ180°
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This leads to a loss of sensitivity to the hierarchy and
octant, when the measurement is performed using this
channel.

(ii) The appearance channel Pμe does not have intrinsic
degeneracies but suffers from the combined effect of
different parameters, which leads to the following
set of degeneracies:

Pμeðθ13; δCPÞ ¼ Pμeðθ013; δ0CPÞ ð5Þ

PμeðΔ; δCPÞ ¼ Pμeð−Δ; δ0CPÞ: ð6Þ

Equations (4)–(6) constitute the eight-fold degen-
eracy discussed in Ref. [4].

Recently, it has been discussed that in the context of
probabilities which are dependent on sin2 θ23, the octant
degeneracy can be generalized to include all values of θ23 in
the second octant [31] and can also be correlated with δCP
[31,68]. The pattern of parameter degeneracies in the three-
dimensional θ23 − θ13 − δCP space arising from the appear-
ance probability Pμe has been discussed in Ref. [54]. This is
a continuous degeneracy and can be expressed as

Pμeðθ23; θ13; δCPÞ ¼ Pμeðθ023; θ013; δ0CPÞ
⇒ generalized octant degeneracy:

ð7Þ
However, the reactor experiments have measured sin2 θ13
with a high degree of accuracy, and future measurements
are expected to improve it further. This has reduced the
impact of θ13 uncertainty on octant degeneracy to a large
extent [31]. In this paper, we consider another generalized
degeneracy which is the hierarchy-θ23 − δCP degeneracy:

Pμeðθ23;Δ; δCPÞ ¼ Pμeðθ023;−Δ0; δ0CPÞ
⇒ generalized hierarchy

− θ23 − δCP degeneracy: ð8Þ
This degeneracy can be observed best in the test θ23 − δCP
plane. Studying it in this fashion allows us to view the
degeneracies arising out of the remaining unknown param-
eters in a comprehensive manner. We note that while the
hierarchy degeneracy is always discrete, the θ23 − δCP
degeneracy arising out of the appearance channel is con-
tinuous. On the other hand, the intrinsic octant degeneracy
arising from the Pμμ channel is independent of δCP and
discrete in θ23 except for θ23 values close to maximal. Thus,
combining the survival and conversion probabilities gives
rise to disconnected degenerate regions in the θ23 − δCP
plane. We have elaborated on this point in the Appendix.
In the next subsection, we study the occurrence of the

above degeneracies in terms of probabilities for NOνA and
T2K and identify the different possible degenerate solu-
tions at the probability level.

A. Identifying degeneracies at the probability level

Figure 1 shows the probability Pμe for neutrinos (left
panel) and antineutrinos (right panel) as a function of
δCP for both NH and IH. The plots in the upper panel
correspond to NOνA, while those in the lower panel are for
T2K. These probabilities are plotted for the energy where
the neutrino flux peaks. The hatched area denotes variation
over θ23. For the lower (higher) octant, we vary θ23 between
39°–42° (48°–51°). This is a good assumption for θ23 not
too close to its maximal value, for the purpose of illustrat-
ing the physics, since for a given θ23ðtrueÞ, the disappear-
ance channel anyway excludes values away from θ23ðtrueÞ
and π=2 − θ23ðtrueÞ. Thus, these plots implicitly assume
information from the disappearance channel. From Fig. 1,
the following points can be noted:
For neutrinos—
(i) The NH probabilities are higher than the IH prob-

abilities. This is because of the enhanced matter
effect for neutrinos for NH in the Earth’s matter.

(ii) For both NH and IH, the probabilities are higher in
the LHP.

(iii) The probabilities for a higher octant are higher for
both NH and IH.

While, for antineutrinos—
(i) “A” changes its sign, and IH probabilities become

higher than NH.
(ii) The flip in sign of δCP makes both the NH and IH

probabilities higher in the UHP.
(iii) Like neutrinos, the probabilities for a higher octant

remain higher for both NH and IH. For both
neutrinos and antineutrinos, the lowest line in the
LO (HO) band corresponds to 39° (48°), while
the highest point corresponds to 42° (51°), due to
the sin2θ23 dependence of the leading order term.

The overlapping regions between various curves at a
specific value of δCP indicate the degeneracy occurring for
the right value of δCP, while the same value of the
probability for different δCP values denotes degeneracy
occurring at wrong values of δCP. Clearly, the former
would correspond to solutions with the wrong hierarchy
and/or octant with right δCP, while the latter would
correspond to the solutions with the wrong hierarchy
and/or octant and wrong δCP. The wrong-CP degenerate
solutions corresponding to a given true value of θ23 and δCP
can be obtained from the probability figures by drawing a
horizontal line through this point. The different intersection
points of this line with the probability bands are degenerate
as they share the same value of probability. However, the
degenerate solutions occurring for a particular θ23 (true)
which is not in the vicinity of π=2 − θ23 (true) in the
opposite octant will be excluded by the disappearance
channel, and the occurrence of these solutions in the test
θ23 − δCP plane will depend on the θ23 precision of the
disappearance channel.
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Below, we explain the occurrence of the different
degenerate combinations of fhierarchy; θ23; δCPg taking
the NOνA neutrino probabilities (the top-left panel) as
reference unless otherwise mentioned:
(1) The overlapping regions between the NH-LO (blue)

and IH-HO (green) bands around δCP ¼ −120° and
90° give rise to WH-WO-RδCP degenerate solutions
in the probability. However, for antineutrinos, these
bands are well separated. Thus, combining NOνA
neutrino and antineutrino data can help in removing
these solutions.

(2) The probability corresponding to UHP of the NH-LO
(blue) band can be the same as those for the LHP of
the IH-LO (yellow) band for θ23 ¼ 39°. This can
give rise to WH-RO-WδCP solutions. Note that this
degeneracy is present in the antineutrinos for the same
values of δCP. Thus, for true NH, UHP (i.e.
0° < δCP < 180°) is the unfavorable half-plane of
δCP, and this degeneracy cannot be resolved by using
NOνA data alone. For T2K, the probability exhibits a
sharper variation with δCP, and hence this degeneracy
is less pronounced between the UHP and LHP.
Hence, the addition of T2K data to NOνA can be

helpful in removing this degeneracy. For LHP (i.e.
−180° < δCP < 0°), which is the favorable half-plane
of δCP in NH, there is no WH-RO-WδCP solution for
both NOνA and T2K.

(3) For δCP ∈ UHP, the NH-HO (red) band can share
same value of probability with NH-LO (blue) band
for δCP ∈ LHP. This is the reason for the RH-WO-
WδCP solution. For antineutrinos, the degeneracy is
seen to be between NH-HO-LHP and NH-LO-UHP.
Thus, a combination of neutrinos and antineutrinos
helps to remove this degeneracy.

(4) The WH-WO-WδCP solution can be observed along
the isoprobability line that intersects the NH-LO (blue)
and IH-HO (green) bands at different values of δCP.
This degeneracy can be seen for instance between
fNH; 39°;−180°g and fIH; 51°; 0°g. Again, the anti-
neutrino probability does not suffer from this degen-
eracy, and thus combining neutrino and antineutrino
data can be helpful in removing these solutions.

(5) One can also have RH-RO-WδCP solutions as a
result of a so-called “intrinsic CP degeneracy” that
occurs for the same hierarchy and same value of θ23
but at a different value of δCP. This is due to the
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FIG. 1. The oscillation probability Pμe as a function of δCP. Here, the upper row represents oscillation probability for NOνA
[L ¼ 810 km], and the lower row represents probability for T2K [L ¼ 295 km]. The left panel is for neutrinos, while the right panel is
for antineutrinos.
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harmonic dependence of the probability on δCP. For
instance, within the NH-HO (blue) band, δCP ¼ 0°
and δCP ≈ −135° have the same value of probability
for θ23 ¼ 39°. However, for antineutrinos, this oc-
curs for δCP ¼ 0° and δCP ¼ þ135°. Thus, a combi-
nation of neutrino and antineutrino data can help
to get rid of this degeneracy. This can also be seen
to occur for T2K, forfNH; 48°;−180°g and
fNH; 48°; 0°g. For T2K, since the flux peak coin-
cides with the probability peak, the CP-dependent
term is proportional to sin δCP, and thus this degen-
eracy occurs for δCP and π − δCP [68]. For NOνA,
since the flux and the probability peak are not at the
same energy, the degeneracy does not correspond
exactly to δCP and π − δCP. It is interesting to note
that this degeneracy does not occur for δCP ¼ �90°.

Thus, among the eight solutions listed above, only the
WH-RO-RδCP and RH-WO-RδCP solutions do not exist
even at the probability level. The above description is in
terms of probabilities without including any experimental
errors. At the event level, many of these may not appear as
discrete degeneracies. In particular, for a C.L. beyond the
reach of a particular experiment’s precision, the different
discrete degenerate solutions merge, and the degeneracy
becomes continuous.
Note that another way to understand the degeneracies is

the biprobability ellipses in the Pμe − Pμ̄ ē plane [6]. This
requires a single plot for neutrinos and antrineutrinos.
However, each point on these ellipses corresponds to
different values of δCP which cannot be read off from
the plots. The probability band plots presented in this paper
provide a complementary way to visualize the occurrence
of the degeneracies at different CP values, and one can
readily identify the wrong and right δCP solutions which are
the main focus of this work.

B. Identifying degeneracies at the event level

To show the occurrence of the different degeneracies at
the event level, in Fig. 2 we present a set of contour plots in
the θ23 − δCP test-parameter plane assuming only neutrino
run (6 years) of NOνA, which is denoted as [6þ 0]. We
note that the proposed run time of NOνA is 3þ 3.
However, in this section, we intend to identify which of
the different degenerate solutions discussed in Table I can
arise in the θ23 − δCP plane. Since the wrong-octant
solutions disappear including the antineutrino run, the
6þ 0 case is the best option for visualizing all the possible
degenerate solutions. The 3þ 3 case is discussed in the
next section. These sets of plots also show the role of
statistics which can give enhanced precision vis-à-vis the
antineutrino run which helps in resolving degeneracies.
Similar plots can also be drawn for the T2K 8þ 0 case.
However, for T2K, since the hierarchy sensitivity is much
less, the possibility of getting continuous regions instead of

discrete degenerate solutions is more. Thus, the different
degenerate solutions cannot be visualized so distinctly, and
in this section, our main aim is to identify the different
degenerate solutions in the θ23 − δCP plane. This can be
done better with NOνA 6þ 0 as the illustrative example.
These plots are drawn assuming true hierarchy to be NH
and different choices of true values of θ23 and δCP. In this
and all the other subsequent figures, the successive rows are
for θ23 ¼ 39°, 42°, 48°, 51°. The true δCP values chosen are
�90° corresponding to maximum CP violation and 0°
corresponding to CP conservation. The blue contours
correspond to the right hierarchy, and magenta curves
correspond to the wrong hierarchy.
The first column of Fig. 2 shows the degenerate solutions

for δCP ¼ −90° for NOνA running only in the neutrino
mode. For θ23 ¼ 39°, apart from the true solution, RH-WO-
WδCP and WH-WO-RδCP solutions are observed in the
upper and lower right quadrants respectively. The RH-WO-
WδCP solution is also seen for θ23 ¼ 42°. For this case, at
δCP ¼ −90°, the uppermost point of the blue band in the
NOνA neutrino probability, in Fig. 1 one can see that the
same value of probability is possible for NH-HO (red band)
near δCP ¼ þ45° and�180°. This explains the shape of the
allowed zone—wider at these values and narrower at 90°.
The WH-WO-RδCP solution is seen only at a 2σ level for
θ23 ¼ 42°. This can be understood by observing that the
points 42° (the upper tip of the blue band) and 48° (the
lower tip of the green band) are more separated as
compared to 39° (the lower tip of the blue band) and
51° (the upper tip of the green band). For θ23 in the higher
octant (48° and 51°), there are no spurious wrong-hierarchy
solutions even with only neutrinos. This is because for NH,
θ23 in the higher octant and −90° correspond to the
maximum probability for neutrinos, and this cannot be
matched by any other combination of parameters. Hence,
no degenerate solutions appear, and only the neutrino run
for NOνA suffices to give an allowed area only near the true
point. Note that the contours for 48° extend to the wrong
octant also. However, (here and elsewhere) this is not due to
any degenerate behavior of the Pμe probability but due to
the poor θ23 precision of the Pμμ channel near maximal
mixing.
The second column represents δCP ¼ þ90°. In this case,

we observe a WH-WO-RδCP solution for both θ23 ¼ 39°
and 42°. This can be understood from the intersection of the
blue and green bands in Fig. 1 close to δCP ¼ 90° in the
UHP. We also get a WH-RO-WδCP region in the LHP. For
42°, since the θ23 precision coming from the disappearance
channel is worse, at 2σ both these solutions merge, and a
discrete degenerate region is not obtained. For θ23 ¼ 51°
from Fig. 1, we see that the point fNH;þ90°; 51°g in the
red band intersects the blue band around fNH;−90°; 39°g
giving a RH-WO-WδCP solution.
AWH-RO-WδCP solution is also obtained in this case in

the LHP. Similar regions are also obtained for θ23 ¼ 48°.
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FIG. 2. Contour plots for NOνA½6þ 0� with true values of θ23 ¼ 39°, 42°, 48°, 51° in successive rows. The three columns correspond
to δCP ¼ −90°, 90°, 0° respectively.
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However, the RH-WO-WδCP solution merges with the true
solution at 2σ level.
For δCP ¼ 0°, a discrete RH-RO-WδCP solution is seen

to be allowed at 1σ for θ23 ∈ LO. This is due to the intrinsic
CP degeneracy as discussed in the context of probabilities.
But at 2σ, due to the poor δCP precision, this degeneracy
becomes continuous, and the whole LHP becomes allowed.
For θ23 belonging to the higher octant, larger statistical
errors are involved as compared to θ23 ∈ LO, and this
degeneracy appears as continuous in the LHP even at 1σ,
and at 2σ the full δCP range becomes allowed. For θ23 ¼
39° and 42°, we also see wrong-hierarchy solutions
appearing in the wrong octant. From the probability figure,
we identify that this degeneracy occurs around δCP ¼
−30°;−180°; 180° for θ23 ¼ 39° which allows the LHP
of δCP at 1σ and the whole δCP range at 2σ. For θ23 ¼ 42°,
this degeneracy is seen to occur around δCP ¼ −90° giving
distinct degenerate solutions at the 1σ and 2σ levels. For
θ23 ¼ 42°, a discrete RH-WO-WδCP solution appears at 1σ.
From Fig. 1, it is seen that fNH; 42°; 0°g has the same value
of probability corresponding to fNH; 48°; 90°g. At 2σ,
this merges with the RH-RO-WδCP solution. For θ23 ¼ 39°,
this solution appears as a 2σ allowed patch around
fNH; 51°; 90°g. From Fig. 1, it can be seen that the above
points are not exactly degenerate in terms of probability,
but due to lack of precision, they become allowed. For a
similar reason, the 2σ patch with wrong hierarchy appears
in the right octant for θ23 ¼ 39° and 42°. For θ23 ¼ 51°, a
right-hierarchy patch occurs with the wrong octant. For
θ23 ¼ 48°, because of the proximity to maximal mixing, the
true parameter space also extends to the wrong octant. In
general, we see that the CP precision is poorer for δCP ¼ 0°
at this stage. This is due to the unresolved degeneracies
for δCP ¼ 0° which lead to multiple allowed regions and
continuous bands at 2σ.

C. Successive resolution of degeneracies with data
from different experiments

In this section, first we show the status of the above
degenerate regions when NOνA runs in [3þ 3] configura-
tion. We then study the combined potential of NOνA½3þ 3�
and T2K½8þ 0� in resolving the degeneracies. Finally,
we add the atmospheric neutrino data from ICAL and show
its impact.
It is well known that due to Earth matter effects and the

presence of an antineutrino component in the atmospheric
neutrino flux, ICAL can play a prominent role in resolving
the hierarchy and octant degeneracies [44,62]. Since there
is no δCP dependence in ICAL, the hierarchy and octant
sensitivities are independent of δCP. This δCP-independent
χ2 adds to the χ2 for NOνA and T2K in the degenerate
region, and the wrong-hierarchy and wrong-octant solu-
tions can be resolved. This aids in improving both the
octant and δCP sensitivities of T2K and NOνA [31,69,70].
Note that this is a synergistic effect and the combined

sensitivity is better than that obtained by adding individual
χ2 values.
The advantage offered by the atmospheric neutrino

detector ICAL and the synergy between the various experi-
ments in removing the degeneracies can be seen from these
plots. It is noteworthy that the allowed area in the test θ23 −
δCP plane also gives an idea about the precision of these
two parameters.
Our results are presented in Figs. 3–5 which correspond

to true δCP ¼ −90°, 90° and 0° respectively. In each figure,
the successive columns represent NOνA½3þ 3�, NOνA½3þ
3� þ T2K½8þ 0� and NOνA½3þ 3� þ T2K½8þ 0� þ ICAL
respectively. In these figures, the following generic features
can be noted:

(i) Comparing with the NOνA½6þ 0� panels, in all the
NOνA½3þ 3� figures, we note that the addition of
antineutrino information removes the wrong-octant
degenerate regions. This also includes the wrong-
hierarchy regions occurring with the wrong octant.
For θ23 ¼ 39° and 51°, the wrong-octant regions are
almost completely removed. But for the true θ23
values 42° and 48°, both the right-hierarchy and
wrong-hierarchy solutions extend to the wrong-
octant region.

(ii) When T2K data is added to NOνA½3þ 3�, it helps in
removing these wrong-octant extensions. The wrong
hierarchy-right octant regions also get significantly
reduced in size by adding T2K data to NOνA½3þ 3�.
This is due to the fact that for T2K, these solutions
occur at different δCP values than NOνA. Addition
of T2K data also improves the precision of θ23
and δCP.

(iii) When ICAL data are added to T2K and NOνA, the
remaining wrong-hierarchy regions are resolved for
all the true values of θ23 considered. The wrong-
octant extensions of the right-hierarchy solutions are
also reduced in size, and the precision of θ23
improves. The combination of T2Kþ NOνAþ
ICAL can resolve all the degeneracies at a 2σ level
for true θ23 ¼ 39°, 51° for all the three δCP values.
For the θ23 and δCP combinations of f42°; 0°g and
for 48°, �90°, 0°, there are still allowed regions in
the wrong octant. Note that some of the wrong-
octant regions that are removed by the NOνA
antineutrino run could also be removed by the ICAL
data.

Apart from the above features, the following important

points can be observed from the figures:
(i) For δCP ¼ −90°, there are no wrong-hierarchy

solutions in NOνA½3þ 3�, and the addition of
T2K helps in improving the θ23 precision. This
feature is particularly prominent for θ23 ¼ 42° and
48° where T2K data help in removing the wrong-
octant extensions for the right-hierarchy solutions.
With the addition of ICAL data, the wrong-octant
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FIG. 3. Contour plots in the test θ23 − δCP plane for true δCP ¼ −90° and true θ23 ¼ 39°, 42°, 48° and 51° in successive rows. The first
column is for NOνA½3þ 3�. The second and third columns are for NOνA½3þ 3� þ T2K½8þ 0� and NOνA½3þ 3� þ T2K½8þ 0� þ
ICAL respectively.
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FIG. 4. Same as in Fig. 3 but for true δCP ¼ þ90°.
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FIG. 5. Same as in Fig. 3 but for true δCP ¼ 0°.
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solution is almost resolved for θ23 ¼ 42°, while for
θ23 ¼ 48°, the same is resolved at 1σ.

(ii) For δCP ¼ −90° and θ23 ¼ 51°, NOνA can already
resolve all the degeneracies with 6 years of neutrino
run only as can be seen in Fig. 2. However, the
precision of θ23 is worse with NOνA½3þ 3�. This is
because splitting the neutrino run into equal neutrino
and antineutrino runs reduces the statistics, and
hence the precision becomes worse.

(iii) For δCP ¼ 90°, we also see that for θ23 ¼ 48°, the
wrong-hierarchy region in NOνA½3þ 3� þ T2K½8þ
0� is still quite large, and this is where ICAL has a
remarkable role to play. We see that when ICAL data
are added, the large wrong-hierarchy region corre-
sponding to θ23 ¼ 48° completely vanishes.

(iv) The small 1σ wrong hierarchy-wrong octant allowed
zone for δCP ¼ 90° and θ23 ¼ 42° in NOνA½3þ 3�
can be identified as the part of the WH-WO-RδCP
solution of NOνA½6þ 0� by comparing with Fig. 2.

(v) For δCP ¼ 0°, adding T2K data to NOνA½3þ 3�
improves the precision considerably and also re-
moves the wrong-hierarchy solutions to a large
extent. The precision of θ23 and δCP around the
true solution also improves. The enhanced precision
due to adding T2K is also responsible for reducing
the continuous allowed regions to discrete degen-
erate solutions for θ23 values near 45°. Adding ICAL
data removes the remaining wrong-hierarchy re-
gions and further help to pinpoint the allowed zones
at a 2σ level.

(vi) In NOνA½3þ 3�, for δCP ¼ 0° and θ23 ¼ 39°, 42°,
comparing with the corresponding figures in Fig. 2,
we see that the spurious solution appearing at −150°
at 1σ due to the intrinsic degeneracy is no longer
present with the addition of antineutrino data, since
for the antineutrino probability in NOνA the in-
trinsic degeneracy is between 0° and þ150° as
discussed earlier. Thus, the addition of neutrino
and antineutrino data solves the intrinsic degeneracy
at 1σ at both these δCP values, but at 2σ, both �150°
remain allowed. The allowed area near the true value
increases in size because replacing half the neutrino
run with antineutrinos reduces the statistics, and
hence the precision becomes worse.

The following additional observations can be made
regarding alternative parameter values and running modes:

(i) In generating the above plots, we considered T2K
running in the neutrino mode with its full beam
power. We find that once one includes the antineu-
trino run from NOνA, running T2K in the antineu-
trino mode is no longer necessary for removing
spurious wrong-octant solutions. Rather, running in
the neutrino mode gives enhanced statistics and
hence better precision. If on the other hand NOνA
runs in full neutrino mode and the antineutrino

component comes from T2K, we have verified that
we get similar results.

(ii) We have presented the results for the case of true
NH. If the true hierarchy is chosen to be IH, one
would get a different set of allowed regions based on
the degeneracies observed in Fig. 1. For example, for
δCP ¼ −90° and θ23 ¼ 39° for NOνA½6þ 0� in the
true IH case, apart from the true solution, RH-WO-
WδCP and WH-RO-WδCP solutions would be ob-
tained. This can be predicted from Fig. 1 (top left
panel) by drawing a horizontal line from the bottom
of the IH-LO band at δCP ¼ −90°, which cuts both
the IH-HO and NH-LO bands near δCP ¼ 90°.

The situation for NOνA½3þ 3� and other combi-
nations would be more complicated since the al-
lowed regions and precision for true IH depend not
only on the probability behavior but also on the
statistics of neutrino and antineutrino data in the
respective experiments.

(iii) The results are significantly dependent on the true
value of θ13, chosen here to be sin2 2θ13 ¼ 0.1.
Lower values of θ13 (or worse θ13 precision) would
lead to poorer CP precision and more difficulty in
removing the degeneracies. This is because δCP is
coupled with θ13 in the oscillation probability.

D. Distinguishability between 0° and 180°

It will also be interesting to see how far the two CP
conserving values 0° and 180° can be distinguished by the
experimental setups considered. In this section, we discuss
this issue. The true events are generated for δCP ¼ 0°, θ23 ¼
39° and normal hierarchy. In the test spectrum, we consider
δCP ¼ 180° and marginalize over θ13. For purposes of
comparison, we also give the results for test δCP ¼ 90°. The
results are presented in Table III. We observe that a 2σ
sensitivity in distinguishing between δCP ¼ 0° and δCP ¼
180° can be achieved by NOνAþ T2K. Adding ICAL data
increases the sensitivity further. It is interesting to note that
for beam based experiments, 0° and 90° have much larger
separation than that between 0° and 180°. But for ICAL, 0°
and 180° are more separated though the χ2 values are very
small. This is because ICAL itself has limited CP sensi-
tivity due to angular smearing over all directions [69]. Note
that for experiments like PINGU, the CP sensitivity can be

TABLE III. χ2 sensitivity for test δCP ¼ 90°, 180° with true
δCP ¼ 0°, true hierarchy as NH and true θ23 as 39°.

νþ ν̄ Test δCP ¼ 90° Test δCP ¼ 180°

NOνA½3þ 3� 6.31 2.82
NOνA½3þ 3� þ T2K½8þ 0� 14.63 4.77
ICAL 1.21 1.60
NOνA½3þ 3� þ T2K½8þ 0�
þICAL

14.83 5.4
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higher, and the χ2 difference between 0° and 180° can be
appreciable [71].

E. Precision of θ23 and δCP
As stated earlier, the contour plots also give information

about the precision of θ23 and δCP. In general the presence
of degenerate solutions leads to a worse precision (a larger
width of the allowed area) in these parameters. For most
values of true δCP and θ23, there is a negligible difference
between the δCP precision of NOνA½6þ 0� and NOνA½3þ
3� around the true point. While there is a qualitative
advantage to including both neutrinos and antineutrinos
because of their different dependences on δCP, this advan-
tage is squandered by the lower cross section of antineu-
trinos. The precision in these parameters can be quantified
using the following formulas:

CP precision ¼ δMax
CP − δMin

CP

360°
× 100% ð9Þ

θ23 precision ¼ θMax
23 − θMin

23

θMax
23 þ θMin

23

× 100%: ð10Þ

In Table IV, we list the values of the 1σ and 2σ precision of
θ23 and δCP using these expressions for the case of
NOνA½3þ 3� þ T2K½8þ 0� þ ICAL. The CP precision
is seen to be better for δCP ¼ 0° as compared to δCP ¼
�90° for a given true value of θ23. This is because in the
absence of degeneracies the precision simply follows from
the probability expression, where dPμe=dδCP is smallest at
0° [25]. On the other hand, for a given value of δCP, the CP
precision is seen to become worse with increasing θ23. The
θ23 precision is worse near maximal mixing and improves
as one moves away.

IV. CONCLUSION

In the era when the value of θ13 was unknown, an eight-
fold degeneracy of neutrino oscillation parameters was
identified, which included the intrinsic θ13, hierarchy-δCP
and octant degeneracies. With the precise measurement of
θ13, the intrinsic degeneracy is largely removed, and a

four-fold degeneracy out of the original eight—involving
wrong-hierarchy and wrong-octant solutions—remains to
be solved by the current and upcoming experiments. In this
paper, we study these degeneracies in detail and propose
that the remaining degeneracies can be studied in the most
comprehensive manner by considering the generalized
hierarchy-θ23 − δCP degeneracy. This degeneracy is con-
tinuous for the Pμe channel. The addition of information on
the measurement of θ23 by the Pμμ channel gives rise to
discrete solutions. These are best visualized by contours in
the test (θ23 − δCP) plane drawn for both right and wrong
hierarchy for different representative values of true param-
eters. We show that, depending on whether the wrong-
hierarchy and/or wrong-octant solutions occur with right or
wrong values of δCP, there can be a total of eight
possibilities. We study these possibilities at the probability
level for T2K and NOνA. At this level, the degeneracy is
defined as the equality of the probabilities for different
values of parameters. However, at the χ2 contour level,
because of the precision of the experiments, one gets finite
allowed regions corresponding to degenerate solutions. We
define a degenerate solution to be one which is distinct
from the true solution at the 1σ level.
Taking only the neutrino run of NOνA as an illustrative

example, we identify which of these degenerate solutions
actually occur for different representative choices of
true parameters. The sample true values that we consider
for obtaining the contours are θ23 ¼ 39°, 42°, 48° and 51°
and δCP ¼ �90°, 0°. At the present level of precision, for
δCP ¼ �90°, the right (wrong) δCP solutions are those
which occur in the same (opposite) half-plane as com-
pared to the true solution. Since δCP ¼ 0° is common to
both half-planes, for this case, the right and wrong δCP
solutions at a particular C.L. are inferred from the nature
of the contours. The different degenerate solutions
obtained are the (i) WH-WO-RδCP, (ii) RH-WO-WδCP,
(iii) WH-RO-RδCP, (iv) RH-RO-WδCP and (v) WH-WO-
WδCP regions. Although the options i–iii have been
noticed in the literature earlier, the option iv which exists
for the same true θ23 but different δCP has not been
discussed extensively. A probability level discussion was
done in Ref. [68], where it was called θ23 − δCP

TABLE IV. Percentage precision of parameters θ23 and δCP around the true value using NOνAþ T2Kþ ICAL.

True value LO precision True value HO precision

θ23 δCP 1σ 2σ θ23 δCP 1σ 2σ

θ23 δCP θ23 δCP θ23 δCP θ23 δCP

39° þ90° 1.02 26.63 2.17 39.50
48°

þ90° 3.15 28.45 7.70 48.27
−90° 0.89 34.52 2.17 41.52 −90° 3.15 30.00 7.35 43.22
0° 0.64 15.83 2.04 28.33 0° 4.03 17.50 7.59 35.80

42° þ90° 1.6 27.00 3.32 38.52
51°

þ90° 0.88 30.32 2.16 43.33
−90° 1.7 29.77 3.31 41.52 −90° 0.98 34.48 2.16 45.00
0° 1.66 15.83 3.08 29.16 0° 0.88 19.16 2.16 37.50
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degeneracy. However, since it can occur for the same
hierarchy and same θ23, we call it “intrinsic CP degen-
eracy.” The WH-WO-WδCP solutions often appear as part
of i, given the CP precision of the current experiments. We
identify a few points in the true parameter space where this
solution appears as a distinct degenerate solution. Note
that for a true value of θ23 in the range 48°–51° and δCP in
the lower half-plane (−180° < δCP < 0°), the NOνA
neutrino probability being highest cannot be matched
by any other combination, and hence no degenerate
solutions appear. In this case, only the neutrino run is
better as it gives a better precision. In all other cases that
we have studied, 3 years of the neutrino and 3 years of the
antineutrino run of NOνA are helpful in removing the
wrong-octant solutions i, ii and v to a large extent. This
also improves the CP precision since the wrong δCP
solutions occurring with the wrong octant are resolved.
Next, we present the results combining NOνA½3þ 3� with
T2K½8þ 0�. It is seen that the synergy between T2K and
NOνA helps in removing the WH-RO-WδCP solutions for
true δCP ¼ 0°, 90°. For true δCP ¼ −90°, NOνA itself is
sufficient for removing this degeneracy. The precision of
both parameters also improves when these two sets of
information are compounded together. The remaining
degenerate solutions at 2σ can be resolved by adding
ICAL data. The latter is seen to play an important role in
removing the wrong-hierarchy solution for θ23 ¼ 48°. In
conclusion, we show that the combination of data from
different LBL and atmospheric neutrino experiments can
play a crucial role in removing the degeneracies associ-
ated with neutrino oscillation parameters, thereby improv-
ing the precision of the parameters θ23 and δCP. This also
paves the way toward an unambiguous determination of
these parameters.

APPENDIX: SYNERGY BETWEEN APPEARANCE
AND DISAPPEARANCE CHANNEL AND ROLE

OF ANTINEUTRINOS

In this Appendix, we discuss the origin of discrete
degenerate regions in the test (δCP − θ23) plane from the
combination of appearance and disappearance channels for
NOνA.We demonstrate the role of antineutrinos in resolving
the degeneracies. The reference true point chosen in gen-
erating the data is δCP ¼ −90° and θ23 ¼ 39°. In the upper
row of Fig. 6, we plot the sensitivity of NOνA½6þ 0�.
The serpentine curves in the top-left panel of Fig. 6 represent
the allowed area at 90% C.L. from only the appearance
channel. The area inside the vertical curves represents the
allowed area from only the disappearance channel at the
same C.L. The area between the blue dotted (magenta
dotted) curves denotes the region obtained for the right
(wrong) hierarchy. For the appearance channel, the allowed
region is continuous, and no discrete degenerate solutions
appear. This can be understood in the following manner. In
the neutrino appearance channel, δCP ¼ −90° corresponds

to the maximum value in the probability. As onemoves away
from −90°, the probability decreases and reaches its mini-
mum value at þ90°. On the other hand, the probability
increases (decreases) as θ23 increases (decreases). So if we
draw an imaginary horizontal line and an imaginary vertical
line at the true point, then the allowed region is expected to
come along the diagonal of the rectangle obtained by the
intersection of these two imaginary lines and the X, Y axes
for θ23 > 39° and δCP ≤ þ90°. For δCP > þ90°, the prob-
ability starts to increase, so θ23 has to fall to keep the
probability same. This explains the serpentine nature of the
allowed area. The width of the band corresponds to the θ23
precision of the experiment. For the disappearance channel,
the allowed region is in the vicinity of θ23 and π=2 − θ23 and
parallel to the δCP axis since the Pμμ probability has a very
weak dependence on δCP. However, the combination of the
disappearance and appearance channels gives discrete regions
in the parameter space due to the excellent θ23 precision of
the disappearance channel near θ23 ¼ 39° and 51°. This helps
to exclude the other wrong values of θ23. This is shown in the
top right panel of Fig. 6. Apart from the allowed regions
around the true value, one can identify the distinct degenerate
solutions corresponding to wrong hierarchy-wrong octant-
right δCP (WH-WO-RδCP) and right hierarchy-wrong octant-
wrong δCP (RH-WO-WδCP) regions.
To show the exact synergy between the appearance and

disappearance channels, in the middle panel of the top row,
we plot the χ2 as a function of θ23(test) for a fixed δCP value
of −90° for the same hierarchy (NH). This figure shows
that, though the disappearance channel suffers from the
intrinsic octant degeneracy and does not have any octant
sensitivity itself (χ2 ∼ 0), when added to the appearance
channel, the channel is responsible for that of δCP.
Next, we discuss the role of antineutrino runs in NOνA.

In the bottom row of Fig. 6, we plot the same figures as the
top row but for the 3 year neutrinoþ 3 year antineutrino
run. In the bottom left panel, we see that when antineutrino
information is added to neutrino data, the allowed region
from the appearance channel is significantly reduced. The
reason is as follows: as δCP changes its sign for antineu-
trinos, the serpentine shape of the allowed region gets
flipped with respect to δCP. This excludes the right
hierarchy-wrong octant regions of δCP ∈ UHP (i.e. RH-
WO-WδCP) and the wrong hierarchy-wrong octant regions
of δCP ∈ LHP (i.e. WH-WO-RδCP). Thus, after adding the
antineutrino data, only the RH-RO-RδCP solution remains,
as can be seen from the third panel in the bottom row. From
the NOνA antineutrino probability figure in the top right
panel of Fig. 1, it is seen that the probability of the true
point cannot be matched by any points in the NH-HO or
IH-HO bands. This means that for this true point, anti-
neutrinos are free from the degeneracies that appear with
the wrong octant in neutrinos. Thus, the addition of
antineutrino information removes the wrong-octant solu-
tions of NOνA½6þ 0� that appear in the top right panels
of Fig. 6.
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The nature of the disappearance channel contours are
seen to remain unaltered, but now the allowed area is
slightly broader. This is because of a reduction in the

overall statistics due to the smaller cross sections of the
antineutrinos. This is also seen in the middle panels where
the widths of the χ2 contours increase.
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Abstract

The octant of the leptonic mixing angle θ23 and the CP phase δCP are the two major unknowns (apart 
from neutrino mass hierarchy) in neutrino oscillation physics. It is well known that the precise determination 
of octant and δCP is interlinked through the octant-δCP degeneracy. In this paper we study the proficiency 
of the DUNE experiment to determine these parameters scrutinizing, in particular, the role played by the 
antineutrinos, the broadband nature of the beam and the matter effect. It is well known that for Pμe and 
Pμ̄ē the octant-δCP degeneracy occurs at different values of δCP , combination of neutrino and antineu-
trino runs help to resolve this. However, in regions where neutrinos do not have octant degeneracy adding 
antineutrino data is expected to decrease the sensitivity because of the degeneracy and reduced statistics. 
However we find that in case of DUNE baseline, the antineutrino runs help even in parameter space where 
the antineutrino probabilities suffer from degeneracies. We explore this point in detail and point out that 
this happens because of the (i) broad-band nature of the beam so that even if there is degeneracy at a partic-
ular energy bin, over the whole spectrum the degeneracy may not be there; (ii) the enhanced matter effect 
due to the comparatively longer baseline which creates an increased tension between the neutrino and the 
antineutrino probabilities which raises the overall χ2 in case of combined runs. This feature is more promi-
nent for IH since the antineutrino probabilities in this case are much higher than the neutrino probabilities 
due to matter effects. The main role of antineutrinos in enhancing CP sensitivity is their ability to remove 
the octant-δCP degeneracy. However even if one assumes octant to be known the addition of antineutrinos 
can give enhanced CP sensitivity in some parameter regions due to the tension between the neutrino and 
antineutrino χ2s.
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1. Introduction

The discovery of a non-zero value of the 1–3 leptonic mixing angle θ13 by the reactor ex-
periments have established the paradigm of oscillations of the neutrinos amongst three flavours 
on a firm footing. The parameters involved are: two mass squared differences – �m2

21, �m2
31, 

three mixing angles θ12, θ23 and θ13 and the CP violating phase δCP . Among these �m2
21 and 

θ12 are measured by the solar neutrino and the KamLAND reactor neutrino experiments [1]. The 
information on �m2

31 and θ23 has come from Super-Kamiokande (SK) [2] atmospheric neutrino 
data, as well as from the data of the beam based experiments MINOS [3] and T2K [4]. The best-
fit values and 3σ ranges of these parameters are given in [5,6] by analyzing the global neutrino 
data. The remaining unknown oscillation parameters are (i) the sign of |�m2

31| or the neutrino 
mass ordering. If we assume the neutrinos to be hierarchical then there can be two types of or-
dering – the normal hierarchy (NH) corresponding to m1 � m2 � m3 and �m2

31 > 0 and the 
inverted hierarchy (IH) corresponding to m2 ≈ m1 � m3 and �m2

31 < 0, (ii) the octant of θ23 – 
with θ23 < 45◦ corresponding to lower octant (LO) and θ23 > 45◦ corresponding to higher octant 
(HO) and (iii) the CP violating phase δCP for which the full range from −180◦ < δCP < 180◦
is still allowed at 3σ C.L. [5,6]. Information on these parameters can come from the currently 
running superbeam experiments T2K [7] and NOνA [8,9]. However this is possible only for 
favourable values of parameters. The main problem which these experiments can face is due 
to parameter degeneracies by which it is meant that different parameters giving equally good 
fit to the data. With θ13 unknown, an eight-fold degeneracy was identified which would make 
the precise determination of parameters difficult [10]. These were intrinsic θ13 degeneracy [11], 
hierarchy-δCP degeneracy [12] and octant degeneracy [13]. With the precise determination of 
θ13 [14–17] and inclusion of spectral information the intrinsic degeneracy is now solved. How-
ever the lack of knowledge of hierarchy, octant and δCP can still give rise to degenerate solutions 
which can affect the sensitivities of these experiments towards these parameters [18–22].

In this paper our focus is on the determination of the octant of θ23 and the CP phase δCP . 
Currently the most precise measurements of the parameter θ23 comes from the T2K experiment. 
The primary channel for this is the survival probability Pμμ. For baselines shorter than 1000 km 
this probability is a function of sin2 2θ23 to the leading order and suffers from an intrinsic octant 
degeneracy which refers to the same value of probability for θ23 and π/2 −θ23. The leading order 
term of the appearance channel probability Pμe depends on the combination sin2 θ23 sin2 2θ13. 
Although this does not exhibit intrinsic octant degeneracy, there can be uncertainties due to the 
sin2 θ13 factor. It was shown in [23,24] that combining the reactor measurement of θ13 with the 
accelerator data will be helpful for extraction of information on octant from this channel. Thus, 
the precise measurement of θ13 from the reactor experiments is expected to enhance the oc-
tant sensitivity coming from this channel. The combination of the disappearance and appearance 
channel measurements in long baseline experiments can also be helpful in resolving octant de-
generacy because of the different functional dependence of the two probabilities on θ23. This 
creates a synergistic effect so that the octant sensitivity of both channels combined is higher 
[19,21,25]. T2K collaboration has performed a full three flavour analysis using information from 
both (νμ − νμ) and (νμ − νe) channels. They obtain best-fit sin2 θ23 ∼ 0.52 with a preference for 
NH [7]. MINOS collaboration has also completed their combined analysis of disappearance and 
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appearance data and have also included atmospheric neutrino data in their analysis [3]. They get a 
best-fit at sin2 θ23 = 0.41 for IH. The first NOνA disappearance results with 2.74 × 1020 protons 
on target, give best-fit of sin2 θ23 = 0.43 ⊕ 0.60 [9]. The latest analysis of Super Kamiokande 
atmospheric neutrino data shows a weak preference for NH-HO [26]. Global analysis of neu-
trino data including all the different information gives the best-fit in LO for NH and in HO for 
IH [5,6]. Thus it is clear from the above discussion that at present the situation regarding octant 
of θ23 is quite intriguing.

There have been studies on the possibility of determining the octant from combined study of 
the experiments T2K and NOνA using their full projected exposure [19,25]. It was observed that 
the main problem in octant resolution arises due to the unknown value of δCP in the subleading 
terms of Pμe which gives rise to octant–δCP degeneracy. Also, the lack of knowledge about hier-
archy can create further problem with the occurrence of wrong hierarchy–wrong octant solutions 
[22]. Recently it was pointed out in [19,21] that equal neutrino and antineutrino runs can help in 
resolving octant–δCP degeneracy. The reason being the octant–δCP combination suffering from 
degeneracy in neutrino probabilities are not degenerate for the antineutrino probabilities. It was 
shown for instance in [19] that combining T2K and NOνA running in equal neutrino and an-
tineutrino mode for 2.5 years each and 3 years each respectively can identify the correct octant 
at 2σ C.L. irrespective of hierarchy and δCP if θ23 ≤ 41◦ or ≥ 49.5◦.

The degeneracies can also be alleviated if neutrinos pass through large distances in matter so 
that resonant matter effects develop. This is the case of the atmospheric neutrinos passing through 
matter. In this case the leading order term in Pμe goes as sin2 θ23 sin2 2θm

13. However, since at res-
onance sin2 2θm

13 ≈ 1, the octant degeneracy is resolved. Further, the Pμμ channel also contains 
an octant sensitive term sin4 θ23 sin2 2θm

13 which enhances the sensitivity [27]. Octant sensitivity 
can also come from the �m2

21 dependent term which gives rise to an excess of sub-GeV electron 
like events for the atmospheric neutrinos [28,29]. In addition the antineutrino component in at-
mospheric neutrino flux can also help in resolving octant ambiguity. It was shown that combined 
analysis of T2K and NOνA with atmospheric neutrino data can give enhanced octant sensitivity 
[25]. The effect was found to be larger in multi-megaton water detectors like PINGU [30] or a 
LArTPC detector, sensitive to both muon and electron events [25].

The current best-fit value for δCP is close to −π/2 although at 3σ C.L. the whole range of 
[0, 2π ] remains allowed [5,6]. The δCP sensitivity of an experiment is often understood in terms 
of the CP asymmetry between the neutrinos and antineutrinos.

Acp = Pμe − Pμe

Pμe + Pμe

∼ sin δCP

sin θ13
(1)

However the diagnostics used for probing CP violation is the sum total of the χ2 contribution 
of the neutrinos and antineutrinos: χ2

total = χ2
ν + χ2

ν̄ which does not show the above dependence 
[31]. Hence one needs to understand the actual role played by antineutrinos, if any, for determi-
nation of CP violation. Indeed one already has a hint for non-zero δCP from only neutrino runs 
of T2K and NOνA. Whereas the confirmation of CP violation independently from antineutrino 
runs in these experiments cannot be undermined, it has already been observed in the case of T2K 
that unless the parameter space contains octant degeneracy the antineutrinos do not play any role 
for discovery of CP violation [32,33]. However for the NOνA experiments antineutrinos seem to 
be playing some role even when there is no octant degeneracy [32]. In this work, it is one of our 
goals to understand the role of antineutrinos for enhancing CP sensitivity for the DUNE baseline. 
In particular we explore whether the antineutrino runs can play any non-trivial contribution to 
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the total χ2 if octant and hierarchy are assumed to be known and if so then what are the physics 
issues involved.

The current generation superbeam experiments T2K and NOνA are off-axis experiments us-
ing narrow band beams to reduce the backgrounds at the high energy tail. However the future 
generation high statistics accelerator experiments plan to use on-axis configurations and high 
intensity wide band beams enabling them to explore oscillations over a larger energy range. The 
examples for this are the European initiative LBNO and LBNE which was proposed in US us-
ing the FermiLab beamline. In 2014 it was proposed to combine these activities in a coherent 
international long-baseline neutrino program hosted at Fermilab with the detector at the Sanford 
Underground Research Facility (SURF) in South Dakota. On Jan. 30, 2015 the LBNE collab-
oration was officially dissolved, the new collaboration selected the name Deep Underground 
Neutrino Experiment (DUNE). The baseline is 1300 km and the proposed detector is a 40 kt (or 
34 kt) modular Liquid Argon Time Projection Chamber (LArTPC) with the first phase being a 
10 kt detector. There are several studies of the physics prospects of a 1300 km baseline LArTPC 
using a wide band beam [34]. In particular octant and/or CP sensitivity of such a set-up has been 
considered in [35–40]. In [35] the octant and CP sensitivity reach of a 10 kt LArTPC detector for 
LBNE combined with T2K and NOνA was studied. In [36] the minimum exposure for DUNE 
in conjunction with T2K, NOνA and ICAL@INO experiment was computed for giving a octant 
sensitivity with �χ2 = 25 and a CP sensitivity with �χ2 = 9 for 40% and ∼70% coverage of 
δCP . In [37] the octant sensitivity of a 10 kt and 35 kt detector was studied with and without the 
near detector and also the role of precise knowledge of θ13 coming from reactor experiments, in 
improving the sensitivities were studied. In [38] octant and CP sensitivity results were presented 
for a 10 kt detector and effect of including a near detector as well as the role of atmospheric 
neutrinos were considered. In [39] octant and CP sensitivity of a 35 kt detector, with and without 
magnetization, was studied. All these papers considered equal neutrino and antineutrino run for 
the octant sensitivity. Variation of proportion of neutrino and antineutrino run was studied in [36]
for only IH and θ23 = 39◦ for octant sensitivity and NH and θ23 = 51◦ for CP sensitivity. This 
issue was also discussed in [41] for a setup with a baseline of 1540 km where they concluded that 
for true hierarchy as NH equal neutrino and antineutrino run is better whereas for true hierarchy 
as IH 30% antineutrino run is optimal. These conclusions were drawn for true θ23 = 45◦ and the 
results were presented in terms of fraction of δCP for which a 3σ signal of CP violation can be 
obtained.

In this work, our main goal to understand the role of antineutrinos for enhancing octant and 
CP sensitivity for the DUNE baseline. In particular, we study the impact of the broadband nature 
of the beam and the role of enhanced matter effects as compared to the currently running beam-
based experiments T2K and NOνA which have shorter baselines and hence less matter effects. 
To the best of our knowledge these features have not been emphasized earlier in the literature. In 
particular, a deeper understanding of the role played by antineutrinos will help in optimizing the 
amount of antineutrino run. We present the results of the octant sensitivity using different com-
binations of neutrino–antineutrino run (i) as a function of true δCP for fixed values of true θ23
(ii) as a function of true θ23 for fixed values of true δCP and (iii) also in the true (θ23–δCP ) 
plane. These three kinds of plots allow us to study the dependence of octant-sensitivity on 
these two parameters in an exhaustive manner. In addition we present the allowed regions in the
true-θ23–test θ23 plane for both hierarchies and for true δCP = ±90◦. These plots give the preci-
sion of θ23 at these values of δCP . It is worthwhile to mention here that one of the main aims of 
the DUNE collaboration is to measure the parameter δCP which underscores the importance of 
combining neutrino and antineutrino runs. However the main role that the antineutrinos play in 



N. Nath et al. / Nuclear Physics B 913 (2016) 381–404 385

Table I
Representative values of neutrino oscillation parameters.

sin2 2θ13 sin2 θ12 θ23 �m2
21(eV2) �m2

31(eV2) δCP

True values 0.1 0.31 35◦–55◦ 7.60 ×10−5 2.40 ×10−3 −180◦ to +180◦
Test values 0.085–0.115 Fixed 35◦–55◦ Fixed (2.15–2.65) ×10−3 −180◦ to +180◦

the determination of δCP is the removal of octant degeneracy and thus both issues are intimately 
connected. To emphasize this point we also present the figures showing the CP discovery poten-
tial of DUNE for the cases when octant is assumed to be known and unknown. In particular we 
explore whether the antineutrino runs can play any non-trivial contribution to the total χ2 if oc-
tant and hierarchy are assumed to be known and if so then what are the physics issues involved. 
We study how much fraction of antineutrino run is optimum for values of θ23 in lower and up-
per octants and in addition to the CP fractions, also show explicitly which are the CP values for 
which antineutrino run can be important. Note that most of the earlier works in literature have 
considered equal neutrino and antineutrino run for determination of octant and δCP in DUNE. 
We present the results by varying the antineutrino component in the run. This constitutes another 
new feature of our study.

The plan of the paper goes as follows: in the next section we give the experimental and simula-
tion details of DUNE that have been taken into consideration. In Section 3 we discuss the physics 
of the octant and CP sensitivity of the DUNE experiment in detail. In Section 4 we present our 
results. Section 4.1 contains the results for octant sensitivity and Section 4.2 is devoted for the 
discussions on CP sensitivity and role of antineutrinos in DUNE. Finally we summarize and 
conclude in Section 5.

2. Experimental and simulation details

In this paper we have simulated the DUNE experiment using the GLoBES package [42,43]. 
In our simulation, we have considered a 10 kt configuration of the detector. This experiment is 
based on the existing Neutrinos at the Main Injector (NuMI) beamline design and the beam flux 
peaks at 2.5 GeV. Far detector will be located 4,850 feet underground. One of the options for 
DUNE is to have an initial beam power of 1.2 MW which will be increased to 2.3 MW later [44]. 
In our simulation we consider neutrino flux [45] corresponding to 1.2 MW beam power which 
gives 1021 protons on target (POT) per year. This corresponds to a proton energy of 120 GeV. In 
Table I we list the representative values for the neutrino oscillation parameters that we have used 
in our numerical simulation. These values are consistent with the results obtained from global-fit 
of world neutrino data [46–48]. Systematic errors are taken into account using the method of 
pulls [49,50] as outlined in [51]. We have also added 5% prior on sin22θ13 in our numerical 
simulation. The systematic errors and efficiencies corresponding to signal and background are 
taken from [34]. Note that the values of these quantities given in [44] are somewhat different. 
Using these may change our numerical results to some extent though the main physics issues 
addressed in this work will not be altered.

3. Physics of octant sensitivity for a 1300 km baseline

The probabilities that are relevant for the DUNE experiment are Pμe and Pμμ and the cor-
responding probabilities for the antineutrinos. In presence of matter, the relevant oscillation 
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probabilities can be expanded perturbatively in terms of small parameters α(≡ �m2
21/�m2

31)

and θ13 as follows, [52–54]

Pμe = 4s2
13s

2
23

sin2(A − 1)�

(A − 1)2︸ ︷︷ ︸
Oo

+α2 cos2 θ23 sin2 2θ12
sin2 A�

A2︸ ︷︷ ︸
O2

(2)

+ αs13 sin 2θ12 sin 2θ23 cos(� + δcp)
sin(A − 1)�

(A − 1)

sinA�

A︸ ︷︷ ︸
O1

Pμμ = 1 − sin2 2θ23 sin2 � + O(α, s13) (3)

where,

� ≡ �m2
31L

4E
,A ≡ 2EV

�m2
31

≡ V L

2�
, and V = ±√

2GF ne (4)

These expressions are derived assuming constant matter density approximation. Similar expres-
sions for antineutrino probabilities can be obtained by replacing δCP → −δCP and V → −V . 
The ‘+(−)’ sign here represents neutrino (antineutrino). For NH, �m2

31 is positive and for IH, 
�m2

31 is negative. Hence, in the neutrino oscillation probability A is positive for NH and negative 
for IH. For antineutrinos, the sign of A gets reversed.

It is clear from the above expressions that to leading order Pμμ suffers from intrinsic octant 
degeneracy between θ23 and π/2 − θ23. Pμe does not suffer from intrinsic degeneracy and the 
octant sensitivity comes mainly from this channel. However since Pμe depends on sin2 θ23, the 
χ2 is an increasing function of θ23 for this case and the wrong octant minima from this channel 
always occurs for 45◦. On the other hand Pμμ forces the minima to ∼ π/2 − θ23, where the 
appearance channel has a large octant sensitive contribution.

However although Pμe does not suffer from intrinsic degeneracy it is possible to have

Pμe(�, θtr
23, δ

tr
CP ) = Pμe(�, θwr

23 , δwr
CP ), (5)

where the suffix tr (wr) denotes the true (wrong) values of the parameters. The above equation 
implies that apart from the true solution one can also get duplicate solutions with right hierarchy–
wrong octant–wrong δCP (RH–WO–WδCP ). Note that unlike in the case of Pμμ, for Pμe one 
needs to consider the variation of θ23 over the whole of the opposite octant in order to identify 
the degenerate solution. Apart from this, if the hierarchy is unknown then one can also have

Pμe(�, θtr
23, δ

tr
CP ) = Pμe(−�,θwr

23 , δwr
CP ). (6)

This corresponds to solutions with wrong hierarchy–wrong octant–wrong δCP (WH–WO–WδCP ). 
As pointed out in [22] the most generalized case assuming θ13 as fixed, gives rise to total eight 
possibilities corresponding to different combinations of right (wrong) hierarchy and/or octant 
and/or δCP . From Fig. 1 one can see that for the DUNE baseline degenerate solutions with 
right-δCP do not come unlike the case of the experiments T2K and NOνA [22]. This is because 
due to matter effects the bands for NH and IH are much more well separated and hence the 
intersection at right δCP do not occur. In this work we show how the octant sensitivity is affected 
by the wrong solutions defined in Eqs. (5) and (6). We also discuss how the δCP sensitivity is af-
fected by the occurrence of wrong octant solutions. We put emphasis on the role of antineutrinos 
and point out some unexpected behaviour due to matter effects.
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Fig. 1. Left panel (right panel) represents Pμe (Pμe) for DUNE. Here the bands are over current 3σ range of θ23 [48]. 
For LO, NH (LO, IH) we consider the range of θ23 over 38.8◦–45◦ (39.4◦–55◦) and for HO, NH (HO, NH) we consider 
the range of θ23 over 45◦–53.3◦(45◦–53.1◦).

Fig. 1 describes the oscillation probability in presence of earth matter for L = 1300 km and 
E = 2 GeV. The bands are due to the variation of θ23 (see figure caption for details). The neu-
trino oscillation probability for NH gets significant enhancement in presence of earth’s matter 
as compared to IH as shown in the left panel. It is seen that the maximum probability for NH 
can become more than 3-times than that of IH. But in the case of antineutrinos the scenario gets 
reversed as A and δCP changes their sign, as can be observed in the right panel. This can be 
understood from Eq. (2) that the Oo term is � dependent which enhances the probability value 
for the given set of oscillation parameters for NH as compared to IH for neutrino and (O1, O2) 
terms are α and α2 suppressed respectively.

Note that for vacuum oscillation maxima, � corresponds to 90◦. Thus in the appearance 
channel probability (cf. Eq. (2)), δCP = −90◦(+90◦) correspond to maximum (minimum) point 
in the probability for neutrinos. For antineutrinos it is the opposite. Thus, for these values of 
δCP , octant sensitivity is expected to be maximum if there is no degeneracy. Note that with the 
inclusion of matter effect, the appearance channel probability maxima does not coincide with 
the vacuum maxima and in that case the maximum and minimum points in the probability do 
not come exactly at ±90◦ but gets slightly shifted. This can be seen from Fig. 1. However for 
illustration, we will take δCP = ±90◦ as the reference points to describe the physics of octant in 
DUNE.

It is to be observed that, if we draw a horizontal line at particular probability value then 
the different intersection points with the given band lead to different degenerate solutions. The 
occurrence of octant degeneracies that can be inferred from these plots are summarized in Ta-
ble II. From the above discussions as well as from earlier studies it is clear that the nature 
of octant–δCP degeneracy is different for neutrinos and antineutrinos and therefore combined 
neutrino–antineutrino run is helpful for resolving the octant degeneracy [19,21,35]. Also note 
that the behaviour of octant–δCP degeneracy in neutrinos and antineutrinos is same for both NH 
and IH.

The probability plot as given in Fig. 1 is done for an energy of 2 GeV. However it is possible 
that because of the broad-band nature of the beam the occurrence of degeneracy at a particular 
energy may not be true over the whole energy range. Thus for DUNE, one can still get some 
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Table II
The octant degenerate parameter space for neutrinos and antineutrinos. Here, LO = Lower 
octant, HO = Higher octant, UHP = Upper half plane (0◦ < δCP < 180◦) and LHP =
Lower half plane (−180◦ < δCP < 0◦).

Octant degeneracy ν ν

LHP, LO degenerate with UHP, HO no degeneracy
UHP, LO no degeneracy degenerate with LHP, HO
LHP, HO no degeneracy degenerate with UHP, LO
UHP, HO degenerate with LHP,LO no degeneracy

amount of octant sensitivity, even in the degenerate parameter space outlined in Table II, when 
integrated over all the energy bins.

It is to be noted that Fig. 1 does not demonstrate any hierarchy degeneracy since the two bands 
corresponding to NH and IH remain non-overlapping. However conclusions drawn at probability 
level need to be substantiated by a proper χ2 analysis to determine with what significance the 
hierarchy degeneracy is actually resolved by DUNE. Therefore we will present the results of 
octant sensitivity either for both cases – right and wrong hierarchy or by marginalizing over the 
hierarchy.

4. Results

4.1. Octant discovery χ2 for a 10 kt detector

In this section we discuss the octant sensitivity of DUNE for a 10 kt detector volume which is 
the projected detector volume for DUNE in the first phase. The statistical χ2 for octant sensitivity 
is calculated by taking the correct octant in the true spectrum and the wrong octant in the test 
spectrum in the following formula

χ2
stat =

∑
i

2

[
N test

i − N true
i − N true

i log

(
N test

i

N true
i

)]
, (7)

where Ni is the number of events in the ith energy bin. In Fig. 2 we show the χ2 for octant 
discovery which is the combined sensitivity coming from appearance channel, disappearance 
channel and sin2 2θ13 prior i.e.,

χ2 = χ2
ap + χ2

disap + χ2
prior (8)

as a function of true δCP .
We consider the representative true values of θ23 = 39◦ for LO and θ23 = 51◦ for HO. χ2 is 

marginalized over test values of θ23 over opposite octant. We give the plots separately for true 
and false hierarchy. This shows for what parameters and to what extent the octant sensitivity is 
affected by the lack of knowledge of hierarchy. Depending on the true parameters, we get four 
combinations of (hierarchy–octant): NH-LO, NH-HO, IH-LO, IH-HO. For all the plots in the 
upper row of Fig. 2, dark-blue curves are for True(NH)–Test(NH) and magenta curves are for 
True(NH)–Test(IH) while for the lower row dark-blue curves correspond to True(IH)–Test(IH) 
and magenta curves correspond to True(IH)–Test(NH). Below we discuss the results for each 
true combination.
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Fig. 2. Octant discovery χ2 for DUNE. Left (right) panel is for LO (HO), where true(θ23) is considered as 39◦ (51◦) and 
test(θ23) is marginalized over (45◦ to 55◦) for LO and (35◦ to 45◦) for HO. The labels NH, IH inside the plots signify
test hierarchy.

• NH-LO (θ true
23 = 39◦): The figure for true NH-LO shows that for values of δCP in the lower 

half plane, a 10 year neutrino run of DUNE can resolve the octant degeneracy at 3σ C.L. 
The inclusion of antineutrino run helps in enhancing the octant sensitivity for δCP in LHP 
(−180◦ < δCP < 0◦) and θ23 in LO since the antineutrino probability is devoid of octant 
degeneracy. Note that in this case though pure neutrino run suffers from octant degener-
acy, still we get χ2 around 10. This is one of the unique features of the broad-band beam 
where the degeneracy does not exist over the entire energy range and one can still have some 
octant sensitivity from the neutrino channel. For the UHP (0◦ < δCP < 180◦) on the other 
hand the neutrino data gives a better octant sensitivity since antineutrinos are plagued with 
degeneracies for LO, as shown by the blue curves. However the scenario changes if we as-
sume the hierarchy is not known. In that case the antineutrino run is seen to help to remove 
wrong hierarchy–wrong octant solutions in-spite of having degeneracies, as is seen from the 
magenta curves. In order to understand this point we have plotted the appearance channel 
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Fig. 3. Here, left panel (right panel) represents Pμe (Pμe) as a function of energy for DUNE and hierarchy corresponds 
to orange (light blue) curve is NH (IH). (For interpretation of the references to color in this figure, the reader is referred 
to the web version of this article.)

probability vs energy in Fig. 3. The left panel is for neutrinos and the right panel is for an-
tineutrinos. In the left panel we see that the orange curve (δCP = +90◦) is well separated 
from the dotted blue curve (δCP = −90◦) near the oscillation maxima for θ23 = 39◦. But 
when marginalized over θ23, the dashed blue curve which corresponds to δCP = −90◦ and 
θ23 = 51◦, overlaps with the orange curve to give WH–WO–WδCP solution.1 On the other 
hand in the right panel we see that due the marginalization of θ23 the dashed blue curve 
moves far away from the orange curve resolving the degeneracy. Note that if we marginalize 
over hierarchy then for UHP the minimum will come at the WH solution with only neutrino 
data and hence octant degeneracy is not resolved at 3σ for 9◦ < δCP < 90◦ belonging to the 
UHP. However with 7 + 3 years run the octant degeneracy is resolved with a χ2 > 25 even 
without the knowledge of the true hierarchy for all values of δCP . With 5 + 5 year run in 
most part of UHP the minima occurs with the RH solution. But for 45◦ < δCP < 115◦, the 
WH minima is below the one with RH.

• NH-HO (θ23 = 51◦) For this case from Fig. 1 it is seen that for (51◦, −90◦, NH) no octant 
degeneracy prevails at the probability level for neutrinos whereas antineutrinos have octant 
degeneracy. Also, antineutrinos have less statistics. Thus we expect that only neutrino run 
should give a better sensitivity. But, we notice from the top right figure of Fig. 2, that addition 
of antineutrino gives higher χ2 value as compared to only neutrino mode [10 + 0]. In order 
to understand this feature in the first panel of Fig. 4 we plot the χ2 vs test δCP .
The curve for only antineutrinos indeed confirm the occurrence of degeneracies close to 
δCP ∼ 90◦. However at that point the neutrino χ2 is very high. Thus, when the neutrino and 
antineutrino data are combined the overall minima is governed by the neutrinos and so comes 
close to the true value of δCP = −90◦. At this point both neutrinos and antineutrinos have 
octant sensitive contribution. This is shown in Table III where we illustrate the contributions 
from the neutrinos and antineutrinos separately for the appearance channel. It is evident that 
as we increase the antineutrino component the contribution from neutrino channel reduces 

1 Due to the presence of Pμμ channel, the wrong octant minima comes around θ23 = 51◦ for true θ23 = 39◦ .
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Fig. 4. Octant χ2 vs test (δCP ) for DUNE.

Table III
Here, [10 + 0], [7 + 3] and [5 + 5] refers to (ν + ν) runs of DUNE, where as (8 + 0), (5 + 3) and (4 + 4) refers to (ν + ν) 
runs of T2K. The numbers in the parenthesis correspond to T2K. Also “Test parameters” refer to the test values where 
χ2 minimum appears and remaining oscillation parameters are same as true parameters.

(ν + ν) Test parameters χ2
ap,ν χ2

ap,ν
χ2

disap,(ν+ν)
Prior Total

NH, 51◦, −90◦(true)
[10 + 0](8 + 0) θ23 = 41.5◦(41◦)

sin2 2θ13 = 0.115(0.106)

11.5(6.65) 0 0.5(0.35) 9(1.44) 21.05(8.44)

[7 + 3](5 + 3) same as [10 + 0](8 + 0) 9.14(4.28) 1.99(1.44) 1.97(0.37) 9(1.44) 22.46(7.18)

[5 + 5](4 + 4) same as [10 + 0](8 + 0) 7.21(3.46) 2.98(1.44) 3.34(0.37) 9(1.44) 22.52(6.72)

IH, 51◦, −90◦(true)
[10 + 0](8 + 0) θ23 = 40◦ (41◦), 

δCP = −105◦(−90◦)

sin2 2θ13 = 0.112(0.106)

10.86(5.23) 0 0.09(1.47) 5.76(1.44) 16.71(8.14)

[7 + 3](5 + 3) same as [10 + 0](8 + 0) 8.22(3.36) 8.10(1.33) 1.62(0.96) 5.76(1.44) 23.71(7.09)

[5 + 5](4 + 4) θ23 = 40.5◦(41◦), 
δCP = −120◦(−90◦)

sin2 2θ13 = 0.112(0.103)

6.46(3.37) 9.78(2.08) 2.14(0.84) 5.76(0.36) 24.15(6.66)

whereas that from the antineutrino channel increases. Thus although the antineutrino channel 
has degeneracy the minima does not come at the point of degeneracy as it is governed by the 
neutrinos. Even then the total χ2(= χ2

ap,ν + χ2
ap,ν) from appearance channel (11.13, 10.19), 

corresponding to [7 +3] and [5 +5] respectively, is less than the pure neutrino run. However, 
the total χ2 for the mixed run is higher.
To understand this point we list the contribution from the disappearance χ2 and it is seen that 
although for pure neutrino run the disappearance channel does not have any octant sensitive 
contribution to the total χ2 for mixed runs this channel also provide some octant sensitivity. 
This arises because due to matter effects the neutrino and antineutrino probabilities are dif-
ferent and hence the χ2 minima comes at different places. When one combines neutrino and 
antineutrino run then this creates a synergy and hence some octant sensitivity arises from the 
disappearance channel also. Due to this reason when one combines appearance and disap-
pearance channels then addition of antineutrino runs actually gives a slight increase in χ2. 
In the UHP on the other hand the octant sensitivity increases with antineutrino run. This is 
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clear since for Pμe the neutrino channel suffers from octant degeneracy whereas the antineu-
trino channel does not and the addition of antineutrinos help to overcome the degeneracy. 
To illustrate this point further in the middle panel of Fig. 4 we plot the χ2 vs test δCP for 
true values (51◦, 90◦). In this case the pure neutrino run gives the minima in the LHP close 
to δCP ∼ −45◦ whereas pure antineutrino gives minima near the true value. However when 
we combine neutrino and antineutrino runs then the overall minima comes in between and 
moves towards the antineutrino minima as the ν̄ component is increased. At this point there 
is octant sensitive contribution from both neutrinos and antineutrinos. Thus the antineutrino 
data helps in this case by trying to shift the minima away from the degenerate point. We also 
compare the χ2 for DUNE with that of T2K, given in parentheses in Table III, to understand 
the role of broadband beam and enhanced matter effect. It is seen from the last column that 
for T2K the χ2 reduces with increasing antineutrinos as is expected. Note that this is in 
contrast to DUNE due to its broadband nature and enhanced matter effect.

• IH-LO (θ23 = 39◦): In this case for LHP the antineutrino run enhances the sensitivity be-
cause they do not suffer from octant degeneracy as can be seen from Table II. But for the 
UHP the antineutrino probability has octant degeneracy. Thus again we expect that in UHP 
adding antineutrino data should reduce the sensitivity. But the figure shows a slight enhance-
ment. This can again be explained by similar reasoning as for the NH, 51◦ and −90◦ case. 
There is also the finite contribution from the disappearance channel enhancing the octant 
sensitivity when the neutrino and antineutrino runs are combined. These combinations of 
hierarchy−octant can resolve octant degeneracy at 5σ C.L. with [5 + 5] years of [ν + ν] run 
for any value of true δCP as shown in Fig. 2.

• IH-HO (θ23 = 51◦): For this case, for δCP in LHP the octant sensitivity with pure neutrino 
run is seen to be above χ2 = 9 in the interval −180◦ < δCP < −45◦. Adding antineutrino 
data helps to raise the χ2 for octant sensitivity. As before we ask the question how an-
tineutrino data is helpful despite the presence of degeneracies in this channel. This can be 
explained again similar to the NH-HO case. The third panel of Fig. 4 shows that for pure an-
tineutrinos, there is very small octant sensitivity and the minima comes in the UHP between 
90◦ and 135◦. However at the point, in the LHP, where the pure neutrino χ2 is minimum, 
antineutrino χ2 has a large non-zero value and for combined runs the minima is still gov-
erned by the neutrinos. Thus the contributions from the antineutrinos are also being added 
up in-spite of having degeneracy. The neutrino and antineutrino contributions from the ap-
pearance channel are shown in Table III. It is seen that for IH, because of the enhancement of 
the antineutrino probability due to matter effect, a large octant sensitive contribution to the 
χ2 is obtained. The disappearance channel also gives a small contribution but the contribu-
tion from the antineutrino channel is almost comparable or larger than the neutrino channel. 
It is also to be noted that if hierarchy is not known then for some values of δCP the min-
ima comes in the wrong hierarchy region for pure neutrino run and the sensitivity is further 
reduced. Addition of antineutrinos resolves the hierarchy with χ2 ≥ 25 and so the minima 
does not occur anymore for wrong hierarchy solution. For the UHP the only neutrino run has 
very poor sensitivity due to degeneracies with δCP and addition of antineutrino runs help. 
The UHP is more favourable for resolution of hierarchy–δCP degeneracy and even with only 
neutrino run hierarchy is resolved at 3σ for all values of δCP . Overall, close to χ2 = 25 sen-
sitivity is achieved for this combination of hierarchy and θ23 with 7 +3 or 5 +5 combination 
for the whole range of δCP . For this case also in Table III the T2K χ2 values are given in 
parentheses. It is seen from the last column that the overall χ2 for T2K decreases with en-
hanced antineutrinos unlike that in DUNE. If one compares the appearance χ2 values for the 
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Fig. 5. Octant sensitivity χ2 for DUNE. Left (right) panel is for δCP = −90◦ (+90◦), where true hierarchy is considered 
as NH (IH) for upper (lower) row. Here black, magenta and yellow lines represent χ2 value at 2σ , 3σ and 4σ respectively.

antineutrino channel for DUNE and T2K then it is seen that the contribution of this channel 
for DUNE is quite high and comparable or even greater than the neutrino contribution. This 
is due to the enhanced matter effect associated with IH and HO for the longer baseline of 
DUNE.

After discussing the role of antineutrinos and disappearance channel in octant sensitivity for 
DUNE, in Fig. 5 we present the octant χ2 as a function of true θ23 for maximal CP violation. 
Depending on if the true hierarchy is NH or IH and true δCP is ±90◦ we get 4 possible combi-
nations. From these figures one can read off the range of θ23 for which octant can be determined 
for δCP = ±90◦ at a specified C.L. We see for all the four cases of Fig. 5 that with 7 + 3 years 
of (ν + ν̄) run octant can be determined at 3σ (4σ ) for δCP = ±90◦ excepting for the range 
41.5◦ < θ23 < 49◦ (40.5◦ < θ23 < 50.7◦). From the figures we also see that 7 + 3 and 5 + 5 com-
binations give almost same sensitivity. However for the pure neutrino run the ranges are different 
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Table IV
Ranges of θ23 for which octant can be resolved at 3σ (4σ ) 
for [10 + 0] configuration for 10 kt detector.

True parameter θ23 range for 3σ (4σ )

NH, δCP = −90◦ < 39◦(37.4◦) and > 49◦(50.6◦)
NH, δCP = 90◦ < 43◦(35.7) and > 53◦(54◦)
IH, δCP = −90◦ < 37◦(35.7) and > 49◦(55◦)
IH, δCP = 90◦ < 42◦(40) and > 54◦(55◦)

Fig. 6. Contour plots in true(θ23, δCP ) plane, here true hierarchy is NH (IH) for upper (lower) row and left (right) panel 
is for LO (HO). Marginalization over hierarchy is done. The allowed regions are to the right (left) side of the contours in 
the left (right) panel. (For interpretation of the references to color in this figure, the reader is referred to the web version 
of this article.)

and also vary depending on the true values of δCP and hierarchy. In Table IV we give the ranges 
of θ23 for which octant can be resolved at 3σ and 4σ with pure neutrino run.

So far we have focused on the cases for which either true θ23 was fixed or true δCP was fixed. 
In Fig. 6 we give the 3σ exclusion plots in true(θ23–δCP ) plane. We consider all possible true 
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values of δCP from (−180◦ to +180◦) and θ23 in lower octant from 35◦–45◦ and higher octant 
from 45◦–55◦. This figure shows the role of antineutrino run in the full range of allowed δCP and 
θ23 parameter space. The allowed region for the left (right) panel is the R.H.S. (L.H.S.) of each 
curve of the true(θ23–δCP ) plane.2 We observe by comparing the left and the right panels that 
DUNE can provide better constraints on θ23 parameter space in case of LO as compared to HO. 
For NH-LO the antineutrino run is necessary for the LHP and part of UHP. Only in the range 
90◦ < δCP < 135◦ the only neutrino run i.e., the [10 + 0] configuration gives a slightly better 
sensitivity. On the other hand for NH-HO the antineutrinos play a more prominent role for δCP

in the UHP. For IH-LO the antineutrino run is again important apart from near δCP ∼ 90◦, for 
which the improvement in sensitivity by adding antineutrinos is not very significant. For IH-HO 
the antineutrinos play important role in the full parameter space. Also the exclusion plots show 
that if true θ23 lies between (43◦–49◦) then it is not possible to resolve octant degeneracy at 3σ

C.L. by DUNE using 10 kt detector. Overall one can say that antineutrino runs are necessary 
for most of the parameter region and 7 + 3 and 5 + 5 give similar sensitivities. Note that in the 
context of LBNO 75%–25% (ν − ν) was recommended in [55].

Finally in Fig. 7 we plot the 3σ precision contours in the true θ23–test θ23 plane for δCP =
±90◦. These figures reflect the relation between octant degeneracy and precision of θ23. The 
upper panels are for normal hierarchy and the lower panels are for inverted hierarchy. From these 
plots we see that for pure neutrino run there are other allowed values of θ23 apart from the true 
value, if θ23 ∈ LO (HO) at δCP = −90◦(+90◦). This happens because of the octant degeneracy. 
As we have already seen, for δCP = −90◦(+90◦), neutrinos suffer from octant degeneracy in LO 
(HO) in both the hierarchies and this in turn affects the precision of θ23 which is clearly seen from 
the figures. Adding antineutrinos help to improve the precision and both 7 + 3 and 5 + 5 give 
almost similar precision of θ23. But as one approaches the maximal value of θ23, the precision 
becomes worse due to the difficulty in determining the octant around those values of θ23.

4.2. Antineutrinos, octant degeneracy and CP discovery potential of DUNE

In this section we present the CP discovery χ2 of DUNE as a function of true δCP . CP vi-
olation discovery potential of an experiment is defined by its capability of distinguishing a true 
value of δCP other than 0◦ and 180◦. We present these figures for the case where hierarchy and 
octant are assumed to be unknown and known. The main aim of this section is to elucidate the 
role of antineutrinos in discovering δCP and the interconnection with the octant degeneracy.

The Fig. 8 plots the CP discovery χ2 as function of true δCP for the case when hierarchy and 
octant are assumed to be unknown. From the different panels it is seen that:

• The antineutrino runs play an important role for (i) LO near true δCP = −90◦ and (ii) HO 
near true δCP = +90◦. This is true for both NH and IH. Note from Table II that these are the 
regions where neutrino probabilities exhibit octant degeneracy. Since antineutrino probabil-
ities do not possess this degeneracy, addition of these helps in the removal of the degeneracy 
and enhancement of CP sensitivity.

• For true hierarchy as NH, +90◦-LO and −90◦-HO do not have octant degeneracy for neu-
trinos whereas antineutrinos have degeneracy (see Table II). Even then 7 + 3 gives almost 

2 For NH-LO, DUNE[10 + 0] (top left panel of Fig. 6), the area enclosed by the blue curve also corresponds to the 
allowed region.
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Fig. 7. θ23 precision plots of DUNE in True(θ23)–Test(θ23) plane at 3σ C.L. Here top (bottom) row is for NH(IH).

same result as 10 + 0 notwithstanding the loss of statistics. In both cases this happens due to 
tension between the neutrino and antineutrino χ2s.
– For +90◦-LO the minima for 10 + 0 comes at δCP = 180◦ whereas replacing 3 years of 

neutrino run by antineutrino run shifts the χ2
min at δCP = 0◦ where the neutrino contribu-

tion is higher and thus 7 + 3 becomes comparable to 10 + 0.
– For the case of −90◦-HO and neutrinos the CPV χ2 is a falling function of θ13, and the 

minima comes at 0.109 while for 7 + 3 it comes at 0.106. The neutrino contribution at 
sin2 θ13 = 0.106 being higher the overall χ2 for 7 + 3 becomes greater.

• Similarly, for true hierarchy IH, +90◦-LO and −90◦-HO are free from octant degeneracy 
for neutrinos. But still the CP sensitivity for these cases are slightly better for combined 
neutrino–antineutrino run (for both 7 + 3 and 5 + 5 case) as compared to pure neutrino run. 
This happens because due to matter effects the Pμe is higher than Pμe for IH (see Fig. 1). 
Thus addition of antineutrinos enhances the appearance χ2.

In Fig. 9 we present the same plots as that of Fig. 8 but assuming the hierarchy and octant to 
be known.
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Fig. 8. CPV χ2 for DUNE when hierarchy and octant are unknown.

• Comparing with the plots in Fig. 8 we see that the CP sensitivity for −90◦-LO improves 
for the 10 + 0 case, for both the hierarchies. In fact for −90◦-LO-NH, 10 + 0 gives the 
best sensitivity if the octant is known. This establishes the fact that, the antineutrino run was 
instrumental for removing the wrong octant solutions.

• For +90◦-NH-HO although there is some improvement for the 10 + 0 case as compared to 
the case of unknown octant, the CP sensitivity of 7 + 3 and 5 + 5 are still better than 10 + 0. 
This implies that though octant is known, antineutrinos play some role in enhancing the CP 
sensitivity.
– To understand the above point in more detail in Fig. 10 we plot the CPV discovery χ2 for 

different channels vs test θ23 in the correct octant (since octant is assumed to be known) for 
a particular value of true δCP . The top left panel of Fig. 10 shows that, for neutrinos and 
true value of +90◦-NH-48◦, the CP sensitivity of the appearance channel is an increasing 
function of test θ23. But as the precision of θ23 (which comes from the disappearance 
channel) is poor near the maximal value, the combined χ2 minimum does not occur at the 
true θ23 value (which is θ23 = 48◦) but occurs at θ23 = 45◦. For antineutrinos (top right 
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Fig. 9. CPV χ2 for DUNE when hierarchy and octant are known.

panel), the nature of the disappearance channel χ2 is same as that of neutrinos but the 
appearance χ2 decreases as test θ23 increases. Because of this opposite behaviour when 
antineutrinos are combined with neutrinos, the χ2 minima shifts to the correct value of 
θ23 and the overall CP sensitivity at the true point is enhanced. The poor θ23 precision 
of +90◦-HO-NH in neutrinos arise due to the higher matter effect. Due to which the 
subleading matter terms start to contribute in the disappearance channel which affect the 
θ23 precision. Note that this does not happen for −90◦-NH-HO (despite matter is high) 
because even though the precision of θ23 is poor near the maximal value of θ23 for δCP =
−90◦ the appearance channel sensitivity is a decreasing function of test θ23 and this causes 
the overall minima to occur at the correct value of θ23. This can be seen from the right 
panel of the middle row of Fig. 10.

– Also note that for true +90◦-NH 42◦ (left panel of middle row of Fig. 10), the precision 
of θ23 near the maximal value is quite good as compared to θ23 = 48◦. This is because for 
lower octant, the denominator in the χ2 is smaller as compared to that in HO and thus a 
better θ23 precision is obtained.
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Fig. 10. CPV χ2 for DUNE when hierarchy and octant are known.
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Fig. 11. CP violation discovery χ2 at 3σ C.L. in (% of δCP (True), % of antineutrino run) plane. Here, first and second 
column are for DUNE and third column is for DUNE + NOνA[3 + 3] + T2K[5 + 3]. Also y-axis represents the % of 
antineutrino run out of total 10 years of [ν + ν] run in DUNE. In first (second and third) column we consider hierarchy 
and octant are known (unknown).

– For true hierarchy IH, even θ23 = 48◦ has a good precision near the maximal value for 
neutrinos (bottom left panel of Fig. 10). This is because for IH the matter effect is less 
for neutrinos and thus θ23 precision measurement capability of the disappearance channel 
is better as can be seen comparing the top and bottom left panels of Fig. 10. But since 
the matter effect is more for antineutrinos, the precision of θ23 for IH and antineutrinos is 
poor (bottom right panel).

• Similarly for +90◦-HO-IH although the octant is known the antineutrino run gives an en-
hanced χ2. This is due to matter effects in antineutrinos for IH which makes Pμ̄ē higher than 
the corresponding neutrino probabilities (see Fig. 1). This increases the appearance χ2 in 
presence of antineutrinos. For similar reasons the χ2 for 7 + 3 is slightly higher than 10 + 0
for −90◦-LO-IH.

In the first and second panels of Fig. 11, we plot the percentage of antineutrino run vs percent-
age of δCP values for which CP violated can be discovered at 3σ C.L. in DUNE for four cases 
encompassing both hierarchies and octants. The first (second) panel represents when octant and 
hierarchy are known (unknown). From both plots it is seen that with dominant antineutrino or 
neutrino run a lesser CP fraction is reached. Overall 40% antineutrino run seems to be optimum 
in all cases. Comparing these two plots it is seen that when octant is known then greater percent-
age of CP fraction can be probed with less antineutrino component. The maximum CP coverage 
can be achieved for IH-HO and minimum for NH-HO.

In the third panel of Fig. 11 the same is plotted by combining NOνA and T2K with DUNE. 
From the figure we can see that the percentage of δCP that can be probed is enhanced in all 
cases. The curves are now much flatter implying that even with pure neutrino or antineutrino 
runs considerable CP coverage can be obtained. This is due to the contribution from NOνA and 
T2K. In Fig. 12 we show the dependence of percentage of δCP that can be probed as a function 
θ23. This figure is drawn assuming 60% neutrino and 40% antineutrino run which is the optimal 
configuration as seen in Fig. 11. The coverage of δCP for which CP violation can be discovered 
at 3σ C.L. is better for IH. For NH specially close to 45◦ the coverage is less due to the poor 
precision of θ23 as discussed earlier.
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Fig. 12. CP violation discovery χ2 at 3σ C.L. for DUNE[6 + 4] for all true θ23 when hierarchy and octant are unknown.

5. Summary and conclusions

In this paper we perform a detailed investigation of the octant and δCP sensitivity of the fu-
ture generation superbeam experiment DUNE which has a baseline of 1300 km. We analyze in 
detail the physics of the antineutrinos for the DUNE baseline and what kind of synergy can be 
offered by the addition of antineutrinos to pure neutrino runs. In the context of the long baseline 
experiments with source–detector distance <1000 km it is well known that the octant sensitiv-
ity comes mainly from the combination of Pμe and Pμμ channels. For Pμe channel the χ2 is a 
rising function of θ23 and consequently the minima in the wrong octant always comes at 45◦. 
On the other hand Pμμ being governed by sin2 2θ23, the minima comes close to π/2 − θ23 with 
no octant sensitivity. When both channels are combined then the global minima comes closer to 
π/2 − θ23 where the appearance channel contributes a large octant sensitive χ2. However the 
appearance channel is also affected by the occurrence of octant–δCP degeneracy which can lead 
to spurious solutions. The nature of this degeneracy is the same for both the hierarchies but has 
a complementary nature for neutrinos and antineutrinos i.e., the δCP and octant combination for 
which there is degeneracy in neutrinos is devoid of this for antineutrinos. The upshot is that the 
combination of neutrino and antineutrino runs helps to solve this degeneracy. On the other hand 
the statistics is more for neutrinos. This leads to the question of what is the optimal combination 
of neutrino and antineutrino run for giving the maximum benefit for octant determination. This 
issue has been addressed in this work in the context of the DUNE experiment. We also discuss 
to what extent the broad-band nature of the beam and enhanced matter effect influences the oc-
tant sensitivity and if any new features emerge as compared to the previous narrow-band off-axis 
experiments with baseline <1000 km. We find that for the DUNE baseline addition of antineu-
trinos are helpful in general. This statement holds true even when there may be some degeneracy 
associated with the antineutrino channel and one expects the pure neutrino run to give the best 
results. This occurs because of opposing tendencies of neutrino and antineutrino χ2s. We find 
that when ν̄ is combined with ν then the overall χ2 minimum is still governed by the neutrinos 
because of higher statistics. At this point the antineutrino contribution to χ2 is higher and hence 
adding these enhances octant sensitivity inspite of the associated octant degeneracy. One should 
also note that due to the broadband nature of the beam the degeneracy may be limited for few en-
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ergy bins only. Note that, due to the broad-band nature of the beam, the octant sensitivity coming 
from pure neutrino run is also quite high at the true values where neutrino probabilities are them-
selves degenerate. The antineutrino contribution can be more for IH since due to enhanced matter 
effects the corresponding probabilities can be much higher than the neutrino probabilities. Thus 
even if the main octant sensitivity comes from the neutrinos, the broad-band nature compounded 
with the higher matter effect leads to some octant sensitivity coming from antineutrino channels 
in case of IH. In addition we find that a small octant sensitive contribution comes from the dis-
appearance channel when neutrino and antineutrino runs are combined although pure neutrino 
or pure antineutrino runs do not have this sensitivity. This happens because, due to matter effect 
the neutrino and antineutrino probabilities are slightly different and hence the minima comes at 
slightly different position for each case. When combined, there is a tension between these two 
which gives rise to a small octant sensitive χ2 contribution. Note that these features arising due 
to matter effects have not been highlighted in the literature earlier.

Taking two representative values of θ23 in the lower octant (39◦) and higher octant (51◦) we 
study the behaviour of χ2 with δCP for both NH and IH. We find that for a 10 kt mass of the 
detector although for some δCP values (3–4)σ sensitivity can be achieved with only neutrino run, 
overall adding antineutrinos is helpful. For a 7 +3 year (ν + ν̄) run, close to 4σ sensitivity can be 
achieved over all values of δCP . It is found that 7 + 3 and 5 + 5 do not give significantly different 
results. We compute the χ2 as a function of true θ23 for maximum CP violation. From this study 
we find that with 7 + 3 years option octant degeneracy can be resolved at 3σ excepting the range 
41.5◦ < θ23 < 49◦. Increasing the antineutrino component and making runtime 5 + 5 does not 
make any discernible difference to the results. Finally we also study the octant sensitivity in the 
true(θ23–δCP ) plane which checks the validity of the conclusions drawn earlier over the whole 
parameter range. We find that for 10 kt year mass the antineutrino run enhances the range of θ23
over which octant sensitivity can be achieved. Including antineutrino runs, octant sensitivity can 
be obtained at 3σ excepting the range 43◦ < θ23 < 49◦ not only for maximal violation of δCP

but over the whole range. In this case with only neutrino run octant remains undetermined over 
a large parameter space. We also present the 3σ precision contours in the true θ23–test θ23 plane. 
These plots show that adding antineutrino runs also help in obtaining improved precision on θ23.

We also present results on the CP violation discovery potential of DUNE emphasizing the role 
played by the antineutrinos. The CP sensitivity of any long-baseline experiment is affected by the 
occurrence of the wrong-hierarchy–wrong octant–wrong δCP solutions. Since the antineutrinos 
help in removing these solutions, one of the main role of the antineutrinos in enhancing CP 
sensitivity is to remove these wrong solutions. We present results for cases where hierarchy and 
octant are unknown and known and compare the role of the antineutrinos in both situations. We 
find that when octant is not known then in parameter spaces where octant degeneracy is manifest 
the antineutrino component increases CP sensitivity by removing wrong octant solutions. This is 
the case for instance for LO, δCP ∼ −90◦ and HO, δCP ∼ +90◦ for both hierarchies. However 
even when the octant is known addition of antineutrinos can improve the result because of the 
tension between the two χ2s which raises the overall χ2. The contribution from the antineutrino 
channel is higher for IH since due to matter effects the antineutrino probability is higher than 
the corresponding neutrino probability. At δCP = ±90◦, a greater than 3σ sensitivity is achieved 
in all cases. We have also explored how addition of antineutrinos affects the fraction of δCP

values for which CP sensitivity can be probed at 3σ level. We find that when octant is known, 
same sensitivity can be achieved with a lesser fraction of antineutrinos for both hierarchies. The 
maximum CP fraction is achieved for IH-LO. Overall the best result comes with 60% neutrino 
and 40% antineutrino runs for all the four cases.
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In conclusion, we have explored the role of antineutrinos in enhancing octant and CP sensitiv-
ity for a 1300 km experiment with a broad-band beam as is planned by the DUNE collaboration. 
We emphasize on the importance of antineutrino run in resolving octant ambiguity and increas-
ing CP sensitivity. Although for some specific parameters only neutrino run can give 3σ octant 
sensitivity for a 10 kt detector mass of DUNE, overall a balanced neutrino–antineutrino run gives 
better sensitivity. For the case of δCP discovery also in most of the parameter space antineutrinos 
play an important role due to synergistic effects between neutrinos and antineutrinos even under 
the assumption of octant to be known.
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We discuss the consequences of assuming that the (Majorana) neutrino mass matrixMν and the charged
lepton mass matrix Ml satisfy STνMνSν ¼ −Mν and T†

l MlM
†
l Tl ¼ MlM

†
l with respect to some discrete

groups Sν and Tl contained in A5. These assumptions lead to a neutrino mass spectrum with two degenerate
and one massless neutrino and also constrain mixing among them. We derive possible mixing patterns
following from the choices Sν ¼ Z2, Z2 × Z2, and Tl ¼ Z2; Z2 × Z2; Z3; Z5 as subgroups of A5. One
predicts the maximal atmospheric neutrino mixing angle θ23 and μ-τ reflection symmetry in a large number
of cases, but it is also possible to obtain nonmaximal values for θ23. Only the third column of the neutrino
mixing matrix can be obtained at the leading order due to degeneracy in masses of two of the neutrinos. We
take up a specific example within the A5 group and identify Higgs vacuum expectation values which realize
the above assumptions. Nonleading terms present in this example are shown to lead to splitting among
degenerate pairs and a consistent description of both neutrino masses and mixing angles.

DOI: 10.1103/PhysRevD.94.036008

I. INTRODUCTION

Two decades of neutrino oscillation experiments have
determined five of the key parameters describing oscilla-
tions of three neutrinos. These are three mixing angles θij,
(i, j ¼ 1, 2, 3; i < j) and two ðmassÞ2 differences Δ⊙ and
ΔA controlling the oscillations of the solar and the
atmospheric neutrinos, respectively. The overall neutrino
mass scale and three CP-violating phases still remain to be
determined. There already exists a hint that the CP phase δ
may be nearly maximal.
Theoretical frameworks describing neutrino masses and

mixing angles try to understand the values of the observed
parameters and aim to predict the unknown ones. Flavor
symmetries provide a concrete framework to do this. A
systematic approach based on flavor symmetries has
evolved in the past several years; see reviews in
Refs. [1–5], and references therein. This is based on the
observation that patterns of neutrino masses and mixing are
intimately linked to the residual symmetries of the neutrino
and the charged lepton mass matrices [6–8]. These residual
symmetries of mass matrices can be related to the full
symmetryGf of the underlying theory by assuming that the
former symmetries are contained in Gf. This provides a
direct link between the group theoretical structure of Gf

and the observed mixing angles. This approach has been
used to predict various mixing patterns consistent with
observations in a large number of cases with many different
discrete symmetry groups Gf [1–5,9].
The above approach is also generalized to link both the

mass and the mixing patterns of neutrinos to some under-
lying symmetries. Three possible neutrino mass patterns

provide a good zeroth-order approximation to the observed
neutrino mass spectrum, a fully degenerate spectrum, a
quasidegenerate spectrum with two degenerate neutrinos,
and a spectrum with two massive and one massless
neutrinos. A systematic procedure is evolved to relate
these patterns to the underlying discrete symmetries. A
general analysis is presented for three classes of groups: the
discrete von Dyck groups in the case of the degenerate and
quasidegenerate spectrums [10], all possible discrete sub-
groups of SUð3Þ having a three-dimensional irreducible
representation in the case of the quasidegenerate neutrinos
[11], and a large class of discrete subgroups of Uð3Þ in the
case of one massless neutrino [12–14].
The basic assumption in the above approaches is that the

underlying theory is invariant under some discrete group
Gf but the Higgs vacuum expectation value (VEV) deter-
mining neutrino mass matrix Mν and the Hermitian
combination of the charged lepton mass matrix MlM

†
l

remain invariant under smaller subgroups Gν and Gl of Gf.
The structure of these groups and their embedding in Gf is
sufficient for the determination of mixing patterns without
the knowledge of the detailed dynamics. A different
dynamical possibility was studied in Ref. [15]1. Here it
is assumed that the Higgs vacuum expectation values
breaking flavor group Gf lead to a neutrino mass matrix
which displays antisymmetry. Specifically, Mν satisfies

STνMνSν ¼ −Mν ð1Þ

for some subgroups Sν of Gf. This assumption was shown
[15] to constrain not just the mixing angles but also the

*anjan@prl.res.in
†newton@prl.res.in

1An antisymmetry under the μ − τ exchange was first intro-
duced in Ref. [16] where this was imposed as an effective (anti)
symmetry on the neutrino mass matrix in the flavor basis.
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neutrino mass spectrum which could be determined purely
from the group theoretical arguments. Detailed mixing and
mass patterns allowed within the discrete subgroups
Δð3N2Þ and Δð6N2Þ and a specific dynamical realization
of the basic idea in the case of the group A4 ≡ Δð3.22Þwere
discussed in Ref. [15]. Also, it was shown in a specific
example that the antisymmetry of the mass matrix can arise
from the minimization of some suitable potential. Here we
pursue this idea further and apply it to the symmetry group
A5. We discuss mass patterns and all the mixing patterns
possible within A5 using the idea of flavor antisymmetry
of the neutrino mass matrix. A5 has been used in the past
[17–23] to predict the neutrino mixing patterns assuming
flavor symmetry. The mixing patterns predicted here are
quite different compared to these cases.
A detailed analysis of A5 also becomes interesting from a

related point of view. It was shown [24] that all the discrete
subgroups of Oð3Þ can lead to universal prediction θ23 ¼ π

4

and jδj ¼ π
2
when Gν is chosen as Z2 × Z2 or Zm and Gl is

chosen as Zn, m; n ≥ 3. As we will see, the same pre-
dictions also follow when the neutrino mass matrix
possesses residual antisymmetry instead of symmetry.
We review in the next section some of the properties of

the group A5 relevant for our study. We introduce the idea
of flavor antisymmetry in Sec. III and discuss its conse-
quences. Section IV is devoted to a detailed discussion of
various mixing patterns possible within the group A5 under
the assumption of flavor antisymmetry. Section V discusses
the explicit realization of the ideas discussed in the previous
section. The last section summarizes the findings.

II. A5 AND ITS ABELIAN SUBGROUPS

The group theory of A5 is discussed in several papers
[17–20,25]. We summarize here the features which we
require for a subsequent analysis. The A5 group has 60
elements and five conjugacy classes. The group can be
represented in terms of three generators E, f1, and H:

H ¼ 1=2

0
B@

−1 μ− μþ
μ− μþ −1
μþ −1 μ−

1
CA;

E ¼

0
B@

0 1 0

0 0 1

1 0 0

1
CA;

f1 ¼

0
B@

1 0 0

0 −1 0

0 0 −1

1
CA; ð2Þ

respectively, with μ� ¼ 1=2ð−1� ffiffiffi
5

p Þ which provide a
faithful three-dimensional irreducible representation. The
above equation defines the basis of the representation
labeled as 31, and we will refer to this basis as the

symmetry basis. Multiple products of these generate all
60 elements of A5. It is convenient for our purpose to
discuss these elements in terms of the Zn subgroups they
form. We list them and their required properties below.

(i) Z2.—The 15 Z2 subgroups of A5 are generated by
the elements

O2 ≡ ðfa;H; faHfa; EHE−1; E−1HE;EfaHfaE−1;

E−1faHfaEÞ; ð3Þ

where a ¼ 1, 2, 3, f2 ¼ E2f1E, f3 ¼ E2f2E, and
f1 is given by Eq. (2). One also needs the matrices
which diagonalize the elements in O2 when Z2 is
used as a residual symmetry. These get determined
by a matrix VH which diagonalizes H. Let VH be
such a matrix, and then

V†
HHVH ¼ diagð1;−1;−1Þ: ð4Þ

Explicitly,

VH ¼

0
B@

1
2

−
ffiffi
3

p
2

0
μ−
2

μ−
2
ffiffi
3

p μþffiffi
3

p
μþ
2

μþ
2
ffiffi
3

p − μ−ffiffi
3

p

1
CA: ð5Þ

The above VH is arbitrary up to a unitary rotation in
the 23 plane. We shall use the above explicit form for
the subsequent analysis. We can express all the
elements of A5 in the form QPQ−1. This simplifies
their diagonalization, since UQPQ−1 ¼ QUP, where
Ug diagonalizes the element g. Using this, the
matrices diagonalizing all 15 elements in O2 can
be expressed in terms of VH and are given by the
following set:

U2≡ðI;VH;faVH;EVH;E−1VH;EfaVH;E−1faVHÞ:
ð6Þ

The respective entries of this set correspond to
matrices which diagonalize the corresponding ele-
ments of O2.

(ii) Z2 × Z2.—Not all 15 elements in O2 commute
among themselves. But one can find five sets of
three commuting elements among O2. These three
along with the identity form a Z2 × Z2 subgroup of
A5. These subgroups are listed in Table I. Since S1
and S2 in the table commute, they can be simulta-
neously diagonalized by a matrix Uc. We shall
define Uc as

U†
cS1Uc ¼ f1 ¼ diagð1;−1;−1Þ;

U†
cS2Uc ¼ f3 ¼ diagð−1;−1; 1Þ: ð7Þ
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The same matrix Uc also puts S3 ¼ S1S2 into a
diagonal form f2. As before, the matrix Uc can also
be expressed in terms of VH diagonalizing H and a
real rotation Rμ in the 23 plane:

Rμ ¼

0
B@

1 0 0

0 − sin θμ cos θμ
0 cos θμ sin θμ

1
CA; ð8Þ

where

tan θμ ¼ μ− − 1:

Uc for all five subgroups are given in Table I.
(iii) Z3 subgroups.—The 20 elements generating Z3

subgroups of A5 are given by the set

O3 ¼ ðEm; faEmfa; Am; EAmE−1; E−1AmE;

AEmA−1; Af2;3Emf2;3A−1Þ: ð9Þ

m ¼ 1, 2, a ¼ 1, 2, 3, and the matrix A≡Hf1. The
matrices diagonalizing these elements can be ex-
pressed in terms of the matrices Uω and UA which
diagonalize E and A, respectively:

U3¼ðUω;faUω;UA;EUA;E−1UA;AUω;Af2;3UωÞ:
ð10Þ

Uω is given by

Uω ¼ 1ffiffiffi
3

p

0
B@

1 1 1

1 ω ω2

1 ω2 ω

1
CA; ð11Þ

ω ¼ e
2πi
3 and UA can be found in the Appendix

of Ref. [24].
(iv) Z5 subgroups.—There are 24 different Z5 sub-

groups within A5. Their generating elements can
be expressed in terms of T ≡ f1EH, E, and f1;2;3 as
follows:

O5 ¼ ðTp; f2TPf2; ETpE−1; E−1TpE; Ef2Tpf2E−1;

E−1f2Tpf2EÞ; ð12Þ

where p ¼ 1, 2, 3, 4. This set is diagonalized by

U5 ¼ ðUT; f2UT; EUT; E−1UT; Ef2UT; E−1f2UTÞ;
ð13Þ

where UT is a matrix diagonalizing T. Its explicit
form is given in the Appendix of Ref. [24].

The elements in the sets O2;3;5 along with the identity
constitute all 60 elements of A5. We note that all the
matrices diagonalizing the set O3 and O5 possess the
following general form as explicitly shown in Ref. [24]:

U ¼

0
B@

x1 z1 z�1
x2 z2 z�2
x3 z3 z�3

1
CA; ð14Þ

where x1, x2, and x3 are real. We shall use this form to
derive the properties of the mixing matrix in the following.

III. FLAVOR ANTISYMMETRY AND
NEUTRINO MASS TEXTURES

We first briefly review the implications of the
assumption of flavor antisymmetry [15] represented by
Eq. (1), where Sν is assumed to be any 3 × 3 matrix
belonging to a discrete subgroup of SUð3Þ. The very
assumption of flavor antisymmetry implies that (at least)
one of the neutrinos remains massless. This simply follows
by taking the determinant of Eq. (1) and noting that
DetðSνÞ ¼ 1. Other implications of Eq. (1) become clear
in a basis with diagonal Sν. Let Sν be diagonalized by a
unitary matrix VSν as

V†
Sν
SνVSν ¼ DS ≡ diagðλ1; λ2; λ3Þ; ð15Þ

with λ1λ2λ3 ¼ 1. The unitarity of Sν implies that λ1;2;3 are
some roots of unity. It was argued [15] that only two
possible forms of DS can lead to a neutrino mass matrix
with two massive neutrinos. These are given by

D1S ¼ diagðλ;−λ�;−1Þ;
D2S ¼ diagð�i;∓i; 1Þ; ð16Þ

and their permutations. λ2p ¼ 1 for some integer p.2 The
group generated by the residual symmetry Sν having the
diagonal form D1S (D2S) is Z2p (Z4). Define

TABLE I. Elements of the five Z2 × Z2 subgroups of A5 along
with their combined diagonalizing matrices Uc defined in the
text. S1, S2, and S3 together with the identity form a Z2 × Z2

subgroup of A5.

S1 S2 S3 Uc

f1 f3 f2 I
H E−1f2Hf2E Ef3Hf3E−1 VHRμ

f1Hf1 E−1f1Hf1E Ef1Hf1E−1 f1VHRμ

f2Hf2 E−1f3Hf3E EHE−1 f2VHRμ

f3Hf3 E−1HE Ef2Hf2E−1 f3VHRμ

2Note that Eq. (1) requires that S2pν ¼ 1 ifMν is not identically
zero and Sν has finite order. This translates to λ2p ¼ 1.
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~Mν ¼ VT
Sν
MνVSν : ð17Þ

Then the allowed textures of ~Mν get determined by the
allowed forms ofDS. There exist only four allowed textures
for ~Mν which correspond to one massless and a degenerate
or nondegenerate pair of neutrinos. If λ ¼ 1, then the
relevant texture is given by

~Mν ¼ m0

0
B@

0 cν sνeiβν

cν 0 0

sνeiβν 0 0

1
CA ; ð18Þ

where cν ¼ cos θν and sν ¼ sin θν. ~Mν describes a massless
and a degenerate pair of neutrinos. Three other textures are
possible for other values of λ, but as we shall see only the
case given in Eq. (18) can get realized in A5.

A. The allowed residual symmetries in A5

We now discuss the possible residual symmetries of the
leptonic mass matrices within A5 and the resulting mixing
patterns. The choices of residual antisymmetry of Mν

within A5 are restricted. These can be obtained simply
from the characters χ of all 60 elements. χ is real for all the
elements. In this case, the eigenvalues of any element are
given by

�
1;
1

2

�
χ−1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðχ−1Þ2−4

q �
;
1

2

�
χ−1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðχ−1Þ2−4

q ��
:

ð19Þ

These eigenvalues must have the form displayed in one of
the two equations given in (16) in order for an element with
character χ to be able to be a viable antisymmetry operator.
Elements belonging to the Z3 and Z5 subgroups have χ ¼ 0
and ð−μþ;−μ−Þ. Their eigenvalues following from above
do not have these forms. Thus, the only viable choice for
the antisymmetry operator Sν can be any element in the set
O2 having character −1 and eigenvalues ð1;−1;−1Þ. We
shall require that at least one of the symmetries of Mν acts
according to Eq. (1). We will thus consider two possible
choices of the residual neutrino symmetries: (i) Sν ¼ Z2 as
the antisymmetry and (ii) Sν ¼ Z2 × Z2, where one of the
Z2 transforms Mν into its negative and the other leaves it
invariant. In contrast, the eigenvalues of the residual
symmetry of MlM

†
l are not restricted, and we can take

any of the Zn of A5 as the residual symmetry Tl. We shall
consider the following choices for Tl: (a) ðZ3; Z5Þ groups
generated by ðO3; O5), (b) five Z2 × Z2 subgroups, or
(c) elements of the Z2 subgroups contained in O2. The
possible choices of Sν and Tl determine the leptonic mixing
matrix.
Elements in O2 when used as the antisymmetry operator

lead to a unique form for the neutrino mass matrix ~Mν given

in Eq. (18). This texture describes a pair of degenerate and
one massless neutrino. Residual antisymmetry in this case
is Z2. The neutrino mass matrix in Eq. (18) can be
diagonalized by a matrix Vν:

VT
ν
~MνVν ¼ diagðm0; m0; 0Þ; ð20Þ

where

Vν¼

0
BB@

1ffiffi
2

p − iffiffi
2

p 0

cνffiffi
2

p icνffiffi
2

p −sν
sνffiffi
2

p e−iβν isνffiffi
2

p e−iβν cνe−iβν

1
CCA
0
BB@
cosψ −sinψ 0

sinψ cosψ 0

0 0 1

1
CCA:

ð21Þ
The arbitrary rotation by an angle ψ originates due to
degeneracy in the masses. It follows from Eqs. (17)
and (20) that the matrix Mν is diagonalized by the product
VSνVν. Thus, the neutrino mixing matrix with the residual
antisymmetry Z2 in the symmetry basis is given by

UI
ν ¼ VSνVν: ð22Þ

Note that the UI
ν gets determined by the structure of Sν and

essentially two unknown angles θν and βν. The unknowns
can be fixed if the residual symmetry is chosen as Z2 × Z2.
Consider the Z2 × Z2 groups generated by S1ν ¼ S1 and
S2ν ¼ S2, where S1 and S2 are as in Table I. They satisfy,
respectively,

ST1MνS1 ¼ −Mν; ST2MνS2 ¼ Mν: ð23Þ

As discussed in the previous section, both S1 and S2 are
diagonalized by Uc as given in Table I. The structure of the
neutrino mass matrix in this case becomes transparent in
the basis with diagonal S1, S2. Let

M0
ν ¼ UT

cMνUc: ð24Þ

Equation (23) reduces in the prime basis to

fT1M
0
νf1 ¼ −M0

ν; fT3M
0
νf3 ¼ M0

ν: ð25Þ

The first of these equations implies the form (18) for M0
ν.

The second imposed on this then leads to the restriction
sν ¼ 0 and cν ¼ 1. The final M0

ν is determined by an
overall scale m0 and is diagonalized by U12≡
R12ðπ4Þdiagð1; i; 1Þ. It follows from this and Eq. (24) that
Mν is diagonalized by

UII
ν ¼ UcU12 ¼ UcR12

�
π

4

�
diagð1; i; 1Þ: ð26Þ

The matrix Ul diagonalizingMlM
†
l also gets determined

by its symmetry. Assume that
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T†
l MlM

†
l Tl ¼ MlM

†
l : ð27Þ

This implies that Tl commutes with MlM
†
l . Hence, the

matrix UTl
diagonalizing Tl can be taken to be the matrix

which diagonalizes MlM
†
l also. The three possible choices

of Tl referred as (a), (b), and (c) above lead to specific
forms of Ul:

Ua
l ¼ U3;5;

Ub
l ¼ Uc;

Uc
l ¼ U2U23: ð28Þ

Here, U3;5 are given by any matrix in the set U3 [Eq. (10)]
and U5 [Eq. (13)] when Tl belongs to O3 or O5, respec-
tively. Uc is given in Table I for Tl belonging to Z2 × Z2.
There is some arbitrariness in the choice of Ul when Tl is
chosen as any of the elements O2 forming a Z2. These
elements have eigenvalues ð1;−1;−1Þ, and the matrix
diagonalizing Tl is arbitrary up to a unitary rotation in
the 23 plane. This rotation can be taken without the loss of
generality to U23 ≡ diagð1; 1; eiβlÞR23ðθlÞ. Various combi-
nations of Ua;b;c

l and UI;II
ν give all possible U≡U†

l Uν

in A5.

IV. MIXING PATTERNS IN A5

As discussed, all possible structures of the Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) matrix U in A5 with
flavor antisymmetry are given by

U ∼ U†a;b;c
l UI;II

ν : ð29Þ

Not all of these give a viable mixing pattern for neutrinos,
as we will show. Before discussing individual choices, we
first derive a fairly general property of the mixing matrix
with flavor antisymmetry. If (a) the neutrino mass matrix
shows flavor antisymmetry [Eq. (1)], with S2ν ¼ 1 and a real
mixing matrix Vν, or (b) if it has residual symmetry
structure Z2 × Z2 as in Eq. (23) and if the charged lepton
matrix MlM

†
l is invariant under a residual symmetry Z3 or

Z5 within A5, then the mixing matrix can be chosen to have
the property

jUμij ¼ jUτij; ði ¼ 1; 2; 3Þ: ð30Þ

This property known as the μ-τ reflection symmetry [26] or
generalized μ-τ symmetry was derived [27] using a
generalized definition of CP. The same result was derived
from more general assumptions in the case of nondegen-
erate neutrinos [24,28] as well as for a pair of degenerate
neutrinos [10,24]. The basic assumption in these cases was
the existence of a real residual symmetry. The same result
also follows when the symmetry is replaced by antisym-
metry as we discuss below.

The equality jUμ3j ¼ jUτ3j implies the maximal atmos-
pheric mixing angle. The equality jUμ2j ¼ jUτ2j then leads
to the maximal CP phase jδj ¼ π

2
if the neutrinos are

nondegenerate and s13 ≠ 0. For the degenerate solar pair,
the first two columns of U depend on an unknown mixing
angle ψ as given in Eq. (21). But by considering a
ψ-invariant combination of the observables, it was argued
[10] that one instead gets jδ − κj ¼ π

2
, where κ is the

Majorana phase.
The proof of Eq. (30) is straightforward and follows the

proof given in Ref. [24] in the case of flavor symmetry.
Assume that neutrino mass matrix ~Mν has the structure (18)
with βν ¼ 0. Then it is diagonalized by UI

ν ¼ U2Vν. Here
U2 belonging to the set U2 is real. For βν ¼ 0, one therefore
getsUI

ν ¼ OνP, withOν being a real orthogonal matrix and
P ¼ diagð1; i; 1Þ. A similar structure of Uν also holds in
case II with Z2 × Z2 symmetry, since in this case the
neutrino mixing matrix Uν is given by UII

ν [Eq. (26)],
which also can be written as an orthogonal matrix times a
phase matrix because of the reality of Uc. The charged
lepton mixing matrix, on the other hand, has a general
structure specified by Eq. (14) when the residual charge
lepton symmetry is either Z3 or Z5. It is then easy to see that
Ul as in Eq. (14) and Uν as Oν times a diagonal phase
matrix lead to Eq. (30). This result does not follow when
the residual symmetry of the charged leptons is Z2 or
Z2 × Z2, since in this case Ul does not have the form given
in Eq. (14).
Let us now discuss individual choices of residual

symmetries and their viability or otherwise. We will work
out various mixing patterns for various choices and con-
front them with the results of the global fits as given in
Refs. [29–31]. For definiteness, we shall use the results
given in Ref. [31]. The structures of UI;II appearing in
Eq. (29) are determined only up to a rotation in the 12
plane, and the solar angle remains undetermined at the
leading order. The third column of U is, however, inde-
pendent of the unknown angle and can be predicted group
theoretically at the zeroth order. We shall thus concentrate
on the prediction of θ13 and θ23 determined by the third
column of jUj. Also, the ordering of eigenvalues of Tl
cannot be determined group theoretically. A change in this
ordering permutes the rows ofU. Thus, any of the entries of
the third column jUi3j may be identified with the physical
mixing elements jUα3j (α ¼ e, μ, τ). In view of this, we
shall consider different orderings which can give viable
mixing patterns.

A. Sν =Z2 and Tl =Z3 or Z5

There are 15 different choices of Z2 and 20þ 24 choices
of the Z3 þ Z5 symmetry within A5. Specific forms of Ul
andUν as discussed before can be used to obtain jUi3j in all
these cases. They are determined by the unknown angles θν
and βν. While the dependence of jUi3j on these is different
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for different choices of residual symmetries, all the choices
share the following features.

(i) If βν ¼ 0, then Eq. (14) holds for the specific
ordering of eigenvectors of Tl as given in
Eq. (30). The atmospheric mixing angle is predicted
to be maximal for all the values of θν. In this case,
jUe3j is to be identified with the 13 element of jUj,
since jU23j ¼ jU33j. In all these cases, jUe3j depends
on θν, which can be chosen to obtain the correct s213.

(ii) If βν ≠ 0, then any of jUi3j can be identified with
jUe3j. It is possible in this case to choose two
unknowns θν and βν to obtain the correct θ13 and
θ23. Let us discuss a specific example with Sν ¼
E2f1Hf1E and Tl ¼ E as an illustration. They,
respectively, generate Z2 antisymmetry in Mν and
Z3 symmetry in MlM

†
l . The mixing matrix is given

byU ¼ U†
ωE2f1VHVν with VH as in Eq. (5) andUω

as in (11). The third column of the mixing matrix is
then given by

jU13j2 ¼
1

9
jcνð1þ 2μþÞ − sνeiβν j2;

jU23j2 ¼
1

36
j − 2cνð1 − ωμþÞ

þ sνeiβνðμþ þ 3ωþ ω2μ−Þj2;

jU33j2 ¼
1

36
j − 2cνð1 − ω2μþÞ

þ sνeiβνðμþ þ 3ω2 þ ωμ−Þj2: ð31Þ

For βν ¼ 0, one gets jU23j2 ¼ jU33j2 in accordance
with the general result discussed above. In this case,
the identification of jU13j2 with jUe3j2 leads to the
result θ23 ¼ π

4
. θν ¼ 0.959 then leads to s213 ∼ 0.024.

Any of jUi3j2 can be identified with jUe3j2 when βν
is nonzero; e.g., the choice βν ¼ −1.076 and θν ¼
−0.801 leads to jUi3j2 ¼ ð0.444; 0.024; 0.532Þ. In
this case, jU23j2 plays the role of jUe3j2. This
specific ordering in U can be obtained by exchang-
ing the first and the second column of Uω.

B. Sν =Z2 × Z2 and Tl =Z3 or Z5

In this case, Sν can be chosen in five different ways
corresponding to five different Z2 × Z2 subgroups. The
corresponding neutrino mixing matrix Uν is given by
Eq. (26). As before, Tl can be chosen in 44 different ways
withUl in either U3 or U5. Unlike in the previous case, both
Uν and Ul get completely fixed group theoretically. This
case also predicts the maximal atmospheric mixing angle as
already outlined. Possible values of θ13 are also fixed. An
explicit evaluation of various cases reveals that in all the
cases one gets either θ13 ¼ 0 or s213 > 0.1. The zero
value for θ13 occurs, for example, when S1 ¼ H,
S2 ¼ E2f2Hf2E, and Tl ¼ f3Ef3. One would require

relatively large perturbations in this case to get θ13 within
its 3σ range.

C. Sν =Z2 × Z2 and Tl =Z2

This case is characterized by completely determined
Uν ¼ UII

ν and Ul ¼ Uc
l containing two unknowns θl and

βl. The explicit form of Uc
l is given in Eq. (28), while Uc

can be any of the five forms given in Table I. Ul in this case
does not have the general form given in Eq. (14). As a
result, one does not obtain Eq. (30) corresponding to the μ-τ
reflection symmetry, and the atmospheric mixing angle is
not predicted to be maximal. But this case has the following
interesting feature. An explicit evaluation of U ¼ Uc†

l UII
ν

reveals that one of the entries in the third column of U is
independent of the unknown angles θl and βl and can be
predicted group theoretically. The third column of the
mixing matrix U in this case is given by

jU13j2 ¼ jðU†
Tl
UII

ν Þ13j2;
jU23j2 ¼ jclðU†

Tl
UII

ν Þ23 þ sle−iβlðU†
Tl
UII

ν Þ33j2;
jU33j2 ¼ j − slðU†

Tl
UII

ν Þ23 þ cle−iβlðU†
Tl
UII

ν Þ33j2; ð32Þ

where Tl belongs to the set O2 and UTl
to U2. We get an

interesting pattern when we identify Tl with S1ν ¼ S1
residing in Z2 × Z2. There exist five such choices, and,
in all these cases, the mixing matrixU is independent of the
explicit form of UTl

. One gets from Eqs. (26) and (28)

U ¼ U†
23RμR12

�
π

4

�
diagð1; i; 1Þ:

The neutrino mass matrix Mνf ≡UT
l MνUl in the flavor

basis has the following form in this case:

Mνf¼m0

0
B@

0 eiβlcμsl−clsμ eiβlclcμþslsμ

eiβlcμsl−clsμ 0 0

eiβlclcμþslsμ 0 0

1
CA;

ð33Þ

where cl ¼ cos θl, cμ ¼ cos θμ, etc. This form can be
obtained by imposing Le − Lμ − Lτ symmetry on Mνf as
has been done in the past. Here, this symmetry arises as an
effective symmetry ofMνf from a very different set of basic
symmetries. This symmetry leads to a degenerate pair of
neutrinos and vanishing θ13. The atmospheric mixing angle
is determined as sin2θ23 ¼ jeiβlclcμ þ slsμj2. Perturbations
to this symmetry have been studied in the past [32–34]. It is
possible to simultaneously generate the correct solar scale,
solar angle, and θ13 with suitable but relatively large
perturbations. Consider perturbing the zero entries in
Eq. (33) by
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δMνf ¼ m0

0
B@

ϵ1 0 0

0 ϵ2 ϵ4

0 ϵ4 ϵ3

1
CA: ð34Þ

Parameters jϵj are assumed less than the dominant entry of
Mνf. We give here one example of perturbations which
reproduces the observed spectrum within 3σ:

fϵ1; ϵ2; ϵ3; ϵ4g ¼ f−0.284497; 0.284497;
− 0.0748816; 0.182915g ð35Þ

leading to

�
Δm2

sol

Δm2
atm

;s212;s
2
13;s

2
23

�

¼f0.0339706;0.358739;0.0243674;0.443736g: ð36Þ

We have taken βl ¼ 0 and cosðθl − θμÞ ≈ −0.69. The
values of parameters required to get the above values are
quite large, and the solar angle is also near to its 3σ limit.
We have verified by randomly varying the parameters over
a large range that this is a general feature of this case. A
relatively large perturbation to the basic symmetry may
come from some soft breaking as discussed, for example,
in Ref. [34].
We get a nonzero jU13j2 when Tl is not identified with

S1. One could determine these values for different choices
of Tl. The predicted jU13j2 is found from the explicit
evaluation of various cases to take one of the three values
(0.095,0.25,0.65). Of these, only the last value provides a
good leading-order prediction. jU13j2 ∼ 0.65 can be iden-
tified in this case with either jUμ3j2 or jUτ3j2, as this gives
s223 close to its 3σ range 0.38–0.64 [31]. This amounts to a
reordering of the eigenvectors of Tl. An example of this
choice is provided by S1 ¼ f3Hf3, S2 ¼ E−1HE, and
Tl ¼ f1Hf1. jUi3j2 are given in this case by

jU13j2 ¼
1

4
ð2þ μþÞ ≈ 0.654;

jU23j2 ¼
jμþcl þ 2ð1þ μþÞsle−iβl j2

12ð2þ μþÞ
;

jU33j2 ¼
j − μþsl þ 2ð1þ μþÞcle−iβl j2

12ð2þ μþÞ
: ð37Þ

One could identify either the second or the third entry
with s213 and determine θl accordingly; e.g., θl ∼ 1.6488
and βl ¼ 0 lead to s213 ≡ jU33j2 ∼ 0.024 giving s223c

2
13≡

jU13j2 ∼ 0.654. The resulting sin2 θ23 is given by 0.67. A
small perturbation to this case can lead to θ23 within the 3σ
range and also split the degeneracy.

D. Sν =Z2 and Tl =Z2 × Z2

In this case, the Z2 can be generated by any of the 15
elements in O2, while Tl is generated by T1l ≡ S1 and
T2l ≡ S2, where S1 and S2 form any of the five Z2 × Z2

subgroups listed in Table I. The PMNSmatrix in this case is
given by U ¼ Ub†

l USνVν. Just as in the previous case, the
atmospheric mixing angle is not predicted to be maximal,
but now, unlike it, both the angles s213 and s

2
23 depend on the

unknown parameters θν and βν. Not all the choices of the
residual symmetries lead to viable values of θ13 and θ23 in
spite of the presence of the two unknowns. We determine
the allowed patterns by fitting θν and βν to the observed
values of θ13 and θ23. This allows us to identify cases which
provide viable patterns of the mixing angles. One finds
essentially three patterns this way. Examples of the residual
symmetries, the patterns, and best fit values of θν and βν in
each of these cases are listed below:

Sν¼ f3Hf3∶θν ¼ 1.42417; βν¼ 1.84521;

s213¼ 0.024; s223¼ 0.455;

Sν¼ f2Hf2∶θν ¼−0.487; βν¼ 0;

s213¼ 0.0244; s223¼ 0.676;

Sν¼H∶θν ¼−0.6716; βν ¼−1.1620;

s213¼ 0; s223¼ 0.455: ð38Þ

All the above cases occur for the choice T1l ¼ H and
T2l ¼ E−1f2Hf2E. Similar results follow for different
choices of Z2 × Z2 as Tl but with alternative choices of
Sν. The first case given above reproduces the observed
values of the mixing angles θ13 and θ23. The second choice
gives a θ23 on the verge of its 3σ value but correct s213. Thus,
a small perturbation to this case can lead to a viable pattern.
The third choice corresponding to s213 ¼ 0 would need
significant corrections from the perturbations and is analo-
gous to the case already discussed in Sec. IV C.

E. Sν =Z2 × Z2 and Tl =Z2 × Z2

In this case, the residual symmetries of neutrinos and the
charged leptons correspond to (different) Z2 × Z2 groups.
Because of the presence of two Z2 groups, there are no
undetermined parameters and the mixing angles θ13, θ23 get
predicted group theoretically. Since we have five different
Z2 × Z2 subgroups, there are 20 different choices which
would lead to a nontrivial mixing matrix U. None of these
correspond to even good zeroth-order values. The predicted
third column of jUj2 in all these cases is

jUi3j2 ¼

0
B@

0.0954915

0.25

0.654508

1
CA ð39Þ
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and its permutations. These predictions are quite far from
the observed mixing angles.

V. EXPLICIT REALIZATION WITH A5 × Z3
SYMMETRY

We now discuss a realization of the above group
theoretical discussion choosing specific examples of Sν
and Tl. We discuss the necessary Higgs fields and vacuum
structure needed to implement the above symmetries. The
model presented here is very similar to the one presented in
Ref. [24], the main difference being that the neutrino
symmetry considered in this reference is replaced by
neutrino antisymmetry. The implementation of antisym-
metry needs the imposition of an additional discrete
symmetry, which we choose as Z3. We use supersymmetry
as a basic ingredient.
Irreducible representations (IR) of A5 are 1þ 31 þ 32þ

4þ 5, where 31 and 32 are nonequivalent IR. We assign lL,
lc to 31, which is explicitly generated by E,H, and f1 given
in Eq. (2). It follows from the product rule

31 × 31 ¼ ð1þ 5Þsymm þ 3antisym

that the symmetric neutrino mass matrix can arise from
1þ 5 and the charged lepton masses can arise from all three
IR. The neutrino masses are generated from a 5-plet η5ν of a
flavon. The various fields transform under Z3 as

ðlL; ηνÞ → ωðlL; η5νÞ; lc → ω2lc:

The standard Higgs fields Hu and Hd and Higgs triplet Δ
are singlets of A5 × Z3.
The neutrino masses are generated from the following

superpotential using the type-II seesaw mechanism:

Wν ¼
1

2Λ
ðlLΔlLÞ5h5νη5ν: ð40Þ

Note that the singlet term ðlLΔlLÞ1 allowed by A5 is
prevented above due to the Z3 symmetry. The charged
lepton masses are generated by three additional flavons, a
singlet η1l, a 5-plet η5l, and a 3-plet η3l all transforming
trivially under Z3. The relevant superpotential is

Wl ¼
1

Λ
½hslðlLHdlcÞ1η1l þ h5lðlLHdlcÞ5η5l

þ h3lðlLHdlcÞ3η3l�: ð41Þ

The Z3 symmetry separates the neutrino and the charged
lepton sectors and does not allow flavons of one sector to
couple to the other sector at the leading order.
We specialize to a particular choice of symmetries

already discussed in Sec. IVA. This corresponds to Tl ¼
E and Sν ¼ E2f1Hf1E. The above Sν can serve as an
antisymmetry of the neutrino mass matrix if the 5-plet η5ν
has an antisymmetric vacuum expectation value:

Sνð5Þhηi5ν ¼ −hηi5ν: ð42Þ

Sνð5Þ in Eq. (42) corresponds to the five-dimensional
representation of Sν. This representation can be obtained
from the basic generators defined as a, b, and c in Ref. [20]
by noting the correspondence E ¼ b, f3 ¼ a, and H ¼ bc.
This leads to

Sνð5Þ ¼

0
BBBBBBBBBBBB@

1
2

0 − 1
2

1

2
ffiffi
2

p
ffiffi
3
2

p
2

0 1
2

− 1
2

− 1ffiffi
2

p 0

− 1
2

− 1
2

0 − 1

2
ffiffi
2

p
ffiffi
3
2

p
2

1

2
ffiffi
2

p − 1ffiffi
2

p − 1

2
ffiffi
2

p − 1
4

−
ffiffi
3

p
4ffiffi

3
2

p
2

0

ffiffi
3
2

p
2

−
ffiffi
3

p
4

1
4

1
CCCCCCCCCCCCA

: ð43Þ

The antisymmetry of hη5νi together with A5 symmetry in
Wν results in the flavor antisymmetric mass matrix. It is
worth noting that, unlike in the case of symmetry, Eq. (42)
breaks the symmetry Sν completely and it does not remain
as a residual symmetry. But, just as in the case with
symmetry, a broken solution given in Eq. (42) may also
arise from the minimization of a suitable superpotential
but would need enlargement in the model. This is
explicitly demonstrated [15] in a simpler case of the
group A4.
Denoting the VEV hη5νias ðs1; s2; s3; s4; s5ÞT , Eq. (42) is

solved for

s2¼ s3−s1; s4 ¼
ffiffiffi
2

p
s3−

3s1ffiffiffi
2

p ; s5 ¼−
ffiffiffi
3

2

r
s1: ð44Þ

Inserting this solution in Eq. (40), we get the neutrino mass
matrix

M0
ν ¼m0

0
BBBBB@

−3þ ffiffi
5

p þyð1− ffiffi
5

p Þ
2
ffiffi
2

p 1ffiffi
2

p yffiffi
2

p

1ffiffi
2

p −2
ffiffi
5

p þyð1þ ffiffi
5

p Þ
2
ffiffi
2

p y−1ffiffi
2

p

yffiffi
2

p y−1ffiffi
2

p 3þ ffiffi
5

p
−2y

2
ffiffi
2

p

1
CCCCCA
; ð45Þ

which satisfies the flavor antisymmetry [Eq. (1)] with
respect to Sν ¼ E2f1Hf1E. This matrix has only one
complex parameter y≡ s3

s1
apart from an overall scale. In

particular, ~Mν ≡ VT
Sν
MνVSν has the form given in Eq. (18)

with

tan θνeiβν ¼ −
1þ μþ

s3
s1

ðμþ − μ−Þ þ μ−
s3
s1

; ð46Þ
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where VSν ¼ E2f1VH diagonalizes Sν ¼ E2f1Hf1E. The
neutrino mixing matrix is then given by Uν ¼ E2f1VHVν

with Vν as given in Eq. (21) and θν and βν given by Eq. (46)
in terms of s3

s1
. The charged lepton mixing matrix is

analogously determined by the form of Ml obtained from
Wl.Wl and the residual symmetry Tl ¼ E coincide with the
one already discussed in Ref. [24]. The Tl-invariant
vacuum configuration discussed in Ref. [24] leads to the
following charged lepton mass matrix:

Ml ¼

0
B@

m0 m1 −m2 m1 þm2

m1 þm2 m0 m1 −m2

m1 −m2 m1 þm2 m0

1
CA; ð47Þ

where m0;1;2, respectively, label the singlet, triplet, and
5-plet contributions to Ml. MlM

†
l is diagonalized by the

matrix (11) which also diagonalizes Tl:

U†
ωMlM

†
l Uω ¼ diagðm2

1; m
2
2; m

2
3Þ

with eigenvalues

λ21 ¼ m2
0 þ 4jm1j2 þ 4m1Rm0;

λ22 ¼ m2
0 þ jm1j2 þ 3jm2j2 þ 2

ffiffiffi
3

p
Imðm1m�

2Þ
− 2m0ðm1R þ

ffiffiffi
3

p
m2IÞ;

λ23 ¼ m2
0 þ jm1j2 þ 3jm2j2 − 2

ffiffiffi
3

p
Imðm1m�

2Þ
− 2m0ðm1R −

ffiffiffi
3

p
m2IÞ: ð48Þ

Here, m1R;2R and m1I;2I, respectively, denote the real and
imaginary parts of m1;2. m0 is assumed real without loss of
generality.
The identification of eigenvalues λ21;2;3 with the physical

charged lepton masses m2
e;μ;τ depends on the choice of

parameters m0;1;2. In particular, one can choose these
parameters in a way that gives λ22 ¼ m2

e, λ21 ¼ m2
μ, and

λ23 ¼ m2
τ . With this identification,

Ul ¼
1ffiffiffi
3

p

0
B@

1 1 1

ω 1 ω2

ω2 1 ω

1
CA: ð49Þ

This Ul together with Uν ¼ E2f1VHVν gives the mixing
matrix U which is already worked out in Eq. (31). The
above form of Ul leads to the identification jU23j2 ¼ s213
and jU13j2 ¼ c213s

2
23. The values of θν and βν giving the

correct s213 and s
2
23 were already determined in Sec. III. This

translates to the following values of the model parameter s3
s1

when Eq. (46) is used:

s3
s1

≈ 0.9979e−0.7181i: ð50Þ

Nonzero neutrino masses remain degenerate at the leading
order. They can be split, and the solar angle can be
determined by perturbations which break antisymmetry
at the nonleading order. A simple perturbation can be
generated by introducing a singlet flavon η1ν transforming
as η1ν → ω2η1ν under Z3. This flavon leads to a nonleading
term

h1ν
2Λ2

ðllΔlLÞ1η21ν

inWν. This generates a diagonal perturbation which can be
parameterized as

Mν ¼ m0ðM̂0
ν þ ϵIÞ

with M̂0
ν ≡ M0

ν
m0

and jϵj ≪ 1. This simple perturbation is
enough to generate the solar splitting without disturbing the
zeroth-order values of s213 and s223 significantly. One could
vary s3

s1
around the zeroth-order value determined in Eq. (50)

and find the region of parameters which fits the data with
jϵj < 0.1. This procedure leads to a solution close to the
best fit values of all parameters. For example, s3

s1
¼

1.00019e−0.711498i and ϵ ¼ 0.0168241 lead to

sin2θ12 ¼ 0.295455; sin2θ13 ¼ 0.0235172;

sin2θ23 ¼ 0.449634;
Δm2

sol

Δm2
atm

¼ 0.0285398: ð51Þ

VI. SUMMARY

We have studied the consequences of an ansatz of flavor
antisymmetry in the context of the flavor group A5

assuming that Sν in Eq. (1) and Tl in Eq. (27) are contained
in the group A5. These assumptions constrain the mixing
pattern which we have determined in various cases. The use
of flavor antisymmetry in the context of the A5 group
necessarily leads to a degenerate pair of neutrinos in
addition to a massless one. This is a good zeroth-order
prediction. Small perturbations splitting the degeneracy can
lead to viable neutrino masses. The predicted neutrino mass
hierarchy is inverted.
We have considered discrete subgroups Z2 and Z2 × Z2

of A5 as residual symmetries ofMν and discrete groups Z3,
Z5, Z2, and Z2 × Z2 contained in A5 as symmetries of
MlM

†
l and worked out the resulting mixing patterns at the

leading order in all the cases. The third column of the
mixing matrix and hence the angles θ13 and θ23 get
determined at this order. Various predictions discussed in
Sec. III can be summarized as follows:
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(i) It is possible to get a universal prediction of the
maximal atmospheric mixing angle with the choice
Sν as Z2 or Z2 × Z2 and Tl as any element in Z3 and
Z5. For Sν ¼ Z2, one can also get the correct θ13 at
the leading order, while the case of Sν ¼ Z2 × Z2

predicts either θ13 ¼ 0 or large s213 ≥ 0.1.
(ii) The case Tl ¼ Z2 and Sν ¼ Z2 × Z2 does not predict

maximal θ23 but can be used to predict one of the
entries of the third column. The other entry gets
determined by an unknown angle inherent to the use
of the Z2 groups. The viable predictions within this
case are either θ13 ¼ 0 or s223c

2
13 ¼ 0.65. The former

requires a large perturbation, and we have presented
a typical set of such perturbations which lead to the
correct description of the masses and mixing angle.

(iii) The case Sν ¼ Z2 and Tl ¼ Z2 × Z2 involves an
unknown angle and a phase. Not all possible choices
of Sν and Tl in this category can lead to correct
mixing in spite of the presence of two unknowns. We
have identified cases which lead to the correct
description of the mixing angles θ13 and θ23.

(iv) The case of both Sν and Tl belonging to different
Z2 × Z2 subgroups of A5 is fully predictive without
any unknowns. But none of the possible cases within
this category lead even to a good zeroth-order
prediction.

We have supplemented the group theoretical derivation
of the mixing patterns in A5 with a concrete example. We
have determined the Higgs content and the required
vacuum pattern which realizes one of the viable cases
discussed group theoretically. The use of a concrete model
also allows a systematic discussion of possible perturba-
tions, and we have given an example of a perturbation
within the model which can be used to split the degeneracy
of neutrinos and which can give the correct descriptions of
all mixing angles and masses.
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Abstract: We study the zero textures of the Yukawa matrices in the minimal extended

type-I seesaw (MES) model which can give rise to ∼ eV scale sterile neutrinos. In this

model, three right handed neutrinos and one extra singlet S are added to generate a light

sterile neutrino. The light neutrino mass matrix for the active neutrinos, mν , depends on

the Dirac neutrino mass matrix (MD), Majorana neutrino mass matrix (MR) and the mass

matrix (MS) coupling the right handed neutrinos and the singlet. The model predicts one

of the light neutrino masses to vanish. We systematically investigate the zero textures in

MD and observe that maximum five zeros in MD can lead to viable zero textures in mν . For

this study we consider four different forms for MR (one diagonal and three off diagonal)

and two different forms of (MS) containing one zero. Remarkably we obtain only two

allowed forms of mν (meτ = 0 and mττ = 0) having inverted hierarchical mass spectrum.

We re-analyze the phenomenological implications of these two allowed textures of mν in

the light of recent neutrino oscillation data. In the context of the MES model, we also

express the low energy mass matrix, the mass of the sterile neutrino and the active-sterile

mixing in terms of the parameters of the allowed Yukawa matrices. The MES model leads

to some extra correlations which disallow some of the Yukawa textures obtained earlier,

even though they give allowed one-zero forms of mν . We show that the allowed textures

in our study can be realized in a simple way in a model based on MES mechanism with a

discrete Abelian flavor symmetry group Z8 × Z2.
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1 Introduction

Neutrino oscillation experiments have established the fact that neutrinos have tiny mass

and they change from one flavor to another during their propagation. This requires the

Standard Model (SM) of particle physics to be extended in order to generate their masses.

The standard 3-flavor neutrino oscillation scenario has six key parameters. These are the

two mass squared differences (∆m2
i1,= m2

i −m2
1, i = 2, 3 ) which control the oscillations of

the solar and atmospheric neutrinos respectively, three mixing angles θij (i, j = 1, 2, 3; i <

j) and a Dirac CP phase, δ13. Global analysis of three flavor neutrino oscillation data

from [1–3] give us the best fit values and the allowed 3σ ranges of these parameters.

In 3-flavor paradigm, there are two more CP violating phases if neutrinos are Majorana

particles. But as Majorana phases do not appear in the neutrino oscillation probability,
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they are not measurable in the oscillation experiments. Apart from these phases another

major unknown is the absolute value of the neutrino mass since oscillation experiments are

only sensitive to the mass squared differences. Planck data provide an upper bound on

sum of neutrino masses to be ≤ 0.23 eV [4] at 95% C.L. The sensitivity for the neutrino

masses in the upcoming Karlsruhe Tritium Neutrino experiment (KATRIN) is expected to

be around 200 meV (90% C.L.) [5].

Another interesting aspect of neutrino oscillation experiments is the search for the

existence of a light sterile neutrino. As sterile neutrinos are SM singlets they do not take

part in the weak interactions. But they can mix with the active neutrinos. Therefore,

sterile neutrinos can be probed in neutrino oscillation experiments. The oscillation results

from LSND experiment showed the evidence of at least one sterile neutrino having mass in

the ∼ eV scale [6–8]. The latest data of MiniBooNE experiment [9] also have some overlap

with the allowed regions of the LSND experiment and hence support the existence of the

sterile neutrino hypothesis. The recently observed Gallium anomaly can also be explained

by the sterile neutrino hypothesis [10]. Another evidence of eV sterile neutrino comes from

the reactor antineutrino flux studies. This shows the deficit in the observed and predicted

event rate of electron antineutrino flux and the ratio is 0.943 ± 0.023 at 98.6% C.L. [11].

Recent analysis of the Planck data shows the possibility of light sterile neutrino in the

eV scale if one deviates slightly from the base ΛCDM model [4]. In short, the scenario

with a light sterile neutrino is quite riveting at present and many future experiments are

proposed to confirm/falsify this [12]. Although it is possible to have a better fit of neutrino

oscillation data with more than one light sterile neutrino [13–15], the 3+1 scheme i.e.,

three active neutrinos and one sterile neutrino in the sub-eV and eV scale respectively, is

considered to be minimal. There are three different ways to add sterile neutrino in SM

mass patterns and these are, (i) 3+1 scheme in which three active neutrinos are of sub-eV

scale and sterile neutrino is of eV scale [16, 17], (ii) 2+2 scheme in which two different

pairs of neutrino mass states differ by eV2 but this scheme was disfavored by solar and

atmospheric data [18], and (iii) 1+3 scheme in which three active neutrinos are in eV scale

and sterile neutrino is lighter than active neutrinos. This scenario is however disfavored

from cosmology [19, 20]. Hence, we focus on the 3+1 scenario in our study.

Flavor symmetry models giving rise to eV sterile neutrinos have been studied in the

literature [21–23]. These models might require modifications to usual seesaw framework [24,

25]. In the explicit seesaw models the eV scale sterile neutrinos with their mass suppressed

by Froggatt - Nielsen mechanism can be naturally accommodated in non Abelian A4 flavor

symmetry [22, 26, 27]. S3 bimodel or schizophrenic models for light sterile neutrinos are

also widely studied [28, 29]. In order to have a theoretical understanding of the origin of

eV sterile neutrino as well as admixtures between sterile and active neutrinos, the authors

of refs. [22, 26, 27] have studied an extension to the canonical type-I seesaw model. This

model is known as “minimal extended type - I seesaw” (MES) model. In the MES model a

fermion singlet, S, is added along with three right handed neutrinos. This extension results

into an eV scale sterile neutrino naturally, without imposing tiny mass scale or Yukawa

term for this neutrino.

In this paper, for the first time we study the various possible textures of the Dirac

neutrino mass matrix, MD, Majorana neutrino mass matrix, MR and the mass matrix MS
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that originate from the Yukawa interaction between right handed neutrinos with the gauge

singlet within the framework of MES model and classify the allowed possibilities. Several

papers have studied the consequences of imposing zeros in the neutrino mass matrix in

standard three neutrino [30–40] and the 3+1 framework [41–45]. The more natural study

would be to explore the zeros in the Yukawa matrices that appear in the Lagrangian rather

than light neutrino mass matrix, mν . It has been noted by many authors [46–50] that the

zeros of the Dirac neutrino mass matrix MD and the right handed Majorana mass matrix

MR are the progenitors of zeros in the effective Majorana mass matrix mν through type

- I seesaw mechanism. We also seek extra correlations connecting the parameters of the

active and sterile sector which can put further constraints on the allowed possibilities. This

motivates us to look for zeros in various neutrino mass matrices in the MES model which

can lead to viable texture zeros in neutrino mass matrix.

We classify different structures of MD, MR and MS that can give allowed textures

for the light neutrino mass matrix mν . Interestingly the only allowed form of mν that

we obtain are the two one zero textures — namely meτ = 0 and mττ = 0 which are

phenomenologically allowed and have the inverted hierarchical mass spectrum. For a mν

originating from ordinary seesaw mechanism both these textures are viable. However, in

the MES model, because of extra correlations connecting active and sterile sector, not all

Yukawa matrices that give meτ = 0 or mττ = 0 for mν are allowed. We study these

additional correlations and tabulate the allowed textures. We also include a discussion on

the impact of NLO corrections in this model. In this context it is also important to study

the origin of zero textures. Here, we show that it is possible to obtain various zero entries

in lepton mass matrices with an Abelian discrete symmetry group Z8×Z2. An alternative

approach to obtain lepton mixing is discussed in [51] by considering non-Abelian symmetry

group. We follow the method discussed in [52] to obtain Abelian discrete symmetry group

which can generate viable zero textures in mν . Their method is based on type - I seesaw

and we extend it to apply on MES model.

The paper is organized in the following manner. In the next section a brief review of

the MES model is given. In section 3 and its subsections we list the various forms of MD,

MR and MS that lead to viable textures in mν . In section 4 we discuss the implication of

the allowed forms of one zero textures in mν obtained in section 3. The following section 5

discusses the results obtained from the comparison of low energy and high energy neutrino

mass matrices and the extra correlations connecting active and sterile sector. Symmetry

realizations for the allowed zero textures are discussed in section 6. The summary of our

findings and conclusions are presented in section 7.

2 Minimal extended type I seesaw mechanism

In this section we describe the basic structure of MES model. Here, the fermion content

of the SM is extended by three right handed neutrinos together with a gauge singlet field

S. One can get a natural eV-scale sterile neutrino without inserting any small Yukawa

– 3 –
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coupling in this model [22, 26]. The Lagrangian containing the neutrino masses is given by,

− LM = νLMDνR + ScMSνR +
1

2
νcRMRνR + h.c.. (2.1)

Here, MD,MR are the (3 × 3) Dirac and Majorana mass matrices respectively and MS is

a (1 × 3) coupling matrix between right handed neutrinos with the gauge singlet. In the

basis (νL, ν
c
R, S

c), the (7× 7) neutrino mass matrix can be expressed as,

M7×7
ν =

 0 MD 0

MT
D MR MT

S

0 MS 0

 . (2.2)

Considering the hierarchical mass spectrum of these mass matrices i.e. MR �MS > MD,

in analogy of type - I seesaw, the right handed neutrinos are much heavier compared to

the electroweak scale and thus they will decouple at the low scale. Therefore, eq. (2.2) can

be block diagonalized using seesaw mechanism and the effective neutrino mass matrix in

the basis (νL, S
c) can be written as,

M4×4
ν = −

(
MDM

−1
R MT

D MDM
−1
R MT

S

MS(M−1R )TMT
D MSM

−1
R MT

S

)
. (2.3)

Note that the rank of M4×4
ν is three (see [26]) and hence one of the light neutrino remains

massless.

Considering the case that MS > MD, one can apply seesaw approximation once again

on eq. (2.3) to obtain the active neutrino mass matrix as,1

m3×3
ν 'MDM

−1
R MT

S (MSM
−1
R MT

S )−1MS(M−1R )TMT
D −MDM

−1
R MT

D, (2.4)

whereas the mass of the sterile neutrino is given by,

ms ' −MSM
−1
R MT

S . (2.5)

Note that the zero textures of fermion mass matrices in the context of type - I seesaw

mechanism studied in [46–48, 50], leading to viable texture zeros in m3×3
ν can be different

from that of MES model because of the presence of the first term of eq. (2.4). The active-

sterile neutrino mixing matrix is given by,

V '

(
(1− 1

2RR
†)U ′ R

−R†U ′ 1− 1
2R
†R

)
, (2.6)

where R3×1 governs the strength of active-sterile mixing and can be expressed as,

R3×1 = MDM
−1
R MT

S (MSM
−1
R MT

S )−1. (2.7)

Essentially, R3×1 = (Ve4, Vµ4, 0)T is suppressed by the ratio O(MD)/O(MS). Additionally

in our formalism we assume |Vτ4| = 0, which is allowed by the current active sterile neutrino

mixing data.

1Note that r.h.s. of eq. (2.4) does not vanish since (MS)1×3 is a vector rather than a square matrix.
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Figure 1. Allowed mass spectrum in 3+1 scheme for normal (SNH) and inverted (SIH) mass

hierarchy.

SNH SIH

m1 0
√

∆m2
31

m2

√
∆m2

21

√
∆m2

21 + ∆m2
31

m3

√
∆m2

21 + ∆m2
32 0

m4

√
∆m2

41

√
∆m2

43

Table 1. Neutrino mass spectrum for normal and inverted hierarchies. ∆m2
12, ∆m2

31 (∆m2
32) are

the solar and atmospheric mass squared differences and ∆m2
41 (∆m2

43) is the active sterile mass

squared difference. The allowed ranges of these three mass squared differences are given in table 2.

As the sterile neutrino mass (∼ eV) is heavier than active neutrinos, therefore, the mass

pattern in the active sector can be arranged in two different ways. We denote 3+1 scenario

as (SNH) when the three active neutrinos follow normal hierarchy (m1 < m2 � m3)

and the second choice is (SIH) when the three active neutrinos follow inverted hierarchy

m3 � m1 ≈ m2) as shown in figure 1. These masses can be expressed in terms of the mass

squared differences obtained from oscillation experiments as given in table 1. The best

fit values along with 3σ ranges of neutrino oscillation parameters used in our numerical

analysis are given in table 2. In the next section we systematically explore the various zero

texture structures of MD, MR and MS which can give rise to viable zero textures of m3×3
ν .

3 Formalism

In our formalism, the charge lepton mass matrix, Ml, is considered to be diagonal. For the

right handed Majorana neutrino mass matrix, we consider four different structures:

(i) Diagonal MR having three zeros i.e.,

MR =

 r1 0 0

0 r2 0

0 0 r3

 (3.1)
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Parameter Best Fit 3σ Range

∆m2
21[10−5 eV2] 7.37 6.93–7.97

∆m2
31[10−3 eV2] (NH) 2.50 2.37–2.63

∆m2
31[10−3 eV2] (IH) 2.46 2.33–2.60

sin2 θ12/10−1 2.97 2.50–3.54

sin2 θ13/10−2 (NH) 2.14 1.85–2.46

sin2 θ13/10−2 (IH) 2.18 1.86–2.48

sin2 θ23/10−1 (NH) 4.37 3.79–6.16

sin2 θ23/10−1 (IH) 5.69 3.83–6.37

δ13/π (NH) 1.35 0–2

δ13/π (IH) 1.32 0–2

Rν(NH) 0.0295 0.0263–0.0336

Rν(IH) 0.0299 0.0266–0.0342

∆m2
LSND(∆m2

41or∆m2
43) eV2 1.63 0.87–2.04

|Ve4|2 0.027 0.012–0.047

|Vµ4|2 0.013 0.005–0.03

|Vτ4|2 – < 0.16

Table 2. The latest best-fit and 3σ ranges of active ν oscillation parameters from [3]. The current

constraints on sterile neutrino parameters are from the global analysis [53–55]. Here Rν is the solar

to atmospheric mass squared difference ratio.

(ii) non-diagonal minimal form of MR having four zeros with Det MR 6= 0 i.e.,

MR =

 0 r2 0

r2 0 0

0 0 r1

 ;

 0 0 r2
0 r1 0

r2 0 0

 ;

 r1 0 0

0 0 r2
0 r2 0

 . (3.2)

These three non-diagonal forms of MR correspond to Le−Lµ, Le−Lτ and Lµ−Lτ flavor

symmetry respectively. Such forms of MR in the context of zero textures in type-I seesaw

model have been considered for instance in [56]. MS = (s1, s2, s3) being a 1 × 3 matrix

can have one zero or two zeros. In [26], an A4 based model was considered with 2 zeros

in MS and 3 zeros in MD to obtain the m3×3
ν as given by eq. (2.4). But, in our analysis

we find that mass matrices with 5 zeros in MD and two zeros in MS do not lead to any

viable textures in mν . The only allowed possibility therefore is one zero in MS result in

three possible structures. We find that the maximum number of zeros of MD that can give

phenomenologically allowed zero textures in mν is five. The possible combinations of MD,

MR and MS that lead to phenomenologically viable textures of mν are discussed in the

following subsections.
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3.1 5 zeros in MD and diagonal MR

First let us assume MR to be diagonal. As MD is a non-symmetric 3 × 3 matrix, 5 zeros

can be arranged in 9C5 = 126 ways. Thus considering 126 cases of MD together with 3

cases of MS and 1 case of MR, we obtain total 378 possible structures of mν . Out of all

possible combinations of these matrices the only allowed texture that we obtain is the one

zero texture in mν with meτ = 0. Here, we have three possible forms of MS and these are,

M
(1)
S = (0, s2, s3), M

(2)
S = (s1, 0, s3), and M

(3)
S = (s1, s2, 0). (3.3)

The various forms of MD which lead to viable texture meτ = 0 are presented below:

M
(1)
S ,M

(1)
D =

 0 0 a3
b1 0 b3
c1 0 0

 ,M
(2)
D =

 0 a2 0

b1 0 b3
c1 0 0

 ,M
(3)
D = M

(1)
D Z23,M

(4)
D = M

(2)
D Z23.

(3.4)

M
(2)
S ,M

(5)
D =

 0 0 a3
0 b2 b3
0 c2 0

 ,M
(6)
D =

 a1 0 0

0 b2 b3
0 c2 0

 ,M
(7)
D = M

(5)
D Z13,M

(8)
D = M

(6)
D Z13.

(3.5)

M
(3)
S ,M

(9)
D =

 a1 0 0

0 b2 b3
0 0 c3

 ,M
(10)
D =

 0 a2 0

0 b2 b3
0 0 c3

 ,M
(11)
D = M

(9)
D Z12,M

(12)
D = M

(10)
D Z12.

(3.6)

Here, Z12, Z13 and Z23 are the permutation matrices that exchange first and second

columns, first and third columns and second and third columns respectively. Therefore,

we observe that out of 126 cases only 12 above forms of M
(i)
D , i = 1 − 12 give the allowed

texture meτ = 0 of mν when MR is diagonal

3.2 5 zeros in MD and non-diagonal MR corresponding to Le − Lµ flavor

symmetry

The form of MR that we consider here corresponds to flavor symmetry Le − Lµ as given

in eq. (3.2). Among the 378 possibilities we obtain two allowed one zero textures of mν ,

namely meτ = 0 and mττ = 0. We observe that out of total 126 forms of MD, only four

structures give rise to meτ = 0 while eight structures give rise to mττ = 0. We list them

below:

3.2.1 Textures leading to meτ = 0

M
(3)
S ,M

(13)
D =

 a1 0 0

0 b2 b3
0 0 c3

 ,M
(14)
D =

 0 a2 0

0 b2 b3
0 0 c3

 ,M
(15)
D = M

(13)
D Z12,M

(16)
D = M

(14)
D Z12.

(3.7)
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3.2.2 Textures leading to mττ = 0

M
(1)
S , M

(17)
D =

 a1 a2 0

b1 0 0

0 c2 0

 ,M
(18)
D =

 a1 0 a3
b1 0 0

0 c2 0

 , (3.8)

M
(19)
D =

 a1 0 0

b1 b2 0

0 c2 0

 ,M
(20)
D =

 a1 0 0

b1 0 b3
0 c2 0

 .

M
(2)
S , M

(21)
D =

 0 a2 a3
0 b2 0

c1 0 0

 ,M
(22)
D =

 a1 a2 0

0 b2 0

c1 0 0

 , (3.9)

M
(23)
D =

 0 a2 0

b1 b2 0

c1 0 0

 ,M
(24)
D =

 0 a2 0

0 b2 b3
c1 0 0

 .

3.3 5 zeros in MD and non-diagonal MR corresponding to Le − Lτ flavor

symmetry

The form of MR that we consider in this subsection corresponds to flavor symmetry Le−Lτ
as given in eq. (3.2). In this case also we observe that out of total 126 cases of MD, only

four structures of MD give rise to meτ = 0 and eight forms of MD give rise to texture

mττ = 0. We list them below. Note that these forms of MD are different from those

obtained in the earlier subsection.

3.3.1 Textures leading to meτ = 0

M
(2)
S ,M

(25)
D =

 0 0 a3
0 b2 b3
0 c2 0

 ,M
(26)
D =

 0 0 a3
b1 b2 0

0 c2 0

 ,M
(27)
D = M

(25)
D Z13,M

(28)
D = M

(26)
D Z13.

(3.10)

3.3.2 Textures leading to mττ = 0

M
(1)
S , M

(29)
D =

 a1 a2 0

b1 0 0

0 0 c3

 ,M
(30)
D =

 a1 0 a3
b1 0 0

0 0 c3

 , (3.11)

M
(31)
D =

 a1 0 0

b1 b2 0

0 0 c3

 ,M
(32)
D =

 a1 0 0

b1 0 b3
0 0 c3

 .

M
(3)
S , M

(33)
D =

 0 a2 a3
0 0 b3
c1 0 0

 ,M
(34)
D =

 a1 0 a3
0 0 b3
c1 0 0

 , (3.12)

M
(35)
D =

 0 0 a3
0 b2 b3
c1 0 0

 ,M
(36)
D =

 0 0 a3
b1 0 b3
c1 0 0

 .
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3.4 5 zeros in MD and non-diagonal MR corresponding to Lµ − Lτ flavor

symmetry

The form of MR that we consider here corresponds to flavor symmetry Lµ − Lτ as given

in eq. (3.2). Here also we observe that out of 126 cases of MD only four structures of MD

give rise to texture Meτ = 0 and 8 forms of MD give rise to texture Mττ = 0. But these

forms of MD are different from those obtained in the earlier two subsections:

3.4.1 Structures leading to meτ = 0

M
(1)
S ,M

(37)
D =

 0 a2 0

b1 0 b3
c1 0 0

 ,M
(38)
D =

 0 0 a3
b1 0 b3
c1 0 0

 ,M
(39)
D = M

(37)
D Z23,M

(40)
D = M

(38)
D Z23.

(3.13)

3.4.2 Structures leading to mττ = 0

M
(2)
S , M

(41)
D =

 a1 a2 0

0 b2 0

0 0 c3

 ,M
(42)
D =

 0 a2 a3
0 b2 0

0 0 c3

 , (3.14)

M
(43)
D =

 0 a2 0

0 b2 b3
0 0 c3

 ,M
(44)
D =

 0 a2 0

b1 b2 0

0 0 c3

 .

M
(3)
S , M

(45)
D =

 0 a2 a3
0 0 b3
0 c2 0

 ,M
(46)
D =

 a1 0 a3
0 0 b3
0 c2 0

 ,

M
(47)
D =

 0 0 a3
b1 0 b3
0 c2 0

 ,M
(48)
D =

 0 0 a3
0 b2 b3
0 c2 0

 . (3.15)

Note that in general the entries of the Yukawa matrices MD, MR and MS are complex

(of the form peiθ). However some of the phases can be absorbed by redefinition of the

leptonic fields. For the case when MR is diagonal, the number of un-absrobed phases is

two — one each in MD and MS whereas for the off-diagonal MR only one phase remains

in MS . In this section we do not explicitly write the phases. However in section 5 where

we discuss specific cases, the phases are explicitly included.

4 Active neutrino mass matrix with one zero texture

The (3× 3) light neutrino mass matrix being symmetric, there are 6 possible cases of one

zero textures with a vanishing lowest mass and these are studied in details in refs. [57–60].

In the above section we observed that in context of MES model only viable textures of

mν that we obtain are meτ = 0 and mττ = 0. According to the recent studies [59–61],

both these textures are ruled out for normal hierarchy when the lowest mass m1 is zero
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but they can be allowed for the inverted hierarchy even when then lowest mass m3 is zero.2

This kind of mass pattern can be obtained completely from group theoretical point of view

if one assumes that Majorana neutrino mass matrix displays flavor antisymmetry under

some discrete subgroup of SU(3) as discussed in [62, 63]. In this section we re-analyse

the textures meτ = 0 and mττ = 0 for the inverted hierarchical mass spectrum assuming

m3 = 0 in the light of recent neutrino oscillation data as given in table 2. In our analysis

we find that correlations among various oscillation parameters become highly constrained

as compared to the earlier studies. This is due to the recent constraints on the 3σ ranges

of the mass squared differences and θ13 as compared to earlier results in [58–60].3

In three neutrino paradigm, low energy Majorana neutrino mass matrix can be diag-

onalized as,

m3×3
ν = U ′diag(m1,m2,m3)U

′T . (4.1)

Here, U ′ = U.P (P = diag(1, eiα, ei(β+δ13))) is a lepton mixing matrix in the basis where

Ml is diagonal. The Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix U has 3 mixing

angles and a CP violation phase δ13.

The elements of neutrino mass matrix can be calculated from eq. (4.1) are,

(m3×3
ν )ab = m1Ua1Ub1 +m2Ua2Ub2e

2iα +m3Ua3Ub3e
2i(β+δ13), (4.2)

where, a, b = e, µ and τ and mi(i = 1, 2, 3) are given in table 1. We express elements of

mν as mab in the text.

Imposing the condition of zero texture for IH with m3 = 0 in the above equation

we get,

m1Ua1Ub1 +m2Ua2Ub2e
2iα = 0, (4.3)

which can be simplified to obtain the mass ratio

m1

m2
e−2iα = −Ua2Ub2

Ua1Ub1
. (4.4)

Let, q = m1
m2
e−2iα we get

α = −1

2
Arg(q), (4.5)

|q| = m1

m2
=

∣∣∣∣−Ua2Ub2Ua1Ub1

∣∣∣∣ . (4.6)

Let us define the ratio of the two mass squared differences as,

Rν =
∆m2

21

|∆m2
31|

=
1− |q|2

|q|2
. (4.7)

The Rν defined above can be calculated either using the current neutrino mass squared

differences as given in table 2 or by calculating |q|. If the value of Rν calculated using |q|
2We also observed that both these textures are disallowed for NH with the most recent data.
3The latest constraint on |∆m2

31| comes from T2K and NOνA including both appearance and disap-

pearance modes [64–67]. Whereas reanalysis of KamLAND data shows decrease in the value of ∆m2
21 and

sin2 θ12 as discussed in [3].
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falls in the allowed 3σ range of Rν from the current data, then we say the texture under

consideration is allowed by the current data. As given in table 2 we vary the Dirac CP

phase δ13 from 0◦ < δ13 < 360◦ while the relevant Majorana phase α in the range 0◦ < α

< 180◦ and find the correlations among different parameters, specially the predictions for

α and δ13.

We also study the effective Majorana neutrino mass, mee, governing neutrinoless dou-

ble beta decay (0νββ) for these allowed textures. In three flavor paradigm this can be

written as,

mee = |ΣU2
eimi|

= |m1c
2
12c

2
13 +m2e

2iαc213s
2
12 +m3e

2iβs213|. (4.8)

where cij(sij) = cos θij(sin θij), (i < j, i, j = 1, 2, 3). From the above equation we under-

stand that mee depends on the Majorana phases but not on the Dirac phase. Various ex-

periments such as CUORE [68], GERDA [69], SuperNEMO [70], KamLAND-ZEN [71] and

EXO [72] are looking for signatures for neutrinoless double beta decay (0νββ). The current

experiments provide bounds on the effective Majorana mass mee from the non-observation

of 0νββ. For instance, the combined results from KamLAND-ZEN and EXO-200 [71] give

the upper bound on the effective Majorana neutrino mass as mee < (0.12 - 0.25) eV where

the range signifies the uncertainty in the nuclear matrix elements. The future experiments

can improve this limit by one order of magnitude. Below we discuss the various correlations

that we obtain for the allowed textures.

4.1 Case I: meτ = 0

The Majorana mass matrix element meτ in 3-flavor case can be written as,

meτ = m1Ue1Uτ1 +m2Ue2Uτ2e
2iα +m3Ue3Uτ3e

2i(β+δ13). (4.9)

Imposing the condition of zero texture with vanishing lowest mass (m3 = 0) for IH, we get,

|m1Ue1Uτ1 +m2Ue2Uτ2e
2iα| = 0, (4.10)

|m1c12c13(s12s23 − c12c23s13eiδ) +m2s12c13(−c12s23 − s12c23s13eiδ)2e2iα| = 0. (4.11)

From the above equation we obtain the mass ratio as below

m2

m1
≈ 1− s13 cos δ13

tan θ23s12c12
+O(s213). (4.12)

The mass ratio m2
m1

should be greater than 1. For this to happen cos δ13 should be

negative. We find that due to the interplay of the terms O(s13) and O(s213) the phase δ13
is restricted to the range [85◦− 95◦] and [265◦− 275◦]. The effective mass, mee as function

of Majorana phase α is constrained due to very small allowed range of α (5◦ < α < 10◦,

170 ◦ < α < 175◦) as shown in Eq. (4.8). The allowed range of mee for this texture is

0.046 eV < mee < 0.05 eV and which can be probed in future experiments. Also, this

texture predicts Dirac CP phase ∼ 270◦ which is in agreement with the indications from

the current ongoing oscillation experiments like T2K and NOνA. There is however no

constrain on the values of the neutrino mixing angles θ13 and θ23 seen in right panel of

figure 2 for this texture.
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Figure 2. Correlation plots of meτ = 0 for IH with vanishing m3 in 3 neutrino paradigm.
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Figure 3. Correlation plots of mττ = 0 for IH with vanishing m3 in 3 neutrino paradigm.

4.2 Case II: mττ = 0

The Majorana mass matrix element mττ in 3-flavor case can be written as,

mττ = m1U
2
τ1 +m2U

2
τ2e

2iα +m3U
2
τ3e

2i(β+δ13). (4.13)

Imposing the condition of texture zero with vanishing lowest mass(m3 = 0) for IH, we get,

|m1U
2
τ1 +m2U

2
τ2e

2iα| = 0, (4.14)

|m1(s12s23 − c12c23s13eiδ)2 +m2(−c12s23 − s12c23s13eiδ)2e2iα| = 0. (4.15)

The mass ratio from the above equation can be written as

m2

m1
≈ s212
c212

[
1− 2 cot θ23s13 cos δ13

c12s12

]
+O(s213). (4.16)

Since this mass ratio m2
m1

is always greater than 1 from oscillation data, we find that

cos δ13 should be negative for this texture as well. As can be seen from figure 3 that

δ13 is constrained in the range 140◦ < δ13 < 220◦. We observe that, due to the more

constrained values of mass squared differences and θ13 from present data, as considered

in our analysis, the atmospheric mixing angle θ23 is restricted to be below maximal. In

the earlier analysis [58–60] there was no preferred octant of θ23. The values of θ23 > 45◦

are disallowed for this texture as can be seen in figure 3. The effective mass, mee, being

function of unknown Majorana phase α as seen in Eq. (4.8) is constrained due to very small

allowed range of α (80◦ < α <110◦). The allowed range of mee for this texture is 0.014 eV
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< mee < 0.018 eV which is smaller compared to the case meτ=0 where a vanishing element

is off-diagonal. The allowed values of the effective mass mee for diagonal texture mττ are

on the lower side having no overlap with non diagonal texture zero meτ . Thus, mee can

be used to distinguish between diagonal and off-diagonal one texture zero classes with a

vanishing neutrino mass. Note that allowed ranges of δ13 and mee are more constrained in

our analysis as compared to references [58, 59] again due to the recent improved constraints

on the mass squared differences and θ13 at 3σ.

5 Comparison of low and high energy neutrino mass matrix elements

In this section we obtain the light neutrino neutrino mass matrix (mν) (eq. (2.4)), sterile

mixing matrix (ms) (eq. (2.5)) and the active sterile mixing matrix (R) (eq. (2.7)) using the

different forms of MD, MS and MR given in section (III) of the MES model. Since in the

MES model both the active neutrino mass matrix mν and the active sterile mixing matrix

R depends on the parameters of MS , MD and MR, this can induce additional correlations

between active and sterile sector. Similarly, the mass of the sterile neutrino ms depends on

MS and MR. Hence expressing the various variables in terms of the parameters of these

matrices one can get some interrelations.

For an illustration we will discuss three specific cases. In case I and II we discuss

meτ = 0 assuming diagonal structure of MR and in the case III we talk about mττ = 0 by

considering the off diagonal form of MR. Note that here we consider the complex phases in

our calculation. We compare high energy mass matrix with low energy mass matrix after

the decoupling of the eV sterile neutrino as discussed in section II.

• Case I: considering the forms of M
(1)
S , M

(1)
D and diagonal MR from eq. (3.4),

M
(1)
S = (0, s2, s3e

iρ2),M
(1)
D =

 0 0 a3
b1 0 b3e

iρ1

c1 0 0

 ,MR = diag(r1, r2, r3) (5.1)

and using them in eqs. (2.4), (2.5 and 2.7) we get the low energy neutrino mass

matrix, the sterile mass and the active sterile mixing matrix as,

m3×3
ν =


− a23s

2
2

(r3s22+r2s
2
3e

2iρ2 )
− a3b3eiρ1s22

(r3s22+r2s
2
3e

2iρ2 )
0

. − b21
r1
− b23s

2
2e

2iρ1

(r3s22+r2s
2
3e

2iρ2 )
− b1c1

r1

. . − c21
r1

 , (5.2)

ms = −
(
s22
r2

+
s23e

2iρ2

r3

)
, R =


a3r2s3eiρ2

(r3s22+r2s
2
3e

2iρ2 )

b3r2s3ei(ρ1+ρ2 )
(r3s22+r2s

2
3e

2iρ2 )

0

 =

 Ve4
Vµ4
0

 . (5.3)

From eq. (5.2) and (5.3) it can be seen that

mµτ

mττ
=
b1
c1
,

Ve4
Vµ4

=
a3
b3
e−iρ1 =

mee

meµ

(5.4)
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Here mab, a, b = e, µ, τ are the low energy neutrino mass matrix elements. The eigen

values of m3×3
ν will give the masses of the three active neutrinos. Note that, only

allowed hierarchy in our case is IH and hence m3 = 0 and ms = m4 =
√

∆m2
43. From

eq. (5.4) we get, ∣∣∣∣Ve4Vµ4

∣∣∣∣ =

∣∣∣∣mee

meµ

∣∣∣∣ . (5.5)

We find that the l.h.s. of eq. (5.5) lies in the range (0.63 – 3.06) whereas r.h.s. lies in

(3.9 - 5.9) in their 3σ range. This shows that there is no overlapping between l.h.s.

and r.h.s. of eq. (5.5) and hence disallowed from current neutrino oscillation data.

We observe that out of 12 forms of M
(i)
D , (i = 1, 2, . . . 12) as given in eq. (3.4)–(3.6),

6 of them (M
(2)
D , M

(4)
D , M

(6)
D , M

(8)
D , M

(9)
D and M

(11)
D ) do not lead to the correlation

given in eq. (5.5) and these M
(i)
D ’s are not ruled out. Hence a detail analysis of one

of these M
(i)
D ’s is discussed below in Case II.

• Case II: considering the form of M
(1)
S , M

(2)
D and diagonal MR given in eq. (3.4),

M
(1)
S = (0, s2, s3e

iρ2),M
(2)
D =

 0 a2 0

b1 0 b3e
iρ1

c1 0 0

 ,MR = diag(r1, r2, r3) (5.6)

and using them in eqs. (2.4), (2.5 and 2.7) we get the texture meτ = 0,

m3×3
ν =


− a22s

2
3e

2iρ2

(r3s22+r2s
2
3e

2iρ2 )
a2b3s2s3ei(ρ1+ρ2)

(r3s22+r2s
2
3e

2iρ2 )
0

. − b21
r1
− b23s

2
2e

2iρ1

(r3s22+r2s
2
3e

2iρ2 )
− b1c1

r1

. . − c21
r1

 . (5.7)

The sterile mass and active sterile mixing becomes

ms = −
(
s22
r2

+
s23e

2iρ2

r3

)
, R =


a2r3s2

(r3s22+r2s
2
3e

2iρ2 )

b3r2s3ei(ρ1+ρ2)

(r3s22+r2s
2
3e

2iρ2 )

0

 =

 Ve4
Vµ4
0

 . (5.8)

It can be seen from the above equations that

mµτ

mττ
=
b1
c1
,

mee

meµ
= −a2s3

b3s2
ei(ρ2−ρ1) (5.9)

From eq. (5.7) we get the following relation between the light neutrino mass matrix

elements,

mµµ =
b1
c1
mµτ −

b3s2
a2s3

ei(ρ1−ρ2)meµ =
m2
eµ

mee
+
m2
µτ

mττ
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Figure 4. Correlation plots for case II.

which implies,

mee =
m2
eµmττ

mµµmττ −m2
µτ

. (5.10)

To obtain eq. (5.10) we have used the correlations of eq. (5.9). Now to test the

viability of these structures of MD, MR and MS , we look for the parameter space

in which both the conditions meτ = 0 and eq. (5.10) are satisfied simultaneously.

In the upper panels of figure 4, we have plotted the correlations obtained between

different low energy parameters in this scenario. Comparing these correlations with

figure 2 (which corresponds to only meτ = 0), we find that the MES model disfavours

a large area in the sin2 θ23 − sin2 θ13 plane and allows θ23 values in the lower octant:

0.383 < sin2 θ23 < 0.42 whereas the admissible values of θ13 ( 0.021 < sin2 θ13 <

0.0248) are near the higher side of it’s allowed range. However the values of α and

mee which are predicted by the two cases are similar. The prediction of the texture

with meτ = 0 is 6◦ < α < 13◦ and 167◦ < α < 174◦ while the MES model predicts a

slightly constrained range 11.7◦ < α < 13◦ and 167◦ < α < 168.1◦. In this case we

also obtain another correlation for sterile neutrino mass from this model of the form,

ms =

∣∣∣∣− meµ

Ve4Vµ4

∣∣∣∣ . (5.11)

In the lower panels of figure 4, we have plotted the prediction of ms as given by

eq. (5.11) by varying Ve4 and Vµ4 within their allowed range as given in table 2.

This is obtained when both the conditions i.e., meτ = 0 and eq. (5.10) is satisfied
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simultaneously. From the figures we see that the prediction of ms by this model is

consistent with data coming from the SBL experiments.

• Case III: considering the cases for the off-diagonal forms of MR given in eqs. (3.7)–

(3.15), we find that out of the 36 M
(i)
D , (i = 13, 14, . . . , 48), 19 cases lead to ex-

actly the same correlation depicted by eq. (5.5). This is not allowed from current

oscillation data as discussed earlier. Among the remaining 17 cases 11 M
(i)
D (for

i = 17, 19, 22, 23, 30, 32, 34, 42, 43, 44 and 45) lead to a correlation of the form,∣∣∣∣Ve4Vµ4

∣∣∣∣ =

∣∣∣∣meτ

mµτ

∣∣∣∣ . (5.12)

This is also not satisfied by current neutrino oscillation data as the r.h.s. of eq. (5.12)

lies in the range (3.8 – 4.7) showing no overlapping with l.h.s. The remaining six

forms of M
(i)
D are M

(18)
D , M

(21)
D , M

(29)
D , M

(33)
D , M

(41)
D and M

(46)
D . All these forms of

MD and the corresponding forms of MR and MS lead to neutrino mass matrix with

mττ = 0. We found that, all these MD’s lead a correlation of the form,∣∣∣∣Ve4Vµ4

∣∣∣∣ =

∣∣∣∣meµ

mµµ

∣∣∣∣ (5.13)

which is satisfied by current oscillation data. The r.h.s. of eq. (5.12) lies in the range

(1.8–2.3) which shows complete overlap with l.h.s. (0.63–3.06). For illustration, we

consider M
(18)
D with corresponding MR and M

(1)
S and using them in eqs. (2.4), (2.5

and 2.7) we get ,

m3×3
ν =


a1s2(a1s2r1+2a3s3r2eiρ2 )

r22s
2
3e

2iρ2

b1s2(a1s2r1+a3s3r2eiρ2 )
r22s

2
3e

2iρ2
−a1c2

r2

.
b21s

2
2r1

r22s
2
3
e−2iρ2 − b1c2

r2

. . 0

 , (5.14)

ms = −s
2
3

r1
e2iρ2 , R =


a1s2r1+a3s3r2eiρ2

r2s23e
2iρ2

b1s2r1
r2s23e

2iρ2

0

 =

 Ve4
Vµ4
0

 . (5.15)

From the above matrices we find the following correlation,

ms =

∣∣∣∣− meµ

Ve4Vµ4

∣∣∣∣ . (5.16)

also the correlation mentioned by eq. (5.13). We find that both the equations (5.13

and 5.16) are consistent with the current oscillation data. The simultaneous validity

of equations (5.13 and 5.16) lead to light sterile neutrino mass in the range 1.4 eV <

ms < 3.5 eV which is marginally allowed by global analysis as seen from figure 5.

However, individual experiments (MINOS, IceCube, Daya Bay) still allow higher

value of sterile neutrino mass [73–76].

In table 3 and table 4 we summarize the allowed cases that we obtained in our study for

texture meτ = 0 and mττ = 0 respectively.
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Figure 5. Sterile neutrino mass from eqs. (5.16) for mττ = 0. The yellow line is the current upper

bound on ms as given by global analysis of 3+1 neutrino oscillation data.

Case MS MD MR Correlations

I (0, s2, s3)


0 a2 0

b1 0 b3

c1 0 0

 diag(r1, r2, r3) mee =
m2
eµmττ

mµµmττ−m2
µτ

ms =
∣∣∣− meµ

Ve4Vµ4

∣∣∣
II (0, s2, s3)


0 0 a3

b1 b2 0

c1 0 0

 diag(r1, r2, r3) Same as Case I

III (s1, 0, s3)


0 0 a3

0 b2 b3

0 c2 0

 diag(r1, r2, r3) Same as Case I

IV (s1, 0, s3)


a1 0 0

b2 b2 0

0 c2 0

 diag(r1, r2, r3) Same as Case I

V (s1, s2, 0)


0 a2 0

0 b2 b3

0 0 c3

 diag(r1, r2, r3) Same as Case I

VI (s1, s2, 0)


a1 0 0

b1 0 b3

0 0 c3

 diag(r1, r2, r3) Same as Case I

Table 3. The various forms of MD, MR and MS which leads to a phenomenologically allowed

meτ = 0.

– 17 –



J
H
E
P
0
3
(
2
0
1
7
)
0
7
5

Case MS MD MR Correlations

I (0, s2, s3)

 a1 0 a3
b1 0 0

0 c2 0


 0 r2 0

r2 0 0

0 0 r1

 ms =
∣∣∣− meµ

Ve4Vµ4

∣∣∣
II (s1, 0, s3)

 a1 a2 0

0 b2 0

c1 0 0


 0 r2 0

r2 0 0

0 0 r1

 Same as Case I

III (0, s2, s3)

 a1 a2 0

b1 0 0

0 0 c3


 0 0 r2

0 r1 0

r2 0 0

 Same as Case I

IV (s1, s2, 0)

 0 a2 a3
0 0 b3
c1 0 0


 0 0 r2

0 r1 0

r2 0 0

 Same as Case I

V (s1, 0, s3)

 a1 a2 0

0 b2 b3
0 0 c3


 r1 0 0

0 0 r2
0 r2 0

 Same as Case I

VI (s1, s2, 0)

 a1 a2 0

0 b2 b3
0 0 c3


 r1 0 0

0 0 r2
0 r2 0

 Same as Case I

Table 4. The various forms of MD, MR and MS which leads to a phenomenologically allowed

mττ = 0.

5.1 NLO correction for MES model

In section 3, the structures of various mass matrices are obtained using the leading order

expression of m3×3
ν as given by equation (2.4) which give rise to texture zeros with exact

cancellation. However, if MD/MS ∼ 0.1 NLO corrections can be important. In this section,

we discuss the effect of NLO correction terms for MES model corresponding to the allowed

texture zeros. The NLO correction term can be calculated following the standard algorithm

given in [77]. To calculate the NLO term, let us rewrite equation (2.3) in the form,

M4×4
ν =

(
ML MT

D

MD MR

)
(5.17)

where,

ML = MDM
−1
R MT

D, MD = MS(M−1R )TMT
D, MR = MSM

−1
R MT

S (5.18)

(m3×3
ν )NLO =

1

2

[
MT

DM−1R M
−1∗
R M∗DML + (last term)T

]
− 1

2
MT

DM−1R
[
MDM†DM

−1∗
R + (last term)T

]
M−1R MD

=
1

2

[
MDM

−1
R MT

S (MSM
−1
R MT

S )−1(M∗SM
−1∗
R M †S)−1 M∗S(M−1R )†M †D MDM

−1
R MT

D

+ (last term)T
]
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Figure 6. This plot shows the allowed parameter spaces of MD (GeV), MR (in units of 1015 GeV)

and MS (GeV) which lead to NLO correction term∼ 10−5 eV or less.

− 1

2
MDM

−1
R MT

S (MSM
−1
R MT

S )−1[MS(M−1R )TMT
D M∗D(M−1R )∗M †S

(MSM
−1
R MT

S )−1∗ + (last term)T ](MSM
−1
R MT

S )−1 MDM
−1
R MT

S (5.19)

In the second line we use the form of ML, MD and MR as given by equation (5.18) to

obtain the final form given by equation (5.19). We see that the contribution of the NLO

terms of equation (5.19) are proportional to M4
D/MRM

2
S . This implies that a term of the

order M4
D/MRM

2
S will add to every term of m3×3

ν as given by the equation (5.7). To get

the specific form of NLO correction term, in equation (5.19), we use the specific forms of

MD, MR and MS used for obtaining equation (5.7). The NLO correction term we obtain

for (1,3) element of equation (5.7) is ∼ a3b3b1c1r22s
2
3

2r1(r3s22+r2s
2
3)

2 , which is of the order of M4
D/MRM

2
S ,

where a3, b3, b1, c1 are elements of MD, r1, r2 are elements of MR and s2, s3 are elements

of MS . We see here that because of NLO corrections, we no longer have exact cancellation

leading to meτ = 0, unlike the leading order case. But, if we consider representative

values of parameters say, MD ∼ 80 GeV, MR ∼ 6 × 1014 GeV and MS ∼ 1000 GeV then

we find that mν ∼ 0.011 eV, ms ∼ 1.6 eV, R∼ 0.1 and NLO∼ 10−5 eV. In figure 6 we

show the allowed parameter spaces of MD, MR and MS which can lead to NLO correction

term∼ 10−5 eV or less.4 Hence, there exist a parameter space where we can safely neglect

NLO correction terms in our analysis compared to leading order terms and consider the

texture zero even with the inclusion of the NLO term.5 Thus, all the model predictions

corresponding to leading order terms remain unchanged. Note that similar conclusions can

also be obtained for the texture mττ = 0.

6 Symmetry realization

Singular one zero neutrino mass matrices can be realized using a discrete Abelian flavor

symmetry within the context of MES mechanism. Earlier in [52] authors studied the

possibilities to enforce zero textures in arbitrary entries of the fermion mass matrices by

4In our numerical analysis texture zero (say, meτ = 0) corresponds to meτ = 10−5 eV .
5We notice that the set of MD, MR and MS which do not give NLO∼ 10−5 eV do not give the one zero

textures.
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Lepton (Z8 × Z2) RH Singlet (Z8 × Z2) ν fields (Z8 × Z2) Higgs (Z8 × Z2)

doublet doublet

D̄Le (ω6, -1) eR (ω2, -1) νeR (ω5, 1) φ (1, 1)

D̄Lµ (ω3, 1) µR (ω5, 1) νµR (ω2, -1) φ′ (ω3, 1)

D̄Lτ (ω5, 1) τR (1, 1) ντR (1, 1) φ′′ (ω2, 1)

Table 5. Here, D̄Ll denote SU(2)L doublets and lR, νlR (l = e, µ, τ) are the right-handed (RH)

SU(2)L singlet for charged lepton and neutrino fields respectively. Also, φ, φ′ and φ′′ are the Higgs

doublets.

means of Abelian symmetries in the context of type - I seesaw mechanism. We adopt the

same approach to probe the zero textures of mν in the context of MES mechanism. We

observe that one zero textures of mν with a vanishing mass can be realized by Z8 × Z2

symmetry. To realize the texture structures we extend the SM particle composition by

three right handed neutrinos (νeR, νµR, ντR) as required in MES model and two more

Higgs doublets (φ′, φ′′) in addition to the SM one (φ). Few SU(2)L scalar singlets (χi,

i = 1, 2) are required to realize diagonal MR whereas two singlets λi, i = 1, 2 helps in

realizing one zero texture structure of MS . Note that the model that we discuss here to

get the zero texture structure is general, flexible and in no way unique. The additional

discrete group Z2 is introduced to restrict some of the unwanted terms in the Lagrangian.

For illustration, we present the detailed symmetry realization of our two viable textures

of mν (meτ ,mττ = 0). The particle assignments for (meτ = 0 which is allowed by current

data (case II) under the action of Z8 × Z2 symmetry are given in table 5.

According to the charge assignments of the leptonic field given in table 5 the bilinears

D̄Ll lR, D̄LlνlR and νTlRC
−1νlR relevant for Ml, MD and MR transform as,

D̄Ll lR ∼

 1 ω3 ω6

ω5 1 ω3

ω7 ω2 ω5

, D̄LlνlR ∼

ω3 1 ω6

1 ω5 ω3

ω2 ω7 ω5

, νlRνl′R ∼

ω2 ω7 ω5

ω7 ω4 ω2

ω5 ω2 1

,

where ω = eπi/4, ω8 = 1 . We introduce three SU(2)L doublet Higgs (φ, φ′,φ′′). One

of these Higgs doublet φ, is invariant under Z8 while the other two fields transforms as:

φ′ → ω3φ′ (φ̃′ → ω5φ̃′) and φ′′ → ω2φ′′ (φ̃′′ → ω6φ̃′′). The (Z8 × Z2) invariant Yukawa

Lagrangian than becomes

−LY = YeeD̄LeeRφ+ YµµD̄LµµRφ+ Yττ D̄Lτ τRφ
′+ (6.1)

YeµD̄LeνµR φ̃+ YµeD̄LµνeR φ̃+ Yµτ D̄LµντR φ̃
′ + YτeD̄Lτ νeR φ̃

′′ + h.c..

here all φ̃ = iτ2φ
∗. The Higgs fields acquires the vacuum expectation values 〈φ〉o 6= 0 and

results in the Ml and MD of the following form,

Ml =

me 0 0

0 mµ 0

0 0 mτ

 ,MD =

 0 a2 0

b1 0 b3
c1 0 0

 . (6.2)

Here me = Yee〈φ〉o, mµ = Yµµ〈φ〉o mτ = Yττ 〈φ′〉o. The elements of MD are a2 = Yeµ〈φ∗〉o,
b1 = Yµe〈φ∗〉o, b3 = Yµτ 〈φ′∗〉o and c1 = Yτe〈φ′′∗〉o. For the right-handed Majorana mass
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Scalar singlet (Z8 × Z2) Scalar singlet (Z8 × Z2)

χ1 (ω6, 1) λ1 (1, 1)

χ2 (ω4, 1) λ2 (ω2, -1)

Table 6. Here, scalar singlet χ1 and χ2 give MR whereas λ1 and λ2 give MS .

Lepton (Z8 × Z2) RH Singlet (Z8 × Z2) ν fields (Z8 × Z2) Higgs (Z8 × Z2)

doublet doublet

D̄Le (1, 1) eR (1, 1) νeR (ω3, 1) φ (1, 1)

D̄Lµ (ω5, -1) µR (ω3, -1) νµR (ω5, 1) φ′ (ω3, 1)

D̄Lτ (ω3, 1) τR (ω2, 1) ντR (1, -1)

Table 7. The fields descriptions are same as given in table 5.

matrix (MR) and for the mass matrix MS , we introduce few SU(2)L scalar singlets and

their transformation under Z8 × Z2 is given in the table 6. Thus the mass matrices MR

and MS becomes,

MR =

 r1 0 0

0 r2 0

0 0 r3

 , MS =
(

0 s2 s3

)
. (6.3)

We also give the transformation to the singlet field S as (ω6, -1) under (Z8×Z2) which will

prevent the term of the form ScS as demand by the MES model will still give the correct

form of MS .

Using the minimal extended type I seesaw given in Eqn (2.4) with the mass matrices

MD, MR and MS as discussed above leads to effective neutrino mass matrix mν with a

texture zero at (1,3) position.

Similarly, one can assign the various fields transformation under the action of (Z8×Z2)

to obtain the texture with mττ = 0. The form of M
(18)
D , MR and MS used to get mττ = 0

are given in eq. (3.8). We summarize the fields transformations in the table 7. Here,

no extra scalar singlet is needed to obtain the mass structure of MR which has Le − Lµ
symmetry and for MS we need two scalar singlets (λ1, λ2) which transform under Z8×Z2

as (ω2, 1) and (ω7, -1) respectively. We also give transformation to singlet field S as (ω, 1)

under (Z8 × Z2) which will prevent the term ScS. Note that symmetry realization of this

texture is more economical than the meτ = 0 texture.

7 Conclusions

In this paper we have studied the low energy phenomenology of the minimal extended type

I seesaw model which can accommodate an eV scale light sterile neutrino [22, 26]. This

model is motivated by the recent experimental evidences which support the existence of

light sterile neutrinos in addition to three active neutrinos. In this model, apart from three

right handed neutrinos, an extra gauge singlet S is added to the SM. Under the minimal
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extended seesaw mechanism, this model give rise to three active neutrinos in the sub-eV

scale with one of the active neutrinos having vanishing mass and one sterile neutrino in the

eV scale. In this model the Dirac mass matrix, MD, is an arbitrary 3× 3 complex matrix,

the Majorana mass matrix MR is a 3×3 complex symmetric matrix and MS which couples

the right handed neutrinos and the singlet S is a 1× 3 matrix.

We obtain different textures of MD, MR and MS that give rise to phenomenologically

allowed zero textures in the low energy neutrino mass matrix, mν . The maximum number

of zeros in MD that results in viable mν are found to be five. Thus, there are 126 different

possible structures of MD to be probed. We consider four possible structures of MR with

one diagonal and three non diagonal forms. The maximum number of zeros in MS is one

as two zeros do not result in phenomenologically viable textures of mν . This leads to three

possible structures of MS . After analyzing all the different combinations we obtain only

two viable one zero textures of mν (meτ = 0 and mττ = 0) with different possible structures

of MD, MR and MS . We study these textures of mν in the light of the current oscillation

data. Both these textures have inverted hierarchical mass spectrum and we get constraints

on observables like effective Majorana neutrino mass mee and Dirac CP phase δ13. For the

texture meτ = 0, we obtain the allowed values of Dirac CP phase δ13 is around ±90◦. Note

that δ13 ∼ −90◦ is favored by current neutrino oscillation experiments. For mττ = 0, δ13
lies between (150◦–240◦). The allowed range for the effective Majorana mass is different

for both these textures. It can thus be used to distinguish between the two textures. Also,

in our study we observed that due to improved constraints on the mass squared differences

and θ13 the texture mττ = 0 disfavours higher octant of θ23.

Next we studied the predictions of the MES model for the Yukawa matrices that gave

viable forms of mν and check whether any extra correlations can come from the model.

This is expected since in the framework of this model both the active and sterile neutrino

masses as well as the active sterile mixing depend on the parameters of the Yukawa matrices

MD, MR and MS . Thus, there may be additional relations between different observables,

which are the predictions of the model. We find that some of the Yukawa matrices which

can generate allowed one zero textures meτ = 0 and mττ = 0 in the active neutrino

mass matrix, mν , cannot satisfy the extra correlations coming from the predictions of the

MES model. Our analysis reveals that due to these additional correlations among the

126× 4× 3 = 1512 possible combinations of MD, MR and MS , only 6 combinations giving

meτ = 0 and other 6 combinations giving mττ = 0 are allowed from the current oscillation

data. The 6 allowed combinations which give meτ = 0, reveal severe restrictions on the

values of θ23 and θ13 due to the extra correlations in the MES model and only the lower

octant of θ23 and relatively higher values of θ13 remains allowed. In addition an interesting

correlation is obtained connecting the mass of the sterile neutrino to the active sterile

mixing parameters which also involves the light neutrino masses and mixing. Thus this

correlation connects the active and the sterile sector. For meτ = 0 the prediction for the

sterile neutrino mass obtained from the MES model is in complete agreement with what

is obtained from global analysis. The texture, mττ = 0 also predicts a correlation for

sterile neutrino mass. This however is in marginal agreement with the global analysis.

We also explored the consequences of NLO correction terms in our analysis and depicted
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the parameter space in MD, MR and MS for which the NLO corrections can be neglected

as compared to the leading order term. Finally, working within the framework of MES

mechanism, we present simple discrete Abelian symmetry models Z8 × Z2 leading to the

two phenomenologically allowed zero textures of mν .

In conclusion, we analyzed the low energy prediction of the minimal extended seesaw

model that can give an eV scale sterile neutrino. We emphasize that this task is performed

for the first time in this paper. The results described in our analysis shows the compatibility

of this model to the neutrino oscillation data. We also find correlations that can be tested

in future experiments. This kind of study is indispensable to test the viability of a given

model in the context of present and forthcoming neutrino oscillation experiments.
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