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Abstract

Entangled photons have been used to perform many quantum information protocols

such as quantum teleportation, quantum superdense coding, quantum cryptography

etc. Spontaneous parametric down-conversion (SPDC) process emerged as one of

the best methods to generate entangled photons. The photon pairs generated through

SPDC are indistinguishable and maintain a quantum correlation among themselves in

different degrees of freedom (DoFs) which leads to the quantum entanglement in those

DoF. Among all such DoFs, polarization and orbital angular momentum (OAM) are

the two important bases which are widely used to study the fundamental properties of

entanglement. We use polarization entangled state to study the BBM92 protocol, an

entanglement-based quantum key distribution (QKD) protocol, over 35 meters and 200

meters free-space atmospheric channel, and simultaneously study the effect of aerosols

on the secure key rate. This is the first study of its kind where the extinction coefficient

of atmospheric aerosols is used to study the variation of entanglement, quantum bit

error rate (QBER) and key rate.

A quantum bit with more than two dimensions is known as a qudit. It enables ac-

cess to a larger Hilbert space, which can provide significant improvement over qubit

such as increasing the information capacity per photon in quantum communication, in-

creasing the dimensionality of the Bell state in dense coding etc. Since entangled qudit

states have more advantage over entangled qubit states in secure communication, we

explore the dimensionality of the OAM entangled state. Higher dimensional entangled

states (HD-ES) in OAM have been gaining more attention due to their easy scala-

bility in dimension. Photon pair generated through SPDC theoretically show multi-

dimensional entanglement in OAM. The OAM spectrum of the two entangled photons

is known as spiral bandwidth (SB). Dimensionality of the entanglement depends on
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the size of the spiral bandwidth. We show how the beam waist of the pump mode can

affect the bandwidth of the OAM spectrum and how it helps in engineering the higher

dimensional entanglement.

We also investigate the entanglement between different DoFs (polarization and

OAM) which is known as hybrid entanglement. It allows the generation of qubit-qudit

entanglement. We propose a new method to generate arbitrary classical non-separable

state which can be easily transformed into quantum hybrid entangled state through the

SPDC process. The effect of random scattering such as through a ground glass plate

(GGP) on hybrid entanglement is also investigated.

Keywords: Quantum Entanglement, Quantum Cryptography, Quantum Commu-

nication, Quantum Key Distribution, BBM92 Protocol, Structured Light, Orbital An-

gular Momentum.
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Chapter 1

Introduction

If quantum mechanics hasn’t profoundly shocked you, you haven’t understood it yet.

-Niels Bohr

1.1 Journey of photon

Though the word ‘Photon’ was first introduced by the physical chemist Gilbert Norton

Lewis in 1926 [1], all rights of the birth of the ‘light quanta’ are reserved with the

article published by Albert Einstein in 1905 [2]. In his theory of photoelectric effect,

he described the particle nature of light to explain the black-body radiation for which

he won the Nobel Prize in 1921. Earlier in 1900, the German physicist Max Plank

proposed his model of black-body radiation [3]. It retained all classical properties

except the quantized interaction of light with matter. In 1905, the quantum picture

of light came into existence when Einstein used the concept of Max Plank’s black-

body radiation and explained that light consists of discrete packets of energy known

as light quanta. After 18 years, in 1923, this concept was experimentally verified by

the discovery of Compton scattering [4]. Gilbert Lewis in 1926 popularized the term

1
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‘Photon’ as a basic unit of light.

Things started to change when in 1956, Hanbury Brown and Twiss performed an

experiment to measure the intensity correlation of light [5]. They divided the light by

a half-silvered mirror and detected it by two photomultiplier tubes. This experimental

setup is now known as the Hanburry Brown and Twiss (HBT) interferometer. They

used this setup to measure the angular size of the star ‘Sirius’ [6]. In 1977, using

the HBT interferometer Kimble et al.[7], observed the first evidence of single pho-

ton source. They observed the photon antibunching which has no classical analogue.

This experiment was considered as a signature of single photon generation. The era of

quantum optics started emerging in the late 1960’s which deals with quantum property

of light. In 1935, Erwin Schrodinger introduced the term ‘quantum entanglement’ [8].

The concept of entanglement attracted much attention and debates due to its nonlo-

cal behaviour. Einstein, along with Podolsky and Rosen published a paper in 1935

in which he suspected the incompleteness of quantum theory through thought experi-

ments where it violates local realism. In 1964, J.S. Bell proved that the nonlocality is

mathematically possible in quantum physics [9]. In 1969, Clauser, Horne, Shimony,

and Holt proposed an experiment to test the two photon polarization entanglement us-

ing Bell-CHSH inequality [10]. A great mile stone was achieved in 1982, when the

first experimental verification of the violation of Bell’s inequality was performed by

Alain Aspect [11].

In 1987 and 1988, C. K. Hong, Z. Y. Ou, and L. Mandel performed a series of ex-

periments on biphoton interference (photon bunching) using identical pair of photons

generated in spontaneous parametric down-conversion (SPDC) process [12, 13]. They

introduced the relationship between photon indistinguishability and quantum interfer-

ence. The indistinguishability of photons plays an important role in photon bunching,
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quantum entanglement, random number generation, and in many quantum informa-

tion protocols. Their experimental setup is now known as HOM interferometer. It has

given a big boost to the research on fundamental quantum phenomena and has been

widely used in many quantum information applications.

The journey of photon is rich in history but till now, nobody knows the exact answer

of ‘What is light?’. In his old age, Einstein gave his own summary:

“All the fifty years of conscious brooding have brought me no closer to

the answer to the question, ‘What are light quanta?’ Of course today

every rascal thinks he knows the answer, but he is deluding himself.”

1.2 Basic concepts

1.2.1 The photon as an information carrier

In quantum information protocols, one needs an information carrier whose physical

properties can be easily manipulated in order to encode information in it. In quantum

world, the information carrier is known as quantum bit or qubit. The information can

be encoded in form of different degrees of freedom (DoFs) of qubit. Among all quan-

tum systems, the single photons are the perfect candidate for transferring the informa-

tion between two parties [14–16]. Using single photons as a qubit carrier has many

advantages such as their high speed (3× 108 m/s), which makes them ‘flying qubits’

that can reach anywhere very easily. Their capacity of encoding huge information,

transmission without decoherence in free space and optical fiber and easy detection

techniques make them an ideal candidate for quantum key distribution (QKD) proto-

cols [17]. Many physical properties of photons can be used to encode information such
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as their polarization, orbital angular momentum (OAM), time-bin, frequency-bin and

many more. For manipulation of photonic qubit one can use standard optics, such as

birefringent plates (e.g. half-wave plate, quarter-wave plate, quartz plate etc.) and/or

interferometers.

1.2.2 The concept of qubit

In classical computers, information is stored and transferred as binary bits that can

have only two values, either 0 or 1. In a similar way, in quantum computers, the

information is stored in the form of quantum bits or qubits. Qubit is the basic unit

of qunatum information which represents the quantum state of individual photons.

The advantage of qubit over classical bit is that qubit not only represents pure 0 and

1 state but also represents superposition state, in which the photon is consider to be

in both the states, 0 and 1, at the same time before measurement [18]. This comes

from the superposition principle of quantum physics which says that a particle can be

in superposition of different states at the same time, until measured. In general, the

superposition state of a single qubit can be written as,

|ψ⟩= α |0⟩+β |1⟩ , (1.1)

where, α and β are the probability amplitudes where the qunatum information of qubit

is stored. From the normalization condition, |α|2 + |β |2 = 1. |0⟩ and |1⟩ are the Dirac

notation to represent the quantum states corresponding to 0 and 1. Both the states

are orthogonal to each other, ⟨0| |1⟩ = 0 and can be represented as vectors in two

dimensional Hilbert space,

|0⟩=

 1

0

 , |1⟩=

 0

1

 (1.2)
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For convenience, Eqn. 1.1 can be rewritten as,

|ψ⟩= cos
(

θ

2

)
|0⟩+ eiφ sin

(
θ

2

)
|1⟩ . (1.3)

where θ and φ are the two degrees of freedom which can be used to control the state

|ψ⟩. All the possible quantum states of a single qubit can be visualized using the Bloch

sphere of unit radius. The quantum state |ψ⟩ is the state vector pointing at the surface

of the sphere characterized by the two angles θ and φ .

Figure 1.1: Bloch sphere representation of single qubit

Stokes parameter

Any general (pure or mixed) state of a qubit can be uniquely represented by a point

on or within the unit sphere [19]. The coordinates of these points are three normalized

Stokes parameters, S (S1,S2,S3), which represent the (x,y,z) axis respectively.
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Mathematically, Stokes parameter Si are the set of four parameters S0,S1,S2,S3

that describe the state of single-qubit,

S0 = P|0⟩+P|1⟩, S1 = P 1√
2
(|0⟩+|1⟩−P 1√

2
(|0⟩−|1⟩ (1.4a)

S2 = P 1√
2
(|0⟩+i|1⟩−P 1√

2
(|0⟩−i|1⟩, S3 = P|0⟩−P|1⟩ (1.4b)

where S0 = 1 due to normalization. Pi is the probability of finding the state |i⟩. The

value of Stokes parameters are given by,

3

∑
i=0

S2
i =


1 Pure state

< 1 Mixed state

0 Maximally mixed state

(1.5)

Any two orthogonal states are found on two diametrically opposite points of the Bloch

sphere and the lines connecting to these points form a diameter of sphere. The pure

qubit states lie on the surface of the Bloch sphere, mixed states lie inside the sphere

and totally mixed states are found at the center of sphere.

1.2.3 Measurement of a qubit

Projective measurement is used to know the quantum information encoded in a qubit

(as α and β ) in terms of probability. Projective measurement is defined as ‘projection

of quantum state onto that state whose information we want to extract’. The projection

operator can be defined as,

Ppro j = |ψ⟩⟨ψ| , (1.6)

where ψ is the state we want to measure. Let’s consider the state,
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|ψ⟩= ∑
n

cn |ψn⟩ , (1.7)

After projection, the original state |ψ⟩ collapses to give the information about the

measured state,

Ppro j |ψ⟩ = |ψm⟩⟨ψm|ψ⟩

= ∑
n

cn |ψm⟩⟨ψm|ψn⟩

= cm |ψm⟩ ,

where

⟨ψm|ψn⟩= δmn =

 0 For m ̸= n

1 For m = n
(1.8)

Let’s consider the Bloch sphere of a single qubit and say, we want to perform the

measurement on z-axis. This means that the projection of state |ψ⟩ (Eqn. 1.3) on

either |0⟩ or |1⟩. Using Eqn. 1.3, the corresponding probability of measuring the state

|0⟩ or |1⟩ is given as,

P|0⟩ = | ⟨0|ψ⟩ |2 = cos2 θ

2
, (1.9a)

P|1⟩ = | ⟨1|ψ⟩ |2 = sin2 θ

2
. (1.9b)

To obtain the full information about the qubit whose initial state is |ψ⟩, one has to

measure the state along all the three axes x, y, and z. This process is known as quantum

state tomography (QST).
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1.2.4 Quantum description of a beam-splitter

In quantum world, beam splitter (BS) is an essential optical element that helps to man-

ifest many fundamental quantum tasks such as quantum superposition, quantum inter-

ference, quantum entanglement, quantum randomness, etc. Being the heart of many

quantum information protocols, it becomes important to understand the quantum de-

scription of BS. The classical description leads to incorrect results when it comes to

single photon source [20] as shown below.

Figure 1.2: (a) Classical description of beam-splitter, (b) Quantum description of
beam-splitter

Consider a light beam of complex amplitude E1 incident on one of the input ports of

lossless BS. It is then split between the two output ports of the BS (Figure 1.2a). The

output fields can be written in terms of the input field as,

E2 = rE1 and E3 = tE1, (1.10)

where r and t are the reflectance and transmittance of the BS respectively. In a loss-less

scenario, |r|2+ |t|2 = 1. For a 50 : 50 BS, |r|= |t|= 1/
√

2. Since we assumed that it is

a lossless BS, the sum of the intensity of output beams should be equal to the intensity
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of the input beam,

|E1|2 = |E2|2 + |E3|2, (1.11)

In quantum description, the complex field amplitude Ei can be replaced by annihilation

operator âi as shown in Figure 1.2b,

â2 = râ1 and â3 = tâ1, (1.12)

According to the quantum mechanics, the annihilation and creation operator â and â†

must satisfy the commutation relations,

[âi, â
†
j ] = δi j =

 0 i ̸= j

1 i = j
(1.13)

where δi j is the kronecker delta symbol. Now, if we calculate the commutation relation

using Eqn. 1.12, then

[â2, â
†
2] = |r|2, [â3, â

†
3] = |t|2, and [â2, â

†
3] = rt∗ ̸= 0, (1.14)

Since |r|2 ̸= 1 and |t|2 ̸= 1, therefore if we compare Eqn. 1.13 and Eqn. 1.14 then it

is evident that Eqn. 1.14 does not follow the commutation relation. This shows that

the classical picture of BS provides incorrect quantum description of light. The reason

of getting incorrect results is hidden in ‘unused’ empty input port of BS. In classical

picture, the empty input field does not affect the output beams but in quantum picture,

the ‘vacuum fluctuation’ has significant importance which can not be ignored. The

vacuum state can change the whole scenario and leads to the important physical effect.

Now let’s consider the empty port of the BS as a vacuum state, |0⟩, with annihilation
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operator, â0, and rewrite the BS transformation,

â2 = râ1 + t ′â0 and â3 = tâ1 + r′â0, (1.15)

where r′, t ′ and r, t are the two sets of reflectance and transmittance of an asymmetric

BS. The above transformation of BS satisfy the commutation relations as long as the

following relations hold,

|r|= |r′|, |t|= |t ′|, r∗t ′+ r′t∗ = 0, and r∗t + r′t ′∗ = 0. (1.16)

These relations can also be derived from the energy conservation law and known as

reciprocity relations.

1.2.5 Photon bunching and anti-bunching

In quantum optics, light beam is considered as a stream of photons. The average

number of photons passing through a cross-section of the light beam per unit time is

known as photon flux, Φ, and is given by:

Φ =
P

h̄ω
photons/sec. (1.17)

where ω and P are the frequency and power of the light beam respectively.

Photon anti-bunching

The anti-bunching of photon is purely a quantum effect with no classical counterpart.

To prove the quantum nature of a light source, one has to ensure that the photons are

coming out from it in an ordered manner, rather than with random time intervals. This
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is called photon anti-bunching. Consider a light source that emits one photon at a time

which is then incident on one of the input ports of a 50:50 beam splitter (Figure 1.3a).

Two single photon detectors, D1 and D2, are kept at the two output ports of the beam

splitter. Both the detectors are then connected to a coincidence counter which registers

the simultaneous detection of photons. For a truly single photon source, there will be a

time intervals between successive photon emissions. Hence if two consecutive photons

are detected in D1 and D2, simultaneous detection will not happen and there will be

zero coincidence counts at any instant (Figure 1.2a). The probability of detecting

two photons at the same time will be zero. This is called anti-bunching. This kind

of experimental result can be explained only with quantum description of Hanbury

Brown and Twiss (HBT) interferometer [5].

Figure 1.3: Experimental setup for (a) Photon anti-bunching, (b) Photon bunching.
BS: beam-splitter, CC: coincidence counter, D1 and D2: single photon detectors

Photon bunching

In this case, two or more photons clumped together in bunches as shown in Figure

1.3b. This means that if bunched photons are incident on one input port of a 50:50

beam splitter and detector D1 detects one photon at time t = 0, then there is a high

probability of detecting another photon at detector D2 simultaneously (Figure 1.3b).

As a result, non-zero coincidence counts could be recorded for some detections. The

probability of detecting two photons at the same time will be maximum. This is called
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photon bunching.

Photon bunching and anti-bunching can be defined in terms of second order corre-

lation function g(2)(τ) [18],

g(2)(τ) =
n12(τ)

n1(t)n2(t + τ)
(1.18)

where τ is the time difference between two photons arriving at the detectors D1 and

D2. ni(t) is the number of photons registered at detector Di at time t and n12(τ) is the

coincidence counts within a short interval, τ . The function g(2)(τ) is independent of

time and it is defined as the conditional probability of detecting a second photon at

time t = τ , given that first photon is detected at t = 0. Hence g(2)(0) represents the

probability of simultaneous detection of photons and would be zero for a single photon

source.

1.3 Quantum entanglement

In the EPR paper [8], they questioned the completeness of quantum mechanics based

on local realism. They proposed a Gedanken experiment in which if two particles are

quantum mechanically correlated, then measuring the position (or momentum) of one

particle gives the information of position (or momentum) of the other particle ‘instan-

taneously’ no matter how far they are. This is clearly a violation of the principle of

locality and principle of Heisenberg uncertainty. They claimed that such an experi-

ment directly contradicts the principle of existing quantum mechanics. According to

EPR, a complete quantum theory must incorporate the principle of reality and local-

ity. They concluded that, to ensure the completeness of quantum theory, there must

be some local hidden variables which decide the outcome of an experiment prior, or

independent, to measurement. Thereafter, the search of local hidden variable theory
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(LHVT) became the hot topic of research.

In 1964, John Bell formulated his famous theorem where he proved that LHVT

and quantum theory predict different results in particular circumstances [9]. He de-

rived an inequality based on local realism which was violated by quantum entangle-

ment. In 1969, John F. Clauser, Michael A. Horne, Abner Shimony, and Richard A.

Holt proposed an experiment to check the two photon polarization entanglement using

Bell-CHSH inequality [10]. In 1982, the first experimental verification of the violation

of Bell’s inequality was performed by Alain Aspect [11, 21]. Later on in 1997, An-

ton Zeilinger and his colleagues demonstrated quantum teleportation using entangled

photon source [22]. For their groundbreaking contribution in quantum mechanincs,

the Royal Swedish Academy of Sciences awarded the Nobel Prize in Physics 2022

to Alain Aspect, John F. Clauser, and Anton Zeilinger “for experiments with entan-

gled photons, establishing the violation of Bell inequalities and pioneering quantum

information science.”

Figure 1.4: Nobel Prize in Physics 2022 has been awarded to Alain Aspect, John
F. Clauser and Anton Zeilinger for their groundbreaking experiments using entangled
quantum states, the Royal Swedish Academy of Sciences announced on October 4,
2022
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1.3.1 What is entanglement?

According to quantum entanglement [23], if two systems are entangled then they share

a strong non-local correlation (quantum correlation) which will be maintained even

when they are separated by vast distances. The essence of entanglement is that mea-

surement performed on one particle directly affects the state of other particle even

when they are far apart (Figure 1.5).

Figure 1.5: Schematic representation of quantum entanglement

Mathematically, an entangled state can be represented as two states which are non-

separable. Consider two photons, a and b, whose combined state is written as,

|ψ⟩ab = |ψ⟩a ⊗|ψ⟩b , (1.19)

where |ψ⟩a and |ψ⟩b are the individual quantum states of each photon. Eqn 1.19 is not

entangled state because the combined state can be written as a direct product of the

two photons. Therefore measuring the state of photon, a, will not affect the state of

photon, b.

A pair of photons is said to be entangled if the quantum state of each particle can

not be described independently but only the quantum state as a whole. Mathematically,

|ψ⟩ab ̸= |ψ⟩a ⊗|ψ⟩b . (1.20)
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Here the state, |ψ⟩ab , is a non-separable state and shows the non-local correlations.

Multipartite entanglement

Entanglement between two photons is called bipartite entanglement. Multipartite en-

tanglement is when N number of photons share entanglement [24, 25]. For example,

GHZ states (named after physicists Daniel M. Greenberger, Michael A. Horne and

Anton Zeilinger) [26] represents three photons entanglement,

|GHZ⟩= |000⟩+ |111⟩ (1.21)

Here, a measurement performed on one photon reveals the outcome of measurements

on the other two photons.[27]

1.3.2 Types of quantum entanglement

There are different types of entanglement in terms of different DoFs of photons. One

can divide entanglement in two different groups:

1. Continuous-variable (CV) entanglement

• Position and momentum entanglement [28]

• Energy and time entanglement [29]

• OAM and angular position entanglement etc. [30]

2. Discrete-variable (DV) entanglement

• Polarization (or spin) entanglement [29]

• Orbital angular momentum entanglement [31]
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• Path entanglement [32]

• time-bin entanglement etc. [33]

Continuous-variable (CV) entanglement

Continuous variable pairs such as position-momentum, Energy-time, and orbital angu-

lar momentum-angular position are known as complementary variable or canonically

conjugate variable pairs. Heisenberg’s uncertainty relationship between two conjugate

variables is described by,

∆x∆p ≥ h̄
2
, (1.22a)

where ∆x is the uncertainty in position and ∆p is the uncertainty in momentum. Sim-

ilarly one can write the uncertainty relation in energy-time (∆E and ∆t), and OAM-

angular position (∆L and ∆φ ) as,

∆E∆t ≥ h̄
2
, (1.22b)

∆(L)∆φ ≥ h̄
2
, respectively. (1.22c)

A violation of conditional uncertainty derived by EPR indicates the entanglement,

which is analogous to the original EPR paradox,

∆(x1|x2)∆(p1|p2)<
h̄
2
. (1.23)

where x1, p1 and x2, p2 are the position and momentum of individual photon of entan-

gled pair.
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Discrete-variable (DV) entanglement

Photons can be entangled in any degrees of freedom such as spin, polarization, orbital

angular momentum which possess discrete values.

Polarization entanglement

Polarization is the most popular DoF for the generation of entanglement due to avail-

ability of highly efficient polarization-control components [34]. For two photons en-

tangled in polarization, the entangled state can be written in the form,

|ψent⟩=
1√
2
(|H⟩a |H⟩b + |V ⟩a |V ⟩b) , (1.24)

where H and V are horizontal and vertical polarization states. Beauty of above entan-

gled state is that it is invariant under change of polarization basis. Therefore, if we

rewrite above equation in rotated polarization basis by an angle α , the original state

will remain intact. Let’s rewrite above equation in rotated polarization basis,

|ψent⟩α
=

1√
2
(|Hα⟩a |Hα⟩b + |Vα⟩a |Vα⟩b) , (1.25)

where,

|Hα⟩= cos α |H⟩+ sin α |V ⟩ ,

|Vα⟩=−sin α |H⟩+ cos α |V ⟩ ,
(1.26)

If we simplify Eqn. 1.25 by using Eqn. 1.26, we get Eqn. 1.24,

1√
2
(|Hα⟩a |Hα⟩b + |Vα⟩a |Vα⟩b) =

1√
2
(|H⟩a |H⟩b + |V ⟩a |V ⟩b) . (1.27)
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This shows that measuring the state of photon in any polarization basis preserves their

entangled state. There are four different polarization entangled states and they are

written in the form,

|Φ±⟩= 1√
2

(
|H⟩a |H⟩b ±|V ⟩a |V ⟩b

)
,

|Ψ±⟩= 1√
2
(|H⟩a |V ⟩b ±|V ⟩a |H⟩b) .

(1.28)

These states are maximally entangled and are known as Bell states.

OAM entanglement

Unlike polarization which is essentially a two dimensional Hilbert space, orbital an-

gular momentum can theoretically range from -∞ to +∞. Therefore, it can be used

to generate higher dimensional entanglement, known as qudit entanglement. A single

qudit state in OAM can be written as,

|ψ⟩=
∞

∑
m=−∞

Cm |m⟩ , (1.29)

where m is the OAM of photon and Cm is the probability amplitude corresponding

to the state |m⟩, with the normalization condition
∞

∑
m=−∞

|Cm|2 = 1. The two qudit

entangled state can be written as:

|ψ⟩=
∞

∑
m=−∞

Cm |m,−m⟩ . (1.30)

Using d-dimensional or qudit entanglement over qubit enables acces to larger Hilbert

space and is a valuable resource for secure and efficient quantum information process-

ing. In recent years, entanglement of more than two-dimensions has attracted interest

owing to a larger information capacity [35–37]. It provides best security in quantum
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information protocols which can not be matched using qubit based system.

Hyper entanglement

In the previous section, we have shown that a system of two photons can be entangled

in polarization or OAM. However, they can be entangled in polarization and OAM

independently at the same time [38, 39]. This is called hyper entanglement. A hyper

entangled state in polarization and OAM is given by,

|φ±⟩=
1√
2
(|H⟩a |H⟩b ±|V ⟩a |V ⟩b)⊗

1√
2
(|m⟩a |−m⟩b ±|−m⟩a |m⟩b) . (1.31)

It is important to note here that while there is entanglement in polarization and OAM,

there is no entanglement between polarization and OAM [40].

Hybrid Entanglement

In the case of hybrid entanglement [41, 42], two different degrees of freedom, such as

polarization and OAM, are entangled with each other [43]. A hybrid entangled state

between polarization and OAM can be written as,

|φ±⟩=
1√
2
(|H⟩a |m⟩b ±|V ⟩a |−m⟩b) . (1.32)

This means that measuring the polarization state of one photon reveals the OAM state

of other photon.

1.3.3 Bell-CHSH inequality

To verify the two qubit polarization entanglement, one needs to check for the violation

of CHSH version of Bell’s inequality [10], which used the correlation of the probabil-
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ities E(α,β ) and introduced an experimentally determinable parameter S,

S = E(α,β )−E(α,β
′
)+E(α

′
,β )+E(α

′
,β

′
), (1.33)

where α , α
′
, β , β

′
are the four different polarizer angles. Probability correlation

E(α,β ) is defined as,

E(α,β ) = PVV (α,β )+PHH(α,β )−PV H(α,β )−PHV (α,β ), (1.34)

where PVV (α,β ) is the probability of measuring one photon in |Vα⟩ and another photon

in |Vβ ⟩ at the same time. The parameter S is bounded for a classical system,

|S| ≤ 2, (1.35)

For certain choices of angle, α = 0◦, α
′
= 45◦, β = 22.5◦, β

′
= 67.5◦, quantum me-

chanical predictions gives maximum violation to this inequality,

|S|QM = 2
√

2 = 2.8284, (1.36)

For a maximally entangled state, the theoretically measured value of probability corre-

lation, |E|, for above choice of angles is 1/
√

2. In order to observe the entanglement,

the value of S parameter should be in between 2 and 2
√

2,

2 < |S|Entangled ≤ 2
√

2. (1.37)
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Experimentally, the probabilities P can be defines as,

PVV (α,β ) =
N(α,β )

Ntotal
, PHH(α,β ) =

N(α⊥,β⊥)

Ntotal

PV H(α,β ) =
N(α,β⊥)

Ntotal
, PHV (α,β ) =

N(α⊥,β )

Ntotal

(1.38)

where,

Ntotal = N(α,β )+N(α⊥,β⊥)+N(α,β⊥)+N(α⊥,β ), (1.39)

where, α⊥ = α + 90◦ and β⊥ = β + 90◦. N(α,β ) is the experimentally measured

number of coincidence counts of photon pairs for the polarizer angles, α , β , α⊥, and

β⊥. Now the correlation probability can be written as in terms of photon coincidence

counts,

E(α,β ) =
N(α,β )+N(α⊥,β⊥)−N(α,β⊥)−N(α⊥,β )

N(α,β )+N(α⊥,β⊥)+N(α,β⊥)+N(α⊥,β )
. (1.40)

The CHSH version of Bell’s inequality is only applicable for two qubit entanglement.

To verify the qudit entanglement, one needs to check CGLMP inequality[44].

1.4 Generation of entangled photon pairs

The most efficient method of generating entangled photon pair is spontaneous para-

metric down-conversion (SPDC) [45, 46]. This is a non-linear process where an input

photon ‘pump’ of high energy is absorbed in a non-linear second order crystal to cre-

ate two lower energy photons, signal and idler, at the output. The process is called

‘spontaneous’ because both the photons are created spontaneously, there are no initial

signal and idler fields to stimulate the generation of down-converted photons. They are

generated from vacuum energy fluctuations. The term ‘parametric’ indicates that the

non-linear interaction between the photons and crystal does not add or subtract energy

or momentum. The term ‘down-conversion’ means that the generated signal and idler
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Figure 1.6: (a) Generation of entangled photon pair in spontaneous parametric down-
conversion SPDC process. Phase matching condition in this process derives from (b)
energy conservation and (c) momentum conservation

photon pairs must have a lower frequency than the pump photon according to energy

conservation.

1.4.1 Spontaneous parametric down-conversion (SPDC)

Consider a non-linear crystal characterized by χ
(2) nonlinearity. χ

(2) is the second or-

der susceptibility of the crystal which arises due to the dipole moment per unit volume

(or polarization) induced by the electric field of light propagating through the crystal.

The dielectric polarization response of the crystal is a nonlinear function of incident

electric field and can be written as,

P = χ
(1)E1 +χ

(2)E1E2 +χ
(3)E1E2E3 + ....., (1.41)

where χ
(n) is nth-order susceptibility. Consider that the pump field is quantized. The

SPDC process requires photon-crystal interaction [47]. Therefore, the interaction
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Hamiltonion can be written as,

Ĥ ∼ χ
(2)âpâ†

s â†
i +H.c. (1.42)

where H.c. is the Hermitian conjugate. âp is the annihilation operator of the pump

photon. â†
s and â†

i are the creation operator of the signal and idler photons respectively.

Because of the ‘spontaneous’ nature of the process, the signal and idler are initially in

vacuum states and during the interaction with crystal, the pump photon annihilates and

gets converted into two photons, signal and idler,

|1⟩p |0⟩s |0⟩i → âpâ†
s â†

i |1⟩p |0⟩s |0⟩i = |0⟩p |1⟩s |1⟩i . (1.43)

Both the photons, signal and idler, are assumed to be created simultaneously. Because

of the simultaneous generation, the correlation between both the photons in various

degree of freedom have been maintained. This correlation in various DoFs such as po-

larization, OAM, path, time etc. leads to the entanglement between both the photons.

Phase-matching

SPDC process follows energy and momentum conservation [48]. According to the

conservation law, the sum of the energy of signal and idler must be equal to the energy

of pump photon. Similarly, sum of the momentum of signal and idler photon must be

equal to the momentum of pump photon. These two conservation jointly known as

phase matching condition,

ωp = ωs +ωi,

−→
k p =

−→
k s +

−→
k i.

(1.44)
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where ωp, ωs and ωi are the frequency and
−→
k p,

−→
k s and

−→
k i are the wave vector of

pump, signal and idler respectively. Both the photons that emerge from the crystal go

along different directions following momentum conservation. Set of all such possible

directions form a concentric cone which satisfies the phase matching condition. The

transverse profile of the cone is known as SPDC ring. One can select signal and idler at

the diametrically opposite points on the SPDC ring. Depending upon the wave vector

direction, SPDC ring distribution can have collinear and non-collinear geometry as

shown in Figure 1.7.

Figure 1.7: SPDC ring distribution of signal and idler for (a) collinear (b) non-
collinear geometry

There are two types of phase matching condition: Birefringent phase matching

(BPM) and quasi phase matching (QPM). The BPM is achieved by using the birefrin-

gence property of non-linear crystal, for example, Beta-Barium Borate (β -BBO), Bis-

muth Borate (BIBO), and Lithium Niobate (LiNbO3) crystalS. QPM can be achieved

by using periodically poled crystal, for example, periodically poled Potassium Ti-

tanyl Phosphate (PPKTP), periodically poled Lithium Niobate (PPLN) and periodi-

cally poled Lithium Tantalate (PPLT) [49, 50].
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Depending upon the crystal structure and orientation of optic axis, there are three

types of SPDC:

Type-0 Phase matching: In Type-0 SPDC process, signal, idler and pump all have

same polarization [51]. The joint state of SPDC photons for horizontally polarized

pump is written as,

|ψ⟩SPDC = |H⟩s |H⟩i , (1.45)

For vertically polarized pump, the state becomes,

|ψ⟩SPDC = |V ⟩s |V ⟩i . (1.46)

Type-I Phase matching: In Type-I SPDC process, signal and idler have same polar-

ization but orthogonal to the pump polarization [50]. The joint state of SPDC photons

for horizontally polarized pump is written as,

|ψ⟩SPDC = |V ⟩s |V ⟩i , (1.47)

For vertically polarized pump, the state becomes:

|ψ⟩SPDC = |H⟩s |H⟩i , (1.48)

The state given in Eqn. 1.47 and 1.48 is not entangled. If two Type-I crystal joint

together having optical axis perpendicular to each other then one can generate joint

polarization entangled state using diagonal/anti-diagonal pump polarization. The joint

state of SPDC photons with two crystal stacked together is written as,

|ψ⟩SPDC = c1 |H⟩s |H⟩i ± c2 |V ⟩s |V ⟩i . (1.49)
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For maximally entangled state c1 = c2 = 1/
√

2. This method was first demonstrated

by Kwiat et.al. [34].

Type-II Phase matching: In Type-II SPDC process, signal and idler have orthogo-

nal polarization. Both the photons are emitted along two different cones due to the

birefringent property of nonlinear Type-II crystal. And the intersection of the cone

provides the polarization entangled state. The joint state of SPDC photons of these

intersecting points is written as,

|ψ⟩SPDC =
1√
2
(|H⟩s |V ⟩i ±|V ⟩s |H⟩i) . (1.50)

Type-II crystal is most commonly used for the generation of polarization entangled

state.

1.4.2 Direct and post-selected entanglement

General methods to create an entangled photon pair in polarization and OAM can be

divided in two main categories :

• Directly created entanglement

• Post-selectively created entanglement

For example, polarization entanglement can be directly created by using type-II nonlin-

ear crystal or cascaded nonlinear crystal where two Type-I crystals are stacked together

with their optic axis orthogonal to each other [52]. In this case, when the photon pair,

signal and idler, exit from the crystal, they are directly entangled in polarization. One

can observe the entanglement without any selection of subset containing photon pairs.
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For post selectively created entanglement [13], Consider two orthogonal polarized

photons pass through two input ports of the 50:50 BS. The joint polarization state at

the output port of BS is given by,

|ψ⟩BS =
1√
2
(i |H⟩a + |H⟩b)⊗

1√
2
(|V ⟩a − i |V ⟩b)

=
i
2
(|H⟩a |V ⟩a −|H⟩b |V ⟩b)+

1
2
(|H⟩a |V ⟩b + |V ⟩a |H⟩b), (1.51)

The above state is not a polarization entangled state. But if we post-select those photon

pairs that are detected simultaneously at the output port of the BS then whole state will

collapse and final state will become,

|ψ⟩entangled =
1√
2
(|H⟩a |V ⟩b + |V ⟩a |H⟩b). (1.52)

which is a polarization entangled Bell state. Hybrid entangled states are also generated

by applying the post-selection method [53].

1.5 Quantum state tomography

Entangled quantum states have been used as an important tool in various quantum in-

formation protocols such as quantum teleportation, entanglement swapping, quantum

key distribution, etc. Therefore, it is important to have precise knowledge of the nature

of such an entangled state. It is possible to tomographically reconstruct the quantum

state of two entangled photons. Quantum state tomography (QST) is a well known

technique for the full characterization of any experimentally generated quantum state.

It is used to determine the unknown quantum state by reconstructing its density matrix

through a series of measurements [19, 54, 55]. The density matrix gives the com-

plete description of any quantum state. It contains all the possible information about
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the state and QST aims to extract it. In this section, the basics of state preparation,

reconstruction of density matrix and concept of QST is introduced.

Pure state

A general single-qubit pure state can be written as a linear superposition of two or-

thogonal states |0⟩ and |1⟩,

|ψ⟩= α |0⟩+β |1⟩ , (1.53)

where α and β are the probability amplitudes and |α|2 + |β |2 = 1. |0⟩ and |1⟩ can be

expressed as,

|0⟩=

 1

0

 , |1⟩=

 0

1

 , (1.54)

The vector representation for the joint state of more than one qubit (say 2-qubit) can

be written as,

|0⟩⊗ |1⟩ ≡ |01⟩=

 1

0

⊗

 0

1

=



0

1

0

0


, (1.55)

The general form of a 2-qubit pure state is given by,

|ψ⟩= α |00⟩+β |01⟩+ γ |10⟩+δ |11⟩ . (1.56)

where α,β ,γ, and δ are the corresponding probability amplitudes. The Hilbert space

of a muti-qubit is spanned by the state vectors which are tensor products of single qubit

state vectors.
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Mixed state

A mixed quantum state is described as an incoherent mixture of pure states. It is

a statistical ensemble of different pure states |ψi⟩ with specific probability Pi. This

means that any particle can have a certain probability of being in a given pure state.

Mixed state can only be represented by its corresponding density matrix, ρ̂ , Given as,

ρ̂ = ∑
i

Pi |ψi⟩⟨ψi| , (1.57)

where Pi is the probability of finding the system pure state |ψi⟩ and it is given by,

Pi = ⟨ψi| ρ̂ |ψi⟩ , (1.58)

Note: For Pi = 1, the state is called pure state. Hence the density matrix for a pure

state is written as,

ρ̂pure = |ψ⟩⟨ψ| . (1.59)

The density matrix can be used to represent both pure and mixed quantum states.

1.5.1 The density matrix and Stokes parameter

Any single-qubit density matrix can be represented as a function of Stokes parameters,

Si, and Pauli matrices, σi,

ρ̂ =
1
2

3

∑
i=0

Siσ̂i, (1.60)

The σ̂i matrices are,

σ̂0 =

 1 0

0 1

 , σ̂1 =

 0 1

1 0

 , σ̂2 =

 0 −i

i 0

 , σ̂3 =

 1 0

0 −1

 (1.61)
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The set of four Stokes parameters, S0, S1, S2, and S3, that describe the polarization

state of a single-qubit are given as,

S0 = P|H⟩+P|V ⟩, S1 = P|D⟩−P|A⟩

S2 = P|L⟩−P|R⟩, S3 = P|H⟩−P|V ⟩

(1.62)

where S0 = 1 due to normalization. Pi is the probability of finding the photon in polar-

ization state |i⟩. The value of Stokes parameters are given by,

3

∑
i=0

S2
i =


1 Pure state

< 1 Mixed state

0 Maximally mixed state

(1.63)

In order to reconstruct the density matrix, one has to calculate the Stokes parameters

experimentally. It is equivalent to the complete set of tomographic measurements [19].

1.5.2 Single-qubit tomography

Consider the reconstruction of density matrix of single qubit polarization state,

|ψ⟩= α |H⟩+β |V ⟩ , (1.64)

The 2×2 single-qubit density matrix corresponding to the above state is given as,

ρ̂ = |ψ⟩⟨ψ| =


⟨H| ⟨V |

|H⟩ αα
∗

αβ
∗

|V ⟩ βα
∗

ββ
∗

 , (1.65)
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The matrix, ρ̂ , can be identified by measuring the Stokes parameters S1, S2, and S3.

Any single qubit polarization state can be uniquely represented by a point on or within

the unit sphere, known as Bloch sphere or Poincare sphere. The coordinates of the

points on the sphere are three normalized Stokes parameters describing the state of

polarization. The process of finding the coordinates of unknown state by projective

measurement in H/V, D/A, L/R basis on initial state |ψ⟩ and then determining the

density matrix is known as quantum state tomography. Polarization projective mea-

surements can be performed using half-wave plates (HWP) and quarter-wave plates

(QWP) [54]. The projection state can be written as,

|ψpro j(h,q)⟩= ÛHWPÛQWP |ψ⟩ , (1.66)

where ÛHWP and ÛQWP are unitary operators corresponding to HWP and QWP respec-

tively. Let’s denote the projection state corresponding to the particular waveplate angle

(h, q) by |ψi⟩ . Using Eqn. 1.58, the average number of photon counts observed in

experiment will be,

ni = N ⟨ψi| ρ̂ |ψi⟩

= NPi,

(1.67)

where N is a constant number that depends upon photon flux and detector efficiency.

These photon counts are related to Stokes parameters. Hence with the help of Eqn.

1.60 one can reconstruct the single-qubit density matrix ρ̂ ,

ρ̂ =
1
2
(S0σ̂0 +S1σ̂1 +S2σ̂2 +S3σ̂4). (1.68)

This can be further generalized as the complete description of the multi-qubit density

matrix.
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1.5.3 Multi-qubit tomography

Multiple-qubit pure state can be written as a tensor product of several single qubit

states,

|ψ⟩= ∑
i1,i2,i3...in=0,1

αi1,i2,..in |i1⟩⊗ |i2⟩⊗ ...⊗|in⟩ , (1.69)

where n is the number of qubits (n-qubit). Here, αi is the amplitude coefficient and

∑
i
|αi|2 = 1. The symbol ⊗ stands for the tensor product which is used to join the

Hilbert spaces of subsystems:

|i1, i2, i3...in⟩= |i1⟩⊗ |i2⟩⊗ ...⊗|in⟩ , (1.70)

Extending Eqn. 1.60, n-qubit density matrix can be represented as in terms of multi-

qubit Pauli operators and Stokes parameters,

ρ̂ =
1
2n

(
3

∑
i1,i2...in=0

Si1,i2,...inσ̂i1 ⊗ σ̂i2 ⊗ ...⊗ σ̂in

)
. (1.71)

From the normalization condition, S0,0...0 = 1. This shows that n-qubit density ma-

trix (Eqn. 1.71) can have (4n − 1) real parameters, i.e. we need multi-qubit Stokes

parameter Si1,i2,...in , to identify the unknown state [19]. The procedure for computing

the density matrix for multiple-qubit is exactly same as for single qubit. Example of

two-qubit tomography is given below:

Two-qubit tomography

Consider a 2-qubit polarization state,

|ψ⟩= α |HH⟩+β |HV ⟩+ γ |V H⟩+δ |VV ⟩ , (1.72)
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Using ρ̂ = |ψ⟩⟨ψ|, density matrix corresponding to 2-qubit is given by,

ρ̂ =



⟨HH| ⟨HV | ⟨V H| ⟨VV |

|HH⟩ αα
∗

αβ
∗

αγ
∗

αδ
∗

|HV ⟩ βα
∗

ββ
∗

βγ
∗

βδ
∗

|V H⟩ γα
∗

γβ
∗

γγ
∗

γδ
∗

|VV ⟩ δα
∗

δβ
∗

δγ
∗

δδ
∗


(1.73)

putting n = 2 in Eqn. 1.71, the 2-qubit density matrix is given by,

ρ̂ =
1
4

(
3

∑
i, j=0

Si, j(σ̂i ⊗ σ̂ j)

)
, (1.74)

where 2-qubit Pauli matrices, σi j, is given as,

σi, j = σi ⊗σ j, (1.75)

For example,

σ1,2 = σ1 ⊗σ2

=

 0 1

1 0

⊗

 0 −i

i 0



=



0 0 0 −i

0 0 i 0

0 −i 0 0

i 0 0 0


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Similarly, the 2-qubit Stokes parameters Si j, can be written as a tensor product of

single-qubit Stokes parameters,

Si j = Si ⊗S j, (1.76)

For example,

S0,3 = S0 ⊗S3

= (P|H⟩+P|V ⟩)⊗ (P|H⟩−P|V ⟩)

= P|HH⟩−P|HV ⟩+P|V H⟩−P|VV ⟩.

where PHV is the joint probability of detecting one photon in |H⟩ and another photon

in |V ⟩.

1.5.4 Qudit tomography

The single-qudit state of dimension, d, is represented as,

|ψ⟩= α0 |0⟩+α1 |1⟩+ ...+αd−1 |d −1⟩ , (1.77)

The mixed qudit state can be written as,

ρ̂ =
d−1

∑
i=0

Pi |ψi⟩⟨ψi| , (1.78)

In order to reconstruct qudit density matrix,

ρ̂ =
1
d

(
d−1

∑
i=0

Siσ̂i

)
, (1.79)
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it is necessary to find Si and σi matrices similar to qubit matrices. For simplicity, divide

both the matrices in three different groups {X ,Y,Z}: {SX
i ,S

Y
i ,S

Z
i } and {σ

X
i ,σY

i ,σ
Z
i },

where σ
X ≡ σ1, σ

Y ≡ σ2, and σ
3 ≡ σ3 [55]. According to this division, we can rewrite

the density matrix as,

ρ̂ =
1
d

(
S0σ̂0 +

d−1

∑
j,k=0: j ̸=k

(SX
j,kσ̂

X
j,k +SY

j,kσ̂
Y
j,k)+

d−1

∑
r=1

SZ
r σ

Z
r

)
, (1.80)

where S0 = 1 and σ̂0 = I. The X and Y labeled Stokes parameters and σ̂ matrices are

defined identically to that of qubit,

σ̂
X
j,k = | j⟩⟨k|+ |k⟩⟨ j| , (1.81a)

σ̂
Y
j,k = −i(| j⟩⟨k|− |k⟩⟨ j|), (1.81b)

SX
j,k = P 1√

2
(| j⟩+|k⟩−P 1√

2
(| j⟩−|k⟩, (1.81c)

SY
j,k = P 1√

2
(| j⟩+i|k⟩−P 1√

2
(| j⟩−i|k⟩, (1.81d)

The expressions for SZ
r and σ̂

Z
r are a bit more complex and expressed as,

σ̂
Z
r =

√
2

r(r+1)

(
r−1

∑
j=0

| j⟩⟨ j|− r |r⟩⟨r|

)
, (1.82a)

SZ
r =

√
2

r(r+1)

(
r−1

∑
j=0

P| j⟩− rP|r⟩

)
. (1.82b)

These are the complete set (d2) of σ̂ matrices and Stoke’s parameters.
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Physical density matrix

The density matrix for all physical states must have the following properties to be

physical [56],

• The density matrix should be normalized, i.e. Tr{ρ̂]}= 1.

• should be Hermitian, i.e. ρ̂
† = ρ̂ .

• should be positive semidefinite, i.e. all the non-negative eigenvalues must lie in

the interval [0,1] and their sum must be equal to 1.

Reconstructing the quantum state is a probabilistic process. Sometimes experimental

errors and statistical fluctuations in photon counts measured in single-photon detector

can affect the reconstruction of quantum state. Hence the tomographic measurement

of the density matrix can produce the results that violate the essential properties of

matrices such as positive semidefinite. To avoid this problem, one can optimize the

density matrix using maximum likelihood estimation (MLE) process.

1.5.5 Maximum likelihood estimation

Experimental inaccuracies, imperfect projections and statistical fluctuations of coin-

cidence counts may lead to the ‘unphysical’ density matrix. Maximum likelihood

estimation (MLE) is simple technique to get back the physical density matrix [54, 56].

The basic approach of MLE is as follows:

• Compute the experimental density matrix using tomographic measurements on

the quantum state.
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• Guess the ideal density matrix based on experimentally reconstructed matrix.

• From the ideal density matrix, compute the set of tomographic measurement of

the ideal state.

• Using optimization technique, compute the difference (χ) between ideal and

experimental tomographic measurements,

χ =

∑
i

Ci
ideal −Ci

exp√
Ci

exp +1

2

. (1.83)

where i represents the ith tomographic projection. Cexp and Cideal are the to-

mographic measurements for experimentally derived density matrix and ideal

density matrix respectively.

• Optimize the ideal density matrix such that it minimizes the value of χ .

The above approach ensures that the optimized density matrix is Hermitian with posi-

tive semidefiniteness.

1.5.6 Extracting information from QST measurements

From the reconstructed density matrix one can extract many information about an un-

known quantum state such as fidelity, entropy, concurrence and tangle.

Fidelity: Fidelity, F , is the measure of state overlap and it quantifies the similarity

between the target matrix, ρ̂t , and reconstructed density matrix, ρ̂ . It is represented by,

F(ρ̂t , ρ̂) = Tr
(√√

ρ̂t ρ̂
√

ρ̂t

)2

, (1.84a)
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If ρ̂t is a pure state then,

F = Tr[ρ̂t ρ̂]. (1.84b)

If both the matrices are identical then, F = 1 and if there is no similarity between them

then, F = 0.

Linear entropy: Linear entropy, SL, quantifies the purity of state. It computes the

degree of mixedness in a quantum state, and is given by,

SL =
4
3
(
1−Tr{ρ̂

2}
)
=

 0 Pure state

1 Mixed state
(1.85)

Von Neumann entropy: Von Neumann entropy, S, is mainly used to measure the

purity of a quantum entangled state.

S ≡−Tr{ρ̂log2(ρ̂}=−∑
i

λi log2{λi}=

 0 Pure state

1 Mixed state
(1.86)

where λi is the eigenvalue of density matrix, ρ̂ .

Concurrence and Tangle: Concurrence, C, and Tangle, T , are used to measure the

degree of entanglement or quantum-coherence properties of entanglement. The con-

currence for a 2-qubit pure state, |ψ⟩, is defined by,

C(|ψ⟩) =
√

2(1−Tr(ρ̂2
A)) =

√
2(1−Tr(ρ̂2

B)), (1.87)
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where ρA and ρB are the reduced density matrices, given by,

ρA = TrB[|ψ⟩⟨ψ|]

= ⟨H|B ρ̂ |H⟩B + ⟨V |B ρ̂ |V ⟩B ,

ρB = TrA(|ψ⟩⟨ψ|)

= ⟨H|A ρ̂ |H⟩A + ⟨V |A ρ̂ |V ⟩A ,

(1.88)

Using Eqn. 1.73 in above equation, the reduced density matrix ρA and ρB will become,

ρ̂A =


⟨H| ⟨V |

|H⟩ αα
∗+ββ

∗
αγ

∗+βδ
∗

|V ⟩ γα
∗+δβ

∗
γγ

∗+δδ
∗



ρ̂B =


⟨H| ⟨V |

|H⟩ αα
∗+ γγ

∗
αβ

∗+ γδ
∗

|V ⟩ βα
∗+δγ

∗
ββ

∗+δδ
∗


Tangle T can be directly calculated from the Concurrence C,

T =C2. (1.89)

The value of the tangle and the concurrence can range from 0 to 1. For product state

or mixed state the value is 0 and for pure state (e.g. maximally entangled states) the

value is 1.
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1.6 Applications of quantum entanglement

The quantum properties of light such as superposition principle and quantum entan-

glement lie at the heart of quantum optics. The basic idea of quantum information

processing (QIP) is to use these two important principles of quantum physics to en-

hance the capabilities of storing and transferring the data [15, 57–59]. Applications

of QIP which utilise the properties of quantum entanglement as a resource are given

below:

1.6.1 Quantum teleportation

Quantum teleportation is the technique to transfer a quantum state of qubit from one

location to another without direct exchange of the qubit [22, 60–63]. In this protocol,

Figure 1.8: Schematic diagram of quantum teleportation. EPS: entangled photon
source, BSM: Bell state measurement,

the quantum state at one location gets destroyed and exactly same state is recreated at

a different location, with the help of shared entanglement. The basic setup is shown
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in Figure 1.8. The quantum teleportation requires entangled photon pair, projective

measurement, and exchange of 2-bit of classical information. Consider Alice wants

to send state |ψ⟩ of photon 1, to Bob who is at a distant location. A third party,

Charlie, creates an entangled photon pairs (photons 2 and 3) and sends photon 2 to

Alice and photon 3 to Bob. Alice then performs a Bell state measurement (BSM) on

photon 1 and 2. She stores the results in two classical bits and sends it to the Bob

via classical channel. Bob then applies unitary operation on photon 3 according to the

state of classical bits he has received from Alice. At the end of the protocol, the state

of photon 3 becomes |ψ⟩ which is the same quantum state as photon 1. Thus Alice has

successfully teleported her quantum state of photon to Bob.

1.6.2 Entanglement swapping

Entanglement swapping is the extended version of quantum teleportation [62, 64]. It

involves the teleportation of the entangled state between two photons that has never

interacted in the past. Let’s consider two entangled photon pairs, 1-2 and 3-4, which

are created independently from two different sources. The aim is to swap the entangle-

ment from photon pairs 1-2 and 3-4 to the photon pairs 1-4 and 2-3. The experimental

setup is shown in Figure 1.9. Say Alice and Bob are in possession of entangled pho-

ton pair 1-2 and 3-4 respectively. A third party, Charlie, will select one photon from

each entangled pair, say photons 2 and 3, and perform Bell state measurement (BSM)

on them, which ensures the entanglement between photon 2 and 3. This will project

photons 1 and 4 onto an entangled state without any interaction. The most difficult

task of this protocol is the success of BSM. It requires precise timing of the two pho-

ton pairs for synchronization. After performing the BSM on two independent photons

2 and 3, Charlie can allow Alice and Bob to share their entangled pair 1 and 4 that

never interacted in the past. The entanglement swapping is an important ingredient of
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Figure 1.9: Schematic diagram of entanglement swapping

quantum repeaters which is used to connect the quantum computers with each other

via swapping.

1.6.3 Superdense coding using entangled state

Superdense coding is the secure protocol which allows Alice to send two bits of classi-

cal information to Bob by only transmitting a single qubit [65, 66]. Superdense coding

is the flipped version of quantum teleportation. Teleportation transmits single qubit

using two bit of classical information whereas superdense coding transmits two bit of

classical information using single qubit. One can send 2n number of classical bits by

using n-qubit of qunatum communication. In this protocol,

• Charlie first prepares a two-qubit entangled state |Φ+⟩:

|Φ+⟩= 1√
2
(|0⟩A |0⟩B + |1⟩A |1⟩B)

He then sends one qubit to Alice and another to Bob. Here Alice and Bob are at
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two completely different locations.

• Alice then encodes the desired two bit of classical information on her qubit by

applying a set of quantum gates (Hadamard gate and CNOT gate) to her qubit.

As a result, the Bell state |Φ+⟩ will transform into any of the four Bell stateS

(|Φ±⟩ and |Ψ±⟩. She will assign classical two-bit message to each Bell state.

• After preforming the desired quantum gate operation, Alice sends her qubit to

Bob. After receiving Alice’s qubit, Bob performs appropriate measurement on

both the qubits (A and B) to decode the Alice’s message.

The quantum communication using superdense coding is secure because even if any

eavesdropper intercepts the qubit sent by Alice to Bob, he will not be able to ex-

tract information from it. Because of the property of entanglement, the measurement

performed on individual qubit by eavesdropper gives completely random information

which is of no use. This is the major reason to use entanglement-based quantum key

distribution protocols.

1.6.4 Entanglement-based quantum cryptography

Quantum cryptography uses the fundamental laws of quantum physics to detect the

presence of any eavesdropper when sharing a confidential information between two

parties [67–69]. It is the process of encrypting and protecting the information in such

a way that only the person who has the secret key can decrypt it. Secret key is the

series of random numbers which is used to encrypt the confidential message so that

no eavesdropper can decode it except the two parties who shared the secret key. The

process of sharing the secret key between two parties in a secure way is known as

quantum key distribution (QKD). Broadly, in terms of quantum system, there are two
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types of QKD protocols: prepare and measure based QKD such as BB84 protocol and

quantum entanglement-based QKD protocol such as E91 protocol [70] and BBM92

protocol [68]. One of the main drawback of BB84 protocol is that Alice has to prepare

a string of pure random numbers by herself and protect it against eavesdropper until

Bob received it. Such problems can be overcome by using an entanglement based

QKD protocol because randomness is inherent in the entangled state.

1.7 Objective of Thesis

Entangled photon sources have been used to perform many quantum information pro-

tocols. Spontaneous parametric down-conversion process emerged as one of the best

method to generate entangled photon source. The photon pairs generated through

SPDC process are indistinguishable and maintained a quantum correlation among

themselves in different DoFs which leads to the quantum entanglement in those DoFs.

The main objective of the thesis is to generate and characterize the quantum entangle-

ment in different degrees of freedom. We have used mainly two DoFs, polarization

and orbital angular momentum (OAM) to study quantum entanglement. We have ex-

plored many methods for entanglement generation such as HOM based interferometry,

Sagnac interferometry etc. We have demonstrated entanglement-based BBM92 proto-

col over a distance of 200 m to study the effect of atmospheric aerosols on the key rate.

We have also studied the higher dimensional entanglement in OAM basis since it in-

creases the information capacity per photon. We have also explored different methods

to generate hybrid entanglement. The effect of scattering through ground glass plate

on hybrid entangled photon pairs is also investigated.
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1.8 Overview of Thesis

The thesis is organized in eight chapters. Chapter 1 is mainly dedicated to under-

stand the basic concepts which will be useful to understand the work described in

the upcoming chapters. This chapter introduces the concept of qubit and its measure-

ment, generation and characterization of quantum entanglement and their applications

in various quantum information protocols such as quantum teleportation, entanglement

swapping, superdense coding, and entanglement based quantum key distribution.

Chapter 2 covers the concepts of indistinguishable photons. Quantum mechan-

ics allows identical particles to lose their individuality completely and become truly

indistinguishable. This property of indistinguishability gives rise to exclusive quan-

tum phenomena such as two particle interference. In this chapter, we describe the

relationship between indistinguishability and quantum correlations such as quantum

interference, quantum entanglement.

Chapter 3, discusses the generation and transformation of polarization entangled

Bell states. In this chapter, the concept of quantum logic gate is used to transform the

Bell states, which is the essential step to demonstrate superdense coding protocol.

In Chapter 4, we propose a method for calculating the value of Bell-CHSH param-

eter with only two sets of measurement settings for two qubit entangled states. This

leads to optimised use of resources and a much better cost to performance ratio when

certifying the amount of entanglement present in the system.

Chapter 5 describes the field implementation of the quantum key distribution pro-

tocol using entangled photon pairs. We report the effect of atmospheric aerosols on the

key rate obtained with BBM92 protocol, an entanglement-based QKD protocol, over
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Figure 1.10: Pictorial representation of the layout of the thesis work

200 m distance. We show that concentration and extinction coefficient of atmospheric

aerosols play a major role in the observed sift key rate, and eventually, the secure key

rate.

In Chapter 6, the generation of high dimensional entanglement is discussed. Con-

trolling the spiral bandwidth of entangled photon pairs via pump shaping is studied.

We have shown that how the beam waist of pump mode can affect the bandwidth of

OAM spectrum and how it helps to engineer the higher dimensional entanglement.

In chapter 7, the generation of hybrid entanglement between polarization and or-

bital angular momentum is discussed. In this chapter the effect of scattering media

such as ground glass plate on hybrid entangled state is also investigated.

Finally, the summary of the thesis and the future scope are given in chapter 8. A

layout of the thesis work is illustrated in Figure 1.10



Chapter 2

Indistinguishable photons and

entanglement

A photon is what a photodetector detects.

-Roy Glauber

2.1 Introduction

Photons are characterized by several physical properties, such as their momenta, fre-

quency, polarization etc. These properties can be combined altogether to define the

‘mode’ of the associated electromagnetic field. Two photons are said to be ‘identical

particles’ when they cannot be discerned based on such properties. On the other hand,

indistinguishability arises from the existence of such identical properties along with

the symmetrisation of the wavefunction, which also paves way to entanglement. In a

broader sense, this symmetrisation ensures that the states remain identical upon parti-

cle interchange. The concept of indistinguishability of particles existed before modern

47
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quantum mechanics. Through his concept of generic phase in the context of statisti-

cal equilibrium, Gibbs defined many-particle states where particles possess the same

state-independent properties [71, 72]. Such indistinguishable quantum many-particles

cannot possess distinct individual states.

The study and quantification of the indistinguishability is of great importance in

photon-based quantum information processing towards realising quantum logic gates

as well as secure quantum communication [73, 74]. The quality of a single photon

source is attributed to its brightness, single photon purity and indistinguishability. For

heralded single photons, reduced temporal coherence will result in reduced purity of

the output of the Bell State measurement which affects various operations in quantum

information processing such as swapping, teleportation etc.

The degree of indistinguishability, usually measured through two photon interfer-

ence, can get affected by poor spectral, spatial, temporal, or polarization mode over-

laps. Source characteristics as well as the interaction with the environment [75] can

also deteriorate indistinguishability. Further limitations arise in terms of efficiency as

the quest for practical indistinguishable photon sources usually requires some kind of

filtering at the origin. In recent years efforts are being made towards obtaining optimal

single photon sources with minimal trade-off between efficiency and indistinguishabil-

ity [76–78]. For applications in quantum networks, it is also important for the source

to be optimal in terms of entanglement as well as indistinguishability simultaneously

[79–83].

Indistinguishability of photons lies at the heart of key quantum technologies in-

volving photon-based systems. The connection between the mutual coherence of the

photons and their intrinsic indistinguishability also provides the connection between

the wave particle dualism. In simpler words, indistinguishability gives rise to quantum
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interference [84]. The relationship between photon indistinguishability and quantum

interference has been established through various which-way experiments [85–88].

Many recent studies use two photon interference for realizing quantum gates as well

as quantum computing schemes. Interference of indistinguishable multiphotons is fun-

damental to advanced and computationally complex problems such as boson sampling

[89]. Photon indistinguishability also plays an important role in photon bunching and

stimulated emission [90, 91]. Another manifestation of quantum indistinguishability is

the generation of random numbers [92]. Indistinguishability has also been studied as a

useful quantum feature where entanglement in spatially overlapping identical particles

realizes many quantum information protocols [93]. Further studies explore quantum

indistinguishability to be used as a controlling feature for noise-free entanglement gen-

eration [94]. Another implication of quantum indistinguishability is the property of

dualism in the entanglement of identical particles [95]. This property could be utilized

as a test for indistinguishability unaffected by the mutual interaction of the particles.

In quantum networks, indistinguishability can be used to characterize entanglement

as well as identify any compromises in the communication channel due to evesdrop-

ping. The preservation of photon indistinguishability after transmission could verify

the quality of entanglement preservation as well as the security of the channel.

2.1.1 Composite systems and identical particles

For composite, compound, or multipartite systems, the quantum state consists of two

or more subsystems. Consider a simple case consisting of many two-level subsys-

tems such as multi-qubits. The dimensionality of the total system is defined as N = 2n

where n refers to the number of subsystems each of which belongs to a Hilbert space,

Hi(i ∈ n). The total state belongs to a Hilbert space defined by the tensor product

of the subsystem-Hilbert spaces. These subsystems are termed distinct if they belong
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to different Hilbert spaces. These subsystems could be spatially separated particles

where local operations such as preparation or measurement of the individual subsys-

tems are possible. It is important to note that these subsystems need not necessarily

be spatially separated particles, but could as well be different degrees of freedom of a

single quantum system. The hybrid entanglement of polarization and orbital angular

momentum (OAM) of a single photon is an example to such systems. A general multi-

partite system where these subsystems could be represented by the same Hilbert space

would form identical particles.

2.1.2 Bosons and fermions

Identical particles have the same intrinsic properties. The lack of individuality makes

distinct identification impossible. Any measurement will treat all the subsystems the

same way and observable properties will remain invariant under permutations of the

particle labels that we associate to them. In other words, symmetric or anti-symmetric

invariance over particle permutations underlies quantum indisntinguishability. In addi-

tion, the indistinguishability gives rise to a fundamental limitation on certain states in

being physical and realizable [96]. As an example, consider the case of two identical

particles, where ψm and φn form the complete orthonormal basis for particles labelled

by ψ and φ ,

Ψ = ψmφn (m ̸= n). (2.1)

This state is different and orthogonal to the state, Ψ
′ = φmψn, obtained by merely

changing the labels of the subsystems. However, states such as,

ψmφm (2.2a)

1√
2
(ψmφn +φmψn) (m ̸= n) (2.2b)



2.2. Sources of indistinguishable photons 51

1√
2
(ψmφn −φmψn) (m ̸= n) (2.2c)

are not forbidden since they are invariant under the permutation of particle labels. This

further implies that only symmetric (Eq. 2.2b) or antisymmetric state vectors (Eq.

2.2c) are allowed for identical particles [97, 98]. The particles with the symmetric state

vectors are bosons and the ones with the antisymmetric state vectors are fermions.

2.2 Sources of indistinguishable photons

2.2.1 Non-linear crystal based sources

The need for scalability of quantum information processing demands bright sources

of indistinguishable single photons. Since photons do not interact with each other,

one needs to look for efficient sources which produces indistinguishable single pho-

tons. The easier and efficient way to generate them is within non linear crystals. The

most common way to generate identical photons is through the spontaneous paramet-

ric down-conversion (SPDC), where two lower energy photons (signal and idler) are

generated when a higher energy pump photon is incident on a χ
(2) non-linear crystal.

The SPDC process is well explained in Chapter 1 (Section 1.4.1).

2.2.2 Solid-state sources

While parametric down-conversion is usually the first choice of experimentalists in

efficiently generating indistinguishable photons, such systems lack control over the ar-

rival time of photons and hence it becomes difficult to perfectly overlap the incoming

photons interferometrically. This lack of photon purity due to the probabilistic na-

ture of generation forms a hurdle in achieving high bright sources from such systems.
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On the other hand, a two-level single emitter system can emit on-demand photons.

Due to the inherent single-photon behaviour, such deterministic sources can be used

to generate ultrabright sources without affecting the purity of single photons. While

atoms, molecules and ions were explored as single emitters in the early days, epitaxial

quantum dots have been extensively investigated in the past decade [99–102].

Quantum dots (QDs) exhibit quantum confinement in all three dimensions of space.

They are more prominent in semiconductors because of the energy gap in their elec-

tronic band structure. QDs generate a size dependent emission wavelength, narrow

emission peak and broad excitation range [103]. After excited by a laser pulse, the

system returns to the ground state emitting a cascade of photons. For a given emission

energy, strong Coulomb interaction ensures that only a single photon is emitted. Keep-

ing QD in a cavity increases the local density of electromagnetic modes and enhances

the generation efficiency.

It is important to note that when strong excitations are used to obtain bright sources,

many carriers are generated in the QD which further leads to dephasing and reduction

in indistinguishability. In addition, decoherence due to the interaction of the QD with

the solid state environment will lead to loss of indistinguishability [104]. However,

over the past two decades, semiconductor quantum dots have proven to be promising

sources of bright indistinguishable single photons [73, 105–109].

2.3 Quantifying indistinguishability

Many recent works have carried out the estimation of indistinguishability through

quantum interference schemes [110–112]. The two photon interference is proved to

be a great tool to characterize single photon sources as well as to verify the particle in-

distinguishability. However, such laborious interference experiments could be avoided
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by alternate methods to estimate indistinguishability, such as through the second order

correlation function (g(2)) in the case of heralded single photon sources [113].

2.3.1 Hong-Ou-Mandel interference

The Hong-Ou-Mandel (HOM) interferometer is of great interest in studying funda-

mental quantum phenomena as well as in practical applications in quantum informa-

tion processing. Consider the simple case of two photon interference [12], which

is a pure quantum phenomena that results from the quantum exchange of two indis-

tinguishable particles at the splitter. The Hong-Ou-Mandel outcome can also reveal

whether the quantum statistics of the identical particles are of bosons or fermions[114].

An illustrative diagram of a simple 2x2 HOM interferometer with two input ports and

Figure 2.1: The two photon interference (HOM) setup. When a photon enters the input
port of an ideal 50:50 beam splitter, it chooses between the reflective or transmittive
output ports. The coincidences between the output detectors D1 and D2 are recorded
through a coincidence counting (CC) electronics.

two output ports is given in Figure 2.1. For a simple 50:50 beam splitter, the transition
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matrix is given by the Hadamard operator,

U =
1√
2

 1 1

1 −1

 (2.3)

and the input state is given by, |ψin⟩ = a†
1a†

2|00⟩, where a†
i is the creation operator

corresponding to each input port. Applying the Hadamard operation for the action of

the beam splitter, the output state can be written as,

|ψout ⟩=
1
2

(
b†

1 +b†
2

)(
b†

1 −b†
2

)
|00⟩

=
1
2

[(
b†

1

)2
−b†

1b†
2 +b†

2b†
1 −
(

b†
2

)2
]
|00⟩

=
1
2

[(
b†

1

)2
−
(

b†
2

)2
− [b†

1, b†
2]

]
|00⟩.

(2.4)

where b†
i is the creation operator corresponding to each output port of BS. For identical

particles, this reduces to,

|ψout ⟩=
1
2
(|20⟩− |02⟩). (2.5)

The action of a beam splitter sends an incident photon to the reflected or transmitted

Figure 2.2: The state of the system after interference is given by a superposition of all
the four possibilities that occur when two photons enter the beam splitter from its two
input ports.

port. When two photons are incident on the two input ports of an ideal 50:50 beam

splitter, there are four possibilities in which the two photons can exit the splitter. The

state of the system after interference will be a linear superposition of all the possi-
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bilities as given in Figure 2.2. The negative signs arise as a phase difference of π is

experienced upon reflecting off from a surface of higher index of refraction. When

it comes to identical photons, both the photons exit through the same output port to-

gether. Given that their wave packets perfectly overlap, the possibilities that they exit

through different ports is prevented by quantum mechanics. When the interfering pho-

tons are indistinguishable, we observe zero coincidence between the detectors corre-

sponding to the output ports of the interferometer. This is referred to as the HOM dip

Figure 2.3: The HOM dip obtained when minimum coincidences are recorded be-
tween the output ports of the beam splitter. The delay is introduced between the two
input ports reducing the indistinguishability and thereby deteriorating the interference.

as given in Figure 2.3. As we introduce path delay between the two photons, they be-

come distinguishable and coincidences begin to be observed between the output ports.

The visibility of the HOM curve is given as,

V = (Ndist −Nindist)/Ndist

= (Nmax −Nmin)/Nmax

(2.6)
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where Ndist (Nmax) and Nindist (Nmin) stands for coincidence counts corresponding to

distinguishable and indistinguishable scenarios respectively.

2.3.2 Experimental setup and results

The experimental setup for bi-photon interference is shown in Figure 2.4. Horizontally

Figure 2.4: Experimental setup for the bi-photon interference using Type-I BBO crys-
tal. L1, L2: lens, BPF: band pass filter, PM: prism mirror, TS: translation stage, M:
mirror, HWP: half-wave plate, BS: beam splitter, FC: fiber coupler, SMF: single mode
fiber, SPCM: single photon counting module

polarized UV diode laser (Toptica Topmode) of wavelength 405 nm is used to pump the

Type-I β -barium borate (BBO) non-linear crystal. A plano convex lens (L1) is used to

focus the beam inside the center of the crystal. The crystal creates two down-converted

photons, signal and idler, of wavelength 810 nm each. A band pass filter 810±5 nm is

used just after the crystal to block the pump beam and pass down the signal and idler

photons. Both the photons are then separated in two different directions with the help

of prism mirror and again combine at the 50:50 beam splitter (BS). The output port of

BS is connected to two fiber couplers (FC1 and FC2). The FC ( f = 4.6 mm) is used to
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couple the down-converted photons into the single mode fiber (SMF). The SMFs are

connected to the single photon counting modules (SPCM-AQRH-16-FC, Excelitas).

Both the SPCMs are then connected to a coincidence counter (CC) (IDQuantique-

ID800) to measure the number of correlated photon pairs.

Inside the interferometry, a translation stage (TS) is kept in one of the input arms

of the BS to ensure temporal indistinguishability. One half-wave plate (HWP1) is also

kept in one of the arms to ensure polarization indistinguishability. First we ensure that

both the photons, signal and idler, are identical in all degrees of freedom. We kept the

angle of HWP1 in such a way so that both the photons have same polarization. We

recorded the number of correlated photon pairs by moving the translation stage (TS).

The TS allows us to match the path length of signal and idler photons so that they

become temporally indistinguishable. Figure 2.5 shows the number of coincidence

counts as a function of relative delay (∆L) between signal and idler. As expected,

Figure 2.5: HOM dip for 3 nm and 10 nm band pass filter (BPF). FWHM of dip for 3
nm filter is wider than the 10 nm filter because of the large coherence length
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we recorded the minimum coincidence counts for ∆L = 0 and maximum coincidence

counts for ∆L ≥ Lc where Lc is the coherence length of down-converted photons. The

full-width at half maximum (FWHM) of the HOM dip is the coherence length of down-

converted photons and it is inversely proportional to the FWHM of the band pass filter

Lc ∝ 1/∆λ as evident in Figure 2.5. The experimentally observed FWHM of the dip

for 3 nm filter and 10 nm filter is (146± 2) µm and (68± 2) µm respectively. The

visibility of the HOM dip for 3 nm and 10 nm is 99.13% and 98.90% respectively.

We also recorded the data for polarization mismatch between signal and idler. We

first kept the translation stage at dip region i.e. ∆L = 0 and then we started changing

the polarization of one photon with the help of HWP1. Figure 2.6 shows the number

of coincidence counts as a function of HWP1 angle θ (rotated polarization state). It is

Figure 2.6: Variation of coincidence counts at ∆L = 0 as a function of HWP angle
θ . Minimum coincidence counts are registered when both the photons have same
polarization (θ = 0◦, and 90◦) and Maximum counts are registered for orthogonally
polarized photon pairs (θ = 45◦)
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evident from the Figure 2.6 that even if both the photons are temporally indistinguish-

able, which means that both the photons are combining at the beam splitter (BS) at the

same time, we can get the maximum counts if we distinguish them in another degree

of freedom. Figure 2.6 shows that when both the photons have same polarization, the

coincidence count is minimum and for orthogonal polarization the coincidence count

is maximum (where ∆L = 0). This shows that bunching effect happens only when both

the photons are perfectly indistinguishable in all degrees of freedom.

2.4 Indistinguishability and entanglement

The identical particle systems and entanglement are two crucial constituents of applied

quantum mechanics. In quantum information applications, entanglement is considered

as an operational tool to realize protocols in distant locations. However, the extraction

of entanglement was seen to be facing a wall when the spatial modes of the identical

particles are constricted into a single spatial mode. In order to utilize such systems of

indistinguishable particles, e.g. the spin squeezed states of Bose-Einstein condensates,

the entanglement could be extracted into the independent modes of the system [115,

116]. This is achieved by a transfer of entanglement from the internal to spatial degrees

of freedom of the system of indistinguishable particles [117]. Further studies based on

particle statistics investigate the discrimination of indistinguishable particles as well as

explore entanglement in such systems [118–120].

2.4.1 Entanglement duality

An interesting outcome of the complementarity in indistinguishable systems is the

entanglement duality. A bipartite system of photons, entangled in two degrees of their

freedom A and B, belongs to a single vector space spanned by the tensor product of the
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Hilbert spaces corresponding to two particles. We need two variables to meaningfully

describe the state of a bipartite entangled state. While one of the variables, A, is used to

label the particles, entanglement is observed in the other variable, B, where [A,B] = 0.

Duality of entanglement states that it is not possible to observe the entanglement in

one variable of two indistinguishable particles, unless they are separated in terms of

another variable [95]. Consider the two photon state

|Ψ⟩(A1,A2,B1,B2)
= (c1α

†
A1,B1

α
†
A2,B2

+ c2α
†
A1,B2

α
†
A2,B1

)|0⟩, (2.7)

where α
†
A1,B1

is the creation operator that takes the state |0⟩ to the joint state |B1⟩A1
.

After the action of the creation operator, the state could be written as

|Ψ⟩(A1,A2,B1,B2)
= α |B1⟩A1

|B2⟩A2
+β |B2⟩A1

|B1⟩A2

= α |A1⟩B1
|A2⟩B2

+β |A2⟩B1
|A1⟩B2

.

(2.8)

The property of entanglement duality has been verified for different degrees of free-

dom of photons [121–124]. Here we are considering polarization and orbital angular

momentum (OAM) degrees of freedom.

2.4.2 Entanglement in polarization and orbital angular momen-

tum

Entanglement is one of the most fascinating phenomena in quantum theory. It arises

due to the non-separability of the sub-systems involved. SPDC generates twin photons

entangled in different DoF. In particular, their entanglement in polarization as well as

orbital angular momentum (OAM) are the most extensively studied and widely used in

various quantum information protocols. In Type-II SPDC process, the generated down-
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converted photons are independently entangled in polarization and OAM degrees of

freedom. Consider the collinear case where kp = ks = ki = k, the output state of SPDC

process can be written as

|Ψ⟩SPDC =
1√
2
(|H,m1⟩s |V,m2⟩i + |V,m1⟩s |H,m2⟩i) (2.9)

where m1 and m2 is the orbital angular momentum of signal and idler photon re-

spectively. The SPDC process follows the OAM conservation law which means that

sum of the OAM of signal and idler must be equal to the OAM of pump photon i.e.

mp = ms +mi.

The down-converted photons are indistinguishable in every other degree of free-

dom, including spatial position and momentum, except in polarization and OAM. To

observe the entanglement in any degree of freedom, one has to perform the individ-

ual measurement on these photons. However, for two indistinguishable photons that

are propagating along the same direction, it becomes impossible to perform individ-

ual measurements unless we sort and separate them under some distinguishing label.

Separating the photons in one degree of freedom reveals the entanglement in the other.

Separation of signal and idler in one degree of freedom means that we distinguish them

in that degree of freedom and distinguishability destroys the entanglement in that par-

ticular degree of freedom. Duality in the entanglement of identical particles manifests

that entanglement in only one variable can be revealed at a time. We demonstrate this

using OAM and polarization variables of indistinguishable photons generated from

collinear type II parametric down-conversion. We show polarization entanglement by

sorting photons in even and odd OAM basis, while sorting them in two orthogonal po-

larization modes reveals the OAM entanglement. This method increases the efficiency

of available entangled photons since we are not eliminating any photons from the gen-
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erated output. After sorting the Eqn. 2.9 in polarization and OAM, it can be rewritten

as,

|Ψ⟩SPDC =
1√
2

(
|H⟩m1

|V ⟩m2
+ |V ⟩m1

|H⟩m2

)
(2.10)

=
1√
2
(|m1⟩H |m2⟩V + |m2⟩H |m1⟩V ) (2.11)

In most protocols involving the entanglement of orbital angular momentum of photons,

the infinite dimensional OAM spectrum in the output of SPDC is restricted to a two

dimensional basis by the post-selection of the twin-photons. Due to this post-selection,

a large amount of generated photons which belong to the other states in the infinite

dimensional OAM basis are lost. A method to avoid this loss is to use an alternate

basis defined by the even and odd states of OAM.

In this work, we propose that the OAM of twisted photons defined in their even-odd

basis can be used to separate the otherwise completely indistinguishable photons in the

collinear output. For a pump beam carrying an odd OAM value, the SPDC photons

will be generated in pairs of even and odd OAM states, following the conservation of

OAM.

For pump OAM, mp = 1, in a collinear Type-II SPDC process where the idler-

signal pairs are generated in orthogonal polarization states, the output OAM state can

be written as:

|Ψ⟩SPDC =
+∞

∑
ms=−∞

Cm,1−m |1⟩H |1−m⟩V ,

=C0,1 |0⟩H |1⟩V +C1,0 |1⟩H |0⟩V +

C2,−1 |2⟩H |−1⟩V +C−1,2 |−1⟩H |2⟩V + ...,

=
1√
2
(|E⟩H |O⟩V + |O⟩H |E⟩V ) .

(2.12)
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2.4.3 Experimental setup and results

The experimental setup to observe the OAM and polarization entanglement is shown

in Figure 2.7 and 2.9 respectively. A horizontally polarized laser beam (Toptica Top-

mode) of wavelength 405 nm is used to pump the nonlinear Type-II PPKTP crystal.

A band pass filter (BPF, 810±5 nm) is used to block the pump while transmitting

the down-converted photons. The divergence of SPDC photons are collimated using

lens, L2. The down-converted photon pairs are entangled in polarization as well as

in OAM. The spatial and temporal overlap between signal and idler must be taken

care in order to observe the maximum entanglement. In the detection part, fiber cou-

plers (Thorlabs CFC-5X-B) are used to couple the signal and idler photon into optical

fiber. These fibers are then connected to the single photon counting modules (SPCM-

AQRH-16-FC, Excelitas) to detect the photons. Both the SPCM are then connected

to a coincidence counter (CC) (IDQuantique-ID800) to measure the number of corre-

lated photon pairs. We observe the polarization entaglement through OAM sorting and

OAM entanglement through polarization sorting.

A. Observation of OAM entanglement through polarization sorting

The experimental setup to observe the OAM entanglement while sorting them in po-

larization is given in Figure 2.7. We used spiral phase plate (SPP) of order m = 1 in

the input pump so that pump beam can carry an OAM of order 1. A polarizing beam

splitter (PBS) is used to separate the horizontal (H) and vertical (V ) polarized photon

in transmitted and reflected port as shown in Figure 2.7. OAM measurements are per-

formed with the help of phase flattening technique using combination of spatial light

modulator (SLM) and single mode fiber (SMF). The crystal plane is imaged onto the
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SLM kept in each arm of the PBS using two lens combination L2 and L3 . Again, both

the SLM plane are imaged onto the fiber coupler for efficient coupling.

Figure 2.7: Schematic to observe entanglement in the even-odd basis of OAM by sort-
ing photons in polarization. Indistinguishable photons in the Type-II down-converted
pairs are sorted in polarization using a polarizing beam splitter (PBS).

Figure 2.8 shows the experimental data of OAM correlation in even-odd basis be-

tween H and V output port of PBS. The hologram displayed in the SLM correspond-

ing to the superposition of even and odd OAM order acts a diagonal (DEO) and anti-

diagonal (AEO) projections. The indistinguishable photons are efficiently sorted under

the label of their polarization degree of freedom and OAM entanglement visibility

is observed in both E/O as well as DEO/AEO basis. The normalized coincidences

are plotted along y-axis with the variation of θ2 for θ1 = 0◦ (blue), θ1 = 45◦ (red),

θ1 = 90◦ (green), and θ1 = 135◦ (purple). A calculation of visibility gives 92.7±0.3%

(E/O basis) and 80.9±0.3% (DEO/AEO basis). The Bell parameter is estimated to be,

S = 2.46±0.08.
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Figure 2.8: OAM correlations corresponding to two orthogonal polarization projec-
tions in the collinear SPDC output. Visibility curves are plotted for V port OAM
projection angles, θ1 = 0 (E - green dot), θ1 = π/4 (DEO - red dot), θ1 = π/2 (O -
blue dot) and θ1 = 3π/4 (AEO - purple dot). θ2 is the H port OAM projection angle.
Solid curves are respective cosine fits. Error bars indicate statistical uncertainty of one
standard deviation.

B. Observation of polarization entanglement through OAM sorting

In this case, we sort the even and odd OAM basis of the signal and idler photon in or-

der to observe the entanglement in polarization. For OAM sorting, we used the double

Mach-Zehnder OAM sorting interferometry to separate the photon in even/odd OAM

basis. The experimental setup is shown in Figure 2.9. A double Mach-Zehnder type

interferometer could be understood as a normal Mach-Zehnder interferometer, folded

back such that the input and output beam splitters become the same. Such a config-

uration will have the stability of a common path interferometer, since both the arms

see same optical components, and the ease of inserting independent components in the
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interfering arms as in a Mach-Zehnder interferometer. The collinear correlated pairs of

photons having even and odd OAM orders are sent to a double Mach-Zehnder interfer-

ometer containing two Dove prisms which are kept in the individual paths as given in

Figure 2.9. A dove prism flips the OAM from +m to −m during the internal reflection.

Figure 2.9: Schematic to sort the even-odd states of OAM from a collinear SPDC with
pump carrying OAM (mp = 1). The Dove prisms within the double Mach-Zehnder
interferometer is kept orthogonal to each other. Half wave plate (HWP) along with
polarizer (P) corresponds to the polarization projectors. O refers to the constructive
port for odd OAM and E labels the constructive port for even OAM.

When two Dove prisms are kept in the two arms of an interferometer, it introduces

an OAM dependent relative phase, 2mα , where α is the relative rotation of the Dove

prisms. Since two Dove prisms are oriented perpendicular to one another, therefore,

α = π/2. This introduces a phase mπ between the two arms of the interferoemeter.

The relative phase difference would turn out to be mπ for E output port of the BS (Even

port) and (m+1)π for O port of the BS (Odd port). As a result, the constructive inter-

ference will take place in different output ports for even and odd OAM values. Photons

carrying an odd OAM will constructively interfere in the odd port (O) whereas photons
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having even OAM will show up in the even port (E). The polarization projections are

done using the combination of HWP and PBS kept in each output port. polarization

projection measurements are carried out to observe the entanglement visibility. Be-

fore making polarization entanglement measurements on these photons, the action of

even-odd sorting within our setup needs to be verified. The OAM state of the photons

in the output ports of the sorter are measured using the standard technique involving

phase-flattening through SLM and coupling to single mode fibers. The single counts

Figure 2.10: Verification of sorting of even and odd OAM states. The top two rows
correspond to the singles output in the even and odd ports when pumped with a LG
mode of order m = 1 and the bottom two rows correspond to that for a pump carrying
Gaussian mode. The scale is normalized with respect to the maximum counts.

in each port corresponding to different OAM values are represented in Figure 2.10.

When pumped with a Gaussian beam, photons are down converted in pairs of odd-odd

or even-even pairs, following the conservation of OAM, and thus the photon pairs end

up in the same port. It can be easily seen from the chart that photons carrying even and

odd OAM values line up in the corresponding ports and their intensities are defined by

the OAM spectrum of the SPDC output. For a pump carrying OAM, mp = 1, the pairs
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are generated in even-odd pairs and they go to different ports. This is evident from

how the corresponding intensity values are distributed between the two ports. For ex-

ample, 0 in even port and 1 in odd port show similar intensity since they are generated

together and so on. Figure 2.10 shows the effective OAM sorting in the setup. Just

after the OAM sorter, a combination of HWP and PBS is kept in each arm for polar-

ization correlation measurement. This time, we used multi-mode fiber (MMF) so that

all the higher order OAM modes get coupled into the fiber for the detection. Figure
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Figure 2.11: Polarization correlations corresponding to projections in the output ports
of the even-odd sorted collinear SPDC output. Visibility curves are plotted for odd port
polarization projection angles, θ1 = 0 (H - green dot), θ1 = π/4 (D - red dot), θ1 = π/2
(V - blue dot) and θ1 = 3π/4 (A - purple dot). θ2 corresponds to even port projections.
Solid curves are respective cosine fits. Error bars indicate statistical uncertainty of one
standard deviation.

2.11 shows the polarization correlations between the even and odd output ports of the

sorter. The indistinguishable photons are efficiently sorted under the label of their or-

bital angular momentum and polarization correlations are observed in both H/V and
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D/A basis. The normalized coincidences are plotted along y-axis with the variation of

θ2 for θ1 = 0◦ (blue), θ1 = 45◦ (red), θ1 = 90◦ (green), and θ1 = 135◦ (purple). The

observed visibilities are 77.5± 0.3% (H/V basis) and 71.6± 0.3% (D/A basis). The

Bell parameter is estimated to be, S = 2.11±0.03.

It can be seen in the plot that the minima corresponding to different visibility pro-

files are not going completely to zero. This is due to the use of multi-mode fiber

(MMF) instead of single mode fiber (SMF). Since SMF only couples Gaussian mode

and in our case, we are using non-zero OAM basis (even/odd) therefore in order to

couple all the higher order modes, MMF is required. The reduced visibility can be

understood as a phase mismatch among the higher order spatial modes generated in

SPDC process collected by the MMF and also the imperfections in the sorting inter-

ferometer. Hence, with an improved interferometric sorter and through proper phase

compensation between the higher order modes, it is possible to obtain near unity visi-

bility.

2.5 Summary

In this chapter, we have discussed the concept of indistinguishability of photons and

entanglement. Photon indistinguishability is a necessity in two photon and multi pho-

ton quantum interference, engineering quantum states as well as realizing many quan-

tum information protocols. In quantum interference experiments, the dependence of

indistiguishability on the temporal delay between the two photons has been studied.

Interference is lost in which-way experiments when the paths of the two photons are

made distinguishable The spatial and temporal indistinguishability between two pho-

tons is the necessary criteria for entanglement. We observed that sorting the photon

in any degree of freedom destroys the entanglement in that degree of freedom. We
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demonstrate the duality in entanglement of a collinear, indistinguishable pair of pho-

tons generated in SPDC process. We show polarization entanglement for indistin-

guishable photons by sorting the photon OAM using a double Mach-Zehnder even-

odd sorter. This method can increase the availability of entangled photons since we

are not eliminating any photon from the generated output in contrast to the case of

limiting them to two-dimensional OAM bases such as (+m,−m) or (0,m). All the

down-converted photons are sorted using an even-odd sorter in order to observe the

polarization entanglement of otherwise indistinguishable collinear photons. Similarly,

we demonstrate OAM entanglement by sorting photons using a simple polarizing beam

splitter and executing OAM projections on the photon pairs in the even-odd basis.



Chapter 3

Generation and transformation of

polarization-entangled Bell states

God does not play dice with the universe.

-Albert Einstein

3.1 Introduction

Quantum entanglement[8, 23] is one of the most interesting phenomena in quantum

world which laid the foundation of many quantum applications such as quantum su-

perdense coding [65, 125], quantum teleportation [22, 60], entanglement swapping

[62, 64], and quantum key distribution (QKD) protocols [126]. The simplest way to

create an entangled photon pair is spontaneous parametric down-conversion (SPDC)

process [50, 127]. In this process, a nonlinear χ
(2) crystal is used to produce two cor-

related photons. They can be correlated in any degree of freedom such as, polarization,

orbital angular momentum (OAM), energy, time, frequency etc. Among these, polar-
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ization entangled states are easy to prepare and measure. Hence it is the most widely

used resource for all the quantum communication protocols.

A set of all four maximally entangled polarization states in two dimensional Hilbert

space are known as Bell states [128]. In many quantum information schemes such as

quantum superdense coding, teleportation, and entanglement swapping, the generation

and discrimination of all the four maximally entangled states is required. For example,

in superdense coding control over basis of maximally entangled state is required. A

desired Bell state can be prepared through unitary transformations on an entangled

pair of photons generated in SPDC. In this case, transformation of one Bell state into

another by using single-qubit gate (Pauli gate) can be used. For example, |Ψ⟩+ can

be transformed into |Ψ⟩− and |Φ⟩+ with the help of polarization-dependent phase

shift (phase-flip) and polarization exchange (bit-flip) respectively. Conventionally, A

quarter-wave plate (QWP) (which performs a Pauli-Z transformation) and half-wave

plate (HWP) (which performs a Pauli-X transformation) is used for phase-flip and bit-

flip respectively [34, 129, 130]. In this work, we show that only a single-half wave

plate (HWP) is enough to perform Pauli-X and Pauli-Z transformation, and to perform

Pauli-Y transformation, a pair of HWP is required.

This chapter is organized as follows: In section 3.2, we explain the theoretical

model of our proposed scheme where we first explain the single qubit gate (Pauli gate)

and how these gates are analogous to the rotation of HWP. In section 3.3 we present

the experimental setup for both generation and transformation of Bell states. In section

3.4, we discuss the experimental results. We end the paper with concluding remarks in

last section 3.5.
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3.2 Theory

Consider two photons, signal and idler, are entangled in polarization and propagating

along two different directions. Following are four different polarization entangled

state,

|Ψ⟩± =
1√
2
(|H⟩s |V ⟩i ±|V ⟩s |H⟩i)

|Φ⟩± =
1√
2
(|H⟩s |H⟩i ±|V ⟩s |V ⟩i),

(3.1)

where |H⟩ and |V ⟩ are the horizontal and vertical polarization states of photons, re-

spectively. Using Jones vector notation, the polarization states can be represented by

column vector,

|H⟩=

 1

0

 , |V ⟩=

 0

1

 (3.2a)

|D⟩=

 1

1

 , |A⟩=

 1

−1

 , (3.2b)

In Eqn. 3.1, |Ψ⟩− is anti-symmetric entangled state and rest are symmetric states.

These entangled states are popularly known as Bell states. Using single-qubit quantum

logic gate, one Bell state can be easily manipulated and transformed into another Bell

state. Such a gate operation transforms input state |ψ⟩ to an output state |φ⟩ ( Figure

3.1). These single-qubit logic gates are X , Y, and Z gate and are analogous to Pauli

Figure 3.1: Schematic diagram of transformation of state
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spin matrices σx, σy and σz. The matrix representation for these gates is given as,

I = σ0 =

 1 0

0 1

 , X = σx =

 0 1

1 0

 (3.3a)

Y = σy =

 0 −i

i 0

 , Z = σz =

 1 0

0 −1

 (3.3b)

Here, I is the identity gate and it does not change the input state. X gate is known as

bit-flip because it flips the state |H⟩ to |V ⟩ and vice-versa, whereas Z gate is known

as phase-flip because it flips the sign of |V ⟩, while leaving |H⟩ unchanged. iY gate is

used to flip the bit and phase simultaneously and it can be realized using the property

[σx, σz] = 2iσy. Hence σxσz = iσy and it is given by,

XZ = iY =

 0 1

−1 0

 (3.3c)

Now consider our initial state is |Ψ⟩+ (Eqn. 3.1). Applying Z and X gate operation

on signal photon of state |Ψ⟩+ results |Ψ⟩− and |Φ⟩+ respectively,

Zs |Ψ⟩+ = |Ψ⟩− (3.4a)

Xs |Ψ⟩+ = |Φ⟩+ (3.4b)

Again, applying Y gate operation on signal photon results |Φ⟩+ and |Φ⟩− respectively,

iY |Ψ⟩+ = XsZs |Ψ⟩+ = |Φ⟩− (3.4c)
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Or one can apply X gate in signal photon and Z gate on idler photon and vice-versa.

Hence Y gate operation can also be written as,

iY |Ψ⟩+ = XsZi |Ψ⟩+ = |Φ⟩− (3.4d)

These states transformation are illustrated in Figure 3.2. These gates can be exper-

Figure 3.2: Transformation of Bell states using single-qubit logic gates

imentally realized in laboratory by rotating the polarization of photons using HWP.

It retards the polarization state of photons by adding a phase difference between the

two orthogonal polarization components |H⟩ and |V ⟩ and the phase difference depends

on wavelength λ of incident photons, birefringence properties (∆n) of the crystal, and

thickness d of the HWP:

∆φ =
2πd∆n

λ
(3.5)

where ∆n is the difference of refractive index along slow axis and fast axis. λ , ∆n, and

d are chosen in such a way that the phase difference between polarization components
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is π . The action of HWP can be represented by Jones matrix notation:

Ûhwp(θ) =

 cos2θ sin2θ

sin2θ −cos2θ

 (3.6)

where θ is the angle between fast axis and horizontal axis. When the photons of

particular polarization transmit through the HWP, the polarization changes according

to HWP angle θ . Z and X gate can be realized by aligning the fast axis of HWP at an

angle 0◦ and 45◦ with respect to horizontal axis. Similarly, Y gate can be realized by

using two HWPs at two different angles 0◦ and 45◦.

Ûhwp(0◦) =

 1 0

0 −1

= σz

Ûhwp(45◦) =

 0 1

1 0

= σx

Ûhwp(0◦)Ûhwp(45◦) =

 0 1

−1 0

= iσy

(3.7)

Using Eqn. 3.2 and 3.7, we will show that how one can use only HWP to perform all

quantum gates,

I. Verification of Z gate:

Ûhwp(0◦) |H⟩= |H⟩ , Ûhwp(0◦) |V ⟩=−|V ⟩ , (3.8a)

Ûhwp(0◦) |D⟩= |A⟩ , Ûhwp(0◦) |A⟩= |D⟩ . (3.8b)

II. Verification of X gate:
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Ûhwp(45◦) |H⟩= |V ⟩ , Ûhwp(45◦) |V ⟩= |H⟩ (3.9a)

Ûhwp(45◦) |D⟩= |D⟩ , Ûhwp(45◦) |A⟩=−|A⟩ (3.9b)

Eqn. 3.8 shows that apart from QWP, HWP can also be used for phase-flip. Using

Eqns 3.8 and 3.9, one can transform Bell states using HWPs only. Table 3.1 shows the

transformation of Bell states using HWP.

Input state Quantum gate HWPs HWPi Output state
|Ψ⟩+ I |Ψ⟩+

|Ψ⟩+ Z 0◦ |Ψ⟩−

|Ψ⟩+ X 45◦ |Φ⟩+

|Ψ⟩+ XZ 0◦ 45◦ |Φ⟩−

Table 3.1: Operation of quantum gate and corresponding HWP angles. The gate trans-
forms an input state to an output state.

3.3 Experimental setup

3.3.1 Entangled photon pair generation

Figure 3.3 shows the experimental setup for the generation of polarization entangled

Bell state |Ψ⟩+. Horizontally polarized continuous wave laser (Toptica iBeam smart)

of wavelength 405 nm and pump power 2.5 mW is used to pump the nonlinear type-I

β -barium borate (β -BBO) crystal of thickness 2 mm and transverse dimensions of 6

mm × 6 mm with an optic axis oriented at 29.97◦ to the normal incidence. This will

produce two vertically polarized photon pairs of wavelength 810 nm each. A band pas

filter (BPF) is used to block 405 nm photons while transmitting the 810 nm photons.

Both the photons are separated by prism mirror (PM) in two different arms. Both the

photons are again combined at the input port of the 50:50 beam splitter (BS). HWP1

is used in one of the input arms of beam-splitter (BS) to flip the polarization state of
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Figure 3.3: Experimental setup for the generation of entangled state |Ψ⟩+. L1, L2 -
Lenses, BBO - β -Barium borate crystal, BPF - Band pass filter, PM - Prism mirror,
M - Mirror, BS - 50:50 Beam splitter, TS- translation stage, PBS - Polarizing beam
splitter, HWP - Half-wave plate, FC - Fiber coupler, SMF - Single mode fiber, SPCM
- single photon counting module, CC - Coincidence counter

one photon so that both the photons become orthogonally polarized to each other. A

translation stage (TS) is used to compensate the path difference between signal and

idler.

For the detection part, we have used combination of HWP and PBS at each output

port of BS. After combining at the BS both the photons will exit from two different

output ports and get coupled into single mode fiber (SMF) (P1-780A-FC-2, Thor-

labs) with the help of fiber couplers (FC) (CFC-5X-B, Thorlabs) . These SMFs are

connected to the single photon counting module (SPCM) detectors (SPCM-AQRH-

16-FC, Excelitas) having a time resolution 350 ps. To measure the number of cor-

related photon pairs, both the SPCMs are then connected to a coincidence counter

(CC), IDQuantique-ID800, having a time resolution of 81 ps. The photon pairs that

exit from same output port will not contribute to coincidence counts. This setup can

directly produce |Ψ⟩± state at the output ports of BS by simply adjusting the phase
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difference between both the photons.

3.3.2 Transformation of Bell states

Figure 3.4 shows the experimental setup of the transformation of Bell state. First we

generated Bell state |Ψ+⟩ using Figure 3.3 and then in the same setup, we kept HWPa

and HWPb in the output port of BS as shown in Figure 3.4. We transform state |Ψ+⟩

into states |Ψ⟩− and |Φ⟩+ by performing Z and X gate respectively in output port

a using HWPa. One extra HWPb along with HWPa is used to produce |Φ⟩− state

by performing Y gate operation. In this case both the HWPs, a and b, are rotated

at different orientations 0◦ and 45◦ respectively. In our case, both HWP is placed at

output port a and b, but one can put both HWPs at same output port. Both the cases

will give the same result.

Figure 3.4: Experimental setup for the transformation of entangled state |Ψ+⟩ into
|Ψ⟩− and |Φ⟩+ by performing Z and X gate operation respectively using HWPa only.
additional HWPb along with HWPa is used to transform the state |Ψ+⟩ into |Φ⟩−.
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3.4 Results and discussion

In this section, we present experimental results obtained for all the four polarization-

entangled Bell states. In Figure 3.4, when HWPa is aligned to 0◦ then it will act as

Z gate and hence it will flip the sign of |V ⟩a, while leaving |H⟩a unchanged. In D/A

basis, |D⟩a will convert to |A⟩a and vice-versa. This will transferred the state from

|Ψ⟩+ to |Ψ⟩−. Initial entangled state in H/V and D/A basis is given by,

|Ψ⟩+ =


1√
2
(|H⟩a |V ⟩b + |V ⟩a |H⟩b) H/V basis

1√
2
(|D⟩a |D⟩b −|A⟩a |A⟩b) D/Abasis

(3.10)

For θa = 0◦, output state will be,

Uhwp(θa) |Ψ⟩+ = |Ψ⟩−

|Ψ⟩− =


1√
2
(|H⟩a |V ⟩b −|V ⟩a |H⟩b) H/V basis

1√
2
(|A⟩a |D⟩b −|D⟩a |A⟩b) D/Abasis

(3.11)

Now if we again rotate the HWPa to 45◦ then it will act as a X gate and hence it will

convert |H⟩a to |V ⟩a and vice-versa. Also it will flip the sign of |A⟩a, while leaving

|D⟩a unchanged. Therefore, for θa = 45◦, the state will become,

Uhwp(θa) |Ψ⟩+ = |Φ⟩+

|Φ⟩+ =


1√
2
(|H⟩a |H⟩b + |V ⟩a |V ⟩b) H/V basis

1√
2
(|D⟩a |D⟩b + |A⟩a |A⟩b) D/Abasis

(3.12)
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Now to transform |Ψ⟩+ state to |Φ⟩− state, we used one more HWPb in output port

b of BS (Figure 3.4). We aligned HWPa to 0◦ and HWPb to 45◦ to get |Φ⟩− state.

Therefore, for θa = 0◦ and θb = 45◦, the output state will be,

Uhwp(θa)Uhwp(θb) |Ψ⟩+ = |Φ⟩−

|Φ⟩− =


1√
2
(|H⟩a |H⟩b −|V ⟩a |V ⟩b) H/V basis

1√
2
(|A⟩a |D⟩b + |D⟩a |A⟩b) D/Abasis

(3.13)

We have recorded the measurement in H/V and D/A basis. Polarization measurements

are carried out using a combination of HWP and PBS in each arm. This combination

will act as a projection operator. The measurement is performed by fixing the angle of

Coincidence detection |Ψ⟩+ |Ψ⟩− |Φ⟩+ |Φ⟩−
HH/VV - - ✓ ✓
HV/VH ✓ ✓ - -
DD/AA ✓ - ✓ -
DA/AD - ✓ - ✓

Table 3.2: Theoretical prediction of detecting entangled photon pair in H/V and D/A
bases

Coincidence detection |Ψ⟩+ |Ψ⟩− |Φ⟩+ |Φ⟩−
HH/VV 13/14 18/15 698/751 731/784
HV/VH 660/771 763/724 21/14 18/15
DD/AA 798/675 17/14 680/738 17/15
DA/AD 13/16 653/768 14/15 825/735

Table 3.3: Experimental observation of detecting number of entangled photon pairs in
H/V and D/A bases

HWP2 (α) in one output port, while changing the angle of HWP3 (β ) in another port.

The transmitted part of PBS is coupled into a single mode fiber. For example, if we

want to measure the diagonal polarization (D) of photon then first we will rotate the

diagonal polarization (D) to horizontal (H) with the help of HWP so that photons get
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transmitted through the PBS and get coupled into single mode fiber. Table 3.2 shows

the theoretical discrimination between all the four Bell state. To verify the theoretical

prediction, we have recorded coincidence counts per second in H/V and D/A basis for

each Bell state.

(a) (b)

Figure 3.5: Experimental observation of polarization correlations for (a) |Ψ⟩+ and (b)
|Ψ⟩− state. Error bars indicate statistical uncertainty of one standard deviation. The
coincidence counts (CC) are plotted along y-axis with the variation of 2β for α = 0◦

(red), α = 22.5◦ (blue), α = 45◦ (green), and α = 67.5◦ (magenta).

(a) (b)

Figure 3.6: Experimental observation of polarization correlations for (a) |Φ⟩+ and (b)
|Φ⟩− state. Error bars indicate statistical uncertainty of one standard deviation.The
coincidence counts (CC) are plotted along y-axis with the variation of 2β for α = 0◦

(red), α = 22.5◦ (blue), α = 45◦ (green), and α = 67.5◦ (magenta).

Coincidence detection is experimentally measured number of photon pairs for cer-

tain polarization state. Table 3.3 shows the experimental data. Our experimental result

is matching with the theoretical prediction and by comparing Table 3.2 and 3.3, one
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can predict which Bell state is measured. The experimentally observed polarization

correlations are given as visibility curves in Figures 3.5 and 3.6. The total coincidence

counts per second are plotted in y-axis as a function of HWP3 angle 2β , while HWP2

angle 2α is fixed.

Bell state Avg. Vis.(%) S Value Fidelity (F)
|Ψ⟩+ 96.18 ± 5.03 2.72 ± 0.07 0.9625
|Ψ⟩− 95.66± 4.28 2.71 ± 0.06 0.9626
|Φ⟩+ 95.61 ± 3.75 2.70 ± 0.05 0.9647
|Φ⟩− 95.84 ± 3.17 2.71 ± 0.05 0.9608

Table 3.4: Calculated average visibility and Bell-CHSH parameter S.

Figure 3.7: Calculated density matrix for entangled states (a)|Ψ⟩+, (b) |Ψ⟩−, (c)|Φ⟩+,
and (d) |Φ⟩−. F is the state fidelity which is the measure of state overlap

To check the quality of entanglement, we calculated the Bell-CHSH parameter S.

The S value greater than 2 ensures the existence of quantum entanglement between

two photons. In our experiment, the average value of visibilities and the estimated

Bell-CHSH parameter S for |Ψ⟩+, |Ψ⟩−, |Φ⟩+, and |Φ⟩− are shown in Table 3.4. Be-

cause of the unitary transformation the S value for all the four Bell states is remains
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unchanged. Quantum state tomography is performed to verify the theoretical predic-

tion by calculating the state fidelity. The density matrix for all the four Bell states

are shown in Figure 3.7. The state fidelity is around ∼ 96% for each Bell state which

shows the successful transformation of Bell states using HWPs.

3.5 Conclusion

In this chapter, we have shown that only HWP is enough to perform Pauli Z gate and X

gate and it becomes the easiest way to transform entangled states. We first prepared the

polarization-entangled Bell state |Ψ⟩+ using Type-I β -BBO crystal and 50:50 BS and

then manipulated the initial state in order to achieve rest of the entangled states. We

calculated the Bell-CHSH parameter S for each Bell state and since the transformation

is unitary, we found out that S value, coincidence counts, and visibility for all the

Bell states remain unchanged. Quantum state tomography is also performed to check

the state fidelity with the desired state. The presented result may find applications

in quantum communication and quantum information protocols, especially where the

control over basis of maximally entangled state is required.
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Optimised entanglement detection for

quantum information protocols

Not only does God play dice but... he sometimes confuses us by throwing them where they

can’t be seen.

—Stephen Hawking

4.1 Introduction

Quantum entanglement [23] has been one of the profound implications of quantum

mechanics. It has intrigued generations of scientists involved in the study and devel-

opment of quantum theory. Most notably, it led Einstein, along with colleagues Podol-

sky and Rosen, to question the completeness of quantum mechanics [8]. Although

he knew quantum entanglement cannot be harnessed for faster-than-light communi-

cation, he still objected to the idea of non-locality, i.e. any action performed on one

system cannot modify the description of another system that is space-like separated

from the former. Later, Bell [9] proved that no local theory can give rise to such strong

85
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correlations and the community at large accepted the nonlocal nature of quantum me-

chanics. The attention then shifted to what can be achieved by utilising quantum

entanglement. This led to several proposals like superdense coding [131], quantum

teleportation [60, 61, 61–63], entanglement based quantum cryptography [67–69], su-

persensitive measurements using interferometric methods [132–138], etc.

In all these applications, one of the primary steps is the characterization of the

entanglement present in the system. To elaborate with a practical example, in entan-

glement based quantum cryptography, the two communicating parties can make sure of

no information leakage to an adversary by verifying the entanglement between them.

In the ideal case, if they determine that they share a maximally entangled state, they

can be sure of the fact that there has been no eavesdropping. Similarly, in all such ap-

plications that use entangled states as resource, certification of entanglement is a vital

step in the initial setup.

Given the importance of entanglement, its quantification has been an interesting

topic. So much so, that there are too many measures of entanglement. The amount

of entanglement present in quantum systems is generally quantified in terms of vari-

ous measures of entanglement like von Neumann entropy [139], logarithmic negativity

[140], entanglement of formation, concurrence [10] etc. All these measures are proven

entanglement monotones. However, they require a complete quantum state tomogra-

phy in order to determine the density matrix. After several steps of post-processing of

the obtained density matrix, the values of the above quantities can be calculated which

signifies the amount of entanglement. Although these measures are faithful and robust,

these cannot be calculated in real time. For real time entanglement measurement, the

Bell-CHSH inequality [141] continues to be the first choice [11, 11, 34, 128, 142–146].

In this case, a minimum of 16 measurements are required to check for entanglement in
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any two qubit system [147]. A violation is obtained for all two qubit entangled states

bounded by Tsirelson’s bound [148]. Since any measurement on a quantum system

collapses the state to an eigenstate of the measured observable, a minimum 16 copies

of the initial two - qubit state are required to calculate the value of the Bell-CHSH

parameter. This means that if there are multiple shared copies of the state available, 16

copies would be destroyed while checking for entanglement.

In this chapter, we propose a method for calculating the value of Bell-CHSH pa-

rameter with only two sets of measurement settings for two qubit entangled states.

This leads to optimised use of resources and a much better cost to performance ratio

when certifying the amount of entanglement present in the system. This could be par-

ticularly useful in quantum cryptographic applications under the general assumptions

of the validity of quantum mechanics and its predictions. Our scheme is not suitable

for general Bell tests used to determine the physical nature of reality and related ques-

tions. We use an already known reformulated version of the Bell-CHSH inequality and

show that only two sets of measurement settings leading to a total of 8 measurements

are sufficient for the purpose as opposed to the standard requirement of 16 measure-

ments. We also show that it is possible to reliably perform an approximate quantum

state estimation using only the proposed two sets of measurements. Although, a full

quantum state tomography has to be performed to correctly determine the complete

density matrix, for certain applications, these two measurement settings are sufficient

to determine both the parity and the phase bits of a two qubit entangled state like in

case of quantum teleportation, entanglement swapping and superdense coding.
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4.2 Theoretical model

In this section, we will develop the theoretical model of our proposition. But before

we get there, it is essential to review the mathematical background associated with the

violation of Bell’s inequality. In its modified form, the Bell-CHSH parameter, as it

came to be known, has the form

S = E (α,β )+E
(
α
′,β ′)+E

(
α
′,β
)
−E

(
α,β ′) , (4.1)

such that |S| ≤ 2 is known as the Bell-CHSH inequality. E (α,β ) is expressed as

E (α,β ) = P00 (α,β )+P11 (α,β )−P01 (α,β )−P10 (α,β ) , (4.2)

where Pi j (α,β )’s are probabilities of both the qubits being correlated (i = j) or anti-

correlated (i ̸= j) for detector settings α and β when measuring the spatially separated

subsystems A and B. E (α,β ) is then a measure of the correlation between the two

qubits. Quantum mechanics predicts that for a maximally entangled state, |E (α,β ) |

is always equal to 1/
√

2 if |α − β | = π/8. This means, four measurement settings

are required to obtain a violation of the Bell-CHSH parameter. In an experimental

implementation, the measurement apparatus is generally composed of a polarizer and

a detector. The polarizer can be replaced by a half-wave plate and a polarizing beam

splitter.

We will now illustrate how the number of measurement settings can be halved by

carefully choosing only two sets of angles. Let us rewrite the detector settings α,α ′ at
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A and β ,β ′ at B in terms of the Pauli operators as follows;

α = σx, α
′ = σz, (4.3)

β =
1√
2
(σx ±σz) & β

′ =
1√
2
(σx ∓σz) , (4.4)

where σi’s are the Pauli operators. The Bell parameter S of Eqn. 4.1 then takes the

form

S → S′± =
√

2(σx ⊗σx ±σz ⊗σz) . (4.5)

The expectation value of S’ has the range −2
√

2 ≤ S′ ≤ 2
√

2 which is same as before.

In case of the four Bell states

|φ±⟩= 1√
2
(|00⟩± |11⟩) , (4.6)

|ψ±⟩= 1√
2
(|01⟩± |10⟩) . (4.7)

the expectation value of S’ is obtained as follows

⟨ψ+|S′−|ψ+⟩= ⟨ψ−|S′+|ψ−⟩=−2
√

2 (4.8)

⟨φ+|S′+|φ+⟩= ⟨φ−|S′−|φ−⟩= 2
√

2 (4.9)

which means that |φ+⟩ and |ψ−⟩ are the eigenstates of S′+ while |φ−⟩ and |ψ+⟩ are the

eigenstates of S′−. This implies that in order to violate Bell-CHSH inequality, we only

need two sets of measurements. The first set is characterised by σx measurement on

both the qubits while the second set is characterised by the σz measurement, also on

both the qubits. Practically, this means that the qubits need to be measured in X basis

and Z basis only and the measurement results to be recorded in coincidence. This is

half the number of measurement settings used in general.
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We can extend this calculation for a general case too. Consider a two - qubit pure

state of the form

|ψ⟩= a00 |00⟩+a01 |01⟩+a10 |10⟩+a11 |11⟩ (4.10)

where ai, j are complex coefficients. The above equation can be used to represent all

two qubit pure states including entangled states. Calculating ⟨S′±⟩, we obtain

⟨S′±⟩ =
√

2{(a∗00 ±a∗11)(a00 ±a11)

+ (a∗01 ∓a∗10)(a10 ∓a01)} (4.11)

This shows that the Bell-CHSH operator of Eqn. 4.11 is applicable for any two qubit

pure state. In case of maximally entangled Bell states, either a00 = a11 = 1/
√

2 and

a01 = a10 = 0 or a00 = a11 = 0 and a01 = a10 = 1/
√

2. Only in these cases, a maximum

value is obtained. For the uniform superposition case, when all the coefficients are

equal, ⟨S′±⟩= 0 since in that case the two qubit state is a product state. This formulation

will work for any isotropic mixed state too. This one-parameter family of states of play

an important role when it comes to quantum communication protocols and are also

sometimes referred to as noisy singlets. This family of states best represents any pure

polarization entangled state due to the effects of depolarizing channel through which

it passes. Consider the state

ρ = p|ψ⟩⟨ψ|+(1− p)
I

4
(4.12)

where |ψ⟩ can be one of the four Bell states, and
I

4
is the maximally mixed state of

two qubits. The parameter p is probability. In this case, the expectation value of S′± is
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given as

Tr
(
ρS′±

)
=±

√
2(1+ p) (4.13)

which shows that a maximum violation is obtained only if p = 1, i.e. in case of a pure

Bell state.

4.3 Experimental setup and results

In this section, we present the experimental results obtained using entangled photons

prepared in the polarization basis. The entangled states are produced at the output of

Figure 4.1: Experimental setup used for generating the four Bell states. It is based
on the Hong-Ou-Mandel (HOM) interferometer (enclosed in blue dotted box). Photon
counting at ports 1 and 2 produces the HOM dip. Boxes A and B are used for polar-
ization entanglement analysis. The blue arrows indicate tranlation stages. The details
are in the text. L1,L2: Lens; BBO: β Barium Borate crystal; TS: Translation Stage; M:
Mirror; HWP: Halfwave Plate; BS: Beam Splitter; BB: Beam Blocker; PBS: Polarizing
Beam Splitter; FC: Fiber Coupler; SMF: Single Mode Fiber; SPCM: Single Photon
Counting Module and TDC: Time to Digital Converter.

a Hong-Ou-Mandel interferometer as shown in Figure 4.1. A pump laser is passed

through a Type-I β -Barium Borate crystal to produce down-converted photon pairs

having the same polarization state. The two photons are then sent in different paths

using a prism mirror. A half-wave plate in one of the arms, HWP 1, is used to rotate
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the polarization of one of the photons. The photons are then made incident on different

ports of a balanced non-polarizing beam splitter for the Hong-Ou-Mandel interference

effect. The quality of the interference can be calculated from the visibility data and

can be seen in Figure 4.2.

Figure 4.2: Visibility plot of the HOM interference. We recorded a visibility of 98%
measured as the ratio between the difference and sum of maximum and minimum
coincidences.

This setup directly produces |ψ−⟩ at the output of interferometer i.e. ports 1 and 2

when one of the photons is orthogonally polarized to that of the other. Box A is used

at both the outputs to analyse this state. Using Box A at port 1 and Box B at port 2

results in the generation and analysis of |φ−⟩. When both the photons emerge at the

same output port of the interferometer, they can be directed to different spatial modes 1

and 1’ using another beam splitter. Box A at both 1 and 1’, then leads to the generation

and analysis of |ψ+⟩ while Box A at port 1 and Box B at 1’ is used for generating and

analysing |φ+⟩, The detection setup, in a typical case, consists of a HWP, a PBS and

single photon detector like single photon counting modules (SPCM) at each output of

the PBS. This is the standard setup, as mentioned in the previous section, and is used

most commonly in quantum key distribution systems.
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Measurement NHH NVV NV H NHV S′+ S′− State
σx ⊗σx 5 5 136 134

-2.70 -0.07 |ψ−⟩
σz ⊗σz 1 2 126 170
σx ⊗σx 15 11 116 111

-0.23 -2.49 |ψ+⟩
σz ⊗σz 126 147 3 3
σx ⊗σx 477 526 24 18

0.71 2.67 |φ−⟩
σz ⊗σz 9 9 557 505
σx ⊗σx 172 177 26 10

2.47 0.18 |φ+⟩
σz ⊗σz 192 169 8 3

Table 4.1: Coincidence counts with optical qubits. The numbers are actual counts
recorded with a coincidence window of 486 ps and integration time of 1 s.

In the polarization basis, a σz measurement means measuring in the {|H⟩ , |V ⟩}

basis. For this the HWP is aligned at 0◦. In this case, HWP does nothing on the

polarization state of the photons. The PBS serves as the projection operator. In the

case of σx measurement, HWP is rotated to 22.5◦. In this case, the action of the HWP

combined with the PBS is equivalent to a measurement in the {|D⟩ , |A⟩} basis. In our

case, the detection setup had a single SPCM. This resulted in the trade-off that we

required a total of 8 measurement settings. But this was a setup induced limitation. In

case of the standard setup, just two measurement settings are sufficient.

In the Table 4.1, we outline the results of measurements. Ni j stands for the total

number of coincidence counts or simultaneous detections at the detectors placed in i-th

and j-th output ports of the PBS. In our limited setup, Nii was obtained by recording the

coincidence counts between the two detectors with the HWPs aligned along the same

direction. Ni j was obtained by orienting one HWP along the i direction and the other

oriented orthogonally along the j direction. We can calculate the value of the Bell-

CHSH parameter as defined in Eqn. 4.11 from the normalized coincidence numbers.
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These are calculated by dividing the number of coincidences Ni j by the sum of all the

Figure 4.3: Experimental setup used for generating the four Bell states. (A) |φ+⟩, (B)
|φ−⟩, (C) |ψ+⟩ and (D) |ψ−⟩. q[0] and q[1] are the qubits. All are initialized to |0⟩ by
default.

coincidence events ∑
i, j

Ni, j. The expectation value for each measurement setting is then

calculated as

⟨σi ⊗σi⟩=
(NHH +NVV )− (NHV +NV H)

NHH +NVV +NHV +NV H
(4.14)

where i ∈ {x,z}. We use Eqn. 4.14 to calculate the value of S′±. Using the numbers

from the first row, we obtain S′+ = −2.70 and S′− = −0.07. As outlined earlier, |ψ−⟩

is an eigenstate of S′+ and this is what we have obtained. Similarly, from the second

row, S′+ =−0.23 and S′− =−2.49 for |ψ+⟩. In case of |φ−⟩, we obtain S′+ = 0.71 and

S′− = 2.67 from the third row. From the last row, we see that S′+ = 2.47 and S′− = 0.18

for |φ+⟩.

Another interesting aspect of the above is that we can use the coincidence data to

guess the state if that information is unavailable. Consider a situation, where the only

information available to us is that we are dealing with one of the four Bell states. We do

not know which one. It is clear from the Table 4.1 that by looking at which combination
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of detectors produces maximum coincidences for each measurement setting coupled

with which of S′+ or S′− produce a violation, we can safely conclude what is the state

in question. For illustration, compare the first and second rows of Table 4.1. In both

cases, measurement in Z basis produces maximum coincidences between the H and V

ports. This tells us we are dealing with the anti-symmetric state. From the first row,

we obtain a violation for S′+, and from the second row, we obtain a violation for S′−.

This tells us that the data recorded in the former is for the singlet state |ψ−⟩, and that

in latter is for |ψ+⟩. We can use a similar argument for guessing that state from the

data in the next two rows.

Measurement NHH NVV NV H NHV S′+ S′− State
σx ⊗σx 5 5 43 47

-2.29 -0.03 |ψ−⟩
σz ⊗σz 5 5 38 52
σx ⊗σx 5 3 49 43

-0.17 -2.21 |ψ+⟩
σz ⊗σz 52 39 6 3
σx ⊗σx 46 46 5 3

0 2.38 |φ−⟩
σz ⊗σz 5 3 51 41
σx ⊗σx 48 47 3 2

2.46 0.08 |φ+⟩
σz ⊗σz 42 50 5 3

Table 4.2: Coincidence counts on IBM Quantum platform. The numbers below are in
percentage.

We have also used IBM Quantum to further verify these results. It provides an ex-

cellent platform for testing and implementing various strategies. We implemented the

circuits of Figure 4.3 to generate the four Bell states and record the measurement out-

comes of the two settings. |ψ+⟩ was generated operating on q [0] with the Hadamard

gate. Since all the qubits are initialised to |0⟩ by default, the Hadamard gate (repre-

sented by H in Figure 4.3), takes q [0] to |+⟩= 1√
2
(|0⟩+ |1⟩). A C-NOT gate on q [1]

with q [0] as the control then produces the required state.
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The X gate simply flips the state of the qubit on which it acts from |0⟩ to |1⟩ and

vice versa. Also, by default, any measurement on the platform happens in the Z basis.

So, the default measurement on both q [0] and q [1] results in the σz⊗σz measurement.

The σx ⊗ σx is equivalent to rotating the state to the X basis and then performing

a Z measurement. So the X gate was again applied after the C-NOT gate to rotate

the state. This was needed since no other measurement setting is available on IBM

Quantum other than the default setting. The results are outlined in Table 4.2. Please

Figure 4.4: A plot of |S| as a function of the parameter p as in Eqn. 4.13 (black line).
The black dashed line marks the value |S| = 2

√
2. The blue squares mark the values

of |S′| obtained from the laboratory, and the red circles mark the same obtained from
IBM Quantum experience.

note that the outcomes are recorded as percentages in this case. For each set of data, the

experiment was run for 4096 times. Due to the inherent noise in the gate operations,

the results obtained in our laboratory consistently outperformed those obtained from

IBM Quantum. But even in the presence of noise, we could obtain the Bell violation

with only two measurement settings. Although implied, this further establishes the

platform independence of our measurement scheme. Also, like before, just by looking

at the pair of detectors that produce maximum coincidences and which of the Bell-



4.4. Discussion 97

CHSH parameters S′+ or S′− violate the inequality, we can predict the prepared state.

In Figure 4.4, we show the variation of |S| with p for the one-parameter family

of states of Eqn. 4.13. In the same figure, we have marked the values of |S| that

we obtained from the optical setup and the IBM Quantum Experience. This helps us

to directly read out the amount of noise in the generated state as quantified by the

parameter p.

4.4 Discussion

The scheme that we present here is directed at quantum cryptographic protocols like

entanglement-based quantum key distribution protocols. In these protocols, a viola-

tion of the Bell-CHSH inequality is used to determine the security of communication.

These protocols are carried out under the assumptions that general postulates of quan-

tum mechanics, namely, the no-cloning theorem and monogamy of entanglement are

valid. A violation of Bell-CHSH inequality in such a scenario is used to establish that

the communicating parties share maximum quantum correlation, and there has been

no tampering by an eavesdropper. A subset of the measurement results is used in esti-

mating the value of the Bell-CHSH parameter and check for entanglement between the

two qubits. In our scheme, we have shown that a smaller subset can be used to reliably

estimate the amount of entanglement. This leads to optimised use of the qubits for the

generation of secure key bits.

4.5 Conclusion

In this chapter, we have presented a more efficient method of obtaining a violation

of the Bell-CHSH parameter for a two qubit entangled state. We show that the total

number of measurement settings required to obtain a violation can be halved. Ad-
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ditionally, from the form of the Bell-CHSH parameter that is being violated, we can

easily guess the entangled state, without the need to perform a full state tomogra-

phy. This method can have implications for laboratory demonstrations and real world

applications. Since, a lesser number of measurements are required to calculate the en-

tanglement as well as to guess the input state, this could be a more efficient method of

verifying entanglement in device independent quantum key distribution systems where

the resource, i.e the entangled qubits are extremely valuable. A lesser number of mea-

surements would imply a large resource at disposal for generating the key bits thereby

having a direct effect on key rates. We have verified our scheme through experiments

performed on optical qubits in the laboratory as well on the IBM Quantum platform.



Chapter 5

BBM92 quantum key distribution for

an atmospheric channel of 200 meters

Quantum phenomena do not occur in a Hilbert space. They occur in laboratory.

-Asher Peres

5.1 Introduction

In classical communication, the security of encryption keys for parties communicating

with each other is an ongoing challenge. Even after 50 years of digital communica-

tion, the security depends upon the hardness of breaking the encryption, which may

compromise the security of encrypted messages sent through a public channel once a

quantum computer intercepts them. With the development of quantum computers hav-

ing sufficient numbers of good quality qubits becoming a practical reality, the demand

for secure communication has increased. It has already been realized that by using

Shor’s algorithm [149–151], one can break the encryption used in key distribution be-

99
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tween communicating parties [126]. Quantum Key Distribution (QKD), on the other

hand, relies on the principles of quantum mechanics, like uncertainty principle, no-

cloning theorem and monogamy of entanglement to securely distribute keys between

the communicating parties [70, 152]. These principles make QKD safe even against a

quantum computer while making no assumptions on Eve’s technological capability.

Every QKD protocol has distance limitations as the loss and disturbance in the

channel increases with the transmission distance. Entanglement-based QKD (EB-

QKD) are ideal for long-distance quantum communication like satellite-to-ground, as

it can make two far apart ground stations communicate securely. Also, the security

is not compromised irrespective of the satellite distributing entangled photon pairs is

trusted or not. It must be noted that the satellite-to-ground EB-QKD has already been

performed [153, 154]. The current limitation of using EB-QKD is the low key rate, as

the entangled photon pairs are generally produced via spontaneous parametric down-

conversion (SPDC) [155, 156] process which is not very efficient. The two factors

contributing to low key rates are low-efficiency of the photon-pair generation, and loss

of photons in the communication channel. Low efficiency can be compensated with the

high-brightness, high-fidelity photon-pair sources. On the other hand, one of the ways

to mitigate the effect of channel is by studying its effect on parameters controlling the

QKD. The controlled and quantitative studies to observe the influence of atmospheric

conditions such as the presence of particulate matter (PM) or aerosols have not been

considered earlier. In this study, we account the presence of aerosols and show its

effect on the secure key rate.

Atmospheric aerosols, solid or liquid particles suspended in air, are produced by

natural sources and anthropogenic emissions. Mineral dust and sea salt are produced

from natural sources while sulfate, nitrate, black carbon and organic carbon are emit-
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ted primarily from emissions of fossil fuel and biomass burning/biofuels and/or con-

verted into particles through a gas-to-particle conversion mechanism. Atmospheric

aerosols can scatter and absorb the incident radiation. The dry and long summer of

Ahmedabad, a metropolitan city and urban environment, contains a relatively higher

amount of aerosols [157]. Here, we report the implementation of BBM92 protocol at

the indigenously developed communication channel facility at PRL, and the effect of

dust/atmospheric channel on the secure key rate. This is the first attempt, in India, to

implement such studies, and eventually will form a strong base for the future long-

distance quantum communication. For carrying out satellite-to-ground based commu-

nication, entanglement-based QKD (EBQKD), such as BBM92 protocol is the most

suitable as it does not require a trusted node [158, 159]. The chapter is structured as

follows: Section 5.2 contains preliminaries about the BBM92 protocol, the entangled

photon-pair source, and the indigenous facility built to study the atmospheric channel.

Section 5.3 contains the results obtained and the related discussion. And finally, we

end the chapter with concluding remarks in section 5.4.

5.2 Background

BBM92 is a QKD protocol which involves pairs of entangled photons and can be

regarded as an entangled photon version of the BB84 protocol. BB84 is a prepare

and measure QKD protocol where Alice randomly generates polarization states using

random number generators (RNGs) whereas in BBM92 the randomness is inherent to

the entangled photon pairs. The basic block diagram of the BBM92 protocol is shown

in Figure 5.1.

In this protocol, a common sender Charlie generates a pair of entangled photons

and sends them to Alice and Bob through a quantum channel. Quantum channels can
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be free-space, water or optical fibre. Alice and Bob independently perform their mea-

surements in a random basis. Once the measurement is done, both declare their basis

choices through the public channel. Only those measurements contribute to key for

Figure 5.1: The block diagram of implemented BBM92 protocol.

which Alice and Bob have chosen the same basis, and the rest of the measurements are

discarded. The key formed after this process is called sifted key. To compensate for

any secrecy loss during the basis reconciliation through classical channel, error cor-

rection (EC) and privacy amplification (PA) is performed on sifted key to get a secure

key. In our experiment, the quantum channel between Charlie and Alice is not exposed

to atmospheric aerosols as both are co-located in the same room. However, the quan-

tum channel between Charlie and Bob experiences the free-space dusty atmospheric

channel of 35 m and 200 m.

5.2.1 Entangled photon-pair source

The high-efficient, high-brightness, in-house developed polarization-entangled photon-

pair source was set up using PPKTP crystal placed in a Sagnac interferometer. The
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schematic of the experimental setup is shown in Figure 5.2 [160]. A continuous-wave

laser at the wavelength of 405 nm and output power of ∼5 mW is used to pump a 30

mm long Type-0 PPKTP crystal of period Λ = 3.425 µm. A lens L1 of focal length

400 mm is used to focus the pump beam on the crystal to generate entangled pho-

tons using a novel experimental scheme based on polarization Sagnac interferometer

consisting of a dual-wavelength polarizing beam splitter cube (D-PBS), two half-wave

plates HWP3, HWP4, and two high reflecting (R>99%) mirrors M1, M2 at 810 nm.

The working principle of this setup is well explained in the article [160].

M1

M2

405 nm 

Pump
D-PBSHWP2HWP1

PBS1

HWP3

L1

L2

HWP5
HWP6

HWP4

PBS2 PBS3

Filter

PM

SPCM
SPCM

SMF
SMF

Figure 5.2: Schematic diagram of the polarization entangled photon pairs source.
Dual polarizing beam splitter D-PBS operates at both 405 nm and 810 nm. Half wave
plates HWP1,2,3 and HWP4,5,6 operate at 405 nm and 810 nm respectively. Lens L1:
400 mm, lens L2: 200mm , M1 and M2: high reflecting mirrors at 810 nm, Filter:
bandpass filter of bandwidth 10 nm centered at 810 nm, PM: prism mirror, SMF:
single-mode fiber, SPCM: single-photon counting modules.

Since both the clockwise and counter-clockwise pump beams follow the same path

but in opposite directions inside Sagnac interferometer and the PPKTP crystal is placed

symmetric to the D-PBS, the implemented scheme is robust against any optical path

changes to produce SPDC photons in orthogonal polarizations with ultra-stable phase.
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The analyzer comprises a PBS and a HWP plate, and is used to measure the polar-

ization entanglement of the generated photon pairs. The polarization entangled state

generated from this method is

|Ψ⟩= 1√
2
(|HH⟩+ |VV ⟩) . (5.1)

5.2.2 Communication channel and their positioning

Our communication channel consists of arrangements on two buildings, located nearby,

in the Thaltej campus of PRL. The sending and receiving ends are located on the same

Figure 5.3: Arrangement of various components in the channel. It includes the loca-
tion of Alice and Bob, and their setups. (a) Aerial view of free space entanglement
based QKD channel (Image courtesy: Google earth), (b) optical setup of Alice. Red
solid lines indicate the direction of entangled photon pair. Out of each pair generated,
one stays with Alice and another goes to Bob (c) non-LOS channel consist of one re-
flecting mirror, (d) front view of Alice and Bob room, (e) optical setup of Bob, (f)
preparation of entangled photon pair source (EPS).

terrace in two separate rooms. There are two reflectors - one for a path length of 35 m

and another for 200 m on the other building to reflect back the photons. The reflector

consists of a 1-inch diameter mirror placed on a structure dedicated to this purpose.
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The channels run through a free-space open atmosphere to study the effect of aerosol-

s/dust on the protocols. The schematic of the building structure and the placement of

the equipment is shown in Figure 5.3. Charlie who prepares entangled photon-pairs

and Alice are co-located in our arrangement, while Bob is placed in the nearby room.

Out of each photon pair generated, one stays at the receiving end with Alice and the

another travels through the quantum channel consisting of going to the reflector and

getting reflected to reach the receiving end to Bob, as shown in the protocol diagram

(Figure 5.1). The complete optical setup is shown in Figure 5.4. The experiment was

performed at night (11 PM to 5 AM Indian Standard Time), in order to ensure that

there is no interference due to the direct sunlight.
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Figure 5.4: Schematic of the complete experimental setup that includes both opti-
cal and electronic arrangements. EPS: entangled photon source, FM: flip mirror, PM:
prism mirror, M: mirror, F: filter, FC: fiber coupler, BS: beam splitter, PBS: polariza-
tion beam splitter, HWP: half wave plate, SMF: single-mode fiber, MMF: multi-mode
fiber, SPCM: single-photon counting modules.
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5.3 Results and Discussion

To study the effect of aerosols/dust present in the atmospheric channel on the secure

key rate, we performed the experiment for 35 m channel on 8 May 2021 and 200 m

channel on 10 May 2021. The atmospheric conditions for these two days are summa-

rized in Table 5.1. The extinction coefficient (Ext.) in the table represents the loss of

photons due to absorption and scattering, which depends on the concentration of atmo-

spheric aerosols, their size distribution, and refractive index. Aerosol characteristics

reported here are measured in Aerosol Monitoring Laboratory, PRL. The extinction

coefficient is measured using CAPS PM monitor (Aerodyne Research Inc., USA) and

aerosol size distribution and PM less than 2.5 micrometer diameter are measured us-

ing an aerosol spectrometer (GRIMM Aerosol Technik, Germany). From the Table

5.1, the extinction coefficient on 10 May 2021 is lower by ∼37%, leading to clear

atmosphere and more transmissivity through channel. Also, the value of particulate

matter (PM2.5) has lower concentration. Thus, choosing these two different days have

provided the variability in the atmospheric conditions, most suitable for this study. In

Ahmedabad, the higher values occur due to lower wind speed and shallow atmospheric

boundary layer [157].

Date Ext. ([Mm]−1) PM2.5 (µg/m3)
8 May 2021 γ35 = 76.41±7.78 2.87±0.26
10 May 2021 γ200 = 48.67±6.70 1.68±0.24

Table 5.1: Extinction coefficient (Ext.) and particulate matter (PM2.5) concentrations
are averages of hourly data from 12 midnight to 5 AM obtained from the Aerosol Mon-
itoring Laboratory, PRL. The extinction coefficients data correspond to 525 nm. The
data is fitted with the Angstrom power law for urban aerosols (model) corresponding
to 70% relative humidity (appropriate for April-May) and found that wavelength ex-
ponent for extinction coefficients between 525 and 800 nm is about 1.5. Mm: Mega
meter.

The channel transmissivity was measured by sending a beacon laser beam of 810
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nm through the channel and was measured to be 94% for 35 m and 70% for 200 m. The

power of laser was measured before the launching optics and after the collecting optics

to estimate the channel transmissivity on both days. The use of a beacon laser was cru-

cial for precise alignment and also for further corrections required due to the breeze

in the weather on both days. From Figure 5.4, one can observe that eight detectors

are used in the experiment, four each for Alice and Bob. Analogous to any classical

communication protocol, BBM92 also requires timing synchronization between com-

municating parties to distribute keys correctly. We connected the SPCM4 and SPCM8

to time-tagger ID900, and found the time-difference between Alice and Bob is 120 ns

for ∼35 m and 666 ns for ∼200 m channels based on the histogram obtained between

the two channels (Figure 5.5). The coincidences were measured with the time-window

of 1 ns.
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Figure 5.5: Time delay between Alice and Bob for 200 meters as observed from
coincidence histogram.

We started with the effect of channel on the entanglement distribution between

Alice and Bob, and measured the H/V and D/A polarization visibilities. The bright-

ness of the entangled photon source is 0.3 KHzmW−1nm−1 and the fidelity is 92.76%.

The graphs corresponding to these measurements are shown in Figures 5.6 - 5.7. The
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visibilities obtained for 35 m channel on 8 May 2021 were 93.17%, 93.71%, 85.39%

and 83.12% for H/V and D/A, respectively. The mean of these visibilities is 88.85%.

For 200 m channel on 10 May 2021, the respective visibilities were 92.16%, 93.72%,

88.76% and 89.34%. The mean of these visibilities is 90.99%. The parameters ob-

tained for both the distances are summarized in Table 5.2. The S value greater than 2

ensures that secure key distribution can be done over the given channel. It shows that

the atmosphere plays a role as visibilities are higher for 200 m, because of the lower

extinction coefficients on May 10, despite the channel length being longer. The total

count rate is a combined effect of channel losses and the length of the channel.
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Figure 5.6: Obtained H/V and D/A graphs for 35 m channel taken on 8 May 2021.
Solid lines are theoretical fit and lines of 98% confidence interval.

The quantum bit-error-rate (Q) and sifted key rate (SKR) can be calculated as [161,

162]

Q =
1−Visibility

2
. (5.2)

The value of Q for 35 m is 5.58% and for 200 m it is 4.50%. The sifted key rate can
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Figure 5.7: Obtained H/V and D/A graphs for 200 m channel taken on 10 May 2021.
Solid lines are theoretical fit and lines of 98% confidence interval.

be calculated from the coincidence counts rates (cc) as

Rsi f = 4× cc. (5.3)

The factor 4 accounts for the total of all four coincidences (HH, VV , DD, and AA), as

the correct number of coincidences will contribute to total sifted key rate. The secret

key rate after the error correction is given by

Rsec = n
(

1
2
−2×Q− s

)
, (5.4)

where n is the number of bits left after error correction, and s is the security parameter

[163]. The lower value of Rsec is a direct consequence of worse atmospheric condi-

tions, which is also consistent with the visibilities. The different key rates obtained for

both the distances are summarized in Table 5.2. The measured channel transmission

is 0.94 for 35 m and 0.70 for 200 m on the two dates of the experiment. As the atmo-

spheric condition follows Beer-Lambert law [164], the transmission T of the channel



110
Chapter 5. BBM92 quantum key distribution for an atmospheric channel of 200

meters

Parameters 35 m 200 m
Channel transmission (%) 94 70
CHSH Bell parameter (S) 2.51±0.06 2.54±0.06
Mean visibility (%) 88.85±5.39 90.99±5.89
QBER (%) 5.58 4.50
Sifted key rate (kbps) 6.37 4.89
Key rate after EC (kbps) 6.01 4.20
Key rate after PA (kbps) 2.33 1.71
Secure key rate (kbps) 2.33 1.71

Table 5.2: Summary of the parameters obtained for 35 m channel on 8 May 2021, and
200 m channel on 10 May 2021.

can be written in terms of the number of photons sent (NIn) and the number of photons

received (NOut) on the other end of the free space atmospheric channel as

T =
NOut

NIn
= Sc exp(−1.5× γL), (5.5)

where Sc is the scaling parameter, γ is the extinction coefficient of the atmosphere, and

L is the propagation length. The scaling parameter contains all the losses, except the

effect from atmosphere. With the transmission information, we obtained the values

Sc35 = 0.944 and Sc200 = 0.710.

Comparing the atmospheric conditions including the channel lengths for 8 May

and 10 May, the transmission (T ) ratios f can be written as

f =
Sc35 exp(−1.5× γ3535)

Sc200 exp(−1.5× γ200200)
= 1.34. (5.6)

From our channel and experiments, the similar ratios are observed for the coincidence

rates (cc), sifted key rate (Rsi f ) and secured key rates (Rsec), as shown by

cc35

cc200
= 1.28, (5.7)
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Rsi f 35

Rsi f 200
= 1.30, and (5.8)

Rsec 35

Rsec 200
= 1.36. (5.9)

The similar values show that the Beer-Lambert law is suitable for considering the at-

mospheric aerosols and is consistent with the quantum parameters observed from the

channel. One of the reasons is the linear dependence of sifted key rate on the coin-

cidences observed per second. Moreover, the free space channel does not introduce

any polarization changes to the photons [165, 166]. To obtain the key rates for any

other day, the new factor f need to be calculated from Eqn. 5.6 and similarly the other

parameters can be obtained using Eqns 5.7.

To determine the secure key, the time tags for all the eight channels have been

recorded using the eight-channel digital oscilloscope (Tektronix MSO68B 6-BW-2500).

The oscilloscope has a bandwidth of 2.5 GHz, and it was used to record the TTL pulses

coming from single-photon detectors with a sampling rate of 1.25 GS/s with an inte-

gration time of 40 ms to measure the key rate. The recorded data contains the voltage

sample, and from that, the rising edge of TTL pulses provides the arrival time. The

post-processing includes basis reconciliation, error estimation, error correction, and

privacy amplification, which are implemented in MATLAB. We have implemented a

low-density parity-check (LDPC) error correction code [167] with a code rate of 0.5

for error correction. Choice of LDPC matrices closely depends on QBER and directly

affects the secure key rate. Higher QBER means it takes more parity bits to correct

those errors and thus, reduces the key rate.

Once error-corrected keys are generated, privacy amplification [168] is done via

2-universal Toeplitz hash function. During privacy amplification, the length of the

hashed output is chosen pertaining to the parity bits used in error correction, QBER,
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and security parameter which decides the final length of the secure key.

5.4 Conclusion

In conclusion, we have implemented, BBM92 protocol, an entanglement-based QKD

protocol, over 35 m and 200 m free-space atmospheric channel, and simultaneously

studied the effect of aerosols on the secure key rate. This is the first study of its kind

where the extinction coefficient of atmospheric aerosols is used to study the varia-

tion of entanglement, QBER, and key rate. We also found that the key rate follows

the extinction coefficient of the atmospheric aerosols on that particular day. As the

key rate depends on the channel length, the larger the channel, the smaller will be the

key rate. Further experiments are planned to study the effect for longer duration and

to check the validity of models for estimating the key rate due to atmospheric con-

ditions for the satellite-based quantum communications [169]. The presented results

may find application in setting up quantum communication network using satellites

and the placement of entangled photo-pair sources.



Chapter 6

Engineering higher dimension

entanglement

Entanglement is not one but rather the characteristic trait of quantum mechanics

-Erwin Schrodinger

6.1 Introduction

Qubit entanglement or two dimensional entanglement has been used in many quantum

information protocols.[165, 166, 170]. Using d-dimensional or qudit entanglement

over qubit enables access to larger Hilbert space [171] and is a valuable resource for

secure and efficient quantum information processing [172]. In recent years, entangle-

ment of more than two-dimensions has attracted interest owing to a larger informa-

tion capacity [35–37]. It provides the best security in quantum information protocols

which cannot be matched using qubit based system. Higher dimensional entangled

state (HD-ES) can be constructed in many of the photon’s degrees of freedom (DOFs)

113
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for example, in orbital angular momentum (OAM), path, frequency, photon number

and temporal modes. HD-ES in OAM has been gaining more attention due to their

easy scalability in dimension [173, 174].

The most commonly method to generate OAM entanglement is spontaneous para-

metric down-conversion (SPDC) process. In this process, one high energy photon

creates two low energy photons named signal and idler via second order nonlinear

process. According to OAM conservation law, OAM of the pump photon should be

equal to the sum of the signal and idler photon’s OAM ie. mp = ms+mi, where mp, ms

and mi is the OAM of pump, signal, and idler respectively. The photon pair generated

through SPDC shows infinite dimensional entangled state in OAM degree of freedom.

Dimensionality of the entanglement can be adjusted by the choice of basis selection.

Output of the SPDC process can be written as ∑Cms,mi |ms⟩ |mi⟩ followed by OAM

conservation law. Here Cms,mi is the probability amplitude for the occurrence of the

state |ms⟩ |mi⟩. The width of the OAM spectrum is known as spiral bandwidth (SB)

[175]. For the maximally entangled state (MES), Cms,mi = 1/
√

d where d is the di-

mensionality of the entangled state. The higher dimensional entangled states can be

achieved by controlling the spiral bandwidth of two photons generated through SPDC

process [176].

6.2 Orbital angular momentum of light

Laguerre-Gaussian (LG) beams carry a well defined orbital angular momentum [177].

LG beams are characterized by a radial index and an azimuthal index. These are phase

singular beams and has a helical transverse phase profile. Mathematically, these are
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represented by,

LGp
m(r,φ) =

Cm,p

w

(
r
√

2
w

)|m|

Lp
|m|

(
2r2

w2

)
exp
(
−ik

r2

2R

)
exp
(
− r2

w2

)
exp(−imφ)

(6.1)

where {r,φ} are polar coordinates, p is the radial index and m is the azimuthal index

of the Laguerre polynomial represented by Lp
|m|, Cm,p is the mode amplitude, k is the

magnitude of wave vector, w and R are the beam waist and radius of curvature of the

wavefront respectively. Unlike the wavefront of a plane wave, the wavefront of LG

beams are helical in shape as shown in Figure 6.1 and the twisting of helix is described

by the parameter, known as topological charge, m. In Eqn. 6.1, azimuthal phase term

Figure 6.1: Intensity distribution and wavefront of optical vortices of order m =
0,1, and 2

e−imφ describes m-intertwined helical phase structure where the energy flows spirally

around the beam axis during the propagation. The transverse profile of these beams

(assumimg radial index p = 0 for simplicity) are characterised by a hollow centre

surrounded by a bright ring, that is why these beams are also known as optical vortices

(OV). The radius of the bright ring increases with increasing azimuthal index. Intensity

and phase distribution of LG mode of order m =−2,−1,0,1,2 is shown in Figure 6.2.

The order of LG mode can be +ve or -ve depending upon the direction of energy flow.
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Figure 6.2: Intensity (top row) and phase distribution (bottom row) of various LG
modes. The red curved arrow shows the direction of energy flow of vortex around the
beam axis

The bottom row of Figure 6.2 shows the phase jump of of the vortex beam. There are

2πm phase jumps for LG mode of order m.

6.2.1 Generation of OAM carrying light beam

There are mainly three methods to generate OAM modes of light:

• Spiral phase plate (SPP)

• Computer generated holograms (CGH)

• Spatial light modulators (SLM)

Spiral phase plate (SPP)

Spiral phase plates (also known as ‘vortex lens’) are used to generate vortex beams.

These SPPs are constructed from the pieces of dielctric material in the form of trans-

parent disc whose thickness varies in a spiral pattern with azimuthal angle [178]. The

spirally varrying thickness will imprint a phase gradient on light passing through it.
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Figure 6.3: Generation of optical vortex beam using SPP

For a given wavelength λ , the azimuthal phase shift is given by,

δ =
(n−1)t

λ
φ (6.2)

where t is the optical thickness at an azimuthal angle φ and n is the refractive index of

SPP material. When the total phase shift around the SPP is 2πm, where m is an integer,

then the output beam will have an OAM mh̄. In Eqn 6.2, for φ = 2π thickness t will

be maximum . The maximum optical thickness (‘step height’) h can be written as,

h =
mλ

n−1
(6.3)

Computer generated holograms (CGH)

The second method to generate vortex beam is phase holograms. Computer generated

holograms (CGHs) are the diffraction gratings printed on a transparent holographic

sheet [179]. The diffraction gratings are the interference pattern formed by a reference

plane wave and the object beam that has to be generated. When the object beam is

the Laguerre-Gauss (LG) beam, the interference pattern or hologram looks like a fork

pattern.
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The superposition of a plane wave and an object beam is often known as field

transmission function and it is written as,

f (x,y) = exp(ikxx)+ exp(imφ), (6.4)

where kx is the x-component of the wave-vector, m is the order of the object LG beam

and φ = tan−1(y/x). The pattern imprinted on the transparent holographic sheet is

proportional to,

g(x,y) = | f (x,y)|2 (6.5)

= 2(1+ cos(kxx±mφ)). (6.6)

The Eqn. 6.6 results in an interference pattern with a fork kind of dislocation (Figure

6.4). When the hologram of order m is illuminated with Gaussian beam, an optical

m = 1 m = 2 m = 3

m =−1 m =−2 m =−3

Figure 6.4: Computer generated holograms for LG mode of order m =±1,±2±3
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vortex of order m is formed at the first diffraction order.

Spatial light modulators (SLM)

Spatial light modulator (SLM) is a device that can modulate amplitude and phase of

the light beam spatially. One can imprint the hologram pattern on the SLM and can

easily generate the vortex beam [180]. Phase change is achieved by layers of liquid

crystals (LC) trapped between pixelized electrodes on CMOS chip, which enable each

layer of liquid crystals to align in a particular direction (Figure 6.5). This modulator

is then set between a transparent plate and a silicon plate, so that the light is reflected

back in the same direction. The computer generated hologram (CGH) is transferred

Figure 6.5: Working principle of spatial light modulator (SLM)

into the SLM through a computer. The graphics card installed in computer generates

a video signal corresponding to the desired CGH. The electric field of the video signal

changes the refractive index of the liquid crystal molecules and aligns them to form a

desired hologram. When the SLM is illuminated by a laser beam, an optical vortex is

generated at the first diffracted order.

6.2.2 Detection of OAM

There are various methods to detect and analyse the OAM content of light:
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• Phase-flattening technique [181]

• Tilted-lens technique [182]

• Double-slit interference technique [183]

• Interferometry technique [184]

Among all these techniques, the phase-flattening technique is the easist way to analyse

the OAM content of light and it works well in classical as well as in quantum domain.

The idea is to flatten the azimuthal phase of the input beam via projective measurement.

In this technique, when the input LG beam of order m is projected onto a conjugate

LG mode of order −m using a SLM, then the helical phase of the input beam is can-

celled by the forked grating of conjugate mode on the SLM. Due to azimuthal phase

cancellation, a Gaussian mode is generated at the far-field intensity distribution. The

Gaussian mode can be coupled into the single mode fiber (SMF) for the detection of

OAM content of input LG mode. This method is known as ‘Phase flattening’.

6.3 Generation of OAM entanglement

SPDC process follows OAM conservation law which means that ‘sum of the OAM of

signal and idler photon (ms and mi) must be equal to the OAM of pump photon (mp)’.

mp = ms +mi, (6.7)

The photon pairs generated through SPDC maintain OAM correlation which leads to

the OAM entanglement [31]. The output of the SPDC process in OAM degree of
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freedom can be written as,

|Ψ⟩spdc =
+∞

∑
ms=−∞

Cms,mp−ms |ms⟩ |mp −ms⟩ , (6.8)

where mp is the OAM of the pump photon and ms is the OAM of the signal photon.

The OAM of the idler photon is calculated from the conservation equation mp = ms +

mi which gives mi = mp − ms. The normalized expansion coefficient Cms,mp−ms is

the probability amplitude for the creation of the photon pair carrying OAM msh̄ and

(mp−ms)h̄. It can be calculated by projecting the conjugate azimuthal modes in signal

and idler photons:

Cms,mp−ms = ⟨ms| ⟨mp −ms|Ψspdc⟩ , (6.9)

For a Gaussian pump mp = 0, the two photon state in the OAM basis is given by,

|Ψ⟩spdc =C0,0 |0⟩s |0⟩i +C1,−1 |1⟩s |−1⟩i +C−1,1 |−1⟩s |1⟩i

+C2,−2 |2⟩s |−2⟩i +C−2,2 |−2⟩s |2⟩i + ... (6.10)

Eqn. 6.10 represents the multi-dimensional OAM entangled state of two photons.

Photon pairs in SPDC process are the coherent superposition of many different OAM

values allowed by the conservation of orbital angular momentum. It means that none

of the photon in state (Eqn. 6.10) possess a well defined OAM after SPDC process. To

measure the OAM of the twin photon, signal and idler, one has to use phase flattening

technique. This will give a number of coincidence counts for photon pairs to be in

a particular OAM state |m⟩s |−m⟩i. The probability of detecting both the photons in

|m⟩s |−m⟩i and |−m⟩s |m⟩i state is equal,

Cms,−mi =C−ms,mi. (6.11)
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Before measuring the OAM entanglement of the photon pairs, first we have to confirm

that SPDC conserves orbital angular momentum. Then we show that the OAM corre-

lation obtained from the SPDC process can not be explained by classical correlation.

6.3.1 Experimental setup

The basic experimental setup for the generation and measurement of OAM correla-

tion is given in Figure 6.6. To confirm the OAM conservation in SPDC process we

Figure 6.6: Experimental setup for measuring the OAM correlation in SPDC. SLM is
used to change the spatial mode of Pump. Lens L1 is used to focus the pump at the
center of Type-II PPKTP crystal.

used three different cases with the pump photon having three different OAM values

−h̄, 0, and + h̄. An ultra violet (UV) diode laser of wavelength 405 nm is used

to pump the second order nonlinear Type-II PPKTP crystal of length 30 mm. SLM

(Hamamatsu, LCOS-SLM) is used to change the pump orbital angular momentum.

Lens L1 is used to focus the pump at the center of the crystal to generate twin photons,

signal and idler. A interference filter (IF) (810± 5) nm is used to block the pump beam

after the crystal and pass down the signal and idler of wavelength 810 nm. Both the
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photons, signal and idler, split into two different directions after passing through the

PBS. These signal and idler photons then are imaged to the SLM1 and SLM2 using

4f-imaging. SLM1 and SLM2 are used to do projective measurement by projecting the

signal and idler to a conjugate LG mode so that resultant output will become Gaussian.

The SLM plane is imaged to the fiber couplers (FC) in each arm. The fiber coupler are

attached to the SMF which are then connected to the single photon counting module

(SPCM-AQRH-16-FC, Excelitas). Both the SPCMs are connected to the coincidence

counter (IDQ quantique ID800) to measure number of correlated photon pairs.

6.3.2 Results

We first study the OAM spectrum for the pump beam carrying OAM −h̄, 0, and + h̄.

Figure 6.7 shows the experimentally measured coincidence counts per second by per-

forming the projective measurement of OAM in signal and idler arms ranging from

m = −4 to + 4. The diagonal element of OAM spectra is consistent with OAM con-

Figure 6.7: Experimentally measured OAM correlation in SPDC for the pump having
(a) m =−1(b) m = 0, and (c) m = 1

servation. We observed that for the Gaussian pump, signal and idler photons always

carry equal and opposite OAM charge so that the net OAM becomes zero. But the

probability is maximum for the combined twin photon state |0⟩s |0⟩i. In case of pump

beam being in LG mode of order ±1, the maximum probability shifted to the state
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|±1⟩s |0⟩i and |0⟩s |±1⟩i.

Since the output of SPDC process gives a multi-dimensional entangled state where

the OAM value can run from −∞ to +∞. Therefore, qubits in OAM space can be con-

sidered as qudits. But the demonstration of OAM entanglement for multi-dimension is

a complicated task. Therefore, for the simplicity, we selected a two dimensional OAM

subspace from the infinite OAM Hilbert space via post selection. Using Eqn. 6.10

for the Gaussian pump, the qubit OAM entangled state can be obtained by applying

projection operator on state |Ψ⟩SPDC,

|Ψ⟩ent = (|1⟩s |−1⟩i ⟨1|s ⟨−1|i + |−1⟩s |1⟩i ⟨−1|s ⟨1|i) |Ψ⟩SPDC

=C1,−1 |1⟩s |−1⟩i +C−1,1 |−1⟩s |1⟩i , (6.12)

Since in SPDC process, C1,−1 =C−1,1, therefore

|Ψ⟩ent =
1√
2
(|1⟩s |−1⟩i + |−1⟩s |1⟩i) . (6.13)

The Eqn. 6.13 is a two-qubit OAM entangled state in ±1 OAM basis.

6.4 Engineering higher dimension entangled state

A state with more than two dimensions is known as qudit. Unlike qubit which has only

two states |0⟩ and |1⟩, qudit has |0⟩ , |1⟩ , |2⟩ ..... |d −1⟩ states. A Single qudit state can

be written as,

|Ψ⟩=C0 |0⟩+C1 |1⟩+C2 |2⟩+ ...+Cd−1 |d −1⟩ , (6.14)
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where

|C0|2 + |C1|2 + |C2|2 + ...+ |Cd−1|2 = 1, ⟨i| j⟩i̸= j = 0, i, j = 0,1,2, ...d−1 (6.15)

The information of the states |0⟩ , |1⟩ , |2⟩ ..... |d −1⟩ is stored in the amplitude coeffi-

cients C0, C1, C2, ...Cd−1.

The two-qudit entangled state can be written as,

|Ψ⟩HD-ES =
d−1

∑
j=0

C j j | j⟩s | j⟩i , (6.16)

For the maximally entangled state, the value of the amplitude coefficient C j j must be

equal for each state i.e.

C j j =
1√
d
. (6.17)

The photon pairs generated through SPDC show in principle infinite dimensional en-

tangled state in OAM degree of freedom. Dimensionality of the entanglement is de-

cided by the selection of bases. The output of the SPDC process can be written as

∑Cms,mi |ms⟩ |mi⟩ based on the conservation of OAM. Here Cms,mi is the probability

amplitude for the occurrence of the state |ms⟩ |mi⟩. The number of the OAM modes

generated in SPDC process is known as spiral bandwidth (SB), which is obtained

from the full-width-half-maximum (FWHM) of the OAM spectrum. Since for the

maximally entangled state (MES), Cms,mi = 1/
√

d, therefore to achieve a desired d-

dimensional entangled state, one has to broaden the spiral bandwidth of two entangled

photons such that the value of amplitude coefficient Cms,mi for the d-dimension OAM

basis becomes 1/
√

d.
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6.4.1 Controlling OAM spectrum of two photon entangled state

For generating a d-dimensional entangled state, OAM is one of the natural choice of

the bases. As it is known, the SPDC photons are entangled in OAM degree of freedom,

|Ψ⟩spdc = ∑
ms

Cms,mi |ms⟩ |mi⟩ , (6.18)

In order to control the OAM spectrum of SPDC photons, we need to calculate Cms,mi .

The amplitude coefficient Cms,mi can be written as an overlap integral of pump, signal

and idler field,

Cms,mi =
∫ ∫

dks⊥ dki⊥ Φ(ks⊥,ki⊥)[LGms(ks⊥)]
∗[LGmi(ki⊥)]

∗, (6.19)

where LGms(ks⊥) and LGmi(ki⊥) are Laguerre-Gaussian (LG) mode profile of signal

and idler (Eqn. 6.1). ks⊥ and ki⊥ are the transverse wave vectors of signal and idler

that satisfies the momentum conservation,

kp⊥ = ks⊥+ ki⊥, (6.20)

The above integral of Cms,mi depends on the momentum co-ordinates of signal and

idler. The pump beam profile and the phase matching condition is included in the

Φ-function Φ(ks⊥,ki⊥) and it can be written as,

Φ(ks⊥,ki⊥) = E(ks⊥+ ki⊥)W (ks⊥,ki⊥), (6.21)

where W (ks⊥,ki⊥) shows the phase matching condition and is given by,

W (ks⊥,ki⊥) =

√
2L

π2kp
sinc

(
L|ks⊥− ki⊥|2

4kp

)
exp
(
−i

L|ks⊥− ki⊥|2

4kp

)
, (6.22)
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where L is the length of the crystal. E(ks⊥+ki⊥) is the Fourier transform of the spatial

distribution of pump profile at the input face of the crystal and is given by,

E(ks⊥,ki⊥) =
wp√
2π

e−
w2

p
4 |ks⊥+ki⊥|2, (6.23)

where wp is the pump beam waist. Now using Eqn. 6.22 and 6.23 in Eqn. 6.21, the

function Φ(ks⊥,ki⊥) can be rewritten as,

Φ(ks⊥,ki⊥) =
wp√
2π

e−
w2

p
4 |ks⊥+ki⊥|2

√
2L

π2kp
sinc

(
L|ks⊥− ki⊥|2

4kp

)
exp
(
−i

L|ks⊥− ki⊥|2

4kp

)
,

(6.24)

After solving the above equation for Gaussian pump profile, we will get

|Cms,−mi|
2

α

(
2γiγs

1+ γ2
i + γ2

s

)2|m|
, (6.25)

where γs (and γi) is the ratio between pump waist and signal waist wp/ws (and wp/ws).

If we further choose the beam waist of signal and idler to be equal then γs = γi = γ and

the above equation simplifies to [176],

|Cms,−mi|
2

α

(
2γ2

1+2γ2

)2|m|
. (6.26)

This shows that for a given nonlinear crystal and pump profile, the amplitude coeffi-

cient Cms,−mi depends on the length of the crystal (L), the pump beam waist wp and the

chosen waist of the LG mode (ws and wi). Through the normalization of Eqn. 6.26,

it turns out that the amplitude can be shown to depend on the normalized parameter

[175],

w̄p =
wp√
λpL

(6.27)
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where λp is the wavelength of the pump beam. The amplitude coefficient Cms,−mi is

directly proportional to wp and inversely proportional to ws and wi. Thus, larger pump

waist (or smaller signal and idler waist) increases the size of the spiral bandwidth of

two photon entangled state. Therefore, by manipulating the pump beam waist at the

center of the crystal, one can achieve Cms,−mi = 1/
√

d for d-dimensional entangled

state.

6.4.2 Results and discussion

In our experiment (Figure 6.6), the wavelength of the pump is λp = 405 nm, and

the crystal length is L = 30 mm. Therefore a pump beam waist of wp = 110 µm

corresponds to a normalized value of w̄p = 1. This gives an important scaling rule for

spiral bandwidth. Now we want to see the effect of pump beam waist on the size of

spiral bandwidth. For this we recorded the coincidence counts of photon pair generated

in SPDC process for various pump waist. The probability of detecting the photon pair

in |ms⟩ |mi⟩ state is given by:

Pms,mi = |Cms,mi|
2 (6.28)

We plotted the OAM spectrum of two photon state for Gaussian pump shown in Figure

6.8. We observe that the size of OAM spectrum increases by increasing the pump waist

wp. This means that that the number of higher OAM modes are increasing during

the SPDC process with wp. The reason behind the change in size of OAM spectrum

can be explained as follows: The relation between angular momentum (m) and linear

momentum (p) is given by,

m = r× p, (6.29)
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wp = 24 µm wp = 106 µm wp = 145 µm

Figure 6.8: Bottom row (d-f) shows experimentally recorded OAM spectrum of signal
and idler for different pump waist of Gaussian mode and top row (a-c) is corresponding
theoretical results. OAM spectrum is expanding with pump waist

where r is the radial co-ordinate and linear momentum p can be written in terms of

wave vector k,

p = h̄k, (6.30)

Let’s consider two different cases, narrow beam waist and large beam waist. When we

pump the center of the crystal with narrow beam waist then this implies that there is a

smaller spread in the momentum space inside the crystal. This means that uncertainty

in the momentum is also small. This reduced uncertainty in the momentum leads to

the reduced uncertainty in angular momentum space (Eqn. 6.29),

∆m = r×∆p

= r× h̄∆k. (6.31)
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This shows that uncertainty in angular momentum is directly proportional to the un-

certainty in linear momentum. Similarly, for larger pump waist, the uncertainty in

momentum space will also be larger at the center of the crystal. This leads to the larger

distribution of OAM spectrum which satisfies conservation of momentum.

Figure 6.9: (Bottom row) Experimentally observed OAM spectrum (Bottom row) for
(a) Gaussian pump with wp = 106µm (b) LG mode of order 1 with wp = 196µm and
(c) LG mode of order 2 with wp = 267µm

Since the size of the LG mode increases with order, therefore OAM spectrum also

expands with order of the LG mode. Figure 6.9 shows the expansion of OAM spectrum

for LG mode m = 0,1,2. In this case, the size of the Gaussian beam is wp = 106 µm

and size of the LG mode of order 1 and 2 is 196 µm and 267 µm respectively. The

narrowest OAM spectrum can be achieved for,

wp =

√
L
kp

=

√
λL
2π

. (6.32)

In our case, for L = 30 mm, λ = 405 nm, the beam size is wp = 32.4 µm. Any LG

mode with beam size wp = 32.4 µm gives a narrow OAM spectrum. We chosen beam
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Figure 6.10: Observed OAM spectrum for narrow beam waist for m = 0,1,2. Size
of OAM spectrum is expanding for higher order OAM. Here beam waist of Gaussian
pump is 24 µm.

waist of 24 µm for Gaussian mode, and recorded the spectrum as shown in Figure

6.10. Since the beam size differs for different order of LG mode, that is why the

spectrum started expanding as we move to higher order pump mode (Figure 6.10).

Since from Eqn 6.32, OAM spectrum is narrow for 32 µm pump waist, therefore, for

this beam size, if we choose the pump beam as a coherent superposition of LG mode

|Ψ⟩pump = ∑
m

Cm |m⟩ then we can achieve a pure d-dimension OAM entangled state.

Here we opted m = 0, 2 and -2 with narrow beam waist in order to achieve a pure qutrit

entangled state. Pump input state is given by,

|Ψ⟩pump =C0 |0⟩+C2 |2⟩+C−2 |−2⟩ , (6.33)

When the narrow pump beam with superposition of m = 0,±2h̄ incidents on the non-

linear crystal, the output state will become,

|Ψ⟩SPDC =
1√
3
(|0⟩s |0⟩i + |1⟩s |1⟩i + |−1⟩s |−1⟩i) (6.34)

This is a 3-dimensional two qutrit entangled state in m = 0,±1 basis. The experi-

mentally recorded OAM spectrum for the pump superposition state given in Eqn 6.33

is shown in Figure 6.11. Now since the size of the beam increases with the order of
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Figure 6.11: Generation of qutrit entangled state using narrow pump waist with su-
perposition of Gaussian mode (m = 0) and LG mode (m =±2h̄). Higher order OAM
are arising due to the waist mismatch of each mode in superpostion state of pump.

the LG mode, it is difficult to achieve the same beam waist for each mode in superpo-

sition state given in Eqn 6.33. Also the projection and alignment of small beam waist

( wp = 24 µm) of signal and idler on SLM is little sensitive. That is why other higher

order OAM modes are also visible in OAM spectrum of two photon state as shown in

Figure 6.11.

6.4.3 Effect of coupling efficiency on OAM spectrum

We also observed that the size of the OAM spectrum can be manipulated by coupling

efficiency at the detection stage [185]. Coupling the bi-photon mode in SMF is quan-

tified by coupling efficiency parameter η f c, where f c stand for fiber coupling. η f c is

the ratio of the probability to find the pair of photons over a square root of the product

of probabilities to find individual signal and idler photon independently. The general
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expression for the coupling efficiency for bi-photon mode is given by,

η f c =
Csi√
CsCi

(6.35)

In experiment, Csi is the coincidence counts of photon pair and Cs, Ci are the single

counts of signal and idler respectively. The mode field diameter (MFD) of the SMF

w = 2.18 µm w = 3.27 µm w = 6.54 µm

Figure 6.12: Effect of coupling efficiency on OAM spectrum for Gaussian pump for
various beam size of signal/idler (w) at fiber position. Mode field diameter (MFD) of
SMF is 5 µm. Top row (a-c) shows the theoretical results and bottom row (d-f) shows
experimentally recorded data.

used in the experiment is 5µm. The coupling efficiency η f c depends on the ratio

between the beam waist radius of the SMF (σ ) and the size of signal/idler waist (ws =

wi = w) at the fiber position,

η f c ∝
σ

w
, (6.36)

The coupling efficiency differs for different OAM modes due to the different beam

waist of each mode [181]. In experiment, we use various beam waists of signal and

idler at the tip of the SMF to study the effect on OAM spectrum. The size of beam is
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w = 2.18 µm w = 3.27 µm w = 6.54 µm

Figure 6.13: Effect of coupling efficiency on OAM spectrum for LG mode pump
(wp = 150 µm) of order m= 1 for various beam size of signal/idler (w) at fiber position.
Mode field diameter (MFD) of SMF is 5 µm. Top row (a-c) shows the Theoretical
results and bottom row (d-f) shows experimentally recorded data.

controlled with the help of 4f-imaging (Figure 6.6). We recorded the data for the pump

beam of order m =0 and 1. The results are shown in Figures 6.12 and 6.13. The beam

waist of SPDC photons at the center of the crystal depends upon the pump waist,

ws = wi =
√

2wp, (6.37)

Initially, we fixed the beam waist of pump at 150 µm and demagnified the signal/i-

dler waist at fiber position for the maximum coupling. In the plot shown in Figures

6.12 and 6.13, it is clear that the size of the OAM spectrum is reducing with the in-

crease in the size of signal/idler at fiber position. This happens because the higher

order OAM modes will have lesser coupling in comparison to Gaussian mode due to

their larger size. Since the coupling efficiency differs for different OAM mode, the

measured OAM spectrum does not represent the true OAM distribution of biphoton



6.4. Engineering higher dimension entangled state 135

mode. Please note that imperfect projection on SLM, Experimental inaccuracies, and

statistical fluctuations of coincidence counts may also manipulate the OAM spectrum

6.4.4 Entanglement verification

To verify the entanglement of d-dimension state, qudit state tomography needs to be

performed [55]. One can also calculate the CGLMP Bell inequality to verify the en-

tanglement [44]. But as we move towards high dimension state, the number of mea-

surements increases exponentially and performing tomography becomes complicated

task. Hence as a proof-of-principle, one can opt the visibility graph to observe the

qudit entanglement.

The qutrit entangled state is given by,

|Ψ⟩qutrit =
1√
3

(
|0⟩s |0⟩i + eiθ |1⟩s |1⟩i + eiφ |−1⟩s |−1⟩i

)
(6.38)

where θ is the relative phase between OAM 0 and 1, and φ is the relative phase between

OAM 0 and -1. For qubit, we show the visibility graph to verify the entanglement. In

the same way, we can verify the qudit entanglement by visibility plot. Consider the

qutrit entangled state |Ψ⟩qutrit (Eqn. 6.34). If we rotate the OAM state by an angle α

then rotated OAM basis can be written as:

| jkα⟩= cos α | j⟩+ sin α |k⟩ (6.39)

where j and k are the OAM state ( j ̸= k) and j, k = 0, 1, −1. Now probability of

coincidence detection is given by,

Pjk, jk(α,β ) = | ⟨ jkα |s ⟨ jkβ |i |Ψ⟩qutrit |
2 (6.40)
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Solving explicitly, we obtain,

P01,01(α,β ) = P0−1,0−1(α,β ) = P1−1,1−1(α,β ) =
1
3

cos2(α −β ) (6.41)

For the full state tomography of two qudit entangled state, a total of [d(2d − 1)]2

measurements are required, where d is the dimension of the state. But the process

becomes complicated as we move to higher dimension state. We record the coinci-

dence of signal and idler photons by projective measurement. The visibility plot for

qutrit entangled state is shown in Figure 6.14 and 6.15. The normalized coincidence

Figure 6.14: Normalized coincidence counts as a function of hologram angle α . The
angle of hologram β on SLM2 is fixed while those on SLM1 is rotated from 0 to π .
OAM correlations are corresponding to a) m = 0/1 basis, and b)m = 0/−1 basis. The
normalized coincidences are plotted along y-axis with the variation of α for β = 0◦

(blue), β = 45◦ (green), β = 90◦ (magenta), and β = 135◦ (red).

counts are plotted in y-axis as function of hologram angle (α). we measure the co-

incidence counts two OAM basis m = 0, 1, and − 1 and their superposition basis

such as Dms,mi/Ams,mi and Lms,mi/Rms,mi , where ms and mi can have values 0, 1 and -1.

For example, D1,−1 represents the state |ψ⟩= 1/
√

2(|1⟩+ |−1⟩) and L1,−1 represents

the state |ψ⟩ = 1/
√

2(|1⟩+ i |−1⟩). The average visibility for ms/mi, Dms,mi/Ams,mi ,

and Lms,mi/Rms,mi basis is recorded to be 88.82%, 87.51%, and 79.68% respectively.

CGLMP-Bell’s inequality is calculated to be 2.45±0.05 and the entanglement witness
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Figure 6.15: Normalized coincidence counts as a function of hologram angle α . The
angle of hologram β on SLM2 is fixed while those on SLM1 is rotated from 0 to π .
OAM correlations are corresponding to m= 1/−1 basis. The normalized coincidences
are plotted along y-axis with the variation of α for β = 0◦ (blue), β = 45◦ (green),
β = 90◦ (magenta), and β = 135◦ (red).

W is estimated to be 1.67. In case of qutrit, a total 225 measurements are required to

perform the tomography. Similarly one can generate the ququart entangled state. But

the further characterization of entangled state will become more complicated.

6.5 Conclusion

In summary, we have studied the effect of beam waist and fiber coupling on the size

of the OAM spectrum of bi-photon state generated through SPDC process. We have

experimentally verified that the pump waist play important role in engineering the

higher dimension entangled state. We concluded that the larger beam waist (or loosely

focused pump beam) is the best choice to get the broad OAM spectrum. We have

also shown that the coupling efficiency can easily manipulate the OAM spectrum. The

study carried out in this chapter will be very useful in generating better source of qudit

entangled state for quantum information processing.





Chapter 7

Scattering of hybrid entangled state

An experiment is the question which science poses to nature, and a measurement is the

recording of nature’s answer.

-Max Planck

7.1 Introduction

A transmission channel of quantum information could be free-space or optical fibers

[186, 187]. The transmission in either of these channels is decided mainly based on the

robustness of the photonic degree of freedom along the channel. Polarization qubits

suffer decoherence while transmitting through optical fibers, but are faithfully trans-

mitted through atmosphere due to non-birefringent nature. The spatial degree of free-

dom of photons is affected by atmospheric turbulence [188], but can be effectively

transmitted and analysed through a combination of single-mode fibers and a SLM.

Thus, a source of photonic hybrid entangled state [43, 53], in which different degrees

of freedom of photons are entangled to each other, can be advantageous as it reduces

the loss of states entangled in different degrees of freedom while being transmitted

139
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through the channel. These states are also useful in the easy implementation of quan-

tum computing gates in different dimensions [189]. Here, we intend to prepare hybrid

entangled states of polarization and OAM using SPDC photons. We study the higher

dimensional hybrid entangled states (qubit-qudit) generated in SPDC and the effect of

scattering on hybrid entangled state. We experimentally showed that the entanglement

between polarization and OAM is remains preserved even after scattering.

7.2 Classical non-separable states

In general, quantum entanglement utilizes the entanglement between two particles of

similar nature or similar degree of freedom (DoF). However, entanglement can be

established between two different DoFs, where one DoF of the system cannot be mea-

sured without affecting the other. The non-separable nature of these states are ex-

plained in both classical as well as quantum domain. In classical domain, some classes

of vector beams such as Poincare beams and vector vortex beams [190] show non-

separable nature between the polarization and OAM of the beam [191]. Generally, a

classical non-separable state in polarization and OAM degree of freedom is generated

using a polarizing Sagnac interferometer [191]. Figure 7.1 shows the experimental

scheme. In this case, a diagonally polarized Gaussian beam is fed into the Sagnac

interferometer where a PBS splits the horizontal and vertcial polarization in two di-

rections, clockwise and counter-clockwise. Both the orthogonally polarized Gaussian

beams counter propagate. A spiral phase plate (SPP) of order m converts the Gaussian

beam to a vortex beam of order m and −m for horizontal and vertical polarized light

respectively. Both the beams combine at the same PBS to form the non-separable state,

|Ψ⟩ns =
1√
2
(|H⟩ |m⟩+ |V ⟩ |−m⟩) . (7.1)
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At the output of the Sagnac interferometer, a QWP, HWP, and PBS is used for the

measurement of the non-separable state. Projection of particular polarization state

gives the information about OAM state corresponding to that polarization. The main

Figure 7.1: Sagnac interferometry based classical non-separable state

drawback of Sagnac interferometry based non-separable state is that it produces only

one kind of entangled state mentioned in Eqn 7.1. To generate any arbitrary classical

non-separable state, we propose an easier method. In this method, if the input beam

is diagonally polarized Gaussian then by using SPP and SLM one can generate any

arbitrary non-separable state. The experimental setup is shown in Figure 7.2. Since

SLM does not change the spatial mode of vertical polarized light, it will not add any

OAM value to it. Therefore in the final state, both horizontal and vertical polarized

beams will have different OAM values. The final state can be written as,

|Ψ⟩ns =
1√
2
(|H⟩ |mSPP +mSLM⟩+ |V ⟩ |mSPP⟩) . (7.2)

By changing the value mSLM one can generete the non-separable state of any order.

This method is easy to use as compared to Sagnac interferometry which requires a
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perfect alignment.

7.2.1 Experimental setup and results

The experimental setup for the generation of classical non-separable state is shown in

Figure 7.2. Toptica TopMode (405 nm) laser is used. The horizontal polarized light

Figure 7.2: Experimental setup to generate classical non-separable state. SLM does
not modulate the spatial mode of vertical polarized light. Therefore, At the output of
SLM, H and V polarized light will have different OAM mode

with Gaussian mode (|H⟩ |0⟩) is converted into the diagonal polarization (|D⟩ |0⟩) after

passing through the HWP which is kept at an angle 22.5◦ with respect to the fast axis.

A SPP of order m is kept in the path of the light beam. After propagating through the

SPP, the state of the light will become,

|Ψ⟩= |D⟩ |mspp⟩

= |H⟩ |mspp⟩+ |V ⟩ |mspp⟩ , (7.3)

The output of the SPP is then imaged onto the SLM. Since the liquid crystal molecules

inside the SLM are aligned in a horizontal direction, it does not affect the vertically

polarized light. The SLM will only change the spatial profile of horizontal polarized
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light. The order of the LG mode can be easily controlled by the SLM through a com-

puter. The final state of light beam after reflecting back from the SLM is written as,

|Ψ⟩= |H⟩ |mSPP +mSLM⟩+ eiφ |V ⟩ |mSPP⟩ . (7.4)

where φ is the relative phase delay between H and V polarized lights.

In this experiment, we used SPP of order |mSPP| = 2. We generated various non-

separable state by changing the order of LG mode mSLM with the help of SLM. For the

detection of the state, combination of QWP, HWP and PBS is used. The combination

of HWP and PBS act as a polarizer. We measure the spatial distribution of light beam

by projecting it to the different polarizations such as linear polarization (H, V , D,

and A) and circular polarization (R and L). The intensity distribution for various non-

separable states is given in the Figure 7.3. We also measured the Stokes parameters to

Figure 7.3: Experimentally generated classical non-separable state of different OAM.
SPP of order m = −2 is used. m1 is the order of OAM associated with horizontally
polarized light. φ is the relative phase between H and V polarized light
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calculate the degree of polarization. It is defined as,

S0 = IH + IV , S1 = ID − IA

S2 = IL − IR, S3 = IH − IV , (7.5)

where Ix is the intensity of x-polarized light beam. The degree of polarization (DOP)

can be written in terms of Stokes parameter,

DOP =
√

S2
1 +S2

2 +S2
3, (7.6)

The DOP range from 0, corresponding to the completely mixed polarized state (unpo-

larized light), and 1 for completely polarized state. To characterize the non-separability

of the state, linear entropy (SL) can also be calculated. It can be represented in terms

of DOP [191],

SL = 1−DOP2. (7.7)

The linear entropy measures the amount of mixedness present in the state. For a max-

imally entangled/non-separable system, the individual subsystem will always be in a

mixed state. The maximum amount of mixedness present in subsystem leads to the

maximum non-separability of the system. Thus, one can measure the degree of non-

separability by measuring the linear entropy SL of the subsystem. The linear entropy

SL can range from 0, corresponding to the product state, and 1, corresponding to the

maximally non-separable state.

DOP Linear entropy SL
Separable state 0.94 0.12

Non-separable state 0.05 0.99

Table 7.1: Experimentally recorded parameters, DOP and SL for classical separable
state and non-separable state.
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The values of DOP and SL are given in Table 7.1 for separable and non-separable

states. Without SPP and mSLM = 0 (Eqn. 7.4), the light beam is just a superposition

of two orthogonal polarizations with Gaussian mode which results in a completely

polarized state (separable state). That is why, DOP is maximum (0.94) without SPP

and the linear entropy is SL = 0.12, which represents the product state of polarization

and Gaussian mode. When we introduce the SPP and mSLM ̸= 0, the H and V polar-

ized components of light will correspond to different LG modes. H polarized light is

associated with LG mode of order |mSPP +mSLM⟩ and V polarized is associated with

LG mode of order |mSPP⟩ (Eqn. 7.4). In this case, the state is completely unpolarized

(or mixed polarized). Therefore the DOP is minimum (0.05) and the linear entropy is

maximum (0.99) which shows the non-separability of the state in polarization and LG

mode. We also recorded the spatial distribution of beam by projecting it to the different

polarization states (Figure 7.3 ). Due to the non-separability of the state, OAM state of

the beam varries according to the projection of different polarization states.

7.3 Polarization entanglement using SPDC

In general, any Type-II crystal or two Type-I crystals stacked together with their op-

tic axis orthogonal to each other can be used to generate the polarization entangled

state. The polarization entangled source with two crystal stacking have limitations in

terms of the requirement of additional compensation in signal and/or idler as well as

the limitation of crystal thickness for more brightness. To overcome these drawbacks,

new interferometric schemes involving single nonlinear crystal were introduced for the

generation of polarization entangled photon pairs [160, 192] - Single Crystal Interfer-

ometric Source (SCIS). An experimental schematic of SCIS with Type-I Beta-Barium

Borate (β -BBO) crystal is given in Figure 7.4. In this, the crystal is kept exactly at the

center of the polarizing Sagnac interferometric loop. A HWP is introduced outside the
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Figure 7.4: Experimental setup to produce polarization entangled state

interferometer in the pump beam path to adjust the amount of reflected and transmitted

pump power. A horizontally polarized pump |H⟩p will transmit through the D-PBS in

clockwise direction and further pass through the crystal to produce vertically polarized

down converted photon pairs (|V ⟩s and |V ⟩i ) in non-collinear fashion. They will pass

through the D-HWP which is kept inside the interferometer and oriented at 45◦ with

respect to the fast axis. D-HWP will convert them into horizontally polarized photons

(|H⟩s and |H⟩i). These photons will be transmitted through D-PBS and come out of

the interferometer. On the other hand, a vertically polarized pump |V ⟩p will reflect

through the D-PBS in counter-clockwise direction and become horizontally polarized

|H⟩p after passing through the same D-HWP. When the pump passes through the crys-

tal the photon pairs (signal and idler) having orthogonal polarization to the pump (|V ⟩s

and |V ⟩i ) will be generated from the other face of the crystal in non-collinear fash-

ion. These photons will be reflected at the D-PBS and come out of the interferometer.

These photons pair will combine at the D-PBS with the other pair coming from clock-

wise direction in the interferometer and the output state will be,

|Ψ⟩out =
1√
2

(
|H⟩s |H⟩i + eiφ |V ⟩s |V ⟩i

)
. (7.8)
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where φ is the relative phase between H and V polarized SPDC ring. The polarization

state of the signal and idler photons will become indistinguishable which will leads to

the polarization entanglement.

7.4 Orbital angular momentum distribution in SPDC

Any type of second order nonlinear SPDC crystal can be easily use to produce the

OAM entanglement. The basic experimental setup of OAM entanglement is given

in Figure 7.5. During the SPDC process OAM is conserved which means that the

Figure 7.5: Basic experimental setup to observe orbital angular momentum distribu-
tion in SPDC

sum of OAM of signal and idler equals to the OAM of pump. This will lead to the

indistinguishability of photons in OAM degree of freedom. As a result, the photon

pair is entangled in OAM. The SPDC state in OAM degree of freedom can be written

as,

|Ψ⟩spdc =
+∞

∑
m=−∞

Cm,mp−m |m⟩s |mp −m⟩i . (7.9)

where mp, ms, and (mp −m)i are the OAM of pump, signal, and idler respectively,

and Cm,mp−m is the probability amplitude of detecting the state in |m⟩s |mp −m⟩i. By

post selecting the signal and idler state in particular OAM bases, one can detect the
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entanglement in those bases [31].

7.5 Generation of hybrid entangled states

Consider a classical non-separable state in polarization and OAM as pump whose state

can be written as,

|Ψ⟩ns =
1√
2
(|H⟩ |m1⟩+ |V ⟩ |m2⟩) . (7.10)

When the pump is input to the polarizing Sagnac interferometer (Figure 7.4), the hor-

izontally polarized part associated with an OAM, m1, will be transmitted and the ver-

tical part associated with an OAM, m2, will be reflected at the D-PBS. The generated

SPDC photons from either sides of the crystal combine at the D-PBS to give the state,

|Ψ⟩Output =
+∞

∑
m,m′=−∞

(
Cm,m1−m |H,m⟩s |H,m1 −m⟩i +Cm′,m2−m′ |V,m′⟩s |V,m2 −m′⟩i

)
,

(7.11)

where, |H,m⟩s state represents horizontal polarized signal photons associated with

OAM, m, and |V,m′⟩s is vertically polarized idler photon having OAM, m′. Since

SPCS process follows OAM conservation law, then m and m′ can take any OAM value

followed by the conservation law. So if we couple only Gaussian mode of one photon,

say signal, using single mode fiber (SMF) then all the OAM value will transfer to the

partner photon. Therefore, now the idler photon will have a particular OAM value

with certainty which is equal to the OAM of pump photon. Therefore, by putting

m = m′ = 0, Eqn. 7.11 will become,

|Ψ⟩output =
1√
2
(|H,0⟩s |H,m1⟩i + |V,0⟩s |V,m2⟩i) , (7.12)

Since the idler photon is having non-zero OAM value, we have to couple it into a multi-

mode fiber (MMF). Hence for the detection of hybrid entangled state, signal photon is
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coupled into the SMF to measure the polarization state with Gaussian mode and idler

photon is coupled into the MMF to measure the OAM state. Therefore, Eqn 7.12 can

be further written as,

|Ψ⟩output =
1√
2
(|H⟩s |m1⟩i + |V ⟩s |m2⟩i) . (7.13)

In this way, a classical non-separable state can be easily transferred into quantum hy-

brid entangled state.

7.5.1 Scattering of hybrid Entanglement

The hybrid entangled state between polarization and OAM allows the generation of

qubit-qudit entangled state for quantum information processing [187]. The state is

given by,

|Ψ⟩hybrid =
1√
2
(|H⟩s |m1⟩i + |V ⟩s |m2⟩i) , (7.14)

where m1 and m2 are the OAM states of photon which can range from −∞ to +∞. Since

the polarization state of photon is less affected by atmospheric turbulence, we use only

OAM degree of freedom to propagate through turbulence. In this case, one of the

photons which is used to measure the OAM state (here idler) propagates through the

turbulence, while the other photon which is used to measure the polarization state (sig-

nal) is left unperturbed. Since we are performing experiment in lab, we used ground

glass plate (GGP) to perturb the OAM state of idler. Ground glass plate is an optical

diffuser which is used to scatter the light. There are various GGPs with different grits

which provide the range from fine to coarse scattering. GGP with finer grit (e.g. 1500)

allows higher transmission, whereas coarse grit (e.g. 120) allows lower transmission

due to the high diffusion. After scattering through GGP, we collect the scattered pho-
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tons with the help of plano-convex lens at the focus. The hybrid entangled state after

scattering can be rewritten as:

|Ψ⟩scattered =
1√
2

(
|H⟩s |m1⟩iscattered

+ |V ⟩s |m2⟩iscattered

)
. (7.15)

Now we want to study the quality of entangled state after scattering and loss of corre-

lated photon pairs due to scattering. To characterize both the states, with and without

scattering, |Ψ⟩scattered and |Ψ⟩hybrid, quantum state tomography should be performed.

This will give a comparison between both the states.

7.5.2 Experimental setup and results

The experimental setup used to generate hybrid entangled state and to study the effect

of scattering on it is given in Figure 7.6. Toptica TopMode (405 nm) laser is used to

Figure 7.6: Experimental setup to generate quantum hybrid entangled state using
Type-I BBO crystal. Multimode fiber (MMF) is used to detect OAM of the idler pho-
tons and single mode fiber is used to detect the polarization of signal photon with
Gaussian mode. Ground glass plate (GGP) used for scattering.

generate the classical non-separable state |Ψ⟩ns =
1√
2

(
|H⟩ |2⟩+ eiφ |V ⟩ |−2⟩

)
using
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SPP and SLM. Generation of state |Ψ⟩ns is shown in Figure 7.2. To transform this state

into hybrid entangled state we used polarizing Sagnac interferometry setup. In this,

Type-I β -Barium Borate (BBO) crystal of thickness 2 mm with an optic axis oriented

at 29.97◦ to the normal incidence is kept at the center line of the interferometry loop.

The orientation of the crystal is kept in such a way that only horizontal polarized light

will produce pair of photons after interacting with the crystal. A dual half wave plate

(D-HWP) at an angle 45◦ with respect to the fast axis is kept in the reflected arm of

the D-PBS. When we fed the classical non-separable state into Sagnac interferometry

loop, the vertically polarized part will reflect through the D-PBS in counter-clockwise

direction and become horizontal polarized after passing through the D-HWP kept in-

side the interferometer. This will generate vertically polarized photon pair (|V ⟩s |V ⟩i)

after passing through the Type-I BBO crystal. These photon pairs will be reflected at

the D-PBS and come out from the interferometer. Again, horizontal polarized part of

the non-separable state will transmit through the D-PBS in a clockwise direction and

further pass through the crystal to produce a vertically polarized photon pairs. These

photon pairs will pass through the D-HWP to convert into the horizontally polarized

photons (|H⟩s |H⟩i) so that they can easily transmit through the D-PBS.

Now, both the photon pairs coming from clockwise and counter-clockwise direc-

tions will combine at the D-PBS and exit from the same port of D-PBS. After coming

out from the interferometer, both the photon pairs will become indistinguishable in

polarization and OAM degrees of freedom and give rise to the desired entangled state.

With the help of prism mirror (PM), signal and idler photon are further separated in

two different directions to perform the measurement. The signal is coupled into SMF

to measure the polarization state with Gaussian mode and idler is coupled into MMF

to measure the OAM state.
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To study the scattering effect on hybrid entangled state, only one of the photons

is sent through the scattering media, while other is unperturbed. A ground glass plate

(GGP) (grit 1500) is kept in the arm of idler photon. This will scatter the spatial mode

of idler photon. The scattered photons are then collected by a two inch plano-convex

lens to measure OAM state of photon at the focus.

State Number of coincidence counts
|H⟩ |2⟩+ |V ⟩ |−2⟩ H/V basis D/A basis L/R basis
Before Scattering 2487/20 2132/129 154/2091

After Scattering 115/4 100/10 7/104

Table 7.2: Recorded coincidence counts for entangled state with and without scatter-
ing. The integration time is 1 sec for before scattering and 3 sec for after scattering

We have recorded the data with and without scattering. For signal, we measure in

H/V , D/A and L/R basis and for idler, we measure in two opposite OAM basis (2h̄ and

−2h̄) and their superposition basis such as D2,−2/A2,−2 and L2,−2/R2,−2. For exam-

ple, D2,−2 represents the state |ψ⟩ = 1/
√

2(|2⟩+ |−2⟩) and L2,−2 represents the state

|ψ⟩= 1/
√

2(|2⟩+ i |−2⟩). We observe that after the scattering, the number of photon

pairs are reduced but the correlation between polarization and OAM DoF is remains

preserved. The decay of correlated photon pair is shown in Table 7.2. We measured the

coincidence counts without GGP with 1 sec integration time. The coincidence window

is 2.43 ns. After scattering through GGP, the measured coincidence counts (CC) were

very small ( 30 CC/sec) so we increased the integration time by 3 sec. Before scat-

tering, the visibility for H/V , D/A, and L/R basis is recorded to be 98.26%, 87.90%,

and 85.49% respectively. After scattering, the visibility for H/V , D/A, and L/R basis

is recorded to be 92.81%, 83.69%, and 86.69% respectively, which is enough to vi-

olate the Bell’s inequality. This shows that the hybrid entangled state is not affected

by the scattering and entanglement is preserved. We further performed the quantum

state tomography to compare both the results. The reconstructed density matrices for
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(a) (b)

Figure 7.7: Density matrices of the measured hybrid entangled state (a) before scat-
tering and (b) after scattering

both the cases are shown in Figure 7.7. To verify the presence of entanglement, we

measured the Bell’s inequality (S), state fidelity (F), and entanglement witness (W ) for

both the cases, before and after scattering. All these parameters are given in Table 7.3.

The entanglement witness (W ) is the sum of two visibilities in two different mutually

unbiased bases (D/A and L/R),

W = VisD/A +VisL/R

 ≤ 1 Product state

> 1 Entangled state
(7.16)

The value of entanglement witness more than 1 verifies the presence of entanglement

in the system. For maximally entangled state, the visibility must be 100% so that

W = 2. In our experiment, the entanglement witness is 1.73 for hybrid state and 1.70

Bell parameter S Entanglement witness W Fidelity F
Before Scattering 2.63± 0.02 1.73± 0.03 0.9286
After Scattering 2.49± 0.06 1.70± 0.08 0.9072

Table 7.3: Recorded parameters for with and without scattering.

for scattered hybrid state. The state fidelity is 0.9286 for hybrid state and 0.9072
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for scattered state. Similarly, the value of Bell parameter for both the cases is also

indicating that the quality of the hybrid entangled state is unaffected by any kind of

turbulence.

7.6 Conclusion

In conclusion, we found a new method to generate classical non-separable state using

polarization and OAM degrees of freedom. The new setup is simple as compared to

Sagnac interferometry. We verified the presence of non-separable state by measuring

the DOP and linear entropy. We further transformed this classical non-separable state

into quantum hybrid entangled state. We kept GGP in the path of one photon from the

entangled photon pair to study the scattering effect on the hybrid entangled state. We

scatter the OAM state of photon and observe that the entanglement is still preserved

under the scattering. The density matrices of entangled state with and without the

scattering show the presence of entanglement. These results would play an important

role in quantum key distribution protocol.



Chapter 8

Summary and future scope

Please note that Research is a never ending process!

-Prof. R.P. Singh, Thesis supervisor

8.1 Summary of the work done

This thesis deals with the study of entangled photons and their application in quantum

information processing (QIP), especially in quantum key distribution (QKD) proto-

cols. We first study the concept of indistinguishability of photons. The spatial and

temporal indistinguishability leads to the quantum entanglement between two pho-

tons. We perform the experiments to study the qubit as well as qudit entanglement

in d-dimension and their characterization using quantum state tomography (QST).

We use spontaneous parametric down-conversion (SPDC) process to generate the bi-

photon entangled state. To prove that the generated state is bi-photon, we performed

the Hong-Ou-Mnadel (HOM) interference. In collinear SPDC process, where both the

photons propagate along z-direction, it is difficult to observe the entanglement in po-

larization as well as in orbital angular momentum without losing a single photon pair.
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Therefore, we use the concept of entanglement duality to observe the entanglement

in both degrees of freedom without any loss. Then we use the polarization entangled

photons to implement the BBM92 protocol over atmospheric channels of 35 meters

and 200 meters. In this study, we experimentally show that the key rate depends on

extinction coefficient of atmospheric aerosols and channel length. The transmission of

qubit could be through free space or optical fiber. Since the polarization qubit suffers

decoherence when transmit though fibers, that is why we choose free space channel

so that polarization could be transmitted faithfully through atmosphere due to its non-

birefringent nature. However, OAM carrying photons with their spatial modes could

be affected by atmospheric turbulence. Therefore to further study the effect of turbu-

lence on entangled state, we choose hybrid entangled photons, where polarization and

OAM of photons are entangled with each other. The hybrid entangled state can be used

to enhance the security against eavesdropper in QKD protocol. We first generated the

hybrid entangled state and then we put a ground glass plate (GGP) in one of the pho-

tons path to scatter the spatial profile of photons. We compare both the results, before

and after scattering, and we observe that the entanglement is preserved after scattering

through the GGP.

In chapter 1, we have covered the basic concepts about qubit, quantum entangle-

ment and their applications, state tomography, etc., along with the brief outline of each

chapter. In chapter 2, we use the SPDC process to generate non-collinear twin photons

and study the indistinguishability of twin photons. We setup the Hong-Ou-Mnadel

experiment to quantify the indistinguishability. We coupled only Gaussian mode of

twin photon to ensure the spatial indistinguishability. The visibility of the bi-photon

interference with respect to temporal delay is observed to be 98.3% and the FWHM

of the dip is measured as 146 µm and 68 µm for 3 nm and 10 nm bandpass filters

respectively. We also study the effect of polarization distinguishability at the dip of
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bi-photon interference. The visibility of the interference is maximum when both the

photons have same polarization. The visibility of the dip becomes zero when both the

photons are orthogonal to each other. Then we use co-llinear case of SPDC to observe

the entanglement in polarization and orbital angular momentum (OAM). Here we in-

troduced the entanglement sorting scheme to observe the entanglement in one degree

of freedom while sorting them in another degree of freedom. The distinguishability

in one variable does not affect the entanglement in other variable. We first observe

the OAM entanglement by sorting the photon in polarization. The average visibility

of OAM entanglement in E/O and DEO/AEO basis is 86.8% and the Bell parameter S

is estimated to be 2.46± 0.08. Similarly, we observed the polarization entanglement

by sorting the photons in even/odd OAM basis. For even/odd OAM sorter we use the

double Mach-Zehender interferometry. In this case all the even order OAM and odd

order OAM will exit from two different output ports of 50:50 BS. At the ouput port of

BS, the photons are entangled in polarization. The observed average visibility in H/V

and D/A basis is 74.55 % and the estimated Bell parameter is S = 2.11±0.03.

In chapter 3, we generated all the four Bell states using HWPs only. We accom-

plished the Pauli X, Y, and Z gate operations using HWPs in order to transform the

Bell states from one to another. We also performed the quantum state tomography

for each Bell state. The measured fidelity of each state is more than 96%. In chapter

4, we reformulated the Bell-CHSH inequality in order to reduce the total number of

measurement settings. The reformulated Bell-CHSH parameter can also be used to

guess the Bell states. We have verified the scheme through experiment performed in

laboratory as well as on the IBM quantum platform.

In chapter 5, we implemented the BBM92 QKD protocol using polarization en-

tangled state outside the laboratory over 35 meters and 200 meters free space atmosh-
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pheric channel. The transmissivity of the channel for 35m and 200m is 0.94 and 0.71

respectively. The brightness of the entangled photon source is measured to be 0.3 KHz

mW−1nm−1 and the fidelity was 92.76%. The key rate was inversely proportional to

the channel length and extinction coefficient of the atmospheric aerosols. The observed

secure key rate for 35m and 200m is 2.33 kbps and 1.71 kbps respectively.

In chapter 6, we study the OAM spectrum of entangled photons in detail. The

photon pairs generated in SPDC process in principle have infinite dimensional entan-

glement in OAM degree of freedom. By tailoring the OAM spectrum of photon pairs

one can engineer the higher dimension entanglement according to their choice. In this

chapter, we shown that the pump size and crystal length are the two main parameters

that affect the width of OAM spectrum. Additionally, coupling efficiency can also ma-

nipulate the OAM spectrum with change in the size of signal/idler at the fiber position.

We generated the qutrit entangled state and verified using the visibility plot.

In chapter 7, we introduced novel method to generate the classical non-separable

state in polarization and OAM degree of freedom which can be easily transformed

into quantum hybrid entangled state using SPDC process. In this chapter, we study

the effect of scattering on hybrid entanglement. We scatter those photons which are

used to measure the OAM state while other photon is left undisturbed. We perform

the quantum state tomography of the entangled state with and without scattering and

observe that the entanglement is remains preserved under the scattering. The fidelity

of entangled state before and after scattering is recorded to be 92% and 90% which

shows the presence of entanglement.
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8.2 Scope for future work

Increasing the security against eavesdropper and information capacity per photon in

entanglement-based QKD protocol has been a hot topic of modern research. In chapter

5, we have already explored the BBM92 protocol using two dimensional entangled

state i.e. polarization entanglement. Since the higher dimension entangled state have

more advantage over two dimension entangled state in terms of increasing the key rate

and security against any third party, OAM degree of freedom can be a good candidate

due to their easy scalability in dimension. In chapter 6, we have already explored the

OAM entangled state up to dimension three. Now we would like to extend the work

for the generation of qudit entangled state of more than three dimensions. In chapter 7,

we have studied the scattering of hybrid entangled state. Since it involves two degrees

of freedom, it will surely boost the security in QKD protocol. We have shown that the

hybrid entanglement is preserved under scattering. Thus, it can also be useful against

atmospheric turbulence for free space communication. We would like to perform the

QKD protocol using hybrid entanglement. Also, the recently started satellite based

quantum communication projects in the country are gaining more attention. I would

like to extend my research work in this field.
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[117] Y. Omar, N. Paunković, S. Bose, and V. Vedral, Spin-space entanglement trans-

fer and quantum statistics, Phys. Rev. A 65, 062305 (2002).

[118] S. Bose and D. Home, Generic entanglement generation, quantum statistics,

and complementarity, Phys. Rev. Lett. 88, 050401 (2002).

[119] S. Bose, A. Ekert, Y. Omar, N. Paunković, and V. Vedral, Optimal state discrim-
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