Studies On The Consequences of Discrete Symmetry
Violations in Atoms
A THESIS
submitted for the Award of Ph. D. degree of

MOHANLAL SUKHADIA UNIVERSITY

wn the

Faculty of Science

by

Brajesh Kumar Manzi

Under the Supervision of
Angom Dilip Kumar Singh,

Associate professor
Physical Research Laboratory, Ahmedabad

DEPARTMENT OF PHYSICS
FACULTY OF SCIENCE
MOHANLAL SUKHADIA UNIVERSITY

UDAIPUR

Year of submission 2011



Declaration

I hearby declare that this thesis entitled Studies On The Consequences of
Discrete Symmetry Violations in Atoms is the result of the investiga-
tions carried out by me at the Physical Research Laboratory, Ahmedabad under
the guidance and supervision of Dr. Angom Dilip Kumar Singh. This thesis
has not been submitted for the award of any degree, diploma, associateship,
fellowship, etc., in any university or institute.

Best effort has been put to acknowledge, whenever needed, the findings of
other investigators. However, any omission which might have occurred by over-
sight or error in the judgment is politely regretted.

Brajesh Kumar Mani
(Candidate),

A-5, PRL Quaters, Opp to IIM,
Ahmedabad, Vastrapur, 3800009.

Date : Jan 06, 2011



Certificate

I feel great pleasure in certifying that the thesis entitled 'Studies On The
Consequences of Discrete Symmetry Violations in Atoms embodies
a record of the results of investigations carried out by Brajesh Kumar Mani
under my guidance. I am satisfied with the analysis of data, interpretation of
results and conclusions drawn.

He has completed the residential requirement as per rules.

I recommend the submission of thesis.

Dr. Angom Dilip Kumar Singh,
Associate professor

Date : Jan 06, 2011 Physical Research Laboratory,
Ahmedabad.
(Thesis Supervisor)

1



Dedicated to,

My Grandmother,
Smt. Sotiya Devi

&

My Parents,
Sri. Kapildev and Smt. Ramrajee Devi




Acknowledgment

This thesis entangles, direct or indirect, help and support from many people
around me. Without their consistent support and encouragement, completion
of this thesis would not have been possible. It is really my privilege to acknowl-
edge these people.

First of all, I sincerely acknowledge the invaluable guidance and support
that I received from my thesis supervisor, Dr. Angom Dilip Kumar Singh,
during my Ph.D tenure. [ must confess, without his constant support and
continuous exhorting, this work would not have been completed. I am undoubt-
edly indebted to him for his patience, efforts to teach me each and every basic
related to the subject, and also with the programming. I respect his concern
about ethics and being systematic in the research endeavors, and I am thankful
to him for teaching me the same.

I also acknowledge the help from Dr. K. V. P. Lata during early days of
my work. She shared her invaluable insights, improving my understanding of
the subject, in particular, the coupled-cluster method. More importantly, the
preliminary discussions about the coding helped me enormously when I started
writing the coupled-cluster code. Her hard work and great enthusiasm towards
research encouraged me to work hard.

I express my gratitude to Dr. Bijaya Kumar Sahoo for the encouragement.
And appreciation, I received from him, during the last stages of my thesis work
really helped me to reduce the burden and come up with the new ardour. I also
acknowledge his help in the subject as well as in the cross-checking the code.

I owe my deepest gratitude to Professor Bhanu Pratap Das of Indian In-
stitute of Astrophysics, Bangalore for encouraging me to take up the problem
of two-valence atomic systems. His invaluable suggestions and support during
the preliminary stages of the work indeed helped me to complete this work.

I convey my sincere thanks to Prof. Sanjoy Majumder of IIT Khargpur
for praise and appreciation at each stage of the work. I acknowledge his help
in reading the manuscripts and giving us the invaluable suggestions which 1m-
proved the quality of the manuscripts.

I would like to thank Dr. H. S. Nataraj from IIA, Avijeet from [ACS, and

v



Narendra from IIT Kharagpur for the useful discussions. I express my hearty
thanks to my group members Salman, Sandeep, and Sidhartha for the useful
discussions. I convey my special thanks to Sandeep for providing me a healthy
working atmosphere as we both share the same office room.

I express my gratitude to all the faculty members of the Theoretical Physics
Division, especially Dr. Namit Mahajan, Dr. H. Mishra, Dr. R. Rangarajan,
Dr. R. P. Singh, Dr. Jitesh Bhatt, Prof. S. D. Rindani, Prof. S. Mohanty,
Prof. A. S. Josipura, Prof. R. E. Amritkar and Prof. V. K. B. Kota for their
reassurance towards my work. I sincerely acknowledge their help.

I am extremely thankful to Prof. J. N. Goswami, the Director, Prof. Utpal
Sarkar, Dean and Prof. S K Bhattacharya, and A.K. Singhvi, former Dean,
for providing me support and facilities for my thesis work. I thank academic
committee members for timely reviewing my work. Special thanks to Dr. P.
Sharma, ex-Head academics, for his encouragement and constant support dur-
ing the initial stages of the thesis.

It is my pleasure to acknowledge the help from computer center; in particu-
lar, I benefited immensely from the PRL High Performance Computing (HPC)
machine. I thank all the members of computer center especially, Mr. Jigar
Raval, Mr. G G Dholakia, Mr. Anish, and Mr. Manjunath from the CDAC,
Pune for their congruous support. I am also grateful to all the staff-members
of Library, Workshop, Administration, Dispensary, and Maintenance section
of PRL for their assistance and cooperation.

I thank all members of PRL football club especially, Ravi Bhushan, Ra-
jesh, Harish ji, and Dipu da for making the weakened mornings more joyful
and healthy. Special thanks to Ravi Bhushan for frequent arrangement of the
refreshments after the game.

I also acknowledge the academic or non-academic, direct or indirect support
from my batch-mats, seniors, and juniors. I would like to thank Jitendra, Alok,
Ashish, Sumanto, Gyana, Rahman, Lokesh, Anil, Harinder, Manan, Shuchita,
Chandra Mohan, Bhavik, Vishal, Ashwini, Kirpa, Sanjeev, and Ramajore from
my batch for providing me very friendly and delightful atmosphere especially,
in the Hostel. Many thanks to my seniors Rajesh, Ritesh, Santosh, Akhilesh,
Rohit, Shreyas, Sanath, Rudra, Subimal, Madav Murari, Ganguli, Bhavesh,
Murli, and Pathak for their invaluable guidance during early days after joining
the PRL. I must not forget the support from my juniors with whom I spent
my time towards the end of my thesis. [ wish to thank Bhaswar, Srikant,
Soumya, Vimal, Pankaj, Suman, Ashok, Amjad, Chauhan, Rabiul, Vineet,
Arvind Saxena, Suratna, Rohit, Neeraj, Ashish, Tapas, Patra, Praveen, Ketan,
Srinivas, and Prashant for the same.

Truly speaking, I have no words to express my immeasurable gratitude to
my parents and family members. Without their aid and encouragement, I stand
nowhere. During my whole life, I found my father holding my hands and giv-
img me courage and enthusiasm. If he would not have been there, on several



occasions of academic and non-academic bad times, I would not have been
able cope up with the situation, and may have lost everything. His patience
and modest way for taking the things helped me at each stage of my life. 1
am indeed indebted to my (late) grandfather, grandmother, mother, brothers,
sisters, and my uncle for their infinite love, whole-hearted blessings, unques-
tioning belief and selfless caring. I would also like to convey my gratitude to
my in-laws especially, my father-in-law and mother-in-law for their love, belief
and unwavering support.

Last but not the least, I thank my wife Geeta, for her wonderful company,
sacrificing her wishes at the altar of my work, and for her steady support that
wmspired me a lot. My thanks are less to recompense her contribution.

vi



Publications

1. A Computer-Algebraic Approach to the Derivation of Feynman Gold-
stone Perturbation Fxpansions for Open-Shell Atoms and Molecules,
S. Fritzsche, Brajesh K. Mani and D. Angom,
Advances in Quantum Chemistry 53, 177 (2008).

2. Relativistic coupled-cluster calculations of *°Ne, “°Ar, 8*Kr and *Xe:
correlation energies and dipole polarizabilities,
B. K. Mani, K. V. P. Latha and D. Angom,
Physical Review A 80, 062505 (2009).
arXiv: 0908.1899

3. Properties from relativistic coupled-cluster without truncation: hyperfine
constants of *Mg™, 3Ca™, 87Sr™ and ¥"Ba™,
B. K. Mani and D. Angom,
Physical Review A 81, 042514 (2010).
arXiv: 0912.3681

4. Fock-space relativistic coupled-cluster calculations of two-valence atoms,
B. K. Mani and D. Angom,
Physical Review A, in press.
arXiv: 1009.2963

vii



Contents

1 Introduction

1.1
1.2

1.3

1.4

1.5
1.6

2.1

2.2

2.3

2.4

2.5

Parity or space inversion symmetry . . . . . .. ... .. ...
Parity non-conservation in nature . . . . . . .. ... .. ...
Parity non-conservation in atoms . . . . . .. ... ... ...
1.3.1 Theoretical calculations of atomic PNC . . . . . . . ..
1.3.2 Sources of PNCinatoms . . . ... ... ... .....
1.3.3 73 dependence in heavy atoms . . . . ... ... ...
PNC interaction Hamiltonian . . . . . . ... ... ... ...
1.4.1 NSD-PNC interaction Hamiltonian . . . . . . . .. ..
1.4.2 NSI PNC interaction Hamiltonian . . . . . . . . .. ..
Objectives of the current study . . . . . ... ... ... ...
Outline of the chapters . . . . . . . .. .. ... .. ......

Atomic many-body perturbation theory

Relativistic atomic theory . . . . . ... .. ... ... ...
2.1.1 Dirac-Hartree-Fock theory . . . . ... ... ... ...
2.1.2  Single-electron wave function . . . . .. ... ... ..
2.1.3 Slater determinants, CSFs and ASFs . . . . ... ...
Basics of atomic MBPT . . . . . ... ... .. ... ...,
2.2.1 Rayleigh-Schroedinger perturbation theory . . . . . . .
2.2.2  Generalized Bloch-equation . . . ... ... ... ...
Closed-shell atomic MBPT . . . . ... ... ... ... ....
2.3.1 Correlation energy of closed-shell atoms . . . . . . ..
2.3.2  Second-order correlation energy . . . . . ... ... ..
One- and two-valence atomic MBPT . . . ... ... ... ..
2.4.1 Excitation energy of one-valence atoms . . . . . . . ..
2.4.2 Excitation energy for two-valence atoms . . . . . . ..

2.4.2.1 First- and second-order effective Hamiltonian

2.4.2.2  H. matrix elements with jj coupled states .
E1PNC from MBPT . . . ... ... ... ... ... .....

viil

O © © 11O Ot W=



2.5.1 The one-valence atoms . . . . . . . . . ... ... ... 26

2.5.2 The two-valence atoms . . . . . .. .. ... ...... 27

2.6 Summary of theresults . . . . . .. .. .. ... 29
2.6.1 Basis functions . . . .. ... oL 29
2.6.2 Correlation energy of closed-shell atoms . . . . . . .. 29
2.6.3 Excitation energy of one-valence atoms . . . . . . . .. 31
2.6.4 Excitation energy for two-valence atoms . . . . .. .. 34
Perturbed configuration interaction 39
3.1 Configuration interaction . . . . . . . .. ... ... ... ... 40
3.1.1 Single-double CI . . . . . ... ... ... ... .... 41
3.1.2  E1PNC matrix element using CI . . . . . .. .. ... 41

3.2 Perturbed CI equations . . . . . ... .. ... ... ...... 43
3.2.1 Linear equation form of PCI . . . . . ... ... ... 44
3.2.2 EIPNC from PCI wavefunctions . . . . . . .. .. ... 44

3.3 YbEIPNC . ... ... ... 44
3.4 Summary of theresults . . . . . . ... ... 45
Coupled-cluster theory of closed-shell and one-valence atoms 50
4.1 Closed-shell system . . . . ... ... ... ... ........ 51
4.1.1 Linearized coupled-cluster . . . . . ... .. ... ... 53
4.1.2 Correlation Energy from CCT . . . .. ... ... ... 54
4.1.3 Approximate triples. . . . . . ... ... L. 55

4.2 One-valence systems . . . . . . ... ... ... ... ..., 56
4.2.1 Energy from CCT . . . . .. ... ... .. .. ..... 58

4.3 Properties from CC wave function . . . . . . .. .. ... ... 59
4.3.1 Hyperfine Structure constants . . . . . . . .. .. ... 59
4.3.1.1 Hyperfine interaction Hamiltonian . . . . . . 59

4.3.1.2 HFS constants from CC wave function . . . . 60

4.3.2 Dipole transition amplitudes from CC wave function . 61
4.3.3 Propertiestoallorder . . . . ... .. ... ... ... 62

4.4 Summary of theresults . . . . . . ... ... 63
4.4.1 Correlation energy of closed-shell atoms . . . ... .. 64
4.4.2 Excitation energy of one-valence atoms . . . . . . . .. 66
4.4.3 Magnetic dipole HFS constants . . . . . ... .. ... 66
4.4.4  All-order magnetic dipole HFS results . . . . . . . . .. 73
4.4.5 Electric quadrupole HFS constants . . . . . . .. ... 73
4.4.6 Electric dipole transition amplitudes . . . . . .. . .. 7
Coupled-cluster theory of two-valence atoms 81
5.1 Overview of multi-reference CCT . . . . ... ... ... ... 82
5.1.1 Complete model space . . . .. ... ... ... ... 83
5.1.1.1 Intruder states . . .. ... ... ... .... 83

5.1.2  Incomplete model space . . . . .. ... .. ... ... 84

X



5.2 Coupled-cluster equations . . . . . ... . ... ... ..... 85
5.2.1 Exponential ansatz . . . . ... ... ... .. ..... 85
5.2.2  Generalized Bloch equation . . .. ... .. ... ... 87
5.2.3 Renormalization term in the open-shell CCT . . . . . . 90

5.3 Properties calculations . . . . ... ... 90
5.3.1 Excitation energy from CCT . . . . . . ... ... ... 91
5.3.2 Hyperfine structure constants . . . ... ... 91

5.3.2.1 The Hyg term . . . . . . ... ... .. ... 92
5.3.2.2  The Hys (Sf) + 15 4 g 4 S§2))+h.c. term 92
5323 The S Hy (SE’ + 1507 4 gy S§2)> term 93
5324 The SV fie (SP + 187 gy S§2>) term 94
53.2.5 The S By, (Sfl) + 1507 4 gy S§2)) term 94
5.3.2.6  The S§2)Tﬁ[hfs (Sfl) + %S§1)2 + Sél) + Sém) term 95
5.3.3 Electric dipole transition amplitudes . . . . . .. . .. 95

54 Summary of theresults . . . . . . ... ... 00 95
5.4.1 Excitation Energies . . . . . . ... ..o 96
5.4.2 Hyperfine structure constants . . . . . . .. .. .. .. 98
5.4.3 El transition amplitude . . . . ... ... 000 100

Coupled-cluster theory with PNC perturbation 105

6.1 Closed-shell systems . . . . .. ... ... ... .. ...... 105
6.1.1 Perturbed CC equations . . . .. .. ... ... .... 106
6.1.2 Linearized perturbed CC equations . . . . . . ... .. 107
6.1.3 Dipole polarizibility from CCT . .. .. ... .. ... 109

6.2 One-valence systems . . . . . . ... ... ... ........ 110
6.2.1 Perturbed CC equation from exponential ansatz . . . . 110
6.2.2 Perturbed CC equations from Bloch equation . . . . . 111
6.2.3 FE1PNC from coupled-cluster theory . . . .. .. ... 113

6.3 Two-valence systems . . . . . . ... ... ... L. 114
6.3.1 Perturbed CC equations . . . . . ... ... ...... 115
6.3.2 FE1PNC from coupled-cluster . . . ... ... .. ... 118

6.4 Summary of theresults . . . . . . ... .. ... ... ... .. 120

E1PNC from coupled-cluster theory 122

7.1 E1PNC of one-valence atoms and ions . . . . .. ... .. .. 122

7.2 E1PNC of two-valence atoms . . . . .. ... ... ...... 126

8 Future directions 129



A Matrix element of Hpnc

Al <n51/2|Hch\n’p1/2) ........................
A2 <n51/2|Hch|n’p3/g> ........................

B Matrix element of dipole operator

C E1PNC in hyperfine states

D Matrix element of hyperfine operator
D.1 Magnetic dipole hyperfine matrix element

D.2 Electric quadrupole hyperfine matrix element . . . . . . . ..

Bibliography

X1

131
132
133

135

137

139
139
140

141



List of Figures

1.1
2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

2.9

2.10

Schematic of the various achievements of PNC in atoms.

The diagrammatic representations of the one- and two-body
wave operator for the closed-shell atoms. Lines with downward
(upward) arrows represent core (virtual) single particle states.
MBPT diagrams which contribute to the second-order correla-
tion energy. . . . . ...
Diagram showing merging of valence orbitals with cores and
virtuals. . . ..
Diagrams which contribute to second-order correction to the
attachment energy. . . . . . .. .. ...
Representation of the first-order wave operator diagrams for
two-valence atoms. Double arrows to the bottom of the inter-
action represents the valence orbital. . . . . . ... ... ...
The two-body diagram (a), arises from the first-order effective
Hamiltonian Hgf). The remaining two-body diagrams, from
(b) — (g), contribute to the second-order effective Hamiltonian
HY .
Diagrams which contribute to the first (diagrams (m) and (n))
and third (remaining diagrams) terms of the Eq. (2.61). The
dashed line represents the residual perturbation and the solid
line ended with the circle is to represent the dipole operator.
The solid line having square at the end represents the PNC
operator. . . . . . . . oL
Diagrams which contribute to the first (diagrams (a) and (b))
and third (diagrams from (c¢) to (1)) terms of the Eq. (2.63).
The Hermitian conjugate diagrams are not shown. . . . . . . .
Diagram showing the change in the second-order correlation en-
ergy with the various symmetries. . . . . . . . . ... ... ..
Diagram showing the cumulative second-order correlation en-
ergy when orbitals from higher symmetries are included.

xii

20

21

22

23

24

25

28

29

34

34



4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

4.10

4.11

4.12

4.13

4.14

5.1
5.2

Diagrammatic representation of the all-order single excitations
from occupieds to the virtuals. . . . . . . ... ... ... ...
Diagrammatic representation of the all-order double excitations
from occupieds to the virtuals. . . . . . . ... ... ..
Representation of unperturbed single and double cluster opera-
tors. Incoming(downwards) arrow represent the hole state and
outgoing(upwards) arrow is to represent the particle state.

Coupled-cluster diagrams which contribute to the unperturbed
single cluster operator, TI(O), in the linearized coupled-cluster
theory. Dashed line represent the residual coulomb interaction
and the lower solid line is to represent the cluster operator. . .
Coupled-cluster diagrams which contribute to the unperturbed
double cluster operator, T2(0)’ in the linearized coupled-cluster

Coupled-cluster diagrams contributing to the correlation energy.
Dashed lines represent the residual Coulomb interaction and the
solid lines at the bottom are to represent the coupled-cluster
operators. Diagram (e) will not contribute if Dirac-Fock orbitals
are used in the calculations. . . . . .. .. ... .00
Representation of the approximate triple cluster operators. . .
Representation of the correlation energy diagrams arising from
the approximate triple cluster operators. . . . . . . ... ...
Energy level diagram showing the excitations of electrons from
core to the valence and virtuals, and from valence to the virtuals,
for one-valence atoms. . . . ... ... L
Diagrammatic representation of open shell cluster operators.
The orbital lines with double arrows indicate valence and single
up (down) arrow indicate particle (hole) states. . . . . .. ..
Diagrams which contribute to AE**. The dashed lines repre-
sent the residual Coulomb interaction. And at the bottom solid
lines are to represent the cluster operator. . . . . . . .. ...
Representation of effective one- and two-body dressed proper-
ties operators. . . . . . ..o
The leading diagrams contributing to the hyperfine structure
constants in Eq. (4.42). The dashed lines terminated with a
circle represent hyperfine interaction. . . . . . . . .. ... ..
Diagrammatic representation of the iterative equation to calcu-
late the loe one effective hyperfine operator H, hfsel’ﬂ. The iteration
is implemented with the TQT and Th. . . .. ..o

Energy level diagrams for the open-shell two-valence atoms.
Low-lying energy levels of atomic Yb. This diagram shows the
occurrence of the intruder states in atomic Yb. . . . . . . . ..

xiil

o1

o1

52

o4

o4

95

95

26

o6

o7

29

61

61

64
82

84



5.3

5.4

2.5

5.6

5.7
5.8

6.1

6.2

6.3

6.4

6.5

6.6

6.7

6.8

Incomplete model space of Yb two-valence calculations. Arrows
indicate the subduction to lower valence sectors and respective
model spaces. . . . . ...
Representation of the cluster operators which contribute to the
coupled-cluster equations for two-valence atoms. . . . . . . . .
Folded diagrams from the renormalization term in the gener-
alized Bloch equation of two-valence systems. In two-valence

85

86

coupled-cluster theory these diagrams arise from (a) E25(PP? |S§1) V),

(D)L (@841S1" W) and (¢) ESH(@LL]S, o). - .. ..
The actual hyperfine diagrams contributing to the terms, Sélﬂﬁ hfs

(), SO A (0), SO HLSD (€) to (e), and SO HwS@ (f).
The diagrams contributing to the corresponding Hermitian con-
jugate terms are the time reversed of these diagrams, and are
not shown explicitly. . . . . .. .. ... ... ... ...

Diagrams arising in contraction of Sgl)T with Sél). .......
Hyperfine diagrams obtained after inserting the Hyperfine in-
teraction operator in diagram (b) of Fig.(5.7). . . . . ... ..

Representation of the single and double perturbed cluster oper-
ators contributing at the level of closed-shell perturbed CC.

Diagrams which contribute to the perturbed coupled-cluster
equation for singles at the linear level. . . . . . . . ... ...
Diagrams which contribute to the perturbed coupled-cluster
equation for doubles at the linear level. . . . . . . . . ... ..
Coupled-cluster diagrams which contribute to the right-hand
side of the Eq. (6.8). The line terminated with the square
represent the Hpye operator. . . . . . . . .. ... ... ...
Coupled-cluster diagrams which contribute to the right-hand
side of the Eq. (6.9). The line terminated with square is to
represent the PNC interaction. . . . . . . ... ... ... ...
Diagrams of approximate triples calculated perturbatively:(a)
(a) Representation of approximate perturbed triples. (b) Con-
tribution of approximate perturbed triples to the dipole polar-
izibility. . . ...
Representation of the single and double perturbed cluster oper-
ators contributing at the level of one-valence perturbed CC.

Some of the leading-order diagrams contributing to the Eq.
(6.50). Exchange diagrams are not shown. The zigzag line
represent the cluster operators Tl(l) or Sfl). Line terminated
with the circle represent the dipole operator. And the solid line
with and without a bar in the middle is to represent the cluster

(1,1) (1,0) .
operator Sy and Sy 7 respectively. . . ... .o

Xiv

90

93
93

94

106

107

108

108

109

110

112

114



6.9 Representation of the single and double perturbed cluster oper-

ators contributing at the level of two-valence perturbed CC. . 116
6.10 Some of the leading order diagrams contributing to the EIPNC

for two-valence systems.

XV



List of Tables

1.1
2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

2.9

3.1

Summary of the NSI E1PNC theoretical calculations. . . . . .

Basis set of the parameters, oy and 3, used in the correlation
energy calculations for inert gas atoms. . . . . . ... ... ..
Basis set parameters, oy and [, used in the excitation energy
calculations for alkaline Earth ions. . . . . .. ... ... ...
The SCF Eg%, the second-order correlation Egl)rr, and the total
energies F of Ne, Ar, Kr and Xe atomic systems. All the values
listed are in atomic units. For comparison results from other
calculations are also listed. . . . . . . .. ... ... ... ...
Cumulative second-order correlation energy, calculated using
MBPT, when orbitals up to k£ symmetry are included in the
virtual space. All values are in atomic units. . . . . . . . . ..
Ionization potential and excitation energies calculated using
MBPT. For comparison other results and experimental values
are also listed. All values are in atomic units. . . . . . .. ..
Two-electron removal and excitation energies for ground and
some of the low lying excited states of Mg and Ca, calculated
using MBPT. All values are in atomic units. . . . . . .. ...
Two-electron removal and excitation energies for ground and
some of the low lying excited states of Sr and Ba, calculated
using MBPT. All values are in atomic units. . . . . . ... ..
Basis set parameters, ap and (3, used in the excitation energy
calculations for atomic Yb. . . . . . . ...
Two-electron removal and the excitation energies for states of
Yb calculated using MBPT. All values are in atomic units. . .

Energies of the core- and valence-orbitals for the atomic Yb*t,
calculated using Dirac-Fock theory. All values listed are in
atomic units. . . . ... Lo oL

Xvi

30

31

32

32

33

35

37

37

38

46



3.2 Configuration interaction calculation of the excitation energies
for some of the low-lying levels in atomic Yb. Values listed are
In atomic unit. . . . ... 0000 47

4.1 Correlation energy using coupled-cluster theory for inert gas
atoms. All the values are in atomic units. . . . . . . . . .. .. 65
4.2 Correlation energy contributions from the approximate triples
in the coupled-cluster theory. All the values are in atomic units. 65
4.3 lonization potentials and excitation energies using coupled-cluster

theory for alkaline-earth ions. All values are in atomic units. . 67
4.4  Magnetic dipole hyperfine structure constants (in MHz) for Mg+,
BCat, ¥Srt, and ¥ Bations. . . . ... 68

4.5 Contributions from different terms in the coupled-cluster prop-
erties expression for magnetic dipole hyperfine constant. The

values listed are in MHz. . . . . .. ... ... ... ... ... 69
4.6 Magnetic dipole hyperfine structure constant contributions from
higher-order terms in the all order scheme. . . . . . . . . . .. 70
4.7 The electric quadrupole HFS constant for 2°Mg*, 4°Ca®, 87Sr+
and 3"Ba™ ions. All the values are in MHz. . . . .. ... .. 74
4.8 The magnetic dipole and electric quadrupole HF'S constants for
13yb+. All the values are in MHz. . . . . . ... ... .... 75
4.9 Electric quadrupole HF'S constants contributions from different
terms in the coupled-cluster properties equation. . . . . . . . . 76
4.10 Magnitude of the electric dipole transition amplitudes for 87Sr+,
BTBat, and '™SYbT ions. . . . . ... 78
4.11 The electric dipole transition amplitude, contributions from dif-
ferent terms in the coupled-cluster theory. . . . . .. ... .. 79

5.1 Two-electron removal energy and the excitation energies calcu-
lated using relativistic coupled-cluster theory. All values are in
atomic units. . . ... Lo Lo 97
5.2 Magnetic dipole hyperfine structure constant for the atomic sys-
tems ®7Sr, *"Ba and '"®YDb, using relativistic coupled-cluster.
All values are in atomic units. . . . . . ... ... ... 99
5.3 El transition amplitudes for the atomic system 87Sr, using rel-
ativistic coupled-cluster theory. All values are in atomic units. 101
5.4 El transition amplitudes for the atomic system !3"Ba, using
relativistic coupled-cluster theory. All values are in atomic units. 102
5.5 El transition amplitudes for the atomic system ™Yb, using
relativistic coupled-cluster theory. All values are in atomic units. 103

6.1 The dipole polarizibility of the ground state of neutral rare-gas
atoms. The values listed are in atomic units. . . . . . . . . .. 120

Xvil



7.1

7.2

7.3

7.4

7.5

7.6

7.7

Basis set parameters, ag and 3, used in the EIPNC calculations
for Cs, Fr and Ra atomic systems. . . . . . . .. ... ... ..
Nuclear spin-dependent E1PNC reduced matrix element for the

atoms *3Cs and #''Fr. The values listed are in units of i x 10~12p};,. 124

Nuclear spin-dependent E1PNC reduced matrix element for the
ions ¥%/1B7Bat and ¥9Bat. The values listed are in units of

Nuclear spin-dependent E1PNC reduced matrix element for the
ions 2?°Ra’, ?2Ra’ and “**Ra*. The values listed are in units
of i x 107 Mpufy. oo
Nuclear spin-dependent E1IPNC reduced matrix element for Yb.
All the values listed are in units of @ x 107y, . . . . .. ..
MBPT E1PNC results for Yb, contributions from the one-body
(1b), two-body (2b), Hermitian conjugate of one-body (1bhc)
and Hermitian conjugate of two-body (2bhc) terms. All the

values listed are in units of 4 x 107 pf,. .. .. ..o

CCT E1PNC results for Yb, contributions from the one-body
(1b), two-body (2b), Hermitian conjugate of one-body (1bhc)
and Hermitian conjugate of two-body (2bhc) terms. All the
values listed are in units of 2 x 107" pufy,. .. ..o Lo

XViil

124

125

126

127



Abstract

The parity non-conservation (PNC) in atoms arises mainly due to the weak
interaction between nucleus and the electrons. The first theoretical prediction
of large parity violation in heavy atomic systems was give by M. A. Bouchiat
and C. Bouchiat in 1974. They showed that the PNC effects in heavy atoms
or ions scale as cube of the atomic number of the atom. Following their
prediction, PNC has been confirmed in several atoms such as, Cs, Bi, Pb,
Tl and Yb. Results from the atomic-parity-violation (APV) experiments in
combination with the precise theoretical data can be an important probe of
physics beyond the Standard model of particle physics.

The most precise measurement to date, with an accuracy of 0.35%, is
performed by Wiemen and collaborators [C. S. Wood, et al. Science 275,
1759 (1997).] in atomic Cs. The precise theoretical calculation, however, is
also done for the same atom with an accuracy of 0.5% [V. A. Dzuba, V. V.
Flambaum, and J. S. M. Ginges, Phys. Rev. D 66, 076013 (2002).]. It must
be mentioned that unlike the Cs which resembles a relatively simple electron-
nucleus structure, the precise calculation of the PNC observable in some of the
complicated structured atomic systems, such as Yb, is nontrivial. However, for
this atom PNC experiment is in progress. In the case of atomic Yb for example,
the theoretical and experimental uncertainties are approximately about 15-
20% and 14%[K. Tsigutkin, et al. Phys. Rev. Lett. 103, 071601 (2009).],
respectively. The current thesis work is theoretically aimed to develop the
atomic many-body methods for precise, perhaps to the level commensurate
with Cs, calculation of PNC observables in these systems.

The coupled-cluster theory (CCT) is proven to be one of the accurate
atomic many-body methods for structure calculations of the many-electron
atoms. As a part of the thesis work, we have developed the CCT based meth-
ods for closed-shell, one-, and two-valence atoms. To test the quality of the
atomic wave functions hence calculated, we examine several atomic proper-
ties, for example correlation energy and dipole polarizibility at the closed-shell
sector and excitation energy, hyperfine structure constants, and electric dipole
transition reduced matrix elements at one- and two-valence sectors. The PNC
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observable E1PNC is then calculated, for many transitions, in the case of one-
valence systems, Cs, Fr, Ba™ and Ra™, and in the two-valence system, Yb.
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Chapter 1

Introduction

Symmetry is the preservation of a physical quantity, which could be scalar,
vector, or tensor, under a transformation about a point, a line, or a plane.
Objects in nature exhibit various symmetries. According to Weyl, An object
18 said to be symmetrical if certain transformation associated with an operation
leaves the object unchanged. For example, a sphere is symmetric when rotated
around an axis passing through its center. similarly, an equation describing a
systems is said to be invariant when its form remains unchanged after a given
transformation. Following Noether’s theorem, a continuous symmetry opera-
tion in nature is associated with a invariant quantity. Often, invariance is also
referred to as conservation and in this thesis we use the two interchangeably
and mean the same. An example is, linear momentum is the invariant quantity
associated with translation in space (Ax).

Depending on the associated transformations, symmetries can be classified
in to two broad categories

e continuous and
e discrete.

Continuous symmetries can undergo infinitesimal transformations and finite
transformations are results of a finite number of infinitesimal transformations.
For example, rotation is a continuous symmetry parametrised by the angle of
rotation and we can define rotation by an infinitsimaly small angle. The other
important continuous symmetry transformations in nature are, translation in
space, translation in time, etc. Discrete symmetries, on the other hand, do not
have an associated infinitesimal transformations. The transformation param-
eter are allowed to have only discrete finite values. For example, symmetries
associated with crystals are discrete in nature. There are three fundamental
discrete symmetries in the nature. These are, the time reversal(T), space in-
version or parity (P), and the charge conjugation (C). Out of these, the effects
of parity violation in atomic systems is the main objective of this thesis work.
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1.1 Parity or space inversion symmetry

In quantum mechanics, the concept of parity arises when we examine the form
of a wave function under the operation of inversion of coordinates, namely
r — —x, y — —y and z — —z. Parity transformation is represented by
the operator P and it has eigenvalues n = +£1. The even (odd) parity wave
functions correspond to parity eigenvalue 1 (—1). In the context of atoms, the
Hamiltonian H of an atom transforms under the parity operation as

H,=PHP (1.1)

The atomic Hamiltonian is invariant under the above transformation if it sat-
isfies
H=H,=PHP™" (1.2)

This implies that
[H, P] = 0. (1.3)

This is true when H includes only electromagnetic interactions between the
sub-atomic particles. The invariance is, however, violated when the atomic
Hamiltonian incorporates parity nonconserving (PNC) weak interactions be-
tween the subatomic particles. The total Hamiltonian may then be written
as

Hy = H + Hpne, (1.4)

where Hpnc is the PNC interaction Hamiltonian described in the subsequent
sections of the chapter. The total Hamiltonian, then no longer commute with
parity operator

[Ha, P] # 0. (1.5)

Consequently, the eigen states of H; do not have definite parity, and are not
parity eigenstates.

1.2 Parity non-conservation in nature

Until 1950, like conservation of energy and momentum, parity of a system
or a process was believed to be conserved. First indication that parity may
not be conserved in certain process came in 1950 while solving the theta-tau
puzzle. The theta and tau mesons were discovered in the cosmic ray by C.
F. Powell. These two particles were turned out to be indistinguishable other
than their mode of decay. The former one was found to be disintegrating into
two pions, however the later one into three. In 1956, T. D. Lee and C. N.
Yang [1] predicted that it could be because of the violation of the parity in the
decay process. And later they proposed several experimental schemes to test
the non-conservation of parity in weak interactions. The prediction of Lee and
Yang was verified when C. S. Wu [2] and collaborators studied the beta decay
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of Cobalt-60 in 1957. In the experiment, they lowered the temperature of
cobalt atoms to about 0.01K and polarized the nuclear spins along a direction
with external field. The angular distribution of the electron emitted during
the beta decay were then measured. If parity is conserved, equal numbers of
electrons should be emitted parallel and anti-parallel to the nuclear spin. But
they measured more electrons in the direction opposite to the nuclear spin.
This is a clear indication of parity non-conservation.

1.3 Parity non-conservation in atoms

Much before the formulation of a unified gauge theory of electromagnetic
and weak interactions, Zel’dovich [3] had suggested the possibility of non-
conservation of parity in atoms due to weak interaction between the electron
and nucleon. He calculated the observable effects in atomic hydrogen using
optical rotation and predicted the effects rather small for experimental obser-
vation. Despite the initial investigations of Zel'dovich [3] and Curtis-Michel
[4], the possibility of parity violations in radiative transitions of atoms was not
accepted. One important reason is, until 1970s all the processes involving weak
interactions were believed to involve exchange of the electric charge between
the interacting particles. It was therefore concluded that the weak interaction
and its associated parity violation is not of the relevant to the atoms.

The important break through was the prediction of neutral weak current
as a consequence of electroweak unification. The unification was achieved
through the pioneering works of Abdus Salam [5], Sheldon Glashow [6]and
Steven Weinberg [7], for which they were awarded the Nobel Prize of Physics
in 1979. It provides a unified description of the electromagnetic and weak
interactions. Omne outcome of the unification is the prediction of a neutral
gauge boson Z" which mediates neutral weak current. These new developments
in weak interaction physics renewed interest in the physics of parity violation
in atomic systems. And the first theoretical analysis of PNC in atoms was
reported in 1974 by Bouchiat and Bouchiat [8]. They predicted that in the
heavy atoms, due to the stronger nuclear potential the probability distribution
of electrons within nucleus is larger and enhances the Z° exchange between
the electrons and nucleons. The effect scales as the cube of the atomic number
[9] of the atoms. Following the theoretical prediction, PNC in atoms was
investigated by several experimental groups. As a result PNC in atoms was
observed in several heavy atoms like Cs [10], Bi [11], Pb [12], T1 [13, 14] and
Yb [15].
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®—— Enhanced PNC was confirmed in Yb by Budker and collaborators at B-
erkeley.

®—— Most precise experiment in Cs was performed by Weiman and collab-
orators at Boulder.

®—— PNC was seen in Cs, Tl, Bi and Pb by groups at Boulder, Oxford, O-
zford and Seattle respectively.

®—— PNC in atomic Tl was observed by Commins and collaborators at B-
erkeley.

.% PNC was observed in Bi by L. M. Barkov and M. S. Zolotrov at No-
vosibirsk.

&—— M. A. Bouchiat and C. Bouchiat theoretically showed that the effects
grow as faster than Z> and, can therefore be experimentally observed
in heavy atoms.

®—— Ya. B. Zeldovich predicted the existence of PNC in atoms. He concl-
uded that the effects are too small to be observed.

Figure 1.1: Schematic of the various achievements of PNC in atoms.

1.3.1 Theoretical calculations of atomic PNC

The observable quantity arising from PNC in atoms is the parity-violating
electric dipole transition amplitude (E1PNC'). It is expressed in terms of
a parameter, such as the nuclear weak charge QQw and parity odd nuclear
moment ., these are extracted from the results of APV experiments after
combining with the theoretical results. In the absence of PNC interaction,
atomic states have definite parity, and the electric dipole transition amplitude
(E'1) between states of same parity is zero. The PNC interactions, however,
mixes atomic states of opposite parities and introduces a finite transition am-
plitude, E1PNC, between states of same parity. In the subsequent chapters
of the thesis we provide detailed expressions of F1PNC' using relevant atomic
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many-body methods.

Most of the accurate calculations to date have been carried out to study
the effects of nuclear spin-independent (NSI) part of the PNC. Some important
ones are listed in Table. 1.1. Apart from those mentioned in the table, there are

Table 1.1: Summary of the NSI E1PNC theoretical calculations.

Atom Transition Theoretical — Reference
Uncertainty

2057 6P /9 — 6P5) 2.5 - 3% [16, 17].
2057) 6P /9 — TPy 6% [16].
208Pb SPO — 3P1 8% [18]
209Bi 383/2 — 2D3/2 ].1% [18, 19]
20984 383/2 — 2D5/2 15% 20].
133CS 651/2 — 751/2 0.5% [21].
133Cs 651/2 — 751/2 < 1% [19, 22, 23]

few other important recent studies on NSI E1PNC'. These are the studies of
Sahoo and collaborators [24, 25] for Ba™, [26] for Ra* and Pal and collaborators
[27] for Ra™. Unlike the NSI part, the nuclear spin-dependent (NSD) part of
PNC on the other hand has not been studied in detail and there are few
results in literature. Some of the important ones are Singh [28], and Porsev
and collaborators [29] for Yb, Johnson and collaborators [30] for Cs, Porsev
[31] for Fr, and Singh and collaborators [32, 33] for Ba™ and Ra™. In a very
recent work, Sahoo and collaborators [34] have examined several transition
reduced matrix elements for different isotopes of Ba™ and Ra™ ions.

As its evident from the Table. 1.1, except for the atomic Cs theoretical
results are not very accurate. Hence these need to be calculated using more ac-
curate atomic many-body theories, as there has been enormous improvements
in computational resources and many-body methods applicable to atoms in
the last few years. However, the current thesis focuses more on the NSD
part of the PNC violation where there is a need of precise theoretical data in
experimentally important systems like atomic Yb.

1.3.2 Sources of PNC in atoms
There are two important sources of PNC in atoms [28, 29]. These are the

e necutral weak current interactions between the nucleons and electrons
through the exchange of Z° boson.

e clectromagnetic interaction between the nuclear anapole moment (NAM)
of the nucleus and the electrons [10].
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The anapole moment, introduced by Zel’dovich [35], is an odd parity elec-
tromagnetic moment arising from the toroidal current distribution within the
nucleus. In other words, the parity non-conserving nuclear forces create heli-
cal spin and magnetic moment distribution inside the nucleus lead to nuclear
anapole moment. For a point like nucleus the contribution from the anapole
moment to the nuclear vector potential is given by the expression

Aanapole = aé(r), (16)

where the anapole moment

a= —W/j(T)TngT. (1.7)

Here, j(r) is the current density inside the nucleus. For details on the anapole
moment one can see the review article [36].

1.3.3 7?2 dependence in heavy atoms

As mentioned earlier, in 1974 Bouchiat and Bouchiat [8, 9, 37] predicted that
PNC effects in atoms scales as Z3. To understand the Z?2 scaling, consider the
PNC electron-nucleus potential expressed in the form [8],

_ QwGr [ 3, (O,
‘/;)V_ 4\/§ 5 (’I‘e) c

Where, Qw and Gy are the weak nuclear charge and the Fermi coupling con-
stant respectively, associated with the weak interaction between the nucleus
and electrons. o, and v, are the spin and velocity of the electron respec-
tively. The delta function here signifies that unlike the Coulomb potential, the
electron-nucleus interaction is short range in comparison to the atomic size.
The origin of each Z dependence are described in the following paragraphs.

First, one factor of Z arises from the weak charge of the nucleus. It is
defined as

+h4. (1.8)

Qw = —N + Z(1 — 4sin*0,,), (1.9)

where N and Z are the number of neutrons and protons respectively in the
nucleus and, 6, is the Weinberg angle. The experimentally measured value of
sin®0,, is ~ 0.23. Hence from Eq. (1.9)

Qw ~ —N > 7, (1.10)

for most of the heavy stable nuclei N/Z > 1.

Second, one Z factor arises from the helicity factor o - v./c in Eq. (1.8).
Within the nuclear region the electronic velocity v, is proportional to the
nuclear charge Z.
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Finally, another Z factor is attributed to the delta function appearing in
Eq. (1.8). The consequence of having delta function is that, only the electronic
wave function which has non zero probability within the nucleus contributes
the to the PNC observables. For example, the most dominant contributions
are from sy/o and p; /o orbitals.

1.4 PNC interaction Hamiltonian

The PNC electron-nucleus interaction Hamiltonian density of an atom in sec-
ond quantized form is expressed as

Hene = Gr(C1, 7,0 V5 Vutbn + Coth V5 Y,uenYuthn)- (1.11)

In the above equation G is the Fermi coupling constant and it gives a measure
of the weakness of the interaction. In atomic units it has the value 2.2225 x
107!, ¢y and Cy are electron-nucleon coupling coefficients. v, and 75 are the
Dirac matrices expressed as

yk:(lgk g”’“>,k=1,2,3 and 75:<? é) (1.12)
I here is the nuclear spin quantum number. The first term in Eq. (1.11) is
the nuclear-spin dependent (NSD) part of the PNC interaction Hamiltonian,
as it has the vector electron (1,v,1.) and the axial vector nucleus (¥,,vs7,%»)
currents. The second term on the other hand, has the vector nucleus (En%ﬂ/}n)
and the axial vector electron (Ee%fyuz/)e) currents and hence represents the
nuclear spin-independent (NSI) part of the PNC interaction Hamiltonian. As
vector changes sign under the parity operation but the axial vector does not,
and hence the product of two violates the parity transformation. From Eq.

(1.11), the total PNC Hamiltonian is then

HpNC = /HPNCd3T. (113)

In the subsequent sections we provide expressions for the NSD and NSI PNC
interaction Hamiltonian’s separately.

1.4.1 NSD-PNC interaction Hamiltonian

From Eq. (1.11), consider the first term
CrOeu et 5 utn = —GrCrlvo 1 el Yovurstn,  (1.14)

we have used the anticommuation relation {77} =0, p=0,1,2,3, and the
expression 1) = 11y, Using Eq. (1.13), the total NSD-PNC Hamiltonian is

YD = G / Gyt Yo tnd®r- (1.15)
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Expanding this equation for all values of i, we get

HARe = GFCI/ [VIv0v00e ] Y0705 80 + YIvovEett voriysn] dPr. (1.16)

Consider the first term, p = 0, and treat the nuclear part non-relativistically,
we then get

/ Vivorove i vorovsndr = / VIl s dr

Pn Knm f I Pnnm
_/( X()n n) <(I) 0)( XO" ")1/12%(137“—0, (1.17)

here we have used the relations 743 = 1. Similarly, for the remaining terms
1= 1,2,3, which are the spatial components we get

/@%%%lﬁb’o%%wnd?’r: /@Z)Ziaﬂbe@bliliwnd?’ry

where we have used the relations vyy; = ta; and v = ¢f;. From Egs.
(1.17), (1.18) and (1.15), the NSD PNC interaction Hamiltonian in the first
quantized form is

G
HESE = S I (L18)

where py;, is the weak nuclear moment of the nucleus and pn() is the nuclear
density. The weak nuclear moment is expressed in terms of the neutron and
proton numbers puy, = 2(ZCy, + NCi,), where Cy, and Cy,, are respectively
the vector electron and the axial vector nucleon coupling coefficients.

The parameter puy, introduced here has the combined effects of three par-
ity violating NSD-PNC contributions: interaction between nuclear anapole
moment and electrons; Z° exchange between electron and nucleons; and com-
bined effect of perturbation of the NSI contribution and hyperfine interaction.
Among these, the first is the most dominant, however, experimentally it can
not be distinguished from the effects of neutral weak currents. This must be ac-
counted for while extracting the anapole moment from atomic measurements.
Using the above arguments we can write in Eq. (1.18)

,UQ/V _ (_1>I+1/27l (

I1+1/2

. : 1.19
I+1)M + po + [1Qy (1.19)

where, the constant u, represents the contribution from anapole moment, the
constant ps accounts for the contribution from the neutral weak currents, and
the last term pq,, corresponds to the interference between the NSI and the
hyperfine interaction. [ is the orbital angular momentum of the unpaired
nucleon.
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1.4.2 NSI PNC interaction Hamiltonian

The NSI part of Hpnc is the most dominant source of PNC effects in atoms.
At the nuclear level, the associated parameter of the NSI-PNC interaction is
the weak charge of the nucleus Qy and the interaction Hamiltonian is [8]

G
HYSL = T ), 1.20
PNC QﬁQW;%PN(T) ( )

where the weak charge QQy of the nucleus is
Qw = 2(ZCy, + NCy,). (1.21)

Here, Z and N are the number of protons and neutrons respectively. And
Cyp and Oy, are the vector and axial coupling constants of the nucleon and
electron respectively. As mentioned earlier, py(r;) is the nuclear density.

1.5 Objectives of the current study

The standard model (SM) of particle physics is a theory of the elementary
particles in nature and their interactions. It correctly predicts the existence of
guage bosons, the force carriers which mediates the the strong, weak, and elec-
tromagnetic fundamental interactions. However, a hypothetical massive scalar
elementary particle predicted by the SM and referred to as the Higgs boson is
yet to be detected in experiments. The Higgs boson plays an important role
in explaining the origin of mass. Apart from this, the SM lacks a consistent
description of several observed phenomena, to mention a few

e the origin of strong CP violation,

e matter-antimatter asymmetry in the universe,

e neutrino oscillations,

e the origin and nature of dark matter and dark energy,

In the literature, these fall under the broad category of physics beyond the
SM. These have motivated several extensions to the SM and these are for ex-
ample supersymetric and left-right symmetric models. One way to investigate
these extended models is at the high-energy collider experiments, where new
particles can be detected and study their properties. Another way to probe
physics beyond the SM is with low-energy atomic experiments. The experi-
mental results when combined with high precision atomic theory calculations
provide estimates of parameters in SM. Any deviation from the predictions of
SM is indicative of new physics.
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The current thesis work is motivated to contribute to the new physics
by developing atomic many-body theory methods to carry out high precision
atomic theory calculations. For the computational results, the focus of the
work is the PNC of Yb [38, 39, 40, 28, 41, 15] and in particular, the NSD-PNC
component. The PNC effects of atomic Yb are reported to be almost ~ 100
times larger than the most precisely studied case of atomic Cs [10]. Apart form
the previously mentioned implication to the new physics, there are several
other important implications of the proposed work. As an application of the
theoretical methods developed, we also examine the spectroscopic properties
of atoms. A major part of the new atomic many-body methods developed are
based on the relativistic coupled-cluster theory.

1.6 Outline of the chapters

The chapters in the remaining part of the thesis are briefly outlined in this
section.

The second chapter, Atomic many-body perturbation theory (MBPT), pro-
vides a basic description of atomic structure calculations. Towards the end
of the chapter, MBPT is applied to calculate energy and E1PNC. The first
section of chapter discusses the many-electron relativistic Hamiltonian and re-
lations between different wave functions, the spin-orbitals, the configuration
state functions (CSF) and the atomic state functions (ASF). The concepts in
MBPT based on Rayleigh-Schroedinger perturbation theory are described in
Sec. II. The application MBPT to the closed- and open-shell atoms are dis-
cussed in the Sec. III and IV, respectively. In these sections, the details of the
calculations of the correlation and excitation energies are provided. Applica-
tion of MBPT to study PNC in atoms are discussed in the Sec. V and results
are presented in the section.

The third chapter, Perturbed configuration interaction (PCI), provides an
important scheme to overcome the computational difficulty of diagonalizing
two very large matrices in configuration interaction (CI). The first section is
a brief description of the CI method and its application to calculate F1PNC'.
The next section forms the core of the chapter and the PCI method is examined
in detail. It gives the E1PNC' expression within PCI and demonstrates the
advantage of PCI over CI. Sec. III deals with the application to the atomic
Yb and results are presented in the last section of the chapter.

In the fourth chapter, Coupled-cluster theory for closed-shell and one-
valence atoms, we deal with the developments and implications of most efficient
atomic many-body method, the coupled-cluster. This chapter is comprise of
four sections. The CC equations of closed-shell systems are derived in the first
section of the chapter. The properties calculation for closed-shell systems us-
ing CC wave function is also discussed in the same section. Sec. II deals with

10
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the method in the context of one-valence atoms. The coupled-cluster working
equations are derived, and application to the excitation energy calculation is
briefed. The properties calculations for one-valence atoms, in particular the hy-
perfine structure constants (HFS) and the electric dipole transition amplitudes
(E1), are discussed in Sec. III. A scheme for all-order properties calculation
is also described in the same section. This scheme enable us to include higher
orders of closed-shell cluster operators in the properties calculation. Results
obtained based on CC theory are presented in the last section.

The fifth chapter, Coupled-cluster theory for two-valence atoms, is the heart
of the thesis. In this chapter we deal with CC theory for two-valence atomic
systems. This is broadly classified in to four sections. Sec. I provides an
overview of the multi-reference CCT followed by complete and incomplete
model spaces. The coupled-cluster working equations using exponential ansatz
and the Bloch equation are derived in Sec. II of the chapter. The properties
calculations using CC method are discussed in Sec. III. In particular, we pro-
vide working equation and diagrammatic analysis for the calculation of HF'S
constants and E1 transition matrix element. The results calculated using CC
method are presented and analyzed in last section of the chapter.

The sixth chapter, Coupled-cluster theory with PNC perturbation, is to
account for PNC perturbation in atomic systems using the coupled-cluster
method. In the first section we consider closed-shell atoms in the PNC per-
turbation. The perturbed CC equations for the same are are derived. We also
describe the scheme for properties, in particular, the dipole polarizibilty, cal-
culation. The perturbed CC equation for one-valence atoms are discussed in
Sec. II. As an application we implement it for the E1IPNC calculation, which
is also given in the same section. Sec. III considers two-valence atoms in the
PNC perturbation. The perturbed CC equations for the same are derived, and
is also applied to EIPNC calculation. Results are presented in the last section
of the chapter.

The last chapter, Summary of the E1PNC results and future directions,
entangle the outcomes of the thesis. This chapter is divided into two sections.
Sec. I present the E1PNC results calculated using the methods which are
developed as the part of the thesis work for one-valence systems. The same
for two-valence systems are presented in Sec. II.

11



Chapter 2

Atomic many-body
perturbation theory

The many-body perturbation theory (MBPT) is an approach based on the
perturbation procedure to account for electron-electron interactions in many-
body systems. In atomic physics it was first introduced by Kelly [42] in 1969
and later proved as a powerful and suitable method for atomic and molecular
calculations. It has been applied quite successfully for correlation energy cal-
culation to the several atomic systems [43, 44, 45]. It is, however, not practical
to proceed beyond the third order as the number of terms proliferate rapidly
with the order of perturbation. At fourth order, there are large number of
terms and calculations are unmanageable. Perhaps in future, a combination of
symbolic manipulation and advances in computational many-body techniques
may remedy the complications. The method, however, is indispensable in
optimizing and testing the quality of the single-electron basis functions. In
addition, it is invaluable as a benchmark to test and validate other atomic
many-body theories.

The chapter is organized as follows. In Section.Il we give an overview of
the method and described the basic idea followed. The next section deals,
in brief, with very general and widely applicable perturbation scheme, the
Rayleigh-Schroedinger perturbation scheme, followed by the description of the
Generalized Bloch equation. Section.IV. is about the application of MBPT
for the correlation energy calculation in the case of closed- and open-shell
atomic systems. In the two-valence atoms case the construction of the ef-
fective Hamiltonian matrix and its diagnolization in the j7 coupled states is
elaborated. And the last section describes the scheme to calculate the EIPNC
using MBPT wave function.

12



Chapter 2. Atomic many-body perturbation theory

2.1 Relativistic atomic theory

To obtain precise results it is necessary to include effects of relativity in
the atomic many-body calculations. It is particularly important in high Z
atoms/ions as relativistic effects are large. The Dirac-Coulomb Hamiltonian
[46], HPC, is an appropriate choice to incorporate relativistic effects. For an
N-electron atom or ion

N

HPC =3~ [cai P+ (6 —1)F — ﬂ + i (2.1)

=1

where, o and 3 are the Dirac matrices. The first term in above equation is
the kinetic energy of the electrons. The third term is the nuclear potential,
and the last term represents Coulomb interactions of electrons. As the name
suggests, HP® includes all possible Coulomb interactions, and neglects the
magnetic interactions. It satisfies the Schroedinger equation

HYC10;) = E,|W;), (2.2)

where |U;) is the exact wave function usually referred as the atomic state
function (ASF). And, E; is the exact energy of the atomic system considered.

2.1.1 Dirac-Hartree-Fock theory

Hydrogen atom, which has only one electron along with the nucleus, is a two-
body system and is exactly solvable. However, the other atoms or ions with
two or more electrons are not exactly solvable. This is on account of of the
electron-electron Coulomb interaction »;_; % in atomic Hamiltonian.

To solve Eq. (2.2) we invoke the independent-particle model, which assume
each electron to move independently of others in an average potential arising
from the nucleus and other electrons. The average potential from the other

electrons [46, 47] is the Dirac-Hartree-Fock central potential

occ

une(rlid =3 [fal-1lia) = fal L lai)] (23)

where, 7 represents any orbital (core, valence, or virtual) and a represents only
the occupied orbitals. The first and second terms on right hand side are the
direct and exchange terms respectively. It is evident that direct and exchange
cancels when ¢ = a and avoids self interaction. We can then rewrite

g = 3y [Cai pi+ (B—1) — — uDF(?“Z-)} +Y — > upr(ry),
i—1 ' i<g Y=l
= Hy+ Vs (24)
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Where, H, is the solvable part of HP¢, conventionally referred as zeroth order
Hamiltonian. It can further be expressed as the sum of single particle operators

Hy = Z hoe (i), (2.5)

where

hDF(Z) = C; * P; -+ (ﬂz - 1)62 — rz + U('f‘i), (26)

is the Dirac-Fock operator. The remaining part of the electron-electron Coulomb
interaction

N
V;s — Z% — ZUDF(Ti), (27)
1<J 2

is the residual Coulomb interaction [46, 47] or the perturbative part of HPC.
The purpose of any atomic many-body theory is to account for this term as
accurately as possible. And, that is the objective of the many-body atomic
calculations.

2.1.2 Single-electron wave function

The Dirac-Fock operator, introduced in Eq. (2.5), satisfies the eigenvalue
equation

hor (4) Vi) = €i|i), (2.8)

where, |1);) and ¢; are the single electron wave function and energy respectively.
These are obtained from a self consistent field calculations of the single particle
equations. The relativistic orbitals are of the form

r) = l P (T)Xrm(T/7)
bunlr) = 1 (el e trin) ), 29)

where, P,.(r) and @,.(r) are the large and small component radial wave
functions, k is the relativistic total angular momentum quantum number and
Xwm(T/7) are the spinor spherical harmonics defined as

Xon(r) = 7 (I = 0. Soljm)¥y" (0, 6) o). (2.10)

The term (Im — o, %a|jm>, in the above equation, is a Clebsch-Gordan co-
efficient and Y;"77(0,¢) and |o) are the spherical harmonics and spin basis
functions respectively. The radial components of the wave function is further

14
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expressed as the linear combination of Gaussian like functions, referred to as
Gaussian type orbitals (GTOs) [48, 49]

Pnn(r) = Z Cilpg:p(’f‘),
p

Que(r) =Y Oy (r)- (2.11)

p

The index p runs over the number of the basis functions. For large component
g,fp(r) = C’ér”“e‘aﬂ2, (2.12)

here n, is an integer. And the small components are related to the large
component through the kinetic balance condition

d K

) =3 | 5+ %] ahin) 213

,
The exponents in the above expression follow the general relation
a, = o’ (2.14)

Where, the parameters oy and § are optimized for an atom to provide good
description of the atomic properties.

2.1.3 Slater determinants, CSFs and ASF's

Solving the Dirac-Hartree-Fock equation, Eq. (2.8), we obtain a set of orbitals
{|1s)}, and the corresponding eigenvalues {¢;}. From these we can construct
a set of many-electron wave functions. However, to satisfy Pauli’s exclusion
principle, the many-electron wave function must be antisymmetric with respect
to interchange of coordinates. Slater determinantal wave functions satisfy this
condition [46, 47, 50] and for an N-atom

1/%;("”1) ¢b("°1) ¢N("‘1)
VYa(ra)  Pu(r2) oo n(ra)
D(ri,m2,m3,...,rn) = | Ya(rs)  ¥u(rs) - ulrs) |- (2.15)

balrw) Bolrwde - Yulr)

Slater determinants are eigen functions of the zeroth-order Hamiltonian H,
and the corresponding eigenvalue equation is

Ho|D;) = EV|D,), (2.16)

where, EZ-(O) is the sum of all single electron energies. The difference between
the exact and the mean field energy, AE; = E; — E?, is the correlation energy
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of the ith state. Here, the Slater determinants are the antisymmetrised direct
product of single particle wave functions. However, Hy commutes with J?,
J and J, and taking these into account, we can define many-electron states
which are eigenstates of .J. Such states represented as |[yP.JM) are referred as
configuration state functions (CSFs) and are, in general, linear combinations of
the Slater determinants. Where P is the parity of the state, M is the magnetic
quantum number and ~ is an additional quantum number to define each CSF
uniquely. From the considerations mentioned

JyPIMY = J(J+1)|yPJIM),
J.JyPJM) = M|yPJM),
PlyPJM) = P|yPJM),
(2.17)

here, M varies from —J to +.J.
The next level of many-particle wave function is the atomic state functions
(ASFs). These are the linear combinations of CSFs and general expression is

ITPJM) = cf[vPJM). (2.18)

i=1

The additional quantum number I" is defines each ASF uniquely. And ¢! is
the mixing coefficients. In the later sections we will using Eq. (2.18) in the

representation
n

;) = ququ, (2.19)

where j is restricted to one for closed-shell atoms.

2.2 Basics of atomic MBPT

The basic idea behind atomic MBPT is to incorporate the residual Coulomb
interaction Vg , defined in Eq. (2.7), systematically to higher orders in a
sequence. So that the eigen value equation given in Eq. (2.2) is solved exactly.
From previous descriptions, the total Hamiltonian is

HPC = H, + V. (2.20)

The initial step of MBPT calculations is to solve the eigenvalue equation of Hy
and obtain a complete set of eigen states {|®;)}. The next step is separation
of {|®;)} into a model space or P-space, it comprises of eigen states which
are best approximation to the exact atomic state. And, the ()-space or the
complementary space, it consists of the remaining eigen states. Defining the
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Chapter 2. Atomic many-body perturbation theory

two subspaces is straight forward in closed-shell states as P-space has only
one state and it is the determinant corresponding to the configuration of the
atomic state. The projection operators are

P =|0;)(P;], and Q = Y |®;)(Dy]. (2.21)
|@;)¢P

In the open-shell systems, however, the selection of P-space is tricky as several
eigen states may contribute equally at the lowest approximation. Details on
the choice of the model space in open-shell systems shall be discussed in later
parts of the thesis. The operator P satisfies the relation

Pl0;) = [;). (2.22)

And the final step is to define the wave operator €2 which operates within the
model space but it generates the exact atomic state

(W) = Q|®y), (2.23)

where |U;), as mentioned earlier, is the exact wave function and |®;) is the cor-
responding model wave function. There are two important perturbation theo-
ries to calculate the wave operator: Brillouin- Wigner and Rayleigh- Schroedinger.
Detailed discussions on these theories are given in Ref.[47, 50].

The expansion series in the Brillouin-Wigner perturbation theory require,
in denominator, exact energy of the atomic states. Calculation of which is
one objective of the perturbation scheme. For this reason the implementation
of the theory is through self consistent schemes. This constrain the general
applicability of the theory as self consistent schemes usually encounter diver-
gences while calculating several states. As a result, the theory is appropriate
for calculations involving a few atomic states.

The Rayleigh-Schroedinger perturbation theory, on the other hand, depend
entirely on the eigen states and eigen values of Hy. The wave operator of a state
is well defined once the eigen value equation of Hy is solved. And, unlike the
Brillouin-Wigner theory, it can be applied to a group of states with relatively
simple generalizations. The theory was first applied to N-electron systems by
C. Moller and M. S. Plesset and hence, in atomic and molecular physics, it is
also referred as Moller-Plesset perturbation theory. In the next section a brief
description of the theory is provided, which is perhaps essential and the later
sections in the thesis rely on the theory either for validation or are based on
it.

2.2.1 Rayleigh-Schroedinger perturbation theory

As mentioned earlier, the exact atomic state is generated from the model space
wave function by means of the wave operator. This is done iteratively through
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successive corrections to the model function. The wave operator, in general,
can be define as
Q=1+00 4+ 0% 4+ ... (2.24)

where the superscript represents the order of perturbation. The wave operator
Q) has the perturbation Vs a p number of times. In the same way, the exact
state Eq. (2.23) is

10;) = |®;) + MA@ + A2[0P) + Aoy 1 ... (2.25)

Here, X is the perturbation parameter and indicates the order of of perturba-
tions in each term. As we have discussed earlier as well, |®;) is the zeroth-order
wave function and in closed-shell case is the best approximation to the exact
state. And the others, ]@g”}, ]@§2)>, and so on, are the corrections evaluated
with the wave operator in Eq. (2.24).

2.2.2 Generalized Bloch-equation

The wave operator, in Rayleigh-Schroedinger perturbation theory, is the solu-
tion of the iterative equation

[, Hy|P = VQP — QPV,QP. (2.26)

This equation is referred as the generalized Bloch equation and was formulated
by Lindgren in Ref. [51]. Tt is widely used in perturbative calculations of
atomic and molecular physics, and it is a convenient starting point in the
derivations of non perturbative schemes like coupled-cluster theories. Another
form of the equation, suitable to calculate the order wise expansion of the wave
operator in Eq.(2.24), is to rewrite it as a recurrence relation
pn—1
QW HolP = QU= p -y Qe py-1p, (2.27)
v=1
The equation is solved in a sequence to obtain terms in the waver operator as a
function of V' to various orders. However, beyond second order algebraic eval-
uation of the wave operator is cumbersome and book keeping of various terms
is impractical. With diagrammatic evaluation, it is fairly straight forward to
calculate up to third order and simplifies calculations of selective terms in
MBPT to higher orders. Two classes of diagrams occur in the diagrammatic
expression of Eq. (blocheql), namely: linked diagrams, where it possible to
traverse all the interaction lines in one stroke, and unlinked diagrams, where
it require more than one stroke to traverse all the interaction lines. Follow-
ing linked cluster theorem [52, 53], only the linked diagrams appear in Eq.
(blocheql). More appropriately
pn—1
QW Hy|P = |QVQU—DP Y Q= pyol-bp : (2.28)

v=1 linked
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Where the subscript linked denotes only linked diagrams are retained in the
equation. Ideally, in any many-body theory only linked diagrams should ap-
pear so that the theory is size extensive. Otherwise, the theory is not size
extensive and there are terms which are unphysical.

2.3 Closed-shell atomic MBPT

For closed-shell atoms or states, diagrammatically, PVQ"~1P in the second
term of Eq. (2.28) is a closed diagram. Where closed diagrams are the ones
without any free orbital lines and any term which involves a closed component
is then unlinked. Hence, the re-normalization term Q®=*) PV Q¥=1 in closed-
shell atoms or systems is unlinked and the generalized Bloch is reduced to

[QW, Hy| = [vakY)] (2.29)

linked ’

where ;> 1. This is the linked diagram equation for closed-shell atomic
systems. The first order wave operator equation is

(D, Ho] = [V]jugea = Vi + Vo, (2.30)

where the one- and two-body operators ( V; and V5 ) in operator form are

" =Z{afaj}<i|v|j> (2.31a)

Z{a alak} ij|r ot [Kkl). (2.31b)

z]kl

Here, a' (a) are creation (annihilation) operators of single particle states,
respectively. The indexes 7, j, k, ... which represent general orbitals. For the
HPC and partitioning of Hy considered in this work V; = upp. Following the
form of V| the general expression of the first order wave operator is

0 = o 4+ Y, (2.32)

The subscripts in the first and second terms on the right hand side indicate
level of excitations single and double, respectively. After evaluating the com-
mutation relation in Eq. (2.30)

Za o (plvia : (2.33a)

a €p

b
ZaT ala bl (palvlab) (2.33b)

ot € —€,—c¢€
abpq b p q
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Here, indexes a, b, c,... (p,q,r,...) represent core (virtual) orbitals. Diagram-
matically, the representation of the wave operators are given in Fig. 2.1. The
off diagonal matrix elements of V) are zero when Dirac-Hartree-Fock orbitals
used in the calculations. At the first order only the two-body V5 then has
non-zero contribution.

Figure 2.1: The diagrammatic representations of the one- and two-body wave
operator for the closed-shell atoms. Lines with downward (upward) arrows
represent core (virtual) single particle states.

2.3.1 Correlation energy of closed-shell atoms

Consider the eigen value equation of HP“ in Eq. (2.2). It can be written in
terms of the MBPT wave function as

HQ|®;) = E;Q|D;). (2.34)
Project the equation to model space or reference state, we get
Heg|®;) = E;| D), (2.35)
where,
Hg = PHyP + PVQP, (2.36)

is the effective Hamiltonian. The Eq. (2.35) is an important one, it implies
that Heg is defined once the wave operator (2 is calculated. The key point of
calculating H.g is, it operates on the model function and gives the exact eigen
energy. More appropriately, one can get the exact energy as

EO - <(I)0‘Heff‘q)0>, (237)

expectation value of H.g with respect to the model function. The first term
in Eq. (2.36) is the leading order contribution, Ei(o), to the exact eigen energy
E;. Tt is referred as the self-consistent field (SCF) energy. And the second
term, with wave operator 2, is the correction to Ei(o) referred as the correlation
energy. Depending on the orders of €2, various corrections to the energy can be
calculated using second term in Eq. (2.36) and the n'" order energy correction,
for closed-shell systems, is

(n) e
B = (&, VQ"D|®,), for n > 2. (2.38)

Unlike the case of €2 diagrams, the Ei(") diagrams are topologically closed.
Which is natural as it is expectation of a closed-shell state.
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Figure 2.2: MBPT diagrams which contribute to the second-order correlation
energy.

2.3.2 Second-order correlation energy

From Eq. (2.38), the second order correlation energy is

1
B3 = (do|[VQD D). (2.39)

corr

Separate the perturbation Hamiltonian and wave-operator to one- and two-
body parts, as in Eq. (2.31) and (2.33),

B2, = (@|(Vi + Vo) (V) + Q5)|dy). (2.40)

corr

However, as mentioned earlier, the one-body term does not contribute at the
first order. The expression for E2, is then reduced to

2 o)
EQ), = (@|Va0y|®o), (2.41)

corr

The diagrams which contribute to ES), arise from the contraction of V5 with

le) such that there are no free lines. There are two diagrams which meet the
conditions of no free lines and these are shown in Fig. 2.2.

2.4 One- and two-valence atomic MBPT

Application of many-body atomic theories to the open-shell atoms, in general,
is not straight forward like in closed-shell atoms. There are two reasons for
this. First, in addition to the core and virtual orbitals, open shell atoms/ions
require a third category, the valence orbitals. This is because, the valence
shells are partially filled and these have properties typical of core shells as well
as the virtual shells. And second, there is lack of a priori information about
the reference state or the zeroth order wave function. This is for the following
reason: usually, the valence-valence correlation effects are strong in open-shell
systems and states in the model space mixes very strongly. To account for
this, a reference state must be linear combination of states in the model space.
However, there are no simple ways to assign the coefficients of mixing. One
widely often used solution is to diagonalize the effective Hamiltonian matrix
within model space configurations.
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Virtual

Valence

Core

1s

Figure 2.3: Diagram showing merging of valence orbitals with cores and vir-
tuals.

In short, for open-shell calculations, the valence must be treated either as
core or virtual depending on the context. This is depicted schematically in
the Fig. 2.3 and there are advantages of such a treatment while evaluating
diagrams. The open-shell diagrams are equivalent to closed-shell diagrams
with the core lines transformed to valence lines. The model space consist of
several states or more appropriately, the calculation is multi-reference. For
single-valence case, the model functions are

@) = al|®o), (2.42)

where |®g) is the core part and v represents the valence electron.
Diagrammatically, the effective Hamiltonian PV )P is no longer a closed
diagram. It may have valence orbitals as free lines and contraction with €2 is
possible. In which case, the connecting line(s) must be contorted to obtain cor-
rect expressions (denominator) and a new class of diagrams, folded diagrams,
emerge from third order onwards. This is a major departure from the dia-
grammatic description of closed-shell atomic MBPT. Perturbation expansions
are therefore based on the equation
pn—1
QVQUY =y " py ol : (2.43)
v=1 linked

Recollect that the second term on the right-hand side of Eq. (2.43) is absent
in close-shell case.

[Q(u)7 Ho} —

2.4.1 Excitation energy of one-valence atoms

In analogy with the expression for second-order correlation energy for closed-
shell atoms, Eq. (2.41), the second-order correlation energy of one-valence
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atoms is —
E® = (&,1,0,|@,) = B« - BB, (2.44)

where |®,) is the model state function for single-reference atoms. Like in
closed-shell case, only closed diagram contribute to E®). For the core part
E(2) core " diagrams are same as in closed-shell system. However, for the valence
part F vl closed diagrams are those with free valence lines and the diagrams
are shown in Fig. 2.4.

Figure 2.4: Diagrams which contribute to second-order correction to the at-
tachment energy.

The experimentally observable quantity is the attachment energy of the
valence electron v. It is the energy released when the valence electron is added
to the system and is given as

B = ¢, + E® el (2.45)

It is equivalent to the calculating ionization potential as the later is negative
of the former. Another quantity relevant to experiments are the excitation
energies

AE =E, — E,, (2.46)

where E is the energy of the ground state function. In the result section the
excitation energies for a group of one-valence atoms are presented.

2.4.2 Excitation energy for two-valence atoms

Like in the one-valence system the two-valence many particle states, which
belong to the model space, are

|Dy) = aiaju|©0>, (2.47)

where v and w are valence orbitals. As mentioned earlier, although the many
particle states which span the model space are known, the reference states are
not defined initially. The reason is the general form of a reference states |®%)
is the linear combination

D) =) |Pyu,). (2.48)
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where ¢ are the coefficients of linear combination. There are no non-trivial
way to define these coefficients. The approach is then, perturb first and di-
agonalize the effective Hamiltonian within the model space. Accordingly, to
calculate the second order correlation energy apply the first order wave oper-
ator in Eq. (2.33) to all the many particle states |®;) € P. The next step
is then to generate the effective Hamiltonian matrix within the model space
with jj coupled states.

2.4.2.1 First- and second-order effective Hamiltonian

Following Eq. (2.36), the first-order correlation energy is

HY) = PVP =PV, +V, + V,)P. (2.49)

[S)

where, Vj is the contribution from the close-shell part. This contributes equally
to all the states in model space and shifts all the energy levels by the same
amount. The one- and two-body terms, V; and V5, have contributions from
open-shell part only. The nonzero contribution in particular from the one-
body term adds same to the all diagonal elements of the effective Hamiltonian
matrix and is therefore does not account for the energy level splitting. From
Eq. (2.49), Héflf) is reduced to the form

HY) = PV,P. (2.50)

[S)

The contributing diagram is a close diagram, shown in Fig. 2.6(a), with a pair
of valence lines at each vertex.

Figure 2.5: Representation of the first-order wave operator diagrams for two-
valence atoms. Double arrows to the bottom of the interaction represents the
valence orbital.

The second-order effective Hamiltonian is
HY = PVQOP = P(V; + V3) [Q(f) + le>] P, (2.51)

here, the Vi contribution is zero when Dirac-Fock orbitals are used in the
calculations. The expression of H e(gf) is then reduced to

H? = Pr0p. (2.52)
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Figure 2.6: The two-body diagram (a), arises from the first-order effective
Hamiltonian H, éflf). The remaining two-body diagrams, from (b) — (g), con-
tribute to the second-order effective Hamiltonian H e(?f).

The diagrammatic representation of the first-order wave operator, in Eq. (2.52),
is shown in the Fig. 2.5. These contract with the diagrams of V' and generates
the second order effective Hamiltonian diagrams. These are calculated with
respect to uncoupled states and treated as one- and two-body effective opera-
tors. The diagrammatic representation of the effective operators are shown in

Figs. 2.4 and 2.6.

2.4.2.2 H. matrix elements with j7 coupled states

Electrons being fermions Pauli’s exclusion principle must hold true and to
preserve this, the many particle wave function of two-valence systems must
be antisymmetric. For two non-equivalent electrons, the antisymmetrised 77
coupled state may be expressed as

. , 1 , .
{ oo Ywwma } T M) = V2 [ (Yoo Yo S0 T M)
(= 1) | (y umayeome) JM)). (2.53)

where, j, and j,, are the total angular momenta of the single electron states |¢,)
and |¢,,) respectively, m, and m,, are the magnetic quantum numbers, 7, and
Y are additional quantum numbers to identify each spin-orbitals uniquely, and
J and M are the total angular and magnetic quantum numbers of the coupled
state, respectively. Using Eq. (2.53), the matrix element of the Coulomb
interaction Hamiltonian is

DN | —

({Jamagymy I M |é|{ Fo M jua I M) =
((Jamajymy)J M |ri12|(jvmvjwmw)J’M’> — (=1)F=tdu=d
((Gymydzma) I M |Ti12|(jvmv Go) J' My — (—=1)7v w7
((jwmxjymy)JM|%12|(jwmwjvmv)J’M/> (= 1)ty tivtin=T =T

. . . .
((Gymyjame)J M IT—HI(mevamv)J’M - (2.54)
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While implementing the matrix elements all the four terms in Eq. (2.54)
are explicitly calculated with proper normalization factor. To illustrate the
procedure consider the direct matrix element in the above equation. In terms
of uncoupled states

: - 1 , : o
<(%3Umvﬁyw‘7wmw>JM’r_m|(7z]mmx7yjymy)J/M/> = Z(—l)hﬂw+J+k
k

/ / .x .x k . . . .
5<J,J>6<M,M>{j.y oy }<%JvHCkH%Jx><’wwHCkHwy>Rk- (2.:55)

Where R* is the radial integral and C* is the spherical tensor operator of rank
k. For matrix elements, as evident from the delta functions, to be non-zero the
states should have the same parity, J and M. The expression in Eq. (2.55) are
applicable to the matrix elements of the two-body diagrams (Fig. 2.6(b-g). In
this case the multipole k and the radial integral arise from the combination of
two orders of residual Coulomb interactions.

Similarly, the matrix element of the one-body operator of rank k, with
respect to the j7 coupled states is

<(7vjv’ijw)<]M|Fk(1)’(7&7%’7?;]3/ J' M 5(’7107 7y>6(jwa jy)

) T ' ) ok
_\J-M Gotiy+J +k 11/2 Jv  Jz
ey S (M ){J’Jjw}
X (Yoo [ £ [ Vada)- (2.56)

This is a very general expression and applicable to one-body operator of any
rank k. In the present calculations, however, one-body effective operator is
scalar ( kK = 0). Using Egs. (2.55) and (2.56) the matrix elements of the
effective Hamiltonian can be evaluated in the jj coupled states.

2.5 E1PNC from MBPT

In this section we derive the expression for EIPNC transition amplitude using
first-order many-body perturbation theory, for one- and two-valence atomic
systems. The results obtained from the calculations are discussed in the second
last chapter of the thesis.

2.5.1 The one-valence atoms

In the presence of the PNC interaction, the total Hamiltonian of an atom is the
sum of the Dirac-Coulomb Hamiltonian and the PNC interaction Hamiltonian.
The eigen value equation is modified to

(HPC + XHpxe)| W) = (E; + AEY|W,), (2.57)
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where |W,), is a mixed parity eigen state. It is defined as
[T = W) + AT), (2.58)

where |W11 ) is the first-order correction to |U;). It arises from the Hpyc induced
mixing from opposite parity state.

In MBPT, the wave functions |¥,) and |¥l) are evaluated using the ex-
pressions

0, ~ (14+9W)®,), and [T = Q0. |T,). (2.59)

To avoid the complexity of the equations restrict to the first-order correction
only. It is, however, possible to extend the method up to second-order without
much difficulty. But going beyond the second order requires a very systematic
approach and huge computational resources. The wave operator €2, as describe
in the previous sections, incorporates the correlation effects. And the wave
operator {dpxc incorporates the effects of PNC interaction. Using (2.59), the
PNC induced electric dipole transition amplitude is

T
E1PNC = (@, (1 +o 4 m{}g]c) D (1 +00 4 )\QQ&C> [®,).  (2.60)

Retaining only the terms which are first order in the perturbation parameter
A

t }
(@] (1+ QW) DOR + Qe D (1+0D) [@,),
1 ]
— (0,[DOW + QR D+ 0D + 0l DOV |B,). (2.61)

E1PNC

This is the expression for one-valence systems and can be extended to the
two-valence systems. The corresponding diagrams of the first and third terms
in Eq. (2.61) are are shown in the Fig. 2.7. The diagrams arising from the
second and fourth terms are obtained by taking the Hermitian conjugate of
those from first and third terms, respectively.

2.5.2 The two-valence atoms

The PNC perturbed atomic state function using first-order MBPT, for two-
valence atoms is

[B) = (1499 +20Rc) 3 chlow), (2.62)
k

where QM and Qgﬁlc, as mentioned in the previous section, are the wave
operators corresponding to the residual Coulomb and the PNC interactions
respectively. ¢l is the expansion coefficient, when a two-valence exact wave
function is expanded in terms of the configuration state functions contributing
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(m) (n) (0)

Figure 2.7: Diagrams which contribute to the first (diagrams (m) and (n))
and third (remaining diagrams) terms of the Eq. (2.61). The dashed line
represents the residual perturbation and the solid line ended with the circle
is to represent the dipole operator. The solid line having square at the end
represents the PNC operator.

to the model space. And |®j) is the two-valence configuration included in
the model space. Using Eq. (2.62) and following the similar steps as the
one-valence case, we get

* s T T
EIPNC = Y ¢/ ¢ (@D + Qe D + Q' DOR + QiR DM |,(2.63)
i,k

This is the first-order MBPT expression of EIPNC for two-valence atoms. As
evident, it requires an additional task of calculating the coefficients cf and ¢4

The diagrammatic evaluation of the Eq. (2.63) consist of the diagrams
which have two pairs of free lines as the valence. The terms first and second
contribute through one spectator valence line. The contributing diagrams to
the terms fist and third are shown in the Fig. 2.8. The diagrams which
contribute to second and fourth terms are not given, as the terms second and
fourth are the Hermitian conjugate of first and third respectively. These are
however included in the actual calculations.
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Figure 2.8: Diagrams which contribute to the first (diagrams (a) and (b))
and third (diagrams from (c) to (1)) terms of the Eq. (2.63). The Hermitian
conjugate diagrams are not shown.

2.6 Summary of the results

2.6.1 Basis functions

The first step and perhaps the most important in precision atomic calculations
is the generation of good quality orbitals. The results described and discussed
are from computations with Gaussian type orbitals (GTOs), optimized to re-
produce the numerical single particle energies and self consistent field (SCF)
energy. The GTOs are even tempered, which unlike the universal basis, the
exponent parameters oy and 3 are different for each symmetries. This provides
more flexibility to obtained a good quality basis. The numerical results are
obtained using the multi-configuration Dirac-Fock code GRASP92 [54]. The
exponent parameters of the inert gas atoms and alkaline-Earth ions are listed
in Tables. 2.1 and 2.2, respectively. To start with we use the parameters of
Tatewaki and collaborators [55] and then optimize further.

2.6.2 Correlation energy of closed-shell atoms

The ground state SCF energy ( Eg)()j ), the second order correlation energy (
EQ), ), and the total energy (E) of the inert gas atoms are listed in Table.
2.3. For comparison, the results from previous calculations are also listed in
the table. The results from Ishikawa and collaborators [56], the only previous
work which incorporate relativistic effects, is chosen for a detailed comparison
with the results from the present studies. The SCF energy from the present
work, for all the atoms, are slightly lower than the results in Ishikawa’s et al
[56]. And as noticeable in Table. 2.3, the correlation energies from the present
work are, except for Xe, slightly higher. Consequently, the total energy (FE)
are in good agreement with the values of Ishikawa et al.
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Table 2.1: Basis set of the parameters, ag and [, used in the correlation energy
calculations for inert gas atoms.

Atom Symmetry Qo 6] Basis function
20Ne s 0.0925 1.4500 38
P 0.1951 2.7103 35
d 0.0070 2.7000 25
4O0Ar s 0.0985 1.8900 38
D 0.0072  2.9650 35
d 0.0070 2.7000 28
8Ky s 0.0002 2.0220 30
D 0.0072  2.3650 28
d 0.0070  2.5500 25
132X e s 0.0001  2.0220 32
D 0.0072  2.3650 28
d 0.0070 2.5500 25

To investigate the electron correlation effects in more detail, EQ). is cal-

culated with systematic inclusion of higher symmetry orbitals—higher orbital
angular momentum [—in a sequence. The cumulative contributions from vari-
ous symmetries to B, are presented in the Table. 2.4. The value of Ne ground
state correlation energy —0.3811, computed with orbitals up to ¢ symmetry is
in very good agreement with the value —0.3836 from a similar calculations of
Lindgren and collaborators [57]. The difference between the two results is at
the millihartree level. In this analysis, it is observed that contributions from
the higher [ orbitals to EQ is negligible for lighter atoms. For heavier atoms,
however, a systematic inclusion of higher [ orbitals can improve the results.
The contribution from %k (I = 9) symmetry to EQ), of Ne is —0.0007 and in
percentage it is 0.20%. It is however, 0.24%, 0.45% and 0.59% for Ar, Kr and
Xe, respectively. The Fig. 2.9 shows the variation of change in Eé?)%r when
the orbitals from higher symmetries are included in the virtual space. It is
evident that, the pattern of the largest contribution are from the p, d, d and f
symmetries for Ne, Ar, Kr and Xe, respectively. On further examination, the
most dominant contributions are from the core-core combinations of 2ps/22ps /2,
3p3/23p3/2, 3ds/23d5/2 and 4ds/94ds /o for Ne, Ar, Kr and Xe respectively. The
variation of cumulative correlation energy with the orbitals is shown in the
Fig. 2.10.
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Table 2.2: Basis set parameters, oy and 3, used in the excitation energy cal-
culations for alkaline Earth ions.

Ion Symmetry Qo 16} Basis function

BMg* s 0.0083 2.8900 28
P 0.0072  2.9650 25

d 0.0070  2.7200 22

$BCat s 0.0063 2.8800 29
P 0.0072  2.9650 26

d 0.0070 2.7000 24

87Sr+ s 0.0083 2.9800 30
P 0.0072  2.9650 27

d 0.0070 2.8000 25

13TBat s 0.0063  2.9800 31
P 0.0072  2.9590 28

d 0.0070 2.4500 26

2.6.3 Excitation energy of one-valence atoms

To examine the MBPT for one-valence systems, the attachment energies of
S1/2 (ground state), and first excited Py, Ps/2, D3/o and Ds/o states of Mgt
Cat, Sr*, and Ba' ions are calculated from Eq. (4.35). From these using
Eq. (2.46), the excitation energies are also evaluated. The results from these
calculations are listed in the Table. 2.5. Like in previous case-closed-shell cor-
relation energy-results from the previous theoretical works and experimental
are listed for comparison. Among the previous works, Guet and collaborators
[65] employed the same many-body method as ours but used a different basis,
namely B-spline functions. For most of the states the differences between the
current results, and Guet and collaborators [65] is at the millihartree level.
More importantly, the difference is random in nature. The deviations may be
attributed to the nature of the basis functions used in the two calculations. As
evident from Table. 2.5, in the case of Mg™ the excitation energies of states
3d ?Dj25/2 are higher than that of 3p 2Py /o 3/2 states. The sequence is, how-
ever, reversed for other ions. This is consistent with the theoretical [65] results
and experiment data.

Deviations from the experimental data gradually increases from Mg™ to
Ba™. The excitation energies of the P /25 P32, D35 and Dy /o states of Mg*
differ form the experiment by 0.11%, 0.10%, 0.21% and 0.21% respectively. In
the case of Ba™, these are however 4.12%, 4.13%, 9.91% and 6.23% for P s,
P39, D35 and Dy )y states, respectively. Another important observation is,
except for Sr™, large is deviation is observed in the D3/, and Ds/, excitation
energies for all the ions. However for Srt the excitation energies of Py /2 and
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Table 2.3: The SCF Eg)();, the second-order correlation Eéﬁzr, and the total
energies F of Ne, Ar, Kr and Xe atomic systems. All the values listed are in
atomic units. For comparison results from other calculations are also listed.

Atom This work Other work
EY), EQ), E EY, EQ,
Ne  —128.6932 —0.3830 —129.0762 —128.6919 —0.3834?
—0.3836°
—0.3822¢
—0.36974
—0.3804°¢
OAr  —528.6882 —0.6938 —529.3820 —528.6838 —0.6981%
—0.6822°
—0.685f
—0.7908
84Kr —2788.8659 —1.8426 —2790.7085 —2788.8615 —1.8468%
132Xe  —7446.8887 —2.9767 —7449.8654 —7446.8880 —2.9587%

*Reference[56]. PReference[57]. “Reference[59].
dReference[60). °Reference|[61]. TReference[62).
£Reference[58].

Table 2.4: Cumulative second-order correlation energy, calculated using
MBPT, when orbitals up to £ symmetry are included in the virtual space.
All values are in atomic units.

Symmetry Ne Ar Kr Xe

s —0.0194 —0.0210 —0.0236 —0.0247
—0.1920 —0.2043 —0.2479 —0.2687
—0.3216 —0.5401 —-0.9512 —1.0419
—0.3589 —0.6330 —1.5213 —2.2972
—0.3732 —0.6695 —1.7077 —2.6879
—0.3786 —0.6830 —1.7843 —2.8520
—0.3811 —0.6891 —1.8179 —2.9238
—0.3823 —0.6921 —1.8343 —2.9591
—0.3830 —0.6938 —1.8426 —2.9767

T TR AT
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Table 2.5: Ionization potential and excitation energies calculated using MBPT.
For comparison other results and experimental values are also listed. All values
are in atomic units.

Ion  state This work Other works Exp.Ref[63].
IP EE IP EE EE
Mgt 3s12 —0.55156 0.0 —0.55252 0.0 0.0

3ds;,  —0.22652  0.32504 —0.22677 0.32575% 0.32573
3ds,  —0.22652  0.32504 —0.22677 0.32575% 0.32574
3pie —0.38922 0.16234 —0.39003 0.16249* 0.16252
3p3p —0.38878 0.16278 —0.38961 0.16291* 0.16294

BCat  4sy, —0.43784 0.0 —0.43836 0.0 0.0
3d3,  —0.37797  0.05987 —0.37768 0.06068" 0.06220
3ds,  —0.37762  0.06022 —0.37731 0.06205" 0.06247
4p1,  —0.32180 0.11604 —0.32217 0.11619° 0.11478
4ps, —0.32075 0.11709 —0.32111 0.11725° 0.11580

87Srt Bsyp —0.40788 0.0 —0.40839 0.0 0.0
Adz;  —0.34236  0.06552 —0.34279  0.06560" 0.06632
4ds;  —0.34091  0.06697 —0.34132 0.06707" 0.06760
5p12 —0.29793  0.10995 —0.29838 0.11001" 0.10805
5ps2  —0.29421 0.11367 —0.29463 0.11376" 0.11171

BTBat  6s1, —0.37297 0.0 —0.37308 0.0 0.0
5dz,  —0.35296  0.02001 —0.35172 0.02136" 0.02221
5ds,  —0.34872  0.02425 —0.34748 0.02560" 0.02586
6p12 —0.27685 0.09612 —0.27532 0.09776" 0.09232
6ps2  —0.26882 0.10415 —0.26946 0.10362" 0.10002

® Reference[64]. b Reference[65)].
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Figure 2.9: Diagram showing the change in the second-order correlation energy
with the various symmetries.

r Wkr

s p d f g h i | k
Orbital symmetries

Figure 2.10: Diagram showing the cumulative second-order correlation energy
when orbitals from higher symmetries are included.

P35 are larger and it is not the D3/, and Ds/, states as in other ions.

2.6.4 Excitation energy for two-valence atoms

In this section we examine the two-electron removal and the excitation energies
calculated using MBPT for two-valence atoms. For this, we choose Mg, Ca,
Sr, Ba, and Yb atomic systems. Except Ca and Sr, all the other atoms have
different energy level sequence, and therefore would be a good test for the
reliability of the method. In all the cases we calculate the ground state and
eight exited states. In these calculations we have used V'n — 2 single-electron
orbitals.

In Table. 2.6 we present the excitation energies for atomic Mg. The fine
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Table 2.6: Two-electron removal and excitation energies for ground and some
of the low lying excited states of Mg and Ca, calculated using MBPT. All
values are in atomic units.

State Ours Exp.Ref[63].
Eyy EE EE
2Mg; [Ne|3s?

35215y  —0.80564 0.0 0.0
3s3p3Py  —0.71417 0.09147 0.09956
3s3p3P,  —0.71422 0.09142 0.09965
3s3p3P,  —0.71433 0.09131 0.09983
3s3p P —0.62485 0.18079 0.15971
3s3d 'Dy  —0.59869 0.20695 0.21143
3s3d 3Dy —0.57183 0.23381 0.21851
3s3d3D3; —0.57183 0.23381 0.21851
3s3d3D; —0.57183 0.23381 0.21851

10Ca,; [Ar]|4s

452 1S, —0.63336 0.0 0.0
4s4p 3Py —0.56980 0.06356 0.06906
4s4p 3P, —0.56995 0.06341 0.06930
4s4p 3Py  —0.57026 0.06310 0.06978
4s3d 3Dy —0.51987 0.11349 0.09265
453d 3Dy —0.52000 0.11336 0.09272
4s3d3D3  —0.52016 0.11320 0.09282
4s3d *Dy  —0.51314 0.12022 0.09955
4sdp 'P; —0.51722 0.11614 0.10777
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structure splitting of the configuration 3s3d is found to be consistent with the
experimental data. This is however not correct for the configuration 3s3p.
3P, appears first then 3P, followed by ®P,. The two-electron removal energy
of our result is about 3.3% smaller than the experiment. The discrepancy in
excitation energy is observed to be larger than the case of Mg*t. The error
in the 3P; states is approximately about 8.5%. This is however significantly
large, about 13.2%, in the case of !P;. Unlike ' P;, the state 1D, is closer to
the experiment. The deviations are about 2.1% and 7.0% respectively for the
states ' Dy and 2D .

The ground state energy of Ca, like the Mg, is smaller than the experiment.
The difference is 4.2%, slightly larger than the Mg. Fine structure splittings
for both the configurations, 4s4p and 3d4s, are different than the experiment.
Like Mg, 3P, appears first then 2P, followed by ®F). The same sequence is
observed for 3D states also. As its evident from Table. 2.6, the excitation
energies of 3P; states are lower than the experimental results. It is however
higher in the case of 'P;. The deviations for the states *Py, 3Py, 3P, and ' P,
are 8.0%, 8.4%, 9.6% and 7.8% respectively. In contrary to the P; states, the
excitation energies for 3D ; and ' D, are greater than the experimental values.
In this case discrepancy is even larger, about 22% and 20.8% respectively for
3D; and D, in comparison to the triplet and singlet P.

As we see in the Table. 2.7, the atomic Sr follow the same energy levels se-
quence as Ca. We find, for this atom our computed sequence of the states is in
agreement with the experiment. Like Mg and Ca, the two-electron excitation
energy, —0.58512, of our results is smaller, by 4.8%, than that of the experi-
ment. The excitation energies for all the states follow the same pattern as in
the case of Ca. These are lowered by 0.5%, 10.9% and 11.9% respectively for
3P,, 3P, and 3P, states, than the experimental values. The excitation energies
are however higher for the states ! P, 3D, and ' Dy. The differences are 28%,
~14% and 13.4% respectively.

The atomic Ba shows different energy level structure than the atomic Mg,
Ca and Sr. Unlike the Mg, Ca and Sr, the states of the configuration 5d6s
appear lower to that of the 6s6p. The results from our calculations are listed
in the Table. 2.7. Our calculated energy levels sequence differ than the ex-
periment. Like the other atoms, the ground state energy is lower than the
experiment. The discrepancy is slightly larger, it is about 5%, than the Mg,
Ca, and Sr. The excitation energies for the triplet and singlet D are greater
than the experiment. These are however smaller for the triplet and singlet
P. Errors with respect to the experimental results have further increased in
comparison to Mg, Ca, and Sr. These are 24.6%, 23.3%, 20.3% and 22.2%
respectively for the states 3Dy, 3D,, D3 and ' Dy. The less deviations, 10.5%,
10.8%, 12% and 0.2% respectively, are observed for *P,, 3P;, 3P, and 'P,
states.

The parameters ag and (8 used to optimize the basis for Yb are given in
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Table 2.7: Two-electron removal and excitation energies for ground and some
of the low lying excited states of Sr and Ba, calculated using MBPT. All values
are in atomic units.

State Ours Exp.Ref[63].
Eyy EE EE
87Sr; [Kr]5s?

55215,  —0.58512 0.0 0.0
5sbp 3Py  —0.52673 0.05839 0.06524
5sbp 3P, —0.52627 0.05885 0.06609
5s5p 3P,  —0.52534 0.05978 0.06788
5s4d 3D, —0.49050 0.09462 0.08274
5s4d 3Dy —0.49046 0.09466 0.08301
5s4d 3Ds  —0.49038 0.09474 0.08347
5s4d 1Dy —0.48105 0.10407 0.09181
5s4d 1P, —0.48347 0.10165 0.09887

137Ba; [Xe]6s?

652 1S,  —0.53110 0.0 0.0
6s5d 3D, —0.47983 0.05127 0.04116
6s5d 3Dy —0.47934 0.05176 0.04199
6s5d 3D5  —0.47847 0.05263 0.04375
6s5d 'Dy  —0.46768 0.06342 0.05192
6s6p 2Py —0.48108 0.05002 0.05589
6s6p 3P,  —0.47976 0.05134 0.05758
6s6p 3P, —0.47691 0.05419 0.06158
6s6p 1P —0.44901 0.08209 0.08229

Table 2.8: Basis set parameters, oy and 3, used in the excitation energy cal-
culations for atomic Yb.

Symmetry o I} Basis function
s 0.0077 2.8400 36
D 0.0075 2.8420 33
d 0.0072  2.670 31
f 0.0071  2.701 29
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Table 2.9: Two-electron removal and the excitation energies for states of Yb
calculated using MBPT. All values are in atomic units.

State Ours Exp.Ref[63].
Ey EE EE
YD, [Xe]4 /1165

652 1Sy  —0.63659 0.0 0.0
6s6p 3Py —0.56743 0.06916 0.07877
6s6p 3P,  —0.56454 0.07205 0.08198
6s6p 3P, —0.55814 0.07845 0.08981
6s5d 3D; —0.51488 0.12171 0.11158
6s5d 3Dy —0.51394 0.12265 0.11278
6s6p 1P, —0.51671 0.11988 0.11422
6s5d 3Ds  —0.51216 0.12443 0.11514
6s5d 'Dy  —0.50034 0.13625 0.12611

the Table. 2.8. The excitation energies are presented in the Table. 2.9. As its
apparent from the Table. 2.9, energy levels of this atom show even complicated
pattern than the previously described atoms. It is ' P;, lies between 3D, and
3Ds, which differentiate from Ca and Sr atoms. In the present theoretical
study, 'P; is situated above the *P,. Like Ca, Sr, and Ba, the excitation
energy of triplet P is less, and same for the triplet D is greater, than the
experimental results. The largest discrepancy is observed in 3P; state, and it
is approximately 12.5%. This is less than 13.2% for ' P; in Mg, 22% for 2D in
Ca, 28% for ' Py in Sr, and 24% for 2D, in Ba, implying different nature of the
electron correlation in Yb. This is ascribed to the fact that unlike the other
atoms considered, Yb has 4 f electrons.

The large discrepancy in the excitation energy, in all the atoms, is at-
tributed partly to the nature of the method, as electron correlation is consid-
ered only up to the second-order perturbation, and partly to the nature of the
potential we choose.
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Perturbed configuration
interaction

For quantum systems the wave function and energy are the basic ingredients
to describe it’s properties. These are obtained, in general, by solving the
Schroedinger equation and in the case of atoms it is

H,|U) = E|), (3.1)

where H, is the atomic Hamiltonian, F and |¥) are the energy and the
wave function respectively. Solving the above equation for many-electron
atoms/ions, is however, not possible due to the electron-electron interaction.
With Hartree-Fock theory [47], the solution is separated into mean field and
perturbative parts. It is an ideal starting point to calculate approximate single-
electron wave functions and the energies. However, it does not take into ac-
count for the electron-electron repulsion term.

Configuration Interaction [50, 66], best suited for small systems [67], is a
post Dirac-Fock theory. It diagonalizes the Hamiltonian matrix in a many
particle basis to account for the electron correlation effects in the atoms/ions.
Properties calculations, especially in case EIPNC calculation, using CI wave
functions requires diagonalization of two sets of matrices: one each in the two
opposite parity subspaces. This is computationally expensive both in memory
and operations. The is problem is partly mitigated in the Perturbed CI theory.
In this theory, there is only one diagonalization and the second diagonalization
is recast as solving a set of linear algebraic equations.

This chapter is organized as follows: Section. I describes the CI method,
and PCI is discussed in Section. II of the chapter. Application to the atomic
Yb is described in Section. III. And results hence obtained are presented in
the last section of the chapter.
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3.1 Configuration interaction

The Configuration interaction (CI) is a variational based method and widely
used in atomic and molecular physics calculations. The exact wave function
in CI theory [50, 66] is defined as

|\IJ> = CO|(I)0>+Z Cg|q)g> 2 Z chy P‘I abc ZZZ ) (32)
ap abpq abcpqr
where, indices a, b, ¢, -+ (p,q,r,---) represent the occupied (virtual) orbitals.

In terms of CSFs, |®g) is the dominant or the reference state of |W), |®F)
is a singly excited CSF, where an electron from occupied orbital a is excited
to the virtual orbital p. Similarly, |®*7) is a doubly excited CSF and so on
till all the electrons in the occupied shells are excited to virtual shells. The
multiplying factors 1/(n!)? ensures no double counting occurs and ¢ are the
mixing coefficients. The mixing coefficients are such that the wave function is

normalized
(T[T) =) cic; (@) =D =1, (3.3)
ij i
for convenience of notation ¢ are shortened to ¢;. To calculate ¢; define the
energy functional

= (U[H[) = A(®[H|D) — 1) = Y cic; (@i H|®;) — A(B[H|D) —1). (3.4)
ij
Here A is a Langrange undetermined multiplier to incorporate the normal-

ization condition as a constraint. The mixing coefficients are solution of the
variational minimization

0€ =0, (3.5)
with ¢; as parameters of variation. This leads to an eigenvalue equation and

for a CI calculation with n CSFs, the eigenvalue equation is

Y Hycj=Xe, =02 n—1 (3.6)
J

In matrix notation

Hc=Ec. (3.7)

This is the standard eigen value equation. And in actual implementation, CI
calculation amounts to diagonalization of the Hamiltonian matrix. The lowest
eigen value is an upper bound to the ground state energy. And in the same
way, higher eigen values are upper bound to the excited states of the atom.

40



Chapter 3. Perturbed configuration interaction

3.1.1 Single-double CI

The CI method, in principle, provides an exact solution of the many-electron
Schroedinger equation. However, in practice, it is computationally impossible
to implement for atoms or ions with a large number of electrons as the number
of CSFs increases exponentially with the number of electrons. This follows
from the ¥ C'y scaling of arranging N electrons in M orbitals, where in general
M > N. Even for small atom or molecules with moderate size basis sets, the
full CI matrix can be as large as 10° x 10°. One simple way to reduce the
size of the matrix is truncate the full CI expansion in Eq. (3.2). A reasonable
truncation, which captures correlation effects quite accurately, is the single-
double approximation. Where CSF's up to double excitation are retained, the
CI wave function is then

9) = o) + D eI) + s S ). (38

abpq

The contribution from the singly excited states to the correlation energy is
negligibly small compared to the double excitation. However, these can can
be included in the CI expansion without complicating the expression as singles
are much less in number than the doubles. The Hamiltonian matrix is then

(@o| H|®o) 0 (Dol H DY)
0 (PPIH|®P)  (PP|H|DY) | . (3.9)
(DU H | Do) (PVF[H|DD) (DL |H|DY)

This is the CI matrix within the single-double approximation and ¢y, ¢?, and ¢’7
are obtained by diagonalizing it. From the above matrix elements we can make
two important observations. First, (®o|H|¢?) = 0 this implies that the single
excitations do not coupled with the reference state. Which is a consequence
of the Brillouin’s theorem. And second, doubly excited states mixes with the
reference state and accounts for the correlations effects.

3.1.2 E1PNC matrix element using CI
D = gr, (3.10)

where ¢ is the electric charge and r is the position vector of the particle
considered. Since in our case the charge particle is an electron, the above
equation can further be written as

D = —er, (3.11)
where e is the electric charge of the electron and in atomic unit it is equal to

one.
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In the presence of parity violating interaction Hamiltonian Hpync, which
arise from the weak interactions or other interactions which are beyond the
standard model of particle physics, the atomic Hamiltonian is then modified
to

H, = HPC + AHpnc,

— Z {cai-pﬂr(ﬁ—l)cz—z] +ZL+AHPNC- (3.12)

i=1 ¢ K

Here, X is the perturbation parameter. The atomic Hamiltonian satisfy the
eigenvalue equation

(HPC + AHpne)|Wi) = (E; + AE")| W), (3.13)
where |W,), is a mixed parity eigen state. It is defined as
[T) = [T3) + A[T), (3.14)

where @11 ) is the first-order correction to |W;). It arises from the Hpyc induced
mixing from opposite parity state. Due to the parity mixing, two states of same
parity |U;) and V) acquires a finite dipole transition amplitude

E1PNC = (¥,|D|¥;) = [(xpfy + A@m D [|\1/i> + Wb] . (3.15)

Considering that (V| D|V;) = 0, and X is a small parameter, we can retain
only those terms which are linear in A. Dropping the perturbation parameter

E1PNC = (¥;|D[V;) + (¥,|D|v,). (3.16)

Using time independent perturbation theory, the first-order correction to wave
function is

=1 <\III|HPNC|\I]i> =
U ) = — |, 1
v;) §I E.— E, Wr) (3.17)

|W;) is an intermediate exact atomic eigen state obtained from diagonalizing
the CI matrix in the opposite parity space. Using this expression, Eq. (7.3)
assumes the form

Z {(‘I’HD@IN@HHPNCW@') n (‘I’f|HPNC|§I>@I|D|‘I’i>} '

E1PNC =
E;, — E; E;— B

' (3.18)

Putting the expression of ASFs, Eq. (2.19), as linear combination of CSFs, we
can further write

kG Gm E,—E B, - E
(3.19)

E1PNC = Zza*f Lo+l g [<q>k‘D’6]><CDZ‘HPNC‘(b >+ <(I)k|HPNC‘6j><al’D‘(I)m>

I kjlm
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This is the expression of EIPNC derived using the wave functions calculated
in CI theory. As its clear from Eq. (7.4), this approach requires two diag-
onalizations, one each in the two opposite parity CSF subspaces. When the
number of CSFs are large, the diagonalization approach is less desirable in
terms of computational efficiency and memory requirement. In the next sec-
tion we show that the problem of occurrence diagonalization of the CI matrix
in two opposite parity subspaces can be mitigated using Perturbed configura-
tion interaction method.

3.2 Perturbed CI equations

The Hpnc perturbed eigen state, given in Eq. (2.19), can be written in terms

of CSFs as
U;) = ZGZ!‘I’HJF)\Z@Z@?J@%
= Zak@k +)\Zd B,,). (3.20)

Here, we have used |U;) = 3, aj|®x) and 7 ¢5 57, al = 3, di, where the
coefficients c§- and ai are combined with respect to the dummy index j to give

a single coefficients d;. This coefficient subsumes or combines the effects of
Hpyne and Vg, Using Eq. (3.20) in Eq. (3.13), we get

(HPC + XHpne)( Zak@k +A2dl|<1>k Zak@k +A2dl\q>k

(3.21)
Retaining the terms linear in A

D AL HPO|®y) + ) ap Hexe| ®i) = E; Y di|Dr). (3.22)
k k k
Projecting above equation with (®,|
> di (| HPC[ D) + > ap(Bj|Hpne| k) = E; Y di(®;|0p).  (3.23)
k k k

Considering that the CSFs are orthonormal (®;|®,) = §;x, the above equation
can be written in the form

Z dy (HDC)j,E + Z aj, (Hexc);, = Eidy. (3.24)
k k

This equation is the perturbed CI equation and as evident from the discussions
di are the unknown quantity.
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3.2.1 Linear equation form of PCI

The PCI equation, Eq. (3.24), can be rearranged and written in the more
convenient form

Z |:Ei5jk - (HDC)j,E} di: = Z @2 (HPNC)j,k' (3.25)

k

This evidently is in the form of matrix equation Ax = B, where d} are equiv-
alent of the unknown x. And, the elements of the matrices A and B are

A]k; _ |:E7,5]k . (HDC)57E:| , and Bk = a;; (HPNC)E,]C . (326)

The linear equations can then be solved with any of the standard methods.
However, as the number of unknowns is in general very large, it is preferable
to use more efficient linear equation solvers like conjugate gradient. In our
implementation of the method, the matrix elements (H Dc)jfk is generated using

GRASPO92 [54]. The term (HPNC)M in the B matrix are also computed with
GRASP92. This way, the angular factors required in the CSF matrix elements
are conveniently generated with GRASP92.

3.2.2 EI1PNC from PCI wavefunctions

Once the coefficient di, are obtained after solving the PCI equations, we can
use it to compute E1IPNC. Using Eq. (3.20) in Eq. (7.3)

EIPNC = (¥;|D|T;) + (¥} D|¥;),
= 3 |aldi (@, D[T,) + dlai(@;|Dley)| . (3.27)
jik
We implement this method, Eq. (3.27), to calculate the E1IPNC transition
amplitude for the atomic system Yb.

3.3 Yb E1PNC

To the PNC experiment point of view, the configurations [Xe]4 f116s%, [Xe]4 f116s6p
and [Xe]4f'45d6s are of great importance. As the allowed electric dipole tran-
sitions are |65 1Sy) — |5d6s 3Dy) and |6s* 1.Sy) — |5d6s ®D;), through the
intermediate states 3P, and 'P;.

For |6s% 1Sy) — |5d6s 2Dy) transition, J; = 0,J; =2 and I = 5/2, F; =
I =5/2, and the dominant intermediate states are |6s6p 3P;) and |6s6p ' P;).
Based on Eq. (3.19), the leading order terms in the Hpg2 induced electric
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dipole transition amplitude are

(EIPNC) 22 =
<685d 3D2, Ff“.D”GSGp 3P17 F[><686p 3P17 F]||H§1\SIB||682 150, Fz> 4
E652 18y — Eﬁsﬁp 3P
(6s5d 3 Do Fy| HYRR|656p 1 Py, Fr)(6s6p 1 Py, Fr|D|6s* 1Sy, F;)

E655d 3Dy — E636p 1p

. (3.28)

Where the state |a) = |(I, J,)F,MFE,), is the hyperfine state and F' = T + J,
as mentioned earlier, is the hyperfine quantum number. One point to be
noted is, the terms with the dipole matrix elements (6s5d Dy|D|6s6p ' P;)
and (6s6p 3P| D|6s* 1Sy) are not considered as these are spin changing and
rather weak. For short notation, we have dropped writing the nuclear spin
I = 5/2 and Mp quantum numbers. Using Eq. (C.8), for the hyperfine
quantum numbers Fy =5/2, F; =5/2 and F; = 5/2

(BIPNC)igr = (=17 ) 50 )

{<2||apN(7“)||1><1|!D||0> N 2| D[1){1]expn (7)]0)
E655d3D2 - E656p 3Py E652 15y — E636p 3P,

1 (3.29)
Similarly, for |6s* 1Sy) «— |5d6s *D;) transition

(EIPNC)g) = (=100 " 5

l_(1||OéPN(F)||1><1||D||0> N (1| D[1) (L] epn (7)]0)
E655d 3D1 — E636p3P1 E652 150 — E636p3P1

] (3.30)

These are the expressions of leading order terms of the HSRE induced dipole

transition amplitude in terms of the CI wave functions. In a similar way,
an expression of the leading order terms in the PCI method can as well be
evaluated.

3.4 Summary of the results

The Table. 3.1 lists the energies of the spin-orbitals, (r) and (r~') , these are
calculated numerically with GRASP92. In the table, the self-consistent field
(SCF) energy is also listed as well.

For atomic Yb a systematic study of electron correlation effect is done
with Multi-configuration Dirac-Fock (MCDF) and the Configuration interac-
tion (CI) theories. The Table 3.2 lists the the excitation energies in sequence
for some of the low-lying states. The first calculation is with the configuration
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Table 3.1: Energies of the core- and valence-orbitals for the atomic Yb*t,
calculated using Dirac-Fock theory. All values listed are in atomic units.

Spin-orbital Energy (r=1) (r)

Self-consistent field energy —14067.6716

Is1/2 2268.1763 80.5793  0.0196
2512 389.4170 19.5344  0.0825
351/2 90.2277 71755  0.2146
dsy1/2 19.1507 2.9864  0.4806
551/2 3.0121 1.0091  1.2443
6s1/2 0.4136 0.3257  3.7785
2p1/2 370.5739 19.4585  0.0685
3p1/2 81.9379 7.0673  0.02044
4p1 /2 15.7493 2.8550  0.4892
dp1/2 2.0080 0.8826  1.3928
6p1/2 0.3011 0.2549 4.7184
2p3/2 332.0058 16.7235  0.0760
3p3/2 73.6093 6.3731  0.02180
4p3 /2 13.8380 2.6292  0.05191
dp3/2 1.7809 0.8042  1.5026
6p3/2 0.2883 0.2421  4.9557
3d3 /2 59.6919 6.2820  0.1912
4ds /o 8.3275 2.3417  0.5580
5d3 /o 0.3031 0.4127  3.1958
3ds 2 D7.8888 6.1138  0.1953
4ds /o 7.9737 2.2820  0.5696
5ds /2 0.3009 0.4025  3.2552
4fs/9 1.0646 1.7768  0.7416
472 1.0061 1.7439  0.7594
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Table 3.2: Configuration interaction calculation of the excitation energies for
some of the low-lying levels in atomic Yb. Values listed are in atomic unit.

Configuration No. of CSF  Energy FExcitation Exp. result
level energy

414652 + 4 f146s6p 9 1So 0.0 0.0
+4 f145d6s 3Py 0.04518 0.07877
3P, 0.04916 0.08198
3Py 0.05669 0.08981
3Dy 0.09586 0.11158
3D, 0.09607 0.11278
1p 0.12046 0.11422
’Ds 0.09638 0.11514
1D, — 0.12611

previous + 38 1S 0.0 0.0
4f16p* + 4f145d? 3Py 0.06410 0.07877
+4f136525d 3P 0.06745 0.08198
3P, 0.07422 0.08981
3D, 0.11570 0.11158
3D, 0.11590 0.11278
Lp 0.14643 0.11422
3Ds 0.11622 0.11514
D, 0.12122 0.12611

previous + 47 1So 0.0 0.0
4fY6p? + 4 f145d2 3Py 0.06398 0.07877
+4f1365%6p + 4 f1365%5d 3P 0.06734 0.08198
3P, 0.07410 0.08981
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Configuration No. of CSF  Energy FExcitation Exp. result
level energy

3Dy 0.11538 0.11158
3D, 0.11574 0.11278
P 0.14602 0.11422
3Ds 0.11631 0.11514
D, 0.12124 0.12611

previous +4 f*5d6p 61 1S 0.0 0.0
3P, 0.06101 0.07877
3P 0.06412 0.08198
3P, 0.07108 0.08981
3Dy 0.11670 0.11158
3D, 0.11689 0.11278
p 0.11426 0.11422
3Ds 0.11723 0.11514
1Dy 0.12155 0.12611

previous +4 f36s6p5d 163 1S 0.0 0.0
3P, 0.06117 0.07877
3P 0.06428 0.08198
3P, 0.07133 0.08981
3Dy 0.11611 0.11158
3D, 0.11631 0.11278
1P 0.11281 0.11422
3Ds 0.11664 0.11514
'D, 0.12179 0.12611
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414652 + 4 f14656p + 4 f145d65s. There can be at the most 9 CSFs constructed
form this and all of these are optimized. However, as evident from the ta-
ble, the energy level sequence is inconsistent with the experimental data. The
state ' P, appears above the all other states. However it should lies between
the states Dy and 3Ds. In addition, the excitation energies deviate from the
experimental data by ~ 36-42%, ~ 14-16% and ~ 6% for 3P, 3D and 'P
respectively.

In the next step of the calculation, the configurations 4 f'46p? + 4 f145d% +
4f136525d added to the previous one. In this case there is no change in the
energy level sequence. However there is significant change in the excitation
energies. The discrepancies are now ~ 17-19% =~ 1-4% , ~ 28% and ~ 4% for
3P,3D, P and ' D respectively. In the third step, the odd-parity configuration
4f1365%6p added. However, the changes in the energy occur at the fourth place
of the decimal.

In the next step of the calculation, the odd-parity configuration 4 f45d6p
is added to the previous one. This is a configuration which mixes very strongly
with the 4f146s56p, and as result there is significant change in the energy level
sequence. As noticeable from the Table, the state !P; is shifted below 3D;.
This points to strong mixing between the the two odd-parity configurations.
The excitation energy of the 3P and 3D states deteriorate, however there is
excellent improvement in the case of ! P;. The corresponding discrepancies are
~ 20-23%, ~ 2-6%, ~ 0.04% and ~ 4% in 3P, *D, ' P and ' D respectively.
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Coupled-cluster theory of
closed-shell and one-valence
atoms

The coupled-cluster theory [47] is one of the best many-body methods to incor-
porate electron correlation effects in atomic calculations. It was first developed
in nuclear many body physics [68, 69] and in recent times has been used with
great success in nuclear [70], atomic [71, 72|, molecular [73] and condensed mat-
ter [74] calculations. In the literature several authors refer to coupled-cluster
as all-order method. A description of the all-order method and applications
are given in Ref [75]. A recent review [66] provides an excellent overview of
recent developments and different variations.

CCT is a non-perturbative many-body theory which account for the corre-
lation effects in terms of cluster operators, which transforms a reference state
to state of different excitations. The cluster operators are solutions of equa-
tions consisting of only connected terms and generates the linked wave function
through an exponential operator. In the context of diagrammatic analysis of
many-body perturbation theory, coupled-cluster theory is equivalent to a se-
lective evaluation of the connected diagrams to all orders. Then casting the
disconnected but linked diagrams as products of connected diagrams.

The Figs. 4.1 and 4.2 show a schematic representation of the single and
double excitation cluster operators. It is possible to obtain triple and quadru-
ple excitations as product of these operators. In other words, even when the
cluster operator is restricted to singles and doubles it is possible to incorporate
electron correlation from triple and quadrupole excitations. This is because of
the exponential nature of the wave operator in CCT.

This chapter is organized as follows. In Sec. II the closed-shell CCT
theory is described. Properties calculations of the closed-shell systems is also
given. The CCT and the working equations of open-shell one-valence systems
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EXCITED STATES

All-order single excitation

OCCUPIED STATES

Figure 4.1: Diagrammatic representation of the all-order single excitations
from occupieds to the virtuals.

EXCITED STATES

All-order double excitation

A

OCCUPIED STATES

Figure 4.2: Diagrammatic representation of the all-order double excitations
from occupieds to the virtuals.

is elaborated in Sec. III. Like in closed-shell case, this section also describes the
properties calculations for one-valence systems. Sec. IV gives a description of
CCT of two-valence system and provides the details of properties calculations.

4.1 Closed-shell system
The main purpose of the method is to solve the equation
HPC|Wo) = Eo|Wy), (4.1)

for wave function |¥y) and energy Ej.
The exact atomic wave function, Eq. (4.1), in the CC theory is defined as

[Wo) = e Do), (4.2)

where T is the cluster operator and |®,) is the Dirac- Fock reference state,
described in the Chapter. II., of closed-shell system. The superscript is a tag
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VARV V4

Tl(O) T2(0)

Figure 4.3: Representation of unperturbed single and double cluster operators.
Incoming(downwards) arrow represent the hole state and outgoing(upwards)
arrow is to represent the particle state.

to identify cluster operators arising from different perturbations. The tag 0
here indicates that no external perturbation is applied. For the case of an N
electron system, the cluster operator, in principle, is

N
TO =37, (4.3)
=1

In closed shell systems, the single and double provide a good approximation
of the exact ground state. The cluster operator is then 7 = Tl(0 + T2(0) and
is referred to as the coupled-cluster single and double (CCSD). The cluster
operators in the second quantized notations are

Zt ala, , and Ty = o Ztgga; Faya,. (4.4)

a,b,p,q

These act on the reference state as

Ndg) = > erjor) , and  T37|d,) = 5 thq (4.5)

a,p a,b,p,q

The indices abc. . . and pqr . . . represent the core and virtual states respectively.
Here, t? and ¢"7 are the single and double cluster amplitudes respectively, and
|®2) and |®"]) are the singly and doubly excited determinants respectively. As
mentioned in the Chapter. II.; these differ from the reference state in having
one and two electrons respectively from the cores are replaced by the virtuals.

Subtracting (®o| H|Po) from both sides of Eq. (4.1) and define the normal
form of the operator, Hy = H — (®o|H|®Po). The equation is then

Hx|Wo) = AE[Y), (4.6)

where AFE is the difference of the exact energy and the self-consistent field
energy, F— (®g| H|Pg). It is referred to as the correlation energy of the system.
Substituting the CCT wave function from Eq. (4.2), we get

Hye™ |®g) = AE™ | D). (4.7)
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Operating with e=7" and projecting on the excited states (7| and (Y], we
get the coupled-cluster equations of the singles and doubles cluster operators
as

(®F| Hy|Po) = 0, (4.8)
(@73 Hx|®o) = 0. (4.9)

Where, Hy = e*T(O)HNeT(O) is the similarity transformed or dressed Hamilto-
nian. Following the Wick’s theorem the structure of Hy is

_ 1 1 [
Ay = Hx+{HTO} + 5{HNT<0>T<0>} +

1 = 1
5{HNT@T(O)T(O)} + E{HNT(O)T(O)T(O)T(O)}, (4.10)

The single and double cluster amplitudes are solutions of Egs. (4.8) and (4.9)
respectively.

4.1.1 Linearized coupled-cluster

An approximation often used as a starting point of coupled-cluster calculations
is to retain only the first two terms in the dressed operator Hy. We then can
write

_ —

Hy = Hyx + {HxT©}. (4.11)
The coupled-cluster equations, Eq. (4.8)-(4.9), are then a pair of linear equa-
tions

—
(@8 Hy + {HNT ™} Do) =0, (412)
0
(®%| Hy + {HNT O} D) = 0. (4.13)
In the CCSD approximation 7 = Tl(o) + TZ(O), these equations are
ol 0) o) )
(PE{HANTY} + {HNT; " }| Do) = — (0| Hx|Po) (4.14)
pa| f 77 (0) L) Pq
(o {HNTy "} + {HNT, 7} Po) = —(Dgy| Hn| o). (4.15)

These are the linearized coupled-cluster equations of single and double cluster
amplitudes. The diagrams contributing to these equations are shown in the
Figs. 4.4 and 4.5 respectively. The Eqs. (4.14) and (4.15) can be written as

the matrix equation

Hy Hy tv\ _ _( Huo
< Hy  Ha > < () ) B < Hayg ) ’ (4.16)
where Hy; = (PP|Hx|D5), Hip = (P2|Hy|P5L) and so on. The equations form

a set of coupled linear equations and is solved using standard or specialized
linear algebra solvers.
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LA
oLo NN\Z

Figure 4.4: Coupled-cluster diagrams which contribute to the unperturbed
single cluster operator, Tl(o), in the linearized coupled-cluster theory. Dashed
line represent the residual coulomb interaction and the lower solid line is to
represent the cluster operator.

/ N

@ (
L V4 hVv
O AV \/\/
) ) )

Figure 4.5: Coupled-cluster diagrams which contribute to the unperturbed
double cluster operator, TQ(O)7 in the linearized coupled-cluster theory.

4.1.2 Correlation Energy from CCT

Operating Eq. (4.7) with e~T” and projecting on the model wave function
(®g|, we get the ground state correlation energy of the closed-shell system as

- L) L0 (0) (0)
AE = (Og|HN|Po) = (Po|{ HNT '} + {HNT, '} + {HNT T, 7} Po).  (4.17)

The diagrams which contribute to AFE are obtained by applying Wick’s theo-
rem such that there are no free lines after the contraction. These are shown in
the Fig. 4.6. The dominant contributions arise from the diagrams (a) and (b),
which is expected as the doubles cluster amplitudes are larger in value than
the singles. Diagram (e) has zero value if Dirac-Fock orbitals are used.
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(c) (e)
Figure 4.6: Coupled-cluster diagrams contributing to the correlation energy.
Dashed lines represent the residual Coulomb interaction and the solid lines at

the bottom are to represent the coupled-cluster operators. Diagram (e) will
not contribute if Dirac-Fock orbitals are used in the calculations.

(d)

Figure 4.7: Representation of the approximate triple cluster operators.

4.1.3 Approximate triples

The inclusion of T3, triples cluster operator, in CCT is computationally ex-
pensive. However, the dominant triples contribution can be accounted as a
contraction of Ty and Hy. This is in literature referred to as the approxima-
tion triples [76, 77]. The contribution to correlation energy from approximate
triples is

T
(AE)gipies = (Po|{ HnHxnHNT'}|@o). (4.18)

Selected diagrammatic representation of these are shown in Fig. 4.8. This
shows that the correlation energy contribution from the approximate triple
cluster amplitudes involve three-orders of the perturbation and one order of
the cluster operator T'. For this reason the contribution is expected to be very
small. And this is what is observed from the results of actual calculations.

As shown in Fig. 4.7, there are two categories of triples. First is Hy
contracted with 7 through a hole line, and second contracted through a
particle line. The diagrams contributing to the correlation energy are obtained
as the contraction of two orders of Hy with the approximate triple cluster
operators. There are several diagrams contributing to the Eq. (4.18), and as
example two diagrams arising from each category of the approximate triples
are shown in Fig. (4.8). To simplify in the computational implementation,
these diagrams are separated into three categories based on the number of
internal lines. These are: two particle and two hole internal lines (2p-2h),
three particle and one hole internal lines (3p-1h), and one particle and three
hole internal lines (1p-3h). Contributions from each of these categories are
listed in the result section.

25



Chapter 4. Coupled-cluster theory of closed-shell and one-valence atoms

Figure 4.8: Representation of the correlation energy diagrams arising from the
approximate triple cluster operators.

$ Excited states
S;l) 51(1)
~ | N
* Valence states

Ty \_/4

Occupied states

Figure 4.9: Energy level diagram showing the excitations of electrons from core
to the valence and virtuals, and from valence to the virtuals, for one-valence
atoms.

4.2 Omne-valence systems

In this section we describe the CCT of one-valence systems. For such systems
the Schroedinger equation to be solved is

HPCW,) = E,|®,), (4.19)

where |¥,) is the exact state and F, is corresponding exact energy. In single-
valence systems there is a valence orbital in addition to the cores and virtuals.
An excitation of electron is then from the cores to the valence or virtuals
or from the valence to the virtuals. As shown in Fig. 4.9, the former is
accounted by the closed-shell cluster operator T" and for the later, a new class
of cluster operator S is introduced. These are referred to as the open-shell
cluster operator.

The exact wave function in one-valence CCT is
|U,) =T D,). (4.20)

The operator T', described in the previous section, is the cluster operator of the
closed-shell sector. In the Fock space coupled-cluster theory of single valence
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this is evaluated first. The newly introduced operator S is the coupled-cluster
operator of the one-valence sector. |®,) is the one-valence reference state
obtained by adding an electron to the closed-shell reference state. That is

|®,) = al|Py). (4.21)
For single valence atoms
S=1+8, (4.22)

since there is only one valence electron the higher order cluster operators in
the exponential do not contribute. Using Eq. (4.22) in Eq. (4.20) we can write

W,y =e(149)|®,). (4.23)

For an N electron atom
N-1 N
T=> T, and =) S, (4.24)
i=1 i=1

Here the summation index of the T is up to the N — 1 core electrons, where
as S is up to N to include the valence electron. Following the the closed-shell
case, in CCSD approximation the open-shell cluster operator S = S; +.55. In
the second quantized representation these are

Zs aya,, and Sy = ngg L Zaaav (4.25)
a,p,q

Diagrammatic representation of S; and S; are shown in Fig. 4.10. These
generate the singly and doubly excited determinants respectively, after acting
on the reference state |®,). That is

Si|®y) = Y " sh[@h) and S| ®,) =) sh|BEY). (4.26)
p a,p,q

Figure 4.10: Diagrammatic representation of open shell cluster operators. The
orbital lines with double arrows indicate valence and single up (down) arrow
indicate particle (hole) states.

Using normal-ordered form of the Hamiltonian, Hy = H — (®,|H®,), Eq.
(4.19) can further be written as

Hy|U,) = AE,U,). (4.27)

d7



Chapter 4. Coupled-cluster theory of closed-shell and one-valence atoms

Where, in analogy to the closed-shell atoms case, AF,,= E, — Eq(jo), is cor-

relation energy of the one-valence atoms. Putting the coupled-cluster wave
function, defined in Eq. (4.23), to the Eq. (4.27) and applying e~7 on both
sides of the equation, we get

where Hy is the dressed Hamiltonian defined in Eq. 4.10. The coupled-cluster

amplitude equations for singles and doubles are obtained after projecting Eq.
(4.28) on singly and doubly replaced states (®?| and (PPe|.

(PYHn(1+ 9)|Du) = AE,(P}] S| PY), (4.29)

(@ Hn(1+ 9)|2y) = AE, (P2 So|Py). (4.30)

Here we have used (®2|®,) = 0 and ($P4|d,) = 0, as singly and doubly excited

determinants (®?| and (PP?| are orthogonal to the reference state |®,). Using
Wick’s theorem above equations can further be reduced to the form

(P | Hy+{Hy S, } +{HNSo}|®,) = E*(32|S,]D,), (4.31)
(@ Hy + {Hy S, } + {Hy S} ®,) = E*(®|S,[®,),  (4.32)

where E2* is the attachment energy of the valence electron v.

4.2.1 Energy from CCT

To obtain the energy eigenvalue E, of the state |V,), project Eq. (4.19) on
the state (®,| after putting the CC wave function from Eq. (4.23). We then
get

<q)v“f[(1 + S)‘®v> = E, (433)

here we have used (®,|S|®,) = 0, as S acting on the reference state produces
an excited state which is orthogonal to the reference state. Using the normal-
ordered Hamiltonian defined earlier, above equation becomes

(By|Hy (1+5)|®,) = AEN-<orr (4.34)

where AEN< i the correlation energy of N-electron (one-valence) system.
The attachment energy introduced in the CC equations is expressed in terms
of the correlation energies of N— and (N — 1)-electron systems. That is

Bt — AEN’COH _ AEN—I,corr te
= AE™ 4, (4.35)
Where, €, is the single electron energy of the valence electron. And AE*, =
AEN«corr _ ApN=Leorr g the difference of correlation energy of the closed-shell

sector from that of the open-shell sector. The contributing diagrams to AE2*
are shown in the Fig. 4.11.
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Figure 4.11: Diagrams which contribute to AFE?*. The dashed lines repre-
sent the residual Coulomb interaction. And at the bottom solid lines are to
represent the cluster operator.

4.3 Properties from CC wave function

In this section we describe the procedures for atomic properties calculations
using CC wave functions, calculated in the previous sections. For this, we
consider, for example, calculation of the hyperfine structure constants and
the electric dipole transition amplitudes. There is an important difference be-
tween these two properties, first is the expectation of the hyperfine interaction,
and second is the matrix element of the electric dipole operator between two
different states.

4.3.1 Hyperfine Structure constants

The hyperfine splitting is the outcome of the interaction between the nuclear
electromagnetic moments and the electromagnetic fields of the atomic elec-
trons. The energy shift, due to the hyperfine splitting, is typically orders of
magnitude smaller than the fine structure splitting. The hyperfine structure
(HFS) constants are considered to be important parameters to measure the
energy shifts. In this case F'(I 4+ J) is a good quantum number, and hence the
HFS splitting is associated with the coupled states |(IJ)FMpg), I and J are
the nuclear spin and total angular momentum quantum numbers respectively.

4.3.1.1 Hyperfine interaction Hamiltonian

The general form of the hyperfine interaction Hamiltonian is [46, 78]

Hyg = Y Y (=1)%k()T*", (4.36)
i kg

where zf’qC (r) and Tf are irreducible tensor operators of rank k in the electron
and nuclear spaces respectively. From the parity selection rule of the elec-
tric multipole transitions, w(Fk) = (—1)*, only even multipoles are allowed.
Following this, the allowed multipole for the electric quadrupole transition is
k = 2. Similarly, following the selection rule, 7(Mk) = (—1)¥*!, for the mag-
netic multiples transitions, the allowed multipole for magnetic dipole transition
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is k = 1. For magnetic dipole hyperfine, the explicit form of the electronic and
nucleonic parts of the tensor operators, in Eq. (4.36), are

—iv2[ee- Ci (1)),

cr?

t;(r) S

where, C; () is a rank one tensor operator in electron space and p, is a compo-
nent of pu, the nuclear magnetic moment operator. Then the nuclear moment
is the expectation value of p in the stretched state p = (11|po|/1). Similarly,
for the electric quadrupole hyperfine

t?](r) =— G (")

r3
Where, @), is the irreducible tensor operator of rank 2. For one valence systems,
the magnetic dipole and electric quadrupole HF'S constants are

, and T =g, (4.37)

, and T =Q, (4.38)

griun jv 1 jv 1
= - ) ) Ny Kyt My kw) - 4.39
() e (4.39)
jv 2 jv 2
b = 2 ) } NpKy ||t My Ky ) - 4.40
o % %) e (4.40)

Here, gr (1 = grlpy) is the gyro-magnetic ratio and uy is the nuclear mag-
netron. For details of the derivation see the reference [46]. The reduced matrix
elements (n, k.| t*|nyk,) and (nyk,|t?|n,k,) can further be evaluated by using
relativistic single-electron wave function. The details about the derivation are
given in the Appendix.D.

4.3.1.2 HFS constants from CC wave function

The general expression of the HF'S constants, for one-valence atomic systems,

is written as
‘Ijv |ths ‘ \I}v>

{
A=
(W[ 0y)
Where, |V,) is the CC wave function. The HFS constant A, in the Eq. (4.41),
can be either magnetic dipole or electric quadrupole constants depending on

the form of the hyperfine interaction Hamiltonian Hyps. Using the CC wave
function from Eq. (4.23), the numerator of the Eq. (4.41) is

(U |Hpg| W) = (®,le? (14 ) Hyge? (1 4+ 9)d,),
= (@, |Hyg + 25T Hyg + STHyeS|®,). (4.42)

(4.41)

Where, Hys = T Hyel is the dressed hyperfine operator. The factor of two
in the second term on the right hand side accounts for HygS as STHug = HpgS.
The dressed hyperfine operator can be expanded as

Hyg = Hyge" +) % (T7)" Hyge. (4.43)
n=1
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Figure 4.12: Representation of effective one- and two-body dressed properties

operators.
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Figure 4.13: The leading diagrams contributing to the hyperfine structure
constants in Eq. (4.42). The dashed lines terminated with a circle represent
hyperfine interaction.

As evident from Eq. (4.43), the dressed properties operator Hyg is a non
terminating series. And it is therefore not possible to incorporate all the terms
in the calculations. In the actual calculations , a truncated expression consist-
ing of terms up to the second-order in 7' is considered. In this approximation

Hygo ~ Hygo + HyeT + T Hypo + TTHypi T (4.44)

The normalization factor, denominator in Eq. (4.41), in the HFS constants
expression is expressed as

(U, |0,) = (] (14 8T eT'e” (1 4 ) |®,). (4.45)

In the actual implementation, like in Hyg, only terms up to the second-order
in T are included. The contribution from the higher order terms is negligibly
small.

4.3.2 Dipole transition amplitudes from CC wave func-
tion

An atom in the initial state |¥;) may undergo a transition to another state
|U ;) while interacting with electromagnetic fields provided incident photon is
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resonant. Among various possibilities, transitions arising from electric dipole is
the most dominant radiative transition. A quantity which is closely associated
with transition properties is the transition amplitude, the matrix element of
the electromagnetic multipole operator. However, it is more convenient to cal-
culate the reduced matrix element, from which transition amplitude between
specific magnetic quantum numbers may be valuated.
The reduced matrix element of the dipole operator D between the initial
and final states is
b {WDIE) )
V[ ()
It is non-zero when the two states are of opposite parity, as D is an odd parity
operator. Using CC wave function from Eq. (4.23),

(| D[W,) = (Pufe’(1+5)'Del (1 +9)|@,),
(®,|D+ STD+ DS + STDS|®,), (4.47)

where, [®,) and |®,) are the initial and final reference states of the system
with valence electron v and w respectively. Here, D is the dressed dipole
operator, it has the form

D:DJ+§:%CﬂYDJ. (4.48)
n=1 ’

Like in HFS, in calculations D is approximated as
D~D+DT+T'D+TDT. (4.49)

The contributing diagrams to Eq. (4.47) are topologically similar to Hyps.
The only difference is D replaces the hyperfine operator.

4.3.3 Properties to all order

The properties calculation discussed in the previous section is based on the
truncated form of the dressed properties operator. In this section we demon-
strate a scheme, we have developed, to incorporate the effects of all-order T'
in the dressed properties operator. This is desirable for the properties calcu-
lations with accuracy level commensurate with the experimental data. This is
done by grouping the diagrams arising from the dressed operator into differ-
ent level of excitation (loe) and the higher order diagrams are then evaluated
iteratively. Here, loe is the number of core or valence electrons replaced with
virtual electrons. For example, the diagrams in Fig. 4.14 have loe one. In each
of these diagrams, one core electron is replaced by a virtual electron.
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To demonstrate the proposed scheme consider the example of the loe one
diagrams. We start with the first term, Hypge®, in Eq. (4.43). Considering the
contribution from the diagrams which have loe one, we can write

(thse )1 = ths + thST + §thSTT . (450)
1

The subscript 1 here is represents the loe of the contributing terms. There are
six diagrams which contribute to the above equation and these are shown in
the first row of the Fig. 4.14. These diagrams constitute an effective opera-
tor with the loe one, which is the starting point of the iterative calculation.
The diagrams of the next iteration are obtained by sandwiching this effective
operator between the closed-shell cluster operators of equal but opposite loe,
so that net loe remains one. The equivalent algebraic expression of the next
iteration is

1 — 1 == conn
(T thseT)l _ Z [T; ( Hyg + 5thST + thfsTT> T;-] . (4.51)
(2

In the CCSD approximation the index ¢ runs from 1 to 2. In this case, however,
we don not consider the terms (diagrams) arising due to the single cluster
operator T} as the contributions can be neglected in comparison to the 75
operators. The other superscript conn, in the above equation, imply only the
connected diagrams contribute. There are eight diagrams which contribute to
this iteration and these are shown as the diagrams in the second and third row
of the Fig. 4.14.

Following the above discussions we can then write the general expression

as conn

(T Hue™), = Y [Tj (TT”“thSeT)l T} . (4.52)

1

This is an iterative equation and it is possible to evaluate it order by order to
convergence. The sum of all the contributions is equivalent to calculating the
effective operator

H1 = (GTTthSGT)l. (453)

From Eq. (4.42), this contribute to the hyperfine structure through the term
S;Hl. At the lowest level, the contributing hyperfine diagrams are shown as
Fig. 4.13(j-k). Using the same terminology described here, as an example, for
loe one it is possible to extend the method for to higher loe.

4.4 Summary of the results

In this section we present and analyze the results calculated using coupled-
cluster theories for closed-shell and one valence atomic systems. In the context
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Figure 4.14: Diagrammatic representation of the iterative equation to calculate
the loe one effective hyperfine operator Hyg ™. The iteration is implemented
with the T2T and T5.

of closed-shell atoms, we have done a detail study of the correlation energy. We
also examine the contribution from the approximate triples to the correlation
energy. For the one-valence atoms, however, apart from correlation energy,
the HFS constants and the electric-dipole (E1) transition amplitudes are also
studied. Like in the MBPT case, here also we have employed the even tempered
Gaussian-type basis functions. We have used the same basis set parameters
listed earlier.

4.4.1 Correlation energy of closed-shell atoms

The coupled-cluster results of the correlation energy of the inert gas atoms
are presented in the Table. 4.1. Contribution from the nonlinear terms in the
coupled-cluster is tabulated separately. An optimal basis set is chosen based
on the results of a series of calculations, such that the basis set is suitable for
CCSD computations. Unlike in MBPT, the virtuals space includes orbitals
up to the h symmetry only. Contributions from the higher symmetry orbitals
are negligible. In addition, it is computationally expensive as the number of
cluster amplitudes scale as n?n?, n, and n. are the number of virtual and core
orbitals respectively.

To account for the correlation energy contribution from the higher symme-
tries orbitals, not included in the CCSD calculations, we resort to the second
order correlation energy. For this we calculate ES). with the basis set cho-
sen in CCSD calculations and subtract from the converged E$), described in
Chapter. II. The estimated correlation energy is the sum of this difference and
CCSD AFE. Our estimated value of 0.3882 for Ne is in excellent agreement
with the experimental value, which lies in the range 0.385 and 0.390 [60, 67].
The contribution from the nonlinear terms is found to be 0.6%, 0.8%, 0.08%
and 0.03%. It must be mentioned that, though the difference in AFE' is small,
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Table 4.1: Correlation energy using coupled-cluster theory for inert gas atoms.
All the values are in atomic units.

Atom Active Orbitals AFE(cesd)
Linear Nonlinear
Ne 17510p10d9f9¢8h  -0.3783  -0.3760
18s11p11d10£10g9h  -0.3805  -0.3782
Estimated -0.3905  -0.3882

Ar 17s11p11d9f999h -0.6884  -0.6829
18s12p12d10f10g10h -0.7001  -0.6945
Estimated -0.7258  -0.7202

Kr  22s13pl1d9f9¢9h  -1.5700  -1.5688
23s14p12d10f10g10h -1.6730  -1.6716
Estimated ~1.8480  -1.8466

Xe 23s14p12d10f10g10h -2.5500  -2.5509
24s15p13d11f11gllh -2.6874  -2.6881
Estimated -2.9973  -2.9979

Table 4.2: Correlation energy contributions from the approximate triples in
the coupled-cluster theory. All the values are in atomic units.

Atom Basis size AE
2p-2h 1p-3h 3p-1h
Ne 18s11p11d10f10g9h  0.00672 -0.00145 -0.00164

Ar  18s12p12d10f10¢g10h 0.00805 -0.00066 -0.00192
Kr 22513p11d9f9¢9h  0.01546 -0.00171 -0.00305

Xe 19s515p10d9f592h  0.02011 -0.00148 -0.00260

65



Chapter 4. Coupled-cluster theory of closed-shell and one-valence atoms

the computational cost of non-linear CCSD is far higher than the linearized
CCSD calculations.

The correlation energy contributions arising from the approximate triples
are listed in Table. 4.2. As discussed in the previous sections, the correlation
energy diagrams from the approximate triples are grouped into three classes.
In the actual calculation, we incorporate eight diagrams from 2p-2h and two
each from 3p-1h and 1p-3h categories. Since we include only few correlation
energy diagrams it is difficult to estimate the percentage contribution. It is,
however, evident from the table that the contribution from 1p-3h and 3p-1h
are negative and adds to the magnitude of AE. Whereas, the contribution
from 2p-2h is positive and reduces the magnitude of AFE.

4.4.2 Excitation energy of one-valence atoms

The ionization potentials and excitation energies calculated using coupled-
cluster CCSD method are presented in the Table. 4.3. In this case also we
have chosen the same set of alkaline-earth ions as in the MBPT calculations.
Comparison of these results with the experimental data can throw some light
on the reliability of CCT. The largest deviations from the experimental data
are 0.1% for state Dj/o in Mg*t, 2.5% for state Dj/o in Ca*, 0.7% for state
Py in St and 4.2% for state Ds/p in Bat. In the MBPT results, these are
however 0.2% for Ds/o in Mg", 3.6% for D5/, in Ca*, 1.8% for Py, in Sr* and
9.9% for D5/ in Ba™. So the CCSD results are closer to the experimental data
than the MPBT results. This is not surprising as CCSD encapsulates electron
correlations more accurately.

Among the results from earlier works listed in the Table. 4.3, results of the
Ref.[64], for Mg™, are obtained using the same method as ours. In addition, the
correlation corrections due to the some dominant contributing triples cluster
amplitudes and due to Breit interaction are also taken in to account. And
therefore, as its evident from the table, the results of the Ref.[64] are more
accurate than the ours. For other atomic systems, Ca®™, Sr* and Ba™, for
most of the states our results are more accurate than the previous theoretical
work Ref. [65]. This is perhaps expected as we have used more accurate
method.

4.4.3 Magnetic dipole HFS constants

The magnetic dipole structure constants computed using coupled-cluster the-
ory for the alkaline-earth ions are presented in the Table. 4.4. In all the ions
considered, we have computed magnetic dipole HFS constants for the ground
state s1/o and the few low lying excited states pi/2, p3j2, dsj2 and dsp. For
comparison, we also list the results from the other theoretical works and the
experiments data. The respective contributions from the different terms in the

66



Chapter 4. Coupled-cluster theory of closed-shell and one-valence atoms

Table 4.3: ITonization potentials and excitation energies using coupled-cluster
theory for alkaline-earth ions. All values are in atomic units.

Ton  state This work Other works Exp.Ref[63].
IP EE IP EE EE
®Mg"  3s12 —0.55203 0.0 —0.55252 0.0 0.0

3ds;,  —0.22666 0.32537 —0.22677 0.32575% 0.32573
3ds;,  —0.22668 0.32535 —0.22677 0.32575% 0.32574
3p12 —0.38950 0.16253 —0.39003 0.16249* 0.16252
3pze —0.38917 0.16286 —0.38961 0.16291* 0.16294

BCat  dsypy  —0.43671 0.0 —0.43836 0.0 0.0
3d3,  —0.37601 0.06070 —0.37768 0.06068" 0.06220
3ds,  —0.37578  0.06093 —0.37731 0.06205" 0.06247
4p1p  —0.32128 0.11543 —0.32217 0.11619" 0.11478
4ps,  —0.32119 0.11552 —0.32111 0.11725° 0.11580

8TSrt 5s12 —0.40573 0.0 —0.40839 0.0 0.0
Adz,  —0.33926  0.06647 —0.34279 0.06560" 0.06632
Ads,  —0.33827 0.06746 —0.34132  0.06707" 0.06760
5pi2 —0.29696 0.10877 —0.29838 0.11001" 0.10805
5psz —0.29425 0.11148 —0.29463 0.11376" 0.11171

B'Bat  6s1,  —0.36862 0.0 —0.37308 0.0 0.0
5dz,  —0.34758 0.02104 —0.35172 0.02136" 0.02221
5ds,  —0.34386  0.02476 —0.34748  0.02560" 0.02586
6p12 —0.27483 0.09379 —0.27532 0.09776" 0.09232
6ps>  —0.26821 0.10041 —0.26946 0.10362" 0.10002

® Reference[64]. P Reference[65].
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Table 4.4: Magnetic dipole hyperfine structure constants (in MHz) for 2Mg™,
$3Cat, 87Srt, and ¥"Ba’ ions.

state This work Other works Experiment
25Mg+
3s12  —596.785 —597.6', —554°,
—(602 £+ 8)* —596.254™
3p12  —102.997 —103.4!,—100° -
3p3;2  —19.546 —19.291, —19° -
3d3/2 —1.083 —1.140',—1.25° -
3ds 2 0.118 0.1196', 0.107* -
40Ca+
4s1/  —808.126 —805.35P, —8198, —797.5(2.4)¢ —805(2)4
—794.7" —806.4(2.5)"
Apijp  —142.782 —143.07",—148¢, —158(3.3)¢, —145.5(1.0)4,
—144.8" —143°, —142(8)°, —145.4(0.1)*
dp3;p —32.185 —30.50",—30.98, —29.7(1.6)¢, —31.9(0.2)4,
—29.3" 30, —31.0(0.2)f
3dz;,  —45.294 —47.82P, —528, —48.3(1.6)°, —47.3(0.2)"
—49.4" —47.3(3)"
3ds /2 —4.008 —3.351%, —3.55", —3.8(0.6)f, 3.8931(2)"
—5.28 —4.2h —3.6(3)"
87Sr+
5512 —990.638 —10003.18", —1000* —1000.5(1.0)!
op12 —169.988 —178.40°,—177%, —175° -
op32 —36.225 —35.11P,—35.3% —30¢ —36.01
4dz,  —44.320 —47.36", —46.7% -
4ds /o 2.168 2.156%, 2.51P, 1.1k 2.17
13TR o+
6s12  4021.721 4072.83P 4018.24
6p12  705.039 736.98P -
6p3e  130.191 130.94P 1268 126.9°, 112.77"
5dz;p  185.013 192.99"188.76P 215° 189.730°, 170.88"
5ds,  —12.593 9.39",—11.717*, —18° —12.028°

aReference[79].PReference[80]. “Reference[81].
TReference[84].8Reference[85]. "Reference[86].

kReference[89]
PReference[93]
[98]

IReference[64]. ™Reference[90]
9Reference[94]. "Reference[95].

“Reference[98].VReference[99].
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Table 4.5: Contributions from different terms in the coupled-cluster properties
expression for magnetic dipole hyperfine constant. The values listed are in
MHz.

State Coupled-cluster terms
Hy  S'Hw  SIHwS: S{HwS: SyHypeS> Norm
+c.c +c.c.
25Mg+

3s12  —479.433 —111.099 —1.637 —0.396 —5.560  1.002
3pi2  —79.738  —21.951  —0.348 —0.089 —-0.989  1.001

3p3;2 —15.937  —3.340 0.000 —0.018 —0.277  1.001

3dsz;, —1.266 0.186 0.004 —0.001 —0.008  1.001

3ds /2 —.543 0.648 0.017 —0.000 —0.004 1.001
43+

4s1,  —601.783 —196.519  —4.782 —1.802 —10.717 1.009
4dp1p  —101.970 —39.042  —1.089 —0.446 —1.031  1.006
dp3p, —19.969 —11.094  —0.244 —0.094 —1.004  1.007
3dz;,  —36.107 —7.464 —0.128 —0.260 —2.153  1.018
3ds;;  —15.541 13.531 0.490 —0.111 —2.449 1.018

87Sr+

5512 —T741.871 —235.962  —5.980 —-3.046 —15.027 1.011
opij2  —123.038 —44.789  —1.199 —0.678 —1.446  1.007
op3e  —21.899 —13.096  —0.353 —0.126 —1.043  1.008
ddzsy;  —34.452 —8.184 —0.263 —0.139 —-1.979 1.016
4ds,  —14.706 18.484 0.473 —0.058 —-1.991 1.016

BTR,+
6s12  2964.012  1003.841  27.452 17.598 66.108  1.014
Opij2  498.2438 197.723 0.728 4.072 6.064 1.010
6p3 /2 74.339 50.583 1.605 0.619 4.480 1.011
Sdz/n  142.440 35.669 1.067 0.462 9.495 1.022
5ds 2 99.325 —80.381  —1.553 0.191 9.554 1.022
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Table 4.6: Magnetic dipole hyperfine structure constant contributions from

higher-order terms in the all order scheme.

Ion state ST Hyge
iter = 0 iter = 1 iter = 2 Converged
(thseT)1 TQT(thSGT>1T2 T2T2(ths€T)1T22 value
BMgt 3512 —53.663 —53.502 —53.503 —53.503
3pi2  —10.627 —10.563 —10.564 —10.564
3pz;p —1.592 —1.577 —1.577 —1.577
3ds/9 0.093 0.091 0.091 0.091
3ds /2 0.324 0.321 0.321 0.321
BCat 4s12 —90.109 —89.776 —89.778 —89.778
4pip  —18.757 —18.570 —18.574 —18.574
4psjp  —4.845 —4.792 —4.793 —4.793
3dz;  —3.851 —3.887 —3.885 —3.885
3ds /2 6.715 6.638 6.639 6.639
87Sr+ 5512 —109.153 —108.716 —108.720 —108.720
Sprz  —22.116 —21.908 —21.912 —21.912
5ps2 —6.006 —5.943 —5.944 —5.944
dds;,  —4.216 —4.267 —4.265 —4.265
4ds /o 8.822 8.687 8.689 8.689
13TBa+ 6512  469.636 467.423 467.450 467.449
6pij2  98.036 97.052 97.075 97.074
6ps;o  22.917 22.655 22.660 22.660
5d3 /o 18.959 19.161 19.150 19.150
5ds/;  —36.806 —36.092 —36.104 —36.104
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couple-cluster hyperfine equation, Eq. (4.42), are given in the Table. 4.5. This
table provides lot more information about the electron correlation arising from
different terms. The second column, represented as f[HFS, is the sum of the
Dirac-Fock and the terms which have closed-shell cluster. Contribution from
the later is found to be relatively much less than Dirac-Fock contribution.

In the case of Mg*t the experimental data is available only for the 3s 25, /2
[90]. However, theoretical results are available for all the states. As evident
from the table, our total value —596.78 for the state 3s 2S;/, is in very good
agreement with the experimental result, and is also consistent with the other
theoretical results. The difference between our result and the experiment is
about 0.08%. To compare results for the other states we resort on the other
theoretical works. The results of the Safronova et. al [64] are obtained using
linearized CCSD method which is similar to ours. In our case however nonlin-
ear terms in the CC equation are also included. For the 3p 2P, /2 and 3p ’p, /2
states, our values —102.997 and —19.546 compares very well with the results
of Ref. [64]. Our value of —1.083 for the state 3d*Ds s is larger, and 0.118 for
the state 3d*> Dy, is smaller than the Ref.[64]. As evident from the Table. 4.5,
the largest contribution arise from the zeroth-order term. The second largest
contribution is from STthS + c.c., this is expected as it has only one order of
cluster amplitude.

The alkaline-earth ion Ca™ is well studied, experimentally and theoretically,
and more data is available in the literature. It is evident from the Table. 4.4,
there is a large variation in the experimental results of 4s 25, /2 and 4p ’p, /25
and less in the results of 4p 2Pj /s, 3d D39 and 3d ?Dj , states. The theoret-
ical results, on the other hand, exhibit significant variations for all the states
except 4p ?Psjs. Our Dirac-Fock value —589.09 for the 4s 2S5 is in good
agreement with the previous theoretical results —589 [96] and —588.933 [80].
The small difference in DF value can be attributed to the nature of the basis
functions used in the three calculations. Our total value —808.12 is marginally
lower than the experimental values but lies between the other theoretical re-
sults. Similarly, for the states 4p >P; /5 and 4p ?Pj/, our Dirac-Fock values of
—101.47 and 19.65 are in excellent agreement with the other theoretical values
—102 [96] and —101.492 [80], and —19.2 [96] and —19.646 [80], respectively.
Our total value —142.782 for the state 4p 2P, 5 is very close to the one of ex-
perimental results —142(8) of the Ref. [83], and is also in agreement with the
theoretical results [80] and [96]. The total value —32.185 for the state 4p ?Ps o
is smaller than all the previous theoretical values. However this is in good
match with the experimental result —31.9(0.2) of Ref. [82]. Our total value
—45.294 for the state 3d ?Dj), is higher than the previous theoretical results
and the experimental results. However the DF values —33.55 compares well
with previous studies —33 [96] and —33.206 [80]. For the state 3d 2Ds/, our
calculated value of —4.008 in very close to the experimental results in Refs.
[84] and [99]. Our result is also in the range of the other theoretical results.
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In the case of Sr*, the experimental data is available only for the states
55 25, /2, Op P /2 and 4d 2Ds /2. However, there are several theoretical results
in the literature. For the ground state, 5s 25)/2, our total value is higher
than both the theoretical and experimental results. The discrepancy is about
0.9% with respect to the experiment. Our DF value —738.204, is however,
lower than the previous works —735 [89] and —736.547 [80]. The DF values
from our work are —122.363 and —21.501 for the states 5p 2P1/2 and Hp 2P3/2
respectively. These are very close to the results from previous works, —122
[89] and —121.576 [80] for the state 5p 2P, /5, and —21.4 [89] and —21.331 [80]
for the state 5p 2Py /5. There is a large deviation, about 4%, in our result with
respect to the other theoretical results for the state 5p 2Py 5. Our HFS total
value for the state 5p 2P; /2 18 in excellent agreement with the experiment. In
fact our value is better than the previous results. There is no experimental
data is available for the state 4d 2D3/2. Our value of —44.320 deviates from
the other theoretical results [89] and [80]. The DF value —31.368 is however
consistent with —31.2 [89] and —31.126 [80]. There is good agreement between
our result 2.168, and the previous results 2.156 [79] and 2.51 [80] for the state
4d *Ds /5. The result of [79] is obtained with the same method and the basis
functions as ours. Our result compares well also with the experimental value.

The theoretical study of Ba™ hyperfine constants is very important, as
it is a potential candidate for the PNC experiments [100]. For the ground
state 6s 25, /2, the difference between our result and the experiment is small,
~0.09%. The previous work of Ref. [93] uses the method and basis functions
as ours. As noticeable in Table. 4.4, the difference between the two results is
~1.3%. Like in the ions considered earlier, the next to leading term is S TthS,
it accounts for ~23% of the total value. The DF value of 6p P ;2 and 6p 2Ps 5
in the previous work are 492.74 [93] and 71.84 [93]. These are different from our
values of 504.196 and 73.674. The total result 705.039 for the state 6p 2P1/2
is lower than the previous theoretical value 736.98 [79]. However, the total
value of 130.191 for the state 6p 2P/, matches well with Ref. [79]. For the
5d ?Dj, state our value is slightly lower than the previous theoretical results.
This is, however, lies within the range of the experimental data. The DF value
of this state is closer to the Ref. [93]. For the 5d *Dj, state, the total value
—12.593 from the present work is better than the other theoretical works and
the deviation from the experiment is about 4.5%.

We have also studied the HFS constants of Yb*. The magnetic dipole HFS
constants are presented in the Table. 4.8. Unlike the alkaline-earth metal ions,
there are very few theoretical results. Like Ba®t, atomic Yb is also a promising
candidate of atomic PNC experiments. Our results of the magnetic dipole HF'S
constant —3529.660 of the 6s 25 /o state is slightly lower than the experimental
and other theoretical values, the difference is about 0.6%. The result of the
Ref. [107] is better than ours. However, for the 6p ?p; , state our result is
better than the Ref. [107], the corresponding differences are ~2% and ~6%
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respectively. For the 6p ?p3/s, 5d *D3j and 5d 2Dy, states no experimental
data is available. For the state 5d 2D3/2 our result is consistent with the
previous result of Ref. [91]. However, there is a large difference for the states
6p 2ps3/2 and 5d 2Ds 5. Our results are larger by ~17% and ~536% respectively
for 6p 2ps/2 and 5d ?Dj 5 than the previous results of Ref. [107] and Ref. [91].

4.4.4 All-order magnetic dipole HF'S results

Table. 4.6 lists the results calculated from the iterative scheme to incorpo-
rate the higher-order terms in the dressed properties operator. As mentioned
earlier, to test our scheme we implement it for the loe one of the effective op-
erator. This contributes to the HFS constants through the term STﬁhfs. As
it is listed in Table. 4.6, we start with the one order of cluster amplitude,
the contribution from which is listed in the second column of the Table. 4.6.
And then in each iteration we multiply by two orders of cluster amplitudes.
For example, in the first iteration the new effective operator is third order in
cluster amplitudes. We continue the interaction, until the difference of the
HF'S value converges. The converged values are listed in the last column of
the table. After a detailed analysis we conclude that the contribution from the
higher order, cubic and higher, terms are negligibly small. This is found to
be less than 0.1% of the total value. And hence the terms with three or more
orders of closed-shell cluster amplitude, in the dressed properties operator, can
be neglected.

4.4.5 Electric quadrupole HF'S constants

The electric quadrupole HFS constants calculated for the alkaline-earth ions
are presented in the Table. 4.7. The same for the ion Yb™ is however listed in
the Table. 4.8. For comparison, data from previous theoretical works as well
as the experimental data are listed. In Table. 4.9 we provide the individual
contributions from different terms in the coupled-cluster properties expression,
Eq.(4.42). Like in magnetic dipole HFS constants, Hypg is the sum of the
contributions from the Dirac-Fock and the term which contribute through
closed-shell cluster operators only. The individual contributions follow the
same pattern as the magnetic dipole HFS constants. After the zeroth-order
term, for all the ions, the dominant contribution is from ST Hyps, as it includes
the core polarization effects.

To the best of our knowledge there are no experimental data on the quadrupole
HFS constants for the 3p 2p3/2, 3d 2D3/2 and 3d 2D5/2 states of Mg*. The the-
oretical results are also limited to the first two states. Our results 22.849 and
1.168 for the 3p ?p3 s, 3d > D3 /s states respectively are very close to the results
of the Ref. [101]. The better agreement in the two results is because of the
same method, the coupled-cluster, employed.
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Table 4.7: The electric quadrupole HFS constant for 2°Mg™, 4°Ca*t, 87Sr* and
137Ba* jons. All the values are in MHz.

Ion  state This work Other works Experiment
BMgT  3ps,  22.849 22.91% -
3ds /2 1.168 1.26* —
3ds )2 1.673 — —
WCat  4pspn  —6.552 —6.505" —6.7(1.4)fF,—6.7(1.7)8
3dsy  —2.912 ~2.893P.—2.94°, —3.7(1.9)¢
—2.7774,-2.77¢
3ds,  —4.301 —4.107°,—4.18°,  —3.9(6.0)8,—4.241(4)"
—4.0884,-3.97¢
STSrt Bps e 84.806 82.655!, 83.662) 88.5(5.4)!
4ds /9 33.961 35.075', 36.0517, —
39.60°
4ds o 48.055 48.800%, 51.6987, 49.11(6)™
56.451¢ 49.166"
BTBat  6ps)o 98.954 92.275" 92.5(0.2)°
Sdz;p  45.765  51.32°, 47.3P, 46.82" 44.541(17)P
5ds 2 62.685  68.16° 63.2P, 62.27" 59.533(43)P, 60.7(10)4,
62.5(40)"

® Reference[101]
¢ Reference[85].
I Reference[89).
™ Reference|[88].
9 Reference[103]

. " Reference[102]. © Reference[91].

f Reference[82]. & Reference[84].
J Reference[80]. ¥ Reference

79].

4 Reference[80)].
b Reference[99].
! Reference[87].

[
" Reference[105]. © Reference[106]. P Reference[92].
. " Reference[104].
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Table 4.8: The magnetic dipole and electric quadrupole HFS constants for
1%3Yb+. All the values are in MHz.

Ion state This work Other works Experiment

HFS constant a

13ypt 651 /2 —3529.660 —3507* —3497.5(6)®, —3508(9)°
6p1/2 —612.362 —6382 —518.2(4)*, —600°
6ps/2 —88.973 —1072 —
Bdsjy,  —104.479 ~110.31 -
5ds /2 22.078 3.47° -
HFS constant b
13ypt 6ps3/2 1839.779 17802 1460(50)4
5ds/2 902.301 951.4P —
5ds /2 1165.046 1190.4P -

& Reference[107]. P Reference[91].
¢ Reference[108]. 4 Reference[109].

Several theoretical and experimental data from the previous works implies
that Cat is a well studied system. For all the states our calculated results are
in good agreement with the other theoretical data. Our results —6.552 of the
4p 2ps /2 state deviate from the experiment by about 2.2%. The deviation in
the previous work of [102] is slightly larger than ours though both calculations
employ the same method and single-electron basis functions. For the state
3d 2D3/2, there are deviations in our as well as previous theoretical results
from the experimental data. This requires further experimental investigations
as only one data is available. For the 3d 2Ds 5 state there is excellent agreement
with the experimental data, the difference is lower than 4p ps 5.

Like Ca™, the electric quadrupole HFS constants of Sr™ has been studied in
several theoretical works. Results from the other theoretical and experimental
works along with the ours are listed in the Table. 4.7. Among the previous
works, the calculations of Martensson [89] and Sahoo [79] uses the relativistic
coupled-cluster. We also use the same method. However, the single electron
basis functions used by Martensson [89] are different than ours and Sahoo [79].
As evident from the table, for all the states our results are lower than others.
The present result 84.806 of 5p ps /2 state is marginally better than the other
theoretical results. The result of Sahoo [79] for the 4ds/, state is the best
theoretical result in the table. It has less error with respect to the experiment.
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Table 4.9: Electric quadrupole HFS constants contributions from different
terms in the coupled-cluster properties equation.

State Coupled-cluster terms

ths STﬁhfs S;ﬁhfSSl S}LﬁhfSSl S;ﬁhfSSQ Other Norm

+c.c. +c.c. terms
25Mg+
6p3/2 164.484 109.511 4.024 2.565 7.769 —2.302 1.001
5d3/2 88.818 26.888 —.573 1.073 —3.540 —0.791 1.005
5d5/2 126.565  34.180 —.848 1.377 —1.911 —1.081 1.005
0+
6p3/2 223.341 170.985 7.425 5.364 —1.153 —=3.097 1.002
5d3/2 147.733  46.886 211 1.305 —-7.849 —1.213 1.006
5ds/,  198.596  63.015 .333 1.627 —5.808 —1.508 1.005
87Sr+
6p3/2 164.484 109.511 4.024 2.565 7.769 —2.302 1.001
5d3/2 88.818 26.888 —.573 1.073 —3.540 —0.791 1.005
5d5/2 126.565 34.180 —.848 1.377 —1.911 —1.081 1.005
1374+
6p3/2 223.341 170.985 7.425 5.364 —1.153 —=3.097 1.002
5d3/2 147.733  46.886 211 1.305 —7.849 —1.213 1.006
5d5/2 198.596 63.015 .333 1.627 —5.898 —1.508 1.005
173Yb+
6p3/2 56.039 274.025 11.547 9.994 —0.212 6.441 1.001
5d3/2 210.175 112.382 1.292 3.058 —4.128 0.975 1.005

5ds/o  255.658 152.106 2.217 3.080 4.774 —0.041 1.004
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Ours on the other hand is ~ 2.3% lower than his result.

In the case of Ba™, result of Sahoo [105] for state the 6p *ps/» compares
very well with experimental data. Our results for the same is about 7% larger
than his result. However, a remarkably good agreement is found between our
results and the experiment for 5ds/5 and 5ds» states. Our result 62.685 for the
5ds/, state is consistent with the value 62.27 in Sahoo [105]. This is expected,
as mentioned earlier, both calculations employ the same many-body method.
However, for the state 5ds/, our result is closer to the experimental data than
that of the Ref. [105]. This difference in the results could be on account
of minor differences in the exponents used in the basis set generation or the
truncation of the coupled-cluster properties expression.

The electric quadrupole HFS constant for Yb* has not been studied in fine
detail. As evident from the Table. 4.8, experimental data is available only
for 6p *ps/» state. A large deviation is observed for this state. The error is
about 26% and 22% respectively in our value and the result of the Martensson
and collaborators [107]. Our results are lower but close to the values from
Itano [91]. A closer inspection of the results from Itano’s calculations of the
other ions (Sr* and Ba™) reveals that, his results are consistently higher than
the other theoretical and experimental data. One possible reason could be the
contracted nature of the virtual orbitals, referred to as the correlation orbitals,
in MCDF calculations. Hence we can expect a similar trend in Yb™ as well
and it is possible that our results may be closer to the actual values.

4.4.6 Electric dipole transition amplitudes

Like in HFS constants, we use CC wave functions and calculate the reduced
matrix element of the dipole operator D for the alkaline-earth ions Sr* and
Ba', and Yb". Results from our calculations are listed in Table. 4.10 and
the contributions from different terms in the properties expression are given in
Table. 4.11. It is evident from this table, like the HF'S constants, in all the ions
considered the dominant contribution arises from the DF term. The second
largest contribution is from the term with one order in the open-shell cluster
amplitude. As listed in the penultimate column of the table, the contribution
from the S;DSQ is larger than SIDSQ or S;DSL This is because of the fact
that S, are in general larger than S;.

Our Dirac-Fock value of the E1 transition amplitudes matches well with
the results of Guet and Johnson [65] for Sr* and Ba*. The total value from
our calculations are however higher for Sr™. The difference could be largely
attributed to the higher order core-polarization effects associated with the
random-phase approximation (RPA). The RPA effects are incorporated in the
coupled-cluster but not to higher order as in an iterative RPA calculations.

Unlike Sr* and Yb™ there are several theoretical calculations of E1 transi-
tion matrix elements for Bat. Among the previous works, the results of Sahoo
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Table 4.10: Magnitude of the electric dipole transition amplitudes for 87Sr+,
137Ba*, and '™Yb* ions.

Ion Transition This work Other works
87SI'+ 5p1/2 I 551/2 3.2180 3.0602
Op3/2 — HS1/2 4.9223 4.325%
Sp172 — 4ds)s 3.4315 3.0522
Sp3/2 — 4dz)o 1.4217 1.355%
Sp3/2 — 4ds )2 4.5942 4.109*
137TBa* Op1/2 — 6512 3.1974 3.300?, 3.36(1)", 3.272¢
Op3/2 — 6512 5.0330 4.658%, 4.73(3)b, 4.614°¢
6p1/2 — 5d3/2 3.0898 3.009%, 3.11(3)b, 3.008°¢
6p3/2 — 5d3/2 1.2448 1.3122, 1.34(2)b, 1.313¢
6p3/2 — 5ds 2 4.1347 4.057%, 4.02(7)b, 4.054°¢
BYbt  6p1jp — 6512 2.9069 2.731¢
Op3/2 — 6512 4.5256 3.8454
6p1/2 — 5d3/2 3.6317 3.7824
6ps/2 — Hdsje  1.4918 1.5464
6}73/2 — 5d5/2 4.8500 4769d

® Reference[65]. P Reference[98)].
¢ Reference[110]. ¢ Reference[111].
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Table 4.11: The electric dipole transition amplitude, contributions from dif-
ferent terms in the coupled-cluster theory.

Transition Coupled-cluster terms
D STD SIDS,  SiDS, SIDS, Norm
+c.c. +c.c.

87G+
Spija — Hs1p 34877 —0.2715  —0.0043 0.0129 0.0233  0.9909
Sp3j2 — 5512 49265  —0.0072 —0.0003.1  0.0187 0.0034 0.9902
Spija — 4dssy  3.7250 0.2902 —0.0062 0.0178 0.0234 0.98%89
Sp3je — 4ds;y  1.6544  —0.2332  —0.0028 0.0080 0.0122  0.9882
Spsjo — 4ds;y  —4.9942  0.3967 0.0085 —0.0238 —0.0334 0.9887

13T+
6p1j2 — 6512 3.8930 —0.7618  —0.0097 0.0442 0.0715  0.9880
6ps/2 — 6512 —5.4824  0.5275 0.0134 —0.0609 —0.0973 0.9872
6p1/2 — 5dz;p  —3.7530  0.7220 —0.0001 —0.0392 —0.0685 0.9846
6ps/o — Ddgje  1.6471  —0.4240 0.0005 0.0161 0.0363  0.9838
6ps/2 — 5ds;o  5.0107  —0.9544 0.0011 0.0485 0.0930 0.9847

173Yb+
6p1j2 — 6512 3.2433  —0.3387  —0.0071 0.0181 0.0247 0.9872
6ps/s — 65172 —4.5458  0.0282 —0.0001 —0.0231 —0.0430 0.9868
6p1/2 — ddz;p  —3.8635  0.2336 0.0095 —0.0286 —0.0366 0.9869
6psj2 — 5dzj;p  0.6972  —0.2551  —0.0039 0.0114 0.0165 0.9865
6ps/2 — 5ds;o  —5.1994  0.3448 0.0117 —0.0325 —0.0443 0.9881
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and collaborators [98] are obtained using the same many-body method as ours.
The single-electron basis functions are also same as we have used in the cur-
rent calculations. In the other work [110], they employed the sum over state
scheme in which correlation effects are selectively incorporated from the dom-
inant contributing states. This scheme is in general less accurate than ours.
Except the 6p3/2 — 5d3/2 and 6p3/2 — 5ds/2 transitions, an interesting pattern
is observed for the first three transitions. Our results are higher than [110] but
lies below of [98]. For the transitions 6ps;, — 5ds/ 6ps/2 — 5ds/2, however,
our results are lower and higher respectively than the other two results.

For Yb™, the work of Safronova and Safronova [111] is the only previous
study on the electric dipole matrix elements. Their calculations are based
on the third order relativistic MBPT and the excellent agreement between
the length and velocity gauge results indicates the results are quite accurate.
Except the 6p3/; — 65/, transition, our results compare reasonably well with
the Ref. [111]. For the 6p3/2 — 6512 transition, however, a larger deviation is
observed. Our result is about 18% larger than the result of Ref. [111].
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Chapter 5

Coupled-cluster theory of
two-valence atoms

Apart from the atomic physics CCT has been extensively employed with great
success to study other many-body systems. In the context of atoms, the sin-
gle valence CCT has been applied to a large number of systems for ab initio
calculations of properties [71, 72, 112, 26, 98, 113]. However, for two-valence
systems there are very few attempts to implement CCT and these are limited
to wave-function calculations [114, 115]. The reason is, the two-valence CCT,
unlike the closed-shell and one-valence atoms, is nontrivial. There are three
factors which contributes to the complexity of two-valence CCT. First, though
the many-particle states (determinantal states) spanning the model space are
well defined, the model functions are not defined. For this diagonalization of
the effective Hamiltonian required. Second, atomic states are eigen states of
the total angular momentum obtained from coupling the angular momenta of
the two valence electrons. This leads to complication in the angular factors as-
sociated with the antisymmetrised many electron wave functions. And finally,
calculations often diverges because of the intruder states. In subsequent sec-
tions, we discuss these points in some details and illustrate ways to overcome
these difficulties.

This chapter is broadly separated in to four sections. Sec. I provides
an overview of the multi-reference coupled-cluster with respect to the single-
reference case. The complete and incomplete model spaces are then defined.
The divergence of the CC equations arising from the intruder states are also
discussed in the same section. The two-valence CC equations are derived in the
Sec. II. The schemes for properties calculations of the two-valence atoms are
illustrated in the Sec. ITI. And finally, the results are presented and analyzed
in the last section of the chapter.
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Figure 5.1: Energy level diagrams for the open-shell two-valence atoms.

5.1 Overview of multi-reference CCT

The multi-reference coupled-cluster (MRCC) is important in the study of the
systems which are degenerate. In multi-reference theory, unlike the single
reference case, several determinants span the model space. Within the frame
work of CCT, there are two approaches to multi-reference theory. These are
the

e Hilbert-space MRCC or the state-universal MRCC (SU-MRCC) and
e Fock-space MRCC or the valence-universal MRCC (VU-MRCC).

In the state universal MRCC approach [116, 117, 118, 119, 120] the wave
operator is unique defined for each of the reference states. In other words, the
wave operator is state dependent. That is

Q=> 0= P, (5.1)

where P; is the projection operator expressed in terms of the determinants
which are the part of model space. The summation index ¢ runs over the all
determinants. S is the excitation operator refereed to as the cluster operator.

In the valence-universal MRCC [121, 122, 123, 124, 125] the wave-operator
is common to all the states. The wave operator in this approach is therefore

expressed as
Q= {e’}P. (5.2)

The detailed discussions on valence-universal CCT and subtle issues related
to the choice of model spaces are given in the review paper of Lindgren and
Mukherjee [117]. In the present study, we implement the valence-universal
MRCC within the frame work of an all particle approach. The theory can
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however be extended to systems with both particles and holes. In the all
particle approach, the valence electrons are treated as particles [126] and each
sector— closed-shell, one-valence and two-valence-are separate Hilbert spaces.

5.1.1 Complete model space

As mentioned in the previous section, for multi-reference systems a model
space may consist of several configurations with the valence electrons assigned
in different ways. The model space is complete if it includes all the possible
configurations. To illustrate, consider the example of the low lying valence
states 6s, 6p and 5d in atomic Yb. From these states the two-valence con-
figurations, formed by arranging two electrons in all possible ways, are 6s6p,
5d6s, 5d6p, 652, 6p* and 5d%. A complete model space incorporates all of these
configurations.

The key advantage of choosing complete model space (CMS) is that the
wave operator linked. This is because the excitation operators . are common
to all the determinants in the model space. And consequently, . uniquely
separates into internal and external sectors. The external excitations are clus-
ter operators which excite electrons from cores to valence, valence to virtuals
and cores to virtuals. The internal excitations are those which involve only
valence orbitals. In other words, external excitations contribute to €2 and
projects a model function to the complementary space. Whereas, internal ex-
citations connect one model function to another model function and occurs
in the definition of Heg. Such a neat separation of the excitations is specific
to CMS and another class of model space referred to as quasicomplete [127].
However, the Hilbert spaces of two-valence subsumes the one-valence after a
direct product with a spectator valence state and similarly the closed-shell
after direct product with two valence states.

5.1.1.1 Intruder states

In the case of CMS, specially when it is large, it is very likely that the energy
range of the model space and the complementary space overlaps. When it
does overlap, states of the orthogonal space which have energies within the
range of the model space are referred to as the intruder states. Salomonson
and collaborators were the first to encounter the convergence difficulty because
of the intruder states in the atomic Be [128]. In the CCT the intruder state
leads to difficulties in obtaining the converged solutions of the nonlinear CC
equations. This is because, the equations are solved iteratively and divergences
occur when the denominators are small. This the main drawback of working
with the CMS in CCT.

Consider again the example of the low-lying levels of Yb atom. The first few
excited states important in precision spectroscopy are 6s* (1)), 6s6p (*Py),
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5d6s (*D;) and 6s6p (* P;). The 6s, 6p and 5d are the obvious choice of valence
shells. As mentioned earlier, CMS of the system then consists of the config-
urations: 6s2, 6s6p, 5d6s, 5d6p, 6p* and 5d? and all the other configurations
are in the complementary space. As shown in Fig. 5.2, the levels from the
orthogonal space 6pTp (3P;), 6s7s (35;) and 6s7s (1Sy) lie within the model
space. With several orthogonal functions within the energy domain of model
functions, CMS based CCT calculations of Yb are likely to face with intruder
state related divergences. Indeed, we do encounter divergence while working
with CMS not only for Yb but in the other two-valence atoms (Ca, Sr and Ba)
as well.

r,
3P, 6pTp
JPO
1

3§2} 6575

-l
Energy levels

P-space Q-space

Figure 5.2: Low-lying energy levels of atomic Yb. This diagram shows the
occurrence of the intruder states in atomic Yb.

5.1.2 Incomplete model space

one method to mitigate the divergence arising from intruder states is to work
with the smaller model space referred to as the incomplete model space. In
these model spaces, only selected the all valence configurations span the model
space and remaining are part of the complementary space. There are however
disadvantages of working with an incomplete model space. First, the clean
separation of internal and external cluster amplitudes is no longer true. And
second, the subsystem embedding condition is violated. For example, cluster
operators which are external in one-valence Hilbert space may no longer be
so in the two-valence Hilbert space. However, all the good virtues of CMS,
in the context of Fock-space CCT, are applicable when the model space is
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quasicomplete. For a lucid description of what constitutes a quasicomplete
model space refer [117, 127].

To provide an example of IMS consider again the low-lying states of Yb. An
ideal incomplete model space would consist of the configurations 652, 6s6p and
5d6s. Model space would then encompass all the levels important to ongoing
precision experiments: 6s? (1Sp), 6s6p (3Py), 5d6s (3D;) and 6s6p (*P1). The
advantage of such a selection of model space is the separation, as evident in Fig.
5.2, from the potential intruder states 6p7p (3Pj), 6s7s (3S1) and 6s7s (1Sy).
Here, we can apply subduction process to check if the model space considered
is quasicomplete and is shown in Fig. 5.3.

652 656p 5d6s . Two-valence
/ C
v \ v o2
6s 6p 5d 3 One-valence
3
l 3
0 Closed-shell

Figure 5.3: Incomplete model space of Yb two-valence calculations. Arrows
indicate the subduction to lower valence sectors and respective model spaces.

As depicted in the Fig. 5.3, the initial stage is the two valence model space
consisting of the two electron configurations 6s%, 6s6p and 5d6s. Removal of
one electron from each of the configurations lead to a configuration in one-
valence model space, 6s, 6p and 5d. And finally, removal of another electron
gives the closed-shell model space, a determinantal state of the core orbitals.
All the configurations obtained in the subduction are part of respective model
spaces. This is the requirement of quasicomplete model space and necessary
condition for separation of internal and external excitations.

5.2 Coupled-cluster equations

5.2.1 Exponential ansatz

The eigen value equation of the two-valence systems to solved with coupled-

cluster theory is
HPCW ) = By V). (5.3)
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|W,) and F,, are the exact function and the energy respectively. The indices
v and w, here, represent the valence orbitals. In the coupled-cluster

1 12
W) = [14+57 + 2517 + 55 + 557 | [ @), (5.4)

Where, T is the cluster operator of the closed-shell part of the two-valence
system. In CCSD approximation T' = T} +T5 and are solutions of, as described
in the previous chapter, the Eqs. (4.8) and (4.9). Sg) and Sél) are the one-
valence cluster operators of the two-valence system and these are the solutions
of the Egs. (4.31) and (4.32)respectively. The two-valence cluster operator
S in Eq.(5.4) has only double 852) as it operates on the two-valence reference
state. Like the closed-shell case and one-valence systems, |®,,,) is the Dirac-
Fock reference state of the two-valence system.

ALY Y

T T S S 5@
Figure 5.4: Representation of the cluster operators which contribute to the
coupled-cluster equations for two-valence atoms.
Using the form of the wave function |¥,,,) from Eq. (5.4) in Eq. (5.3) and
operating with e~ 7, we get
1 2
e THE [1 +57 + 551+ 557 + Sf’] (D) =

1 2
B |1+ + 550" + 58 + 5] [900). (5.5)

Using the normal-ordered form the Hamiltonian, H = Hy + EPF| we can
further write

— 1 12
Hy [1 +57 + 25+ 50 + 852)] o) =
1 2
ABgT |14+ 51 + 551 + 5+ S @u), (5.6)

where AE®™ = E,,,— EPF is the correlation energy of the two-valence atoms.

vw ) VW )

As evident from Eq. (5.6), expression of the correlation energy is obtained by
projecting with the reference state (®,,|, in the form

— 1 12
(@l x |14+ 87 + 281+ 80 + 5P |[0) = ABG. (5.7)
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2
In deriving Eq.(5.7) we have used the relations (®,,|SS" + %SF) |Pyw) = 0,
and (D, |55 |®y,) = 0, since operation of S® and S® on |®,,) produce
states orthogonal to |®,,).

To derive the coupled-cluster equations project Eq. (5.6) on the doubly
excited determinant (P27 |. We then get

— 1 2
(@p [ Hx[14+ 80 + 580" + 500+ 50| [00) =
1 2
Apg @[ 51+ 281 + 55 + 57 [0u), (5.8)

This is the two-valence coupled-cluster equation. As evident from the equation,
to calculate 552) we need the cluster operators 17, T5, Sgl), and Sél). Using
Wick’s theorem Eq. (5.8) can be reduced to the form

g | i (D) o o) Lo L L dm?
<(bvw‘HN + {HN‘Sl } + {HNSQ } + {HNS } + §{HN51 }’(I)vw> =
1 2
Ean@m|[s1 + 800+ 5P + 251 [@u). (59)

E?% s the difference of the correlated energy of the (n — 2)—electron (closed-
shell) atoms from that of n—electron (two-valence) atoms. It is referred to
as the two-electron attachment energy. Later we describe the diagrams con-
tributing to E2%* and also the procedure to calculate the excitation energy.

5.2.2 Generalized Bloch equation

So far, the CC equations were derived from the eigenvalue equation of the
Dirac-Coulomb Hamiltonian. In this section we discuss an alternative ap-
proach to derive the two-valence CC equations. It is based on the generalized
Bloch equation and this approach is more transparent implementing the CC
equations with incomplete model space. For further consideration, take the
generalized Bloch equation, Eq. (2.26), the renormalization term on the right
hand side is often defined as

W = PVQP = (VQ)dose. (5.10)

Here, close indicates that the operator W acts only within the model space.
Diagrammatically, the operator has no free lines in the closed-shell sector and
only valence orbitals as free lines in the open-shell sector. Using Eq. (5.10),
we can write Eq. (2.26) as

Q, H))P = (VQ — QW)P. (5.11)
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From the CC wave function given in Eq. (5.4), the above equation reduces to
1 2 1 2
{eT (1 + 504 §S§1) + 550 4 552)) ,HO] 1D,) = {VGT (1 + 504 §S§”

1 2
+58 4+ 50) — € (1 +517 + 587+ 857 + Sé”) W] |Pow). (5.12)

In the right-hand side of Eq. (5.12), we can write
l_l 1 [l 1 B 1 B
Vel = |V +{VT}+ 5{VTT} + §{VTTT} + @{VTTTT} el

= (VeT)Conn el =Vel. (5.13)

More details of the derivation are given in Ref. [126]. Using Eq. (5.13) in Eq.
(5.12) and removing e’ from both sides of the equation we then get

1 )2 — 1
{(1 +517 + 251 + 57 + S§2)) ,Ho} (@) = {V (1 +57 45

2 1 2
SO0 s) (1 80 G50 st 4 5 W] o). (510

The CC equation is obtained by projecting this equation with the doubly
excited determinant (®,,|. And then it is further simplified using Wick’s
theorem. As as consequence, there are connected and disconnected terms.
However, only the connected terms contribute [47] to Eq. (5.14) and we can
write

1 12
(@72 [(1 +57 + 257+ 50 + S§2>) ,Ho] [Puw) =

conn

_ 1 2
(@1 | {V (1 +57) + 587+ 8550 + S§2)) -

(1 + 504 %Sf”Q + 50 4 S§2)> W} Dy, (5.15)
where the subscript conn refers to connected terms. This equation can be
considered as the CC equation of the two-valence system derived from the
generalized Bloch equation. This, however, can further be simplified through
explicit representation of the contractions. Consider the left hand side of the
Eq. (5.15), we can simplify it as

1 12
(@72 [(1 +57 + 257+ 50 + S§2>) ,Ho] [Puw) =

conn

1 | 2 |
(@1 + 81" + 5850 + 857 + 557 Ho} -

— 1 1.2 | |
{Ho(1+ 51" + 35" + 557 + 5.7)} [ u). (5.16)
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Similarly the terms on right hand side of the Eq. (5.15) are

— 1
(@1 | {v (1 + 5 4 55{”2 + 550 4 ngﬂ |Pow) =

conn

i 1 |12 | |
(@LHV L+ 81 + 551 + 857 + 557)H o),

and

1 2
(@ | {(1 +517 + 25+ 50 + s§2>) W} o) =

conn

| 1| P
(@2 (SO + 55177+ 500 4+ SPYWHP), (5.17)

since the operator W acts only within the P space (®07 |W|[®,,,) = 0. From
the definition of the normal Hamiltonian Hy = V + Hj, and hence, we can
combine two of the terms as

L—I 11,2 | |
(@ {Hx(1+ 81" + 5517 + 857 + 557} Puw). (5.18)

Using Egs. (5.16), (5.17) and (5.17) in (5.15), and define the effective Hamil-
tonian as H.g = Hy + W, we get the CC equation as

F 112
(@ HN (14517 + 5517 + 57 + 857}

1 2 |
{517+ 5817 + 857 + 857) Her} o) = 0. (5.19)

The effective Hamiltonian, in above equation, acts within the model space only
and hence the contributing diagrams are close in nature. The above equation
can therefore also be written as

i_—l 1 1\2 |
(@ [{Hx(1+ 5" + 557 + 857 + 87)} @) =
1 12
He (@2 (S1" + 5817+ 8,7 + 87)[@uw). (5.20)

This is identical to Eq. (5.9), which is obtained from the eigen value equation
of the Dirac-Coulomb Hamiltonian with the exponential ansatz.
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5.2.3 Renormalization term in the open-shell CCT

The nonzero renormalization term in the CC equation is the predominant
departure of open-shell CC equation from closed-shell CC. In the context of
MBPT it arises in the contraction of the wave operator with the close term
PVQP. In CCT too it arises from the contraction of the cluster operator with
the energy term. In the closed-shell case, Eqs. (4.8) and (4.9), renormalization
term vanishes as the energy diagrams do not have any free lines and cannot
contract with the cluster operator. For the open-shell case, energy diagrams
have incoming and outgoing valence free lines and these can contract with the
cluster diagram of S . This leads to nonzero renormalization term.

For example consider the case of two-valence CC, Eq. (5.9). In MBPT, the
diagrammatic representation of the renormalization terms require a contortion
to obtain correct energy denominators. Though CCT is a non-perturbative
theory and energy denominators do not arise, we adopt the same convention
to represent renormalization terms. So that these are distinct from the normal
terms. As example, the folded diagrams which contribute to the renormaliza-
tion term in two-valence CCT are shown in the Fig. 5.5.

(a) (b) (c)

Figure 5.5: Folded diagrams from the renormalization term in the generalized
Bloch equation of two-valence systems. In two-valence coupled-cluster theory
these diagrams arise from (a) Eﬁfﬁ(@%ﬁél)mw), (b)Eﬁfj(@%|Sfl)|\va> and
OrRC AR N

5.3 Properties calculations

In this section we describe the schemes to calculate properties with the CC
wave functions of the two-valence systems. Unlike the case of closed-shell and
one-valence atoms, it is nontrivial for systems with more than one valence
electrons. We first describe method to calculate the ionization potential and
excitation energy, then the procedure for the HFS constants calculation is
illustrated and finally, the calculation of E1 transition amplitude.
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5.3.1 Excitation energy from CCT

The two-electron attachment energy in Eq. (5.9), is also expressed as
B = e, + €, + AE™ (5.21)

where, ¢, and €, are the Dirac-Fock energy of the valence orbitals. And
AEYM = AE©™ — AES™, is the difference between the correlation energies of
closed-shell and two-valence sector of the atom. AFE2" in Eq. (5.21) is repre-
sented by the closed diagrams with free lines representing the valence states at
the vertices’s. Diagrams contributing to AE?"" can be separated in to one- and
two-body types. The one-body diagrams are similar to those in Fig. (2.4) but
with the bottom interaction (dotted line) replaced by cluster amplitude (solid
line). Similarly, the two-body diagrams are similar to those in Fig. (2.6) but
the bottom interaction, in the diagrams (b) to (g), is replaced by the cluster
amplitude. After the attachment energy calculation, the excitation energy of
a particular atomic state |W,,) is

AEyy = Byy — Epg2 gy, (5.22)

where F, 219, is the ground state energy. We have used this equation and
calculated the excitation energy for alkaline-earth metal atoms. These results
are presented in the result section of the chapter.

5.3.2 Hyperfine structure constants

As mentioned in the previous chapter while discussing the one-valence systems,
HF'S constant is the expectation of the hyperfine interaction Hamiltonian with
respect to the atomic state. Here we start with the Eq. (4.41), which is, after
using the coupled-cluster wave function of two-valence atoms defined in Eq.
(5.4)

s 1 2 f
(Wl i) = D el el @il {1+S£”+§s£” +s§”+s§2>} Hig,
7,k

1 2
el [1 + 54 559) + 5 552)} |Dy). (5.23)

This is the CC expression to calculate the HF'S constants of two-valence elec-
tron atoms. Using the dressed hyperfine operator Hyg, defined in Eq. (4.43),
the expression simplifies to

y - . 1 2
(Wi| Hygs| V) = ZC; (P | Hugs + Hugs [Sfl) + 55'{1) + Sél) + 552)] +
7.k
WL 1w, o« ] 5 W, low? | o« @]

1 2
Higs [59 +551 + 87 + S@”] | D). (5.24)
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As discussed in the one-valence case, comprehensive inclusion of terms of all
order in 7" is beyond the scope of current theories and computational resources.
Further more, the contribution from the terms higher than quadratic in T is
~0.1% of the total value. So we consider the dressed operator only up to
quadratic in 7. That is

Hyg = Hyg + HygT + T1 Hyg + T1 Hyg T (5.25)

The diagrams contributing to the Eq. (5.25) are separated as effective one- and
two-body operators. Diagrammatic representation of these effective operators
are as shown in Fig. 4.12. It is important to note that the two-body effective
operator, shown in Fig. 4.12(e), arises from the last term in Eq. (5.25). And,
as it has two-orders of T, the hyperfine diagrams obtained after contraction
with S may have negligible contributions.

5.3.2.1 The ﬁhfs term

Only the last term i. e. TTHuT in the truncated ﬁhfs contribute to the
HF'S constants of the two-valence systems. There are four diagrams which has

non-zero contribution from this term. These arise from ﬁg with the bare
hyperfine interaction hy inserted to all the possible orbital lines. Contribution
from these diagrams all together is expected to be very small as it does not
involve S. Contribution from this term is separately given in the result section.

~ 2
5.3.2.2 The Hyg (Sg) + %Sfl) + Sél) + Sé”) + h.c. term

There is one diagram each in the terms ]TlhfsSfl) and S£1)Tﬁhfs. These arise
from the contraction of the two-body effective operator, shown as Fig. 4.12(e),

with the one-valence cluster operator. Similarly, ﬁ[hfSSP2 and its Hermitian
conjugate contribute one diagram each. These are also from the two-body
effective dressed hyperfine operator. Since the two-body effective operator
involves two orders of T, the contribution form these diagrams is expected to
be very small. The contributions from these are listed in the table presented
in the result section of this chapter.

The _F_lhfs;Sél) and Sél)TﬁIhfs terms have one diagram each and these arise
when Sél) is contracted with the one-body effective operators: Sél) with dia-

gram in Fig. 4.12(d), and Sél)T with diagram in Fig. 4.12(c). The diagram
arising from Sél)-r?[hfs is shown in Fig. 5.6(a). Time reversed version of the
same diagram correspond to thsSél), however, this is not shown in figure. The

contributions from ﬁhfss M and S (I)Tﬁhfs are large as these are first order in S.
Further more, Hyg is one-body interaction and one-body effective interaction
are large.
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Figure 5.6: The actual hyperfine diagrams contributing to the terms, Sél)Tﬁhfs

(a), S<2)Tﬁhfs (b), Sél)TﬁhfSS(Z) () to (e), and S(Q)Tﬁhfss(2) (f). The diagrams
contributing to the corresponding Hermitian conjugate terms are the time
reversed of these diagrams, and are not shown explicitly.

The E[hfsnSéQ) and S§2)Tﬁhfs terms also contribute one diagram each. These
arise from the contraction of 552) with the one-body effective operator of ﬁhfs
shown in diagram Fig. 4.12(a). The diagram from S (Q)Tﬁhfs is shown in Fig.
5.6(b). Like in the previous case, the time reversed diagram arise from Hy 5@
and is now shown in the figure. One can expect these terms to form the leading
order as these are the lowest order terms with Séz). The two-valence cluster
operator Ség) is in general larger in magnitude than the one-valence cluster

-

(a) (b) (c) (d)

Figure 5.7: Diagrams arising in contraction of ng with Sél).

t~ 2
5.3.2.3 The SF) Hygs (SF) + %Sfl) + Sél) + 852)> term

The first two terms contribute one diagram each through the two-body effec-
tive operator diagram Fig. 4.12(e). These are not shown here as they have
negligible contribution. There are two diagrams which contribute to the term

T~ . . .
Sil) thsSél). These arise from the contraction of the one-body effective op-

erator diagram Fig. 4.12(d) with Sél) and Sfl)T connected at the two free
lines. The last term also has contribution from two diagrams, arising in the
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. T . . . .
contraction of S}l) and the effective operator diagram Fig. 4.12(a) with the
two-valence cluster operator diagram. We have not shown these diagrams as
the contribution, because of the Sfl), is small.

2T ~ 2
5.3.2.4 The S Hy (Sf” + s s 4 s§2>> term

. .- . T~ 2 .
The first term is the Hermitian conjugate of the term Sfl) thSSﬁl) , described
in the previous paragraph. And hence contributing diagram is the time re-
. . T~ 2 . . .
versed of those contributing to S%l) thsSfl) . There is only one diagram which
contribute to the second term. We do not include this term in the actual cal-
culation as there are four orders of Sg) involved. The third term contribute

two diagrams, arising from the contraction of diagram Fig. 4.12(d) with Sél),

2
and Sfl) connected at the free lines in all possible ways. There is one dia-
gram from the last term. This is expected to contribute large than the other
diagrams which involve two orders of Sg).

OO T SO N

R

() () © @

Figure 5.8: Hyperfine diagrams obtained after inserting the Hyperfine inter-
action operator in diagram (b) of Fig.(5.7).

~ 2
5.3.2.5 The Sél)TthS (S§” + %Sfl) + Sél) + Séz)> term

The contributing diagrams in the first two terms are the time reversed of the
those arising from the corresponding Hermitian conjugate terms discussed in
the previous paragraphs. For this reason we do not discuss these terms.

There are sixteen diagram arising from Sél)TﬁhfsSél). Topologically these

are the effective one-body diagrams Fig. 4.12(a-b) sandwiched between Sém

and Sél). To examine the diagrams in more detail, all the diagrams (four in
T

all) from Sél)TSél) are shown in in Fig. 5.7. To each of the diagrams in Fig. 5.7

the effective one-body operator can be inserted in four ways. As an example,

consider the diagram in Fig. 5.7(b), all the four diagrams after inserting the
effective one-body operator are shown in Fig. 5.8.
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There are five diagrams from Sél)TﬁhfsS§2). These are arise from the con-

traction of Sém with 5’52) through one-body operators in Fig. 4.12(a) and (c).
The diagrams from SS)TﬁhfSSf) are as shown in Fig. 5.6(c-e).

~ 2
5.3.2.6 The SémthS (S§” + %Sfl) + Sél) + Séz)> term

The Hermitian conjugate terms corresponding to the first three terms were
discussed in the previous paragraphs. So we do not consider these again. Only

one diagram arises from the last term, SéQ)T}NIhfSSéQ). This diagram is shown
in Fig. (5.6(f). Only Fig. 4.12(a) is the allowed effective one-body operator
which contribute to this term. This term is expected to contribute the most
as only one order of two-valence cluster operator is involved.

5.3.3 Electric dipole transition amplitudes

The E1 transition amplitude, as described in the context of the one-valence
atoms in the previous chapter, is a matrix elements between two opposite
parity states rather than the expectation in the HFS constants case. For
two-valence atoms using the coupled-cluster wave function the E1 transition
amplitude is derived, based on the Eq. (5.24), to the form

* ~ ~ 1 1 )2 1 2
(D) =Y el (@, |D + D [S§ )+ 559 + 58 4 5§ ﬂ +
7.k

1 2 t ~ 1 ) T
[Sf) + 550 + 857 + Sf’] D+ [Sﬁ” +55) + 857 + 552)]
~ 1 2
D [Sf” + 555” + 50 4 55”] D). (5.26)

As we see, Eq. (5.26) has the same structure as the Eq. (5.24) for HFS
constants calculation. The only differences are the dipole operator replacing
the hyperfine operator and it is the matrix elements not the expectation. The
contributing diagrams are, therefore, same as those of the HFS constants.
Hence, in actual calculation, we proceed like in HFS and calculate the effective
diagrams, both one- and two-body. These are then contracted with the cluster
operators to contribute to the transition matrix.

5.4 Summary of the results

In this section we present and analyze some of the atomic properties calculated
from the relativistic two-valence CCT for two-valence atoms. Our results are
based on the mathematical expressions that we provide in the previous sections
of the chapter.
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5.4.1 Excitation Energies

Results of the two-electron attachment and the excitation energies of Sr, Ba,
and Yb atoms are listed in the Table. 5.1. For comparison the results from
previous theoretical calculations and experimental data are also listed. The
two-electron attachment energy is calculated using Eq. (5.21), however, to
calculate the excitation energy we use Eq. (5.22). The reason for choosing the
three atoms in our calculations is the significant difference in the sequences
of ns(n — 1)d 3Dy, ns(n — 1)d Dy, nsnp 3P; and nsnp 'P; levels. As evi-
dent from Table. 5.1, in St the 5s4d 71D levels lies between 5s5p >P; and
555p 'P;. Whereas the 6s5d 271D levels are below the 6s6p 251 P; levels
in Ba. The difference in the level structure can be attributed to the pres-
ence of an additional diffuse shell 4d. The sequence gets more complicated in
Yb, 6s6p 3P levels are below 6s5d 3Dy, however, the 6s6p ' P, lies between
6s5d 2Dy and 6s5d 3Ds. It is to be noted that, the difference between Ba and
Yb configurations is the presence of 4f in the Yb core. And, is the cause for
the change in the level sequence.

In the case of atomic Sr, all the previous theoretical results listed in the
table are with the atomic many-body methods different than ours. Porsev and
collaborators [129] provides data for all the states we consider in our calcula-
tions. They have used the method which is a combination of the Configura-
tion interaction and the many-body perturbation theory. The other available
data is from the work of Savukov and Johnson [130] and Vaeck, Godfroid and
Hansen [131]. The former is limited to the states 5s5p *P; and 5sbp ' Py,
and they employed the same method as the work of Porsev and collaborators.
However the single electron basis functions used in the two calculations are
very different. And this may be the reason for the difference in the excitation
energies of 5sbp P, and 5s5p ' P states. The work of Vaeck and collabora-
tors is limited to 5s4d ' D, and 5s5p ' P; and they have used the less accurate
method, the multi-configuration Hartree-Fock (MCHF') theory. The excitation
energies obtained from our calculations are reasonably close to the results of
[129]. The difference, in all the states, is at the milihartree level. For the
state 5sbp 3P, our result is closest to the experimental value. Our results are
consistently better than the MCHF results of the Ref. [131].

As its evident from the table, quite a few previous theoretical results are
available for the atomic Ba. Among the results listed, the work of Eliav, Kaldor
and Ishikawa [115] uses the method similar to ours. The single electron spin-
orbitals used in the calculations are generated in the same Vn — 2 potential.
The other theoretical works of Dzuba and collaborators [132], and Safronova
and collaborators [133] uses similar basis sets but different many-body meth-
ods. The former used CI-MBPT, whereas the later used the recently developed
CI plus all order method [133]. The results from these two calculations are in
better agreement with the experimental data than the results of the Eliav and
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Table 5.1: Two-electron removal energy and the excitation energies calculated
using relativistic coupled-cluster theory. All values are in atomic units.

State Our result Other work Exp. Ref[63].
Eyw EE EE EE
87Sr
55215, —0.61939 0.0 0.0 0.0
5s5p 2Py —0.55169 0.06771 0.06566* 0.06524
5s5p 3P, —0.55170 0.06768 0.06651*, 0.06871P 0.06609
5s5p 3Py  —0.55203  0.06736 0.06833? 0.06788
5s4d 3Dy —0.53551 0.08388 0.08230? 0.08274
5s4d Dy  —0.53478 0.08461 0.08260? 0.08301
5s4d ®*Ds; —0.53397 0.08542 0.08312? 0.08347
5s4d 'Dy  —0.52594 0.09345 0.09210?, 0.11477¢ 0.09181
5s4d 'P;  —0.51283 0.10656 0.09851%, 0.10015P, 0.10730¢ 0.09887
137]_3)a
6s21S, —0.56439 0.0 0.0 0.0
6s5d *D;  —0.52303 0.04136 0.04211¢, 0.04106¢, 0.04119" 0.04116
6s5d 3Dy —0.52170 0.04269 0.042969, 0.04193°, 0.04200¢ 0.04199
6s5d D5  —0.51960 0.04479 0.044734, 0.04375¢, 0.04366¢ 0.04375
6s5d 1D,  —0.51030 0.05409 0.05395¢, 0.05197¢, 0.05298f 0.05192
6s6p °Py, —0.50667 0.05772 0.05697¢, 0.05575¢, 0.05591" 0.05589
6s6p 3P, —0.50540 0.05899 0.05869¢, 0.05742°, 0.05758" 0.05758
6s6p 3P, —0.50311 0.06128 0.062849, 0.06147°, 0.06159¢ 0.06158
6s6p 1P, —0.47291 0.09148 0.084099, 0.08256°, 0.08125f 0.08229
173Yb
652 1S, —0.68083 0.0 0.0 0.0
6s6p 3Py —0.59944 0.08140 0.07909%, 0.07874", 0.07877 0.07877
6s6p 3P, —0.59645 0.08439 0.08242%, 0.08200", 0.08200' 0.08198
6s6p 3Py —0.58914 0.09170 0.09038%, 0.08999", 0.09002 0.08981
6s5d ®D; —0.56110 0.11973 0.11362%, 0.11425", 0.11158' 0.11158
6s5d Dy  —0.55975 0.12109 0.11473%, 0.11136", 0.11274 0.11278
6s5d *D; —0.55602 0.12481 0.11699¢, 0.11503", 0.11517* 0.11514
6s6p 1P, —0.55301 0.12782 0.12426%, 0.11253", 0.11669' 0.11422
6s5d 'Dy  —0.54667 0.13416 0.13025%, 0.12595", 0.12672! 0.12611

* Reference[129]. P Reference [130]. © Reference [131]. 4 Reference[115].
¢ Reference[133]. ! Reference [132]. & Reference[114]. ! Reference[134].

! Reference[135].
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ours. For some of the states, 6s5d 2Dy, 6s5d Dy, 6s6p 3P,, our results are
closer to the experiment than Eliav [115].

Like the atomic Ba, several attempts have been made to produce the correct
energy level sequence and the accurate excitation energies of the states for
atomic Yb. However, this presents a serious challenge. A similar calculation to
ours [114] could not reproduced the experimental sequence. In particular, the
6s6p 1 Py is above the 6s5d 3D levels, whereas experimentally it lies between
6s55d 3Dy and 6s5d 3Ds. The sequence, however, is correctly reproduced in
another calculation with the CI-MBPT method [134], where the basis set used
is combination of Dirac-Fock orbitals for the core and valence, and virtuals are
generated through recurrent procedure. Our results show the similar energy
level sequence as that of the Ref. [114]. However the excitation energies for
all the states are systematically higher than the previous theoretical data.
The excitation energies from the works [134] and [135] are better than [114]
and ours for all the states. As its clear from the discussions, none of the
results listed in the table follow the same atomic many-body methods and
the single electron basis functions. This could be the reason of the observed
inconsistency among the theoretical data. This atomic system, in our view,
requires a systematic analysis and inclusion of the various correlation effects
in the precision calculations.

5.4.2 Hyperfine structure constants

For the two-valence HFS calculations we have used the Eq. (5.24) describe
in the previous section of the chapter. The results from our calculation are
presented in the Table. 5.2. To compare and analyze, the results from previous
theoretical works and experimental data are also given. As evident from the
table, there are few theoretical and experimental work on the HF'S constants
of the neutral alkaline-Earth metal atoms and Yb. However, the importance
of such investigations are likely grow in the near future as these, in particular
Sr and Yb, are candidates of precision experiments and have been cooled to
quantum degeneracy.

Unlike the case of one-valence atomic systems, the HF'S contributions from
different terms in the CC HFS equation, Eq. (5.24), are separated in to three
groups. The second column, as in the one-valence atoms, comprise of the
contributions from two terms: the zeroth-order and the terms with only closed-
shell cluster operators. The contribution from the later is far less, almost
negligible, than the former for two-valence atoms. The next column presents
the results from terms which involve the one-body effective dressed properties
operator. And similarly, the last column lists the contributions from the term
with the two-body effective dressed properties operator. As we have mentioned
in the theoretical descriptions, the dominant contribution is from DF term for
all the states in all the atoms considered. The second largest contribution is
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Table 5.2: Magnetic dipole hyperfine structure constant for the atomic systems
87Sr, 13"Ba and '™Yb, using relativistic coupled-cluster. All values are in
atomic units.

State Coupled-cluster terms Others Exp.

Hig, (Hug)s  (Hugs)ap Total

8781‘
5shp 3P, —179.103 —49.121 0.002  —228.222 — —260.765(1)j
5sbp 3P,  —200.564 —47.045 0.002  —247.607 — —212.085(5)j

5s4d 3D;  145.433 6.348 0.001 151.586 — —
5s4d 3Dy —56.748 7.095 0.001 —49.654 — —
5s4d 3D3  —133.970 194 0.002  —133.778 — —
5s4d Dy 17.503 9.643 0.001 27.145 — —

5sdd ‘P, 11.577 4.366  —0.002  15.941 - -
137Ba
6s5d *D; —588.088 —19.420 —0.004 —607.512 —547* —521¢
6s5d *Dy  396.863 9.067  —0.009  405.921  405° 416°
6s5d ®D3  544.110 4.843  —0.008 548.945  443* 457°
6sbd 1Dy —149.004 —54.967 —0.006 —203.977 —1022 —82d
6s6p 3P, 735.756  221.943  —0.004 957.695  1160° 1151¢
6s6p 3P,  805.880  204.186 —0.010 1010.056  845* —
6s6p Py —181.732 —38.353  0.009 —220.094 —107* —109¢
173Yb
6s6p 3P, —709.145 —197.665 0.004 —906.806 —1094> —1094.2(6)#
6s6p 3P, —682.024 —181.832 0.003 —863.853 —745" —738h
6s5d *D;  550.714  64.941 0.002  615.657  596° 563(1)!
6sbd °Dy, —456.216 —40.287  0.003  —496.500 —351° —362(2)!
6s5d 3Dy —454.458 —22.482  0.002 —476.938 —420° —430(1)!
6s6p 1P, 240.029  65.911  —0.002 305.938  191° 60"
6s5d 1D, 197.207  71.840  0.002  269.049  131° 100(18)!

® Reference[136]. P Reference[134]. ¢ Reference[137]. ¢ Reference[138)].
¢ Reference[139]. [ Reference[140]. & Reference[141]. I Reference[142).
I Reference[143]. J Reference[144].
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from the terms with the one-body effective operator. The contribution from
the two-body HF'S terms all together is very less in comparison to the previous
two terms.

For the atomic Sr no theoretical data is available in the literature. The
experimental results however are available for only two states 5s5p 3P, and
5sbp 3P,. Our results for these two states differ by about 12% and 16.5%
respectively, from the experimental values. Since there are not much data
available its inappropriate to comment on the accuracy of these results. This
atom needs to be investigated both theoretically and experimentally.

In the case of atomic Ba, the results of Kozlov and collaborators [136] are
the only theoretical results we could obtain from the literature. As mentioned
earlier, they employed a method which is a combination of the CI and the
MBPT. Considering the experimental results, none of the states have data
from the two different experiments. The results of Kozlov and collaborators
[136] are, however, in better agreement than ours. In our results, the large
discrepancy is observed in the singlet states, 6s6p ! P, and 6s5d ' D,. The HFS
constants for the state 6s5d 3D, from our results are in agreement with the
results of the Ref. [136].

Similar to the case of atomic Ba, the HF'S constants of the atomic Yb there
is a lack of theoretical and experimental studies. The only previous theoretical
investigation in literature is the work of Porsev, Rakhlina and Kozlov [134].
Their results are in good agreement with the experimental data than ours.
However, the atomic many-body method and the single-electron basis func-
tions used in the two calculations are very different. The large discrepancy in
the our results may be attributed to the nature of the orbitals we have used,
the V=2 orbitals. On account of the doubly ionized state of the core, the
orbitals are highly contracted and interacts rather strongly with the nucleus.
Such orbitals are suitable for properties calculations of singly ionized states
but not an ideal choice for neutral atoms.

5.4.3 E1 transition amplitude

The electric dipole reduced matrix elements of the two-valence atoms Sr, Ba
and Yb are presented in the Tables. 5.3, 5.4 and 5.5 respectively. In all the
cases, like the HF'S constants, contributions from different terms are grouped
in to three categories. And the corresponding values are listed the tables. As
evident from the tables, the individual contributions follow the same trend
as the HFS constants. For all the atoms the dominant contribution is from
the Dirac-Fock term. The next prominent contribution is from the effective
one-body operator. And then the terms with only closed-shell cluster opera-
tors, D — DF contributes. As mentioned in the HFS case, there is negligible
contribution from the terms with the two-body effective operator.

Out of the transitions we have considered in our calculations, the previous
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Table 5.3: El transition amplitudes for the atomic system 87Sr, using rela-
tivistic coupled-cluster theory. All values are in atomic units.

Transition Coupled-cluster terms Others

DF D-DF (D) (D)ay Total

5P — 1Sy —0.3759 —0.0001  0.8257  0.00001 0.4497  0.16%,
0.162°

'pp— 1Sy, —4.2442  0.0000  0.5283  —0.00002 —3.7159 5.28%,
5.238P,
1.9539°¢

3Py — 3Dy 2.6323  —0.0002 —0.3131  0.00000 2.3190

3P, — 3Dy 2.2652 0.0013  0.1116  0.00000 2.3781

3Py — 3Dy 0.5849  0.0009  0.3772  —0.00001  0.9630

'Pp— 3Dy 0.2255  —0.0005 —0.2496 —0.00001 —0.0247

3P — 3Dy 39538  0.0012  —0.5437 —0.00001  3.4114

3Py — 3Dy 22646 0.0006  0.0700  0.00001 2.3352

'Pp— 3Dy 0.7531  —0.0004 —0.1054  0.00001 0.6473

3Py — 3D3  —5.3938 —0.0001  0.3111 0.00001  —5.0828

3P — Dy, —0.8822  0.0012 0.0387  0.00000 —0.8423  0.19*

3Py — Dy —0.2854  0.0002 —0.3597 —0.00001 —0.6448  0.10*

'pp — 1Dy, —4.5484 —0.0008 0.3860 —0.00001 —4.1632  1.922

2 Reference[129]. P Reference[130]. © Reference[131].
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Table 5.4: E1 transition amplitudes for the atomic system !3"Ba, using rela-
tivistic coupled-cluster theory. All values are in atomic units.

Transition Coupled-cluster terms Other work
DF D-DF  (D)y (D)y, ~ Total
5P — 1Sy 0.3888  —0.0003 —0.8090  0.00000  0.4205 0.4537*
'pp— 18, —4.6768 —0.0002 0.6730  0.00000  4.0040 5.236*
3Py — 3D; 26203  0.0004 —0.2585 0.00000 2.3622 2.3121*
3P, — 3Dy 22405 —0.0023 —0.0195 0.00000 2.2187 2.0108*
3P, — 3Dy —0.5715  0.0019 —0.4782  0.00000 1.0478 0.5275*
'pp— 3Dy —0.3364 —0.0002 0.3546  0.00000 0.0180 0.1047*
3P, — 3D, 3.8886 —0.0022 —0.1585 0.00001  3.7279 3.4425*
3P, — 3D, —2.2265 0.0013  0.1007  —0.00001 2.1245 2.024*
1Py — 3Dy —0.3874 —0.0005 0.0833 —0.00000 0.3046 0.4827*
3P, — 3D3 53410 —0.0004 —0.3409 —0.00001 4.9997 4.777*
3P, — Dy, —1.1039 —0.0018 0.1178  0.00000  0.9879 0.1610*
3P, — Dy 0.4458  0.0005  0.5219  0.00001  0.9682 0.1573%
P — Dy 44933  —0.0011 —0.0773  0.00000 4.4149 1.0472

2 Reference[132].
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Table 5.5: E1 transition amplitudes for the atomic system ™Yb, using rela-
tivistic coupled-cluster theory. All values are in atomic units.

Transition Coupled-cluster terms Others

DF D-DF (D),  (D)y  Total

P — 1S, 0.1445 —0.0003 —0.5320 0.00000 —0.3878 0.54(8),
0.44",
0.587¢

'Pp— 1S, —3.8641 —0.0001 0.5999 —0.00001 —3.2643 4.40(80),
4.44P
4.894,
4.825¢

3Py — 3Dy 2.7296  0.0001  —0.3209 0.00000  2.4088 2.61(10)%,
2.911°

— 3Dy 23473 —0.0005 0.1811  0.00003  2.5279  2.26(10)*
3P, — 3Dy —0.5997  0.0000 —0.2343 0.000002 —0.8340 0.60(12)*
— 3Dy —0.4503 —0.0002 0.1702  0.00000 —0.2803 0.27(10)?,
0.24°

— 3D, 3.9875 —0.0005 —0.6480 0.00002  3.3390  4.03(16)*
3Py — 3D, —2.2940 —0.0002 —0.1010 —0.00003 —2.3952 2.39(1)*
— 3Dy, 0.0716 —0.0003 0.0660  0.00000  0.1373  0.32(6)?,
0.60"

3P, — 3D3  5.6130  0.0000 —0.3215 —0.00001 52915  6.12(30)>

3Py — Dy, —1.1920 —0.0006 0.0995  0.00000 —1.0931 0.54(10)

3Py — 'D, 0.5946  0.0002  0.3601  0.00000  0.9549  0.38(8)*

P — 'Dy 47006 —0.0002 —0.5209 0.00000  4.1795  3.60(70)*

® Reference[145]. P Reference[146]. ¢ Reference[135]. ¢ Reference[147].
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theoretical results are limited to (4sdp 3P| D|4s* 1So), (4s4p ' Py|D|4s* 1S),
(4s54p P, | D|4s4d ' D,), (4sdp 3Py|D|4s4d * D,), and (4s4p 'P,|D|4s4d ' D,),
for the atomic Sr. These are calculated using atomic many body methods
significantly different than ours. Our results show large deviation from the
previous theoretical values. In the case of Ba, the previous theoretical calcu-
lations were done by Dzuba and Ginges [132]. They have used the combined
CI+MBPT. The single electron spin orbitals are g enerated in the Viy_s po-
tential, which is similar to the ours. The best agreement is for the transitions
(656p *D1|D]6s* 1Sy) and (6s6p D ;| D|6s5d *D ). There are large deviations
for the matrix elements involving the 6s6p P, and 6s5d ' D, states.

In comparison to Sr and Ba there are quite a few theoretical data of
the E'1 reduced matrix elements of atomic Yb. For some of the transitions
our results are in good agreement with the previous works. Our results for
(6s6p 3P| D|6s5d 3Dy), (6s6p 3P |D|6s5d 3Dy), (6s6p 'P|D|6s5d 3Dy),
and (6s6p 3P| D|6s5d 3Ds), compare well with that of Porsev and collab-
orators [145]. The large deviations are however observed in the transitions
(6s6p 1P| D]6s* 1Sp), (6s6p 3P| D|6s5d 3Dy), (6s6p 3P| D|6s5d 2D3), and
(6s6p 2Py D|6s5d ' Ds). These discrepancies are partly attributed to the dif-
ferent atomic many-body methods used in the two calculations. And partly
to the nature of the potential used to generate the orbitals.
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Chapter 6

Coupled-cluster theory with
PNC perturbation

In the previous chapters we studied relativistic CCT of closed-shell, one-
valence and two-valence atomic systems for the Dirac-Coulomb Hamiltonian.
However, there are atomic properties of interest which are associated with
external perturbations, for example an atom in electromagnetic fields. In
the context of the atomic many-body theories, these additional interactions
are treated as perturbations to the atomic Hamiltonian. These modify the
wave function and energy of the atom. The precise calculations of the rele-
vant atomic properties require a systematic inclusion of the correlation effects
arising from the perturbation. The perturbed coupled cluster method is the
appropriate one. In this chapter we discuss and derived the perturbed CC
equations for closed-shell, one- and two-valence atoms. We also describe the
scheme to calculate the F1PNC' transition amplitudes using perturbed CC
wave function.

This chapter is organize as follows. The first Section deal with the closed-
shell atomic systems with the perturbation. In particular, we treat the PNC
electron-nucleus as perturbation and the closed-shell perturbed CC equations
are derived. Sec. II describes the implementation of the perturbed CC theory
of one-valence atoms. This is applied to calculate the F1PNC' transition
amplitudes in the same section. The perturbed CC method and application
to calculate E1PNC' of two-valence atomic systems is discussed in Sec. III.
And the last Section is about the analysis of the results.

6.1 Closed-shell systems

There are several closed-shell atoms which are of experimental interests and
have important implications to new physics. Perhaps among all the experi-
ments, the electric dipole moment (EDM) of the atoms originating from the
hadron sector [112, 148, 149] is the most important one. To extract new physics
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VARAVAY

Tl(l) Tz(l)

Figure 6.1: Representation of the single and double perturbed cluster operators
contributing at the level of closed-shell perturbed CC.

from the experimental and theoretical results, it essential that the two should
be of comparable accuracy. And for the theoretical calculations with CCT,
the perturbed CC theory plays an important role. In this section we derive
the perturbed CC equations and use the wave function to calculate the dipole
polarizibility of the inert-gas atoms.

6.1.1 Perturbed CC equations

In presence of the PNC interaction Hamiltonian Hpyc, the Schroedinger equa-
tion of closed-shell atoms is

(HPC + MHpne) |Wo) = E|Wy). (6.1)

Here |E’0> is the perturbed wave function, E, = E + \E!, is the corresponding
eigenvalue and \ is the perturbation parameter. The perturbed wave function

is the sum of the unperturbed wave function and a correction |@(1)> arising from
Hch. That is _ .
[Wo) = [Wo) + AlWy). (6.2)

Following the description of closed-shell unperturbed coupled-cluster wave
function, the perturbed wave function in the coupled-cluster is

1To) = 7TV | py). (6.3)

The cluster operator T is the unperturbed operator. The cluster opera-
tor T, however, incorporates the effect of Hpne and is referred to as the
perturbed CC operator. It acts on the reference state |®g) to generate the
correction. Considering the perturbation expansion to first order in A\, we can
write Eq. (6.3) as

(W) = (14 ATW)|dy). (6.4)

Using Eq. (6.4) in Eq. (6.1)

(HPC + MHpne) e [1 4+ ATO] |@g) = BT [1 + ATW] |@,),  (6.5)
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Figure 6.2: Diagrams which contribute to the perturbed coupled-cluster equa-
tion for singles at the linear level.

where we have used the relation E' = (Uo|H;|¥,) = 0, as Hpxc is an odd
parity operator it does not connect states of same parity. Using the normal-
ordered form of the Hamiltonian, Hy = H — (®o|H|Py), above equation can
be be simplified to

(Hx + MHexo) €T [1+ATO] |@0) = ABT” [1+ATW] @),  (6.6)

where AF is the correlation energy of the atom. The terms which are first-
order in A is

[HNT® + Hexe] €7 |®) = AETW e @), (6.7)

Operating with e=7"” and projecting on singly and doubly excited states (PP
and (®"?], we get the working equations of the singles and doubles perturbed
cluster amplitudes

— _

(OE|{HNTM}| Do) = — (92| Hpne| Do), (6.8)
— _

(QPI{HNT W} @) = —(DP]| Hpne|Po). (6.9)

The dressed Hamiltonian Hy is same as in Eq. (4.10).
6.1.2 Linearized perturbed CC equations

The dressed Hamiltonian’s, Hy and Hpyc, in the linear approximation are

_ —
Hy = Hx+{HNTOY, (6.10)
* 1
Hene = Hpne + {HeneTW}. (6.11)
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Figure 6.3: Diagrams which contribute to the perturbed coupled-cluster equa-
tion for doubles at the linear level.

Using the above approximations in Egs. (6.8) and (6.9), we get the perturbed
coupled-cluster equations of singles and doubles in the CCSD approximation
as

1) (1) (0)
(PEHHNTY '} + {HNT, '} ®o) = —(®F|Hpnc + {HpneTy '}
(0)
+{HpncTy '} @), (6.12)
Pq (1) (1) Dq (0)
(PN HNT, '} + {HNTy '} ®o) = —(@V)|Hpne + {HpneT) '}
(0)
+{HpxcTy " }HPo)- (6.13)

Diagrams corresponding to the left- and right-hand sides of the singles equation
are shown in the Figs. 6.2 and 6.4 respectively. And the those corresponding
to the doubles equation are shown in Figs. 6.3 and 6.5.

() (b) (©) (@) (e)

Figure 6.4: Coupled-cluster diagrams which contribute to the right-hand side
of the Eq. (6.8). The line terminated with the square represent the Hpyc
operator.

opposite parity states rather than the e
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(a) (b)

Figure 6.5: Coupled-cluster diagrams which contribute to the right-hand side
of the Eq. (6.9). The line terminated with square is to represent the PNC
interaction.

6.1.3 Dipole polarizibility from CCT

We calculate the dipole polarizibility to test the quality of the unperturbed
and perturbed wave functions. When an atom is subjected to an external
electric field &£, it induces a dipole to the atom. The induced dipole moment
1s

Dinduced = ag; (614)

where « is the dipole polarizibility of the atom. In terms of the perturbed
CC wave function it is the expectation of the dipole operator in the perturbed
atomic states. That is B B

a = (Vy|D|Vy). (6.15)

Using the form of the perturbed CC wave function from Eq. (6.3), we get

o = (@)™ (1 + AT D (1 4 ATWY[dy),
= (@D + DTV + TW'D + TODTO|3y). (6.16)

This the expression of the dipole polarizibility using CCT. In the above equa-
tion, the operator D = TV DT s the unitary transformed electric dipole
operator and is usually refereed to as the dressed dipole operator. It is evident
that the dipole polarizibility, in terms of perturbed cluster operator, distinctly
different from the sum over states approach. In the sum over states scheme,
contributions from a selected set of intermediates states are summed over.
This is, however, not recommended for high precision calculations. In Eq.
(6.16), contributions from all intermediate states within the chosen configura-
tion space are included. For precision calculations, this is a very important
advantage.

The diagrams contributing to the Eq. (6.16) are obtained by using the
Wick’s theorem. Contraction should be made in such a way that there should
be no free lines at any of the vertices. In our studies, we also examine the
contribution from the approximate triples. In the Fig. 6.6 we have shown an
example diagram for each of the approximate triples and the dipole polariz-
ibility.
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Figure 6.6: Diagrams of approximate triples calculated perturbatively:(a) (a)
Representation of approximate perturbed triples. (b) Contribution of approx-
imate perturbed triples to the dipole polarizibility.

6.2 Omne-valence systems

For one-valence atoms, the F1PNC' transition amplitudes [26, 25, 24, 31, 151]
and the atomic EDM arising from the electron EDM [71, 154] are some of
the important atomic properties of current interests. These require precise
atomic theory calculations and the one-valence perturbed CC method is an
ideal choice for these calculations. In this section we derive the perturbed CC
equations and employ it to compute E1PNC' of selected one-valence ions.

6.2.1 Perturbed CC equation from exponential ansatz

Following the perturbed Schroedinger equation of the closed-shell atoms, Eq.
(6.1), the equation for one-valence systems is

where the first-order energy correction E} = (¥,|Hpnc|¥,) = 0. In the CCT
the mixed parity state is describe using the cluster operators

10,y =T (1+ATW) (145 +ASD) |®,), (6.18)

where |®,) is the one-valence reference state. The newly introduced cluster
operator S is referred to as the one-valence perturbed CC operator. Using
Eq. (6.18 in Eq. (6.17)
(H + AHpnc) €™ (1 +ATW) (1 + S+ ASW) |@,)
=B’ (1+ATW) (1485 +ASW) |@,). (6.19)

Operating above equation with e~7 and retaining the terms which are first-
order in A\, we get

[e_THeTS(l) +e THTW(1 4+ 8) 4+ e THpneel (1 + 9)] |®,)
= [B,SY + BE,TW(1+ 9)] |®,).  (6.20)
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Using normal-ordered form of the Hamiltonian, Hy = H — (®,|H|®,), we can
further write

[HxSY + ANTW(1 4 S) + Henc(1 + 9)] |D,)
= [AE,SW + AE,TV(1+ 9)] |2,), (6.21)

where AFE,,= E, — (®,|H|®,), is the correlation energy of the one-valence
atom. Projecting Eq. (6.21) with the excited determinants (®?| and (PPI|, we
get the perturbed CC equations of the singles and doubles respectively. These
are

(@7 HySW + HNTW(1 + S) + Hpno(1 + 5)|®,) =
AE,(®8]S{"|®,), (6.22)

(@21 | HSW + HNTW(1+ S) + Hpne (1 + S)|@pw) =
AE,(@72]557]®,,). (6.23)
In deriving above equations we have used the relations,

(@ TW|®,) =0 and (P|THS|D,) =0, (6.24)
as TW | being the cluster operator of closed-shell sector, does not contribute to
the CC equation of Sfl). The same is also true for the doubles. Using Wick’s
theorem the CC Egs. (6.22) and (6.23), can further be simplified to the form

I I r 1
(OP|{ Hx S} + {HNTWY + {HxTW S} + {Hpno(1 + S)}|®,)
= p2y(or|siVe,),  (6.25)

(@22 [{Hx S} + {HNTW} + {HNTW S} + {Hpnc (1 + )} @y)
= E* (PSS |®,,).  (6.26)

where E2* is the attachment energy of the valence electron and is described in
Eq. (4.35). In Egs. (6.25) and (6.26), the disconnected terms { HxyT™M} and
{HNTW S} do not contribute to the CC equations of single and double cluster
operators.

6.2.2 Perturbed CC equations from Bloch equation

In the presence of PNC perturbation Hamiltonian the Bloch equation, Eq.
(5.11), assumes the form

[Q + Apxe, Hol P = ((v A Hene)(Q + AOpxe) — (6.27)

(Q + AQpne) (W + )\WPNC)P. (6.28)
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Figure 6.7: Representation of the single and double perturbed cluster operators
contributing at the level of one-valence perturbed CC.

Following Eq. (5.10), in the above equation
Wene = P(VQpye + Hpne2) P = 0, (6.29)

as Wpne acts within the same model space and the operators Qpne and Hpne
connects states of opposite parity. To obtain the Bloch equation appropriate
for the perturbed CCT retain terms linear in A from the above equation. We
then get

[Qpne, Hol P = (VQPNC + HpneS) — QPNCW> P. (6.30)
Using the CC wave operators
Q=e"(1+5) and Qpnc =" (TW 450 T7Dg), (6.31)
the Eq. (6.30) assumes the form
[e"(TW + SO + T7WS), Hy) |@,) = (VeT(T(l) + S 4+ 17Wg) 4
HeneeT (14 8) — eT(TW + SO T<1>5)W) ®,).  (6.32)

Following the derivation, Eq. (5.13), of the previous chapter, in the right-hand
side of Eq. (6.32)
Vel = (Ve') e =Ve' and (6.33)

conn

HcheT = P_[cheT. (634)

Using Egs. (6.33) and (6.34) and removing e” from both side of the equations,
we get

[T(l) + S0 1Wg, HO} |®,) = [V(T“) + S0 4 7Wg8) 4

conn

Hpne(148) — (TW + S + T(l)S)W} |D,).  (6.35)

We have retained only connected terms in this equation based on the argument
given in the chapter. IV. The CC equation of singles is obtained by projecting
this equation with the excited determinant (®2|.

(PP [T(l) +SW 4 7Ms H, 1B,) = (07| |:‘7<T(1) +SW 4T g) 4

conn

Henc(1+8) — (TW + SO+ 7OSHW | |®,).(6.36)

conn
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To simplify it further, various terms in Eq. (6.36) are derived in the following
way. The left-hand side of this equation is

(@ [T + 5O 4+ 7WS Hy] |,y = (8| [SW, H] |®,), (6.37)

conn

as the closed-shell cluster operator ") can not contract with H, and con-
tribute to the SF) equation. Similarly, for the other terms

1
PLHVT VY ,),

(DPIVTWD|D,)eomn = ( (6.38)
_ ImN

(@VTDIS|D ) eonn = (PL{VTIS}D,), (6.39)

<®5’T(1)W|(I)v>conn = 07 (6.40)
1

(@2[SVW|D)conn = (PE{SDWHP,) conn. (6.41)

Using Eqs. (6.37) - (6.41), Eq. (6.36) is simplified to the form

1 1 r 1
(DP{HNTV} + {HxSWY + {HNTWSY + {Hpne(1 + 5)}®,) = (6.42)
Hep (7] 51V ]@,).  (6.43)

Where we have used the relations
Hy=Hy, Hy+V =Hy, VIW(1+5) = HTY(1 +9), (6.44)

as no closed-shell cluster contributes to CC S equation after contraction with
the open-shell cluster operator or with the Hy. The same is true when 7T or
T contract with the renormalization term . Following the same procedure,
for doubles as

1 r—1 I 1
(@08 [{HNT D} + {HySD} + {HNTM S} + {Hpxc(1+ )} ®p) = (6.45)
He(@25,|S57|®,). (6.46)

As we can see Egs. (6.43) and (6.46) are same as Eqs. (6.25) and (6.26)
respectively, which were derived earlier.

6.2.3 FE1PNC from coupled-cluster theory

The perturbed closed- and open-shell wave functions calculated in the previous
section can be used to investigate the PNC effects in the atomic systems.
In this section we derive the expression to calculate E1PNC from CC wave
functions. From the CC wave function Eq.(6.18)
EIPNC = (¥,|D|¥,)
= (@)™ (1 + ATV (1 + 8 + ASD) DeT (1 4+ ATM)
(1+S+ASW)|,). (6.47)
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Friad s
@JQW s

(i) ©)

Figure 6.8: Some of the leading-order diagrams contributing to the Eq. (6.50).
Exchan e diagrams are not shown. The zigzag line represent the cluster opera-
tors T or Sll). Line terminated with the circle represent the dipole operator.
And the solid line with and without a bar in the middle is to represent the
(1,1) (1,0) .
cluster operator Sy 7’ and Sy 7’ respectively.

Retaining only the terms which are linear in A\, we get

EIPNC = (@, |e71(1 + $) Del (T + SO 4 7 g) 4
T 4+ 5O L TWS) DET(1 + 5)|,). (6.48)

Using the commutation relation of the cluster-operators and the expression of
the dressed dipole operator

D =¢""De”, (6.49)
the E1IPNC can further be written as

E1PNC = (®,|D(T® 4 S® 4 TWS) + ( TW + S“) + TWS) D +
STD(T® + sW 4 7MW 8y 4 (TW 4 5O V)Y DS|®,). (6.50)

The diagrammatic representation of Eq. (6.50) is obtained by using Wick’s
theorem. Some of the leading diagrams are shown in Fig. 6.8.

6.3 Two-valence systems

As mentioned earlier, there very few investigations on the CCT of two-valence
systems. There are few applications [114, 115] and these too are at the un-
perturbed CC level. The properties calculations using perturbed CC of two-
valence systems has not been attempted. The atomic properties like F1PNC
amplitude [38, 39, 40, 28, 41, 15] and the atomic EDM have important con-
sequences in fundamental physics. It is therefore important to implement
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perturbed CC method and carry out precise theoretical calculations. In this
section we derive the perturbed CC equations and discuss the procedure to
calculate F1PNC' of two valence systems.

6.3.1 Perturbed CC equations

As mentioned in the one-valence case, in presence of the PNC perturbation
Hamiltonian the wave operator in the Bloch equation is separated as

Q= Q+ \pxc. (6.51)

In the CCT, for two-valence atomic systems
O = € (1 + 510 4 20 4 13(170)2)
2 )
Qpne = € (T(l) + 8D 4 g2l 4 35(1,1)2> +
T (1 + 500 4 530 %S(LO)Q) . (6.52)

S0 and S are the unperturbed and perturbed cluster operators, respec-
tively, of the one-valence part. Similarly, S@% and SV are the two-valence
cluster operators of the unperturbed and perturbed atomic systems. Using
Eq. (6.52) in the Bloch equation (6.30)

[eT (T“) + 80 4 5@ 4 %S(L”Q) -
[VGT (T(1) + 5(1,1) + 5(2,1) + 55(1,1)2) + VeTT(l) (1 + S(l,O) + 5(2,0)+
1

5‘5\1(1,0)2> + HPNCeT (1 + S(l,O) + S(?,O) + %S(LO)Q) N €T (T(l) + S(1,1)+

5@y % Sm)?) W — T (1 + 810 4 520 4 %S<1:O>2> W] P.(6.53)

Using Egs. (6.33) and (6.34) in Eq. (6.53) and removing e’ from both
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NN ]

Tl(l) Tz(l) S{l,l) S;l,l) SéZ,l)

Figure 6.9: Representation of the single and double perturbed cluster operators
contributing at the level of two-valence perturbed CC.

sides of the equation we get

[(T“) + S 4 g@L 4 %S(“)Q> +
7 (1 4 g0 4 g20) 4 %5@0)2) ,Ho} P =
{V (T<1> + 50N 4 @D 4 %S“’”Z) + VT (14 10 4 g0 4

35(1,0)2) 4 HPNC (1 + S(l,o) + S(Q,O) + %S(l,o)Q) . (T(1) + S(1,1)+

S@n 4 150’1)2) W — 10 (1 + 500 4 g0 4 1507(’)2) W] P(6.54)
2 2

The CC equation is obtained by projecting Eq. (6.54) with the excited deter-

minant (®P9|. This equation contains both connected and disconnected terms,

after the Wick’s theorem is applied. Retaining only the connected terms, dif-

ferent terms in Eq. (6.54) are simplified in the following way.

1
(P | [T(l) S 55‘“’2, Ho} |[Pow) =

conn

| ! 1 2 i 1,1 2.1 1' 1,1)2
(@AY + 53D 4SSO Hy} — {Hy(ST 4+ SEY 4 ZSEDT @),
(6.55)

as no contraction is possible with 7 and contribute to the CC equation of
S For the same reason

1
(@] [T+ 500 4 500+ 5007 1| (@) =0 (656)

conn

Similarly, for other terms

_ 1
(@h1V (T(l) + S0V 4 5@ 4 ésu’”g) |Pow) =

conn

il 1] 2
(@ELHV (MY 4+ 5EY + 2500 ). (6.57)
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_ 1
(ore VT (1 + 500 4 520 4 55070)2) |[Pow) =

conn

i:I 11 | 1 | 2
<(I)€Z,|{VT( ’ )<1 + 5(1,0) -+ 5(2’0) -+ 55(1’0) )}|q)vw> (658>

_ 1
(@02 | Hpne (1 + 510 4 g@0) 4 55(170)2) | Pyw) =

conn

== | 1
(@ Heno(SH + 52 + 2500} @), (6.59)

as Hpne alone does not contribute to the S@1).

1
<(I)€Z} (T(l) —{—S(l’l) —|—S(2’1) + §5«(1,1)2) W|(I)vw> =

conn

Ly, fen L Loy
(@ {(S0) + 53 4 SO0, (6.60)
1
(P | (T(l) 1 5o 4 g0 4 55(1,0)2) WD) =0, (6.61)

as T does not contract with W to give S@Y. Using Eqs. (6.55) - (6.61)
in Eq. (6.54) we get the perturbed coupled-cluster equation for two-valence
atoms in the form

S =
(®P { Hyg (S0 1 52D 4 15|(1,1>2)} b {HNTUD(1 4 SO0 +|S(2,o> n lg'(w)?)}
VW 2 2
Do)

| I 1 s 1 | I 1 |
= (@2 {(STY + 9BV 4 55071)2)&3} — {Hpxc (S0 4+ 530 4 5s<1:0>2)}

’(I)vw>7
(6.62)

where we used the relation, Hy = Hy + V, for normal- ordered Hamiltonian.
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SiRiRaials
R

Figure 6.10: Some of the leading order diagrams contributing to the EIPNC
for two-valence systems.

6.3.2 FE1PNC from coupled-cluster

Using CC initial and final wave functions of two-valence atoms, |¥;) and |¥),
the expression of F1PNC' is

EIPNC = (U/|D|¥,),

= ST (14 A7) (1 b 500y e | Lgoor,
7,k

.I.
A(SEY 4 53D 4 %S(“)Z)> De™ (14 TW)

(1 + S0 4 g@0) 4 %S“’O)Q +A(SEY 4 5@ 4 %s@l)?)) |®4).

(6.63)

118



Chapter 6. Coupled-cluster theory with PNC perturbation

Retaining the terms which are first-order in A, we get

EIPNC = (U;|D|¥,) = 3 ¢l el (@]
i,k

T

al (1 1+ 5o 4 g20) 4 35(1,0)2) DeT (S(Ll) 1+ g@n 4 %S(l,l)Q) 4
Tt t 1,0 2,0 1 102Jr T 1,0 2,0 1 (1,02
Tt 1,1 2.1 1 112T T 1,0 2,0 I o102
Tt 1 2 1 o102 f Tr(1
e (1+S< 0 4 g ’0)+§S( ’°>) De'T®

1
(1 + 50 4 g0 4 58(1’0)2) | D). (6.64)

Introducing the dressed electric dipole operator, D = eTTDeT, above equation
can be written in the form

EIPNC =Y ol (2]
7.k

i
(1 + 500 4 530 4 %S“vo)Z) D (S(“) + 5@ %S(L”Q) +
.I.
sl (1 L 510 | g0 15(1,())2) D (1 4 500 | g0 | lg(l,oﬂ) N
2 2
(1,1) @1, Lgan? " (1,0) 20) | 1 o@o?
S’+S’+§S’ D1+S’+S’+§S’ +

1 F_ 1
(6.65)

This is the expression of F1PNC for two-valence atoms using CC wave func-
tion. In the above equation, the terms with one-order in the cluster operator
are expected to be the leading order terms. The second largest contribution
is expected from the terms which have two cluster operators. The terms with
three or more cluster operators are expected to contribute less. The diagrams
contributing to the leading and next to the leading order terms are shown in
Fig. 6.10. The coefficients cj.c " and c; are the eigen vectors of the effective
Hamiltonian matrix.
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6.4 Summary of the results

In this section we discuss results calculated using perturbed coupled-cluster
method. In particular, we discuss the dipole polarizibility results in the case
of some of the inert-gases. However, we implement the method to calculate
E1PNC as well, the results are given in the next chapter. For the polarizibil-
ity calculation we employed the Gaussian type basis functions for which the
convergence parameters o and 3 were give in chapter II.

Table 6.1: The dipole polarizibility of the ground state of neutral rare-gas
atoms. The values listed are in atomic units.

Contributions Ne Ar Kr Xe
TV'p 2.7108 11.3330  17.2115 27.7427
V' pr©® 0.0771 0.0486  0.0429 -0.1495
TV pr® -0.0703 0.8264  -1.2721 -2.3286
7' pr© -0.0004 -0.0001  0.0002  0.0027
V' pr® 0.0053 0.2490  0.0439  0.0786

Total(CCSD) 2.7225 10.8041  16.0264 25.3459

Approx. triples 2.7281 10.7360  16.0115 25.2974

Exp. values®  2.670+0.005 11.070(7) 17.075  27.815

2 Reference[155].

The results from our dipole polarizibility calculations of Ne, Ar, Kr and
Xe are presented in Table. 6.1. For this we have used the CC expression
Eq. (6.16). As mentioned earlier, the dressed dipole operator, D, is a non
terminating series of the closed-shell cluster operators T(®). For the present
calculations we consider the leading terms in TW'D. That is, we use the
approximation

TO'D~ 1" [D+ D1 + DT + TV [DT + DT] . (6.66)

As evident from the above equation, the dipole polarizibility calculations with
relativistic CCT involve two sets of cluster amplitudes. These are the 7 and
T cluster amplitudes. The doubles unperturbed cluster amplitudes 7. 2(0) are

found to be larger in magnitude than the singles TI(O). However, in the case of

perturbed clusters Tl(l) is larger than the doubles. The reason for this is the
one-body nature of the perturbation.
In Table. 6.1 we give individual contributions from all the CC terms in Eq.

(6.66). The first term T W'D subsumes contributions arising from Dirac-Fock
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and random phase approximation. We can thus expect this term to have the
most dominant contribution, as it has only one order of cluster amplitudes
and that too the dominant cluster operators. This is evident from Table. 6.1,

which shows that the contribution from TM'D is far larger than the oth-
ers. The next two dominant contributions are expected to be T; fl)TDTQ(O) and

Tl(l)TDTl(O). This is attributed to the reason mentioned earlier, i.e. Tl(l) and
TQ(O) are larger than T. 2(1) and Tl(o) respectively. Based on the same argument,

the least contributing term hence is T2(1)TDT1(O). The same pattern is observed
in the Table. 6.1. Contribution from the approximate triples cluster ampli-
tudes can be derived from table, and it is about 0.2%, 0.6%, 0.09% and 0.19%
respectively for Ne, Ar, Kr and Xe. Our total value of 2.7281 for Ne is within
the 2% discrepancy with respect to the experimental data. The deviations
are even large in the case of Ar, Kr and Xe, these are respectively about 3.3%,
6.2% and 9.1%. One pattern discernible in the results is the better agreement
between the TMW'D results and experimental data. The large errors in the
results are attributed to the approximation in Eq. (6.66) and partly to the
basis set.

121



Chapter 7

EF1PNC' from coupled-cluster
theory

In the previous three chapters we described the CCT based methods we have
developed to calculate wave functions and properties. The main goal of these
developments is to compute F1PNC', the observable effect of PNC in atoms:
one-valence and two-valence systems. In this chapter we present the analysis
of the F1PNC results from computations based on the methods developed so
far. In the first section, we discuss the NSD E1PNC results of one-valence
atoms and ions, computed using first-order MBPT and coupled-cluster. The
results of EIPNC for two-valence atoms are then described in Sec. II.

7.1 E1PNC of one-valence atoms and ions

We have chosen Cs, Fr, Ba® and Ra™ as one-valence systems of interest for
NSD E1PNC computations. These are the few atoms and ions which have
been studied previously, and hence theoretical results are available in the liter-
ature. The spin-orbitals employed in the calculations are of the Gaussian type
orbitals generated using even tempered scheme and optimized as described in
the Chapter. II. The basis parameters of Ba™ are given in Chapter. II and for
Cs, Fr and Ra™ the parameters are given in Table. 7.1 of this chapter. Our
E1PNC results of Cs and Fr are tabulated in Table. 7.2. For the Ba™ and
Ra™ ions the results are presented in the Tables . 7.3 and 7.4 respectively. For
comparison the results from other theoretical works are also listed.

For atomic Cs, the DF results of E1PNC for the F = 3 — F = 3,
F=4—-F =4 F =4 — F =3 and FF =3 — F = 4 transitions
are 2.011, 2.289, 5.000 and 5.774 respectively. These compare well with the
values of 1.908, 2.173, 4.746 and 5.481 from the previous work of Johnson
and collaborators [30]. The small deviations may be attributed to the form
of the spin-orbital used in the two calculations. In the current study, we have
used Gaussian type orbitals, whereas Johnson and collaborators [30] used B-
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Table 7.1: Basis set parameters, ag and /3, used in the E1IPNC calculations for
Cs, Fr and Ra atomic systems.

Atom Symmetry o 16 Basis function

Cs s 0.00721  2.8600 33
P 0.00755  2.8520 30

d 0.00653 2.9740 28

Fr S 0.00568 2.5300 39
D 0.00645 2.7890 36

d 0.00933  2.7790 34

f 0.00899  2.7250 29

Ra™ s 0.00625 2.9800 34
P 0.00715  2.9550 30

d 0.00700 2.5700 27

f 0.00695 2.6940 23

spline as basis functions to generate the spin-orbitals. As its shown in the
table, our first-order MBPT results of the first two transitions are close to
that of Ref. [30]. It is, however, significantly different for remaining two
transitions. The CC results from our calculations are also very different from
Ref. [30]. The discrepancies between the two results arise from the different
atomic many-body methods used. The results of Ref. [30] are obtained by
using random-phase approximation, which forms only a part of the many-body
effects incorporated in our CC based theory.

For the atomic Fr we could find only one NSD E1PNC' data in the lit-
erature, and it is from the work of Porsev and Kozlov [31]. They have, in
particular, studied the 7sy/oF" = 4 — 7sy/F = 5 transition. Our DF value of
43.16 is ~3.8% lower than the value reported in the work of Porsev and Ko-
zlov [31]. However, there is a large difference, ~10%, between the first-order
MBPT result form our work and the total result of Ref. [31]. This is expected
as their total result comprise of the DF and core polarization effects. The CC
result from our calculation is closer to their results, our result is ~6% lower.

There are a few theoretical results of Ba™ ion in literature. However, like
in atomic Cs none of these are based on CCT. The results of Sahoo and
collaborators [34] are from using the third-order MBPT. Whereas the other
works, of Molhotra and collaborators [32] and Geetha and collaborators [33],
are computations based on configuration interaction. For all the transitions,
DF contributions listed in the previous works and therefore, we compare total
results. The sign of MBPT and CCT results from the present work is consistent
with the results in Ref. [34].

For the magnitude of E1PNC, MBPT results from the present work are
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Table 7.2: Nuclear spin-dependent E1PNC reduced matrix element for the

atoms 33Cs and 2" Fr. The values listed are in units of 7 x 107241,

/

Transition E1PNC Other works
MBPT CcCT
DF  Total

Cs (I =7/2)
(7s1)2, F = 3| D|6s1/2, F = 3) 2.011 2.060 4.905 2.249*
(7s1)2, F = 4| D|6s1/9, F = 4) 2.289 2.338 5.583 2.5602
(Ts1/2, F' = 4| D|6s1/2, F = 3) 5.000 4.819 8.073 6.432%
(Ts1/2, F' = 3| D|6s1/2, FF =4) 5.774 5.662 9.968 7.2992

Fr (I =9/2)
(7s1)2, F = 5||D||7s1)9, F = 4) 43.16 44.15 45.84 49.10°

* Reference[30]. ® Reference[31]

Table 7.3: Nuclear spin-dependent E1PNC reduced matrix element for the
ions 1¥/137Bat and *"Ba*t. The values listed are in units of i x 10714, .

Transition E1PNC Others
MBPT CCT
DF Total
35/T37Bat (I = 3/2)

(5ds/a, F' = 3| D|6s1/2, F =2)  90.554 96.299 84.890 62.12,
97.18>

(5ds/2, F' = 2|D|6s1/2, FF =1) —=90.230 —94.699 —81.741 —89.40P

(5ds /2, F' = 3| D| 6512, F = 2) 0.100 3.116 10.078 1.37°,

—8.2¢

(5ds5/2, F = 2| D[6s1)5, F = 1) 0.056 1526 4820  —4.6°

19Bat (I =7/2)

(5ds/2, F' = 3| D|6s1/2, FF = 3) 100.850 98.619 88.682 103.57°
(5d3/o, F' = 2|D|6s1)9, F = 3) —98.398 —105.818 —93.012 —105.55
(5d5/2, F' = 2| D|651 9, F = 3) 0.044 1.792 5.763 0.608P

® Reference[32]. P Reference(34]

. © Reference[33].
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Table 7.4: Nuclear spin-dependent E1PNC reduced matrix element for the ions
22Ra™, 23Rat and “**Ra*. The values listed are in units of 7 x 1071 yj,,.

Transition E1PNC
MBPT CCT
DF Total

2BRat (I =1/2)
(6ds/o, F = 2|D|7s1/9, F =1) —856.804 —910.554 —812.982%,
991.75P

23Rat (I = 3/2)

(6d3/o, F = 3| D|7s1/9, F =2) —1013.785 —1083.778 —968.837%,
1173.45P

(6ds/o, F = 2|D|7s152, F =1) 1010.229  1076.207  886.318",
—1017.49P

(6ds/2, F = 3|D|7s1/0, F =2)  —1.329 —20.157 50.5142,
—17.52P,

—63.5°

29Rat (I = 5/2)
(6dsjs, F = 2| D|7s1/5, F = 3) —404.345 —435.761 —313.266",

325.94P
(6d3j9, F = 2|D|7s1s2, F =2) —1058.120 —1068.074 —927.788%,

1147.73P
(6ds/0, F = 2|D|7s1)2, F =3)  —0.039 —6.487 18.5102,

—5.12P

@ Present work. P Reference[34]. © Reference|[33].

close to the results of Sahoo and collaborators [34]. As the basis function em-
ployed in both the calculations are same, the observed small deviation could
arise from the difference in the order of residual Coulomb interaction incorpo-
rated in the two calculations. Interestingly, the CC results for all the transi-
tions involving the state 5ds/, are lower in magnitude than MBPT. However,
these are higher for the transitions which involve the state 5ds/o. A simi-
lar pattern is also observed in the results obtained from the computations
with the CI method. The CC results of 5ds;2F' = 3 — 6s12F = 2 and
5ds o' = 2 — 6s1/oF" = 1 transition from the present work are 10.078 and
4.820, respectively. These are close to the to the CI results of —8.2 and —4.6
from the work of Geetha and collaborators [33]. However, as we notice the
signs are opposite. It is evident from Table. 7.3, there is large difference
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Table 7.5: Nuclear spin-dependent E1PNC reduced matrix element for Yb.
All the values listed are in units of ¢ x 1071y},

Transition Our results Other works
MBPT CCT

YD (1 = 1/2)
3Dy, F =1/2|D|'Sy, F =1/2) —0.257 —0.019 —1.2238* —1.375
3Dy, F =3/2|D|'S,, F =1/2) —0.181 —0.008 0.8654*, —0.970P

173Y] (I =5/2)
3Dy, F = 3/2|D|'So, F =5/2) 1503  0.064  —1.2108%, 1.410P
3Dy, F = 5/2|D|'So, F = 5/2) —0.528 —0.022 —0.4237* —0.495
(3Dy,F =7/2|D|*S,, F = 5/2) —1.518 —0.065 1.2231% —1.425

® Reference[28]. P Reference[29).

between the results from MBPT and CCT when the transitions involve 5ds s.

For the Ra' ion, unlike the case of Ba™, signs of the first-order MBPT
results of transitions involving the 6ds/, state from the present study are op-
posite to the results of Sahoo and collaborators [34]. The signs are, however,
consistent for the transitions which have 6ds/, as the final state. The CC re-
sults, however, show the opposite pattern for all the transitions. Magnitude
wise CC results exhibit the similar trend as in Ba™.

7.2 E1PNC of two-valence atoms

In this section, we present the E1PNC results of the two-valence atomic sys-
tems, '"'Yb and '"Yb. The basis set parameters used in the calculation are
given in the Table. 2.8 of Chapter. II. The F1PNC results from our calcu-
lations along with previous theoretical results are listed in the Table. 7.5. It
evident from the table, we have chosen the 'S, — 3D transition, for different
combinations of the allowed hyperfine states. One important consequence of
this choice is that the diagonalization of the effective Hamiltonian matrix is
not required as the model space does not have multiple states with the same
total angular momentum J.

The MBPT and CC results from the present work have the same sign as
the results of Porsev and collaborators [29]. However, there is a mismatch of
sign for the (3D, F = 3/2|D|'Sy, F = 1/2), 3Dy, F = 3/2|D|'So, F = 5/2)
and (D, F = 7/2|D|'Sy, F = 5/2) transitions between the results in Ref.
28] and Ref. [29]. But in terms of magnitude the two results are very close to
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Table 7.6: MBPT E1PNC results for Yb, contributions from the one-body
(1b), two-body (2b), Hermitian conjugate of one-body (1bhc) and Hermitian
conjugate of two-body (2bhc) terms. All the values listed are in units of

i x 107yl

Transition

MBPT results

1b 2b 1bhc 2bhe

YT, (T = 1/2)
3Dy, F =1/2|D|'So, F = 1/2)
3Dy, F = 3/2|D|'S,, F = 1/2)

1Y (I =5/2)
(*Dy, F = 3/2|D|'Sy, F = 5/2)
(*Dy, F = 5/2|D|'Sy, F = 5/2)
3Dy, F = 7/2|D|'So, F = 5/2)

—0.1506  0.0099  —0.115 —0.0007
—0.1065 0.0070  —0.0814 —0.0005

0.8822 —0.0578 0.6740 0.0040
—0.3087  0.0202 —0.2359 —0.0014
—0.8912 0.0584 —0.6809 —0.0041

Table 7.7: CCT E1PNC results for Yb, contributions from the one-body (1b),
two-body (2b), Hermitian conjugate of one-body (1bhc) and Hermitian conju-
gate of two-body (2bhc) terms. All the values listed are in units of i x 107yl

Transition

CCT results

1b 2b 1bhce 2bhce

Y] (1 =1/2)
(3D, F = 1/2|D|'Sy, F = 1/2)
(3D, F = 3/2|D|'Sy, F = 1/2)

1BYY (I = 5/2)
(3D, F = 3/2|D|'So, F = 5/2)
(3D, F = 5/2|D|'So, F = 5/2)
(3D, F = 7/2|D|'So, F = 5/2)

0.0004 —0.0108 —0.0011 0.0007
0.0003  —0.0076 —0.0008  0.0005

—0.0021  0.0632 0.0066  —0.0039
0.0007  —0.0221 —0.0023  0.0014
0.0022 —0.0638 —0.0068  0.0039
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Chapter 7. E1PNC' from coupled-cluster theory

each other. As it is evident from the Table. 7.5, our MBPT results of '"3YDb for
all the transitions in good agreement with the results from the two previous
works. For "1YDb the same transitions, however, show the large deviations.

As its shown in the Figs. 2.8 and 6.10 of the previous chapters, using
MBPT and CC respectively, the EIPNC diagrams can be separated into one-
((a) and (b)) and two-body ((¢) — (1)) types. The individual contributions
from these, and also from the corresponding Hermitian conjugate terms are
given in the Tables. 7.6 and 7.7 using MBPT and CC method respectively.
As evident from the tables, CC and MBPT contributions from the two-body
terms (2b and 2bhc) are very close to each other. However, the CC results
from the one-body terms (1b and 1bhc) are two, in some cases three, orders
of magnitude less the corresponding MBPT results. This is also reflected in
the Table. 7.5, where the total EIPNC results using CC method is in general
two orders of magnitude less than the MBPT results. Unravelling the reason
require a detailed analysis and shall be addressed in future.
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Future directions

In the current thesis, we have developed an efficient and favorably known
atomic many-body method, the coupled-cluster, for closed-, one-, and two-
valence atomic systems. Furthermore, the method is used to study some of
the atomic properties such as correlation and excitation energies, hyperfine
structure constants, electric dipole transition amplitudes, dipole polarizibil-
ity and parity-violation observable EIPNC. Our results, in many cases, are
compatible with the other theoretical results, and in some cases even bet-
ter. However, there are lot more scope to improve the accuracy of the results
further. As a future work, we shall be working in the following areas:

As we have mentioned in the Introduction chapter, unlike the case NSI
E1PNC, the NSD E1PNC has not been studied in a great detail. There are
few calculations and that too are not with using the methods like coupled-
cluster. There is certainly room for a systematic study of the same in the
high-7Z atoms, in view of the search of nuclear anapole moment.

The precise theoretical study of the properties for two-valence systems is
lacking. A comprehensive and systematic analysis of the same using the CC
method shall be the next aim in the future. In this connection, the nonlinear
terms in CC equation should be taken in to account.

At the level of properties calculation for the closed-shell case, in particular
for correlation energy and dipole polarizibilty, we have examined the contri-
butions from approximate triples cluster amplitudes. These are discussed in
the previous chapters of the thesis. At the level of CC equations, however, we
have used CCSD approximation, in which cluster operators are restricted up
to one- and two-body types only. As a future work, we would like incorporate
the higher excitation cluster amplitudes, such as triples and quadrupoles.

As reported by the Kozlov and collaborators [22] for PNC in atomic Cs,
Breit correction contribute approximately about 1%. Our next future goal is,
therefore, to incorporate the Breit interaction in CC formulation. So that the
accuracy of our results can be improved further.

The quantum electrodynamic (QED) effects, such as self-energy and vac-
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uum polarization, also play an important role in the case of heavy atoms.
Systematic inclusion and a quantitive analysis of the same is considered to be
next goal of the future work.
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Appendix A

Matrix element of Hpyc

The matrix elements of Hpnc are calculated in the hyperfine states |y(J1)FMpg).
This is essential as the property of interest is the transition probability aris-
ing from HYR2, the nuclear spin-dependent component of the Parity non-
conserving interaction Hamiltonian. In the coupled state |y(JI)EFMp), J is
the total angular momentum quantum number of the electrons, I is the nuclear
spin quantum number, and F' is the total angular momentum (F = I + J)
referred as the hyperfine quantum number. Using the Eq. (1.18)

(y(JI)F Mp|HpRely' (J'T') F' M)
GFMfw

= Syar WIDFMe| Z o - Ipx ()| (J'T') F' M),

_ Gr iy, J+I+F+1 / J J 1
— 2—\/_[(—1) (F,F")o(Mp, Mp) TR

’JIIZaZpN (M) TN, (A1)

In the last step, the matrix elements are converted into uncoupled states. The
advatange is, only the electronic component of the reduced matrix element
require computation. The remaining angular factors can be evaluated sepa-
rately and these are just multiplying factors. The reduced matrix element of
the nuclear spin operator, in the above equation, is

(I|I\I'y = 6(1, T/ (21 + 1)I(I +1). (A.2)

The reduced matrix element of ¢ in terms of CSFs can be reduced to single
electron matrix elements as

<’YJ||Z<1PN(7")”’Y/J/> = doy(JT)(Vialeon (r)1Vjs),

= de(JT)(V(lasa)Jal apn(r)| (los)js),  (A3)
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Appendix A. Matrix element of Hpnc

where |(Is5)J3) are single electron Is coupled states and d¥,(J, J') is the angular
coefficient. For determinantal states the expression of the matrix is the similar,
it is without the angular factor.

Single electron matrix element is then calculated using the relativistic form,
Eq(2.9), of the single-electron wave function

(V(lasa)Jalon 1)y (lyse) ) = /1/12(7“)O¢PN(7")1/1b("°)d37”7

* PuXsarma () )*(o a)( Pbxﬁmm)

— | ar [aa( FeXeemdT) _ FoXkymp\T ,
/0 T/ (ZQaXnama(r) o 0 ZQbX*"Gbmb(r) pa(r)
= Z/ dT/dQ [PaQbX:;amao'X—ﬁbmb - QCLPbX*—Hamaa-Xﬁbmb] pN(T)' (A4)

0

The matrix element is nonzero only for orbitals which is nonzero in the nuclear
region. The transition matrix elements of Hpnc between the orbitals |ns; /2>
and |n'py/) are then the most dominant. The next is the transition matrix
between the states |nsi/2) and |n'ps/). And, the other matrix elements are
practically equal to zero.

A1 (nsyp|Hpxc|n'pija)

For better representation of the spin-orbitals the radial part, unlike in the
previous subsection, is denoted as ¥,,x. And, the spin-angular part, like in the
earlier expressions are X,.,. For shorter expression the funtional dependences
are not written explicitely. Using Eq.(A.4), the matrix element can be written
as

(ns1y2|apn(r)|n'pre) = Z/ dr/dQ [PnQn’pNX*—ll/2UX—11/2
0

—Qn P pxXi120X11/2] - (A.5)

The angular integrals in Eq.(A.5) are further evaluated using the following
relations for the spin-angular function x,.

l+m+1/2 m—1/2 1 l—m+1/2 m+1/2 0
o = A2y Ly
X 20+1 0)" 20+1 ! 1

forj=1+1/2, and

I—m+41/2 1y 1 l+m—+1/2 my1p2 (0
o = L, e,
X TSR 0 ) TV T 1

forj=1-1/2. (A.6)
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Using Eq.(A.6), the angular integral in the first term on the right hand side

of Eq.(A.5) is
Jocuernns = [l (5)} (5 %) {2 (5))

= / dQYLYY = 1. (A7)

Similarly, the angular integral in the second term

) 1 1 2 o' (1 0

twt () ()
~ [afben 2] = L s

In deriving Eqgs.(A.7) and (A.8) we have used the orthonormality relation for
the spherical harmonics, [ YY" dQ) = 0, dw. Using Eqs.(A.7) and (A.8)
in Eq.(A.5), the matrix element is then

[ 1
<n51/2’aPN(7“)|”/p1/2> = Z/ dr |:PnQn’ + anPn/:| PN- (A.9)
0
This is the expression of the most dominant matrix element. The expression

of the corresponding hermitian cojugate matrix element, (n'p o| Hpnc|nsi/2),
can also be derived in the similar way to the form

[ 1
<nIP1/2\aPN(T)’n51/2> = —2/ dr |:PnQn/ + anPn’:| PN- (A.10)
0

A.2  (ns|Hpne|n'ps)a)

Like in the previous case, using Eq.(A.4) we can write

(nsijalapn(r)|n'ps) = l/ dT/dQ [ PaQu PN X" 1120 X232
0

_QnPn’pNXTl/QUX—Z’)/ﬂ . (A.11)
Using Eq.(A.6), the angular integrals are

forcaonns - [ffr (VG 0)
(o () (] -
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and

Jamioras = fao{-Toe(3) (D)5 9)
{\/ngo ( (1) > + %Yﬁ ( (1) )H = —¥. (A.13)

Using Eqgs.(A.12) and (A.13) in Eq.(A.11), we get

2V2 [
(ns1/o|apn(r)|n'pse) = e dr Py QnpN- (A.14)
0
This is the expression of the other single electron matrix element which con-
tributes to the EIPNC. Similarly we can derive for the corresponding hermitian
conjugate matrix element

22 [
(n'p3jo|apn(r)ns o) = —ZT drP,yQ,px. (A.15)
0
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Matrix element of dipole
operator

The matrix element of the dipole operator between two CSFs of opposite
parity, using Wigner-Ekart theorem, is

(@D[B,) = ((JI)PFMe|D(J'T) — PFMY)
_ <—1>FMF( FoLr )<7<JI>F|D|7'<J’I'>F'>,

_MFqMJIV
F 1 F’)

_  (_1\F-Mp(_1\JH+HI+F'+1 / 11/2
e A e (Y K (PR

{517 foaon. (B.1)

The reduced matrix element can further be simplified to the spin-orbital level
as

(WDl Ty = & (T )y Talldly )
= (1, T) (1 (lasa) Jaldly (losy) Jb). (B.2)

where, like in the case HNSB\ . d: angular factors and the spin-orbitals as
usual are [s coupled states. The explicit expression of the dipole operator
matrix element in terms of the spin-orbitals is

<’7(la5a)ja|d|’y/(lb3b)jb>
- / &l (r) (),

_ - PaXrama (T) T( r 0 > ( PbXﬁbeﬁ‘) )
B /0 dT/dQ ( Z.QaX—nama('f') ) 0 r inX—Hbmb(lf.) ’

(B.3)
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Appendix B. Matrix element of dipole operator

Without loss of generality, the z-axis can be considered as the axis of quanti-
zation and component of d along the axis is d, = dcosf. The corresponding
matrix element is then

<’7(la3a)ja|dz|7,(lb3b)jb> = _/ drr(P;Pb+QZQb) / dQXZamQ (f) COS HXHbmb ('ﬁ>
’ (B.4)
From this expression applying the Wigner-Eckert theorem it is possible to
obtain the reduced matrix element. The relations o - #X_x,m, = Xrxym,, and
(o -7)? =1 are used while arriving at the final expression.
A more general and convenient expression is to calculate the matrix element
with d defined in terms of C tensor as

d=rC'. (B.5)
Where, by definition the components of the C-tensor are

dr

CE0.0) =\ 57 V(0. 6). (B.6)

In this case, as the dipole operator is defined as function of C-tensor, the
Wigner-Eckert theorem can be directly applied. The reduced matrix element
is then

(Y(lasa)jaldl (losy) ) = — /O drr(Py Py + QuQ0)(kalC ), (B.7)

where the reduced matrix element

k _(_1Viat+1/2 - - Ja Jp 1
(k€)= (-1 R T D@D Sy Ty o ) Tt
(B.8)
Here, the parity function is
1 ifly+4+11
Ml +1,+ 1) = I by + .b + 1 18 even ‘ (B.9)
0 otherwise

It more convenient to use the dipole matrix element in Eq. (B.7) than the
previous expression. One basic advatage is, it directly computes the reduced
matrix element.
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E1PNC in hyperfine states

In terms of hyperfine states, the Hpnc induced dipole transition amplitude
between initial and final states |¥;) and | ), respectively, is

3 {<<]Jf)Ff”D”(]Jn)Fn><([Jn)Fn||HPNC||([Ji)E>
— E - E,

L AT Fr|Hencl (o) Fn) (U Ju) Ea DI Ji) F)
E;—E,

EIPNC =

(C.1)

Here, the index n represents the intermediate states which are opposite in
parity to the initial and final states. Conventionally, I denotes the intermediate
states in time-independent perturbation theory but n is used to avoid confusion
with nuclear spin I. Using Egs. (A.1) and (B.1) for the Hpnc and dipole
matrix elements respectively, the reduced matrix elements in the first term in
Eq.(C.1) are

(LI E[ DI ) En) =6, ]>(_1)]+Jn+Ff+1\/(2Ff+1)(2Fn+1)

A1 T Ao, ©2
(I FlHoscl (L)) = = /3R, T 1R + 1)

The 95 in Eq.(C.3) can be simplified to
I 11
F, F; 0 ’ 32F, +1) L /i I In
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Similarly, for the second term in Eq.(C.1) the reduced matrix elements are

() Fyl el I)F) = =2k [32Fy + )2, + 1
I I 1
< g 1 U lapy()1(C5)
Ff F, 0

(L) | DI ) Fy) - = 6(1, T) (=

—_

>I+Ji+Fn+1\/(2Fn+l)(2E+1)

F, 1 F
ST e ©o

()

The 95 in Eq.(C.5) is

I I 1
JpoJn 1 =5UﬁJ%X—U“+”ﬁﬂ‘__i___'x{ L ]}'
Fy 0 32F; +1) o Jp

F,
(C.7)
In the case of atomic Yb the Hpnc induced dipole transitions of interest
are 'Sy — 3D; and 'S, — 3D,. The second, as mentioned else where in
the thesis, is an ideal choice to detect nuclear anapole moment as only the
HERE contributes in this case. For the second transition, namely 1Sy — 3Dy,
the values of angular momenta are J; = 0, F; = I, J, = 1, and Jy = 2.
Using these in Egs(C.2), (C.3), (C.5), and (C.6) and using in Eq.(C.1), after
rearranging

(EIPNC)5> = GFu;V(—l)?Ff{ Fyp 11 }\/<2Ff+1)([+1)(2[+1)

1 I 2 6/
Z CDo)apn (r)|Jn = 1)(Jn = 1| D]"So)
: B, — E,
(*Do|D|Jn = 1)(J5 = Lapn(r)]"So)
+ Fis — B, . (C.8)

In a similar way, the expression of the transition amplitude for the 1Sy — 3D,
can be derived.
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Matrix element of hyperfine
operator

D.1 Magnetic dipole hyperfine matrix element

Using Eq. (4.37), the magnetic dipole hyperfine matrix element is

(Rulty(r)|ko) = —iV2{k,|

a-COG
—[ (2;2( ﬂq‘/ﬂ,). (D.1)

Using the single electron relativistic wave function
< dr
altioli) = [ [ a0
. T (0) 7
( wafﬁwmw (T) ) O o Cl (r) ( P’UXfivmv( ) )
iQwX_mew (r) g - C§0) (f) O inX—ﬁumv (T) ’
= —iV2 / d—;"
o T

[iPva <’£wmw|o- : C§O)| - /{vmv> - Z‘prv <_Klwmw|a : C§0)|’%vmv>] .
(D.2)

3

In the above equation, for the convenience, the angular part of the integral is
retained in the form of the matrix element. For the same reason we have also
dropped the 6 and ¢ dependence of the spherical tensor operator. Using the
following relations

—Kq — K
(Kpmp|o - Cl(g(;)| — KaMg) = m(mbmbng\ — KgMyg), and
Kq + Kb
(—Kpmy|o - C’(;;)|/{ama> = FET D) (—/-@bmb|Cl;|/<ama> (D.3)
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Appendix D. Matrix element of hyperfine operator

for the matrix elements, Eq. (D.2) is simplified to the form

V2
k(k+1)

< dr
/0 3 [PuQy (Kuwm|Chl — Komy) + QuPy (—kwme,|Colremy,)] (D.4)

<’{w|t;(r)|ﬁv> == (Kuw + ko)

From the symmetry condition (k,m.,|Cl| — kym,) = (—kywmy|Chlk,m,) and
the multipole £ = 1, the above hyperfine matrix element is further simplified
as

<nw|t;(r)|’{v> = _(’fw"_’fv)/o g (PuQy + QuP,) <_’{wmw|c(1)|’€vmv>- (D.5)

D.2 Electric quadrupole hyperfine matrix el-
ement

Using Eq. (4.38), the electric quadrupole hyperfine matrix element is

<’€w’t§(r)’“v>:_<’{w| qg |K0)- (D.6)

Using the single electron relativistic wave function and following the same
mathematical steps as in the case of magnetic dipole hyperfine matrix elements,
we can derive

(o E2(1) i) = — /

Where the general matrix element for the spherical tensor operator of rank k
and component ¢ follows the relation, using Wigner-Eckart theorem

< dr
3 (PuQy + QuP,) (—Kuwmy|C3lr,m,). (D.7)

<ﬁb|05|na>=<—1>ﬂ‘b-mb( Jo K

—Mmy g Mg

) wollCHlks), (D)

where, the reduced matrix element (kp||C¥||k,) is given in Eq. (B.8).
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