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Abstract

In chapter 1.1, the basic theory of revival and fractional revival phenomena of a wave
packet and the autocorrelation function are described. In 1.2, Rydberg atomic sys-
tem and the diatomic molecular systems are introduced. Next, we have discussed the
coherent state in section 1.3. In chapter 1.4, explanation of phase space Wigner dis-
tribution, Schodinger cat states and the definition of sub-Planck scale structure are
given. The basic idea of two time scale revival and fractional revival phenomena are
described in section 1.5. We end the chapter with definitions of Fourier transform,

short-time Fourier transform and the wavelet transform.

In chapter 2, we demonstrate the possibility of realizing sub-Planck scale structures
in the mesoscopic superposition of molecular wave packets involving vibrational lev-
els. The time evolution of the wave packet, taken here as the SU(2) coherent state
of the Morse potential describing hydrogen iodide molecule, produces cat-like states.
Interference of these cat-like states produces sub-Planck structures in phase space. We
investigate the phase space dynamics of the coherent state through the Wigner func-
tion approach and identify the interference phenomena behind the sub-Planck scale

structures. The optimal parameter ranges are specified for observing these features.

In chapter 3, we study the revival and fractional revivals of a diatomic molecular wave
packet of circular states whose weighting coefficients are peaked about a vibrational
guantum numbe¥ and a rotational quantum numbgrFurthermore, we show that the
interplay between the rotational and vibrational motion is determined by a parameter
v = \/W where D is the dissociation energy anfd is inversely proportional to

the reduced mass of the two nuclei. Usihgand H> as examples, we show, both
analytically and visually, that foy > 7, j, the rotational and vibrational time scales

are so far apart that the ro-vibrational motion gets decoupled and the revival dynamics



depends essentially on one time scale. ¥ev¥ 7, j, on the other hand, the evolution
of the wave packet depends crucially on both the rotational and vibrational time scales
of revival. In the latter case, an interesting rotational vibrational fractional revival is

predicted and explained.

In chapter 4, we show that the time frequency analysis of the autocorrelation function
is, in many ways, a more appropriate tool to resolve fractional revivals of a wave packet
than the usual time domain analysis. This advantage is crucial in reconstructing the
initial state of the wave packet when its coherent structure is short-lived and decays
before itis fully revived. Our calculations are based on the model example of fractional

revivals in a Rydberg wave packet of circular states. We end by providing an analytical

investigation which fully agrees with our numerical observations on the utility of time-

frequency analysis in the study of wave packet fractional revivals.



Chapter 1

Introduction

1.1 Introduction

In 1926, Schibdinger proposed a new kind of mechanics known as wave mechanics. In
his approach, motion of a particle is described by an equation known as theirgmr
equation.

A wave function or a quantum stafie(z, ¢), is a solution of wave equation, plays the
role of probability amplitude. The quantity*(x,t)¥(z,t) dx gives the probability of
finding the particle in the regiodz of configuration space at time A wave packet of a
guantum system is a superposition of some of its eigenstates. In certain nonlinear quantum
systems, a suitably prepared wave packet will, in the course of its evolution, regain its initial
form periodically. This is known as the revival of the wave packet [1]. At some intermedi-
ate times, the evolving wave packet will break up into a set of replicas of its original form.
This is known as the fractional revivals of the wave packet [2]. The phenomena of revival
and fractional revivals have been predicted and observed in the wave packet dynamics of
various atomic, molecular and optical systems [3, 4]. Rich structures have emerged in the
space-time behavior of the probability density for a particle in some exactly solvable poten-
tials [5, 6, 7]. The advent of short-pulsed laser has made it possible to produce and detect
coherent superpositions of quantum mechanical states for a variety of physical systems.

In this thesis, we will study fractional revivals in quantum systems that have not been

explored yet. Various applications of fractional revivals will also be found.
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1.1.1 Revival and fractional revivals

Revivals and fractional revivals [1, 2, 3, 4] occur in the time evolution of a suitably pre-
pared wave packet. Revival closely follows the phrase ‘history repeats itself’. If a system,
evolving in time, comes back to its initial state at some time, then we will say that the
system has undergone a ‘revival’. Classical systems such as a pendulum or a planet in Ke-
pler orbit revive after their classical time periods. Quantum mechanically, if the system is
described by a wave functigi (¢)) at an instant, then the system will have revived if the
absolute square of the overlap betwé®it)) and|¥(0)) is unity. This overlap is known
as the auto-correlation function of the system and, in Dirac’s bra-ket notation, is written as
(W (1) W (0)).

Consider a quantum system whose eigenvalues and eigenfunctiofis, grand{,, }

respectively (we usg = 1). Let the system at= 0 be described by a wave packet

(U(0) = caltn). (1.1)

n

Then the time dependent wave packet,
(W) = caeFn'[ih). (1.2)

If E, is equi-spaced, i.e., of the forii, = an, as in the case of a simple harmonic
oscillator, then revival takes place at the classical pefipe- 27/« sinceexrp(—iE,Ty) =
exp(—2min) = 1 for all vales ofn.

If £, is quadratic inn, E,, = an + (n?, then around’;.., = 27/(, the excess phases
caused by the quadratic term will be exact multiple30tnd the system will again behave
‘classically’.

Let us then consider a fictitious wave packet which evolves ‘classically’ in the sense

that the corresponding energy spectrum is linear:

[War(t)) = culthn) exp[—2mint/Ty]. (1.3)

This wave packet is identically equal to the initial wave packetat0, i.e.,

Va(0)) =
|W(0)) . Fractional revivals occur for the original wave packett)) att = ~1.., where
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r ands are mutually prime integers. At such times, the phase factor due to the quadratic
term exp(—iBn®t) will have the valueezp(—2mirn?/s). We expand this nonlinear phase
in terms of linear phases by means of a discrete Fourier transform:

l—

exp(—2mirn®/s) = Y a, exp(—2mwipn/l) (1.4)
P

[y

I
o

wherel = s/2 whens is an integer multiple of and! = s in all other cases. Substituting
in EQ. (1.2) and simplifying, we obtain

-1

U(rTre/s)) = Y ap|Va(rTree/s + pTa/l)). (1.5)
p=0
where,
1 < r P
— _ ) 2_ . -
a, = lﬂ;) exp[ 2mi(m . ml) : (1.6)

Thus, the initial wave packet splits into a set of classical wave packets evaluated at a
shifted time. This is known as fractional revivals.

In general, the energy eigenvalues do not have a quadratic form. However, if the weight-
ing probabilities|c,|* are strongly centered around a mean vaiuwith the condition
An = |n —n| << @, then it is appropriate to expand the energy in a Taylor series in
n around the value,

/ 1 "
E, 2Eﬂ—i—Eﬁ(n—ﬁ)+§Eﬁ(n—ﬁ)2—|—.... (1.7)

Neglecting the overall time dependent phase and considering up to second order term, we
may write Eq. (1.2) as

() = Zn:cn|¢n> exp {—zm ((”T_d”> 4 (”T_r:)2> t] (1.8)

where each term in the expansion defines an important characteristic time scale that de-

pends om:

= 2_73-7 T‘rev = 4_7:
E; E;

n

Tcl (19)
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A classical analogy or picture of the time dependence of the quantum state or the fea-
tures of the revival and fractional revivals can be given by an ensemble of runners on a
circular track. At the beginning of the race, the runners are bunched together, i.e.; they
form a well localized initial wave packet. After a few circuits, the runners begin to spread
around the track. It is simply that the wave packet consists of a collection of waves of
varying frequencies—a group of runners moving at different speeds. The quantum features
begin to appear when the racers start to clump—i.e., when the fastest runner catches up to
the slowest runner or the quicker runners overtake the slower runners. After many more
circuits, they clump back into a single group, corresponding to a full revival or can return,
including smaller ‘packs’ of racers, clumped together, which model fractional revival.

1.1.2 Specific cases of fractional revivals

(i) Consider the wave packet at tiffie., /2, i. e,r =1, s =2, | = s = 2. EQ. (1.5) yields

1
1 1 1
\Il(t = §Trev) - pzo ap \DCI(§TTEV + §TC1)
1 1 1
= aoqlcl(gﬂev) + alqjcl(§Trev + §TC1)' (110)
Using Eq. (1.6), one gets, = 0 anda; = 1, i.e, att = 37},
1
\Ij(t) = qjcl(t + _Tcl)‘ (111)

2
It is the initial wave packet shifted by half a classical period.

(i) Whent = 1T,.,, 7 =1, s =4, | = /2 =2, Eq. (1.5) and Eq. (1.6) give

1 1 . ) 1
Ut =-To) = — |e ™, (t AL+ =Ty | . 1.12
( 4 rev) \/5 |:6 cl( ) +e cl( + 9 cl) ( )

So the initial wave packet will split up into two macroscopically distinct wave packets.
This splitting is essentially a non-classical behavior.
(iii) Similarly, at ¢ = 1T, (r =1, s =8, | = s/2 = 4), one can find
1

U(t = gTrev) = %e—”/‘* [(\Ild(t) — Wyt + %Td))

, 1 3
+ 6Nr/4 (\I[cl(t —+ ZTCl) —+ \I/cl(t —+ ZTC!>>:| . (113)
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Thus, att = %Tm, there will be four-way break up of the initial wavepacket. For other
cases at = T, (Wherer, s are mutually prime), the initial wave packet breaks up

accordingly and shows the signature of fractional revivals.

1.1.3 Autocorrelation function

The revival dynamics of wave packets has mostly been studied through the autocorrelation
function as it relates directly to the observable signal in the pump-probe type experiments
for studying the wave packet dynamics [8, 9, 10, 11]. Furthermore, the ionization signal
in a pump-probe type experiment should show the same periodicity in the autocorrelation
function. This function for an evolving wave packetr, t) is given by the overlap integral

A(t) = (¥(r,t)|¥(r,0)). Itis, by now, well understood how the prominent features of
revival and fractional revivals can be gauged from a plotyf)|* as a function of time.
System will revive if the absolute square of the overlap betwelefm,¢)| and |¥(r,0))

is unity. Fractional revivals appear as periodic peaks in the autocorrelation function. The

absolute square of the autocorrelation function can be written as

2 _ Z |Cn|26—zEnt
n

where|c, |? gives the weighting probabilities. The above expression can well describe, in

2

(1.14)

detail, the time dependence of a generic wave packet, even in the absence of any other

information of the system. The general structuréAft)|? is given by

e—iEn

Z lenl* + 2 Z |cnl?|em|*cos ((E — En)t ) . (1.15)

n#m
The second (oscillatory) term in Eq. (1.15) remains highly correlated and reproduces
the approximate periodicity for smaller time scales. For larger time scales, this oscillatory
term becomes gradually out of phase. Thus, it can lead to high frequency oscillation around
the constant value given by the first term in Eq. (1.15).
In our work, we have chosen atomic and molecular systems to see the specific applica-
tions of fractional revivals in (i) Rydberg atom and (ii) diatomic molecular system.
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1.2 Atomic and molecular systems

1.2.1 Rydberg atom

A Rydberg atom is an excited atom whose outer electron has been excited to very high
energy states, far from the nucleus. A Rydberg wave packet is formed by a coherent super-
position of highly excited states or Rydberg states. These wave packets play a fundamental
role in our understanding of the bridge between quantum and classical concepts of the tra-
jectory of a particle. When a Rydberg atom is excited by a short laser pulse, a state is
created that has classical behavior for a limited time [1]. Short laser pulses (pump pulses)
are used to excite a wide range of states simultaneously. For the purpose of detection, an-
other pulse, called probe pulse is used as a function of the delay time from the first pulse. In
experiments, initially one-electron-like atoms such as potassium and rubidium have been
used. They have ionization potential of ordef/, requiring laser wave length of order
28584, which produces the Rydberg wave packet aromrd 65.

Depending on the excitation scheme, either a radially localized wave packet [1, 12, 13]
or a packet localized in the angular co-ordinate is produced [14]. In 1990, Eteslt§15]
studied another type of wave packet which is the circular wave packet. These are localized
in both radial and angular co-ordinates.

Here we discuss circular Rydberg wave packets, which consist of a sum of fully aligned
eigenstates with = m = n — 1, wherel, m andn are orbital, azimuthal and principle
guantum numbers, respectively. These states have been widely used in the literature be-
cause of their largest magnetic moment, smallest Stark effect and longest radiative lifetime.
Two methods have been studied to produce these states, (i) the adiabatic microwave trans-
fer method and (ii) the use of crossed electric and magnetic fields [16]. We restrict our

analysis here to wave packets for hydrogen, having enefgies—# (ina.u.).

1.2.2 Diatomic molecular system

Why study the revival dynamics of molecular wave packets?

A new field of molecular optics is emerging where lasers are used to manipulate the
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internal and external degrees of freedom of molecules, to deflect beams of molecules, to
control molecular dynamics, and to align molecules. However, our abilities are limited
by time scales. Chemical reactions can be extremely fast, with durations of less than a
picosecond. In the absence of suitable tools we would only uncover the initial and final
states of reactions, and then the knowledge of any intermediate state could be obtained
only indirectly (possible side products, fluorescence during the reaction etc.). Furthermore,
without the tools, the steering of fast processes would not be easy, because if it required
a careful sequence of external manipulations or events, the interval between the events
would necessarily have to be less than the duration of the reaction. However, the recent
development of ultra short laser pulses with durations down to a few femtoseconds has
opened a door into the world of fast chemical reactions so that they can be studied and
perhaps even be controlled. Much of the early work in understanding bond breaking and
making on these time scales was undertaken by Ahmed H. Zewail [17], who received the
Nobel prize in 1999, for 'showing that it is possible with rapid laser technique to see how
atoms in a molecule move during a chemical reaction’.

The idea of ultra short pulses sounds like a nightmare for a high precision spectro-
scopist. As we make pulses shorter and shorter, we enlarge the pulse bandwidth, and thus
instead of interacting with a small, and very selected, group of molecular states we involve
a very large number of states. Typically a femtosecond pulse interacting with a molecule
excites several vibrational states simultaneously. As we gain localization in time, we lose
localization in energy. As a result it becomes more meaningful to consider not single quan-
tum states, but their superposition. In other words, we enter the world of wave packets and
their time resolved dynamics.

As mentioned above, an important motivation for femtochemistry is the possibility to
manipulate chemical reactions. However we prefer to take another view of the situation.
Femtosecond pulses have given us a method to create and observe quantum mechanical
superposition. The study of the time evolution of these superposition is a fascinating part
of fundamental research in molecular physics (and chemistry), and other areas of physics
too. Just as the invention of lasers quickly made it possible to discover a wealth of explicitly

time dependent quantum phenomena in atomic systems, femtosecond pulses open up a new
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regime in molecular dynamics.

Morse potential

The well known convenient model for describing the diatomic molecular system was first
introduced by Morse [18] in 1929. There are a number of empirical functions in closed
form that can be used to give potential energy curves that offer adequate approximations for
many purposes. One of the best known model of these is the Morse potential. It is a better
approximation for the vibrational structure of the molecule than the quantum harmonic
oscillator because it explicitly includes the effects of bond breaking, such as the existence
of unbound states. The potential describing the vibrational motion of a diatomic molecule
has the form
V(z) = D(e 2" — 2757, (1.16)

wherez = r/ro — 1, rq is the equilibrium value of the inter-nuclear distange) is the
dissociation energy and is a range parameter. The Morse potential, as a model, has a
range of applicability for real systems. It is much used in spectroscopic applications as it

is possible to solve Schdinger equation for this system.

Solving Schrddinger equation for the Morse oscillator

Schibdinger equation for the Morse potential is given by

—h? d* 281 8w
S dgz TP — 20 = By, (1.17)
0
wherey is the reduced masg,= ;.72
Then we get
dzw 2 2 _—fx 2 _—20x
T2t (=6 + 2977 — 4% P ) = 0, (1.18)
where , )
2ukr 2uDr
62 = — = 0. 42= = 0. (1.19)

Changing the variable with = 2\e=%*, Eq. (1.17) becomes

Ay 1dp N § (€& _
&t B0 (m(m) |- 20
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[2uDr?
A= %; 0< €< 0. (1.21)

» must be finite, single valued and continuous over this range. Assuming~¢/2¢5/2F(¢),
Eqg. (1.20) gives

where

5d2F dF [32 NE

The solution will be a finite polynomial ifA — s/2 — 1/2) = n, is an integer. The quantity

8uurd
5= ,/—é‘th, (1.23)

and the corresponding(§) = L (), is the associate Laguerre Polynomials. Eigen func-

s is given by

tions of the Morse potential can be written as
Un(§) = Ne /P21 (€), (1.24)

whereNN is the normalization constant. Normalization condition gives

rol NP> [ [Wal*(©) .
5 /0 code=1 (1.25)

It yields

1/2
N [ﬁ(QA—Qn—l)F(n—l—l) | (1.26)

['(2A —n)
Rotational correction of Morse formula

In the above section, we omitted the rotational energy term which is much smaller than that
of vibration. In the study of many fields, e.g. astrophysical work, it becomes necessary to
examine the effect of the rotational motion on the vibrational levels of a diatomic molecule
in which the Morse potential plays the role of the internuclear potential. This rotational
correction has been included by Pekeris in 1934 [19].
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Solving Schiddinger equation for the Pekeris Model

A rotational correction term has to be added in the 8dhnger radial equation. If the

rotational quantum numberis non-zero, the centrifugal potential is

2 . .
V' = M (1.27)
2412
Usingr/ro — 1 = = and the expression affrom Eqg. (1.19), we get
y ity 1 (1.28)

y2 (1+x)?
The nuclear distancewill not fluctuate very far from the equilibrium position af even
for higher vibrational levels. We expand about= r, in a power series and keep upto

quadratic term: N
i +1)

r_ 2

As an alternative potentidl’ can be replaced as

e

v = (‘7; ) D(Cy + CreP 1 Cpe=27), (1.30)
where

3 3 4 6 1 3
00:1—34‘@; OIZB_@; CQZ—B—F@. (131)
With this rotational correction term the radial part of &tinger equation becomes
d’R,; Gr e

deJ + (=02 + 292e™ P — 42e7PTR, = 0, (1.32)

where

. 1., . o
B =B*+j(j +1)Co; vf=72—§J(J+1)01; B=7+jiG+1)C  (1.33)

andv andj are vibrational and rotational quantum numbers. Solving the above equation
with the scaled variablg, one obtains

Ry;j(y) = Nyjexp(—y/2)y"* L (y) (1.34)

where

b = (2/B)i/w— B +1/2),
y = (272/8)exp(—pu),
N,; = [Bow!/T(b+v+ 1) (1.35)
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The complete wave function, ;,,,(r ), including both rotation and vibration, is given by

wl’jm(r) - T_IRVJ (y)Y;m(Qv ¢)7 (136)

whereY},,,(0, ¢) are the spherical harmonics. Hefé,(y) is a generalized Laguerre poly-
nomial andN,; is the normalization constant. The corresponding energy eigenvalues can

be written in the form of a Dunham series:
E,; = CZ )80 (v 4 1/2)75%(5 + 1)*, (1.37)

whereC' = h?/(2Mr3) and M is the reduced mass of the two nuclei. The coefficights

are positive real quantities that dependsand~y = /D/C only,

Boo =7 Bou=1 Loz =9(8-1)%/(48'7), (1.38)
Bro =267, B2 = G52, Pu = 3(B-1)/(B7) (1.39)

In chap. 2, we will discuss the Morse coherent state involving vibrational levels and its
time evolution in both co-ordinate space and phase space. We will study the well known
Wigner phase space distribution to find the sub Planck scale structure.

1.3 Coherent state

In 1926, Schrdinger first introduced the coherent states to describe non-spreading wave
packets for harmonic oscillators [20]. Harmonic oscillator coherent states arise in sys-
tems whose dynamical symmetry group is the Heisenberg-Weyl group. Coherent states
of other symmetry groups, e.g., $U1), SU(2) have also found physical applications
[21]. Two important properties of the coherent states are i) resolution of unity and ii) over-
completeness. Coherent states are defined in three different ways:

(i) These are displaced vacuum states:
la) = D(«)|0). (1.40)
The displacement operatd¥(«), operating on the vacuum state, is given by

D(a) = e~ lol*/2goal g=a"a, (1.41)
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(i) These are eigenstates of the annihilation operator:
ala) = aja). (1.42)

Since light is, in general, detected by absorption, coherent states have the nice property
that they remain coherent even after detection.

(iif) Harmonic oscillator coherent states are states of minimum uncertaipixz =
h/2, and thus are most classical within the quantum framework.

These three definitions are equivalent for the harmonic oscillator coherent state. It is
not the case for coherent states in general. Output from a well stabilised laser is a coherent
state.

It was found that under the action of a Hamiltonian which is a non-linear function of the
photon operator(s) only, an initial coherent state loses its coherent structure quickly due to
guantum dephasing induced by the nonlinearity of the Hamiltonian; then regains it (revival)
after an interval. At fractions of this time interval, the initial coherent state breaks up into a
superposition of two or more coherent states which also can have a coherent structure [22].
This is an example of the quantum phenomenon of fractional revivals, or, the formation
of Schibdinger cat and cat-like states [23, 24] which, unlike a coherent state, have many

non-classical properties.

1.4 Phase space and Quasi-probability distribution

In classical physics, a particle has a definite positiand momentunp. It is common to

build a6N dimensional space, where N is the number of particles constituting the system.
This space is called the phase space. Hence, itis possible to represent the state of the system
by a point in phase space. For an ensemble or a collection of particles, the probability of
finding a particle atz, p) in phase space is given by a probability distribution, statistically.

The average of any functiof{x, p) is expressed as

(f)e = / / f(x,p)P(x, p)dzdp, (1.43)
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where, P(z, p) gives the probability distribution. In quantum physics, this is not possible
because of Heisenberg’s uncertainty principle. A joint probability distribution of both these
variables can be defined but simultaneous probability distribution for position and momen-
tum cannot be interpreted i.e., one cannot define a true phase space probability distribution.
For this reason, these distributions are named as quasi probability distribution. Similar to

classical physics, the average value of any quantum mechanical operator can be defined as

UbZ//ﬂ%M%@mM@, (1.44)

where P, (z, p) gives the quasi-probability distribution or phase space distribution. Thus
this distributions provide closest quantum analogy of the classical phase space distribution

and have proven to be a useful tool for studying many quantum systems.

1.4.1 Wigner distribution

The most widely used phase space distribution is Wigner distribution [25]. The Wigner
functionW (z, p; t) is the joint probability distribution for measuring both the quadratures.

In terms of position space wave functions, it can be defined as

W(z,p;t) = iﬁ/ v (x — 2z, t)(x + 2, t)e*%pz/hdz, (1.45)

whereas in momentum space:

1 [ -
Wepit) == [ 6'o= 200+ 2005 (140

This Wigner function is a useful tool to visualize the correlated position-momentum behav-

ior of quantum eigen states and wavepackets.

Important properties

(i) Wigner fuction is always real:
The definition of the Wigner function is given by

W(z,p;t) = ih /OO Uz — 2, )(x + 2, t)e 2P/, (1.47)
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Now, we write

W*(x, p;t / V(x — 2, ) (x + 2, )P/ dz. (1.48)
Changing variable by = —z, above relation becomes

W*(x,p;t) = / ¥ (x V(z + 2, t)e 2P/ Mgz
= (x,p;t). (1.49)

Of course, it is one of the desired properties of probability distributions.
(if) Probability density in one variable can be obtained by integrating:, p; t) over
the another variable. Making use of Dira¢unction, one can find

/ " W(aprt)de = [(p. ). (1.50)

This is another necessary condition for a joint probability distribution.
(iif) The Wigner function of a state can have negative values which indicates that the
state has nonclassical nature. Two distinct quantum statest) and x(z, t), satisfy the

relation:

o o 2
[ o [ Wt Wi, = kP, (151

If 1) andy are orthogonal states, thén|y) = 0.

Wigner functions have been studied under several physical conditions. It can be mea-
sured by tomography. Wigner function of molecular vibrational state can be reconstructed
from the time-resolved fluorescence spectra via inverse random transform . This is known
as emission tomography [26, 27, 28]. It employs time-resolved spectroscopic data, which
can be inverted to obtain phase space quasi probability distribution that contain all the infor-
mation about the vibrational states. The Wigner function of a@tihger cat state exhibits
typical Gaussian-like probabilities located at two different regions of phase-space, with an

additional interference term that takes negative values.
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Figure 1.1: Sdidinger cat states.

1.4.2 Mesoscopic superposition
Schrodinger cat states

Mesoscopic superpositions of states has attracted a great deal of attention. They lie in be-
tween the macroscopic and microscopic world or at the interface of classical and quantum
worlds. These superpositions exhibit very important interference effects [29, 30, 31]. The
simplest superposition gives the well known Smfinger cat states giving rise to the so-
called "Cat paradox” of Sédinger [20]. Such superposition is closely connected to the oc-
currence of fractional revivals in the non linear dynamics of quantum systems [32, 33, 34].
Quantum superposition of classically distinguishable state of a molecule can create such
Scrdinger cat states. A fractional revival at one-fourth or three-fourth of revival time can
produce such a superposition of two coherent states as shown in Fig. 1.4.1. The optical
Scrodinger cat states are superposition of coherent states and are eigenstates of the opera-
tor a? [23, 31, 35, 36]. A vibrational analog of such states can be realized in an experiment

of double pulse or chirped pulse excitation [37].
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Figure 1.2: Sub-Planck scale structures produced in a superposition of four optical coherent
states in phase space.

1.4.3 Sub-Planck scale structure and Decoherence

An unexpected sign of quantum interference in phase space can play a surprisingly im-
portant role in the distinguishbility of quantum states. A phase space structure associated
with sub-Planck scaleq< &) can exit in non-local quantum superpositions ordg8anger

cat states. Zurek [38] showed that appropriate superposition of some of these states with
a classical action A can lead to sub-Planck-scale structures in phase space. These sub-
Planck-scale structures in phase space are characterized by d@n /atedpart from their
counterintuitive nature and theoretical significance, the above scale has been shown to con-
trol the effectiveness of decoherence [35, 39, 40, 41], a subject of tremendous current in-
terest in the area of quantum computation and information [42]. Zurek’s realization made
use of dynamical systems which exhibit chaotic behavior in the classical domain. Recently
a cavity QED realization involving the mesoscopic superposition of the compass states has
been given [43, 44] (see Fig. 1.4.1). In principle, one could also use superpositions of
cat-like states arising in quantum optical systems with large Kerr nonlinearity. In practice,
such a large nonlinearity in not available though some proposals for the enhancement of
the kerr nonlinearity exist [45]. The existence of such superpositions is closely connected
to the occurrence of fractional revivals in the nonlinear dynamics of quantum systems

[13, 32, 33, 34]. We demonstrate the possibility of realizing sub-Planck-scale structures
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in the mesoscopic superposition of molecular coherent state wave packets, which involve
vibrational levels. We study the spatiotemporal structure of these states, paying special
attention to the fractional revival, which gives rise to four coherent states required for the
observation of the sub-Planck structure. Very recently, sub Planck scale structures were
also found in phase space using the Kirkwood-Rihaczek distribution [46]. It is also found
[47] in two entangled cat states which are most robust against decoherence.

Two typical problems of small quantum parameter estimation are (i) high precision
phase measurement and (ii) weak force measurement. These structures in the Wigner func-
tion can be used to achieve Heisenberg-limited sensitivity in weak force measurement [48].
Sensitivity of quantum states to small rotation or displacement is related to the smallest
structure present in phase space—sub Planck scale structure.

It also determines the sensitivity of a quantum system to perturbation or decoherence.
Decoherence occurs because of the interaction of the system with its surroudings. Any
system, in reality, no matter how isolated it is, interacts with the environment. This interac-
tion destroys the coherent structure of quantum superposition and leaves it as an incoherent
mixture of those states. This is known as decoherence [41]. This process is almost instan-
tenuous for open, macroscopic systems as they are always interacting with the environment
e.g., air molecules or photons. In other words, the effect of decoherence on density matrix
is essentially the decay or rapid vanishing of the off-diagonal elements of the partial trace
of the joint system’s density matrix. The main source of decoherence in vibrational molec-
ular wavepacket is the coupling between the vibational and rotational modes which can be
minimized by making use of close control method [49].

In chap. 3, we discuss the revival dynamics of the system whose energy spectrum

depends on two quantum numbers.

1.5 Two time scales: revival and fractional revivals

In the literature, most of the calculations explored the revival dynamics of a system whose
energy spectrum depends on a single quantum number. But there are many systems for

which the energy spectrum depends on more than one quantum number. A practical ex-
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ample in this category is the ro-vibrational motion of diatomic molecules. The energy
spectrum, in this case, depends on both the vibrational quantum nundret the rota-

tional quantum numbej. The revival dynamics of wave packets depending on two quan-
tum numbers is complicated [50, 51, 52] and thus one often resorts to simplified models
or special cases. For example, most authors considered either the vibrational dynamics
in an anharmonic model [9, 53, 54] or the rotational dynamics in a rigid rotator model
[55, 56, 57]. We should note that this practice of treating vibration and rotation separately
was quite common even in the earlier literature spanning over many decades. However,
as noted by Tennyson et al [58], there was mnariari reason behind this practice except
that it simplifies computation and also spectroscopic data suggested that the ro-vibrational

coupling is small for many diatomic molecules.

1.5.1 Generalization of one time scale to two time scales

Consider a system whose enerfly,,,, depends on two quantum numbersandn,. A

wave packet (¢) is formed as a coherent superposition of stdtgs, with energies”,,, .,
U(t) = Z Cryng Pryng, €XD(—1Ep n,yt). (1.52)

We assume that the weighting coefficiens,, are strongly peaked around = n; and

ny = np and that the wave packet consists of only those states for Whiehn, | < 7, and

Ins — no| < no. These conditions allow us to expahy,,,, aboutE;, ;, in a Taylor series

and retain a finite number of terms in the expansion. The energy can then be expanded in a

Taylor series as

oF
En n9 =~ Eﬁlﬁz a
' - (anl)nl n1,72
O°E ., 1 /[PE .,
(an%)_ n (nl _nl) +§ (an%>ﬁ1,ﬁ2 (n2_n2)

1
2
N < OB > (11— 71) (3 — 71g) + ooon (1.53)

(1 —nq) + (S—i) (ne — ng)
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Keeping terms to second order and neglecting an overall phase dug;to we rewrite

U (t) as a double sum in shifted indices= n; — n; andk = ny — ny!

cl cl

\Ij(t) = Z é#kéﬂk exp

wk

Wherec,; = cutn, gt \f/“k =W, 1, kiny- FOr each quantum number, there is a classical
period and a revival time scale. The third time s, is the cross revival time. These
are defined as

n 0B, OB, \
T 1):27r( 12) ,TC(12):27T(—12> :

‘ anl nin2 ang 11n2
2 -1 2 -1
T = —4%(8 En;nz) , T = 47T(a En21m> )
onj i on3 —
O*E !
Timn) — _9 min . 1.55
rev Q ( 8nlan2 ) S ( )

Whent is small, the dominant phase terms in Eq. (1.54) are the first two. They produce
beating between the classical periddﬁl) andTC(f‘Q). The two classical periods are com-
mensurate with each other if

T = %T e (1.56)
wherea andb are mutually prime integers. In that case, the wave packet displays a period
on short time scales given by

Ty =T = aT (™). (1.57)

When the two classical periods are incommensurate, the initial moti(tofs not exactly
periodic. On a longer time scale, the full revivals appear if the three revival tiffes

T8 andT5™) are commensurate and satisfy

1) — Eplng) — € p(ning) (1.58)

rev. d rev f rev

wherec, d ande, f are pairs of mutually prime integers. When Eq. (1.58) is satisfied, all
three second-order terms in the phase become integer multipkes éft this time, a full
revival occurs and the phase is governed once more by the classical periods.
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Fractional revivals will appear at= ..., given by

Lorac = _T(nl) = @T(HQ) P12 T(H1H2)

rev rev rev )

q12

(1.59)

where the integer pait®1, ¢1), (p2, ¢2) and(p12, ¢12) are mutually prime. To explain frac-

tional revival phenomena, we define a doubly-periodic function in the following way:

o~ S ptr kty
Ut t) = z}; Cuk P i €Xp [—QM <—T(n1) + —T(n2)>
I

cl cl

, (1.60)

whereV ,(t,, ;) is periodic int; andt, with perlodsT n) andT ") respectively and, .

are dummy variables. Also it satisfies

Uty + T ¢ ta) = VUy(ty,ta)

rev

Walty,ta + T02)) = Uyt t). (1.61)

rev

Att =0, ¥(0) = ¥,(0,0). So when time is smally(¢) behaves in approximately the
same way a¥ (¢, t). Following Bluhmet.al[50], we will show that at fractional revival
timest ~ tn.., U(¢) can be written as a sum of doubly periodic classical wave packets.

To explore the cyclic properties in and k£ of the second-order contributions to the
time-dependent phase W(t) att = ¢;.., We write these contributions asp(—27if,, 1),
where

O = D0y 4 22 D12 (1.62)
0 a2 12

Let us assume that minimum periods arandl,, such that

Opsrin ke = Ouky  Opitin = O (1.63)
The revival time scales are

T“l: T”w T"2: T”” (1.64)

rev rev rev rev )

which follow from Eg. (1.59) with the conditions

Tt _ qipP12 2 _ q2P12
S1 p1912’ 52 DP2412

(1.65)
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The periodd; andl; must then satisfy

2 2
%zf + %zm 2P k=0 (mod 1), 222 + 200k + P22 1,0 = 0 (mod 1). (1.66)
1 1

4151 a2 E 4252

These relations can be satisfied by choosging ¢;s; andls = ¢»s2, Where the second-
order contributiond,, ;. are cyclic iny andk with periodsl; andl,. The function® (¢ +
s1Th Iy, t + 59172 /1) with shifted arguments have the same periodicitieg iand ,
whereV, is defined in Eqg. (1.60). Finally, the wave packet at tihest,.. can be written

as

l1—112-1

V()= ag,Valt + i T5 /It + 5T /1), (1.67)

$1=0 s2=0

where the coefficients,, , are given by

li—1lp—1
1

Ugysy = — Z Z sy s, €XP(—2mi0, 1) exp(QWiﬂ,u) exp(Qms—Qk). (1.68)
lis l ly

s1=0 s2=0
Eq. (1.67) shows that dt~ t.., the wave packet can be written as a sum of subsidiary
wave functions which have distinct shifts in two arguments.
In chap. 4, we study the wavelet based time-frequency analysis of revival dynamics of

Rydberg atomic wave packets and molecular vibrational wave packets.

1.6 Non stationary signal analysis

Signal processing is a fast growing area today and a desired effectiveness in utilization of
bandwidth and energy makes the progress even faster. Signals for which the properties or
the frequency content do not change in time, are called stationary signals. Most signals
observed in nature are typically non-stationary. Autocorrelation function relates directly
to the observable signal in the pump-probe type experiments for studying the wave packet
dynamics. This observed signal is a time series, which is non-stationary and it requires

suitable transformation to find the information contained in it.



Introduction 22

1.6.1 Fourier Transform:

The Fourier Transform (FT) [59] provides a representation of functions defined over an

infinite interval and having no particular periodicity. We define FTj of) as

r 1 > —iwt
flw) = Nor: /_OO f(t)e ™ dt, (1.69)
and the inverse transform follows
1 * wt

Its utility lies in its ability to analyze a signal in the time domain for its frequency
content. The transform works by first translating a function in the time domain into a
function in the frequency domain. The signal can then be analyzed for its frequency content
because the Fourier coefficients of the transformed function represent the contribution of
each sine and cosine function at each frequency. It can be used for non-stationary signals,
if we are only interested in what spectral components exist in the signal, but not interested
in the time of their occurrence. Non-stationarity is often the most important part of the
signal, and Fourier analysis is not suited for detecting it. It was proved insufficient due to

the non-localized nature of the transform.

1.6.2 Short Time Fourier Transform:

For the purpose of time-frequency analysis of a signal, short-time Fourier transform (STFT)
[60] has often been used in the literature. It is defined as

X(w,t) = /_ " arywlr — e dr. (1.71)

[e.9]

The functionw(t) is the window function. This method divides the whole time series in
several windows, each of certain fixed width. Then the FT is performed in each window
for obtaining the frequency information. The STFT can be considered as sliding the win-
dow along the signat(¢) and then for each shift of the window, computing the Fourier
transform. The plot of X (w, t)|* or spectrograms for all shifts of the total signal duration
gives us the time-frequency distribution as required. Unfortunately, the time-frequency in-
formation obtained by this method has not always been satisfactory as its fixed window
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length does compromise on the frequency resolution. The method of wavelet transform
overcomes the preset resolution problem of STFT by using a variable length window.
What sets wavelets apart, is that the wavelets were designed from first principles to
study how the signal changes over time. Whereas Fourier methods usually involve ana-
lyzing the entire signal at once, wavelet analysis assumes that the signals may be of finite
duration. So it is designed to study the spectrum of variability as a function of time.

1.6.3 Wavelet Transform

The wavelet transform [61, 62], by design provides good localisation in both time and fre-
guency. The subject area of wavelets, developed mostly over the last fifteen years, is at
the forefront of much current research in pure and applied mathematics, physics, computer
science and engineering. It really began in the mid 1980s where it was developed to inter-
rogate seismic signals (Goupillaud et al 1984) [63]. The application of wavelet transform
analysis in science and engineering really began to take off at the beginning of the 1990s.
This transform has emerged over recent years as a powerful time-frequency analysis. Now
it is worthwhile askingWhat is a wavelet? A wavelet is a waveform of effectively limited
duration that has an average value of zero.

Wavelet transforms, as they are in use today, come in essentially two distinct ways or
classes: the continuous wavelet transform and the discrete wavelet transform. Here we

discuss the continuous wavelet transform.

Continuous Wavelet Transform (CWT): Time-frequency analysis

The continuous wavelet transform (CWT) [60, 61, 62, 63, 64, 65, 66] is gaining wide
acceptance as a convenient tool for time-frequency analysis that separates individual sig-
nal components more effectively than the traditional short time Fourier transform (STFT).
CWT of a signalf(¢) is defined as

T(s,7) = %/f(t)gb* (t - T) dt (1.72)

This transformed signal is a function of two variablessndr that are used respectively

to scale and translate the wavelet window wherg¢ass the complex conjugate of the
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transforming function known as the mother wavelet for the CWT. The mother wavelet used
here is the Morlet wavelet. The Morlet wavelet is the most popular complex wavelet used
in practice and it is defined as

<;§(t) _ 7T71/4eiwoteft2/27 (1.73)

wherew is the central frequency of the Morlet wavelet. The transform can be related to the
time-frequency representation with low scale corresponding to compressed mother wavelet
and high scale corresponding to dilated mother wavelet. The effect of scaling is to change
the area of the time-frequency plane with the value of the frequency related to the scale
value. The square of the modulus of the transform plotted on a time-scale plane is called
thescalogram[60, 62]. This transform overcomes the frequency resolution problem of the
STFT by allowing variable length windows. Another important distinction from the STFT
is that the CWT is not limited to using sinusoidal analysing functions.

In chap. 4, we choose the most widely used transform (CWT) to find the time-frequency
information of a signal in the pump-probe type experiments or autocorrelation function of
Rydberg atomic wavepacket and molecular vibrational wavepacket.



Chapter 2

Mesoscopic superposition and sub-Planck

scale structure in molecular wave packets

2.1 Introduction

Mesoscopic states are lying at the interface between the classical and the quantum world
i.e. macroscopic and microscopic world. Mesoscopic superposition of coherent states and
their generalizations, such as cat-like states, have attracted considerable attention in the
recent literature [23, 29, 30, 31, 36, 67], since they show a host of non-classical behaviors.
Zurek [38] demonstrated that appropriate superposition of some of these states with a clas-
sical actionA can lead to sub-Planck scale structures in phase space. These structures are
characterized by an aréd/A. Apart from their counter intuitive nature and theoretical
significance, the above scale has been shown to control the effectiveness of decoherence,
a subject of tremendous current interest in the area of quantum computation and informa-
tion. Zurek’s realization made use of dynamical systems which exhibit chaotic behavior in
the classical domain. Recently a cavity QED realization involving the mesoscopic super-
position of the so-called compass states have been given [43, 44]. In principle, one could
also use superpositions of cat-like states arising in quantum optical systems with large Kerr
non-linearity [23].

In this chapter, we demonstrate the possibility of realizing sub-Planck scale structures in

the mesoscopic superposition of molecular wave packets, which involves vibrational levels.

25
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The time evolution of an initial wave packet, taken here as the SU(2) coherent state (CS) of
the Morse potential, produces cat-like states. These arise due to the quadratic dependence
of the energy on the vibrational quantum number. The superposition of these states is
responsible for the above phenomena. We study the spatio-temporal structure of these
states, paying special attention to the fractional revival, which gives rise to four coherent
states required for the observation of the sub-Planck structure. This structure can be clearly
explained through the interference phenomena in phase space. For this, we investigate
the phase space dynamics of the coherent state through the Wigner function approach and
identify the optimal parameter ranges for a clear observation of these features.

The Morse potential is well-known to capture the vibrational dynamics of a number of
diatomic molecules [9, 18, 68, 69, 70]. Itis worth mentioning that the phenomena of revival
and fractional revival [2, 4, 71] have been experimentally observed in wave packets involv-
ing vibrational levels [72]. Creation of the wave packets and observation of their dynamics
are carried out through pump-probe method [73]. The control and analysis of molecular
dynamics is achieved through ultrashort femto-second laser pulses [53]. Fractional revival
can be probed by random-phase fluorescence interferometry [74]. Recently, cat-like states,
arising in the temporal evolution of the Morse system, have been proposed for use in the
quantum logic operations [75].

2.2 Symmetry generation and Perelomov coherent state of

the Morse potential

2.2.1 Morse potential
The Morse potential describing the vibrational motion of a diatomic molecule has the form
V(z) = D(e 2" — 2¢757) (2.2)

wherexz = r/ro — 1, r¢ is the equilibrium value of the inter-nuclear distanceD is
the dissociation energy antlis a range parameter. We will be considering the hydrogen
iodide molecule, as an example, which 3asbound states, witl¥ = 2.07932, reduced
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Figure 2.1: Morse potential of HI moleculed = 2.07932, p = 1819.99 a.u., 1y =
3.04159 a.u. andD = 0.1125 a.u.

massy = 1819.99 a.u., 1o = 3.04159 a.u. and D = 0.1125 a.u. Morse potential of

hydrogen iodide molecule is shown in Fig. 2.1. Defining

|21 Dr? | 8urd
A= 51 and s = _52h2E’ (2.2)

eigen functions of the Morse potential can be written as

Un(€) = Ne 828213 (9), (2.3)

where¢ = 2\e™#*; 0 < ¢ < o0, andn = 0,1, ..., [\ — 1/2], with [p] denoting the largest
integer smaller thap, so that the total number of bound stateg\is- 1/2]. The parameters
A ands satisfy the constraint condition+ 2n = 2\ — 1.
Note that)\ is potential dependent, is related to energyy and, by definition )\ >
0, s > 0. In Eq. (2.3),L:(y) is the associated Laguerre polynomial and N is the normal-
ization constant:
B(2A —2n — )I(n+1)]"?

N= L2\ —n)rg ' (2.4)
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Figure 2.2:|d,,|* plotted as a function ofn for the Morse potential of HI molecule for
different values ofyv.

2.2.2 Morse Perelomov coherent state

Quite some time back, Nieto and Simmons gave a minimum uncertainty coherent state
for the Morse oscillator considering suitable conjugate variables [76]. Later, Benedict and
Molnar [77] also found the same coherent state through super symmetric quantum me-
chanical method. This was used to describe the cat states of the NO molecule [78]. This
coherent state involves infinite number of bound states, not belonging to the same potential
[7]. Morse potential has a finite number of bound states. Hence it is natural to expect an

underlying SU(2) algebra. Recently, Doagal., [79] have obtained the SU(2) generators
J., J_ and.J, as follows

J_ = —{d%(s+1)—%§(s+1)+%1\/>
Jy = [ddg(s—l)—i—%gs—l ]\/7

2 d 2
R it

They satisfy the algebra at the level of wave function as

(2.5)

[ | (6) = 20 ). (2.6)

Definition of the Perelomov coherent state [21] is given in section 1.3. The SU(2) Perelo-

mov coherent state of the Morse system is obtained by operating the displacement operator
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Figure 2.3: (a),(b) and (c) gives the wave packets at 0 for different values otx (b)
a=02m=29,Ca=13m="7(d)a =25 m=2mis the value of m when
|d,)? is maximum.

eaJ+=a"J- on the highest bound staté defined byLz/zﬁ, (&) = 0. Using disentanglement
theorem [21], the coherent state (modulo normalization) becomes

X(©€) = eyl (©)

- [ -avisTaE e+ L

x /(s +n' +1)(s+n +2)...(s + 20") U | . (2.7)

As is explicitly seen, the above coherent state involves only the bound states, which are
finite in number. This is due to the fact that the underlying group here is a compact group
[21]. For the purpose of our analysis, we consider this wave packet. We have checked that,

superposition of Morse eigen states with suitable Gaussian weight factors, also reproduces
the sub-Planck scale structure.

Simplifying the above expression, we can write it in a compact form:

X(©) =Y dum ¥(9), (2.8)

where

dpy =

(—a)n'—m {n’!F(Q)\ — m)} : (2.9)

(' —m)! [m!l(2\ — )
Fig. 2.2 showgd,,|* distribution of HI molecule for various values aefand Fig. 2.3
show the probability distribution of the corresponding coherent state wave packet at time

t = 0. For smaller values of;, |d,,|? is peaked at higher values of, where the anhar-
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monicity is larger. The corresponding initial coherent state wave packet is not well local-
ized and has an oscillatory tail. With the increasevofd,,|? distribution moves towards

the lower levels and the wave packet’s oscillatory tail gradually disappears. For larger val-
ues ofa, only the lower levels contribute to form the coherent state wave packet, where the
effect of anharmonicity is rather small. Hence, it is clear that the choice of the distribution

IS quite crucial in the wave packet localization and its subsequent dynamics.

2.3 Coherent state wave packet time evolution in different

representation

Temporal evolution of the coherent state state wave packet is given by
X(Et) =D duti, (€) exp[—iEnt] (2.10)

with £,, = —(D/)\?)(A — m — 1/2)?. This quadratic energy spectrum yields the revival
times asly = Trev/(2\ — 1) @andT;., = 27A%/ D respectively.

2.3.1 Autocorrelation function

IA(t) |2

Figure 2.4: Plot of the auto correlation functi@a(¢)|? as a function of time, scaled by
T)eo. Here = 2.81603, o = 1.4.

The autocorrelation function in Fig. 2.4 gives a striking illustration of revival and frac-

tional revival phenomena. Wherl(t)|*> = 1, the wave packet revives and the fractional
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revival appears as periodic peaks in the auto correlation function. The oscillations occur
initially at the orbital period/,;. After some damping, the oscillations double in frequency.

This doubling in frequency is characteristic of a one-half fractional revival.

2.3.2 Quantum carpet structure

\ W " ( J ‘T:',l', /‘
i \\\\" MM I‘r’l“\\"“wm“ ""lla

Figure 2.5: Quantum carpet structure of Morse coherent state with parameter watues
2.81603, a = 1.4. Here time is scaled by,.,.

(b)

Figure 2.6: Space-time contour plots describes (a) time evolution of fictitious coherent state
wave packet, having only linear dependence in phase argument and (b) time evolution of
coherent state wave packet considering the full energy expression. Here time is scaled by
T,, with = 2.81603, o = 1.4.

The first striking example of a quantum carpet emerged from numerical simulations
performed on a particle confined to an infinite potential well [80]. It describes the space-
time structure of the modulus of a quantum mechanical wave packet. Similar structures
appear in many fields of wave physics ranging from quantum mechanics, with applications

in nuclear physics [81] and Bos&instein condensation [82], to electromagnetic waves
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IXEHF
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Figure 2.7: Wave packet distribution in coordinate space for HI molecule, whete
1.4, 3 = 2.07932. Plotted here i$x (¢, t)|? as a function ofr (where¢ = 2\ exp|—fz])
for (a) t=0, (b)t = Tiev /8, (C)t = Trev/4 @nd (d)t = Tiey /2.

propagating in self-imaging waveguides. In Fig. 2.5, quantum carpets, i.e. plots of prob-
ability density, for the propagation of a Morse coherent state wavepacket is depicted. In
Fig. 2.6(a), two classical periods (uptd,,;) of a 'fictitious’ or classical coherent state wave
packet is shown i.e, we have considered here only the linear energy dependence whereas,
Fig. 2.6(b) shows the same when we considered the full expression for the energy. Nonlin-

ear dependence is clearly seen at the beginning of the second classical period.

2.3.3 Co-ordinate representation

More interestingly, when t takes the vaIu;éEeV, wherer, ¢ are mutually prime integers,
the original wave packet splits into several number of small copies or mini-packets, with
well defined phase relationship. To explain fractional revival phenomena [2], we consider

a 'fictitious’ or classical coherent state wave packet,
xa(&, 1) dezﬁ exp[—2mimt/Ty]. (2.11)

which revives at = T, = D(Qgﬁ At fractional revival, using discrete Fourier transform

(DFT) and changing the quadratic term into linear terms, the original coherent state wave
packet can be written as a linear combination of fictitious coherent state wave packets as

follows
-1

X(& t) = Z ap Xalé, (1/q Tiev — p/1 Tw)], (2.12)

p
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The amplitudes are determined by

-1

a, = %Zexp [27ri(m2r/q — mp/l)} , (2.13)

wherel = ¢/2 wheng is an integer multiple of andl = ¢, in all other cases.

Fig. 2.7 shows the coherent state wave packet in the co-ordinate representation, where
the revival behaviors &k, /4 andT,., /8 are not transparent. We will now clarify the phase
space picture of the wave packet at fractional revival times by using the Wigner function
approach. We will also show that the interference phenomenon in phase space involving
the cat-like states gives rise to the sub-Planck scale structure.

2.4 Wigner distribution of coherent state wave packet at

different times

The Wigner function [25] can be written as

—+o00
W(x,p,t) = T—%/ (x— 2 )x(x + 2, t)e 2P Py’ (2.14)
™ —0o0
wherez is the scaled co-ordinate apds the corresponding scaled momentum and also

X(@) = x(&).

Phase space pictures at these times are depicted in Fig. 2.8 which gives more clear idea
compared to the co-ordinate space representation. Attt'tméTrev, it is quite clear from
the phase space picture (Fig. 2.8(b)) that the individual wave packets are well separated
producing a cat like state which has very important quantum mechanical properties like
sub-Poissonian statistics, squeezing, etc.émv, the wave packets are not equispaced
and the superposition structure gives a complicated structure.

At t = 0, the Wigner function of the Morse coherent state is on the left side of the
Morse potential.

Att =T,.,/2, we use Eq. (2.10) to write

Xt = Tpen/2) = 3 duth) (€)e > T 7 (2.15)
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Figure 2.8: Wigner function plots of the coherent state wave packet at different times in
z,p space for HI molecule, where = 1.4, § = 2.81603. (a) t=0, (b)t = 1T..., (c)
t = 3Tyep and (d)t = £ co.

Making use of the classical coherent state wave packets, we get

Xel (57 t— Tcl/2) - Z dmlpi‘n(f)@f2ﬁim(t*Tcl/2)/Tcl

= S da (&) T e (2.16)
Note that
ewimQ — (_1)m2 — (_1)m — 67Tim. (217)
Finally, we obtain
X(g)t:Trev/Z) :Xcl(gyt_Tcl/2)~ (218)

Fig. 2.8(c) shows that it is shifted from the position of the initial wave packet.
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Figure 2.9: The Wigner functioW’ (z, p, t) as a function oft andp for (a) « = 1.4 and (b)
o =25, attime;T,,.

2.4.1 Schibdinger cat states

At T,.,/4, we get

—iT 1
X(fat = Trev/4) = ”r/4Xcl(€a rev) +e /4Xc (67 rev §Tcl) y (219)

1
V2
which is similar to a S@rdinger cat state, simulated by a superposition of two coherent state
wave packets that are separated by one-half of a vibrational period as shown in Fig. 2.7(c).

Wigner functions at various times, can also be explained by making use of the classical

coherent state wave packets. For examphézagﬂ, the Wigner function becomes

1 too 1 1 .
W(z,p, ZTrev) = %/ X(z — 2, ZT’"S”)X(:E +a, ZTrev)e’le My (2.20)

The coherent state wave packét: + /, 1Tm) can be written in terms of the classical
coherent state wave packets as follows

1

1 1 1 1
4_1 _[ 7’71—/49(0 (I’ + 33/, ZTT@U) +e Z7r/4XC (.2? + .T,',, ZTrev — §Tcl)] (221)

V2

and the Wigner function é‘tTm can be divided into three parts:

X(.T + ZL'/, Trev) =

1
—Thevw) = W1+ Wo + Wi, (2.22)

Wz, p, 1
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wherel,, Wy, andW; are

+o00 1 1 -~
Wl - % / le(x - 'rlv ZTrev)Xcl(x + xla ZTT@v)eimpm /hdx/’ (223)

—00

—+o00
70 . 1 1 _ 1 1 —%ipa’
Wy = % / Xcl(x - I/’ ZTrev + ETcl)Xcl(x + 17,7 ZTrev + §Td)6 2 /hdxla (224)

—0o0

and

w. — 1o +o0 m/2—*( ) 1T V(s + 7' 1T +1T)
3 = Th - € Xc\T €, 4 rev) Xc\T T, A rev 9 cl
—im/2 o 1 1 = 1 —2ipx’ [k 7,
+€ Xcl(‘r - 9 ZTTE’U + ETCl)XCl(x + X ) ZTrev)e p d$ . (225)

Wi and W, give two distinct peaks at the two opposite ends of the orbit as shown in

Fig. 2.8(b). W3 gives the result of quantum interference between them. Fig. 2.9 shows
Scrdinger cat states with their interference structure for different values &br larger

values ofa, the distribution|d,,|* starts including lower levels of Morse potential and the
number of ripples decreases as the distance between the two coherent state get decreased.
The ridges and valleys of such interference pattern are always parallel to the line joining

them.

2.4.2 Sub-Planck scale structure

At t = T, /8, the coherent state wave packet splits into four classical wave packets:

Trev 1 i Trev Trev Tcl
X(f: 5 ) = 5[6 /4Xcl(€7 ] ) + Xcl(£7 ? - Z)
: T T T, 3T,
N im/4 rev. _cl rev cl 226
€ Xcl(fa ] 9 ) Xcl(ga ] 4 )] ( )

Defining
even,o . t
A E ) = Y it (€) exp[-2mimi] (2.27)

cl
Meven,odd
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expression Eq. (2.26) can be rewritten in a simpler form:

Trev even Trev Tcl T o
X(f? ) = Xel (5) S - Z) +e /4Xcldd(£>

Tev
=)

(2.28)

8

MIN

Figure 2.10: The Wigner functio/(z, p, t) and its constituent parts at= T,.,/8 as a
function of z andp for o = 1.4 (top row) ando = 2.5 (bottom row). Shown here are the
contour plots of (@) vem); (b)IV ©dD; (c)W (") and (dYV (z, p, t).

The above expression plays a crucial role in the explanation of the phase space behavior
atT..,/8. Substituting this in Eq. (2.14), the Wigner functiontat T,.,/8 can be written
down as a sum of three termig? (z, p, Tie, /8) = W (ever) 41y (0dd) L7 (nt) '\wherely (ever)
andiV °4) gre the Wigner functions corresponding to the first and second terms on the right
hand side of Eq. (2.28) arid (" is the contribution from the interference between these
two terms. In Fig. 2.10, we have plottéd (x, p, T}, /8) and its constituent parts for two
values ofa. Note that bothii (¢ve») and W (°d9) are Wigner functions of cat-like states.
Each consists of two distinct peaks corresponding to two mesoscopic wave packets, and an
oscillatory structure at the middle due to quantum interference between them. Furthermore,
Weven) js along the east-west direction wherd&$°1? is along the north-south. This is
because the time arguments)@f*® and ¢ differ by 7., /4 in Eq. (2.28). The superposi-
tion of the interference regions & *v*) and1¥(°49) gives rise to the sub-Planck structure
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in Fig. 2.10(d). It is worth pointing out that/'"*, as plotted in Fig. 2.10(c), gives the off
diagonal interferences of compass-like states producéd.at.

As seen in Fig. 2.2, for higher values of the initial wave packet involves lower vi-
brational levels for which the turning points are nearer, resulting in a decrease in the span
of the phase space variables. In this case, the area of overlap between the two interference
structure increases and the number of ripples become less. As a consequence, the sub-
Planck scale structure at the middle becomes more prominent as shown in the bottom array
of Fig. 2.10. The four mini-wave packets, produced;at/8, are not equi-spaced and not
of same size. The asymmetrical nature of the Morse potential is the main reason behind
this. We also analyze numerically the expectation values of position and momentum at
t = T,y /8 for different values ofv. The uncertainty produ¢tAxAp), obtained from this
analysis, i$.5914 for o = 1.4 and2.56404 for o = 2.5 in the unit of» = 1. The classical
action is defined byl ~ Ax/\p and the corresponding dimension of the sub-Planck scale
structure isu ~ h?/A [38], which easily comes out to k179 for o = 1.4 and0.39 for
a = 2.5 respectively, implying the sub-Planck scale structure. Note that for smaller values
of o the area becomes more sub-Planck.

It is worth pointing out that, the vibrational wave packets are prone to decoherence
through coupling to rotational and other vibrational levels. To minimize docoherence, dif-
ferent methods were proposed: (i) error correcting code [83, 84, 85, 86], (i) decoherence
free subspace [87, 88] and (iii) open-loop control scheme [89, 90]. But all these meth-
ods have their own drawbacks. Recently, methods like closed-loop control [49] have been
devised to minimize the decoherence effect.

On the experimental front, the quantum state of a one-dimensional molecular vibration
can be reconstructed via molecular emission tomography (MET) even in the case of an
anharmonic potential [26]. In MET, the time-frequency resolved fluorescence spectrum of
the molecule is the quantity that yields information on the quantum state [27, 28, 91, 92,
93]. Phase space quasi probability distribution or Wigner function of moecular vibrational
states can be reconstructed from the time-resolved fluorescence spectra via inverse randon
transform. An interference technique, which is based on quantum state holography, has

been treated for molecular system [94]. In [95], a heterodyne measurement of vibrational
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wave packets of diatomic molecules has been studied.
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Chapter 3

The role of ro-vibrational coupling in the
revival dynamics of diatomic molecular

wave packets

3.1 Introduction

In this chapter, we treat rotational and vibrational motions simultaneously and present an in-
depth analysis of the revival dynamics for a diatomic molecular wave packet. Furthermore,
we provide a simple, quantitative criterion that determines if and when the rotational and
vibrational motions can be decoupled.

The chapter is organized as follows. In sectibd, we present the theory for the
ro-vibrational dynamics of a diatomic molecular wave packet of circular states using the
Morse-Pekeris model [19, 96] and extract all the relevant revival time scales.

In section3.3, we use 4 and H, as examples of heavy and light molecules and show
that the interplay between the rotational and vibrational motions is governed by a parameter
v = /2DMr%/h2, where D is the dissociation energyy/ is the reduced mass of the
two nuclei andrq is the equilibrium distance between them. Specifically, if the weighing
coefficients of the wave packet are peaked about 7 and;j = j, then, fory > 7, j,
the rotational and vibrational time scales are so far apart that the ro-vibrational motion gets

decoupled and the revival dynamics depends essentially on one time scate~For j,

40
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on the other hand, rotational vibrational coupling cannot be ignored. In the latter case, an
interesting rotational vibrational fractional revival is predicted and explained. We explained
the above for two different values ofand;.

We confirm our analytical results visually by means of pictures showing the probability
density as a function of time when the initial wave packet is a superposition of circular
states (i.e. states for which the quantum numbesorresponding to the z-component of
angular momentum is equal 5.

In section 3.4, we obtain further confirmation of our results from an analysis based on
the autocorrelation function for both the cases. In the concluding section, we present a brief
summary followed by a discussion on the validity of our model and its extension to wave
packets of non-circular states. We also outline how the initial wave packet can be prepared
and how its evolution can be studied by various existing techniques. We end by mentioning

some possible applications of our work.

3.2 Theory

We assume a single electronic state of the diatomic molecule and consider only its nuclear
motion. The vibrational motion of the two nuclei about their center of mass is modelled by
the Morse potential

V(r) = D(e 2 — 2e7) (3.1)

wherex = r/ry — 1, 1o is the equilibrium inter-nuclear distanc®), is the dissociation
energy andy is a range parameter. When rotational corrections are included [19, 96], the

eigenstates of a particle in the Morse potential are given as

wujm(r) - rilRujQ/)Y}m(ea (b)a (32)
whereY),,, (0, ¢) are the spherical harmonics and
Ry;(y) = Nexp(—y/2)y"* Ly (y) (3.3)

is the radial part in a scaled variabje Here, L’ (y) is a generalized Laguerre polynomial
andN is the normalization constant. Defining [96]
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o= =i+ 1)2/a—3/a?),
v o= Y+ +D(=1/a+3/a?), (3.4)

one obtains

b= 2/a)[yi/r —alv+1/2)],
y = (279/a)exp(—azx),
N = [abv!/T(b+ v+ 1)V (3.5)

The corresponding energy eigenvalues can be written in the form of a Dunham series:

E, = CZ D gy (v 4+ 1/2) 5% + 1), (3.6)

whereC' = h?/(2Mr?) and M is the reduced mass of the two nuclei. The coefficients
o,y are positive real quantities that dependooandy = /D /C only:

ag =72 a =1, agp=9a—1)/(4a'?), 3.7)
alp = 2ay, oo =% ap =3(a—1)/(ay).

Let us now consider the evolution of a ro-vibrational wave padkat ¢) = >_ . c,;
Y,;;(r) exp(—iE,;t) formed of circular states, ;;. We assume that the weighting coeffi-
cientsc,; = cMe ( ) are strongly peaked about= 7 andj = j and that the wave packet
consists of only those states for whith— 7| < 7 and|j — j| < j. These conditions
allow us to expand,; aboutE - in a Taylor series and retain a finite number of terms in
the expansion. Keeping terms to second order and neglecting an overall phasége to

we rewrite¥ (r, t) as a double sum in shifted indices= v — v andk = j — j :

Lz | n k ok pik
t) = CurWuk(r) exp | —2mit + — + — . (3.8)
% pk Pk (1) [ (Tm T® ™) T p®) T (VR

cl cl rev rev
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Here,cux = ¢, 5 147> Vi = V,+vx47 @nd the notatiof” is used to describe various

time scales of evolution. The superscripts R and V' R correspond to the vibrational,
rotational and vibrational-rotational time scales whereas the subscrigtglrev refer to

the classical and revival time periods in standard nomenclature. These time periods are

defined as
(V) 0E,;\ (R) 0E,;\
Tcl = 27T aI/ ) TC] =27 W B
Tr(e\\//) — A 0°E,, 7 Tr(e%) s 0 E.Vj 7 Tr(e\\//R) _ o 0 EV? '
W )y 5% ) 5 owdj ) 5

(3.9)
Initially, the wave packet motion is governed by the classical peﬂq(ﬁfé and TC(IR).
If these periods are commensurate, i.eTﬁ) = (a/b)T,flR), wherea andb are mutually
prime, then the wave packet motion has a pefigd= bTC(IV ) = aTc(lR).
On alonger time scale, the wave packet will revive if the three revival t[ﬂ%é &
andT" are such thalley) = (¢/d)T% = (e/ )TN, wherec, d ande, f are pairs of
mutually prime integers. Fractional revivals will occur at tintes ¢, provided that

rev rev rev

1 q2 d3
where the pairs of integef®;, ¢;), ¢ = 1..3, are relatively prime. In general, these con-

tfrac = Pipvy _ P2pr) _ IET(VR)’ (3.10)
q

ditions for revival and fractional revival are too restrictive to be obeyed exactly. However,

since the time scales are simple functionsyadnd j for a given molecule, it is easy to

check through a numerical program if these conditions are satisfied, at least approximately.
In a system whose energy spectrum is a function of two quantum numbers, the ratios of

the associated time scales play a major role in the wave packet dynamics [52]. Defining

Bi(v,j) = 1—alv+1/2)/y =3(a—1)j(j +1)/(2a%y),
Bo(rv,j) = 1=3(a—1)(v+1/2)/(ar) = 9(a—1)%(j +1)/(2a"y?),
B3(v,j) = Balv,j) — 9o — 1)%(25 + 1)?/(4ay?), (3.11)

we write the ratios of various time scales as follows:
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) v _ 200 Bi(#,])
e N C TR X N
R) _ oy 53(5, 5)
I‘GV /Trev (25 + 1) 3(@ _ 1)
(VR) y(V) oy o’
TI‘GV /Trev (23 —I— 1) 3(a _ 1)
rev / rev - 062/63<ﬁ, 3)
T&/TH = (2] +1)B(7.5)/55(7. 7). (3.12)

Note thatTiv ™ /Ti% is independent af. In what follows, we consider the wave packet

dynamics for two limiting cases: (i) > 1,y > j, vand (i)a > 1,y ~ j, D

3.3 Results and Discussion

3.3.1 Wave packet dynamics fory > 1,7 > j, U

A good example of this case is tlig molecule for whichn = 4.954 and~ = 577.43 [96]
so thata? = 24.54 anday = 2860.59. In Table 3.1, we present some typical time scale

ratios of I, for moderate values af andj.

Table 3.1: Some typical time scale ratios fer

j 1T TP/ TR/ TR T

%

7 14  190.50 8.06 25.33 29.00
8 8 323.39 13.68 25.44 17.00
10 10 259.17 10.98 25.66 21.00
13 9 282.02 11.98 26.00 19.00
15 9 278.99 11.88 26.23 19.00

These ratios can be explained by noting thatdor> 2j + 1 anday > v + 1/2,
Bi(7,j) = 1+0(y~1). Thus, from Eq. (3.12), one obtalfﬂéR > T VTN > TR >
T, Also, T /T is slightly greater than? andTier /T ~ 25 + 1.
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Casel:I,molecule,7=7,7=14; 7—1<v<v+1, j—3<j<j+3

In the first case, we consider the valueg@ind;, given in the first row in Tablg.1. When

the rotational and the vibrational time scales are not of the same order of magnitude, the
corresponding motions become decoupled and the overall wave packet dynamics depends
essentially on one time scale only. For a wave packé,ahis is visually demonstrated in

Fig. 3.1 where we have plottdd (r, t)|* at various times for two different cases. In case

(a), we have used the original wave packet of the form Eq. (3.8). The initial wave packet is

a superposition of states forwhich=7,j = 14,71 <v<v+landj -3 <j < j+3.

The weighing factors1;c,(,1)|2 and |c§2)|2 are taken as Gaussian functions of unit width. In

case (b), we have set= 7 (i.e. © = 0) in the time dependence of the wave function.

Figure 3.1: The wave packet evolution fbr Shown here is a plot dft(r, t)|? at different
times for two cases: In case (a), the wave packet is of the form Eq. (3.8). The initial wave
packet is a superposition of states for which= 7, j = 14, v -1 < v < 7+ 1 and

j —3 < j < j+3. The annular ring extends from9r, to 1.2r¢; in case (b), we have fixed

v atv (i.e. sety = 0) in the time dependence of the wave function. The wave packet is
then of the form Eq. (3.13) as shown below.
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With the z-axis perpendicular to the molecular axis, the wave packet rotates and vibrates
on thez = 0 plane. The rotational motion takes place in a circular orbit about the center
of mass of the two nuclei with a peridﬂc(lR) whereas the vibrational motion is confined

along the radial direction with a periafl,"’. However, with?[ > 7"

cl

, details of the
vibrational motion are averaged out within one classical rotational period. This is a case of
'slow-fast dynamics’ in nonlinear physics. Thus the prominent features of the wave packet
dynamics can be recovered (see case (b)) by freezat@ (i.e. settingu = 0) in the time

dependence of the wave function. In that case, Eqg. (3.8) will reduce to

U(r,t) & Y Gt (r) exp[—2mit(k/ TS + k2/T)). (3.13)
nk

The dynamics of such a wave packet is well understood [2] in terms of fictitious classical

wave packets

Ya(rt) =Y Gutbyu(r) exp(—2mikt/TY). (3.14)
nk

For example, at = 7}%%)/4, the full wave function can be written as

U(r, 1) = aya(r, 4TSV /2)va_tva(r, ),  ax =exp(fin/4)/vV2,  t=TH /4.

(3.15)
Since the time arguments in the classical wave packets diffé?c(l'ﬁ)yz the packets lie at
opposite ends of the orbit.

Casell: I, molecule, 7 =10, =10; 7 —2<v<v+2, j—2<j<j+3

In the second case, we have chosea 10 and;j = 10 as given in third row of Tablg.1.

The weighing factors are taken as Gaussian functions of unit width and the initial wave
packet is a superposition of states forwhich2 < v <v+2andj—2 < j < j+2. Time
scales are far apart and gives the results similar to the previous cake fag. 3.2 shows

the time evolution ofl, (a) for the original wave packet and (b) when= v (i.e., u = 0)

in the time dependence of the wave function. At specific times of fractional revivals, same
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Figure 3.2: The wave packet evolution fbr Shown here is a plot df¢ (r, ¢)|? at different
times for two cases: In case (a), the wave packet is of the form Eq. (3.8). The initial wave
packet is a superposition of states for which= 10, j = 10,7 — 2 < v < 7 + 2 and
j—2<j <j+2. Incase (b), we have fixedat? (i.e. setu = 0) in the time dependence

of the wave function. The wave packet is then of the form Eq. (3.13) as shown below.

explanations can be provided as described in the case-I. Here also, overall time evolution
of wave packet depends essentially on one time scale.

3.3.2 Wave packet dynamics forv > 1,y ~ j, 7

For Hy, o = 1.44, v = 25.09, o* = 2.07 anday = 36.1 [96]. In this caseqy is compa-

rable to2j + 1 andv + 1/2 even for moderate values ofand;. Thus the approximations

and the subsequent conclusions of the previous paragraph are not applicable here. For
example, the classical time scales will now be of the same order of magnitude. Thus the vi-
brational and rotational motions cannot be decoupled from each other. Similarly, the revival
time scales will be comparable to one another and it is even possible to satisfy conditions
Eqg. (3.10) for small values @f andg;. Some such cases inthe raige ¢;) <5, i = 1..3,
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and7 < 7, < 15 are shown in Table 3.2.

Table 3.2: Some typical time scale ratios #@s satisfying conditions Eq. (3.10) approxi-
mately.

v o7 p/a p)e psjes TS OV m®my)
7 14 4 1 2 1.75 0.49 3.96 36 5
8 8 2 3/5 3/5 3.03 1.00 3.35 18.28
10 10 2 1/2 3/4 2.02 0.66 4.07 23.92
13 9 1 1/5 1/3 1.43 0.60 4.94 21.63
15 9 3 1/2 1 0.61 0.50 5.98 22.18

Casel:H,molecule, 7 =7, =14, 7—1<v<v+1, j—3<j<j+3

In the first case, we have taken the values given in the first row in Bahle

We now consider the wave packet evolution fds. In Fig. 3.3, we show the time
evolution at the initial stage. Although the initial wave packet is constructed in exactly
the same way as fak, in case-l, its subsequent evolution is very different. smcé;vé ~
Tc(lR), the radial spreading of the wave packet due to its vibrational motion will be quite
conspicuous even during one classical period of rotational motion. The effect is further
enhanced by the fact that the range of the potential increases as the paradextsrases.
Thus the excursion range along the radial direction is moréffofa = 1.44) than for I,

(v = 4.954).

In Fig. 3.4, we show the time evolution on longer time scales. Revivals of the initial
wave packet take place at= T\ /2 ~ 2T ~ T and also at = T\ ~ 4T ~
2T . But sinceT\ /T, /T, M — 36.5, the revived wave packet is shifted from its initial
position by one quarter of the orbit for= T, ® /2 and by half an orbit for = 7. Full
revival at the initial position will take place at= 2T,

Three-way fractional revivals occur at= T, /6 and att = & /3. But they are not
well separated due to the spread in the initial wave packet. In what follows, we analyze
a more clear case of rotational-vibrational fractional revival that occuts=aff;e’ /4 ~
T ~ T /2.
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I
0.000 T 0.250 T 0.500 TS

0.750 TS 1.000 T 1.250 TV

rot

1.500 TV 1.750 T 2.000 T

rot rot

Figure 3.3: The wave packet evolution fBk, at the initial stage. Shown here is a plot of
|¥(r,t)|* at different times for a wave packet of the form Eqg. (3.8). The initial wave packet
is constructed in exactly the same way asfigrbut the annular ring extends frobrdr, to
3.57"0.

In terms of a doubly periodic function

altits) = Y Gt expl=2mi(uta /TS + kta TSV, (3.16)
wk

the full wave function at = T, /4 can be written as

‘I/(I‘, t) = %[wcl(ta t) - 2'wcl(t + TC(IV)/za t)] +

1
Fo[palt,t + T /2) + it + TV /2,6 + TP /2)),  t=T® /4. (3.17)
2 cl cl cl ev
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0.000 T® 0.167 T® 0.250 T®

rev rev rev

1.000 T®

rev rev rev

0.333 T® 0.500 T®

Figure 3.4: The wave packet evolution fBk on longer time scales. Shown here is a plot
of |¥(r,t)|* at different times for a wave packet of the form Eq. (3.8). The initial wave
packet is constructed in exactly the same way adfpbut the annular ring extends from
0.979 to 3.57.

Note that the second argument in the bottom line on the right of Eq. (3.17) is advanced
by an amounff(flp”) /2 with respect to the top. With reference to the plot at & /41in

Fig. 3.4, this means that the top and bottom lines on the right of Eq. (3.17) correspond to
the wave packet on the right and left respectively. Using a pair of doubly periodic functions

POIb (e ) 1) = Z Z Cukthu(r) exp[—2mi(uty /TS + kto/TV)], (3.18)

p kodd, even

it is easy to show that

2N (1) = palt,t) + valt,t + T /2)
05TV /2, = Palt+ T8 /2, — valt + T4 /2, + T4 /2). (3.19)

Substituting in Eq. (3.17), the full wave functiontat & /4 can also be written as

W(t) = 5™ (1) — i+ T /2,1), TP /4. (3.20)
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In this form, ™" (¢, t) produces the outer peakstat T3 /4 while "V (¢t + T /2, 1)
produces the inner peaks. Note that the latter is squeezed because of its proximity to the

steep repulsive wall of the Morse potential.

Casell:Hy molecule,7=10,7=10; 7—2<v<0+2, j—2<j<j+2

0.000 T®

0333 T®

Figure 3.5: The wave packet evolution f&k on longer time scales. Shown here is a plot
of |[¥(r,t)|* at different times for a wave packet of the form Eq. (3.8). The initial wave
packet is constructed in exactly the same way ad{fpbut the annular ring extends from
0.97¢ to 3.57y.

In this second case, we have choser= 10 andj = 10 as given in third row of
Table 3.2. Here also time scale ratios are very close to each other similar to the case I.
Revival of the initial wave packet takes placetat T\ /2 ~ 2T\ ~ 3T, ie., at
t =T ~ AT ~ 3T, At this time, T, and T3y are reviving butZioy™ is not.
Therefore, at = T, complete revival is not possible as shown in Fig. 3.5. Full revival
will take place att = 2T\ i.e., att = 2T\% ~ 8T ~ 3T®, where all revival
time scales will revive simultaneously. But siegy /T, ) — 47.84, not an integer, the
revived wave packet is slightly shifted from the initial position (see Fig. 3.6). Note that, at

t =T thereis a two-way ro-vibrational fractional revivals that can be analyzed in the
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same way as in Case |.

0.000 TR 1.000 T®) 2.000 T®

rev

Figure 3.6: The wave packet evolution ff at some specific times. Time is scaled by

&) where the last one shows the complete revival but slightly shifted in its orbit from the
initial position.

We end this section by noting that for the relatively small values afidj as used in
this paper, the nuclear wave packet fordtates on a narrow ring about the center of mass
and bears striking similarities with the electronic wave packet evolution of Rydberg atoms
[15]. For H,, however, the wave packet evolution is like the 'unfolding of the petals of a

flower’ due to the presence of competing time scales.

3.4 Analysis by autocorrelation function

0,
AP
AOF . |
UV LT AW LA AL
0.0
0.00 0.25 0.50 0.75 1.00

yT®

Figure 3.7: Plot of A(t)|? as a function of time for the wave packet of the iodine molecule
using the full energy spectrum (solid line) and the approximate energy spectrum with
(dotted line).
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1.0

AP g

Figure 3.8: Plot of|A(¢)|? as a function of time for the wave packet of the hydrogen
molecule using the full energy spectrum (solid line) and the approximate energy spectrum
with v = 7 (dotted line).

A widely used method for probing the revival dynamics of diatomic molecular wave
packets has been through the autocorrelation function [9, 11] as it relates directly to the
observable signal in the pump-probe type experiments for studying the wave packet dy-
namics. The autocorrelation function for an evolving wave padket ¢) is given by the
overlap integral(t) = (U (r,t)|¥(r,0)). Itis, by now, well understood how the prominent
features of revival and fractional revivals can be gauged from a plot(@f| as a function
of time.

In this section, we plotA(t)|? for the wave packets of land H, with 7 = 7, j = 14;
andv —1<v<v+1, j—3<j<j+3.Ineachcase, we have also plottedt)|> by
freezing the vibrational motion, that is, by setting= 7 in the energy spectrum.

Fig. 3.7 shows the results fos.l It is clear that the macroscopic or coarse-grained
features of A(¢)|* are obtained, to a good approximation, even when the vibrational motion
is neglected. More precisely, the positions of the prominent peaks are predicted correctly
by rotational motion alone. The role of the vibrational motion is to provide densely packed
subsidiary peaks under each of these prominent peaks.

The situation is very different in the case of BHs shown in Fig. 3.8. In this case, the
vibrational and rotational motions are so strongly coupled that the neglect of one or the
other will drastically alter the shape pd(¢)|*>. Because the time scales of the two motions

are comparabldA(t)|? is a rather complicated function of time. Furthermore, as Fig. 3.9



Ro-vibrational dynamics of diatomic molecular wave packets 54

0.4
0.3
AQI oo |

0.1

0.0 . | . . | | .
0.20 0.22 0.24 0.26 0.28 0.30

yT®

Figure 3.9: Plot of|A(t)|* as a function of time for the wave packet of the hydrogen
molecule using the full energy spectrum for a narrow window ab@uffrgi)/zl.

shows, the ro-vibrational fractional revival at= 7,5 /4 that was shown in Fig. 3.4 and
analytically explained in the previous section, is not at all obvious from the autocorrelation
plot.

To make the scenario more transparent, we have shown plots of autocorrelation function
in which the terms appearing in the argument of the exponential factor in Eq. (3.8) have
been included progressively. Fig. 3.10(a) shows a pldti¢f) | where the phase term has
only linear dependence i.e., contains only the first two terms in the phase argument. Here
competitive time scales a@f‘) and TC(IV). Next, we show plots ofA(¢)|? in which the
guadratic terms in phase are added successively to emphasize the role of different revival
time scales. Figs. 3.10(b), (c) and (d) are plotted by considering respectively the first three
terms, the first four terms and all the terms in the phase argument of Eqg. (3.8). Thus, in
Fig. 3.10(d), all time scales are present. Note thatatT\l i.e.,t = TW ~ 4T\ ~
27", complete revival will not appear & /7Y = 36.5. When time ist = 27\,
all time scales revive simultaneously and the full revival takes place (see Fig. 3.10(e)).

Similar explanation can be given for case Il with the valties 10, j = 10; 7 — 2 <
v<T+2 j-2<j<j+2.
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Figure 3.10: Plot of A(¢)|* as a function of time for the wave packet of the hydrogen
molecule witht = 7, j = 14;andv -1 < v <7+ 1, j—3 < j < j+3. Timeis
scaled byTr(eE). (a) Phase term contains only the linear terms. Next, we have added upto
third term in (b), upto forth term in (c) of Eqg. (3.8). (d) Phase term contains all time scales

as given in Eqg. (3.8). (e) Full revival appeartat 2T,
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3.5 Conclusion and applications

Our detailed analysis was based on the Morse-Pekeris model [96] which is sufficiently
accurate for both,I[97] and H, [98] for the values ofv andj used in this work. For
higher values ofv and j, our predictions can be used as a crude indicator and, ideally,
more accurate inter-nucleon potentials should be used. However, as long as the energy
eigenvalues can be written as a Dunham series and the initial wave packet is formed with
sharply peaked weighing coefficients, our procedure will remain valid.

The choice of a circular state wave packet was to draw parallels with the evolution
of a Rydberg electronic wave packet of circular states [15]. As shown above, our results
depend on the various time scales which are derived from the energy spectrum. Since the
energy eigenvalues are independentgthe z-component of the angular momentum, our
conclusions are equally as valid for non-circular states.

Exciting non-circular ro-vibrational wave packets is now a routine exercise [99, 100].
In principle, it should also be possible to generate circular state wave packets by spin-
ning the molecule in an optical centrifuge [101, 102]. Finally, the revival dynamics of
the ro-vibrational wave packet can be probed by a variety of existing techniques such as
direct imaging [103], photo-ionization [104], fluorescence in time delayed pump-probe
spectroscopy [105] or even by sub-laser cycle electron pulses [106]. Separation of time
scales can be measured by femtosecond wavepacket spectroscopy [99].

The revival dynamics, ro-vibrational separability condition and the detailed spatial
structure of the evolving wave packet as described above, should be relevant and useful
in the emerging areas of molecular wave packet dynamics [53, 107], molecules in laser
fields [108], laser-assisted molecular engineering [109], isotope separation [110] and quan-
tum computation [111]. As molecules are nowadays being probed and imaged with un-
precedented temporal precision [106, 112, 113], it may even be possible, in near future, to

confirm experimentally the ro-vibrational fractional revival predicted in this work.



Chapter 4

A time frequency analysis of wave packet

fractional revivals

4.1 Introduction

Quantum systems, with nonlinear energy spectra, show some interesting phenomena in the
time evolution of a wave packet, called the revival and fractional revivals [2, 4]. It has
been shown that the phenomena of revival and fractional revival occur in the wave packet
dynamics of various atomic, molecular and optical systems such as Rydberg atoms [1,
8, 13, 14, 15, 114, 115, 116, 117], optical parametric oscillators [118, 119, 120], the
Jaynes-Cummings model [121, 122, 123], transient signals from multilevel quantum sys-
tems [124], potential wells [7, 125, 126, 127] and molecular vibrational states [9, 10, 72,
128]. Extensions to systems for which the energy spectrum depends on two quantum num-
bers, have also been made in recent years [33, 34, 50, 51, 129, 130]. These phenomena
have been experimentally observed in both atomic [13, 14, 115, 117] and molecular sys-
tems [72].

A widely used method for probing the revival dynamics of wave packets is based on
a study of the autocorrelation function [8, 10, 131]. This method is directly related to
the observable signal in the pump-probe type experiments for studying the wave packet
dynamics. The autocorrelation function for an evolving wave pagkett) is given by the
overlap integralA(t) = (U (r,¢)|¥(r,0)).

57
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The autocorrelation function is a time series whose Fourier transform (FT) will reveal
all the frequencies, but will be unable to provide any information on when a particular fre-
quency appears. This is important in the present context as the frequencies are time varying.
In other words, fractional revivals of a particular order occur at particular instants of time.
What is really desirable is a time-frequency analysis of the autocorrelation function such
that we not only know all the frequencies, but also get information on when a particular
frequency occurs. This is the objective of the present work.

For the purpose of time-frequency analysis, short-time Fourier transform (STFT) has
often been used in the literature. This method divides the whole time series in several
windows, each of certain fixed width. Then the FT is performed in each window for ob-
taining the frequency information. Unfortunately, the time-frequency information obtained
by this method has not always been satisfactory as its fixed window length does compro-
mise on the frequency resolution. The method of continuous wavelet transform (CWT)
[61, 62, 64, 65, 132, 133, 134] overcomes the preset resolution problem of STFT by us-
ing a variable length window. This transform, by design, provides good localisation in
both time and frequency. The subject area of wavelets, developed mostly over the last fif-
teen years, is at the forefront of much current research in pure and applied mathematics,
physics, computer science and engineering. This transform has emerged over recent years
as a powerful time-frequency analysis. A narrow window is used for the analysis of the
high frequencies and gives a better time resolution. A wider window is used for the anal-
ysis of low frequencies and gives a better frequency resolution. The continuous wavelet
transform (CWT) of a signaf (¢) is defined as

76, = = [ e () (4.1)

This transformed signal is a function of two variablegndr, that are used respectively

to scale and translate the wavelet window whergass the complex conjugate of the
transforming function known as the mother wavelet for the CWT. In our study we have
used the Morlet wavelet as the mother wavelet. The contribution to the signal energy at
the specific scale and locationr is given by the two-dimensional wavelet energy density
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function known as the scalogram:
E(s,7) = |T(s,7)|*. 4.2

The frequencies are inversely proportional to the scale parameter, andahds together
help provide information in the time-frequency plane. In this work, we present a case
study to show that a wavelet-based time-frequency analysis is superior in many ways to the

standard time-domain analysis of the auto-correlation function.

4.2 Fractional Revivals of a Rydberg wave packet

We consider a Rydberg wave packet which is a superposition of circular hydrogenic states
havingl = m = n — 1 [114]. The time-dependent wave function for a localized wave

packet formed as a superposition of eigenstates may be written as

WP 1) = ety (F)e” (4.3)

As a pre-requisite for obtaining fractional revivals, we assume that the weighting proba-
bilities |c,,|* are strongly peaked around a mean valweth a spread\n = 1y — Nin <K
n. This allows us to expand the energy eigenvaligs= —(2n?)~! (in atomic unit) in a

Taylor series in n as follows

1 1
E,=E;+ E.(n—n) + 5E’;(n —n)*+ 6Eﬁ(n —n)d + .. (4.4)

Neglecting the overall time-dependent phase and considering up to the second order

term, we may writel,, as

- (n—n) (n—n)?
E, — o { —H o } | (45)

where each term in the expansion defines important characteristic time scale that depend

onn,

(4.6)
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Figure 4.1: Autocorrelation function of a Rydberg wave packet with 320, An = 40
ando = 2.5. Timet is in a.u. (in the unit ofl0'?).

Since the energy spectrum is known in this case, one obtains
Ty =27m0°, Tyew = 2Tun/3. 4.7)
The absolute square of autocorrelation function is

F(O) = [ADP = leal’lenl?eEmmth, (4.8)

whereE,,, = E, — E,,.

Fig. 4.1 shows a plot ofA(¢)|* as a function of time. This plot was generated by
choosing|c,|* as a Gaussian distribution with= 320, An = 40 and a FWHM given by
o =2.5.

Peaks appearing in Fig. 4.1, are the signature of revivals and fractional revivals. Fast
Fourier transform (FFT) of this time series data gives the individual spectral components
in the frequency plane as shown in Fig. 4.2. Although we can get complete frequency
information in this way, we do not have any idea on which frequency appears at what time.
On the other hand, the autocorrelation time series can be recovered by using the inverse
FFT, but the frequency information goes away completely.

Our goal is to acquire some frequency information in some particular times of interest.
In the next section, we make use of continuous wavelet transform to investigate how one is

able to resolve time and frequency in a better way.
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Figure 4.2: (Color online) Spectral components present in the autocorrelation function of
the Rydberg wave packet. Frequency is in a.u (in the unitof).

4.3 Time-Frequency Analysis

Wavelet based time-frequency representation or scalogram of the time serigglata
|A(t)|* is shown in Fig. 4.3. The scalogram was computed by usinditne-Frequency

Tool Box (TFTB) for MatLalp135]. Here, we have used the Morlet wavelet, described as a
complex exponential modulated by a Gaussian envelope. It is a function of time and given
by p(t) = n1/4eote=1*/2 with the central frequency,. Let At and Aw be the RMS

duration and bandwidth respectively of the mother wavelet, whereAt is given by

Af = \/f t—to |<,o ARG “.9)

(t))2dt

The term inside the square root is the second moment of the wavelet centéye8iati-

larly the bandwidth of the wavelet is

\/f (w — wo) \90( )\2de

w)|2dw

(4.10)

This mother wavelet is then used to build a set of daughter wavelets by transtétinig
time, and by dilating or contracting(¢), which not only adjusts the mean frequency but
also the spread of the daughter wavelet.

Consider the case when the mother wavelet is scaled Byhe Fourier transform of
©(t/s) is |slp(sw). The RMS duration becomest(s) = |s|At and the corresponding



A time frequency analysis of wave packet fractional revivals 62

RMS bandwidth isAw(s) = Aw/s. It implies At(s)Aw(s) = AtAw, which is indepen-
dent of the scaling parameter It is easy to show that the translation parametenerely
affects the location of the wavelet and not the RMS duration. Similarly, the RMS band-
width is also not affected by as translating a function does not affect the magnitude of
its Fourier transform. Thus, it suffices to consider the RMS duration and bandwidth of the
mother wavelet only.

Ability of the CWT to resolve events closely spaced in time increases with smaller
values of At. Similarly, the smaller the value akw, better is the ability of the CWT
to resolve events closely spaced in frequency. However, it is not possible to reduce the
uncertainty in both dimensions simultaneously as the time-frequency resolution is governed
by the uncertainty relatiodhwAt > 1/2 [62]. A wavelet with a smaller value ahwAt
provides better simultaneous localization in the time frequency plane than one with a larger
value. For our chosen mother wavelgt), Egs. (4.9) and (4.10) can be used to show that
the time bandwidth product reaches its minimum value of 1/2.

Referring to Fig. 4.3, we note that several patches appear in a rectangular array on the
time-frequency plane. Each patch is centered about a particular frequency and a particular
time. To help us understand the occurrence of these patches, we undertake an analytical
approach as described below. Recall that the absolute square of the autocorrelation function
is given by Eq. (4.8). Writingy = (t — 7)/s, the CWT of f(¢) can be written as

Tirs) = V5 [ Flus+ 10 )iy (4.11)
whereg(y) is the Morlet wavelet with shifted time and scaled by:
dly) = m V4elovev 2, (4.12)
Substituting in Eq. (4.11) and performing the integration guexe get

T(1,s) =V2ms Z |Co| [ |2~ /A e~ Bnm /R (w0t s Bam 1)* /2, (4.13)

Maximum values ofl’(7, s) corresponding to a particular scale parametehould occur

whenever the factar—(«o+sEnm/h*/2 gpproaches unity. This gives rise to a constraint:

wo = —SEpm /. (4.14)
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Figure 4.3: Time-frequency representation of the autocorrelation function of Rydberg
atom. Timet (in the unit of10'°) and frequency (in the unit af0—*) are in a.u.

Since the distribution functions, |* and|c,,|* are peaked about, the central frequency of
each frequency band in Fig. 4.1(b) can be obtained by settiag: andm = n + p, where

p is an integer. Sincey is positive, we must insist thatis apositiveinteger. Substituting

in EQ. (4.14) and using the quadratic approximation (4.5) for the energy eigenvalues, we

immediately get

2msp Ta
= 1— 4.15
o Tcl ( pTrev > ( )

Since the scale parameteis related to frequency by the relations = w,/(27f) and

T, < T,.., we finally obtain the simple formulae

p Wo
= -_— = . 4. 1
fp Tcl 9 S 2 fp ( 6)

The above formula correctly predicts the central frequencies around which the spectral
components are clustered in the frequency plane as was shown earlier in Fig. 4.1(b). Note
that each horizontal band in Fig. 4.3 has a spread about its central frequency. We will now
show that the terms corresponding to these frequencies add up coherently in the expression
for T'(t, s) at a particular time- given by

k
Tiev = — 4.17
/T = 5 (4.17)

wherek is an integer.
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Coherent addition of terms would require that the phase fastor—: F,,,,7/h) be the
same for these terms. That is, for arbitrary values ahdn’, one should be able to satisfy
the condition

TEpntp = TEw ip + 27N (4.18)

whereN is an integer number. Using the approximation (4.5), it is now easy to show that
7 is indeed given by the expression Eq. (4.17). An equivalent and simpler way of deriving
this result is to insist that the phase factep(—iTE,, ,,1,) is independent of.

The expression Eq. (4.17) gives us the time instants at whi¢th|? is peaked. Specif-
ically, it tells us which frequency beats occur at what times. The lowest frequencybeat
occurs forp = 1 at timest/T,., = 1/2, 1, 3/2, 2,.... Similarly, the frequency bedgt cor-
responding t@ = 2, occurs at/T;., = 1/4,1/2, 3/4, 1,.... Thus the patches appearing in
the bottom row give the transition frequency between any two consecutive lpveld);
the ones on the next row are the transition frequencies corresponding foand so on.

Thus interestingly, in time-frequency plane, one can find both time and frequency infor-
mation from the two time scal€g, andT;., by using the expressions (4.17) and (4.16).

In fact, these two expressions provide the location of each patch in the time-frequency
plane. As an example, let us consider the fourth maximum or patch in the third har-
monic appearing in Fig. 4.3. Here, the third harmonic correspongs=to3, so the fre-
qguency information corresponding to this patch can be obtained from Eq. (4.16), which is
f3 = 3/Ty = 1.457 x 107® a.u., as shown in Fig. 4.3. The corresponding value for time
can be obtained from Eq. (4.17). In this cake; 4, andp = 3, so the patch will appear at

t = 2Ty = 2.928 x 10" @.u.

How do these time-frequency patches relate to fractional revivals? Fractional revivals
occur whenever

7/ Trew = 5 (mod q) (4.19)

wherer andq are mutually prime integers [2]. By expressing Eq. (4.17) in the form (4.19),
one can obtain the correspondence between a particular patch in the time-frequency plane
and the fractional revival it contributes to. In this way, frequency bands, depicted in Fig. 4.3,
trace out the signature of fractional revivals and determine the different harmonics that are
expected to appear in fractional revivals of a given order.
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We end this section by noting that a time-frequency analysis of fractional revivals has
also been made previously for a different system, the vibrational wave packet of a diatomic
molecule [72]. The authors used a spectrogram rather than a scalogram. A spectrogram
is based on the short-time Fourier transform (STFT) whereas a scalogram is based on the
continuous wavelet transform (CWT). Notwithstanding the shortcomings of STFT as out-
lined in Introduction, we found that for the present system, results from both methods are
in reasonable agreement provided an appropriate window length is chosen for the spec-
trogram. The agreement probably stems from the fact that in both methods, as applied
to fractional revivals, we have so far only been concerned with the location of the centre
of time-frequency patches and not with the way each patch extends in the horizontal and

vertical directions.

4.4 Fractional Revivals of a diatomic molecular system

For a diatomic molecular system, the vibrational energy spectrum [128] can be expressed

as
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Figure 4.4: Autocorrelation function di, molecular wave packet with a Gaussian distri-
bution.n = 56, An = 30 ande = 3. Timet is in a.u. (in the unit ofl0%).

E,=—(D/X)(A—n—1/2)% (4.20)
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whereD is the dissociation energy. This quadratic energy spectrum yields the revival times
given by Ty = Ty /(2\ — 1) and T,., = 2w\%/D respectively, where\ = \/%.

We will be considering thd, molecule, as an example, with = 4.954, reduced mass

p = 11.56 x 10* a.u., equilibrium distance, = 5.03 a.u. andD = 0.057 a.u. The
autocorrelation function of, molecular wave packet of vibrational states is depicted in
Fig. 4.4 where the width of the Gaussian distribution is- 3. It includes30 bound states
aroundn = 56 whereT,; = 6.5 x 103a.u. andT,., = 1.5 x 10%a.u. respectively. Similar
analysis can be done fds molecule in the time-frequency plane. In Fig. 4.5, we show the
time frequency representation of the same autocorrelation function. The harmonics pull
out information of both time and frequency that was not obvious in the time domain. As
T << T,e, similar results can be acquired for timend frequency,, as obtained in the
case of Rydberg atom. For the fourth harmonics, frequency patches appetaﬁegﬂtw,

iTm, ng, %Tm etc. This wavelet analysis, made it possible to find the clear signature
of higher order fractional revivals.
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Figure 4.5: Time-frequency representation of the autocorrelation functiénrablecule.
Timet (in the unit of10%) and frequency (in the unit afo—*) are in a.u.

4.5 Advantages of the time-frequency representation

Itis seen that the wavelet-based time-frequency representation provides localisation in both

time and frequency. Higher order fractional revivals and their localisation in time are
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Figure 4.7: (a) A short-lived time series of autocorrelation function and (b) its wavelet
based time-frequency representation. Time (in the unitéf and frequency (in the unit
of 10~%) are in a.u.

clearly manifest in the time-frequency plane. We showed fiwandT;, are themselves
sufficient to explain the time-frequency plane completely.

Note also that the square of the autocorrelation function, plotted as a time series, does
not resolve fractional revivals unambiguously. More precisely, the order of the fractional
revival cannot always be determined. In contrast, the time-frequency representation intro-
duces a parameterthrough Egs. (4.16) and (4.17) that clearly separates out the fractional
revivals in a rectangular array on the time-frequency plane. In Fig. 4.6, we show how the
corresponding values filter out fractional revivals from the complicated plot of the auto-
correlation function. Fop = 1, one can find using Eq. (4.16). This specificvalue can
filter out the signature of fractional revivals as shown in Fig. 4.6(b). This is also true for
the higher order harmonics as shown in Fig. 4.6(c), (d) and (&) for, p = 3 andp = 4,
respectively. These specific valuessdilter out the signature of the corresponding higher
order fractional revivals.

The time-frequency representation can be useful for a wave packet that decays before
its revival time. Although the short-time evolution pf(¢)|? can still be used to estimate
T, [115], no information can be gained abdtt, if the energy spectrum of the system is
notknown. However, as long as the wave packet survives long enough for some patches to
occur in the scalogram (see Fig. 4.7), one can use Eq. (4.17) to esfiinate

For example, let us consider the first patch appearing in the sixth harmonics in Fig. 4.7
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(b). Here,k = 1 andp = 6. Eg. (4.17) predicts that this patch should occur around

7 = Trev/12. A close view of this patch in Fig. 4.8 shows that the patch is centered around
7 = 1.25x 10° a.u. Equating these two valuesobne immediately obtairs,., = 15 x 10°

a.u. What makes this possible is the better resolution available in the time-frequency plane

for the detection of fractional revivals.
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Figure 4.8: A close view of first patch appearing in the sixth harmonics in Fig. 4.7(b). Time
t (in the unit of10°) and frequency (in the unit afd—*) are in a.u.

Experimental observation reveals that the main source of decoherence of the vibrational
molecular wave packets is the coupling between the vibrational and rotational modes. It
causes dephasing and destroys the coherent structure of the wave packets. The characteris-
tic time of dephasing processis®. It is comparable to the vibrational periods which
appears in general 300 — 500 fs. For the potassium dimer ab0°C, v~ ~ 8.6 T,; for
the ground state ang~! ~ 6.7 T,, for the first excited electronic state respectively [49].

For longer time scales, the ratio of revival tiriig,, and the characteristic dephasing time
~~tis of order of102. Thus, the first revival would appear only after many cycles of their
vibrational periods. This situation is practically irrelevant in most experimental realiza-
tion. In such a case, this wave-based time-frequency method will be useful and can extract

information about the revival time scales of such short lived signal.

4.6 Conclusion

In conclusion, we demonstrate the time-frequency representation of autocorrelation func-

tion for the wave packet dynamics of Rydberg atom and a diatomic molecular system.
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Frequency information at different fractional revivals times are found. We showed that the

analytical results fully interpret our numerical results. In practice, decoherence causes de-
phasing in coherent structures which produces a short-lived output signal in pump-probe
type experiments. In such a case, this analysis can extract information about the revival
dynamics of a short-lived system even if the system decays before reaching its revival time.



Conclusions and Future Outlook

In conclusion the present thesis reports several new and interesting results in the area of
different application of fractional revivals of a wave packet. Here we have taken both the
atomic and diatomic molecular systems. Let us summarise the thesis in the following way:

In Chap. 2, we demonstrate that the interesting sub-Planck structure in mesoscopic
guantum systems can indeed be realized in the temporal evolution of vibrational wave
packets. This is clearly present, where four wave packets are produced in the temporal
evolution. The coherence parameigulays a crucial role in the formation of this structure.

For smaller values aof, |d,,|? includes the higher vibrational levels of the Morse potential,
where the anharmonicity is larger. With the increase dfi,,,|* distribution moves towards

the lower levels and the initial wave packet becomes well localized. Thus, one needs the
low-lying states for a clear observation of this structure. The sub-Planck scale has been
shown to control the effectiveness of decoherence, a subject of tremendous current interest
in the area of quantum computation and information.

In Chap. 3, we have studied the time evolution of a ro-vibrational diatomic molecular
wave packet of circular states. This is an example of a quantum system whose energy spec-
trum depends on two quantum numbers and whose revival structure will depend on two
time scales. Using, as an example of heavy molecules, we show that the rotational and
vibrational time scales are so far apart that the ro-vibrational motion gets decoupled and
the revival dynamics depends essentially on one time scale. For lightest molé¢yles,
the other hand, the evolution of the wave packet depends crucially on both the rotational
and vibrational time scales of revival. In the latter case, an interesting rotational vibra-
tional fractional revival is predicted and explained. We also obtain further confirmation of

our result from an analysis based on the auto-correlation function. The revival dynamics,

71
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ro-vibrational separability condition and the detailed spatial structure of the evolving wave
packet should be relevant and useful in the emerging areas of molecular wave packet dy-
namics, molecules in lasers fields, laser-assisted molecular engineering, isotope separation
and quantum computation.

In Chap. 4, we have made use of the continuous wavelet transform to demonstrate the
time-frequency representation of autocorrelation function for the wave packet dynamics of
a Rydberg wave packet. An analytical approach is provided to interpret the time-frequency
plane and explain our numerical observations. We have shown that the time-frequency
representation not only provides a complementary method of analyzing fractional revivals,
it is a better tool in resolving fractional revivals. Finally, itis shown that the time-frequency
representation may be able to extract information about the revival dynamics of a short-

lived system even if the system decays before reaching its revival time.
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