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ABSTRACT

In this thesis, we discuss the Standard Model of Cosmology and its achievements.
We discuss inflation, a period of accelerated expansion in the early universe, in
a great detail which is a cornerstone of Modern Cosmology, as it not only solves
the problems of initial conditions in the Standard Model but also can provide the
mechanism for generation of tiny density fluctuations in the early universe, which
are responsible for structures formation : the stars, galaxies and galactic clusters
of today. We give a detailed calculation of the power spectra of scalar and ten-
sor perturbations which characterizes the density fluctuations and gravitational
waves, respectively, in the universe. We briefly discuss the models of inflation in
the framework of Standard Einstein Gravity Theory, Modified Einstein Gravity
Theories and Supergravity Theories. We calculate the key inflationary observ-
ables : amplitude of the power spectrum of curvature perturbations A%, spectral
index ny and tensor-to-scalar ratio r. The recent data from Planck observations
give the amplitude and the spectral index as In(101°A%) = 3.089 + 0.036 and
ns = 0.9666 £+ 0.0062 at (68% CL), respectively. And Keck Array/BICEP2 CMB
polarization data combined with Planck analysis of CMB polarization and tem-
perature data put an upper bound on tensor-to-scalar ratio rg g5 < 0.07 at (95%
CL). We fix the parameters of the models under study by using these observed
values. Also in order to motivate these models, as they are not generic in the
particle physics models, we derive them from a fundamental theory called Su-
pergravity.

We give a Higgs inflation model with a generalized curvature coupling £¢? R®
which is a generalization of the Higgs inflation model £¢?R with A¢* potential.
In this model, with curvature coupling parameter £ of order unity, we could
resolve the problem of unitarity violation in scalar-graviton scatterings in {¢?R
Higgs inflation models. And with self-coupling A ~ 0.1, the inflaton field in
this model can be interpreted as standard model Higgs field. Also we find that,
upto slow-roll approximation, the predictions of Jordan and Einstein frames are

same and therefore the two frames are equivalent. However, this model predicts
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large tensor-to-scalar ratio. In the second part of this thesis, we study a power
law correction to Einstein gravity R + ﬁRB as a model of inflation. We find
that the two parameter power law model is actually equivalent to generalized
non-minimal curvature coupled models with quantum corrected A\¢* potentials,
i.e. models of the form £¢®R? + A\¢*(1+7). We find that this model predicts large
tensor-to-scalar ratio r &~ 0.22 compared to the experimental bound rq g5 < 0.07.
Therefore, a large class of curvature coupled models and models with quantum
corrected potentials are ruled out. In order to motivate R? correction to Einstein
gravity, we derived it from no-scale supergravity with minimal Wess-Zumino form
of superpotential and by adding a power law (¢+¢)" term to the minimal no-scale
SUGRA Kahler potential.

In the last part of this thesis, we present a generalized two-field inflation-
ary scenario where inflaton field is accompanied by a dilaton field and has a
non-canonical kinetic term due to the presence of a dilaton field. We show that
in such an inflationary scenario, the quartic and quadratic inflaton potentials,
which in the context of single field slow-roll inflation are ruled out by the present
Planck data, yield the observed scalar spectral index and tensor-to-scalar ratio.
This model predicts a tensor-to-scalar ratio of the order of 1072 which can be
probed by future B-mode experiments like Keck/BICEP3, LiteBIRD, CMBPol
and thus can be put to test in future. In a multifield scenario, the curvature
perturbations are not constant on superhorizon scales and isocurvature pertur-
bations are expected to be generated. We show that in the considered two-field
scenario, upto slow-roll approximation, the isocurvature perturbations vanish. To
motivate such a two-field model, we show that it can be derived from no-scale su-
pergravity with appropriate choice of superpotential and string motivated Kéhler
potential. Future observations of B—mode will verify or rule out models studied

in this thesis.

Keywords : FLRW Cosmology, Inflation, CMBR Physics, B—mode, Higgs,
Modified Gravity, Jordan Frame, Conformal Transformation, Einstein Frame,

Supergravity, No-scale Supergravity, WMAP /Planck/ Keck/BICEP Observations.
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Chapter 1

Introduction

“For me, it is far better to grasp the Universe as it really is than to persist in

delusion, however satisfying and reassuring.”

— Carl Sagan

Today the very basic picture of our observable universe is presented quite
accurately by the standard Big Bang model of cosmology, also known as AC D M-
model or FLRW cosmology. Under the standard Big Bang model, the universe in

its early stages is considered to be very hot, uniform in its density and expanding

Figure 1.1: The temperature anisotropies map of the Cosmic Microwave Back-
ground Radiation (CMBR) as observed by Planck mission. Image credit: [1].
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uniformly in all the directions and cooling down at late times. So far, it has
passed a large number of increasingly precise tests. It successfully predicts the
age, Hubble expansion rate, mass density of the universe and light elemental
abundance in the early universe. Also it explains the presence of the Cosmic
Microwave Background Radiation (CMBR). The CMBR is a snapshot of the
oldest light in our universe leftover after decoupling and imprinted on the Last
Scattering Surface (LSS), when the universe was just 3,80,000 years old. The
most remarkable feature of CMBR is its high degree of uniformity everywhere
and in all the directions. It has inhomogeneity only at the level of one part in
10°. Figure 1.1 shows the temperature anisotropy in the CMBR. The Blue spots
represents the sky where the temperature is 107° below the mean temperature
Ty = 2.725°K. This corresponds to the regions where photons loose their energy
while climbing out of the gravitational potential of the overdense regions in the
early universe. Yellow and Red spots represents the underdense regions where the
temperature is 107> above the mean temperature. These tiny inhomogeneities in
the early universe are believed to have grown to cosmological scales later in the
history of the universe which resulted in structure formation : the stars, galaxies
and galactic clusters of today. Current precision measurements of these small
inhomogeneities in the CMBR has led to constraining a variety of cosmological
parameters and therefore theoretical cosmological models. However, the standard
Big Bang model could poorly explain some of the observed characteristics of the
universe, e.g. why the universe is so uniform and its intrinsic geometry is so
flat. These unsolved problems in standard cosmological model are also known
as Horizon and Flatness problems. Invocation of a rapid exponential expansion
phase, Inflation, in the very beginning of the universe could solve these problems.
Inflation is the main theme of this thesis. But before we go into the details of
inflation, let us briefly discuss the FRLW cosmology, the problems therein and

the solutions presented by inflation.
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1.1 FLRW Cosmology

Cosmology aims to understand the past, present and future dynamics of our Uni-
verse. The combination of high precision observational data and the theoretical
understanding of the universe has led to the standard model of cosmology or
the ACDM (A Cold Dark Matter) model. The standard model of cosmology is
based on three fundamental assumptions : (i) On the large-scales O(10%Mpc)
our universe is Homogeneous and Isotropic. (ii) Gravity is described by the
Einstein’s General Theory of Relativity. (iii) The basic material constituents of
our universe are described by the standard model particles and in addition dark

matter and dark energy (or a cosmological constant).

The homogeneity and isotropy of the universe describes the invariance under
the spatial translations and rotations. This is also known as the Cosmological
Principle. We know that the universe at largest scale (> 100Mpc) is homo-
geneous and isotropic from the CMBR observations and expanding from the
Type Ia supernova observations. The homogeneity, isotropy and expanding na-
ture of the space-time is mathematically described by the Freidmann-Lemaitre-

Robertson-Walker (FLRW) metric given by

ds®* = g,,dz'dz”
2

= —di? + a?(t) [ +1? (d6” + sin20d¢2)] , (1.1)

1—kr?
where a(t) is scale factor which describes the spatial expansion in cosmic time
t and (r,0,¢) are the comoving spatial coordinates. & represents the spatial
curvature and can take values 41,0, —1 describing open, flat and closed universe,
respectively. In Cartesian coordinates, for flat universe, the above metric can be

written as
ds® = —dt* + a*(t)dx?, (1.2)

where x = (x,y, z). In comoving coordinates, the distance dx between any two
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spatial points is always fixed (or constant) and the physical distance between

them is given by a(t)dz.

The dynamics of the universe is studied using the Einstein field equations.
The field equations can be derived by varying the Einstein Hilbert action w.r.t.

metric g,,,. The Einstein-Hilbert action is given by
1
Sp = 5/d%, /=g [M2R — 2| + Sy, (1.3)

where ¢ is the determinant of the metric g,,, d*z\/—g is the invariant volume
element, R is the Ricci scalar and M, is the reduced Planck mass M? = (87G)~".
Sy is the additional matter and A is the cosmological constant introduced by

Einstein in order to explain the static universe.

Demanding the action Sg to be invariant under the infinitesimal change in

the metric, i.e. dg,,, we get the Einstein Field equations as
G = 81GT,, — Ag,, (1.4)
where G, is the Einstein tensor :
_ 1
G/ﬂ, = R,UJ/ — §Rg#1, (].5)

and R, is the Ricci curvature tensor derived from the metric g, and the Ricci
scalar R = g,, R"”. The field equation (1.4) relates the curvature of the space-
time, represented by the LHS, to the matter content of the universe through

symmetric stress-energy tensor 7}, appearing on the RHS.

In the standard model of cosmology, the matter content of the universe is
described by a perfect fluid which is characterised only by the energy density p
and isotropic pressure p. The stress-energy-momentum tensor for a perfect fluid

with energy density p and pressure p is given by

T;w - (p + p)u,u,uz/ + PAuv, (16)
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where w,, is the 4-velocity of the fluid in some arbitrary coordinate system z,

given by
dx,,
= ¢ 1.7
U’H dT ( )
here 7 is the proper time of the observer, so that g"u,u, = —1. If such a fluid is

at rest in the geometry described by metric (1.1) and obeys the equation of state
p; = w;p;, then from the covariant conservation of the stress-energy-momentum
tensor, i.e. 7, 7" = 0, we find the equation of motion of energy densities in the
FLRW universe

pi +3H(1+w;)p; =0, (1.8)

where H = % is the Hubble parameter describing Hubble expansion rate, i rep-
resents the various components of the cosmological fluid, e.g. matter, radiation
and dark energy, and w; represents the respective equation of state parameter
for different components. For the system as a whole, the total energy density is
given by

P = Z Pi (1.9)

i

and total pressure is given by

P:Zpi- (1.10)

The solution of the continuity equation (1.8) is given by
pi o< a3, (1.11)

As the universe expands, the matter density, consisting of all non-relativistic

matter particles, dilutes as p,, o a~3; and radiation density, consisting of all rel-

4

ativistic particles, dilutes as p, oc a™*, as for pressureless non-relativistic matter

w = 0 and for radiation w = % For w = —1 which corresponds to a nega-
tive pressure fluid, a strange behavior occurs, the energy density of the universe
remains constant as the universe expands. Such an exotic matter is known as
Dark Energy or Cosmological Constant and usually attributed to the present day

accelerated expansion of our universe.
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In the flat FLRW universe the dynamics of the scale factor a(t) is determined
through Friedmann equations which can be derived by solving Einstein field

equation (1.4) for the FLRW metric (1.1) and energy-momentum tensor (1.6):

a? &nGp A K

— = —— — 1.12
a? 3 + 3 a? ( )
a 4G A

A I 7 W 1.13
" 3 (p+3p) + X (1.13)

According to acceleration equation if A = 0 then the matter and radiation filled
universe decelerates which contradicts the observational data from Type-la su-
pernovae [2, 3], South Pole Telescope [!] and from the measurement of high
multipole CMB data [5—7]. These observations have led to the conclusion that
the universe is accelerating in its expansion. In the ACDM model the present
accelerated expansion is achieved with a small positive cosmological constant
A. Also from equation (1.13) it is implied, that the present accelerated expan-
sion can be achieved if the energy density of the universe is dominated by some
unknown exotic matter with negative pressure p < %p or equation of state pa-
rameter w < %1 Such an exotic matter with w < %1 generates repulsive gravity.
To consider different matter contributions to the total energy density of the uni-

verse, it is common to define the density parameter as

&
Pc

Q; (1.14)

where p. is the critical density for which the universe is spatially flat i.e. from
equation (1.12) p. = % for k = 0. We define the total density parameter of the

universe as

Q:ZQ (1.15)

If we divide Friedmann equation (1.12) by H?, it can be written as

D4+ = D+ Q+ U+ Qs

= 1 (1.16)
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A _ 881G

where QA = 32 — 3H2

pa and €, = 5% are the dark energy and curvature
density parameters respectively. The matter density parameter consists of bary-
onic matter and non-relativistic cold dark matter (CDM), i.e. Q,,, = Qp + Qepur-
The recent Planck observations of CMB [7] combined with WMAP polariza-

tion data [0] for low multipoles [ < 23, give the present values of the density

parameters at 68%CL as:

Oh* = 0.02205 + 0.00028, (1.17)
Qepuh? = 0.1199 £ 0.0027, (1.18)
Qp = 0.685750518 (1.19)

where h is the dimensionless parameter defined through the present value of the

Hubble parameter as

Hy = 100k km s 'Mpc!

= 67.3+£1.2 km s "Mpc " (1.20)

Therefore, the present observations suggest that our universe is composed of
nearly 4.9% atoms (or baryons), 26.8% (cold) dark matter and 68.3% of dark en-
ergy which adds up to approximately 1 in the total density parameter. According
to Planck combined with BAO data [7]

€, = 0.000 + 0.005 (95% CL). (1.21)

Therefore, the observations suggest that the intrinsic geometry of our universe
is very close to flat i.e. kK >~ 0 or the universe is at the critical density. Why the
universe is so close to flat geometry or at its critical density is known as flatness
problem. We will see in the next section, in the discussion of flatness problem
that as we go back more and more in the past, the density parameter €2, tends to
be closer and closer to zero and hence this problem is also termed as fine tuning

problem.
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1.2 Inflation

1.2.1 The Problem of Initial Conditions

So far we have discussed the ACDM model which can describe the evolution of
the universe in a great detail. Before we discuss the mathematical description
of inflation, let us briefly discuss the problem of initial conditions. The conven-
tional model of standard Big Bang cosmology requires a set of fine-tuned initial
conditions so that the universe could evolve to its present state. These initial
conditions are the assumptions of the extreme flatness and homogeneity in the
beginning of the universe. The dramatic flatness of the universe at its beginning
can not be predicted or explained by the standard model, instead it must be
assumed as an initial condition. Similarly, the large scale homogeneity of the
universe is not predicted or explained by the standard model but it must be

assumed.

In the late 1970’s, cosmologists realised the problem of initial conditions with
the ACDM model and solution to these problems could be reached at with
the invocation of an accelerated expansion phase in the early evolution of the
universe. This accelerated expansion phase is termed as Inflation [3—16]. The
cosmological inflation is believed to took place in the very early universe around
1073 seconds after the Big Bang. Remarkably, inflation not only explains the
large scale homogeneity and isotropy of the universe but also widely accepted
as responsible for the formation and evolution of the structures in the universe.
Inflation can provide the mechanism for producing the tiny density fluctuations
which are responsible for seeding the structures in our universe e.g. stars, galaxies

and galactic clusters.

Mathematically, the accelerated expansion of the FLRW universe or condition

for inflation can be given as

i> 0. (1.22)

The second time derivative of the scale factor can easily be related to the time
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variation of the Hubble parameter as

Z = H*(1 —¢), (1.23)

H

where € = — 43

Therefore acceleration d > 0 corresponds to

H 1 dH
_ Ly 1.24
‘T T THAN S (1.24)

here, we have defined dN = dlna = Hdt, which determines the number of e-
foldings in an inflationary expansion. More precisely the number of e-foldings N

during inflation in the time interval ¢; < t < t. is given by the integral

te
N = [ Hdt (1.25)

ti

The equation (1.24) implies that the fractional change in the Hubble parameter
per e-folding is small. An inflationary scenario where this change is too small
1.e. € << 1 is termed as slow-roll inflation.

Also from the acceleration equation (1.13), we see that, for inflation, the
energy density of the universe must be dominated by a fluid whose equation of
state satisfies the condition

1
. (1.26)

p 3

w

In 1981, Alan Guth discussed the flatness and horizon problems in his paper
on inflation and the mechanism to solve them [3]. Below we discuss in detail the

Flatness and Horizon problems and their solutions presented by inflation.

1.2.2 Inflation Solves the Horizon Problem

To understand the horizon problem we introduce the comoving (particle) horizon
or the conformal time 7 defined as the causal horizon or the maximum distance

light can travel between the time 0 and ¢

todt
"= /0 a(t')

— /0 “(aH) d(Ina), (1.27)
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where (aH)™! is defined as the comoving Hubble radius. The comoving Hubble
radius determines whether the two regions in the universe can communicate or
not ¢.e. whether they are within each others causal horizon or not. The condition

for inflation (1.22) implies that the comoving Hubble radius decreases in time

i <a;[) <0, (1.28)
therefore the universe which was within its causal horizon will soon go outside
the horizon due to accelerated expansion. The photons from the two different
regions in the CMB sky or on the last scattering surface (LSS), that we observe
today, were well outside from each others causal horizon when they were first
emitted. The last scattering surface is the sphere of points in the CMB sky when

the photons were first decoupled from the rest of the matter.

Consider two regions at LSS, if these two regions were so distant apart that
they were outside each others particle horizon than there is no possibility that
they were interacting. However, if they were outside the comoving Hubble radius
but inside the particle horizon then there is a possibility that they communicated
at some point of time in the past. We know from the CMB observations that
the background temperature is nearly uniform in the universe. From this, one
can infer that the two regions on the opposite sides of the universe were in
causal contact at LSS. However, when we extrapolate the light rays backward
towards LSS, it is found that these regions were not in causal contact. From the
temperature of the photons at the time of last scattering Trss ~ 0.3eV and
the CMB temperature today Ty ~ 10713GeV it can be estimated that the two
regions on the LSS which were separated by an angular distance greater than
1°, which corresponds to multipoles smaller than [ ~ 200, were not in causal
contact. But today we know from the CMB observations that even those regions
in the sky which are separated by much larger angular separations than 1° share
the same temperature. The horizon problem poses the question that when the
two distant regions at the LSS were so distant apart that they were not in causal

contact, then how could they share the same temperature today.



1.2. Inflation 11

Inflation is able to solve the horizon problem as it causes the comoving Hubble
radius to decrease and particle horizon to be nearly constant during the infla-
tionary expansion. Therefore, this allows more and more regions of the universe
to be in causal contact. In other words, inflation caused different regions of the
universe, which were in causal contact before inflation, to go outside the particle
horizon. Therefore, it is no surprise that today universe is filled with incredibly

large number of homogeneous patches even at the large angular separations.

1.2.3 Flatness Problem is Solved by Inflation

The flatness problem states that why the intrinsic geometry of our universe is
very close to flat 72.e. kK ~ 0 or €2, ~ 0. Flatness problem could also be stated
as why the present energy density of our universe is at its critical density. To
quantify the problem, consider the Friedmann equation (1.12) in the following

form

I
Q-1=—0. (1.29)

Observations suggest that our universe during most of its history underwent a
radiation dominated epoch so we consider the the FRW universe to be radiation
dominated. From the solution of the continuity equation (1.11) during radiation

4 we can solve Friedmann equation (1.12) to relate scale

dominated epoch p ~ a~
factor with time

a~t’? — H~a2 (1.30)

Substituting the above result into the Friedmann equation (1.29), we get
|Q — 1] ~ a®. (1.31)

Taking the ratio of equation (1.31) at some very early epoch ¢; and present epoch
to
@ — 1] a?(t)
Q0 — 1] a®(to)

(1.32)

Since the evolution of the scale factor relates to the evolving temperature of the

universe as T ~ a~! and we know from the observations that today the universe
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is close to flat |29 — 1| ~ O(1) , therefore using (1.32), we find that at different
times e.g. at Planck time, BBN and GUT, the deviations from the flatness can

be obtained as

Qp —1] < O(107%) (1.33)
Qcvr — 1] < O(107°) (1.34)
Qppn — 1] < O(107'9). (1.35)

We therefore find that as we go more and more into the past, the universe seems
incredibly fine-tuned towards flatness.

It is easy to see that inflation is able to solve this problem. If the universe
in its early history underwent quasi-exponential expansion in some time interval
t; <t < t.during which the Hubble rate H is nearly constant then the Friedmann

equation (1.29) gives
2 — 1] _ alte)?
Qe — 1] a(t:)*

(1.36)

Since the scale factor grows quasi-exponentially as the inflation proceeds, there-
fore a(t.) > a(t;) (please note that here §2; is some initial value of the total
density parameter and it does not represent density parameter for different cos-
mological fluids as defined earlier). We see that for some generic initial density
Q; # 1, the quantity |2, — 1| is driven incredibly close to zero and hence the
universe evolves very close to flatness as the inflation proceeds. A more straight
forward argument to solve the flatness problem can be given in terms of comov-
ing Hubble radius. From the Friedmann equation (1.29) it is clear that as the
comoving Hubble radius decreases during inflation, it drives the quantity 2 — 1

towards zero and therefore the universe towards flatness.

1.3 Inflation from Modified Gravity Theories

The standard Big-Bang model of cosmology based on radiation and matter dom-
inated epochs can be well described within the framework of Einstein’s General

Theory of Relativity. However, a rapid development of observational cosmology
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in nearly last three decades has established that our universe has undergone two
phases of cosmic acceleration. The first phase is called inflation which occurred
before radiation domination and the second phase is called the late time accel-
eration which started after matter domination. A scalar field ¢ with a slowly
varying potential can be a candidate to source the inflation as well as the late
time acceleration (or Dark Energy). While scalar field models of inflation and
dark energy in the General Relativity (GR) framework correspond to modifica-
tion of the energy momentum tensor in the field equations, there exists another
approach to explain the early and late time acceleration of the universe. This
corresponds to modified gravity theories in which the action is modified com-
pared to GR action. The Lagrangian density for GR is given by f(R) = R — 2A,
where R is Ricci scalar and A is a cosmological constant. The A, which can
give an exponential expansion, can not be used for inflation because accelerated
expansion that needs to end to connect to the radiation dominated epoch can
not be achieved with pure cosmological constant. However, it can be used to
explain the late time acceleration since the acceleration today does not need to

end.

One of the simplest known modifications to General Relativity is the f(R)-
gravity in which the Lagrangian density f(R) can be a generic function of Ricci
scalar R [17, 158]. A very well known model with f(R) = R + 1 R?, (M > 0),
is the Starobinsky model of inflation which can lead to an accelerated expan-
sion of the universe due to the presence of the term 5 R* [10]. This model
is well consistent with observations of the CMB anisotropies and therefore can
be a viable alternative to the scalar field model of inflation. It is well known
that the f(R) gravity theories in the metric formalism (in which the field equa-
tions are obtained by varying the action w.r.t. the metric g,,) are equivalent
to scalar-tensor theory, the Brans-Dicke theory, with the Brans-Dicke parameter

wpp equals to zero [19)].

The simple single-field inflation models in which there is no coupling between
the scalar field ¢ and the Ricci curvature scalar R in the action are known

as minimally coupled inflation model, e.g. the standard slow-roll inflation model.
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There is another class of models with Lagrangian density f(¢)R which are termed
as non-minimally coupled inflation models due to the presence of a coupling
between field and curvature scalar. A simplest well known model of inflation with
non-minimal coupling is the Higgs inflation model where the Higgs scalar ¢ can
give rise to a viable inflationary phase as a result of coupling with the curvature
scalar of the form f(¢)R = R + £¢*R, where £ is the non-minimal coupling
parameter [20]. Interestingly, the Starobinsky model of inflation is shown to
be equivalent to Higgs inflation model in the conformal Einstein frame [19, 20].
Both of these models lead to the same scalar potential in Einstein frame which
can be shown via conformal transformation of the metric g,,. We will see in
the Chapter 2 that a general f(R) and f(¢)R gravity action can be conformally
transformed to an Einstein frame action [19]. These actions may arise naturally
in the low energy limit of higher dimensional theories e.g. in supergravity, string
theory and Kaluza-Klein theories [21, 22]. There is an important difference
between f(R) and f(¢)R theories that unlike the non-minimal f(¢)R theories,
the minimally coupled f(R) theories don’t depend on extra scalar fields but relies
on the scalar degree of freedom of the EF metric tensor itself which can provide

the potential and the kinetic terms of the inflaton in the EF.

In general, any frame in which the action has non-standard form of the grav-
ity sector are termed as Jordan frame (JF), e.g. f(R) and f(¢)R gravity actions.
On the other, hand one can go to an Einstein frame (EF) via conformal trans-
formation of the metric where gravity sector of the action has the standard
Einstein-Hilbert form i.e. the Ricci scalar in the action is minimally coupled to
the field. Also, in such JF theories the conformal transformations lead to an
EF action where it has a non-canonical kinetic term in the field. However the
non-canonical kinetic term can be converted into canonical form by redefining
the JF field into an EF field. Also due to conformal transformation the scalar
potentials in both the frames become different and they are related via conformal

transformation factor.

The usefulness of conformal transformations of modified gravity theories to

an EF lies in the fact, that once we have converted any generic JF action into
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EF action, we don’t need to perform the background calculation and work out
the whole complicated perturbation theory to determine physical observables, in-
stead we can directly use the mathematical expressions for physical observables
as obtained in the Einstein frame calculations. It should be noted that physical
cosmological observables are unaltered by the conformal transformation proce-
dure [23-20]. However, the quantities that are not physical observables may be
altered [27].

In f(¢)R theories the action is linear in Ricci scalar. However, there are even
more generalized models with Lagrangian density of the form f(¢, R) possible
where, along with non-minimal coupling, the Ricci scalar can appear non-linearly.
The important point to make here is that both f(R) and f(¢)R theories can
be transformed to an conformal EF. However, in general it is not possible to
conformally transform f(¢, R) action, with non-linear terms in R, to an Einstein
frame action. We will discuss this type of scenario in a great detail in Chapter §3
in the context of generalized non-minimal Higgs inflation, where we will show
that although exactly it is not possible to conformally transform f(¢, R) action to
an EF but it can be done under the large field approximation. We will study the
conformal transformation of f(R) action into EF in more detail in Chapter §4.

Exhaustive studies of f(R), f(¢)R and f(¢, R) theories can be found in Ref.s [19,
-34].

1.4 Inflation from Supergravity Theory

Supergravity (SUGRA) is a local version of the N/ = 1 Supersymmetry (SUSY)
in four dimension [35-38]. Supersymmetry is a symmetry which relates fermionic
and bosonic degrees of freedom. N represents the number of independent SUSY
transformations and therefore independent SUSY transformation parameters.
Global SUSY extension of standard model (SM) of particle physics can not only
solve the hierarchy problem but also account for the large amount of dark matter
in our universe. SUSY in the context of cosmology is also a welcome tool. If

nature is found to be supersymmetric then gravitational sector should be super-
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symmetric too. The local version of SUSY automatically engages the theory of
gravity as spin—3/2 gauge field ¢}, termed as gravitino, of the SUGRA transfor-
mations has superpartner spin—2 tensor field g,,, termed as graviton which can
be identified with the metric tensor. Therefore, local SUSY is a perfect landscape
for establishing connections between high energy particle physics and cosmology.
The basic difference between a local and a global SUSY is that the symmetry

transformation parameter in local SUSY is explicitly spacetime dependent.

The presence of many scalar fields in the supersymmetry allows to realize
inflation within its framework. Since in models of inflation, the inflationary
energy scale is very high and close to the fundamental scale of gravity, the Planck
scale M, ~ 10GeV, where all the fundamental forces are expected to unify, the
effects of an unknown theory of quantum gravity can not be neglected. The
N =1 SUGRA in four dimensions may offer an effective description of quantum
gravity. Also it is worth noting that SUSY plays a crucial role in the structure
of string theory and the low-energy limit of the string theory compactifications

include supergravity .

Realizing inflation in SUGRA is not so trivial because of the presence of
an exponential factor in the scalar potential of the supergravity. For canonical
Kéhler potential §% ¢i¢;, any scalar field or inflaton acquires mass of the order
of Hubble parameter and it violates one of the slow-roll condition. Therefore,
it is not possible to have nearly flat potential for successful inflation in these
models. This problem in realizing inflation in SUGRA is known as n problem [39,

. This difficulty can not be resolved without invoking some symmetry or
fine tuning of the scalar potential. To resolve this problem people tune the
Kéhler potential and superpotential in SUGRA models to obtain a suitable scalar
potential which can provide slow-roll inflation. The Ké&hler potential must be
fixed by the model builder and they are not fixed by the symmetries of the
theory. There are no legitimate reasons to justify the choices of the Kéhler

potentials and superpotentials.

During the development of Starobinsky model of inflation in early 1980,
the no-scale SUGRA was also discovered and developed and applied to parti-
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cle physics problems [11-11]. As required for successful inflation, in SUGRA
models of inflation the effective potential should vary slowly enough for a suf-
ficient period over a large range of inflaton field values during inflation. This
occurs naturally in no-scale supergravity models [37, 11, 11]. Also in these mod-
els the energy scale of the effective potential can be naturally much smaller than
M, ~ 10"GeV as required by CMB observations. These models are called no-
scale because the scale at which the SUSY breaks is undetermined at the tree
level and could be anywhere between the experimental lower limit 1 T'eV from the
LHC [15] and 10 TeV from the measurement of tensor-to-scalar ratio [16]. These
no-scale SUGRA models have an attractive feature that they arise naturally in
generic four dimensional reductions of string theory [17] and therefore they were
proposed as a framework for constructing models of inflation [18]. There are sev-

eral inflationary models in the context of no-scale supergravity [37, 41, 44, 19].

1.5 Models of Inflation and Key Inflationary
Observables

The models of inflation can be broadly divided into two categories: large field
inflation and small field inflation. The class of models in which during inflation
¢s > 1M, are called the large field models. The chaotic potential V(¢) = \,,¢"
models and exponential potential V(¢) = Voe? models are the large field type
models. In the chaotic inflation scenario, first introduced in [50], as the universe
exits the Planck era at ¢t ~ 10™%3sec the initial value of the inflaton field is set
chaotically, i.e. it acquires different values in different parts of the universe and
the initial displacement of the field from the minimum of the potential is larger
than Planck scale. These models usually satisfy V”(¢) > 0. There are another
class of models, known as small field inflation, in which the slow-roll trajectory
is at the small field values ¢5 < 1M,. In these models the field starts close
to an unstable maximum of the potential and rolls down to a stable minimum.
An example of small field models is 'new inflation’ [71] which arises naturally

in the mechanism of spontaneous symmetry breaking. In general, the form of
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the potential in these models are V(¢) = V(1 — ¢™) and typically these models
satisfy V" (¢) < 0.

A basic difference between the large field and small field models is that the
large field models predict large amplitude of gravity waves produced during in-
flation whereas the small field models predict small amplitudes of gravity waves
which are too small to be detected in future observations. In either class of these
models the inflation ends as soon as the slow-roll conditions are violated and the
field rolls down to the minimum of the potential, oscillates and decays into the
standard model particles. The decay process of the fields into standard model
particles is known as reheating and after this universe eventually enters into the

radiation domination phase [52, 53].
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Figure 1.2: The n, and rggp values at 68%CL and 95%CL from Planck in
combination with other data sets are compared with theoretical predictions of
various slow-roll inflation models. Figure credit: [5].

We will see in Chapter §2 that the models of standard slow-roll inflation are
typically defined through its scalar potential. For any inflation model in order
not to be ruled out, it must predict certain physical quantities in agreement with
the observations. These physical quantities/observables are: the amplitude of
the power spectrum of curvature perturbations A%, spectral index n,, running
of spectral index o, and tensor-to-scalar ratio r. These observables will be intro-

duced in a great detail in Section §2.2. The latest constraints on the inflationary
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observables as given by Planck-2015, for the combination Planck TT + lowP, are

[54]

In(10"°A%) = 3.089 + 0.036, (1.37)
nye = 0.9666 + 0.0062, (1.38)
roooz < 0.1 (1.39)

The above values are for 7-parameter AC'DM+r model, when there is no scale
dependence of the scalar and tensor spectral indices. The value of amplitude
and spectral index are given at 68%CL at the pivot scale k = 0.05Mpc 1.
Whereas the upper bound on tensor-to-scalar ratio is determined at 95%CL
at k = 0.002Mpc=! [54]. There are numerous models of inflation. For a review
on variety of models of inflation we refer the reader to ref. [55] and references
therein. The n, — r predictions, at the lowest order in slow-roll, for various
single-field and modified gravity models with e-folds between 50 < N < 60 are

as shown in Fig. 1.2.

Also for 8-parameter AC'DM-+r+a, model, when there is k—dependence of
the spectral index or there is a running of the spectral index, the Planck obser-

vations give

ns = 0.9667 = 0.0132, (1.40)

ro.os < 0.168. (141)

The value of amplitude and spectral index are given at 68%CL at the pivot
scale k& = 0.05Mpc—t. Whereas the upper bound on tensor-to-scalar ratio is
determined at 95%CL at k = 0.05Mpc—t. However, the amplitude of the power
spectrum remains the same. Notice that with running, the constraint on tensor-

to-scalar ratio is relaxed.

Later, the joint BICEP2/Keck Array and Planck analysis put an upper limit
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on tensor-to-scalar [50]

Most recently BICEP2/Keck Array Collaboration with its CMB polarization
data and combining it with Planck analysis of CMB polarization and temperature

data have further improved the bound on r [57]

We will use these observed values to constrain parameters of the models studied

in this thesis.

1.6 Notational Clarifications

o We shall use the metric signature (-, +, +, +) through out this thesis.

o In Chapter §2 and Chapter §5, field ¢ and potential V' (¢) are the Einstein

frame inflaton field and inflaton potential, respectively.

o In Chapter §3 and Chapter §4, field ¢ and potential V' (¢) are the Jordan
frame inflaton field and inflaton potential, respectively. Whereas field y
and potential U(x) represent the Einstein frame inflaton field and inflaton
potential, respectively. Also in these Chapters, quantities with tilde explic-
itly represent the quantities in Einstein frame. E.g. R and H are the Ricci
scalar and Hubble parameter of Einstein frame, respectively. Whereas the
same quantities without tilde, i.e. R and H are the Ricci scalar and Hubble

parameter of Jordan frame, respectively.

¢ Fields ¢;, in Sections §4.3 and §5.4 on SUGRA models, are the Superfields.
They can be inflaton or can not be, their exact nature is described in these

Sections.

© Some of the Parameters, e.g. a;, 5, v, A, &, a, b, n, m, are used repeatedly



1.7. Outline of the Thesis 21

in different Chapters. Their role/meaning is defined at the model action
or in various defining relations in the respective Chapters. Therefore, the
parameters of one Chapter should not be confused with the parameters of

the other Chapter.

1.7 Outline of the Thesis

In this thesis, we study the single and double field models of inflation in the
framework of modified gravity theories. In order to motivate these models, as
they are not generic in the particle physics models, we derive them from a funda-
mental theory called supergravity. The main contents of the thesis are organized
as follows :

In Chapter §2, we will give the necessary theoretical foundations for the pur-
pose of this thesis. We will mainly discuss the slow-roll inflation, the theory
of cosmological perturbations and, the modified gravity and supergravity frame-
work for inflation. We will discuss no-scale supergravity models, a special class of
supergravity theories, in order to motivate the modifications to standard Einstein
gravity.

In Chapter §3, we will discuss our model of generalized Higgs inflation £¢®R°
in the framework of f(¢, R) gravity theory. This model is a generalization of
the Higgs inflation model £¢?R which has a problem of unitarity violation at the
Planck scale energies. We will show that in the generalized Higgs inflationary
scenario with a Higgs quartic potential, the problem of unitarity violation and
the fine tuning problem of Higgs self-coupling can be resolved.

In Chapter §4, we will discuss our power law Starobinsky model R+ ﬁRﬁ of
inflation which is a generalization of Starobinsky model R+ ﬁR? We will show,
unlike Starobinsky model which gives small tensor-to-scalar ratio » ~ 0.001,
its generalization can produce larger r ~ 0.2. We will show that higher order
curvature theories like Starobinsky model and power law model can be derived
from the more fundamental theories like no-scale supergravity. Also, we will show

that generalized Higgs inflation models with quantum corrected A\¢* potential are
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equivalent to power law model.

In Chapter §5, we will discuss our two-field model of inflation with two arbi-
trary parameters. We will show that in this model quartic and quadratic inflaton
potentials, which in the context of single-field slow-roll inflation are ruled out by
Planck observations, can produce correct observational results. Also, in order
to motivate such a two-field model, we will give a derivation of this model from
no-scale supergravity.

In Chapter §6, we will summarize and conclude by pointing out the main

findings of this thesis.



Chapter 2

Theoretical Foundations

2.1 Scalar Fields as a Source of Inflation

The existence of scalar fields in the very early universe is suggested by our best
theories of fundamental interactions in Nature, which predict that the universe
went, through a succession of phase transitions in its early stages as it expanded
and cooled. In general, the phase transition occurs when certain scalar parame-
ters known as Higgs fields acquire a non-zero value or vacuum expectation value
(VEV) via a process called spontaneous symmetry breaking. The symmetry is
manifest as long as the Higgs fields have not acquired vev and it is spontaneously
broken as soon as at least one of the Higgs fields becomes non-zero. Therefore,
the existence of scalar fields in the early universe is suggested by the occurrence
of phase transitions and therefore provides the motivation for considering them

as the source of inflation.

Since the inflation requires a source with negative pressure as depicted in
relation (1.26). We will see here that scalar fields can act as a negative pressure

source.

The simplest inflation models involves a single scalar field ¢ which in the

inflationary context is termed as inflaton. The model is described by the following

23
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action

M?2 1
s = [dey=g [_;R + 29" 0,00,6 + V(0)
= /d4$\/—_g (ACEH + £¢) . (2'1)

In this action the inflaton field has a minimal coupling with the gravity and a
canonical kinetic term. V' (¢) is the potential of the field due to self-interaction
and it can be different in different inflation models. Here we will assume an
arbitrary V(¢). Also in this Chapter from here onwards, for the brevity of the
text, we shall work with M, = 1 unit and shall restore it after the Section §2.2.4

for clarity.

The energy momentum tensor of the scalar field can be obtained by varying

the action (2.1) w.r.t. the metric g, as

_ 2 9k
V=989
= 0,006 — g [ 57600+ V(9)]. (2.2)

Tj,,

In principle, scalar fields can be dependent on space and time both i.e. ¢ =
¢(t,x), however as we know that the universe is homogeneous on largest scales,
therefore at the background level, homogeneity implies that scalar field can be
described by its time dependence only, i.e. ¢(t,x) = ¢(t). Therefore for the
homogeneous background field, the energy momentum tensor for ¢ takes the

form of a perfect fluid (1.6) with energy density and pressure for scalar fields

given by
éz
po = THV(O) 23)
éz
ps = 5 —V(9), (2.4)
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respectively and hence the resulting equation of state

_qu_%—v(@

w¢:—_

Po L4V () (25)

If the potential energy of the field dominates over its kinetic energy i.e. ¢? <<
V(¢), then the above simple relation (2.5) implies that the scalar field can act
as a negative pressure source i.e. wy < 0 and can provide accelerated expansion
1.e. Wy < —%.

The equation of motion of the scalar field can be obtained by varying the

action (2.1) w.r.t. the field ¢ as

av.
9" 0,0) + —— =0, 2.6
SO0 0.0) + G = (26)
which for the background scalar field gives
¢+ 3Ho+V'(¢) =0, (2.7)

and the Friedmann equation for the scalar field can be obtained by varying the

action (2.1) w.r.t. metric g, as

H = (f + V(gb)) (2.8)

The equations (2.7) and (2.8) determines the dynamics of the scalar field in a
FRW universe.

2.1.1 Slow-roll Inflation

The equations (2.7) and (2.8) can be solved analytically for some specific po-
tentials V' (¢), however in general, an analytical solution is possible only under
slow-roll approximation. As discussed above, slow-roll inflation occurs when
P < V(¢) which implies that the field ¢ rolls down the potential slow enough
that the potential is nearly constant during inflation. A second order differen-

tiation of the condition ¢* < V(¢) implies ¢ < V'(¢) which ensures that the



26 Chapter 2. Theoretical Foundations

accelerated expansion is sustained for a sufficient period of time. Under slow-roll

approximation equations (2.7) and (2.8) become

V(e)
A 5
| I
¢(t)

\ %

- 0

Figure 2.1: A generic example of a slow-roll potential of inflaton. The shaded
region corresponds to slow-roll inflation when field rolls on the nearly flat part of
the potential. Along with the background evolution, the inflaton ¢(t¢) experiences
spatially varying quantum fluctuations d¢(t,x). Figure credit: [58].
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It is worth noting that the time variation of the Hubble parameter and scalar field
can be related easily by differentiating equation (2.10) w.r.t. time and combining
the result with equation (2.9) as

Q‘gz
_?'

H~ (2.11)

The slow-roll conditions ¢*> < V(¢) and ¢ < V'(¢) can be put into useful

dimensionless parameters as

e — _52 ~ ; @((;b))) <1, (2.12)
VO g (2.13)

T THE T V(9)

These two conditions ensures that the potential V' (¢) is sufficiently ‘flat’ that the

field ¢ rolls slowly enough for inflation to occur. A generic example of a slow-roll
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potential is shown in Fig. 2.1. In the figure the shaded region corresponds to
slow-roll inflation when field rolls on the nearly flat part of the potential between
the times when the observable modes of present particle horizon size leave the
horizon and when inflation ends. After the end of inflation when field has crossed
the flat part of the potential, it fast rolls, ¢? ~ V(¢), towards the minimum of
the potential and then oscillates and decays into the standard model particles.
It is worth considering the case in which V' (¢) is nearly constant during some
part of the period of inflation during which Hubble expansion is constant. Solving

(2.10), one obtains that during this period scale factor evolves exponentially
a(t) ~ e, (2.14)

such a spacetime is approximately de-Sitter.

From the acceleration equation (1.23), it is clear that inflation ends when

e(¢e) =1, (2.15)

which represents the violation of slow-roll condition ¢ < 1 and as soon as this
condition is met i.e. € = 1, the kinetic energy of the field ¢? becomes comparable
to its potential energy V' (¢) and the potential becomes steeper and field speeds
up towards the minimum of the potential as shown in the Fig.(2.1).

The number of e-foldings before the inflation ends, as defined in (2.12), is
given by , ,

te e H iV
N() = [ Hat = /¢ Zdo= /¢ 6, (2.16)

where we used the slow-roll equations (2.9) and (2.10). To solve the horizon
and flatness problems it is required that the total number of e-foldings during
inflation exceeds 60

Ny = In 2 > 60. (2.17)

However the precise value of Ny depends on the energy scale of inflation and
details of the reheating after inflation. It is during the slow-roll phase, which

lasts nearly 40 — 60 e-folds before inflation ends (the precise value again is deter-
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mined by the details of reheating and post-inflationary evolution of the universe),
when the quantum fluctuations in the field are imprinted on the CMB and ¢;

corresponds to the field value when these fluctuations in the CMB are created.

2.2 Cosmological Perturbation Theory

Here we present the calculation of the primordial density fluctuations power
spectra generated by quantum fluctuations in the inflaton field during inflation.
Observation of the CMB anisotropies 5—; ~ 107° proves that the early universe
was not perfectly uniform in its matter distribution. However, as the observed
anisotropies are very small, therefore these can be analyzed in terms of linear
quantum fluctuations d¢(t, x) around the homogeneous background. The linear
theory of cosmological perturbations is a cornerstone of the modern cosmology.
It not only explains the CMB anisotropies but also the formation and evolution
of the structures in the universe. The seed of these anisotropies were stretched
to astronomical scales because of the superluminal expansion of the cosmic space
during inflationary quasi de-Sitter expansion. This theory has been extensively

studied in literature; the details can be found in Ref.s [59, 60].

The linear perturbations of the metric g,, can be decomposed according to
their spin w.r.t. a local rotation of the spatial coordinates on the hypersurfaces of
constant time into three kinds of perturbations: scalar, vector and tensor. Here
we will study only scalar and tensor perturbations in detail. Scalar perturbations
explain the CMB temperature anisotropy (or matter density fluctuations) and
the seed for the structure formations in the universe. Omne can see from the
Einstein field equation (1.4) that the scalar perturbations which give rise to
perturbations in the energy-momentum tensor leads to metric perturbations.
On the other hand, metric perturbations back react through the perturbations
in the KG equations of motion (2.6) of the field, giving rise to field (or matter)

perturbations. Therefore

8y (t,X) == S6(L,x). (2.18)
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The tensor perturbations corresponds to primordial gravitational waves which
is a generic prediction of inflationary models. Observational constraints on the
amplitude of the primordial gravitational waves can be used to eliminate various

inflation models.

2.2.1 Linear Perturbations

Linear order perturbations in the metric and field around the homogeneous back-

ground solutions of the field ¢(t) and the metric g, (t) can be given as

0o(t,x) = o(t,x) — ¢(1), (2.19)

0y (t:%) = G, %) = G (1) (2.20)

The most general linearly perturbed spatially flat FLRW metric can be written

as

ds* = gudz'dz” (2.21)
= —(1+2®)dt* + 2a(t) Bidtdx' + a(t)*[(1 — 2W)5;;

+2E;;] do'da? (2.22)

where ®, U are the scalar perturbations, B; are the vector perturbations and
E;; are the tensor perturbations. According to SVT decomposition scalar, vector
and tensor perturbations are decoupled during inflation and therefore evolve in-
dependently, this is also known as Decomposition Theorem. This theorem implies
that if some physical process in the early universe sets up tensor perturbations
then these do not induce scalar perturbations, on the other hand, evolution of
the scalar perturbations is unaffected by the presence of any possible vector
and tensor perturbations [(1]. The importance of SVT decomposition is that
the Einstein equations for scalar, vector and tensor perturbations do not mix
at linear order and can therefore be studied separately. In this way the SVT
decomposition greatly simplifies the calculations. The vector perturbations are

not sourced by inflation and furthermore they quickly decay with the expansion
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of the universe [59]. Therefore we will ignore vector perturbations and focus on
scalar and tensor perturbations only.

According to SVT decomposition of the metric perturbations in real space,
the vector B; can be decomposed into a gradient of as scalar, say B, and diver-

gence free vector, say S;, as
B, =0,B— S, where 0'S; =0, (2.23)

and similarly, any second rank tensor £;; can be written in terms of a divergence

free vector and a traceless and divergence free tensor as

Since the g,, is a symmetric tensor therefore in 4-dimensions it has 10 indepen-
dent components or 10 degrees of freedom (d.o.f.). The 10 d.o.f. of metric has
been decomposed into 4+4+2 SVT d.o.f.; i.e. 4 scalar d.o.f. ¥, &, B, E, 2 vector

d.o.f. for S;, F; vectors each and 2 d.o.f. of tensor h;;.

2.2.2 Gauge Transformation and Gauge Invariance

In general relativity the gauge transformations are the general coordinate trans-
formations from one local reference frame to another. Here we will briefly review
the gauge fixing and the behavior of the scalar, vector and tensor perturbations
under general coordinate transformation. We will introduce the gauge invariant
quantities in next Section §2.2.3. Fixing a gauge in General relativity implies
choosing a coordinate system, a slicing of spacetime into constant time hyper-
surfaces and threading into lines with fixed spatial coordinate x. Now let us

consider the infinitesimal coordinate transformations
ot — Tt =at £ (2.25)

where &* is a spacetime dependent infinitesimal quantity. At a given point on

spacetime manifolds, the metric in the new coordinate system Z* can be deter-
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mined using the invariance of the line-element
ds* = g, da'dz” = §,,di"di". (2.26)
or by applying the usual tensor transformation law

- Ozt Ox”
g;u/(xp) = ~ ngy(mp)- (227)

Consider splitting the metric g, (2”) into background and perturbed parts in

both z# and " coordinate systems

G (@”) = g (@) + 0guu(2*), (2.28)
G @) = g (&) + 0G,u (7°). (2.29)

Note that we have not put tilde over the background metric because due to ho-
mogeneity and isotropy, the background forms of the metric tensor (also vectors
and scalars) does not change, so that the background quantities behave the same
way in the new coordinate system #*. Partial differentiation of equation (2.25)
gives

ozt O&H

_ spa IS
ore oz’

(2.30)

Also using the Taylor expansion, the background metric may be expanded as

) 0953
gho) (1) = g (37 — €9) = g{)(37) — —2rer. (231)

Substituting (2.28) and (2.30) into (2.27) and comparing with (2.29) while using

(2.31), we get the transformation law of metric tensor perturbation,

00T) . o) 06 oe
ZJapT ep _ 4(0) (oo _ 0 p
353P 5 gau (.I >8iﬁ guﬁ ("7; )aj«ja .

(2.32)

09ap(2”) = 0Gap(T”) = 0gap —

Similarly, a 4—vector u#(z”) which follows the tensor transformation law

o (TP) = 55 w,(z?), (2.33)
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its perturbation duq(2?) = uq(2?) — u¥ (2*) transforms as

. duld) () )0\ 98"
I (2P) = 0Ua(2°) = dug(2f) — Wﬁp —u, (xp)@ : (2.34)

And similarly, a scalar g(z#) which doesn’t change under the coordinate trans-

formation

G(z") = q(z") (2.35)

its perturbation dq(z*) = q(z*) — ¢ (z*) does, as

g (")
oxr

Sq(a) — 64(a") = Sg(a*) - &) (2.36)

Now let us write the temporal and spatial components of the infinitesimal vector

at — oH =t + EF as

t = t+a,

o — 2+ 8798 (2.37)

where x# = (2°,2') = (¢, 2"), &* = (€°,¢") = (, 8'B), « is infinitesimal temporal

shift and [ is a scalar function.

Using the metric tensor and scalar perturbation transformation laws (2.32)
and (2.36), we find that the tensor perturbations h;; are invariant under the
gauge transformations (and therefore they already represents gravitational waves
in a gauge invariant manner), whereas the scalar perturbations ®, ¥, B and F

transform as

d — D —qa,

v — U+ Ha,

B — B+a_1a—a5,

E — E-5, (2.38)

Thus we find that only o and 3 contributes to the transformations of the scalar
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perturbations and we can choose them appropriately (as we are free to choose
them) and can impose two conditions on the scalar functions ®, ¥, B and E to
remove any two of them. This is called the gauge fixzing or gauge choice which
corresponds to choosing a gauge transformation. 1t is possible that the freedom in
coordinate choice leads to an appearance of fictitious perturbation modes which
do not describe any real physical inhomogeneities. However, one can construct
gauge invariant quantities which do not depend on choice of coordinate system
and represents real inhomogeneities. Two important gauge-invariant quantities

were introduced by Bardeen [62]

by = @ C;i[aQ(E _ BJa), (2.39)
Vg = VU+d®H(E - Ba). (2.40)

The gauge invariance of ®p and Wp implies that if they vanish in one particular
coordinate system then they will be vanishing in any coordinate system. Such
a construction of gauge invariant quantities allows us to distinguish between
physical inhomogeneities and fictitious perturbations. If there are metric per-
turbations present even when both ®5 and Vg are zero, then they are fictitious

perturbations and can be eliminated using change of coordinates.

Using (2.36), we find that the perturbations of the scalar field ¢ transform as

- 6¢(0)(xp)

s6() = d9(am) — e, (2.41)

Since the background field ¢® = ¢(t) is time-dependent only, therefore

0p(#") = 6o(a") — d(t)av, (2.42)

where o = £°. Also the matter perturbations or the perturbations to the total
stress energy tensor 7T}, are given in terms of the perturbations of the energy

density dp, perturbations of pressure dp and perturbations of momentum density
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0q. Under gauge transformation these perturbations transform as

op — op— pa,
op — Op— pa,

dq — oq+ (p+p)a. (2.43)

2.2.3 Gauge Invariant Variables

We discussed and explained the fictitious and real perturbations in previous
Section §2.2.2. In order to avoid the fictitious gauge modes, it is preferable to
use the gauge-invariant combinations of the matter and metric perturbations [62].

An important gauge-invariant quantity is the comoving curvature perturbation R

[63] defined as

H
R=V-—-—dq| 2.44
p+Dp (244)

this can also be given in terms of the metric perturbations in the longitudinal
gauge (the longitudinal gauge in which B = F = 0 is defined in the next Section
§2.2.4) as [61]
H .
R:\I/—ﬁ(\ll—l—HCI)), (2.45)

and for perfect fluid, from equation (2.73), this can further be simplified to give
H .
Rz@—ﬁ@—l—H@). (2.46)

The condition (2.44) can be constructed by considering the slicing of the space-

time into constant dg (or constant-¢) hyperserfaces which provide the constraint

g

og =g+ (p+pa=0 = a=-
p+p

(2.47)

substituting this « into the metric transformation relation ¥ — ¥ 4+ Ha gives
the relation (2.44) for R. Since dq is the scalar 0i—component of the perturbed
energy momentum tensor 77 = 9;0q and during inflation T = —$d,06, therefore

both of these relations implies ¢ = —¢d¢. Also from (2.3) and (2.4) we have
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p+p = éQ. Therefore, the comoving curvature perturbations (2.44) during

inflation becomes

R~V+ g&b . (2.48)

Geometrical interpretation of R is that it measures the spatial curvature of the

comoving hypersurface where d¢ = 0, i.e.

R = ¥lsg—0. (2.49)

Another important gauge-invariant quantity is curvature perturbations on con-

stant energy density hypersurfaces ¢ defined as

—{E@+?M, (2.50)

Similar to R, the quantity ¢ can be constructed by considering the slicing of
the spacetime into constant energy density hyperserfaces which provide the con-

straint
_ %
p

op—=op—pa=0 — « (2.51)

substituting this « into the metric transformation relation ¥ — ¥ + Ha gives
the relation (2.50) for ¢. Since during slow-roll, from equation (2.3), dp = ¢d¢ +
V6 ~ V'é¢p and p = ¢d + V'¢ ~ V'¢, which implies %” o~ %. Therefore —(
becomes

N Z&b | (2.52)

Geometrical interpretation of ( is that it measures the spatial curvature of the

uniform density hypersurface, i.e.

— ¢ = Yls5p=0- (2.53)

We see that the curvature perturbations R and ¢ by construction are invariant
under the gauge transformations (2.37), which can be verified using (2.38) and

(2.43) into their expressions (2.44) and (2.50).
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Also using the linearized Einstein field equations it can be shown that the

gauge invariant curvature perturbations ¢ and R are related as [59)]

(=R + <k>2 W U (2.54)
alH) 3(p+p) 7/ '

which implies that “on superhorizon scale k < aH, ( and R are equal®. Also

we saw that under slow-roll they are equal, ¢f. equations (2.48) and (2.52).
"The curvature perturbations ¢ and R also share an important property that

on superhorizon scales they are conserved for adiabatic matter perturbations”.
In general, it is possible that the pressure perturbations (in any gauge) can

be split into adiabatic and non-adiabatic (entropic) parts as

(5p = 5pad + 5pnad
= Cgap + 5pnad7 (255)

where ¢? = % and the adiabatic pressure perturbations are defined as

Spad = 2ép, (2.56)
P
which satisfy the condition
o )
t=F (2.57)
pp

which implies that a given time displacement 0t causes the same relative frac-

tional change % in all scalar quantities X = (p, p, ...).

The non-adiabatic part of the pressure perturbations dp,.q are defined as

5pnad = PF = 5]7 - idp ’ (258)
where
) )
r=22_°2% (2.59)
P P

is the entropy perturbation, also known as isocurvature perturbation. I', defined

in this way, is gauge-invariant and represents the displacement between hyper-
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surfaces of uniform pressure and uniform density.
Using the perturbed Einstein field equations (2.64), as discussed in detail in
the next Section §2.2.4, it can be shown that the evolution of the gauge invariant

curvature perturbations in the longitudinal gauge is given by [59, 6]

(2.60)

: H E\°[ H2
R=—— ppa ML I (R
st () |9

therefore if there are no non-adiabatic matter perturbations dp,.q = 0 or no

isocurvature perturbations I' = 0, the curvature perturbations R (also (, cf.

equation (2.54)) are conserved on superhorizon scales k < aH.

Physical Interpretation of Adiabatic (Curvature) and Isocurvature

Perturbations :

If the curvature perturbations are such that they can not give rise to variations in
the relative density between different components of the cosmological fluid (pho-
tons, baryons, neutrinos and CDM particles) after inflation, then the curvature

perturbations are adiabatic :

5 (”m) _0 — Om O (2.61)

Mo N,

where én = n(t,x)—n((t) and the index m collectively stands for non-relativistic

matter components e.g. baryons and CDM and index r for relativistic matter

components e.g. photons and neutrinos. As we know 7,y a3, pm o< a”3 and
pr o< a~* condition (2.61) gives
) 3dp,
P _ 20Pr (2.62)
Pm 4 p,

In single-field slow inflationary scenario, the condition (2.62) holds and therefore
the perturbations produced by single-field inflation are purely adiabatic. How-
ever, in inflationary models with more than one field, the perturbations are not
necessarily adiabatic. If during inflation there are more than one field and all are

evolving in time, the fluctuations orthogonal to background trajectory can affect
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the relative density between different components of the cosmological fluid even
if the total density (and therefore spatial curvature) is unperturbed [66]. For ex-
ample, the relative density perturbations (isocurvature/entropy perturbations)

between photon and CDM can be defined as

SPedm 30
T, = Pedm _ 200y (2.63)

Pedm 4 P~ ‘

Since adiabatic and isocurvature perturbations give different peak structure in
the CMB power spectrum, therefore different type of perturbations can be dis-
tinguished from the CMB measurements. In fact, CMB observations suggest
that even if the isocurvature perturbations are present, their amplitude is van-
ishingly small compared to amplitude of the adiabatic (curvature) perturbations
[51]. The theoretical predictions of the isocurvature perturbations are extremely
model dependent. Not only the presence of more than one scalar field may give
rise to entropic perturbations but these may also be generated in non-minimally
coupled inflation models [65]. Also the post-inflationary evolution may generate

them.

2.2.4 Curvature Perturbation and Scalar Power Spectrum

For a metric with small perturbations, the Einstein tensor G, can be written
as Gy, = GI(,(L) +0G,,, + ...., where G, represents the terms with linear metric
perturbations dg,,. The stress energy tensor 7)7 can be split in a similar fashion

and we get the linearized Einstein field equations

0GY = 8nG 0T, . (2.64)

The gauge freedom allows to choose the two functions o and [ which provides two
conditions on the scalar functions ®, ¥, B, E and therefore allows to remove any
two of them. The gauge freedom greatly simplifies the calculations and knowing
the solutions of the gauge-invariant variables, one can calculate the density and

metric perturbations in any coordinate system in a simple way [07]. One of many
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useful gauges is the conformal Newtonian gauge or longitudinal gauge which is
defined by the conditions B = E = 0. In this gauge the FRW line element

assumes the simple form
ds® = — (14 2®)dt* + a(t)*(1 — 20)6;dx'da’ . (2.65)

Now we calculate the perturbed Einstein field equations (2.64). For the metric

(2.65), the components of the perturbed Einstein tensor can be obtained as

0G) = —2V?U + 6H?® + 6HV, (2.66)
0GY = —20,(H® + 1), (2.67)
5G: = 0'0;,(V — @) + [V*(® — ¥) + 20 + (4H + 6H°)®

+H (29 + 29)]5. (2.68)

Using the perfect fluid description as defined in equation (1.6) and the stress-
energy-momentum tensor for the scalar field ¢ as defined in equation (2.2), the

components of the perturbed 7}, are given by

ST = —6p=¢*® — pdgp — V', (2.69)
0T = 6q = —¢didg, (2.70)
0T} = 0p=[—¢*® + ¢p5d — V'6¢]6". (2.71)

where we have used the relation
5T: = 5(g”TTM) =0g"Tyr +g""6T):. (2.72)

Now we can compute the curvature perturbation R. First we consider the ij-
component of the perturbed Einstein field equation (2.64). From equation (2.71),
we see that the stress energy tensor has no off-diagonal components, therefore
taking the off-diagonal components, i.e. i # j, of the equations (2.68) and (2.71),
we have

20,(0—-®)=0 = &=V, (2.73)
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therefore we can work with any of the variable ® or U, let’s work with W. We
note that if the spatial part of the stress energy tensor is diagonal, i.e. §Tji x 5;,
the variable ® or ¥ can be seen as a generalisation of the Newtonian potential
which therefore explains the name Newtonian gauge for this choice of coordinate

system.

Now considering the diagonal components, i.e. i = j, of equations (2.68) and

(2.71), we get
U+ 4HV + (2H + 3H)U = —* + o — V6. (2.74)

Since ¢ is background quantity which is only time dependent, therefore equa-

tions (2.67) and (2.70) for Oi-components give
. . 9 0p
b HY =476 650 = 72 (2.75)

where we used the relation for slow-roll parameter € = 47TG%. Similarly the

equations (2.66) and (2.69) for 00-component gives
V2 — 3HY — 3H?U = 47G(¢dp — $*T + V'5¢). (2.76)

For the purpose of analysis, it is convenient to work in terms of the Fourier
decomposition of the metric and the field perturbations, and see what happens

to a perturbation corresponding to a given comoving spatial scale k£ with corre-

sponding comoving wavelength A = 2% Using Fourier transformation, we can

decompose the perturbations ¥ and d¢ into a superposition of plane-wave states
with comoving wavevector k :
U(t, x) / LS (2.77)
X)= [ ——5 e :
Y (27T)3/2 k Y
where x = (z,y,2) and a similar expression holds for d¢. The evolution of a
mode amplitude ¥y or d¢y depends only on the comoving wavenumber k = |K|

whereas the corresponding actual physical wavenumber is % as A < k7! o a.
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Using (2.77) it is easy to show that both the perturbations satisfy the Poisson
equation:

V2, = -k, | V25¢y, = —k*0¢y,. (2.78)

Using these Poisson’s equations for perturbations we can simply work in terms
of Uy and d¢x. We now add equations (2.75) and (2.76) to arrive at the equation

of motion of gravitational potential ¥ as

. . . 2
¥, + (H—Qﬁ) Wy, + 2 (H-HZ) \I!k+IZ\IJk — 0, (2.79)

where we have used the background equation for scalar field V/ ~ —3H¢ and the

relation H ~ —47G ¢?. Using the slow-roll parameter relation § = n — e = I}—i,
the above equation (2.79) can also be given as
. : k?
Uy + H (1 — 2+ 2n) Uy, +2H? (n — 26) Uy + — U, = 0, (2.80)
a

Since the slow-roll parameters satisfy € < 1 and n < 1, it is easy to infer from

the above equation (2.80) that on superhorizon scales k < (aH),
U, ~ 22 —n)HY, — U< HY, (2.81)

which implies that on superhorizon scales the time variations of the perturbations
U, can be safely neglected compared to HW;. This relation holds true for field
perturbations as well, 7.e. 5q25k < Ho¢y. Therefore on superhorizon scales, from
equation (2.75), we can relate the gravitational potential and field perturbations
as

U, ~ eH‘if, (2.82)

This can be used to compute the comoving curvature perturbation R; on super-

horizon scale (2.48) as
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Before we go any further, we define a useful quantity known as Power Spec-
trum which characterizes the properties of perturbations. Any generic quantity
f(t,x) in the Fourier space can be expanded as

rit.x) = | (Q‘fr)lj/g felt)e™>, (2.84)

and the power spectrum Py(k) of the quantity fi(t) is defined through

272

(fifiel) = 6P (k — K) =Py (k), (2.85)

where (| fii fir|) implies the vacuum expectation value of the quantity fi(¢) in the
vacuum quantum state |0) of the system and §®® (k —k’) is the three dimensional
Kronecker delta function. The definition (2.85) lead to the power spectrum:

k,3

" o2

Pr(k) (el (2.86)

Therefore, using (2.86), we may write the power spectrum of comoving curvature

perturbation R as

k?)
22

Pr(k) = 55 (IRl*) | (2.87)

Hence, using (2.83), the power spectrum of comoving curvature perturbation on

superhorizon scale k < (aH) becomes

k3 H?
0
k3

m(ﬁ%ﬁ- (2.88)

12

Pr (k) {106k ]*)

12

Now we are left to calculate the time evolution of the field perturbation mode
amplitudes d¢. Consider perturbing the KG equation of motion (2.7) for scalar
field ¢, i.e. taking the variation of KG equation, we get

. . k2 .
61+ 3HSG + 500+ V"6dy, = =2V Uy + 490, (2.89)

where we have used the background equation (2.9). Since on superhorizon scales
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12V'W,| > |4¢W,| (which follows from the condition W, < HW, upon using
the relation V' ~ —3H¢), using equation (2.82) and (2.9), the perturbed KG

equation on superhorizon scale can be written as
56 + 3HOi + (V" + 6eH?)6¢ = 0. (2.90)

We now replace the variable d¢ with % in the above equation (2.90) and write
the above equation in conformal time d7 = % as defined in (2.125). The above

equation (2.90) becomes

Soy — 1 <y2 - 1) Sop = 0, (2.91)

T2 4

where prime denotes the derivatives w.r.t. conformal time 7 and
9 m 9
V2 = ( - ‘f’> ~ = 4 9¢ — 3n. (2.92)

" 2
In deriving the above relation (2.91), we have used relations n = V7 ~ ;%’2

and © ~ L(243¢) = & (1/2 - i) which can be obtained using the definition
of the conformal time during quasi de-Sitter expansion. Under quasi de-Sitter
expansion during which the Hubble rate is not exactly constant and follow the
relation H = —eH?2, the definition of conformal time establishes the relation for
the scale factor as a(7) = — =7

We see that the perturbed KG equation (2.91) is Bessel equation and its

solution can be given in terms of Hankel functions

60 = vV—7[er (k) HV (—k7) + co(k)HP (—k7)], (2.93)

where H(" and H(? are the Hankel’s functions of the first and second kind,
respectively. We assume that in the ultraviolet regime, 7.e. on subhorizon scales,
k> aH (—kr > 1) the solutions matches the plane wave solutions e~*7 /v/2k.
The assumption that in the ultraviolet regime when the mode wavelengths are of

sub horizon size the modes should behave like plane waves as we expect in the flat
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Minkowski spacetime is called the Bunch-Davies boundary condition. Knowing

that in the limit —k7 > 1 Hankel’s functions are given by

2 ; s s
HY(—kr>1) ~ ,/Tez(*’”*i“z), (2.94)
—KRTT

2
—krm

el —hr=5v-1%), (2.95)

HY(=kr>1) ~

if we set ¢1(k) = @e’(w’%)g and co(k) = 0, from equation (2.93) we get the

exact solution for do, as

Soy, = Y ei(v+2)5 /T HO (—for). (2.96)

o[

As we are interested in the modes which have become superhorizon k¥ < aH
(—k7T < 1) during inflation, knowing that in the limit —k7 < 1 Hankel’s function

have solution

HO(—hr < 1) ~ ﬁ rig;;)”‘ge‘ig(—m)-", (2.97)

the solution (2.96) on superhorizon scales becomes

do, >~ 1};;7;)2”_361(”;); \/12_/{;(—167')5_”. (2.98)

Since e < land n < 1, we can set v ~ % in the factors but will not do the same in
the exponent because exponent term (—kT)%”’ gives the small scale dependence
of the power spectrum of perturbations. Going back to original variable d¢;., we

find the the fluctuations on superhorizon scales in cosmic time

bt 4

o) = (’;) | (2.00)

Njw

Therefore the power spectrum of fluctuations, from (2.88), becomes

1 H? [k \"™" E\™
~ — | — =A% [ — 2.1
Pr (k) 8m2e M2 (aH) R (aH) ’ (2.100)
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where we have defined the spectral index n, of the comoving curvature pertur-
bations, which determines the tilt of the power spectrum or the small deviation

of the power spectrum from scale invariance, as

q= dInPr
s ~ dlnk

=3 —2v =12n— Ge| (2.101)

Since the slow-roll parameters ¢ and n are much smaller than unity, therefore
ns — 1 ~ 0 which implies inflation is responsible for producing the curvature

perturbations with an almost scale invariant spectrum.

For comparison with the observations, the power spectrum (2.100) can be

given as

k

Pr(k) = A% (ko) (lﬁ))n_ : (2.102)

where kg = agH) is the pivot scale. The pivot scale corresponds to a wavelength
Ao ko' at which the instrument measuring the CMB radiation has the max-
imum sensitivity. A% (kg) is the amplitude of the power spectrum at the pivot

scale kg.

It is possible that spectral index may depend on scales k. The running (vari-

ation) of the spectral index o with modes k is defind as

dng
oy =

the running of the spectral index with scale arises only at the second order in

slow-roll parameters and is therefore expected to be very small o, = O(€?).

Using the fact that &¥ = H, at horizon crossing k = a(t)H (tx) we find 425 =

H (1 + %) ~ H. The a4 can be given as

o _dngdp dt _ ¢dn, _ V'dn,
* do dtdink Hdp  V do’

(2.104)

where in the last equality we have used the background slow-roll equations (2.9)
and (2.10). Now using spectral index relation (2.101) and the definition of slow-

roll parameters in terms of scalar potential, the o, in terms of slow-roll parame-
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ters can be given as

o, = 16en — 24€* — 2€|, (2.105)

V/v/l/
vz o

where the slow-roll parameter £ is defined as £ =

2.2.5 Tensor Power Spectrum

Along with density fluctuations (or scalar perturbations), inflation also predicts
the existence of gravitational waves which are identified with the tensor perturba-
tions in the metric. According to SVT decomposition theorem all perturbations
(scalar,vector and tensor) evolve independently. The line element for tensor per-

turbations around the flat background is given by
ds® = —dt* + a*(8;; + hij)dz'da’, (2.106)

where h;; < 1. The tensor perturbations h;; has 6 d.o.f., but as we studied
in §2.2.1 the tensor perturbations are traceless 6“h;; = 0 and divergence free
d'h;; = 0, these 4 conditions reduces the tensor d.o.f. to 2 physical d.o.f. which

corresponds to 2 polarisations of the gravitational waves, indicated by s = +, X.

For a diagonal stress-energy tensor, as provided by inflaton 7}, = 0,¢0,¢ —
g, L, the tensor modes do not have any source term in their equation of motion.
This statement can be verified very easily by calculating the perturbed Einstein
field equations for the tensor perturbations metric (2.106) where we find R = 0
and R, = 0 for all components except ¢ # j and 6T]? = 0 for ¢ # j. Therefore
we have a glimmer of decomposition theorem and we can state that the e.o.m. for
tensor metric perturbations have no scalar (inflaton) source in it and they evolve
independent of scalar perturbations. Using the above mentioned perturbed com-
ponents of Ricci scalar and Ricci curvature into the perturbed field equations

(2.64) the e.o.m. (2.111) for tensor metric perturbations h;; can be obtained.

In a more simpler manner the e.o.m. for h;; can be obtained from second
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order expansion of the Einstein Hilbert action [59, 60]

M? 1

5@ — TP/M =950hi59hij. (2.107)
M? a?

= = [ anas* 10— @uh)?) (2.108)

This is the same actions as for the free massless scalar field in FRW universe.

We define the following Fourier expansion

hi; = / (;lﬂl;g S hg(r)es (k)e, (2.109)

s=+4,X
where ef; are the polarozation tensors which satisfy the following properties
eij(k) = eu(k),  eu(k) =0,
Keij(k) = 0, e (k)es(k) = 20,0 (2.110)

i i

Using (2.109) and (2.110), the action (2.108) leads to the e.o.m. for the quantity
hi
sl a st 2ps

Defining the canonically normalized field
vy = —ahyM,, (2.112)
the e.o.m. (2.111) becomes

a//
e+ <k2 — a) =0, (2.113)

where %/ = %(2 + 3¢) during quasi de-Sitter epoch when H = —eH. On super
horizon scale k < aH, k* term in the equation (2.113) can be neglected and then
it exactly matches with the Mukhanov-Sasaki equation (2.91) for the massless

scalar field in FRW universe during quasi de-Sitter epoch whose solution on
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superhorizon scales can be given in analogy with the solution (2.99) for doy, as

3
1 aH E\2 "
vl = — — 2.114
’Vk| Mp\/m<CLH> ) ( )

where, we have obtained vy ~ 2 + ¢, using the relation %” ~ %(2 + 3¢) =

n% (V% - i) Also, since the equation (2.113) or the action (2.108) matches with
the equations for massless scalar field, therefore there will be no appearance of

slow-roll parameter 7 in vy through my in contrast to relation (2.92).

To characterize the tensor perturbations, we define the power spectrum of

tensor perturbations as

Y ik
Pr [Pl
27T2 s=+,X

R Ahgl®

- 2><27r3 a? '’

(2.115)

where the factor of 2 is due to the sum over the two polarization states of the

gravitational wave and we have used the relation (2.112) for vj.

Substituting for the solution (2.114), we get the amplitude of the tensor power

spectrum on superhorizon scales as

2 H* (k" _ o kT

Similar to scalar spectral index n,, we can define the tensor spectral index nr as

_dInPr B
np =l =8 2ur = 2| (2.117)

Tensor-to-Scalar Ratio and Energy Scale of Inflation :

Amplitude of the tensor perturbations are often normalized relative to the mea-

sured amplitude of the scalar perturbations A2 ~ 1.95 x 107°. The tensor-to-
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scalar ratio r is defined as the ratio of the two amplitudes

— 16¢|, (2.118)

r=

2

=T
2

A%

which determines the relative contribution of the tensor modes to mean squared
low multipole CMB anisotropy. In the last equality in above equation (2.118),
we have used the amplitude relations (2.100) and (2.116) for scalar and tensor
perturbations. Since scalar amplitude is fixed from the observations A2 ~ 1.95x
107 and, from (2.116), amplitude of the tensor perturbations A% oc H? ~ V(¢),
therefore the value of tensor-to-scalar ratio is a direct measure of energy scale of

inflation:

Vo~ (55

1/4
) 10'° GeV/ | (2.119)

The value of tensor-to-scalar ratio » > 0.01 implies inflation occurring at the

GUT energy scale 106 GeV/.

The Lyth Bound and Large-Field Inflation :

Inflation models which can predict large amplitude of the gravity waves (or large
r) are extremely sensitive to super Planckian physics. Here we will derive the
Lyth bound which relates the tensor-to-scalar ratio with super Planckian dis-
placement of the inflaton value A¢ during inflation.

During slow-roll inflation, using (2.11) and (2.12), the slow-roll parameter €

1 @2 1 [do\’
~ — = — 2.12
“TozH? T 202 (dN) ! (2.120)

can be given as

where we have used the relation N = Hdt = %d(b. Therefore the tensor-to-
scalar ratio can be directly related to the evolution of the inflaton as a function

of e-foldings N

8 (do\’

which implies that the total change in the field during inflation between the
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i — ¢
¢end AQS (b*

Figure 2.2: The shaded region represents the evolution of the inflaton field from
¢« (or ¢s), when the observable CMB modes leave the horizon, to ¢., when
inflation ends. The total change in the field A, is related to tensor-to-scalar
ration r via relation 2.123. Figure credit: [58].

times when observable CMB modes leaves the horizon at N, = N, and the end

of inflation at N, can be given by the following integral

A Ne \/?
— = — dN. 2.122
M, N, V8 ( )

Since during slow-roll inflation r doesn’t evolve much with change in /V, therefore

the above integral, for AN = N, — N, ~ 60, gives

ﬁf ~ 0(1) (Ofmfﬂ , (2.123)

p

so the large value of tensor-to-scalar ratio, » > 0.01, implies large field inflation
Ap > M, Or A¢p > M, = (¢s — ¢e) > M, = ¢s > M,, since ¢. > 0,
implies inflaton field values are super Planckian during the time observable CMB
modes leave the horizon. The evolution of the inflaton field from the time when
observable CMB modes leave the horizon to the end of inflation is shown in

Fig. 2.2.

We will use the formalism and expressions for power spectrum, spectral index
and its running, and tensor-to-scalar ratio derived in this Section §2.2, extensively

in the subsequent chapters of this thesis.
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2.3 Modified Gravity Framework for Inflation

As we stated in §1.3 that it is possible to transform f(R) and f(¢)R gravity
actions into an Einstein gravity action via conformal transformation of the metric
gy and redefinition of the field ¢. To better understand the mechanism of
conformal transformations, we take f(¢)R gravity action as an example and

show that it can be recast into Einstein frame action.

Consider a single-field non-minimal scenario given by the action
4 Mi? 1 ng
Sy = [ dey=g | SEFO)R — 59" 0,00,6 = V(9)| (2.124)
Consider the conformal transformation of the metric
G = G = Vg =  §¥V=Q7%g", (2.125)

here and now onwards tilde represents quantities in the Einstein frame. Under
conformal transformation (2.125) various metric dependent quantities such as
line element ds?, determinant of the metric g and Ricci scalar R transforms as

follows

ds* = Q243

\/__g = 974 _.§~77
_ = G
R = 02 [R+6DQ_1298“Q&’Q].

5 o (2.126)

Using the above transformation relations and choosing Q? = f(¢), the action

(2.124) can be given as

M2 . 3M2 g Tz
Sp = /d4x\/—_§ [,,R_ 341’ 9 a;,fa”f - ;gu a’}¢a”¢ - V;f)] (2.127)

We see that the conformal transformation of the metric leads to gravity sector

into Einstein Hilbert form of action, but with a non-canonical kinetic term. To
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get a canonical kinetic term we redefine field ¢ to ¢ through

B3 0,00, | 150,000
1 12 2 f

1, -
59" 0,90, = (2.128)

therefore, with the redefined kinetic term (2.128), we get the EF action (2.127)

as

M? . Ve
$p= [ateva | PR 0d0s-T@) e
where B
5oy VI(e(9))
1% — 2.130
D= Hoto)? (2450
is the EF potential. Using the fact 0, f(¢) = af é?u(b, the equation (2.128) can be
solved to give
a6 |3MZ (af\* 1

For a given form of f(¢) the above equation can be integrated to give the EF
field ¢ in terms of JF field ¢.

Similarly, in the context of multi-scalar field inflation with non-minimal cou-

pling the action can be written as

§= [ dey=g [ MR~ LCrg" 0,00, ~ Vo). (2132)

where [, J, K =1,2,3,...., N for a model with N scalar fields. Under conformal

transformation (2.125), the above action transforms to an Einstein frame action
. 71 1 . .
S= / Ao/ =5 {QMPZR — SGu(6)3" 0,800 — | (2.133)

where V = V/f? is the EF potential and

~ 1 3M?
Gry= G+ —* f’If’J-

f 2

(2.134)

where f;=0f/0¢".
Such multifield models with action (2.133) where there is no coupling be-

tween scalar fields and curvature scalar R but kinetic terms in the fields are
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non-canonical arise naturally in Higher dimensional theories such as supergrav-
ity and string theories. We will study such a model in Chapter §5 with two fields
where there is no cross term in the kinetic energy of the fields and illustrate how
such a model can be derived from supergravity with an appropriate choice of
kahler potential and superpotential. Multifield dynamics in the context of Higgs
inflationary scenario have been studied [28, 68] and it is shown that for N —fields
model which obey an SO(N) gauge symmetry in field space, the multifield effects
damp out very quickly at the onset of inflation. And the predictions of these
multifield models for observable quantities revert to their familiar single-field

forms.

2.4 Supergravity Framework for Inflation

In this section, we briefly summarize the SUGRA results which are relevant for
our consideration which is to motivate certain inflation models from SUGRA.
Since our primary aim is to derive the Lagrangian for modified gravity and multi
field inflation models, for our purpose the most important part of the SUGRA
Lagrangian is its scalar part which gives the kinetic as well as the potential term
for the inflaton. The chiral multiplet for SUGRA algebra has the field content
(¢, X", F"), where ¢ are the complex scalar fields, x* are the Weyl fermions and

F' are complex scalar auxiliary fields.

The scalar part of the SUGRA Lagrangian is determined by three functions,
Kéhler potential K(®;, ®F), superpotential W (®P;) and gauge kinetic function
f(®;). The superpotential W and gauge kinetic function f are the holomorphic
functions of complex scalar fields ¢; , while the Kéahler potential is not holomor-

phic and a real function of ¢; and their conjugates ¢} .

The interactions or the coupling of all the chiral superfields ¢’ are determined

LA holomorphic function, say h(z), is a complex valued function of one or more complex

fields that is complex differentiable at each point zg in its domain. They satisfy the Cauchy-
Riemann equations of complex analysis or equivalently gz}i = % =0 and %lz%zo = h'(z0),

ey = 1 (20)-
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by a real function called Kdhler function
G(¢i, ¢7) = K(¢i, &F) + In W () + In W* (o), (2.135)

The Kahler functions has a property that they are invariant under the so called

Kahler transformations

W(g:) — e VW (g), (2.136)

K(¢i ¢7) — K(i, o) +U(oi) + U™ (), (2.137)

where U(¢;) are arbitrary holomorphic function of the scalar fields ¢;. The
invariance of G(¢;, ¢}) is manifest if U(¢;) = InW. The Kéhler transformation

)

sends W — e VW = 1.

The canonical SUGRA Lagrangian for the complex scalar fields in curved

spacetime is given by
-1 1 *
e L= _iR + Liin — V(¢i, 7). (2.138)

_ : : 2
where e = y/—g is the determinant of the tetrad e, “.

The first term in eq (2.138) is the familiar vacuum Einstein-Hilbert action
and, second and third terms are the kinetic and potential terms, respectively.

The Kinetic terms Ly, of the scalar fields are determined in terms of the Kéhler

2The quantity e, are called tetrad or vierbeins, where a is the local Lorentz index and p is
the gauge (curved) index. In order to deal with the spinors in curved spacetime it is necessary
to formulate the theory in terms of tetrads which are related to curved spacetime metric as

Guv (%) = €}y ()€ (),

where 74, is the Minkowski spacetime metric and the tetrads ez are defined as the transfor-
mation from a local Lorentz inertial frame £%(xo; ) at the point 2o to a general non-inertial

frame z#, i.e. £* — xt, as

0% (xo; )

oxH

ez (l‘o) ‘x:wo .
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potential and given by ?

Liin = —Kij*gwau¢iay¢*j , (2.139)

where K- is the Kéahler metric given by

PK

K' = T~ -
) a¢za¢*]

(2.140)

And the scalar potential V(¢;, ¢F) can be split into two different contributions

referred to as the F-term and D-term potentials. The F-term potential is deter-

mined in terms of superpotential W and Kéahler potential K as
Vie = e [ Dy, WK Dy W* = 3|W |, (2.142)

where K" = K;! is the inverse of the Kéhler metric Kjj- and

oW 0K
36, " 35" (2.143)

Dy, W =

The D-term potential is related to gauge symmetry and given in terms of Kéhler

potential K and gauge kinetic function f,

Vo= £ Y [Reful6)] ' 627, (2.144)

a

where the subscript a represents a gauge symmetry, g, is a gauge coupling con-
stant and 7T, is an associated generator. &, is a Fayet-Iliopoulos term which is
non-zero only when the gauge symmetry is Abelian, i.e. a U(1)-symmetry.

It can be shown that the potentials (2.142),(2.144) and the kinetic term

3In general in the kinetic term (2.139) the partial derivative d,, is actually a Lorentz co-
variant derivative D, = 9, + 3wi’Ya;, where wi’ are a set of gauge fields known as spin
connections and ¥, are the generators of the Lorentz SO(1,3) group which signifies the spin
of the associated gauge fields. Since for scalars 3., = 0, therefore covariant derivative D, in
the scalar Lagrangian equals a partial derivative 0,,.
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(2.139) are invariant under the Kéahler transformations (2.137). The F-term
scalar potential (2.142) in terms of a physically relevant quantity, the Kahler

function G (2.135), can also be written as

(2.145)

VerGlaG . 0G 3].

0¢' " 095

We will use this form of the F-term potential in this thesis. Also we will consider
only the F-term potential which can produce the desired Lagrangian for the

inflation models discussed in the Chapters §4 and §5.

We now briefly consider the n—problem as discussed in §1.4 and the ways to

solve it [39, 10, 69]. Consider the canonical Kahler potential
Kije = 6707, (2.146)

for which the kinetic term (2.139) of the scalar fields ¢; becomes canonical. The

F-term potential Vp (2.142) can be written as

_ g W * W wEl s 2
Ve = e X{[@qb,;Jr(b’W]l@qﬁj +¢JW]5@J 3]W\}

= Vo +V, ) |¢]* + other terms, (2.147)

where Vj is the global SUSY F-term potential given by

2

, (2.148)

0

V=2

ow
i

Since at the background level from Friedmann equation we have V ~ V, ~ 3H?

with little algebraic simplification of equation (2.147), it can be shown that

4

n =L =1+ mny + other terms, (2.149)

where 19 = V;'/V, and we find that one of the slow-roll approximation, i.e.
1 << 1, is violated which is required for successful inflation. n ~ 1 implies that

any scalar field including the one which acts as the inflaton receives the effective
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mass Vp ~ 3nH? ~ H? of the order of Hubble parameter. This is the main

problem that makes it difficult to incorporate inflation in SUGRA.

Though there are several ways to get around this problem, in the most widely
used method, one uses the Kéhler potential other than the canonical one (2.146).
If one choose a Kahler potential which is not canonical, the kinetic term (2.139)
of scalar field also becomes non-canonical, which however can be made canoni-
cal by redefining the scalar field. The canonical normalization of kinetic terms
changes the scalar potential to an effective form which could be nearly flat even
if it was originally very steep. On the other hand it is also possible to impose
some symmetry on Kéhler and/or superpotential which can ensure the slow-roll
potential necessary for successful inflation [69-71]. The n problem is specific
to F-term potential. Successful inflation can also be achieved using the D-term

potential, if it can produce positive energy [69].

In the F-term inflation models, the difficulty is not limited to n problem.
In the case of canonical Kéhler potential the exponential factor is e = e ®i®; ,
therefore in the large field limit ¢; > 1 (in M,, = 1 unit) the potential becomes too
steep to give a nearly flat potential suitable for inflation. Thus, it is very difficult
to incorporate chaotic inflation models in supergravity, which require inflaton
field values larger than unity during inflation. There have been proposed several
models of chaotic inflation in SUGRA where the inflaton field can have values
larger than unity while producing the nearly flat inflaton potential. In these
models either Kéahler potentials are fine-tuned without any symmetry reasons

[72, 73] or there are models in which the Kahler potential K (¢, ¢*) follow Nambu-

Goldstone type of shift symmetry ¢ — ¢+ic, where c is some real parameter [74,

].

2.4.1 No-scale SUGRA Models

The main idea of no-scale models is that they are constructed in such a way that
the F-term potential Vr vanishes for all values of the scalar fields. Therefore,

from (2.142), the condition for a model to be no-scale can be given in terms of
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the Kéahler function as [38]
oG ., 0G
- K = 3. 2.1
55 Kiegr =3 (2.150)

For constant superpotential models, d,, W = 0, the no-scale condition (2.150)

can be given in terms of Kéahler potential as

oK ., 0K
557 i ags

3. (2.151)

Examples of no-scale Kéahler potentials with single complex scalar field ¢ and
double complex scalar fields ¢; = (¢1,92) = (T, ¢) which satisfy the no-scale
condition (2.151) are

K =-3In(T+1T%), (2.152)

and

(2.153)

K=-3n [TJFT*— gb;’f] :

respectively. It is shown that in the case of no-scale two-field Kéhler potential
(2.153), if we give vev to T field such that 2(ReT) = C and (ImT) = 0, with

the following Wess-Zumino choice of superpotential

g Ago
W==0"- -0 2.154
- S0, (2.154)

where the scalar component of the chiral superfield ® is ¢, the Starobinsky
inflationary potential for field x (where field y arises from redefinition of ¢ due
to canonical normalization of the kinetic term for ¢) can be obtained
2 -\ 2

Ve = MZ (1 - eﬁX) , (2.155)
with the choice A = u/3, where p = fi/1/C/3, the vev of the T field is absorbed
in the mass scale p [10]. Since here in deriving Starobinsky model from two-field
Kéhler potential, the superpotential (2.154) is not constant, such a model defines
an almost no-scale model.

Let us now briefly discuss the importance of no-scale supergravity. The small-

ness of some physical quantities e.g. cosmological constant A can either be ex-
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plained by some symmetry argument or by fine tuning. One naturally prefers
symmetry reasons for the smallness of the physical quantities. From the form of
the F-term scalar potential (2.142), it is clear that for the potential to be van-
ishing either one can choose some parameter inside GG, through Kéahler potential
and/or superpotential, to be fine-tuned or alternatively impose the no-scale con-
dition (2.150). If one imposes the no-scale condition on the model then the fine
tuning is no-longer required for obtaining the vanishing vacuum energy. Also the
potential becomes flat as required for successful inflation, thereby solving the n
problem naturally [37]. To explain vanishingly small vacuum energy and nearly
flat inflaton potential we require Vi > 0, which from equation (2.145) implies

the condition

e
06

thus breaking the supergravity and generating the mass of gravitino mg/,, =

¢ 40, (2.156)

e%/2 £ 0 which represents the scale of supergravity breaking. Although the mass

of gravitino ms/, is non-vanishing but undetermined at the tree level despite the
fact that supergravity is broken and the classical potential V is vanishing for all
values of the scalar fields and therefore it is said to have flat directions [70]. In
no-scale SUGRA all the mass scales below the Planck scale are determined with
quantum corrections [37, 42—44 76-78].

The importance of no-scale models lie in the fact, that fine tuning is not
needed to achieve positive vanishing cosmological constant and the gravitino
mass mg/; can be determined dynamically. Also there are flat directions with

gentle slope without fine tuning which are essential for successful inflation.






Chapter 3

Generalized Higgs Inflation Model

3.1 Overview

In this chapter we study a general Higgs inflationary scenario £¢?R” in the frame-
work of f(¢, R) gravity theory. This model is a generalization of the Higgs in-
flation model £¢?R. In the light of discoveries by CMS [79] and ATLAS [30]
it is of interest to consider the Standard Model Higgs boson as the candidate
for inflaton. However in the standard single-field slow-roll inflation with inflaton
quartic potential, the idea of considering standard model Higgs as inflaton does
not work as the inflaton quartic coupling should be of the order A ~ 107'2 to
explain the amplitude of CMB perturbations measured by WMAP /Planck [0, 7]
while the 125 GeV Higgs has a quartic coupling A ~ 0.13 at the electroweak
scale which can however go down to smaller values at the Planck scale due to
renormalization [31-86]. However just from the standard model renormalization
one cannot have the Higgs coupling A ~ 10~!2 over the entire range of the rolling
field ~ (10 — 1)Mp during inflation and the standard slow-roll inflation with a
Higgs field does not give the observed amplitude and spectrum of density per-
turbations [37]. If the Higgs and top mass are fine tuned then there can be a
small kink in the Higgs potential and the universe trapped in this false vacuum

can undergo a period of inflation [88-90].

Later a way out of fine tuning the scalar self coupling to unnaturally small

61
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values was found out [91-91] and it was shown that if one couples the scalar
field to the Ricci scalar £¢?R then the effective potential in the Einstein frame
becomes a slow roll one with the effective scalar coupling being A\/£? and the
amplitude of the density perturbations constrain this ratio rather than \, hence
¢ can be increased as large as required to get the desired self-coupling A. Density
perturbations from inflation in the curvature coupled theories were calculated
in [95, 96]. The equivalence of the density perturbation in Jordan and Einstein
frame was shown by Komatsu and Futamase [97] who also calculated the tensor
perturbations and showed that the tensor-to-scalar ratio is generically small in

£¢* R model.

Bezrukov and Shaposhnikov [98] revived the large curvature coupling model
to motivate the idea that the standard model Higgs field could serve as the
inflaton in the early universe. The amplitude and spectral index of density
perturbations observed by WMAP /Planck can be generated by the Higgs field
with self coupling A ~ 0.1 and curvature coupling & ~ 10% [20, 98-102]. This
large value of £ needed however is seen as a problem as at the time of inflation
the Higgs field is at the Planck scale and hence graviton-scalar scatterings due
to the curvature coupling of the scalar would become non-unitary [103]. Ways of
solving the unitarity violation problem in the Higgs inflation models have been

explored in [104-108].
In this paper we assume that the dominant interaction between Higgs field
and gravity is through operators of the form

g(HTH)a/QRb

L= Na+2b—4
p

(3.1)
This form (3.1) of Higgs Curvature interaction has been mentioned in the Ref.
[109]. The complete dynamics of the Higgs field involves the role of the Goldstone
modes as has been studied in detail in [28, 65, 110]. The multifield dynamics
of the Goldstone modes gives rise to sizable non-gaussianity. We will study the
dynamics of the Higgs mode and impose a charge conservation and CP symmetry

such that the Goldstone modes of the Higgs field do not acquire vevs. We will
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take the background Higgs field to be

0
"= (3.2)

¢
where ¢ is the Higgs mode with mass 126 GeV. Our inflation model falls in the
class of inflation in f(¢, R) theories studied in Ref. [19]. Our motivation is that
we use the Higgs quartic coupling A\(H'H)? where the standard model value of
A(p ~ Mp) can lie in the range A = (107° — 0.1) depending on the value of top
quark mass [35, 80] or on new physics [111]. We take curvature coupling & to be
unity and check the possibility of generating the observed density perturbations
from Higgs inflation by varying parameters a, b and A. The non minimal coupling
¢ has been taken unity in order to improve the unitarity behavior which increases

the natural cutoff scale A from A ~ % ~ 10" to A ~ M, ~ 10%.

We derive the curvature perturbation during inflation in two different ways.
We derive the perturbations of modified Einsteins field equation in the Jordan
frame in presence of the Higgs-curvature interaction terms and derive the ampli-
tude and spectral index of curvature perturbation. We find that to generate the
Planck+WP preferred amplitude A% = 2.195570233 x 107 and spectral index
ns = .9603 £ .0073 [112] for A = 1073 we should have a ~ 3.02,b ~ 0.49 ( and
for A = 0.1 we need a ~ 3.56,b ~ .22). In these fits we take £ = 1.

As we discussed in Section §1.3 that in non-minimal £¢%R theory we can al-
ways make a conformal transformation to the Einstein frame so one can compute
the density perturbations either in Einstein frame or Jordan frame and the gauge
invariant curvature perturbations should be same in both the frames [95]. In our
case with the £¢?R® coupling we find that no conformal transformation exists
which can in general remove this term (i.e go to an Einstein frame). We find that
in the general £¢®R’ theory such a conformal transformation is only possible if
the metric is quasi-de Sitter. The accurate comparison with the experimental
data should be made however with the Jordan frame results. Calculation of the
curvature perturbation in both Einstein and Jordan frame for the £¢?R theory

has been done previously in [20, 95, , ).



64 Chapter 3. Generalized Higgs Inflation Model

This chapter is organized as follows: In Section §3.2 we derive the curvature
perturbations and tensor perturbations in our theory £¢*R® in the Jordan frame
and in Section §3.3 we make a conformal transformation to go to the Einstein
frame and compute the curvature perturbations. In Section §3.4 we compare the
results of the two frames. And finally in the last Section §3.5 we discuss the

findings and viability of our considered Higgs inflation model.

3.2 Model in the Jordan Frame

In this section we introduce a scalar-gravity interaction term £¢®R? in the action
and calculate physical quantities related to the inflationary density perturbations
such as the amplitude of curvature perturbation, spectral index and tensor-to-
scalar ratio. We start with the action for a scalar field interacting with gravity

of the form

JR) 1
s1= [aov=a |10 1 L0004 vio)] | 33)
where we take,
1 1 “R® Ag?
OB = R+ §is Vo) =" (3.4

where k2 = 1 /M]? and £ is a dimensionless coupling constant. Varying the action

(3.3) w.r.t g" and ¢ we obtain the field equations,

1
G. = FR, — ifg‘“’ - V,V, F + g, 0F

1
= /12 <VM¢VV¢ — §g,va¢vp¢ - Vg/ﬂ/) ) (35)
06 = V- 22, (3.

respectively, where F' = 0f/OR =1+ €hp R

a+2b—2
MP
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3.2.1 Background Evolution in Quasi de-Sitter Space

For the unperturbed background FRW metric diag(—1,a?(t),a?(t),a(t)) the

above Egs. (3.5) and (3.6) can be solved to give the field equations

1 . 1.

SFH? + _ (f — RF)+3HF = #* (2¢2 + V(¢)> (3.7)

—9FH —F+ HF = £2¢? (3.8)

é+3Hq§+V¢—éf’:2 = 0. (3.9)

We assume that the second term of F' i.e. iﬁi@:j is dominant for some values

of a and b. We find this assumption to be valid while solving numerically for the
values of a and b in our model which give rise to the experimentally observed
density perturbations as discussed in the Section §3.4. From equation (3.7),
under this assumption and considering the slow-roll parameters which are defined
in equation (3.29) as small, the Hubble parameter in the Jordan frame turns out

to be of the form

4—a

\25 6\
H = =) M, (3.10)
vizlg@ - b)” <M>

From equation (3.9) under the slow-roll assumption we get

il

°= 3

[1 - 2(2“_ bJ. (3.11)

3.2.2 Scalar Field and Metric Perturbations

Now we perturb Egs. (3.5) and (3.6) by perturbing the scalar field ¢ = ¢(t) +
d¢(z,t) and the metric [19] as

ds® = —(1+4 2®)dt* — 2a(t)9;Bdtdx" + a®(t) [(1 + 2W)6;; + 20;0;7] dx'da’ (3.12)

where, &, W, g and « are scalar perturbations. We derive the Einstein field

equations for the f(R, ¢) theory keeping the linear terms in the metric and scalar
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field perturbations [115, 116]. The component dGyq is given by
A -1 : A : 1
U+ HA = —||3H*+3H §F —3HOF + = (25°Vy — f4) 6
a?(t) * oOF (3 +3H + a%ﬁ)) 3 + 9 ( KV f,¢) ¢

+1200p + (BHF — k29%)® + FA|, (3.13)

where A is the Laplacian. And taking the difference 0G! — 0G{ we get

. . AN 1
A+2HA+ (3H o =
e ( ! aQ@)) 2F

30F + 3HSF — (6H? + o oF
a?(t)
+H4k2G0¢ + (—2r7Vy + f) 06 — BFD

—FA— (42> +3HF + 6F) d|  (3.14)

where A = 3(H® — ¥) — AB/ad*(t) and B = a(t)(B + a(t)¥). Here, in arriving
the Egs. (3.13) and (3.14), the leading order Egs. (3.7) and (3.8) are also used.
The other components 0G;o and 6G;; (i # j) of the first order perturbed Einstein

equation can be written as

. 1 . . .
HO -0 = K2p0p + 6F — HOF — F®|, (3.15)
and
. 1 .
B+HB—-®—-V¥ = F((SF—FB) (3.16)

respectively. The equation of motion of scalar perturbation is

- azA(t) . <2V¢> _2f,¢>/l<&2> ] 50 (3.17)

= b + (2¢§+3H¢) d+ pA + ;F@ <5R>, (3.18)

K2

8¢+ 3Hd¢ +
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where

R = -2 v,

A+4AH+< = (3.19)

. A
H)®+42
g o) o

a?(t)

Now we analyze the curvature perturbation R = ¥ — Hd¢p/ ® by choosing a gauge

where ¢ = 0 and 0R = 0. This sets R = ¥ and moreover we have 6F = 0 via

OF = (0F/0¢) d¢ + (OF/OR) dR. Under this gauge the equation (3.15) gives,
R

=" Een (3.20)

and hence from equation (3.13) we get

B 1 A (3HF — mzqﬁQ) R
A=TuT F/(2F) (aQ(t)R T oF (H + F/(QF))) ' (3.21)

Using equation (3.8) and equation (3.14), we obtain

| . . ) L
A+<2H+F> 35 <3F+6HF+/<¢¢+ A

— |A+ =D
2F * * 2F a®(t)

o7 ) ®=0. (3.22)

Now we may write the differential equation for curvature perturbation by using

the above Egs. (3.20), (3.21) and (3.22) as

R+ R =0, (3.23)

where,

_ $* 4 3F/(267F)
(H+F/@F)

Qs (3.24)

In arriving equation (3.23), equation (3.8) is again used. Now one may re-write

the equation (3.23) in terms of variables w = a(t)/Qs and o, = WR as

w//
oy + <k2 - w) o =0, (3.25)
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where prime denotes the derivative with respect to the conformal time defined

as dn = dt/a(t) and

w// a//( ) (t) Q/ Q// Q/
o an TanQ T 2q. (Q) (3.26)

under quasi de-Sitter expansion a(n) = Hn(_11—61) and hence % = %[2 + 361]

and d'(t)/a(t) = a(t)H. Therefore we have

A B |
=g (3.27)
where
5 9 4
VR:4|:1+3(261+€2—€3+64>:|. (328)

In arriving at the above expression we have defined

H ¢ I E

T TG T aHE YT E

SRS (3.29)

B 3E2 Q1+ e3)?
E=F+ 22 = G (FH) (3.30)

Here ¢; are slow-roll parameters and ¢; terms have been neglected. Equation

(3.25) then has solutions in the Hankel functions of order vg

o=¢;”1“mWﬂcH<mm+@ @) (k)] (331)

Applying the Bunch-Davies boundary condition o(kn — —o0) = e /y/2k, we
fix the integration constants ¢; = 1 and ¢, = 0. Using the relation H,(k|n|) =
_’F( ) <k|"|> for the super-horizon modes kn — 0, we obtain the expression

for the power spectrum of curvature perturbations which is defined as (2.87)

B orpy = az (_E )
Pr= s (R =83 (g ) (3.2



3.2. Model in the Jordan Frame 69

where, the amplitude of the curvature power spectrum turns out to be

1 (H?
A% = 3.33
R — Qs <47T2> ( )
and the spectral index is
nr—1=3—2up >~ —4de; — 265 + 263 — 264 ~ —06¢; . (3.34)

Using slow-roll parameters, equation (3.24) can be simplified to the form @, ~

6Fe3 M) with “52 << 662 which will be justified later in Section §3.4. In our

model of f(¢, R) coupling we find €; & —e3, € & —¢,4 and these relations are
used in the calculation of perturbation amplitude and spectral index. Plugging
the values H and ¢ from Eqs. (3.10) and (5.7) into equation (3.29), the slow-roll

parameters can be written as

a+2b—4
b
e = b Ma—4)(2—b)10" a4 20 — 4N D/bel/b (13) (3.35)
8 a+2bb74
e = b Na+6b—4)(2—b)""P (g4 26— 4)NC-D/be1/b (E) (3.36)
p

For our model, we can write the expressions for the amplitude of power spectrum

and the number of e-folding as

(2= /NPT g
AR = 288(a — 4)%(a + 20 — )27r2 (3:87)
and
Ny [ H gy HC —b)/A]b£i<¢>”f2b¢J 539
T e ¢ 2(a +2b —4)? M, of .

respectively. Here ¢; and ¢ are the values of scalar field ¢ at the beginning and

the end of inflation respectively.
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3.2.3 Tensor Perturbations

Defining the tensor perturbation to the background metric
ds® = —dt* + a(t)*(6yj + hij)dr'da?, (3.39)

where the components h;; of the tensor metric perturbations are traceless and

divergenceless, i.¢.,
hi; =0, 0Oih;; = 0. (3.40)
We calculate the components of the perturbed Ricci scalar and Ricci curvature,
0Ryw = 0, 0R;p =0, R =0. (3.41)
and

5Rij

V2hi; + S — <y +2<a>2h (3.42)
202(f) © T M T g A ) M |

Using the above results, we get the perturbed field equation (3.5),

F

1 . 1. 3 .
§Fa2Dij + (2Fa2 + 2@aF> D;j — §V2D,~j

a a\? S 2
_ {QCLF— oF (a) - —F+ S (¢ - zv)} a*D,;, (3.43)
where D;; = h;;/a*. The right hand side of equation (3.43) vanishes by using
equations (3.7) and (3.8) and with little simplification we get

(@’F)

Dij + =T R S DU =0. (3.44)

In terms of polarization tensors e - and e, the tensor D;; can be written as

Z]7

Dij = Dle}j + Dge,?j. (345)
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For gravity wave propagating in Z direction, the components of polarization

tensor are given by
el =—el =1, 2, =2 =1, el =¢?=0. (3.46)

So the equation (3.44) can be written as

(a*F)”
a3F

. . 2
Dy + Dy + %DA =0, (3.47)

where A = 1,2 corresponds to two polarizations of gravity wave. Now substitut-

ing z = a\/F and v, = 2Dy Mp/+/2, we get
" 2 Z//
vy + | k7 — — = 0, (3.48)

where, prime ’ is derivative with respect to conformal time. Summing over all
polarization states, the equation (3.48) provides us the amplitude of power spec-

trum of D) as

2\ K 1 2 ( H\*1
AZ=4x (-2 2:() - 3.49
T <M5> 271'2(12FU)\ 2 \Mp) F ( )
So, the ratio of the amplitude of tensor perturbations to scalar perturbations r

is given by

Ar
AR
8Qs

= ~ 48¢3. (3.50)
M2F

where the first equality is true for a generic f(¢, R) theories in JF and the second

approximate equality corresponds to our model £¢®RP.
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3.3 Model in the Einstein Frame

Starting with the considered JF action

A¢4

Sy = / d'ey/—g l <1+ il 1) + 50,009+ - (3.51)

M+2b 2

we perform a conformal transformation of the metric g,, to the Einstein frame

metric g, which is defined as

gW(fL') = 92(33)9111/(17)7 (3.52)

where the conformal factor is given by

£¢aRb 1
Q —1+Ma+2b 5 (3.53)
p
The Ricci scalar transforms as
~ 00 0100,
R = QP|R+6—— —12 o (3.54)

Q 02

Here and here after all the quantities with tilde represents quantities in EF. For
quasi de-Sitter space we may ignore the second and third terms in the bracket
in equation (3.54) which is justified in the equation (3.69). For this assumption
we may write equation (3.53) in Einstein frame as

gitagr Ra

P=1+>—0,
M£+2q

(3.55)

where, p = a/(2 —b) and ¢ = (b—1)/(2 — b) and R = 12H? ~ Constant. Now
via conformal transformation we write the action (3.51) in term of new field ¥,

which is related to the field ¢ by the relation

_ 1/2
dX 1 ) 3p2£/2 (b 2p—2
&0 =0 (Q + 2 ﬁp 5 (3.56)
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where ¢ = ¢*9(R/M?2)9. This leads the action JF action to EF action in term
of the filed :

SE—/d4 ( pR+ aﬂxa X+ Ulx )) (3.57)

where the EF potential is given by

94:\1 ()™ (3.58)

U(x) =
For ¢ >> Mp/&"/P, equation (3.56) can be integrated to give

M, 2 x 1
o= IV exp ( 30Lp 2) . (3.59)

Considering g, = diag(—M?(t),a*(t),a*(t),a*(t)) and varying the action (3.57)

with respect to M(t) or a(t) and setting M = 1 in the final equation which

corresponds FRW metric, we get the Friedmann equation
772 —17 72 2q
12H" = ¢ MA |14+ —) =0, (3.60)
p

where

B2\ aasa) \/E(p —2)x
— 12%/p [ P 2= A 3.61
¢ ( M5> 3 exp 3, (3.61)

Here we have neglected all the derivative terms of Hubble parameter H. This
corresponds to slow roll condition, i.e., x? is much smaller than potential term.

We may write the Hubble parameter from equation (4.1) as

_ 1+ 2q/p) N7t 2 (92—
fr = g L2 \f( p)X | (362)
V12 €7 3\p+4q) M,
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Now using equations (3.55)and (3.62) into (3.58) we obtain the scalar potential

as

1 p__4(+q) 2q i 2(2-p\ x
— St e (1422 [2 z } |
U(x) Mo Ha & ( + ) ) exp 3 ( ) M, (3.63)

Here we have taken the large field approximation exp(\/g Mip) >> 1 for x >> M,,.
Also the parameters a and b, which appear through p and ¢ as defined above, in
the potential (3.63) are the parameters of the Jordan frame action (3.51) which
appear in the Eistein frame potential via conformal transformation of the metric

(3.52).

We now compute the spectral index and curvature perturbation using above

potential (3.63). The slow-roll parameters for large x >> M, comes out to be

M2 (U 4 —4\°
e = My (U _4fat2b=d)n (3.64)
2 U 3\a+4b—14
U 8 [a+2b—4)\"
= M|—)|=-—"— ,
1 p(U) 3<a—|—4b—4> ’ (3.65)

and the amplitude of curvature perturbations (2.100)

1 [
A2 =
R 8m2e M2
1 +2 r+2y+4 9 \/_
Yy i 2y—atd 4 [T _9. /2y x_
= A = z | = 3z Mp 3.66
12872 <2y—x—i—4> $ <y> ¢ , (3.66)

where vt =a+4b—4 and y = a + 20 — 4.

The spectral index in the term of slow-roll parameters is (2.101)
ns = 1 — 6e + 2n. (3.67)

The number of e-folding is calculated as

e U
Ve = [ g™

S HCICS IS
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For xo ~ 13M,, and x. ~ 1M, the number of e-folding is found to be around 60.

Now from equations (3.53) and (3.59), we can calculate the order of terms

like Q/Q and (Q/Q)2 for ¢ >> 22 For A =103 and & = 1, we get

gl/pe
Q U -
g~ 9M2(€+\/§(7]—6)) =4.1x10""M? and
P
-\ 2
Q) U —11 72
2) o~ e=33x 107110 (3.69)
(a) ~ o :

whereas the value of curvature scalar R = 12H? at the same values of parameter
is 4.1 x 107°M?. Thus our approximation (i.e. for quasi de-Sitter space we
can ignore the second and third terms in the bracket in equation (3.54)) made
is consistent and may be checked for other values of a and b. We now use the
measured values of these CMB anisotropy parameters to get the numerical values

for the parameters (a,b,&, A).

3.4 Results and Discussion

From the Planck+WP measurements [112] we know that the curvature pertur-
bation A% = 2.19570%32 x 107, spectral index ng = 0.9603 + 0.0073 and the
tesnsor to scalar ratio r < 0.11(95%C'L). For inflation to solve the horizon and
flatness problems of standard hot big bang cosmology the number of e-foldings
in the Eintein frame Ny is required to be about 60. From equation (3.68) we
see that to get 60 e-foldings, the scalar field x should roll from 13M, to 1M,,.
We compute the curvature perturbation (3.66) and spectral index (3.67) in the
Einstein frame and equate the expressions with the Planck+ WMAP values to
compute the parameters a and b for different values of A\ and assume that the
curvature coupling parameter ¢ = 1. Our results for the correlated set of pa-
rameters A, a, b at xo = 13Mp which give the measured values of A% and n, are
shown in the Table (3.1). xo = 13Mp is the field value approximately 60 e-folds
before the end of inflation. The slow-roll parameters €, n and the Hubble param-

eter H are ~ 0.02, ~ 0.04 and ~ 5.8 x 10-°M,, respectively. And for e ~ 0.02



76 Chapter 3. Generalized Higgs Inflation Model

A 0.1 1072 1072 | 107* | 107°
a 3.385 | 3.026 | 2.735 | 2.494 | 2.292
b 0.277 | 0439 | 0.571 | 0.679 | 0.770
a+2b | 3.939 | 3.904 | 3.877 | 3.852 | 3.832

Table 3.1: The values of parameters a and b in the Einstein frame at xo = 13M,,
with £ = 1 for different values of . The parameters a and b of the Jordan frame
action appears in the Einstein frame potential via conformal transformation of
the metric.

the tensor-to-scalar ratio in EF is predicted to be large r ~ 0.3. We see that
compared to the £¢?R models with large £ the small deviations of a and b from
2 and 1 respectively can result in a large change in £ which is 1 in our model

compared to the earlier curvature coupling models where & ~ 104,

Next we equate the curvature perturbations and spectral index in the Jordan
frame from equation (3.37) and equation (3.34) with the Planck+WMAP data
to evaluate the values of the parameters A\, a and b (keeping £ = 1) . The scalar
field values ¢ in the Jordan frame corresponding to x. = 1M, and xo = 13M,
for different values of A are displayed in Table (3.2). x. is the field value at the
end of inflation. Using these values of the range of the roll in ¢ we see that
the number of e-foldings N; in the Jordan frame, corresponding to Ng = 60
is Ny ~ 830. The values of the parameters A, a and b which give the required
curvature perturbation and spectral index are shown in the Table (3.2). The
slow-roll parameters are found to be €; ~ —e3 ~ 0.007 and ey >~ —ey >~ —0.013
for chosen range of A\. The calculated value for the tensor-to-scalar ratio and

Hubble parameter are r ~ 0.002 and H ~ 107%M,, respectively.

The values of F' =1+ % are found to be ~ 10° i.e much larger than
p

unity and hence our assumption of dropping the unity in the expression for F' is

justified. Also we find that the order of the term ’;21‘52 ~ 107Y is much smaller

than 6e2 ~ 107" as assumed in Section §3.2.2.

We find that in the limit @ ~ 2 and b ~ 1 the correct value of A% and ng are
obtained for A ~ 0.1 only for large value of £ ~ 10* as is the prediction of Higgs
inflation models £42 R [20, 98, 100, 101].



3.5. Conclusions

77

) 0.1 102 103 101 1077

Ol oy | OOLA6M, | 0.0253M, | 0.044M, | 0.077M, | 0.134M,
01 grans, | 3D66M, | 6.187M, | 10.77M, | 188M, | 32.77M,
a 3.56398962 | 3.2751209 | 3.0257694 | 2.809561 | 2.620851
b 0.21800513 | 0.3624348 | 0.4871146 | 0.595217 | 0.639566
a+2b 3.999999 | 3.999999 | 3.999998 | 3.999995 | 3.99998

Table 3.2: The values of parameters a and b are evaluated in the Jordan frame
at £ =1 and ¢, for different values of \.

x0=13Mp

3.5 Conclusions

We have generalised the curvature coupling models of Higgs inflation to study
inflation with a scalar field for a %gb‘l potential and a curvature coupling of the
form %. It may be possible to generate a tree level term of this form by
choosing a suitable Kahler potential in a f(R) supergravity theory [117-119].

We find that for £ = 1 and X in the range (107> —0.1), the phenomenologically
acceptable parameters a and b fall in the ranges (2.3 — 3.6) and (0.77 — 0.22)
respectively. We discover an interesting symmetry related to the numerical value
of a and b which give the correct amplitude and spectral index. We find that for
any value of A the values of a and b which give the required density perturba-
tions satisfy the relation (a + 2b) ~ 4 as shown in Table(3.2). This means that
the curvature coupling term % has no dimensional couplings and is scale
invariant.

It has been shown that the Higgs self coupling can go from A = 0.13 at the
electroweak scale for the 125 GeV Higgs to A = 1077 at the Planck scale by tuning
the top mass or by introducing extra interactions [85, 86, 111]. This leads us to
conclude that the Higgs field may still be a good candidate for being the inflaton
in the early universe if one considers a generalized curvature-Higgs coupling of
the form £¢?RP.

The tensor-to-scalar ratio r in this model is large, therefore %qb‘* with scalar
curvature couplings is ruled out by observational limits on r like the pure %gb‘l
theory [0, 541, ]. However, Jordan frame calculations give small r ~ 0.002

which is contradicts the Einstein frame prediction or r. The debate, on which
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frame is more physical, is still going on and the issue that the observations should
be compared with Einstein frame or Jordan frame results is still not settle [121—

].

We find that the values of (a,b) computed with Jordan and Einstein frame
calculations of the curvature perturbation and spectral index are comparable but
are not identical because unlike the £¢%R theory, in the £¢?R’ theory it is not
possible in general to go to an Einstein frame with a conformal transformation.
If the space is quasi de-Sitter however such an transformation given by equation
(3.55) is possible but the results will differ in the two frames due to the slow-roll
approximation. Finally, by requiring the curvature coupling parameter to be of
order unity, we have evaded the problem of unitarity violation in scalar-graviton

scatterings [103] which plagued the £¢?R Higgs inflation models [20, 95, ,

!



Chapter 4

Power Law Starobinsky Model of

Inflation and its Motivation from

No-scale SUGRA

4.1 Overview

In this chapter we study a model R+ ﬁRﬂ of inflation which is a generalization
of Starobinsky model R + ﬁRQ and so we call it as power law Starobinsky
model. In the previous Chapter §3 we studied a scalar curvature coupled model
£¢°R® of inflation. Along with the independent observable predictions of this
model, we will show that generalized Higgs inflation model £¢?R? is equivalent
to power law Starobinsky model. Also we will see that power law model can
be motivated/derived from no-scalar supergravity with an appropriate choice of

Kéhler potential and superpotential.

The Starobinsky model of inflation [9, 10] with an ﬁRz interaction term is
of interest as it requires no extra scalar fields but relies on the scalar degree of the
metric tensor to generate the ’inflaton’ potential. The R? correction to Einstein
gravity is equivalent to scalar-tensor theory with a scalar potential which is an
exponentially corrected plateau potential. This model is favored by the Planck

constraint on the tensor to scalar ratio which ruled out potentials like m?¢? and

79
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Ap? in the context of standard slow-roll inflation. In addition the Starobinsky
model could be mapped to the Higgs-inflation models with £¢?R 4 \¢* theory
[98]. The characteristic feature of the Starobinsky equivalent models was the
prediction that the tensor-to-scalar ratio was r ~ 10~3. BICEP2 reported a large
value of r = 0.2F5:57 [125] but the recent joint analysis by Planck + BICEP2 +
Keck Array give only an upper bound of 7q05 < 0.12(95%CL) [7, 54, 56]. In an
analysis of the genus structure of the B-mode polarisation of Planck + BICEP2
data by Colley et al. put the tensor-to-scalar ratio at » = 0.11 + 0.04(68%C'L)
[126]. In the light of the possibility that r can be larger than the Starobinsky
model prediction of r ~ 0.003, generalisations of the Starobinsky model are of
interest.

1

We study a general power law

%5_2 correction to the Einstein gravity
and compute the scalar and tensor power spectrum as a function of the two
dimensionless parameters M and (. It is well known that the ﬁ}? model
is equivalent to the £¢*R + \¢* Higgs-inflation model as they led to the same
scalar potential in the Einstein frame [30, 127]. One can find similar equivalence
between generalized Higgs-inflation models and the power law Starobinsky model
whose common feature is violation of the global Weyl symmetry. A general scalar
curvature coupled £¢®R® model was studied in [1258]. The quantum correction
on ¢*-potential in Jordan frame was studied in [129-131] where they have shown
the equivalence of the {¢* R+ A¢*(*) model with - R model. The generalized
Starobinsky model with RP correction has been studied in the ref. [55, 132-137].
In general scalar-curvature theories the scalar plays the role of the inflaton after
transforming to Einstein frame whereas in pure curvature theories like R+ ﬁRﬁ

model the longitudinal part of the graviton is the equivalent scalar in the Einstein

frame plays the role of inflaton.

The higher order curvature theories arise naturally in theories of supergrav-
ity. The supergravity embedding of the Higgs-inflation [93] does not produce a
slow-roll potential in MSSM but a potential suitable for inflation is obtained in
NMSSM [138]. The potential in NMSSM however has a tachyonic instability in
the direction orthogonal to the slow-roll [139]. This instability can be cured by
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the addition of quartic terms of the fields in the Kahler potential [110, 111].

In the context of a supergravity embedding of the Starobinsky model, It was
shown by Cecotti[l12] that quadratic Ricci curvature terms can be derived in a
supergravity theory by adding two chiral superfields in the minimal supergravity.
A no-scale SUGRA[37, 11, 11] model with a modulus field and the inflation field
with a minimal Wess-Zumino superpotential gives the same F-term potential
in the Einstein frame as the Starobinsky model [16]. The symmetry principle
which can be invoked for the SUGRA generalization of the Starobinsky model
is the spontaneous violation of superconformal symmetry [143]. The quadratic
curvature can also arise from D-term in a minimal-SUGRA theory with the
addition of a vector and chiral supermultiplets [1141]. The Starobinsky model has
been derived from the D-term potential of a SUGRA model [115-117]. Quartic
powers of Ricci curvature in the bosonic Lagrangian can also be obtained in
a SUGRA model by the D-term of higher order powers of the field strength

superfield [117, 118].

In this chapter we give a SUGRA model for the general power law ﬁRB
model. We show that adding a (¢ + ¢)" term to the minimal no-scale Kéahler
potential and with a Wess-Zumino form of the superpotential W (¢) yields the
same potential in the Einstein frame as the generalized Starobinsky model. In
the limit n = 2 the Starobinsky limit § = 2 is obtained. We derive the relations
between the two parameters of the power-law Starobinsky model and the two
parameters of our SUGRA model. The interesting point about the generalization
is that small deviations from the Starobinsky limit of n = § = 2 can produce
large shifts in the values of r. Many SUGRA models have been constructed
which can yield a range of r from 1073 — 10! by changing the parameters of the
Kéhler potential and the superpotential [14, 148—164].

Also we show in this chapter that our 2—parameter SUGRA model which
we relate to the 2-parameter ﬁRﬁ power law model is the most economi-
cal representation of the 5-parameter scalar-curvature coupled inflation models

EH*RY + Ap* 1Y) in terms of the number of parameters.

This chapter is organized as follows: In the Section §4.2, we calculate an
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equivalent scalar potential in the Einstein frame for R + ﬁRﬁ gravity. We
find the parameter M and 3 values which satisfy the observed amplitude A%,
spectral index n, and tensor-to-scalar r. We fix model parameters for two cases:
one with running of n, and another without running of n,. In Section §4.3,
we give a SUGRA embedding of the #Rﬁ model with a specific choice of the
Kéhler potential K and superpotential WW. In Section §4.4, we show that the
generalized curvature coupling model £¢*R® with quantum corrected potential
At s equivalent to R + ﬁRB model and give the relation between the
parameters of these two generalized models. Finally we summarize in Section

§4.5.

4.2 Power Law Starobinsky Model and its Pre-

dictions

We start with a f(R) action of the form [19, 165]

M2 1 RP
_ 4
Sy =t /d vv/—g (R e 55—2) (4.1)

where M? = (87G)~!, g is the determinant of the metric g,,, and M is a dimen-
sionless real parameter. The subscript J refers to Jordan frame which indicates
that the gravity sector is not the Einstein gravity form. The action (4.1) can
be transformed to an Einstein frame action using the conformal transformation
Guv(x) = Q) g, (), where €2 is the conformal factor and tilde represents quan-
tities in the Einstein frame. Under conformal transformation the Ricci scalar R

in the two frames is related by
. 3
R=9Q(R+30w - 59 L wO,w) (4.2)

Of(R)

o5 and

where w = In (2. If one choose the conformal factor to be 2 = F =

introduce a new scalar field y defined by € = exp < \/%w ), using (4.2), the action
P
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Figure 4.1: The nature of the potential (4.5) for different g values (with M =
1.7 x 107*). The potential and the field values are in M, = 1 units.

(4.1) gets transform to an Einstein Hilbert form:

2
-1
el S R U RSN (43)

where U(x) is the Einstein frame potential given by

(RF(R) — f(R)) M,
U(x) = 2F(R)?

(4.4)

which, by using the f(R) form (4.1) and Q@ = F' = exp (\/%3\2 ), can be given

explicitly in terms of model parameters M and [ as

- () ) o ()]

where we have taken M, = 1 and from here onwards we shall work in M, =1

units. Also we see that in the limit § — 2 potential (4.5) reduces to exponentially

corrected flat plateau potential of the Starobinsky model.

Assuming large field limit x > @ and 1 < < 2, the potential (4.5) reduces

Ui ~ O - 1) (6%2> = exp [\2/% (Z‘_f)] (4.6)

to




Chapter 4. Power Law Starobinsky Model of Inflation and its Motivation from
84 No-scale SUGRA

We shall use equation(4.6) later in the Section (4.3) to compare with SUGRA

version of the power law potential in the large field limit.

In Fig.5.1 we plot the potential for small deviations from the Starobinsky
model value g = 2. We see that the potential is very flattest for § = 2 but
becomes very steep even with small deviation from Starobinsky model value
f = 2. The scalar curvature perturbation A% o @ is fixed from observations
which implies that the magnitude of the potential U(x) would have to be larger
as € increases for steep potential to maintain the level of observed amplitude
A% . The tensor perturbation which depends on the magnitude of U(x) therefore

increases rapidly as 3 varies from 2. The variation of r» with £ is shown in the

Fig.5.3.

From equation(4.5), in the large field approximation, the slow-roll parameters

in Einstein frame can be obtained as

)] e

2

1
uo” 4 3—2p8)3 —2 —2)3
£ = 5 :\/Eﬁ( ﬁfexp X+<5 ) . (4.9)

U 3v3 | (B—1) V6 ) (B-1

The field value x. at the end of inflation can be fixed from equation(4.7) by
using the end of inflation condition € ~ 1. And the initial scalar field value y;
corresponding to N = 60 e-folds before the end of inflation, when observable
CMB modes leave the horizon, can be fixed by using the e-folding expression

— (xs UX)
N = [ mogdx

Under slow-roll approximation we use the standard Einstein frame relations

LU the spectral index

for the amplitude of the curvature perturbation A% = 537 <

ny =1 — 6¢* + 2n*, the running of spectral index a, = 4 = 16¢™n* — 24(e*)* —
2&* and the tensor-to-scalar ratio r = 16€* to fix the parameters of our model.
The above mentioned form of the amplitude A% in terms of inflaton potential
can be obtained using the slow-roll equation (2.10) into (2.100). Note that the

superscript * indicates that the observables are evaluated at the initial field value
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Figure 4.2: The regions of (ns, ) allowed by Planck-2015 and joint BKP analysis
at 68%CL and 95%CL are shown. In the left panel running of n, is considered
and in the right panel there is no running of n,. The colored contour lines are
the predictions for our model for two sets of g and N values corresponding to
M =~ 10~* which satisfies the observed amplitude of the CMB power spectrum.

Xs Which is the field value approximately 60 e-folds before the end of inflation.

We know from CMB observations, for 8-parameter AC'DM-+r+a, model,
that if there is a large running of the spectral index a;, = —0.01370959 at (68%C'L,
PlanckTT+lowP) then the amplitude is 10'° In(A%) = 3.08940.072, the spectral
index is ny = 0.9667 £ 0.0132 and tensor-to-scalar ratio is ro o5 < 0.168 (95%C'L,
PlanckTT+lowP) [7, 54, 56]. Also a joint BICEP2/Keck Array and Planck
analysis put an upper limit on rgo5 < 0.12(95%CL). Since the scalar potential
U(x) depends on both the parameters M and /3 whereas the slow-roll parameters
depend only on 3, therefore parameter M affects only the scalar amplitude A% o
@ whereas r, ng and a, which depend only on slow-roll parameters remain
unaffected by M. Therefore taking amplitude from the observation and fixing
the number of e-foldings N fixes the value of M and 3. We find numerically that
for the best fit parameter values 3 ~ 1.88 and M ~ 1.7 x 1074, the e-foldings
turns out to be N ~ 20, see Fig.5.2 (left panel). The tensor-to-scalar ratio can
be further reduced to r ~ 0.06 for 3 ~ 1.92, M ~ 10~ but e-foldings still comes
out to be low N = 20, see Fig.5.2 (left panel). Therefore constraining model

parameters using running data implies that cosmological problems like Horizon
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Figure 4.3: The variation of r with g shown for two cases studied in our model:
(i) for N = 20 when running of n; is considered and (ii) for N = 60 when there
is no running of n.

and flatness problems which require a minimum of 50 — 60 e-foldings cannot be
solved with the power law generalization of the Starobinsky model.

Also from CMB observations, for 7-parameter AC'DM+r model, when there
is no scale dependence of the scalar and tensor spectral indices the bound on r
becomes tighter rg o2 < 0.1 (95%C'L, PlanckTT+lowP) and the amplitude and
the spectral index become 10 In(A%) = 3.089 £ 0.036 and n, = 0.9666 + 0.0062
respectively at (68%C L, PlanckTT+lowP) [7, 54, 56]. We find that the values
of M ~ 1.7 x 107* and 3 ~ 1.83 which satisfy the amplitude and the spectral
index for N &~ 60 gives large r ~ 0.22. Also we see that for § ~ 1.88 and
M ~ 1.25 x 10~ tensor-to-scalar ratio can be reduced to r ~ 0.1 but it increases

ns =~ 0.985, see Fig.5.2(lower panel).

4.3 Power Law Starobinsky Model from No-scale
SUGRA

In this section we give a SUGRA model of the power law Starobinsky model.
We shall derive a model where the scalar potential in the Einstein frame is the

same as equation(4.6) which we have shown in the Section §4.2 is equivalent to

1

e RP. The F-term scalar potential in

the power law Starobinsky model R +
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SUGRA depends upon the combination of the Kahler potential K(¢;) and the
superpotential W (¢;) as G = K+In W+In W*, where ¢; are the chiral superfields
whose scalar component are ¢; [166]. The effective potential and kinetic term in

the Einstein frame are given by (2.145)

oG . G
— G i _
V=e [GW g 3] (4.10)
and (2.139)
Lx = K/"0,6'0"¢} (4.11)

respectively, where K7, is the inverse of the Kéhler metric KI* = 9K/ DP'0¢;.

A no-scale SUGRA model [16] with a choice of the Kéahler potential K =
—3In [T + T* — ¢¢* /3] and a minimal Wess-Zumino superpotential with a single
chiral superfield ¢

A
W(g) = 5¢* — 50’ (1.12)

gives the same F-term potential in the Einstein frame as the Starobinsky model

which give vanishing tensor-to-scalar ratio r ~ 0.003 for specific choice % = %
A slight change in the ratio ﬁ can increase r upto r ~ 0.005 but it gives large

ns ~ 0.98.

To get a no-scale SUGRA model corresponding to power law Starobinsky
model which can give a larger r, we choose the minimal Wess-Zumino form of
the superpotential (5.48) and a minimal no-scale Kéhler potential with an added
(¢ + ¢*)" term as

(¢+07)"

K =3I |T+T" (4.13)

which can be motivated by a shift symmetry T" — T +:C, ¢ — ¢ + 1C with C
real, on the Kéhler potential. Here T is a modulus field and ¢ is a matter filed

which plays the role of inflaton.
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We calculate equation(5.45) and equation(5.46) for chosen Kéahler potential
(5.47) and superpotential (5.48). We assume that the T field gets a vev (T+T™*) =
2(ReT)y = ¢ > 0 and (ImT) = 0. We write ¢ in terms of its real and imaginary
parts ¢ = ¢1 +i¢o. If we fix the imaginary part of the inflaton field ¢ to be zero
then ¢ = ¢* = ¢ and for simplicity we replace ¢; by ¢, the effective Lagrangian

in the Einstein frame is given by

2

Lp = n(29)" 2[e(n — 1) + (21¢2)n] ow . (4.14)

99

10,0|% — 4(2¢)* "

2 n n
4fc — C")2 n(n —1)c — 2°)2

To make the kinetic term canonical in the L, we redefine the field ¢ to x with

N T T

= - (4.15)
09 2le - 5]

Assuming that n ~ O(1) and the large field limit (2¢)" > 12¢ during inflation,
integrating equation(4.15) gives

¢~ ;exp (j;%) [1 + 60(”; Y exp <_\/2%‘>] (4.16)

Now substituting from equation(5.48) and equation(4.16) into the potential term

of equation(4.14) and simplifing, we get the effective scalar potential in the Ein-

stein frame as

o o[y ()

nn—1) VIVe\ vn

x [1 =2 e <_2X> _ 9eln? _n” =2 exp <_2"X>r (4.17)

A V3n V3n

V3n
2

which, assuming 1 < n < 2, in the large field limit y > is equivalent to

We see that in the limit n — 2 and with the specific choice % = %, the potential

(4.17) reduces to Starobinsky Model potential.



4.4. Equivalence of the Power-law Starobinsky Model with Generalized
Non-minimally Curvature Coupled Models 89

_ A _ dns
g M n H= s = F1%

1.83 | 1.7x107% 1193 [ 3.13x 1076 | —9.16 x 10~
1.88 | 1.7x 1074 1.96 | 5.54 x 1076 | —2.86 x 103
200 [ 1.1x107°[200]1.16x10°% | —=5.23 x 1074

Table 4.1: The SUGRA model parameter values (in M, = 1 unit) for three
values of 3 corresponding to running and without running of spectral index n
as depicted in Fig.5.2 and for Starobinsky limit g = 2.

We can now compare the power law potential (4.6) and SUGRA potential
(4.18) for inflaton to show the relation between the parameters of the two model.

Comparing the constant coefficient and exponent in the two potentials we get

_ 2¢/n +3v2(2 — n)

8= (4.19)
and
s B 288112 o
== 20

Numerically we evaluate the SUGRA model parameter values (in M, = 1 unit)
for three values of 8 corresponding to running and without running of spectral
index n; as depicted in Fig.5.2 and for Starobinsky limit 5 = 2. These values
are shown in the TABLE[4.1].

4.4 Equivalence of the Power-law Starobinsky
Model with Generalized Non-minimally Cur-
vature Coupled Models

In this section we will show that generalized non-minimally coupled Inflation

models £¢? R’ [128] with the quantum corrected ¢*-potential [129-131] can be

reduced to the power law Starobinsky form. We consider the generalized non-

minimal coupling £¢?R® and the quantum correction to quartic scalar potential
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#*1+7) into the action

M2R €¢aRb 1 A¢4(1+'y)
P —g" — 4.21
2 2MprEi  9Y 0u0u9 + AME ) (4.21)

S, = / &'/ —g <_

where the scalar field ¢ is the inflaton field. Since during inflation potential
energy of the scalar field is dominant therefore kinetic term in the action S; can

be neglected w.r.t. potential, the action reduces to

L 4.22
2 2MtBt 4 (4:22)

[P )

. . . . AL
we may integrate out the scalar field through its equation of motion 90 = 0 [132],

which implies

~
~

€aR e
<2>\(1 + 7)M5+2b74(1+’y) (423)

Using equation(4.23) for ¢, the action (4.22) reduces to power law Starobinsky

action

/d4x\/—_g<_M5> <R+ L > (4.24)

2 6M2 Mgﬁ_Q

where the two parameters § and M of the power law model are identified in

terms of a, b, \, £ and ~ as

o Ab(1+7)
b= 4147)—a (4.25)
and
4(147)
B a 2M(1 + )\ *0F-e
M= ST < o ) (420)

which fora =2, b=1,7 =0, i.e at § = 2, reduces to Higgs Inflation-Starobinsky

case M2 ~ % ~ 10719 Also with a = 2,0 = 1,7 # 0 results of the Higgs

inflation models with quantum corrected potential can be obtained [129, ).
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4.5 Conclusions

We have explored a generalization of the Starobinsky model with a ﬁRﬁ model
and fit 8 and M from CMB data. We find that to fit the amplitude A% and
the spectral index n, (with no running) from observations [7, 54, 56] we require
M ~1.7x107* and B ~ 1.83 for N = 60 but these parameter values gives large
r ~ 0.22. Also we find that the parameters 3 and M deviates from M ~ 107°
and 8 = 2 of the original Starobinsky model which could fit the amplitude and
the spectral index but predicted very small value of r ~ 1073. When large
running of the spectral index o, ~ 1072 is considered we find that the best fit
parameter values are 8 ~ 1.88 and M ~ 1.7x 10~* which corresponds to N ~ 20.
This implies that the standard cosmological problems like Horizon and flatness
problems which require a minimum of 50 — 60 e-foldings cannot be solved with
the power law generalization of the Starobinsky model.

We have shown that the 5-parameters generalized non-minimal scalar-curvature
coupled inflation models with the quantum correction to quartic scalar potential
i.e. £ R+ ¢*(117) are actually equivalent to 2-parameter power law Starobinsky
model ﬁRﬂ. Therefore we see that in terms of number of parameters the power
law model is the most economical parametrization of the class of scalar-curvature
models with quantum corrected ¢*-potential.

In this paper we have given a SUGRA model for the general power law ﬁRB
model by adding a (¢ + ¢)" term to the minimal no-scale Kahler potential and
with a Wess-Zumino form of the superpotential W (¢). In the limit n = 2 the
Starobinsky limit 8 = 2 is obtained. We derive the relations between the two
parameters of the power-law Starobinsky model and the two parameters of our
SUGRA model. The interesting point about the generalization is that the small
deviations from the Starobinsky limit of n = 8 = 2 can produce value of larger
value of r ~ 0.1. Generalizations of the Starobinsky model which can explain a

possible larger value of r are therefore of interest.






Chapter 5

Two-Field Model of Inflation and
its Motivation from No-scale SUGRA

5.1 Overview

In this chapter we study a two-field model of inflation where inflaton field is
accompanied by a dilaton field and has a non-canonical kinetic term due to the
presence of the dilaton field. And the effective potential is a product type of
potential i.e. inflaton potential times the exponential potential of dilaton field.
We show that novelty of such an inflationary scenario is that the quartic and
quadratic inflaton potentials, which are not favoured by the present Planck data,
yield scalar spectral index and tensor-to-scalar ratio which are in accordance with
the present data. Such a model yield a tensor-to-scalar ratio of the order of 1072
which can be probed by future B—mode experiments like Keck/BICE3, SPT-3G,
LiteBIRD, CMBPol, Spider and thus can be put to test in future. The action of

such a model in Einstein frame can be generically written as
4 Mp2 1 1 e _Bo
S = /d IV | SR = SV V0 — S T VEGY,0 — ¢ TV (6)|(5.1)

where M, is the reduced Planck mass and 3 and v are arbitrary parameters. For
brevity of the text we shall use M, = 1 unit from here onwards. This action is

equivalent to Brans-Dicke action in Jordan frame [167], as argued in ref. [108],

93
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wherein Brans-Dicke parameter wgp can be identified in terms of the parameter
[ or . The Brans-Dicke action can be derived from Higher-dimensional, induced
gravity or string theories. The spectrum of density fluctuations in such a two field
models, which include an inflaton field and a dilaton field, are calculated in [168-

| and the parameters of the generalized scalar-tensor theories are constrained.
In these model v = /2 and they give no better predictions than standard
slow-roll inflation for quartic and quadratic potentials. In the limits g and ~
tending to zero their predictions converge to standard slow-roll predictions and
for any positive values of these parameters with g > ~, the predictions are worse.
However, if v > 3 then the model can correctly predict the observables ng, and r.
We will see that it is possible to derive a two-field action (5.1) in Supergravity
theories with appropriate choice of Kéahler potential and superpotential where
[0 and v can appear as two arbitrary parameters and we can have v > . Two
field inflation with non-minimal curvature coupling of the inflaton field is studied

in [172] and it gives small  ~ 0.009.

It is well known that the simplest single-field slow-roll inflation models with
most common chaotic potentials, e.g. quartic (A¢*) and quadratic (m3¢?) poten-
tials produce large tensor-to-scalar ratio r ~ 0.26 and r ~ 0.13 respectively, for
AN = 60 where AN is the number of e-foldings from the end of inflation. Planck-
2015 high-¢ polarization data puts an upper bound on rg gp2 < 0.11(95% CL) and
the predicted amplitude and the spectral index are 10'°In(A%) = 3.089 + 0.036
and ny; = 0.9666+0.0062 respectively at (68%C L, PlanckTT+lowP) [7, 51]. Joint
BKP analysis of B-mode polarization data puts an upper limit r¢ 5 < 0.12 (95%
CL) [56]. More recently BICEP2/Keck Array CMB polarization experiments
combined with Planck analysis of CMB polarization and temperature data have
further improved the bound on 7905 < 0.07 (95% CL)[57]. These observations
indicate that single-field models with quartic and quadratic potentials are ruled
out at In B = —23.3 and In B = —4.7 respectively [51]. Also these models pre-
dict very small inflaton self coupling (A ~ 107!3) and very light inflaton with
mass (my ~ 10GeV) [50] at the GUT scale in order to yield correct scalar

amplitude which prohibits the inflaton in these models to be interpreted as the
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Standard Model Higgs at GUT scale [95].

The Higgs inflation scenario [98], where the Higgs inflaton field ¢ is non-
minimally coupled to the curvature scalar R (coupling term looks like £¢*R),
gives rise to very small tensor-to-scalar ratio r ~ 0.003 for N = 60 which is
consistent with the Joint BKP bound on r and makes it a highly favored infla-
tionary model after the release of PLANCK-2013 data [173]. Even though, such

a model encounter the problem of unitarity violation because of very large curva-

1

2 R? correction

ture coupling & ~ 10% [174]. Starobinsky model of inflation with
to Einstein gravity is mathematically equivalent to Higgs inflation model with
quartic potential and therefore produces small tensor-to-scalar ratio r ~ 0.003
[9, 10]. As we studied in the previous Chapter §4, the generalized non-minimally
coupled models with coupling term £¢*R’ and quantum corrected A¢*+7) po-
tentials, which are equivalent to power law inflation model R + R?/M? predicts
large tensor-to-scalar ratio r ~ 0.2 [128-130, ]. Therefore these models are
also ruled out by present status of the data. A study of genus topology and cross-
correlation of BICEP2 and Planck B-Modes produced by gravity waves in the
early universe put tensor-to-scalar ratio at r = 0.11 £ 0.04(68%CL) [126]. Also
there is a possibility that future B-mode observations like Keck/BICEP3, SPT-
3G, LiteBIRD, CMBPol, Spider may put r around r =~ 0.1 — 0.01 and therefore
Starobinsky model along with Higgs inflationary scenario might become incom-
patible with the observations in future. However we will see that the two-field

model for certain choice of parameters § and v values with v > [ can produce

tensor-to-scalar ratio in this range.

In order to motivate the above two-field action with v > 3, we will show
that such an action can be derived from no-scale supergravity. The two-field
models of inflation with string motivated tree-level no-scale Kahler potential in
no-scale supergravity framework are analyzed in Ref.s [155, , , ]. With
the considered form of Kéahler potential and superpotantial, we will derive the
two-field action (5.1) where the parameter v has a fixed value v = 2\/% and
[ is arbitrary, therefore we can have v > [ as required to achieve the correct

values of the observables n, and r.
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The chapter is organised as follows : In Section (5.2) we discuss in detail
the evolution of background and perturbations in our model and derive the co-
moving curvature power spectrum and isocurvature power spectrum along with
the observables namely the scalar spectral index and the tensor-to-scalar ratio.
In Section (5.3) we consider two different inflaton potentials, namely quadratic
and quartic, to show that these two potentials yield scalar spectral index and
tensor-to-scalar ratio which are compatible with present observations. In the
Section (5.4) in order to motivate two-field model from a fundamental theory we
give a SUGRA derivation of this model. In Section (5.5) we will discuss the main

results of this chapter and conclude.

5.2 The Model

In this section we would derive the evolution of background and scalar pertur-

bations if one considers the action given in Eq. (5.1) with arbitrary g and ~.

5.2.1 Background Evolution

In a homogeneous and isotropic FLRW universe the variation of the action (5.1)
w.r.t. fields and metric yields the equations of motion of the scalar fields and

Friedmann equations as

G+ 3Ho + %W%Q — Be PV () =0 (5.2)
¢+ 3Hp — 5+ VPV (¢) =0 (5.3)
3H? = ;&2 + ;e—wg% + eV () (5.4)
H= —; (6 +¢77¢?) (5.5)

where an over dot represents derivatives w.r.t. time and prime denotes derivative
with respect to ¢.
In the slow-roll regime when both the fields slow-roll, terms with single and

double time derivatives can be neglected therefore the background equations
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reduces to

3Ho = e PV (9), (5.6)
3H¢ = -0V (¢), (5.7)
3H? = e 77V (). (5.8)

We define the slow-roll parameters for both the fields. Here the full potential
U(o,¢) = e PV (¢) can be regarded as the product of potentials of the two

fields. We then define the slow-roll parameters as :

-

_ U _ V'(9)
U T V)
- 1 Uo— 2_ 62
‘= 3 U) T2
o UO’O’ 02
e = 7 =57 (5.9)

Now to have the o field slow-roll during inflation we require 3? < 2.

Using equations (5.8), the evolution of the background fields is given by

v = Uo+ﬁln<:0>, (5.10)
/d¢“//,(<(i)) - —6;;0 [(;)ﬁw—q (5.11)

We define
f6)=/ d¢¥(<f;)) (5.12)

For sufficient inflation we need £ 2 2N, combining (5.11) and (5.12), yields

1

3 1+ BreT 7 (F(d) = F(91))] 2 AN, (5.13)

In the above expressions the subscript ‘0’ and ’ f’ represent the field values at the
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start and end of inflation respectively and the same notation will be used in the

rest of the text.

5.2.2 Linear Perturbations

In this section we will consider the linear perturbations to background fields
o(t) + do(t,2"),6(t) + 0p(t, 2*) and metric g, (t) + 8¢, (t, 2"). In a longitudinal

gauge the metric perturbations can be given as
ds® = — (14 2®)dt* + a(t)*(1 — 2®)d,;dx" dz’ (5.14)

and the equations of motion of scalar field perturbations are

66 + 3H oG + (:Z — V;e—wng + 626_60V(¢)> 60 + 1€ 17 hdd — Be PV ($)d
= 28777V (¢)® + 4d0, (5.15)
561 (3H — 70) 56+ (’“ " 6(”"5)”V”(¢)> 56 — 366 + (1 — BV()elrP760
= 2077V () ® + 4D (5.16)

the i, 00 and Oi-components of the perturbed field equations give

O+ 4HO + (3H? + H)D = ; [(55& + €770 — e PV (¢)dp
3 (ie—wg&? _ e‘B"V(ng)) 50—] (5.17)
3H® + (3H? + H)D + Szcb = _21 [c'nsc'r + 7745 + e PV ()¢
8 (ie—W& + e—BUV(qs)) 50—} (5.18)

P+ HD = ;(déa + e i) (5.19)

respectively.

The comoving curvature perturbations on the constant energy density hyper-
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surfaces [169, 170] are (2.46)

R = &— Z (cI> + H(I))
500 + e 178

= &+ H -
02 + e 172

(5.20)

Also the time evolution of the comoving curvature perturbations can be obtained

by combining equations (5.17), (5.18) and (5.19) as

=N
R A (5.21)

where S represents entropy (isocurvature) perturbations given by

s _ ot (BPV(9)e + 95V (9)) (60— 6¢>

5+ oy 7e) 0¥

On super horizon scales (k < aH) and under slow-roll approximation one can

safely ignore terms containing ® and double-time derivatives to get

= - (660 + e do0) = géa - QVV%

Vi 5, (5.23)
3HOG + (2 PV (p)oo — Be PV (¢)0p = 287V ()@,  (5.24)
3HOg + 77V ()56 + (v — B)e" 7V (¢)do

— 2V () (525)

The above equations can be solved to give superhorizon solutions as, [see

[168]]

oo ¢ 3

5& = ﬁ — ﬁ’ (5.26)

0
I

where ¢; and c¢3 are the time independent integration constants and can be fixed

using initial conditions. In the above expression (5.28), terms proportional to
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c1 represent the adiabatic modes while those proportional to c3 represent the

isocurvature modes.

The equations of motion for scalar perturbations can be approximated as
equations of motion of free massless scalar field in inflating background for k£ >
aH and even in the region k < aH when H(t;) > |H(t)|(t — t;) and thus
the expectation values of the scalar perturbations for the modes k crossing the

Hubble horizon i.e. when k = a(ty)H (tx) can be given by

H(ty)?

' H(ty)?
23

(|6gn|?) = A" o (5.29)

(164]%) = e

where the exponential factor in {|d¢x|?) is due to the non-canonical kinetic term

of the inflaton field in the Einstein frame.

Using background slow-roll equations (5.6)-(5.8), equation (5.20) can be sim-

plified to give the curvature perturbations as

1 <V'(¢>)2
R ~ &+ c1 —C3+cC3 52 21 ‘;(721)) 2 (530)
THi(vg) @
€
~ O — _ 5.31
+c —c3tces et ee, ( )

Since from equation(5.28) it is clear that all the terms in ® are proportional to
(€1, c3)%x slow-roll parameters, therefore we will ignore the potential ® compared
to ¢; and ¢3. Using equation (5.26) and equation (5.27) we can calculate ¢;
and c3. Substituting for ¢; and ¢3 into equation (5.31), the comoving curvature

perturbations on super horizon scales becomes

R = H(ifewA 1B (5.32)
o

where A = €,/(€, + €77€¢4) and B = ¢,/(e, + €77€¢,). Therefore, using equa-

tion(5.29), the power spectrum of comoving curvature perturbations can be ob-
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tained as
k3 9 H* [e3° 1
= — ~ | —— A4+ —_pB? .
Pro= 5mR) =~ 10 l PER (5.33)
Vige ™ [e1” 1 1
— | —A —B 5.34
2472 €4 * €y ( )

where 62 and ¢? are given by equations (5.6) and (5.7).

In the Einstein frame the tensor power spectrum retains its generic form as

8H?(ty,)
= — 5.35
Pr TPCR (5.35)
which, combining with (5.34), yields the tensor-to-scalar ratio as
yo 1 -1
r=2T g [QAZ v BQ] (5.36)
PR €o €o

Now once we have the power spectrum of scalar perturbations (5.33), we can

find the scalar spectral index using (2.101)

d1n Pr (k)

dink
dinPr(k) dt  dN

Tdt dN Cdink
A1 1 ap
T HP, dt

ng—1 =

12

(5.37)

where P, = (37 /¢?) A%+ (1/6?) B? and we used the fact % = L and at horizon

crossing k = a(ty)H (t), )
aN o H
dlnk H?

~ 1. (5.38)

Using background slow-roll equations (5.5)-(5.8), we calculate ¢ and ¢, equa-

tion (5.37) can be further simplified to give
ns—1 ~ —A [(6% —2ng)e”" + B(28 + fy)e'y”] — BB? (5.39)

It should be noted that in the limit 5 — 0 and v — 0, A = 1 and B = 0,

equations (5.34),(5.36) and (5.37) for power spectrum, tensor-to-scalar ratio and
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Figure 5.1: ng; — r predictions of our two-field model for quadratic (left panel)
and quartic (right panel) potentials are shown. We have taken AN = 60 and
o9 = 0.1. In both the panels the range of values of v increases along the curves
from top to bottom. It is also clear that as the values of S and 7 goes to zero,
ns and r values converges to standard slow-roll inflation predictions.

spectral index respectively reduces to their standard forms in the single-field
slow-roll inflation.
Also, using equation (5.29) into equation (5.22), the amplitude of the isocur-

vature perturbations is given by

]{33
Ps = ﬁ<82>
O (B (9) + 6 V'(9))’ (5.40)
T2 (62 + e ¢?)3 |

which vanishes upon using equations (5.6) and (5.7) for ¢ and ¢ respectively.
Therefore in this two-field model, up to slow-roll approximation, the isocurvature

perturbations vanishes independent of inflaton potential and (3, v values.

5.3 Analysis of the Model with )\,¢" Potentials

In this section we analyze the observable parameters when inflaton has a potential
V(p) = %"gb”. We define 0y and ¢ as the field values AN e-folds before the end of
inflation and o and ¢ field values at the end of inflation. From equation (5.11)
we find

Or =00 + ﬁAN (541)
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Figure 5.2: The inflaton values during inflation, for quadratic (left panel) and
quartic (right panel) potentials, are shown. We have taken AN = 60 and oy =
0.1. In both the panels the range of values of v increases along the curves from
bottom to top. It is also clear that as the values of § and v goes to zero, the
field values converges to standard slow-roll inflation predictions.

And using equation (5.6)-(5.8) we can solve for g — H? + H and setting g =0,

which is the condition for the end of inflation, we get the inflaton field value at

¢p =ne1?)\J2 — B2, (5.42)

And the field value ¢, is given by equation(5.13) as

the end of inflation as

2neo0

by~ ¢+ n;’y (eBVAN — 1)

neroo {eﬁVAN(ZL — 2%+ nBy) -4+ 252]
Bv(2 - B?)

12

(5.43)

Now we substitute ¢y from equation (5.43) into equations (5.34), (5.36) and
(5.37) to give ng, r and Pg in terms of oy, n, AN, 8 and 7. For AN = 60
e-folds and for the choice og = 0.1 with various choices of the parameters 5 and
7, the ngy — r predictions for quadratic (n = 2) and quartic (n = 4) potentials are
shown in the Fig. 5.1. For the above choices of the parameters values, inflaton
field values during inflation are shown in the Fig. 5.2. For o9 = 0.1, AN = 60
and for the range of the parameter values of (3, 7) as shown in Fig. 5.1, we finds

scalar mass in the range Ay = m3 ~ 107'" —107'* and scalar self coupling in the
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range A\, = A ~ 10713 — 1077, E.g. for the choice 8 = 0.05 and ~ = 0.7, which
can produce ng ~ 0.9666 and r ~ 0.06, gives my ~ 2 x 1075, And for 8 = 0.06
and v = 1, which gives n, ~ 0.964 and r ~ 0.05, gives A\ ~ 1076, Therefore in
this two-field scenario with quadratic and quartic potentials, similar to the case
of single-field slow-roll inflation, we require light inflaton mass and fine-tuning of
the inflaton self-couplings in order to explain the observables. However, unlike
the Higgs inflationary scenario which has no fine tuning problem predicts very
small tensor-to-scalar ratio r ~ 1073, the two-field model predicts larger tensor-

to-scalar ratio r ~ 1071 — 1072.

5.4 Deriving Two-Field Model Action from No-
scale Supergravity

In this section we give a derivation of the two-field inflation model from no-scale
Supergravity. The F-term scalar potential in EF is determined from Kéhler

function given in terms of Kahler potential K (¢;, ¢}) and superpotential W (¢;):

G(¢i: ¢7)

K(¢i, ;) + InW(¢g;) + In W*(¢;) (5.44)

where ¢; are the chiral superfields. In the supergravity action the effective po-

tential and kinetic term in the Einstein frame are given by (2.145)

oG . 9G
_ G { o
V =e¢ la(bl Kj*a(b;f 3] (5.45)
and (2.139)
Lx = K/"0,4'0"¢} (5.46)

respectively, where KJZ:* is the inverse of the Kéhler metric Kij = 0°K/ (?gbi@qb;f.
In no-scale supergravity [16] with Kahler potential K = —=3In [T+ T* — pp* /3],
where p is identified as chiral inflaton superfield and T" as complex modulus field,

and with a Wess-Zumino superpotential W (p) = £p? — 2%, the F-term scalar
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potential in EF would give Starobinsky-type of inflation potential with the choice

% = % Here we consider the Kéahler potential of the following form
K =-3Wn[T+T"]+ bpip*’ (5.47)
(T + T+~

and we identify T" as the two component chiral inflaton superfield and p as addi-
tional matter field with modular weight w. In typical orbifold string compactifi-
cations with three moduli fields the modular weight w has value 3 [160, 176, 177].
Here we shall treat w as phenomenological parameter whose value can have small
deviation from the canonical value 3 due to string loop corrections to the effective
Supergravity action [178]. Also we will see at the end of this section that the

parameter b is no new parameter and can be given in terms of the parameter w.

For the complete specification of the supergravity we assume the following
superpotential

W= A pT™ (5.48)

If we assume that the field p rapidly goes to zero at the onset of inflation, then

from (5.45) and (5.46), for the taken K and W we get

A2 T 39RO, T*
m Ly ="t (5.49)

V= b(T+T*)3_“7 (T+T*)2

We can decompose T field in its real and imaginary parts parametrized by two

real fields ¢ and o respectively as

T=eVioy i\/§¢, (5.50)

Using (5.50) into (5.49), we get the following forms of the kinetic and the potential

terms in the Lagrangian:

Ly = ;aﬂaaﬂﬁie—waﬂwm, (5.51)

A2 2(w—3) 2 m
V = mTe_ﬁU |:€’y0— + 3¢2:| s (552)
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Figure 5.3: The ngy — r predictions for a fixed value of v = 2,/2/3, for quadratic

(n = 2) and quartic (n = 4) potentials, are shown. The range of values of /3
increases along the curves from top to bottom.

where v = 2\/% ~ 1.633 and f = (3 — w)\/g If during inflation the field o rolls

slow enough compared to inflaton field ¢ then 77 << % and hence first term
inside the bracket in (5.52) may be neglected. Also as per the analysis performed
in two-field model, we saw that the field o during the 60 e-folds inflation, rolls
from O(0.1M),) to O(1M,) and the corresponding change in the inflaton field
value during inflation is ¢ ~ O(10M,) to O(1M,). Therefore for v = 2\/2 we
find that €77 << % Therefore, from (5.51) and (5.52), the effective matter

field Lagrangian in the EF is given by
1 H 1 —Y0 QK —Bo
Ly = 58 00,0 + 3¢ HMp0,p + e "7V (9) (5.53)

_ Afn 2m _w . . . . -
where V(¢) = 52¢*™ and we set b = % for quadratic potential i.e. with m =
5=1land b= % for quartic potential i.e. with m = § = 2. For AN = 60 and
oo = 0.1, the ny — r predictions for a fixed value of v = 2,/2/3 and with varying

[ are shown in Fig. 5.3.
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5.5 Conclusions

The standard single-field slow-roll inflation models with quartic and quadratic
potentials, which generically produce large tensor-to-scalar ratio, are not compat-
ible with the present Planck data. One novel way of making quartic self-coupling
of inflaton viable with the present status of the data is by what is called the Higgs

inflationary scenario which gives very small r ~ 0.003.

Here we present a two-field inflationary model where inflaton is accompanied
by a dilaton field and has a non-canonical kinetic term due to the presence of the
dilaton field. And the effective potential is a product type of potential i.e. inflaton
potential times the exponential potential of dilaton field. We find that, unlike
standard single-field slow-roll inflation with quadratic and quartic potentials,
the observed r < 0.11 and n, = 0.966 £ 0.0062 can be obtained for certain
choice of dilaton field value oy and the parameter values g and v for 60 e-folds
as depicted in the Fig. (5.1). For example, inflaton with quadratic potential
yields ng ~ 0.9666 and r ~ 0.06 for parameters value g = 0.05, v = 0.7 and
inflaton with quartic potential yields n, ~ 0.964 and r ~ 0.05 for parameters
value 8 = 0.06, v = 1. This shows that this scenario yields tensor-to-scalar
ratio much larger than the generic Higgs inflationary scenario or Starobinsky
inflationary scenario. This model for a range of parameters (f3,v) values can
produce large tensor-to-scalar ratio r ~ 107t — 1072 which would definitely be
probed by future B—mode experiments and thus such a model can be put to
test with these future observations. We find that one requires to fine-tune the
self-couplings of the inflaton field in order to be in accordance with observations,
unlike the Higgs inflationary scenario. Also we find, like in the standard slow-roll
inflation, in two-field scenario the fine tuning problem of inflaton self coupling
and prediction of very light inflaton mass at GUT scale persists. In the limits
B8 — 0 and v — 0 the standard slow-roll inflation predictions can be obtained.
We show that, up to slow-roll approximation, the amplitude of the isocurvature
perturbations vanishes identically independent of the choice of the parameters

values.
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Future B—mode observations (Keck/BICEP3, SPT-3G, LiteBIRD, CMBPol
and others) would further improve constraints on r. These observations aim
to probe tensor-to-scalar ratio upto the theoretical limit of 2 x 1073, however
such a limit is achievable only if the noise can be reduced to ~ 1 pK-arcmin
and lensing B—modes are reduced to 10% if one considers the preset PLANCK
data on foreground [179]. Also in view of the study of genus topology and cross-
correlation of BICEP2 and Planck B-Modes by Colley et al. [126] we expect
r to get settle down somewhere in the range r ~ 0.1 — 0.01. Unlike standard
slow-roll inflation in which quadratic and quartic potentials are ruled out by the
observations, we find that in two-field scenario these potentials are allowed and
therefore it is a significant result.

We derived the two-field inflation action from no-scale SUGRA with the con-
sidered form of Kéhler potential and superpotantial, wherein the parameter v has
a fixed value v = 21/2/3 and [ appears as an arbitrary parameter. However, we
believe that with some string motivated Kéahler potential and appropriate choice
of superpotential one can derive the two-field action with absolutely arbitrary
parameters S and . In this model with v > (3, which is required condition to get
the correct values of the observables ng and r, we find that to fit the observables
we need 3 ~ 1072, which, from the relation 3 = (3 — w)\/g , implies a very small
deviation of the parameter w from 3 which may be obtained from the string loop

contributions to tree-level supergravity effective action.
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Summary and Conclusions

The idea, that the universe through a period of exponential expansion, called
inflation, has proved useful for solving the horizon and flatness problems of stan-
dard cosmology and in addition providing an explanation for the scale invari-
ant super-horizon perturbations which are responsible for generating the CMB
anisotropies and formation of structures in the universe. A successful theory of
inflation requires a flat potential where a scalar field acquires a slow-roll over a
sufficiently long period to enable the universe to expand by at least 60 e-foldings
during the period of inflation.

There are a wide variety of particle physics models which can provide the slow-
roll scalar field ’inflaton’ for inflation [55, 180]. From the observations of CMB
anisotropy spectrum by COBE, WMAP and Planck [5—7], it is not yet possible
to pin down a specific particle physics model as the one responsible for inflation.
Though all of the above experiments gave tighter and tighter constraints on
inflationary observables, e.g. power spectrum and spectral index, which allowed
several models of inflation to be ruled out but still there is a large degeneracy in
inflation models. The 2015 data from Planck observation gives the amplitude,
spectral index and tensor-to-scalar ratio as 10°In(A%) = 3.089 £ 0.036, n, =
0.9666+0.0062 at (68% CL) and rg g2 < 0.11 at (95%CL), respectively [51]. Also
the latest results by BKP collaboration put r at 7905 < 0.07 at (95%CL)[57].
Therefore, all those models which can produce the correct amplitude of CMB

power spectrum and its spectral tilt along with producing r < 0.07 are allowed.

109
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The future B—mode observations are expected to fix r which will allow many

existing inflation models to be ruled out.

In this thesis we study a single-field generalized non-minimal model of in-
flation, a power law model of inflation and a two-field model of inflation with
a non-canonical kinetic term. We calculate the key inflationary observables :
amplitude of the power spectrum of curvature perturbations, spectral index and
its running, tensor-to-scalar ratio and amplitude of isocurvature perturbations.
And fix the parameters of the models using the measured values of these observ-
ables. Also we motivate these models from a fundamental theory called no-scale
supergravity.

In Chapter §1, we briefly discussed the standard model of cosmology, its suc-
cesses and inflation as a solution to problems therein. Also, we discuss inflation
from modified gravity theories and no-scale supergravity theory. In Chapter §2,

we discussed the necessary theoretical foundations for the purpose of this thesis.

In Chapter §3, we studied a generalized curvature coupled Higgs inflation
model £¢®R® which is a generalization of the Higgs inflation model £ $? R with \¢*
potential. We find that if the Higgs self coupling \ is in the range (107> — 0.1),
parameter a in the range (2.3 — 3.6) and b in the range (0.77 — 0.22) at the
Planck scale, one can have a viable inflation model even for ¢ ~ 1. A ~ 0.1 in
this model solve the fine tuning problem of Higgs self-coupling in the standard
slow-roll inflation which predict A ~ 1072, The tensor-to-scalar ratio r in this
model in EF is large r ~ 0.3, therefore model with generalized scalar-curvature
couplings is ruled out by observational limits on r like the pure %¢4 theory.
However, with independent calculations in JF gives small r ~ 0.002 which is
allowed from the observations. Therefore, JF result contradicts the EF result.
The observations should be compared with EF results or JF results is still matter
of debate. However in this model, by requiring the curvature coupling parameter
to be of order unity, we have evaded the problem of unitarity violation in scalar-
graviton scatterings which plague the £¢?R Higgs inflation models. Therefore,
the Higgs field may still be a good candidate for being the inflaton in the early

universe if one considers higher dimensional curvature coupling. Such Higher
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dimensional curvature couplings £¢® R? may be generated at tree level by choosing
a suitable Kéhler potential in a f(R) supergravity theory [I17-119]. Also we
find that, upto slow-roll approximation, for the same set of parameter values
(&, A) the set of (a,b) values is nearly the same in Jordan and Einstein frames.
Therefore, the Einstein and Jordan frames are equivalent. In this model, we
found a symmetry a + 2b &~ 4 which holds true in both the frame and it implies

that the curvature coupling £ is nearly scale invariant.

In the following Chapter §4, we studied a power law ﬁRﬁ correction to
Einstein gravity as a model for inflation. The interesting feature of this form
of generalization is that small deviations from the Starobinsky limit § = 2 can
change the value of tensor-to-scalar ratio from r ~ O(107%) to r ~ O(0.1).
We find that this model predicts large tensor-to-scale r ~ 0.22 as indicated by
BICEP2 measurements, for the value of f ~ 1.83 and M ~ 107% Also we
showed that the general R model can be obtained from a SUGRA construction
with minimal Wess-Zumino form of superpotential and by adding a power law
(¢ + ¢)" term to the minimal no-scale SUGRA Kahler potential. We further
showed that this two parameter power law generalization of the Starobinsky
model is equivalent to generalized non-minimal curvature coupled models with
quantum corrected A\¢* potentials i.e. models of the form £¢* R + \¢*(*+7) and
thus the power law Starobinsky model is the most economical parametrization
of such models. Since such a power law correction to Einstein gravity generates
large amplitude of gravity waves, therefore they are ruled out by the current

status of the observation data by Planck and BKP Collaboration.

In Chapter §5, we analyze a two-field model where one field is the standard
inflaton and the other field is dilaton. The inflaton field has a non-canonical
kinetic term and its potential is exponentially coupled to the dilaton field. Such
a model can be derived from fundamental theories like Supergravity or General-
ized Einstein gravity theories in conformal frame. In earlier works with this type
of action, the parameters § and ~ are related as § = 2v and they give no bet-
ter predictions than the standard slow-roll inflation with quartic and quadratic

potentials. In our model, we keep these parameters independent of each other.
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We show that in this model, unlike standard slow-roll inflation, with quartic and
quadratic potentials for the inflaton field leads to a viable inflation where it is a
possible to get r ~ 0.1 —0.01 which may be measured in upcoming B—mode po-
larization experiments. Also we find in two-field scenario the fine tuning problem
of inflaton self coupling and prediction of very light inflaton mass at GUT scale
persists. Also in the limits § — 0 and v — 0 for quadratic and quartic poten-
tials the predictions of this model coincide with the predictions of the standard
slow-roll inflation. The presence of two fields give rise to a possibility that on
super horizon scales the curvature perturbations are not constant and generate
isocurvature perturbations. We find that, up to slow-roll approximation, the
amplitude of the isocurvature perturbations vanishes. In order to motivate the
considered two-field model with arbitrary parameters § and ~ values, we give
a derivations of this model from no-scale supergravity. Though in the SUGRA
derivation of this model the parameters § and ~ are independent but the param-
eter 7 has a fixed value. Therefore the SUGRA version of two-field model has a
limited predictions capability. However, we believe that with some string moti-
vated Kéahler potential and appropriate choice of superpotential, one can obtain
the two-field action with absolutely arbitrary nature of the parameters 5 and ~.
The main finding of this work is that, that unlike standard slow-roll inflation in
which quadratic and quartic potentials are ruled out by the observations, in a
generalized two-field scenario these potentials are allowed which in our view is a

significant result.

In short, we can conclude that currently tensor-to-scalar ratio is an extremely
important inflationary parameter in view of validating and ruling out models of
inflation. The observation of primordial B-modes (CMB polarization) will pro-
vide the constraint on r. The B-modes are the signature of inflationary tensor
modes, precise observations of which will provide a most distinctive confirma-
tion of occurrence of an inflationary era in the early universe. There are several
ongoing experiments for B—mode detection and all hope to observe these sig-

nals from the inflationary era. There are several experiments, e.g. ground based

(Keck/BICEP3, SPT-3G, AdvACT, CLASS, Simons Array), balloons based (Spi-
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der,EBEX) and satellites based (CMBPol, LiteBIRD and COrE). These observa-
tional experiments will be taking into account the recent Planck data on polarized
dust. And they aim to probe the tensor-to-scale ratio at the level of r ~ 1073
which is a theoretically motivated limit [179]. Also, the high precision mea-
surements of small-scale temperature anisotropies along with the observations
of B—mode will not only test the inflationary hypothesis but allow to remove a
large degeneracy in the models of inflation. The theoretical community is eagerly

waiting the results from these observational experiments.
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We generalize the scalar-curvature coupling model £®2R of Higgs inflation to £®%R? to
study inflation. We compute the amplitude and spectral index of curvature perturbations
generated during inflation and fix the parameters of the model by comparing these with
the Planck + WP data. We find that if the scalar self-coupling X is in the range 10~5-0.1,
parameter a in the range 2.3-3.6 and b in the range 0.77-0.22 at the Planck scale, one can
have a viable inflation model even for £ ~ 1. The tensor to scalar ratio r in this model
is small and our model with scalar-curvature couplings is not ruled out by observational
limits on r unlike the pure %@4 theory. By requiring the curvature coupling parameter
to be of order unity, we have evaded the problem of unitarity violation in scalar-graviton
scatterings which plague the £¢®2R Higgs inflation models. We conclude that the Higgs
field may still be a good candidate for being the inflaton in the early universe if one
considers higher-dimensional curvature coupling.

Keywords: Higgs inflation; CMB spectrum; nonminimal coupling; Jordan frame; Einstein
frame; perturbations.

PACS Number(s): 98.80.Cq, 14.80.Bn

1. Introduction

The idea that the universe through a period of exponential expansion, called
inflation' ® has proved useful for solving the horizon and flatness problems of
standard cosmology and in addition providing an explanation for the scale invari-
ant super-horizon perturbations which are responsible for generating the CMB
anisotropies and formation of structures in the universe. A successful theory of
inflation requires a flat potential where a scalar field acquires a slow-roll over a suf-
ficiently long period to enable the universe to expand by at least 60 e-foldings during
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the period of inflation. There is a wide variety of particle physics models which can
provide the slow roll scalar field “inflaton” for inflation.!® From the observations
of CMB anisotropy spectrum by COBE and WMAP!! it is not yet possible to pin
down a specific particle physics model as the one responsible for inflation. In the
light of recent discoveries by CMS!'? and ATLAS!? it is of interest to consider the
Standard Model Higgs boson as the candidate for inflaton. On the face of it the idea
does not work as the inflaton quartic coupling should be of the order A ~ 10712
to explain the amplitude of CMB perturbations measured by WMAP!! while the
125 GeV Higgs has a quartic coupling A ~ 0.13 at the electroweak scale which can
however go down to smaller values at the Planck scale due to renormalization.'4 19
However, just from the standard model renormalization one cannot have the Higgs
coupling A ~ 10712 over the entire range of the rolling field (10 — 1)Mp during
inflation and the standard slow roll inflation with a Higgs field does not give the
observed amplitude and spectrum of density perturbations.? If the Higgs and top
mass are fine tuned then there can be a small kink in the Higgs potential and the
universe trapped in this false vacuum can undergo a period of inflation.?! 23

Later a way out of fine tuning the scalar self-coupling to unnaturally small
values was found out?* 27 and it was shown that if one couples the scalar field to
the Ricci scalar ¢P2R then the effective potential in the Einstein frame becomes a
slow roll one with the effective scalar coupling being A\/£2 and the amplitude of the
density perturbations constrain this ratio rather than A, hence £ can be increased
as large as required to get the desired self-coupling A. Density perturbations from
inflation in the curvature coupled theories were calculated in Refs. 28 and 29. The
equivalence of the density perturbation in Jordan and Einstein frame was shown by
Komatsu and Futamase3? who also calculated the tensor perturbations and showed
that the tensor to scalar ratio is generically small in £¢®2? R model.

Bezrukov and Shaposhnikov3! revived the large curvature coupling model to
motivate the idea that the standard model Higgs field could serve as the inflaton
in the early universe. The amplitude and spectral index of density perturbations
observed by WMAP can be generated by the Higgs field with self-coupling A ~ 0.1
and curvature coupling £ ~ 10* (Refs. 31-36). This large value of ¢ needed however
is seen as a problem as at the time of inflation the Higgs field is at the Planck scale
and hence graviton-scalar scatterings due to the curvature coupling of the scalar
would become nonunitary.3” Ways of solving the unitarity violation problem in the
Higgs inflation models have been explored in Refs. 38—43.

In this paper, we assume that the dominant interaction between Higgs field and
gravity is through operators of the form

SHIH) /2R

L =
a+2b—4
Mp

(1)

This form (1) of Higgs curvature interaction has been mentioned in Ref. 44. The
complete dynamics of the Higgs field involves the role of the Goldstone modes
as has been studied in detail in Refs. 45-47. The multifield dynamics of the
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Goldstone modes gives rise to sizable nongaussianity. We will study the dynam-
ics of the Higgs mode and impose a charge conservation and CP symmetry such
that the Goldstone modes of the Higgs field do not acquire vevs. We will take the

background Higgs field to be
0
pu— 2

where ® is the Higgs mode with mass 126 GeV. Our inflation model falls in the class
of inflation in f(®, R) theories studied in Ref. 48. Our motivation is that we use the
Higgs quartic coupling A\(HT#H)? where the standard model value of A(u ~ Mp) can

lie in the range A = (107°-0.1) depending on the value of top quark mass'®19

or on
new physics.*? We take curvature coupling ¢ to be unity and check the possibility
of generating the observed density perturbations from Higgs inflation by varying
parameters a,b and A\. The nonminimal coupling £ has been taken to be unity in
order to improve the unitarity behavior which increases the natural cutoff scale A
from A ~ % ~ 10 to A ~ M, ~ 1017,

We derive the curvature perturbation during inflation in two different ways. We
derive the perturbations of modified Einstein’s field equation in the Jordan frame
in presence of the Higgs-curvature interaction terms and derive the amplitude and
spectral index of curvature perturbation. We find that to generate the Planck+WP
preferred amplitude A% = 2.1955‘:8:222 x 1072 and spectral index ny = 0.9603 +
0.0073 (Ref. 50) for A = 10~ we should have a ~ 3.02,b ~ 0.49 (and for A = 0.1
we need a ~ 3.56,b ~ .22). In these fits we take £ = 1.

In the (P2 R theory we can always make a conformal transformation to the Ein-
stein frame so one can compute the density perturbations either in Einstein frame
or Jordan frame and the gauge invariant curvature perturbations should be same in
both the frames.?® In our case with the %R’ coupling we find that no conformal
transformation exists which can in general remove this term (i.e. go to an Einstein
frame). We find that in the general {®®R" theory such a conformal transformation
is only possible if the metric is quasi-de Sitter. The accurate comparison with the
experimental data should be made however with the Jordan frame results.

Calculation of the curvature perturbation in both Einstein and Jordan frame for
the £®2 R theory has been done previously in Refs. 28 and 51-53. In Sec. 2, we derive
the curvature perturbations and tensor perturbation in our theory in the Jordan
frame and in Sec. 3 we make a conformal transformation to go to the Einstein frame
and compute the curvature perturbations. Finally, in Sec. 5 we compare the results
of the two frames and discuss the viability of our considered Higgs inflation model.

2. Calculation in the Jordan Frame

In this section, we introduce a scalar-gravity interaction term f(®,R) in the
action and calculate physical quantities related to the inflationary density per-
turbations such as the spectral index, curvature perturbation and tensor-to-scalar
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ratio. We start with the action for a scalar field interacting with gravity of the form

f(®,R) 1 ,,
S = /d4x\/—g l—% + 59“ 0,920,024+ V(®)|, (3)
where we take,
1 1 EP*RY AP
= (@, R) = §R+ W; V(‘P):T7 (4)

where k2 =1/ Mg and £ is a dimensionless coupling constant. Varying the action (3)
with respect to g"” and ® we obtain the field equations,

1
G = FR,, — ifgw - VuV, F + g, 0F

1
= I€2 (VH(I)V,/(I) - §g,u/qu)vp@ - Vgpu>7 (5)
fo
S 6
L (6)

where ' = 0f/0R =1+ %.
p
2.1. Background quast de-Sitter solution

For the unperturbed background FRW metric diag(—1, a?(t), a®(t), a®(t)) and scalar
field @ = ¢(t), the above Egs. (5) and (6) reduce to the form

1 . 1.
3FH2+§(f—RF)—|—3HF:/£2 (§¢2+V(¢)>, (7)
—2FH — '+ HF = r%¢?, (8)
. . f7
¢+3H¢+V¢—2—l§;:0. (9)
Now, we assume the second term of F' i.e. % is dominant for some values

of a and b. We find this assumption to be valid while solving numerically for the
values of a and b in our model which give rise to the experimentally observed
density perturbations as discussed in Sec. 4. From Eq. (7), under this assumption
and considering the slow roll parameters which are defined in Eq. (28) as small, the
Hubble parameter in the Jordan frame turns out to be of the form

H= A% < ¢ ) M (10)
VIR - b)n \My "
From Eq. (9) under the slow roll assumption we get
. @3 a
= — 1-— . 11
°="3m [ 2(2 — b)] (11)
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2.2. Scalar field and metric perturbations

Now, we perturb Egs. (5) and (6) by perturbing the scalar field ® = ¢(t) + d¢p(x, t)
and the metric as

ds® = —(1 + 2a)dt® — 2a(t)(0; B)dtdz" + a*(t)(5;; (1 + 2¢) + 20;0;y)dx'dx?,  (12)

where, «, 1, 8 and v are scalar perturbations. We derive the Einstein equations for
the f(R, @) theory®*®® keeping the first-order terms in the metric and scalar field
perturbations. The component dGqg is given by

A - o ap . D N D
aQ(t)erHA =07 [(3}1 +3H + a2(t)> OF — BHSE + J(2k°Vy — f,4)0
%ﬁ9w¢+gﬂp_ﬁ%%a+p4 (13)

and taking the difference 6G% — §GY we get

. . A 1 . .
A+2HA + (3H+—>a: — [35F+3H6F— (6H2+

A ..
20 N ) OF + 4k*pd ¢

a?(t)
+ (—26°Vg + f4)6¢ — 3Fé — FA

— (4k%¢* + 3HE + 6}5)@} : (14)

where A = 3(Ha—1) — Ay/a(t) and x = a(t)(8+a%). Here, to arrive at Eqs. (13)
and (14), the leading order Eqgs. (7) and (8) are also used. The other components
dGip and 0G;; (i # j) of the first-order perturbed Einstein equation can be written
as

Ho—) = %[m%w +0F — HOF — Fa) (15)
and
X+ Hx —a— = £(6F - ), (16)

respectively. The equation of motion of scalar perturbation is

0p+3Hp + _a2—(75)+< ’ - /§2>]5¢
= ¢a+ (29 + 3H)o + pA + %F,(z, (i—f), (17)
where
. YA . A
OR = -2 {A+4AH+(GT®+3H)Q+QGT®¢]. (18)

Now, we analyze the curvature perturbation R = ¢ — Hd¢p/ b by choosing a gauge
where ¢ = 0 and R = 0. This sets R = 1 and moreover we have 6F = 0 via
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OF = (0F/0¢)d¢ + (OF/OR)JR. Under this gauge Eq. (15) gives,
R

o= - 19
H + " Y
2F
and hence from Eq. (13) we get
A 3HF — k2¢*)R
1 R Ke)
A= ——r= | a?(t) ba : (20)
Ha F 2F [ H + o7
(2F)

Using Eqgs. (8) and (14), we obtain

, F 3F 3E + 6HF + k2¢2 A
A+ |2H+— ) A+ =4 =0. (21
+< +2F> +2Foz+( Ta +a2(t) a=0 (21)

Now, we may write the differential equation for curvature perturbation by using
the above Eqgs. (19)—(21) as

3 . 2
R+ %RJF af(t)nzo, (22)
where
;2 3F?
Q= ——28F (23)

SN 2
F
H+ —

To arrive at Eq. (22), Eq. (8) is again used. Now, one may rewrite Eq. (22) in terms
of variables w = a/Q)s and o = WR as

ol + kQ—“—” =0 24
k w O =V, ( )

where prime denotes the derivative with respect to the conformal time defined as
dn = dt/a(t) and

W' a”(t) a/(t)Q_; N 1@;/ B 1 (Q_;)2
Qs) '

w at) " alt) Qs 2Q, 4
under quasi de-Sitter expansion a(n) = and hence Zr5- = #[2 + 3€1] and

a'(t)/a(t) = a(t)H. Therefore, we have

(25)

—1
Hn(l—e1)

1 [, 1
U:?[Vn—ﬂa (26)
where
., 9[ 4
VR =7 1—|—§(261—|—62—63—|—64) . (27)
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In arriving at the above expression we have defined

H ) F E (28)
€1 = ——= €) = —— €q — ——— €) — ——:
1 H27 2 H¢7 3 2HF7 4 2HE7
E . F + 3F2 . Qs(l + 63)2 (29)
- 222 - $> '
FH?

Here, ¢; are slow roll parameters and €; terms have been neglected. Equation (24)
then has solutions in the Hankel functions of order vg

7T|77’ . VR )T
o = VP20 e, [0 (ki) + e HEZ (K] (30)
Applying the Bunch-Davies boundary condition o(kn — —oo) = €7 /v/2k we
fix the integration constants ¢; = 1 and ¢, = 0. Using the relation H,(k|n|) =
%F(V)(%)_U for the super-horizon modes kn — 0, we obtain the expression for
the power spectrum for curvature perturbations, defined as

et =% (i) &

The amplitude of the curvature power spectrum turns out to be

Pr =

and the spectral index is
nr —1=3—2ur ~ —4e; — 2e9 + 2e3 — 2¢4 ~ —6e;. (33)

Using slow roll parameters, Eq. (23) can be simplified to the form Qs ~ 6FG§M 2

with = Ifg < 6€2 which will be justified later in Sec. 4. In our model of f(®, R)
coupling we find €; & —e3, €2 &~ —e4 and these relations are used in the calculation
of perturbation amplitude and spectral index. Plugging the values H and ¢ from

Egs. (10) and (11) into Eq. (28), the slow roll parameters can be written as

a+2b—4
€1 =b"1(a—4)(2—b)I7V/b(q 4 26 — 4)NO-D/bgl/P <Mi> : (34)
p
a+2bb74
€2 =b a4 6b—4)(2 —b)170/0(q 4 25 — )AL~ D/be1/P (Mi) . (35)
p

For our model, we can write the expressions for the amplitude of power spectrum
and the number of e-folding as

4
2_ 4(a—4) 4(a+2 4
bl( b)] M;H_ et Alatzb—a)
2

A
AL =
R 288(a — 4)2(a 4 2b — 4)272 (36)
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and
)4

¢ C=D)7"
NJ:/%M:Z’[T} AN (37)
’ 2(a + 2b — 4)2 (ﬁ) 5

respectively. Here, ¢; and ¢ are the values of scalar field ¢ at the beginning and
the end of inflation respectively.

2.3. Tensor perturbations

We define the perturbation of metric as follows
Guw = Guv + hp and g =g + B, (38)
where g, is background metric and
hY = —%hij, h'0 = Lhio, R = —hgo. (39)
at(t) a?(t)

Now, to get the equation of tensor perturbation, we set h;o = hgp = 0 in the
calculation. From the decomposition theorem, the nonzero spatial components h;;
are traceless and divergenceless, i.e.

Using Eqgs. (39) and (40), we obtain
ORyp =0, Ry =0, (41)

1.  a, a\’
ORi = — vzhij + 5}%] - %h” + 2 (E) hij, o0R=0. (42)

1
242(t)

So, perturbing Eq. (5), we obtain
1 .. 1. 3 . : F
§FCL2DZ'J‘ + (EFGQ —|— §CLCLF> Dij — EVQDij

. SN 2
2%F—2F<g> ——F+f+F+ (@ —2V)|a

5 a’D;j, (43)

where D;; = h;j/a®. The right-hand side of Eq. (43) vanishes by Eqgs. (7) and (8).
Thus, we have

. SF 2
i + L8 F) Dij + =Dy =0. (44)

In the terms of polarization tensors e - and eZ, the tensor D;; is written as

7,]7
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For gravity wave propagating in Z direction, the components of polarization tensor
are given by

12 _ 1,2
ery=—€r, =1, er =el =1, e =e; =0. (46)

So Eq. (44) can be written as

.. alF) . K2
Dy + <a3F)D)\—|- ?D)\ =0, (47)

where A = 1,2. Now substituting z = aV'F and Vp = ZD)\MP/\/i, we get

v+ k:Q—Z—” =0 48
A > vy = U, ( )

where, prime ’ is derivative with respect to conformal time. Summing over all polar-
ization states, Eq. (48) provides us the amplitude of power spectrum of D) as

2\ k¥ 1 2 ( H\’1
Pr=4 = — = 49
TeR <M3> o a?F AT 2 <Mp) F (49)
So, the ratio of the amplitude of tensor perturbations to scalar perturbations r for
f(®, R) theories is given by

8K Qs

= 48¢2. (50)

r X~

3. Calculation in the Einstein Frame

Starting with the considered action

M,” QIRVIN 1 AD?
S = /d4a:\/—g l— 2;0 R (1 + %) + §8M(I>8“(I) + T y (51)
p

we perform a conformal transformation of the metric g,, to the Einstein frame
metric g, which is defined as

G () = Q2 (2) g () (52)
where
éq)aRb—l
Qz == 1 + T. (53)
Mp +2b—2

The Ricci scalar transform as

) 00,0
_ 2 o H
R=0Q R+6Q 12 o |

(54)

For quasi de-Sitter space we can ignore the second and third terms in the bracket in
Eq. (54) which is justified in Eq. (67). For this slow roll case, we can write Eq. (53)
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in Einstein frame as
§1+B P RA

MI()JH-Q/B

where, a = a/(2 —b) and § = (b —1)/(2 — b). Now, we write the action (51) in
terms of new field ¢g, which is related to the field ® by the relation

o\ 1/2
d 1 2 ¢12 P 200—2
9o _ 1 (g2 308 (—) , (56)
o Q 2\,

where ¢ = £1+5(}~3/M5)5. This leads the action in terms of ¢ as follows

0 =1+ : (55)

o M1
Se = [ dto (- SE R+ 3D"6eDudn + Ulsr) ), (57)
where
U(or) = g7 20(0)" (58)
B) = Gz 7 2@E)"

For ® > Mp /& Eq. (56) can be integrated to give

M, 2 ¢p 1
= oi/a exp( gMpoz 2) . (59)

Considering g, = diag(—M?(t),a*(t),a*(t),a*(t)) and varying the action (57) with
respect to M(t) or a(t) and setting M = 1 in the final equation which corresponds
to FRW metric, we get the Friedman equation

12H% — (T M2A (1 + %> =0, (60)
«

~ 48/«
o [ H? 4(145) 2(a—2)0
C = 124ﬁ/ (W) £ @ exp (2\/;%) . (6].)
p p

Here, we have neglected all the derivative terms of Hubble parameter H. This

where

.2
corresponds to slow roll condition, i.e. ¢ is much smaller than potential term.
We may write the Hubble parameter from Eq. (60) as

9 HCE=T)
(%)) (200
~ o — E
H =M. exp \/i(i)— 62

p \/ﬁgzc(xljﬁa) [ 3 04+45 Mp ( )
Now, using Egs. (62) and (58) we obtain

1 + 2 -5 2(2-
U(dr) = —M4)\a+4ﬁ€ B <1+ —B> exp [2 3 (oﬁ—fﬁ) %] (63)

Here, we have taken the approximation exp(\/7 Op ) > 1 for ¢p > M,. We now

compute the spectral index and curvature perturbatlon using above potential (63).
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The slow roll parameters for large ¢ g > M,, comes out to be

_MEUNT 4 fav2b-aNT o (UMY 8 (at 24\ (64)
‘T \U) T3\axw—4a) "\ U ) " 3\ara—_1

and the curvature perturbation

s
27U (¢p)

o4+2y+4
1 Y+ 2 2@ 2y—atd4 2 [ X \/5 Yor

- AR (D) exp [ —y/2 . (65

v (o) (o (-V35) @

where xt = a+4b—4 and y = a + 2b — 4.
The spectral index in the term of slow roll parameters is ng = 1 — 6€ + 2.

AR

The number of e-folding is calculated as

970 U(gp)
N = /qb T (60"

EG )

For ¢ g ~ 13M,, and ¢g, ~ 1M, the number of e-folding is found to be around 60.
The slow roll parameters €, n and the Hubble parameter H are nearly independent
of A and are ~ 0.02, ~ 0.04 and ~ 5.8 x 107°M,,, respectively.

Now from Eqs. (53) and (59), we can calculate the order of terms like €2/ and
(€1/Q)2 for ¢ > 2 For A=10"% and £ =1,

3
i
q” WUQ(GA— V3e(n —€)) = 4.1 x 10_11M§ and
P
o\’ (67)
v _ —11 972
<5> ~ gagpe = 83 < 107,

respectively, whereas the value of curvature scalar R = 12H? at the same values

of parameter is 4.1 x 10_8M5. Thus, our approximation (i.e. for quasi de-Sitter
space we can ignore the second and third terms in the bracket in Eq. (54)) made is
consistent and may be checked for other values of a and b.

We now use the measured values of these CMB anisotropy parameters to get
the numerical values for the parameters (a, b, &, A).

4. Comparison with Data

From the Planck + WP measurements®® we know that the curvature perturbation
AZ = 219570233 x 1079, spectral index ng = 0.9603 & 0.0073 and the tensor
to scalar ratio r < 0.11(95%CL). For inflation to solve the horizon and flatness
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problems of standard hot big bang cosmology the number of e-foldings in the Ein-
stein frame N is required to be about 60. From Eq. (66), we see that to get 60
e-foldings, the scalar field ¢ should roll from 13M,, to 1M,. We compute the cur-
vature perturbation (65) and spectral index in the Einstein frame and equate the
expressions with the Planck + WMAP values to compute the parameters a and b
for different values of A and assume that the curvature coupling parameter £ = 1.
Our results for the correlated set of parameters A, a,b at ¢ = 13Mp which give the
measured values of A% and n, are shown in Table 1. We see that compared to the
£¢? R models with large ¢ the small deviations of a and b from 2 and 1 respectively
can result in a large change in & which is 1 in our model compared to the earlier
curvature coupling models where & ~ 10%.

Next, we equate the curvature perturbations and spectral index in the Jordan
frame from Egs. (36) and (33) with the Planck + WMAP data to evaluate the values
of the parameters A, a and b (keeping & = 1) . The scalar field values ® in the Jordan
frame corresponding to ¢ = 1M, and 13Mp for different values of A are displayed
in Table 2. Using these values of the range of the roll in ® we see that the number
of e-foldings Ny in the Jordan frame, corresponding to Ng = 60 is N; ~ 830 . The
values of the parameters A, a and b which give the required curvature perturbation
and spectral index are shown in Table 2. The slow roll parameters are found to be
€1 ~ —e3 ~ 0.007 and €5 ~ —e4 >~ —0.013 for chosen range of A. The calculated value
for the tensor to scalar ratio and Hubble parameter are r ~ 0.002 and H ~ 1073M,,

respectively. -
The values of F = 1 + £ 2" _ are found to be ~ 10° i.e. much larger than

Mg+2b—2
unity and hence our assumption of dropping the 2ullgity in the expression for F' is
justified. Also we find that the order of the term % ~ 1079 is much smaller than
6e3 ~ 10~ as assumed in Sec. 2.2.

Table 1. The values of parameters (a,b) in the
Einstein frame at ¢p = 13M, with £ = 1 for
different values of A.

A 0.1 10-2 1073 107% 10°°%
a 3.385 3.026 2.735 2.494 2.292
b 0.277 0.439 0.571 0.679 0.770

a+2b 3939 3904 3877 3.852 3.832

Table 2. The values of parameters (a, b) are evaluated in the Jordan frame at £ = 1 and

¢J|¢E:13Mp for different values of .

A 0.1 102 10~3 104 10~°

Ol poiny) 0.0146M,  0.0253M, 0.044 M, 0.077 M, 0.134M,,
¢l (s p—rsng,,  3-566Mp 6.187M,, 10.77 M, 18.8M,, 32.77M,

a 3.56398962  3.27512990  3.02576940  2.80956100  2.62085100
b 0.21800513  0.36243484  0.48711456  0.59521700  0.68956620
a+2b 3.999999 3.999999 3.999998 3.999995 3.99998
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We find that in the limit ¢ ~ 2 and b ~ 1 the correct value of A% and ng are
obtained for A ~ 0.1 only for large value of £ ~ 10*. Our Jordan frame calculation in
this limit is consistent with the results of Refs. 31 and 33-35, who do the calculation
in the Einstein frame.

5. Discussion and Conclusion

We have generalized the curvature coupling models of Higgs inflation to study

inflation with a scalar field for a %@4 potential and a curvature coupling of the

EDORY

form ———=—.
M§+2b_4

It may be possible to generate a tree level term of this form by

choosing a suitable Kahler potential in a f(R) supergravity theory.5658

We find that for ¢ = 1 and ) in the range (107°-0.1), the phenomenologically
acceptable parameters a and b fall in the ranges (2.3-3.6) and (0.77-0.22) respec-
tively. We discover an interesting symmetry related to the numerical value of a and
b which give the correct amplitude and spectral index. We find that for any value
of A\ the values of a and b which give the required density perturbations satisfy the
relation (a + 2b) ~ 4 as shown in Table 2. This means that the curvature coupling

£DORY

term W

has no dimensional couplings and is scale invariant.

It has been shown that the Higgs self-coupling can go from A = 0.13 at the
electroweak scale for the 125 GeV Higgs to A = 107° at the Planck scale by tuning
the top mass or by introducing extra interactions.!®194% This leads us to conclude
that the Higgs field may still be a good candidate for being the inflaton in the early
universe if one considers a generalized curvature-Higgs coupling of the form ¢®°RP.

The tensor to scalar ratio r in this model is small and the %@4 with scalar
curvature couplings is not ruled out by observational limits on r unlike the pure
%@4 theory. 159

We find that the values of (a,b) computed with Jordan and Einstein frame
calculations of the curvature perturbation and spectral index are comparable but
are not identical because unlike the ¢®2R theory, in the £®®R" theory it is not
possible in general to go to an Einstein frame with a conformal transformation. If the
space is quasi de-Sitter however such an transformation given by Eq. (55) is possible
but the results will differ in the two frames due to the slow roll approximation.
Finally, by requiring the curvature coupling parameter to be of order unity, we
have evaded the problem of unitarity violation in scalar-graviton scatterings®” which
plagued the £®2R Higgs inflation models.31:33735
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feature of this form of generalization is that small deviations from the Starobinsky limit 8 = 2 can change
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Keywords: further show that this two-parameter power law generalization of the Starobinsky model is equivalent to
Inflation generalized non-minimal curvature coupled models of the form £¢?R? + A¢*1+?) and thus the power
CMB law Starobinsky model is the most economical parametrization of such models.

B-mode

Starobinsky model
f(R)-theory
Supergravity

© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The Starobinsky model of inflation [1,2] with a #Rz interac-
tion term is of interest as it requires no extra scalar fields but relies
on the scalar degree of the metric tensor to generate the ‘inflaton’
potential. The R? Starobinsky model gives rise to a ‘plateau poten-
tial’ of the inflaton when transformed to the Einstein frame. This
model was favored by the Planck constraint on the tensor-to-scalar
ratio which ruled out potentials like m2¢2 and A¢*. In addition the
Starobinsky model could be mapped to the Higgs-inflation mod-
els with £¢%R + 1¢* theory [3]. The characteristic feature of the
Starobinsky equivalent models was the prediction that the tensor-
to-scalar ratio was r ~ 10~3, BICEP2 reported a large value of r =
0.2737 [4] but the recent joint analysis by Planck+BICEP2-+Keck
Array gives only an upper bound of rgos < 0.12(95%CL) [5-7]. In
an analysis of the genus structure of the B-mode polarization of
Planck+BICEP2 data Colley et al. put the tensor-to-scalar ratio at
r=0.11 £ 0.04(68% CL) [8]. In the light of the possibility that r
can be larger than the Starobinsky model prediction of 4 ~ 0.003,
generalizations of the Starobinsky model are of interest.

[ . .
We study a general power law JW # correction to the Ein-

p
stein gravity and compute the scalar and tensor power spectrum

E-mail addresses: girish20@prl.res.in (G.K. Chakravarty), mohanty@prl.res.in
(S. Mohanty).

http://dx.doi.org/10.1016/j.physletb.2015.04.056

as a function of the two dimensionless parameters M and S. It is
well known that the —>R? model is equivalent to the £¢?R + A¢*
Higgs-inflation model as they lead to the same scalar poten-
tial in the Einstein frame [9,10]. One can find similar equiva-
lence between generalized Higgs-inflation models and the power
law Starobinsky model whose common feature is violation of
the global Weyl symmetry. A general scalar-curvature coupled
£¢*RP model was studied in [11]. The quantum correction on
¢*-potential in Jordan frame was studied in [12-14] where the
equivalence of the £¢2R + 1¢*1+Y) model with #Rﬂ model was
shown. The generalized Starobinsky model with RP correction has
been studied in Refs. [15-21]. In general scalar-curvature theo-
ries the scalar plays the role of the inflaton after transforming to
Einstein frame whereas in pure curvature theories like R + #Rﬂ
model the longitudinal part of the graviton is the equivalent scalar
in the Einstein frame plays the role of inflaton.

The higher order curvature theories arise naturally in theories
of supergravity. The supergravity embedding of the Higgs-inflation
[3] does not produce a slow roll potential in MSSM but a poten-
tial suitable for inflation is obtained in NMSSM [22]. The potential
in NMSSM however has a tachyonic instability in the direction or-
thogonal to the slow roll [23]. This instability can be cured by the
addition of quartic terms of the fields in the Kdhler potential [24,
25].

In the context of a supergravity embedding of the Starobinsky
model, it was shown by Cecotti [26] that quadratic Ricci curvature

0370-2693/© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by

SCOAP3.
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terms can be derived in a supergravity theory by adding two chiral
superfields in the minimal supergravity. A no-scale SUGRA [27-29]
model with a modulus field and the inflation field with a mini-
mal Wess-Zumino superpotential gives the same F-term potential
in the Einstein frame as the Starobinsky model [30]. The symme-
try principle which can be invoked for the SUGRA generalization
of the Starobinsky model is the spontaneous violation of super-
conformal symmetry [31]. The quadratic curvature can also arise
from D-term in a minimal-SUGRA theory with the addition of a
vector and chiral supermultiplets [32]. The Starobinsky model has
been derived from the D-term potential of a SUGRA model [33-35].
Quartic powers of Ricci curvature in the bosonic Lagrangian can
also be obtained in a SUGRA model by the D-term of higher order
powers of the field strength superfield [35,36].

In this paper we give a SUGRA model for the general power law
#Rﬂ model. We show that adding a (& + ®)" term to the min-
imal no-scale Kahler potential and with a Wess-Zumino form of
the superpotential W (®) yields the same potential in the Einstein
frame as the generalized Starobinsky model. In the limit n =2 the
Starobinsky limit 8 = 2 is obtained. We derive the relations be-
tween the two parameters of the power law Starobinsky model
and the two parameters of our SUGRA model. The interesting point
about the generalization is that small deviations from the Starobin-
sky limit of n = 8 =2 can produce large shifts in the values of r.
Many SUGRA models have been constructed which can yield a
range of r from 10~3 to 10~ by changing the parameters of the
Kahler potential and the superpotential [36-53].

We also show in this paper that our 2-parameter SUGRA model
which we relate to the 2-parameter #Rﬁ model is the most eco-
nomical representation of the 5-parameter scalar-curvature cou-
pled inflation models £¢°R? + 2¢*+¥) in terms of the number
of parameters.

The organization of this paper is as follows: In Section 2, we
calculate an equivalent scalar potential in the Einstein frame for
R+ 5 1R gravity. We then find the parameter M and 8 values
whlch satlsfy the observed amplitude A2,, spectral index ns and
tensor to scalar r. We fix model parameters for two cases: one
with running of ns; and another without running of n;. In Sec-
tion 3, we give a SUGRA embedding of the M—Rﬁ model with a
specific choice of the Kahler potential K and superpotential W. In
Section 4, we show that the generalized curvature coupling model
E@R" + 19117 is equivalent to R + —1>Rf model and give the
relation between the parameters of these two generalized models.
Finally we conclude in Section 5.

2. Power law Starobinsky model

We start with an f(R) action of the form [54,55]
M 1 RB
S] /d4X«/ R + ﬁ (1)
Mp

where M? = (877G)™!, g is the determinant of the metric g,
and M is a dimensionless real parameter. The subscript | refers
to Jordan frame which indicates that the gravity sector is not the
Einstein gravity form. The action (1) can be transformed to an Ein-
stein frame action using the conformal transformation g, (x) =
Q(x)guv(x), where Q is the conformal factor and tilde represents
quantities in the Einstein frame. Under conformal transformation
the Ricci scalar R in the two frames is related by

. 3.
R=Q(R+ 30w — 5g,r/“a,,vwavw) (2)

where w = InQ. If one choose the conformal factor to be
Q=F= % and introduce a new scalar field x defined by

5.%x1078
4.x1078

_3.x1078
S

S

2.x1078

1.x107%

Fig. 1. The nature of the potential (5) for different 8 values (with M = 1.7 x 10~4).
The potential and the field values are in M, =1 units.

Q = exp (J%G—)I(Vh,) using (2), the action (1) gets transform to an

Einstein Hilbert form:
SE =/d4x\/ [ ”R+ g‘”fmxaux +U(x)} 3)

where U () is the Einstein frame potential given by
(RF(R) — f(R)) M2
2F(R)?

Ux)= (4)

which, by using the f(R) form (1) and Q = F = exp (\/%—)A(/’) can
p

be given explicitly in terms of model parameters M and 8 as

C1) (6M2\ T 2x (2—
o= () oo (59

B

X [1 —exp (%)]ﬁ (5)

where we have taken M, =1 and from here onwards we shall
work in My =1 units. Also we see that in the limit 8 — 2 poten-
tial (5) reduces to exponentially corrected flat plateau potential of
the Starobinsky model.

Assuming large field limit x > @ and 1 < B < 2, the potential
(5) reduces to

—1) /6M?> = 2% (2 —
oo =2 (%) exp[%(ﬂ—fﬂ ©

We shall use Eq. (6) later in Section 3 to compare with SUGRA
version of the power law potential in the large field limit.

In Fig. 1 we plot the potential for small deviations from the
Starobinsky model value 8 = 2. We see that the potential is flat-
test for B =2 but becomes very steep even with small deviation
from Starobinsky model value g = 2. The scalar-curvature pertur-
bation A%a [ @ is fixed from observations which implies that
the magnitude of the potential U()) would have to be larger as
€ increases for steep potential. The tensor perturbation which de-
pends on the magnitude of U()x) therefore increases rapidly as 8
varies from 2. The variation of r with 8 is shown in Fig. 3.

From Eq. (5), in the large field approximation, the slow roll pa-
rameters in Einstein frame can be obtained as

1 /U\?
€e=—|—
(v)

1783 -28) -2x\  Bp-27°
i[w—l)z exp<¢6>+ } @
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_ U//
=
_—2[BB—2B)? -2x\ (B-2)?
‘T[w—lﬁ o («/€>_(ﬁ—1)2] ®
U/u///
&= T
_afe[BB-28° _ [(-2x\ . (B—2)
‘3@[ B 1) exp(¢€>+<ﬁ—1>3] ®

The field value . at the end of inflation can be fixed from Eq. (7)
by using the end of inflation condition € ~ 1. And the initial scalar
field value xs corresponding to N =60 e-folds before the end of
inflation, when observable CMB modes leave the horizon, can be
fixed by using the e-folding expression N = f;‘: 3,(())(())(1)(.

Under slow roll approximation we use the standard Einstein
frame relations for the amplitude of the curvature perturbation

A%z = L U the spectral index ny = 1 — 6€* + 25*, the run-

T 2472 €
ning of spectral index o5 = ddl% =16€*n* — 24(e*)? — 2£* and the
tensor-to-scalar ratio r = 16€* to fix the parameters of our model.
Note that the superscript * indicates that the observables are eval-
uated at the initial field value ¥s.

We know from CMB observations, for 8-parameter ACDM +
r + o model, that if there is a large running of the spectral in-

dex a5 = —0.0l3fgjg})g at (68%CL, PlanckTT+lowP) then the am-

plitude is 10'%In(A%) =3.089 4 0.072, the spectral index is n; =
0.9667 + 0.0132 and tensor-to-scalar ratio is rg 5 < 0.168 (95%CL,
PlanckTT+lowP) [5-7]. Also a joint BICEP2/Keck Array and Planck
analysis put an upper limit on rg g5 < 0.12(95% CL). Since the scalar
potential U(y) depends on both the parameters M and 8 whereas
the slow roll parameters depend only on B, therefore parameter
M affects only the scalar amplitude A%z x @ whereas r, ng and
os which depend only on slow roll parameters remain unaffected
by M. Therefore taking amplitude from the observation and fixing
the number of e-foldings N fixes the values of M and 8. We find
numerically that for the best fit parameter values 8 ~ 1.88 and
M ~1.7 x 10~%, the e-foldings turn out to be N ~ 20. The tensor-
to-scalar ratio can be further reduced to r ~ 0.06 for g ~ 1.92,
M ~ 10~ but e-foldings still come out to be low N = 20, see Fig. 2
(upper panel). Therefore constraining model parameters using run-
ning data imply that cosmological problems like horizon and flat-
ness problems which require a minimum of 50-60 e-foldings can-
not be solved with the power law generalization of the Starobinsky
model.

Also from CMB observations, for 7-parameter ACDM + r model,
when there is no scale dependence of the scalar and tensor spec-
tral indices the bound on r becomes tighter rggp2 < 0.1 (95%CL,
PlanckTT+lowP) and the amplitude and the spectral index become
10'%1n(A%) = 3.089 £ 0.036 and ng = 0.9666 + 0.0062 respec-
tively at (68%CL, PlanckTT+lowP) [5-7]. We find that the values
of M~ 1.7 x 10~* and B ~ 1.83 which satisfy the amplitude and
the spectral index for N ~ 60 give large r =~ 0.22. Also we see that
for B ~1.88 and M ~ 1.25 x 10~* tensor-to-scalar ratio can be
reduced to r ~ 0.1 but it increases ng >~ 0.985, see Fig. 2 (lower
panel).

3. Power law Starobinsky model from supergravity

In this section we give a SUGRA model of the power law
Starobinsky model. We shall derive a model where the scalar po-
tential in the Einstein frame is the same as Eq. (6) which we have
shown in Section 2 is equivalent to the power law Starobinsky

model R + #Rﬁ . The F-term scalar potential in SUGRA depends

T T

T
B Planck TT+lowP

N=18
N=20
3=1.88
£=1.92 |

0.25
~ 0.20
0.15
0.10
0.05
0.00 ! |
0.94 0.96 0.98 1.00
Ns
0.25 : : :
B Planck TT+lowP
I Planck TT+lowP+BKP
0.20 F — N=40
— N=70
— pB=183
— p=188
0.15 |
o
8
S
0.10 |-
0.05 |
0.00 L ;
0.94 0.96 0.98 1.00

ns

Fig. 2. The regions of (ns, r) allowed by Planck-2015 and joint BKP analysis at 68% CL
and 95%CL are shown. In the upper panel running of ns is considered and in the
lower panel there is no running of ns. The colored contour lines are the predictions
for our model for two sets of 8 and N values corresponding to M ~ 10~* which
satisfies the observed amplitude of the CMB power spectrum. (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article.)

0.30

0.25 — Ne=20
Ne=60
0.20

~ 0.15

0.10

1.80 1.85 1.90 1.95 72.00
B

Fig. 3. The variation of r with g shown for two cases studied in our model: (i) for
N =20 when running of ng is considered and (ii) for N = 60 when there is no
running of ns.

upon the combination of the Kdhler potential K(®;) and the su-
perpotential W(®;) as G =K + InW + InW*, where ®; are the
chiral superfields whose scalar components are ¢; [56]. The effec-
tive potential and kinetic term in the Einstein frame are given by
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ol 96 . aG
V=€t K3 (10)
dpt 7" 0]
and
Lx = 1<{*aﬂ¢fa“¢j (11)

respectively, where K;* is the inverse of the Kadhler metric Ki]* =
92K /09" g%

A no-scale SUGRA model [30] with a choice of the Kahler po-
tential K = —=3In[T 4+ T* — ¢¢*/3] and a minimal Wess-Zumino
superpotential with a single chiral superfield ®
A3
3 ) (12)
give the same F-term potential in the Einstein frame as the
Starobinsky model which gives vanishing tensor-to-scalar ratio r ~
0.003 for specific choice % = 1. A slight change in the ratio % can
increase r up to r ~ 0.005 but it gives large ns ~ 0.98.

To get a no-scale SUGRA model corresponding to power law
Starobinsky model which can give a larger r, we choose the mini-
mal Wess-Zumino form of the superpotential (12) and a minimal
no-scale Kahler potential with an added (¢ + ¢*)" term as

(¢+¢>*)”}
12

which can be motivated by a shift symmetry T — T + iC, ¢ —
¢ +iC with C real, on the Kdhler potential. Here T is a modulus
field and ¢ is a matter filed which plays the role of inflaton.

We calculate Eq. (10) and Eq. (11) for chosen Kihler potential
(13) and superpotential (12). We assume that the T field gets a vev
(T4+T*)=2(ReT)=c>0 and (ImT) = 0. We write ¢ in terms of
its real and imaginary parts ¢ = ¢1 + i¢. If we fix the imaginary
part of the inflaton field ¢ to be zero, then ¢ = ¢* = ¢ and for
simplicity we replace ¢; by ¢; the effective Lagrangian in the Ein-
stein frame is given by

W(Q):%@z—

K=—3ln[T+T*— (13)

nQ2¢)"2[cn — 1) + 2°
T -G
424"
- 1Dc— 290

1
L |3M¢|2

AW |2

£
To make the kinetic term canonical in the Lg, we redefine the field
¢ to x with

(14)

ax  nCeem—1+ 2 s
¢ 2[c— &1

Assuming that n ~ O(1) and the large field limit (2¢)" > 12¢ dur-
ing inflation, integrating Eq. (15) gives

1 2x 6cn+1) —2ny
o= o (5 ) |1+ oo ()| o)

Now substituting from Eq. (12) and Eq. (16) into the potential term
of Eq. (14) and simplifying, we get the effective scalar potential in
the Einstein frame as

1442 2x (3v22—n)
=t % (25

2 -2 2_n-
x[l——“exp( X>_9c(n n—2)
A /3n n

Table 1

The SUGRA model parameter values (in My =1 unit) for three values of g corre-
sponding to running and without running of spectral index ng as depicted in Fig. 2
and for Starobinsky limit g = 2.

B M n = ';—‘ o5 = %

1.83 1.7 x1074 1.93 3.13x 1076 -9.16 x 10~
1.88 1.7x1074 1.96 5.54 x 1076 —2.86 x 1073
2.00 1.1x107° 2.00 1.16 x 1076 —523x 107

which, assuming 1 < n < 2, in the large field limit x > @ is
equivalent to

1442 2x (322 —n)
V—m“"[%(Tﬂ o
A

We see that in the limit n — 2 and with the specific choice = =
the potential (17) reduces to Starobinsky model potential.

We can now compare the power law potential (6) and SUGRA
potential (18) for inflaton to show the relation between the pa-
rameters of the two models. Comparing the constant coefficient
and exponent in the two potentials, we get

_2Jn+3v22-n)

1
2 ’

- 19

P Jn+3v22—n) (19)

and

oo [L]ﬁ (20)
6 [nn-—1(B-1) '

Numerically we find the SUGRA model parameter values (in
Mp =1 unit) for three values of B corresponding to running and
without running of spectral index ns as depicted in Fig. 2 and for
Starobinsky limit 8 =2 as shown in Table 1.

4. Equivalence of the power law Starobinsky model with
generalized non-minimally curvature coupled models

In this section we will show that generalized non-minimally
coupled inflation models & ®*RP [11] with the quantum corrected
d*-potential [12-14] can be reduced to the power law Starobinsky
form. We consider the generalized non-minimal coupling & ®“RP
and the quantum correction to quartic scalar potential ®#(1+¥)
into the action

M2R éq)aRb
S; :/d4xJ—_g (— P _
+2b—4
2 2Mmp
1 ADAa+y)
+ - g" 9, P8, O + —F— (21)
2 amy,’

where the scalar field @ is the inflaton field. Since during inflation
potential energy of the scalar field is dominant, therefore kinetic
term in the action S; can be neglected w.r.t. potential, the action
reduces to

/d4xJ__g <_ MR £0°R

- +2b—4
2 2My

(22)

4y
4Mp,

we may integrate out the scalar field through its equation of mo-

tion 2& ~ 0 [15], which implies

£aRP

( ) 4(1+]y)—a
[OX — (23)
(1 +V)MZ+2b 4(1+y)
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Using Eq. (23) for @, the action (22) reduces to power law Staro-
binsky action

—M? 1 R
/d“X«/—g P

Rt ———
2,282
2 6M2 2

(24)

where the two parameters 8 and M of the power law model are
identified in terms of a, b, A, & and y as

4b(1+y)
B= BETY) (25)
41+y)—a
and
22(1 e
T¥)-a
2_ a < 1+ V)) v (26)
340 +y) —a)r &a
which for a=2, b=1, y =0, ie, at 8 =2, reduces to Higgs-
inflation Starobinsky case M2 ~ % ~ 10710, Also with a = 2,

b=1, y #0 results of Refs. [12,13] are obtained.
5. Conclusion

We have explored a generalization of the Starobinsky model
with a #Rﬁ model and fit 8 and M from CMB data. We find
that to fit the amplitude A%a and the spectral index ng (with
no running) from observations [5-7] we require M ~ 1.7 x 10~*
and B ~1.83 for N ~ 60 but these parameter values give large
r~ 0.22. Also we find that the parameters 8 and M deviate from
the M ~ 107> and B =2 of the original Starobinsky model which
could fit the amplitude and the spectral index but predicted very
small value of r ~ 1073, When large running of the spectral index
as ~ 1073 is considered, we find that the best fit parameter values
are 8~ 1.88 and M ~ 1.7 x 10~* which gives N ~ 20. This implies
that the standard cosmological problems like Horizon and flatness
problems which require a minimum of 50-60 e-foldings cannot
be solved with the power law generalization of the Starobinsky
model.

We have shown that the 5-parameter generalized non-minimal
scalar-curvature coupled inflation models with the quantum cor-
rection to quartic scalar potential, i.e., §DIR? + ®*(1+Y) are ac-
tually equivalent to 2-parameter power law Starobinsky model
#Rﬁ. Therefore we see that in terms of number of parame-
ters the power law model is the most economical parametrization
of the class of scalar-curvature models with quantum corrected
®*-potential.

In this paper we have given a SUGRA model for the general
power law #R/’ model by adding a (& + ®)" term to the min-
imal no-scale Kdhler potential and with a Wess-Zumino form of
the superpotential W (®). In the limit n = 2 the Starobinsky limit
B =2 is obtained. We derive the relations between the two pa-
rameters of the power law Starobinsky model and the two pa-
rameters of our SUGRA model. The interesting point about the
generalization is that the small deviations from the Starobinsky
limit of n = 8 =2 can produce value of r ~ 0.1 which is consis-
tent with the joint Planck+BICEP2+Keck Array upper bound on
r < 0.12(95%CL). Generalizations of the Starobinsky model which
can explain a possible larger value of r are therefore of interest.
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Abstract
LO

< We present a two-field inflationary scenario where inflaton field is accompanied by a dilaton field and has a non-canonical
O kinetic term due to the presence of the dilaton field. We show that novelty of such an inflationary scenario is that the
AN quartic and quadratic inflaton potentials, which in standard single-field inflation models are ruled out by the present
—> Planck data, yield scalar spectral index and tensor-to-scalar ratio in accordance with the present data. Such a model
yield tensor-to-scalar ratio of the order of 10~2 which can be probed by future B—mode experiments like Keck/BICEP3,
CMBPol, COrE, LiteBIRD and thus can be put to test in future. In a multifield scenario the curvature perturbations
(O are not constant on superhorizon scales and isocurvature perturbations are expected to be generated. We show that in
e considered two-field scenario, upto slow-roll approximation, the isocurvature perturbations vanis 0 motivate suc
=] th idered two-field to sl 1 tion, th t turbati h. T tivat h
a two-field model, we show that it can be derived from no-scale supergravity with appropriate choice of superpotential
c and string motivated Kéahler potential.
O .

1 Keywords: Two-field Inflation, CMB, B-mode, No-scale Supergravity

There is a plethora of inflationary models which ex-
plain the key inflationary parameters like scalar ampli-
tude, scalar spectral index and tensor-to-scalar ratio as
observed in the CMB measurements. But it is well known
that the simplest single field slow-roll inflation models
with most common chaotic potentials, e.g. quartic (A¢?)
and quadratic (miqSQ) potentials, produce large tensor-
to-scalar ratio r ~ 0.26 and r ~ 0.13 respectively, for
AN = 60 where AN is the number of e-foldings from the
end of inflation. The tensor-to-scalar ratio and the spec-
tral index vary with AN in such scenarios as

1. Introduction

L

—

1 Inflation [1, 2, 3, 4, 5], a rapid accelerated expanding
= phase in the very early universe, provides a mechanism
CF\|| of generation of tiny density ﬂuctuatlonb in an otherwise
— homogeneous and isotropic universe, which later evolve
() into large scale structures like galaxies and clusters of
O galaxies in the universe. It also explains the observed
\_i nearly scale invariant spectrum of these density fluctu-
« ations on superhorizon scales. Parameters, like scalar
L) amplitude, scalar spectral index and tensor-to-scalar ra-

I tio, predicted by inflationary paradigm are being very

-> accurately determined by the high-precision CMBR ob-
= servations, like WMAP and Planck. The recent Planck-

2015 high-¢ polarization data puts an upper bound on the
tensor-to-scalar ratio as 79.gp2 < 0.11(95% CL) and pre-
dicts the scalar amplitude and the scalar spectral index as

109 1n(A%) = 3.089 £ 0.036 and ns = 0.9666 + 0.0062 re-
spectively at (68% CL, PlanckTT+lowP) [6, 7]. Joint BKP
analysis of B-mode polarization data also puts a similar
upper limit on tensor-to-scalar ratio as rg 05 < 0.12 (95%
CL) [8]. Recently BICEP2/Keck Array CMB polarization
experiments combined with Planck analysis of CMB po-
larization and temperature data have further improved the
bound on 7905 < 0.07 (95% CL)[9].
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Chakravarty), suratna@iitk.ac.in (Suratna Das),
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(Subhendra Mohanty)
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ns=l-xyi TERN (1)
for quartic potential, and
2 8
nl-xyi TERN @)

for quadratic potential. Thus single field models with
quartic and quadratic potentials are ruled out at In B =
—23.3 and In B = —4.7 respectively [6].

One novel way of making the quartic potential of in-
flaton viable is through what is now known as the Higgs
inflation scenario [10], where the inflaton field ¢ is non-
minimally coupled to the curvature scalar R (coupling
term looks like £¢? R). This gives rise to very small tensor-
to-scalar ratio 7 ~ 0.003 for N = 60 which makes the sce-
nario sit in the ‘sweet spot’ of the ng — r plot obtained
by Planck, thus making it a highly favored inflationary
model after the release of PLANCK-2013 data [11]. Even
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though, such a model might encounter the problem of uni-
tarity violation because of very large curvature coupling
¢ ~ 10* [12]. Starobinsky model of inflation with R? cor-
rection to Einstein gravity is mathematically equivalent to
Higgs inflation model with quartic potential and therefore
produces small tensor-to-scalar ratio » ~ 0.003 in a simi-
lar fashion [13, 14]. Higgs-inflation or Starobinsky inflation
model can be put to test with future proposed B—mode ex-
periments like Keck/BICEP3, CMBPol, COrE, LiteBIRD
which aim to probe tensor-to-scalar ratio upto the theo-
retical limit of 2 x 1073, though such a limit is achievable
only if the noise can be reduced to ~ 1pK-arcmin and
lensing B—modes are reduced to 10% if one considers the
preset PLANCK data on foreground [15]. On the other
hand, generalized non-minimally coupled models with cou-
pling term £¢*R? and quantum corrected quartic poten-
tial Ap*(1+7) | which are equivalent to power law inflation
model R + RP, are studied in [16, 17, 18, 19] which pro-
duce large r ~ 0.2. Such high tensor-to-scalar ratio is now
disfavored by present status of the data [6, 7].

In this work we study a two-field inflationary model
where the inflaton field ¢ is assisted by a dilaton field o
and has a non-canonical kinetic term due to the presence
of the dilaton field. The action of such a model can be
generically written as

M2
S = /d4x\/—g T”R—%V“avua

Bo

1 _oe _ 8o
—5€ M VIVup—e MV (g)] (3)

where Mp is the reduced Planck mass' and §8 and v are
arbitrary parameters. Such an action can be achieved by a
conformal transformation from a Jordan frame where the
action is either depicted by Brans-Dicke theory or where
the dilaton field has a non-minimal coupling to gravity
[21, 22, 23, 24]. The Brans-Dicke parameter wp or the
non-minimal coupling parameter £ present in the Jordan
frame can be identified in terms of the parameters $ and
~ in the Einstein frame (EF). But, if the above action has
such an origin in the Jordan frame then the parameters 3
and v, which one gets after the conformal transformation
to EF, can not remain as two independent parameters.
Instead, in such cases these two parameters § and ~ remain
to be related, as they originate from the same term in
Jordan frame namely the Brans-Dicke term or the non-
minimal coupling term, where generically one finds § =
2v. And with § = 27, which implies v < f, for any
choices of the parameter $ values this model predicts larger
tensor-to-scalar ratio than standard slow-roll inflation for
quadratic and quartic inflaton potential. However, in the
limit 8 — 0 the prediction of ns and r are exactly the
same as the standard slow-roll inflation which is disfavored

IThe signature of the metric has been taken here as (- +, +,
+). For the brevity of the text we shall use M, = 1 unit from here
onwards.

by the observations. Therefore, in this work we explore
the other possibility where we treat both g and v to be
arbitrary and thus one can have v > .

We will see that this two-field scenario with v > S
can bring down the tensor-to-scalar ratio considerably
such that quartic and quadratic inflaton potentials are al-
lowed by the observations. Also such a scenario, produces
larger tensor-to-scalar ratio than generic Higgs inflation or
Starobinsky inflation scenario which may be ruled out by
future B—mode observations even if the theoretical limit
of r ~ 2 x 1073 cannot be achieved by these observations.

In order to motivate the above two-field action with
v > 3, we will show that such an action can be derived
from no-scale supergravity. We consider no-scale super-
gravity [26, 27, 28] as a natural framework for deriving
our two-field model. No-scale supergravity is a special
class of N' = 1 local supersymmetry in 4-dimensions, i.e.
supergravity, which addresses the n-problem in supergrav-
ity [29, 30]. Also these theories naturally arises in the low-
energy limit of the string theory compactifications [31].
The two field models of inflation with string motivated
tree-level no-scale Kahler potential in no-scale supergrav-
ity framework are analyzed in Ref.s [32, 33, 34, 35]. With
the considered form of Kéahler potential and superpotan-
tial, we will derive the two field action (3) where the pa-
rameter 7 has a fixed value v = 24/2/3 and f is arbitrary,
therefore we can have 7 > f as required to achieve the
correct values of the observables ng and r.

The paper is organized as follows : In Section (2) we
discuss in detail the evolution of background and pertur-
bations in our model and derive the comoving curvature
power spectrum and isocurvature power spectrum along
with the observables namely the scalar spectral index and
the tensor-to-scalar ratio. In Section (3) we consider two
different inflaton potentials, namely quadratic and quartic,
to show that these two potentials yield scalar spectral in-
dex and tensor-to-scalar ratio which are compatible with
present observations. In Section (4) we give a SUGRA
derivation of the considered two-field model. In Section (5)
we would discuss the main results obtained in this paper
and conclude.

2. The Model

In this section we would derive the evolution of back-
ground and scalar perturbations if one considers the action
given in Eq. (3) with arbitrary § and .

2.1. Background Evolution

Let us first discuss the evolutions of the background
fields and the background FRW metric in this setup. The
equations of motion of the scalar fields o and ¢ and the



Friedmann equations are given as

&+ 3Ho + %e‘””cf? —Be 7V () =0 (4)
$+3H— 76+ eV (¢) = 0 (5)
3H? = %('72 + %(7%2 +e 7V (9) (6)
H= —% (d2 + 677%2) (7)

where an over dot represents derivatives w.r.t. time and
prime denotes derivative with respect to ¢. In the slow-roll
regime when both the fields slow-roll, terms with double
time derivatives can be neglected therefore the background
equations reduces to

3H6 = Be PV (), (8)
3H¢ = —e1 =PV (9), (9)
3H? = e PV (9). (10)

We define the slow-roll parameters for both the fields. Here
the full potential U(c, ¢) = e #7V(¢) can be regarded as
the product of potentials of the two fields. We then define
the slow-roll parameters as :

©o- %%):%(z(ﬁ;)

_ Usp _V"(9)
e U~ V()
(U B
€ = 5(7) =5
_ Uso _ o
o= 2= (11)

Now to have the o field slow-roll during inflation we require
p% < 2.

Using Eq.s (10), the evolution of the background fields
is given by

o = oo+ fIn (aio) (12)

R (R
Defining

6= [ dog (14)

and requiring Z—g > AN for sufficient inflation one gets
1
By

In the above expressions the subscript 0 and f represent
the field values at the beginning and end of inflation re-
spectively and the same notation will be used in the rest
of the text.

In [1+ Bye™7(f(go) — f(¢r))] 2 AN. (15)

2.2. Linear Perturbations

Let us now study the evolution of the scalar perturba-
tions in this theory. In a longitudinal gauge the metric
perturbations can be given as

ds® = —(1+2®)dt* + a(t)*(1 — 2®)d;;dz'dz’.  (16)
The equations of motion of scalar field perturbations in
this gauge are given as
k‘2 ,YQ .

86 + 3Hdo + (a—2 — 76—70& + Bze_ﬁ”V(qb)) So
+ye 77 h6p — Be TV ($)d¢ = 28e” 7V (¢)® + 495, (17)

. . k2 .
8¢ + (3H —v5) 3¢ + (a—2 + eWB)UV”((;s)) 8¢ — i
+(y = BV (¢)e" =765 = =2V () D + 4D . (18)
The i3, 00 and Oi-components of the perturbed field equa-
tions give

®+4HD + (3H? + H)D = % [d&'f + e ¢d¢

—e PV ()¢ — B (iew - eﬁ"vw)) oo, (19)

B2 -
e 1
a? 2

sV (@0 - (3o + V@) ) oo, (20

SH® + (3H? + H)® + [déd e 7956

b+ HD = %(d(Sa + e 77hd¢) (21)

respectively.
The comoving curvature perturbation on constant en-
ergy density hypersurfaces [22, 23] is

H

. j —70 4
R:@_f(wH@):MHM
H

&2 + 67'\/0'(2-52

,(22)

while its time derivative can be obtained by combining
eq.s (19), (20) and (21) as
. k% H?
a* H
where S represents entropy (isocurvature) perturbations
given by

5 4

On super horizon scales (k < aH) and under slow-roll
approximation one can safely ignore terms containing ®
and double-time derivatives to get

o — %(&50 +e 7 gop) = géa - ;/V(((Z)) 5o,
3HGOG + [2e PV (¢)do — Be POV ($)6p = 2Be PV () D,
3HG + =DV ($)6p + (v — B)eV D7V (¢)d0

= 207877 ($)®. (25)

5 o T(BEFV (9)e 7 + 5%V (¢)) (6_0 6¢) (24)

(62 + e—’ya(b2)2




The above equations can be solved to give superhorizon
solutions as, [see [21]]

oo C1 C3

v o omoa (26)

5

g = S+ (-, (27)
g / 2 2

o - —cl%—i—c;; %(“//((Z’D (1— ) — ﬁ] (28)

where ¢y and c3 are the time independent integration con-
stants and can be fixed using initial conditions. In the
above expression (28), terms proportional to ¢; represent
the adiabatic modes while those proportional to cs repre-
sent the isocurvature modes.

The equations of motion for scalar perturbations can
be approximated as equations of motion of free massless
scalar field in inflating background for £ > aH and even
in the region k < aH when H(ty) > |H(ty)|(t — t;) and
thus the expectation values of the scalar perturbations for
the modes k crossing the Hubble horizon i.e. when k =
a(ty)H (tx) can be given by

H{(ty) H(ty) pottw)
e 4
V2k3 V2k3

where the exponential factor in d¢(k) is due to the non-
canonical kinetic term of the inflaton field and ¢, (k) and
e4(k) are classical random Gaussian quantities.

Using background slow-roll eq.s (8)-(10), eq. (22) can be
simplified to give the curvature perturbations as

do(k) =

go(k), do(k) =

£¢(k), (29)

R ~ ®+ci—c3+c3

(30)

)
2
B b) o
7+§(V ) &7

__ % (31)

~ O+cp—c3+ec
1 3 360_’_67064)

Since from eq.(28) it is clear that all the terms in ® are pro-
portional to (c1,c3)x slow-roll parameters, therefore we
will ignore the potential ® compared to ¢; and c3. Using
eq. (26) and eq. (27) we can calculate ¢; and c3. Substi-
tuting for ¢; and c3 into eq. (31), the comoving curvature
perturbation on super horizon scales becomes

R = H% 7"A+H603 (32)

where A = €3/(ex + €77¢) and B = €,/(€s + €77¢y).
Therefore, using eq.(29), the power spectrum of comoving
curvature perturbations can be obtained as

k3 9 H* [e?re 1
= — ~ | Z—A%24+ —_RB?
Pr 272 <R > ) |: ¢2 + 52 :| (33)
V@)e 7 [ 4o, 1 po (34)
2472 €6 € ’

where in the second equality one replaces 2 and ¢52 using
eq.s (8) and (9).

On the other hand, the tensor power spectrum retains
its generic form as

SH2(ty)

Pr= ,
T 472

(35)

which, combining with (34), yields the tensor-to-scalar ra-
tio as

Yo 1 -1
~ 16 [B—AQ + —32] . (36)

€p €o

ﬂ
Il
33

Now once we have the power spectrum of scalar perturba-
tions (33), we can find the scalar spectral index using

_, _ dPgp(k) dnPgp(k) dt  dN
s T T dmk | dt AN~ dnk
4H 1 dpP,
= e @ (37)
where P, = (€377 /$?) A%+ (1/62)B? and we used 2

L
H

|=: ||

and at horizon crossing k = a(ty)H (t), -2 AN~ — K
1. Using background slow-roll eq.s (7)-(10), we calc late
& and ¢, eq. (37) can be further simplified to give

—A [(66¢ — 2n¢)627" + B(268 + 'y)ew]
—BpB2. (38)

ng—1 =~

It can be noted that in the limit 5 — 0 and v — 0 (i.e.
A =1and B=0) eq.s (34), (36) and (37) for power spec-
trum, tensor-to-scalar ratio and spectral index respectively
reduces to their standard forms in the single field slow-roll
inflation.

The amplitude of the isocurvature perturbations is given
by

k‘3
Ps = W<82>
110027 (Be7gV (6) + 6V'(9))
= 7T_2 ) o 2N3 ) (39)
(62 +e717¢?)

which vanishes upon using eq.s (8) and (9) for & and ¢
respectively. Therefore in this two field model, up to slow-
roll approximation, the isocurvature perturbations van-
ishes independent of inflaton potential and S, ~ values.

3. Analysis of the Model with A,¢™ Potentials

In this section we analyze the observable parameters
when inflaton has a potential V(¢) = %(;5" We define
oo and ¢q as the field values AN e-folds before the end of
inflation and oy and ¢ as the field values at the end of
inflation. From eq. (13) we find oy = 09 + SAN. Using
eq. (8)-(10) we can solve for & = H? + H and setting

% = 0, which is the condition for the end of inflation, we
get the inflaton field value at the end of inflation as ¢y =
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Figure 1: ns — r predictions of our two field model for quadratic
(upper panel) and quartic (lower panel) potentials are shown. We
have taken AN = 60 and op = 0.1. In both the panels the range of
values of = increases along the curves from top to bottom. It is also
manifest that as the values of 5 and v goes to zero, ns and r values
converges to standard slow-roll inflation predictions.

ne'y”f/Q/\/Q — (2. The field value ¢y can be expressed in
terms of ¢; and oq as given by eq.(15) as

Y90
9  2ne

o ner [PVAN(4 — 262 + nfBy) — 4 + 257 (40)
a B2 - 5?) ’

where, in the last equality, we used the expression for ¢y
and oy as obtained above. Now we substitute ¢¢ from
eq. (40) into eq.s (34), (36) and (37) to give ng, r and Pr
in terms of oo, n, AN, 8 and . For AN = 60 e-folds
and for the choice o9 = 0.1 with various choices of the
parameters 8 and -y, the ny — r predictions for quadratic
(n = 2) and quartic (n = 4) potentials are shown in the
Fig. 1. For the above choices of the parameters values,
inflaton field values during inflation are shown in Fig. 2.
For o9 = 0.1, AN = 60 and for the range of the parameter
values of (3,+) as shown in Fig. 1, we find scalar mass in
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Y

Figure 2: The inflaton values during inflation, for quadratic (upper
panel) and quartic (lower panel) potentials, are shown. We have
taken AN = 60 and o9 = 0.1. In both the panels the range of values
of v increases along the curves from bottom to top. It is also manifest
that as the values of 8 and 7 goes to zero, the field values converges
to standard slow-roll inflation predictions.

the range \o = mi ~ 107" —=10~'* and scalar self coupling
in the range Ay = A ~ 10713 — 10~!7. E.g. for the choice
£ =0.05 and v = 0.7, which can produce ngs ~ 0.9666 and
r ~ 0.06, gives my ~ 2 x 107%. And for 8 = 0.06 and
~v = 1, which gives ny, ~ 0.964 and r ~ 0.05, gives A ~
10716, Therefore in this two field scenario with quadratic
and quartic potentials, similar to the case of single field
slow-roll inflation, we require light inflaton mass and fine-
tuning of the inflaton self-couplings in order to explain
the observables. However, unlike the Higgs inflationary
scenario, which has no fine tuning problem predicts very
small tensor to scalar ratio 7 ~ 1073, the two field model
predicts larger tensor to scalar ratio r ~ 1071 — 1072



4. Deriving the Model Action from No-scale Su-
pergravity

In this section we give a derivation of the two field
inflation model from no-scale Supergravity. The F-term
scalar potential in Einstein Frame (EF) is determined
from Kahler function given in terms of Kéahler potential
K (¢;, ¢f) and superpotential W (¢;):

G(0i,07) = K(0i,07) + InW(¢) +InW*(¢7), (41)

where ¢; are the chiral superfields. In the supergravity ac-
tion the effective potential and kinetic term in the Einstein
frame are given by

oG . 0G
— @ K — 42
V € aqsl ]* 8¢;< 3 ) ( )
and
Lx = K{*9,¢'0"¢} (43)

respectively, where K;:* is the inverse of the Kéhler metric
K" = 82K/8¢i8¢3’f.

In no-scale supergravity [36] with Kéhler potential K =
—3In[T + T* — pp*/3], where p is identified as chiral in-
flaton superfield and T as complex modulus field, and with
a Wess-Zumino superpotential W (p) = &p* — %p?’, the F-
term scalar potential in EF would give Starobinsky-type

of inflation potential with the choice 2 = % Here we
consider the Kéhler potential of the following form
bpp*
K=-3WT+T+ ——— 44
3In[T + ]+(T+T*)W’ (44)

and we identify T as the two component chiral inflaton
superfield and p as additional matter field with modu-
lar weight w. In typical orbifold string compactifications
with three moduli fields the modular weight w has value
3 [37, 32, 33]. Here we shall treat w as phenomenological
parameter whose value can have small deviation from the
canonical value 3 due to string loop corrections to the ef-
fective supergravity action [38]. Also we will see at the end
of this section that the parameter b is no new parameter
and can be given in terms of the parameter w.

For the complete specification of the supergravity we
assume the following superpotential

W= A pT™. (45)

If we assume that the field p rapidly goes to zero at the
onset of inflation, then from (42) and (43), for the taken
K and W we get

)\2 TmTxm 39T O, T*
V=T L= (46
b(T + T*)3= BT+ T (46)

We can decompose T field in its real and imaginary parts
parametrized by two real fields ¢ and o respectively as

T=eVioy z'\/gdx (47)
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Figure 3: The ns — r predictions for a fixed value of v = 2,/2/3, for
quadratic (n = 2) and quartic (n = 4) potentials, are shown. The
range of values of 3 increases along the curves from top to bottom.

Using (47) into (46), we get the following forms of the
kinetic and the potential terms in the Lagrangian:

Lk = %8“08,“7 + %eﬂ“a%aﬂqx (48)
2 o(w—3) m
Vv = 7)\7”2[) e B [ew + %qﬁz} , (49)

where v = 2\/§ ~ 1.633 and 8 = (3—w)\/§. If during in-
flation the field o evolves slow enough compared to inflaton
field ¢, then €77 << % and hence first term inside the
bracket in (49) may be neglected. Also as per the analysis
performed in two-field model with quartic and quadratic
potentials, we saw that the field ¢ during the 60 e-folds
inflation, rolls from O(0.1 M,) to O(1 M,,) and the corre-
sponding change in the inflaton field value during inflation
is ¢ ~ O(10 M,,) to O(1 M,). Therefore for v = 2\/% we

find that €77 << % Hence, from (48) and (49), the

effective matter Lagrangian in the EF can be given as
Lou L —ogu —Ba
Ly = 58 000+ 3¢ Hpdup +e PV(p)  (50)

where V(¢) = ;'—z':b(b%” and we set b =

potential i.e. withm = 3 =1 and b = for quartic
potential i.e. withm = § = 2. For AN = 60 and o9 = 0.1,

2/3 and

for quadratic

ow
6
2x2%

the ng — r predictions for a fixed value of v = 2
with varying § are shown in Fig. 3.

5. Conclusions

The standard single field slow-roll inflation models with
quartic and quadratic potentials, which generically pro-
duce large tensor-to-scalar ratio, are not compatible with
the present Planck data. One novel way of making quartic
self-coupling of inflaton viable with the present status of



the data is by what is called the Higgs inflationary scenario
which gives very small  ~ 0.003. Though future B—mode
detection experiments aim to reach the sensitivity where
such low tensor-to-scalar ratio can be probed, there might
be experimental limitations to reach such a low limit.

Here we present a two-field inflationary model where
inflaton is accompanied by a dilaton field and has a non-
canonical kinetic term due to the presence of the dilaton
field. We find that, unlike standard single field slow-roll
inflation with quadratic and quartic potentials, the ob-
served r < 0.11 and ny, = 0.966 £ 0.0062 can be ob-
tained for certain choice of dilaton field value oy and the
parameter values 8 and 7 for 60 e-folds as depicted in
the Fig. (1). For example, inflaton with quadratic po-
tential yields ns ~ 0.9666 and r ~ 0.06 for parameters
value g = 0.05, v = 0.7 and inflaton with quartic poten-
tial yields ngs ~ 0.964 and r ~ 0.05 for parameters value
B = 0.06, v = 1. This shows that this scenario yields
tensor-to-scalar ratio much larger than the generic Higgs
inflationary scenario or Starobinsky inflationary scenario.
This model for a range of parameters (5,v) values can
produce large tensor-to-scalar ratio r ~ 10~! — 102 con-
sistent with the current bound on rg o5 < 0.07 (95% CL).
Also 7 in this range would definitely be probed by future
B—mode experiments and thus such a model can be put
to test with these future observations. We also find that
one requires to fine-tune the self-couplings of the inflaton
field in order to be in accordance with observations, unlike
the Higgs inflationary scenario. We show that, up to slow
roll approximation, the amplitude of the isocurvature per-
turbations vanishes identically independent of the choice
of the parameters values.

We derived the two-field inflation action from no-scale
SUGRA with the considered form of Kéahler potential
and superpotantial, wherein the parameter v has a fixed
value v = 2\/% and [ appears as an arbitrary parame-
ter. However, we believe that with some string motivated
Kaéhler potential and appropriate choice of superpotential
one can derive the two-field action with absolutely arbi-
trary parameters § and 7. In this model with v > /3, which
is the required condition to get the correct values of the
observables ns and r, we find that to fit the observables we

need B ~ 1072, which, from the relation 5 = (3 — w)\/g,
implies a very small deviation of the parameter w from 3
which may be obtained from the string loop contributions

to tree-level supergravity effective action.
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