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Abstract

Inflationary scenario has been very successful in solving various problems asso-
ciated with the standard Big Bang cosmology. But the nature of the field that
drives accelerated expansion (inflaton) is still unknown to us. The inflationary
models with scalar fields, under the slow-roll approximations, are well studied. In
contrast, inflationary scenario with spinor fields have not attracted much atten-
tion. In earlier works the ‘classical’ Dirac spinor field was studied as a candidate
of inflaton. However, there were some issues with inflationary scenario driven by
the Dirac spinor. One of the most important problem with Dirac spinor is that
it produces highly scale dependent power-spectrum (with spectral index ns ~ 4),
which is inconsistent with the CMB observations.

Recently, one special type of spinor was proposed by Ahluwalia (2005, 2013)
which is an eigenspinor of charge conjugation operator, also known as Elko. This
spinor is called the Non-Standard Spinor (NSS) as it has an unusual property:
(C’PT)2 = —I. NSS field is a spin—% field with mass dimension one, whereas
the ‘classical’ Dirac spinor is a spin—% fermion with mass dimension % This new
spinor field obeys the Klein-Gordon equation instead of Dirac equation. NSS
can interact only through Higgs and with gravity, therefore it is dark by nature.
Thus it is worth investigating the role of NSS in the unknown dark sector of the
universe like: Dark matter, dark energy and inflation etc. In this thesis our focus

is on the NSS driven accelerated expansion of the universe.

In the earlier NSS theories there was one major inconsistency — the equation
of motion of NSS obtained from the energy-momentum tensor did not match with
the equation of motion calculated using the Euler-Lagrange equation. Recently
a consistent theory of NSS was developed which removed this inconsistency. In
this thesis we use a consistent NSS theory to study the first order cosmological
perturbation theory for NSS. The NSS Lagrangian and the energy-momentum

tensor can be expressed as follows:
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where A and X is the NSS and its dual. The covariant derivatives are defined
as: ;\$u = 8,;\ + XFM and V,A = 9,A — ')\ where, I, is the spin connection.
In the expression of energy-momentum tensor the F* term, which was absent
in the earlier works, appears because of the variation of I', with respect to the
metric (Bohmer et al., 2010). Using a simple ansatz of the perturbed NSS and
its dual, 6\ = 0o, SN = dp€ where ¢ is a scalar and € is a constant spinor with
the property €€ = 1, we have calculated components of the perturbed energy-
momentum tensor. The perturbation theory for NSS becomes like a scalar field
theory. However, calculation of the energy-momentum tensor shows the presence
of additional terms in comparison with the standard canonical scalar field. We
construct the modified Mukhanov-Sasaki equation for the NSS. Unlike scalar
field case, the sound speed square is shown to be ¢? # 1 in general. The spectral

index for the scalar perturbation is shown to give a nearly scale invariant power-

spectrum which is consistent with the observation provided that F' = 8;’; <1074

p)
I
With this upper bound ¢? ~ 1. Thus in case of first order perturbati;n theory,
NSS becomes indistinguishable with the canonical scalar field theories.

In this thesis we have also studied the attractor behaviour of NSS cosmology.
In inflationary and dark energy theories it is difficult to find exact initial condi-
tions. Therefore it is important that these theories show the attractor behaviour,
which will allow a wide class of solutions with different initial conditions to have
similar asymptotic behaviour. The search for an attractor in case of NSS was
attempted before also (see Wei, 2011). But no stable fixed points were found in
the earlier attempts. In this thesis it is shown that the NSS equations can give
inflationary-attractor which corresponds to 60 e-foldings. We have also demon-
strated, with a new definitions of variables, that in the presence of barotropic
perfect fluid the dynamical equations of the NSS can have stable fixed points.
The stable fixed points can give us late-time attractor for NSS which can be
useful in alleviating the cosmic coincidence problem. The stable fixed points are
achieved by redefining the kinetic and potential part of NSS.

Keywords: Inflation, Elko, NSS, Cosmological perturbation theory, Dark

energy, Cosmic coincidence problem.
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Chapter 1

Introduction

One of the most important problems of cosmology is to understand evolution of
the universe. General relativity provides us a theoretical framework to under-
stand the universe at different stages of evolution. Recent developments in the
observational cosmology are providing us a very detailed picture of the universe
by measuring various cosmological parameters with high accuracy. Whatever
theoretical models that we have, must agree with the observations. According to
the standard model of cosmology, the universe was created from an extremely hot
and dense state of matter which after a prolonged period of expansion became
the universe that we see today. This model of cosmology is also known as the Big
Bang model and it is highly sucessful in explaining many observational data. Big
Bang model was first proposed by Lemaitre in 1927 [1]. Lemaitre’s model was
based on the solutions of Einstein equation found by Friedmann [2,3] describing
an expanding universe with a homogeneous and isotropic matter distribution.
This idea of the expanding universe was confirmed later with the observations
by Hubble in 1929 [4]. A very important discovery in cosmology came in 1965
when Penzias and Wilson discovered Cosmic Microwave Background Radiation
(CMBR) [5,/6]. The discovery rendered enormous observational support to the
Big Bang cosmology. According to the standard model of cosmology, the matter-
radiation decoupling occurred when the universe was approximately 380,000 years
old (after the Big Bang). CMB photons are the photons which we see today are

travelling freely after the decoupling. Hence it can reveal to us the nature of
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the distribution of various components of the universe at the time of decoupling.
The measurement of CMBR shows nearly perfect black body nature of the pho-
ton spectrum [7] with current temperature 2.725 £+ 0.001K [8] throughout the
sky. NASA led Cosmic Background Explorers (COBE) has measured a very lit-
tle inhomogeneity (~ 107°) [9] in the temperature distribution of CMBR. Thus
CMBR observations imply that the matter distribution in the early universe might
be highly homogeneous and isotropic. Study of the observed inhomogeneity in
CMBR can give us an idea about the physics at time much earlier than decoupling
(see later). Another very important observation regarding the universe is its flat-
ness. Wilkinson Microwave Anisotropy Probe (WMAP) has measured curvature

parameter €, = (i) (k is the spatial curvature, a is the scale factor and H is the

Hubble parameter) to be quite small [10]. WMAP seven years data, along with
Baryon Acoustic Oscillation (BAO) and Hubble parameter measurement, has
constrained the curvature parameter as —0.0133 < €, < 0.0084 in 95% CL [g].

Therefore, it can be concluded that in the flat universe total energy density, in

3H?

the unit of critical density €., = £-~

where G is Newtonian gravitational con-
stant, o = 1+ ., ~ 1. From the supernovae data cosmological models based
on a purely matter dominated universe ({2, = 1) has been ruled out in the flat
universe [11]. The ACDM model of the universe includes a non-zero contribution
of the cosmological constant A in the total energy density along with the mat-
ter (baryonic matter and Cold Dark Matter (CDM)). The origin of cosmological
constant is not clear to us. It is believed that non-zero vacuum energy can be be-
hind cosmological constant. In the ACDM model total energy density in the flat
universe can be written as oy = Q,,, + Qa ~ 1 where, €, and €, are the matter
density and the cosmological constant density respectively, in the unit of critical
density. ACDM model has been very successful in explaining CMBR. From the
very recent Planck data €, = 0.314 & 0.020, and Q4 = 0.686 % 0.020 in 68%
CL [12]. Hubble parameter today is measured to have the value Hy = 67.3 +1.2.

The age of the universe is calculate to be 13.817 4+ 0.048 Gyr.

In this thesis, we focus on the accelerated phases of expansion of the universe.

The universe has undergone the phase of acceleration twice in its history. The



first phase of expansion is called inflation which occurred at a very early time
during the evolution of the universe [13-16]. Inflation was proposed to solve two
main problems of standard expanding universe model, viz. horizon puzzle and
flatness puzzle. During the inflation the universe expands nearly exponentially.
Because of the rapid expansion during inflation the causally connected region
blowed up exponentially [14]. This can provide an explanation for the observed
correlation of temperature between two causally disconnected region around an-
gular scales > 1° in the present-day sky. Thus inflationary paradigm can solve the
horizon problem. The rapid expansion during inflation also makes the universe
extremely flat. Indeed, CMB data are consistent with the flatness assumption.
It is generally expected that CMB data can tell us about the physics at the time
of the matter-radiation decoupling. But the presence of the large scale correla-
tion (at angular scale > 1°) can provide us insight into the physics at time scale
much earlier than the matter-radiation decoupling. If the inflationary theory is
correct then it can leave some imprint in the CMB spectrum on super horizon
scales. Indeed the inflationary theory produces the inhomogeneity in CMB spec-
trum. Considering the fact that the subsequent expansion can not dissolve the
inhomogeneities produced during inflation, inflationary theory should be consis-
tent with the observation of the CMB. Observationally the power spectrum (two
point correlation function) of perturbation is scale invariant in large scale. Scale
dependence of the power spectrum is measured by the quantity called spectral
index. Spectral index of the scalar perturbation produced during inflation (ny) is
constrained by Planck+WMAP+BAO at ny = 0.9643 £ 0.0059 |17]. Exact scale
invariance of scalar perturbation, ny, = 1 has been ruled out by Planck mission.
CMB can also have an imprint of the primordial gravitational waves which could
have been produced by tensor perturbations during inflation. The tensor per-
turbations can produce B-mode polarization by Thomson scattering of the elec-
tromagnetic wave at the time of recombination [18-20]. Therefore, the detection
of B-mode polarization can prove the existence of primordial gravitational wave
and thereby provides evidence of the inflation. However tensor perturbations are

small compared to the scalar perturbation. The ratio of power spectrum of the
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tensor perturbation to scalar perturbation r, so called tensor-to-scalar ratio, has
an observational upper bound r < 0.12 imposed by recent Planck mission [17].

After the end of inflation the standard Friedmann-Lemaitre-Robertson-Walker
(FLRW) expansion started. The observation of type Ia Supernovae data shows
that the universe is currently going through a phase of accelerated expansion
[11,[21]. It has ruled out pure matter dominated universe. The acceleration can
be due to cosmological constant (A) which contribute the most in the energy
budget of the universe. This second inflationary phase started at around red
shift z ~ 1 (the age of the universe was approximately 9 billion years old) and
it’s still continuing. Late time accelerated expansion is thought to be caused by
the presence of the dark energy. Cosmological constant in the Einstein equation
is supposed to be one of the candidate of the dark energy [22,23]. There are many
models of inflation and dark energy among them single scalar field model is well
studied.

In this thesis we study inflationary scenario with the non-standard spinors [24].
Spinor fields have not attracted much in the context of cosmology compared to the
scalar fields. In reference |25] the authors have studied the classical homogeneous
spinor fields in the context of cosmology based on the action given in . In
case of classical Dirac spinor one can consider the spinor fields coupled to gravity
by adding a term like &) R, where v and ) is the Dirac spinor and its adjoint
respectively, R is the Ricci scalar and £ is the non-minimal coupling constant,
in the action. However, it was also shown that during evolution the bilinear
Y1) evolves as o< a% Therefore, during the rapid expansion in an inflationary
period the the non-minimal coupling term will rapidly vanish. Thus, the effects
of non-minimal coupling terms becomes insignificant during inflation.

(v) nn, which could be an example for

(1+99)
quasi de Sitter inflation, to get e-folding greater than 60 the change in the bilinear

For the potential of the form V =

Y1) has to be 180 orders of magnitude. This is extremely high in contrast to the
standard chaotic inflation with scalar fields. The other problems in the standard

classical spinor inflation are:

1. Reheating: In case standard inflationary models with scalar fields the uni-



verse is reheated when the scalar field oscillates around the bottom of its
potential and decays into particle. In contrast the equation of motion for
classical spinors are first order (Dirac equation), therefore, the spinor field
can not oscillate. So, the reheating can not happen with the standard

mechanism.

2. Scale dependence of the power spectrum: In [25] the authors have calculated
the power spectrum and spectral index. It was shown that in case of classical
spinors in large scale the power spectrum is strongly scale dependent. The
calculation of spectral index shows that it is blue tilted with the value ~ 4.

Thus, the prediction of Dirac spinors are in conflict with observation.

Recently one special type of spinor is proposed by Ahluwalia and Grumiler |24,
26| which are non-standard. These are called Elko (Eigenspinoren des Ladungskon-
jugationsoperators). Elko is an eigen spinor of the charge conjugation operator
with dual helicity. These spinors are called non standard spinors (NSS) because
unlike Dirac spinors NSS have mass dimension one and (C'PT )2 = —I. These are
also called ‘dark spinor’ as its dominant interaction channel is via Higgs and grav-
ity. One of the important properties of these spinors is it follows Klein-Gordon
equation instead of Dirac equation. Recently there has been some interest in
spinor inflation and dark energy models with NSS. In references [27,28] authors
first considered NSS as inflaton and the authors calculated the back ground equa-
tions. They have shown that the equations are similar to canonical scalar field
equations with some additional terms which are the coming because of the pres-
ence of spin-connection (see in section while considering spinors in curved
space-time. In Ref. [29] the authors calculated the cosmological perturbations.
However, in [30] the authors have shown that the energy momentum tensor cal-
culated in references [27-29] may be incorrect. In the earlier works while deriving
the expression of energy-momentum tensor from the action, the variation of spin-
connection with respect to metric was not properly calculated. This results in
the disagreement between Euler-Lagrange equations calculated directly from the

action and the equation of motion calculated from the continuity equation using
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the energy-momentum tensor. In the same work properly considering the varia-
tion of spin-connection the corrected expression of the energy-momentum tensor

is calculated and back ground equations are corrected.

In [30] it has been argued that the form of NSS considered in [24] does not
have any positive definite Lorentz invariant norm for the spinor resulting negative
energy ghost modes. These ghosts modes can be eliminated by introducing some
special choice of projection operator. But, the presence of the projection operator
in the Lagrangian can include preferred axis, hence the theory can not be Lorentz
invariant. However, to study inflationary scenario one can use a specific form of
the homogeneous and isotropic NSS and its dual as: A = @(t)¢ and X = ()€
where, () is a homogeneous and isotropic scalar and ¢ is constant spinor with
the property: &€ = 1. With the help of this ansatz, the action and various
components of the energy momentum tensor for NSS can be expressed entirely
in terms of the quantity A\ (or, ©*(t)) and its time derivatives. As in this case
£€ > 0, one may not have the negative energy solutions, hence the theory can be
free of the ghost modes. In addition, since the action and the energy densities
become functions of () in this ansatz, the theory can be treated as Lorentz

invariant. Therefore, in this thesis we use the above ansatz to study cosmology

of NSS models.

In cosmology, it is useful that the dynamical equations allow to have attractor
solutions during inflation. As the initial conditions are not known, the attractor
behaviour can allow a wide class of solutions with different initial conditions to
have similar asymptotic behaviour. In cosmology this has been done by analysing
the stability of the fixed points. The attractor nature of the dynamical equations
also helps us to alleviate cosmic coincidence problem associated with the dark
energy. As the universe expands, the matter density and dark energy density
evolve differently. The matter density falls as o< a=3 where as dark energy density
remains almost constant. Therefore, it is not clear why at red shift z ~ 1 the dark
energy dominated universe started. If it is because of the reason that the initial
conditions were such that at red shift z ~ 1 the dark energy domination started,

then the initial conditions should be extremely fine tuned — which is known as



cosmic coincidence problem. In reference [31] the stability analysis was done for
NSS in the context of dark energy. It was concluded that there do not exist any
stable fixed points for NSS. In this thesis we have done the stability analysis with
a set of variables different than those used in [31].

The thesis mainly focuses on the following two issues in the NSS cosmology:
1. Developing a consistent cosmological perturbation theory, 2. to study the

robustness of NSS based models to produce accelerated expansion.

1. We ask the question if, unlike classical Dirac spinors, NSS driven inflation
can give us scale invariant power spectrum at large scale? To answer this
question we have used consistent NSS theory [30] and studied first order
perturbation theory [32]. It has been shown that the scalar spectral index

in case of NSS can be in the observed range provided ¢ satisfies an upper

bound

81“\0;2 < 10~* where M, is the reduced Planck mass.
pl

2. The other issue that has been studied in this thesis is the attractor behaviour
in the NSS cosmology [33]. It is shown that inflationary attractor can exist
in case of NSS. With the redefinition of the variables it is shown that the
dynamical equations can behave as an attractor in the inflationary era. It
is also shown that in case of late-time acceleration the dynamical equations
have stable fixed points which can alleviate the cosmic coincidence problem

associated with the dark energy.

Plan of the thesis: In Chapter-2 we give a general description of the in-
flationary universe. We start with the standard model of cosmology with the
FLRW metric as a solution of Einstein equation. Using the approximations for
the metric and the energy-momentum tensor for an ideal fluid, the Einstein equa-
tion is written in terms of the Friedmann equation and the acceleration equation.
With the help of acceleration equation the condition for the accelerated expansion
(negative pressure) has been established. Next, we describe motivation for infla-
tion, namely — two puzzles associated with the standard model of cosmology:
horizon puzzle and flatness puzzle. Solutions of these puzzles using inflationary

scenario has been explained in this section. After this we introduce the concept
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of dark energy in order to explain the current acceleration of the universe. Next
we study the inflationary universe scenario with a canonical single scalar field.
We have explained some of the general features of the inflationary scenario with
scalar field like, slow-roll, fast-roll and multi-field inflation. Then we consider
the spinors in the curved space-time. We discuss the tetrad formalism which is
important for incorporating spinors in the curved space-time and use it to write
the Dirac equation in the curved space-time. Finally, we write the consistent set
of NSS equations. It has been shown that in comparison with the canonical scalar
field case, the Friedmann equation and acceleration equation in case of NSS have
additional terms proportional to F = 8@7121 when a simple ansatz on the form of
NSS is used. From Friedmann equation it is shown that the condition F < 1 is

necessary in order to have a real Hubble parameter H, i.e. H? > 0.

In Chapter-3 we focus on the first order perturbation theory of NSS based
inflationary model. At first we provide discussions on the metric perturbation.
Then we discuss properties of the gauge transformation and define the gauge
invariant quantities using the metric perturbation. By using a simple ansatz,
the NSS perturbations can be expressed in terms of scalar quantity dp. So in
this chapter we discuss the various aspects of the perturbation theory for single
scalar field. Then we construct the Mukhanov-Sasaki equation and show that
the solutions of this equation leads to nearly scale invariant power spectrum un-
der the slow-roll paradigm. Next, we calculate the perturbed energy-momentum
tensor for NSS. It is demonstrated that the pressure perturbation for NSS, in
general, can be anisotropic. Using the assumption that F' < 1, we calculate the
modified Mukhanov-Sasaki equation for NSS in the linear order of F. We solve
the Mukhanov-Sasaki equation for NSS as corrections to the solutions found in
the single scalar field case. Finally, we show that NSS can give us a nearly scale
invariant power spectrum, which is consistent with the observation if the term F

satisfies an upper bound, F' < 107%.

In Chapter-4 we focus on the early universe attractor scenario with NSS. We
discuss the attractor scenario in case of the canonical scalar field. We have shown

that in case of NSS, the Friedmann and acceleration equation can show attractor



behaviour during inflation. The attractor in this case corresponds to 60 e-folds,
which is necessary for successful inflationary scenario, when F < 107%. Then
we find the fixed points for the dynamical equations of NSS in the presence of a
perfect barotropic fluid with a new set of variables. After that a general analysis
of the stability of the fixed points has been discussed. In this chapter it is shown
that in case of NSS the fixed points can be stable. The stable fixed points can give
us late-time attractor which can be helpful in alleviating the cosmic coincidence
problem associated with the dark energy.

Chapter-5 contains summary and discussions.






Chapter 2

Inflationary universe

2.1 Introduction

In this section we briefly review the various aspects of inflationary cosmology. As
we have already mentioned that theme of our thesis is spinors in inflation, partic-
ularly non-standard spinors, it is necessary that we document the developments
in this regard. We first start with the standard model of cosmology based on
the FLRW metric . Then we briefly discuss the drawbacks of the standard
model of cosmology and we introduce the idea of inflation which proves to be the
potential model for our observed universe . In section ([2.4) we discuss about
the present stage of accelerated expansion which can be also be considered as
quasi-inflationary stage. After that we present the various scalar field models of
inflationary universe such as slow-roll inflation, fast-roll inflation and multi field
models of inflation (2.5). In sections and we discuss the inflationary

model based on spinors.

2.2 The standard model of cosmology: FLRW

universe

The standard model of cosmology is based on the observational fact that the

universe is homogeneous and isotropic over length scale greater than 100Mpc.

11
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Chapter 2. Inflationary universe

As we have sufficient evidence that our universe is expanding, geometry of the
universe can be described by FLRW metric. To understand the nature of the
expansion cosmologists prefer to work using the comoving formalism. In this
formalism comowving distance between the any two points remain same. And the
physical distance between the points can be obtained by multiplying comoving
distance with a scale factor, a (t). The scale factor contains information about
the evolution of our universe: If the scale factor increases with time, the distance
between the two points increases and thus describes the expanding universe. If the
scale factor decreases with time we have contracting universe. The dependence of
scale factor on time varies in different era of evolution (e.g. o /2 in the radiation
dominated era, o /3 in the matter dominated era). One of the important
quantities that quantify the change in the scale factor is the Hubble parameter
defined as H = a(t) /a (t). Here the ‘dot’ denotes the derivative with respect to

cosmic time t. In terms of the Hubble parameter the acceleration can be written

g — [ (1 + ﬁ) . (2.2.1)

Equation (2.2.1)) is an identity and it contains information about geometry. Now

as

the question is what drives the dynamics of the scale factor. The answer lies in
the Einstein equations in general relativity, which connects the geometry with

the energy-momentum tensor describing the energy density.

The Einstein equation in general space-time is given as

"R = 8rGT. (2.2.2)

v

1
R — =
v 29

The left hand side is known as Einstein tensor G¥ = RE — %g,’jR. Here, G is
Newton’s gravitational constant and T# describes the energy-momentum tensor
of the matter. The Einstein tensor is a function of the metric and its derivatives
and therefore, contains the information of space-time. The term RY is the mixed
form of the Ricci tensor R, which is defined as follows:

Ry, =Th, =T, + 0,08, =TI, (2.2.3)

[0\ vn
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where, I'}  is the Christoffel symbol which can be expressed in terms of the metric
9 as follows

1
Flrjp = égua [al/gap + apgm/ - aagl/p] . (224)

The term R is called Ricci scalar, which can be obtained by contracting Ricci
tensor into the metric:

R=g"R,,. (2.2.5)

g contains the information about the space-time. In four dimension the flat
space time the metric g, is given by the diagonal Minkowski metric 7n,, =
diag (1,—1,—1,—1), where the first component corresponds to temporal part
and the last three corresponds to the spatial part. As in the case of isotropic
and homogeneous expanding universe the physical distance is proportional to the
scale factor, one can write the metric by multiplying the space part of 7,, with

the scale factor:

G = diag {1, —a* (t),—a® (1), —a*(t)}. (2.2.6)

The metric (2.2.6)) is known as FLRW metric. ¢g"” is ‘the inverse’ of the metric

defined as ¢" = diag {1, —a%, —a%, —a—12} One can see that in case of the
Minkowski metric 7, all the components of Christoffel symbol are zero. However,
this is not the case when g, is considered. Different components of Christoffel
symbol for are listed in the appendix . The expressions for the Ricci
scalar and for the different components of Ricci tensor are listed in the
appendix ({A.1.2)). For isotropic perfect fluid the energy-momentum tensor can be
written as a diagonal matrix where energy density is the time-time component

of the energy-momentum tensor and pressure is given by the negative of the

space-space components:
T} = diag {e, —p, —p, —p} - (2.2.7)

Finally, using (A.1.4) and (A.1.5)) one can write the Einstein equation for the
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energy-momentum tensor (2.2.7)) in terms of scale factor as

(9)2 _ ?a (2.2.8)

a
i [a\’
2—-|—(—> = —8mGp. (2.2.9)
a a

Combining (2.2.8) and (2.2.9) the acceleration & becomes

a 4rG

From ([2.2.10]) it can be checked that for ordinary matter (pressure p = 0) and for
radiation (p = ¢/3) the universe expands with deceleration (d < 0).

The dynamics of the fluid quantity may come from V,T* = 0. But the
equation of state relating £ and p is needed in order to close the fluid equation.
Setting ¥ = 0 in V,, = 0, one can obtain the continuity equation in the FLRW

background which can be written as follows:
e+3H (e+p)=0. (2.2.11)

From the above continuity equation one can understand that in the FLRW uni-
verse as the universe expands, in the radiation dominated era the energy density

falls as o« a~* and in the matter dominated era it falls as oc a 5.

Substituting
this in (2.2.8) one can easily see that in the radiation dominated era the scale
factor grows as o< t'/? and in the matter dominated era the scale factor grows as

o t2/3,

2.3 Drawbacks of the standard model of cosmol-

ogy

Although the FLRW model of our universe satisfactorily describes the contents
of our universe, still FLRW universe has some problems. There are two major

issues with the standard model of cosmology namely: (i) Horizon puzzle and (ii)
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flatness puzzle in order to understand these puzzles it is useful to write most

general form of FLRW metric in polar coordinate can be written as

1
G = diag {1, —a? gyt —a’r?, —a2r28in2(0)} (2.3.1)
where, k is the spatial curvature and have values kK = —1,0,+1 depending on
whether the universe is open, flat and closed respectively. The Friedmann equa-
tion now becomes

Ko G

2

1. Horizon puzzle:

Today the causal horizon size is [y = ct,, where ty is the age of the universe
to ~ 10'7sec. At Planckian time (¢, ~ 10™*3sec) from which the universe was
originated, must have a size greater than [, = ZOZ—ZZ = ctoc;—’;l. Now, the causal
horizon size at Planck time is [, = ct,;. Comparing [,; and /. one can get lchl =
%Z—’Z As 2 ~ 107%, it can be shown that the size of the universe at nearly
Planck time was at least 10?® times greater than the size of the causal horizon.
Now the puzzle is how a smooth distribution of temperature with fluctuation

~ 107? is observed in the CMBR over a large number of causally disconnected

region.

1. Flatness puzzle:

Friedmann’s equation 1’ can be written as: Q(t) — 1 = ﬁ, where ) = =,

Ea = % is called the critical energy density. From here we get ;(t) — 1 =
(Q0(t)—1)(§2)?. In the discussion of horizon problem we saw that o~ 2~ 107,
Now as the scale factor is a function of time only we take ¥ ~ a. Therefore we
find that Q;(¢t) —1 < 107°%. This means that in the early universe critical energy
density was unity(flat universe) with a fluctuation of 107,  can also be written
as the ratio of gravitational potential energy and kinetic energy. Now, for €2 is
>1, <1 or =1 respectively signifies closed, open or flat universe. Thus in standard

model of cosmology, the early universe the value of {2 was so fine tuned that any
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very very small deviation (of the order 107°¢) from 1 would lead to a closed or
open. This problem of fine tuning is called flatness puzzle.

These puzzles can be solved if the universe had an accelerated phase of ex-
pansion some time early in its expansion history. This phase of acceleration is
called inflation. To retain the success of standard model of decelerated expansion
of the universe we say that the inflation started and ended very early. During
inflation the universe expanded almost exponentially. Actually due to this accel-
erated expansion, the region of space that were in causal contact before inflation,
became causally disconnected during inflation. This paradigm can also explain

the observed flatness (k = 0) in the CMB spectrum.

2.4 Second inflationary stage: Dark energy

We know from observations of CMB that the total energy density of the universe

Etot

Ecr

is very close to its critical value, i.e. gy = ¢ OF 4oy = = 1. Discovery of the
dark energy is fairly recent. The late-time acceleration which is still continuing
is attributed to the dark energy, the name suggestive of our ignorance about its
origin. Evidences from type la supernova data [11,21] have rejected the matter
dominated expansion after red shift z ~ 1. According to our current understand-
ing at present the total energy-budget of the universe consists of 31.4% matter
and 68.6% is inform of dark energy [12]. Dark energy can be regarded to be dis-
tributed smoothly (in homogeneous and isotropic fashion) over the entire present
universe.

One of the simplest models of the universe which can explain the late-time
accelerated expansion is based on inclusion of cosmological constant A in the
Einstein equation. Energy density related with A does not dilute with expansion
of the universe and at some point in time it can start dominating over the other
energy densities to give the accelerated expansion. Energy density and pressure of
the cosmological constant term are respectively given by ey = A and py = —A and
thus have the equation of state py = —ej necessary to give accelerated expansion.

But this model of dark energy suffers one theoretical problem. The non-zero
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vacuum energy density is believed to be acting as the cosmological constant A.
From field theoretic calculation it is found that calculation of zero point energy
leads to the value of A which is 60-120 orders of magnitude higher than the
observed value [23||34]. There is an issue with the dark energy models with
finite A which is called ‘coincidence’ problem. It asks the question, why the dark
energy domination started at z ~ 17 One possible answer could be that the
initial conditions were such that the dark energy domination started at z ~ 1.
But this will make the initial conditions extremely fine tuned. In cosmology we
avoid this kind of fine tuning. To solve ‘coincidence’, we consider problem dark
energy models with a time dependent scalar field ¢() called quintessence and this
quintessence field evolve in such a way that irrespective of its initial condition
it starts following the track that we know is needed for this transition to take
place at z ~ 1. In other word dynamical equations should show some attractor
behaviour. This kind of attractor solutions are also called tracking solutions.
The quintessence models [35] follow the similar set of equations as of inflation.
So, writing the energy-momentum tensor and identifying its energy density and
pressure we find that if ¢(t) is varying very slowly with time we can neglect (2

to get &) — 1 which is desired equation of state.

e(y)
In addition there are some other models of dark energy: Composite scalar
models of dark energy. Neutrinos may be one of such candidates which conden-

sates and form scalar [36]. In this thesis we investigate the role of NSS in the

accelerated expansion of the universe.

2.5 Scalar fields in inflation

In this section we discuss some of the important features of the inflationary uni-
verse. At first we discuss the standard slow-roll inflationary scenario in which
the smallness of slow-roll parameters ¢ < 1 and 7 < 1 help us in getting the
negative pressure required for the accelerated expansion. If the second slow-roll
condition is violated (n ~ 1) still one can have accelerated expansion, which is

briefly described in the fast-roll section. In a later section we will also discuss
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the multi field scenario. Some of the general features will be used in the later

chapters of the thesis.

2.5.1 Slow-roll

From Friedmann equation we find that to get inflationary universe we need p <
—%6. We can understand the this odd equation of state from field-theoretic point
of view. Let us consider the simple field-theoretic model where inflation is driven
by a scalar field. It is called inflaton which is function of time only. That energy
momentum tensor for this inflaton can be identified as that of a perfect fluid.
As scalar field is independent of space coordinates, we find energy density and

pressure as followed:

1 1,

€= 59292 +V(p), p=z¢>=V(p). (2.5.1)

Therefore the equation of state is

1.
g - WV@; (2.5.2)

So from equation we get, when ¢* < V(y), p = —e. That means,
when the scalar field is rolling slowly in a flat potential, its kinetic energy is
negligible compared to potential energy, then we get our desired equation of
state. Therefore to get the two initial problems solved we need to keep ¢? much
smaller than V' (¢) for a sufficiently long time, for about 75 e-folds. Now if we

write the Klein-Gordon equation for the scalar field it looks like:
¢+3Hp+V,=0. (2.5.3)

As the scalar field is rolling very slowly down the potential, we can neglect ¢ com-
pared to ¢ and V(p). Therefore using ([2.5.3) the first order slow roll parameters

in terms of the potential can be defined as:

1 (V,\? 1 [V,
— —# = (Z22) sy =n—e
v 167TG<V)’T]V 87TG<V V=T
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Now in terms of slow roll parameters we can say that inflation occurs when e, < 1

and 7y < 1. In the slow-roll case the inflation ends when ey ~ 1.

eHamilton-Jacobi approach: So far we have treated the inflaton field as
the fundamental quantity in case of inflation. It is also possible to define the
slow-roll quantities entirely in terms of Hubble parameter H. This approach is
also known as Hamilton-Jacobi approach [37]. One of the advantages of using
Hamilton-Jacobi approach is that it can remove the explicit time dependence as
the independent variable in this case is the field itself. Using one can
write the Friedmann equation and the acceleration equations for flat universe

respectively as

K2 111
H? = —e=—-|=¢? . 2.5.4
> 3[2¢ +v<w>} (25.4)
. K2 1
H = —?(6—}-]9):—5902. (2.5.5)

Here in the last lines we have set k2 = 87G = 1. As the expression of H tells

us that the value of Hubble parameter goes down with time, equation (2.2.1))

suggests that |%\ < 1 to get acceleration (i > 0). As H, = H/¢, using (2.5.5

the expression of H , becomes
H,=—=¢. (2.5.6)

Finally, the Friedmann equation (2.5.4) can be written as,

2 1%
H? (p) = gﬂjj, + 3 (2.5.7)

Therefore, using (2.5.5) and (2.5.6) the slow-roll parameters can be defined in

terms of Hubble parameters as

H H,\* @ H
H= T ( H ) A P 7 (258)

During inflation both ey < 1 and ny < 1. The definition of change in the
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number of e-folding also can be in terms of the Hubble parameter as

H A
Ap = — L
QH#, 2€H

AN = —

(2.5.9)

Here we have considered that during inflation the change in the inflaton is very
small. The value of inflaton changes towards the end of inflation [38].

Inflation has strong evidence in the Cosmic Microwave Background data from
WMAP (Wilkinson Microwave Anisotropy Probe) satellite. WMAP measures the
temperature and temperature anisotropy of CMBR. At large scale(early time)
it has evidence of inflation. Fluctuation of inflaton dp implies fluctuation of
energy-momentum tensor(d7),,) which implies fluctuation in metric. Fluctuation
in CMB temperature can be related to gravitational potential(in the metric per-
turbation) at last scattering surface. So temperature fluctuation can be related
to the inflaton fluctuation. Finally if we calculate power spectrum of the inflaton

fluctuation we can see it fits very well with the WMAP data.

2.5.2 Fast-roll

So far we have seen that in case of slow-roll inflation we need two independent
conditions, € < 1 and n < 1. The usefulness of slow-roll conditions is mainly
twofolds: One is, it produces a very large expansion during inflation and the
other one is production of scale invariant power spectra of density perturbation
which gives us nearly isotropic universe, consistent with observation. In other
words, if the perturbations that we observe today are the primordial perturbations
produced during inflation, they must have occurred when inflaton was on the top
of the potential. Now the question can be asked is: Can inflation occur if the
slow-roll conditions are violated? From Friedmann equations one point is clear
that to get scale factor growing exponentially ¢ < 1 must be satisfied. If this
condition is violated, we can’t treat Hubble parameter (H) as a constant — hence,
exponential expansion will not be possible. Thus, in the fast-roll scenario only
possible violation of slow-roll can be n ~ 1.

For inflaton with mass m the slow-roll condition n < 1 can be translated
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into |m?| < H?. However, in various models of supergravity theories the mass
square terms are observed being of the order of the square of Hubble parameter,
|m?| = O (H?) |39,40]. Non minimal coupling scenarios [41}42] with conformal
coupling constant (§ = 1/6) also gives the correction in the mass square term
~ H?. In reference [43,44] the authors have studied the inflationary theory in
the context of fast-roll. It has been shown that in case of potentials which are
unbounded from below (for example V' = V5 — m?¢?/2), under the condition
m? = O (H?), the scale factor can grow exponentially. Fast-roll inflation can
be an interesting scenario to study at the beginning and the end of slow-roll
inflation. It can also be the possible reason behind the current acceleration of

our universe [44].

2.5.3 Multi field inflation

So far we have described the standard single field inflationary scenario. In this
picture the inflationary scenario has following stages: The scalar field very slowly
rolls down the potential which gives acceleration of our universe. Towards the end
of inflation, kinetic energy of the field becomes comparable to potential energy
and the inflation ends with the violation of the slow-roll. The primordial per-
turbations that we observe today might have originated at the time of inflation.
At the end of the inflation, the inflaton field decays into particles by oscillation
near the minimum of the inflaton potential and transfers all its energy to the
created particles [45]. The created particles finally come to thermal equilibrium
by interacting among themselves and the universe reheats.

It is natural to have more than one scalar field can during the inflation. One
of the simplest way to consider the multi field inflationary scenario is provided
by the hybrid models where two scalar fields are required to have the inflation.
In hybrid inflation one field contributes the most to the total energy density and
thus gives accelerated expansion. While the second field remains sub-dominant
during inflation and this field would not contribute to the expansion. Hybrid
models are extension of new-inflation and hybrid inflation is not eternal [46}47].

One very popular example of hybrid inflation is the two field case where one
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field ¢ has potential V (p) = m?yp?/2 with mass m and the other scalar field
o (sometimes known as ‘waterfall field’) has the symmetry breaking potential
V(o) = 4 (M?*— Ao2)?, where M is mass and ) is the self coupling parameter
for 0. The hybrid potential with the interaction term between the two scalar
fields can be written as, V (p,0) = & (M? — Ao?)* + 1m2p? + 1g%0%0?, where
g is the coupling constant. The main difference between this model of hybrid
model and the single field chaotic model is the end of inflation: In the single
field model inflation ends when the ¢ potential becomes steep, but in the hybrid
model the inflation ends when the potential in the o direction becomes steep [16].
This may give some freedom in the model building of inflation. Production of
curvature perturbation in hybrid inflation can be found in references [48,/49).
Hybrid inflation in case of inflaton field (¢) non-minimally coupled to gravity has

been discussed in [50].

Another popular example of multi field inflation is Curvaton model [51]. In
a curvaton model there exist two scalar fields: One is called inflaton field which
drives the inflation and the other field, known as curvaton, seeds the density
perturbation observed today. The curvaton field remains sub-dominant during
inflation, so it does not participate during inflation. Therefore, the slow-roll
conditions — which are must in case of inflaton field — are not necessary in case
of curvaton. The curvature perturbation due to curvaton takes place in two
stages: During inflation the quantum fluctuation in curvaton becomes classical
perturbation at the time of horizon exit and then the classical perturbation is
converted into curvature perturbation. The details of the perturbation theory of
curvaton can be found in [52]. In contrast to the standard curvaton scenario, in
reference [53] the authors have considered the double inflation with the second
phase of inflation is due to slowly rolling curvaton field. It has been shown that

inflating curvaton also has a significant contribution in curvature perturbation.
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2.6 Spinors in curved space-time

While treating spinros in a curved space-time it is useful to introduce the concept
of tetrads [54,55].

e The tetrad formalism: In the Minkowski space-time infinitesimal Lorentz trans-
formation is described as

1% — 3% = Afab, (2.6.1)

where, a and b are the Lorentz indices associated with inertial frame and A{ =
(05 + 0f). 04 is an antisymmetric tensor and has the value much smaller than
one, |04 < 1. Under the above infinitesimal Lorentz transformation any general
field F transform as

F—F=D(\)F. (2.6.2)

Here the quantity D (A) can be written as,

1
D(A) =1+ 5aabfab, (2.6.3)

where f,; is the generator of the Lorentz group. The above transformation law is
valid for any physical quantity under a Lorentz transformation, it could be scalar,
vector, tensor of rank 2 (or above) or it could be a spinor. Depending on our
interest the generator takes different forms, for example, in case of scalar f,, = 0
and for spinors f,; can be expressed in terms of the v matrices (defined in the next
section). To accommodate the general field in the curved space time, respecting

the Lorentz transformation, we need to use the tetrad or vierbien formalism.

In tetrad formalism we erect normal coordinates associated with the local
inertial frames (£%) at each points X of the curved space-time. At each point
X in the space-time the coordinate &5 has the flat Minkowski metric 7,,. But
in general coordinate system the metric g,, can be related with the Minkowski

metric as

Guv = ezegnab- (264)
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Here the quantities e}, are called {etrads or vierbiens and they are defined as

o - 9%

e .
N

(2.6.5)

e Properties of tetrads: The tetrads transforms as a vector under both the
general coordinate and the Lorentz transformations. The transformation rules
for the tetrads under the general coordinate and Lorentz transformation are re-
spectively,

ox

en = 81;’“63’ en = Agez. (2.6.6)

Inverse of the tetrads can be found from the following normalization conditions
enen =05, €,e, =0y (2.6.7)

When any covariant coordinate vector (transforms as a vector under a coordinate
transformation) is contracted into a tetrad then, it gives us a quantity which
transforms as a vector under a Lorentz transformation, at the same time it trans-
forms as a scalar under a general coordinate transformation. For example, if a

four coordinate vector A, is contracted into e/ we get,
A, =ehA,. (2.6.8)

A, is a scalar under a coordinate transformation and a vector under a Lorentz
transformation. Similarly, when covariant Lorentz vector A, is contracted into
tetrads, it gives us a Lorentz scalar which at the same time is a coordinate vector.
Therefore, using tetrad formalism one can bring the spinors (in general, any other
field of arbitrary spin) into the considerations of general relativity.

As there are two kind of transformations, to write a sensible action we have
to ensure that the action is invariant under both coordinate as well as the lo-
cal Lorentz transformations. As the action contains derivatives of the physical
quantity of interest and the quantity itself, we have to ensure that the action is
coordinate scalar as well as Lorentz scalar in spite of the presence of the deriva-

tives. One way to do this is defining the covariant derivatives which contains
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tetrads. In case of classical spinors, which follows Dirac equation, the action is
linear in space-time derivative — d,,. Since J,, is a coordinate vector, one can make
it a coordinate scalar by contracting it into e, i.e., e£0,. When we operate e%0,
on any spinor ¢ one can see that the transformation does not allow e~
transform like a Lorentz vector. Thus, one can construct a Lorentz vector by
defining a ‘coordinate scalar Lorentz vector derivative’ V, which, when operated

on a spinor transforms like
Vo — A°D (A) Vi (2.6.9)
This can be achieved when V, is defined as:
Ve=1¢b(0,+T,), (2.6.10)
where, I';, is given by
Ly = = fober (9 Iy
w=5f el (Ouew — 0 enp) - (2.6.11)

In the above expression I is the Christoffel symbol in the curved space-time.
Therefore, the invariant action for the Dirac spinor defined in curved space-time
is,

Sbirac = / V=g B (Vy'V i = V') = V| d'a, (2.6.12)
where, 1 is the adjoint of ¥, V is the potential, V,, = (8, +I',) and * = ety®
is the gamma matrices in the curved space time with anti-commutation relation

{v*,4"} = 2¢"”. Thus Dirac equation in a curved space-time becomes
IV, —map =0, (2.6.13)

where I'* is the spin connection defined in equation (2.6.11]) and m is the mass. In
the above equation the form of the potential is chosen as V' = ma1). In the FLRW



26

Chapter 2. Inflationary universe

background the equation of motion for the homogeneous spinor field becomes

v+ ;Hd’ + in%mi = 0. (2.6.14)

2.7 Non-standard Spinors

Recently there is a lot of interests in studying dark or Non-Standard Spinor (NSS).
The theory of NSS was first developed in Refs. [24,56]. Subsequently the NSS
models were further developed and investigated by several authors [57H65]. These
spinors can be regarded as ‘dark’ as their dominant interaction is with Higgs and
via gravitational field only and they have been extensively applied to study above
mentioned problems in cosmology [27H31}/66-68]. Unlike the Dirac, Majorana or
Weyl spinors, NSS propagator behaves like 1/p? in the large momentum limit and
has mass dimension one. At present the theory of NSS is under development,
however, NSS are known to be either violating the Lorentz invariance or locality

or both. Basic Lagrangian of NSS can be written as
1< -
Loosmo = §A$NVM VR, (2.7.1)

where, S‘$u = 8H5\ + ;\Fu, VA=A =T, A Xand X are NSS and its dual
respectively. I', are defined as

i

F# - _wabfaba fab 9

[v*, "] (2.7.2)

where index p is the space-time index and index a is the spinor index. Here wzb

is defined as
wzb = e%0,e”" + eﬁe"bFZU, (2.7.3)

where e, are tetrads defined as eZef’/nab = g - Here

G = a* () x diag(1,—1,—1, 1) (2.7.4)
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is the space-time metric in the conformal time (n). Unlike (2.2.6)), in the conformal

time the temporal part is multiplied with the scale factor. Here the relation

between conformal time and cosmic time can be written as: dn = %. I, are
Christoffel symbols of g,, defined before. y-matrices are constructed as
0 ]IQXQ i 0 —O'i
I[QXQ 0 o' 0

where o' (i = 1,2, 3) are Pauli matrices defined as

0 1 0 —1 1 0

ol = : o? = : o’ = . (2.7.6)
10 t 0 0 -1

It should be noted that the form of NSS considered in [24] does not have a positive
definite Lorentz invariant norm [30]. This can lead us to negative energy ghost
modes. To remove the ghost modes, a term with a special choice of projection
operator P is needed in the action (or Lagrangian). But this can make the
NSS theory Lorentz violating. However the NSS theory can be made Lorentz
invariant with a non-local choice of operator P |30]. But using this kind Lorentz
invariant form of the Lagrangian the calculation of energy momentum tensor can
be extremely complicated. In spite of that one can treat the action using the
Lagrangian ([2.7.1]) classically and study various areas of NSS cosmology. For

simplicity we use the following form of NSS and it dual

A=opmé A=), (2.7.7)

where, p(n) is a scalar quantity. £ and € are two constant matrices with £¢ = L.
As, in this case £ > 0 the NSS theory can be ghost free as there may not be
any negative energy solution. With the above ansatz the components of energy-
momentum tensor can be written entirely in terms of the scalar, ¢(n). Therefore,

the NSS cosmological theories can be treated as Lorentz invariant.

In [30] it is shown that the energy-momentum tensor 742 " can be constructed
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from Leosmo S

T XTETIN = g Lo + F™, (2.7.8)

cosmo

where F* = %VPJW” and J*? defined as

Jeve = —% XG0 254 30wy (2.7.9)
F" is the additional term which did not appear in the earlier models [27],28./68]
as the authors did not consider the variation of I', with respect to the met-
ric. Therefore in cosmological perturbation theory this term can bring in some
additional features compared to [29]. As it turned out , the cosmological pertur-
bations based on equation are far more complex than the theory based
upon canonical scalar field model. Appearance of F*” term can give rise to an

additional scale F' = 2 in the problem, where My = ,/% is the reduced

2
8M2,

Planck mass and G is the gravitational constant.

It is generally assumed that the inflation is driven by a scalar field, which can
have the following verifiable predictions: (a) nearly a scale invariant spectrum,
(b) existence of gravitational waves and (c) the tensor to scalar ratio of the power
spectrum may be of the order of €, where € is the slow roll parameter [15,/69,|70].
In this thesis we investigate some of the predictions of the inflation theory by

assuming that the inflation is driven by a NSS with energy-momentum tensor

described by equation (2.7.8).

2.7.1 Background equations

Using (2.7.7)) in a flat, isotropic and homogeneous space-time unperturbed Leosmo

can be written as

Lecosmo = L |:90I2 + %H2@21 — V(gO), (2710)

2a2

where prime (") denotes the derivative with respect to conformal time 1 . V(y)
is the potential which is a function of . While the Hubble expansion parameter

H is defined as H = %, The relation between H and H is H = aH. Unperturbed
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energy momentum tensors and equation of motion for ¢ in FRLW space-time
have already been calculated in [30]. We are enlisting them below in conformal
time . Let us first define the covariant energy momentum tensor 7** . which

CcOosSmo’

appears into the Einstein’s equation, as

€cosmo

_ 1
T = TH 4 §VPJ‘“’", (2.7.11)
where,
T = XTUTIN = g Lopome. (2.7.12)
The non-vanishing components of J** are

1H

4at

1H

Jini — gmid @251,],’ Jidn — —§Egp25zj, (2.7.13)

Here ¢? = X\, is a function of time only. Next, we can write the expressions for

the energy density ¢ and pressure p as following:
c=Ty=Ty+F, p=-Tio;=—(Ti+F)o, (2.7.14)

Expressions for 7" and F*” can be written as,

_ 1 3
n_ _* | 2 _ 2492 2
T 52 {g@ 47-[ ® ] +V (2.7.15)
and
3

From these one can write energy density as

1 3
€=53 [@'2 + Z?—ﬁgf] + V. (2.7.17)

It is useful to write the expression for ¢ as,

e=X+V, (2.7.18)
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where, X = (VXV,\) = g7, (39, AVEN) + gy} W, 070 = oLy [0 4 31267]
Considering the diagonal space-space components of energy-momentum tensor

one can write

Z _ 1 12 1 2 2

T = 57 {(,0 + 47-[ e +V, (2.7.19)
and

- 1

From these one can obtain the expression for pressure as

p:%[ __,H2 2] ——(’ng) —V (2.7.21)

It is easy to notice that the pressure is homogeneous and isotropic. All other
components of background T# are zero. By adding € and p

()012 1
2

1 /
_ 2 2 2
(e+p) = , + 4a2H iy (He?) . (2.7.22)

For the instance when the last two terms in the above equations are absent, one
can recover the expression for (¢ + p) of the canonical scalar-field. Equation of

motion for ¢ can be obtained by equating the divergence of T# to zero:
1/ / 3 2 2
'+ 2He — 4_1% o+a’V,=0. (2.7.23)

It should be emphasized that the above equation for ¢ matches with the equation
motion obtained using Euler-Lagrange equation as discussed in [30]. However, in
the earlier calculations based on non Lorentz invariant model of NSS there were
mismatches between the equation motions calculated using these two methods,
e.g. [28]. This is solved because of the additional term F* in equation ({2.7.8)).

The modified Friedmann equations can be written as

1 [ 1 S0/2
we - | L (_+a2v)
1-F _3M§1 2
/ 1 | 1 2 2 nl
— I ol
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where, F = Sfjgl. One can notice from the above that the condition F < 1
is required to be satisfied to ensure the positivity of H?. Therefore ¢ has to
be smaller than v/8M,, as mentioned in [30]. It should be emphasized that the
introduction of J*? term in equation (2.7.8) makes the expressions for H? and
H' different from those obtained in [29,/66,67]. In this thesis the expression for
TH given in equation is used to study the cosmology of NSS. From what

follows the label cosmo on the energy-momentum tensor has been dropped.






Chapter 3

Perturbation theory

3.1 Introduction

After the inflation ends, the inflaton decays and the universe reheats. The uni-
verse become full with matter and radiation in thermal equilibrium. As the den-
sity of the radiation component, in the expanding universe, falls faster than the
energy density of the matter component, the matter-radiation decoupling occurs
around 380,000 years after the Big Bang. After this decoupling the ‘thermalised’
photons travel freely in the space which we see today as a black-body radiation in
the microwave range known as CMBR. It should be noted that the CMB photons
are not in thermal equilibrium currently. As the CMB photons have not inter-
acted since they left the ‘Last Scattering Surface’, they carry the information of
the universe back to the time of the matter-radiation decoupling. COBE revealed
that CMB photons have mean temperature of approximately 2.73K with the fluc-
tuation % ~ 1075, The fluctuation in the temperature of the universe can be
connected with the fluctuations during inflation. The cosmological perturbation
theory gives us a relation between the temperature fluctuation in the CMB and
the metric perturbation during inflation due to the Sachs-Wolf effect [15].

The primordial inhomogeneities produced during inflation are also important
from the point of view of structure formation. A rapid expansion during the
inflation leaves the universe ‘almost’ homogeneous and isotropic. The amount

of inhomogeneity that is observed in the CMB spectrum is about % ~ 1075,

33
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The structure formation mechanism lies in the ‘tug of war’ between the pressure
and gravity. The primordial inhomogeneities can be amplified by the gravitational
instability and this can seed the formation of structures that we see today [71H73].
The standard Friedmann cosmology works only when the physical length scale
is smaller than Hubble radius (H~!). However, the relevant astrophysical scale
of clusters, galaxies etc. were bigger than the Hubble radius at early epochs.
Therefore, to seed the large-scale structure formation at early universe we need
a mechanism which can make the wavelength of the density perturbation (\)
larger than the Hubble radius (A > H~!) starting from the time when A < H~1.
During inflation the proper wavelengths of the perturbations grow exponentially
(as A o a) and at the same time H remains constant allowing the wavelengths
to exit the Hubble radius. In this way perturbation during inflation seeds the

density perturbation required for the large-scale structure.

Apart from the providing seed for the formation of large-scale structures the
inflationary perturbation theory also leaves imprint in the CMB. As mentioned
before the CMB radiation can allow us to probe the structure of the universe
at the time of the Last Scattering Surface (LSS). There are nearly 10* causally
disconnected patches on LSS. The angle sustaining the horizon size on LSS is
approximately 1°, beyond which correlation between the temperature fluctuation
produced by any causal process of expansion can not exist. However, there exists
nonzero correlation in temperature fluctuation at angular scale > 1°. The patches
which were once in causal contact, became causally disconnected because of the
accelerated expansion during inflation giving us nonzero correlation at large an-
gular scale. The inflationary perturbation theory has been remarkably successful
in calculating the power spectra of scalar and tensor perturbation. The theory
predicts nearly scale invariant power spectra within the slow-roll paradigm. Data
obtained from the missions like WMAP [8], PLANCK [17] confirm some of these
general predictions of the inflationary perturbation theory. Power spectrum is
the two point correlation of the perturbation. It is observed that over large scales
the power spectrum is nearly scale invariant. The scale dependence of the power

spectrum is measured by spectral index. The measured spectral index associ-
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ated with the scalar perturbation is very close to unity and is red tilted, n, < 1.
The exact scale invariance (ns = 1) has been ruled out by PLANCK. The ob-
servations also reveal a small amount of gravitational wave. In the inflationary
theories the gravitational waves are generated by the divergence less and trace less
tensor modes of the metric perturbation. In the single field inflationary models
the tensor-to-scalar ratio (r) remains small in the slow-roll paradigm. Tensor-
to-scalar ratio observed by the PLANCK mission is < 0.12 [17]. The minimally
coupled canonical scalar field models of inflation produces tensor to scalar ratio
~ 16¢, where € is slow-roll parameter (~ 1072). As shown in the reference [42] the
tensor to scalar ratio in the single scalar field models with non-minimal coupling

remains even smaller.

In this chapter we will study the inflationary perturbation theory with NSS.
As described in the introduction, because of spinor nature of the inflaton field,
the perturbation theory can have some issues in comparison with the canonical
single scalar field theory. Therefore, using the ansatz similar to the background
case we will reduce the problem of spinor perturbation to scalar perturbation
and use the standard tool of scalar perturbation theory. Here we will show that
the terms which appears in addition to the standard single canonical scalar field
theory, are very small. The calculation of the spectral index will show that NSS
can produce nearly scale invariant perturbation consistent with observation. It

can also be argued that NSS cosmology can have very small tensor-to-scalar ratio.

3.2 Metric perturbation

Our aim is to calculate the cosmological evolution of the linear perturbations for
NSS. The first step to do this is perturbing the metric about the background

FRW metric at the first order. The full metric in general can be written as

uv = g,uu (77) + 5g;w (777 7) ) (3'2‘1)
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where g, (1) is the homogeneous and isotropic background FRW metric and dg,,,
is the perturbation. Unlike the background FRW metric the perturbed metric in
general may have off-diagonal elements. The other property of dg,, is that it is
symmetric. In general one can write dg,, at any order. But, in this thesis we are
interested in the first order perturbation theory. Therefore, we choose to write

0g, up to linear order.

In the (n+ 1) dimensional space-time the linear order metric perturbation

can be written as:

5y = O O , (3.2.2)

59m 59ij

where 4,7 = 1,...,n. Here dg,, is one component of the above ((n + 1) x (n + 1))
dimensional matrix, where as dg,; is the (1 x n) dimension row matrix, dg;, is
the (n x 1) dimensional column matrix and dg;; is the (n x n) matrix. dg,,
is a scalar quantity and we write it as dg,, = a® (2¥). The entries dg,; and
dgin are vector in nature as it has one running index (7). One can write this
matrix as dg,; = a* (9;B +v;), where B is a scalar quantity and v; is a real
divergence less (9;v* = 0) vector. Similarly the tensor part dg;; can be written as
6gij = a® [206;; + L (911; + O,11;) + 211 ;; + hy;], where ® and II are scalars, 11,
is divergence less vector and h;; is a traceless (hi = 0) and transverse (9;h”7 = 0)

tensor. The pure tensor modes h;; are also referred as ‘gravitational waves’. A

detailed discussion on the various degrees of freedom can be seen in references

[69.[74).

Let us now consider the scalar degrees of freedom in the perturbed metric in
the covariant form,
~ (1+2V) 0;B
Juv = Guv T 59;”/ =a’ s (323)
0;B (=14 29)d;; + 211,
where 7,7 = 1, ..., 3. To calculate the various perturbed quantities it is important

to know the contravariant form of the metric perturbation dg*”. To calculate
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d0gM” it is useful to know the orthogonality condition:
9" 9o = 0. (3.2.4)

Using (3.2.4) ¢" can be written as,

P w1 (1—20) 0'B
g =g" +og" = — } . (3.2.5)
a OB (—1-28)6; — 1Y

3.3 Gauge transformation and Gauge invariant

quantities

As described in equation (3.2.1)), unlike the background FRW metric the per-
turbed metric depends also upon the spatial part of the coordinate. All of the
perturbed quantities, in general are considered inhomogeneous and anisotropic.
Our aim is to study the evolution of these perturbed quantities in the homoge-
neous and isotropic background.

In analysis of the perturbations in GTR described by the FLRW-cosmology
it is important that we work with the quantities which are invariant under gen-
eral coordinate transformation [75,76]. In general relativity the unperturbed
background quantities are calculated in a preferred coordinate system (which we
choose by the symmetry of the background). However for the perturbed quanti-
ties we do not have any preferred coordinate. The freedom of gauge or coordi-
nate leads to various ‘fictitious’ perturbations under coordinate transformation.
Therefore to analyze perturbations either we choose a specific gauge or we con-
struct gauge invariant quantities. The construction of gauge invariant quantities
are done by determining the transformation laws for the perturbations of scalar,

vector and tensor quantities under infinitesimal coordinate transformation
ot — t =t +EF, (3.3.1)

and then removing the gauge dependences by choosing the appropriate combi-
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nations of the various quantities. Here £* is an infinitesimal 4-vector (§# < z#)
with the components &+ = (€7, £%). £7 contributes to the scalar perturbation and
£ is a 3-vector which can be written in terms of a divergence free vector (a’) and
a gradient of a scalar (5): £ = o'+ 3’. The keys to calculate the transforma-
tion laws for perturbations are:(i) Transformation of various quantities under the
general coordinate transformation, and (ii) the functional form of the background
remains same in all coordinates. Finally, the transformation properties of scalar
(f), vector (v,) and tensor (S,,) perturbations in the linear order can be listed

respectively as:

of = of = fO¢, (3.3.2)
v, ~ v, — v — ¢, (3.3.3)
0w ~ 08, — 8% & —80es, — 50k, (3.3.4)

The superscript ‘(0)” denotes the background quantities.

Because of the presence of ¢ in the above expressions the scalar (e.g. in-
flaton perturbation or density perturbation) and various components of metric
perturbation are gauge dependent quantities. Inflaton perturbation and the scalar
components of the metric perturbation depend on the temporal part of ¢, i.e. £".
The gauge dependence of the perturbations ¥ and ® can be removed by choosing
the following combinations

1 /

b=V~ —la(B 1) ¢=+H(B-1II). (3.3.5)

It can be straightforward to check that the above quantities are gauge invariant.
These expressions of the metric perturbations were first proposed by Bardeen
in [75]. The scalar quantities ¢ and ¢ are also known as Bardeen potentials.
Using and transformation properties of metric perturbation the gauge

invariant inflaton perturbation can be defined as

Sp=0p— ¢ (B-1I). (3.3.6)
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It can be easily verified that the combination -~ R = ¢ + %5@ is also a gauge
invariant quantity. R is also known as comoving curvature perturbation. From
the perturbed Einstein equations we will see that R stops evolving once it crosses

the horizon.

Fixing gauge and connection to the gauge invariant quantities: One
can fix the coordinate by choosing a proper gauge condition as we have the
freedom to choose the functions £7 and 8. Fixing gauge sometimes can simplify
the scalar equations. So, solving the perturbed equations can be sometimes easier
in a particular gauge. But, the only threat is that the perturbed quantities may
not be always physical. However, there exist one particular gauge where the
perturbations turns out to be gauge invariant. This gauge is called longitudinal
gauge or conformal Newtonian gauge. The longitudinal gauge is given by the
gauge condition B = 0 and IT = 0. To achieve this the only choice we have
is &7 = 0 and S = 0. Any other choice of " or 8 can spoil this gauge. From

equation ([3.3.5) and (3.3.6|) it clear that in the longitudinal gauge the gauge
invariant perturbations become ) = ¥, ¢ = ® and dp = .

Although the calculation with the gauge invariant quantities can be compli-
cated, one can use a simple trick based on the properties of the Newtonian gauge:
derive the perturbed equations in the Newtonian gauge and solve for gauge invari-
ant quantities after directly substituting the gauge invariant quantities in those

equations. We will follow this trick in the following sections.

We have already explained before that in case of spinors the action can be
made invariant under coordinate and Lorentz transformation by properly defin-
ing a covariant derivative. In the first-order perturbation theory of spinors we
will show that the perturbed energy momentum tensor can be written in terms of
various combinations of the product of the perturbed spinors and the background
spinors and their derivatives. Because of the presence of spinors Lorentz invari-
ance could be an issue in perturbation while defining proper physical quantities
using them. This can be avoided if one considers the following ansatz regarding
the structure of the perturbed spinor: dA = dp(n, )¢ and 6N = do(n, T)E.

The advantage of this ansatz is that the perturbation can be written entirely in
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terms of the scalar field perturbation. This allows one to construct the gauge
invariant definition of inflaton perturbation (d¢) and density perturbation (de)
in the standard way described in this section. By doing so we will see that the
perturbed equations will pick up some terms, proportional to F, along with the
standard terms which appear in case of single scalar field theory. Thus, in the
next section we briefly describe the essential features of the perturbation theory

for single scalar field.

3.4 Perturbation theory in single canonical scalar

field:Mukhanov-Sasaki equation

In this section we briefly review the cosmological perturbation theory of the single
scalar field inflationary scenario based on the gauge invariant formalism discussed
in the previous section. In the following sections we generalise the technique
learned here for the NSS perturbation theory. To calculate the perturbed equa-
tions we have to write the perturbed Einsteins equations, about the homogeneous

and isotropic background.

The linearised perturbed Einstein equation, in terms of the gauge dependent

quantities can be written as
0GY = 8rGoTY . (3.4.1)

Here 0GY are functions of the gauge dependent metric perturbations U and @
whereas components of 0T} contain inflaton fluctuation, metric perturbations and
background quantities. Now we will calculate the perturbation in the conformal
Newtonian gauge. Then using the gauge invariant definitions given in the previous
section we can write the various components of linearised perturbed Einstein
equation in terms of the gauge invariant variables ¢ and ¢ as (see appendix
for details):

A¢ — 3H (¢ + Hip) = 4rGa®0T), (3.4.2)
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(¢' + M), = 4nGa®ST], (3.4.3)

—[2¢" +2H (' +2¢') + 2 (2H' + H?) ¥ + A (¢ — ¢)] 6:40:0;(V—¢) = 8nGa0T},
(3.4.4)
where A = 9;0". For single scalar field theories the perturbed expressions of
0TH will be written in terms of gauge invariant dp (as given in appendix .
Following the methods given in reference [15] we will only focus on two equations
and . The standard single scalar field theories give us isotropic
perturbation, i.e. 5Tf = 0 for i # j. For ¢ # j, from the equation (3.4.4]) we can

see that ¢ = ¢. Using this constraint and substituting the expressions of 4T}

and 6T} from the appendix (B.1) in (3.4.2)) and (3.4.3) we can finally write,

12
Ap = 4”2;” R, (3.4.5)
! 2
(az%) - 47;5; R, (3.4.6)

where R = ¢ + Hi—‘f is the comoving curvature perturbation. From (3.4.5) one

can see that in the large scale limit (A — 0) the comoving curvature perturbation

R’ = 0 thus, R does not evolve in the super-horizon scale.

Equations (3.4.5) and (3.4.6) are coupled equations of two gauge invariant

quantities ¢ and R. After eliminating R from these equations we can decouple

them. The decoupled equation for ¢ in the Fourier space can be written as

9//
u” + (k:2 — ?) u=0, (3.4.7)

1/2
where u = —2%— and 0 = £/ 3G <i> . To calculate the power spectrum
4G/ (e+p) 3 etp

a

and the spectral index associated with the perturbation ¢ we have to solve the

equation (3.4.7). Elimination of ¢ from (3.4.5) and (3.4.6|) gives us

"
"+ (k2 — Z—) v =0, (3.4.8)

z

a?+/(e+p)

H

where v = a%R and z = The power spectrum associated with the
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metric perturbation can be expressed as:

2 kg 2

Using spectral index associated with the power spectrum, one can measures
the scale dependence of the perturbation. The spectral index associated with ¢

can be defined as
dln 5>2<

no =1+ e

(3.4.10)

In canonical single scalar field theories, in the slow-roll paradigm, the last term
on the right hand side can be written in terms of the slow-roll parameters giv-
ing us nearly scale invariant spectrum. The spectral index that is given by
PLANCK collaborators in [17] indicates the ‘nearly’ scale invariant power spec-

trum (spectral index ng = 0.9643 £ 0.0059) with PLANCK+WP+BAO data.

3.5 Perturbation theory in NSS

In this work the gauge invariant approach for treating the cosmological perturba-
tions discussed in section ({3.4) is applied to the NSS cosmology. The full metric

in terms of gauge invariant quantities can be written as:

, [ (1+29) O

Guv +0G, = a (3.5.1)
Here i, j denotes space-space components of the metric, ¢, are the gauge invari-
ant scalar perturbations and h;; are traceless and divergence-less tensor perturba-
tions. The metric perturbations are functions of space and time. It is necessary
to first calculate the perturbations in energy momentum tensor 67* by including
the perturbations in F* term. Final equations are obtained by substituting 07*
into the perturbed Einstein’s equations. As mentioned in section , the ansatz

regarding the NSS perturbation:

SA=(0p)E,  OA=(6p)€ (3.5.2)
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can be used to calculate 7. The constant matrices £ and € as given in [29]:

;T
—qne't

1 OZQ\/LQ - 1 iz . ) .
g_ 4 12 OQ\/LE ) g_ 4 19 (—Olle 4 —&275 04275 are 4>, (353)

s
e’

which follows the condition £ = 1 provided oy = ayt = \/1%7, can be used
in the ansatz of perturbed NSS to compute the perturbed energy-momentum
tensor. It should be noted here that we have not used the hedgehog ansatz for
the unperturbed NSS like the previous study [29]. With this relatively simpler
ansatz one can obtain all the equations perturbations given in [29] provided that
the J*P term is ignored from equation . With the above ansatz, one can
construct the gauge invariant quantities for NSS using the method similar to the

one described in case of standard scalar perturbation theory.

3.5.1 Perturbed energy momentum tensors:

Using equations (3.5.1} [3.5.3) we can calculate 6Ty, 0T, and 5T;(z # j) com-

ponents of the perturbed energy-momentum tensor. Below we have enlisted the

different components of the energy-momentum tensor for the scalar perturbations.

i) Perturbation of ¢ = 1. One can write the general expression for energy as

e=X+V, (3.5.4)

where X is the kinetic part dependent on background quantities H, ¢ and " and
V' is the potential which is function of ¢ only. X can be written as X = Y +g,, [,
where Y = (V”XV,M) — g <%VHXV“)\) . From the expression of € which is a

function of X and V we can write

de = e x0X + € ,0p. (3.5.5)
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The continuity equation one can write as:
e =exX +e 0 =-3H(e+p). (3.5.6)

Eliminating ¢, from (3.5.5) and ( -
o 4]
b = ex <5X - X/—‘f) —3H (e +p) L. (3.5.7)
2 2
The perturbation in Y is
1 12 3 2 2 W 3 / 2 3 2
Y = = — + ZMH @+ oY + Zw Hp® — ZH wop |, (3.5.8)
while the perturbation in £ can be written as
OF = 15 Jme 3.5.9
= SH(V, ") (3.5.9)
Next, the perturbation in the covariant derivative of J**# can be written as;
S (V,JTP) = 0,6 JMF +§ (FZPJ”"’J +17,J"" + Ff,’pJ"””) . (3.5.10)

Therefore we get after substituting for § (V,J7")

3

5 —OH* — 4@/;7{2902. (3.5.11)

1 3

From this one can calculate §.X
3 1
(W' = 20") He® + —H i — 1 (Av) ¢,

(3.5.12)
3
H oy’ (3.5.13)

1 3
= ) (2X) 4+ =50 + ——
60X = -9 ( )+a290590 +

1 3
X'= 9HX + 2@'90” + - SHH O +

4a? 4a?
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Finally one can write the energy perturbation de as

e g,X[zx( wwé—“(ff))— () -

W~ 20) M~ 1 <Aw>m—3%<a+p>‘;. (35.14)

4a2

ii) Perturbation of T}":

0T = 0T + §F". (3.5.15)
Now for scalar perturbation
7 1 / 1 2
0T = | 5¥op— 13 (He?) ¥ E (3.5.16)
and
or = [~ (L2 - Latopse) - L wrormet+ Lo
T ga2 T\ T g T
(3.5.17)
And we get
T = |~ e
= |90~ g (He') ¥ ot
a? 1
[ ) (wa—i) - WH (200p) — — (¥ + &) Ho” + ¢<P:@35 18

iii) Perturbation of T7 (i # j):

0T} = 8T + OF .

Now for scalar perturbation, (57_’; = 0 and 0F] = —15(0:0;0) ¢* for i # j.
Therefore,

5T =15 (000) 5 (1)), (35.19)
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3.5.2 Perturbed Einstein’s Equation:

Perturbed Einstein’s equation can be written as:
0GY, = 8rGITY, (3.5.20)

where 0G* is the perturbed Einstein’s tensor. The scalar part of perturbed Ein-

stein’s equations are given below,

A¢ — 3H (¢ + M) = 4nGa’6T]

/ I 2 I
2¢"+2%<w'+2¢'>—2{(%) —2%}w+A<w—¢> 5y + 030, (4~ 0)

= 87rGa2(5Tji

(¢' + Hy) ; = 4nGa®ST], (3.5.21)

In the previous sub-section we have already calculated the scalar perturbations
for the various components of the energy-momentum tensor. The tensor part of

the perturbed Einstein’s equations can be written as,
hi; + 2Hhi; — Ahij; = —167Ga®6T 7, (3.5.22)

where subscript 7" on the energy-momentum tensor denotes the tensor part. Next,

consider the space-space components of the Einstein equation with (i # j).

i) 0G% = 8nGOT]: Using the expression of 67} when i # j from equation (3.5.19

one can write,

0,0; (¥ — ) = 80 (—2F¢) , (3.5.23)

where F = 1G¢? = 8]\‘222 . In the case of the standard inflation driven by a
PL

canonical scalar-field, 5Tj =0 for ¢ # j and ¢ = 1. However, this is no longer
true for a NSS driven inflation. The above equation implies that the condition

Y = (1 —2F)¢ needs to be satisfied by the metric and the NSS perturbations. In
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the previous study using a NSS field [29], 51:; = 0 for i # j. That’s why in [29] the
authors got ¢ = 1. Here inequality between ¢ and ¢ arises because of the extra
F" term in the energy-momentum tensor. As explained in the introduction, we
consider F' to be a very small quantity and from here onwards we will write the

equations up to the linear order in F.

ii) 0G] = 8nGOT)": Using the last equation of (3.5.21]) we get

2 / 1 / 1 2 a2 ¢902 '
E(Qb +H¢)7¢=87G[$90590—@(H<P )¢—§ (? -
1 - 1
H ((m n Aé)\) -

(Y + ¢) He® + édgﬂ]@, (3.5.24)

or,

2\ § B I AN\ F/ 5
(¢/+H¢):47TG(I2((P—2>—SD—'HF¢—<¢ ¢>F——(H—w+¢).
a 4 2 2 @'
(3.5.25)
Substituting 1) = (1 — 2F)¢ in the right hand side of the above equation,

b _\ . HF'| S - F
(¢ + M) ~ 4nGa? (= + p) 22 + <7—[F> 2 A I (’HF+—> &,
P 2 |y 2
(3.5.26)
Again setting ¢ = (1 — QF)gb in the left hand side and multiplying both sides by
%2 one may obtain,

a® \/ 4Ga* a? <7{F) . dep
@ ~ ¢ _yp_ ov
<7{¢) 7P (e+p)+ H (H@’+¢)+

iil) G} = 87GOT]] = 8wGdde: Now the first equation in (3.5.21)) implies

A¢ — 3H (¢ + Hp) = dxGa>e. (3.5.28)
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Using the expression of (¢’ + H1) from equation (3.5.26) we get

5 N\ . HE'| S - F

Ao — 3H 4ﬂGa2(a+p)£+{<HF> _gpp o }£—<HF+—>¢]
¢’ 2 | 2

~ 4nGa’de. (3.5.29)

Similarly, using the expression of ¢ from equation (3.5.26|) in the expression of

0e we get,
2X 5 ! ~ F/ - F/
Se ~ gX_[<H_¢+¢)_{(’HF)/_H2F_H }_90+(’HF+—>¢ _
H / 2 | ¢ 2
3 (5@0 ' 3 / / 1
5,)(472?-[902 (7—[? + gb) + 5,X@ (V' = ¢') He? — 5’X4_a2 (Ay) p* —
o
3% (5+p)§. (3.5.30)

Finally using ¢ = (1 — 2F)¢ in the above expression of e, up to linear order in

F the Einstein’s equation becomes,

(1 + €,XF) Ap =~ (47TGG2€,X% — a,XBHﬁ’) (Hi—(’f - <z$> +

H
F/ [/
e 2N 0] e N
(37—[ 47Ga g’X”H 7 HE 5 ’ng/+¢
F /
NG
<3’H ArGa X o . (3.5.31)

In order to calculate the power spectrum for ¢ and d¢, we have to solve equations

(3.5.27, 13.5.31)). These equations are highly coupled and one may need to decou-
ple them. For simplicity we first write equations (3.5.27], [3.5.31) in a different

notations as given below:

¥ = A+ Bz, (3.5.32)

AQA%‘ = Bgy, + ng - DQ%’. (3533)



3.5. Perturbation theory in NSS 49

where the quantities x and y are

- (%)
r = TR

- (459)
¢’

One can quickly identify that the variable y is the gauge invariant comoving cur-

vature perturbation (R) defined before. The coefficients associated with (3.5.32))

and (3.5.33)) are

4rGat a® | (HF) - F
A = — —HEF — —
! iz EEP g Ty T
- (uF)
Bl = QHF—T y
CL2
Bg = ﬁ <47TGCL €X— — €X37'[F)
2 2X HF B F/
CQ = %(37‘[ 47TGCL€XW> <H> —HF—7 s
D M — dnGla?e o <HF> (3.5.34)
2 X 4, Yy Y]

It can be easily seen that when we set the terms containing F to be zero, the
coefficients By, Cy and Dy are all zero; and equations , reduces to
the standard canonical single scalar field equations , . Now, following
the procedure similar to single scalar field case, y can be eliminated from equation
by using equation (3.5.32)) and the decoupled equation for x can be

written as:

A Ay 1\ B Cy B, A,
SN VD G R G VA I —0.
Y78, IJ{ 1{(A1) Al}jLBJaj { 1(Al) +C’2 +D232 r=0

(3.5.35)
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Next, it is useful to substitute 2 = u(y, 2’) f(n) in the above equation

Al (1) )
u Au + Ai(— | —Bi+—=|u+
B, f A4 ' By

f// 1 ! f/ B A B
(ROER P AT o e

(3.5.36)
By equating the coefficient of u' to zero one gets
1 1Y Cy
= —= A(— ) —-Bi+=,d
el [{a (5 ) B g
1 C
= Aexp {5/ (B1 - B_z) dn} (3.5.37)
Here f’ and f” can be written as
f! 1 1\’ Cy
= = —— A4 |— | —-B1+— 5.
7 5 |\ A, 1+ B, (3.5.38)

2 !

1" 1 1y C, 1 1 Cs

— = |—=<A|—) —Bi+—= —=|A|— | —B .

f 2 17\ 4, 15, 2 171\ 4, 1+Bg<539>

Finally the generalized Mukhanov-Sasaki equation can be written as
Ay Ay 1Y\ A 1Y G\
" Ai|— ) — B+ — A |— ) —Bi+—=—} —
YT B, { ! <A1) e T2 M\, "B
By Ay _

which one may write in a more simplified form as

Au +

1/
"+ (1+ A)KPu — (% + B) u =0, (3.5.41)

Here both A and B are functions of F' and its derivatives. In the limit £ — 0
both A, B — 0 and one recovers the standard Mukhanov-Sasaki equation for a

canonical scalar-field [15].

The coefficient of the k% term in equation (3.5.41) can be regarded as the
square of sound speed (c?), which implies ¢ = (14 A) = 42, Using the
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expressions of A;,A; and By in terms of background quantities, we can write ¢?

after some algebra :

. 1F 1
L Pl (I A 3.5.42
% SH (D). (3:542)

where, (1 + g)can, which represents the quantity for canonical scalar field, can be

obtained by setting F terms to zero in equations (2.7.17] [2.7.21), i.e. (1 + g)can =

12 . .
£ In the cosmic time 2

T 2 can be expressed as: ¢ ~ 1+ F — 12 The
pl

5 1p/H

terms ¢ and ¢/H can be expressed in terms of F and slow-roll parameter ey
as: ¢ = 2\/§Mpl F and $/H = \/§Mpl\/§. Finally the expression of ¢? can
be written as 2 ~ 1+ F — %\/g Later we will show that the spectral index
(ns) will be in the observed range if F < 107, Therefore, for a typical value of
ey ~ 1072 one can see that just like canonical scalar field, in case of NSS we get

2
c; ~ 1.

3.5.2.1 Solutions and the power spectrum

From the solutions of equation (3.5.41)) the power spectrum for the scalar-perturbations
can be calculated. In what follows we closely follow the method of the power-

spectrum calculations given in [15] for a canonical scalar-field.

i) Short wavelength(large k) region : For a short wavelength regime (or large k),

we can neglect (%" + B) term with respect to (1 + A) k? term in equation (3.5.41))
and write

u” + (14 A)k*u = 0. (3.5.43)

Here we would like to comment on the choice of vacuum in the perturbation theory
with NSS. From equation ([3.5.43) it is clear that in the small scale the equation
behaves like a harmonic oscillator if A is constant in time. However, compared to
the canonical single scalar field case frequency of the oscillator is differed
by terms proportional to F'. Therefore, in case of NSS one can get Bunch-Davies
vacuum with a modified frequency w(n) = /(1 + A)k. Later we will show that
there is an upper bound on F in order to give a nearly scale invariant spectrum.

In that case the Bunch-Davies vacuum for NSS and single scalar field will match
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with each other as the term A practically becomes very small. One may look

for the solution of equation (3.5.43)) in the form u = ¢ (n)exp [zkf V14 Adn].
Substituting this back into equation(3.5.43) we get a 2nd order equation for ¢(n),

A A
"+ ikd <1 + 5) + ikc? =0, (3.5.44)

where we have considered A to be a small quantity and write v/1+ A ~ 1+ %.
Next, We look for an approximate solution of equation(3.5.44) by regarding A

and A’ to be small. Thus we consider ¢ & ¢y + ¢ with |¢g] > |¢| and ¢ is of the

same order of A and A’. Equations for ¢y and ¢ can be written as follows,

¢y +ikey =0
A A’
'+ ikcgg +ikd + ik;c()? = 0. (3.5.45)

The solution for ¢y can be written as

—ikn

(3.5.46)

co = by —

where b; and by are the constants of integration. Solution for ¢ can be obtained

as

. oy A
c=e M / (b1 — ikboe™) 5. (3.5.47)
Finally we get,

ble—ikn
ik

. A
c(n) = by — + €_an/ (b1 — ikboe™M) Ed"' (3.5.48)

Since in the limit when A — 0 one should get the solution of the canonical scalar-

field [15], we set by = 0 and by = —k% Thus one can write solution of equation
2

(3.5.43) as

3
2
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Finally one can obtain

- g ol B (- §)el)
exp [z’k/\/l + Adn} : (3.5.50)

From this expression of ¢ the power spectrum for ¢ in case of large k(small

wavelength) can be found to be

5 o< |k’

= H2 02 1., —tkn iknA 2
= {?Alexp [/ <31 — E) dn] } {1 —ike /e Edn (3.5.51)

The at large k (or small wavelength) scales the power spectrum of ¢ is not a
scale-invariant. However, there is a possibility that it becomes a scale invariant

when A can be regarded as a constant.

ii) Large wavelength(Small k) region : In case of small k regime one can neglect

(1+ A)k? term with respect to (%ﬂ + B) term. In this case we write the equation
(3.5.41)) can be written as

(T (% + B) u = 0. (3.5.52)

It is useful to look for the solution of w in the form u = 4,9 Where, .y, is the
solution when B = 0 i.e. no effect of non standard spinor is considered. This im-
plies that in the B — 0 limit ¢ = 1. Now substituting for u into equation(|3.5.52])

we get the equation for g as

/
g +2 (M> ¢ — Bg = 0. (3.5.53)

can

For the case when B = B(F') is a small quantity, an approximate solution of

g ~ (go+g) with |go| > |g| can be obtained in a manner similar to that discussed
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in the previous section. From equation ([3.5.53]) we get

!/

" ucan /
+2 =0
Jo (U ) Jo

can

— u’can —
g"+2 (—> 7 = By.

(3.5.54)

uCCLTL

From the equation for gy we get

& = 1 +/ <u§—2) d, (3.5.55)

where ¢; and ¢y are constants of integration. Plugging this solution of gq into the

equation for g and solving the inhomogeneous equation, we can write get g as

1
g :/2— [/ Bugandn} dn. (3.5.56)
u

can

Thus we get,

1
g=oc +/ <Z—2) dn + / e {/ Bugandn} dn. (3.5.57)

can
Since ¢ = 1 when B = 0, one can set ¢; = 1 and ¢; = 0. The approximate

solution for w can be written as

1
U™ U <1 +/u2— U Buiandn] dn> : (3.5.58)

can

One can notice from the expression of u in the long wavelength(small k) regime

that the resultant power spectrum is a scale invariant quantity. Therefore in a

long wavelength regime we can write
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Finally we get power spectrum of ¢ as

5; o |o]*k?

HEF' Cy
_ 2 _ _ _“
- 6¢(can) [1 StGla? (5 +p)can] exp [/ <Bl Bz> dﬁ} X

(1 + / uin { / Buiandn] dn>2 (3.5.60)

3.5.2.2 Spectral indices and the bound

can

Now as [ —— [ [ Bu,,dn] dn are k independent, we get that power spectrum of
¢ for large wavelength(small k) is scale independent. Taking logarithm on both

side we get

HEF'
8rGa? (e +P) oy

1
21In (1 —l—/ 5 {/ Bugandn] dn) . (3.5.61)
uca/n

Spectral index for scalar perturbation can be written as

1

In 5; = In 53)(0%) +1In

B dln (53))

ne— 1= (3.5.62)

At the time of horizon crossing (csk ~ aH ). Therefore, derivative with respect to
(In k) can be approximated as dIn k ~ Hdn (here we have neglected that variation
of sound velocity and Hubble parameter with respect to cosmic time ¢ as they are
very small). Therefore in the expression for the spectral index all the logarithmic

derivatives can be replaced with time derivatives and finally we get
1

1 HE o C
1~ = (Ing? i 7\ Br— %
N H (In 05 cam)) +H (“ 8tGa? (€+p)c,m]> +’H( ' Bz) i

2

oo [ ool

In the case of a slow-roll approximation, for some quantity M its time derivative

can be very small compared to HM, i.e. % < 1. So we argue that in the
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above expression we can neglect the second and last term. In the case of single
canonical scalar-field we can write the first term in equation (3.5.63|) following

reference |15] as

1 / P
- (I8 ) = =3 (1+ g>m. (3.5.64)

But in the case of NSS the correction term %(Bl — %) can be approximated as

1 2
_(&_@>::m ) (3.5.65)

Using the Friedmann’s equation and keeping the terms up to linear order in F

we write

R

1 Cy 1
— B - ~2—F" 3.5.66
H(l BJ (1+2) ( )

can

Finally using (3.5.64]) and (3.5.66)) we get spectral index for scalar perturbation

as

i p 1
n, =1 3(1+€>Can+2(1+§) P

can

(3.5.67)

On galactic scale the canonical terms (1 + f)can can be estimated as 1072 and

Ecan Can be estimated as 107'2 [f| of the Planckian density [15]. Then equation
(3.5.67)) can be written as

ns — 1= —0.03 4+ 200F. (3.5.68)

WMAP 7 years data suggests ny = 0.968 + 0.012 with 68 % CL [§]. Therefore
from equation we can understand that, to get n, closer to the observed
value, F has to be smaller than 10~*. F is the only new feature which NSS
driven inflation brings over the inflationary scenario driven by canonical scalar
field. Although F is not a part of potential in the theory, its value may be

estimated from V. As the potential V(¢) is the dominant term in eg,,, we can

Write Ecan/EpL ~ % ~ W‘;: ~ 1072, Now from different models of potentials we

can estimate F. For example, if we consider g04 kind of potential then e..,/epr,

becomes F? and from the value of ean W€ can estimate F ~ 107% which is

*One can note that (1 + g)can is nothing but slow-roll parameter €y
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consistent with the NSS model.

In the case of a canonical scalar-field inflation it is well known that at a large
scale the power-spectrum of tensor perturbation is [15] 5ﬁ(can) ~ %H 2. But for
the present case the power-spectrum for the tensor perturbation can be modified
to

52 ~ %HQ x f (F) . (3.5.69)

Thus when F' — 0, f (ﬁ ) — 1 and we get the power-spectrum of the tensor
perturbations for a canonical scalar-field. Since F is a small quantity, the tensor
to scalar ratio of the power spectrum for a NSS still be very small. With the upper
bound on F the tensor-to-scalar ratio for NSS can be very close to the canonical
single scalar field case r ~ 16€.,,. In the scalar field theories the detectability
of the gravitational wave (r > 0.07) requires field variation Ay > 0.4M,,; during
the last 4-5 e-foldings [38]. This lower bound on the variation of the scalar field
is also known as the Lyth bound. Because of the upper bound on F the NSS
driven inflationary scenario becomes very similar to the standard single scalar
field theories of inflation. Thus, we speculate that for the detectability of the
gravitational waves, the Lyth bound can be valid in case of NSS driven inflationary

models also provided F' < 1074 is satisfied.

In conclusion,we have studied the cosmological perturbations generated by
the inflation driven by a Lorentz invariant NSS model. We find that the the
usual condition for the gravitational potentials ¢ and 1 for scalar-perturbations
ie. (5T]? = 0 giving ¥ = ¢ is modified to ¢ = <1 — 2F> ¢. We have also shown
that the perturbations are nearly scale invariant and the hedgehog ansatz is not
required. More importantly we have calculated the power-spectrum and spectral
index for the metric perturbation. The model predicts the running spectral index
which allows for a wide range of F. For the case F' = 0 one gets back the
expressions for the power spectrum and spectral index for a canonical scalar-
field. Further our analysis shows that the calculated value of the spectral index
ns can match to the value obtained from the WMAP data if there is an upper

bound on the parameter £ < 107%. Our analysis shows that the sound speed
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of the perturbation is not a constant but dependent on time. However, the
expression of ¢ ~ 1 + F — %\/g and the upper bound on F imply that ¢ ~ 1.
Finally the tensor to scalar ratio of the power spectrum remains much smaller as
in the case of a scalar-field inflation due the upper bound on F. Here we would
like to comment on the choice of vacuum in the perturbation theory with NSS.
From equation it is clear that in the small scale the equation behaves
like a harmonic oscillator if A is constant in time. However, compared to the
canonical single scalar field case frequency of the oscillator is differed by
terms proportional to E. Therefore, in case of NSS one can get Bunch-Davies
vacuum with a modified frequency. When F satisfies the upper bound, the Bunch-

Davies vacuum for NSS and single scalar field will match with each other.



Chapter 4

Early universe attractors

4.1 Introduction

Although the observations provide us the useful informations about dynamics of
the inflaton field (like slow-roll etc.), in the inflationary theory we do not know the
initial conditions [7779]. The nature of the solutions of the dynamical equation
may change with initial conditions. It is useful to have an important property
associated with the dynamical equations, that allows wide class of solutions with
different initial conditions to have similar asymptotic behaviour, i.e. attractor.
There exist models of cosmology that allow to have an attractor solutions during
inflation [15}37].

The knowledge of initial conditions can provide crucial information about the
nature of the fields and their interactions with the known matter fields [80}81].
For instance, it is usually assumed that the inflaton is a fundamental scalar field.
However, we do not know the nature of the scalar fields or its interaction with
other fields. Similarly, it is not clear what are the properties of NSS and how
they interact with the other fields. If the observations do provide evidence that
the inflation occurred due to the one of these fields, the initial conditions of these
fields will provide information about the nature of interactions with standard
model particles. This in turn can be useful for model building which can be
verified in high-energy experiments.

Though we have discussed so far the inflation but above issues are relevant

29
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in the context of dark energy also. It is unclear what dynamical fields drive the
current accelerating universe. Even if the observations reveal the nature of the
field, it is still not possible to know what were the initial condition that has lead
to the current acceleration. This is referred to as a cosmic coincidence problem.
The constraints on the interaction of these fields (inflaton and dark energy) with
standard model particles will provide information about the initial condition that
lead to acceleration. The attractor nature is also important in the context of dark
energy. In case of dark energy, as explained in section , to alleviate the fine
tuning problem (also known as the cosmic coincidence problem) associated with
the initial condition it is important to have attractor behaviour in various dark
energy models. In the reference [82] the authors have extensively studied the

attractor nature in the various dark energy models.

In this chapter we investigate the following questions: If dynamical field during
inflation is a condensate of the non-standard spinor whether a large set of initial
conditions lead to inflation. If it does, then, can it constraint the interactions
between the spinor fields and the matter particles. Recently NSS was proposed
as a candidate of dark matter [83]. In Ref. [31,84], the authors could not find any
stable fixed point with various kind of potentials. One of the draw-backs of their
analyses is the choice of variables. Specifically, they have assumed ¢ and V(y)
to be independent variables. In reference [33] a combination of ¢, H and V() as
variables has been chosen and fixed points of the dynamical equations have been
found. It has been shown that in these newly defined variables the dynamical
equations have stable fixed points for a wide class of potentials and interactions
between ELKO and matter. The general analysis of fixed points as an attractor is
given in the appendix (D). In this chapter the scalar field is considered evolving in
the presence of a barotropic fluid with equation of state p,, = (y — 1) &,,, ( where
0<~v<2 ~v= % for radiation and v = 1 for dust). Analysing the dynamical
equations we show that in general there exist two sets of possibilities where one
can find stable fixed points. One can also find fixed points which are stable during
the time of inflation when there were no other matters and the only constituent

of the universe was the inflaton field. We will argue that these fixed points are
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stable when the slow-roll inflationary conditions are satisfied. Thus we can have
early time attractor during inflation. In the presence of the barotropic fluid with
some specific form of interactions between the NSS and matter the stable fixed
points can be achieved provided there are conditions on the coupling parameters

of interactions.

4.2 Attractors in the scalar field theories

Attractor solutions in the scalar field models of inflation were studied by various
authors. In the standard inflationary theory with m?p? potential the dynami-
cal equations lead to an attractor where solutions for various initial conditions
eventually converges [15]. In [37] the author has shown that in case of minimally
coupled canonical scalar fields, under slow-roll conditions during inflation, the
perturbations in the Hubble parameters decays exponentially concluding the ex-
istence of attractor. From equation a deviation from any solution H can
be written as

WMo 22 (4.2.1)

Therefore, using the expression of AN given in (2.5.9)) the solution of this equation
can be written as

d0H; ~ 0H; exp {—;AN} : (4.2.2)

where the subscripts ¢ and f denotes the initial value and some final value respec-
tively. From equation ([2.5.9) it can be noticed that as during inflation ey < 1,
the solution of will vanish rapidly irrespective of the initial value. Thus,
the inflationary period will behave like an attractor. Using the similar arguments
in reference [85] the authors has shown that there exists attractor solutions in
case of brane-inflation scenario in the FRW background. In reference [86] the
author has studied the attractor behaviour in the new inflationary scenario. It
is shown that in case of new inflationary scenario a small part of the attractor
corresponds to the inflation as the rest does not give us e-folding greater than

60. In contrast, the chaotic inflationary scenario gives the inflationary attractor
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which attracts most of the solutions. In cosmology the role of exponential po-
tentials of the form V o exp (—op), where o is a constant, were investigated by
various authors [87]. The steep nature of the exponential potential prevents it
from driving inflation [80,,88,89]. Depending on the choice of the constant o the
attractor solutions can be obtained in different time of evolution. Although ex-
ponential potentials do not give good inflationary model, in contrast to standard
inflationary models, the steepness in the potential may allow a significant amount
of energy density at the time of nucleosynthesis [80]. In reference [90] inflationary
scenario with general scalar tensor theory was considered. It was shown that in
the scalar tensor theory, in general, attractors exist. It was further shown that
as long as the potential has the form V o f™ (), where M is some non-negative
number and f () is the general coupling term, in the attractor one can get the
scale independent spectrum of density perturbation irrespective of the functional
choice of f (). The super-inflationary scenario was considered in [81], where

under fast-roll conditions the scale invariant power spectrum was obtained.

4.3 Attractors in NSS cosmology

In this section we study attractor solutions in NSS equations.

4.3.1 Background equations

In section ([2.7.1) we have already given the background equations in the confor-
mal time. In this chapter we will work in cosmic time. Using the transformation
between cosmic time and conformal time (dt = adn) the expression of the energy

density and pressure can be written as

1 3
Ep = 59572 + §H2<P2 + V),
1., 1 .3
Py = §s02 —1 (He?) — §H2s02 - Vi(p), (4.3.1)
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where H is the Hubble parameter defined in the cosmic time. In the cosmic time

the Friedmann equation and the acceleration equation can be written as follows:

0 = —ﬁ [gb? . %Hw} , (4.3.2)
H? = ﬁ E@Q + v} (4.3.3)

where, k? = 87G = M% The equation of motion can be written as:
pl

3
¢+ 3Hp — ZHQQD +V,=0, (4.3.4)

It is interesting to see that the above equations are similar to that of ‘teleparallel’

dark-energy [91,/92] with a particular value of coupling £ = —%. However the
physical reason behind this similarity is not known yet and can be a good problem

for future.

4.3.2 Slow-roll parameters for NSS

Due to the presence of the H? »? term in the density and pressure, one has be
careful in defining the slow-roll parameters for the ELKO condensate. In this
section, we give the expressions for the slow-roll parameters. From the expres-
sion of time-time component of Einstein’s equation one can write the Friedman’s

equation for NSS as:
I (¢2+\7) (4.3.5)
3Mz \2D o

where D =1—-F =1-— 8]“\”/[22 and V = %. Taking the time derivative on the both
pl

the sides of equation (4.3.5) one can write the slow-roll parameter € as

H 3 @*/D D
_ 73 i _ , 4.3.6
‘"W 3mzppyv HD O VT (4:3.6)

where, €y = %W—z;% ~ %f/—Q (when ¢? < V). The slow-roll parameter €, also

appears in the canonical single scalar field models of inflation. a = HLD is the
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additional parameter arising entirely due to the NSS. Thus the slow-roll conditions
in NSS cosmology are modified. In what follows, the other slow-roll parameters

are written.

Substituting for (¢2/2D + V) from (4.3.6)) into (4.3.5)) one can write

¢? =2M2H?D (€ — ) . (4.3.7)

Now in this case we define § = H%.). Taking the time derivative on both the sides

of (4.3.7) we get,
()0 :5:_6_|_g+ (6_06>

Ho 2 2H (e — a) (4.38)

The last term can be dropped as it is the time derivative of the slow-roll param-

eters. Therefore finally one can write the definition of ¢ as:

5:_€+%:_Ecan_

e

(4.3.9)

A closer inspection of above expression immediately suggests that 0 is negative

definite. For canonical scalar field, it is positive definite.

4.3.3 Early-time inflationary attractor in NSS

Following the procedure in canonical single scalar field case, using equation (4.3.2])

and H , = %, for NSS one can write the following expression:

H, = K

il

- %ng} . (4.3.10)

By taking the square of the above equation and rearranging the terms, ¢? can be

expressed as following:
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In the previous chapter (also in reference [32]) we have shown that, although
perturbation theory tells us that there could be anisotropy associated with NSS,
the amount of anisotropy is small and can be neglected. We have argue that the
anisotropy terms are proportional to F , where F = ’%82@02. To get scale invariant
spectrum one must have an upper bound F < 10~%. Thus, during inflation
F = %2g02 < 1. Under the consideration I < 1 and the slow-roll condition

»? < V the Friedmann equation can be approximated as
;2
H? ~ ?V' (4.3.12)

Using the approximate expression of H? and the definition of €, one can write
/1% ~ V/2,/év. Therefore, replacing ¢? term in the Friedmann equation 1)
with the right-hand-side of (4.3.11]), for NSS one can write the relation between
H? and pr as:

AF 2 = (1 —F ) 2
H |1+ - YAV [FN =R 4
3(1-F) 3(1-F) 3w 3(1-F)
(4.3.13)
Assuming that H is a solution of (4.3.13), let us consider a small perturbation

8H around H, i.e.

H = H +6H. (4.3.14)

Linearising the equation (4.3.13|) one can find that for NSS; the relation equivalent
to the canonical scalar field case (4.2.1]) becomes

SH,
oH

3(1-F)  3(1-F
(1-7)

When F < ey = p < %, one can safely ignore the last term on the right hand

side of (4.3.10)). Therefore, using (4.3.10]) one can write the following relation

~

(4.3.15)

[\CRGV]

4F 2 n -

1—|— — ~>‘/€V\/E ) H
R —.

HAP

R2%A@ ~ -2 (1 - F) Sj—‘[p{ . (1 - F) AN. (4.3.16)
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Here AN = Ny — N; is the change in the e-folds during inflation where, the
subscripts ¢ and 7 denote the start and end of the inflation. Finally, using (4.3.16|)

the solution of (4.3.15) can be expressed as

VoV E AN

(0H),; ~ (6H ), exp 3 1+ i 2

. 3(1—F>_3<1—F>

During inflation, the number of e-folds rapidly expands (AN ~ 60). Therefore,

(4.3.17)

it can be seen that under the condition I < 10~* and for a typical value of
ey ~ 1072 the perturbation in the Hubble parameter H decreases exponentially.
Hence the dynamical equations of NSS behave like an attractor which is very

similar to the canonical scalar field case provided F' < 1074

4.3.4 Dynamical equations of NSS in the presence of a

barotropic perfect fluid

The expressions of energy density and pressure (4.3.1)) can be written in terms of
newly defined quantities X and V as following

o, =X+V, p,=X-V, (4.3.18)
where
1., 1 N
X = 5% 3 (He?) (4.3.19)
- 1 3
Vo= 3 (He?) + gH%? +V(p). (4.3.20)

X can be considered as the kinetic energy of the NSS and V can be considered
as its potential.

Friedmann equation can be written as

K2 K2

2
H® = —¢ci0r =

; T (o tem), (4.3.21)

where &, is the matter density and x? = 87G. Using equation (4.3.18)) we can



4.3. Attractors in NSS cosmology 67

write the Friedmann equation(4.3.21)) as
22y 0? =1, (4.3.22)

where .,y and v can be defined as x = 'f/‘g? y = f}g/g and v = 'i/gi}" Now, if we

consider that the matter and dark energy are interacting only with themselves

then the continuity equation

Etot + 3H (tot + Prot) = 0 (4.3.23)

can be written as two separate equations

2o+ 3H (e, + 1) = Q) (4.3.24)

Em + 3H (em + pm) = @, (4.3.25)

where () is the interaction term. In terms of the variables z, y, v equations

(4.3.24}4.3.25)) can be written respectively as

A
"= (e=3)z— =—— — 4.3.26
3 &
"= (e—= —-. 4.3.27
v (e 27) v+ ; ( )
Here ' is the derivative with respect to time divided by H, i.e. / = ﬁ, €= —%

and A\ = %, Q1 = g%%. To derive the above equations we have used the relation

pm = (y—1)e,, where v can take values 1 or % depending on whether the

universe is filled with cold matter or radiation respectively. Derivative of the

variable y with respect to time give us

A
f = — ) 4.3.2
Y <e+2H>y (4.3.28)

H can be written as
2
i = —% [Ep + Do + Em + D] (4.3.29)
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Therefore we have three dynamical equations (4.3.26)), (4.3.27) and (4.3.28|) with
one constraint (4.3.22)). It is important to contrast the above set of variables with

those used earlier [31]. The two variables X and V are independent of each other.

However, in Wei’s analysis [31], the two variables y and u are not independent.

In the rest of this work, we study the stability of fixed points with equations

({4.3.2614.3.2714.3.28). Using these equations it is demonstrated that the NSS

cosmology has a new sets of fixed points that can not be identified with the fixed

points of a canonical scalar field.

4.3.5 Fixed points and stability analysis: General Analy-
sis

Fixed points are the points where the dynamical variables stop evolving, i.e., at

fixed point (Z,y,v) the time derivative of x, y and v are zero. At fixed points,

dynamical equations (4.3.26 [4.3.27} [4.3.28)) can be written as:

_ AP @
(e— g’y) v+ % =0, (4.3.31)
(€+ %) 7 =0. (4.3.32)

Eq. (4.3.32) leads to the following two set of fixed points:

1. Casel:yzoandE#—ﬁ

2. Case Il: y # 0 and € = —%

In the rest of this section, the above two cases are considered with general in-
teraction term ();. In the following section, we consider special cases for the

interaction term and discuss the nature of fixed points.
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4.3.5.1 Casel

Substituting § = 0 in equation (4.3.30]) we get
E=3+ —. (4.3.33)

The above form of € gives crucial information about the class of interaction terms
between the NSS and matter fields that can lead to attractor behavior. In partic-
ular, it immediately shows that Q; oc 22 may not lead to stable attractor points.
It also provides an upper bound on the coupling constant. We discuss these in

the next section.

General expression for € can be written as

H 3 3 , 3
_ 73 _ 2 — 22 4.3.34
€= =37+ (3 27)% 57Y (4.3.34)

e Ct oz : -~ _ 3 3.\ 72
Therefore, setting y = 0, at fixed points € can be written as € = 57+ (3 — 57) z°.
€ has to be a positive to ensure to have an accelerated expansion of the universe.
Finally one can write an important relation for € which will be used later

e—3= (;7 — 3> (1-2%). (4.3.35)

Once we get the fixed points, we need to study the stability of the fixed point
to ensure that the fixed points are actually giving us an attractor. If the fixed
points are stable then we can have an attractor. The existence of an attractor
will help in alleviating the ‘cosmic coincidence’ problem. To analyse the stability
of these fixed points we perturb the system about the fixed point, z — ¥+ dx and
y — ¢ + 0y and study the evolution of the perturbations. If we have a growing
solution of the perturbations then the fixed points are not stable. However if one

finds a decaying solution one can say that the fixed points are stable. Substituting

these values of z and y in equation (4.3.26) and (4.3.28) we get the perturbed
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equations of x and y as follows:

o' = {(E—3)+(6—37)2+%—%%:|5 -
190Gy
(%a_y) 5y, (4.3.36)
oy =€ A o 4.3.37
y = (e—f—ﬁ) Y. (4.3.37)

Here we have used de = [(6 — 37) z] d= and y = 0. Equations (4.3.36)) and (4.3.37))

can be written as

= (M) : (4.3.38)

where

A
H1 = (€+ ﬁ) , (4339)
(. @100
po = (€—=3)+ (6 —3y)z” + 2 7 A (4.3.40)

Stability around the fixed points depend upon the nature of the eigen values 1
and po. When py < 0, uo < 0 the fixed points are stable and we can get an
attractor solution. If pu; > 0, pus > 0, the fixed points are unstable and we can
not have any attractor. If one of them is positive and other one is negative, we
get a saddle point which says that at one direction the fixed points are stable and

at the other direction the fixed points are unstable.

It is already shown that accelerated expansion of the universe can occur only
when the pressure is negative, i.e. the equation of state w, = gf < 0. In case
of standard canonical scalar fields, in the region —1 < w,, < 0 the kinetic energy
term ¢ > 0. But the phantom modes (or ghosts) can appear with negative kinetic
terms (¢ < 0) when the equation of state w, < —1. In Ref. [31] it was noted

that in case of NSS, equation-of-state parameter w, > —1 when ¢? > 1 (Hp?)
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and the phantom modes appear (w, < —1) if ¢? < 1 (H¢?)". Therefore in the

region w, > —1 we always get X > 0 and in the phantom region X < 0. Now
from Friedmann equation (4.3.21)) one gets

H? = %; (X i 5m> , (4.3.41)

which implies that H? > %f/ Finally taking logarithmic time derivative on

both the sides of this inequality we get

A
— . 4.3.42
e+2H<0 (4.3.42)

This means that the eigenvalue p; is always negative as far as the condition
w, > —1 region is satisfied. Therefore it is possible to have a stable fixed point,
if uo becomes negative for some interaction (). In the next section, we analyse
the stability for three types of interactions with the positive kinetic term X for
NSS.

In Ref. [93], the authors have shown that for the ¢* potential in case of NSS
produces small primordial non-Gaussianity fy (of the order of slow-roll param-
eters). The authors also investigated the anisotropy caused due to non-standard
spinors by introducing two different expansion parameters. However, it is impor-
tant to note that the Friedmann’s equations for the condensate given in [93] and
in the present work are different. In the present work we are using the expressions
obtained in [30], whereas in [93] the authors used the old results. Although, the
final conclusions about the anisotropy and fy may still remain valid in our case.
With the above mentioned potential, one can show that the dynamical equations
can give stable fixed points. Using the definition of € equation can be
written as

1

1
X = §¢2 +3 (eH?9* — 2Hpg) . (4.3.43)

As, the above potential suggests that during inflation ¢ < 0 when ¢ > 0, we get
X > 0. Thus, potential -V = a%p? + by*, where a? is the mass term and b is

the self coupling— can give us the equation-of-state w, > —1 and the inequality
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(4.3.42)) remains valid in this case.

4.3.5.2 Case II

Substituting the value of € = —% and constraint (4.3.22) in Eqgs. (4.3.26) and
(327, we get for (3 = 1);

/ A 3/2 Ql
= — - - = 4.3.44
x (e —3)x T2 o (4.3.44)
’ 3 Ql
= [(e-2 =l 4.3.4
v (e 2) vt (4.3.45)
Substituting for A, we get,
_ A 2, 3.
= —— = = 434
€ Vi 3z + 50 (4.3.46)
de = 6x0x + 3vov (4.3.47)

The perturbed equations about the fixed point are:

, 1 2 4 5 753
s = (3-02 - w2 3" 13" Vson (67— 12% 1555 60—
2 T2 T2 T T
5(%) (4.3.48)
v = 6Z00x+ (3:%2 + gfﬂ - g) Sv+§ (@) (4.3.49)
v

These attractor points are unique to ELKO cosmology regarding which we would

like to stress the following points:

1. The perturbed equations do not explicitly depend on the potential. Hence,
these equations can be realised for any potential provided € = —\/(2H) is

satisfied.

2. In case of v > % the fixed points * < 1 and v — 1 (or vice-versa), Eq.
(4.3.46|) implies that € > 1 . The parameter € > 1 means the decelerated

*In [33] it was claimed that this corresponds to fast-roll inflation. But € > 1 does not imply

fast-roll inflation. If v < % then we get ¢ < 1 and this case can give us fast-roll inflation

provided the slow-roll condition ,% < 1, is violated for some special potentials [43./44]. It will
be interesting to study fast-roll inflationary scenario for the NSS field.
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period of evolution of universe. This period will be important in case of
matter or radiation dominated era which are non-inflationary in nature

(@ <0).

4.3.6 Special cases of the interaction term

In the previous section, we have obtained the condition for the existence of fixed
point for general interaction. However, the analysis for a general interaction term
is complicated. Here, for two cases, we take simple form of the interaction term
and show explicitly the nature of the fixed points. In particular, the following
interactions are considered: Q; = fv?z, Q; = Bv*a? and Q, = Bvar? where S is

the coupling constant.

4.3.6.1 CaseI:

o Q= fvix
In this case the fixed point ¢ is zero. The fixed point z and v can be found
using the equation (4.3.30)). Substituting ¥ = 0 in equation (4.3.30)) and using

2 =1 — 22 from equation (4.3.22)) we can write

(€—3)x — % = 0. (4.3.50)
z
Which gives us two solutions for &
o o s
T =+, T=—7—73~. (4.3.51)
(3-37)

Now x = #+1 can not be a scaling solution because that will make the universe
completely kinetic energy dominated. These solutions may be important in the
time earlier than inflation. Therefore, the only possible scaling solution is z =

_ (37_5%) which is negative as § and (3 — %'y) are both positive.

2
In the present case the eigenvalue ps of the matrix M can be written as

Lo = {— (3 — g’y> (1—32%) +28z| . (4.3.52)
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Now substituting the solution of z from (4.3.51) in the above expression of s

one can get the following expression of ps:

o = — (3 - 27) + % (4.3.53)

From the above expression of s it can be understood that when the first term
dominates over the last term one can get pus < 0. Therefore the condition for
having a stable fixed point for this kind of interaction is:

B < (3 - g'y) . (4.3.54)

Therefore, in the presence of a barotropic perfect fluid, dynamical equations of
NSS can show attractor behaviour for this kind of interaction provided the fixed

coupling constant satisfy an upper bound.

The expression of € in terms of the fixed points is
e=3"+-y(1-2%. (4.3.55)

The above analysis tells us that when v = 0 we get stable attractor when g < 3.
When the coupling /3 is very weak (5 < 3), the expression of Z is also very small
(z < 1). In this case equation suggests € < 1. On this attractor the
dominant contribution in total energy will come from the barotropic fluid which
behave as a cosmological constant with negative pressure (p,, = —¢,,). Thus, this
attractor can be the late-time attractor which is driven by cosmological constant

to give accelerated expansion of the universe today.
o Q= pva?
In this case equation (4.3.35)) and (4.3.50|) tell us that

(27 — 3) (1-z)z-p(1-2)z=0. (4.3.56)

So, the only solution of z = (0,£1). Here we get barotropic fluid dominated and

kinetic energy dominated universe respectively. When z = 0, in contrast to the
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previous case of interaction, ps will become negative and the fixed point will be

stable attractor for any value of coupling f.
* Q) = pur’
Following the similar method as described above using (4.3.50)) for this kind

of interaction one can find that at fixed point the only solution for z is:

/62

Here we have considered z # (0,41). Substituting the above expression of (); in

the expression of us one can get

=2
po = (6 — 37) T2 + 5%. (4.3.58)

Using the definition of #2 = 1 — z? and the expression of Z from (4.3.57) one can

write the expression of us in terms of the coupling 3 as:

=3 [(3 _ 27) _ (353_2%7)] , (4.3.59)

Therefore in this case the us will be negative only when § > (3 — %’y) . However
from (4.3.57) one can see that this condition will make ¥ imaginary. Therefore

we can not find a physical stable fixed point in this case.

4.3.6.2 Case II:

o Q) = v’z
For this interaction, the perturbed equations of x and v are:
: 15 v ot
_ 2 2
dr = [3—-9z7 — 570 —3§+3ﬁ]5:v+
v v®
[6— — 12— — 1520 — 2[0]dv. (4.3.60)
T T
' 9 3
Sv = [620+ Bo)dx + [32% + 5@2 -5+ Bz]6v (4.3.61)

The two eigen-values corresponding to the above set of equations are negative.
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Fig. (la) shows that for different initial conditions v — 1 and = <« 1 is an

attractor point.
o Q= pva?

For this interaction, the perturbed equations of x and v are:

, 15 2 ot

_ 2 9 9
dr = [3-92 50 —3?—#3?—5@ 10z +
v v° - __
6= — 12— — 1520 — 250Z|dv. (4.3.62)
T T
, 9 3
Sv = [670+ 2B07F)6x + [37 + 5@2 -5+ B7%)6v (4.3.63)

Here again, both the eigenvalues corresponding to the above set of equations are
negative. The eigenvalues are negative for all ranges of 3 for which z and v are
real. Fig. (1b) shows that for different initial conditions v — 1 and =z < 1 is an

attractor point.

o Q1= puva?

For this interaction, the perturbed equations of x and v are:

, 15 2ot
57 = [3-97%— —0® — 3— + 3= — Bulox +
2 T 7?2
v v® I
[6% — 12% — 1520 — Sz)ov. (4.3.64)
v = [6T0 + 2B7T)0x + [37* + 252 — ;]&; (4.3.65)

Here again, in contrast to case-I, both the eigenvalues corresponding to the
above set of equations are negative for all values of § where x and v are real. Fig.
(1c) shows that for different initial conditions v — 1 and x < 1 is an attractor

point.

As it is known that it is extremely difficult to know the initial conditions
for the field that drives the inflation. In addition it is also desirable to have an
inflationary model which does not require any finely tuned initial conditions to
have an inflationary regime. Hence it is important for a model of inflation to
have attractor points in the space of matter field variables. In earlier works, it

was not possible to show explicitly that the NSS based inflationary models can
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Figure 4.1: The late attractor for three interactions (a) @, = fv?z, (b) Q) =

pv2r? and (¢) Qi = Bvx?. The figures show that v — 1 and z < 1 is a stable
fixed point.
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support a late-time attractor. In this section we have shown that by rewriting the
background field equations in terms of new variables x and y, the NSS based model
can have such attractor solution. We have also shown that under the condition
F < 107* the attractor solution can be found for the early-time inflationary era.
The search for stable fixed points is made by considering the evolution of NSS in
the presence of barotropic perfect fluid. It is shown that the attractor points can
be found without any specific choice of potential. Here we have shown that the
dynamical equations can give us fixed points for the following two cases: In Case-I
we have y = 0 and e—l—% # 0, and in Case-II we have y # 0 and e—l—% = 0.
Stability of the fixed points or the negativity of the eigenvalues are shown to
depend on the form of interaction between NSS and matter. In this thesis, for
both Case-I and Case-II we have considered three types of interactions between
the NSS and the barotropic fluid: Q; = fv3z, @, = Bv*x? and Q; = fvx?. In
Case-1, for the interaction term @Q; = Bv%x, one must put an upper bound on the
coupling parameter 5 < (3 — %7) to get stable fixed points. For other types of
interactions no such upper bound is required for Case-I. In Case-II it is shown
that x* < 1 and v — 1 are stable fixed points. In this case the stable fixed points

can be obtained without any condition on the coupling parameter 5.



Chapter 5

Summary and Conclusions

We have noted earlier that in previous literature on NSS-cosmology the equation
of motion obtained from the energy-momentum tensor was not matching with
the equation of motion obtained from varying the action. In this work we use
the consistent NSS theory developed in reference [30] to study NSS-cosmology.
In particular we have addressed two important aspects of NSS-cosmology in this
thesis: The first order inflationary perturbation theory and attractor behaviour.
We have used a simple ansatz for the NSS-field A and its dual X 1) to study
the NSS-cosmology. This ansatz helps in defining gauge-invariant quantities. It
should be noted that the term F} in equation , arises due to variation of
spin-connection I',, with respect to the metric. Perturbation of F** would imply
that for the NSS 677 # 0 for i # j. For a canonical scalar field case 0T = 0 for
i # j. Thus the metric perturbations ¢ and 1 for the NSS one can write ¢ =
(1 —2F ) ¢ in contrast with a scalar field theory where ¢ = ¢. We have shown
that the perturbations are nearly scale invariant. More importantly we have
calculated the power-spectrum and spectral-index for the metric perturbation.
We show that the running spectral-index allows for a wide range of values for F.
When all of the terms containing F' are dropped one gets back the expressions for
the power spectrum and spectral index for a canonical scalar-field inflation. It
should be noted that our analysis shows that the calculated value of the spectral-
index n, for NSS-field can match with the WMAP data provided F satisfies an
upper bound F' < 107%. Our analysis also shows that the sound speed of the

79
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perturbation is not a constant but dependent on time. However, the expression
of 2 ~ 1+ %F together with the upper bound on F', implies that ¢? ~ 1. Ratio of
power-spectrum of the tensor perturbation and scalar perturbation may remain
as small as the ratio calculated from a scalar field inflationary model due to the
upper bound on F. Thus, from the first order perturbation theory point of view,
it may not be possible to distinguish between predictions of NSS field inflationary

model and the predictions of single scalar field inflationary model.

The attractor behaviour of NSS cosmology has been studied in this thesis.
As we don’t know the initial conditions exactly, the attractor behaviour is very
important from the point of view of the robustness of the models associated
with the inflation and the dark energy. The search for having stable fixed points
as attractors in the context of NSS dark energy were pursued in reference [31]
with various models of NSS potentials. It was argued that there exist no fixed
points and the dark energy models of NSS field suffer from the cosmic coincidence
problem. In this thesis we have shown that the dynamical equations can give
us early-time inflationary attractor which corresponds to 60 e-folding when the
condition £ < 10~* is satisfied. We have also demonstrated that for NSS field,
stable fixed points can be obtained if we choose the variables in a different way
than used in reference [31]. We have shown that in case of NSS dark energy
model if we work with the new variables x and y we can get stable fixed point. In
this analysis the evolution equations of NSS has been studied in the presence of a
barotropic perfect fluid with equation of state p = (7 — 1) . The analysis shows
that we can have two cases: Case-I is when y = 0 and e+ 2% # 0, Case-1I is when
y # 0 and € + ﬁ = 0. We have also considered three types of interaction terms
between NSS and the fluid: Q; = vz, Q; = fv*z? and Q; = Bvr?. In Case-I,
when the equation of state satisfies the condition w, > —1, X > 0. Therefore,
the negativity of the eigenvalue u; = s+ ﬁ < 0 comes naturally from Friedmann
equation. In this case for interaction @Q; = Bv?z we get the coupling constant
must have an upper bound g < (3 — %7) to have stability, i.e. pus < 0. There is
no such upper bound for the other types of interactions in Case-I. Case-II shows

that © < 1 and v — 1 are the stable fixed points. In Case-II the stability can
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be achieved for any range of 8. In this work the variables we have worked with
are not a simple transformation of the variables chosen in reference [31]. The
stability can be achieved by redefining the potential and the kinetic part.

Cosmology with NSS is a very new field. There are many directions to which
the future research can be done. In this thesis we have done the first order per-
turbation theory. As we are in the era of precision cosmology, it is important
to study the inflationary theory of NSS numerically, without any slow-roll ap-
proximations, to match various cosmological parameters with the Planck data.
In the first order perturbation theory one important assumption is that the per-
turbations are Gaussian random fields in nature. Deviation from Gaussianity
can be due to various reasons, for example, presence of multi field, violation of
slow-roll, exited initial state (non-Bunch-Davies vacua) etc. Recent observational
data from Planck mission has constrained the local bispectrum amplitude asso-
ciated with non-Gaussianity as fy, = 2.7 £ 5.8 [94]. It can be interesting to
study non-Gaussianity with the NSS field to check whether the theoretical pre-
dictions matches with the observation. In order to calculate bispectrum for NSS,
calculation of the second order perturbation theory is required. As we have seen
that NSS satisfies the Klein-Gordon equation which is second order differential
equation in time, study of parametric oscillations in the reheating theories can
be exciting problems in future. As we do not know how NSS interacts with the
observable matter, at present it is not clear how NSS can decay to matter and
reheats. One possibility could be that NSS can decay to ordinary matter through
Higgs.






Appendix A

Basics of FLRW metric

A.1 Background

A.1.1 Christoffel symbol in case of FLRW metric

From equation (2.2.4]) it can be seen that the Christoffel symbol contains the
derivative of the metric. Therefore, for those metrics whose components are con-
stants of space and time, the christoffel symbol vanishes. Because of the presence
of the time dependent scale factor, there will be some non-zero components of
Christoffel symbol for the FLRW metric (2.2.6)). It can be shown that in case of
FLRW metric the cmponents which contain two same spatial indices are non-zero

and all other components will vanish. The non-zero components are given as:

Iy, = d;;aa, [y =175 = 0y

, (A1)

Q| e

where the index t is the temporal index and i, j are three spatial indices. In case
of the metric in conformal time (2.7.4)) the expressions of the Christoffel symbols
changes a little, the Christoffel symbol with all three temporal indices becomes

nonzero and all of the non-zero components of Christoffel symbol are same:

!/

a a ; ; a

Y
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A.1.2 Ricci tensor and Ricci scalar for FLRW metric

From the expression of Ricci tensor in (2.2.3)) one can write the time-time com-
ponent of Ricci tensor for the metric (2.2.6) as

Rtt - —@Fi‘)\ — F?AF)\

tn>

(A.1.3)

where the first term and the third term becomes zero, as the Christoffel symbol

with two temporal indices are zero. Substituting the expressions of Christoffel

symbol (A.1.1)) in the above expression one can write
a
Rtt = —3—. (A14)
a

In the similar manner the space-space component of the Ricci tensor can be
written as

Ry; = 65 (24® + ad) (A.1.5)

Contracting Ricci tensor into the metric the expression of Ricci scalar in terms

of Ricci tensor can be written as
1 5% A
R — Rtt - ? Rii7 ( ]_6)

where ¢ index will be summed over. Therefore, the expression of Ricci scalar

becomes
-2

a a
R=—-6(-+—=). A1.7

(a * a2) ( )
In conformal time ([2.7.4) the non-vanishing components of background Ricci

tensor and Ricci scalar can be written as

All other components of Ricci tensor are zero.
It is worth mentioning that, as the Christoffel symbol is quadratic in metric,

the Christoffel symbol and Ricci tensor both remains unchanged under the change
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of signature of the metric (2.2.6). However, the expression of Ricci scalar will pick
up opposite sign if we change the signature of the metric. For example, here the
signature of the metric is {+, —, —, —}, but if we use {—, +, +, +} the Ricci scalar
A.1.7) becomes R = 6 <% + Z—i)

A.2 Perturbation

To calculate the perturbations in the Ricci scalar and tensor the first step is

calculation of the perturbation of Christoffel symbol.

A.2.1 Perturbation in the Christoffel symbol

The general expression of the perturbed Christoffel symbol for inhomogeneous

metric perturbation (3.2.1)) can be written as

ol = %gap [0 (09p7) + Oy (09p8) — 0, (0945)] + %59@ 0890y + 01908 — 009341
(A.2.1)
where the bar over the metric denotes the unperturbed background metric.
As we have seen that gauge invariant perturbation can be calculated by di-
rectly writing the perturbation in longitudinal Newtonian gauge and replacing the
gauge dependent quantities by gauge invariant quantities. The general metric, in

conformal time, in terms of gauge invariant quantities can be given as

1+2 @)
Guv = g;w + 59#1/ =a’ ¢ , (A22)
O (=1+20)0; + 2h;

and

1 (1-2 O
g =g" + g = — v (A.2.3)
@ O  (—1—2¢)d; — 2h;

where 1 and ¢ are the gauge invariant scalar perturbations. The above metric is

obtained by replacing gauge dependent variables ¥ and & with gauge invariant

variables ¢ and ¢ respectively in (3.2.3) and (3.2.5). Here we have added hy;

as the symmetric tensor perturbations with properties hyy, = —h.. = hy, hy, =
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h.y = hy, and all other tensor parts are zero. It should be mentioned here that
the tensor perturbations are gauge invariant quantities, therefore they don’t need

any treatment like scalar perturbations.

Using (A.2.2)) and (A.2.3]) one can write the different components of the per-
turbed Christoffel symbol (A.2.1)) as,

5FZW - wlv 5FZ£ = iw? 51_‘:777 = i¢’ 5F27] = _gb,ézj B h;j’
a a a
oI = — (2—¢ +2—0¢+ ¢/> 0ij — (h;j + Q_hij) ,
a a a
O = [(9:6) djn — (9;0) G — (O0) 8ig) + [Oihy — Dyhar — Oihis] - (A.2.4)

A.2.2 Perturbed Ricci tensor and Ricci scalar

The expression of perturbed Ricci scalar and Ricci tensor are respectively

6R = (6¢") Ry, + 3" (OR,) (A.2.5)
6R,, = (5rgy)7a — (5rga)7y +6 (Tg,I0,) =6 (I'g,T7,) (A.2.6)

Using the expressions of perturbed Christoffel symbol (A.2.4) the different com-

ponents of perturbed Ricci tensor can be listed as

oR,, = 3¢"+ 3%/ (' +¢') + Ay, OR, =2 (¢’ + %,1/)) ,

)
a

/ " 7\ 2
o+ L s 2 w2 (L) W) - a0

a

9:0; (¥ — @), (A.2.7)

5Rij = — (57;]‘—

where A = 9;0°. The perturbed Ricci scalar in terms of the metric perturbations

becomes

1 /! a‘// (Il / /
OR = = 60" + 1231& + 65 (V' +3¢") +2A (¢ —29) | . (A.2.8)
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A.3 Perturbed Einstein tensor

The Einstein tensor in the mixed form is written as,

1
Glzj = g,up (Rpu - §ngR) . (A?)]_)

Using the background expressions of Ricci tensor and Ricci scalar the non-zero

components of Einstein tensor can be written as

3 /a\? ; 1 a” a\? ;
GZ = (E) 7 Gj == [—2; + (Z) ] 6j. (A.3.2)
Perturbation in the Einstein tensor can be written as
1 B 1 1_
0Gl = 6g"* <Rp,, — égpl,R) + gh* <5Rpl, — éégp,,R - Egpl,éR) (A.3.3)

which after substituting the perturbed metric, Ricci tensor and Ricci scalar gives

us the following components

s = [ (5 ) ]

a
0GT = %(¢’+a—,¢) :
a a i
i 1 " a / a"\’ a” i
0G; = —— |20 +25(z/z +2¢)—2{<5) —2;}¢+A(¢—¢) 0j +
Lo o) s

Therefore, using perturbed Einstein tensor (A.3.4)) one can quickly write the
perturbed Einstein equation as (3.4.2)), (3.4.3)) and (3.4.4).







Appendix B

Perturbations in the scalar field

theories

B.1 Perturbed energy-momentum tensor in the

scalar field theories

To describe inflationary scenario with single scalar field one need to write the
action of the scalar field along with the gravitational Einstein-Hilbert action. In
general the gravitation part in the action can have a coupling with the scalar
field (non-minimal coupling). For simplified models we consider the scalar field
minimally coupled with gravity. The minimally coupled action with the canonical

kinetic term in the scalar field can be written as

1
2

1
S = /d4x\/—g [— M3, R+ §g‘“’3ug0c9yg0 - V(go)] . (B.1.1)

Taking the variation with the metric ¢ the energy-momentum tensor can be

written as

1
T/j,l/ = MSO&/SO — 9w (580903090 -V (SO)) . (B12)

One can identify the second term under the parenthesis is the Lagrangian associ-
ated with the scalar field, £ = (%8"908090 -V (<p)) Using the expression of the
energy-momentum tensor for the perfect fluid (2.2.7)) one can get the following

89
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expressions of energy density and pressure for homogeneous and isotropic scalar

field

€= 5952 + V(y), p= §gb2 - V(y), (cosmic time)
1 1
€= 2_&290/2 +V(p), D= 2—a2<,0'2 —Vip). (conformal time)B.1.3)

The perturbed energy momentum tensor in the mixed form can be expressed as

STH = G" 6Ty, + 6" Ty, (B.1.4)

where 07),, is the perturbation in (B.1.2)). Using (A.2.2)), (A.2.3)) and (B.1.4) the

different components of perturbed energy momentum tensor in conformal time,

which has been used in section ([3.4)), can be written as

1

0T = = [5g0/go’ — e + a2V(p5g0} ,
1

5Tz'n = ? (59090/),1 )

i 1 I / 7
oT; = 3 [60'¢" — i — a®V 6] 05 (B.1.5)

B.2 Quantisation of the perturbation

To quantize the perturbations one can follow the standard methods of quanti-
sation, i.e., find the canonically conjugate momentum corresponding to the per-
turbed quantities and then satisfy the following commutation relations at any

particular time:

[U(nax)7v(n’y)] = [W(ﬁax)aW(U7Y)] =0,

[v(n,x),m(n,y)] =id (x—y). (B:2.1)

Here m = v’ is the canonically conjugate momentum of v associated with the

I R TR P
L= 5 [v (k; Z)U], (B.2.2)

Lagrangian
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Expanding the solution of (3.4.8)) in terms of creation and annihilation operators

(af,a) we get

dSk —ik.x * ik.x
! :/zﬂm [” (M ™™ ag + 0" () €™ ak], (B.2.3)

where vy and v;; are the two independent solutions of equation ([3.4.8) which are
dependent only up on time. One can write the equation satisfied by the modes
UK as:

vy +w? (n) v = 0, (B.2.4)

where w (1) = /k? — Z;” is the time dependent frequency of the simple harmonic

Zl/

oscillator when k2 > =

The creation and annihilation operators a' and a satisfy the bosonic commu-

tation relation
lap, ap] = [aL, aL,] =0, and [ap, an,} =6(p—p). (B.2.5)

Substituting (B.2.3)) in the commutation relation (B.2.1]) one can get the following

relation among the modes vy and vy:
VU — VKU = 1. (B.2.6)

The normalisation condition (B.2.6)) is very useful to obtain the nature of the

solution vy at an early time (7;).

Parametrising the solution vy as
v =1 €, (B.2.7)

where r and « are the time dependent real parameters, the normalisation condi-

tion (B.2.6]) gives us the condition between r and « as

(B.2.8)



92

Chapter B. Perturbations in the scalar field theories

For the modes with k2 >> 27”, the expression of the energy corresponding to the

harmonic oscillator (B.2.4) can be expressed as

1 1
Ek = — <T{<2 -+ -3 —+ ]C27"12<> . (B29>
2 Tic

At some early time (7;) the initial condition of ry (n;) can be found out by min-
imizing the Energy Fj, i.e., by choosing a vacuum. This choice of vacuum is
also known as Bunch-Davis vacuum. Bunch-Davis vacuum corresponds to the
choice of initial condition where 7y (7;) = 0 and r (n;) = \/%Tg Therefore, equa-
tion (B.2.8]) gives us the value of the parameter a = kn, where we have set the

constant of integration to be zero. Finally, for Bunch-Davis vacuum one gets,

1 ik / \/E ik
v = e v =4/ = e B.2.10
k(BD) ok k(BD) 9 ( )

B.3 Power spectrum and spectral indices

The power spectrum is a statistical property associated with gaussian random
fields. It measures the two point correlation function of the random fields. In
case of small perturbations about the FRW background one can consider the
perturbations to be gaussian. Power spectrum measures scale dependence of the
perturbations. In other words it measures how large the field fluctuations are
on different scales. The remarkable feature of inflation is that inflation predicts
nearly a scale invariant power spectrum which is in good agreement with the

observation. For any generic field £(n,x) can be written in the Fourier space as

f(n,X):=t/"Z5;%;5e“‘x§k(n)d3k (B3.1)

The two point correlation function associated with the field & can be written as

olel0) = [ 58 ) (B.32)
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where, (5)2( = 2]jr_32|€k’2 is called the power spectrum associated with &. Using (B.3.2

the power spectrum associated with the metric perturbation and the spectral

. : In 62
index respectively becomes: 67 = 2 |ok)? and ng =1+ dhnoy

dln ¢
Now let us calculate the power spectrum for the metric perturbation ¢. We
start with equation (3.4.7)). Let us first consider the small wavelength region (also

known as subhorizon mode characterised by kn > 1) where k% > %/,
uy, + k*uy = 0. (B.3.3)

Under WKB approximation the solution of can be written as
Uy & 1€ 4 coe N, (B.3.4)

where ¢; and ¢y are constants which are determined by the initial conditions.
Following the section (B.2|) one can choose the initial condition which is consistent

with the Bunch-Davis vacuum (B.2.10). Therefore, from the initial conditions,

using (3.4.5)) and ([B.2.10]), the coefficients ¢; and ¢y can be fixed as

l

ETL and cy = 0. (B.3.5)

Cc1 =

Thus, in the region k? > ‘%/ the solution of uy, becomes

l

_Weikn‘ (B.3.6)

Uk ~

Although is the solution in the small scale region, the solution of the
perturbation after crossing the horizon will be applicable for a small time period
r<n< % Where € is the slow-roll parameter. The lower bound is obtained
using the fact that %/ ~ n% and kn < 1 implies the entry into the super-horizon
mode (or large scale mode) after horizon crossing. Thus, in the small time interval

£ <1 < 4 the exponent of the solution (B.3.6) does not evolve hence it freezes.
From (3.4.9) the power spectrum in the small wavelength region becomes

65, =8G? (e +p). (B.3.7)
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In the super horizon mode k? < %" the equation of motion of uy, becomes

uy, —

The solution of (B.3.8)) can be written as (for details see appendix (B.4]))

S )] B39

Where, the quantity Ay can be found by comparing (B.3.9)) with (B.3.6]), ignoring

the exponential term, during the small time period at the time of horizon crossing

(kn ~ 1or k ~ aH). After some simplification (B.4)) the expression of uy becomes

U’k%AO

L%ﬁ. (B.3.10)

Therefore, the expression of A can be written as

1 H?
Ay ——= | —— . B.3.11
’ k3/2 (V8+p)k~aH ( )

Using the Friedmann equation the power spectrum in the super horizon scale can

2
ﬁzgw{ 5] O—E/MQ. (B.3.12)
9 L+p/elimun a

be written as

Taking the logarithm on both the sides of (B.3.12) we get

32
lnﬁzln (;G) +Ine—In(1+p/e)+2In M, (B.3.13)

Where M = ( — % i adt). Now using the fact that during horizon crossing

k ~ aH one can have

dlnk
~H B.3.14

where we have ignored the slow-roll parameter € = —Hﬁ compared to Hubble

parameter H. Finally, taking the logarithmic time derivative of equation (B.3.13|)
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the final expression of spectral index can be obtained as
ng—1~—-2¢— —+ ——. (B.3.15)

This expression is obtained using the Friedmann equation. The last two terms
are also slow-roll parameters which have small values. Therefore, one can see that

the single scalar field inflationary models give us the spectral index ng ~ 1.

In the next section we calculate the perturbation theory for NSS based on this
section. We will show that the effect of the NSS is small compared to the single
scalar field theories of inflation. Hence, one can calculate the power spectrum and
spectral index as a small deviation around the results obtained in this section.
Finally we will confront the expression of spectral index with the observed value

and put a bound on the additional term F that appears in case of NSS.

B.4 Solutions in the super horizon mode

Let us consider the equation in the super horizon scale. One obvious
solution of this equation is ux = c¢160. This can be checked that uy, = cof f ;LQ
is also a solution of (B.3.8). Here ¢; and ¢, are the constants. Therefore the
complete solution can be written as,

c d
—— [—1 +/9—Z} , (B.4.1)

Co

As, the ratio o is a number, one can always absorb this ratio into the integral by

changing the limit of it appropriately. Therefore, we would like to consider the

second term of (B.4.1) as the solution of (B.3.§]),

d
ux = 029/9—727, (B.4.2)
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a

Using the Freidmann and accelration equations it can be shown that § = L/ 14“5, :
T2

Using this expression of # one can write

dn 1 ) 1y
_ 1 4.
0 47rG/a {H (H)]d"’ (B.4:3)

After integrating by parts one can write the expression of wuy as

u = A [1 — %/aZdn} =A {1 — g/adt] : (B.4.4)

where all other terms are absorbed in A = 02%. After integrating by parts

the last term of (B.4.4) and ignoring the higher time derivatives, finally one can

write

Ay H
4nG\/e + p H
after replacing ¢y = Ap, which after using Friedmann equation gives (B.3.10)).

Uk =~

(B.4.5)
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Perturbations in tetrad and FM

C.1 Tetrad or vierbien Field

Vierbien field is related to the metric as
eheyn™ = g, (C.1.1)

where {a,b} = {0,1,2,3} are tetrad indices and {u,v} = {n,x,y, z} are space-
1 0O 1 O

time indices. n% = is Minkowski metric and g" = %

0O —169 0O —169
is FRW metric.

C.1.1 Unperturbed vierbien

Unperturbed vierbien in conformal time are written as

1111
el = diag{—,— - —}, e, = diag{a,a,a,a} . (C.1.2)

a a a a
C.1.2 Perturbed Veirbiens

Perturbed vierbiens are defined as follows,

(C.1.3)
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where o} is the perturbation. In case of vierbiens perturbation, we can raise or
lower the tetrad and space-time indices with the unperturbed Minkowski metric
and FRW metric respectively where as we can transform between tetrad and

coordinate frames with unperturbed vierbiens. Therefore we can write,

= Ugez = nacacbez. (C.1.4)

Using equation (C.1.1)) one can write that the perturbed FRW metric in the

following form,

0 = nab(éez)eﬁ(o)+nabez(0)(5e’;)

O-Vl,l, +O-I,I,V‘ (C.]_.E))

Once we know the expression of 0, we can contract it with the unperturbed

vierbien and find the expression of o, which we can use to find the perturbed

vierbien using ((C.1.4). Using the expression of dg,, in (A.2.2) and (A.2.3)) one

can write the perturbation in the vierbien o,, and o, as

Y 0 0 0 v 0 0 0
,[0 ¢ 0 0 0 ¢ 0 0
Oy = @ ) Oab =
0 0 ¢+hy  hy 0 0 ¢+hy  hy
0 0 hy ¢—hy 0 0 hy ¢—hy
(C.1.6)

Finally, using the above results we can write the complete expression of the

perturbed vierbien as

Y 0 0 0

dey, = a 0 —¢ ! ! : (C.1.7)
0 0 —(p+hs)  —hs
0 0 —hy —(¢p—hy)
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and
-y 0 0 0
1{ 0 0 0
dell = — ¢ (C.1.8)
a1 0 0 (p+hy) hy
0 0 hy (¢ - th)
C.2 Unperturbed and perturbed I',’s
As mentioned previously the the general expression of I';, is given by
1 b v c
FH = Zeu(vﬂec)f}/bfy ) (021>
where the covariant derivative of vierbien e is given by
Vuer = 0ue, + T cl. (C.2.2)

C.2.1 Unperturbed components of I',,

Using the background vierbiens (C.1.2]) the components components of I', in
FRW background are written as

1a a
I'y=0, Iy = 15(7071 -1 = Efm,
Iy = la—/(vof — 7)) = 2/f” T, — 12/<7073 — A0 = a—/fOB(,C 2.3)
Y 4q a’ * 4a a o

where f% = %1 [fy“,’yb} are the generators. ~* are the Dirac gamma matrices
which follows the anticommutation relation {y?,~7*} = 2. Here we have used
a convenient definition of I',, which apparently looks different compared to the
expression given in . However it can be easily checked that the I', calculated

in both the ways will match exactly for both background and perturbation.
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C.2.2 Perturbed components of I,
Perturbing the expression of I',, in (C.2.1)) one can write the general expression

of perturbed I',, as,

0T, =~ [(d€y) (Vuel) +end (Vyed) ]| 17", (C.2.4)

e~ =

where the perturbed covariant derivative of the vierbien can be expressed as
6 (V,uel) = 0, (0er) + T (6el) 4 (0T%,) eb. (C.2.5)

Finally, the components of 4I', can be calculated as

1
0Ty = 5 [0:)7"7" + (0,8) 1™ + (9:4) "]
1] [d a’ ,
e = (# ot ¢) 1+ (0,0) 7'+ (0:9) vlﬂ ,
1 - / / / / q
ory, = 5|~ (&?ﬁ + a—¢ + ¢ + 2h+ + h’+) 7092 — (h’X + a—hx) T -
i a a a a ]
1
5 (020 + 0:h i) ¥'Y* = (0ah) V2" + (0:6 + 0:hoy — Dyhi) v
17 / / / ’ 7
oT. = 5 |- (h; + “—hx) 7y - (“—w + =+ d Ty - h;) 1)~
L a a a a ]
1
B [(ath) T - (0:¢ — 0:hy) Yy — (Oy® — Oyhy — 0,hy) 727@-2‘@
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Fixed points and stability

D.1 Fixed points
Let us consider two linearised dynamical equations of x and y as
¥ = a1+ ay, and, y = b+ by, (D.1.1)

where ’ denotes the derivative with respect to e-folding N. As dN = Hdt one
can calculate the prime by simply taking time derivative and dividing by Hubble
parameter. Fixed points are those solutions of the dynamical equations when the

dynamical quantities stop evolving, i.e., 2’ = 0 and ¢/ = 0.

D.2 Stability of fixed points

Let us say that the fixed points associated with the equations (D.1.1)) are z and
y. Now let us perturb the solutions about the fixed points:

r==1T+dr, and, y=1y+y. (D.2.1)

Substituting (D.2.1)) in (D.1.1) and linearising the perturbed equations we get

07" = a1 07 + axdy, and, Y = oz + bydy. (D.2.2)

101
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Finally, the perturbed equations can be written in a matrix form as

ox' ox
=M , (D.2.3)
oy’ oy
ap az
where M = . The general solution of the equation (D.2.3)) can be
by by
written as
dx = dx1eM™N 4+ 0x0em2YN | and, Sy = Syt + Syget2N (D.2.4)

where 1y and pso are the eigenvalues of the matrix M. From the expressions
(D.2.4) it can be understood that the stability criteria depends entirely of the sign
of the eigenvalues pq and ps. The different possibilities regarding the solutions

based on the sign of p; and ps are listed below:

1. uy > 0 and ps > 0, no stable solutions, i.e., perturbations will grow and

will be away from the fixed points.

2. 1 > 0(<0) and ps < 0(> 0), saddle point, i.e., perturbations will be

stable in one direction and will be unstable in the other direction.

3. uyp < 0 and pg < 0, stable solutions, i.e., perturbations will decay exponen-
tially and all the solutions irrespective of the initial conditions will fall on

the fixed points after some times.
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