
,

Imprint of Pre-inflation Universe from Signatures in the
Cosmic Microwave Background Anisotropy Spectrum

A THESIS

submitted for the Award of Ph .D.degree of

MOHANLAL SUKHADIA UNIVERSITY

in the

Faculty of Science

by

Akhilesh

Under the Supervision of

Prof. Subhendra Mohanty,

Theoretical Physics Division

Physical Research Laboratory, Ahmedabad

DEPARTMENT OF PHYSICS

FACULTY OF SCIENCE

MOHANLAL SUKHADIA UNIVERSITY

UDAIPUR

Year of submission: 2009



CERTIFICATE

I feel great pleasure in certifying that the thesis entitled”Imprint of pre-inflation

universe from signatures in the cosmic microwave background anisotropy spectrum”

embodies a record of the results of investigations carried out by Mr. Akhileshunder my guid-

ance. I am satisfied with the analysis of data, interpretation of results and conclusions drawn.

He has completed the residential requirement as per rules.

I recommend the submission of thesis.

Date: Prof. Subhendra Mohanty

Theoretical Physics Division

Physical Research Laboratory

Navrangpura, Ahmedabad

ii



DECLARATION

I hereby declare that the work incorporated in the present thesis entitled “Imprint of

pre-inflation universe from signatures in the cosmic microwave background anisotropy

spectrum” is my own work and is original. This work (in part or in full) has not been submitted

to any University for the award of a Degree or a Diploma.

Akhilesh

Date: Signature of the Candidate

iii



To

Maa And Papa Ji



Acknowledgment

I take this opportunity to thank all those without whom it would not have been possible to

complete the thesis.

I express my most sincere gratitude to my supervisor Prof. Subhendra Mohanty for his

constant guidance and valuable suggestions. I appreciate his way of conveying the ideas and

his lucid explanations of the involved concepts, which helped me learning the subject. I feel

indebted to him for his encouragement along with professional and personal support. I cherish

and admire his jovial and caring nature, which has influencedme in all aspects of life.

I am grateful to Dr. Kaushik Bhattacharya for his collaboration, valuable discussions and

constant encouragement. I admire his friendly nature and personal support.

My special thanks are due to Dr. Raghavan Rangarajan for veryhelpful discussions and

critically reviewing the progress at the various stages of my Ph.D period and providing valu-

able inputs that helped me in exploring the subject. I also thank Prof. Utpal Sarkar and all

the members of academic committee for reviewing my progressregularly and giving valuable

suggestions to improve the quality of my work.

I am grateful to Dr. P. Sharma and late Mrs. Purabi Chakraborty for their kind help and

unconditional support that I needed to cross the hurdles in the initial stages.

I would like to thank Prof. V. K. B. Kota, Prof A. S. Joshipura,Prof. S. D. Rindani Prof.

A. R. Prasanna and Prof. R. E Amritkar for teaching basic courses which helped a lot during

my thesis work.

Discussions with Prof. P. K. Panigrahi, Dr. Namit Mahajan and Dr, H. Mishra were always

valuable and inspiring and helped me to acquire more insightinto the subject. I will remain

grateful to them. I also express my gratitude towards Dr. Jitesh Bhatt, Dr. Srubabati Goswami

and Dr. Dilip Angom for their encouragement and support.

v



vi

I express my gratitude to Dr. Subharthi Ray of IUCAA Pune along with Dr. M.S San-

thanam, Subimal and Suman for their help in learning variouscodes and softwares.

I am grateful to library, computer centre and administration staff for being extremely help-

ful and supportive. My special thanks are due to Mr. Nair and other staff members of theory

division for their sincere support.

This acknowledgment would be incomplete without thanking my friends and colleagues

who extended their hands of help and continuously encouraged me to move on. Discussions

with Santosh and Suratna improved my understanding of cosmology and basic physics. My

special gratitude lies with them for their help and support in every aspects of life. I am thankful

to Rajesh, Ritesh, Ramkrishna (RKD), Salman and Rohit for their support and inspiration. My

special thanks are due to Rajesh, Ritesh and RKD for helping me in the tough times. Academic

and non-academic discussions with Rajesh, Ritesh, RKD and Salman was always enjoyable

and fruitful. My special gratitude goes towards Bhavik for helping me with various softwares

and computational techniques. I also thank him for being always there with me.

I also remember how Amit bhaiya (Amit Mishra) helped me to getfamiliar with PRL

culture. No word is sufficient to express my gratitude to him.I also express my gratitude

towards Dr. Navin Juyal for his continuous encouragement.

My thanks goes to my lab-mates Soumya and Moumita for their constant help. I am

also thankful to Alok, Brajesh, Manimaran, Rahul Purandare, Chintan, Vishal, Lokesh and

Sumanta for their help, love and affection.

I am grateful to my colleagues of theory division: naming a few Rajneesh, Charan, Vivek,

Ketan, Patra, Pankaj, Vimal, Bhaswar, Srikant, Jhaa Ji, Bhatt sahab, Ashoke and Sandeep for

their cooperation. I also thank all the students, PDFs, and project associates of PRL for their

well wishes and making my stay at PRL memorable.

Last but not the least, I express my gratitude to all my familymembers for their patience,

support and continuous encouragement.



Abstract

In this thesis we study the effect of pre-inflationary radiation era and curvature on cosmic

microwave background (CMB) anisotropy and polarization. We show that if inflation was

preceded by the radiation era, there would exist a decoupledthermal distribution of gravitons

at the beginning of inflation that change the nearly scale invariant spectrum of the gravita-

tional waves generated during inflation. Due to this theB-mode of the CMB polarization are

enhanced at large angles. This enhancement may be observed by future polarization experi-

ments like PLANCK. Observation of this enhancement may helpus in testing an important

class of models of inflation ’Warm inflation’.

In natural inflation models, the inflaton is pseudo Nambu-Goldstone boson (PNGB). To

satisfy observations the spontaneous symmetry breaking (SSB) scale of the PNGB has to be

at Planck scale. We show that if one couples this PNGB with radiation bath as in warm

inflationary models, the SSB scale can be reduced to the GUT scale. We also show that one

can generate spontaneous leptogenesis in this model as PNGBhas derivative coupling with

the lepton current. Another feature of this model is that it predicts large non-Gaussianity

which may be observed in the future PLANCK experiment.

We also show that if the universe had a large curvature beforeinflation, then there would

be a deviation from the scale invariant perturbations of theinflaton at the beginning of in-

flation. This may affect the large scale CMB anisotropy. We obtain the expression for the

power spectrum of comoving curvature perturbation in case of both open and closed universe.

We apply the Bunch-Davies boundary condition and evaluate the power spectrum at horizon

crossing. We compare the temperature anisotropy generatedby using our formula and the

Ratra-Peebles formula with the WMAP 5yr data. We find that ourpower spectrum gives low

quadrupole for closed universe but matches with the Ratra-Peebles formula at highl . The dif-
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ference in the temperature anisotropy at lowl arising due to the different boundary conditions

is unobservable because of cosmic variance.
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Chapter 1

Introduction

An important advance in theoretical cosmology is the idea ofinflation- a period of rapid ac-

celerated expansion during the early universe before Big-Bang nucleosynthesis [1, 2, 3]. It

was introduced to solve certain problems of the standard model of cosmology, and later it was

realized [4, 5, 6, 7, 8] that it not only solves the problems of the standard model ofcosmol-

ogy but also provides seeds for the anisotropy in cosmic microwave background (CMB) and

structures in the universe. The predictions of inflation that there are super-horizon correla-

tions in the CMB, were first confirmed by Cosmic Background Explorer (COBE) [9]. The

precise measurements of CMB anisotropy, being done by Wilkinson Microwave Anisotropy

Probe (WMAP) [10] and other ground based, balloon based and satellite based experiments,

are also consistent with the early period of inflation.

Inflation sets up the initial conditions for the hot Big-Bangas exponential expansion leaves

the universe homogeneous and isotropic at large scales withexponentially small curvature.

During inflation the potential energy of a scalar field, called inflaton, dominates the energy

density of the universe and inflaton rolls slowly through itspotential. When this slow-roll

condition breaks down, inflation ends and inflaton decays into other standard model particles

(reheating). During slow-roll motion there are quantum fluctuations in the inflaton field and

vacuum fluctuations in the transverse traceless tensor partof the metric. The quantum fluctu-

ations in inflaton are coupled to metric perturbations (for e.g gravitational potential) through

Einstein’s equation. These perturbations, generated during inflation, become super-horizon

and they re-enter the horizon during radiation and matter dominated era providing seeds for

CMB anisotropy and structures in the universe. Inflation predicts nearly scale invariant and

nearly Gaussian density perturbations. It also predicts nearly scale invariant spectrum of grav-

1



1. INTRODUCTION 2

itational waves. The two-point correlation function of these perturbations in Fourier space is

called as power spectrum. The shape of the primordial perturbations is determined in terms

of spectral index.

CMB anisotropy and polarization is represented in terms of four two-point correlation

functions namely temperature-temperature correlation function TT, polarization correlation

functionsEE andBB, and temperature-polarization correlation functionTE. HereE andB

are curl free and divergence-free modes of CMB polarizationthat are rotationally invariant

combinations of Stokes parametersQ andU . The temperature anisotropy and polarization

are expanded in terms of spherical harmonics and their two-point correlation functions are

given in terms of angular power spectraCl s. The perturbations responsible for small angle

CMB anisotropy entered the horizon earlier to or during recombination, so the primordial

perturbations are modified on these scales. These anisotropies show the features of acoustic

oscillations set in the electron-baryon plasma before recombination. But the perturbations

responsible for the large angle CMB anisotropy entered the horizon after recombination and

they contain the signature of primordial perturbations generated during inflation. The met-

ric perturbations generated during inflation give rise to large scale CMB anisotropy via the

Scahs-Wolfe effect[11]. We can determine the amplitude and spectral index of the curvature

perturbations generated during inflation by CMB anisotropy.

CMB observations give tight constraints on the amplitude and spectral index of primordial

perturbations that put an upper bound on the scale of inflation, which in generic models of

inflation turns out to be close to the GUT scale (∼ 1016GeV). The amplitude and spectral

index are determined by the potential of inflaton, so we can constrain the models of inflation

by measuring the CMB anisotropy. There are a large number of models of inflation that

can generate the required spectrum of the density perturbations, but all these models are not

compatible with particle physics as most of them require some unnatural fine tuning of masses

and couplings in the potential. For e.g. inλφ4 model we must haveλ ≤ 10−12 to satisfy

observations and one can not keep this value small if higher order corrections are included.

There are a large number of attempts to realize inflation in particle physics.

One alternative to the standard models of inflation is warm inflation [12], in which inflaton

is always coupled with radiation but the latter is sub-dominant in density and does not affect

the exponential expansion. In these models inflaton is beingdissipated in the radiation and

the dissipation along with the Hubble expansion provides slow-roll. In warm inflation the
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density perturbations are generated due to thermal fluctuations in inflaton field. One can have

sufficient duration of slow-roll and can generate nearly scale invariant perturbations in warm

inflation models with reasonable values of masses and couplings in the inflaton potential. The

another attempt to realize cold inflation is ’Natural inflation’ [13, 14, 15] where inflaton is

pseudo Nambu Goldstone Boson (PNGB) of some spontaneously broken symmetry at high

scale. In these models the flatness of the inflaton potential is protected from higher order

corrections due to shift symmetry.

Although the predictions of inflation i.e scale invariant, adiabatic and Gaussian pertur-

bations are almost consistent with CMB observations [16], we lack a unique model of in-

flation. CMB observations also show some features on large scale anisotropy which are not

well understood. The quadrupole anisotropy is suppressed and there are glitches in the lowl

anisotropy. These features are seen in the super-horizon scales and are generated during the

early part of inflation.

To solve the horizon problem we assume that the perturbations corresponding to our hori-

zon size today, were leaving the inflationary horizon at the beginning of inflation and the

duration of inflation should be nearly 60 e-folds. It may alsohappen that inflation could have

started earlier and the length scales corresponding to our horizon left the de Sitter horizon

later. If this is the case, all information prior to inflationwill have no effect on large scales.

But if inflation happens for minimal number of e-folds, thereis a chance that we can see the

signatures of pre-inflation universe. The perturbations corresponding to largest angle CMB

anisotropies, that have entered the horizon recently, weregenerated during the early period of

inflation, so they are most likely to reflect the signatures ofpre-inflation universe. The condi-

tions prior to inflation are of importance as they determine the large scale (low l) spectrum of

the CMB. The conditions prior to inflation can also help us in determining the correct model

of inflation.

We have studied the effect of pre-inflationary radiation eraand curvature on CMB. We

have shown [17] that if there was a radiation era prior to the inflation, thenat the time of

inflation there will exist a decoupled thermal distributionof gravitons. Gravitational waves

generated during inflation will be amplified by the process ofstimulated emission into the

existing thermal distribution of gravitons. Consequently, the usual zero temperature scale

invariant tensor spectrum is modified by a temperature dependent factor. This thermal correc-

tion factor amplifies theB-mode polarization of the CMB by an order of magnitude at large
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angles. The observations of this enhancement can help us in testing warm inflation models.

Radiation era prior to inflation is a natural condition for warm inflation models as in warm

inflation models inflaton field is always coupled to the radiation. As mentioned earlier this

property of warm inflation can be used to construct a potential of inflaton that has the values

of couplings allowed in particle physics. In ’Natural inflation’ models, where the inflaton is

PNGB, the nearly scale invariant spectrum of density perturbations is attained only when the

symmetry breaking scale is of the order of Planck scale. Thisscale can be reduced to the GUT

scale by coupling the PNGB to a thermal bath, as in warm inflation models and one can get

the amplitude and spectral index which agrees with the WMAP data [18]. In our work we give

a GUT model of PNGB arising out of spontaneously broken lepton number at the GUT scale

which gives rise to heavy Majorana masses for the right handed neutrinos which is needed in

see-saw models. Since PNGB has a derivative coupling with the lepton current, this model

can generate leptogenesis spontaneously.

An interesting observable feature of CMB anisotropy is non-Gaussianity which implies

that there may be higher order correlation functions present in the CMB anisotropy. The

non-Gaussianity in the CMB anisotropy is generated due to the primordial non-Gaussianity

in the perturbations and some other effects. All standard inflationary mechanisms generate

very small amount of non-Gaussianity. The observation of non-Gaussian fluctuation will help

us testing all the models of inflation. With warm inflation in strong dissipative regime, as in

our model, we can have large non-Gaussianity which may be observed in the forthcoming

PLANCK experiment.

Anther observable feature of the pre-inflation universe is the curvature at the beginning

of inflation. As inflation starts, curvature of the universe goes down very rapidly. According

to inflation, curvature today is equal to the curvature during inflation when our horizon left

the inflationary horizon. If we observeΩ different than unity today then there was a residual

curvature present at the time when our observable universe left the de Sitter horizon. Due to

the presence of large curvature at the beginning of inflationthere will be deviation from the

scale invariant perturbations of the inflaton at the beginning of inflation. This may have some

effects on large angle CMB anisotropy. We calculate the density perturbations for both open

and closed universe cases using the Bunch-Davies vacuum condition on the initial state [19].

We use our power spectrum to calculate the temperature anisotropy spectrum and compare

the results with the WMAP five year data. We find that our power spectrum gives a lower
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quadrupole anisotropy whenΩ− 1 > 0, but matches the temperature anisotropy calculated

from the standard Ratra-Peebles power spectrum [20] at largel . The determination of spatial

curvature from temperature anisotropy data is not much affected by the different power spectra

which arise from the choice of different boundary conditions for the inflaton perturbation.

The outline of the thesis is as follows. In the second chapterwe will give a very brief

description of the standard theory of density perturbations and theory of CMB anisotropy and

polarization. In the third chapter we will describe the effect of pre inflationary radiation era

on CMB polarization. In the fourth chapter we will describe warm inflation with PNGB and

its phenomenological applications. In the fifth chapter we will describe the effect of curvature

on CMB anisotropy and in the last chapter we will conclude.



Chapter 2

Standard theory of density perturbations

and CMB anisotropy

In this chapter we will briefly review the theory of inflation and density perturbations in

both supercooled and warm inflationary models. We will also summaries the theory of CMB

anisotropy and polarization.

2.1 Standard model of cosmology

The standard model of cosmology is based on the assumption that the universe is homoge-

neous and isotropic at large scales. The geometry of the homogeneous and isotropic space-

time is given by Friedmann-Robertson-Walker (FRW) line element

ds2 = −dt2+a2(t)

[
dr2

(1−Kr2)
+ r2dθ2+ r2 sin2θdφ2

]
. (2.1)

Herea(t) is the scale factor which describes the time evolution of theuniverse, (r, θ, φ)

are the comoving coordinates andK specifies the spatial 3-curvature of the universe. The

signature of the metric is (-,+,+,+). The physical distancecan be found by multiplying the

comoving distance with scale factor. According to our convention present value isa = 1 and

it is dimensionless, whereasK has the dimension oflength−2. The matter content of the

universe is described in terms of energy-momentum tensorTµν. For a perfect homogeneous

and isotropic fluid it is given as

Tµν = (ρ+ p)uµuν + pgµν. (2.2)

6
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Hereρ andp are the total energy density and pressure of the fluid anduµ is its four velocity. In

the rest frame of the fluidTµν can be expressed asdiag{ρ, p, p, p}. The energy-momentum

tensor satisfies the equation of continuity∇µTµν = 0. After solving the Einstein’s equation

Gµν = 8πGTµν and the continuity equation forµ = 0 we obtain the following Friedmann

equations for the evolution of the scale factor,

H2 =

(
ȧ
a

)2

=
8πG

3
ρ− K

a2 , (2.3)

ρ̇+3H (ρ+ p) = 0, (2.4)
ä
a

= −4πG
3

(ρ+3p) , (2.5)

hereH is the Hubble’s constant. The equation of state is defined asp = wρ, wherew = 0 for

matter and1
3 for radiation. The behavior of the scale factor is given asa = t

2
3(1+w) . Radiation

and matter densities scale asa−4 anda−3 respectively. If we divide Eq. (2.3) by H2, define

ρc = 3H2

8πG andΩ = ρ
ρc

we get

Ω−1 =
K

a2H2 . (2.6)

The curvature of the universe can be described in terms ofΩ. Present day observations con-

strainΩ to be very close to 1 i.e the universe is almost flat.

FRW line element can be written in a different form by using conformal transformation

dτ = dt
a as

ds2 = a2(τ)
[
−dτ2+

dr2

(1−Kr2)
+ r2dθ2+ r2 sin2 θdφ2

]
, (2.7)

hereτ denotes the conformal time. We can defineH = a′
a = aH as the Hubble constant

in conformal time. Since no information can travel faster than light, above theory predicts

particle horizon i.e the maximum physical distance traveled by photons from the big bang

until time t. It is given by

RH(t) = a(t)
Z t

0

dt′

a(t ′)
∼ H−1. (2.8)

A physical length scaleλ is within the horizon ifλ < H−1. This condition can be expressed

in terms of comoving wavenumberk = 2πa
λ as k ≪ aH for scales outside the horizon and

k≫ aH for scales inside the horizon. There are various shortcomings of the standard model

of cosmology. Among them are the horizon or the large scale smoothness problem, the flatness

problem, monopole problem, entropy problem and the origin of density perturbation problem.
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We will briefly review the flatness problem and the horizon problem.

2.1.1 Flatness problem:

Present observations show that the universe is very nearly spatially flat i.eΩ0 ∼ 1. The curva-

ture of the universe grows asΩ−1∼ 1
a2H2 . So to haveΩ ∼ 1 todayΩ−1 has to be fine tuned

up to 1 part in 1016 at the time of BBN.

2.1.2 Horizon problem

The angular size of the horizon at the time of recombination was nearly 1◦ in the sky. During

radiation and matter dominated era physical length scales grow asa but the horizon size

grows asa2 anda
3
2 respectively. So the length scales of angular size larger than 1◦ ( scales

corresponding tol < 200 for CMB anisotropy) were outside the horizon before and at the time

of last scattering. Today we are observing the same average temperature of CMB coming from

all regions in the sky. We also observe super-horizon temperature correlations in CMB. There

is no way to establish thermal equilibrium if these regions were never in causal contact before

last scattering. We also cannot explain the observed super-horizon temperature correlations.

2.2 Introduction to inflation

To solve the horizon problem we should have a period during which the length scales evolve

faster than the horizon. As horizon size is nearlyH−1 and all the physical length scales are

proportional toa, this condition can be expressed as

(
λ

H−1

)·
= ä > 0. (2.9)

To achieve this condition the idea of inflation was introduced [1]. During this period uni-

verse accelerates i.ep < −ρ
3. The length scales that were outside the horizon at the time

of recombination were generated inside the horizon during inflation and left the inflationary

horizon. This provides a mechanism to establish thermal equilibrium among the regions that

were acausal during recombination. It is obvious from Eq. (2.5) that for accelerated expan-

sionρ < −3p. Consider a condition wherep ∼ −ρ, hence energy density remains constant

(Eq. 2.4). In this caseH remains constant i.e the horizon remains constant. The physical
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length scales evolve exponentially asa∼ eH t . So the length scales of our horizon size were

inside the inflationary horizon and since they grew faster than the horizon during inflation

they became super-horizon after the beginning of inflation and re-entered the present horizon

during the radiation and matter dominated epoch. So all the length scales we observe today

had a chance to be in causal contact during inflation and hencewe have the same average

temperature of the CMB in all directions. The curvature of the universe is reduced to very

small value due to exponential expansion and we have a flat universe at the end of inflation.

2.2.1 Inflaton

During inflation the condition (2.9) must be satisfied, so the pressure has to be negative. Nei-

ther radiation nor matter can give negative pressure. This is achieved by a scalar field called

inflaton. The action of the scalar field is given by

S= −
Z

d4x
√
−gL =

Z

d4x
√
−g

[
1
2

∂µφ∂µφ+V(φ)+Vinteraction

]
. (2.10)

From this action one can derive the equation of motion of the inflaton field which is given as

φ̈+(3H +Γ)φ̇− ∇2

a2 φ+V ′(φ) = 0, (2.11)

hereV ′(φ) denotes the differentiation ofV(φ) w.r.t φ andΓ is due to the interaction of the

inflaton field with other particles present in the background. The energy density and the

pressure for the scalar field can be found from the energy-momentum tensor of the scalar field

Tµν = ∂µφ∂νφ−gµν

(
1
2

∂αφ∂αφ+V(φ)

)
, (2.12)

hence

ρ = T00 =
φ̇2

2
+V(φ)+

(∇φ)2

2a2 , (2.13)

p = Ti j =
φ̇2

2
−V(φ)− (∇φ)2

6a2 . (2.14)

So if we take a homogeneous field with very small kinetic energy we can havep∼−ρ which

can give inflation.
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2.2.2 Slow-roll

The inflaton field can be written in terms of time dependent homogeneous part and fluctuations

around it as

φ(x, t) = φ0(t)+δφ(x, t). (2.15)

The equation of motion for the homogeneous partφ0(t) (we will denote it asφ) can be obtained

from Eq. (2.11) i.e

φ̈+(3H +Γ)φ̇+V ′(φ) = 0. (2.16)

In supercooled inflation it is assumed that inflaton is weaklycoupled to other fields soΓ

is neglected. The conditionφ̇
2

2 ≪ V(φ) means that the field rolls down slowly through its

potential. To achieve this the potential of inflaton should be very flat. The flatness of the

potential is determined by the following parameters calledas slow-roll parameters,

ε = − Ḣ
H2 =

M2
P

16π

(
V ′

V

)2

, (2.17)

η =
M2

P

8π

(
V ′′

V

)
=

1
3

V ′′

H2 , (2.18)

δ = η− ε = − φ̈
Hφ̇

. (2.19)

For inflationε ≪ 1, η ≪ 1 andδ ≪ 1. The conditionη ≪ 1 implies that the mass of the

inflaton field should be less than the Hubble constant during inflation. During inflation only

the potential energy of the scalar field dominates and all other components are diluted expo-

nentially so Eq. (2.3) becomes

H2 ≃ 8πG
3

V(φ). (2.20)

Under the slow-roll approximation the equation of motion ofinflaton becomes

3Hφ̇ = −V ′(φ). (2.21)

The duration of inflation is given in terms of the number of e-foldings defined as

N =

Z t

0
Hdt. (2.22)
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It can be written in terms ofV andV ′ by using equations (2.20) and (2.21) as

N = − 8π
M2

P

Z φ f

φi

V
V ′ dφ. (2.23)

Hereφi andφ f are the values of the inflaton field at the beginning and the endof inflation

respectively. If we assume that the length scales corresponding to our horizon size today

were leaving the inflationary horizon at the beginning of inflation, we must have nearly 60

e-foldings. Inflation ends when the slow-roll conditionε ≪ 1 breaks down and after that the

inflaton field decays into radiation during reheating.

2.3 Perturbations during inflation

A nice feature of inflation is that it generates seeds for CMB anisotropy and structures in

the universe. During inflation there are quantum fluctuations in the inflaton field. Since the

potential energy of the inflaton field dominates the energy density of the universe, the quantum

fluctuations in the inflaton field cause perturbations in the energy-momentum tensor. These

perturbations generate the metric perturbations as they are coupled to the geometry through

Einstein’s equation. A detailed calculations of density perturbations during inflation can be

found in [21, 22, 23, 24]. We will follow [ 21, 24] and briefly describe the generation of scalar

and tensor perturbations during inflation.

The perturbations in the metric up to first order can be written as

gµν = g(0)
µν +δgµν. (2.24)

One can splitδgµν in scalar, vector and tensor perturbations according to their transformation

under 3-rotation. The perturbed line element can be writtenas

ds2 = a2(τ)
[
−(1+2Φ)dτ2+(2B,i +Si)dxidτ+

(
(1−2Ψ)δi j

+ 2E,i j +Wi, j +Wj ,i +hi j
)

dxidxj] . (2.25)

HereΦ, Ψ, E andB are 3-scalars,Si andWi are divergence free 3-vectors,hi j is a traceless

and transverse 3-tensor and a comma with a variable means itsderivative∂i . Si , Wi andhi j
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satisfy the following four constraints,

Si
,i = Wi

,i = 0, (2.26)

hi
i = 0, hi

j ,i = 0. (2.27)

We have four scalar functions, four components for two vectors and two components for tensor

i.e ten degrees of freedom to describe perturbed metric. Among these, scalar perturbations

are the most important for CMB anisotropy and structure formation. Vector perturbations

describes rotational motion of the fluid and they are not generated in standard inflation so

we will not consider them. Tensor perturbationshi j describe gravitational waves. These

gravitational waves play an important role in CMB polarization. Since scalar, vector and

tensor perturbations are decoupled. one can study these perturbations separately.

Quantum fluctuations in the inflaton field generate perturbations in the energy-momentum

tensor which are given as [21]

δTµν = ∂µδφ∂νφ + ∂µφ∂νδφ − δgµν

(
1
2

gαβ ∂αφ∂βφ + V(φ)

)

− gµν

(
1
2

δgαβ ∂αφ∂βφ + gαβ ∂αδφ∂βφ +
∂V
∂φ

δφ
)

. (2.28)

In component form it will be

δT00 = δφ′φ′ + 2ΦV(φ)a2 + a2 ∂V
∂φ

δφ , (2.29)

δT0i = ∂i δφφ′ +
1
2

∂iBφ′2 − ∂iBV(φ)a2 , (2.30)

δTi j =

(
δφ′φ′ − Φφ′2 − a2 ∂V

∂φ
δ(1)φ − Ψφ′2 + 2ΨV(φ)a2

)
δi j

+ E,i j φ′2 − 2E,i j V(φ)a2 . (2.31)

Here and afterward a prime on a variable will denote its derivative w.r.t conformal time. Now

δTµ
ν can be obtained by using the relation

δTµ
ν = δ(gµσTσν)

= δgµσTσν +gµσδTσν. (2.32)
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Hence we obtain

δT0
0 =

1
a2

(
Φφ′2 − δφ′φ′ − δφ

∂V
∂φ

a2
)

, (2.33)

δT i
0 =

1
a2

(
∂iBφ′2 + ∂iδφφ′

)
, (2.34)

δT0
i =

−∂iδφφ′

a2 , (2.35)

δT i
j =

1
a2

[(
−Φφ′2 + δφ′φ′ − δφ

∂V
∂φ

a2
)

δi
j

]
. (2.36)

By using the covariant energy-momentum conservation equation ∇µTµν = 0 we can calcu-

late the perturbed Klein-Gordon equation describing the evolution of δφ,

δφ′′+2
a′

a
δφ′−∂i∂iδφ−Φ′φ′−3Ψ′φ′+φ′∂i∂i (E′−B

)
+δφ

∂2V
∂φ2 a2+2Φ

∂V
∂φ

a2 = 0. (2.37)

2.3.1 Gauge invariance

An important issue regarding the cosmological perturbation theory is the behavior of the per-

turbations under coordinate transformation. The coordinate transformations are referred to as

the gauge transformations in general relativity. We will briefly review the behavior of scalar

perturbations under coordinate transformations and introduce gauge invariant quantities. Con-

sider the following infinitesimal coordinate transformations

x̃µ = xµ+ξµ, (2.38)

whereξµ are four infinitesimally small functions of space-time. Themetric tensorgµν in

the new coordinates can be found by applying the laws of transformation of a second rank

covariant tensor i.e

g̃µν(x̃
µ) =

∂xα

∂x̃µ

∂xβ

∂x̃ν gαβ(x
ρ) (2.39)

= g(0)
µν (xµ)+δgµν −g(0)

µβ ξβ
,ν −g(0)

αν ξα
,µ. (2.40)

Here we have taken only the linear terms inδg andξ. One can split the metric in the new

coordinate as

g̃µν(x
µ) = g̃(0)

µν (x̃µ)+δg̃µν. (2.41)
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Using Eq. (2.40) and Eq. (2.41) and taking into account that

g(0)
µν (xµ) = g̃(0)

µν (x̃µ)−g(0)
µν,γξγ, (2.42)

we get

δg̃µν = δgµν −g(0)
µν,γξγ −g(0)

µβ ξβ
,ν −g(0)

αν ξα
,µ. (2.43)

The spatial part of the infinitesimal vectorξµ =
(
ξ0,ξi

)
can be written as

ξi = ξi
tr +∂iξ, (2.44)

whereξi
tr is divergence free vector andξ represents the real scalar degrees of freedom. One

can find the transformation rules for the scalar perturbationsΦ, Ψ, E andB using Eq. (2.43)

Φ̃ = Φ− a′

a
ξ0−ξ0′, (2.45)

Ψ̃ = Ψ+
a′

a
ξ0, (2.46)

Ẽ = E−ξ, (2.47)

B̃ = B−ξ′ +ξ0. (2.48)

The perturbations in the scalar field transform as

δ̃φ(x̃ρ) = δφ(xρ)−φ′ξ0. (2.49)

From these equations one can construct gauge invariant variables, first introduced by Bardeen

[25], for Φ andΨ

ΦGI = −Φ +
1
a

[(
−B + E′)a

]′
, (2.50)

ΨGI = −Ψ +
a′

a

(
B − E′

2

)
. (2.51)

and the gauge invariant quantity for the perturbations in the scalar field is

δφGI = −δφ + φ′
(
E′ − B

)
. (2.52)
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We can choose two functionsξ0 andξ by imposing the conditions on scalar perturbations. By

doing this we are actually fixing a coordinate system or choosing a gauge.

There are a number of gauge choices used in the literature butwe use conformal-Newtonian

gauge that is defined by the conditionE = B = 0. In this gauge the metric takes the form

ds2 = −a2[(1+2Φ)dτ2+(1−2Ψ)δi j dxidxj] . (2.53)

From equations (2.50) and (2.51) it can be seen that the Bardeen’s variables are equal to the

conformal-Newtonian gauge variables.

The evolution equations for the conformal-Newtonian gaugevariables can be obtained by

solving Einstein’s equation. With the metric perturbations up to the first order the Einstein

tensor can be expressed asGµ
ν = Gµ(0)

ν + δGµ
ν. So Einstein’s equation for the perturbations

can be written as

δGµ
ν = 8πGδTµ

ν. (2.54)

For the metric (2.53) the perturbed Einstein tensor can be give as [21, 26]

δG0
0 =

1
a2

(
6H 2Φ + 6HΨ′ −2∂i∂iΨ

)
, (2.55)

δG0
i =

1
a2

(
−2H ∂iΦ − 2∂iΨ′) , (2.56)

δGi
j =

1
a2

[(
2HΦ′+4

a′′

a
Φ−2H 2Φ+∂i∂iΦ+4HΨ′ + 2Ψ′′− ∂i∂iΨ

)
δi

j

− ∂i∂ jΦ+∂i∂ jΨ

]
. (2.57)

From (2.54) we obtain

3H
(
Ψ′ +H Φ

)
−∇2Ψ = 4πGa2δT0

0, (2.58)

−∂i
(
Ψ′ +HΦ

)
= 4πGa2δT0

i , (2.59)[
Ψ′′+H (2Ψ+Φ)′ +

(
2H ′+H 2)Φ +

1
2

∇2(Φ−Ψ)

]
δi

j

−1
2

∂i∂ j (Φ−Ψ) = 4πGa2δT i
j . (2.60)
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The first two equations are called as Hamiltonian and momentum constraints. If there is no

anisotropic stress,δT i
j will not have any off-diagonal element, so

∂i∂ j (Φ−Ψ) = 0⇒ Φ = Ψ. (2.61)

Now we can use equations (2.33), (2.35) and (2.36) to get the equations forΨ in presence of

inflaton fluctuations. We also use the fact that

Ḣ = −4πGφ̇2 ⇒H ′−H 2 = −4πGφ′2. (2.62)

Hence we obtain

∇2 Ψ − 3H Ψ′ −
(
H ′ + 2H 2)Ψ = 4πG

(
δφφ′ + δφ

∂V
∂φ

a2
)

, (2.63)

Ψ′ + H Ψ = 4πG
(
δφφ′

)
, (2.64)

Ψ′′ + 3H Ψ′ +
(
H ′ + 2H 2)Ψ = 4πG

(
δφφ′ − δφ

∂V
∂φ

a2
)

. (2.65)

To get the final equation forΨ we subtract Eq. (2.63) from Eq. (2.65), use Eq. (2.64) to

eliminateδφ and use the Klein-Gordan equation (unperturbed). The final equation in Fourier

space becomes

Ψ′′
k +2

(
H − φ′′

φ′

)
Ψ′

k +2

(
H ′−H φ′′

φ′

)
Ψk +k2Ψk = 0. (2.66)

In terms of the slow-roll parametersε andη it becomes

Ψ′′
k +2H (η− ε)Ψ′

k +2H 2(η−2ε)Ψk +k2Ψk = 0. (2.67)

This equation implies thatΨ remains nearly constant on super-horizon scales.

2.3.2 Comoving curvature perturbation

Another gauge invariant quantity that is useful for inflationary perturbations is comoving cur-

vature perturbation. It remains constant outside the horizon so it is most widely used in
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inflation. The intrinsic spatial curvature of constant timehypersurfaces is given as

(3)R=
4
a2∇2Ψ. (2.68)

Ψ that appears in the spatial part of metric perturbations is called as curvature perturbation.

From Eq. (2.46) we know that under the transformationτ → τ + ξ0 on constant time hyper-

surfaces it transforms as

Ψ → Ψ+H ξ0. (2.69)

Now we define a hypersurface on whichδφ = 0. From the transformation rules forδφ (2.49)

we see that

δφ → δφ−φ′ ξ0 = 0 =⇒ ξ0 =
δφ
φ′

.

This hypersurface is called as comoving hypersurface and the curvature perturbation in this

hypersurface is called as comoving curvature perturbationand is denoted byR and is given

as

R = Ψcom= Ψ+H ξ0 = Ψ+H
δφ
φ′

= Ψ+H
δφ
φ̇

. (2.70)

2.3.3 Power spectrum

All the perturbations in Fourier space can be written as

f (x, t) =
Z

d3k

(2π)
3
2

eik·x fk(t). (2.71)

The two point correlation of the perturbations in Fourier space is called as power spectrum

Pf (k) and is defined as

〈0| f ∗k fk′|0〉 = δ(3)
(
k−k′) 2π2

k3 Pf (k). (2.72)
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In conformal Newtonian gauge the relation between the curvature perturbationΨ and inflaton

perturbationδφ on super-horizon scale can be obtained by using Eq. (2.64),

Ψk ≃ εH
δφk

φ̇
. (2.73)

So the gauge-invariant comoving curvature perturbationRk will be (using Eq.2.70)

Rk = Ψk +H
δφk

φ̇
= (1+ ε)H

δφk

φ̇
≃ H

δφk

φ̇
, (2.74)

and its power spectrum will be

PR =
k3

2π2

H2

φ̇2
|δφk |2 =

2k3

M2
Pεπ

|δφk |2 . (2.75)

Here |δφk|2 = 〈0|δφ†
kδφk |0〉. To find the expectation value ofδΦ(x, t) we can expand it in

terms of creation and annihilation operator

δφ(x,τ) =
Z

d3k

(2π)3/2
[ak δφk(τ)+a†

−k δφ∗k(τ)]e
ik·x. (2.76)

The equation of motion forδφk can be found from the perturbed Klein-Gordon equation (2.37)

in conformal Newtonian gauge

δφ̈k +3Hδφ̇k +
k2

a2δφk +V ′′δφk = −2ΨkV ′+4Ψ̇k φ̇.

The second term on the right hand side can be neglected since
∣∣4Ψ̇k φ̇

∣∣≪ |ΨkV ′| on super-

horizon scales. Using Eq. (2.73) and the relationV ′ = −3Hφ̇, the perturbed Klein-Gordon

equation on super-horizon scales can be rewritten as

δφ̈k +3Hδφ̇k +
k2

a2δφk +
(
V ′′−6εH2)δφk = 0. (2.77)

Introducing another field variableδσk = δφk
a the perturbed Klein-Gordon equation in confor-

mal time becomes

δσ′′
k +{k2+

(
V ′′−6εH2)a2− a′′

a
} = 0. (2.78)
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Using the relation between scale factor and conformal time during inflation i.ea = − 1
Hτ(1−ε)

and the definition of slow-roll parameterη Eq. (2.78) becomes

δσ′′
k − 1

τ2

(
ν2− 1

4

)
δσk = 0, (2.79)

ν2 =
9
4

+9ε−3η. (2.80)

This equation is Bessel equation and the solution can be written in terms of Hankel’s functions.

δσk =
√
−τ
[
c1(k)H(1)

ν (−kτ)+c2(k)H(2)
ν (−kτ)

]
. (2.81)

To find the constantsc1(k) andc2(k) it is assumed that for very short wavelengths the solution

matches with the plane waveδσk ∼ e−ikτ/
√

2k. The assumption that in the limit of small

wavelengths compared to the horizon size, the modes should behave like canonical plane

waves in Minkowski space is called the Bunch Davies boundarycondition. For very short

wavelengths we havek≫ aH or (−kτ ≫ 1). The asymptotic limit of the Hankel’s functions

is given as

H(1)
ν (x≫ 1) ∼

√
2
πx

ei(x− π
2ν− π

4), H(2)
ν (x≫ 1) ∼

√
2
πx

e−i(x− π
2ν− π

4), (2.82)

Using this we getc2(k) = 0 andc1(k) =
√

π
2 ei(ν+ 1

2)
π
2 . So Eq. (2.81) becomes

δσk =

√
π

2
ei(ν+ 1

2)
π
2
√
−τH(1)

ν (−kτ). (2.83)

Since we are interested in super-horizon scales−kτ ≪ 1, we use another asymptotic limit of

Hankel’s functions i,eH(1)
ν (x≪ 1) ∼

√
2/πe−i π

2 2ν− 3
2 (Γ(ν)/Γ(3/2))x−ν to get the behavior

of σk on super-horizon scales.

δσk = ei(ν− 1
2)

π
2 2(ν− 3

2)
Γ(ν)

Γ(3/2)

1√
2k

(−kτ)
1
2−ν. (2.84)

Sinceε andη are very small, we can putν ∼ 3
2 in the factors, but not in the exponents and we

get

|δφk | ≃
H√
2k3

(
k

aH

)3
2−ν

. (2.85)
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Hence the power spectrum from Eq. (2.75) becomes

PR (k) =
4π

M2
Pε

(
H
2π

)2( k
aH

)ns−1

≡ A2
R

(
k

aH

)ns−1

, (2.86)

where we have defined thespectral index ns of the comoving curvature perturbation as

ns−1 =
dlnPR
dlnk

= 3−2ν = 2τ−6ε. (2.87)

The above power spectrum can be written as

PR (k) = A2
R (k0)

(
k
k0

)ns−1

, (2.88)

wherek0 = a0H0 is called as pivot point andA2
R (k0) is the amplitude of the perturbations

corresponding to wave numberk0.

2.3.4 Tensor perturbations

Another important prediction of inflation is generation of tensor perturbations. The tensor

perturbations are described by the transverse traceless part of the perturbed metric (2.25) hi j .

It can be written as

hi j = h+ e+
i j +h×e×i j , (2.89)

wheree+
i j = êx⊗ êx− êy⊗ êy,e×i j = êx⊗ êy+ êy⊗ êx are polarization tensors andh+,× represents

the plus and cross polarizations of gravitational waves respectively. The latter are just like

scalar fields and obey Einstein equation,

hi′′+2
a′

a
hi′+k2hi = 0, i = +,×. (2.90)

The above equation is similar to the wave equation for a massless free particle. The power

spectrum of tensor perturbations is defined as

k3

2π2 ∑
i
〈hi⋆(k1)h

i(k2)〉 = PTδ(3) (k1−k2) (2.91)
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We will discuss tensor perturbations in detail in the next chapter. The power spectrum for the

tensor perturbations comes out to be

PT =
64π
M2

P

(
H
2π

)2( k
k0

)nT

= A2
T(k0)

(
k
k0

)ns−1

, (2.92)

The amplitude of the tensor perturbations is determined in terms of scalar to tensor ratior

which is defined as

r =
PT

PR
= 16ε. (2.93)

2.4 CMB anisotropy and polarization

A major observational support for inflation is CMB anisotropy. The perturbations generated

during inflation, that move outside the horizon, re-enter during radiation or matter dominated

era and cause CMB anisotropy. In this section we will briefly review the theory of CMB

anisotropy and polarization. There are a large number of reviews and books on CMB [26,

27, 28, 29, 30]. CMB radiation can be described in terms of Four Stokes parameters I, Q, U

and V. A monochromatic and linearly polarized plane wave propagating in direction ˆn can be

expressed as

E(x, t) = (ê1E1+ ê2E2)e
(ik·~x−iωt), (2.94)

E1 = a1eiδ1, E2 = a2eiδ2, (2.95)

whereê1 andê2 are unit vectors perpendicular to ˆn. The Stokes parameters are defined as

I ≡ 〈a2
1〉+ 〈a2

2〉,

Q ≡ 〈a2
1〉−〈a2

2〉,

U ≡ 〈2a1a2cos(δ2−δ1)〉,

V ≡ 〈2a1a2sin(δ2−δ1)〉.

We will not consider the parameterV as it is not generated by Thomson scattering and is

absent in standard models of CMB polarization. Consider a right handed rotation by an angle
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α in a plane perpendicular to ˆn, I remains invariant butQ andU changes as

Q′ = Qcos2α+U sin2α, (2.96)

U ′ = −Qsin2α+U cos2α. (2.97)

We can see that the polarization degreeP =
√

Q2 +U2 is invariant under rotation. Radiation

field of CMB can also be characterized in terms of polarization tensorIi j . The Stokes param-

etersQ andU are defined asQ = I11−I22
2 andU = I12

4 . The temperature anisotropy is given as

T = I11+I22
2 . The polarization tensor is normalized such that it represents the fractional inten-

sity. One can construct two spin weighted quantities for thetwo Stokes parametersQ andU

which have a definite value of spin i.e [31]

(Q± iU )′ (n̂) = e∓2iα (Q±U)(n̂). (2.98)

We can expand them in terms of spins spherical harmonics as [31]

T(n̂) = ∑
lm

aT,lmYlm(n̂), (2.99)

(Q+ iU )(n̂) = ∑
lm

a2,lm2Ylm(n̂), (2.100)

(Q− iU )(n̂) = ∑
lm

a−2,lm−2Ylm(n̂). (2.101)

To calculate the power spectra for all these quantities we goto a frame where the wave vector

k is parallel toẑ direction and then sum over allk. This process is complicated asQ andU

are not rotationally invariant. One can define two spin raising and lowering operators′∂ and
′∂ as [31]

′∂ sYlm(n̂) = [(l −s)(l +s+1)]
1
2
s+1Ylm(n̂),

′∂ sYlm(n̂) = −[(l +s)(l −s+1)]
1
2
s−1Ylm(n̂). (2.102)
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Using equations (2.100) and (2.101) we get

′∂ 2(Q+ iU )(n̂) = ∑
lm

[
(l +2)!
(l −2)!

]1/2

a2,lmYlm(n̂), (2.103)

′∂ 2(Q− iU )(n̂) = ∑
lm

[
(l +2)!
(l −2)!

]1/2

a−2,lmYlm(n̂). (2.104)

(2.105)

One can introduce linear combinations ofa2,lm anda−2,lm as [32, 31]

aE,lm = −
(
a2,lm +a−2,lm

)

2
, (2.106)

aB,lm = i

(
a2,lm−a−2,lm

)

2
. (2.107)

Now one can construct two rotationally invariant quantities as

E(n̂) = −1
2
[ ′∂ 2(Q+ iU )+ ′∂ 2(Q− iU )]

= −1
2 ∑

lm

[
(l +2)!
(l −2)!

]1/2

[a2,lm+a−2,lm]Ylm(n̂)

= ∑
lm

[
(l +2)!
(l −2)!

]1/2

aE,lmYlm(n̂), (2.108)

B(n̂) =
i
2
[ ′∂ 2(Q+ iU )− ′∂ 2(Q− iU )]

=
1
2∑

lm

[
(l +2)!
(l −2)!

]1/2

[a2,lm−a−2,lm]Ylm(n̂)

= ∑
lm

[
(l +2)!
(l −2)!

]1/2

aB,lmYlm(n̂). (2.109)

The expression for the expansion coefficientsaT,lm, aE,lm andaB,lm can be found by using

equation (2.99), (2.108), (2.109) and using the orthogonality conditions of spherical harmon-

ics.

aT,lm =
Z

dΩY⋆
lm(n̂)T(n̂), (2.110)

aE,lm =

[
(l +2)!
(l −2)!

]−1/2 Z

dΩY⋆
lm(n̂)E(n̂), (2.111)

aB,lm =

[
(l +2)!
(l −2)!

]−1/2 Z

dΩY⋆
lm(n̂)B(n̂). (2.112)
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E andBbehave differently under parity transformation.E remains unchanged whileBchanges

sign [32]. The statistics of CMB is described in terms of four angularpower spectra that rep-

resent the two point correlation betweenT, E, B andTE. We do not have the correlations

betweenTB andEB as they are generated by parity violating interactions. These two point

correlation functions are represented in terms ofCl s given as

CTT
l =

1
2l +1

m=l

∑
m=−l

〈a∗T,lmaT,lm〉, (2.113)

CEE
l =

1
2l +1

m=L

∑
m=−l

〈a∗E,lmaE,lm〉, (2.114)

CBB
l =

1
2l +1

m=l

∑
m=−l

〈a∗B,lmaB,lm〉, (2.115)

CTE
l =

1
2l +1

m=l

∑
m=−l

〈a∗T,lmaE,lm〉, (2.116)

where〈a∗X,l ′m′,aX,lm〉 = CXX
l δl ′l δm′m.

2.4.1 Boltzmann equation

CMB angular power spectra are calculated using Boltzmann equation for photon distribution

function f . In case of homogeneous and isotropic universe this function is Bose-Einstein

distribution function depending only on the energy of photons. But because of metric pertur-

bations it becomes function of the coordinatexi , conjugate momentaPi and conformal timeτ.

We will describe how one calculates CMB angular power spectra generated due to scalar and

tensor perturbations.The Boltzmann equation is given as

d f
dτ

= Ccollision. (2.117)

The derivative on left hand side is Euler derivative and the right hand side represents the

collision term due to Thomson scattering. First we will calculate the left hand side of the

equation due to scalar perturbations. The conjugate momenta are defined asPµ = dxµ

dλ whereλ

is affine parameter. These are related to the proper momentapi = pi measured by an observer
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at a fixed spatial coordinate by

P0 =
p
a

(1−Φ) =
q
a2 (1−Φ) , (2.118)

Pi = a(1−Ψ) pi = (1−Ψ)qi , (2.119)

whereqi is comoving three-momentaqi = api . We can write this in terms of its magnitude

and direction asqi = qni wherenini = δi j nin j = 1. So the phase space distribution function

for photons can be written asf
(
xi ,Pj ,τ

)
→ f

(
xi ,q,n j ,τ

)
. We can write photon distribution

function as an unperturbed Bose-Einstein distributionf0(q) and first order perturbations in it

i.e f (1)
(
xi ,q,n j ,τ

)
,

f
(
xi ,q,n j ,τ

)
= f0(q)

(
1+ f (1)

(
xi ,q,n j ,τ

))
. (2.120)

So from Eq. (2.117) we get

f0(q)
∂ f (1)

∂τ
+ f0(q)

∂ f (1)

∂xi

dxi

dτ
+

∂ f0(q)

∂q
dq
dτ

+ f0(q)
∂ f (1)

∂ni

dni

dτ
= Ccollision. (2.121)

Here the last term is second order perturbation so it can be neglected,dxi

dτ can be written as

dxi

dτ
=

dxi

dλ
dλ
dτ

=
Pi

P0 = ni . (2.122)

To calculatedq
dτ we use geodesic equation for photons i.e

dPµ

dλ
+Γµ

αβPαPβ = 0. (2.123)

UsingP0 = dτ
dλ and taking theith component of momenta above equation becomes

P0dPi

dτ
+Γi

αβPαPβ = 0. (2.124)

Here the connectionsΓi
αβ include unperturbed part and first order perturbations. Using per-

turbed affine connections for the given metric perturbations (see [21]) we get

dPi

dτ
= −∂iΦP0−2H Pi +2Ψ′Pi − P jPk

P0

(
∂iΨδ jk +∂ jΨδi

k−∂kΨδi
j

)
. (2.125)
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Usingq= qini and the relation between conjugate momentaPi (see Eq. (2.119)) and comoving

momentaqi, dq
dτ can be written as

dq
dτ

=

(
a2(1−Ψ)

∂Pi

∂τ
+2H a2(1−Ψ)Pi −a2Ψ′Pi

)
ni −a2Pi∂ jΨ jni . (2.126)

Now we can use equations (2.125), (2.126) and (2.119) and take only first order terms to get

dq
dτ

= qΨ′−qni∂iΦ. (2.127)

So the Boltzmann equation becomes

∂ f (1)

∂τ
+

∂ f (1)

∂xi ni +
∂ ln f0
∂ lnq

(
Ψ′−ni∂iΦ

)
=

1
f0

Ccollision. (2.128)

This equation can be written in Fourier space as

∂ f (1)

∂τ
+ ikµ f(1) +

∂ ln f0
∂ lnq

(
Ψ′− ikµΦ

)
=

1
f0

Ccollision. (2.129)

Here µ = k̂ · n̂ andk is the wave number of perturbations. Before recombination,photons

are tightly coupled to baryon, interacting via Thomson scattering. Due to Thomson scat-

tering photons are polarized in a plane perpendicular to ˆn. To find the Boltzmann equation

for temperature anisotropy and polarization we define reduced phase space density function

corresponding to the sum of intensities in two directionseθ,eφ in a plane perpendicular to ˆn

as

Fγ =

R

q2dqq f0(q) f (1)(q)
R

q2dqq f0(q)
. (2.130)

Similarly one can also define another functionGγ corresponding to difference in the intensities

in the two directionseθ andeφ. The Boltzmann equations for these two quantities can be

obtained from Eq. (2.129) and are given as

∂Fγ

∂τ
+ ikµFγ −4

(
Ψ′− ikµΦ

)
= CI

collision, (2.131)

∂Gγ

∂τ
+ ikµGγ = CQ

collision. (2.132)
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The collision terms on right hand side can be found in [33, 34, 35]. We again define tempera-

ture anisotropy∆T = δT
T and polarization functions∆Q and∆U as

f
(
xi ,q,n j ,τ

)
= f0

(
q

1+∆T

)
= f0(q)+

∂ f0
∂q

{q(1−∆T)−q}. (2.133)

∆T can be written in terms off (1) using Eq. (2.120) and Eq. (2.133) as

f0(q)
(

1+ f (1)
(
xi ,q,n j ,τ

))
= f0(q)

(
1−∆T

∂ ln f0
∂ lnq

)
. (2.134)

So

∆T = − f (1)

(
∂ ln f0
∂ lnq

)−1

. (2.135)

Now using the definition ofFγ we getFγ = 4∆T . Hence the Boltzmann equations for∆s will

be (using (2.131), (2.132))

∆(S)′
T + ikµ∆(S)

T = Ψ′− ikµΦ

+ κ′{−∆(S)
T +∆(S)

T0 + iµvb +
1
2

P2(µ)Π}, (2.136)

∆(S)′
Q + ikµ∆(S)

Q = κ′{−∆(S)
Q +

1
2

(1−P2(µ))Π}, (2.137)

∆(S)′
U + ikµ∆(S)

U = −κ′∆(S)
U , (2.138)

whereS in the superscript represents scalar perturbations,vb is baryon velocity andΠ =

∆(S)
T2 +∆(S)

Q0 +∆(S)
Q2. κ′ denotes the differential optical depth for Thomson scattering and is given

by κ′ = anexeσT , wherea(τ) is scale factor,ne is electron number density,xe is ionization

fraction andσT is Thomson scattering cross section. One can also define visibility function

g(τ) = κ′e(−κ). It gives the probability that a photon we observe last scattered at timeτ. This

function is strongly peaked around recombination. We can add equations (2.137) and (2.138)

to find the the Boltzmann equation for the degree of linear polarizationP as

∆(S)′
P + ikµ∆(S)

P = κ′{−∆(S)
P +

1
2

(1−P2(µ))Π}. (2.139)

Now we will find Boltzmann equation for∆s due to tensor perturbations.The tensor per-

turbations are described in detail in the last section. Herewe work with a different linear
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combination of+ and× given as following,

h1 =
h+− ih×

√
2

, (2.140)

h2 =
h+ + ih×

√
2

. (2.141)

In case of tensor perturbations
dq
dτ

= −1
2

nin j ∂hi j

∂τ
. (2.142)

Now if we choose ˆzaxis in the direction of perturbation momentumk, the polarization tensors

defined by Eq. (2.89) will be

e+
xx = −e+

yy = 1, e×xy = e×yx = 1. (2.143)

So

nin je+
i j = sin2 θcos2φ−sin2θsin2 φ = sin2θcosφ, (2.144)

nin je×i j = 2sin2 θcosφsinφ = sin2θsin2φ. (2.145)

Now to describe the Boltzmann equations for two gravitational wave polarizations new vari-

ables can be introduced (µ= cosθ)[36, 37, 31]

∆(T)
T (τ, n̂,k) =

[
(1−µ2)e2iφh1(k)+(1−µ2)e−2iφh2(k)

]
∆̃(T)

T (τ,µ,k),

(∆(T)
Q + i∆(T)

U )(τ, ˆ̂n,k) =
[
(1−µ)2e2iφh1(k)+(1+µ)2e−2iφh2(k)

]
∆̃(T)

P (τ,µ,k),

(∆(T)
Q − i∆(T)

U )(τ, n̂,k) =
[
(1+µ)2e2iφh1(k)+(1−µ)2e−2iφh2(k)

]
∆̃(T)

P (τ,µ,k),

(2.146)

whereT in the superscript represents tensor perturbations. The Boltzmann equations for these
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functions can be written as [36, 31]

∆̃(T)′
T + ikµ∆̃(T)

T = −h′−κ′
(

∆̃(T)
T −χ

)
, (2.147)

∆̃(T)′
P + ikµ∆̃(T)

P = −κ′
(

∆̃(T)
P +χ

)
, (2.148)

χ = (
1
10

∆̃(T)
T0 +

1
35

∆̃(T)
T2 +

1
210

∆̃(T)
T4 −

3
5

∆̃(T)
P0 +

6
35

∆̃(T)
P2 − 1

210
∆̃(T)

P4 ). (2.149)

2.4.2 Calculation of angular power spectra

We can expand∆(k, n̂,τ) in terms of Legendre polynomials as

∆(k, n̂,τ) =
∞

∑
l=0

(−i)l (2l +1)∆l (k,τ)Pl (µ) . (2.150)

The quantities∆(k, n̂,τ) are random variables and their values depend upon initial perturba-

tions generated during inflation. These can be written as∆(k, n̂,τ) = Ψ(k)∆(k,µ,τ). Let us

first calculate the angular power spectra for temperature anisotropy and polarization from

scalar perturbations. The present value of temperature anisotropy,T(n̂) = ∆T (τ0,x,µ) at

x = 0,τ = τ0 can be expressed in Fourier modes as

T(S)(n̂) =
1

(2π)
3
2

Z

d3kΨ(k)∆(S)
T (τ = τ0,k,µ), (2.151)

(Q(S) + iU (S))(n̂) =
1

(2π)
3
2

Z

d3kΨ(k)e−2iδk,n∆(S)
P (τ = τ0,k,µ), (2.152)

(Q(S)− iU (S))(n̂) =
1

(2π)
3
2

Z

d3kΨ(k)e2iδk,n∆(S)
P (τ = τ0,k,µ). (2.153)

Hereδk,n is the angle needed to rotate thek andn̂ dependent basis to a fixed frame in the sky.

The power spectrum for the longitudinal gauge variablesΨ(k) is given as

〈Ψ⋆(k)Ψ(k′)〉 =
2π2

k3 PΨ(k)δ(3)
(
k−k′) . (2.154)



2. DENSITY PERTURBATIONS AND CMB ANISOTROPY 30

One can solve the equations (2.136), (2.139) using line of sight method [38] and the solution

will be

∆(S)
T =

Z τ0

0
dτeikµ(τ−τ0)S(S)

T (k,τ) , (2.155)

∆(S)
P =

3
4

(
1−µ2)

Z τ0

0
dτeikµ(τ−τ0)g(τ)Π, (2.156)

where

S(S)
T (k,τ) = g

(
∆T0+Φ+

v′b
k

+
Π
4

+
3Π′′

4k2

)
+e−κ (Φ′+Ψ′)+g′

(
vb

k
+

3Π′

4k2

)
+

3g′′Π
4k2 .

(2.157)

Since scalar perturbations do not contribute toB mode so one can find the expression for∆E

for Eq. (2.156) as [31]

∆(S)
E (τ0,k,µ) = −3

4

Z τ0

0
dτg(τ)Π(τ,k) ∂2

µ

[
(1−µ2)2eikµ(τ−τ0)

]

=
3
4

Z τ0

0
dτg(τ)Π(τ,k) (1+∂2

τ)
2
(

k2(τ− τ0)
2eikµ(τ−τ0)

)
.

(2.158)

We can expand plane waveseikµ(τ−τ0) in terms of spherical Bessel functions as (letx =

k(τ0− τ))

eikµ(τ−τ0) = e−ixµ = ∑
l

(−i)l (2l +1) j l (x)Pl(µ). (2.159)

Using equations (2.151), (2.110) and (2.155) we get

aT,lm =

Z

dΩY⋆
lm(n̂)

1

(2π)
3
2

Z

d3kΨ(k)

Z τ0

0
e−ixµdτS(S)

T (k,τ) . (2.160)

Putting this value ofaT,lm in equation (2.113), using (2.154) and (2.159) we get the angular

power spectrum ofTT as [31]

C(S),TT
l = 4π

Z

dk
k

PΨ(k)

∣∣∣∣
Z τ0

0
dτS(S)

T (k,τ) j l(x)

∣∣∣∣
2

. (2.161)
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Similarly the power spectrum forEE can be calculated as

C(S),EE
l = (4π)

(l +2)!
(l −2)!

Z

k2dkPΨ(k)

[
3
4

Z τ0

0
dτg(τ)Π(τ,k)

j l(x)
x2

]2

. (2.162)

To get the cross-correlation betweenT andE we can use the differential equation satisfied by

the spherical Bessel functions,j ′′l +2 j ′l/x+[1− l(l +1)/x2] j l = 0. Introducing

∆(S)
T l (k) =

Z τ0

0
dτS(S)

T (k,τ) j l(x),

∆(S)
El (k) =

√
(l +2)!
(l −2)!

Z τ0

0
dτS(S)

E (k,τ) j l(x),

S(S)
E (kτ) =

3g(τ)Π(τ,k)
4x2 , (2.163)

we get

C(S),(T,E)
l = (4π)

Z

dk
k

Pφ(k)
[
∆(S)

T,El(k)
]2

,

C(S),(TE)
l = (4π)

Z

dk
k

Pφ(k)∆
(S)
T l (k)∆

(S)
El (k). (2.164)

Now we will calculate the angular power spectra due to tensorperturbations. The solution of

the equations (2.147) and (2.148) can be obtained by line of sight method as [38]

∆(T)
T (τ0, n̂,k) =

[
(1−µ2)e2iφh1(k)+(1−µ2)e−2iφh2(k)

]Z τ0

0
dτeixµS(T)

T (k,τ),

(∆(T)
Q + i∆(T)

U )(τ0, n̂,k) =
[
(1−µ)2e2iφh1(k)+(1+µ)2e−2iφh2(k)

]Z τ0

0
dτeixµS(T)

P (k,τ),

(∆(T)
Q − i∆(T)

U )(τ0, n̂,k) =
[
(1+µ)2e2iφh1(k)+(1−µ)2e−2iφh2(k)

]Z τ0

0
dτeixµS(T)

P (k,τ),

(2.165)

where

S(T)
T (k,τ) = −ḣe−κ +gχ,

S(T)
P (k,τ) = −gχ. (2.166)
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For tensor modes all three quantities∆(T)
T , ∆(T)

Ẽ
and∆(T)

B̃
are non-vanishing and one can cal-

culate them by acting with the spin raising and lowering operators on the above equations.

∆(T)
T (τ0, n̂,k) =

[
(1−µ2)e2iφh1(k)+(1−µ2)e−2iφh2(k)

]Z τ0

0
dτS(T)

T (τ,k) e−ixµ,

∆(T)
E (τ0, n̂,k) =

[
(1−µ2)e2iφh1(k)+(1−µ2)e−2iφh2(k)

]
Ê(x)

Z τ0

0
dτS(T)

P (τ,k) e−ixµ,

∆(T)
B (τ0, n̂,k) =

[
(1−µ2)e2iφh1(k)− (1−µ2)e−2iφh2(k)

]
B̂(x)

Z τ0

0
dτS(T)

P (τ,k) e−ixµ.

(2.167)

whereÊ(x) = −12+ x2[1− ∂2
x]−8x∂x andB̂(x) = 8x+ 2x2∂x. Now angular power spectra

for all these modes can be obtained as in the case of scalar perturbations. They will be

C(T),TT
l = (4π)

(l +2)!
(l −2)!

Z

dk
k

PT(k)

∣∣∣∣
Z τ0

0
dτS(T)

T (k,τ)
j l(x)
x2

∣∣∣∣
2

, (2.168)

C(T),EE
l = (4π)

Z

dk
k

PT(k)

(
Z τ0

0
dτS(T)

P (k,τ)
[
− j l(x)+ j ′′l (x)+

2 j l(x)
x2 +

4 j ′l(x)
x

])2

, (2.169)

CBB
l = (4π)

Z

dk
k

PT(k)

(
Z τ0

0
dτS(T)

P (k,τ)
[
2 j ′l(x)+

4 j l
x

])2

. (2.170)

Here we have used the definition of tensor power spectrumPT(k) given in (2.91) One can

further simplify these expressions by integrating by partsthe derivativesj ′l(x) and j ′′l (x). This

finally leads to

∆(T)
T l =

√
(l +2)!
(l −2)!

Z τ0

0
dτS(T)

T (k,τ)
j l(x)
x2 ,

∆(T)
E,Bl =

Z τ0

0
dτS(T)

E,B(k,τ) j l(x),

S(T)
E (k,τ) = g

(
χ− χ̈

k2 +
2χ
x2 − χ̇

kx

)
− ġ

(
2χ̇
k2 +

4χ
kx

)
−2g̈

χ
k2 ,

S(T)
B (k,τ) = g

(
4χ
x

+
2χ̇
k

)
+2ġ

χ
k
. (2.171)

The power spectra are given by

C(X)
l = (4π)

Z

dk
k

PT(k)
[
∆(T)

Xl (k)
]2

,

C(TE)
l = (4π)

Z

dk
k

PT(k)∆(T)
Tl (k)∆(T)

El (k), (2.172)
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whereX stands forT, E or B.

TheseCls are calculated using public domain codes CAMB [39] or CMBFAST [38]. It is

clear from above formula that theseCl s are related to the primordial power spectra of scalar

and tensor perturbations. The perturbations that entered the horizon before recombinations are

modified due to acoustic oscillations in the electron baryonplasma so they do not retain infor-

mation of primordial perturbations. The perturbations that entered the horizon after recombi-

nation are responsible for large angle CMB anisotropy and their effect on CMB anisotropy is

known as Sachs Wolfe effect [11].

2.4.3 Large scale CMB anisotropy

To calculate large scale CMB anisotropy let us write the temperature anisotropy as from

Eq. (2.151)

T(S)(n̂) =
1

(2π)
3
2

Z

d3k∆(S)
T (τ = τ0,k,µ). (2.173)

The integral solution for∆(S)
T (τ = τ0,k,µ) is given by Eq. (2.155). For large angle anisotropy

we can neglect the Doppler term and higher multipoles in the source term (2.157). Using

Eq. (2.155) and Eq. (2.157) we get

∆(S)
T (τ = τ0,k,µ) =

Z τ0

0
dτeikµ(τ−τ0)

[
g(∆T0+Φ)+e−κ (Φ′ +ψ′)] . (2.174)

The visibility function is peaked around decoupling timeτrec so we can take sudden decou-

pling limit in which the visibility function behaves as Dirac delta function aroundτrec and its

integral can be approximated as step function i.e

g(τ) = δ(τ− τrec) , (2.175)

e−κ(τ,τ0) = θ(τ− τrec) . (2.176)

Putting these in Eq. (2.174) we get

∆(S)
T (τ = τ0,k,µ) = eikµ(τrec−τ0) |(∆T0 +Φ)|τrec

+

Z τ0

τrec

dτeikµ(τ−τ0)
(
Φ′+ψ′) . (2.177)

The first term in Eq. (2.177) represents the ordinary SW effect and the second term corre-

sponds to the integrated SW effect. If we take adiabatic perturbations and no anisotropic
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stress (Ψ = Φ), we get|(∆T0 +Φ)|τrec
= Ψ

3 and we can neglect the integrated SW effect. So

T(S)(n̂) =
1

(2π)
3
2

Z

d3keikµ(τrec−τ0)
Ψ(k)

3
. (2.178)

We can neglectτrec in the exponential. Using the definition ofCl s and expanding the plane

wave in terms of spherical Bessel functions (see Eq. (2.159)) we get

CTT
l =

4π
9

Z

dk
k

PΨ(k) j2l (kτ0). (2.179)

Assuming that the power spectrum has the formPΨ(k) = A2kns−1 we get

CTT
l =

4πA2

9

Z

dkkns−2 j2l (kτ0). (2.180)

After integration it gives

CTT
l =

4πA2

9τns−1
0

2ns−4 Γ
(
l + ns

2 − 1
2

)
Γ(3−ns)

Γ
(
l − ns

2 + 5
2

)
Γ2
(
2− n

2

) . (2.181)

For scale invariant spectrum (ns = 1) the above equation becomes

l (l +1)

2π
CTT

l =
A2

9
. (2.182)

If we take the power spectrum of comoving curvature perturbations Eq. (2.86) we get (Φk =

3
5Rk)

l (l +1)

2π
CTT

l =
A2
R

25
. (2.183)

From CMB observations we can determine the amplitude and spectral index of primordial per-

turbations. WMAP 5-year data gives the values of these parameters to beA2
R =(2.41±0.11)×

10−9 andns = 0.9630.014
0.015. From the amplitude of the power spectrum we get using Eq. (2.86)

A2
R =

4π
M2

Pε

(
H
2π

)2

∼ 10−9. (2.184)

Writing H in terms of potential of the scalar field, we get from above equation that
(V

ε
)1

4 ∼
1016GeV. This gives an upper bound on the scale of inflation. If we takem2φ2 or λφ4 po-

tentials, we get that for 60 e-foldingsφ > MP, m∼ 1013GeV andλ ∼ 10−12. It implies that
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inflaton should be weakly coupled and there is huge difference between its mass and value.

Such values of field and couplings are not natural in particlephysics. There are a large number

of attempts to construct a model of inflation. Among one of these attempts is natural inflation

[13, 14, 40]. We will discuss these models in details in the subsequent chapters.

2.5 Warm inflation

There is another class of models of inflation called warm inflation [12]. In these models infla-

ton is interacting with other fields during inflation. Radiation is also present sub-dominantly

and radiation density is nearly constant. The energy of inflaton is constantly being transferred

to the radiation by dissipation. The damping of inflaton is provided both by dissipation and

Hubble constant. The evolution equation for the inflaton is given by [41]

φ̈+(3H +Γ) φ̇+V ′(φ) = 0, (2.185)

whereΓ(φ,T) is damping term andV(φ,T) is thermodynamic potential. We can define a pa-

rameterQ = Γ
3H that describes the strength of the thermal damping comparedto the expansion

damping. For warm inflation in strong dissipative regimeQ ≫ 1. The equation for radiation

energy density is given by

ρ̇r +4Hρr = Γφ̇2. (2.186)

Here the second term on the left hand side describes the decrease in the radiation density due to

Hubble expansion and the term of the right hand side describes the production of radiation due

to dissipation. Because of slow-roll the right hand side is nearly constant. Sȯρr ∼ 0. Since

the temperature of the universe remains nearly constant no reheating is required. Inflation

ends when potential energy of the inflaton field falls bellow the radiation energy density and

the universe becomes radiation dominated. Because of the damping termΓ warm inflation

has extra slow-roll parameters which are given by

β =
MP

8π
(

Γ′V ′
ΓV

)
,

(2.187)

δT =
TV′φ,T

V ′ . (2.188)
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Under the slow-roll approximation we get from Eq. (2.185) that

φ̇ = − V ′

3H (1+Q )
. (2.189)

The slow-roll conditionṡφ2 ≪V(φ) andφ̈ ≪ 3H (1+Q ) here imply that all of the slow-roll

parameters are smaller than 1+Q . So the slow-roll conditions here are relaxed compared to

the supercooled inflation.

The density perturbations in warm inflation models are generated by thermal fluctuations

in the inflaton field. These fluctuations are calculated usingLangevin equation. A detailed

derivation in the strong coupling regime can be found in [41]. The power spectrum for the

comoving curvature perturbations in this regime is given by[41]

PR =
(π

4

) 1
2 H

5
2 Γ

1
2T

φ̇2
. (2.190)

The expression for spectral index can be obtained by using the definition (2.87) and it is given

as

ns−1 =
1
Q

(
−9

4
ε+

3
2

η− 9
4

β
)

. (2.191)

Warm inflation models predict nearly scale invariant spectrum of scalar perturbations with

natural values of masses and couplings in the inflaton potential.

As we have seen in this chapter that the large scale CMB anisotropy and polarization

depends on the parameters of inflation, we can study imprint of pre-inflation universe by

observing large scale CMB anisotropy and polarization.



Chapter 3

Effect of pre-inflation thermal era on

CMB polarization

3.1 Introduction

In this chapter we describe the effect of pre-inflationary radiation era onB-mode of polar-

ization and its implications for warm inflation models. Pre-inflation radiation era has been

studied in [42, 17, 43, 44]. Bhattacharya et all [42] have studied the effect of pre-inflation

radiation era on the scalar perturbations generated duringinflation. They have considered that

the fluctuations corresponding to our length scales were generated during inflation by stimu-

lated emission in the existing background of the thermal inflatons decoupled before inflation.

They assume that inflaton was in thermal equilibrium before inflation and it was decoupled

from radiation at the beginning of inflation but it retained its thermal equilibrium. Conven-

tionally the power spectrum is calculated assuming Bunch Davies boundary condition. They

have calculated the inflaton power spectrum by assuming the initial state of the inflaton to

have thermal distribution. Because of this the curvature power spectrum is modified at large

scales and CMB anisotropy at large angles is enhanced. Comparison of this modified CMB

anisotropy with WMAP data can give an upper bound on the temperature of inflaton at the

time when length scales corresponding to our horizon were leaving the de Sitter horizon.

Similar approach can be used in case of tensor perturbationsgenerated during inflation

[17]. Inflationary models predict a nearly scale invariant spectrum of gravitational waves

[45, 46] that has not been observed till now. The temperature anisotropy generated from tensor

perturbations is very small compared to the scalar once and is only significant at largel . The

37
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amplitude of tensor perturbations is determined in terms oftensor to scalar ratio defined in

equation (2.93). It depends on the slow-roll parameterε. Observations of tensor perturbations

will help us in determining the scale of inflation. The definitive test of the existence of these

cosmological gravitational waves would be the observationof B mode polarization in the

CMB as they are generated only by gravitational waves [31, 47]. The recent WMAP three year

results [48] give only an upper bound on theB mode polarization,(l+1)l
2π CBB

l=(2−6) < 0.05(µK)2.

Because of a radiation era prior to inflation there would be a thermal background of gravi-

tons at the time of inflation. This thermal distribution of gravitons would have decoupled

close to Plank era. As in the case of scalar perturbations, the generation of tensor perturba-

tion during inflation would be bystimulated emissioninto this existing thermal background

of gravitational waves. This may change the scale invariantpower spectrum of the primordial

gravitational waves [49].

3.2 Tensor perturbations during inflation with a prior radi-

ation era

As mentioned earlier, the tensor perturbations have two independent degrees of freedom which

can be chosen ash+ andh× polarization modes. To compute the spectrum of gravitational

wavesh(x,τ) during inflation, we expressh(+) andh(×) in terms of the creation- annihilation

operator as [49]:

h(i)(x,τ) =

√
16π

a(τ)MP

Z

d3k

(2π)3/2
[ak fk(τ)

+ a†
−k f ∗k (τ)]eik·x

≡
Z

d3k

(2π)3/2
h(i) (k,τ) eik·x ,

(3.1)

herehi obeys the Einstein’s equation (2.90). Here we define the power spectrum of the tensor

perturbationsh(k)

〈h⋆(k)h(k′)〉 ≡ 2π2

k3 Phδ3(k−k′) . (3.2)

This is equivalent to the definition (2.91) with PT = 4Ph. The usual quantization condition

between the fields and their canonical momenta yields[ak ,a
†
k′] = δ3(k−k′) and the vacuum
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satisfiesak|0〉= 0. If the graviton field had zero occupation prior to inflationthen the vacuum

expectation value of the number operator i.e〈a†
kak〉 = 0 and we would obtain a correlation

function∼ | fk(τ)|2. However if the graviton field was in thermal equilibrium at some earlier

epoch it will retain its thermal distribution even after decoupling from the other radiation fields

and its occupation number will be given by [49]:

〈a†
kak′〉 =

(
1

e~k/KBT −1

)
δ3(k−k′) . (3.3)

Using Eq. (3.1) and Eq. (3.3) it can be seen that (putting~ = KB = 1):

〈h⋆(k)h(k′)〉 =
16π| fk(τ)|2

a2(τ)M2
P

(
1+

2

e
k
T −1

)
δ3(k−k′) ,

=
16π| fk(τ)|2

a2(τ)M2
p

coth

[
k

2T

]
δ3(k−k′) . (3.4)

From the defining relation, Eq. (3.2), for the tensor power spectrum and Eq. (3.4) we find that

the power spectrum for the thermal gravitons can be expressed in terms of the mode functions

fk(τ) as:

Ph(k) =
8k3

πM2
P

| fk|2
a2(τ)

coth

[
k

2T

]
. (3.5)

The equation for the mode functionsfk(τ) can be obtained from Eq. (2.90) i.e

f ′′k +

(
k2− a′′

a

)
fk = 0. (3.6)

Above equation can be solved for a quasi de Sitter space as done for scalar perturbations in

previous chapter (see Eq. (2.78) and (2.79)) In quasi de Sitter space conformal timeτ and the

scale factora(τ) are related bya(τ) = −1/Hτ(1− ε)

So the equation (3.6) becomes,

f ′′k +

[
k2− 1

τ2

(
ν2− 1

4

)]
fk = 0, (3.7)

wherek = |k| andν = 3
2 + ε. Eq. (3.7) has the general solution given by,

fk(τ) =
√
−τ
[
c1(k)H(1)

ν (−kτ)+c2(k)H(2)
ν (−kτ)

]
. (3.8)

As done for the scalar perturbations in the previous chapterwe assume that when the modes
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are well within the horizon they can be approximated by flat space-time solutionsfk0(τ) =

1√
2k

e−ikτ ,(k ≫ aH). Matching the general solution in Eq. (3.8) with the solution in the

high frequency (flat space-time) limit gives the value of theconstants of integrationc1(k) =
√

π
2 ei(ν+ 1

2) π
2 and c2(k) = 0. Eq. (3.8) then implies that for−kτ ≫ 1 ork≪ aH,

fk(τ) = ei(ν− 1
2) π

2 2ν− 3
2

Γ(ν)

Γ(3
2)

1√
2k

(−kτ)
1
2−ν . (3.9)

Substituting the solution as given in Eq. (3.9) for the super-horizon modes (k ≪ aH) in

Eq. (3.5) for the tensor power spectrum, we obtain:

Ph(k) =
16π
M2

P

(
H
2π

)2( k
aH

)nT

coth

[
k

2T

]
, (3.10)

so

PT =
64π
M2

P

(
H
2π

)2 ( k
aH

)nT

coth

[
k

2T

]
, (3.11)

with nT = 3− 2ν = −2ε and it is called as spectral index. We can now rewrite the power

spectrum as,

PT(k) = AT(k0)

(
k
k0

)nT

coth

[
k

2T

]
, (3.12)

wherek0 is referred to as the pivot point andA(k0) is the normalization constant,AT(k0) =

64π
M2

P

(
Hk0
2π

)2
whereHk0 is the Hubble parameter evaluated whenaH = k0 during inflation.

3.3 Effect of pre-inflationary radiation era on CMB polar-

ization

The modification in the tensor power spectrum due to pre-inflationary radiation era may af-

fect the large scale CMB anisotropy and polarization. Sincetemperature anisotropy gets very

small contribution from tensor perturbations, above effect can be neglected forTT correla-

tions. TheEE polarization signal also gets a contribution from the tensor perturbations but

it is mainly dominated by the scalar perturbations. So the best signal for gravitational waves

is theBB polarization angular spectrum which is generated by the primordial tensor pertur-

bations only. The angular power spectrum of theBB polarization modes generated by the
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gravitational waves is given by Eq. (2.170) [47],

CBB
l = (4π)

Z

dk
k

Ph(k)

×
∣∣∣∣
Z

dτg(τ)χ(k,τ) [2 j ′′l (x)+
4 j l(x)

x
]

∣∣∣∣
2

, (3.13)

whereg(τ) = κ′e−κ is the visibility function andκ′ is the differential optical depth for Thom-

son scattering.

The temperature dependent factor becomes important when the ratiok/(2T) is less than

unity. The co-moving wave-numberk and the co-moving temperatureT can be related to

the physical parameters at the time of inflation as follows. Taking the largest measurable

perturbation scaleknow/anow≃ R−1
h (whereRh = 4000Mpc is the size of the present horizon),

and assuming that perturbations of the present horizon scale were just leaving the inflationary

horizon H−1 at the beginning of inflation we see that the temperature at the beginning of

inflationTi/ai must be,
k

2T
=

Hai

2Ti
< 1, (3.14)

in order to have a significant effect on the tensor power spectrum. Ti/ai ∼ (30V/g∗π2)1/4,

V being the inflaton potential which is related to the curvature at the time of inflation,H =

(8π/3)1/2V1/2/MP andg∗ ∼ 100 is the effective number of spin/polarization degrees offree-

dom of relativistic particles. Therefore inflation is expected to start at a temperatureTi/ai =

0.24(HMP)1/2. Actually the gravitons which are decoupled will have a temperature slightly

below the radiation temperature because of the particles (like the inflaton itself) which have

annihilated into radiation prior to inflation. But as the effective number of degrees of free-

dom, g∗ ∼ 100, is large this difference of temperature is not significant. So for inflation at

the GUT scale,V1/4 ∼ 1015GeV, we haveH ∼ 1011GeV and the temperature at the start of

inflation Ti/ai ∼ 1014−15GeV. So the enhancement of the graviton power spectrum by the

factor coth( k
2T ) = coth(Hai

2Ti
) could be by as large as a factor of 104−5 at low k due to thermal

gravitons.

In Fig. 3.1 we show the angular correlations of CMBR temperature and polarization as-

suming a thermal graviton spectrum ( along with the WMAP three years data [48]). The plots

for TT, TE and BB correspond to co-moving graviton temperature T = 0.001Mpc−1. For

comparison we have plotted theBB angular correlations atT = 0. We see that with a tem-
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Figure 3.1:The TT, TE and the BB correlations with thermal graviton spectrum along with the WMAP
three years data [48]. The plots for TT , TE and BB correspond to co-moving graviton temperature
T = .001Mpc−1. For comparison we have plotted the BB angular correlations at T = 0. We see that
with a graviton temperature T = .001Mpc−1 the BB correlations are amplified at l < 30 [17].

peratureT = 0.001Mpc−1 the BB correlations are amplified atl < 30. We see that only the

BB correlation is enhanced by the correction to the tensor power spectrum as expected. The

contribution of tensors to the TT angular spectrum is comparable at lowl to the contribution

from the scalars and there exists the possibility that this large tensor contribution at lowl may

be detected from the analysis of the TT angular spectrum alone.

We have added the unlensed scalar and tensor contributions to generate theTT,EE,TE

andBBcorrelations. The plots were obtained by running CMBFAST [38], with the following

parametersΩb = 0.05 ,Ωc = 0.25 andΩv = 0.70. Optical depthτ = 0.08 and Hubble parame-

terh = 0.7. The value of scalar spectral indexns = 0.97 and the value of tensor spectral index

is takennT = −0.01. Tensor to scalar ratio is taken to ber(k0) = 0.1 at k0 = 0.002Mpc−1.

The output of the CMBFAST was normalized to the WMAP values atk = 0.002Mpc−1 (i.e

l = 30). For the curves shown in Fig.3.1 the tensor power spectra is modified due to thermal

effects with k
2T = 500k. At k = 0.0002Mpc−1 , coth(500k) = 10 so there is a large enhance-

ment of the BB polarization atl = 2−6, while atk0 = 0.002Mpc−1 , coth(500k0) ∼ 1.3 and

there is hardly any enhancement of the BB signal (or in the value ofr(k0) in keeping with the

observational constraints from WMAP+SDSS [50]). The magnitude of the co-moving gravi-
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ton temperature needed to produce this effect isT/anow = 10−3Mpc−1. This corresponds to

a temperature ofTi/ai ≃ 4×R−1
h ×anow/ai = 4H (whereRh ∼ 4000Mpc is the size of the

present horizon). As we have seen inflation can start as soon as the temperatureTi/ai falls

belowV1/4 ∼ 104H. Consequently a temperature larger than 4H at the beginning of inflation

is not unreasonably high.

In standard inflation models the vacuum fluctuations of the inflaton field give the density

perturbations. As mentioned earlier because of radiation era prior to inflation the scalar power

spectrum will be modified due to thermal distribution of inflaton that were decoupled at the

beginning of inflation [42]. The power spectrum for the curvature perturbations will be,

PR (k) =
H4

4π2φ̇2

(
k

aH

)ns−1

coth

[
k

2T

]
. (3.15)

The extra temperature dependent term implies that there should be an up-turn of theTT

anisotropy spectrum at lowl . This expected up-turn inl(l +1)Cl is not seen in the WMAP

one-yearTT spectrum [42]. This means that there is no significant number density of back-

ground density of inflatons at the time when the modes which are currently entering our hori-

zon, were exiting the horizon during inflation. This could happen for two reasons. The back-

ground density of inflatons may have decayed or annihilated into lighter particles by this time

or the inflaton was cooled from the expected temperature of 0.24(HMP)1/2 to belowH by the

time the modes corresponding to our present horizon were leaving the De-Sitter horizon. This

implies that there were an extra∆N = ln(0.24(MP/H)1/2) e-foldings (which has the value

∆N ∼ 10 for GUT scale inflation) than what is needed to solve the horizon problem. In the

case of gravitons the first condition does not apply as they decouple at the Planck scale and if

the expected upturn in theBB mode spectrum is not seen that would imply that the duration

of inflation was longer than what is needed to solve the horizon problem.

3.4 Implications for warm inflation models

In warm inflation models [12, 51] where the inflaton is in thermal equilibrium with the ra-

diation bath and the scalar curvature perturbations are generated by thermal fluctuations in-

stead of by quantum fluctuations, there is no coth(k/2T) correction in the inflaton power

spectrum due to stimulated emission. However this correction factor will be present in the
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graviton spectrum since gravitons are still produced by quantum fluctuations. The tempera-

ture of the thermal bath remains constant during warm inflation but the graviton temperature

will decrease exponentially. The scalar curvature perturbation in warm inflation is given as

Eq. (2.190) [41]:

P(warm)
R =

(π
4

)1/2 H5/2Γ1/2Tr

φ̇2
, (3.16)

whereΓ designates the decay width of the inflaton field andTr is the temperature of the

radiation bath.

There are observational constraints on the tensor scalar ratio defined as:

r(k0) =
PT(k0)

PR (k0)
. (3.17)

From the combination of WMAP three year data [50] and SDSS large scale structure surveys

[52] we have the boundr(k0 = 0.002Mpc−1) < 0.28(95%CL) wherek0 = 0.002Mpc−1 cor-

responds tol = τ0k0 ≃ 30 with the distance to the decoupling surfaceτ0 = 14,400Mpc. SDSS

measures galaxy distributions at red-shiftsz∼ 0.1 and probesk in the range 0.016hMpc−1 <

k < 0.11hMpc−1. From the expressions ofPR in warm inflation, Eq. (3.16), andPT we see

that the scalar-tensor ratio in warm inflation models (assuming a nearly scale invariant tensor

power spectrum) has a scale dependence at large angles givenby:

r(k) ≃ r(k0)
coth[ k

2T ]

coth[ k0
2T ]

≃ r(k0)

(
k0

k

)
. (3.18)

We see thatr(k) has a spectral indexnT ∼ −1 for large scale perturbations. If we consider

k ∼ 0.0002Mpc−1 which corresponds tol ∼ 3 then the value ofr(k) = 10r(k0). So even

with r(k0) ∼ 0.1 as constrained by galaxy surveys, we can haver(k) ≃ 1 at the quadrupole

anisotropy. TheB mode polarization atl = 3 is enhanced from its value atl = 30 by a

corresponding factor of 10. This is true as long as the temperatureTi/ai ≤ 104H which as

we have seen in the earlier discussion is expected if there isa thermal era prior to inflation.

For example taking the inflaton potential to beV = (1/2)m2φ2, we have the scalar power:

P(warm)
R (k0) = 5.3

Γ5/2φ1/2
0 Tr

M5/2
p m3/2

, (3.19)
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and the tensor power,

PT(k0) =
128π

9
m2φ2

0

M4
P

coth

[
k0

2T

]
, (3.20)

and the scalar-tensor ratio,

r(k0) = 8.413

(
m7/2φ3/2

0

M3/2
P

)
1

Γ5/2Tr
coth

[
k0

2T

]
, (3.21)

whereφ0 is the value of the inflaton field when the scalek0 = 0.002Mpc−1 was leaving the

inflaton horizon. By choosing the parametersm= 1.4×1012GeV, Γ = 0.5×1013GeV, T ≃
Tr = 0.24×1016GeV, φ0 ≃ 0.8×1019GeV we havePR ≃ 2.3×10−9 as required by WMAP

three year data andr(k0) = 0.095. The value ofr is larger atk = 0.0002Mpc−1 by a factor of

∼ 10 and theB-modes are magnified atl = 3 compared to their value atl = 30 by a factor 10,

also in warm inflation scenarios.

3.5 Conclusions

Direct observation of gravitational waves would nail the last still unconfirmed prediction of

inflation. The amplitude of gravitational waves gives the Hubble curvature during inflation

and would tell us the value of the inflation potential [53, 54]. In addition gravitational waves

produced during inflation can have several applications like leptogenesis by the gravitational

spin-coupling to neutrinos [55] or by a gravitational Chern-Simon coupling of the lepton

number current [56]. Observation of theB-mode polarization in the CMB would confirm

the existence of primordial super-horizon gravitational waves. Observationally, the three year

WMAP data only gives an upper bound onCBB
l with l = (2− 6) [48]. The error bars on

theCBB
l are presently a factor of five larger than the predictions from standard inflation theory

with scalar tensor ratio as large as 0.3, which is close to the observational upper boundr0.002<

0.28(95%CL).

In this chapter we have studied the effects of pre-inflationary radiation era onB-modes.

Pre-inflation radiation era has also been studied by Powell and Kinney [43] and Wang et all

[44]. They study the dynamics of phase transition between radiation era and inflation. If

inflation lasted for nearly 60 e-foldings, it is possible that the length scales corresponding

to the large scale anisotropy were generated in the radiation era. They apply the boundary

conditions in the radiation dominated era and show that there will be suppression at lowl .
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But in our study we have considered that all the perturbations are generated during inflation

as stimulated emission in the existing background of thermal gravitons.

Due to thermal gravitons theCBB
l at low l ≃ (2− 6) could be larger by a factor of 10

compared to what would be expected from the observational constraint onr and could be

within the range of observability of WMAP. The upcoming Planck experiment [57] will mea-

sureCBB
l=(1−10) at the level of 10−4(µK)2 . Ground based polarization experiments [58] like

QUaD, QUIET, Clover and PolarBear measure anisotropies at small angular scales only (at

l > 100 where thermal effects discussed here are negligible) and can observeCBB
l at the level

10−2(µK)2 . These experiments can prober in the range 0.05−0.1 independent of thermal

effects. A combination of data from WMAP/Plank at large angles and ground based polariza-

tion experiments at small angles will therefore either observe or definitely rule out the thermal

enhancement effect.

If WMAP or Planck rule out a spectral index ofnT ∼−1 at low l , which is the prediction

from thermal gravitons, then for the standard inflationary models it would mean that the dura-

tion of inflation has to be longer by∆N = ln(0.24(MP/H)1/2) e-foldings than what is needed

to solve the horizon problem. Warm inflation models[51, 59] cannot evade this constraints by

supercooling during inflation. IfB-modes are observed and the tensor spectral index at lowl

is not close to−1, then warm inflation models can be ruled out.



Chapter 4

Natural inflation at the GUT scale

4.1 Introduction

It is well known that for single slow-rolling field to satisfyobservations the ratio of the height

of the potential to the(width)4 should be [60]

∆V
(∆φ)4 ≤ O

(
10−6−10−8

)
(4.1)

where∆V is the change in the potential and∆φ is the change in the fieldφ during slow-

roll. This condition means that inflaton must be extremely weakly self-coupled, with effective

quartic self-coupling constant (in realistic models,λ < 10−12). The small ratio of mass scales

required by above condition quantifies the flatness of the potential. This is known as the fine-

tuning problem in inflation. To realize inflationary models in particle physics some times such

a small coupling is postulated and is fine tuned to be small dueto radiative corrections. In

supersymmetric models such small coupling arise due to small ratio of mass scales but these

models have limitations.

There is another model of inflation to explain this small massratio that is called as ’Natu-

ral Inflation’ [13, 14, 40]. In this model inflaton is pseudo Nambu-Goldstone Boson (PNGB).

Its potential is flat due to shift symmetry. Nambu-Goldstonebosons (NGB) arise due to spon-

taneous breaking of a global symmetry and their potential isexactly flat as long as the shift

symmetry is exact. Since we need slow-rolling, there shouldbe explicit symmetry breaking

to make the potential nearly flat. Due to explicit symmetry breaking NGB acquires mass and

47
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it is called as pseudo Nambu-Goldstone boson (PMGB). It has the potential of the form

V = Λ4
(

1+cos

(
φ
f

))
. (4.2)

Here one has two scales,f is the spontaneous symmetry breaking scale and andΛ is explicit

symmetry breaking scale. The small mass ratio required to satisfy observations (Eq. (4.1))

can be easily accommodated in case of PNGB. For example, if wetakeΛ at the GUT scale

and f larger than GUT scale, we can have∆V
(δφ)4 ∼ Λ

f 4 to be very small.

As we have seen earlier that the parameters of the potential can be determined by am-

plitude and spectral index of primordial curvature power spectrum, in the natural inflation

models the symmetry breaking scalef is related to the spectral index asns = 1−M2
p/(8π f 2)

and CMB observations constrainns to be 0.948< ns < 0.977 [16]. This implies that the sym-

metry breaking scalef has to be close to the Planck scale [15]. As discussed in Banks et al

[61] a symmetry breaking scale larger thanMP makes the theory susceptible to large quantum

corrections which can destabilize the flat PNGB potential. There have been several attempts

at solving this largef problem in natural inflation. Arkadi-Hamed et al [62] invoke extra di-

mensions with the Wilson loop of a gauge field in the extra dimension to explain whyf ∼ MP.

Similar arguments are also given by Kaplan and Weiner [63]. Kim et al [64] invoke two field

natural inflation to bring down the symmetry breaking scale below Planck scale. Kinney and

Mahanthappa [65] show that in some special symmetry breaking schemes the quadratic term

in the PNGB field is subdominant compared to the higher order terms and in these models the

symmetry breaking scales can be lower than the Planck scale.

In this chapter we show that if the PNGB inflaton is coupled to aradiation bath (with a

sub-dominant energy density) as in warm inflation models [12] the symmetry breaking scalef

can be in the GUT scale and be consistent with the observations of the temperature anisotropy

spectrum observed by WMAP [16]. In this model since the dissipative coupling of the PNGB

inflaton makes it roll slowly even in a steep potential,f is lowered fromMP to MGUT ∼
1016GeV.
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4.2 The potential for PNGB

As a specific model let us consider the SU(5) model where the right handed neutrinoN is a

singlet. In the see-saw mechanism [66] one generates a heavy Majorana mass by coupling

this right handed neutrino to a SU(5) singlet Higgs,

Lν = gH
(
(NR)CNR+H.C

)
. (4.3)

This Lagrangian obeys U(1) lepton number symmetry i.eN → Ne−iΛ, H → He2iΛ. In order

to break lepton number spontaneously we have a potential forthe Higgs

−LH =
λ
8
(H†H − f 2

2
)2. (4.4)

Here f is the spontaneous symmetry breaking scale.

At the minima of the potential the Higgs is given byH = 1√
2

f ei φ
f . Here the radial mode

of H is superheavy and is frozen out, so it can be neglected. The angular variableφ is the

Goldstone boson of the spontaneously broken lepton number symmetry i,e U(1) symmetry.

So the Lagrangian becomes

Le f f =
1
2

∂µφ∂µφ+

(
i
2

NRγµ∂µNR−
i
2
(∂µNRγµNR)

)
−g

f√
2

ei φ
f

(
(NR)CNR+H.C

)
(4.5)

This Lagrangian is symmetric under the transformationsφ → φ+2Λ andN → Ne−iΛ. At this

stageφ is massless. Quantum gravity effects are expected to break global symmetries at the

Planck scale. If there is an explicit symmetry breaking due to gravity the Goldstone boson

acquires mass. The explicit symmetry breaking term can be ofthe form

−L =
M2

MP

(
(NR)CNR+H.C

)
+O(

1

M2
P

). (4.6)

Because of this explicit symmetry breaking the Goldstone boson acquire mass and its potential

can be given as [67]

V(φ) = Λ4
(

1+cos

(
φ
f

))
. (4.7)

Λ is related to explicit symmetry breaking scaleµ = M2

MP
. The mass of the PNGB is given by

mφ = µ2

f = Λ2

f . This implies thatΛ = µ= M2

MP
. Now if we takeM ∼ MGUT ∼ 1016−1017GeV
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then we haveΛ ∼ 1013−1014GeV which is the allowed range by WMAP data.

4.3 Warm natural inflation

In warm inflation the equation of motion of inflaton field is given by Eq. (2.185)

φ̈+(3H +Γ)φ̇+V ′(φ,T) = 0. (4.8)

In slow roll approximation we neglectφ̈ in the Eq. (4.8). During inflation the potential energy

of the inflaton field dominates over radiation density. So thedynamics ofφ field is governed

by

φ̇ = − V ′

3H +Γ
, (4.9)

H2 =
8π

3M2
p
V. (4.10)

Rewriting the slow role parameters

ε =
M2

p

16π

(
V ′

V

)2

, η =
M2

p

8π
V ′′

V
,

β =
M2

p

8π
Γ′V ′

ΓV
, δT =

M2
p

8π
TV′

,T

V ′ . (4.11)

As mentioned earlier the density perturbations during warminflation are generated by thermal

fluctuations. The power spectrum for the density perturbations given in [41] is

PR =
(π

4

) 1
2 H

5
2 Γ

1
2T

φ̇2
, (4.12)

which can be written in terms of potential and its derivativeusing Eq. (4.10) and Eq. (4.9) as

PR =
(π

4

)1/2
(

8π
3M2

p

)5/4
V5/4Γ5/2T

V ′2 . (4.13)
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Using the natural inflation potential (4.7) we get for the power spectrum,

PR =
(π

4

)1/2
(

8π
3M2

p

)5/4
Γ5/2 T f2

Λ3

(
1+cosφ

f

)(5/4)

sin2 φ
f

. (4.14)

The spectral index is defined as (2.87)

ns−1 =
∂ lnPR
∂ lnk

. (4.15)

In terms of the slow roll parameters this can be written as (2.191

ns−1 =
3H
Γ

(
−9

4
ε+

3
2

η− 9
4

β
)

. (4.16)

For the given potential (4.7) the spectral index will be

ns−1 = −3H
Γ

3M2
p

64π f 2

(
3+cosφ

f

)

(
1+cosφ

f

) . (4.17)

The observational constraint onns from WMAP 5-year data [16] is 0.948 < ns < 0.977.

So it is obvious from above Eq. that if we take warm inflation instrong dissipative regime i.e

Γ is very large compared toH, we can have small value off (fig. 4.1). But the cold natural

inflation models on the other hand the spectral indexns = 1−M2
p/(8π f 2). This implies that

in the cold natural inflation models WMAP data gives a strong constrainf > 0.7MP [15].

The slow roll parameterε for this model is

ε =
M2

p

16π f 2

sin2 φ
f(

1+cosφ
f

)2 . (4.18)

At the end of inflationε = 1+Q , whereQ = Γ
3H . This will give φ f as

cos
φ f

f
=




1− (1+ r) 16π f 2

M2
p

1+(1+ r) 16π f 2

M2
p


 . (4.19)

PuttingQ = 3.9×104 and f = 8×1016GeV we getφ f = 2.9 f . One can calculate the value

of φ at the time when length scales corresponding to our horizon were leaving the inflationary
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Figure 4.1: The allowed range off (GeV) andΓ(GeV) from the range of spectral indexns and
the amplitude of curvature perturbations∆2

R from WMAP. Fig. from [18].

horizon. The e-foldings may be calculated as

N =

Z φ f

φi

H

φ̇
dφ =

8πΓ
3H M2

p

Z φi

φ f

V
V ′dφ

=
16πΓ f 2

3H M2
p


log

sin
(

φ f
2 f

)

sin
(

φi
2 f

)


 . (4.20)

The scalar field lies betweenπ f and 0. ForN = 60 we getφi = 1.02f . The value of the scalar

field remains in the GUT regime and still gives adequate e-foldings to solve the horizon and

curvature problems.

4.3.1 Microphysical model for large dissipation

As shown in the last section we need a large dissipation coefficient to satisfy observations.

The dissipation mechanism to realize warm inflation was studied in [68, 69, 51]. In [68] the

effective evolution equation of motion of an overdamped field interacting with other fields

was studied. It was shown that large dissipation during warminflation is possible if we con-
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sider a large number of fields. Later in [69, 51] a different approach was developed in which

dissipation was achieved by indirect coupling of the inflaton to the radiation. In these mod-

els the mass of some heavy scalar fields coupled to inflaton changes due to the evolution the

background inflaton field and it excites heavy scalar fields todecay into lighter fields. The

coupling of the heavy scalar fieldχ with inflaton can be described by another explicit symme-

try breaking term

Lχ = 2g2φ2χ2. (4.21)

This fieldχ is again coupled to the radiation fieldσ as

Lχσ =
1√
2

h f
(
σ2χ⋆ +χ2σ⋆

)
. (4.22)

Another feature of this two stage coupling is that it generates a large dissipation without

destabilizing the inflaton potential by loop corrections [70]. The dissipation coefficientΓ for

this model has been calculated by Berera et al [70],

Γ =
16
π

g2

h2T ln
T
mχ

(4.23)

The interaction terms in the Lagrangian (4.21) can generate one loop corrections to the inflaton

mass that can destabilize the flatness of the potential (4.7). For the potential to remain flat the

mass correctiong2 f 2 should be smaller thanΛ
4

f 2 . If we takeΛ ∼ 1013GeV andf ∼ 1016GeV

theng ≤ 10−6. For the validity of above expression (4.23), the mass ofχ field should be

smaller thanT. So if we take one loop correction to the mass ofχ field (T ∼ 1012GeV)

because ofσ field h should be smaller than 10−4. If we takeg andh of the same order we can

haveΓ ∼ 1012Gev.

4.3.2 Predictions for non-Gaussianity

We infer physics during inflation by determining the amplitude and spectral index of the scalar

perturbations and tensor to scalar ratio. These parametersare not enough to constrain the infla-

tionary models as there are various mechanism to produce thedesired spectrum of primordial

perturbations during inflation. There is another observable that can help us in determining the

correct model of inflation. It is the deviation from the pure Gaussian statistics i.e presence of

higher order correlation functions of CMB temperature anisotropy. The statistical properties
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of the fluctuations on the sky are determined by the n-point correlation function i.e

〈 f (n̂1) f (n̂2) f (n̂3).... f (n̂N)〉. (4.24)

If the perturbations are Gaussian, all odd correlation functions are zero and all higher order

correlation functions can be expressed in terms of two pointcorrelation functions. So tow

point correlation function is the only parameter required for the Gaussian distribution. But if

the distribution is not Gaussian one needs higher order correlation functions. The three point

correlation function of scalar curvature perturbations inuniform energy density hypersurface

ζ is called as bispectrum defined as [71]

〈ζ(k1)ζ(k2)ζ(k3)〉 = (2π)3Bζ (k1,k2,k3)δ(3) (k1 +k2 +k3) . (4.25)

We useζ instead ofR here as it is used most commonly in the literature of non-Gaussianity

[72, 73, 74]. One can define a non-linearity parameterfNL which is observationally important

for non-Gaussianity as

fNL =
5
6

B(k1,k2,k3)

P (k1)P (k2)+P (k2)P (k3)+P (k3)P (k1)
. (4.26)

Here we use the different definition of the power spectrum i.e

〈ζ⋆(k1)ζ(k2)〉 =
(
2π3)P (k1)δ(3) (k1 +k2) . (4.27)

In simple inflationary models non-Gaussianity arises due tohigher order interaction terms in

the potential and non-linearity in the gravitational potential. In these modelsfNL is given as

fNL =
5
12

(ns−1) . (4.28)

So in simple inflationary models one gets very small deviation from Gaussian fluctuations.

In warm inflation non-Gaussianity was studied by Gupta et al [75, 76] and Moss et al

[71]. Gupta et al have considered the non-Gaussianity due to third order term in the inflaton

potential and have shown that its magnitude is comparable tothe case of supercooled inflation.

Moss et al have taken into account the non-linear coupling between radiation and inflaton

fluctuations on sub-horizon scales also and has shown that large amount of non-Gaussianity
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can be generated during warm inflation. ThefNL for warm inflation models is given by [71]

fNL = −15ln

(
1+

Γ
42H

)
− 5

2
. (4.29)

Taking the allowed range ofΓ from the fig (4.1) i.e 1×1012 < Γ < 3×1012 we get−122.6 <

fNL < −106.2 which is allowed by WMAP-5 data [16] (−151 < fNl < 253).

4.3.3 Leptogenesis

Big-Bang Nucleosynthesis calculations show that the present day baryon to photon ratio is

ηB = 6.1+0.3
−0.2× 10−10. This corresponds to the baryon asymmetry of the order of onepart

in 30 million during early universe. It was pointed out in [77] that the asymmetric decay

of heavy neutrino into charged leptons and charged anti-leptons due to CP violation creates

a lepton asymmetry in the early universe. This lepton asymmetry is converted to baryon

asymmetry by sphaleron processes at the electroweak scale.In this section we discuss how

one can generate lepton asymmetry from warm natural inflation.

The PNGB coupling to lepton current is obtained from (4.3) as

Lint =
1
f

∂µφ jµL (4.30)

For the homogeneous inflaton this will be

Lint =
φ̇
f
nL, (4.31)

herenL is lepton number. Thereforeφ̇f is like a chemical potential for the lepton number,

µL = φ̇
f . At equilibrium the lepton number is given by

nL = gν
T3

6

(µL

T

)

= gν
φ̇T2

6 f
. (4.32)

So the lepton to entropy ratio will be

ηL =
nL

s
=

15
4π2

gν φ̇
g⋆ f T

. (4.33)
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Using slow roll approximatioṅφ = −V ′
Γ . For this model we get

ηL =
15

4π2

gν Λ4

g⋆ f 2ΓT
. (4.34)

If we takeΛ ∼ 1013GeV, f ∼ 1017GeV,Γ ∼ 1012 GeV andT ∼ 1012GeV, we get from (4.34)

ηL ∼ 10−10 (fig. 4.2).
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Figure 4.2: The allowed range off (GeV) andΛ(GeV) using spectral indexns curvature per-
turbations∆2

R and lepton to entropy ratioηLfor T = 1012GeV andΓ = 1012GeV. Fig. from
[18].

If the lepton number is violated spontaneously at scalef then there is an effective lepton

number violating dimension five operator [78]

L 6L =
2
f
hhll +hc (4.35)

where l is the lepton doublet andh is the Higgs doublet of the standard model. When the

electroweak symmetry is broken by the Higgs acquiring a vevv then it generates a light

neutrino massmν = 4v2

f . The operator (4.35) can wipe out any generated lepton number at

high temperature by the lepton number violating interactions l +h→ lc +h†. The interaction
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rate of this lepton number violating reaction is [79]

Γ6L = 0.04
T3

f 2 . (4.36)

These lepton number violating interactions will decouple at a temperature

Td = 4.16

(
f 4Λ4

M2
P

)1
6

. (4.37)

For Λ ∼ 1013GeV andf ∼ 1017GeV this temperature isT ∼ 1014GeV. Since the temperature

of the radiation bath isT < 1013GeV the lepton asymmetry generated by the rolling PNGB

field will not be washed out by lepton number violating interactions with the light Higgs.

The fact that PNGB’s coupling to the lepton/baryon current is of the derivative coupling

form which gives rise to spontaneous leptogenesis of Cohen and Kaplan [80] was first recog-

nized by Dolgov et al [81, 82]. In [81, 82] a natural inflation without damping was examined

for generation of baryon/lepton number. It was found that oscillations of the inflaton at the

end of inflation wipes out the baryon/lepton asymmetry so thePNGB model of creating B/L

asymmetry during natural inflation was considered unfeasible [81, 82]. In [83] it was shown

that if one assumes the chaotic inflation potentialm2φ2 and couples the inflaton to radiation

as in warm inflation and in addition assumes a∂µφ jµB,L coupling of the inflaton then one can

get the required baryon asymmetry with a suitable choice of parameters.

4.4 Conclusions

There has been a long standing problem with utilizing the flatpotential of PNGB’s for inflation

as the nearly scale invariant power spectrum which is consistent with observations generated

only when the symmetry breaking scalef ∼MP [13, 14, 40, 61, 62, 63, 64]. In this chapter we

have shown that by coupling the inflaton to a radiation bath (as in warm inflation models [12])

can reducef to the GUT scale. The value of the inflaton fieldφ ∼ f ∼ MGUT which makes

the inflaton potential stable against Planck scale radiative corrections. We give a model of

inflation where the inflaton is the PNGB arising from spontaneous breaking of lepton number

which also gives a large Majorana mass for the right handed neutrinos as required in see-saw

models [66]. Since the PNGB’s have a derivative coupling to the lepton current this model
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also generates a lepton asymmetry spontaneously [80] during inflation. We show that with

the parameters of the inflation model which give the correct amplitude and spectral index of

CMBR also give the required lepton asymmetry ofηL ∼ 10−10 which can be converted to a

baryon asymmetry of the same order by sphaleron processes inthe electro-weak era [77].



Chapter 5

Effect of spatial curvature on CMB

anisotropy

5.1 Introduction

As we have mentioned earlier that the era prior to inflation [1] is expected to leave some

imprint on the perturbation modes which leave the horizon earlier and are the last to re-enter

our horizon and these effects would be observable if the duration of inflation is nearly 60 e-

folds. In the previous chapters we have shown how the radiation era prior to inflation affects

large scale CMB anisotropy and polarization. In this chapter we will describe how large scale

CMB anisotropy are affected if we had a large curvature before inflation.

There are well motivated cosmological models where the universe could have a non-zero

curvature when inflation started. The modes which exited thehorizon at that time will carry

an imprint of the curvature in the spectrum of the density perturbations. As the curvature of

the universe decreases exponentially after the beginning of inflation, there may be a resid-

ual curvature still present by the time the scales which are entering our horizon at present

were leaving the inflationary horizon. Because of this therewill be deviation from the scale

invariant perturbations due to non-zero curvature. We calculate the density perturbations in

both open and closed universe and show that we get a low quadrupole if universe was closed

before inflation.

A calculation of the density perturbations generated during inflation in a universe with a

non-zero spatial curvature was first performed by Abbott andScheafer [84]. They performed

the calculation of density perturbation by assuming scale invariant perturbations. Lyth and

59
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Stewart [85] and Ratra and Peebles [20] have studied quasi-de-Sitter models . They performed

the calculation using conformal boundary conditions for the mode functions. A calculation for

open universe inflation and assuming the Bunch-Davies initial conditions for the mode func-

tion was done by Sasaki et al [86] and Bucher et al [87]. They have considered inflation in

two stages. In one stage inflaton is stuck to a flase vacuum and in the next stage inflaton rolls

slowly towards its true minima and the open universe arises by the nucleation of a single bub-

ble. To calculate the density perturbations they have also considered Bunch Davies vacuum

modes. In our study we obtain the same solutions for the mode functions as [85, 20, 86, 87]

but the main difference is that we evaluate the power spectrum at horizon crossing. We assume

adiabatic perturbations which are frozen after the modes exit the horizon. The horizon cross-

ing condition also involves the curvature and that accountsfor the main difference between

our result and earlier work [85, 20, 86, 87].

The corrections to the power spectrum at horizon scales are multiplicative powers of

(1± K/β2), where the curvatureK = (Ω0 − 1)(a0H0)
2 and β is the comoving canonical

wavenumber. We calculate the primordial power spectrum forthe case closed and open uni-

verse at the time of inflation. We choose the Bunch-Davies boundary condition to normalize

the wave-functions. For the case of closed universe we obtain the following expression for the

power spectrum

PR (β) =
H4

λ
2π2φ̇2

1
(

1+ K
β2

)2 ,
β√
K

= 3,4,5· · · (for K > 0) (5.1)

and for the case of inflation in an open universe

PR (β) =
H4

λ
2π2φ̇2

1
(

1− |K|
β2

)2(
1+

|K|
β2

) ,
β√
|K|

> 1, (for K < 0) (5.2)

whereφ is the inflaton field. In the case of closed universeβ takes discrete values in units of
√

K = R−1
c (Rc being the curvature radius), the modes corresponding toβ/

√
K = 1,2 can be

eliminated by gauge transformations [84] so there is a large-wavelength cutoff atβ−1
c = Rc/3.

This large wavelength cut-off in a closed universe has been used to explain the observed low

CMB anisotropy at low multi-poles [88] and [89]. In the case of open universe only modes

with β >
√

|K| cross the inflationary horizon.

Our result for the power spectrum in the closed and open universe cases differs from the
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phenomenological power spectrum [90],

PR (β) =
H4

λ
2π2φ̇2

1

1+ K
β2

(5.3)

used in the calculation of CMB anisotropies in both the closed and open cases. Our results

agree qualitatively with (5.3) in that the power at smallβ is suppressed in the closed universe

inflation (5.1) and enhanced in the open universe (5.2).

According to inflation [1], the curvature of the present universeΩ0−1 is related to the

curvature at any time during inflationΩi −1 as

Ω0−1
Ωi −1

=

(
aiHi

a0H0

)2

. (5.4)

If ai is the scale factor at the time during inflation when scales ofthe size of our present horizon

were exiting the inflationary horizon thena0H0 = aiHi andΩ0 = Ωi. If at the beginning of

inflation(Ωstart−1) = O(1) then in order to have a deviation of say one-percent from unity in

the present curvature, the number of e-foldings prior to theai must be small. Putting an upper

bound on the present curvature(Ω0−1) from observations also puts a lower bound on the

number of extra e-foldings necessary in inflation in addition to the minimum number needed

to solve the horizon problem [91].

The geometry of the universe can be determined from the CMB anisotropy from the an-

gular size of the acoustic peak. The curvature density is defined asΩK = 1−Ω = − K
a2H2 (see

Eq. (2.6)). The angular diameter distance of an object in case of non-flat universe is given as

dA =
a

H0
√
|ΩK|





sinh
[√

ΩKH0s
]

ΩK > 0

sin
[√

−ΩKH0s
]

ΩK < 0
(5.5)

There is degeneracy in the parameters so we need other data sets to constrain the curvature of

the universe. The constraints on the density of the universeΩ depend upon priors like the value

H0 andΩλ. The constraint on curvature from WMAP five year data [16] for theΛCDM model

is (Ω0−1) = 0.099±0.1 and for thew−CDM model is(Ω0−1) = 0.122±0.1. Combining

other data sets like LSS [92] and HST [93] constraints the curvature more tightly. For example

WMAP5+HST data constraints the(Ω0−1)= 0.017±0.02 for thew−CDM model. However

these constraints are loosened again if the assumption of adiabatic perturbation is relaxed. For
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example the if the perturbation is assumed to be isocurvature then combination of WMAP

[16] , LSS [92] and HST [93] and supernovae observations gives a constraint on the density

of the universe as(Ω0−1) = 0.06±0.02 [94] which means that the curvature at one-σ could

be as large asK/(a0H0)
2 = 0.08. In the case of the closed universe the power spectrum (5.1)

PR ∝ (1+K/β2)−2 at the scale of the horizonβ = a0H0 would be suppressed by about 16%

compared to the power for the flat universe.

We use our power spectrum to calculate the temperature anisotropy spectrum and com-

pare the results with the WMAP five year data assuming adiabatic perturbations. We find that

our power spectrum gives a lower quadrupole anisotropy whenΩ0−1 > 0, but matches the

temperature anisotropy calculated from the standard Ratra-Peebles power spectrum at largel .

We also find that using the closed universe power spectrum (5.44) for larger values ofΩ0 the

quadrupole anisotropy is suppressed more. However the WMAPobservation of a strong sup-

pression of the quadrupole temperature anisotropy cannot be explained by the modified power

spectrum for a closed universe as suggested by [88] for realistic values of other parameters

(like H0) .

5.2 Scalar power spectrum

We expand the inflaton fieldφ(x, t) ≡ φ(t)+ δφ(x, t), where the perturbationsδφ around the

constant backgroundφ(t) obey the minimally coupled KG equation (in the spatially flatgauge)

δ̈φ+3
ȧ
a

δ̇φ− 1
a2∇2δφ = 0. (5.6)

With the separation of variables

δφ(x, t) = ∑
k

δφk(t)Q(x,k) (5.7)

the KG equation can be split as

¨δφk +3
ȧ
a

˙δφk +
k2

a2δφk = 0, (5.8)

∇2Q(x,k) = −k2Q(x,k), (5.9)
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where∇2 is the Laplacian operator for the spatial part. Making the transformationdτ = dt/a

andσ(τ,k) = a(τ)δφk(τ) we get the KG equation forσ(τ,k)

σ′′+(k2− a′′

a
)σ = 0, (5.10)

where primes denote derivatives w.r.t conformal timeτ.

The Friedman equations in conformal time are

(
a′

a

)2

=
8πG

3
ρa2−K, (5.11)

(
a′

a

)′
= −4πG

3
(ρ+3p)a2. (5.12)

Consider the universe with cosmological constant and curvature, thenρ = ρλ and p = −ρλ

and we get using the Friedman equations,

a′′

a
=

16πG
3

ρλ a2−K ≡ 2a2H2
λ −K, (5.13)

whereHλ = (8πG
3 ρλ)

1/2 is the Hubble parameter during pure inflation. Substituting(5.13) in

the KG equation (5.10) we obtain,

σ′′+(k2−2a2H2
λ +K)σ = 0. (5.14)

The curvature affects the wave equation ofσ(τ) in the explicit dependenceK and also in

the changed dynamics ofτ−dependence of the scale factora which is important in the early

stages of inflation.

The scalar field perturbation can be written as

δφ(x,τ) = ∑
k

σ(τ,k)
a(τ)

Q(x,k), (5.15)

whereσ(τ) is the solution of equation (5.14) and the spatial harmonicsQ(x,k) are solutions

of equation (5.9) [84]. One can separate the radial and angular modes ofQ(x,k) as

Q(x,k) = Φl
β(r)Ym

l (θ,φ), (5.16)
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whereβ = (k2+K)1/2 are the eigenvalues of the radial-part of the Laplacian witheigenfunc-

tions given by the hyperspherical Bessel functionsΦl
β(r) which are listed in [84]. In the limit

K → 0, the radial eigenfunctionsΦl
β(r)→ j l(k r). For a closed universeΦl

β(r) is given as [84]

Φl
β(r) =

Norm.Constant

(siny)
1
2

P
− 1

2−l

− 1
2+β

(cosy) , (5.17)

wherey= 1+ Kr2

4 . For the closed universeΦl
β must satisfy periodic boundary condition to be

single valued i.e

Φl
β(−cosy) = cos[(β−1− l)π]Φl

β(cosy). (5.18)

So β must be an integer. The valuesβ = 1 andβ = 2 correspond to the modes that can be

removed by gauge transformations [25].

For open universe the radial part of the eigen functions willbe

Φl
β(r) =

Norm.Constant

(sinhy)
1
2

P
− 1

2−l

− 1
2+iβ

(coshy) . (5.19)

Hereβ can take any positive real value as there are no periodic boundary conditions to satisfy.

The orthogonality property of these functions is given as

Z

γr2drdΩQlm
β (r,θ,φ)Q∗ l ′m′

β′ (r,θ,φ) =
1
β2δll ′δmm′δββ′ , (5.20)

whereγ = (1+ Kr2

4 )−3 is the determinant of the spatial metric, and completeness is

∑
l ,m

Z

β2dβQlm
β (r,θ,φ)Q∗ lm

β (r ′,θ′,φ′) = γ−1 1
r2δ(r − r ′)δ(θ−θ′)δ(φ−φ′). (5.21)

In case of closed universe the integral overβ is replaced by sum over the integersβ/
√

K =

3,4,5....

The gauge invariant perturbations are a combination of metric and inflaton perturbations.

The comoving curvature perturbation is gauge invariant andit is related to the inflaton pertur-

bations in the spatially flat gauge as

R (x,τ) =
H

φ̇
δφ(x,τ). (5.22)
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Comoving curvature perturbation is frozen outside the horizon till it re-enters in the radiation

or matter era. CMB anisotropies at large angles are caused bycurvature perturbations in the

surface of last scattering which enter in the matter era. TheSachs-Wolfe effect at large angles,

relates the temperature perturbation in the direction ˆn observed by the observer located at the

point (x0,τ0) to the curvature perturbation at the point(xLS,τLS) in the LSS,

δT(x0, n̂,τ0)

T
=

1
5
R (xLS,τLS), (5.23)

wherexLS = n̂(τLS− τ0). Using the completeness ofQlm
β (r,θ,φ) we can expandR as a sum-

over the eigenmodes,

R (xLS,τLS) = ∑
lm

Z

β2dβ
[

H

φ̇
δφβ(τ)

]

τ=τ∗
Qlm

β (xLS). (5.24)

Here we have used the fact thatR does not change after exiting the horizon during inflation (at

a conformal time which we shall denote byτ∗) till it re-enters the horizon close to the LS era.

Using the Sachs-Wolfe relation (5.23) and the mode expansion of the curvature perturbation

(5.24) and using the orthogonality (5.20) of Qlm
β , we obtain

〈
δT(n̂1)

T
δT(n̂2)

T

〉
= ∑

l

2l +1
4π

Pl (n̂1 · n̂2)

Z

β2dβ
1
25

|R (β,τ∗)|2 |Φl
β(τ0− τLS)|2. (5.25)

The angular spectrumCl of temperature anisotropy defined by

〈
δT(n̂1)

T
δT(n̂2)

T

〉
= ∑

l

2l +1
4π

Pl (n̂1 · n̂2)Cl (5.26)

can be written in terms of the power spectrum of curvature perturbations by comparing (5.26)

with (5.25),

Cl = 4π
Z

dβ
β

1
25

|PR (β)|2 |Φl
β(τ0− τLS)|2, (5.27)

where the power spectrum of curvature perturbations is defined as

PR (β) =
β3

2π2

[(
H

φ̇

)2

|δφβ(τ)|2
]

τ=τ∗

. (5.28)

We shall now derive the power spectrum for the open and closedinflation universes.
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5.3 Closed universe inflation

For a closed universe,K > 0, from the Friedman equation (5.11) we get

ȧ = Hλa

√
1− K

H2
λa2

, (5.29)

which can be integrated to give

a(t) =

√
K

Hλ
coshHλt. (5.30)

The solution (5.30) represents a bounce solution where there is a contracting phase fort < 0

and a bounce ata(t = 0) =
√

K
Hλ

and an expanding phase fort > 0. We shall choose the

expanding phase when the cosmological constant starts dominating over the curvature energy

as the start of inflation. It is during the expanding phase that the modes exit the horizon ( to

re-enter later during radiation and or matter era). Our results do not depend on the history of

the universe prior tot = 0 i.e whether there was a contracting phase and a bounce att = 0 or

a closed universe began directly in the expanding phase after quantum tunneling as in [95].

The conformal time is given by

τ(a) =

Z

da

Hλa2
√

1− K
H2

λ a2

=
−1√

K
arcsin

√
K

aHλ
. (5.31)

The conformal time spans the intervalτ = (− π
2
√

K
,0) as the scale factora varies between

(
√

K
Hλ

,∞), so forK > 0 our initial conditions are different from the standard inflation case. The

dependence of the scale factor on the conformal time is obtained from (5.31)

a(τ) = −
√

K
Hλ

1

sin
√

Kτ
. (5.32)

The conformal time KG equation (5.14) for the closed-inflationary universe is of the form

σ′′(τ)+
[
k2−K

(
2cosec2

√
Kτ−1

)]
σ(τ) = 0. (5.33)
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This equation can be solved exactly and the solutions are

σ(τ,k) = c1

(
−
√

K cot
√

Kτ+ i
√

k2 +K
)

ei
√

k2+Kτ

+ c2

(
−
√

K cot
√

Kτ− i
√

k2 +K
)

e−i
√

k2+Kτ. (5.34)

As done in the case of the flat universe the normalization constantsc1 andc2 are determined

by imposing the Bunch-Davies initial condition which states that modes which are deep inside

the horizon in the past should behave like positive frequency plane waves,

σ(τ → −π
2
√

K
,k) =

1√
2β

eiβτ, (5.35)

whereβ = (k2+K)1/2. This implies thatc2 = 0 and

|c1| =
1√

2(β)3/2
. (5.36)

The quantum fieldσ(x,τ) can be expanded in terms of the mode functions (5.34) as

σ(x,τ) = ∑
lm

Z

β2dβ
(

aβlmQlm
β (x)σ(τ,β) + a†

βlmQ∗lm
β (x)σ∗(τ,β)

)
. (5.37)

Using the commutation relation ofσ(x,τ) and the orthogonality ofQlm
β (5.20) we see that

the creation and annihilation operators obey the canonicalcommutation relations

[aβlm,a†
β′l ′m′] =

1
β2δ(β−β′)δll ′δmm′. (5.38)

From the foregoing discussion it is clear thatβ is the radial canonical momentum. The

quantum fluctuations become classical whenβ = aH. We shall evaluate the power spectrum

at horizon crossing, as the modes do not change after exitingthe inflation horizon till they

re-enter the horizon in the radiation or matter era.

Substituting the constantsc1 andc2 in the general solution (5.34) and going back to the

δφ, we find that

〈0|δφβ(τ)2|0〉 =
1

a(τ)2

[
β2+K cot2

√
Kτ

2β3

]
. (5.39)

We want to evaluate the spectrum of perturbations at horizoncrossing as adiabatic perturba-
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tions do not change after horizon crossing. The horizon crossing condition is given by

β = a∗H(a∗) = a∗

(
H2

λ −
K
a2∗

)1/2

(5.40)

from which we obtain the values of the scale factor

a∗ =
(β2+K)1/2

Hλ
(5.41)

and of the conformal time

τ∗ = − 1√
K

arctan

√
K

β
(5.42)

at horizon crossing. The corresponding value of the Hubble parameter is

H(a∗) = Hλ
β

(β2+K)1/2
. (5.43)

The power spectrumP (β) in this case is given by

PR (β) =
H4

λ
2π2φ̇2

1
(

1+ K
β2

)2 . (5.44)

5.4 Open universe inflation

Now we consider the case of an open universe withK < 0. From the Friedman equation (5.11)

we have

ȧ = Hλa

√
1+

|K|
H2

λa2
, (5.45)

where we work with the absolute value of the curvature, taking into account that|K|= −K in

this case. The above expression can be integrated to give

a(t) =

√
|K|

Hλ
sinhHλt (5.46)

with initial conditiona(t = 0) = 0. In the case of open universe there is no classical contracting

phase or bounce. The universe begins in the expanding phase and the curvature decreases in

time compared to the cosmological constant which at larget gives a pure de-Sitter expansion.

Models of open universe inflation where the universe arises at t = 0 by quantum tunneling
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have been studied in [96, 87, 86].

The conformal time is

τ(a) =

Z

da

Hλa2

√
1+ |K|

H2
λ a2

=
−1√
|K|

arcsinh

√
|K|

Hλa
. (5.47)

The conformal time spans the intervalτ = (−∞,0) as the scale factor varies in the interval

a = (0,∞). We can solve fora(τ) and obtain

a(τ) = −
√

|K|
Hλ

1

sinh
√

|K|τ
. (5.48)

The conformal time KG equation for the open-inflationary universe is of the form

σ′′(τ)+
[
k2−|K|

(
2cosech2

√
|K|τ+1

)]
σ(τ) = 0. (5.49)

This equation has exact solutions

σ(τ) = c1

(
−
√

|K|coth
√
|K|τ+ i

√
k2−|K|

)
ei
√

k2−|K|τ

+ c2

(√
|K|coth

√
|K|τ+ i

√
k2−|K|

)
e−i

√
k2−|K|τ. (5.50)

The normalization constantsc1 andc2 are chosen by imposing the Bunch-Davies initial con-

dition, that in the infinite pastτ →−∞ the modes were well within the inflation horizon and

were positives frequency plane waves,

σ(k,τ →−∞) =
1√
2β

eiβτ, (5.51)

where for the open universeβ =
√

k2−|K|. Imposing this condition on (5.50) we obtain the

integration constants,c2 = 0 and

|c1| =
1√
2βk

. (5.52)

We then obtain for the magnitude ofδφβ(τ) = σ(τ)/a(τ) the expression,

|δφβ(τ)|2 =
1

a(τ)2

[
β2+ |K|coth2

√
|K|τ

2(β2+ |K|)β

]
. (5.53)
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Since the adiabatic modes freeze after Hubble crossing, thepower spectrum is evaluated

at horizon crossing. The horizon crossing condition is given by

β = a∗H(a∗) = a∗

(
H2

λ +
|K|
a2∗

)1/2

, (5.54)

and we obtain for the scale factor at Hubble crossing

a∗ =
(β2−|K|)1/2

Hλ
, (5.55)

and the corresponding conformal time is given by

τ∗ = − 1√
|K|

arctanh

√
|K|
β

. (5.56)

The Hubble parameter at horizon crossing is

H(a∗) = Hλ
β√

β2−|K|
. (5.57)

We notice that in an open-universe stage of inflation, only the modes satisfying the condition

β2 > |K| will cross the Hubble radius.

With this, we obtain the following expression for the curvature power spectrum at Hubble

crossing

PR (β) =
H4

λ
2π2φ̇2

1
(

1− |K|
β2

)2(
1+ |K|

β2

) . (5.58)

5.5 Effect of curvature on temperature anisotropy spectrum

There are first principle calculations of power spectrum in anon-flat inflationary universe [20],

[85], [97], [98], [86] and [87] . Our results for the primordial power spectra for both the closed

and open pre-inflation universe cases differ in some detailsfrom these earlier papers because

of differences in the way we have implemented the initial conditions. Our results of the

primordial power spectrum have been derived assuming that the vacuum state in the infinite

past was the Bunch-Davies vacuum and we have evaluated the primordial power spectrum at

horizon crossing of the perturbation modes.

The power spectrum obtained by Ratra and Peebles [20] and Lyth and Stewart [85] for the
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open universe case, obtained by assuming conformal boundary condition for the initial state

at τ →−∞ is

PR (β) =
H4

λ
2π2φ̇2

1(
1+

|K|
β2

) . (5.59)

This is sometime written in the form

β−3PR (β) ∝
1

β(β2+K)
≡ 1

β(β2+1)
. (5.60)

Bucher et al [87] and Sasaki et al [86] consider an open universe with a tunneling solution

and assume that the initial states annihilate the Bunch-Davies vacuum and obtain a power

spectrum ,

PR (β) =
H4

λ
2π2φ̇2

1(
1+

|K|
β2

) coth

[
πβ√
|K|

]
. (5.61)

In our study we also assume a Bunch-Davies vacuum but we consider the standard slow roll

inflation model, where the expansion was dominated by the curvature term prior to inflation,

and evaluate the power spectrum at the horizon exita∗H(a∗) = β. In our solution for the

power spectrum of the open universe case (5.2) we have a factor of 1/(1−|K|/β2) instead of

coth(πβ/
√
|K|) of (5.61). All three solutions for the power spectrum (5.2), (5.59) and (5.61)

agree in the limit of small curvature|K|/β2 → 0.

For the closed universe case, the curvature power spectrum as a function ofβ is obtained

in [89] numerically and they find that curvature causes a suppression of the power spectrum

at lowβ which agrees with our result. Analytic expressions for the power spectrum for closed

universe inflation is also given by Starobinsky [98] where it is seen that the power spectrum

is enhanced at lowβ for inflation with positive curvature. We find that for the case of closed

universe the power spectrum is slightly suppressed at lowβ and our result agrees qualitatively

with that of [89] but disagrees with [98].

As an example the experimental bound on the total density of the universe from a combi-

nation of WMAP and HST supernovae observations is 0.98< Ω0 < 1.06 [10, 16] in the w-cdm

models. If one uses the Ratra-Peebles form of the power spectrum for the closed universe

PR (β) =
H4

λ
2π2φ̇2

1(
1− K

β2

) , (5.62)



5. EFFECT OF SPATIAL CURVATURE ON CMB ANISOTROPY 72

we see that for perturbations of the horizon sizeβ ≃ H0a0, the power spectrum is suppressed

by up to 6% (compared to the flat universe). On the other hand ifone uses the power spectrum

(5.1) for the closed universe the suppression of large scale power can be as large as 12%.

Although the Ratra-Peebles formula for the power spectrum was derived for open universe

inflation (K < 0) it is used in numerical programs like CAMB [39] and CMBFAST [38] also

for the closed universe case withK > 0 when deriving the temperature anisotropy spectrum.

In principle the choice of power spectrum used as an input (asin CAMB and CMBFAST)

will affect the determination of cosmological parameters like Ω0, H0, ns etc from the CMB

data. In Fig.5.1 we show the temperature anisotropy for a closed universe with Ω0 = 1.06

calculated using the power spectrum (5.44) (dashed line) and the temperature anisotropy cal-

culated using the Ratra-Peebles power spectrum (5.60) (solid line).
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Figure 5.1: Comparison of temperature anisotropy with the Ratra-Peebles power spectrum
(5.60) and the power spectrum (5.44) derived assuming a Bunch-Davies vacuum. The tem-
perature anisotropy has been calculated for a closed universe with Ω0 = 1.06. Fig. from
[19].
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We modified the CAMB program to determine the temperature anisotropy spectrum and

we have taken the best fit values of all other parameters likens,h,τ etc. We find that there is

some difference between the two close tol = 2 but essentially no difference at largel . The

difference at lowerl is highlighted in Fig.5.2where we have shown the same plot as in Fig.

5.1, but only for the lowl values. We see that the temperature anisotropy calculated using

(5.44) shows a suppression at lowl compared to the Ratra-Peebles form. However owing to

the large cosmic variance statistical error at lowl the difference is statistically insignificant.
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Figure 5.2: Comparison of temperature anisotropy with the Ratra-Peebles power spectrum
(5.60) and the power spectrum (5.44) at low values ofl for a closed universe withΩ0 = 1.06.
Fig. from [19].

In Fig. 5.3 we show that in the case of closed universe for larger values of Ω0 the

quadrupole anisotropy is even more suppressed and fits the WMAP data better using the

closed universe power spectrum (5.44). This qualitatively supports the idea proposed in [88]

that a positive spatial curvature should suppress the powerat low l but the magnitude of the
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suppression for realistic values of parameters is not enough to explain the quadrupole sup-

pression observed by WMAP.
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Figure 5.3: Suppression of quadrupole temperature anisotropy with increasing spatial curva-
ture from the power spectrum (5.44). Fig. from [19].

In Fig. 5.4 we show the allowed parameter space of the Hubble parameter and curvature

from the WMAP-5 data for theΩwCDM model. We have used the power spectrum (5.44)

and the Ratra-Peebles form (5.60) to calculate the theoretical prediction for the temperature

anisotropy using CAMB. Marginalizing all other parameterswe plot the allowed values ofH0

andΩ0 at 90%C.L. Since the theoretical prediction from the two power spectra match closely

except at lowl , the chi-square from the two differs only in the second decimal place and the

allowed parameter space from the two power spectra are identical as shown in Fig.5.4.
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Figure 5.4: The allowed parameter space forΩ0 and Hubble parameterH0 (in units
Km/sec/Mpc ) at 90%C.L from WMAP5 data. There is no discernible difference in the
parameter space when one assumes the Ratra-Peebles form of power spectrum (5.60) or the
form (5.44) calculated in this chapter. Fig from [19].

5.6 Conclusion

At the beginning of inflation the curvatureΩ−1 is expected to be of order one. By the time

perturbations of our horizon size exit the inflation horizon, the curvature drops toΩ0 − 1

which is the present value. A non-zero observation of the curvature will tell us whether the

universe prior to inflation was open or closed (even though itis almost flat now) and put

constraints on the number of extra e-foldings that must haveoccurred beyond the minimum

number needed to solve the horizon problem. Spatial curvature is a threshold effect which can

give us information on the pre-inflation universe from observations of the CMB anisotropy

at large angles, similar to the effect of a possible pre-inflation thermal era [42, 17]. From

the power spectrum of the closed (5.1) and open inflation (5.2) cases we see that ifK > 0,

power is suppressed at large angles and ifK < 0 power is enhanced at large angles. The

WMAP observation of a strong suppression of the quadrupole temperature anisotropy cannot

be explained by the modified power spectrum for a closed universe as suggested by [88] for

realistic values of other parameters (likeH0) . The determination of the spatial curvature from
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the WMAP data is not observably affected by the choice of the boundary condition used for

the determination of the primordial power spectrum in a curved inflationary universe. The

difference in the anisotropy at lowl from different calculations of the power spectrum are

smaller than the cosmic variance and therefore are indistinguishable even in principle.



Chapter 6

Conclusion and discussions

Inflation [1] solves the major problems of the standard model of Big-Bangcosmology and

it also provides seeds for the CMB anisotropy and structuresin the universe. It predicts

nearly scale invariant and Gaussian density perturbationsthat are consistent with the CMB

observations [16]. To satisfy CMB observations ther must be nearly 60 efoldings from the

end of inflation to the time when the length scales corresponding to our horizon leaves the

inflationary horizon. The amplitude and the spectral index of the scalar perturbations must

be [16] AR = 2.41± 0.11× 10−9 and ns = 0.963+0.014
−0.015 respectively. These observational

constraints put an upper bound on the scale of inflation that turns out to be at the GUT scale (

(V)
1
4 ≤ 1016GeV). The lower bound on the scale of inflation comes from the observations of

tensor perturbations which will be confirmed by the detection of B-mode of CMB polarization.

The parameters of the inflaton potential are determined by the amplitude and the spectral index

of the density perturbations. As inm2φ2 or λφ4 type of potentials the value ofφ must be greater

thanMP andλ ≤ 10−12. These models are not natural from particle physics point ofview.

There are large number of attempts to come up with a model thatcan make sense from

observational and theoretical point of view. One of them is warm inflation [12] in which

radiation is also present during inflation but it remains subdominant. Inflaton is being dissi-

pated into the radiation, so the temperature remains nearlyconstant and there is no phase of

reheating. In these models density perturbations are generated by thermal fluctuations in the

inflaton field. Since thermal fluctuations are classical so this model also provide a solution to

the quantum to classical transition problem of cold inflation. In cold inflation models there is

a model of inflation called as, ”Natural inflation” in which inflaton is PNGB of some spon-

taneously broken symmetry. This model can accomodate smallscales asλ ∼ Λ4

f 4 whereΛ is

77
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explicit symmetry breaking scale andf is spontaneous symmetry breaking (SSB) scale. The

flatness of the potential in this model is protected from higher order corrections due to shift

symmetry. Observational constraints onns require that the SSB scalef should bef ∼ MP

[15].

Although inflation seems to be a best model to understand the origin of CMB anisotropy,

there are still some unexplained features in the large scaleCMB anisotropy like low quadrupole

and glitches at lowl . As these anisotropies were generated during the very earlystages of in-

flation, they can have imprint of pre-inflationary universe.Study of pre-inflation universe can

give us information about the correct model of inflation.

In this thesis we have presented the effect of pre-inflationary radiation era and effect of

curvature before inflation on CMB anisotropy and polarization. We have shown [17] that

due to the decoupled thermal distribution of gravitons B-modes of CMB polarization will be

enhanced at lowl . As WMAP gives an upper bound on the B-modes but the standard theory

predicts very low tensor to scalar ratio which is below the sensitivity of WMAP. Due to this

enhancement WMAP in future may see a signal of B-modes and it will put an upper bound on

the graviton temperature when our observable universe was leaving the inflationary horizon.

If this temperature is less than the temperature at the beginning of inflation we will have extra

e-foldings than what is required to solve horizon problem. In warm inflation the temperature

remains nearly constant so the predictions of thermal enhancement of tensor modes cannot

be evaded (if not seen in B-modes) by assuming extra e-foldings as in cold inflation with a

pre-inflation thermal era.

Warm inflationary models require radiation as sub-dominantcomponent to provide damp-

ing during inflation. We have studied warm inflation with PNGBpotential [18] and we have

shown that the spontaneous symmetry breaking scale can be reduced to the GUT scale. An-

other feature of this model is that it can generate large non-Guassianity that can be observed

in future experiments. Since PNGB has derivative coupling to the lepton current, this model

can automatically generated lepton asymmetry during inflation.

Another important question related to the pre-inflation universe is whether the universe

was closed or open before inflation. Inflation tells that the curvature of the universe at the

time when our horizon left the de Sitter horizon should be equal to the curvature at present.

If we observe a non-zero value of the curvature at present, wecan say that inflation lasted

only for minimum number of e-foldings and the universe was not flat before inflation. A large
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curvature before inflation may affect large scale CMB anisotropy. We have calculated power

spectrum for curvature perturbations in both closed and open universe during inflation [19].

We have used Bunch-Davies boundary condition for the mode functions and have evaluated

the power spectrum at horizon crossing. It is observed that there is suppression at lowl for

closed universe. But this suppression is not sufficient to explain the low value of quadrupole.

The effect at lowl temperature anisotropy due to different boundary conditions that are used

to calculate different power spectra, is not observable because of cosmic variance.
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