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Abstract 

Solitons and solitacy waves manifest in dynamical systems, when dispersion 

and non-linearity b~ance each other. These solutions of non-linear equa­

tions, which arise in diverse physical systems, can be localized or continuous. 

Bose-Einstein condensate (BEC) is one of the very well studied non-linear sys­

tems, where atom-atom interactions lead to rich structures. The formation 

dynamics and control of these waves in BEC are subjects of intense current 

research. The order parameter equation governing the dynamics of mean field 

BEC is the Gross-Pitaevskii equation, a non-linear generalization of the famil­

iar Schrodinger equation. Other than BEC, non-linear Schrodinger equation 

(NLSE) manifests in non-linear fibre optics [1, 2]. Wave propagation in reso­

nant and non-resonant atomic media is another area governed by non-linear · 

equations. 

Developing analytical tools for finding the solutions of aforementioned sys-: 

terns and analyzing their properties have been the goal of this thesis. In 

this context, we first study the strongly coupled cigar shaped Bose-Einstein 

condensate. Finding exact soliton solutions and a procedure for their co­

herent control have been achieved. Control and manipulation of BEC have 

been achieved through the distributed non-linearity, gain/loss and other pa­

rameters of the system. Power law-type complex soliton is then found for 

a quasi-one-dimensional Bose-Einstein condensate with both two and three­

body interactions. We then study this system in a harmonic trap and find 

that the solution retains its self- similar character. Subsequently, we explore 

various longitudinal excitations in BEC, resulting from the time dependence 

of the trap frequency. Two-component BEC is then analyzed, where we have 

identified new sinusoidal solutions .. Their behavior in a trap and periodic lat­

tice are investigated. In particular, we find dynamical super-fluid to insulator 

phase transition here. Apart from studying the coherent localized solutions 

of non-linear equations, we have also analyzed the time evolution of a lo-
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calized quantum wave packet due to a Hamiltonian whose eigen values are 

quadratic in the quantum number n. Specifically, we have studied the evolu­

tion of the coherent state of the Posch-Teller potential. The phase-space study 

reveals sub-Planck structure arising due to fractional revival phenomenon of 

wave packet. We then focus our attention on another nonlinear system in 

non-resonant atomic media, the Maxwell-Duffing model. It is found that our 

procedure enables one to identify a wide class of solutions. These include, 

sinusoidal and cnoidal wave solutions. 

(i) Exact solitons for strongly coupled cigar shaped Bose­
Einstein condensates: 

In weakly coupled cigar shaped BEC, localized soliton, as well as soliton trains 

are exact solutions, which have found experimental confirmation, although 

the formation mechanism of bright solitons, still remains \Inclear. Unlike the 

weakly coupled scenario, lack of exact solutions for the strongly coupled case 

has led to numerical investigations and variational approaches to the Thomas­

Fermi limit of the Gross-Pitaevskii (GP) equation [3). Here, we present exact 

soliton and soliton train solutions of the strongly coupled cigar shaped BEC. 

The presence of a harmonic trap, as well as the temporal variation of scat­

tering length, loss/ gain and oscillator confinement are treated analytically. 

This opens up the possibility of coherent control of atom laser in the strongly 

coupled regime. 

(ii) Power-law soliton for cigar shaped BEC both with two- and 
three-body interactions: 

The three-body interaction can be generally treated as a perturbation over the 

two-body case; it becomes significant for short range and larger scattering 

length. A number of theoretical studies have been carried out considering 

three body interaction in both three- and quasi-one-dimensions. We demon­

strate the existence of power-law type complex solitons in the presence of 

repulsive two- and attractive three-body interactions. The dark solitons have 

a constant velocity determined by the interaction strengths, which is quite 

different from the Lieb mode case (4). Their profiles can change as a function 

of the parameters of the theory. 

(iii) Faraday waves in cigar shaped Bose-Einstein conden-
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sates: 

Temporal variation of scattering length or transverse frequency can lead to 

Faraday excitations in a cigar shaped BEC [3]. We first study these excitation 

in strongly coupled BEC and BEC with both two- and three-body interactions. 

The effect of sudden change in the oscillator frequency is then analytically 

modelled. 

(iv) Sinusoidal Excitations in Two Component Bose-Einstein 
Condensates 

The non-linear coupled Gross-Pitaevskii equation governing the dynamics of 

the two component Bose-Einstein condensate (TBEC) is shown to admit pure 

sinusoidal, propagating wave solutions in quasi one dimensional geometry. 

These solutions, which exist for a wide parameter range, are then investigated 

in the presence of a harmonic oscillator trap with time dependent scatter­

ing length. This illustrates the procedure for coherent control of these modes 

through temporal modulation of the parameters, like scattering length and os­

cillator frequency. We subsequently analyzed this system in an optical lattice, 

where the occurrence of an irreversible phase transition from superfluid to 

insulator phase is seen. 

(v) Coherent states (CSs) of symmetric Poschl-Teller potential 
(SPT) and their time evolution: 

We make use of novel exponential forms of the solutions of differential equa­

tions [5], for identifying the symmetry generators underlying the hypergeomet­

ric equation. This is used to construct and study the displacement operator 

coherent state (DOCS) of the Poschl-Teller potential [6]. The primary moti­

vation for considering the Poschl-Teller potential is that, it has a quadratic 

energy spectrum leading to a rich revival structure for its CS, which can lead 

to the formation of cat-like states. The temporal evolution, auto-correlation 

and quantum carpet structures of the CSs are carefully analyzed for delineat­

ing their structure and various time scales present in this problem. 

(vii) Sinusoidal excitation in a non-resonant atomic medium: 

One of the well studied approaches to dense non-resonant atomic medium is 

to consider the response of the medium as weakly nonlinear. Such situation 
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leads to the Duffing oscillator model, where the nonlinear response of the 

medium is assumed to be cubic. On the other hand, the unidirectional wave 

propagation approximation reduces the Maxwell wave equation from second 

order to a first order equation. These two, together can well-describe the wave 

propagation in a non-resonant atomic medium and are called the reduced 

Maxwell-Duffing model (RMD). We present here mono frequency, sinusoidal 

wave excitations for RMD system. This excitation exists only in the presence 

of a polarizing background. General cnoidal wave solutions are found both 

with and without background. 
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Chapter 1 

Introduction 

1.1 Solitons 

A solitary wave occurs as a localized, non-dispersive and non-singular solution of 

a non-linear equation, for which superposition principle is not valid. For these 

waves to exist the balance between nonlinearity and dispersion plays the key role. 

It was first discussed in 1845 by J. Scott Russell in the "Report of the British 

Association for the Advancement of Science", when he observed a solitary wave 

travelling along a water channel. In his own words, "I was observing the motion of 

a boat which was rapidly drawn along a narrow channel by a pair of horses, when 

the boat suddenly-not so the mass of water in the channel which it had put in mo­

tion; it accumulated round the prow of the vessel in a state of violent agitation, then 

suddenly leaving it behind rolled forward with great velocity, assuming the form 

of a large solitary elevation, a rounded, smooth and well-defined heap of water, 

which continued its course along the channel apparently without change of form or 

diminution of speed. I followed it on horseback, and overtook it still rolling on at a 

rate of some eight or nine miles an hour, preserving its original .figure some thirty 

feet long and afoot to afoot and a half in height. Its height gradually diminished, 

and after a chase of one or two miles I lost it in the windings of the channel. Such, 

in the month of August 1834, was my first chance interview with that singular and 

beautifelphenomenon which! have called the Wave of Translation, .... " 

In physical context, nonlinearity arises in the response of the system. When 

the output response of a system (R) is proportional to the input excitation (E), the 

1 



Introduction 2 

system is a linear one. On the other hand, if the response of the medium: 

(1.1) 

system is called a nonlinear medium. Nonlinearity increases if the ratios ~, ~ .... 

are large. It can result in generation of harmonics. In other nonlinear systems 

points of large amplitude can overtake points of small amplitudes. 

Now, let us consider waves, which are time and space dependent. In this case 

any arbitrary pulse can be regarded as a linear superposition of sinusoidal wave 

trains with different frequencies. If each of these waves propagates with the same 

velocity, the system is non-dispersive and the pulse travels without deforming its 

shape. On the contrary, different velocities for different component waves, results 

in spreading and the system is a dispersive one. In this case refractive index or the 

wave vector is a function of the wavelength or the frequency. In optics language, 

'~~ < O' is the normal dispersion '~ > O' is the anomalous dispersion. The group 

velocity dispersion is characterized by ( ~~~): 

> 0 -+ positive dispersion 

< 0 -+ negative dispersion, (1.2) 

Solitons are solutions of nonlineai:- equations, governing different nonlinear 

media. In recent years one finds a host of research works, where a number of 

different approaches for finding exact solutions of nonlinear differentjal equations 

have been proposed [9, 10, 11, 12, 13, 14, 15, 16, 17]. It is well known that all 

nonlinear differential equations can be divided into three types: exactly solvable, 

partially solvable and those that have no exact solution. 

Consider the nonlinear evolution equation, whole solution needs to be found: 

(1.3) 

First of all one performs the Painleve test to check the integrability of this equation 

[18]. Usually we look for exact solution of nonlinear evolution equation in the form 

of traveling wave: 

u(x, t) = y(z), z = x - ut (1.4) 
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As a result, Eq. (1.3) reduces to the nonlinear ordinary differential equation (ODE) 

(1.5) 

To obtain exact solutions of Eq. (L5) one can apply different approaches (9, 10, 

19, 20, 21, 22, 23, 24, 25, 26, 27, 28). However, one notes that most meth­

ods of exact solutions take into account the singular analysis for solutions of 

the nonlinear differential equations (18, 19, 20, 29, 30, 31). In a number of 

cases, elliptic functions are general solutions of nonlinear exactly solvable equa­

tions. It was shown by Zakharov that the time evolution of the envelope of a 

weakly nonlinear deep-water wave train is described by an equation called the 

nonlinear Schrodinger equation. Furthermore, this equation was solved exactly 

by Zakharov and Shabat (1971) by using the inverse-scattering method. They 

showed that the exact solutions are deep-water wave-envelope solitons and that 

an initial wave packet eventually evolves into a number of envelope solitons and 

a dispersive tail. These solutions were verified experimentally by Yuen and Lake 

(1975). In the case of deep water, an envelope soliton consists of a sech-shaped 

hyperbolic secant envelope which modulates a periodic (cosine) wave. Hasegawa 

and Tappert (1973) showed theoretically that the envelope of a light wave propa­

gating in an optical fiber can be described by the NLS equation. As a result, the 

existence of optical-envelope solitons, the so called bright solitons, was predicted. 

This prediction was verified in (1980) by Mollenauer et. al., who observed bright­

soliton propagation in a single fiber. Physically, these optical solitons originate 

from a Kerr type nonlinearity, manifested through the intensity dependence of 

the refractive index. 

Bose-Einstein condensate, is one of the very well-studied nonlinear systems, 

where nonlinearity arises because of interactions between the bosonic atoms. Op­

tical fibre and non-resonant atomic media are the other systems, with which will 

be concerned with. 

1.2 Bose-Einstein condensates 

Bose statistics dates back to a 1924 paper, in which Satyendranath Bose used a 

statistical argument of photon to derive the black body photon spectrum. Einstein 
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then extended the idea of Bose's counting statistics to the case of non-interacting 

atoms. Einstein immediately noticed a peculiar feature of the distribution of the 

atoms over the quantized energy levels predicted by this statistics. At very low but 

finite temperature a large fraction of the atoms would go into the lowest energy 

quantum state. 

In his words "A separation is effected: one part condenses, the rest remains a 

saturated ideal gas" [32]. This phenomenon is known as Bose-Einstein conden­

sation (BEC). Particles, which obey Bose-Einstein distribution, are called bosons, 

for which the distribution function is given by, 

(1.6) 

Here, eµ/KT is called fugacity (0 ~ eµ/Kt < 1). At the high temperature limit 

particles are distributed over a wide energy range and the distribution function 

goes to the one of Maxwell-Boltzmann classical distribution. On the other hand, 

at low temperature limit ( < Tc), the chemical potential (µ) is almost equal to the 

lowest energy value. In this case, number of particles in single particle ground 

state becomes arbitrarily large, leading to a macroscopic occupation of a single 

quantum state or the Bose-Einstein condensation. 

This occurs for identical bosons when the inter-particle separation is less than 

the thermal de Broglie wavelength of the particles: AdB = h/J21rmkBT, Here, h, 

k8 , m, and Tare the Planck constant, Boltzmann constant, atomic mass, and 

temperature of the gas, respectively. For a room temperature gas, AdB is much 

less than the size of an atom, hence although AdB increases for lower tempera­

ture, conventional condensation to liquid or solid occurs long before reaching the 

quantum degenerate regime. Hence, an atomic BEC is a supercooled metastable 

state that exists in an ultrahigh vacuum chamber, and depending on the vac­

uum condition, the lifetime of a condensate ranges from only few seconds to 

few minutes. To prevent formation of normal condensed states, which occur via 

three-body collisions leading to molecule formation, atoms must be kept at low 

densities, typically of the order of 1014 cm-3 , which is 5 orders of magnitude lower 

than ambient air pressure. At such low densities, atoms need to be cooled to the 

sub-micro Kelvin regime in order to observe Bose-Einstein condensation. Bose-



Introduction 5 

Einstein condensates are of purely quantum origin. Quantum effects arise when 

the gas parameter, n.X 3 ~ 1, where n and .X are the density and the wavelength 

respectively. The transition temperature (Tc) is the highest temperature at which 

a macroscopic occupation of lowest-energy state appears. 

This can be calculated as [ 1], 

Nl/o: 
(1.7) 

where N is the total number of atoms and ( (a) is the Riemann zeta function: 

((a) = I:~=l n-o:. For a gas in a 3D box of volume V, a = 3/2, ((3/2) = 2.612 and 

0 3; 2 = J2::;3 • Therefore the transition temperature: 

n2n2/3 N 
kBTc = 3.31 m where n = V. (1.8) 

For 3D harmonic oscillator trap a= 3. Condensate fraction is given by 

No = N[l - ( D '\ (1.9) 

where No is the number of atoms in ground state. At absolute zero CT = O), No = N, 

hence all the atoms are in the ground state. 

Experimental realization ofBEC started from liquid helium. In 1938 Fritz Lon­

don, noting the similarity of the heat capacity curve in liquid helium to the be­

havior of the heat capacity of an ideal gas near the BEC transition, proposed that 

superfluidity could be a manifestation of Bose-Einstein condensation [33]. This 

proposal, and its later verification, constitutes a landmark in modern physics. 

For the very first time a system had been discovered wWch was described by a 

macroscopic wave function. Due to the presence of strong interaction in liquid 

helium, the number of atoms in the zero momentum states was very small, that 

created the difficulty to realize it in experiments. In 1959, Bose-Einstein conden­

sation in weakly-interacting spin-polarized hydrogen was proposed by Hecht [34]. 

The attraction between hydrogen atoms is small and it remains gaseous at very 

low temperature. In the mean time, laser cooling and trapping techniques had 

been developed, but laser cooling was not feasible for hydrogen. 

These problems led to the search for weakly interacting Bose gas with higher 

condensate fraction. Since then alkali gases have become a strong candidate for 
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BEC. They remain gaseous at very low temperatures. Alkali atoms are also well 

suited to laser based methods because their optical transitions can be effected by 

available laser. They have a favorable internal energy-level structure for cooling 

to very low temperature. 

By combining laser cooling with the evaporative cooling technique BEC in di­

lute alkali gases had been achieved in 1995 [35, 36, 37]. Since then, many experi­

ments have been performed probing the static and dynamic properties of weakly 

interacting Bose condensates, and dilute gas BEC has been produced by many ex­

perimental groups. Multi-component condensates have been studied by trapping 

atoms in two different hyperfine states [38]. Multi-component spinor condensates 

have also been studied [39). 

1.3 Gross-Pitaevskii equation 

Dynamics of BEC is governed by the time dependent Gross-Pitaevskii (GP) equa­

tion. The cubic nonlinearity arises because of two-body atom-atom interactions. 

We describe the system of N interacting bosons, using the second quantized 

Hamiltonian in terms of the Bose field operator '11. This operator is a function 

of space and time, although for convenience one drops the time parameter. The 

second quantized Hamiltonian is then given by, 

(1.10) 

where ¼nt(r, r') is the interaction potential acting between the bosons and Ho= 

-(1i2 /2m)V2 + Vext is the single particle Hamiltonian, where mis. the particle mass 

and Vext is the external potential acting on the system. The operators \llt(r) and 

\ll(r) represent the creation and annihilation of a boson at position r, and satisfy 

the crucial Bose commutation rules that will be given below. 

The gas is sufficiently dilute that the atomic interaction are dominated by 

low energy, two-body s-wave collisions. These are essentially elastic, hard-sphere 

collision between two atoms, and can be modeled in terms of the pseudo-potential, 

¼nt(r, r') = g~(r' - r), (1.11) 
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where g = 41rn2a/m, with a the s-wave scattering length. Inserting this potential 

into Eq. (1. 10) and integrating over all r'-space leads to, 

iI = j d3r>ltl(r)J:l0 ,i, + ! j d3r'>ltl(r)>ltl(r)>lt(r}>lt(r). 

Using the Bose commutatio~ relations, 

Heisenberg's time evolution equation yeilds, 

·ta 8\ll(r') 
in at -

_ ifl(r'}iI - j d3 [ >lt(r'}>lt t (r) - t5(r' - r)] Ho >lt(r) 

! j d3r [ >lt(r'),i,l (r) - 2t5(r' - r)] ,i,t (r )>lt t (r )>lt t (r) 

[iio + g'llt(r')'ll(r')] 'll(r'). 

(1.12) 

(1.13) 

(1.14) 

Since the condensate state involves the macroscopic occupation of a single 

state it is appropriate to decompose the Bose field operator in terms of a macroscopically­

populated mean field term ,,/;(r') =< 'll(r') > and a fluctuation term 'll'(r'), 

'll(r') = 1/J(r') + 'll'(r'). (1.15) 

Then, taking only the leading order terms in 1/J, Eq. (1.14) leads to the time­

dependent Gross-Pitaevskii equation, 

• 81/J ( ;,,2 2 I 12) inat = - 2m V + Vext + g 1P 1/J. (1.16) 

Here, 1/J = 1/J(r, t) represents a function of space and time, called the order pa-

rameter of the condansate. Neglecting lower order terms involving the fluctuation 

operator '11 1 amounts to neglecting thermal and quantum depletion of the conden­

sate. This is a valid approximation, when (i) the temperature is much less than 

the transition temperature for the onset of condensation, and (ii) when the con­

densate is sufficiently weakly-interacting, which is true when a<< Ads, where AdB 

is the thermal de Broglie wavelength of the particles. 

In this thesis, we shall study the various modification of the GP equation. 

We mainly concentrate on the quasi- ID scenario. In this case, the transverse 
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dimensions of the cloud are very small compared to longitudinal direction (z). 

The density profile across the trap can be assumed to have its equilibrium form, 

appropriate to the local number of particles per unit length: 

o-(z) = j n(x, y, z)dxdy. (1.17) 

With these consideration the system becomes essentially one dimensional [3]. 

Atom-atom interactions play very important role in the dynamics of BEC. For 

strong interaction, kinetic energy term becomes small and the nonlinearity and 

potential dominate. This is known as Thomas-Fermi approximation. 

Three-body atom-atom interactions becomes significant for high density and 

large scattering length. This situation is described by the quintic nonlinear term. 

Various types of traps are incorporated starting from regular oscillator to an ex­

pulsive one. The response of BEC profile, when parameters like, nonlinearity, 

trap-frequency and phenomenological loss term are time dependent is quite in­

teresting. We have analytically tackled a variety of these systems in realistic con­

ditions. 
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Chapter 2 

Coherent control of solitons in strongly 

coupled cigar-shaped BEC 

.,, 

We find exact localized solutions of strongly coupled Bose-Einstein condensate 

(BEC) in a one-dimensional harmonic trap and illustrate the procedure for their 

coherent control. These solitons of the repulsive BEC exhibit a W type density 

distribution, well suited for trapping of neutral atoms. We demonstrate the effect 

of time dependencies of the coupling, trap potential and loss on the condensate 

profile. The dynamical stability of the solutions is checked, using the spectral 

method. An interesting correspondence is established between these solutions 

and the complex Lieb-mode of weakly coupled BEC. 

2.1 Introduction 

The formation dynamics and control of the non-linear waves in Bose-Einstein 

condensate (BEC) are subjects of intense current research [1, 2, 3, 4, 5, 6, 7]. 

Dark [8] and bright solitons [9, 10, 11, 12] and soliton trains [13] have been ex­

perimentally observed in cigar shaped BEC, although the precise mechanism of 

their formation still remains unclear. The fact that in the weak coupling limit, the 

1D Gross-Pitaevskii (GP) equation is the familiar non-linear Schrodinger equation 

(NLSE) with a well-studied cubic non-linearity [14], has tremendously facilitated 

our understanding of the structure of this macroscopic quantum system. The 

above system, being integrable, the solutions are well known since long time. 

12 
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Recently, the coherent control of the weakly coupled BEC and the behavior of 

the solitons in a harmonic trap with time dependent scattering length are being 

extensively studied [15, 16, 17, 18, 19). In cigar shaped BEC, apart from time 

dependent scattering length arising through Feshbach resonance, one can also 

analytically tackle various time dependencies of oscillator frequency, both in at­

tractive and repulsive scenarios. This has found important application in the 

generation of Faraday waves in BEC [20), which arise due to sinusoidal temporal 

modulation of the transverse trap/ scattering length. 

In comparison to the weak coupling regime, the strongly coupled sector has 

not been studied carefully. Lack of exact solutions has led to primarily numerical 

investigations and variational approaches to the Thomas-Fermi limit [21, 22, 23) 

of the GP equation [24, 25, 26). Goal of the present work is two-fold. First of 

all, we present a method to obtain exact solutions of the strongly coupled GP 

equation in a cigar shaped trap. Localized singular and non-singular solutions 

as well as periodic ones emerge from the above procedure. The localized solution 

in the repulsive regime exhibits a W type density profile. This solution is found 

to be dynamically stable through the use of a spectral method. W type density 

profile of the soliton is well suited for trapping of neutral atoms. 

We then study the coherent control of these solutions in the presence of a har­

monic trap, which can be confining or expulsive. Time dependent non-linearity 

and loss have been treated exactly. In this case, the self-similar solutions get 

modified with time dependent amplitude, phase and width. The center of mass of 

the solitons reveals rich dynamics, which for a regular confining oscillator is peri­

odic. Interestingly, we establish a connection of these solutions with the complex 

Lieb mode of weakly coupled BEC [25). 

The chapter is organized as follows. In Sec.2.2, we first outline the proce­

dure to obtain the GP equation in one dimension, after which a method of frac­

tional transform is used to find a wide class of exact solutions. The non-singular 

localized solutions and the singular ones are isolated in the repulsive domain. 

The connection of these solutions, with the Lieb-mode for weakly coupled BEC is 

then established. Subsequently in Sec.2.3, their coherent control is analytically 

demonstrated in presence of an oscillator. Stability analysis of the solutions is 
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carried out in Sec. · 2.4. 

2.2 Exact solitons of the strongly coupled BEC 

The three dimensional GP equation describing the dynamics of BEC in a cylindri­

cal harmonic trap, V = ½Mw1_(x2 + y2 ), is given by 

(2.1) 

where Uo = 41r!i2a/M is the contribution from the effective two body interaction, a 

being the scattering length. In the quasi-one dimensional limit, one writes [25] 

\J!(r, t) = J(z, t)G(x, y, a), (2.2) 

wh.ere a(z) is the local particle density. G(x, y, a) is the normalized equilibrium 

wave function for the transverse motion: 

u(z) = j dxdyl\Ji(x, y, z)l2 = 1/(z, t)12
. (2.3) 

We first assume that there is no confinement along the z direction. In the repul­

sive, strong coupling limit (n0U0 >> !iw1_), one uses the Thomas-Fermi approxima­

tion for the transverse profile, leading to the condensate equation [24], 

. a [ n2 a2 
1 1 112 ] i!i atf(z, t) = - 2M 8z2 + 2!iw1_al 2(0-1 2 - O"o ) f(z, t). (2.4) 

Here, o-0 is the equilibrium density of the atoms far away from the axis. For finding 

exact solutions, we consider the following ansatz solution 

f (z, t) = ei(kz-wt) p(~), (2.5) 

with a fast moving component and slowly varying envelope profile p(~)- Here, 

~ = a(z - vt) and v = ~k. Real p(~) satisfies, 

(2.6) 

where g = .-4Mw1_a112/!i and E = 2Mw/!i + 4Mw1_(a0a) 112/!i - k2 . In ·the repulsive 

domain under consideration, g is always negative. Following a pseudo potential 

picture, one obtains the constant of motion as, 

a2 
Ea= 2 p'2 + g/3 µ3 + E/2 p2

. (2.7) 
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Figure 2.1: Localized soliton with a double well density profile for an atomic BEC 
of mass M = MNa with (a) w = 2.8 (blue/dotted line) and w = 28 (red/solid line) 
and (b) scattering length 189 a.u. (blue/dotted line) and 1134 a.u. (red/solid line). w 
is in the unit of 10-9 a. u .. 

The energy E0 , being cubic in p indicates the possibility of a W type density profile. 

For example, for Ea= 0, p(e) = 0 and p(e) f Oare possible extrema solutions. For 

obtaining exact solutions, we use a rational ansatz (27]: 

I:anfn 
p(e) = 1 + I: anfn. (2.8) 

It needs to be ensured that this fractional transform connects the solution p( e) 

to elliptic equation: /' = af - b/3 . Here f (e) is one of the 12 Jacobian elliptic 

functions (28]. This procedure gives both singular and non-singular solutions, as 

will be soon seen. The maximum power is found to be, n = 2, with the general 

solution: 
A+ B f (f.) + C f 2 (e) 

p(e) = 1 + n 1 (e) + F 12 (e) • (2.9) 

For the sake of explicitness, we consider the solutions of the above type, with f = 
cn(e, m), m being the modulus parameter (O < m < 1). We note that cn(e, 0) = cos(f.) 

and cn(e, 1) = sech(f.). The latter one leads to localized solutions. A, B, C, D and 

F are real parameters to be determined from the consistency conditions arising 

from Eq. 3.6. It can be seen that these conditions are seven in number, indicating 

the constrained nature of the general solution. The solutions are unconstrained 

when two of the parameters vanish. Two particularly interesting configurations 

correspond to O = F = 0, Le., linear fractional transform (LFT) and B = D = 0, 

Le., quadratic fractional transform (QFT). For AD- B = 0 or AF - C = 0, constant 
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amplitude solutions result. The LIT solutions obey the following consistency 

conditions with a 2 = (3, 

A2g + 2BD (m - 1) (3 + A (-2 D2 (m - 1) (3 + t:) 0, 

A2 Dg + B ((2m - 1) (3 + t:) + A (2Bg + D ((3 - 2m(3 + 2t:)) - 0, 

B 2g + AD2 (-(3 + 2m(3 + t:) + BD (2Ag + (3 - 2m(3 + 2t:) - 0, 

B 2 Dg - 2Bm(3 + 2ADm(3 + BD2t: 0. (2.10) 

In the following, we concentrate on the localized solutions because of its phys­

ical interest: 
(() = _:_ (1-2sech(()); 

p g l + sech(() . 
(2.11) 

the width is found to be a = €1/ 2 . This solution exists in the repulsive domain in 

the static limit, or when w = ~~ . • The width and the amplitude of the solutions 

are coupled. Interestingly, the above solution can be cast in an alternate form, 

A+ B
1 

sech2(/2 
p(() = 1 + D' sech2(/2' (2.12) 

where B
1 = ½(B-A) and D

1 = ½(D-1). Thus for D = l, as is the case in Eq. 2.11, 

localized fractional transform solution gives rise to a linear expression (26]: 

(2.13) 

This dark soliton has a W type density profile as is seen in Fig. 2.1. The two 

points where the order parameter vanishes, may be useful for trapping of neutral 

atoms. As will be shown later, the barrier height and the locations of minima can 

be controlled, by changing the frequency and the scattering length, which can 

be manipulated through Feshbach resonance (29, 30]. With the increase in the 

value of frequency w, the two wells come closer and the barrier height and the 

background density become larger (Fig. 2. l(a)). Larger values of scattering length 

a makes the double-well flatter, which is seen in Fig. 2. l(b). The fact that these 

minima locations can be controlled including the barrier height, makes these 

solutions potentially attractive for quantum computation purpose. One can also 
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have cnoidal wave solutions (m = ½): 

(e) = ~ (-1 + y'3 - (1 + v'3)cn
2
(e, 1/2)) 

p 2g 1 + cn2 (e, 1/2) ' 
(2.14) 

where f3 = 
2
.j3. It is interesting to note that, the cnoidal wave solution is a non­

singular member for the quadratic fractional transform. When m = 1, one finds a 

singular localized solution. We now analyze the singular solutions more carefully. 

For LIT of m = 1, it is given by 

p(e) = _:_ (1 + 2sech(e)). (2 .lS) 
g l - sech(e) 

Here, a = ...fa. Localized QIT-solution form = 1 and /3 = E/4, is also singular in 

nature: 

(2.16) 

which can be cast in the alternate form, as a combination of singular and non­

singular solutions: 

p(e) = - 4: [1 - s~ch(e) + 1 + s~ch(e)] (2 + sech
2
(e)). (2.17) 

Oscillatory (m = 0) solutions are obtained for B = 0 and f3 = E: 

p( e) __ 3€. ( 1 ) 
- g l ± cos(e) • 

(2.18) 

These are singular and of mono frequency. Singular solutions indicate resonant 

increase in BEC density, exhibiting self-focussing of atoms at certain point. These 

are analogous to the self-focussing effect in optical fibers and hollow-core wave 

guides [31]. For completeness, we also studied the solutions for LIT with J(e) = 

sn(e, m) and dn(e, m). The consistency conditions for the solutions, with m = 0, for 

the first case is found to be the same, as that for cn(t, m). There is no solution 

form= 1. In case of QIT, the solutions for other functions can be obtained by 

using the relations between different elliptic functions: dn2 (e, m) = 1 - msn2 (e, m) 

and sn2 (e, m) = 1 - cn2 (e, m). 

2.2.1 Connection between Lieb-mode of weakly coupled BEC and 

soliton in the Thomas-Fermi sector 

The soliton solution found here is quadratic in the power of sech(x). It is well 

known that the fundamental soliton in the NLSE is linear in sech(x) and tanh(x). 
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Figure 2.2: Propagation of W type soliton in time (a) without loss for Mo -
0.07, Ao = 0.5, A = ~ 1 and 'Yo = 10 and (b) with loss for a1 = -0.5 x 10-3 , a2 = 0.6 
and fJ = 0.14. 

This indicates the possibility of interconnection between the two dynamical equa­

tions. Below, we find a precise connection, which relates the complex Lieb-type 

solution of weak coupling GP equation, with the localized solution in the strong 

coupling sector. In the weak coupling regime the condensate equation is given by 

[24), 

iii! </>(z, t) = [- 2~ ::2 + 2fu.JJ_a(u- tfo)] </>(z, t). (2.19) 

Here, l</>1 2 =a-and <io is the equilibrium density. For the ansatz solution 

(2.20) 

real p satisfies, 

ci p" + gp3 + Ep = _:3 . (2.21) 
p 

Here g = - 4MwJ_a/li, f = ¥/- (½Mv2 + hw + 2ahwJ_a0) and c is an integration con­

stant. The velocity, phase and amplitude are related as 

, Mv c 
X = 00 + p2· (2.22) 

The once integrated envelope equation (Eq. 2.21), with p2 = ( yields, 

(2.23) 
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where c1 is the integration constant. Differentiating once, one obtains the strong 

coupling equation: 

(2.24) 

after making a translation ( = p + k, in the resulting equation. The parameters 

satisfy, g = 3g, E = 2(gk+2i) and gk2 +4ik-2c1 = 0, where k is a real constant. This 

explicitly reveals the connection between the strong and weak coupling theories. 

2.3 Coherent control of the solitons 

In the following, we analyze the dark solitons in the presence of harmonic confine­

ment with time dependent nonlinearity and loss. The oscillator frequency itself 

can be tilpe dependent. These distributed coefficients lead to the coherent control 

of the soliton. It can be compressed and its center of mass can be made to have 

desired dynamics. For the sake of comparison with the weak coupling case [15], 

the GP equation is cast in the form 

(2.25) 

Here 'l/J, t and z have been scaled, respectively by a~2
, w.1. and l/a.1., making them 

dimensionless. 'Y = 2(a(t)/aB)112 is time dependent non-linearity coefficient, con­

trollable through Feshbach resonance; M(t) = w5(t)/w1_ is related to the axial trap 

frequency, which can be made time dependent. K-(t) = r,(t)/liw.1. is time depen­

dent loss term. The oscillator length in the transverse direction is defined as 

a.1. = (n/Mw.1.) 112 and aB is the Bohr radius. We consider the following ansatz 

solution for 'lj;(z, t), 

'lf;(z, t) = B(t)F(e)e[i<I>(z,t)+½G(t)]' (2.26) 

where e = A(t){z - l(t)}, l(t) = Ji v(t
1

)dt
1 

and G(t) = Ji K-(t
1

)dt
1

• The phase has 

been taken in the form <I>(z, t) = a(t) + b(t)z - ½c(t)z2 , where a(t) is a z independent 

phase term: a(t) = ao + A21 Ji A2 (t')dt'. The parameter .X characterizing the time 

dependent phase specifies the energy of different solutions. The solutions are 

necessarily chirped in time and space, with time varying amplitude and width. 

b(t) is a time dependent momentum and c(t) balances the oscillator, leading to the 
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Riccati equation: 
(2.27) 

The above can be cast as the familiar Schrodinger eigen value equation: 

I ~ . 
t =-· . 

Figure i~3: 3D plot of the propagation in Fig. 2.2 from t = 30 to 107 with the same 
parameter values. 

-<f/' (t) - M(t)</>(t) = O, (2.28) 

via a cl:iang~ of variable: c(t)' = _ al1tft(t). The constant part of M(t) acts as the 

eigenvalue. A·number of variations in the oscill~tor frequency can be analytically 

incorporated fro~ solvable quantum mechanical problems. The oscillator can 

also be made expulsive. The location of the condensate profile satisfies, dl(t)/dt + 
c(t)l(t) = b(t). Other parameters are obtained using the following -consistency 

conditions: B(t) = Bo exp(I/2 Ji c(t
1

)dt
1

), "Y(t) = "Yo(A(t)/A0 )312exp(-G(t)/2), and 

A(t) = B2(t) = b(t). The real part of the GP equation yields, 

F"(T)- l~2F2(T)- >.F(T) = 0, (2.29) 

which takes the form ofEq. 3.6 with g = -1J~~, e = ->..{3 and T -· A(t)[z-l(t)]. One 

can find various singular and non-singular solutions for F(T), using the previous 

procedure, provided g is constant. We now discuss about a number of specific 

cases of interest. 

I. Let us first consider a time independent oscillator frequency with M ( t) = Mo 2 . 

The width and amplitude are determined by the function A(t) which is found to be 

Aosec(Mot). The center of the soliton satisfies l(t) = -tfosin(M0t). Thus the center 



Strongly coupled BEC 

0.03 

t 0.02 
·..-i 

11.l 
s::: 
~ 0.01 

(a) 

0 t............--~ - ___._ _____ ....._, 

- 10 -5 5 10 

21 

(b) Max 

z 0 

-10 

-20 =====--==="---==----=---=....===-> 
0 20 40 60 80 100 120 

t Min 

Figure 2.4: Propagating cnoidal waves with Mo = 0.07, Ao = 0.5, A = -1, ,o = 10 
and a 1 = -0.5 x 10-3 , a2 = 0.6 and 8 = 0.14. 

of the profile oscillates with frequency M0 . The propagation of the dark soliton of 

W -type density profile, is shown in Fig. 2.2 by contour plots. Fig. 2.2(a) shows 

the propagation without any loss (G(t) = 0). In this case the profile oscillates 

periodically with period 2n-/M0 , associated with a periodic increase in density at 

intervals t = 1r/(2Mo). 

II. In presence of a time dependent loss term: K-(t) = a1t - a2sin8t, collapse and 

revival phenomena of the W type dark density profile is depicted in Fig. 2.2(b). 

This yields G(t) = ai/2 t2 + a2/8 (cos8t - 1). Here a1 < 0 to signify a loss. As time 

progresses the solution dies down and at times which are multiples of 21r / 8 the 

profile reappears. This solution can be written as 

'1/J(z, t) = -~ J Aosec(Mot) [1 - ~sech2(T/2)] 
g 2 

(2.30) 

X 

The collapse and revival have been clearly depicted in Fig. 2.3. 

III. In presence of oscillator potential the cnoidal waves show interesting dy­

namical behavior as seen in Fig. 2.4. Individual maxima of the solu tion oscillate 

with same frequency, but with different amplitudes. They accumulate and move 

away in a periodic manner. 

IV. We now turn our attention to the dark solution in an e:xpulsive potential 

(M ( t) = - M(r), where the W type density profile is given by, 

E r-------,--- 3 
'lj) (z, t) = -- J Aosech(M0t) [1 - -sech2 (T /2)] 

g 2 
(2.31) 

X ei<I>(z,t). 
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Figure 2.5: Propagation of W type soliton in the expulsive case, without loss. The 
parameters are same as in Fig. 2.2. 

This case is vety different from the previous one. Here, A( t ) = Aasech( A1ot) and 

l(t) = ~sinh(Mot). Thus, the profile has a transient character, as seen in Fig. 2.5. 

The velocity of center of the soliton increases vety rapidly with time. 

2.4 Stability of the dark soliton 

In this section, we will examine the dynamical stability of obtained solutions. A 

small perturbation around a stationary solution: J(z, t) = f(z) + 8f(z, t) is con­

sidered. Here, f =(Ji+ ih) and 8f(z,t) = 8fi(z,t) + i8f2(z,t). We separate out 

the real and imaginary parts of the resulting nonlinear equation. In the Spectral 

method [32, 33], one writes the perturbation: 8fi,2 = 8[1,2e>-.t, which results in an 

eigenvalue problem: 

Acp = n>..J cp. (2.32) 

cp is a two-dimensional vector and its components are real and imaginary parts 

of the perturbation: cp = (8fi th)T. Here, J is a two-dimensional skew-symmetric 

matrix with J 11 = J22 = 0 and J12 = -h1 = 1. The elements of the matrix operator 
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A are 

fi2a2 a2 
Au -

2 m ae2 - 91 (Ill + J; /Ill) + µ, 

A12 
8 

na u ae - 91 Jih/111, 
8 

and A21 - --1ia u ae - 91 fih/111 

A22 
fi2a2 a2 2 

-
2m ae2 - 91 (Ill+ h /Ill)+µ, 

where e = a(z - vt), is the traveling coordinate. Nonlinearity coefficient 91 -

2{1JJJJ_a1/ 2 and µ = 2{1JJJJ_(aa0 ) 112 . The soliton solution is stable if real part of the 

eigenvalue ..X is negative or zero. For the real solutions, h = 0 and 8/ 1 is expanded 

into a spectral series over 900 modes. Our analysis ~hows that the dark soliton 

is dynamically stable in a wide parameter range including the experimental ones, 

used in earlier analysis [25). 
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Figure 2.6: Direct numerical evolution of W type soliton with dz = 0.0003, dt = 
0.0001 for 1000 iterations. Parameters are taken as Fig. 2.1 (a) dotted graph. 

We have also numerically evolved the W-type solution, using the Crank Nichol­

son finite difference method, which is unconditionally stable. In this analysis, the 

initial profile has been taken as 'l/J(z, t = 0) = 'lj)(z, t = 0) + E, where E is a func­

tion, which assumes a random value at each point. The analysis was carried 

out with dz = 0.0003, dt = 0.0001 for 1000 cycles. Fig. 2.6 shows that, the W -type 

soliton remains unchanged except some very small perturbation, where E is taken 



Strongly coupled BEC 24 

10 percent of the peak value of '!/J. The minima positions and the width remained 

unaltered. We have also checked the evolution of the number of particles, which 

also remains constant. 
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Chapter 3 

Colllplex solitons in Bose-Einstein 

condensates with two- and three-body 

interactions 

Complex, localized stable solitons, characterized by a power law behavio~r. are 

found for a quasi-one-dimensional Bose-Einstein condensate with two- and three­

body interactions. Both dark and bright solitons can be excited in the experi­

mentally allowed parameter domain, when two and three-body interactions are 

respectively repulsive and attractive. These solutions are obtained for non-zero 

chemical potential, unlike their unstable real counterparts which exist in the limit 

of vanishing µ. The dark solitons travel with constant speed, which is quite dif­

ferent from the Lieb mode, where profiles with different speeds, bounded above 

by sound velocity can exist for specified interaction strengths. A loss term in the 

Gross-Pitaevskii equation is dealt with in an external trap along the axial direction 

and found not to alter the soliton's character. 

3.1 Introduction 

The dynamics of non-linear waves in Bose-Einstein condensate (BEC) is a sub­

ject of immense theoretical and experimental interest in current literature. The 

recent observation of dark (1), bright solitons (2, 3, 4, 5), soliton trains [6] and 

Faraday waves (7) have given considerable impetuous to the investigation of the 

28 
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formation mechanism and control of various non-linear excitations in the quasi-

1D scenario [8]. The mean field equation, governing the dynamics of BEC, is the 

non-linear Schrodinger equation with a harmonic trap. The non-linearity, orig­

inating from the two-body interaction, is characterized by the s-wave scattering 

length 'a', which can be controlled through Feshbach resonance [9], as also the 

width of the transverse profile [7]. For a> 0, elastic interaction is repulsive and 

the BEC is stable. Negative scattering length implies attractive interaction, where 

the condensate is found to be stable up-to a certain limit of the number of atoms 

[10, 11, 12]. 

The three-body interaction can be generally treated as a perturbation over the 

two-body case; it becomes significant for short range and larger scattering length 

[13, 14, 15]. Theoretical and experimental studies [13, 14, 15, 16, 17] for Rb-BEC 

indicate that, the real part of the three-body interaction term can be 103 -104 times 

larger than the imaginary part. We confine ourselves in this regime, away from 

the Feshbach resonance, and dq not consider the three-body recombination here, 

when the corresponding coupling constant is imaginary. A number of theoretical 

studies have been carried out considering three body interaction in both three­

and quasi-one-dimensions [18, 19, 20, 21, 22, 23]. Localized sech and power-law 

type solutions have been obtained [24, 25, 26]. Dark soliton of secant hyperbolic 

form manifested in purely repulsive three-body interaction regime [25], relevant 

for Tonks-Girardeau gas [27, 28, 29]. In this case, the soliton velocity is bounded 

above by sound velocity. Real solitons of both types were also analyzed in [26], 

where the algebraic one was found to exist only in theµ_. 0 limit and was un­

stable. The instability of a real soliton envelope has been studied rigorously by 

Pelinovsky et al. [30], and Micallef et al. [31]. They have observed generation of a 

self similar sech-type solution from the collapse of the algebraic one. 

In this chapter, we demonstrate the existence of power-law type complex soli­

tons in the presence of repulsive two- and attractive three-body interactions. 

Unlike the real case, the obtained dark and bright soliton solutions can exist 

for non-vanishing µ and are stable. The dark solitons have a constant veloc­

ity determined by the interaction strengths, which is quite different from the 

Lieb mode case [25]. Their profiles can change as a function of the param-
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eters of the theory. The corresponding velocities change from zero to sound 

velocity. Interestingly, in the parameter domain where soliton velocity equals 

sound velocity, it is found that the Bogoliubov dispersion is of quadratic type. 

For specificity, we consider 87Rb with m = 1.44 x 10-25 Kg and the axial density 

CTo in the range 5.43 x 107 cm- 1 

- 9.67 x 108 cm- 1

. The transverse trap-frequency 

is taken as w .1 = 27r x 140 rad/ sec and the two-body coupling constant 92 = 

4.95n x 10-11cm3 /sec. The three-body interaction coefficient 93 has already been 

estimated [15, 32, 33, 34, 35). The above parameters allow the present solitons 

to exist, in the domain of 93, taking values from -10-27 cm6 /sec to -10-26cm6 /sec 

(scaled by Ii). This is in the range of theoretically predicted value for 87Rb. In 

the presence of a trap, the loss term does not significantly alter the profile of the 

soliton. A linear stability analysis using spectral method is carried out, which 

shows that the obtained solutions are stable against small perturbations in both 

dark and bright soliton regimes. Modulational instability (MI) analysis [36, 37, 38) 

reveals that the parameter regimes relevant for the solutions are away from the 

domain of instability. 

3.2 Power-law complex soliton 

The 3D Gross-Pitaevskii (GP) equation for the wave function w(r, t), with an addi­

tional three-body interaction, is given by 

aw n2 

in at= - 2m v72w + (V + 921'1112 + 931'1114 - µ) '11, (3.1) 

where µ is the chemical potential. The cylindrical harmonic trap is given by V = 

mwI_(x2 + y2)/2 with a tight transverse confinement. For sufficiently small trans-

verse dimension of the cloud, the wave function can be written as 'lf;(r, t) = f(z, t) </Jo 

with </Jo= • Cf;" exp(-x2

2
1;V

2
) and a.1 = Jn/(mw.1). The longitudinal envelope func-V 1rai a.L 

tion f (z, t) obeys [39, 40), 

• f= a f n2 a2 f ( - I 12 - 4 
in at = - 2m az2 + 92 f + 931!1 - µ) f, (3.2) 

where the reduced interaction coefficients are 

(3.3) 
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For the space-time independent solution, chemical potential can be written in 

terms of the asymptotic density uo: 

The superfluid velocity is obtained from the continuity equation: 

uo 
v = u(l - -), 

(7 

(3.4) 

(3.5) 

where v = ! g: and / = ~ eiO({). The hydrodynamic equation for the density is 

then, 

1i2 
-

2
m (u; - 2UUzz) - 4tfau4 + 4tfau3 

(4µ + 2mu2)u2 + 2mu2u5. 

A power law ansatz 

o-({) = o-o (1- 1 +BD(2), 

is found to solve Eq. 3.6, where Band Dare given by, 

B = 3tfa + 893uo, 
293uo 

(3.6) 

(3. 7) 

(3.8) 

It is transparent that, non-singular solutions exist only when 93 is negative, i.e., 

attractive three-body interaction. The value of 92 should be positive from the real­

ity of the soliton velocity, implying repulsive two-body interaction. As mentioned 

before, u is a constant for given parameter values and density. This situation 

is quite different from the Lieb-mode ~ase, where the soliton velocity can take 

different values, bounded above by the sound velocity. The obtained solutions 

can be categorized into three different classes depending on the values of 93 for 

a given 92 and ua: (i) A dark solition in the range -92/2uo < 93 < -392/Buo, (ii) 

a constant background for 93 = -392/Buo and (iii) a bright soliton for -392/Buo < 

93 < -0.2892/u0 . In these regimes µ is a real positive quantity. For µ = 0, one 

only obtains a real soliton [26]. Figure 3.1 shows the density profiles of dark 

and bright solitions for different values of 93 . Usually, repulsive interaction alone 

creates dark soliton, whereas attractive one results in bright solitons in BEC. As 
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both types of forces are present in the present system, one gets dark and bright 

solitons, depending on the values of the coupling constants 92 and 93. In Fig. 3.1, 

93 is increased from dark to bright soliton for a particular value of 92• The den­

sity profile smoothly transits from dark soliton to the bright one. Hence, larger 

the value of three-body interaction, greater is the accumulation of atoms in the 

condensate. Physically it amounts to increasing the local density of atoms for 

going from dark to bright regime. This leads to a depletion of atoms in the back­

ground. The solid line in Fig. 3.1 corresponds to u = 0 case. Thick solid line is the 

homogeneous background a= ao, where u = ±½J92a0/m. 

~ ...... 
b 

0.5 

o~----------------' 
-1.5 -1 -0.5 0 0.5 1 1.5 

{(µm} 

Figure 3.1: The density profiles of soliton solutions for different three-body inter­
actions with 92 = 4.95/i x 10-11cm3 /sec. The obtained dark solitions for 93 = -g"',2/2a0 
(solid line), 93 = -0:4592/ ao (dotted line) and bright solitons for 93 = -0.3292/ a0 
(small-dashed line), 93 = -0.2892/ao (long-dashed line). The thick solid line repre­
sents the constant background density ao for 93 = -392/Bao. 

The appropriately normalized energy functional 

yields 

E= J [2fi: 8f 8f* + 92 (f f*)2 - 92 0'2 
8z 8z 2 2 o 

+~(ff*)3 - ~a~ - µ(ff* - ao)]dz, 

E = ✓31r2 fi2 ih 1392 + 8g3uol 
2 m 16193 1312 ' 

(3.9) 
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for the soliton profile. Dark soliton with u = 0 corresponds to energy E = 1rfw-o x 

J3g2a 0 /(64m), whereas it goes to zero when the background is u niform. Momen­

tum of the condensate profile 

gives 

P = -;n J dz[f* fz - J; J] = m J dz(a - ao)v(z), 

3(.92 + 2.930-0) ) . 
-2.930-0 

(3.10) 

It reaches maximum value (Pmax = 1rfw-o) when 93 = -g2/(2ao). Figure 3.2 de­

picts the variation of energy with momentum for different three-body interaction 

strengths. Positive momentum is the region of dark soliton, wh ere as negative 

one corresponds to bright soliton. Energy and momentum vanish at the transi­

tion point a= o-0. Dispersion graph is stiffer in the bright soliton regimes. 

E 

0 1 

p 
2 3 

Figure 3.2: Energy vs momentum for the dark and bright solitons for -ff2 / 2a0 ::; 
93 ::; -0.32.92/ ao with the same 92 used in Fig. 3.1. Energy and momentum are 
respectively scaled by n2a 0

2 /m x 10-4 and tw-0. 

The number of atoms in the condensate, normalized to vanish at a= a0, 

7r n ao I ~ ~ 
( 

3 2 tc2 2) 1/2 
N = ml

93
I 392 + 8930-o l, (3.11) 

shows that the maximum deficiency of atoms in the dark soliton regime is N = 

(61rn2a592/m)l/2. 
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3.3 Algebraic soliton in a lossy trap 

In the following, we analyze the solitons in the presence of harmonic confinement 

with time dependent nonlinearities and a phenomenological loss term. After suit­

able scaling, the GP equation is cast in the form [8] 

(3.12) 

K(t) is time dependent loss term. We consider the following ansatz solution for 

'lj;(z, t), 

(3.13) 

where T = A(t){z - l(t)} and G(t) = Ji K(t
1

)dt
1

• The phase has been taken in the 

form <P(z, t) = a(t) + b(t)z - ½c(t)z2, where a(t) is a z independent phase term: 

a(t) = a0 - >i./2 - ½ JJ A2(t')dt'. The parameter >i. characterizing the time dependent 

phase specifies the energy of different solutions. The solutions are necessar­

ily chirped in time and space, with time varying amplitude and width. b(t) is a 

time dependent momentum and c( t) balances the oscillator, leading to the Ricca ti 

equation: Ct - c2 (t) = M(t). The above can be cast as the familiar Schrodinger 

eigenvalue equation via a change of variable: c(t) = - 8l7t(t). The constant part of 

M(t) acts as the eigenvalue. A number of variations in the oscillator frequency 

can be analytically incorporated from solvable quantum mechanical problems. 

The oscillator can also be made expulsive. The location of the condensate profile 

satisfies, dl(t)/dt + c(t)l(t) = b(t). Other parameters are obtained using the follow­

ing consistency conditions: B(t) = Bo exp(l/2 JJ c(t
1

)dt
1

) and A(t) = B 2 (t) = b(t). 

The distributed density F(T) satisfies Eq. (3.6) and the solution (7.18) under the 

following conditions 

. ,2(t) = ;§2A(t)e-G(t), µ(t) = ;A(t)2µ (3.14) 

m m2u2 
,a(t) = l'i2 93e-2G(t), and )i. = -~ 

We note that the nonlinearity coefficients and loss are interrelated. , 2 ( t) has the 

oscillator dependence through A ( t). Soliton profile is not significantly affected by 
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loss term. It can be compressed and its center of mass can be made to have 

desired dynamics through parametric manipulation. 

3.4 Stability of solitons: 

We now analyze the dynamical stability of obtained solutions using the spec­

tral method [41, 42]. A small perturbation e>.t¢(e) of soliton solution satisfies 

A cp = Ii>.. J cp, where cp is a two-dimensional vector and its components are real and 

imaginary parts of the perturbation: $ = (¢1 ¢2)T. Here, J is a two-dimensional 

matrix with J11 = J22 = 0 and J 12 = -J21 = 1. The elements of the matrix operator 

A are 

An n
2 

a
2 

_ ( 2 2) - ( 4 14 12 12) 
2mae2-92 3/1 +/2 -93 5/1 + 2 +6 1 2 +µ, 

A12 nu :e - 25]2 Ji h - 4173 Ji h 1!12
, 

A21 - ---li,u :e - 2 !12 Ji h - 4!}3 Ji h 1!12 
and 

A22 
n

2 
a

2 
_ ( 2 2) - ( 4 4 2 2) 

2 m ae2 - 92 f 1 + 3 f 2 - 93 f 1 + 5 f 2 + 6 f 1 f 2 + µ, 

where f = (h + i h). The soliton solution is stable if real part of the eigenvalue 

).. is negative. ¢1 and ¢2 are expanded into a spectral series over 800 modes. This 

numerical analysis shows that both bright and dark solitons solutions are stable 

in the entire domain of the solutions. 

It is now worth investigating the issue of modulation instability since the 

three-body interaction is attaractive. Phenomenon of modulational instability 

has been extensively investigated in literature for BEC [43, 44, 45]. A single 

component BEC with an attractive atom-atom interaction, can result in modu­

lational instability, when the density of atoms exceeds a certain critical value. 

We assume f = (!0 + J)exp(ief;), where the infinitesimal fluctuation J is given by 

J = licos(Kz - nt) + iJ2sin(Kz - nt). n and Kare respectively, the frequency and 

propagation constant, of the modulated wave. The above transformation produces 

two sets· of equations involving Ji and J2 . Non trivial solutions are obtained only 

if Kand n satisfy the dispersion relation, 2mf22 = K 2 (1i2 K 2 /2m - 41§'31/04 + 2g2Ja2), 

·-~~~- ' ~-l!i◄ THIIJIJIWI¥ ._ - -
..-t.J<NK swlrAiM, 

">WSICA~ RESEARCH LABORATOFn' 
.WcHi •~U, '318'44i◄IC:-380 009 • 

~ANGPUR.c1 AHM ED.A.BA0 -380 ~>n• 
lr>IJ\ 



BEC with two- and three-body interactions 36 

where §3 < 0 and g2 > 0. If n2 K 2 /2m < (41§3IJ0
4 

- 2§2 f0
2

), it would show modula­

tion instability. This condition immediately implies §2 < 21§3IO"o, which is not in 

the allowed parameter range for the obtained solutions. Thus our solutions are 

modulationally stable. 
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Chapter 4 

Vibrations as probe of Bose-Einstein 

condensates in different phases 

We study the Faraday pattern in Bose Einstein condensates in various interaction 

regimes, where the Bogoliubov modes are excited through the temporal oscillation 

of the transverse trap frequency. In the process one needs to analyze the solution 

space of Mathieu equation. The Floquet analysis for the obtained Mathieu equa­

tions, governing the sound dynamics, reveals that series of resonances exist in 

the system. The dominant wave numbers of the second sound clearly differenti­

ate strong and weak coupling regimes. 

4.1 Introduction 

Long time back Faraday had observed that a transverse vibration in a fluid sets up 

a longitudinal one, whose wave number is governed by the transverse frequency 

[l]. Recently, in an experiment involving Bose-Einstein condensates, Faraday 

pattern has been observed in a cigar-shaped BEC involving Bogoliubov modes 

[2]. As is evident, these excitations reveal the structure of non-linearity in the 

Gross-Pitaevskii equation, governing the mean field dynamics of BEC. 
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4.2 Faraday waves in weakly coupled BEC 

For quasi-ID, the field equation is given by 

(4.1) 

where c(t) is the time dependent nonlinearity coefficient. In the flat potential limit 

(V(z)=O), space-independent solution is of the type, 

,./, _ e-i Ji c(t' )dt' 
'r'H - • (4.2) 

A spatial perturbative modulation around this seed solution is considered: 

. 0. 6 

0.4 

a 

0.2 

0 0.5 1 1.5 
k 

Figure 4.1: Resonance tongues of the GP equation for w = 0.942. 

1/; = 1PH [1 + W(t)cos kz]. (4.3) 

Here, W(t) is complex valued amplitude of the perturbation: W(t) = u(t) + iv(t). 

For a periodic temporal modulation of c(t) = 1 + 2a cos 2wt, u(t) satisfies 

82u 
8t2 + [k2 (k2 + 2) + 4ak2cos 2wt] u = 0, 

which is the Mathieu equation: 

82u 
at2 + [a - 2.q cos nt] u = 0, 

(4.4) 

(4.5) 
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with a = ~(k2 + 2) and q = -2ak2 /w2. When, q = 0 the Mathieu functions are 

simply cos(y'at) and sin(y'at). For non-zero q, Mathieu functions are only periodic 

in t for certain values of a, called Mathieu characteristic values. According to 

Floquet's theorem, any Mathieu function can be written in the form eirt x function, 

where r is the Floquet characteristic exponent. When r is real, the function is 

periodic. Floquet analysis of Eq. 4.4 reveals that a series of resonances exist in 

the system, where the neutral stability curve can be obtained by equating the real 

part of the characteristic exponent to zero. The dominant wave number in the 

longitudinal direction satisfies 

( )
1/2 

kn= -1+ ✓1+(nw)2 , (4.6) 

which is depicted in Fig. 4.1. In this case the modulation frequency w = 0.3 x 1r. 

First two dominant wave numbers are k1 = 0.612 and k2 = 1.06. 

4.3 Faraday waves in BEC with strong and three-body in­

teractions 

Now we concentrate on 1D-BEC with strong interaction, where the kinetic energy 

term is assumed to be negligible in Thomas-Fermi approximation [3]. This 1 D­

GP equation has quadratic nonlinear term. Similar Floquet analysis is done for 

the corresponding Mathieu equation, where a = ~ ( k2 + 1) and q = -ak2 / w2. The 

dominant wave numbers are seen to be shifted towards lower values. 

(4.7) 

First two resonances occur at k1 = 0.75 and k2 = 1.2. Three-body interaction 

in BEC becomes significant for high density and large scattering length. In this 

case, quintic non-linearities will be present in the 1D-GP equation [4]. First two 

dominant wave numbers are obtained as, k1 = 1.373 and k2 = 1.94, which are 

shifted towards higher values. Hence, the above analysis reveals that higher 

nonlinearity produces larger value of the wave numbers. We observe that the 

interactions remain repulsive for a < 0.5. For higher a value, scattering length will 

change the sign from repulsive to attractive one. As a result resonance tongues 
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appeared ink-a plot will split into two parts, showing bifurcation nature. We have 

delineated the difference between this patterns in the weak, strong and three­

body coupling scenarios. This pattern can be used as probe of Bose-Einstein 

condensates in different phases. 



References 

[1] M. Faraday, Philos. Trans. R. Soc. London 121, 299 (1831). 

[2] P. Engels, C. Atherton and M.A. Hoefer, Phys. Rev. Lett. 98, 9530 1 (2007). 

[3] Utpal Roy and P. K. Panigrahi, cond-mat/0703092 (2007). 

[4] Utpal Roy, R. Atre, C. Sudheesh, C. N. Kumar, and P. K. Panigrahi, 

arXiv:0708.3646 (2007). 

44 



Chapter 5 

Sinusoidal Excitations in Two Colllponent 

Bose-Einstein Condensates 

The non-linear coupled Gross-Pitaevskii equation governing the dynamics of the 

two component Bose-Einstein condensate (TBEC) is shown to admit pure sinu­

soidal, propagating wave solutions in quasi one dimensional geometry. These so­

lutions, which exist for a wide parameter range, are then investigated in the pres­

ence of a harmonic oscillator trap with time dependent scattering length. This 

illustrates the procedure for coherent control of these modes through temporal 

modulation of the parameters, like scattering length and oscillator frequency. We 

subsequently analyzed this system in an optical lattice, where the occurrence of 

an irreversible phase transition from superfluid to insulator phase is seen. 

5.1 Introduction 

Much theoretical work has already gone into studying th~ ground state solu­

tions of the coupled Gross-Pitaevskii (GP) equations describing multi-component 

BECs (1, 2, 3, 4]. TBEC has been observed, where the two hyperfine levels of 
87Rb (5, 6] act as the two components. In this case,-a fortuitous coincidence in 

the triplet and singlet scattering lengths has led to the suppression of exoergic 

spin-exchange collisions, which lead to heating and resultant loss of atoms. A 

number of interesting features, like the preservations of the total density profile 

and coherence.for a characteristically long time, in the face of the phase-diffusing 
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couplings to the environment and the complex relative motions [7], point to the 

extremely interesting dynamics of the TBEC. TBEC has been produced in a sys­

tem comprising of 41 K and 87 Rb, in which sympathetic cooling of Rb atoms was 

used to condense the K atoms [8]. It has also been observed in 7 Li-133 Cs [9] and 
87 Rb - 133 Cs systems [10]. 

The presence of nonlinearities in BECs [11], make them ideal candidates for 

observation of solitary waves, ubiquitous to non-linear media. Delicate balance 

of dispersion and nonlinearities leads to these waves in a variety of nonlinear 

physical systems, ranging from hydrodynamics, optical fibers, atomic resonant 

media to condensed matter and particle physics [12, 13, 14, 15]. Dark solitons 

in repulsive single component BEC [16, 17] and bright soliton in attractive case 

[18, 19, 20, 21], have been recently observed, leading to the possibility of realizing 

coherent atom laser and other applications [22]. In the TBEC, a number of inves­

tigations, primarily devoted to the study of localized solitons, have been carried 

out recently [23, 24, 25, 26, 27]. The coincidence of singlet-triplet coupling in 
87 Rb, leads to the well known Manakov system [28] in weak coupling quasi-one 

dimensional scenario [29, 30]. The rich dynamics of solitons in this integrable 

system has received considerable attention in the literature [31, 32, 33, 34]. The 

effect of spatial inhomogeneity, three-dimensional geometry, and dissipation on 

TBEC have been examined. Akin to their optical counterparts, the possibility of 

exciting dark-bright solitons in repulsively interacting TBEC in 23 Na and 87 Rb have 

been pointed out [35]. Dark solitons in TBEC for a miscible case have also been 

analyzed recently [36]. However, the periodic solitary waves have not received 

much attention in the literature. Periodic sinusoidal excitations are natural in 

linear systems. In nonlinear models periodic cnoidal waves can be present. It is 

worth mentioning that, in non-linear resonant atomic media, cnoidal excitations 

have been experimentally generated [37, 38], where relaxation naturally led to 

the atomic level population necessary for the existence of these nonlinear peri­

odic waves [39]. 

We analyze here solutions of a generic TBEC model in a quasi-one dimensional 

geometry for periodic solutions. Vecy interestingly, we find exact sinusoidal wave 

solutions in this system, which do not occur in the single component case, be-
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cause of the non-linearity. The presence of two components leads to these waves, 

whose energy difference are controlled by the cross phase modulation (XPM). In 

presence of harmonic oscillator trap, with a time dependent scattering length, 

these waves can be compressed and accelerated. This leads to the possibility of 

their coherent control. We then consider our system in an optical lattice [40]. 

Since an external sinusoidal potential is present here, it would be interesting to 

see how the periodic sinusoidal excitations are affected by the external potential. 

We have observed a superfluid to insulator phase transition in this system. 

The chapter is organized as follows. In the following section, we study the dy­

namics of the propagating sinusoid_al waves and identify the allowed parameters 

regimes. In section 5.3, we have investigated the dynamics of these waves with 

time varying scattering length in a trap. The goal of this study is to illustrate 

the procedure of coherent control of these modes. The behavior of the stationary 

sinusoidal excitations in presence of an optical lattice is the subject of study in 

section 5.4. Phase transition from superfluid to insulator phase, a classical tran­

sition known in the literature as dynamical superfluid-insulator phase transition 

(DSIT) [41, 42, 43], is found to occur here. 

5.2 Sinusoidal Solutions of coupled GP equations 

In the case of two species c~ndensate with a wave function "Pi(x, t) for the species 

i, the coupled quasi- ID GP equation in the presence of an external potential ½, 

can be written as, 

ifl:i/11 - -:: !Pr+ Vi(x)!/11 + [9111/111
2 + 91211/1212 - v1]!/11 

and ill!P2 - -:: '1P~ + ½(x)!/12 + [92111/1112 + 9211/1212 - v2]!/12-

(5. la) 

(5. lb) 

The strength of the intra-species interactions is 9i and Vj is the chemical potential. 

We assume the interspecies interaction to be same for both the components: 912 = 

921· 

First, we consider two-quasi-ID -condensate in absence of a trap, where the 

traveling wave type ansatz solutions can be written as, 

"Pi (x, t) = ✓ Uj(X - ut)eix3(x-ut), (5.2) 
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with Xi being non-trivial phase. It is necessary to assume that both the waves 

propagate with the same velocity. Current conseivation yields, 

(5.3) 

where vi = ! XJ. uoj 's are the equilibrium density of the atoms in this condensed 

phase. We impose the boundary condition that, as a/s approach u0/s, the non­

trivial phases x/s tend to zero. As can be checked by substitutions, Eq. (5. la) 

and (5. lb) have the following sinusoidal-wave solutions: 

. f m2u2 . . 
'l/J1(x, t) - y u01[l - (1 - ,i,2) sin2(x - ut)]eilxi(x,t)], (5.4a) 

. / m2u2 
and 'l/J2(x, t) - y lT02[l - (1 - ,i,2) cos2(x - ut)]ei[x2(x,t)]. (5.4b) 

The phase is given by 

mu 1 mu 
x1 = ,;(x - ut) - tan- [,; tan(x - ut)], (5.5) 

with the second component in the same form as the first one, except for having an 

inverse cotangent function instead of the tangent one. Although we have taken 

two phases with different character, solutions where both of them have similar 

nature can also occur. 

The superfluid velocity leads to a periodic current density, having the form, 

• fi . 2( ) Jl - -UO"Ql sm X - ut 
2m 

fi 2 
and J2 - -uuo2 cos (x - ut). 

2m 

For these solutions to exist, it is found that the interactions need to satisfy 

9~2 = 9192. The background densities are related by 91 uo1 = 912uo2. One can 

see that the intra and the interspecies interactions need to be related for these 

solutions to exist. The difference between cross phase modulation and self phase 

modulation is found to sustain these waves, when both the condensates have dif­

ferent chemical potentials: v1 -v2 = (91 - 912)uo1(l + m~t) = (912 - 92)uo2(l + m~t). 

5.3 Solutions in presence of Harmonic oscillator trap 

The effect of the longitudinal trap on the condensate and soliton profile has been 

recently investigated quite intensively. In the general scenario, the scattering 
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length, oscillator frequencies can be time dependent, in addition to the presence 

of a phenomenological loss term (44, 45, 46, 47]. Below we employ this method to 

the sinusoidal waves in the two component scenario. As will be seen later, this can 

be used for controlling the excitations. They may be compressed or accelerated, 

through suitable temporal modulations of various parameters. We consider self­

similar solutions in the oscillator trap½ = ½M(t)x2 , for which the ansatz solution 

is of the following form, 

'1/)j(x, t) - J A(t)oj[A(t)(x - l(t))]ei[Xj(x,t)+cf>(x,t)]_ 

(5.6) 

Here, </>(x, t) is ·a density independent phase having the form </>(x, t) = a(t) + b(t)x -

½c(t)x2 and l(t) = Ji v(t')dt'. The sinusoidal wave, in this case, is a propagating 

wave with the velocity v(t) in the moving condensate. We found 
fi.2 - t 

a(t) = ao - 2m;: µ la A
2

(t')dt' , 

whereµ= µi + Aj, Here vj(t) = µiA2(t) (j = 1, 2) and >../s are constant parameters 

controlling the energy of the excitations. The time dependent wave vector b(t) = 

A(t) and c(t) can be determined by the Ricatti type equation 

n,2 
nc(t) - -c2 (t) = M(t). 

m 

By choosing c(t) = - ~ [ft log </>(t)], this equations can be transformed into the 

Schrodinger equation ¢ + MJt) </> = O. From current conservation, amounting to 

solving the imaginary part of the coupled GP equations, one gets Eq. (5.3), with 

the consistency conditions: 

n n 
lt(t) + -c(t)l(t) - -A(t) 

m m 
A(t)u, B(t) = y'A(t), 

. n 
A(t) = -A(t)c(t) or 

m 
A(t) = nAo exp ft c(t')dt', 

m lo 
9i(t) = ~iA(t) and 912(t) = ~12A(t). 

The real part of the coupled GP equations reduces to, 

and 
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Consistency condition requires µ = µ = µ 1 + )q = µ 2 + .\2 . The form of the 

densities have been found to retain their earlier forms: 

'I/J1(x,t) 

and 'I/J2(x , t) 

The non-trivial phases are now controlled by the trap: 

mu 1 mu 
X1 = 11A(t)[x - l(t)] - tan- [11 tan[A(t)(x - l(t))]], 

with a corresponding expression for the second component. The superfluid cur­

rent densities in presence of the trap takes the form 

M m 2u2 

j~ = 
2
; 1 ((u + A(t) - c(t)x)( r;:r - 1) sin2 [A(t)(x - l(t) )]) 

with a similar expression for the second component. 

Unlike the previous case, where the flow density is periodic, here it gets mod­

ulated by the chirped phase. Explicitly, it depends on the oscillator potential. 

Hence, by tuning the trap the current densities can be controlled suitably. 

1.5 
11/11'2 1 

0.5 
0 

X 

20 

Figure 5.1: Density distribution of the sinusoidal wave of the first component for 
87 Rb in presence of a regular oscillator trap with K: 1 = 0.4 and K:2 = 0. 1. 

Some constraint relations, which restrict our solutions, have to be satisfied. 

The difference between the chemical potentials, .\1 - .\2 = (K:1 - K: 12 )a01 (1 + m~}/ ) = 

(K: 12 - K:2 )a02(l + m~;y,2) with the constraint K:I2 = K:1K2 and K1ao1 = K12ao2-
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For illustration, we consider the regular oscillator with M(t) = a 2 , and inter­

species interactions K 1 = 0.4 and K 2 = 0.1. The equality of the SPM and XPM leads 

to the same background along with the same chemical potentials for the both the 

component. Fig.(5.1) shows the traveling wave, with a time dependent velocity in 

the presence of the trap. In presence of oscillator, the atoms can be accelerated 

and suitably controlled. 

5.4 Solutions in presence of an Optical lattice 

We now consider situation where the two species are loaded in an optical lattice, 

where the potentials experienced by the two components can have different depth: 

VJ= VJ cos2 x U=l,2). The solutions are taken to be of the form, 

1/J1 (x, t) - ✓A+ B cos2 (x )eixi(x)+iwit and 

1/J2(x,t) - ✓c+Dcos2 (x)eix2 (x)+iw2 t, 

(5.8) 

(5.9) 

with Wj = ½ + /ij and XJz = 3Jf (j = 1, 2). Here, ss are the integration constants. 

Earlier these type of solutions have been considered for TBEC in a trap (48). 

In these so called balanced solutions, the sinusoidal solutions simultaneously 

satisfy the linear Schrodinger equations for both the components, as well as alge­

braic equations coming from the balance of the external potential with the non­

linearity. It is observed that, in our general scenario, the amplitude relations are 

unaltered: 

A= µ2912 -
2

µ192 - 2V2912, B = V2;12 - V192, (S. lO) 
912 - 9192 912 - 9192 

C _ µ1912 - µ291 + V291 - Vi912 D _ V291 - Vi9l2 (5.11) 
- 2 ' - 2 ' 

912 - 9192 912 -: 9192 

with µ1 = v1 + p,1. Dispersion only affects the super-current through the integra-
1i2c~ 

tion constants: Ii = ½AB+(½+ µ1)A2 - 92A3 - 912(C + D)A2 + ViA2, where, I1 = 2d;. 

For the second component, integration constant will have the same form with the 

~orresponding amplitude, background and chemical potential. The first term in 

this expression corresponds to the dispersion. The non-trivial phase for the first 

component has the explicit form: x1(z) = c1 tan-1[~a.n(z)]/ ✓ A(A + B). Similar 

type of expression holds true for the second component. One can calculate the 
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superfluid velocity v,1s, which leads to a constant flow density J;s for the super­

fluid phase, as in the single component case. By tuning the trap frequency, we 

can control the superfluid velocity. Interplay between non-linearity and potential 

strength guarantees periodic form of the solution. The components can occupy 

the peaks or the valleys depending upon the experimental parameter values. If 

A, B, C, D are all positive, then first component will occupy the peaks, while the 

second component will move to the valleys of the optical potential. The most 

stable configuration is the one, in which, both ~pecies occupy the valleys of the 

lattice potential for which B < 0 and IA I > I BI• 
The total energy of the system, when both the species have non-zero current 

density is, 

EsF - ; [2(A + C) + B + D] + 21r( J A(A + B) + JC(C + D)) + i[(8A2 +BAB+ 3B2)91 

+(802 +BCD+ 3D2)92 + 912(4A(2C + D) + (B(4C + D)))] + ~[Vi(4A + 3B) 

+V2(4C + D)] - 1r[µ1(2A + B) + µ2(20 + D)] - 21r ( Ci + ~ ) . 
J A(A + B) JC(C + D) 

It carries the signature of the transition of respective species from superfluid to 

insulating regime. It is worth observing that, the superfluid energy is different for 

this case as compared to the earlier obtained balanced solutions. The difference 

precisely arises through the integration constants. 

At the transition point, the atomic quasi-clusters get localized, indicating zero 

current density. The corresponding energy is analytic everywhere. Either both 

the components transit in a correlated manner or one can have situations in 

which one of the components is in superfluid phase while the other is in insulat­

ing phase. Accordingly, we can have superfluid-superfluid, superfluid-insulator, 

insulator-superfluid and insulator-insulator mixtures. For example, considering 

non-zero backgrounds, above energy function becomes non-analytic at points, 

·1 91 (3µ192 - µ2912) 
- -µ1 -

2 2(9~2 + 9192) ' 
Vic 

92(3µ291 + 3µ1912) 
- µ2 - -------

2(9f2 + 9192) ' 
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at which the two component condensate is in the insulating phase. The corre­

sponding insulating wave functions are, 

'I/;~ (z, t) - 0.5JAeiz(l - e-2iz)ei(½+JI1)' 

'1/J;(z, t) 0.5-Jceiz(l + e-2iz)ei(½+µ-i)' (5.12) 

where, A= (µ2g12 + µ1g2)(gi2 + 2g1g2)/(gfo~ - gi2) and C = (µ1g12 - µ2g1)/(gr2 - g1g2). 

The energy of the superfluid phase is found to be less compared to that of insula­

tor phase. As is evident, the interactions p lay a crucial role in the transition. 
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Chapter 6 

Coherent states of Poschl-Teller potential 

and their revival dynamics 

A recently developed algebraic approach for constructing coherent states for solv­

able potentials is used to obtain the displacement operator ~oherent state of the 

Poschl-Teller potential. We establish the connection between this and the annihi­

lation operator coherent state and compare their properties. We study the details 

of the revival structure arising from different time scales underlying the quadratic 

energy spectrum of this system. 

6.1 Introduction 

Since its introduction by Schrodinger [1], coherent states (CSs) have attracted 

considerable attention in the literature [2, 3, 4, 5, 6, 7). A variety of coherent 

states, e.g., minimum uncertainty coherent state (MUCS), annihilation operator 

coherent state (AOCS), displacement operator coherent state (DOCS) and recently 

Klauder type CS [4], possessing temporal stability, have been constructed and ap­

plied to diverse physical phenomena [3]. Coherent states of systems possessing 

nonlinear energy spectra are of particular interest as their temporal evolution can 

lead to revival and fractional revival, leading to the formation of Schrodinger cat 

and cat-like states [8, 9, 10]. A celebrated example in quantum optics of the afore­

mentioned phenomenon is the coherent state in a Kerr type nonlinear medium 

[11]. In quantum mechanical potential problems, Hamiltonians for potentials 

57 
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like, Poschl-Teller, Morse and Rosen-Morse (RM) lead to nonlinear spectra. Time 

evolution of the CSs for these potentials, a subject of considerable current interest 

[12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22), can produce the above type of states. 

The simplest way to construct CSs is a symmetry based approach [5]. It is 

well-known that making use of the Heisenberg algebra [a, at] = l, one can con­

struct all the above type of CSs for the Harmonic oscillator, which are identical to 

each other. In many physical problems, groups like SU(2) and SU(l, 1) manifest 

naturally, enabling a straightforward construction of CSs. For the identification 

of the symmetry structure of quantum mechanical potential problems, recourse 

has been taken to a number of approaches, starting from the factorization prop­

erty of the corresponding differential equations. For the so called shape invariant 

potentials, super symmetric (SUSY) quantum mechanics [23) based raising and 

lowering operators have found significant application. A Klauder type CS, using 

a matrix realization of the ladder operators, has also been constructed [4]. The 

fact that, SUSY ladder operators act on the Hilbert space of different Hamiltoni­

ans, has led to difficulties [15) in proper operator identification of the symmetry 

generators. The ladder operators have been taken to be functions of quantum 

numbers, which makes the corresponding algebraic structure ambiguous. This, 

in turn, creates difficulty in establishing a precise connection between the com­

plete set of states describing the CS and the symmetry of the potential under con­

sideration. In a number of approaches an additional angular variable have been 

employed [24) to identify SU(1, 1) type algebras for describing the infinite number 

of states of some of these potentials. Taking advantage of the shape invariance 

property, quantum group type algebras have also been used for describing the 

Hilbert spaces [25]. 

Recently, a general procedure for constructing CSs for potential problems have 

been developed by some of the present authors [26]. The approach makes use of 

novel exponential forms of the solutions of the differential equations associated 

with these potentials for identifying the symmetry generators [27). No additional 

variables are introduced and unlike SUSY based approaches one stays in the 

Hilbert space of a given quantum problem while unravelling its symmetry struc­

ture. The present chapter makes use of this approach to study the DOCS of the 
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Poschl-Teller potential. The primacy motivation for considering the Poschl-Teller 

potential is two-fold. First of all, it has a quadratic spectrum leading to a rich 

revival structure for its CS, which can lead to the formation of cat-like states. 

Secondly, many other potentials can be obtained from the Poschl-Teller potential 

by appropriate limiting procedure and point canonical transformations. Hence, 

the CSs obtained in this case may have relevance to other potentials. The tem­

poral evolution, auto-correlation and quantum carpet structures (8, • 10, 28) of 

the CSs are carefully analyzed for delineating their structure and various time 

scales present in this problem. These properties are then contrasted with the 

corresponding ones of the AOCS (26). 

The chapter is organized as follows. In the following section, we briefly out­

line the procedure to identify the symmetry generators for quantum mechanical 

potential problems, based on hypergeometric and confluent hypergeometric equa­

tions. These symmetry generators are then used for constructing the DOCS for 

general quantum mechanical potential problems. Dual nature of the DOCS with 

the AOCS is algebraically established. In Section 6.3, the DOCS for the Poschl­

Teller potential is constructed and its properties studied. We identify and analyze 

the various time scales of the system in Section 6.4 and compare the quantum 

evolution of the CS with the classical motion. 

6.2 Algebraic structure of quantum mechanical potential 

problems 

As is well-known, the Schrodinger equation for a number of solvable potentials 

can be connected with the hypergeometric (HG) and confluent hypergeometric 

(CHG) differential equations (DEs). For example, harmonic oscillator, Coulomb 

and Morse potentials belong to the CHG class, whereas Poschl-Teller and Rosen­

Morse belong to the HG class. Below, we briefly outline the steps of a novel 

procedure for solving DEs which connects the solution of a DE with the space of 

monomials (29). This is subsequently used for identifying the symmetry genera­

tors underlying quantum mechanical potential problems. 
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A single variable linear differential equation can be easily cast in the form, 

[F(D) + P(x, d/dx)]y(x) = 0 (6.1) 

where the first part F(D) is a function of the Euler operator D = xd/dx, possibly 

including a constant term and P(x, d/dx) contains all other operators present in 

the DE under study. The solution can be written in the form, 
00 

[ I ]n y(x) = CA ~(-It F(D) P(x, d/dx) xA, (6.2) 

with the constraint F(D) xA = 0 (29]. Using Eq. (7 .18) the polynomial solutions of 

the HG and CHG can be written in closed form exponential forms (27]: 

2F1(-n, b; c; x) = (-It I'(b + n)I'(c) e<D~&)P(x,l:i)xn (6.3) 
I'(c + n)I'(b) ' 

and 

1F1(-n; c; x) = (-It I'(c) eP(x,l:i)xn . (6.4) 
I'(c + n) 

The exponential forms of these solutions are ideal for identifying algebraic struc-

tures of the solution spaces. For that purpose, one first identifies raising and 

lowering operators in the space of monomials. The operators at the level of poly­

nomials can be obtained through similarity transformations. The simplest lower­

ing operators at the level of monomial for CHG and HG functions can be taken 

(27] as 

d2 d - I d2 d 
K_ = x dx2 + c dx' and K_ = (D + b) (x dx2 + c dx), (6.5) 

respectively. The only criterion in choosing these operators at the monomial level 

is that, these do not lead to divergent expressions after the similarity transforma­

tion. It can be easily shown that, for the CHG case, the following generator form 

a SU(l, 1) algebra at the monomial level: 

d C 
and K3 = x-d +-. 

X 2 

Similarly, for the HG case, the SU(l, 1) generators are given as, 

I d2 d 
K - - ( D + b) ( x dx2 + c dx)' 

K+ 
d C 

- (D + b - I)x, and Ko = x-d + -. 
X 2 

(6.6) 

(6.7) 
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Modulo a normalization, the DOCS for the HG type DE can be written, at the 

monomial level, as 

4>.B(x) = e.BK+x0 , 

Here, x0 = 1 is the fiducial state satisfying, 

- 0 K_x = 0. 

(6.8) 

(6.9) 

To find the CS x(x, [3) at the level of the polynomial, we make use of the expo­

nential form of the solution in Eq. (6.3). The DOCS, x(x, [3), can then be written 

as, 

x(x, [3) 

(6.10) 

It is worth noting that, since the similarity transformation does not affect the 

algebraic structure, the SU(l, 1) algebras remain intact at the polynomial level, 

albeit with different expressions for the generators. 

It is interesting to note that, at the monomial level, the DOCS found above is 

nothing but the AOCS of k_, i.e. l(_q>.B(x) = [34>.B(x), where 

- 1 ( d
2 d) 

K_ = (D + b)(D + c) x dx2 + c dx • (6.11) 

One notices that [k-,k+] = 1. Hence, the above procedure is akin to the 

oscillator construction of AOCS. We can also identify a K+, which leads to the 

oscillator algebra [ k _, K +] = 1: 

= (D+b-l)x. 
D+c- l 

(6.12) 

The AOCS considered earlier [26), is the eigen state of k_ and is of the form 

e.Bk+ x0 . This relationship between DOCS and AOCS has been referred earlier as 
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duality of these two type of CSs [30]. Thus far, the specific nature of the potential 

has not been invoked. Now, we shall use this form to find out the CS for Poschl­

Teller (PT) potentials. . 

6.3 Coherent state for the symmetric-Poschl-Teller po­

tential 

The trigonometric Poschl-Teller potential belongs to the HG class having an infi­

nite number of bound states. Hence it is natural to expect an underlying SU(l, 1) 

algebra as its spectrum generating algebra. In reference [26] AOCS of the Poschl­

Teller potential has been constructed, making use of a novel exponential form of 

the solution of the hypergeometric differential equation. Below we will concen­

trate on the construction of DOCS, following the same procedure and study its 

properties. We also compare the properties of DOCS and AOCS. 

The eigenvalues and eigenfunctions [31] of the symmetric-Poschl-Teller po­

tential 
TT ( ) - fi2a2 [p(p - 1)] 
VSPT Y - 2 , 2m cos ay 

p > l, (6.13) 

are given_by, 

ESPT 
n 

fi2a2 
-

2
m ( n + p )2

, n = 0, l, 2, .. . and 
1 

- [a(n!)(n + p)I'(p)I'(2p)] 2 (1 - x2)!CP(x) 
y7rI'(p + ½ )I'(n + 2p) n ' 

(6.14) 

with x = sin ay. Using the relation [32] 

P _ _ I'(2p+n) _ 
Cn(l 2x) - I'(2p)I'(n + l) 2F1( n, b, c, x) (6.15) 

and x = l - 2x, where b = 2p + n and c = p + 1/2, we obtain from Eq. (6.10) 

(x {3) = ~ (-f3r [I'(p + n + l/2)I'(2p)] CP(x) 
X ' :::0 n! I'(2p + n)I'(p + 1/2) n 

(6.16) 



Coherent states and their non-linear time evolutions 63 

•• •• • AOCS for,-19 
- DOCS for p=0.8 
- DOCS for P=0.95 

0.10 

ldnl2 

0.05 

.....__ 
.....__ 

.....__ --0.00 
0 20 40 60 80 

n 

Figure 6.1: The ldnl2 plots of DOCS and AOCS of symmetric-Poschl-Teller poten­
tial for p = 15. 

Now multiplying Eq. (6.16) by (1 - x2 )P /2 and comparing with Eq. (6.14), we get 

the coherent state in energy eigenfunction basis as, 
00 

x(x,{3) = L dnW~PT(x) ' (6.17) 
n=O 

where 
• 1/2 
n [ r(p + n + 1/2)

2 
] 

dn = (-{3) r(2p+n)r(n+l)(n+p) (6.18) 

For comparison, the eigen function distribution for AOCS can be written as 

dAOCS _ n l 
[ ] 

1/2 

n - ('-y) r(2p + n)r(n + l)(n + p) 
(6.19) 

We can also obtain the DOCS of a general trigonometric Poschl-Teller potential [4] 

modulo a normalization factor, in the same manner as for the symmetric-Poschl­

Teller case : 

where 

00 

xPT(x,{3) = L d:r 1/J:r(x) 
n=O 

_ (-f3t [ r(k + n + 1/2)r(p + n + 1/2) ] 
112 

(k + p + 2n)r(n + l)r(k + p + n) 

[
2a(k + p + 2n)r(n + l)r(k + p + n)] 112 

r(k + n + 1/2)r(p + n + 1/2) 
x (1 - x)Pl2(xll2 

P!-

1/ 2,p-1/ 2
(1 - 2x). 

(6.20) 

(6.21) 
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Although the symmetric-Poschl-Teller potential has infinite number of bound 

states. only a few states contribute appreciably to the sum. which is peaked 

around n = fi. In Fig. 6.1, we compare the nature of the distributions of the 

eigen states for AOCS and DOCS. For the purpose of comparison, we have taken 

the coherence parameters such that, the distributions are comparable. It is found 

that, both the eigenstate distributions, peaked at n = 9, involve the same eigen 

states (from n=0 to n=30) for the same potential (p = 15). For AOCS, the distribu­

tion resembles a Gaussian distribution and is more sharply peaked, as compared 

to the DOCS. Larger /3 value makes the distribution flatter for DOCS, as seen 

in the dashed curve in Fig. 6.1. We now proceed to study the spatio-temporal 

dynamics of these wave packets. 

6.4 Revival dynamics of coherent state 

The time evolution of CS x(x, /3) can be written as 

00 

x(x, t) = L dn1/Jn(x)e-iEnt. (6.22) 
. n=O 

As the energy expression contains terms up to n 2 , the system shows revival and 

fractional revival but no super-revival phenomenon. All graphs are plotted in 

time, scaled by the revival time Trev = 41r / o:2 , . 

In order to throw more light on the structure of the revival pattern, we note 

that the eigen functions satisfy 

(6.23) 

From Eq. (6.22), we can easily obtain the CS wave packet at time t = 1/2 Trev as 

1 
lx(x, t = 2Trev)l2 = lx(-x, t = 0)12

• (6.24) 

Thus. at time t = 1/2 Trev, a mirror image of the initial wave packet is produced at 

the opposite end of the potential well (Fig. 6.2 and 6.3). This can be observed as 

a bright ray at time t = 1/2 Trev, in the quantum carpet structure (Fig. 6.4). The 

auto-correlation function 

A(t) = (x(x, t) lx(x, o)), (6.25) 
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Figure 6.2: Probabity density plot of DOCS of symmetric-Poschl-Teller potential 
at different times for (3 = 0.8 and p = 10. 
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Figure 6.4: Quantum carpet of the displacement operator coherent state of 
symmetric-Poschl-Teller potential for {3 = 0.8 and p = 10, brightness signifies 
the maximum. 

yields 

A(t = 1/2) = (6.26) 
(A+n) even (A+n) odd 

As dn oscillates rapidly, it will not contribute significantly to the IA(t)l2 (Fig. 6.5), 

at t = 1/2 Trev• At time t = 1/4 Trev the CS wave packet becomes 

x(x, ~Trev) - ~e-i,r/4 
[ x(x, 0) + ei"f2x(-X, 0) l 

- 1 2 1 2 2 lx(x, 4Trev)I - 2 [lx(x, 0)I + lx(-x, 0)I ] (6.27) 

In this case, the wave packet breaks up into two parts which are situated at 

the two opposite corners of the potential well (Fig. 6.2 and 6.3). This gives rise 

to two bright spots at the two vertical ends of the quantum carpet at t = .25. At 

the same instance, the auto-correlation function only gives a peak, as manifested 

in Fig. 6.5. To explain the probability density plot at t = 0.125, we consider a 

fictitious classical wave packet 
00 

xei(x, t) = L dn 1Pn(x)e-21riT:i t ' (6.28) 
n=O 

which behaves like the initial wave packet at small time (order of Tei) where Tei = 
~- Using the discrete Fourier transform (DFI1, the original CS wave packet 
ap 

(Eq. (6.22)) at time t = ;Trev can be written as a linear combination of classical 

wave packet of Eq. (6.28) as 

r 
x(x, -Trev) 

s 
(6.29) 
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where 
l-1 

1 I: [ . p 2r ] a = - exp 21ri ( n- - n - ) . 
P l l s 

n=D 

(6.30) 

Here, r and s are two mutually prime integers and l is the period of the quadratic 
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t 

Figure 6.5: Plot of square modulus lsPr(x(x, t)lx(x, 0.))sPrl 2 of the auto correlation 
function of DOCS as a function of time, for /3 = 0.8, p = 10. 

phase .term. In general, l = ~, if s is integral multiple of 4 and l = s in all other 

cases. In this case ~ = ½ and l = ! = 4, Substituting in Eq. (6.29) and Eq. (6.30), 

we get 

(6.31) 

where 
(i) _ _ 1 i 

Xcl - Xcl(x, 8Trev + 4Tcl), i = 0, l, 2, 3 (6.32) 

and ao = -a2 = 
2
,12(1 - i) ; a1 = a3 = 1/2. 

The above expression (6.31) signifies that the wave packet has broken into four 

parts, each of them differing by a phase 1r / 4. In the probability density 

1 
4 [Ix~ 12 + Ix~ 12 + Ix~ 12 + Ix~ 12] 

+1Re [x~ * x~ei1r/4 
- x~ * x1 + x~ * x~ei1r/4 

- x~ * x1e-i1r/4 + x~ * x~ - x1 * x~ei1r/4
] , 

(6.33) 

(6.34) 

the first term carries the contribution from the individual subsidiary waves and 

the second term arises due to the interference between them. We note that the x~ 
and x1 are spatially well separated, giving very less contribution in interference. 
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The dominant interference term is x~ *x:l, as x~l and x~ are not spatially sepa­

rated. Thus, at time t = 0.125, wave function splits into four parts, but their inter­

ference at the middle gives a strong peak, rather than giving four distinct similar 

waves. For comparison, the wave packet structure for AOCS of symmetric-Poschl­

Teller potential is also shown in Fig. 6.3. In this case, as the initial wave packet 

is sharper, the interference terms are less dominant than that of DOCS. 

We have observed that the initial wave packet remains in the left corner of the 

potential well and oscillates due to the impulse from the well and at later times, 

as it spreads, being away from the boundary of the well. This is quite transparent 

from the quantum carpet structure, which gives the space time rays of probability 

density of the corresponding coherent states. We note that, the rays in quantum 

carpet are not straight lines which is the case for infinite square-well. 

In order to contrast the temporal evolution of the DOCS with the classical 

motion, we note that for a particle of energy E, 

(6.35) 

where A= (1- ½(foi + v%)2)(1- ½CFi -J/Ji)2), Vo=~ and 0:1 = ip(p- l), f31 = 

i k ( k - l); with the condition 

Vr 
Ee> 

2
° ( J p(p - l) + Jk(k - 1))2

. (6.36) 

This classical trajectoiy is shown in Fig. 6.6(b). The expectation value of the 

position with respect to the coherent state of general trigonometric Poschl-Teller 

potential is obtained as 

1 
(x(t)) = - arcsin Jl/2 (1 - z) 

a 
(6.37) 

where 
00 

z = N L (2An cos [2 a2 (2n + p + k + l)t] - Cn) 
n=O 

having, 

A _ -({3)2n+l [ 2I'(p + n + 3/2)I'(k + n + 3/ 2) ] 
n - I'(p + k + n) r( n + l) (2n + p + k) (2n + p + k + l) (2n + p + k + 2) 
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Figure 6.6: Plots of expectation values ofx for (a) the coherent state of the Poschl­
Teller potential, with different values of /3 where p = 5, k = 5 and a= 2.(b) classical 
solution of Poschl-Teller potential, with a= 0.25, m = 1, Vo= 4, k = 5, p = 5 and Ee= 
average value of energy for /3 = 0.1. 

and 

C _ (/3)2n [ r(p + n + 1/2)r(k + n + 1/2)(k + p - l)(k - p) ] 
n - r(p + k + n)r(n + 1)(2n + p + k)(2n + p + k - 1)(2n + p + k + l) 

N being the normalization constant. This (x(t)) is plotted in Fig. 6.6(a) which 

nearly matches with the classical trajectoiy for veiy small values of f3 (solid line 

in Fig. 6.6(a)). In this case only a few eigenstates contribute to the coherent state 

wave packet. Sudden changes in the (x(t)) values are the signatures of revivals 

and the fractional revivals [33). 
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Chapter 7 

Sinusoidal excitations in reduced 
Maxwell-Duffing model 

Sinusoidal wave solutions are obtained for reduced Maxwell-Duffing equations 

describing the wave propagation in a non-resonant atomic medium. These contin­

uous wave excitations exist when the medium is initially polarized by an electric 

field. Other obtained solutions include both mono-frequency and cnoidal waves. 

7 .1 Introduction 

An atomic medium in general conditions is modelled by N-level atoms. In the 

two-level resonant approximation, the system is characterized by the Bloch equa­

tions, which is inaccurate in several physical situations [1, 2), like dense atomic 

media and systems involving three or more level atoms. Thus the resonant model 

needs to be generalized and extended to the non-resonant scenario. One of the 

well studied approaches is to consider the response of the medium as weakly non­

linear. Such situation leads to the Duffing oscillator model, where the nonlinear 

response of the medium is assumed to be cubic. This is the simplest generaliza­

tion of the Lorentz model. 

On the other hand, Maxwell wave equation, for a linearly polarized light, allows 

propagation in both the directions. However, this can be approximated to unidi­

rectional wave propagation when anharmonic contribution to the polarization is 

very small. As a result, the wave equation reduces from second order to a first 

order equation. For a non-resonant medium, this approximation results in the 

reduced Maxwell-Duffing model (RMD). 
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Figure 7 .1: Mono-frequency solutions for µ = 0.5 with (a) a = 1.6 and (b) a = 3.0. 
The second case implies A = 0. 

Different excitations in non-resonant atomic media are currently attracting 

considerable attention, because of their relevance to ultra-short regime. Detailed 

reviews of various aspects of non-linear excitations in atomic media can be found 

in (3, 4]. In case of two level atoms, the localized soliton solutions of the Maxwell­

Bloch equations explained the physical phenomenon of self-induced transparency 

[5]. In the same system, general cnoidal waves have also been found as exact 

solution (6, 7, 8]. It was observed [9] that, these waves can be naturally excited 

in the presence of relaxation. Such shape preseIVing Jacobi elliptic pulse train 

solutions have been experimentally observed ( 1 OJ. More general periodic solutions 

in multi-level systems have also been reported [11]. 

In case of Maxwell-Duffing model, a class of exact localized soliton solutions 

have been recently obtained (12]. We present here mono frequency, sinusoidal 

wave excitations for RMD system. This excitation exists only in the presence of a 

polarizing background. General cnoidal wave solutions are found both with and 

without background. 

Below a brief summe:ry of the reduced Maxwell-Duffing model is presented 

after which a procedure to find exact solutions of this system through a fractional 

linear transform is outlined. We then present the novel sinusoidal wave solutions 

including single frequency and cnoidal waves. 
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7.2 Reduced Maxwell-Duffing Model: 

The propagation of electromagnetic waves in a medium is described by the wave 

equation: 

(7. 1) 

where Pis polarization of the medium. For unidirectional wave propagation, the 

above equation can be reduced to a first order equation, 

fJE 1 fJE 2T. fJP 
-+--=----
fj Z C fJt C fJt • 

(7.2) 

In the Duffing oscillators model, the nonlinear response of the medium is cubic. 

The corresponding equation for the motion of electrons in the presence of an 

external electric field is given by 

a2 X 2 3 e 
-
8 2 +w0 X + K,3X = -E. 

t m 
(7.3) 

Here X represents the displacement of an electron from its equilibrium position, 

CJ..,'o is the oscillator frequency, K,3 is anharmonicity constant, and m is the effective 

mass of the electron of charge e. The medium polarization is defined as P = n r; X, 

where n is the number density of the oscillators in the medium. 

We choose new variables T = z / l, x = w0 ( t - z / c) and normalize the independent 

variables as 

e = E/Ao , q = X/Xo. (7 .4) 

In terms of the new variables, Eq. (7.3) then takes the form 

a2q 3 -
8x2 + q + 2µq = e, (7.5) 

where 2µ = K,3X5/0~ and Ao= mw5Xo/e = mw5e- 1 (2µ/jK,3j)1!2
. Xo can be expressed 

as Xo = (2µw5/IK,3j) 1!2 . Similarly Eq. (7.2) is transformed to 

(7.6) 

Here l is defined as 

(7.7) 
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where wp = (41rne2 /m)112 is the plasma frequency. Eq. (7.5) and (7.6) together are 

called reduced Maxwell-Duffing equations. For finding propagating solutions, one 

defines 

rJ=x-r/a, (7.8) 

where a is related to the velocity of the pulse. Eq. (7 .6) can be integrated with 

respect to the single variable T/ to yield 

e(t, x) = aq(t, x) + C, (7.9) 

where C is a constant, which signifies the background electric field, when electron 

amplitude q goes to zero. Non-linear equation of motion in Eq. (7.5) then takes 

the form: 
d2 
dTJ; + (1 - a)q + 2µq3 = C. (7.10) 

For a wave propagating in the right direction, a > 1 and µ > 0, which is considered 

below. The other propagation direction can be like wise studied. 

7.3 Fractional Linear Transform and the solutions: 

The above Eq. (7 .10) is in the form, which can be obtained from the real part of the 

non-linear Schrodinger equation with a SC?urce. For finding out explicit solutions 

we consider Eq. (7.10): 

q" + gq3 + Eq = C, (7.11) 

provided g = 2µ and E = ( 1 - a). Prime indicates differentiation with respect to T/. It 

is known earlier [13], that this equation can be connected to the elliptic equation 

f" + af + bf3 = 0 through the following fractional linear transformation (FI'): 

(7.12) 

where A, B and D are real constants, 5 is an integer, and f ( TJ, m) is a Jacobi elliptic 

function, with the modulus parameter m (O ~ m ~ 1). It can be shown, that =;=2 

is the maximum allowed value. Here we concentrate on the periodic solution of 

Eq. (7.11) for 5 = 1 and q(TJ, m) = cn(rJ, m). Solutions for other elliptic functions 

also can be studied in a similar way. 



Reduced Maxwell-Duffing model 78 

(a) (b) 
1 ,,,.- ... 0.5 ' 

q -1 q -0. 5 

-1 
1 I I 

-2 '• ,. 
•• -1. 5 ,, 
'• ,. 

' 
~ 

-10 -5 0 5 10 -10 -5 0 5 10 
T) T) 

Figure 7.2: Cnoidal wave solution in presence of source. (a) (Dotted line) g = 2.0 , 
(solid line) g = 7.0 and (dashed line) g = 30 for E = -5.0; b) (Dotted line) E = -0.001 , 
(solid line) E = -2.0 and (dashed line) E = -5.0 for g = 5. 

I. General solution: 

i) The consistency conditions for m = 0 are given by 

A 3g + 2D(AD - B) + AE - C = 0, 

3A2 Bg + AD(l + 2E) + B(E - 1) - 3CD = 0, 

3AB2g + AD2 (E - 1) + BD(l + 2E) - 3CD2 = 0, 

B 3g + BD2E - CD3 = 0. 

(7.13) 

(7.14) 

(7.15) 

(7.16) 

It should be pointed out that cn(TJ, 0) = cos(rJ). One can see from the above 

FT (Eq. (7.12)) that AD = B implies only a constant or trivial solution and is not 

considered here. An (AD - B) factor can be taken out of all the conditions by 

tactically using the first consistency in Eq. (7.13). Other conditions were used to 

solve for the unknowns A, Band D. The source term (C) can be determined from 

the first condition itself. Thus, the solution is expressed as 

( ) 
A+Bcos(TJ) 

q TJ = 
1 + Dcos(TJ)' 

(7.17) 

where, A, Band D respectively are 

A = ± (, + 2) B = - ✓-( 1 + 2,) 
J3g(l - E)' 6g ' 

-(1 + 2E) 
2(1-E). 

and (7.1 8) 
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After solving the solution parameters, the source term or the constant electric 

field part can be determined from Eq. (7 .13): 

C=-(1+2t:) ~ 
3 y3g 

(7.19) 

As has been mentioned earlier, for wave propagation in the right direction,µ> 0 

and a > 1, implying g > 0 and E < 0 respectively. The parameter values exhibited 

in Eq. (7.18) yield the domain of the solutions: g > 0 and E < -1/2, where A, B, D 

are real and C is a positive quantity. It is worth pointing out that all the solutions 

are non-singular in nature. This is because the magnitude of Dis less than unity. 

The solutions are depicted in Fig. 7.1 (a) for µ = 0.5 with a = 1.6. The dotted line 

corresponds to the solution for positive value of D and the solid line is for the 

negative one. The first plot is with a background, Le., A =I= 0. 

ii) The consistency conditions, (7.13.-7.16) support solution for A = 0 if the 

source is non-zero. In this case, E = -2 and the solution is written as 

q(,,) =±:a C/:s!:~(,,)) , (7.20) 

which is plotted in Fig. 7 .1 (b) for µ = 0.5 with a = 3.0. 

iii) Although a wide class of localized pulse propagation is analyzed in [ 12] for 

different initial boundary conditions, for completeness we indicate the same for 

m = 1 in the fractional transform. This is expressed as 

( ) 
A+ Bsech(rJ) 

q rJ = 1 + Dsech(rJ)' 
(7.21) 

where 

A= ±J- {ligf) 

D = ±J.----(
1
"""""(~-~:...,...~, and B = ± M , 

with C2 = -(l+t:)(1-2t:)2/(27g). This solution exists for g > 0 and E < -1. For E = 2, 

the solution goes to the one, with B = 0. All the solutions are non-singular except 

for B = 0 and D = -./2, which implies a singular one, signifying self focussing 

effect. 

iv) We now analyze the nature of the solutions in the absence of a polarizing 

background: C = 0. The resultant dynamical equation is the real part of the well 
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known non-linear Schr6dinger equation. In this case, the periodic solution for 

the electron amplitude is of quadratic fractional type (<5 = 2): A = J -8/ g, B = 0, 

D = -2 and E = 4. The solution is singular one, implying an instability in the 

electron amplitude or the self focussing of the electric field. This happens for any 

value ofµ< 0 and for a= -3. 

v) In addition to the above mentioned mono-frequency solutions, there are 

other conoidal wave solutions. As an example, when m = 1/2 the consistency 

conditions are 

A3g + D(AD - B) + AE - C = 0, 

3A2 Bg + (2AD + B)E - 3CD = 0, 

3AB2g + D(AD + 2B)E - 3CD2 = 0, 

B 3g + BD2E + (AD - B) - CD3 = 0. 

These equations lead to, 

A- !="ff - V fJgf' B=-r (ii_ D= 1-F gy:fE, VYE 

and C =_I. LJ. (4€2-F) 
3,/5 V g .JE , 

where E = 9 + 2E
2 

- 3✓9 + 4E 2 and F = ✓9 + 4E 2 

- 3. E and Fare positive for all 

c -=/= 0. These conoidal waves exist in the domain E < 0 and g > 0. Solutions are 

picturised in Fig. 7.2, where the variations of the electron amplitude with g and E 

are displayed. As µ increases the amplitudes diminish for a fixed valu e of a = 6 

(Fig. 7.2(a)). Fig. 7.2(b ) shows the nature of the solutions with a for certain value 

ofµ= 2.5. 
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Conclusions and Future Outlook 

In conclusion, the present thesis deals with the study and development of an­

alytical tools for finding exact solutions of various non-linear systems. For ex­

ample, we have studied single component cigar shaped Bose-Einstein condensate 

(BEC) in various scenarios, two-component BEC, non-resonant atomic media and 

a quantum mechanical system with Poschl-Teller potential. Coherent control of 

the nonlinear excitations are also studied in some of the cases. Below, we sepa­

rately outline the conclusions and future outlook of each work. 

In Chap. 2, we have presented a host of exact solutions for the Thomas-Fermi 

regime of the quasi-one dimensional GP equation. These contain dark soliton, 

soliton trains, non-singular and singular solutions. A localized solution with a 

double well density profile has been identified and found to be dynamically sta­

ble. We have shown how the depth and the minima locations of the profile can 

be precisely controlled. This may have utility for trapping of neutral atoms. The 

effects of time dependent coupling, trap potential and loss on the soliton profile 

have been addressed exactly. Our procedure can be used to find the effect of 

many other time dependencies of the parameters on the condensate profile. The 

propagation of the solitons in time, with above control parameters, have been 

explicated for a number of physically relevant cases. Solutions in the strong cou­

pling regime is found to be intimately connected with the Lieb-mode of weakly 

coupled BEC. Study of other nonlinear excitations including Faraday waves and 

their coherent control, for a radially extended cigar shaped BEC, is currently un­

der investigation. Strongly coupled BEC in an optical lattice is also an interesting 

area to be studied. 
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In Chap. 3, complex soliton solutions with power law decay have been identi­

fied in the quasi-one-dimensional GP equation with repulsive two- and attractive 

three-body interactions. These solutions, for which superfluid velocity depends 

on density, show a slower asymptotic decay compared to the elliptic function 

type solutions. We have considered the parameters relevant to 87Rb, with the 

three-body coupling constant in the theoretically predicted range. This opens the 

possibility of observing these complex solitons in realistic BEC. Soliton velocity is 

fixed by the strength of the interactions and are stable against small perturba­

tions. They are also modulationally stable. We studied their behaviour in a trap 

with a loss term. It was found that the nature and character of the solution is not 

affected by loss. The trap parameters can be used for coherent control of these 

localized modes. 

In Chap. 4, Faraday pattern in Bose Einstein condensates in various inter­

action regimes are studied, where the Bogoliubov modes are excited through the 

temporal oscillation of the transverse trap frequency. The solution space of Math­

ieu equation involving the amplitude of the perturbation is analyzed using the 

Floquet theorem. This reveals that, series of resonances exist in the system. 

The dominant wave numbers of the second sound clearly differentiate strong, 

weak and three-body interactions. These excitations reveal the structure of non­

linearity in the Gross-Pitaevskii equation, governing the mean field dynamics of 

BEC. For large modulation parameter, this excitations show the bifurcation na­

ture of the system. 

In Chap. 5, the two BEC is found to sustain sinusoidal excitations, not possi­

ble in the single component case. It is found that appropriate changes in the trap 

and scattering length can be used to control the profile; the superfluid velocity 

can also be changed by controlling the experimental parameters. In presence of 

an optical lattice rich phase structure is observed here. It is found that, there 

can be dynamical phase transition from superfluid to insulator phases. This can 

happen for each component separately or in a correlated manner. We note that 

difference between the ground state energy of the two components can arise be-
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cause of the XPM. In the case when the inter-atomic and intra-atomic interactions 

are of identical strengths, the sinusoidal solutions exist for the same amplitude 

of the potential. The roles of both harmonic and optical trap together is an area 

worthy of future investigation. It may provide additional parameters for control­

ling the dynamical phase transition. One can also study the Faraday patterns in 

this system with time dependent scattering length. Because of two components, 

the nature of these excitations will be quite interesting. 

In Chap. 6, the algebraic procedure used here, for constructing CSs for po­

tentials based on confluent hypergeometric and hypergeometric differential equa­

tions depends on the fact that, the solutions of the above differential equations 

can be precisely connected with the space of monomials. This leads to a straight­

forward identification of symmetry generators, without taking recourse to addi­

tional angular variables or SUSY type multiple, related Hamiltonians. The nature 

of the specific potential enters through the corresponding ground states and by 

fixing the parameters and variables of the above solutions. We have concentrated 

here on the CS of Poschl-Teller potential, since various potentials can be obtained 

from the same, through limiting of parameters and point canonical transforma­

tion. The time evolution of the CS for this potential, having non-linear spectra, 

produces cat like states in fractional revivals. We contrasted the properties of 

the two different types of CSs possible here, as well as the temporal evolution of 

the CS, with classical motion. As has been noted earlier, this procedure easily 

extends to more complicated non-linear coherent states arising from deformed 

algebras, a subject we intend to take up in future. We also would like to analyze 

the subject ofmesoscopic superposition and sub-Planck scale structure, possible 

in this type of quantum systems. 

In Chap. 7, novel periodic solutions have been obtained for the reduced 

Maxwell-Duffing model, which are unidirectional, sinusoidal and of mono­

frequency character. These solutions complement the localized soliton solutions 

known in the literature and occur only when a back ground electric field is 

present. General cnoidal wave solutions are found both with and without back 



Conclusions and Future Outlook 86 

ground fields. It will be interesting to study the nature of the waves when Maxwell 

equation is modified by a non-local dispersion term. Polarization properties of the 

propagating modes should also be investigated in this non-linear medium, as 

also the nature of the waves when slowly varying amplitude approximation is not 

valid. 
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