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Abstract

Solitons and solitary waves manifest in dynamical systems, when dispersion
and non-linearity balance each other. These solutions of non-linear equa-
| tions, which arise in diverse physical systems, can be localized or continuous.
Bose-Einstein condensate (BEC) is one of the very well studied non-linear sys-
tems, where atom-atom interactions lead to rich structures. The formation
dynamics and control of these waves in BEC are subjects of intense current
research. The order parameter equation governing the dynamics of mean field
BEC is the Gross-Pitaevskii equation, a non-linear generalization of the famil-
iar Schrodinger equation. Other than BEC, non-linear Schrodinger equation
(NLSE) manifests in non-linear fibre optics [1, 2]. Wave.propagation in reso-
nant and non-resonant atomic media is another area governed by non-linear-

equations.

Developing analytical tools for finding the solutions of aforementioned sys-
tems and analyzing their properties have been the goal of this thesis. In
this context, we first study the 'strongly coupled cigar shaped Bose-Einstein
condensate. Finding exact soliton solutions and a procedure for their co-
herent control have been achieved. Control and manipulation of BEC have
been achieved through the distributed non-linearity, gain/loss and other pa-
rameters of the system. Power law-type complex soliton is then found for
a quasi-one-dimensional Bose-Einstein condensate with both two and three-
body interactions. We then study this system in a harmonic trap and find
that the solution retains its self- similar character. Subsequently, we explore
various longitudinal excitations in BEC, resulting from the time dependence
of the trap frequency. Two-component BEC is then analyzed, where we have
identified new sinusoidal solutions. Their behavior in a trap and periodic lat-
tice are investigated. In particular, we find dynamical super-fluid to insulator
phase transition here. Apart from studying the coherent localized solutions

of non-linear equations, we have also analyzed the time evolution of a lo-
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calized quantum wave packet due to a Hamiltonian whose eigen values are
quadratic in the quantum number n. Specifically, we have studied the evolu-
tion of the coherent state of the Posch-Teller potential. The phase-space study
reveals sub-Planck structure arising due to fractional revival phenomenon of
wave packet. We then focus our attention on another nonlinear system in
non-resonant atomic media, the Maxwell-Duffing model. It is found that our
procedure enables one to identify a wide class of solutions. These include,

sinusoidal and cnoidal wave solutions.

(i) Exact solitons for strongly coupled cigar shaped Bose-
Einstein condensates:

In weakly coupled cigar shaped BEC, localized soliton, as well as soliton trains
are exact solutions, which have found experimental confirmation, although
the formation mechanism of bright solitons, still remains“unclear. Unlike the
weakly coupled scenario, lack of exact solutions for the strongly coupled case
has led to numerical investigations and variational approaches to the Thomas-
Fermi limit of the Gross-Pitaevskii (GP) equation [3]. Here, we present exact
soliton and soliton train solutions of the strongly coupled cigar shaped BEC.
The presence of a harmonic trap, as well as the temporal variation of scat-
tering length, loss/gain and oscillator confinement are treated analytically.
This opens up the possibility of coherent control of atom laser in the strongly
coupled regime.

(ii) Power-law soliton for cigar shaped BEC both with two- and
three-body interactions:

The three-body interaction can be generally treated as a perturbation over the
two-body case; it becomes significant for short range and larger scattering
length. A number of theoretical studies have been carried out considering
three body interaction in both three- and quasi-one-dimensions. We demon-
strate the existence of power-law type' complex solitons in the presence of
repulsive two- and attractive three-body interactions. The dark solitons have
a constant velocity determined by the interaction strengths, which is quite
different from the Lieb mode case [4]. Their profiles can change as a function
of the parameters of the theory.

(iii) Faraday waves in cigar shaped Bose-Einstein conden-
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sates:

Temporal variation of scattering length or transverse frequency can lead to
Faraday excitations in a cigar shaped BEC [3]. We first study these excitation
in strongly coupled BEC and BEC with both two- and three-body interactions.
The effect of sudden change in the oscillator frequency is then analytically
modelled.

(iv) Sinusoidal Excitations in Two Component Bose-Einstein
Condensates

The non-linear coupled Gross-Pitaevskii equation governing the dynamics of
the two component Bose-Einstein condensate (TBEC) is shown to admit pure
sinusoidal, propagating wave solutions in quasi one dimensional geometry.
These solutions, which exist for a wide parameter range, are then investigated
in the presence of a harmonic oscillator trap with time dependent scatter-
ing length. This illustrates the procedure for coherent control of these modes
through temporal modulation of the parameters, like scattering length and os-
cillator frequency. We subsequently analyzed this system in an optical lattice,
where the occurrence of an irreversible phase transition from superfluid to

insulator phase is seen.

(v) Coherent states (CSs) of symmetric Poschl-Teller potential
(SPT) and their time evolution:

We make use of novel exponential forms of the solutions of differential equa-
tions [5], for identifying the symmetry generators underlying the hypergeomet-
ric equation. This is used to construct and study the displacement operator
coherent state (DOCS) of the Pdschl-Teller potential [6]. The primary moti-
vation for considering the Pdschl-Teller potential is that, it has a quadratic
energy spectrum leading to a rich revival structure for its CS, which can lead
to the formation of cat-like states. The temporal evolution, auto-correlation
and quantum carpet structures of the CSs are carefully analyzed for delineat-

ing their structure and various time scales present in this problem.

(vii) Sinusoidal excitation in a non-resonant atomic medium:

One of the well studied approaches to dense non-resonant atomic medium is

to consider the response of the medium as weakly nonlinear. Such situation



leads to the Duffing oscillator model, where the nonlinear response of the
medium is assumed to be cubic. On the other hand, the unidirectional wave
propagation approximation reduces the Maxwell wave equation from second
order to a first order equation. These two, together can well-describe the wave
propagation in a non-resonant atomic medium and are called the reduced
Maxwell-Duffing model (RMD). We present here mono frequency, sinusoidal
wave excitations for RMD system. This excitation exists only in the presence
of a polarizing background. General cnoidal wave solutions are found both

with and without background.



Chapter 1

Introduction

1.1 Solitons

A solitary wave occurs as a localized, non-dispersive and non-singular solution of
a non-linear equation, for which superposition principle is not valid. For these
waves to exist the balance between nonlinearity and dispersion plays the key role.

It was first discussed in 1845 by J. Scott Russell in the "Report of the British
Association for the Advancement of Science”, when he observed a solitary wave
travelling along a water channel. In his own words, "I was observing the motion of
a boat which was rapidly drawn along a narrow channel by a pair of horses, when
the boat suddenly-not so the mass of water in the channel which it had put in mo-
tion; it accumulated round the prow of the vessel in a state of violent agitation, then
suddenly leaving it behind rolled forward with great velocity, assuming the form
of a large solitary elevation, a rounded, smooth and well-defined heap of water,
which continued its course along the channel apparently without change of form or
diminution of speed. I followed it on horseback, and overtook it still rolling on at a
rate of some eight or nine miles an hour, preserving its original figure some thirty
feet long and a foot to a foot and a half in height. Its height gradually diminished,
and after a chase of one or two miles I lost it in the windings of the channel. Such,
in the month of August 1834, was my first chance interview with that singular and
beautiful phenomenon which I have called the Wave of Translation,....”

In physicél context, nonlinearity arises in the response of the system. When
the output response of a system (R) is proportional to the input excitation (E), the
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system is a linear one. On the other hand, if the response of the medium:

R = aE+asE?+a3E®+ ...

£ EgE (1+§3E+§§E2+....>, (1.1)
1 1

system is called a nonlinear medium. Nonlinearity increases if the ratios 22, 2....
are large. It can result in generation of harmonics. In other nonlinear systems
points of large amplitude can overtake points of small amplitudes.

Now, let us consider waves, which are time and space dependent. In this case
any arbitrary pulse can be regarded as a linear superposition of sinusoidal wave
trains with differeht frequencies. If each of these waves propagates with the same
velocity, the system is non-dispersive and the pulse travels without deforming its
shape. On the contrary, different velocities for different component waves, results
in spreading and the system is a dispersive one. In this case refractive index or the
wave vector is a function of the wavelength or the frequency. In optics language,
‘g——f\‘ < 0’ is the normal dispersion ‘%’X‘ > 0 is the anomalous dispersion. The group
velocity dispersion is characterized by (%gn :

A [d?n dids oo »
% <W) > 0 — positive dispersion
< 0 — negative dispersion, (1.2)

Solitons are solutions of nonlinear equations, governing different nonlinear
media. In recent years one finds a host of research works, where a number of
different approaches for finding exact solutions of nonlinear differential equations
have been proposed [9, 10, 11, 12, 13, 14, 15, 16, 17]. It is well known that all
nonlinear differential equations can be divided into three types: exactly solvable,
partially solvable and those that have no exact solution.

Consider the nonlinear evolution equation, whole solution needs to be found:
Er[u] = Eq1(u, ut, ug, ...z.t) =0 (1.3)

First of all one performs the Painlevé test to check the integrability of this equation
[18]. Usually we look for exact solution of nonlinear evolution equation in the form

of traveling wave:

s(Eptp=g(z),r z=g Lu (1.4)
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As a result, Eq. (1.3) reduces to the nonlinear ordinary differential equation (ODE)

Ez[y] = EZ(ya Yzyoeny Z) =0 (15)

To obtain exact solutions of Eq. (1 ..5) one can apply different approaches [9, 10,
19, 20, 21, 22, 23, 24, 25, 26, 27, 28]. However, one notes that most meth-
ods of exact solutions take into account the singular analysis for solutions of
the nonlinear differential equations [18, 19, 20, 29, 30, 31]. In a number of
cases, elliptic functions are general solutions of nonlinear exactly solvable equa-
tions. It was shown by Zakharov that the time evolution of the envelope of a
weakly nonlinear deep-water wave train is described by an equation called the
nonlinear Schrodinger equation. Furthermore, this equation was solved exactly
by Zakharov and Shabat (1971) by using the inverse-scattering method. They
showed that the exact solutions are deep-water wave-envelope solitons and that
an initial wave packet eventually evolves into a number of envelope solitons and
a dispersive tail. These solutions were verified experimentally by Yuen and Lake
(1975). In the case of deep water, an envelope soliton consists of a sech-shaped
hyperbolic secant envelope which modulates a periodic (cosine) wave. Hasegawa
and Tappert (1973) showed theoretically that the envelope of a light wave propa-
gating in an optical fiber can be described by the NLS equation. As a result, the
existence of optical-envelope solitons, the so called bright solitons, was predicted.
This prediction was verified in (1980) by Mollenauer et. al., who observed bright-
soliton propagation in a single fiber. Physically, these optical solitons originate
from a Kerr type nonlinearity, manifested through the intensity dependence of
the refractive index.

Bose-Einstein condensate, is one of the very well-studied nonlinear systems,
where nonlinearity arises because of interactions between the bosonic atoms. Op-
tical fibre and non-resonant atomic media are the other systems, with which will

be concerned with.

1.2 Bose-Einstein condensates

Bose statistics dates back to a 1924 paper, in which Satyendranath Bose used a
statistical argument of photon to derive the black body photon spectrum. Einstein



Introduction 4

then extended the idea of Bose’s counting statistics to the case of non-interacting
atoms. Einstein immediately noticed a peculiar feature of the distribution of the
atoms over the quantized energy levels predicted by this statistics. At very low but
finite temperature a large fraction of the atoms would go into the lowest energy
quantum state.

In his words ”"A separation is effected: one part condenses, the rest remains a
saturated ideal gas” [32]. This phenomenon is known as Bose—Einstein conden-
sation (BEC). Particles, which obey Bose—Einstein distribution, are called bosons,
for which the distribution function is given by,

1

fle) = o=y

(1.6)

Here, e*/KT is called fugacity (0 < e*/K* < 1). At the high temperature limit
particles are distributed over a wide energy range and the distribution function
goes to the one of Maxwell-Boltzmann classical distribution. On the other hand,
at low temperature limit (< T¢), the chemical potential (1) is almost equal to the
lowest energy value. In this case, number of particles in single particle ground
state becomes arbitrarily large, leading to a macroscopic occupation of a single
quantum state or the Bose—Einstein condensation.

This occurs for identical bosons when the inter-particle separation is less than
the thermal de Broglie wavelength of the particles: A\¢gg = h/v2mmkgT. Here, h,
kg, m, and T are the Planck constant, Boltzmann constant, atomic mass, and
temperature of the gas, respectively. For a room temperature gas, Agp is much
less than the size of an atom, hence although )\;p increases for lower tempera-
ture, conventional condensation to liquid or solid occurs long before reaching the
quantum degenerate regime. Hence, an atomic BEC is a supercooled metastable
state that exists in an ultrahigh vacuum chamber, and depending on the vac-
uum condition, the lifetime of a condensate ranges from only few seconds to
few minutes. To prevent formation of normal condensed states, which occur via
three-body collisions leading to molecule formation, atoms must be kept at low
densities, typically of the order of 10! cm=3, which is 5 orders of magnitude lower
than ambient air pressure. At such low densities, atoms need to be cooled to the

sub-micro Kelvin regime in order to observe Bose-Einstein condensation. Bose-
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Einstein condensates are of purely quantum origin. Quantum effects arise when
the gas parameter, nA\*> — 1, where n and X are the density and the wavelength
respectively. The transition temperature (T¢) is the highest temperature at which
a macroscopic occupation of lowest-energy state appears.

This can be calculated as [1],

NY/a
kBTc = )
[CaT ()¢ ()]
where N is the total number of atoms and ((«) is the Riemann zeta function:

C(a) = 32, n~®. For a gas in a 3D box of volume V, a = 3/2, ((3/2) = 2.612 and

Csjg = —%"7}% Therefore the transition temperature:

(1.7)

2,,2/3

N
= —, 1.8
where n = (1.8)

For 3D harmonic oscillator trap a = 3. Condensate fraction is given by

kg1, = 3.31

75

No= N[t - (?) it £ (1.9

where Ny is the number of atoms in ground state. At absolute zero (I' = 0), Np = N,
hence all the atoms are in the ground state.

Experimental realization of BEC started from liquid helium. In 1938 Fritz Lon-
don, noting the similarity of the heat capacity curve in liquid helium to the be-
havior of the heat capacity of an ideal gas near the BEC transition, proposed that
superfluidity could be a manifestation of Bose-Einstein condensation [33]. This
proposal, and its later verification, constitutes a landmark in modern physics.
For the very first time a system had been discovered which was described by a
macroscopic wave function. Due to the presence of strong interaction in liquid
helium, the number of atoms in the zero momentum states was very small, that
created the difficulty to realize it in experiments. In 1959, Bose-Einstein conden-
sation in weakly-interacting spin-polarized hydrogen was proposed by Hecht [34].
The attraction between hydrogen atoms is small and it remains gaseous at very
low temperature. In the mean time, laser cooling and trapping techniques had
been developed, but laser cooling was not feasible for hydrogen.

These problems led to the search for weakly interacting Bose gas with higher

condensate fraction. Since then alkali gases have become a strong candidate for
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BEC. They remain gaseous at very low temperatures. Alkali atoms are also well
suited to laser based methods because their optical transitions can be effected by
available laser. They have a favorable internal energy-level structure for cooling
to very low temperature.

By combining laser cooling with the evaporative cooling technique BEC in di-
lute alkali gases had been achieved in 1995 [35, 36, 37]. Since then, many experi-
ments have been performed probing the static and dynamic properties of weakly
interacting Bose condensates, and dilute gas BEC has been produced by many ex-
perimental groups. Multi-component condensates have been studied by trapping
atoms in two different hyperfine states [38]. Multi-component spinor condensates
have also been studied [39].

1.3 Gross-Pitaevskii equation

Dynamics of BEC is governed by the time dependent Gross-Pitaevskii (GP) equa-
tion. The cubic nonlinearity arises because of two-body atom-atom interactions.
We describe the system of N interacting bosons, using the second quantized
Hamiltonian in terms of the Bose field operator ¥. This operator is a function
of space and time, although for convenience one drops the time parameter. The

second quantized Hamiltonian is then given by,
A= /d3r\ilt(r)Ho‘if+%/d3r/d3r'\iﬁ(r)\iﬁ(r')%nt(r, ') (r), (1.10)

where V;:(r,r’) is the interaction potential acting between the bosons and Hy =
—(h?/2m)V? + Vy; is the single particle Hamiltonian, where m is the particle mass
and V.. is the external potential acting on the system. The operators \ilT(r) and
\il(r) represent the creation and annihilation of a boson at position r, and satisfy
the crucial Bose commutation rules that will be given below.

The gas is sufficiently dilute that the atomic interaction are dominated by
low energy, two-body s-wave collisions. These are essentially elastic, hard-sphere

collision between two atoms, and can be modeled in terms of the pseudo-potential,

Vint(r, ') = g6(x' — 1), (1.11)
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where g = 4nh%a/m, with a the s-wave scattering length. Inserting this potential
into Eq. (1.10) and integrating over all r’-space leads to,

s / Pri () Hol + 2 / Br'it (2) b (r) & (£) B (). (1.12)
Using the Bose commutation relations,
[\if(r'), ot (r)] = §(r' — 1), [\il(r’), \il(r)] = [\iﬁ(r'), \iﬁ(r)] =, (1.13)
Heisenberg’s time evolution equation yeilds,
6‘1’(r’ e
Bt = [\I’(r ) H ]

- U()H - / d3 [\iJ(r')\iﬁ(r) — 6 - r)] Ho¥(r)

ih

- g / & [B() 81 (x) - 260" - 1)| ¥ () B () B )
= [Ho+g¥'()E()]| B(). (1.14)

Since the condensate state involves the macroscopic occupation of a single
state it is appropriate to decompose the Bose field operator in terms of a macroscopically-

populated mean field term )(r') =< ¥(r/) > and a fluctuation term ¥'(r'),
U(') = y(@') + ¥'(r). (1.15)

Then, taking only the leading order terms in 3, Eq. (1.14) leads to the time-

dependent Gross-Pitaevskii equation,

R A e 2
zhgt-_( 7= V2 + Vot + gll? ) v. (1.16)

Here, ¢ = 9(r,t) represents a function of space and time, called the order pa-
rameter of the condansate. Neglecting lower order terms involving the fluctuation
operator ¥’ amounts to neglecting thermal and quantum depletion of the conden-
sate. This is a valid approximation, when (i) the temperature is much less than
the transition temperature for the onset of condensation, and (ii) when the con-
densate is sufficiently weakly-interacting, which is true when a <« \jg, where A\;p
is the thermal de Broglie wavelength of the particles.

In this thesis, we shall study the various modification of the GP equation.

We mainly concentrate on the quasi-1D scenario. In this case, the transverse
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dimensions of the cloud are very small compared to longitudinal direction (z).
The density profile across the trap can be assumed to have its equilibrium form,

appropriate to the local number of particles per unit length:

a(z) = /n(w,y,z)daxdy. (1.17)

With these consideration the system becomes essentially one dimensional [3].
Atom-atom interactions play very important role in the dynamics of BEC. For
strong interaction, kinetic energy term becomes small and the nonlinearity and
potential dominate. This is known as Thomas-Fermi approximation.

Three-body atom-atom interactions becomes significant for high density and
large scattering length. This situation is described by the quintic nonlinear term.
Various types of traps are incorporated starting from regular oscillator to an ex-
pulsive one. The response of BEC profile, when parameters like, nonlinearity,
trap-frequency and phenomenological loss term are time dependent is quite in-
teresting. We have analytically tackled a variety of these systems in realistic con-

ditions.
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Chapter 2

Coherent control of solitons in strongly

coupled cigar-shaped BEC

V’Ve find exact localized solutions of strongly coupled Bose-Einstein condensate
(BEC) in a one-dimensional harmonic trap and illustrate the procedure for their
coherent control. These solitons of the repulsive BEC exhibit a W type density
distribution, well suited for trapping of neutral atoms. We demonstrate the effect
of time dependencies of the coupling, trap potential and loss on the condensate
profile. The dynamical stability of the solutions is checked, using the spectral
method. An interesting correspondence is established between these solutions

and the complex Lieb-mode of weakly coupled BEC.

2.1 Introduction

The formation dynamics and control of the non-linear waves in Bose-Einstein
condensate (BEC) are subjects of intense current research [1, 2, 3, 4, 5, 6, 7].
Dark [8] and bright solitons [9, 10, 11, 12] and soliton trains [13] have been ex-
perimentally observed in cigar shaped BEC, although the precise mechanism of
their formation still remains unclear. The fact that in the weak coupling limit, the
1D Gross-Pitaevskii (GP) equation is the familiar non-linear Schrédinger equation
(NLSE) with a well-studied cubic non-linearity [14], has tremendously facilitated
our understanding of the structure of this macroscopic quantum system. The

above system, being integrable, the solutions are well known since long time.

12
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Recently, the coherent control of the weakly coupled BEC and the behavior of
the solitons in a harmonic trap with time dependent scattering length are being
extensively studied [15, 16, 17, 18, 19]. In cigar shaped BEC, apart from time
dependent scattering length arising through Feshbach resonance, one can also
analytically tackle various time dependencies of oscillator frequency, both in at-
tractive and repulsive scenarios. This has found important application in the
generation of Faraday waves in BEC [20], which arise due to sinusoidal temporal
modulation of the transverse trap/scattering length.

In comparison to the weak coupling regime, the strongly coupled sector has
not been studied carefully. Lack of exact solutions has led to primarily numerical
investigations and variational approaches to the Thomas-Fermi limit [21, 22, 23]
of the GP equation [24, 25, 26]. Goal of the present work is two-fold. First of
all, we present a method to obtain exact solutions of the strongly coupled GP
equation in a cigar shaped trap. Localized singular and non-singular solutions
as well as periodic ones emerge from the above procedure. The localized solution
in the repulsive regime exhibits a W type density profile. This solution is found
to be dynamically stable through the use of a spectral method. W type density
profile of the soliton is well suited for trapping of neutral atoms.

We then study the coherent control of these solutions in the presence of a har-
monic trap, which can be confining or expulsive. Time dependent non-linearity
and loss have been treated exactly. In this case, the self-similar solutions get
modified with time dependent amplitude, phase and width. The center of mass of
the solitons reveals rich dynamics, which for a regular confining oscillator is peri-
odic. Interestingly, we establish a connection of these solutions with the complex
Lieb mode of weakly coupled BEC [25].

The chapter is organized as follows. In Sec.2.2, we first outline the proce-
dure to obtain the GP equation in one dimension, after which a method of frac-
tional transform is used to find a wide class of exact solutions. The non-singular
localized solutions and the singular ones are isolated in the repulsive domain.
The connection of these solutions, with the Lieb-mode for weakly coupled BEC is
then established. Subsequently in Sec.2.3, their coherent control is analytically

demonstrated in presence of an oscillator. Stability analysis of the solutions is
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carried out in Sec. 2.4.

2.2 Exact solitons of the strongly coupled BEC

The three dimensional GP equation describing the dynamics of BEC in a cylindri-
cal harmonic trap, V = 3Mw? (z% + y?), is given by

0¥ (r,t)
o

where Uy = 47h%a/M is the contribution from the effective two body interaction, a

2
ik [—%W + Ul ¥(r,t)® + V] U(r, ), (2.1)

being the scattering length. In the quasi-one dimensional limit, one writes [25]
¥(r,t) = f(2,1)G(z,y,0), (2.2)

where o(z) is the local particle density. G(z,y,0) is the normalized equilibrium

wave function for the transverse motion:

o(e) = [ dwdyl¥(a,,2)F = | 1) 2.3)

We first assume that there is no confinement along the z direction. In the repul-
sive, strong coupling limit (noUy >> fw, ), one uses the Thomas-Fermi approxima-
tion for the transverse profile, leading to the condensate equation [24],

» a h2 32 1/2 1/2 1/2
zﬁ-a—tf(z,t)z —W(,—a-z—z—+2hwla (677% —ay' )| f(2,1). (2.4)

Here, o0y is the equilibrium density of the atoms far away from the axis. For finding

exact solutions, we consider the following ansatz solution

f(z,t) = €F==D)p(¢), (2.5)
with a fast moving component and slowly varying envelope profile p(¢). Here,
¢ = a(z — vt) and v = {£k. Real p(£) satisfies,

o?p" + gp® +ep =0, (2.6)

where g = —4Mw,a'/?/k and € = 2Mw/h + 4Mw, (00a)'/2/k — k2. In the repulsive
domain under consideration, g is always negative. Following a pseudo potential

picture, one obtains the constant of motion as,

2
(8
Ey = 7;}’2 +g/3 0% +¢/2 p. (2.7)
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Figure 2.1: Localized soliton with a double well density profile for an atomic BEC
of mass M = My, with (a) w = 2.8 (blue/dotted line) and w = 28 (red/solid line)
and (b) scattering length 189 a.u. (blue/dotted line) and 1134 a.u. (red/solid line). w
is in the unit of 10~ %a.u..

The energy Ey, being cubic in p indicates the possibility of a W type density profile.
For example, for Ey = 0, p(¢) = 0 and p(¢) # 0 are possible extrema solutions. For
obtaining exact solutions, we use a rational ansatz [27]:
> anf"

14+ anfr

It needs to be ensured that this fractional transform connects the solution p(¢)
to elliptic equation: f' = af — bf3. Here f(£) is one of the 12 Jacobian elliptic
functions [28]. This procedure gives both singular and non-singular solutions, as

p(§) = (2.8)

will be soon seen. The maximum power is found to be, n = 2, with the general

solution:

6= A+ BIE+C F1E)
14D f(&) +F ()
For the sake of explicitness, we consider the solutions of the above type, with f =

cn(€, m), m being the modulus parameter (0 < m < 1). We note that cn(¢,0) = cos(£)
and cn(¢,1) = sech(£). The latter one leads to localized solutions. A, B, C, D and
F' are real parameters to be determined from the consistency conditions arising

(2.9)

from Eq. 3.6. It can be seen that these conditions are seven in number, indicating
the constrained nature of the general solution. The solutions are unconstrained
when two of the parameters vanish. Two particularly interesting configurations
correspond to C = F = 0, Le., linear fractional transform (LFT) and B = D = 0,
i.e., quadratic fractional transform (QFT). For AD — B =0 or AF — C = 0, constant
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amplitude solutions result. The LFT solutions obey the following consistency

conditions with o? = 3,

A%g+2BD(m—-1)B+A(-2D*(m—1)B+¢) =
AéDg+B((2m~1),B+6)+A(2Bg+D(ﬁ—2m,B+26)) =
B%2g+ AD? (~B +2mf +¢€) + BD (2Ag + B — 2mfB3 + 2¢) =

B2Dg — 2Bmf + 2ADmf + BD?¢

- -

~

o o o ©

(2.10)

In the following, we concentrate on the localized solutions because of its phys-

ical interest: he)
e [1— 2sec

the width is found to be o = €/2. This solution exists in the repulsive domain in
the static limit, or when w = 2&; The width and the amplitude of the solutions -
are coupled. Interestingly, the above solution can be cast in an alternate form,

A+ B’ sech?¢/2
1+ D’ sech?€/2’

p(€) = (2.12)

where B’ = 3(B—A) and D' = 3(D —1). Thus for D = 1, as is the case in Eq. 2.11,

localized fractional transform solution gives rise to a linear expression [26]:

st (il §sec A
s g(l 2 sech (&/2))- 2.13)

This dark soliton has a W type density profile as is seen in Fig. 2.1. The two
points where the order parameter vanishes, may be useful for trapping of neutral
atoms. As will be shown later, the barrier height and the locations of minima can
be controlled, by changing the frequency and the scattering length, which can
be manipulated through Feshbach resonance [29, 30]. With the increase in the
value of frequency w, the two wells come closer and the barrier height and the
background density become larger (Fig. 2.1(a)). Larger values of scattering length
a makes the double-well flatter, which is seen in Fig. 2.1(b). The fact that these
minima locations can be controlled including the barrier height, makes these

solutions potentially attractive for quantum computation purpose. One can also
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have cnoidal wave solutions (m = 3):
=< —1++/3— (1+V3)en?(¢,1/2)
d 1+ en?(, 1/2) :

= 2.14
o 2.14)
where G = ﬁg It is interesting to note that, the cnoidal wave solution is a non-

singular member for the quadratic fractional transform. When m = 1, one finds a
singular localized solution. We now analyze the singular solutions more carefully.
For LFT of m = 1, it is given by

_ € (1+42sech()

w0 =5 (T ) e

Here, a = 4/e. Localized QFT-solution for m = 1 and S = ¢/4, is also singular in
nature: 2(¢)
30 s st sech*(&

p(g)_ zg (1—8€Ch2(§))’ (216)

which can be cast in the alternate form, as a combination of singular and non-

singular solutions:

€ 1 1
o) =4 ll e sech(f)] (2 + sech™(£)). )

Oscillatory (m = 0) solutions are obtained for B =0 and g =€

PO =2 (s ) 2.18)

These are singular and of mono frequency. Singular solutions indicate resonant

increase in BEC density, exhibiting self-focussing of atoms at certain point. These
are analogous to the self-focussing effect in optical fibers and hollow-core wave
guides [31]. For completeness, we also studied the solutions for LFT with f(§) =
sn(§, m) and dn(&, m). The consistency conditions for the solutions, with m = 0, for
the first case is found to be the same, as that for cn(¢,m). There is no solution
for m = 1. In case of QFT, the solutions for other functions can be obtained by
using the relations between different elliptic functions: dn?(¢,m) = 1 — msn?(¢,m)

and sn?(¢,m) = 1 — cn(¢, m).
2.2.1 Connection between Lieb-mode of weakly coupled BEC and
soliton in the Thomas-Fermi sector

The soliton solution found here is quadratic in the power of sech(z). It is well

known that the fundamental soliton in the NLSE is linear in sech(z) and tanh(z).
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Figure 2.2: Propagation of W type soliton in time (a) without loss for M, =
0.07, Ag = 0.5, A = —1 and vy = 10 and (b) with loss for a; = —0.5 x 1073, ay = 0.6
and 6 = 0.14.

This indicates the possibility of interconnection between the two dynamical equa-
tions. Below, we find a precise connection, which relates the complex Lieb-type
solution of weak coupling GP equation, with the localized solutidn in the strong
coupling sector. In the weak coupling regime the condensate equation is given by

[24],
il
- 2M 522

ihgt—cﬁ(z, = [ + 2hw) a(6 — a"o)] o(2,1). (2.19)

Here, |¢|? = & and & is the equilibrium density. For the ansatz solution

#(z,t) = €XODj5(¢), (2.20)
real p satisfies,

o2 + G5 + &5 = ;3%. (2.21)

Here g = —4Muw, a/h, € = 2 (1Mv? + hw + 2ahw, &) and c is an integration con-
stant. The velocity, phase and amplitude are related as

p
The once integrated envelope equation (Eq. 2.21), with 5% = ¢ yields,

a2¢" + 29¢3 + 4e¢? + 4e1¢ = —A4e, (2.23)
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where c; is the integration constant. Differentiating once, one obtains the strong
coupling equation:
o?p" + Gp® +ép =0, (2.24)

after making a translation { = p + k, in the resulting equation. The parameters
satisfy, g = 3§, € = 2(gk+2€) and gk? +4€k —2c; = 0, where k is a real constant. This
explicitly reveals the connection between the strong and weak coupling theories.

2.3 Coherent control of the solitons

In the following, we analyze the dark solitons in the presence of harmonic confine-
ment with time dependent nonlinearity and loss. The oscillator frequency itself
can be tirge dependent. These distributed coefficients lead to the coherent control
of the soliton. It can be compressed and its center of mass can be made to have
desired dynamics. For the sake of comparison with the weak coupling case [15],
the GP equation is cast in the form

0 = ~ 305 + 2Ol + FM @2+ 55y, (2.25)

Here v, t and z have been scaled, respectively by a}3/2, wy and 1/a,, making them
dimensionless. vy = 2(a(t)/ap)!/? is time dependent non-linearity coefficient, con-
trollable through Feshbach resonance; M(t) = wi(t)/w? is related to the axial trap
frequency, which can be made time dependent. «(t) = n(t)/hw, is time depen-
dent loss term. The oscillator length in the transverse direction is defined as
a; = (hi/Mw,)? and ap is the Bohr radius. We consider the following ansatz

solution for ¢ (z,t),
$(z,1) = BE)F(E)el =560, 2.26)

where ¢ = A(t){z — I(t)}, U(t) = [yv(t)dt’ and G(t) = [{k(t')dt. The phase has
been taken in the form ®(z,t) = a(t) + b(t)z — 3c(t)z%, where a(t) is a z independent
phase term: a(t) = ag + 3‘%1 fot A%(t')dt'. The parameter )\ characterizing the time
dependent phase specifies the energy of different solutions. The solutions are
necessarily chirped in time and space, with time varying amplitude and width.
b(t) is a time dependent momentum and c(t) balances the oscillator, leading to the



Strongly coupled BEC s 20

Riccati equation: o
et — c2(t) = M(t). (2.27)

The above can be cast as the familiar Schrodinger eigen value equation:

0016

a0

»

‘
Figure 2.3: 3D plot of the propagation in Fig. 2.2 from ¢ = 30 to 107 with the same
parameter values.

—¢'(t) — M(t)$(t) =0, (2.28)

via a changg of variable: c(t) = -—B’%t). The constant part of M(t) acts as the
eigen value. A number of variations in the oscillator frequency can be analytically
incorporated frbm solvable quantum mechanical problems. The oscillator can
also be made expulsive. The location of the condensate profile satisfies, di(t)/dt +
c(t)l(t) = b(t). Other parameters are obtained using the following consistency
conditions: B(t) = By ezp(1/2 fy c(t)dt), ¥(t) = Y0(A(t)/A0)* *exp(—G(t)/2), and
A(t) = B2%(t) = b(t). The real part of the GP equation yields,

By %Fz(T) — AF(T) =0,  (2.29)

which takes the form of Eq. 3.6 with g = — jog . e=-\3and T = A(t)[z—I(t)]. One
can find various singular and non-singular solutions for F(T'), using the previous
procedure, provided g is constant. We now discuss about a number of specific
cases of interest.
I. Let us first consider a time independent oscillator frequency with M (t) = Mj2.
The width and amplitude are determined by the function A(t) which is found to be
Agpsec(Mpt). The center of the soliton satisfies [(t) = ﬁ%sz’n(Mot). Thus the center
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Figure 2.4: Propagating cnoidal waves with My = 0.07, Ag = 0.5, A = -1, 70 = 10
and a; = —0.5 x 1073, az = 0.6 and § = 0.14.

of the profile oscillates with frequency M,. The propagation of the dark soliton of
W -type density profile, is shown in Fig. 2.2 by contour plots. Fig. 2.2(a) shows
the propagation without any loss (G(t) = 0). In this case the profile oscillates
periodically with period 27/Mj, associated with a periodic increase in density at
intervals t = 7/(2M).

II. In presence of a time dependent loss term: (t) = a;t — agsindt, collapse and
revival phenomena of the W type dark density profile is depicted in Fig. 2.2(b).
This yields G(t) = a1/2 t? + a3/6 (cosét — 1). Here a; < 0 to signify a loss. As time
progresses the solution dies down and at times which are multiples of 27/ the

profile reappears. This solution can be written as

w(z,t):—g Aosec(Mod) [1~gsech2(T/2)] (2.30)

% ci®(2t)+3G(1)

The collapse and revival have been clearly depicted in Fig. 2.3.

III. In presence of oscillator potential the cnoidal waves show interesting dy-
namical behavior as seen in Fig. 2.4. Individual maxima of the solution oscillate
with same frequency, but with different amplitudes. They accumulate and move
away in a periodic manner.

IV. We now turn our attention to the dark solution in an expulsive potential
(M(t) = —MZ), where the W type density profile is given by,

V(2 t) = —-g JAosech(Mo) [1-— gsechz(T/Q)] 2.31)
% ei@(z,t)'
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Min

Figure 2.5: Propagation of W type soliton in the expulsive case, without loss. The
parameters are same as in Fig. 2.2.

This case is very different from the previous one. Here, A(t) = Agsech(Myt) and
i) = A%%sz’nh(Mot). Thus, the profile has a transient character, as seen in Fig. 2.5.

The velocity of center of the soliton increases very rapidly with time.

2.4 Stability of the dark soliton

In this section, we will examine the dynamical stability of obtained solutions. A
small perturbation around a stationary solution: f(z,t) = f(z) + df(z,t) is con-
sidered. Here, f = (f1 +if2) and 6f(z,t) = dfi1(z,t) + idf2(2,t). We separate out
the real and imaginary parts of the resulting nonlinear equation. In the Spectral
method [32, 33], one writes the perturbation: §f; 2 = §f; 2¢*¢, which results in an
eigenvalue problem:

AG=h\G. (2.32)

@ is a two-dimensional vector and its components are real and imaginary parts

—

of the perturbation: @ = (6f; df2)7. Here, J is a two-dimensional skew-symmetric
matrix with J;; = Jyz = 0 and J13 = —Jo; = 1. The elements of the matrix operator
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A are

h2a2 32 2
An = ma—e*91(|f|+f1/|f|)+ﬂ,

A = ﬁaua%—gl fife/|fl,

Ay = —hau”(;%_glfl.h/lf' and

Ay = %3‘9—;— a1 (|1 + 22/I£1) + p,
where ¢ = a(z — vt), is the traveling coordinate. Nonlinearity coefficient g; =
2hw, al/? and p = 2hw, (acg)'/2. The soliton solution is stable if real part of the
eigenvalue ) is negative or zero. For the real solutions, f2 = 0 and §f1 is expanded
into a spectral series over 900 modes. Our analysis shows that the dark soliton
is dynamically stable in a wide parameter range including the experimental ones,
used in earlier analysis [25].

1000
500

Figure 2.6: Direct numerical evolution of W type soliton with dz = 0.0003, dt =
0.0001 for 1000 iterations. Parameters are taken as Fig. 2.1(a) dotted graph.

We have also numerically evolved the W-type solution, using the Crank Nichol-
son finite difference method, which is unconditionally stable. In this analysis, the
initial profile has been taken as v¢(2,t = 0) = %(z,t = 0) + ¢, where ¢ is a func-
tion, which assumes a random value at each point. The analysis was carried
out with dz = 0.0003, dt = 0.0001 for 1000 cycles. Fig. 2.6 shows that, the W-type

soliton remains unchanged except some very small perturbation, where ¢ is taken
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10 percent of the peak value of 1. The minima positions and the width remained
unaltered. We have also checked the evolution of the number of particles, which

also remains constant.
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