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Abstract

The paradigm of the standard three neutrino oscillation is experimentally well estab-

lished. The parameters governing the three neutrino oscillations are the mixing angles

θ12, θ13, θ23, CP phase δ13, and the mass squared differences ∆21 = m2
2 − m2

1,∆31 =

m2
3 −m2

1 where m1,m2,m3 are mass eigenvalues of neutrino mass states. Among these

parameters, the octant of θ23, the sign of ∆31, i.e., mass ordering (MO) and the CP

phase δ13 are yet to be determined with considerable precision. The major aim of the

current and future neutrino oscillation experiments is to extract accurate values of these

parameters. These experiments can also probe into the effects of beyond standard model

(BSM) physics in neutrino oscillation signals, like sterile neutrinos, long rang force, non-

standard interaction (NSI), Lorentz invariance violations(LIV), CPT violations, neutrino

decay, non-unitary mixing, etc. In this thesis, we explore three such BSM scenarios of

sterile neutrino, LIV, and NSI. In these contexts, we use experimental configurations

similar to the proposed DUNE experiment with a liquid argon detector at 1300 km

baseline from the source beam to study both accelerator and atmospheric neutrino, the

proposed setup of T2HK/T2HKK with accelerator neutrino, and the detected events of

astrophysical origin at IceCube.

Results from the experiments like LSND, and MiniBooNE hint towards the possible

presence of an extra eV scale sterile neutrino. The addition of such a neutrino will

significantly impact the standard three flavor neutrino oscillations; in particular, it can

give rise to additional degeneracies due to new sterile parameters. In the third chap-

ter, we investigate how the sensitivity to determine the octant of the neutrino mixing

angle θ23 and the sign of ∆31 is affected by introducing an eV scale sterile neutrino

to the standard three generation framework. We compute the oscillation probabilities

analytically in the presence of a sterile neutrino, using the approximation that ∆21, the

smallest mass squared difference, is zero. We use these probabilities to understand the

degeneracies analytically at different baselines. We present our results on the sensitiv-

ity to the octant of θ23 and the sign of ∆31 for beam neutrinos using a liquid argon

time projection chamber (LArTPC) detector. We also obtain the octant and MO sen-

sitivity using atmospheric neutrinos using the same LArTPC detector. For the latter,
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xii Abstract

we present our results assuming (i) no charge identification capability and (ii) partial

charge identification capability using the charge tagging ability of muon capture in Ar-

gon which allows one to differentiate between muon neutrino and antineutrino events.

The combined sensitivity of beam and atmospheric neutrinos in a similar experimental

setup is also delineated.

For an eV scale sterile neutrino, the cosmological constraints dictate that the sterile

state is heavier than the three active states. However, for lower masses of sterile neutri-

nos, it can be lighter than one and/or more of the three states. In such cases, the mass

ordering of the sterile neutrinos also becomes unknown, along with the mass ordering

of the active states. In the fourth chapter, we explore the mass ordering sensitivity in

the presence of a sterile neutrino assuming the mass squared difference |∆41| to be in

the range 10−4 − 0.1 eV2. We study how the possible determination of (i) the sign of

∆31, (ii)the sign of ∆41, and (iii)the octant of θ23 gets affected by the presence of a

sterile neutrino in the above mass range. This analysis is done in the context of a liquid

argon detector using beam neutrinos travelling a distance of 1300 km and atmospheric

neutrinos, which propagate through a distance ranging from 10 - 10000 km, allowing res-

onant matter effects. Apart from presenting separate results from these sources, we also

do a combined study and probe the synergy between these two in giving an enhanced

sensitivity.

In the fifth chapter, we study the implications of the Dark Large Mixing Angle

(DLMA) solutions of θ12 using the IceCube data. DLMA solution of θ12 refers to θ12 >

45◦ as opposed to the standard Large Mixing Angle (LMA) solution of θ12 < 45◦. DLMA

solutions can arise if non-standard interactions are included. We study the consequences

in the determination of the neutrino oscillation parameters, namely octant of θ23 and

δCP in the light of both LMA and DLMA solutions of θ12. We find the degeneracies at

the probability level related to LMA and DLMA solutions involving parameters θ23, δCP .

We perform a chi-square fit of flavour ratios using three different astrophysical sources,

i.e., µ source, π source, and n source and find the sensitivity to the two solutions of θ12.

In the sixth chapter, the considered BSM scenario is CPT violating LIV. Lorentz

invariance and CPT are fundamental symmetries of nature. The violation of Lorentz

invariance can also lead to CPT violations. Neutrino oscillation provides an avenue to

probe small LIV. In our work, we focus on the effect of LIV parameters on the sensitivity



Abstract xiii

to CP violation. We evaluate the sensitivity in two proposed configurations; (i)T2HK

experiment: one detector each placed at 295 km and 1100 km, and (ii)T2HKK experi-

ment: two identical detectors at 295 km. This study probes the effect of CPT violating

parameters aeµ, aeτ , aµτ . We compare the CP sensitivities at T2HK and T2HKK con-

figurations and explore the synergistic effects between the two baselines in the T2HKK

configuration.

Keywords— sterile neutrino, octant of θ23, mass ordering, CP sensitivity,

DLMA, atmospheric, astrophysical, accelerator, DUNE, T2HK, T2HKK, IceCube
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”I have done a terrible thing; I have postulated a particle that cannot be

detected”.

Wolfgang Pauli

1
Introduction

This chapter contains the history of the neutrino, the various sources of these par-

ticles, neutrinos in the standard model, as well as a brief introduction to neutrino

oscillation. A short review of the topics studied in this thesis is also outlined.

1



2 1 - Introduction

Neutrinos are tiny charge-neutral elementary particles. They interact via the

short-range weak interaction. Their inherent charge neutralness forbids them to

interact electromagnetically. Being one of the lightest particles, neutrinos also

experience feeble gravitational interaction. As neutrinos interact very weakly, this

allows them to travel through matter unhindered for very large distances of the

scale of a galaxy. This same property makes the detection of a neutrino very

difficult, making it the most elusive particle. The neutrinos were born out of the

great mind of Wolfgang Pauli to explain the continuous energy spectrum observed

in beta decay. He first proposed the hypothesis of a particle, later named

as neutrino, being emitted from beta decay along with electron in an open

letter[1] to the radioactive ladies and gentlemen in 1930 at Tübingen conference

of radioactivity.

1.1 The ghosts in β decay

The discovery of radioactivity[2] in 1896 by Henri Becquerel ushered in a new era of

physics. In 1899, Ernest Rutherford distinguished two different radiations, namely

α and β in Uranium [3]. Later in 1900, Paul Villard observed neutral radiation

called γ in radium[4]. The α particle was found to be positively charged. Several

experimental observations by various scientists, Becquerel, Egon von Schweidler,

and Freidrich Giesel confirmed the mass-to-electric charge ratio of β particles to

be the same as that of the electrons.

Figure 1.1: Illustration of β− (left) decay and β+ (right) decay [https://openclipart.org]

The velocity and the energy of the emitted α particles in a particular decay

were observed by William Bragg to have a fixed value [5]. Walter Kaufmann found

that the velocity spectrum of β particles coming out of radium has a wide range

https://openclipart.org
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[6], unlike α, γ rays. Scientists suggested that the sources were impure and con-

tained various radioactive elements, leading to different energies in β decay. An-

other hypothesis was that the energies of mono-energetic electrons are absorbed

exponentially while traveling through matter. This hypothesis was proven wrong

when William Wilson observed that the absorption of mono-energetic electrons

by various mediums is a linear function of the thickness of the material[7]. He

further demonstrated that exponential absorption would require a continuous en-

ergy spectrum by making fixed energy electrons pass through a second absorber

to have a continuous spectrum before finally detecting them. In 1914, using Hans

Geiger’s newly built counters, the beta decay spectrum of radium was observed

to be continuous by James Chadwick[8]. This result was puzzling and couldn’t

be explained by the existing theories. The law of conservation of energy and mo-

mentum seemed to be violated in this observation. The violation of conservation

of angular momentum was also observed in beta decay as the spin of the par-

ent nucleus was changed by ℏ, and an electron has a spin of ℏ/2, leading to a

mismatch. All these concerns were addressed in the letter presented in 1930 by

Pauli. He postulated a new particle that he named neutron emitting in a beta

decay alongside an electron. Later, in 1933, Pauli himself presented his idea of a

neutral, spin-half, very light particle (now renamed as neutrino) being produced

in beta decay at an international conference in Brussels. After the Brussels con-

ference, Fermi formulated a complete quantum field theoretical description of beta

decay. In his theory, a charge-neutral particle, anti-neutrino, is produced along

with the electron in a pair in decays of proton-rich nuclei. However, the challenge

of detecting such a particle was an alien idea even to Pauli.

1.2 The ghost hunters

In Pauli’s own words,”I admit that my remedy may seem almost improbable be-

cause one probably would have seen those neutrinos, if they exist, for a long time”.

Pauli’s hypothesis was well received as it explained all the recurring questions

of the continuous beta decay spectrum. However, neutrinos must be detected to

establish their existence. This was accomplished almost 25 years after Pauli’s
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hypothesis by Clyde Cowan and Frederick Reines of Los Alamos National Labora-

tory. They detected anti-neutrinos from a nearby nuclear reactor at the Savannah

River Plant in South Carolina. Two water tanks of 200 liters injected with cad-

mium chloride of 40 kg were used as a target for neutrinos. These two tanks were

placed in between the tanks filled with liquid scintillators. When an anti-neutrino

interacted with a proton, it produced a neutron and positron pair. The positron

getting annihilated by an electron in the medium creates a pair of gamma rays

producing photons while passing through the liquid scintillators. These photons

were detected by the photomultiplier tubes (PMTs). The produced neutron is

absorbed by cadmium, preceded by another gamma-ray. Therefore, two simul-

taneous signals were followed by another signal a few microseconds later. They

measured a cross-section of 6.3× 10−44 cm2 against a prediction of 6× 10−44 cm2.

The results were published in the July 20, 1956 issue of Science[9]. Reines was

awarded the Nobel Prize in 1995 for this discovery.

Discovery of the muon from cosmic ray showers[10] and the eventual detection

of a muon decaying to an electron made physicists conjecture the presence of a

second type of neutrino. In 1962, physicists Leon Lederman, Melvin Schwartz,

and Jack Steinberger discovered a second type of neutrino. This neutrino, created

in the decay of pions produced through the collision of high energetic protons

with beryllium target, produced muon when interacting in the detector[11] at

Brookhaven National Laboratory. As this type of neutrino created a muon instead

of an electron, it was confirmed as a second type of neutrino called the muon

neutrino. This established that the leptons µ+, νµ, and e
−, νe exist in a pair, laying

the foundation of a doublet structure of lepton. Nobel Prize in 1988 was given to

the scientists involved in the detection of νµ ”for the neutrino beam method and

the demonstration of the doublet structure of the leptons through the discovery of

the muon neutrino”1. The existence of a third type of neutrino was postulated

when the third charged lepton tauon (τ) was detected[12] in 1975 at the SLAC

National Accelerator laboratory by a group of scientists led by Martin Lewis Perl.

Finally, in 2000, tau neutrino was discovered in the DONUT experiment[13].

1https://www.nobelprize.org/prizes/physics/1988/summary/

https://www.nobelprize.org/prizes/physics/1988/summary/
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1.3 Neutrinos: the chameleons of SM

The standard model of particle physics is a mathematical model that describes

three fundamental interactions: electromagnetic, strong, and weak. It incorpo-

rates all the elementary particles primarily classified as fermions and bosons. The

theoretical framework of the SM[14–16] was formulated throughout the latter half

of the twentieth century, with the current form being finalized in the mid-1970s.

The SM is represented by non-abelian gauge theory based on a symmetry group

SU(3)C × SU(2)L × U(1)Y , where C denotes the color quantum number and Y

is the hypercharge. In contrast, L in the SU(2) group signifies the left-handed

chirality of the fermions.

The chirality of a fermion is an abstract concept. The eigenstates of the chiral-

ity operator γ5 are not the same as the eigenstates of the Dirac Hamiltonian. One

gets the left chiral or right chiral part of state ψ by projection operators PL = 1−γ5
2

,

PR = 1+γ5
2

. Any particle state thus can be represented by a superposition of both

left-chiral (ψL) and right-chiral (ψR) states as;

ψ = ψL + ψR = PLψ + PRψ (1.1)

For massless (relativistic) particles, like neutrinos, the chirality is the same as the

helicity. The helicity of a particle is the projection of spin Σ⃗ in the direction of

momentum p⃗, defined as h = Σ⃗.p̂. The helicity of a particle can be either positive

(right-handed),i.e., spin and momentum are parallel, or negative (left-handed),i.e.,

spin and momentum are anti-parallel. The helicity states of a particle are also the

eigenstates of the Dirac Hamiltonian.

The fermions, the fundamental constituents of all the visible matter, occur in

two groups: leptons and quarks. Each of these groups consists of three generations

of particle pairs. In table 1.1, the fermionic representations of leptons and quarks

are displayed along with their quantum number under the SM gauge groups.
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Fermions Lepton Doublet Quark Doublet Lepton Singlet Up Singlet Down Singlet

Quantum No lL(1, 2,− 1
2
) QL(3, 2,

1
6
) lR(1, 1,−1) uR(3, 1,− 1

3
) dR(3, 1,

2
3
)

1st Gen

(
νeL
eL

) (
uL

dL

)
eR uR dR

2nd Gen

(
νµL
µL

) (
cL
sL

)
µR cR sR

3rd Gen

(
ντL
τL

) (
tL
bL

)
τR tR bR

Table 1.1: Fermionic representations under the SU(3)C × SU(2)L × U(1)Y group.

Figure 1.2: The Standard Model of Particle Physics.[https://physics.aps.org/articles/v13/123]

The first generation of particles is the lightest and most stable, whereas the

third generation is the heaviest. The leptons are singlets under SU(3) while quarks

are triplets under SU(3). Charged fermions in the SM have both or one of the left-

handed or right-handed chirality. The left-handed fermions form the SU(2) dou-

blets, whereas the right-handed fermions form a singlet. The neutrinos νe, νµ, νµ

along with their charged partners e−, µ−, τ− respectively form doublets. How-

ever, right-handed neutrinos aren’t included in the SM. The left-handed quarks

https://physics.aps.org/articles/v13/123
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up, charm, and top also form SU(2) doublets with down, strange, and bottom,

respectively, while the right-handed quarks form a singlet. The up type and down

type quarks have two-thirds and a negative one-third of a unit electric charge,

respectively. The numbers in the second row of table 1.1 refer to quantum no

corresponding to SU(3), SU(2), and U(1) gauge groups, respectively. The entry

lL(1, 2,−1
2
) signifies that lepton doublets are singlet under SU(3), doublet under

SU(2) and contains hypercharge Y = −1
2
. The electric charge Q can be obtained

by Q = T3 + Y .

Besides the Fermions, SM also contains Bososns, the mediator particles of

the fundamental interactions. The electromagnetic interaction is mediated by

massless photons. The massless gluons are the carriers of the strong interaction.

The W±, Z0 bosons are exchanged in the weak interactions, known as charge-

current (CC) and neutral-current (NC) interactions, respectively. Every fermion

in the SM interacts weakly, whereas only quarks show strong interaction, and

all except neutrinos participate in EM. The mass term of a fermion, ψ̄LψR, is

not gauge invariant as ψ̄L is a doublet and ψR is a singlet under SU(2). This

is solved through the interaction with the scaler boson called the Higgs boson.

The spontaneous symmetry breaking(SSB) of SU(2)L × U(1)Y → U(1)EM leads

to masses to the gauge bosons and fermions through the Higgs mechanism. The

mass term in SM can be written as,

m = ϕψ̄LψR; (1.2)

where ϕ is the Higgs doublet. Higgs boson was discovered in 2012 by CMS and

ATLAS experiments[17, 18], thus establishing the SM on a firm footing.

Neutrinos are massless in SM, as right-handed neutrinos don’t exist. This was

motivated by the observation of parity violation. In 1956, scientists led by Chien

Shiung Wu showed the parity violation and measured[19] the angular distribution

of the electrons to find that electrons produced in the decay of 60Co were emitted

more in the opposite direction to the spin than along the spin, suggesting the
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right-handed nature of anti-neutrinos;

60Co→60 Ni + e− + ν̄e (1.3)

The non-existence of right-handed electrons implied parity violation in this pro-

cess, as suggested by Lee and Yang [19]. Later, in 1958, scientists at Brookhaven

National Laboratory determined that neutrinos are always left-handed in the fa-

mous Goldhaber experiment[20]. In the SM, the neutrinos are always left chiral,

and anti-neutrinos are right chiral.

Neutrinos, like chameleons, have been observed to change their flavors while

traveling. This is a quantum mechanical phenomenon known as neutrino oscilla-

tion that requires neutrinos to be massive.

1.4 Phantom neutrinos and where to find them

The neutrinos are the second most abundant particle in the universe after the

photons. There are several natural and artificial sources of neutrinos. The natural

sources of neutrinos are the sun and other stars, supernovae, active galactic nuclei

(AGN), the interaction of cosmic rays in the Earth’s atmosphere, radioactive ma-

terials inside the Earth, etc. There are also neutrinos created at the time of the

big bang that are yet to be detected. The nuclear reactors and the accelerators

that produce the neutrino beam serve as artificial sources. The energy of these

neutrinos from various sources ranges from micro electron volt (µeV) to 1015 eV

(PeV) as can be seen in fig. 1.3.

1.4.1 Cosmological Neutrinos (Cosmic neutrino background)

The Big Bang is the initializing event of the vast universe from a singular point of

enormous temperature and heat. Therefore, information on these early times is of

great interest. One way to look at these earlier times of the universe is to capture

the lights, known as cosmic microwave background(CMB). Observation of neutri-

nos is another way to look into the signatures of the early universe. The neutrinos,
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Figure 1.3: Energy spectrum of neutrinos.[ https://masterclass.icecube.wisc.edu ]

referred to as cosmological or relic neutrinos, created at the time of the Big Bang,

have the highest flux, and lowest energy as shown in fig. 1.3. However, these neu-

trinos are yet to be detected. The photon decoupled from other matters(quarks

and leptons) around 380000 years after the Big Bang. However, according to the

model of standard Big Bang theory, light neutrinos would have thermally decou-

pled approximately 1 second after the Big Bang, when the temperature decreased

to about 1010 K (MeV). Thus, these neutrinos remain the first witnesses of the

Big Bang and constitute the cosmic neutrino background (CNB). Estimation by

the scientists shows that the temperature of CNB neutrinos has now decreased

to 1.95 K, and the density of the CNB neutrinos, including all the species, will

be around 330 neutrinos per cm3 at present. The energy of these neutrinos will

be in the range of 10−4 − 10−6 eV making their detection more challenging. The

presence of CNB is predicted to evoke irregularities in the phases of the CMB

fluctuations. In 2015, such a phase difference was observed in CMB[21], and this

result can be attributed to the neutrinos of almost exactly the temperature (1.96

± 0.02 K) predicted by the Big Bang Theory.

Upcoming experiment PTOLEMY[22], which will be made up of 100 g of tri-

https://masterclass.icecube.wisc.edu
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tium target, aims to detect of Big Bang neutrinos. This can be accomplished by

detecting[23] the electrons produced in the process of capturing the relic neutrinos

through tritium as;

ν + 3H → 3He+ e− (1.4)

1.4.2 Solar neutrinos

Nuclear fission inside the sun’s core is the most prominent source of neutrinos that

travels through Earth. The neutrinos produced in the sun have energy ranging

from a few eV to 18 MeV. The primary source, the proton-proton (pp) chain,

accounts for 98.4% of the solar neutrino flux.

p+ + p+ → 2H + e+ + νe (1.5)

The rest comes from the Carbon-Nitrogen-Oxygen (CNO) chain. The pp chain

produces five different types of neutrinos as illustrated in fig. 1.5: pp, pep, 7Be,

8B, and hep neutrinos. Almost 91% of the solar neutrino flux comes from pp

neutrinos having energy less than 0.4 MeV. 7Be neutrinos have a significant 7%

contribution in solar neutrino flux. Neutrinos created from the decay of 8B in the

ppIII chain have energy up to 15 MeV, but they are only 0.02% of the total solar

neutrinos. The pep neutrinos with energy 1.5 MeV are produced in the reaction

of two protons and an electron. The hep neutrinos emerge from the fusion of

helium-3 and proton with energy up to 18 MeV. In the CNO cycle, most of the

neutrinos emerge from the decay of 13N (Eν ≤ 1.2MeV) and 15O (Eν ≤ 1.7 MeV).

Figure 1.4: Schematics of the pp chain [https://en.wikipedia.org/wiki/Proton-proton-
chain] (left) and CNO cycle [https://commons.wikimedia.org/wiki] (right).

https://commons.wikimedia.org/wiki/File:Proton_proton_cycle.png
https://commons.wikimedia.org/wiki/File:Proton_proton_cycle.png
https://commons.wikimedia.org/wiki/File:Cno_cycle.png
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The first detection of solar neutrinos was performed by Ray Davis in the Home-

stake gold mine experiment in 1968[24]. The other notable experiments to observe

solar neutrinos are Kamiokande[25], Super-Kamiokande, GALLEX[26], GNO[27],

SAGE[28], and SNO[29].

Figure 1.5: Solar neutrino energy spectrum [https://neutrino-history.in2p3.fr/]. The
thresholds of different solar experiments are shown at the top.

1.4.3 Supernova neutrinos

Figure 1.6: Supernova evolution[30]

Supernovae are the last evolutionary

stage of a massive star. A supernova

is formed with a luminous explosion ex-

pelling a huge amount of matter at high

velocity, along with neutrinos carrying

almost 99% of the gravitational poten-

tial energy of the dying star. These

neutrinos are of all kinds of lepton fla-

vors, having a typical energy of 10-20

MeV.

The water Cherenkov detector of Kamiokande detected[31] 11 high-energy neu-

trinos in 1987. Along with it, two other detectors, BASKAN[32] and IMB[33],

https://neutrino-history.in2p3.fr/
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detected a total of 24 events within a time frame of 12 seconds. The direction

of the neutrinos pointed towards a very bright explosion observed by telescopes

in the Larger Magellanic Cloud, later known as supernova SN1987A. The models

of supernova suggest neutrinos play an important role in their evolution[34, 35].

Thus, the detection of these neutrinos will provide valuable information about

supernovae and stellar evolution.

1.4.4 Geo neutrinos

Figure 1.7: The antineutrino inten-
sity energy spectra per decay of U,
Th, & K[36]

The anti-neutrinos produced naturally in the

β decay process from radioactive metals like

uranium, potassium, and thorium within the

earth are known as geo-neutrinos. These neu-

trinos have energies of the order of a few MeV.

Although the amount and distribution of ra-

dioactive material in the Earth’s crust are well

known, there is a scarcity of data from the

Earth’s interior beyond about 10 km. The

measurements of geo-neutrinos can help de-

termine the profile of the radioactive metals

inside the earth and consequently understand

the heat generation in the earth’s interior.

Krauss, Glashow, and Schramm calculated[37] the flux of geo neutrinos in 1984,

along with providing possible detection techniques. Geo-neutrinos are captured

through the inverse beta decay process on free the proton.

ν̄e + p→ e+ + n (1.6)

This requires anti-neutrinos with at least 1.8 MeV energy, and only ν̄e coming from

Th232 and U238 can be detected. In 2005, the KamLAND experiment presented[38]

the first ever measurement of around 54 geo-neutrino events. In 2011, updated

results of KamLAND identified 106 geo-neutrino events and found that Th232 and
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U238 together account for 20.0 TW of radiogenic power [39]. In 2010, Borexino in

Italy observed[40] 10 geo-neutrinos rejecting the null geo-neutrino hypothesis by

4.2σ. The detection of 24 geo-neutrino events[41] at Borexino in 2015 showed that

20-23 TW of radiogenic power is accounted for U and Th, and the amount of U

and Th in the Earth’s crust is similar to that of the mantle.

1.4.5 Atmospheric neutrinos

Neutrinos are also generated due to the interaction of high energy cosmic rays

(E < 1012 eV), mostly made of high energy protons, alpha particles along with a

few heavy nuclei, with the particles of the Earth’s atmosphere. After the cosmic

rays strike the particles in the atmosphere, pions π± and kaons K± are produced,

which decay to produce neutrinos and anti-neutrinos in the following way,

π±/K± → µ± + νµ(ν̄µ) (1.7)

µ± → e± + νe(ν̄e) + ν̄µ(νµ) (1.8)

The atmospheric neutrino flux contains four different types of neutrinos. For the

above decay chain, the ratio of muon to electron neutrinos is predicted to be

around 2. The atmospheric neutrinos come from everywhere in the atmosphere

and can have baselines from 15-12000 km. These neutrinos have high energies

ranging from few MeV to 106 GeV, although the flux falls off drastically for higher

energies above 1 GeV. The cosmic rays are isotropic around the Earth, and neu-

trino flux is up-down symmetric for E > GeV as seen from the right panel of

fig. 1.8, i.e., ϕ(E, cos θ) = ϕ(E,− cos θ) with θ being the zenith angle. The fluxes

of atmospheric neutrinos on the Earth are well calculated[42–45] by several simu-

lation studies using the inputs of the measured cosmic ray flux and the hadronic

interactions. The first detection of atmospheric neutrinos came from two exper-

iments in India[46] and South Africa[47] in 1965. Subsequently, Kamiokande[48]

and its successor Super-Kamiokande(SK)[49] detected atmospheric neutrinos.
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Figure 1.8: Production of atmospheric neutrinos (left)[https://indico.cern.ch/]. Atmo-
spheric neutrino flux around Earth (right)[https://www-sk.icrr.u-tokyo.ac.jp/]

1.4.6 Ultra high energy neutrinos

Very high energy neutrinos are hypothesized to be generated in astrophysical

sources like active galactic nuclei (AGN), gamma-ray bursts (GRB), pulsars, blazars,

high-energetic cosmic rays, etc. As these neutrinos travel without being affected

by interstellar magnetic fields, detection of these will lead us to identify the source

of events in the cosmos and important information about the source.

Currently, the experiments aiming to detect these ultra-high energy neutrinos

are IceCube, ANtarctic Impulsive Transient Antenna (ANITA), Astronomy with

a Neutrino Telescope, and Abyss environmental RESearch (ANTARES). In 2013,

IceCube detected[50] 28 neutrinos with origins outside the Solar System, and

among those a pair of high energy neutrinos in the peta-electron volt range, making

them the highest energy neutrinos discovered to date. Later in 2014, the number

of detected events[51] increased to 37 candidates, including a new high energy

neutrino at 2000-TeV given the name of ”Big Bird”. In 2018, for the first time,

IceCube traced[52] a high-energy cosmic neutrino back to its source, later identified

as a blazar TXS 0506+056, an energetic galaxy powered by a supermassive black

hole. This ushered neutrinos into the age of multi-messenger astronomy to study

https://indico.cern.ch/
https://www-sk.icrr.u-tokyo.ac.jp/
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cosmic phenomena.

1.4.7 Reactor Neutrinos

Reactors are the most prominent terrestrial source for neutrinos. Nuclear fis-

sion creates abundant electron anti-neutrinos through beta decay. In the reac-

tors, heavy elements such as uranium (235U, 238U) or plutonium (239P, 241P ), when

bombarded with high energy particles, break up into lighter elements and be-

comes more stable through beta decay. Reactor neutrinos are purely electron

anti-neutrinos with energies of 0.1-10 MeV. Every fission reaction creates six ν̄e,

which carry about 4.5% of the process’s total energy (200 MeV). Large no of ν̄e’s

are created; for example, 2× 1020 per second in 4π solid angle in a reactor with 1

GW power. The first neutrino detection was also from a reactor source in 1956 by

Reines and Cowan, as mentioned earlier. Subsequently, many experiments have

been able to detect neutrinos coming from reactors.

1.4.8 Accelerator neutrinos

Intense neutrino beams can be generated using particle accelerators. In this way,

one can have a neutrino beam with well-known properties. Most of the neutri-

nos produced in these accelerators are either muon neutrinos or antineutrinos,

although there are few electron neutrinos (anti-neutrino). A schematic diagram

of a typical accelerator neutrino beam setup is given in fig. 1.9.

Figure 1.9: Schematic diagram of a typical accelerator neutrino setup [53]

Firstly, accelerated protons collide into a fixed target, often made of beryllium

or graphite, creating secondary charged particles, like pions and kaons. These

https://arxiv.org/abs/1705.00532
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charged mesons decay to produce neutrinos through two mechanisms: (i) decay in

flight (DIF) and (ii) decay at rest (DAR).

In the DIF mechanism, positively or negatively charged particles are selected

through magnetic horns and focused on the decay volume. These mesons de-

cay while traveling through decay volume, creating high energy neutrino or anti-

neutrino beams of 0.5− 50 GeV. The main sources of DIF (anti)neutrinos are;

π+/K+ → µ+ + νµ, π−/K− → µ− + ν̄µ (1.9)

Most of the charged pions decay in flight inside the long decay pipe to respective

muon and muon (anti)neutrino. The length of the decay pipe is optimized for

producing the highest no of muon neutrinos; however, few electron neutrinos are

also created through muon decay;

µ+ → e+ + νe + ν̄µ, µ− → e− + ν̄e + νµ (1.10)

There are also neutrinos with lower energies of 10-50 MeV created through the

decay at rest (DAR) of the mesons. These DAR neutrinos are created very near

the target or at the end of the decay volume at beam dumps. Main channels of

DAR neutrinos are

π+ → µ+ + νµ, µ+ → e+ + νe + ν̄µ (1.11)

A neutrino beam spreads out as it travels, and the intensity decreases. Near

detectors placed close to the source characterize the neutrino beam. The far

detectors at significantly large distances (from a few hundred to a few thousand

km) from the source aim to study the neutrino oscillation. Two types of beams:

(i) on-axis and (ii) off-axis, are used for far detectors.

On-axis beams where the beam position is linear to the detector position give

a higher flux. However, the on-axis beam is a wide-band beam with a certain

energy distribution. When the beam and the detector are placed at an angle

for the off-axis beams, the energy spectrum becomes narrower, and its maximum
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shifts towards lower energies. Off-axis beam also provides better background sup-

pression. The T2K[54] experiment is the first to use the off-axis neutrino beam.

This beam will also be used in future T2HK/T2HKK. The NUMI off-axis beam

at Fermilab is being used by the NOνA experiment.

1.5 Neutrino Oscillation

The phenomenon of a neutrino changing its flavor to a different flavor is known

as neutrino oscillation. Bruno Pontecorvo proposed the idea of electron neutrinos

and anti-neutrinos oscillating between themselves in 1957[55, 56], similar to that

of the observed K0 ⇌ K̄0 oscillations. After muon neutrino νµ was discovered,

Maki, Nakagawa and Sakata proposed[57] the mixing between νe and νµ. The

first framework of oscillations between two flavors through mixing between the

neutrinos was suggested by Pontecorvo in 1967 [58]. After the τ discovery, the

existing two flavor oscillation framework was modified to incorporate three flavor

oscillations. Neutrinos are created in flavor states but propagate in mass states.

Neutrino oscillations require them to have small masses. In such a situation, the

neutrinos flavour states (|να⟩) are linear combinations of mass eigenstates (|νi⟩)

connected through a unitary mixing matrix known as Pontecorvo-Maki-Nakagawa-

Sakata(PMNS) matrix U as follows,

|να⟩ = U∗
αi|νi⟩ (1.12)

where α = e, µ, τ refer to lepton flavors electron, muon, and tauon, respectively,

whereas i = 1, 2, 3 denote the index of mass eigenstates. The PMNS matrix is

defined in terms of the rotation matrices Rij as,

U = R23(θ23)U
δ(δ13)R13(θ13)U

†δ(δ13)R12(θ12) (1.13)

=


c12c13 s12c13 s13e

−ιδ13

−s12c23 − c12s23s13eιδ13 c12c23 − s12s23s13eιδ13 s23c13

s12s23 − c12c23s13eιδ13 c12s23 − s12c23s13eιδ13 c23c13

 (1.14)
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The parameters of PMNS matrix are three mixing angles θ12(solar angle), θ13(reactor

angle), θ23(atmospheric angle) and Dirac CP phase δ13. The probability of να tran-

sitioning to νβ over a distance L in vacuum can be expressed as,

Pαβ = δαβ − 4
3∑

i>j

Re(UαiU
∗
βiU

∗
αjUβj) sin

2[1.27∆ijL/E]

+ 2
3∑

i>j

Im(UαiU
∗
βiU

∗
αjUβj) sin[2(1.27∆ijL/E)]

(1.15)

where the mass square difference corresponding to two mass eigenvalues mi,mj

is defined as ∆ij = m2
i − m2

j . There are only two independent mass-squared

differences in the three flavor framework: the atmospheric mass squared difference

∆31 and the solar mass squared difference ∆21.

The current unknowns of the three flavor framework are: (i) octant of θ23, i.e.

if the value of θ23 < 45◦ (lower octant, LO) or θ23 > 45◦ (higher octant, HO), (ii)

the sign of ∆31 (mass ordering), i.e. if ∆31 > 0 (normal ordering, NO) or ∆31 < 0

(inverted ordering, IO), and (iii) the value of δ13. Precision measurement of these

parameters is hindered due to the presence of degenerate solutions corresponding

to the generalized hierarchy-octant-δ13 degeneracy. A detailed discussion of the

oscillation framework and degeneracy can be found in the next chapter. Future

planned experiments like DayaBay(reactor), DUNE, T2HK/T2HKK, ESSnuSB,

as well as atmospheric neutrino detectors at Hyper-Kamiokande, INO, ORCA,

PINGU, IceCube Gen 2, etc are gearing towards addressing these issues.

1.6 Signatures of BSM physics in neutrino oscillations

New physics beyond the standard model can influence the standard neutrino os-

cillations. These BSM scenarios manifest as sub-leading effects and need more

precise and high statistics experiments to detect any possible signatures. Some of

the BSM scenarios explored in neutrino oscillation experiments are; sterile neutri-

nos, non-standard interactions (NSIs), non-unitarity violation, Lorentz invariance

violation (LIV), CPT violations, decoherence of neutrinos, neutrino decay, etc. Fu-
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ture experiments providing higher statistics and greater precision are well suited

for probing the effect of new physics. There are two types of studies related to

BSM physics: (i) constraining the values of the parameters of new physics and

(ii) studying the effects of these new physics parameters in neutrino oscillation.

Three BSM scenarios relevant to this thesis are discussed below.

1.6.1 Sterile neutrinos

In 1993, Liquid Scintillator Neutrino Detector(LSND) experiment observed[59] an

excess ν̄e in their study of muon neutrino beam from positive pion decay

π+ → µ+ + νµ µ+ → e+ + νe + ν̄µ

This excess corresponding to neutrino mean energy E = 30 MeV and baseline

L = 30m can be explained by ν̄µ → ν̄e oscillation in appearance channel with 3.8σ

significance. Later MiniBooNE experiment at Fermi lab also reported[60] ν̄µ → ν̄e

signal at 4.8σ significance level for energy E = 400MeV and baseline L = 450m

confirming the LSND results.

The observation of electron neutrino νe deficit in gallium-based radio-chemical

experiments SAGE and GALLEX (Gallium anomaly) [61, 62] also corroborated

the sterile neutrino hypothesis. Recent results from BEST experiment[63] also

gave similar implications at 5σ.

There was also the reactor antineutrino anomaly in which several reactor neu-

trino experiments showed a deficit in the measured flux with an improved calcula-

tion of the inverse beta decay cross-section [64, 65]. These could also be explained

in terms of a sterile neutrino with a mass of the order of eV. However, the results

from reactor experiments such as DANSS[66, 67], NEOS[68], STEREO[69], and

PROSPECT[70] excluded most of the reactor antineutrino anomaly region[71] at

more than 90% C.L.

If we want to interpret these results through effective two flavor oscillations

then corresponding to L/E ∼ 1GeV/Km in these experiments, there should be a



20 1 - Introduction

new mass squared difference ∆s ∼ 1 eV2 which certainly doesn’t fit in the current

standard three flavor oscillation scheme. So we need to modify the standard 3

flavor oscillation framework by including an extra neutrino with a mass around 1

eV[72]. The result of the invisible decay width of the Z boson at CERN suggests

that there can only be three neutrinos with SM interactions below the mass range

of half of the Z boson[73]. Thus, this additional neutrino should be a singlet under

the Standard Model and not interact by weak interactions. This points towards

this neutrino being inert to SM interaction, i.e., a sterile neutrino leading to a

proposed beyond SM structure with the inclusion of at least one sterile neutrino

with three active neutrinos. The new sterile neutrino field νs must be the superpo-

sition of four massive neutrino fields (mass eigenstates), leading to a 4× 4 mixing

matrix. The new mixing matrix with three additional mixing angles related to

mixing between active and sterile states and two additional CP phases can be

parameterized as,

U = R̃34(θ34, δ34)R24(θ24)R̃14(θ14, δ14)R23(θ23)R̃13(θ13, δ13)R12(θ12) (1.16)

These additional parameters will cause more parameter degeneracies, leading to

difficulties in determining oscillation parameters.

One of the sternest challenges for the existence of sterile neutrino comes from

cosmology[74]. Including an extra sterile neutrino increases the effective no of neu-

trinos relevant for the Big Bang Nucleosynthesis. From the recent measurement of

Planck data[75] and combining together with the Hubble parameter measurement

[76] and Supernova Ia data from the Pantheon sample [77], the extended fit to the

parameters are

Neff = 3.11+0.37
−0.36(95% CL)∑

mν < 0.16 eV
(1.17)

To get around cosmological constraints, we shall introduce new physics directly af-

fecting the cosmological phenomenology of the light sterile states. Since the main

problem of the canonical light sterile neutrino is that its thermalization in the

early universe raises Neff to an unacceptably large level for BBN and CMB/LSS
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constraints. So far, all known new physics solutions involve tampering with the

thermalization process to maintain Neff close to the SM value as possible. A num-

ber of ideas have been proposed and explored throughout the years, e.g., large

chemical potentials or, equivalently, number density asymmetries for the active

neutrinos[78]; secret interactions of the sterile neutrinos[79, 80] and low reheating

temperature of the universe[81] etc. The proposed remedy of secret interaction

between sterile neutrinos in [80] was later disfavoured by cosmic microwave back-

ground analysis [82]. A joint analysis of short baseline and cosmological data

recently showed that a sterile neutrino with a mass around 1 eV can interact with

a new light pseudo scalar. To summarize, the existence of sterile neutrinos is still

an open question, and more experimental efforts are underway to resolve this.

1.6.2 Non standard interactions

Neutrinos interact with matter through W,Z bosons in the standard model, lead-

ing to effective standard matter potential, first contemplated by Wolfenstein[83].

Neutrino can also interact with matter through new heavy mediators in BSM

scenarios. These BSM physics in neutrino interactions can be suitably param-

eterized in terms of the low-energy effective field theory (EFT) of non-standard

interactions (NSI) [83–86]. This formalism contemplates modifications to neutrino

interactions with SM particles while respecting the SM vector current structure2.

The model-independent effective Lagrangian for NSI in neutrino oscillations is

given by

LNC
NSI = −2

√
2GF

∑
f,P,α,β

(ν̄αγ
µPLνβ)ϵ

fP
αβ (f̄γµPf) (1.18)

LCC
NSI = −2

√
2GF

∑
f,f ′,P,α,β

(ν̄αγ
µPLlβ)ϵ

ff ′P
αβ (f̄γµPf

′)) (1.19)

where GF ≃ 1.167 × 10−5GeV −2 is Fermi constant, P ∈ [PL, PR] and ϵfPαβ , ϵ
ff ′P
αβ

are dimensionless strength of NSI. For neutrinos interacting with ordinary matter

(made up of electrons, protons, and neutrons), only interactions with the first

generation of SM fermions need to be considered,i.e., the indices f = e, u, d and

2There can also be scalar and tensor NSIs.
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α, β = e, µ, τ (the neutrino flavors). At the Hamiltonian level, the NSI parameters

are connected to Lagrangian level parameters as

ϵαβ =
∑
fP

Nf

Ne

ϵfPαβ (1.20)

where Nf , Ne are the number density of the fermions and electrons in matter,

respectively. For charged current(CC) interaction, the neutrinos couple with two

types of charged fermions f, f ′. CC NSI are heavily constrained. Whereas for

neutral current interaction, the coupling of neutrinos is with the same type of

fermions f . The Hamiltonian due to NC NSI is,

HNSI =
√
2GFNe


ϵee ϵeµ ϵeτ

ϵ⋆eµ ϵµµ ϵµτ

ϵ⋆eτ ϵ⋆µτ ϵττ

 ∼ √2GFNe


ϵee − ϵµµ ϵeµ ϵeτ

ϵ⋆eµ 0 ϵµτ

ϵ⋆eτ ϵ⋆µτ ϵττ − ϵµµ

 ;

(1.21)

where
√
2GFNe is the Wolfenstein matter potential. The diagonal NSI terms

are real and provide a mechanism for breaking lepton flavor universality, while

the off-diagonal terms are generally complex and responsible for flavor-changing.

The non-diagonal terms are parameterized as ϵαβ = |ϵαβ|eιϕαβ with accompanying

phase ϕαβ. The oscillation experiments are not sensitive to one free parameter

along the diagonal, like they cannot measure the absolute neutrino mass scale.

So, we can subtract out ϵµµI without any loss of generality, and we get the NSI

Hamiltonian at the right of eq. (1.21).

NSIs parameterize the new interactions in terms of the effective dimension-6

operator(1.18)(1.19). If the effective coupling comes through integrating out a new

state, say X of mass mX and coupling gX , the strength of the NSI parameters

can be given as ϵ ∝ g2Xm2
W

m2
X

. Thus, to experimentally detect signatures of the NSI

(≥ 10−2), the new particle X cannot be much heavier than the electroweak scale.

The presence of NSI parameters affects the determination of standard model

parameters due to the presence of degeneracies. One such interesting degeneracy is

the possibility of θ12 > 45◦ solutions. This degenerate solution of θ12 in the second

octant is called Dark-Large Mixing Angle (DLMA) solution (θDLMA
12 = 90◦− θ12).
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1.6.3 Lorentz invariance violations

Lorentz invariance is one of the basic symmetries in fundamental physics. Lorentz

invariance protects isotropy and homogeneity of the local relativistic QFT in space-

time. In the minimal SU(3)×SU(2)×U(1) SM, this symmetry is conserved. How-

ever, there are higher dimensional theories (related to the Plank scale ∼ 1019 GeV

)where Lorentz invariance violation is generated spontaneously[87–91]. String the-

ories obeying Lorentz covariant dynamics are shown to facilitate the spontaneous

breaking of Lorentz symmetry in [87–90]. The violation of Lorentz invariance and

CPT have been tested using Kaons [92, 93], neutral Bd or Bs mesons [93, 94],

and neutral D mesons [93, 95]. Lorentz invariance violation(LIV) can be compre-

hended through a standard model extension (SME) framework in the context of a

low energy effective theory[96]. The neutrino behavior is contained in the terms,

L =
1

2
ιL̄aγ

µ←→DµLa − (aL)µabL̄aγ
µLb +

1

2
(cL)µνabL̄aγ

µ←→DνLb (1.22)

where the first term is the usual Standard-Model kinetic term for the left-handed

doublets La with index a ranging over the three generations e, µ, τ . The coefficients

for Lorentz violation are (aL)µab, which has mass dimension one and controls the

CPT violation, and (cL)µνab which is dimensionless and is CPT conserving. The

Lorentz-violating terms in (1.22) modify both interactions and propagation of

neutrinos. Any interaction effects are expected to be tiny and well beyond existing

sensitivities. In contrast, propagation effects can be significant if the neutrinos

travel large distances. The time evolution of neutrino states is controlled as usual

by the effective Hamiltonian extracted from (1.22) as,

(Heff )ab = Eδab +
m2

ab

2E
+

1

E
(aµLpµ − c

µν
L pµpν)ab (1.23)

The LIV-induced parameter aµL (CPT-violating) will change the sign in case of

anti-neutrinos while cµνL will remain unchanged. In this thesis, we will focus on

only the isotropic component of these parameters in the Sun-centered celestial-

equatorial frame and fix µ, ν to zero(0) and redefine (aL)
0
ab ≡ aab, (cL)

00
ab ≡ cab.
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The Hamiltonian due to LIV is given by

HLIV =


aee aeµ aeτ

a⋆eµ aµµ aµτ

a⋆eτ a⋆µτ aττ

− 4

3
E


cee ceµ ceτ

c⋆eµ cµµ cµτ

c⋆eτ c⋆µτ cττ

 (1.24)

The diagonal elements of HLIV are real, whereas the off-diagonal terms are gen-

erally complex in nature and can be defined as aαβ = |aαβ|eιϕαβ where ϕαβ is

additional phase.

1.7 An overview of the thesis

In this thesis, we have studied the capability of future long baseline experiments

like DUNE, T2HK/T2HKK, and IceCube to probe the effects of several beyond

standard model signals on the oscillation framework. The octant of θ23, mass hi-

erarchy, and δCP are yet to be determined in the standard three flavor oscillation

framework. Any new physics will impact the determination of these parameters

in the upcoming detectors. We study three BSM physics signatures: sterile neu-

trino, non-standard interaction, and Lorentz invariance violations in the context

of current and future experiments.

The first chapter introduces the history of neutrinos, their sources, and neutri-

nos in the SM. In addition, we present a brief introduction to the phenomenon of

neutrino oscillation, we also discuss the scope of this thesis.

In the second chapter, the derivation of the neutrino oscillation probabilities

in vacuum as well as in the presence of matter for two and three generations are

presented. We address the existing degeneracies affecting the precise determina-

tion of the parameters and discuss the salient features of the present and future

neutrino experiments studied in this thesis.

In the third chapter, we focus on the effect on determining θ23 and mass or-

dering when an eV scale sterile neutrino is present. We discuss the potential of a

liquid argon time projection chamber (LArTPC) detector at a baseline length of
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1300 km (as proposed in the DUNE experiment) to determine these parameters

using both beam neutrinos as well as atmospheric neutrinos.

Next, in the fourth chapter, neutrino oscillation is studied in the presence of

a very light sterile neutrino corresponding to a mass difference of 10−4 : 0.1 eV2.

Four possible mass ordering scenarios arise in the presence of a very light sterile

neutrino due to the unknown sign of ∆31 (atmospheric mass ordering) and ∆41

(sterile mass ordering). The sensitivity of determining the sign of ∆41,∆31 and

the octant of θ23 have been investigated using beam neutrinos traveling 1300 km

from the source and atmospheric neutrinos in a LArTPC detector (similar to the

proposed DUNE experiment).

In the fifth chapter, we explore the possibility of distinguishing between LMA

and DLMA solutions of θ12, in the context of the IceCube data. Firstly we discuss

the probabilities and address various degeneracies related to θ12 with θ23, δCP . To

study the sensitivity of LMA and DLMA solution, we compare the experimental

flux ratio from IceCube data with the theoretical flux ratio corresponding to var-

ious astrophysical sources, namely µ, π, and n source and check the quality of the

fit.

In the sixth chapter, we study the impact of CPT violating LIV parameters

in the detection of CP sensitivity. CPT violating LIV parameters introduces

additional phases that also contribute to CP violation. A comprehensive analysis

of the effect of these phases on CP discovery is performed in the context of T2HK

and T2HKK experiments. We explore the synergy between 295 km and 1100 km

baselines in the T2HKK. As T2HK and T2HKK are two different proposals of the

same experiment, comparative studies have been presented to show which one is

more suitable.

Finally, in the seventh chapter, we summarize the results of our work.





”Neutrinos ... win the minimalist contest: zero charge, zero radius, and very

possibly zero mass.”

Leon M. Lederman

2
Neutrino Oscillation Framework

This chapter discusses the theoretical framework of neutrino oscillations. The cal-

culation of two flavor and three flavor oscillation probabilities in vacuum and in the

presence of matter effects are presented. The parameter degeneracies in the three

flavor framework are also described. The procedure followed for the numerical

analysis is also explained in this chapter. We present the experimental evidence in

favor of oscillations and a brief discussion of different neutrino experiments used

in the thesis.

27
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2.1 Analytical calculation of neutrino oscillation probabil-

ity in vacuum

In this section, we will present the derivations of neutrino oscillation probability

in vacuum. To start with, the general case of N flavor oscillations in the vacuum

is discussed.

In general, for N flavor states, there will be N mass states, and the mixing

between the states can be generalized from eq. (1.12) as follows,


|να1⟩

|να2⟩

.

|ναN⟩

 = U∗
N×N


|ν1⟩

|ν2⟩

.

|νN⟩

 (2.1)

where ναN are flavor states, and νN denote mass states. The parametrization for

the mixing matrix for N neutrino flavors requires N2 independent parameters with

N(N − 1)/2 angles and N(N + 1)/2 phases. Among these, (2N − 1) phases can

be absorbed by 2N fields of the Lagrangian when neutrinos are Dirac particles.

So the remaining no of physical phases is (N − 1)(N − 2)/2.

For all the calculations, we use the natural unit, i.e., ℏ = c = 1 Energies of

neutrinos Ei can be expressed in the natural unit as,

E2
i = p2i +m2

i (2.2)

In the relativistic limit, mi << p, and it leads to the energy of a neutrino with

mass mi as;

Ei = p

[
1 +

m2
i

p2

]1/2
≃ p+

m2
i

2p
≃ E +

m2
i

2E
;

(2.3)

where we have assumed that all the neutrino mass eigenstates have equal mo-
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menta1. The Hamiltonian in mass basis is given by,

Hvac
m = EI+

1

2E


m2

1 0 0

0 m2
2 0

.. .. ..

0 0 m2
N

 (2.4)

As the mass states are eigenstates of Hvac
m ,

Hvac
m |νi⟩ = Ei|νi⟩ (2.5)

The time evolution of mass eigenstates is given by,

ι
d

dt
νi = Hvac

m νi (2.6)

Therefore, the mass eigenstates will evolve in time as,

|νi(t)⟩ = e−ιEit|νi⟩ (2.7)

Therefore, using eq. (2.7), (1.12) the flavor eigenstates at time t = 0 and t = t can

be expressed as,

|να(0)⟩ =
N∑
1

U∗
αi|νi⟩ (2.8)

|να(t)⟩ =
N∑
1

U∗
αie

−ιEit|νi⟩ (2.9)

The oscillation probability for να −→ νβ is given by

Pαβ = |⟨να(0)|νβ(t)⟩|2

=
∑
i

∑
j

(UαiU
∗
βie

−ιEit)(U∗
αjUβje

ιEjt)

=
∑
i=j

|Uαi|2|Uβi|2 +
∑
i ̸=j

UαiU
∗
βiU

∗
αjUβje

−ι(Ei−Ej)t

(2.10)

1There is also wave-packet formalism that considers neutrino state to be a wave-packet comprising
states of various momenta
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Now we can expand the terms in eq.(2.10) as follows,

|
∑
i

UαiU
∗
βi|2 =

∑
i

|Uαi|2|Uβi|2 +
∑
i>j

(UαiU
∗
βiU

∗
αjUβj + U∗

αiUβiUαjU
∗
βj)

=
∑
i

|Uαi|2|Uβi|2 + 2
∑
i>j

Re(UαiU
∗
βiU

∗
αjUβj)

(2.11)

∑
i ̸=j

UαiU
∗
βiU

∗
αjUβje

−ι(Ei−Ej)t =
∑
i>j

UαiU
∗
βiU

∗
αjUβje

−ι(Ei−Ej)t

+
∑
i>j

U∗
αiUβiUαjU

∗
βje

ι(Ei−Ej)t
(2.12)

As (a+ ιb)e−ιθ+(a− ιb)eιθ = 2(a cos θ+ b sin θ), we can rewrite equation (2.12) as

∑
i ̸=j

UαiU
∗
βiU

∗
αjUβje

−ι(Ei−Ej)t = 2
∑
i>j

Re(UαiU
∗
βiU

∗
αjUβj) cos[(Ei − Ej)t]

+ 2
∑
i>j

Im(UαiU
∗
βiU

∗
αjUβj) sin[(Ei − Ej)t]

(2.13)

Using
∑

i UαiU
∗
βi = δαβ and using equations (2.11), (2.13) in expression of Pαβ, we

get,

Pαβ = δαβ + 2
∑
i>j

Re(UαiU
∗
βiU

∗
αjUβj)(cos[(Ei − Ej)t]− 1)

+ 2
∑
i>j

Im(UαiU
∗
βiU

∗
αjUβj) sin[(Ei − Ej)t]

(2.14)

The time t traveled by relativistic neutrinos is the same as the distance traveled

L in the natural unit. Also, the difference in energies can be expressed in terms

of the mass-squared difference as,

Ei − Ej ≃
1

2E
(m2

i −m2
j) =

∆ij

2E
(2.15)

If we want to have L in km and energy E in GeV while keeping ∆ij in eV2;

(Ei − Ej)t

2
=

∆ijL

4E
=

∆ijL(/km)× 1010

4× 1.9× E(/GeV)× 109
=

1.27∆ijL(/km)

E(/GeV)
(2.16)
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Using the eq. (2.16) in the probability expression in (2.14), we have,

Pαβ = δαβ − 4
∑
i<j

Re(UαiU
∗
βiU

∗
αjUβj) sin

2[1.27∆ijL/E]

+ 2
∑
i<j

Im(UαiU
∗
βiU

∗
αjUβj) sin[2(1.27∆ijL/E)]

(2.17)

For the oscillation probability in matter, we shall replace the elements of the

mixing matrix U and mixing angles and mass-squared differences in the above

eq. (2.17) with the respective modified versions in matter.

2.1.1 Oscillation probability in vacuum (Two flavor)

In two flavor case, considering νe, νµ as the flavor eigenstates, and ν1, ν2 as the

mass eigenstates, one can write,|νe⟩
|νµ⟩

 =

 cos θ sin θ

− sin θ cos θ

|ν1⟩
|ν2⟩

 (2.18)

The mixing matrix in the two flavor case is a simple 2× 2 rotation matrix param-

eterized by a single angle θ. The flavor states will evolve in time t as,

|νe(t)⟩ = e−ιE1t cos θ|ν1⟩+ e−ιE2t sin θ|ν2⟩ (2.19)

|νµ(t)⟩ = −e−ιE1t sin θ|ν1⟩+ e−ιE2t cos θ|ν2⟩ (2.20)

The survival probability of electron neutrino is evaluated as follows,

Pee = |⟨νe(t = 0)|νe(t)⟩|2

= |(⟨ν1| cos θ + ⟨ν2| sin θ)(e−ιE1t cos θ|ν1⟩+ e−ιE2t sin θ|ν2⟩)|2

= | cos2 θe−ιE1t + sin2 θe−ιE2t|2

= 1− sin2 2θ sin2[(E1 − E2)t/2]

(2.21)

Using the equations (2.16),(2.21), the electron survival probability is given as,

Pee = 1− sin2 2θ sin2

[
1.27∆21L

E

]
(2.22)



32 2 - Neutrino Oscillation Framework

The νµ appearance probability is given as,

Peµ = 1− Pee = sin2 2θ sin2

[
1.27∆21L

E

]
(2.23)

From eq. (2.23), (2.22), it can be noted that the oscillatory part is given by

sin2[1.27∆21L/E] with corresponding phase ϕ = 1.27∆21L/E, whereas the am-

plitude of probability is given by sin2 2θ. The above expression shows that if

m2
2 −m2

1 = 0, the probability will go to zero, i.e., non-zero probability indicates

that at least one of neutrino mass eigenstates is massive. We can also see the

probability is invariant under the transformation of θ → π
2
− θ, i.e., θ > 45◦ (lower

octant) or θ < 45◦ (higher octant) gives the same probability. The probability

will also remain unchanged over changing the sign of ∆21. The oscillatory nature

depends on the ∆21L/E value. Normally, the experiments (with L being constant)

are designed such that neutrino flux is highest around the energies near oscillation

maxima. As there is no phase involved in the two flavor case, these probabilities

are CP (Charge parity) and T (time reversal) transformation invariant, i.e., the

direct and time-reversed oscillation probability of neutrino and antineutrino are

all equal,

Pνα→νβ = Pνβ→να = Pν̄α→ν̄β = Pν̄β→ν̄α (2.24)

The above expression in eq. (2.23) can be also expressed as

Pµe = sin2 2θ sin2[π
L

Losc

], (2.25)

where the oscillation length Losc is the distance at which the phase of oscillation

ϕ becomes π,

Losc =
2.48× E(/GeV)

∆21(/eV2)
km (2.26)

To obtain the maximum probability, i.e., flavor conversion, θ = 45◦ and 1.27∆21L
E

=

π
2
. For Losc >> L oscillation is not observed, and for Losc << L the oscil-

lation probability averages out to P ∼ 1
2
sin2 2θ. For obtaining maximum os-

cillation, Losc = 2L. This condition can also be interpreted as ∆L
E
∼ 1; i.e.,

∆ ∼ E(GeV )/L(km).
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2.2 Analytical calculation of oscillation probability in the

presence of matter

2.2.1 Interaction potential of neutrinos in matter

Neutrinos interact with the matter particles (n0, p+, e−1) through various standard

model processes. The coherent forward scatterings of neutrinos with matter parti-

cles give rise to effective potentials as first pointed out by Wolfenstein in 1978[83].

The coherent forward elastic scatterings are of two types; charge-current(CC) and

neutral current(NC). The Feynman diagrams of these interactions are shown in

fig. 2.1.

e−, p, n

e−, p, n

να, ν̄α

να, ν̄α

Z0

e−

νe

νe

e−

W

ν̄e

e−

e−

ν̄e

W

Figure 2.1: Feynman diagrams of (anti)neutrinos undergoing neutral current (left) and
charge current (middle and right) interaction

2.2.2 Charge Current Interaction

The effective CC Hamiltonian density for an electron neutrino νe propagating

through a homogeneous isotropic gas of electrons at rest is given by,

Hcc
eff (x) =

GF√
2
JWρJ

†ρ
W =

GF√
2
[ν̄e(x)γ

ρ(1− γ5)e(x)][ē(x)γρ(1− γ5)νe(x)] (2.27)

where Jρ
W = ν̄e(x)γ

ρ(1 − γ5)e(x) is the current density. Applying Fierz transfor-

mation in the above eqn,

Hcc
eff (x) =

GF√
2
[ν̄e(x)γ

ρ(1− γ5)νe(x)][ē(x)γρ(1− γ5)e(x)] (2.28)

The presence of electrons in the medium leads us to consider two conditions.

First of all, the statistical energy distribution of the electrons in the medium is

accounted for by integration over the Fermi function f(Ee, T ) with normalization
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f(Ee, T )Ne(pe)d

3pe = NeV whereNe is the electron no density andNeV the total

no of electrons. Secondly, we need to consider averaging over spins 1/2
∑

he=±1

as the polarisation of electrons he is unknown. The following derivations in this

subsection are based on [97].

H̄cc
eff (x) =⟨νe(p1, h1)e−(pe, he)|

GF√
2
ν̄e(x)γ

ρ(1− γ5)νe(x)
∫
f(Ee, T )d

3pe

× 1

2

∑
he=±1

ē(x)γρ(1− γ5)e(x)|νe(p1, h1)e−(pe, he)⟩
(2.29)

The electron states before and after the scattering process have the same four

momenta and helicity to leave the medium unchanged in order to contribute co-

herently to the neutrino potential. We consider finite normalization volume V for

electron background and define one-electron states as

|e−(pe, he)⟩ =
1

2EV
a(he)†
e (pe)|0⟩ (2.30)

Now we calculate the average over helicities for the electron matrix element.

1

2

∑
he=±1

ē(x)γρ(1− γ5)e(x)|νe(p1, h1)e−(pe, he)⟩

=
1

4EeV

∑
he=±1

a(pe, he)
†a(pe, he)ū(pe, he)γρ(1− γ5)u(pe, he)|νe(p1, h1)e−(pe, he)⟩

=
1

4EeV

∑
he=±1

Num(pe, he)ū(pe, he)γρ(1− γ5)u(pe, he)|νe(p1, h1)e−(pe, he)⟩

=
1

4EeV
Ne(pe)Tr[(/pe +me)γρ(1− γ5)]|νe(p1, h1)e−(pe, he)⟩

=
1

EeV
Ne(pe)peρ|νe(p1, h1)e−(pe, he)⟩

(2.31)

Using the above relation and /pe = peργ
ρ we get

H̄cc
eff (x) =⟨νe(p1, h1)e−(pe, he)|

GF√
2V

ν̄e(x)

∫
d3pef(Ee, T )Ne(pe)

/pe
Ee

(1− γ5)

× νe(x)|νe(p1, h1)e−(pe, he)⟩

(2.32)
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Since the integral of p⃗e/Ee is zero, being an odd integral, we can calculate the

integration in the above equation as follows∫
d3pef(Ee, T )Ne(pe)

/pe
Ee

=

∫
d3pef(Ee, T )Ne(pe)(γ

0 − p⃗e .⃗γ

Ee

)

= NeV γ
0

(2.33)

This leads to

H̄cc
eff = ⟨νe(p1, h1)e−(pe, he)|

GFNe√
2
ν̄e(x)γ

0(1− γ5)νe(x)|νe(p1, h1)e−(pe, he)⟩

(2.34)

Now we integrate over x to get CC potential Vcc

Vcc = ⟨νe(p1, h1)e−(pe, he)|
GFNe√

2

∫
ν̄e(x)γ

0(1− γ5)νe(x)dx|νe(p1, h1)e−(pe, he)⟩

= ⟨νe(p1, h1)e−(pe, he)|
GFNe√

2
× 1

2V Eν

∫
Tr[(/pν +mν)γ

0(1− γ5)]

× a†(p1, h1)a(p1, h1)dx|νe(p1, h1)e−(pe, he)⟩

= ⟨νe(p1, h1)e−(pe, he)|
GFNe√

2
× 1

2V Eν

∫
4Eνdx|νe(p1, h1)e−(pe, he)⟩

= ⟨νe(p1, h1)e−(pe, he)|
GFNe√

2
× 2

V

∫
dx|νe(p1, h1)e−(pe, he)⟩

Vcc =
√
2GFNe

(2.35)

For anti-neutrinos Vcc = −
√
2GFNe. It can understood in a simple manner as

follows, As the last two components go to zero at the rest frame of unpolarised

electrons, the final effective potential is given by

H̄eff =
GF√
2
Neν̄eγ

0(1− γ5)νe

=
√
2GFNe[ν

†
e

1− γ5
2

γ0]γ0[(
1− γ5

2
)νe]

=
√
2GFNeν̄eLγ

0νeL = vccjν

(2.36)
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where Vcc =
√
2GFNe and jν = ν̄eLγ

0νeL is current density. For anti-neutrino, we

have to consider conjugate of jν −→ jCν

jCν = ν̄CeLγ
0νCeL = −νTeLC−1γ0Cν̄TeL

= νTeL(γ
0)T ν̄TeL

= −ν̄eLγ0νeL = −jν

(2.37)

Thus, the effective potential for anti-neutrino is given by

H̄eff = v̄ccjν (2.38)

where v̄cc = −
√
2GFNe.

2.2.3 Neutral Current Interaction

NC interaction occurs between νe, νµ, ντ and leptons e−, p, n but effectively interac-

tion with neutrons only contributes as interaction with e−, p cancel each other.The

effective NC Hamiltonian density for an electron neutrino νe propagating through

a homogeneous isotropic gas of electrons at rest is given by

Hnc
eff (x) =

4GF√
2
JZρJ

†ρ
Z (2.39)

where Jρ
Z = 1

2

∑
i ψ̄iγ

ρ[I3i (1 − γ5) − 2Qi sin
2 θw]ψi, i = (l, u, d, νl), I

3
i , Qi are cor-

responding isospin and particle charge respectively(θw: Weinberg Angle). The

calculations in this subsection are inspired from [97].

Calculation of V n
nc

The scattering between n and να(α = e, µ, τ) is mediated through Z0 boson.

Neutron consists of one u and two d quarks. The relevant Hamiltonian densities
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for both of them are

Hnc
u (x) =

GF

2
√
2
[ū(x)γρ(1− γ5 − 8

3
sin2 θw)u(x)][ν̄α(x)γρ(1− γ5)να(x)]

Hnc
d (x) = − GF

2
√
2
[d̄(x)γρ(1− γ5 − 4

3
sin2 θw)d(x)][ν̄α(x)γρ(1− γ5)να(x)]

(2.40)

The Hamiltonian for ναn scattering is obtained by addition of Hnc
u (x), Hnc

d (x) in

1 : 2 ratio as

Hnc
n (x) = − GF

2
√
2
[n̄(x)γρ(1− γ5)n(x)][ν̄α(x)γρ(1− γ5)να(x)] (2.41)

If we take f(En, T ) as the Fermi distribution for neutrons, then the average of

effective Hamiltonian over unpolarised neutron medium is given as

H̄nc
n,eff (x) =⟨να(p1, h1)n(pn, hn)|

−GF

2
√
2
ν̄α(x)γ

ρ(1− γ5)να(x)
∫
f(En, T )d

3pn

× 1

2

∑
hn=±1

n̄(x)γρ(1− γ5)n(x)|να(p1, h1)n(pn, hn)⟩

(2.42)

Apart from a −1
2
being present as a multiple H̄nc

n,eff (x) is similar to H̄cc
eff (x).

Carrying out similar steps, we get potential due to ναn scattering as

V n
nc = −

GFNn√
2

(2.43)

As in normal matter Nn ∼ Ne we can say

V n
nc = −

GFNe√
2

= −Vcc
2

(2.44)

For anti-neutrinos V n
nc = GFNe/

√
2

Calculation of V p
nc, V e

nc

The scatterings between p and να are also mediated by Z0 boson. A proton

consists of two u quarks and one d quark. The effective Hamiltonian density for
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ναp scattering is obtained by adding Hnc
u (x), Hnc

d (x) in 2 : 1 ratio as

Hnc
p (x) =

GF

2
√
2
[p̄(x)γρ(1− γ5 − 4 sin2 θw)p(x)][ν̄α(x)γρ(1− γ5)να(x)] (2.45)

The effective Hamiltonian density for ναe
− scattering is

Hnc
p (x) = − GF

2
√
2
[ē(x)γρ(1− γ5 − 4 sin2 θw)e(x)][ν̄α(x)γρ(1− γ5)να(x)] (2.46)

Thus, the NC interaction potential of p, e− cancels each other in an electrically

neutral medium.

2.2.4 Oscillation probability in matter: Two flavor

In matter, the evolution equation for neutrinos gets modified by the inclusion of

matter potential term Vcc in the Hamiltonian as follows,

ι
d

dt

νe
νµ

 = Hmat
F

νe
νµ

 (2.47)

where matter Hamiltonian Hmat
F in flavor basis is defined as,

Hmat
F = EI+

1

2E
U

m2
1 0

0 m2
2

U † +
1

2E

A 0

0 0

 (2.48)

where A = 2EVcc = 2
√
2GFNeE. As addition or subtraction of matrix propor-

tional to unit matrix doesn’t change probabilities, (E + A
4E

+
m2

1

2E
)I is subtracted

from Hmat
F to obtain the Hamiltonian as,

Hmat
F =

1

4E

A−∆21 cos 2θ ∆21 sin 2θ

∆21 sin 2θ −A+∆21 cos 2θ

 (2.49)

The eigenvalues of Hmat
F are evaluated as follows,

EM
1,2 =

1

4E
[A±

√
(−A+∆21 cos 2θ)2 + (∆21 sin 2θ)2] (2.50)
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If we compare the above energy eigenvalues with that of vacuum energy eigenvalues

where ∆E = E2 − E1 = ∆21/2E, the mass difference ∆21 is modified to ∆M
21 as

follows,

∆M
21 = (EM

2 − EM
1 )2E =

√
(−A+∆21 cos 2θ)2 + (∆21 sin 2θ)2 (2.51)

The matter modified ∆M
21 will revert back to ∆21 if we put A = 0 in eq. (2.51).

Similar to the mass eigenvalues, the mixing angles will also be modified to θ −→

θM leading to U(θ) −→ UM(θM). The Hamiltonian in matter basis Hmat
M =

U †
MH

mat
F UM will be diagonal;

Hmat
M =

1

4E

cos θM − sin θM

sin θM cos θM

2A−∆21 cos 2θ ∆21 sin 2θ

∆21 sin 2θ ∆21 cos 2θ

 cos θM sin θM

− sin θM cos θM


(2.52)

Imposing non-diagonal terms of Hmat
M is equal to zero leads to the relation between

θM and θ,

tan 2θM =
∆21 sin 2θ

−A+∆21 cos 2θ
(2.53)

The νe −→ νµ conversion probability in matter is expressed as,

Peµ = sin2 2θM sin2[1.27∆M
21L/E] (2.54)

But unlike in vacuum, in this case, the probability is sensitive to the sign of ∆21 and

the octant of θ as seen from the dependence of ∆M
21 and θM respectively on them

from the equations (2.51),(2.53). The Mikheyev–Smirnov–Wolfenstein (MSW)

resonance[83, 98] happens at A = ∆21 cos 2θ where the mixing is maximal with

θM = π/4. A is positive for neutrinos and negative for anti-neutrinos. Hence MSW

resonance is only seen in the neutrino(anti-neutrino) channel for ∆21 =+ve(-ve).

2.2.5 Oscillation probability in matter: Three flavor

The exact analytical expression for probability can’t be evaluated for three flavors

without proper approximation. The total Hamiltonian in flavor basis for constant
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matter density can be written as,

Hmat
F =

1

2E
U


0 0 0

0 ∆21 0

0 0 ∆31

U † +


√
2GFNe 0 0

0 0 0

0 0 0

 (2.55)

The exact diagonalization of the above Hamiltonian analytically is a non-trivial

calculation. Therefore, we need to resort to approximation methods. We also

consider constant matter density. The two often used approximate methods are;

(i) one mass scale dominance method and (ii) α − s13 method. A summary of

the various analytical approaches in the context of 3 flavors has been discussed in

ref. [99].

One Mass Scale Dominance (OMSD) Approximation

First, we use OMSD approximation[100] method. The value of ∆21 has been

found2 to be significantly less than ∆31. So we can neglect ∆21 in the Hamiltonian.

It leads to the mixing matrix being U independent of θ12 and δcp. The new mixing

matrix will be

U = R23R13 =


c13 0 s13

−s23s13 c23 s23c13

−c23s13 −s23 c23c13

 (2.56)

Now we go to a new basis by rotating U by R†
23 leading to an effective two flavor

scenario between 1− 3 sector,

Ũ = R†
23U = R13 =


c13 0 s13

0 1 0

−s13 0 c13

 (2.57)

2∆21 = 7.4× 10−5eV2, ∆31 = 2.5× 10−3eV2[101]
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We use this new basis to calculate energy eigenvalues of the following Hmat
F

Hmat
F =

∆31

4E


2s213 +

2A
∆31

0 2c13s13

0 0 0

2c13s13 0 2c213

 (2.58)

It can be seen that the matter effect impacts the 1-3 sector. The energy eigenvalues

are as follows,

E1 =
1

4E
[(∆31 + A)−

√
(∆31 cos 2θ13 − A)2 + (∆31 sin 2θ13)2] (2.59)

E2 = 0 (2.60)

E3 =
1

4E
[(∆31 + A) +

√
(∆31 cos 2θ13 − A)2 + (∆31 sin 2θ13)2] (2.61)

It gives us the modified mass difference as

∆M
31 =

√
(∆31 cos 2θ13 − A)2 + (∆31 sin 2θ13)2 (2.62)

As this an effective two flavor case, we will get the new modified mixing matrix

UM = R23R
M
13 , but here only θ13 will be modified as θM13 . The mixing angle θ23

will not be modified as the matter effect only modifies the evolution equation of

νe whose mixing doesn’t depend on θ23. The relation between the modified θM13

and vacuum mixing angle θ13 can be found by making the non-diagonal term of

modified Hamiltonian in matter basis to go zero,

tan 2θM13 =
∆31 sin 2θ13

∆31 cos 2θ13 − A
(2.63)

Now using the vacuum formula for probability from equation 1.15, and replacing

θ13 → θM13 , and ∆ij → ∆M
ij , the transition probability is obtained as,

Peµ = sin2 θ23 sin
2 2θM13 sin

2

[
∆M

31L

4E

]
(2.64)

The validity of this approximation depends on two conditions: (I) ∆21L
E

<< 1 and

(II) θ13 to be large enough to make the terms with ∆21 smaller w.r.t leading order

terms with θ13.
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α− s13 Approximation

Parameters α = ∆21/∆31, sin θ13 are by far smaller3 than the other oscillation

parameters and can be used as parameters for the series expansion[102] method

to calculate probabilities in constant matter density. The effective Hamiltonian in

flavor basis is

Hmat
F =

∆31

2E
[Udiag(0, α, 1)U † + diag(Â, 0, 0)]

=
∆31

2E
R23U

δ[R13R12diag(0, α, 1)R
T
12R

T
13 + diag(Â, 0, 0)]U †δRT

23

=
∆31

2E
R23U

δMU δ†RT
23 = R23U

δH
′mat
F U δ†RT

23

(2.65)

Where we define4

H
′mat
F =

∆31

2E


s212c

2
13α + s213 + Â αc12c13s12 s13c13(1− αs212)

αs12c12c13 αc212 −αc12s12s13
s13c13(1− αs212) −αs12c12s13 αs212s

2
13 + c213

 (2.66)

We will diagonalize using perturbation theory up to second order in the small pa-

rameters α, sin θ13. After putting cos θ13 = 1, Hamiltonian H
′mat
F can be expressed

as,

M =M0 +M1 +M2 (2.67)

where M0,M1,M2, respectively zeroth, first, and second order Hamiltonian, are

expressed as

M0 = diag(Â, 0, 1) = diag(λ01, λ
0
2, λ

0
3) (2.68)

M1 =


αs212 αs12c12 s13

αs12c12 αc212 0

s13 0 0

 (2.69)

M2 =


s213 0 −αs13s212
0 0 −αs13s12c12

−αs13s212 −αs13s12c12 −s213

 (2.70)

3α = 0.03, sin θ13 = 0.15 whereas sin θ12 = 0.56, sin θ23 = 0.75
4Here I’ve used notations as following sij = sin θij , cij = cos θij
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The eigenvalues λi’s of M are written as

λi = λ0i + λ1i + λ2i (2.71)

Similarly eigenvectors of M are

vi = v0i + v1i + v2i (2.72)

Where v0i = ei as M0 are diagonal. The first and second order corrections to

eigenvalues are as follows,

λ1i =M1
ii = ⟨v0i |M1|v0i ⟩ (2.73)

λ2i =M2
ii +

∑
j ̸=i

(M1
ii)

2

λ0i − λ0j
(2.74)

where M2
ii = ⟨v1i |M2|v1i ⟩. The corrections to the eigenvectors are given as

v1i =
∑
j ̸=i

M1
ij

λ0i − λ0j
ej (2.75)

v2i =
∑
j ̸=i

1

λ0i − λ0j
[M2

ij + (M1v1i )j − λ1i (v1i )j]ej (2.76)

Using the above equations (2.73),(2.74),(2.75) we get the energy eigenvalues Ei =

∆31

2E
λi as

E1 =
∆31

2E

(
Â+ α sin2 θ12 + sin2 θ13

Â

Â− 1
+ α2 sin

2 2θ12

4Â

)
(2.77)

E2 =
∆31

2E

(
α cos2 θ12 − α2 sin

2 2θ12

aÂ

)
(2.78)

E3 =
∆31

2E

(
1− sin2 θ13

Â

Â− 1

)
(2.79)

We also calculate the corresponding eigenvectors v1, v2, v3.

Using modified mixing matrix UM = R23U
δW where W = (v1, v2, v3), here we

diagonalize the Hamiltonian to mass basis and also get the probability by using
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eq. (2.17) for neutrinos (Normal Hierarchy) for N = 3 as follows,

Peµ = sin2 θ13 sin
2 θ23

sin2[(Â− 1)∆]

(Â− 1)2
+ α2 sin2 2θ12 cos

2 θ23
sin2[Â∆]

Â2

+ 2α sin θ13 sin 2θ12 sin 2θ23 cos[∆− δcp]
sin[Â∆]

Â

sin[(Â− 1)∆]

(Â− 1)

(2.80)

Pµµ = 1− sin2 2θ23 sin
2∆+ higher order terms (2.81)

where ∆ = ∆31L/4E. For Inverted Hierarchy solutions ∆ → −∆ and Â → −Â.

We will get anti-neutrino probability by replacing Â→ −Â and δcp → −δcp.

The α − s13 approximation is not valid if α∆ = ∆21L
4E

is close to the order of

unity letting oscillation properties controlled by ∆21. So, this approximation must

not be applied for very long baselines or very low energies.

Validity of OMSD & α− s13 Approximation

These above-cited approximations are valid at different limits, as discussed. We

will now check the validity of these approximations by comparing the probabilities

calculated analytically with the numerical solution obtained using GLoBES [103,

104] at different baselines of 1300 km and 7000 km. In figure. 2.2, appearance

probability Pµe has been plotted using OMSD (blue), α− s13 (brown) approxima-

tions and using GLoBES(orange). From the left panel of fig. 2.2, it’s clear that
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Figure 2.2: Comparing the analytical & GLoBES probability as function of energy at
baseline of 1300 km(left), and 7000 km(right)

OMSD is not a good approximation for the baselines 1300 km. In these baselines,

α − s13 approximation provides more accurate results w.r.t GLoBES plot and,
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therefore, best suited for probing sub-leading δCP effects in current long-baseline

experiments. The right panel of fig. 2.2 shows that at the higher baseline of 7000

Km near the MSW resonance region, OMSD approximation being exact in θ13

holds up better than α − s13 and therefore is best suited for atmospheric experi-

ments. We also present Cayley Hamilton’s formalism to calculate the probabilities

in the appendix.

2.3 Evidences of Neutrinos Oscillations

Neutrino oscillations have been experimentally verified in various solar, atmo-

spheric, reactor, and accelerator neutrino experiments over the years.

2.3.1 Solar Neutrino Anomaly

John Bahcall first predicted that neutrinos created in the sun can be detected

through the chlorine-argon reaction [105]. Ray Davis set up an experiment at

Homestake Gold mine in South Dakota with a tank filled with 390 liters of per-

chloroethylene (C2Cl4) to detect the solar neutrinos with a threshold energy of

0.814 MeV through the following reaction;

νe +
37 Cl→37 Ar + e− (2.82)

The produced 37Ar would then be extracted chemically to count the no of neu-

trino interactions. The results of the experimental analysis showed 2.1± 0.3 solar

neutrino unit (SNU) against a prediction of 7.8 SNU, i.e., almost a two-third dif-

ference from the expected value. This discrepancy of missing neutrinos came to

be known as the solar neutrino anomaly.

This created lots of debate in the scientific community, with three possible rea-

sons: (i) the solar model or the calculation of neutrino flux or both are inaccurate,

(ii) the experiment is wrong, (iii) νe conversion to some other flavor. Questions

were raised about the radiochemical detection technique used by Davis and its

inability to point out the direction of the source. New experiments were proposed
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to detect the solar neutrinos to better understand the solar neutrino anomaly.

The Kamiokande experiment in Japan at 2700 meters underground had a huge

detector filled with 3 ktons of pure water and surrounded by 1000 PMTs. This

detector provided advantages of real-time detection and direction reconstruction of

neutrinos with a threshold energy of 7 MeV. Neutrinos were detected through the

formation of Cherenkov radiation. At the end of a few years of the experimental

run, Kamiokande found only half of the predicted neutrino flux. They could also

confirm the direction of neutrinos pointing toward the sun.

At the same time, in the early 1990s, radio chemical neutrino experiments

GALLEX and SAGE with detectors filled with Gallium were planned to detect

solar electron neutrinos with a threshold energy of 0.2 MeV undergoing the fol-

lowing reaction,

νe +
71 Ga→71 Ge + e− (2.83)

The produced germanium (71Ge) would then be extracted and counted from its

radioactive decay, giving the count of an νe interaction. Unlike previous water

Cherenkov and chlorine experiments, gallium experiments could detect pp neutri-

nos, allowing them to cover the whole spectrum of solar neutrinos. Both of them

detected[106, 107] only around 60% of theoretically predicted solar neutrino flux.

In 1985, Herbert Chen suggested[108] the use of heavy water containing deu-

terium (2H) to detect neutrinos of other flavors than νe, confirming the theory of

solar neutrinos changing their identity. The Sudbury neutrino observatory detec-

tor consisted of 1000 tons of heavy water surrounded by 9600 PMTs in a spherical

mount. Detectors in SNO could observe the charge current, neutral current, and

elastic scattering(ES) interactions of neutrinos.

CC : νe +
2d+ → 1p+ + 1p+ + e− (2.84)

NC : νe,µ,τ +
2d+ → 1n+ 1p+ + νe,µ,τ (2.85)

ES : νe,µ,τ + e− → νe,µ,τ + e− (2.86)

Only νe shows the CC interactions, whereas all the flavors participate in NC

interactions. Mostly, νe takes part in ES as the reaction cross section for νµ and
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ντ are lower. The CC/NC ratio in the detectors would be 1 if only νe were detected.

But in the presence of another neutrino flavor, the ratio would be less than 1. The

results of CC and ES in 2001 showed the flux of νe to be similar to Kamiokande

results [109]. However, from the results of neutral current interaction in 2002, the

total flux was around the prediction by the solar model[110], and the CC/NC ratio

was around 1/3. These two results confirmed the validation of the solar model

along with the confirmation that solar neutrinos oscillate to other flavors.

2.3.2 Atmospheric Neutrino Anomaly

The atmospheric neutrino flux is mostly isotropic around the Earth. The atmo-

spheric neutrino flux is mostly up-down symmetric, i.e., the zenith angle θin of

neutrino entering and θout of exiting the Earth are related by θin = 180◦ − θout.

The detection of atmospheric neutrinos is possible from both up and downside,

with the baseline varying from 15 km to 13000 km. As discussed in the previous

chapter, there are both muon and electron neutrinos and anti-neutrinos in the

atmospheric neutrino flux. The initial experiments detected the double ratio of

these neutrino fluxes as,

R =
[Nµ/Ne]data
[Nµ/Ne]MC

, (2.87)

where ”data” suggests the experimental observed and ”MC” refers to events calcu-

lated from Monte Carlo simulations. When the prediction of the model is exactly

the same as the experimental results, then R = 1. The initial atmospheric neu-

trino experiments Kamiokande[48, 111], Sudan2[112], and IMB[113, 114] observed

the value of R as significantly less than 1. This discrepancy came to be known as

the atmospheric neutrino anomaly.

Contrary to the results of Kamiokande, the observations from experiments

like Frejus[115, 116] and Nusex[117] show no discrepancy. Finally, the anomaly

was resolved when Super-Kamiokande at an upgraded version of Kamiokande,

observed[118] the zenith angle dependence of the neutrino flux. In the absence of

neutrino oscillations, the atmospheric flux is symmetric for neutrino with multi-

GeV energy. However, if the neutrino oscillates to other flavors, then upward-
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going neutrinos have more chances to oscillate due to more exposure to earth

matter and change their flavors, leading to an asymmetry in the detected neutrino

flux. Therefore, the detection of zenith angle dependence[119] established that

atmospheric neutrinos undergo oscillation while traveling through the Earth.

2.3.3 Reactor Neutrino Experiments

In nuclear reactors, we have an apt and convenient source for studying neutrino

oscillations as reactors produce a large flux of pure electron antineutrinos with well-

known characteristics. The reactor neutrino experiments probe the disappearance

of ν̄e through inverse beta decay. Although the first detected neutrinos were

from a reactor, the signature of neutrinos changing flavors was not observed for a

long time. At first, the neutrino oscillation experiments like ILL-Grenoble [120],

Gosgen[121], Rovno [122], Krasnoyarsk [123], BUGEY [124], and Savannah River

[125], couldn’t detect neutrino oscillations at a distance <100 m from the reactor.

Afterwards, various experiments like CHOOZ [126, 127] and Palo Verde [128, 129]

increased the detector distance to 1 Km and yet failed to observe evidence of

neutrino oscillations.

In 2002, the first observation of neutrino oscillations using reactor νs was

achieved at a baseline length of ∼ 180 km from the source by KamLAND [130]

experiment. The observation was very important as it could probe oscillation due

to the solar neutrino mass squared difference of the order of ∼ 10−5eV2 using a

terrestrial source.

CHOOZ and Palo Varde experiments provided a bound on the mixing angle θ13

from the non-observance of oscillation. Later, the angle θ13 became known as the

reactor mixing angle. Later, oscillation signatures were detected in experiments

like Double-CHOOZ [131], RENO [132] and Daya Bay [133] with baselines of

the order of a few kilometers that correspond to the atmospheric mass-squared

difference ∼ 10−3eV2. These experiments pioneered in establishing the non-zero

value of θ13.
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2.3.4 Accelerator Neutrino Experiments

Accelerator neutrino experiments are powerful for studying neutrino oscillations

because neutrinos are artificially produced with prominently known energies and

fluxes. Accelerator neutrinos are two types: neutrinos with low energy produced

through decay at rest, whereas decay in flight creates neutrinos with higher energy.

Several accelerator neutrino experiments have successfully witnessed neutrino

oscillations. Accelerator experiments with long baselines allow neutrinos to travel

through the earth and are hence ideal for studying matter effects. Long baseline

experiments like MINOS [134], and K2K [135] had observed neutrino oscillations

using DIF neutrinos beam of energy ∼ GeV and baselines of several hundred km.

MINOS probed both νµ → νµ disappearance and νµ → νe appearance channels

while K2K studied the νµ → νµ disappearance channel. Both experiments con-

firmed oscillations driven by the atmospheric mass-squared difference of 10−3eV2.

The experiments Tokai to Kamioka (T2K) [136–138] in Japan with 295 km

baseline and NuMI Off-axis νe Appearance (NOνA) experiment [139–141] at Fer-

milab with 810 km baseline are taking oscillation data in both the appearance and

disappearance channels in both neutrino and anti-neutrino modes.

Accelerator neutrino experiments with short baselines lead the search for sterile

neutrinos and neutrino interactions with other particles. The LSND experiment

probed the νµ → νe and ν̄µ → ν̄e channel with DAR neutrinos and DIF neu-

trinos respectively. The signature of excess electron neutrinos, first observed in

LSND[142], was anomalous as it corresponds to neutrino oscillation related to

mass-squared difference eV2. The MiniBooNE experiment was designed to test

the LSND anomaly with the same L/E as LSND but with different energy and

baseline lengths. MiniBooNE has confirmed[143] the LSND anomaly in both neu-

trinos and anti-neutrino channels. The current MicroBooNE experiment is probing

neutrino oscillations related to the sterile neutrino.
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2.4 Current status of three flavor neutrino oscillation paradigm

All the above experimental results confirmed the phenomena of neutrino oscilla-

tions and brought this field of study to the limelight. Neutrino oscillation requires

these particles to be massive. This was the first experimental evidence of physics

beyond the standard model. The consequences of this can be far-reaching and this

was also acknowledged by the Nobel committee in 2015 by awarding the Nobel

prize to Takaki Kajita of SK and Arthur B. McDonald of SNO jointly ”for the

discovery of neutrino oscillations, which shows that neutrinos have mass”5.

The parameters governing three flavor oscillation probabilities are the three

mixing angles θ12, θ13, θ23 corresponding to mixing between the mass eigenstates

with mass eigenvalues m1,m2,m3, the Dirac CP phase δ13(δCP ), the two mass

squared differences ∆21 = m2
2 − m2

1 driving the solar neutrino transitions and

∆31 = m2
3 − m2

1 governing the atmospheric neutrino oscillations. Most of the

parameters have been measured with considerable precision[144–146]. Currently,

the unknowns in the standard oscillation sector are the mass ordering among the

three neutrino states, the octant of the atmospheric mixing angle θ23, and the

value of the CP phase δCP . The mass ordering refers to whether the sign of

the atmospheric mass squared difference ∆31 is positive (Normal Ordering/NH)

or negative (Inverted Ordering/IH). The octant of θ23 signifies if the value of

the angle lies above (Higher Octant/HO) or below (Lower Octant/LO) 45◦. The

current best fit values of the oscillation parameters are provided in table 2.1,

Parameters 3σ range Best Fit 3σ range Best Fit

sin2 θ12 0.270 - 0.341 0.303 0.270 - 0.341 0.303
θ12 31.31◦ − 35.74◦ 33.41◦ 31.31◦ − 35.74◦ 33.41◦

sin2 θ13 0.0202− 0.0239 0.0220 0.0202− 0.0239 0.0220
θ13 8.19◦ − 8.89◦ 8.54◦ 8.23◦ − 8.90◦ 8.57◦

sin2 θ23 0.406− 0.620 0.572 0.412− 0.623 0.578
θ23 39.6◦ − 51.9◦ 49.1◦ 39.9◦ − 52.1◦ 49.5◦

δ13 197◦ 108◦ − 404◦ 286◦ 192◦ − 360◦

∆21/10
−5eV2 6.82− 8.03 7.41 6.82− 8.03 7.41

∆31/10
−3eV2 2.428− 2.597 2.511 −(2.581− 2.408) −2.498

Table 2.1: 3σ levels and Best fit values extracted of oscillation parameters [101]

5https://www.nobelprize.org/prizes/physics/2015/summary/

https://www.nobelprize.org/prizes/physics/2015/summary/
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2.5 Degeneracies

One of the most impeding factors in the precise determination of these three

parameters is the presence of parameter degeneracies. Degeneracies occur when

multiple sets of values of the parameter(s) give the same oscillation probabilities,

making an unambiguous determination of these parameters difficult;

Pαβ(x1, x2, ...) = Pαβ(y1, y2, ...). (2.88)

These degeneracies make an exact evaluation of the current unknowns of oscillation

difficult. The degeneracies observed in the Pµµ channel(2.81) are as follows,

• Intrinsic degeneracy corresponding to sign of ∆31 is defined as,

Pµµ(∆31) = Pµµ(−∆31) (2.89)

• Intrinsic degeneracy of the octant of θ23[147] is defined as,

Pµµ(θ23) = Pµµ(90
◦ − θ23) (2.90)

The presence of these degeneracies means the precise determination of mass or-

dering and the octant of θ23 is hindered. Before with the unknown θ13, there was

θ23 − θ13 − δCP degeneracy in the Pµe channel. However, this has been ruled out

following precise measurement of θ13. The following degeneracies are seen in Pµe

channel(2.80),

• For a specific mass hierarchy, the same value of Pµe for both θ23 < 45◦(LO)

and θ23 < 45◦(HO) with different δCP leads to octant-δCP degeneracy, defined

as

Pµe(θ23[HO], δCP) = Pµe(θ
′
23[LO], δ′CP) (2.91)

• For a specific θ23, the same value of Pµe for both mass hierarchy NH(∆31 > 0),

IH(∆31 < 0) with different value of δCP leads to hierarchy-δCP degeneracy,
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defined as

Pµe(∆31[NH], δCP) = Pµe(−∆′
31[IH], δ

′
CP) (2.92)

• When all three parameters θ23, δCP and mass hierarchy are unknown, the

above two degeneracies combine to a generalized 8-fold hierarchy-θ23-δCP

degeneracy[148], defined as

Pµe(NH, θ23, δCP) = Pµe(IH, θ
′
23, δ

′
CP) (2.93)

2.5.1 The Hierarchy-δCP Degeneracy

To understand the degeneracy, we have plotted probability for a baseline of 810

km for a constant matter density of 3.2 g/cc considering θ23 = 45◦, ∆21 = 7.50×

10−5eV2, θ12 = 33.48◦, θ13 = 8.50◦, θ23 = 45.00◦. and δCP being varied in the

range −180◦ : 180◦ creating the bands. For NH we consider ∆31 = 2.45× 10−3eV2

and for IH ∆31 = −2.45× 10−3eV2 is taken.
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Figure 2.3: Probability Pµe as a function of energy at a baseline of 810 Km(left), 1300
km (right). The blue(red) band corresponding to NH(IH) is formed due to variation of
δCP .

In figure 2.3, probability bands of Pµe are depicted as a function of energy

at 810 km (left) and 1300 km (right). The blue(red) band corresponds to NH

(IH) due to variation of δCP is the full range. The dashed and solid curves refer

to δCP = −90◦, 90◦, respectively. Overlap between regions of NH and IH leads to
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wrong hierarchy solutions whereas a gap between the bands suggests true hierarchy

can be distinguished. The following observations can be made from fig. 2.3,

• The matter effect enhances the neutrino channel probability for NH to be

higher w.r.t. IH.

• In the left panel, the overlap between both bands is around NH-δCP = 90◦

and IH-δCP = −90◦ reflects the degeneracy.

• δCP = −90◦(90◦) corresponds to maximum (minimum) probability as dic-

tated by the last term in eq. (2.80).

• Around oscillation maxima (∆ = 90◦), there is a small gap between the

bands in the left panel, whereas in the right panel, the gap is significant.

• This suggests true hierarchy can be determined at higher baselines as at large

matter in higher baselines will elevate the probability for NH to a greater

extent, creating a clear difference between the probabilities at maxima.

The hierarchy-δCP degeneracy will vanish if the last term containing δCP in the

equation 2.80 becomes zero. There are two criteria for it,

sin(Â∆) = 0 (2.94)

sin((Â− 1)∆) = 0 (2.95)

Magic Baseline

The condition in (2.94) defines the magic baseline[149]. The baseline length is

given in (2.96).

Â∆ = nπ

L =
2nπ√
2GFNe

(2.96)

where n is any positive integer. The physical interpretation of the magic base-

line was highlighted in [150]. For both NH and IH, the magic baseline length is
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L = 7640 km with (n=1). So, there will be no hierarchy-δCP degeneracy if an

experiment is designed around this baseline. However, this experiment will also

not be sensitive to the value of δCP . The decreasing neutrino flux as 1/L2 means

we will need larger detectors and more collimated neutrino beams to study os-

cillations at these baselines. However, for bimagic conditions, we do get smaller

baselines.

Bimagic Baseline

In the bimagic baseline, the hierarchy-δCP degeneracy is removed along with the

presence of CP sensitivity[151]. This can be achieved if the following two condi-

tions must be satisfied simultaneously,

1. sin((Â− 1)∆) = 0 for one hierarchy

2. sin((Â− 1)∆) = 1 for the opposite hierarchy
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Figure 2.4: Pµe as a function of energy at a bimagic baseline of 2540 Km (left) and
magic baseline of 7640 km (right). The blue(red) band refers to the variation of δCP in
NH(IH).

These criteria being fulfilled will lead to the minima of probability for one hier-

archy occurring along with the maxima of the probability and the maximal δCP

sensitivity for the opposite hierarchy at the same energy. At first, we consider the

absence of δCP dependence (no degeneracy) in IH and maximum probability at
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NH, i.e.,

(Â+ 1)|∆| = nπ (2.97)

(Â− 1)|∆| = (m− 1/2)π (2.98)

Solving the above equations with suitable unit changes of baseline L (Km) and

matter density ρ (g/cc) we have,

EIH
ν (GeV ) =

2× 1.27×∆31L(km)

π(n+m− 1/2)
(2.99)

LIH(km) =
16300× (n−m+ 1/2)

ρ
(2.100)

If we consider n = 1,m = 1, ∆31 = 2.52 × 10−3eV and ρ = 3.2g/cc, then the

corresponding baseline is LIH = 2540 km and energy EIH
ν = 3.45GeV . Figure 2.4

illustrates the variation of Pµe with energy at 2540 Km bi-magic baseline with the

blue (red) band corresponding to NH(IH). It can be observed that the hierarchy-

δCP degeneracy vanishes at minima for IH and maxima for NH at energy 3.45

GeV.

Similarly, we can get baseline length for no δCP sensitivity in NH along with

maximum probability in IH as following

LNH(km) =
16300× (m− n− 1/2)

ρ
(2.101)

In this case, energy ENH
ν has the same expression as EIH

ν in equation (2.99).

If we consider n = 1,m = 2 and the same matter density, we get the same

baseline length at LNH = 2540 Km with energy ENH
ν = 2.07 GeV also seen in the

figure 2.4. However, it is to be noted that at energy 2.07 GeV, degeneracy is just

lifted with separation between the regions being narrow, unlike at 3.45 GeV. The

specialty of the 2540 km baseline is we can have hierarchy sensitivity for both NH

and IH at different energies, with CP dependence in one of them together with CP

independence in the other hierarchy. That’s why this 2540 Km baseline is called

bimagic.
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2.5.2 The Octant-δCP Degeneracy

In this part, the focus is on the octant-δCP degeneracy. To explain this degeneracy

in a better way, we have generated probability plots at a baseline of 810 Km

with a constant matter density of 3.2 g/cc, taking normal mass hierarchy with

θ23 = 41◦(LO), θ23 = 49◦(HO). The bands are created due to variation of δCP

in the range of −180◦ to 180◦. Values of other parameters taken for numerical

calculations for plots are,

∆21 = 7.50× 10−5 eV2, ∆31 = 2.45× 10−3 eV2(NH), θ12 = 33.48◦, θ13 = 8.50◦

In figure 2.5 Pµe (left), Pµ̄ē (right) is presented as a function of energy at a

baseline of 810 km. The green(orange) band refers to the variation of δCP at

θ23 = 49◦(41◦). In the top panels, δCP is carried over the full range, whereas

in the bottom panels, the variation is on LHP(UHP) for θ23 in HO(LO). The

dashed, dotted, and solid curves refer to δCP = −90◦, 0◦, 90◦ respectively. There

are overlaps between regions of LO and HO, giving us the wrong octant solution

for a specific experimentally observed probability. The notable observations from

fig. 2.5 are as follows,

• The HO region is higher than LO. It is due to the fact that probability in

(2.80) is directly proportional to sin2 θ23.

• The region of overlap is around LO-δCP = −90◦ and HO-δCP = 90◦) for

neutrino as seen in the top-left panel.

• For anti-neutrino the overlap is around LO-δCP = 90◦ and HO-δCP = −90◦

as seen in the top-right.
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Figure 2.5: Pµe(left), Pµ̄ē(right)as a function of energy at 810 Km baseline. The green
(orange) bands referring to HO(LO) are formed due to variation of δCP .

In figure 2.6, probability bands of Pµe in HO and LO are plotted as a function of

energy ta 1300 km (left) and 7000 km(right). As we go to higher baselines, the

matter effect will be higher as sin∆ increases with L. This will shift the region

corresponding to HO to higher values and the region corresponding to LO to lower

values and lift the degeneracy.
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Figure 2.6: Pµe as function of energy at 1300 km(left), 7000 Km (right) baseline. The
green (orange) bands referring to HO(LO) are formed due to variation of δCP .

The maximum probabilities for neutrino and anti-neutrino are obtained at

δCP = −90◦, 90◦, respectively. So, the combination of the two through a bi-

probability plot at the energy corresponding to oscillation maxima allows us to
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separate the degenerate solutions of HO and LO (figure:2.7). As atmospheric

neutrinos include both neutrino and anti-neutrino, bi-probability plots, first used

in [152], are useful to resolve the octant-δCP degeneracy in atmospheric neutrino

experiments.
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Figure 2.7: Bi-probability plot of neutrino and anti-neutrino channels at 810 km (left)
and 7000 km (right) baseline.

2.6 Oscillation Experiments

Experiments to observe neutrinos played an important role not only in establishing

the three neutrino oscillation framework and measuring the neutrino oscillation

parameters but also in probing signatures of new physics.

Due to high energy and long baselines providing large matter effects, atmo-

spheric neutrinos are useful for studying new physics scenarios in neutrino exper-

iments.

The ongoing neutrino experiments like T2K[153], NOνA[154], IceCube, RENO,

and SuperKamiokande will further help towards determining the unknown oscil-

lation parameters. To measure these parameters with increased precision, ex-

periments are planned such as DUNE[155], T2HK/T2HKK, ESSνSB[156], etc.

Planned atmospheric neutrino experiments like HyperKamiokande[157], KM3NeT[158],

PINGU[159], INO[160], etc can also throw light on these parameters. The works in

the thesis focus on experimental setups with LArTPC detector similar to DUNE,

water Cherenkov detectors such as T2HK/T2HKK, and observed data of IceCube.
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2.6.1 Deep Underground Neutrino Observatory (DUNE)

Figure 2.8: Schematic diagram of the setup of DUNE experiment. [https://lbnf-
dune.fnal.gov/how-it-works/introduction/]

Deep Underground Neutrino Experiment (DUNE)[161, 162] is a promising up-

coming long-baseline neutrino oscillation experiment supported by Long-Baseline

Neutrino Facility (LBNF). LBNF and DUNE facilities together will constitute a

high intensity neutrino beam of 0.5-8 GeV energy, a near detector at the Fermi-

lab site, a 40 kt liquid argon time-projection chamber (LArTPC) as far detector

1300 km away at Sanford Underground Research Facility (SURF), South Dakota.

Simulation of the DUNE experiment is done by considering a beam power of 1.2

MW, resulting in a total exposure of 10× 1021 Protons on Target(POT) for a 10

years experimental run. The ν: ν̄ run time ratio for DUNE is considered 1:1. The

experimental specifications for our simulation of DUNE are taken from the ref.

[161]. DUNE is also capable of detecting atmospheric neutrinos.

2.6.2 IceCube Neutrino Observatory (IceCube)

Figure 2.9: Schematic diagram of the setup of IceCube experiment and the Digital
optical module[https://iihe.ac.be/icecube]

https://lbnf-dune.fnal.gov/how-it-works/introduction/
https://lbnf-dune.fnal.gov/how-it-works/introduction/
https://iihe.ac.be/icecube
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The IceCube Neutrino Observatory[163] (simply known as IceCube) is situated at

the Amundsen–Scott South Pole Station in Antarctica. It contains thousands of

sensors located under the Antarctic ice, distributed over a cubic kilometer. The

in-ice component of IceCube has 5,160 digital optical modules (DOMs), each with

a 10-inch PMT tube. Sixty DOMS attached to each of the 86 vertical strings

are oriented in a hexagonal pattern at a depth of 1450 meters to 2500 meters.

When neutrinos do interact with the molecules of water in the ice, they create

charged leptons (electrons, muons, or taus). These charged leptons can, if they

are energetic enough, emit Cherenkov radiation. This radiation is detected by

photomultiplier tubes within the digital optical modules making up IceCube. Ice-

Cube is sensitive mostly to high-energy neutrinos, in the range of 107 eV to about

1021 eV.

The signals from the PMTs are digitized and then sent to the laboratory on the

surface of the glacier on a cable. Data from PMTs can reconstruct the kinematical

parameters of the incoming neutrino. High-energy neutrinos may cause a large

signal in the detector, pointing back to their origin. Clusters of such neutrino

directions indicate point sources of neutrinos.

IceCube is more sensitive to muons than other charged leptons because they

are the most penetrating and thus have the longest tracks in the detector. An

electron resulting from an electron neutrino event typically scatters several times

before losing enough energy to fall below the Cherenkov threshold. This results in

electron neutrino events typically being unable to point back to sources. However,

they are more likely to be fully contained in the detector, and thus they can be

useful for energy studies. These events are more spherical, or ”cascade”-like, than

”track”-like muon neutrino events. A tau could be distinguished from an electron

with a ”double bang” event, where a cascade is seen both at the tau creation and

decay. This is only possible with the very high energy of PeV scale taus as their

lifetime is very short. Such searches are underway but have not so far isolated a

double bang event from background events[164].

IceCube has accomplished major landmarks in the detection of ultra-high en-

ergy neutrinos from astrophysical sources. It detected neutrino with energy peta
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electron volt, in ref. [50]. In 2020, IceCube observed[165] evidence of the Glashow

resonance, i.e., the formation of the W boson in antineutrino-electron collisions of

antineutrino (energy peV ) and electron at 2.3σ. In June 2023, IceCube, for the

first time, mapped [166] our galaxy through the detection of the neutrino diffuse

emission from the Galactic plane at the 4.5σ level of significance.

2.6.3 Tokai to Hyper Kamiokande (T2HK) via Korea (T2HKK)

Figure 2.10: Schematic diagram of the location of detectors for T2HK/T2HKK experi-
ment.[https://neutrino.skku.edu/hyper-kt2hkk/]

T2HK (Tokai to Hyper-Kamiokande)[167], is a natural extension to the existing

T2K experiment. The default plan was to have two Hyper-Kamiokande detectors

(cylindrical water tanks) of 187 kt at 295 km baseline in Kamioka. T2HKK is a

newly proposed experiment that is planned to have one of the detectors at 295

Km in the Kamioka mine and another at 1100 km in Korea. The water-Cherenkov

detector in Korea could be placed at one of the three suggested off-axis (OA) angles

1.5◦, 2◦ or 2.5◦. The optimization of these OA angles to give maximum sensitivity

to various neutrino oscillation parameters has been explored in ref. [167]. This

study indicates that the optimal configuration is to place the detector at 1.5◦ OA

angle. Therefore, we have considered the 187 kt Korean detector at an OA angle

of 1.5◦ in our simulations. The proposed runtime for both configurations is 1:3 in

neutrino and antineutrino modes, and the total exposure of 27× 1021 Protons on

Target(POT) which is obtained by a beam energy of 1.3 MW and 10 years of the

runtime of the experiment.

https://neutrino.skku.edu/hyper-kt2hkk/
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2.7 Numerical Analysis

For performing the numerical simulation, we have used the package General Long

Baseline Experiment Simulator (GLoBES) [103, 104].

2.7.1 Events Calculation

The number of events observed at the detector depends on the neutrino flux (Φα),

probability of oscillation (Pαβ), the interaction cross-section (σβ), and the effi-

ciency (ϵ), which is given by,

N = ΦαPαβσβϵ (2.102)

The atmospheric neutrino and anti-neutrino events are obtained by folding

the relevant incident fluxes with the appropriate disappearance and appearance

probabilities, charge current (CC) cross sections, detector efficiency, resolution,

detector mass, and exposure time. The µ−, and e− event rates in an energy bin

of width dEν and in a solid angle bin of width dΩν are as follows,

d2Nµ

dΩ dE
=

DeffσCC

2π

[(
d2Φµ

d cos θ dE

)
Pµµ +

(
d2Φe

d cos θ dE

)
Peµ

]
. (2.103)

d2Ne

dΩ dE
=

DeffσCC

2π

[(
d2Φµ

d cos θ dE

)
Pµe +

(
d2Φe

d cos θ dE

)
Pee

]
(2.104)

Here Φµ and Φe are the νµ and νe atmospheric fluxes respectively obtained from

Honda et.al.[168] at the Homestake site; Pµµ(Pee) and Pµe are disappearance and

appearance probabilities; σCC is the total charge current (CC) cross-section and

Deff is the detector efficiency. The µ+, and e+ event rates are similar to the above

expression with the fluxes, probabilities, and cross sections replaced by those for ν̄µ

and ν̄e respectively. For the LArTPC detector, the energy and angular resolution

are implemented using the Gaussian resolution function as follows,

REν (Et,Em) =
1√
2πσ

exp

[
−(Em − Et)

2

2σ2

]
. (2.105)
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Rθν (Ωt,Ωm) = N exp

[
−(θt − θm)2 + sin2 θt (ϕt − ϕm)

2

2(∆θ)2

]
, (2.106)

where N is a normalization constant. Here, Em (Ωm), and Et (Ωt) denote the

measured and true values of energy (zenith angle) respectively. The smearing

width σ is a function of the energy Et. The smearing function for the zenith angle

is a bit more complicated because the direction of the incident neutrino is specified

by two variables: the polar angle θt and the azimuthal angle ϕt. We denote both

these angles together by Ωt. The measured direction of the neutrino, with polar

angle θm and azimuthal angle ϕm, which together we denote by Ωm, is expected

to be within a cone of half-angle ∆θ of the true direction. Assumptions of the far

detector (LArTPC) parameters are mentioned in table 2.2[169].

Parameter uncertainty Value

µ+/− Angular 2.5◦

e+/− Angular 3.0◦

(µ+/−, e+/−) Energy GLB files for each E bin [170]
Detection efficiency GLB files for each E bin [170]
Flux normalization 20%

Zenith angle dependence 5%
Cross section 10%

Overall systematic 5%
Tilt 5%

Table 2.2: Assumptions of the LArTPC far detector parameters and uncertainties.

2.7.2 Charge identification using muon capture in liquid argon

Magnetizing the large 40 kt LArTPC detector is difficult and expensive, but the

charge id of the muon can be identified using the capture vs decay process of

the muon inside the argon as studied previously for the DUNE detector[171]. We

have implemented the charge id of the muon as follows: some fraction of the µ−

like events that undergo the capture process are identified using capture fraction

efficiency, and the rest of the muons as well as all the µ+ undergo muon decay.

The lifetime of the muon resulting from the capture and decay processes can be

written as,

τ =
( 1

τcap
+

Q

τfree
)−1 (2.107)
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where τcap is the lifetime in the capture process, τfree is the decay lifetime, and Q

is the Huff correction factor[172]. We can define µ− capture fraction as,

ϵcap =
τ

τcap
= 1− τ

τfree
(2.108)

We use the most precise value of µ− lifetime in argon[173], µ− capture fraction

becomes ϵcap= 71.9%. Electron charge identification is impossible at GeV energies,

and electron events are summed for each energy and angular bin. For the sensi-

tivity calculation, the µ− and µ+ are separated as follows: the µ− events selected

that undergo muon capture are given by,

Ni,j,µ−
cap = ϵcap ×Nµ− (2.109)

and the remaining µ− events are included within the µ+ event bin as follows,

N rest
i,j,µ+ =

(
1− ϵcap)Ni,j,µ− +Ni,j,µ+ (2.110)

2.7.3 χ2 Analysis

The computation of χ2 is performed using the method of pulls. This method

allows us to take into account the various statistical and systematic uncertainties

straightforwardly. The flux, cross sections, and other systematic uncertainties are

included by allowing these inputs to deviate from their standard values in the

computation of the expected rate in the i-jth bin, Nth
ij . Let the kth input deviate

from its standard value by σk ξk, where σk is its uncertainty. Then the value of

Nth
ij with the modified inputs is given by,

Nth
ij = Nth

ij (std) +

npull∑
k=1

ckijξk , (2.111)

where Nth
ij (std) is the expected rate in the i-jth bin calculated with the standard

values of the inputs and npull=5 is the number of sources of uncertainty. The

ξk’s are called the pull variables and they determine the number of σ’s by which

the kth input deviates from its standard value. In Eq. (2.111), ckij is the change
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in Nth
ij when the kth input is changed by σk (i.e. by 1 standard deviation). Since

the uncertainties in the inputs are not very large, we only consider changes in Nth
ij

that is linear in ξk. Thus we have the modified χ2 as,

χ2(ξk) =
∑
i,j

[
Nth

ij (std) +
∑npull

k=1 ckij ξk − Nex
ij

]2
Nex

ij

+

npull∑
k=1

ξ2k , (2.112)

where the additional ξ2k-dependent term is the penalty imposed for moving the

value of the kth input away from its standard value by σk ξk. The χ2 with pulls,

which includes the effects of all theoretical and systematic uncertainties (as men-

tioned in table 2.2), is obtained by minimizing χ2(ξk) with respect to all the pulls

ξk as follows,

χ2
pull = Minξk

[
χ2(ξk)

]
(2.113)

In the case of a LArTPC detector without charge-id and with change-id, χ2 is

defined as,

χ2
w/o charge−id = χ2

µ−+µ+ + χ2
e−+e+ (2.114)

χ2
charge−id = χ2

µ− + χ2
µ+ + χ2

e−+e+ (2.115)

The final ∆χ2 is obtained by marginalizing over the oscillation parameters.





”Imagination is more important than knowledge. Knowledge is limited.

Imagination encircles the world”.

Albert Einstein

3
Resonant Matter effect in the presence

of an eV scale sterile neutrino

The appearance of electron (anti)neutrinos from muon (anti)neutrino sources in

the short baseline experiments like LSND and MiniBooNE can be explained by the

inclusion of a fourth neutrino with no SM interactions and a mass of the order of 1

eV. In this 3+1 framework with an extra eV scale neutrino, the neutrino oscillation

will depend on additional parameters, leading to more parameter degeneracies. In

this chapter, we study the neutrino propagation in matter in the presence of an

eV scale sterile neutrino and determine the octant of θ23 and the sign of ∆31 using

a LArTPC detector with beam and atmospheric neutrinos. This chapter is based

on [174].

67
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The 3+1 framework, including a light sterile neutrino with a mass of 1 eV,

was first introduced in [175] to explain the results of LSND. Since then, several

studies have analyzed the global oscillation data in the presence of sterile neutrino.

The 3+1 framework suffers from a tension between the νµ disappearance and νe

appearance data. This tension[176] originates from the non-observation of any sim-

ilar supportive signal in the accelerator-based disappearance experiments in Pµµ

channel like CDHSW, MINOS[177, 178], Super-Kamiokande[179], IceCube Deep-

Core[180], MicroBooNE[181], NOνA[182]. Reactor-based electron disappearance

searches in the experiments Bugey3[183] and DayaBay[184] also didn’t provide any

evidence in support of sterile neutrino. The global fit performed in [185], allowed

three narrow regions around ∆41 ≈ 1 − 2 eV2 with 0.00048 < sin2 2θµe < 0.002.

However, after adding Bugey3, DayaBay, and MINOS+ data, the goodness of fit

decreases drastically[184]. The most recent results from the MicroBooNE experi-

ment did not report any evidence of electron neutrino disappearance in their three

years of data[186, 187]. However, it was shown in [188] that MicroBooNE data

can not exclude the electron neutrino excess observed in MiniBooNE in a model

independent way. The joint analysis of results from MiniBooNE and MicroBooNE

experiments preferred the 3+1 scenario over no oscillation[189].

The upcoming TRISTAN detector at the KATRIN[190], SBN[191] at Fermilab,

JSNS2 detector[192] at J-PARC are following up the results of LSND, MiniBooNE.

The results from these experiments are expected to help in reaching a definitive

conclusion about the existence of an eV scale sterile neutrino. If these experiments

confirm the presence of an eV scale neutrino, then some new physics will be

required to explain the tension between the disappearance and the appearance

data. Some ideas in this direction can be found [193, 194].

If we consider the sterile neutrino hypothesis to be true, then the standard

framework of neutrino oscillations is going to see some important modifications.

The addition of a light sterile neutrino comes with three extra active-sterile sector

mixing angles and two additional CP phases. These will compound the effect of the

parameter degeneracies already existing in the standard three flavor framework.

In particular, it was shown in [195] that for the 3+1 oscillation framework, the
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octant degeneracy is more pronounced due to the effect of an additional interfer-

ence term in the νµ → νe vacuum oscillation probability relevant at long baseline

setups in the context of the DUNE detector. It is well known that the addition

of neutrino and anti-neutrino can evade the octant-δ13 degeneracy for three flavor

case[148, 196]. However, in presence of a sterile neutrino, the octant-δ14 degener-

acy can’t be resolved even after the addition of neutrino plus anti-neutrino[197].

Implications of additional octant degeneracies associated with the new phases in

the 3+1 framework have also been studied in the context of the NOνA[197, 198]

experiment. Other studies in the context of long baseline experiments in presence

of a sterile neutrino can be found for instance in [199–206].

We comprehensively study the octant and mass ordering sensitivity using a

LArTPC detector in the 3+1 framework. LArTPC, first proposed in [207] con-

stitutes one of the most important classes of scintillator detectors at present be-

cause of its superior capabilities which provide several advantages in the precise

reconstruction of neutrino events. Some current and future detectors using this

technology are MicroBooNE, SBND, DUNE, etc. Earlier studies performed for

three neutrino generations and atmospheric neutrinos in a liquid argon (LAr) de-

tector can be found for instance, in [208–210]. In this chapter, we extend our

scope to investigate if the effect of additional degeneracies arising from an extra

light sterile neutrino can be reduced in the presence of a large matter effect en-

countered at higher baselines. This has been studied for the combined analysis of

beam neutrinos at a baseline of 1300 km and atmospheric neutrinos, which provide

larger baselines as well as higher energies in this experimental setup, along with a

separate study for each. Additionally, we present the results, including the charge

tagging capability of muon capture in liquid argon, allowing one to differentiate

between µ+ and µ− events in the context of atmospheric neutrinos.

To properly understand the octant and mass ordering degeneracy seen from

numerical analysis, the study of the analytic expressions of neutrino oscillation

probabilities is important. We obtain analytic expressions of the neutrino oscilla-

tion/survival probabilities assuming the solar mass squared difference ∆21 to be
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negligible as compared to the mass squared differences ∆31, and ∆41 = m2
4 −m2

1

driving the atmospheric and sterile neutrino oscillations respectively. We use the

analytic expressions to understand the octant degeneracy at the representative

baselines, e.g., 1300 km and 7000 km. There are other analytical calculations

of oscillation probabilities in the presence of sterile neutrino in matter using the

rotation methods[211], an exact analytical method[212]. We discuss the region of

validity and the error of the analytic expressions compared to the exact numerical

probabilities.

Studies related to sterile neutrinos in the context of atmospheric neutrino ob-

servations at India-based Neutrino Observatory (INO) experiment have been per-

formed in [213, 214]. More recently, an analysis in [215] considered sterile neutrinos

in atmospheric baselines for a wide ∆41 mass squared range 10−5 : 100 eV2 in the

context of the INO experiment. This paper obtained bound on the active-sterile

mixing angles as well as the sensitivity to the neutrino mass ordering in the 3+1

oscillation framework. Our study in this paper focuses on the impact of resonant

matter effect on the probabilities at very long baselines and its influence on the

sensitivity to determine the octant and mass ordering. We also explore this aspect

in the context of atmospheric and beam neutrinos in a long baseline experimental

setup of 1300 km separately and together using a LArTPC detector and examine

the complementarities between these two.

The plan of this chapter is as follows. To start with, we discuss the analytic

framework for neutrino oscillations in the presence of sterile neutrino in section 3.1.

The subsequent section 3.2 details the calculation of the probabilities. Next, sec-

tion 3.3 contains the discussion on octant degeneracy for different baselines and

energies as well as the dependence on the CP phases δ13, and δ14. In section 3.5,

we describe the experimental details for the LArTPC detector and outline the

procedure of χ2 analysis adopted. We discuss the results in section 3.6. Finally,

we conclude in section 3.7.
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3.1 The 3+1 Framework

The minimal scheme postulated to explain the results of LSND and MiniBooNE

is the 3+1 framework in which one light sterile neutrino is added to the three

active neutrinos in the SM. In the 3+1 oscillation framework, the mixing matrix

U depends on three additional mixing angles θ14, θ24, θ34 corresponding to mixing

between the light sterile neutrino νs and the active sector neutrinos, two new CP

phases δ14, δ34 along with the standard oscillation parameters θ12, θ13, θ23, δ13 and

can be expressed as,

U = R̃34(θ34, δ34)R24(θ24)R̃14(θ14, δ14)R23(θ23)R̃13(θ13, δ13)R12(θ12) (3.1)

where R̃ij = U δ
ij(δij)Rij(θij)U

†δ
ij (δij), Rij(θij)’s are the rotation matrices in i-j plane

and U δ
ij = diag(1, 1, 1, eιδij) with δij’s being the CP phases (For δ13: we have

U δ
13 = diag(1, 1, eiδ13 , 1). In the presence of an additional light sterile neutrino,

there is a new mass squared difference ∆41. The 3+1 picture considered here is

m4 >> m3 >> m2 >> m1 which corresponds to m4 being the heaviest mass state.

The case with m4 as the lowest state is disfavoured from cosmology. The mass

ordering for three generation is considered to be NH.

Recent studies about the best-fit values and allowed ranges of the parameters

associated with eV scale sterile neutrino can be found in [176, 185, 216]. In

particular, the global analysis of data performed in [185] illustrates the following

3σ bounds and best-fits in sterile mixing angles for ∆41 = 1.3 eV2,

Parameters 3σ range Best Fit Mixing angles 3σ range Best Fit

sin2 2θ14 0.04 - 0.09 0.079 θ14 5.76◦ − 8.73◦ 8.15◦

sin2 θ24 6.7× 10−3 − 0.022 0.015 θ24 4.68◦ − 8.6◦ 7.08◦

Table 3.1: 3σ Levels and Best fit values extracted from [184]

However, the analysis performed in [184] including the MINOS+ data dis-

favoured the allowed regions in θ24 from above with a new bound at 90% C.L.

sin2 θ24 ≤ 0.006, i.e., θ24 ≤ 4.5◦. Also, the analysis of DayaBay and Bugey3 gives

at 90% C.L. sin2 2θ14 ≤ 0.046. i.e., θ14 ≤ 6.2◦.
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3.2 Oscillation Probability

The effective matter interaction Hamiltonian in flavor basis is given as follows,

Hint = diag(VCC , 0, 0,−VNC) = diag(
√
2GFNe, 0, 0,

√
2GFNn/2) (3.2)

where VCC =
√
2GFNe is the charge current interaction potential, VNC = −

√
2GFNn/2

is the neutral current interaction potential, GF is the Fermi coupling constant, Ne,

and Nn correspond to electron density and neutron density, respectively, of the

medium in which neutrinos travel. In order to obtain the probabilities in the mat-

ter, one has to solve the neutrino propagation equation with the total Hamiltonian

given as follows.

H =
1

2Eν

U


0 0 0 0

0 ∆21 0 0

0 0 ∆31 0

0 0 0 ∆41

U † +
1

2Eν


A 0 0 0

0 0 0 0

0 0 0 0

0 0 0 A
2

 (3.3)

where the propagation medium has been considered to be the earth matter with

neutron density being equal to electron density, i.e, Ne = Nn and the matter po-

tential term is A = 2
√
2GFNeEν with neutrino energy Eν and the mass squared

differences are given as ∆ij = m2
j−m2

i wheremi’s are mass eigenvalues. This would

require diagonalization of the total Hamiltonian to go to the matter mass basis.

However, this poses difficulty even in the three flavor case, and one has to resort

to approximate methods. A comprehensive review of the various approximations

used in the three flavor case has been discussed in [211]. In the context of this

work, we have considered the two mass scale dominance(TMSD) approximation

with ∆21 set as zero, similar to the well known one mass scale dominance(OMSD)

approximation[217] in three flavor case. TMSD approximation allows us to ob-

tain compact analytic expressions for the probabilities in the matter, which can

facilitate the understanding of the underlying physics in the 3+1 framework.
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3.2.1 TMSD approximation

In the TMSD approximation, we choose ∆21 = 0 since from the experimental data

∆21 << ∆31 << ∆41. As a consequence, the contribution of the solar angle θ12

drops out of mixing matrix U (3.1) as R12 commutes with the mass matrix M in

this approximation. The ∆21 = 0 approximation holds well for ∆21L
Eν

<< 1[217].

In our study, we further assume θ34 = 0 which is allowed within current bounds

[144, 146]. Thus we have only two additional non-zero mixing angles θ14, θ24 and

a non-zero phase δ14. This leads to the effective vacuum mixing matrix,

Ũ = R24(θ24)R̃14(θ14, δ14)R23(θ23)U
δ
13R13(θ13)

=


c13c14 0 c14s13 e−ιδ14s14

−eιδ13c24s13s23 − eιδ14c13s14s24 c23c24 eιδ13c13c24s23 − eιδ14s13s14s24 c14s24

−eιδ13c23s13 −s23 eιδ13c13c23 0

−eιδ14c13c24s14 + eιδ13s13s23s24 −c23s24 −eιδ14c24s13s14 − eιδ13c13s23s24 c14c24


(3.4)

where we have used notations sij = sin θij, cij = cos θij. Since the allowed values

of the vacuum mixing angles θ13, θ14, and θ24 are of a similar order, these small

parameters can be expressed in terms of O(λn) with λ ∼ 0.15 as follows;

sin θ13 ≃ O(λ), sin θ14 ≃ O(λ), sin θ24 ≃ O(λ),∆21 ≃ O(λ5),∆31 ≃ O(λ3), A ≃ O(λ3)

(3.5)

We can split the total Hamiltonian H into two parts as

H =
1

2Eν

(H0 +Hp) (3.6)

whereHp, the perturbed Hamiltonian, is proportional to the order of ∆31, A[O(λ3)]

whereas the unperturbed Hamiltonian H0 is proportional to ∆41. These can be
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written as follows,

H0 = ∆41


s214 e−ιδ14c14s14s24 0 e−ιδ14c24c14s14

eιδ14c14s24s14 c214s
2
24 0 c214c24s24

0 0 0 0

eιδ14c24c14s14 c214c24s24 0 c214c
2
24

 , (3.7)

Hp = Ũ


0 0 0 0

0 0 0 0

0 0 ∆31 0

0 0 0 0

 Ũ † +


A 0 0 0

0 0 0 0

0 0 0 0

0 0 0 A
2

 (3.8)

The unperturbed and perturbed Hamiltonian can be expressed in terms of the

small parameter λ in the following manner,

H0 ∼


λ2 λ2 0 λ

λ2 λ2 0 λ

0 0 0 0

λ λ 0 1

 ,Hp ∼


λ5 λ4 λ4 −λ5

λ4 λ3 λ3 −λ4

λ4 λ3 λ3 −λ4

−λ5 −λ4 −λ4 λ5

 (3.9)

The unperturbed Hamiltonian has the smallest terms proportional toO(λ2), which

is at least an order less than the largest term in Hp, the perturbed Hamiltonian.

The eigenvalues of H0 are λ01 = 0, λ02 = 0, λ03 = 0, λ04 = ∆41. This implies the

need for degenerate perturbation theory to determine the modified energy eigen-

values in the presence of the matter potential. The modified energy eigenvalues

evaluated using degenerated perturbation theory in ascending order of energy are
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as follows,

E1m =
1

2Eν

[∆31 sin
2(θ13 − θ13m) + A

′
cos2 θ13m(1 + cos2 θ14 + cos2 θ14 sin

2 θ24)

− A′
sin2 θ24 cos 2θ13m − A sin 2θ24 sin θ14 sin θ23 sin 2θ13m cos δ/2],

E2m = 0,

E3m =
1

2Eν

[∆31 cos
2(θ13 − θ13m) + A

′
sin2 θ13m(1 + cos2 θ14 + cos2 θ14 sin

2 θ24)

+ A
′
sin2 θ24 cos 2θ13m + A sin 2θ24 sin θ14 sin θ23 sin 2θ13m cos δ/2],

E4m =
1

2Eν

[∆41 + A
′
(1 + sin2 θ14 − cos2 θ14 sin

2 θ24)]

(3.10)

where A
′
= A/2 =

√
2GFNe, the modified angle θ13m in the matter is related to

the original angles, and the new phase δ = (δ13 − δ14) as,

sin 2θ13m = [∆31 sin 2θ13 + A
′
cos δ sin θ14 sin θ23 sin 2θ24]/f, (3.11)

cos 2θ13m = [∆31 cos 2θ13 − A
′
(1 + cos2 θ14 + cos2 θ14 sin

2 θ24 − 2 sin2 θ24)]/f

(3.12)

where f is defined as,

f =
√

[∆31 sin 2θ13 + A′s14s23 sin 2θ24 cos δ]2 + [∆31 cos 2θ13 − A′(1 + c214 + c214s
2
24 − 2s224)]

2

(3.13)

It is noteworthy that for the 3+1 framework, the modified angle θ13m depends on

cp phases, unlike in the three generation framework. Now if we put sin 2θ13m = 1,

i.e., cos 2θ13m = 0, we will get maximum θ13m, i.e., resonance in this sector for the

matter. The corresponding resonance energy is given by,

Eres =
∆31 cos 2θ13√

2GFNe(1 + cos2 θ14 + cos2 θ14 sin
2 θ24 − 2 sin2 θ24)

(3.14)

The resonance energy for 1300 km and 7000 km are ∼ 11 GeV, and 8 GeV re-

spectively corresponding to θ14 = θ24 = 7◦, θ13 = 8.57◦,∆31 = 2.515× 10−3eV2. It

only changes minimally from the three generation case. The modified active-sterile



76 3 - Resonant Matter effect in the presence of an eV scale sterile neutrino

mixing angles θ14m, θ24m are related to the vacuum angles as,

sin θ14m = sin θ14[1 +
A

′

∆41

cos2 θ14(1 + s224)], cos θ14m = cos θ14[1−
A

′

∆41

sin2 θ14(1 + s224)],

(3.15)

sin θ24m = sin θ24[1−
A

′

∆41

cos2 θ14 cos
2 θ24], cos θ24m = cos θ24[1 +

A
′

∆41

cos2 θ14 sin
2 θ24]

(3.16)

The mixing matrix in matter obtained from the modified eigenvectors using de-
generate perturbation theory is as follows,

Ũm = Rm
24(θ24m)R̃m

14(θ14m, δ14)R23(θ23)Uδ13R
m
13(θ13m)Rm

12(θ12m)

=


c13mc14m (Um)12 c14ms13m e−ιδ14s14m

−eιδ13c24ms13ms23 − eιδ14c13ms14ms24m c23c24m eιδ13c13mc24ms23 − eιδ14s13ms14ms24m c14ms24m

−eιδ13c23s13m −s23 eιδ13c13mc23 0

−eιδ14c13mc24ms14m + eιδ13s13ms23s24m −c23s24m −eιδ14c24ms13ms14m − eιδ13c13ms23s24m c14mc24m


(3.17)

where the original vacuum angles are replaced by modified angles as given by (3.11),

(3.12), (3.15), (3.16) and null value of the element (Ũ)12 in vacuum mixing matrix Ũ(3.4)

is modified as (Um)12 = A
∆41

e−ιδ14c14c23c24s14s24 ∼ O(λ5). This is due to the fact that

the matter effect introduces correction of mixing angle θ12, which was absent before

due to the approximation ∆21 = 0. The other terms related to θ12 don’t show up as

they are < O(λ5). Now we can calculate the oscillation(survival) probabilities using

the elements of Ũm in place of U and ∆m
ij = 2Eν(Eim − Ejm) replacing ∆ij in (3.18)

assuming constant matter density,

Pαβ = δαβ − 4

N∑
i>j

Re(U∗
αiUβiUαjU

∗
βj) sin

2 1.27∆ijL

Eν
+ 2

N∑
i>j

Im(U∗
αiUβiUαjU

∗
βj) sin 2

1.27∆ijL

Eν

(3.18)

On the other hand, the exact numerical probability at constant matter density can be

evaluated as,

P num
αβ = |[e−ιHL]αβ|2, (3.19)

where H is the total Hamiltonian without any approximation given by (3.3).
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Pµe Channel

The appearance channel, i.e., νµ → νe oscillation probability is given by,

Pµe = P 1
µe + P 2

µe + P 3
µe +O(λ6) (3.20)

where the different significant terms of the probability Pµe are as follows,

P 1
µe = 4 cos2 θ13m cos2 θ14m sin2 θ13m(cos2 θ24m sin2 θ23 − sin2 θ14m sin2 θ24m) sin2

1.27∆m
31L

E

+ 2 cos3 θ13m cos2 θ14m sin θ13m sin θ14m sin 2θ24m sin θ23 sin
1.27∆m

31L

E
sin(

1.27∆m
31L

E
+ δ)

− 2 cos θ13m cos2 θ14m sin3 θ13m sin θ14m sin 2θ24m sin θ23 sin
1.27∆m

31L

E
sin(

1.27∆m
31L

E
− δ),

(3.21)

P 2
µe = cos2 θ14m sin 2θ13m sin θ14m sin θ23 sin 2θ24m sin

1.27∆m
41L

E
sin(

1.27∆m
41L

E
− δ)

+ sin2 2θ14m sin2 θ24m cos2 θ13m sin2
1.27∆m

41L

E
,

(3.22)

P 3
µe = − cos2 θ14m sin 2θ13m sin θ14m sin θ23 sin 2θ24m sin

1.27∆m
43L

E
sin(

1.27∆m
43L

E
− δ)

+ sin2 2θ14m sin2 θ24m sin2 θ13m sin2
1.27∆m

43L

E

(3.23)

The total analytic probability Pµe(orange) and the dominant terms contributing to it

are plotted at 1300 km and 7000 km baselines as a function of neutrino energy Eν in

the top panel of fig. 3.1. For the plots, and calculations of Pµe, Pµµ in this section, we

have considered θ12 = 33.44◦, θ13 = 8.57◦, θ23 = 49◦, θ14 = θ24 = 7◦, δ13 = 195◦, δ14 =

30◦,∆31 = 2.515 × 10−3eV2, and ∆41 = 1eV2. The analytic expression of Pµe consists

of three significant terms, although there are other higher order terms [O(λ6)] that are

neglected. The first term in (3.21)(blue curve) that is proportional to the modified mass

squared difference ∆m
31, is the most dominant one and provides the average curve of the

total probability as seen in fig. 3.1. The fast oscillations seen fig. 3.1 are a manifestation

of the terms in (3.22) (green curve), (3.23) (violet curve) which are proportional to the

modified mass squared differences related to the sterile neutrino mass states ∆m
41,∆

m
43

respectively. The fast oscillations are not reflected in experiments, as we can only get

the average probability. Also, these terms are relatively much smaller than the P 1
µe

around probability maxima, so in the next section, while discussing the degeneracies,
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we will only use the term P 1
µe. Putting θ14, θ24 angles to zero in equations (3.21), (3.22),

(3.23) gives the standard three flavor oscillation probability from the very first term of

the (3.21) as the other terms go to zero due to presence of sin θ14m, sin θ24m.
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Figure 3.1: The total analytic probability Pµe (orange) along with its other dominant
terms in the top panel and the absolute differences |Pµe − P num

µe | (red) and |Pµe − PGL
µe |

(cyan) in the bottom panel at 1300 km(left), and 7000 km(right) baselines.

We have shown the comparison of the absolute differences |∆P | of the analytic

probability Pµe (3.20) with the exact probability P num
µe (3.19) (red) as well as with the

probability PGL
µe (cyan) obtained using GLoBES[103] as a function of neutrino energy at

the bottom panel in fig. 3.1. We can see the value of |∆P | is around 10−3 for most of the

energies. |∆P | values are smaller around the resonance energy of 11 GeV for 1300 km

and 8 GeV for 7000 km. Also, at the energies where the value of probability is smaller,
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we get smaller values of |∆P |. Overall, we can conclude that the analytic probability

Pµe using TMSD approximation is in good agreement with both numerical and exact

ones, better with the exact one P num
µe for all energies (> 0.5 GeV), especially around the

resonance. This is similar to probabilities derived using OMSD approximation matching

well with numerical ones in the standard three flavor case in the region with significant

matter effect[218, 219].

Pµµ Channel

The disappearance channel, i.e., νµ → νµ survival probability is given by,

Pµµ = 1− P 1
µµ − P 2

µµ − P 3
µµ +O(λ6) (3.24)

where the significant terms of the probability are as follows,

P 1
µµ = cos4 θ24m sin2 2θ13m sin4 θ23 sin

2 1.27∆
m
31L

E
+ sin4 θ24m sin4 θ14m sin2 2θ13m sin2

1.27∆m
31L

E

+ sin 2θ24m sin θ14m sin 4θ13m sin θ23 cos δ(cos
2 θ24m sin2 θ23 − sin2 θ24m sin2 θ13m) sin2

1.27∆m
31L

E

+ 4 cos2 θ24m sin2 θ24m sin2 θ14m sin2 θ23(1−
sin2 2θ13m

2
− sin2 2θ13m cos2 δ) sin2

1.27∆m
31L

E
,

(3.25)

P 2
µµ = cos4 θ24m cos2 θ13m sin2 2θ23 sin

2 1.27∆
m
32L

E

+ 4 cos2 θ24m sin2 θ24m sin2 θ14m sin2 θ13m cos2 θ23 sin
2 1.27∆

m
32L

E

− 4 cos3 θ24m sin θ24m sin θ14m sin 2θ13m cos2 θ23 sin θ23 cos δ sin
2 1.27∆

m
32L

E
,

(3.26)

P 3
µµ = cos4 θ24m sin2 θ13m sin2 2θ23 sin

2 1.27∆
m
21L

E

+ 4 cos2 θ24m sin2 θ24m sin2 θ14m cos2 θ13m cos2 θ23 sin
2 1.27∆

m
21L

E

+ 4 cos3 θ24m sin θ24m sin θ14m sin 2θ13m cos2 θ23 sin θ23 cos δ sin
2 1.27∆

m
21L

E

(3.27)

We show the total analytic probability Pµµ (orange) and the different terms contributing

significantly to it at 1300 km and 7000 km baselines in the top panel of fig. 3.2 as a

function of neutrino energy. The analytic expression of Pµµ consists of three significant

terms (3.25), (3.26), and (3.27), although there are three other fast oscillating terms

that are neglected. Here, the fast oscillating terms are proportional to the sterile mass

squared differences ∆m
41,∆

m
42,∆

m
43 and are of higher orders [O(λ6)]. The first term in
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(3.25) (blue curve), which is proportional to the modified mass squared difference ∆m
31,

has a dependence on octant of θ23 in the leading order due to the presence of sin4 θ23.

P 1
µµ grows with energy initially and decreases after resonance energy. The second and

third terms in (3.26) (green curve), (3.27) (violet curve) which are proportional to the

modified mass squared differences ∆m
32,∆

m
21 respectively, show no octant dependence

in the leading order due to the presence of sin2 2θ23. The second term is the most

dominant one before resonance energy but almost becomes zero after resonance energy,

whereas the third term only grows after the resonance energy. In the case of 7000 km at

oscillation maxima of 7.5 GeV, P 1
µµ, P

2
µµ, P

3
µµ all have significant contributions. Putting

the θ14, θ24 angles to zero, we will get back the three flavor oscillation probability from

the first term of the equations (3.25), (3.26), and (3.27).
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Figure 3.2: The total analytic probability Pµµ (orange) along with its other dominant
terms in the top panel and the absolute differences |Pµµ−P num

µµ | (red) and |Pµµ−PGL
µµ |

(cyan) in the bottom panel at 1300 km(left), and 7000 km(right).
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It has also been shown in the bottom panel of fig. 3.2, the absolute differences |∆P |

of the analytical probability Pµµ(3.24) with the exact probability P num
µµ (3.19) (red) and

the probability PGL
µµ (cyan) obtained using GLoBES at 1300 km and 7000 km baselines.

We observe that value of |∆P | is mostly around 10−3. The |∆P | values are seen to be

lower around resonance energies. We can also see the |∆P | value going down at the

minima or at the regions where the value of probability is less. The |∆Pµµ| for 7000 km

is increasing after resonance energy as the dominant term in those energies is P 3
µµ that

is proportional to ∆21m and hence is affected by the ∆21 = 0 approximation1. Hence,

we can conclude that the analytical probability Pµµ using TMSD approximation is in

agreement with exact and numerical probabilities to a good extent, matching better

with the exact one P num
µµ .

3.3 Octant Degeneracy

The degeneracy in the determination of the octant of θ23 can arise from both the sur-

vival/oscillation probabilities as follows:

• When the probability is a function of sin2 2θ23, it is not possible to differentiate

between the probabilities arising due to θ23 and π
2 − θ23. This is called intrinsic

octant degeneracy[147].

• When the probability is a function of sin2 θ23 or cos2 θ23, the degeneracy of the

octant arises due to the uncertainties in the Dirac CP phase δCP .

P (θright23 , δ13) = P (θwrong
23 , δ

′
13) (3.28)

• The addition of a light sterile neutrino brings an extra phase δ14 which will also

affect the determination of octant just like in the above case through additional

degeneracies.

P (θright23 , δ14) = P (θwrong
23 , δ

′
14) (3.29)

• Considering known hierarchy and two unknown phases, there will be a new 8 fold

1In the appendix we have shown that with non-zero ∆21 in the Cayley Hamilton method we get
better fit at these regions as well as at very low energies.
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octant-δ13-δ14 degeneracy.

P (θright23 , δ13, δ14) = P (θwrong
23 , δ

′
13, δ

′
14) (3.30)

We consider the normal hierarchy (∆31 = 2.515×10−3 eV2) for our octant degeneracy

study. Therefore, we have a 8-fold octant-δ13-δ14 degeneracy in presence of a sterile

neutrino as depicted in table 3.2. For unknown hierarchy, this will become a 16-fold

degeneracy.

Solution with right octant Solution with wrong octant

RO-Rδ13-Rδ14 WO-Rδ13-Rδ14
RO-Rδ13-Wδ14 WO-Rδ13-Wδ14
RO-Wδ13-Rδ14 WO-Wδ13-Rδ14
RO-Wδ13-Wδ14 WO-Wδ13-Wδ14

Table 3.2: New degeneracies in presence of unknown octant and phases with fixed
hierarchy.

In order to understand the degeneracy analytically, we follow the method outlined

in [195] and use the TMSD probabilities derived in the earlier section. The current 3σ

range of θ23 is [39.7◦, 50.9◦] [144] for normal hierarchy. We can express θ23 w.r.t. π/4

as,

θ23 =
π

4
± η (3.31)

where the deviation in value of θ23 from current global analysis fit is given by η ∼ 0.1

with the plus and minus sign in (3.31) indicating higher octant(HO), and lower octant

(LO) of θ23 respectively. The octant sensitivity will be there if there is a difference

between probabilities of the two opposite octants even when the phases δ13, δ14 vary in

the range [−π, π]. The octant sensitivity from the appearance channel probability Pµe

is defined as,

∆Poct,1 ≡ P 1HO
µe (δHO

13 , δHO
14 )− P 1LO

µe (δLO13 , δ
LO
14 ) > 0 (3.32)

As η is small, we can have the following expansion

sin2 θ23 ≃
1

2
± η, sin θ23 ≃

1√
2
(1± η), cos θ23 ≃

1√
2
(1∓ η) (3.33)

Putting P 1
µe from (3.21) in (3.32) and using the above expressions of (3.33), we get three
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contributions to ∆Poct,1 corresponding to the three terms in P 1
µe,

∆P0 = 8η cos2 θ13m cos2 θ14m cos2 θ24m sin2 θ13m sin2Dm
31,

∆P1 = X1[sin(D
m
31 + δHO)− sin(Dm

31 + δLO)] + ηX1[sin(D
m
31 + δHO) + sin(Dm

31 + δLO)],

∆P2 = −Y1[sin(Dm
31 − δHO)− sin(Dm

31 − δLO)]− ηY1[sin(Dm
31 − δHO) + sin(Dm

31 − δLO)]

(3.34)

The contribution of the fast oscillation terms P 2
µe, P

3
µe to the octant sensitivity is,

∆Pfast =
∑
k=1,3

Zk[sin(D
m
4k − δHO)− sin(Dm

4k − δLO)] + ηZk[sin(D
m
4k − δHO) + sin(Dm

4k − δLO)]

Where Dm
ij =

1.27∆m
ij

E . Now we can rewrite (3.32) for octant sensitivity as,

∆Poct,1 = ∆P0 +∆P1 +∆P2 +∆Pfast (3.35)

Among the terms of ∆Poct,1 (3.34), ∆P0 has no dependence on phase and is positive

whereas the values of ∆P1,∆P2,∆Pfast can be both positive and negative as they contain

phases. Thus degeneracy can occur when ∆P1 +∆P2 +∆Pfast is negative and is of the

same order as ∆P0 making ∆P zero. X1, Y1 the positive definite amplitudes of ∆P1,

∆P2 respectively as well as the amplitudes Z1, Z3 of ∆Pfast are as follows,

X1 =
√
2 cos3 θ13m cos2 θ14m sin θ13m sin θ14m sin 2θ24m sinDm

31,

Y1 =
√
2 cos θ13m cos2 θ14m sin3 θ13m sin θ14m sin 2θ24m sinDm

31,

Z1 = cos2 θ14m sin 2θ13m sin θ14m sin 2θ24m sinDm
41/
√
2,

Z3 = − cos2 θ14m sin 2θ13m sin θ14m sin 2θ24m sinDm
43/
√
2

(3.36)

Now, if we inspect the possibility of the octant degeneracy through the probabilities

at a baseline of 1300 km. We use the following values of the oscillation parameters:

θ12 = 33.47◦, θ13 = 8.54◦, θ14 = 7◦, θ24 = 7◦,∆31 = 2.515 × 10−3eV2,∆41 = 1eV2. For

1300 km at oscillation maxima of 2.5 GeV, the values of various terms of ∆Poct,1 are,

∆P0 = 0.0279, X1 = 0.0073, Y1 = 0.0003, Z1 = −0.0056, Z3 = 0.0064 (3.37)

Therefore, ∆P2 is negligible compared to ∆P0, ∆Pfast, and ∆P1 due to presence of extra

sin2 θ13m in Y1(3.36). It can be seen from (3.34) the square bracketed terms multiplying
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X1, Z1, Z3 can vary from −2 : +2 and therefore, for certain phase choices, cancellation

can occur resulting in loss of octant sensitivity in 1300 km baseline when fast oscillations

considered. However, in the absence of fast oscillations, there is octant sensitivity.

Next, we use the analytic expressions in (3.35) to understand the octant sensitivity

at 7000 km. In the case of 7000 km at oscillation maxima of E = 6.5 GeV, the values

of the different terms contributing to ∆P are,

∆P0 = 0.1453, X1 = 0.0133, Y1 = 0.0040, Z1 = 0.0001, Z3 = −0.0164 (3.38)

It shows that ∆P0, X1, Z3 are the dominant contributions and any combination of phases

can not make ∆Poct,1 = 0 as the value of P0 is one order greater than X1. It shows

probabilities (Pµe) corresponding to two different octants will always be well separated

from each other, i.e., the octant-δ13-δ14 degeneracy will be removed. This suggests unlike

in 1300 km here even with the variation of phases in both octants, we can have significant

octant sensitivity at higher baselines. This is mainly because at the higher baselines ∆P0

has much higher values than others due to higher matter effects. Note that if the values

of θ14, θ24 are decreased, the dominant contribution, ∆P0 becomes larger whereas other

contributions X1, Y1, Z1, Z3 get smaller. Therefore, octant sensitivity will be higher for

smaller values of sterile mixing angles.

The octant sensitivity from the disappearance channel probability Pµµ is defined as,

∆Poct,2 ≡ P 1HO
µµ (δHO

13 , δHO
14 )− P 1LO

µµ (δLO13 , δ
LO
14 ) > 0 (3.39)

As we have seen earlier, the largest octant sensitive term in Pµµ comes from (3.25). We

put that in the above (3.39) to get the difference in opposite octant probabilities as,

∆Poct,2 = cos2 θ24m sin 2θ24m sin θ14m sin 4θ13m(cos δHO − cos δLO)
1 + 3η

2
√
2

sin2Dm
31

+ cos2 θ24m2η cos2 θ24m sin2 2θ13m sin2Dm
31

(3.40)

It can be noted from the above expression that the first term has phase dependence

while the second term is independent of the phases.
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3.3.1 Degeneracy in cos θν − Eν Plane

Figure 3.3: ∆Pµe(left), ∆Pµµ(right), i.e, the absolute differences in probabilities for θ23
values from opposite octant with fixed value of δ13, δ14 in cos θν − Eν plane.

To probe the octant sensitivity spanning over all the baselines and energies, we present

the oscillogram plots of the differences in probabilities corresponding to the value of

θ23 = 40◦(LO) and θ23 = 50◦(HO) in cos θν − Eν plane for normal hierarchy in fig. 3.3.

The phases are kept fixed at same δ13 = 195◦, δ14 = 30◦ for both the octants. From the

figure, it can be seen that the maximum difference is obtained at the energy range of

5 : 10 GeV for cos θν in the range of −0.5 : −0.8 which roughly translates to baselines

around 5000-10000 km. This figure serves as a reference to show at which baselines and

energies the octant sensitivity can be maximum and motivates us to add the contribution

from atmospheric neutrinos to obtain better octant sensitivity in our analysis.

3.3.2 Degeneracy with variation of δ13, δ14 at fixed baseline

In this section, we study the probabilities (GLoBES) as a function of the phases to

understand the dependency of the degeneracy on these parameters. In fig. 3.4, we

depict the appearance probability Pµe for θ23 = 41◦ (red), and 49◦(blue) as a function

of neutrino energy at 1300 km and 7000 km baselines. The bands correspond to the

variation of δ13, δ14. Two different sets of representative values of θ14, θ24 are considered,

e.g., θ14, θ24 = 4◦, which are allowed after MINOS+[184] bounds, and θ14, θ24 = 7◦,
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which are allowed by an earlier global fit[185] excluding the MINOS+ results. The

significant observations are as follows,

• The probability bands of different octants overlap at 1300 km. While at 7000

km difference is observed between opposite octant bands. It shows that at higher

baseline, sensitivity for octant will be higher.

• The difference (overlap) between red and blue bands is more (lesser) for 4◦ than 7◦.

It is obvious that with smaller sterile mixing angles, we will get better sensitivity.
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Figure 3.4: Pµe as a function of energy at 1300 km (left), and 7000 km (right). Blue and
red bands are due to variation of δ13, δ14 for θ23 = 49◦, 41◦ using θ14 = θ24 = 4◦. The
regions between blue and red dotted curves are for 49◦, 41◦ respectively, considering
θ14 = θ24 = 7◦.

From the above figures, we can observe that the variation in the phases can lead to

overlap in the probabilities from opposite octants giving rise to degenerate solutions.

Therefore, it is instructive to study the variation of the probabilities w.r.t. the phases

in order to understand for which values of these parameters degenerate solutions can

occur. These plots are done at fixed energies. We choose this energy as 2.5 GeV for

Pµe, at 1300 km, since first oscillation maxima occur at this energy as can be seen from

fig. 3.4. The variation of the probabilities Pµe(left), Pµ̄ē(right) are shown as a function of

phases δ13 (top), and δ14 (bottom) in fig. 3.5 for values of θ23 = 39◦(grey), 42◦(orange),

48◦(violet), 51◦(blue) spanning over both octants. The curves for other values of θ23 will

lie in between these ranges. The bands correspond to variation over the non-displayed
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phase δ14(top)/δ13(bottom) over the range −180◦ : 180◦ respectively. Three horizontal

iso-probability lines are drawn in fig. 3.5 to indicate the values of δ13/δ14 for which

there are degeneracies (dot-dashed line) and there are no degeneracies (dotted, dashed

lines) between the two octants. Note that in the probability vs δ13 plots for the three-

generation case, there is a single curve for each θ23 whereas, in the presence of sterile

neutrino, there are bands due to δ14 variation for a fixed θ23. We can infer the following
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Figure 3.5: Pµe (left), and Pµ̄ē (right) as a function of δ13 (top), δ14 (bottom) for variation
of the respective another phase at neutrino energy 2.5 GeV at 1300 km baseline for NH.

points from fig. 3.5,

• The regions above the dotted line in the top panels indicate the values of δ13 for

which there is no degeneracy in HO. This is around δ13 = −90◦(90◦) in Pµe(Pµ̄ē)

channel. However, some portions of the blue and violet bands extend below the
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dotted lines in both figures and sometimes also overlap with the orange and violet

bands, indicating that for these values of δ13 there are still degeneracies for certain

values of δ14.

• Similarly, the regions below the dashed lines in the top panels signify the δ13

values devoid of degeneracy for θ23 in LO. This region for Pµe(Pµ̄ē) channel is

around δ13 = 90◦(−90◦). Here also, the portions of grey and orange bands above

the dashed lines as well as the portions coinciding with the blue and violet bands,

indicate the existence of degeneracies at these values of δ13.

• From the top panels, we can clearly see a synergy between neutrino and anti-

neutrino channels for octant degeneracy in both HO and LO. For instance, for HO

(LO), the degeneracy is present around δ13 = 90◦(−90◦) at Pµe channel but absent

for Pµ̄ē.

• In the bottom panels, the regions above the dotted line indicate that the no degen-

eracy region in HO lies around δ14 = −60◦(60◦) for Pµe(Pµ̄ē) channel. Note that

the region has a larger spread in δ14 over −180◦ : 95◦(−70◦ : 140◦) for θ23 = 51◦,

and over −180◦ : 65◦(−50◦ : 120◦) for θ23 = 48◦ in Pµe(Pµ̄ē) channel. Correspond-

ing nondegenerate regions have a smaller spread in δ13 as seen from the top panel

plots.

• There are regions below the dashed line signifying no degeneracy in LO for the

plots in the bottom panels. These regions occur around δ14 = −60◦(60◦) for

Pµe(Pµ̄ē) channel. However, it is to be noted that unlike in the top panel, the non-

degenerate region in LO is over the similar range of δ14 w.r.t HO as mentioned

in the previous point. Therefore we see in the neutrino (anti-neutrino) channel

maximum sensitivity for both HO and LO is around δ14 = 60◦(−60◦).

• In the bottom panels, the probability bands are wider and the extent of overlap

is higher around −60◦(60◦) in Pµe(Pµ̄ē) channel. These give rise to WO-Rδ14

degeneracies which are hard to resolve using neutrino plus anti-neutrino. The

synergy between neutrino and anti-neutrino channels for octant degeneracy is less

pronounced here.

• In the bottom panels for Pµe channel, around δ14 = 130◦, there is a small region

where there is no WO-Rδ14 degeneracy between HO and LO for all values of
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δ13. For Pµ̄ē channel there is a similar region with minimum degeneracy around

δ14 = −130◦.

• When the probability bands from HO (blue and violet) coincide with bands from

LO (orange and grey) at the same δ13/δ14 values, those are examples of WO-

Rδ13/Rδ14 degeneracies. While the regions of bands from opposite octants con-

nected through iso-probability lines show WO-Wδ13/Wδ14 degeneracies.
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Figure 3.6: Pµe (left), and Pµ̄ē (right) as a function of δ13 for variation of the phase δ14
at neutrino energy 2.5 GeV at 1300 km baseline for NH.

While performing χ2 analysis, we take fixed true values of parameters in one octant

and marginalize χ2 over the relevant parameters in the opposite octant. Therefore, a

better understanding of the octant degeneracy can be achieved if we keep θ23, and the

phases constant in one octant and vary them in the opposite one. We replicate this in
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fig. 3.6 where the probabilities in neutrino (left) and anti-neutrino (right) channels are

drawn as a function of phase δ13. In the top [bottom] panel, the green [red] solid(dashed)

line corresponds to θ23 = 49◦[41◦] and δ14 = 0◦(90◦). The grey and orange [violet and

blue] bands correspond to θ23 = 39◦, 42◦[48◦, 51◦] in LO[HO] for δ14 varying over −180◦ :

180◦. The horizontal iso-probability lines in the plots demarcate different degenerate

and non-degenerate regions. The important points from fig. 3.6 are as follows,

• In the top panel, the region above the dotted line corresponds to no degeneracy.

This region is around δ13 = −90◦(90◦) at Pµe(Pµ̄ē) channel for green solid (δ14 =

0◦) curve. However, the green dashed (δ14 = 90◦) curve has a non-degenerate

region only in Pµ̄ē channel around δ13 = 90◦. This suggests that for δ14 = 0◦, the

octant sensitivity comes from both Pµe, and Pµ̄ē channel around δ13 ∼ 0◦ whereas

for δ14 = 90◦ sensitivity comes only from Pµ̄ē channel around δ13 ∼ 90◦.

• For the bottom panel, the non-degenerate regions are below the dashed horizontal

line. In Pµe channel this region is around δ13 = 120◦ for δ14 = 0◦. A very small

region for δ14 = 90◦ also extends below the dashed line. In Pµ̄ē channel the region

of no degeneracy lies around δ13 = −120◦(−60◦) for δ14 = 0◦(90◦).

Now we focus on the disappearance channel probabilities Pµµ (left), and Pµ̄µ̄ (right)

as a function of phases δ13(top panel), δ14(bottom panel) at 2.5 GeV in fig. 3.7. The

following points may be noted,

• The bands due to variation of δ13/δ14 are narrower than the ones for appearance

channel. Hence these bands are well separated from each other.

• The bands corresponding to θ23 = 51◦(blue) in HO comes in between the bands

corresponding to θ23 = 39◦(grey) and θ23 = 42◦(yellow) in LO. On the other hand,

the violet band corresponding to θ23 = 48◦ is outside the whole region of LO

between the grey and yellow band. This implies the presence (absence) of the

octant degeneracy for θ23 = 51◦(48◦) in Pµµ channel.

• Similarly, θ23 = 39◦ (grey) in LO demonstrates octant sensitivity since it lies

outside the HO region between the blue and violet bands, but θ23 = 42◦ (yellow)

lies within the HO region and therefore is not sensitive to the octant. A similar

feature can also be seen from probability vs δ14 plots in the bottom panel.
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Figure 3.7: Pµµ (left), and Pµ̄µ̄ (right) vs δ13 (top), δ14 (bottom) for variation of the
respective another phase at neutrino energy 2.5 GeV at 1300 km baseline for NH.

We can conclude that for certain trues values of θ23, the Pµµ channel can contribute to

the octant sensitivity at 1300 km.

Next, we study the behavior of the probabilities at a higher baseline of 7000 km where

the resonant matter effect comes into play. We observe the appearance probability Pµe

as a function of the phase δ13 (left), and δ14 while the respective other phase variation

creates band at different values of θ23 = 39◦, 42◦, 48◦, 51◦ spanning over both octants at

energy maxima of 6.5 GeV in fig. 3.8. We see similar variations of the disappearance

channel probability Pµµ at maxima energy of 7 GeV in fig. 3.9. Energies of 6.5 GeV and

7 GeV are chosen as they correspond to the maxima in Pµe, Pµµ channels at this baseline,

respectively. The effect of sterile mixing angles and phases on octant sensitivity in the
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Pµe channel at other energies can be seen in 3.4. The following facts can be noted,

• Unlike at 1300 km, the Pµe probability bands of opposite octant at 7000 km are

clearly separated. It suggests that even with the variation of phases and θ23 in

both octants, the octant degeneracy can be clearly removed at higher baselines.

• In Pµµ channel, the LO and HO bands are mostly separated apart from the occur-

rence of WO-Wδ13 (left panel), WO-Rδ14/Wδ14 (right panel) degeneracies respec-

tively around δ13, δ14 values of ±150◦ in a tiny region. This suggests contributions

to the octant sensitivity also come from the Pµµ channel. The sensitivity of the

octant in Pµµ comes from the first term in (3.25), which has a more significant

contribution at 7000 km than 1300 km as noted in fig. 3.2 due to larger matter

effect.
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Figure 3.8: Pµe vs δ13(left), and δ14(right) for variation of the respective another phase
at neutrino energy 6.5 GeV at 7000 km baseline for NH.
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Figure 3.9: Pµµ vs δ13(left), and δ14(right) for variation of the respective another phase
at energy 7 GeV at 7000 km baseline for NH.

3.4 Hierarchy Degeneracy

Considering θ34 = 0◦, the sterile parameters affecting the probabilities are θ14, θ24, δ14,

and ∆41. We investigate how the probabilities depend on those parameters leading to

changes in the hierarchy sensitivity of the atmospheric mass squared difference ∆31.

Effect of non-zero θ14, θ24

The dominant term in the νµ− νe oscillation probability in OMSD approximation valid

for ∆21L/E << 1, e.g., at 7000 km baseline around the resonance energy is given by

eq. (3.21) as,

P 1
µe = 4 cos2 θ13m cos2 θ14m sin2 θ13m(cos2 θ24m sin2 θ23 − sin2 θ14m sin2 θ24m) sin2

1.27∆m
31L

E

+ 2 cos3 θ13m cos2 θ14m sin θ13m sin θ14m sin 2θ24m sin θ23 sin
1.27∆m

31L

E
sin(

1.27∆m
31L

E
+ δ)

− 2 cos θ13m cos2 θ14m sin3 θ13m sin θ14m sin 2θ24m sin θ23 sin
1.27∆m

31L

E
sin(

1.27∆m
31L

E
− δ)

(3.41)
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The difference in the probability Pµe for two different mass orderings as a function of

the phases δ13, δ14 (varied in the range −π : π) can be expressed as,

∆P ≡ P 1NO
µe (δNO

13 , δNO
14 )− P 1IO

µe (δIO13 , δ
IO
14 ) (3.42)

Using only the dominant first term of (3.41), we get the difference in probability as

∆P = ∆Pnp +A1[sin
2(M −N) cos δNH − sin2(M +N) cos δIH ]+

A2[sin 2(M −N) sin δNH + sin 2(M +N) sin δIH ]
(3.43)

where ∆Pnp is the part with no phases involved and is given as follows,

∆Pnp = cos2 θ14m sin2 2θ13m(sin2 θ24m sin2 θ14m−

cos2 θ24m sin2 θ23) sin 2M sin 2N (3.44)

and the other part containing the phases are defined by the amplitude parameters A1, A2

and the frequency parameters M,N defined as,

A1 = cos2 θ14m cos 2θ13m sin 2θ13m sin θ14m sin 2θ24m sin θ23 (3.45)

A2 = cos2 θ14m sin 2θ13m sin θ14m sin 2θ24m sin θ23 (3.46)

M = ∆31 cos 2(θ13 − θ13m) ∗ 1.27L/E (3.47)

N = A cos 2θ13m(1 + cos2 θ14 + cos2 θ14 sin
2 θ24) ∗ 1.27L/E (3.48)

Now if we use ∆31 = 2.5 × 10−3 eV2, θ23 = 45◦ and true values of other param-

eters given in table 5.1 to calculate at 1300 km at 2.5 GeV (maxima), then we have

∆P < 0. At 7000 Km at first oscillation maxima with energy at E = 7 GeV if we

calculate using θ24 = 7◦, θ14 = 7◦, θ23 = 45◦, and ∆31 = 2.515 × 10−3 eV2 for NH and

∆31 = −2.515 × 10−3 eV2 for IH, the contributions are ∆Pnp = 0.241, A1 = 0.006,

A2 = 0.021. The phase dependent part multiplied with A1 and A2 can vary from -2 to

+2 and are suppressed w.r.t. Pnp. Thus, we can see that at energies around 7 GeV ∆P

will always be greater than zero, i.e., hierarchy can be determined even with unknown

δ for the 7000 Km baseline.



3.4 Hierarchy Degeneracy 95

3ν	IO
3ν	NO

NO
IOL:	1300	Km,θ14:4°,θ24:4°

P μ
	e

0

0.025

0.05

0.075

0.1

0.125

Eν	(GeV)
2 4 6 8 10

P μ
μ

0

0.2

0.4

0.6

0.8

1

Eν	(GeV)
2 4 6 8 10

0

0.05

0.1

0.15

0.2

2 2.5 3 3.5 4

3ν	IO
3ν	NO

NO
IOL:	1300	Km,θ14:7°,θ24:7°

P μ
	e

0

0.025

0.05

0.075

0.1

0.125

Eν	(GeV)
2 4 6 8 10

P μ
μ

0

0.2

0.4

0.6

0.8

1

Eν	(GeV)
2 4 6 8 10

0

0.05

0.1

0.15

0.2

2 2.5 3 3.5 4

Figure 3.10: Probabilities Pµe(left) and Pµµ (right) as a function of energy Eν due to
variation of phases δ13, δ14 for NO and IO at 1300 km baseline for ∆41 = 1 eV2. Blue and
orange bands in top (bottom) panels refer to varied phases for θ14 = 4◦ (7◦), θ24 = 4◦

(7◦) corresponding to NO and IO respectively. The regions between cyan(yellow) curves
are due to variation δ13 in 3ν case for NO(IO).

We have plotted the appearance (left), and disappearance (right) probabilities in

fig. 3.10 as a function of neutrino energy for varying the respective phase. The blue and

orange bands refer at the top (bottom) panels to NO and IO, respectively, corresponding

to mixing angles θ14 = θ24 = 4◦(7◦) in 3+1 framework. The regions between cyan and

yellow lines suggest the variation of δ13 in three generation framework in NO and IO,

respectively. In the right panel, we show Pµµ over 2− 4 GeV in a magnified inset. The

important observations are as follows,

• In the 3+1 framework, we can observe that the probability regions corresponding

to NO and IO are closer than those in the three generation framework. This
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suggests the hierarchy sensitivity will be reduced in the 3+1 framework.

• The difference between NO and IO bands increases when the values of sterile

mixing angles decrease.

• In Pµe channel, for the 3+1 framework, we observe the difference between the two

probability bands of NO and IO in the energy range 1-3 GeV.

• Disappearance channel probability Pµµ doesn’t depend on the phases as can be

seen from the narrow band in NO and IO cases for both three and 3+1 frameworks.

• The Pµµ curves for opposite hierarchies are hard to separate from each other at

energies lower than 2 GeV. However, some demarcation is visible from opposite

hierarchy curves at energies in the range of 2-7 GeV for both three generation

cases and 3+1 generation.

• In the disappearance channel, here we don’t see a significant effect of variation of

sterile-active mixing angles θ14, θ24 on the probability bands.

In the context of atmospheric neutrinos, we have depicted in fig. 3.11, the appearance

(left) and disappearance (right) probabilities with the variation of phases δ13, δ14 in

normal(NO) and inverted mass hierarchy (IO) with similar cases as in fig. 3.10 at 7000

km baseline. The important observations are as follows,

• There is a prominent difference between the regions of probabilities due to NH,

and IH, implying sensitivity to mass hierarchy even for the 3+1 framework.

• However, the difference decreases for sterile case w.r.t. the standard one.

• Also, with lower θ14, θ24 values, the gap between the opposite hierarchy probabil-

ities bands increases further.

• At Pµµ channel, a significant gap between opposite hierarchy regions is seen only

at energies higher than 4 GeV whereas, in the case of Pµe channel, the sensitivity

is present even at much lower energies of 3 GeV.

• From Pµe plot at 7 GeV, we find the gap between NH and IH bands is around

0.23, which is similar to what we have calculated earlier using (3.44).
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Figure 3.11: Probabilities Pµe(left) and Pµµ (right) as a function of energy Eν due to
variation of phases δ13, δ14 for NO and IO at 7000 km baseline for ∆41 = 1 eV2. Shaded
bands refer to varied phases for θ14, θ24 = 4◦. Regions between dashed blue(orange)
curves show phase variation for θ14, θ24 = 7◦ for NO(IO). Regions between cyan(yellow)
curves are due to variation δ13 in 3ν case for NO(IO).

Effect of non-zero θ34

In fig. 3.12, the appearance probability is plotted as a function of neutrino energy at

1300 km (left) and 7000 km (right) baseline for both hierarchies with the variation of

all the three phases δ13, δ14, δ34 for θ14, θ24 = 7◦, and θ34 = 7◦, 15◦. The shaded blue

(orange) regions correspond to θ34 = 7◦, whereas the region between the dotted blue

(orange) curves are due to θ34 = 15◦ for NO(IO). The most important observation is

a notable decrease in the gap between NH and IH regions at both baselines. Although

at 1300 baseline, the regions of NH and IH overlap significantly. However, significant

sensitivity can still be achieved when we fix the phases for one hierarchy (true case)

and vary it in another hierarchy (test case). In the case of 7000 km, there is still a

gap between the opposite hierarchy regions, which gets diminished for a non-zero θ34;

however, it’s more than what is seen in 1300 km for hierarchy sensitivity.
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Figure 3.12: Probability Pµe as a function of energy Eν with the variation of phases
δ13, δ14, δ34 for NO (blue) and IO(orange), ∆41 = 1 eV2 at 1300 km (left) and 7000
km (right). Shaded regions refer to θ14, θ24 = 7◦, θ34 = 7◦. Regions between dashed
blue(orange) curves show phase variation for θ14, θ24 = 7◦, θ34 = 15◦ for NO(IO). Regions
between cyan(yellow) curves are due to variation δ13 in 3ν case for NO(IO).

3.5 Experimental and Simulation Details of the LArTPC

detector

As a typical example for the long baseline analysis, we consider an experimental setup

consisting of a near detector (ND) and far detector (FD) exposed to a megawatt-scale

muon neutrino beam produced by Long Baseline Neutrino Facility (LBNF) at the Fer-

milab. The ND will be placed close to the source of the beam, while the FD, comprising

a LArTPC detector of 40 kton will be installed 1300 km away. The large LArTPC detec-

tor at this depth will also collect atmospheric neutrinos. In this analysis, we have used

beams coming from the accelerator as well as neutrinos generated in the atmosphere by

cosmic ray interactions. The experimental setup considered in our work is similar to

that proposed by the DUNE experiment[220][221].

3.5.1 Events from beam neutrinos

We use a beam power of 1.2 MW leading to a total exposure of 10×1021 POT. The neu-

trino beam simulation for the experiment has been carried out using the GLoBES[103]
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software with the most recent publicly available configuration file[170]. We assume ex-

perimental run time for 3.5 years each in the neutrino and the antineutrino mode with

a total exposure of 280 kt-yr.

We have plotted the electron and muon events spectrum for 1300 km baseline con-

sidering normal hierarchy with sterile mixing angle of θ14, θ24 = 7◦ at fixed phases

δ13 = −90◦, δ14 = 90◦ in fig. 3.13. There are differences between the spectra of the

events for the true value of θ23 = 41◦(green) in LO with the values of θ23 in HO for

46◦(orange), 50◦(blue). This is indicative of the octant sensitivity. It should be noted

that although the green spectrum is closer to the orange one(46◦) for electron events

(left panels), for muon events (right panels) the green one is closer to the blue one(50◦).

This indicates that the maximum sensitivity occurs at different θ23 values in the oppo-

site octant for electron and muon events. This will lead to the synergy between electron

and muon events when we compute the combined octant sensitivity at χ2 level. The

maximum difference in events is observed in the energy region of 2-4 GeV where the

spectra of the event have maxima in the case of both electrons and muons. We present

bi-events plots in fig. 3.14 considering the total no of electron neutrino and anti-neutrino

events obtained by integrating over the full energy range. The elliptic regions are due

to variations in the relevant phases over their full range. This figure shows that in the

case of three flavor oscillation framework, the ellipses for θ23 being in two different oc-

tants are well separated, showing no octant degeneracy with combined νe + ν̄e events

of 3.5+3.5 years with 40 kt LArTPC detector. Now if we add a sterile neutrino, these

ellipses turn into blobs, a combination of many ellipses[195]. From this figure, we can

see that the separation between the green(LO) and yellow (HO) regions increases with

smaller values of sterile mixing angles θ14, θ24 leading to an enhanced octant sensitivity.
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Figure 3.13: Electron (left) and muon neutrino (right) event spectrum for neutrinos
(top) and anti-neutrinos (bottom) as a function of energy for true θ23 = 41◦(green) with
true phases δ13 = −90◦, δ14 = 90◦ at 1300 km for test values of θ23 = 46◦(orange) and
θ23 = 50◦(blue) for NH.
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Figure 3.14: Bi-events plot in νe− ν̄e plane for θ23 = 41◦(red, green), 49◦(blue, yellow) at
1300 km with variation of phases δ13, δ14 corresponding to θ14, θ24 = 7◦ (left), 4◦ (right)
for NH.
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3.5.2 Events from atmospheric neutrinos

The atmospheric neutrino and anti-neutrino events are obtained by folding the relevant

incident fluxes with the appropriate disappearance and appearance probabilities, charge

current (CC) cross sections, detector efficiency, resolution, detector mass, and exposure

time.

Assumptions of the far detector (LArTPC) parameters are mentioned in table 3.3[169].

Parameter uncertainty Value

µ+/− Angular 2.5◦

e+/− Angular 3.0◦

(µ+/−, e+/−) Energy GLB files for each E bin [170]
Detection efficiency GLB files for each E bin [170]
Flux normalization 20%

Zenith angle dependence 5%
Cross section 10%

Overall systematic 5%
Tilt 5%

Table 3.3: Assumptions of the LArTPC far detector parameters and uncertainties.

Magnetizing the large 40 kt LArTPC detector is difficult and expensive, but the

charge id of the muon can be identified using the capture vs decay process of the muon

inside the argon as studied previously for the DUNE detector[171]. We have imple-

mented the charge id of the muon as follows: some fraction of the µ− like events that

undergo the capture process are identified using capture fraction efficiency, and the rest

of the muons as well as all the µ+ undergo muon decay. In fig. 3.15, we show the

absolute differences of atmospheric events between HO & LO in Eν-cos θν plane for

µ+ + µ− (left), and e+ + e− (right). This clearly shows that the difference is larger at

the matter-resonance region as observed from the probability oscillogram plot in fig. 3.3.

The electron event spectrum shows a significant difference in the energy range of 2− 8

GeV for cos θν range of −0.5 : −0.9. The muon events also contribute, especially in a few

parts of the energy range 3− 8 GeV for cos θν range of −0.5 : −0.9. This plot captures

the octant sensitivity at different baselines and energies for fixed values of oscillation

parameters.
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Figure 3.15: The difference of atmospheric events between HO and LO has been plotted
in Eν − cos θν plane for e+ + e−(left), and µ+ + µ−(right) events.

3.5.3 χ2 analysis

The computation of χ2 is performed using the method of pulls considering various statis-

tical and systematic uncertainties as mentioned in table 3.3. Finally, ∆χ2 is marginalized

over the oscillation parameters as mentioned in table 5.1.

Parameter True Value Marginalization Range

θ12 33.47◦ N.A.
θ13 8.54◦ N.A.
θ23 49◦(41◦) 39◦ : 44◦(46◦ : 51◦)

θ14, θ24 (A) 7◦ 3◦ : 9◦

θ14, θ24 (B) 4◦ 0◦ : 6◦

∆21 7.42× 10−5 eV2 N.A.
∆31 2.515× 10−3 eV2 N.A.
∆41 1 eV2 N.A.

δ13, δ14 many −180◦ : 180◦

Table 3.4: True values of all the oscillation parameters and their range of marginaliza-
tion. Two different sets of θ14, θ24 are considered. Set A is according to Global fit. Set
B is taken considering MINOS+ bounds.

3.6 Results and Discussion

In this section, we discuss the sensitivity to the octant of θ23 and mass ordering in

the context of a LArTPC setup, as mentioned in the previous section. We use both
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accelerator neutrino beam and atmospheric neutrinos for our analysis.

3.6.1 Sensitivity to octant of θ23

The results are demonstrated for beam only, atmospheric only, and a combination of

both of these. We also explain the underlying degeneracies through the contour plots of

octant sensitivity in δ13− δ14 test plane. In fig. 3.16, the sensitivity to the octant of θ23

degeneracy (∆χ2) has been plotted as a function of true δ13 for NH. The marginalised

∆χ2 values for true θ23 = 41◦(blue), 49◦(red) have been shown for true δ14 = 0◦ (left

panel), 90◦ (right panel). The observable points are,

• The sensitivity of θ23 is prominently higher for LO as compared to HO for most

of the δtrue13 values.

• The ∆χ2 vs δ13 curve has strikingly different features for different δtrue14 values as

can be seen from the two panels in fig. 3.16.

• For δtrue14 = 0◦ and LO the highest sensitivity comes around δ13 = ±120◦. This

feature can be understood from fig. 3.6 which shows that there is no degeneracy

in Pµe(Pµ̄ē) channel at δ13 = 120◦(−120◦).

• On the other hand for δtrue14 = 90◦ the maximum sensitivity occurs for δ13 = −90◦.

From the red dashed curves depicted in the bottom panels of fig. 3.6, we can see

that this sensitivity comes from Pµ̄ē channel.

• For HO and δtrue14 = 0◦ the octant sensitivity is higher around the range δ13 =

−60◦ : 60◦. From the solid green curve drawn in the top panels of fig. 3.6, we

can see that there is no degeneracy in the range −120◦ : 0◦(0◦ : 120◦) comes from

Pµe(Pµ̄ē) channel with a maximum difference between the HO curve and the LO

band occurring at δ13 = −60◦(60◦).

• In case of δ14 = 90◦ in HO, the highest sensitivity is at δ13 = 90◦. From the top

panel in fig. 3.6, it can be seen that is no degeneracy in Pµ̄ē around δ13 = 90◦.
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Figure 3.16: Sensitivity to the octant of θ23 with beam only analysis as a function of
δtrue13 due to θtrue23 = 41◦ in LO(blue), and 49◦in HO(red) for δtrue14 = 0◦ (left), 90◦ (right).

In the above discussion, we try to explain the salient features of fig. 3.16 in terms of the

probabilities plotted in fig. 3.6 for an energy of 2.5 GeV. However, it should be borne in

mind that the source has a broadband beam and contributions from other energy bins

also influence the ∆χ2.
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Figure 3.17: Sensitivity to the octant of θ23 as a function of δtrue13 at δtrue14 = 0◦ for
θtrue23 = 41◦ (left) and 49◦ (right). The representative plots are shown for simulated data
from beam only(red), atmospheric only w/o charge-id (blue), atmospheric only with
charge-id (violet), beam+atmospheric w/o charge-id(green), and beam+atmospheric
with charge-id(yellow) analysis with 280 kt-yr exposure.

In fig. 3.17, we have shown the sensitivity to the octant of θ23 for atmospheric

neutrinos without and with partial charge id of muon events(blue and violet curves
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respectively) as well as combining both beam and atmospheric data (green and orange

curves) using the 40 kt far detector. In the figure, we also present the ∆χ2 for beam only

data (red curve). These plots are obtained for true values of θ23 = 41◦(left), 49◦(right)

respectively. Here are the observations from fig. 3.17,

• The sensitivity for atmospheric data is less than 2σ for HO and slightly higher

than 2σ for LO for whole δtrue13 parameter space.

• For the case including charge id, the sensitivity increases slightly. In matter Pµµ,

and Pµ̄µ̄ probabilities are very different due to the presence of resonant matter

effect in Pµµ since we are considering normal hierarchy. This leads to a synergy

when neutrino and anti-neutrino χ2 are added separately, enhancing sensitivity.

• Combining atmospheric and beam data, the sensitivity increases up to more than

4σ(3σ) for LO(HO) depending on the values of δtrue13 .

• The ∆χ2 for atmospheric data has very less dependence on δtrue13 . Therefore in the

combined case, the nature of ∆χ2 is mostly dictated by the beam data.

θ23 δ14 Above 2σ Above 3σ Above 2σ Above 3σ

Beam+Atmospheric w/o(with) charge-id Beam

True Value 3.5+3.5 Years, θ14 = 7◦, θ24 = 7◦

41◦ 0◦ 100%(100%) 100%(100%) 100% 46%
49◦ 0◦ 100%(100%) 38%(53%) 42% 0%
41◦ 90◦ 100%(100%) 100%(100%) 100% 32%
49◦ 90◦ 100%(100%) 30%(48%) 100% 0%

Table 3.5: The percentages of δtrue13 parameter space that has χ2 value above 2σ, 3σ
for various combination of true values of θ23, δ14 and θ14, θ24 = 7◦ as seen in fig. 3.16,
fig. 3.17.

The percentage of values of δtrue13 for which ∆χ2 value of octant sensitivity for true

value of θ14, θ24 = 7◦ is above 2σ, and 3σ are shown in the above table 3.5.

• The percentage of values of the δtrue13 for which 3σ sensitivity is achieved, is higher

for θtrue23 in lower octant than in higher octant.

• The sensitivity for θtrue23 = 41◦ (LO) is more than 3σ for 46%(32%) values of the

δtrue13 for δtrue14 = 0◦(90◦) with beam only data. However, in case of θtrue23 = 49◦ (HO)
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3σ sensitivity isn’t observed for any values of δtrue13 as 2σ sensitivity is achieved for

42%(100%) values of the δtrue13 for δtrue14 = 0◦(90◦).

• For the combination of both the beam and the atmospheric data (w/o charge-id),

the sensitivity for θ23 = 49◦ increases to more than 3σ for 38%(30%) values of the

δtrue13 while for 41◦ the whole δtrue13 parameter space is allowed.

• When we use the combined data for beam and atmospheric neutrinos with charge-

id, the sensitivity improves further to provide more than 3σ for all δtrue13 values

θ23 = 41◦ and for 53%(48%) of δtrue13 values corresponding to δtrue14 = 0◦(90◦) for

θ23 = 49◦.

In fig. 3.18, the octant sensitivity is depicted as a function of δtrue13 corresponding to

θtrue23 = 41◦ (blue) and 49◦ (red) for true values of θ14, θ24 = 4◦. In the left panel, δtrue14

is taken as 0◦, and in the right panel, it is 90◦. The dotted curves denote sensitivity for

beam only cases, whereas the dashed ones are for beam + atmospheric(with charge id)

cases.
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Figure 3.18: Sensitivity to the octant of θ23 with beam only (dotted) and
beam+atmospheric with charge-id (dashed) analysis as a function of δtrue13 for true values
of δ14 = 0◦ (left), 90◦ (right). The representative plots are shown for true values of θ23
in HO (red), LO (blue), and θ14, θ24 = 4◦.

We observe the following in fig. 3.18,

• An increase in the sensitivity in beam only and beam+atmospheric scenarios com-

pared to the sensitivity obtained for the true value of θ14, θ24 = 7◦ (fig. 3.17).
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• The sensitivity for θ23 = 49◦ is more than 3σ irrespective of δtrue13 values when we

consider the beam + atmospheric (with charge-id) analysis.

• For true value of θ23 = 41◦, the octant sensitivity is greater than 4σ over the full

range of δtrue13 .

The percentage of δtrue13 values for which more than 2σ, 3σ octant sensitivity for true

value of θ14, θ24 = 4◦ is achieved have been enlisted in fig. 3.6.

θ23 δ14 Above 2σ Above 3σ Above 2σ Above 3σ

Beam+Atmospheric with charge-id Beam

True Value 3.5+3.5 Years, θ14 = 4◦, θ24 = 4◦

41◦ 0◦ 100% 100% 100% 100%
49◦ 0◦ 100% 100% 100% 50%
41◦ 90◦ 100% 100% 100% 75%
49◦ 90◦ 100% 100% 100% 36%

Table 3.6: The percentages of δtrue13 parameter space that has χ2 value above 2σ, 3σ for
various combination of true values of θ23, δ14, and θ14, θ24 = 4◦ as seen in fig. 3.18

One of the noteworthy features of a liquid argon detector is its sensitivity to both

electron and muon events. In order to explore if there is any synergy between these, we

show in fig. 3.19 how the value of χ2 for octant sensitivity from muon (red) and electron

events (blue) varies with θtest23 . These sensitivity curves are obtained using true values

of θ23 = 41◦, δ13 = −90◦, δ14 = 90◦ for beam (left) and atmospheric (right) neutrinos.
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Figure 3.19: Octant sensitivity as a function of θtest23 from beam (left), and atmospheric
(right) neutrinos using 280 kt-yr exposure of LArTPC detector with θtr23 = 41◦, δtr13 =
−90◦, δtr14 = 90◦.
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The observations from fig. 3.19 are as follows,

• In the case of beam neutrinos, the octant sensitivity for appearance channel in-

creases with θtest23 whereas the sensitivity for disappearance channel mimics the

nature of sin2 2θ23 with minima at 41◦, and 50◦. This different feature of octant

sensitivity for Pµe, Pµµ channels can be seen in fig. 3.13. When we combine these

two channels, the position of minimum sensitivity at θtest23 = 50◦ is still guided by

muon events but due to the rising nature of electron χ2 a large octant sensitive

contribution gets added and increases the overall value of the χ2.

• For atmospheric neutrinos, both muon and electron χ2 are similar. The muon χ2

is dictated by probabilities Pµµ, Peµ, and the octant sensitivity coming from these

channels is opposite, which dilutes the sensitivity for muons. On the other hand,

for electron events, the octant sensitivity comes from only Pµe since Pee doesn’t

depend on θ23. Therefore, even though atmospheric νµ flux is almost twice as νe

flux, both muon and electron events can give similar values of χ2. These features

were also noted in three flavor case in [208].

In order to understand the θ23-δ13-δ14 degeneracies listed in table 3.2, we have provided

the contour plots in δ13-δ14 plane showing the regions with octant sensitivity more than

3σ. In fig. 3.20, the 3σ contours are shown for the true value of sterile CP phase

δ14 = 0◦ with four different true values of δ13 = −90◦, 0◦, 90◦, 150◦. In each panel, the

solid (dashed) lines represent the RO (WO) solutions. The blue, yellow (violet, red)

correspond to contours from beam only (beam and atmospheric combined) analysis for

θtrue23 = 41◦, 49◦ respectively.
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Figure 3.20: 3σ contour plot of sensitivity to the octant of θ23 in test δ13 − δ14 plane
with 7 years of data for δtrue14 = 0◦ and δtrue13 = −90◦, 0◦, 90◦, 150◦ in panels a,b,c,d
respectively. The representative plots are shown for the true value of θ23 = 41◦ in LO
(blue and violet) and 49◦ in HO (yellow and red) for right octant solutions(solid) and
wrong octant solutions(dashed) for simulated beam only (B) and beam+atmospheric
(B+A) data.

True δ13 True δ14 Present Degeneracies

−90◦ 0◦ WO-Rδ13-Wδ14
0◦ 0◦ WO-Rδ13-Rδ14(49

◦), WO-Rδ13-Wδ14(41
◦)

90◦ 0◦ WO-Rδ13-Wδ14(49
◦)

150◦ 0◦ WO-Rδ13-Rδ14(49
◦), WO-Rδ13-Wδ14(49

◦)

Table 3.7: The degeneracies for different true value of δ13 with true δ14 = 0◦ as seen in
fig. 3.20.
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Figure 3.21: 3σ contour plot of sensitivity to the octant of θ23 in test δ13−δ14 plane with
7 years of beam only simulated data for δtrue14 = 90◦ and δtrue13 = −90◦, 0◦, 90◦, 150◦ in
panels a,b,c,d respectively. The representative plots are shown for true value of θ23 = 41◦

in LO (blue) and 49◦(yellow) in HO for right octant solutions(solid) and wrong octant
solutions(dashed).

True δ13 True δ14 Present Degeneracies

−90◦ 90◦ WO-Rδ13-Rδ14(49
◦), WO-Rδ13-Wδ14(49

◦)
0◦ 90◦ WO-Rδ13-Wδ14
90◦ 90◦ WO-Wδ13-Wδ14(49

◦), WO-Rδ13-Wδ14(41
◦)

150◦ 90◦ WO-Rδ13-Wδ14

Table 3.8: The degeneracies for different true value of δ13 with true δ14 = 90◦ as seen in
fig. 3.21.

The noteworthy observations from fig. 3.20 are as follows,

• In panel ”a”, the solid contours spanning the full range of δ14 indicate true solu-

tions with poor precision in δ14 for both θtrue23 = 41◦, 49◦. We also observe dashed
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contours indicating WO-Rδ13-Wδ14 solutions for both θtrue23 .

• In the panel ”b”, the precision of the true solutions improves significantly. A small

region of WO solutions for θtrue23 = 49◦ occurs adjacent to the true value. We also

find WO-Rδ13-Wδ14 solutions for θtrue23 = 41◦.

• Comparing the true solutions in panels ”c”, and ”d” but the precision of δ14

is notably better in ”d”. In these panels, WO solutions are present for only

θtrue23 = 49◦. For θtrue23 = 41◦, the octant can be determined at more than 3σ

sensitivity as seen from the solid blue curve in the left panel of fig. 3.16 and hence

WO solutions are not observed. In panel ”c” we find WO-Rδ13-Wδ14 solution

wheres the WO-Rδ13 solutions are observed in panel ”d”.

• Inclusion of atmospheric analysis shrinks all the contours improving octant sen-

sitivity. The choice of δtrue13 affects the precision of RO solutions as well as the

occurrence of degeneracies.

Similarly, we have plotted the 3σ contours in fig. 3.21 showing WO (dashed), and

RO (solid) solutions w.r.t. true values of θ23 = 41◦ (blue), and 49◦ (yellow) for the

true value of δ14 = 90◦ with δ13 = −90◦, 0◦, 90◦, 150◦ using beam-only analysis. The

observations from fig. 3.21 are as follows,

• In panel ”a”, we see the WO-Rδ13 solutions spanning the full range of δ14 for only

θtrue23 = 49◦. We also find true solutions with notable precision in δ14 for both

θtrue23 = 41◦, 49◦ as compared to panel ”a” in fig. 3.20.

• In panel ”b”, the precision of δ14 in true solutions deteriorates w.r.t panel ”a”

covering the full δ14 range. We observe a small region of WO-Rδ13-Wδ14 solution

for θtrue23 = 49◦, along with a bigger region of WO-Rδ13-Wδ14 solution for θtrue23 =

41◦.

• In panels ”c” and ”d”, the true solutions show better precision in δ14 as compared

to the same panels in fig. 3.20. We can also observe for θtrue23 = 49◦ a tine region of

WO-Wδ13-Wδ14 in panel ”c” while in panel ”d” WO-Rδ13-Wδ14 solutions occur.

There are WO-Rδ13-Wδ14 solutions for θtrue23 = 41◦ in both panel ”c”, and ”d” but

the region is smaller in ”c”.
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• Overall, we see the precision of the RO true solutions along with the size and type

of WO contours depend on δtrue13 for fixed δtrue14 .

The most common degeneracies seen in fig. 3.20, fig. 3.21 are WO-Rδ13-Rδ14, WO-Rδ13-

Wδ14. It indicates that the presence of δ14 creates more problems in precise measurement

of the octant of θ23. We also observe true solutions with poor precision in δ14. If we

repeat the above analysis for true values of θ14, θ24 = 4◦ along with marginalization in

the range of 0− 6◦, the 3σ contours get smaller due to higher octant sensitivity.

The regions under 3σ sensitivity in the contour plots of fig. 3.20, fig. 3.21 can be

understood using the difference in the probability plots in δ13−δ14 plane. We will mainly

focus on the dominant Pµe channel to understand the effect.

Figure 3.22: Contour plot in test δ13 − δ14 plane showing the difference in probability
∆Pµe with θ23 being fixed at one octant while θ23 varies in the opposite octant for
WO solutions (right) and in the same octant for RO solutions (left) at true values of
δ13 = −90◦, δ14 = 0◦, θ23 = 49◦(top), 41◦(bottom). Black and dark red show the least
differences, while blue and white show the highest.

In fig. 3.22, the contour plot in test δ13-δ14 plane represents the difference between
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the probabilities Pµe of opposite octants while varying the θ23 value only in same (left)

/opposite (right) octant for the true θ23 = 49◦(top), 41◦(bottom) with δtr13 = −90◦, δtr14 =

0◦ corresponding to panel ”a” of fig. 3.20. The understandings are as follows,

• First, we consider the right octant solutions in the panels at the left side column. It

can be clearly seen that the black and darker red regions around the true value on

the left side of δ13−δ14 plane where the difference in the probability is minimum in

fig. 3.22 is similar to the 3σ regions under the solid curves in panel ”a” of fig. 3.20.

These darker regions also indicate poor precision of δ14.

• For 49◦-WO solution, minima arise in the darker red region, including the true

value in the top-right panel of fig. 3.22 similar to the yellow-dashed contour in

panel ”a” of fig. 3.20. Similarly, for 41◦-WO solutions in the bottom-right panel,

the minimum difference is observed in the darker red region just above the true

value similar to the blue-dashed contour in the panel ”a” of fig. 3.20. These darker

red regions clearly show precise WO-Rδ13-Wδ14 degenerate solutions.

3.6.2 Sensitivity to sign of ∆31

Here, we demonstrate the sensitivity to the atmospheric mass ordering in the presence

of a sterile neutrino. The sensitivity to the atmospheric mass ordering is probed in the

presence of a sterile neutrino corresponding to the mass squared difference of 1 eV2.
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Figure 3.23: The sensitivity to the atmospheric mass ordering as a function of true δ13
for various δtrue14 values at 1300 km baseline considering normal (left), inverted (right)
ordering. Grey bands correspond to variation in δtrue14 .

In fig. 3.23, the sensitivity to the mass ordering (MO),i.e., the sign of ∆31, is presented

as a function of δtrue13 in standard three flavor framework (black) for normal (left) and

inverted (right) ordering. We also present the sensitivity in the presence of a sterile

neutrino corresponding to SNO-NO (left), and SNO-IO (right) for true values of δ14 =

0◦(blue), 90◦(green), −90◦(orange), 180◦(red). We will call −180◦ < δ13 ≤ 0◦ as the

lower half plane and 0◦ < δ13 ≤ 180◦ as the upper half plane throughout this section.

The important points to be noted are,

• The sensitivity decreases in the presence of a sterile neutrino compared to the

three flavor case.
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• The sensitivity for sterile cases depends on the true values of δ14, δ13.

• For θ14, θ24 = 4◦, the sensitivity is higher than θ14, θ24 = 7◦ and also closer to

the standard 3ν case. This is due to the evident fact that the smaller the sterile

mixing angles are the 3+1 oscillation framework is more similar to the standard

case.

• For NO, in the lower half plane of true δ13 the highest sensitivity is observed for

δtrue14 = −90◦ (orange) whereas in the upper half plane, same curve gives the lowest

sensitivity.

• For IO, δtrue14 = 0◦ (blue) shows the lowest sensitivity in the lower half plane of

true δ13 and also the highest sensitivity in the upper half-plane.

In fig. 3.24, we present the effect of θ34 on sensitivity to the atmospheric mass

ordering. In this plot, the sensitivity is shown as a function of true δ13 for various

combinations of true values of θ34, δ34. We consider θ34 = 0◦ at δ34 = 0◦(green dotted),

and 7◦(blue dot-dashed), 30◦ (blue solid) at δ14 = 90◦ along with a sensitivity curve for

standard three flavors (black). The observations are as follows,

• The sensitivity decreases more with higher values of θ34.

• The impact of θ34 is more in the normal ordering than in the inverted case.

• In the combined analysis of beam and atmospheric data, the sensitivity gets post

and provides higher values than standard beam analysis. The decrease in sensi-

tivity due to non-zero θ34 then gets compensated.
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Figure 3.24: The sensitivity to mass ordering as a function of δtrue13 for various θtrue34 values
for beam neutrinos with 1300 km baseline for normal (left), inverted (right) ordering

Next, we include the atmospheric neutrinos and evaluate the sensitivity of atmo-

spheric mass ordering. In the case of atmospheric neutrinos, we incorporate charge id

identification which can partially separate µ+, µ− events. In fig. 3.25, the MO sensitiv-

ity is shown as a function of true δ13 corresponding to the analysis of only atmospheric

(blue), only beam neutrinos and a combination of them both (green). The cases with

charge identification in both atmospheric only (violet) and combined analysis (orange)

are also depicted. The representative sensitivity curves are obtained for θ14, θ24 = 7◦,

δ14 = 0◦ corresponding to true hierarchy considered as normal (left) and inverted (right).

The observations from fig. 3.25 are following,

• Sensitivity for atmospheric neutrinos doesn’t have significant dependence on δ13.

• Although the sensitivity decreases with the inclusion of sterile neutrino w.r.t. stan-

dard three flavor (beam only) case, combining atmospheric neutrinos with beam

again lifts the sensitivity.

• We observe slightly higher sensitivity when we use partial charge identification for

atmospheric neutrinos. This also leads to higher sensitivity for combined analysis.
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Figure 3.25: Atmospheric mass ordering sensitivity as a function of δtrue13 correspond-
ing to the analysis of only beam (red), only atmospheric (violet), combined atmo-
spheric+beam (green) neutrinos for normal (left) and inverted (right) hierarchy with
400 kt-yr exposure of LArTPC

3.7 Conclusions

In this work, we expound the possibility of determining the octant of θ23, in the 3+1

framework, assuming the presence of an extra sterile neutrino in addition to the three

standard ones. We present our results for a beam based long baseline experiment as well

as for atmospheric neutrinos considering a LArTPC detector. We also do a combined

analysis of both beam and atmospheric neutrinos and probe the synergies between these

two options, which can result in an enhanced sensitivity. For the beam neutrinos, the

typical baseline considered in our study is 1300 km which is similar to that proposed by

the DUNE collaboration. We provide the analytic expressions for oscillation probabilities

in the presence of an extra sterile neutrino using the approximation that the mass

squared difference ∆21 is zero. We show that these expressions match well with the

numerical probabilities, especially in the resonance region.

We study in detail the different parameter degeneracies, emphasizing especially the

influence of the phases δ13, δ14 in the determination of octant of θ23. This is done by

plotting the probability curves for two different θ23 values belonging to the opposite

octants– (i) as a function of δ13/δ14 for fixed energy and baseline, (ii) as a function of

energy, for varying δ13, δ14 at fixed baselines. We also illustrate (iii) the difference in
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the appearance and disappearance probabilities for two values θ23 belonging to opposite

octants in the cos θν − E plane.

We perform a χ2 analysis and show that for a set of true values of sterile parameters,

one can achieve more than 3σ octant sensitivity depending upon the true value of δ13

using beam neutrinos. The representative true values of the sterile neutrino parameters

considered by us correspond to ∆41 = 1 eV2, [θ14, θ24] = 7◦ and 4◦, δ14 = 0◦, and 90◦,

θ34 = 0◦. For true values of θ14, θ24 = 7◦, θ23 = 41◦(49◦), and δ14 = 90◦ one gets more

than 3σ sensitivity for 51%(18%) of the δtrue13 space. On the other hand for true values

of θ14, θ24 = 4◦, the sensitivity for θ23 = 41◦(49◦), and δ14 = 90◦ reaches more than 3σ

sensitivity for 75%(36%) of the δtrue13 space. It can be noted that greater sensitivity is

obtained when true values of θ14, θ24 are smaller.

In case of θ14, θ24 = 7◦, combining the beam and the atmospheric neutrinos (with

charge-id), we can obtain 3σ sensitivity in the 100%(48%) of the δtrue13 space for θ23 =

41◦(49◦), δ14 = 90◦. However, the sensitivity for θ23 = 41◦(49◦), δ14 = 90◦ is over 3σ for

entire range of δtrue13 when θ14, θ24 = 4◦.

At fixed hierarchy, there can be a total of 8-fold degeneracies (Table 3.2) with at

least one of the parameters - octant of θ23, δ13, δ14 assuming a wrong value. We also

identify the extra degeneracies due to the presence of δ14 assuming the normal hierarchy

and summarise these in table 3.7, and table 3.8. We can conclude that the presence of

the phase δ14 leads to the occurrence of new degeneracies that hinders the discovery of

the octant of θ23 precisely.

The sensitivity of atmospheric mass ordering (MO) for ∆41 = 1 eV2 gets diminished

w.r.t. to the 3ν case in the presence of a sterile neutrino with the decrement being

higher for larger values of θ14, θ24 and also dependent on δ13, δ14. The sensitivity to

MO decreases further in the presence of non-zero θ34. However, with the combined

analysis of beam and atmospheric neutrino, we are able to recover the sensitivity over

10σ irrespective of the choice of true values of δ13, δ14.

In summary, the combination of the beam and the atmospheric neutrinos provides

promising results using a LArTPC detector in the presence of an eV scale sterile neu-

trino.
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Where knowledge is free

Where the world has not been broken up into fragments by narrow domestic walls”

Rabindranath Tagore

4
Effect of a very light sterile neutrino on

mass ordering and octant of θ23

In this chapter, we explore the effects of very light sterile neutrinos corresponding to

10−4−10−1 eV2 on the mass orderings and octant of θ23. We obtain the sensitivity to the

sign of ∆41 and ∆31 along with octant of θ23 in a LArTPC using beam neutrinos with

the detector at a baseline of 1300 km as well as atmospheric neutrinos. This chapter is

based on [222].
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4.1 Introduction: a light sterile neutrino

The next-generation experiments open up the door to explore beyond standard model

(BSM) physics, which can occur at a sub-leading level. In the previous chapter, we have

discussed one such scenario of an eV scale light sterile neutrino scenario motivated by

three long-standing anomalies observed in the LSND[142, 223], MiniBooNE experiment

[224, 225] and radio-chemical gallium experiments [226–228]. In this chapter, we have

considered very light sterile neutrinos at sub-eV energy scales.

A sterile neutrino is a neutral SU(2)×U(1) singlet with no ordinary weak interaction

except those induced by the mixing. Very heavy sterile neutrinos (1014 − 1016 GeV)

are proposed as the mediators in the type I seesaw model[229–231] which can give rise

to small neutrino masses. They also play a significant role in leptogenesis[232, 233].

Such neutrinos are natural candidates in grand unified theories. Sterile neutrinos of

TeV energies have also been studied in the context of low-scale seesaw models[234, 235].

Sterile neutrinos of keV mass are especially interesting because the sterile neutrinos

would be a viable dark matter candidate[236].

Can there be sterile neutrinos lighter than the eV scale? In the presence of a sterile

neutrino, there is a new mass squared difference ∆41 = m2
4−m2

1. A very light sterile neu-

trino corresponding to the mass-squared difference in ranges 10−4− 0.1 eV2 is expected

to be consistent with cosmological mass bounds. It was suggested in ref. [237] that

the existence of a very light (≈ 10−5eV 2) sterile neutrino can provide the explanation

for the lack of upturn in the solar neutrino oscillation probability below ≈ 8 MeV. A

recent study has probed the possibility of alleviating the tension between the results of

the ongoing beam experiments, T2K and NOνA for the value δcp using very light sterile

neutrino with a wide mass difference range of 10−5 : 0.1 eV2[238].

We focus our study on only one sterile neutrino added to the three light neutrinos,

namely the 3+1 framework, and consider a wide mass range for |∆41| varying in the

range of 10−4−1 eV2. The cosmological constraints on the sum of all the neutrino masses

imply that the sign of ∆41 can not be negative for ∆41 > 0.1 eV2. However, both signs

of ∆41 are possible for lower mass squared differences. In this work, we investigate

the possibility of determining (i) the sign of ∆31 in the presence of a sterile neutrino

corresponding to ∆41 in the range of 10−4 − 0.1 eV2; (ii) the sign of ∆m2
41 for the mass
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range 10−4 − 0.1 eV2. To answer these questions, we use a liquid argon time projection

chamber (LArTPC) capable of detecting both beam and atmospheric neutrinos. The

typical baseline we have used for the beam neutrinos is ∼ 1300 km, similar to the

DUNE experiment. We delineate the sensitivities to mass ordering by performing a

combined analysis of beam and atmospheric neutrinos, along with a separate study for

each. Additionally, we present the results, including the charge tagging capability of

muon capture in liquid argon, allowing one to differentiate between µ+ and µ− events

in the context of atmospheric neutrinos.

The implications of light sterile neutrino in the context of reactor experiments with

medium baseline like Double Chooz, Daya Bay, and RENO have been performed in

[239]. The mass ordering in the presence of a light sterile neutrino has been studied in

ref. [215] with the additional mass squared difference varying in a wide range in the

context of a magnetized iron calorimeter detector proposed by the India-based Neutrino

Observatory (INO) collaboration. There are other studies related to sterile neutrino

with eV scale mass[240–245]. Recently, the sensitivity of the sterile mass ordering in

the same mass range has been studied in reference [246] in the context of the DUNE

experiment using beam neutrinos. We perform our study in the context of a liquid

argon time projection chamber detector as in DUNE, using both beam and atmospheric

neutrino events separately as well as in a combined analysis.

The plan of this chapter is as follows. In section 4.2, we present the 3+1 framework

which is used for the analysis. In section 4.3 we present the probability level study of

Pµe, Pµµ in the presence of a sterile neutrino and explore the effect of sterile mixing and

point out where these effects will be significant. Simulation procedure used both for the

neutrinos coming from the beam and atmosphere, detector specification, and numerical

analysis are given in section 4.4. Next, in section 4.5, we present and discuss the results.

Finally, we conclude in section 4.6.

4.2 Mass orderings in the 3+1 framework:

The 3+1 oscillation framework has been discussed in the previous chapter. In the pres-

ence of a very light sterile neutrino, there is an additional independent mass-squared

difference ∆41. The sign of both ∆31,∆41 are unknown. The possible mass orderings,
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in this case, are shown in Figure 4.1. There can be four possibilities,

(i) SNO-NO: where ∆41 > 0 and ∆31 > 0. The positioning of the 4th state depends on

the value of |∆41|. For |∆41| > 10−3 eV2 the 4th state lies above the 3rd state while if

it is < 10−3 eV2 it lies below the 3rd state.

(ii) SNO-IO: in this case ∆41 > 0 and ∆31 < 0 corresponding to Inverted ordering of

the light active neutrinos. In this case, the 4th state lies above the three active states

with positioning depending on the value of |∆41|.

(iii) SIO-NO: this corresponds to ∆41 < 0 and ∆31 > 0. The 4th state will always lie

below the lightest. active states with the placement depending on the value of |∆m2
41|.

(iv) SIO-IO: for this case both ∆41 and ∆31 are < 0. For |∆41| < 10−3 eV2, the 4th

state lies above m3.
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Figure 4.1: The 3+1 mass spectrum: mass ordering in the presence of an extra sterile
neutrino state m4 (blue) corresponding to two different sterile mass squared difference:
A. |∆41| ∼ 1 eV2, B. |∆41| ∼ 10−4 eV2 when the standard mass ordering ∆31 lead by
m3 (red) can be both +ve and -ve.

Note that the usual 3+1 picture corresponds to the cases (i) and (ii) with ∆m2
41 ∼

eV2. The Cases (iii) and (iv) with ∆m2
41 ∼ eV2 are disfavored from cosmology,
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4.3 Probability level analysis

The appearance probability calculated using α−s13 approximation in [246] is well suited

for any ∆41 value and at 1300 km and can be expressed as,

Pm
µe = 4s213s

2
23

sin2[(A′ − 1)∆]

(A′ − 1)2
+ 8αs13s12c12s23c23

sin[A∆]

A′
sin[(A′ − 1)∆]

A′ − 1
cos(∆ + δ13)

+4s13s14s24s23
sin[(A′ − 1)∆]

A′ − 1
[P s

14 sin δ
′
14 + P c

14 cos δ
′
14]

,

(4.1)

where the terms corresponding to sterile neutrino are,

P s
14 = R[

1

2
A′c23 + (R− 1)(1 + s223)]

sin[(R− 1 + A′

2 )∆]

R− 1 + A′

2

sin[(R− A′

2 )∆]

R− A′

2

+Rc223 sin[(R− 1− A′

2
)∆]

sin[(R+ A′

2 )∆]

R+ A′

2

(4.2)

P c
14 =

R

R− 1
2

(
[R− 1

2
s223 −

1

2
] cos[(R− 1− A′

2
)∆]

sin[(R− A′

2 )∆]

R− A′

2

+s223(R− 1) cos[(R− A′

2
)∆]

sin[(R− 1 + A′

2 )∆]

R− 1 + A′

2

+ s223
sin[(A′ − 1)∆]

A′ − 1

)

+Rc223 cos[(R− 1 +
A′

2
∆]

sin[(R+ A′

2 )∆]

R+ A′

2

, (4.3)

and A′ = A
∆31

, R = ∆41
∆31

, ∆ = 1.27∆31L
E , δ′14 = δ13 + δ14 and cij ∼ cos θij , sij ∼ sin θij .

at limit R >> 1, for R >> A′

2 , approximately R − A′

2 ≃ R + A′

2 ≃ R, also R − 1
2 ≃ R,

R− 1
2s

2
23 − 1

2 ≃ R

P s
14 ≃

1

2
A′c23

sin[(R− 1)∆]

R− 1
sin[R∆] + 2 sin[(R− 1)∆] sin[R∆] ≃ (

1

2R
A′c23 + 2) sin[R∆]2

(4.4)

P c
14 ≃(1 + c223) cos[(R− 1)∆] sin[R∆] + s223 cos[R∆] sin[(R− 1)∆] + s223

sin[(A′ − 1)∆]

A′ − 1

≃ sin[2R∆] + s223
sin[(A′ − 1)∆]

A′ − 1
(4.5)
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4.3.1 Effect of sterile parameters on sign of ∆31

In this subsection, the sensitivity for the sign of ∆31 has been looked into at various

values of the sterile mass squared difference ∆41, considered over a range of 10−4 : 1 eV2.

To understand the effect of ∆41 on sensitivity to atmospheric mass ordering, we check

the difference in appearance probability ∆Pµe. We consider the minimum difference

∆Pµe by fixing Pµe for a particular sign of ∆31 with constant δ13, δ14 and varying the

phases and ∆31 for the probability for the opposite sign of ∆31. The phases are varied

over their full range, and for ∆31, the current 3σ range is considered.

∆Pµe = |P true
µe (∆31, δ13, δ14)− P test

µe (−∆′
31, δ

′
13, δ

′
14)|min (4.6)

In fig. 4.2, we illustrate the difference ∆Pµe (using GLoBES) due to the change in

sign of ∆31 in the ∆41 − Eν plane at 1300 km. In the panels of this figure, the label

SNO-NO refers to the true value with ∆41 = +ve, ∆31 = +ve. The observations are as

follows,

• Around ∆41 = 2.5× 10−3 eV2, we see either very high or low values of ∆Pµe

• We observe an oscillating pattern of ∆Pµe along ∆41 for a fixed energy. This

oscillation becomes rapid at higher ∆41 values.

• Significant contribution to ∆Pµe is seen for energies in the range of 1.5− 4 GeV.

• For the SNO-NO case (top panels), the occurrence for maxima and minima reverses

for δ13 = 90◦, and −90◦.

• However, for the SNO-IO case, the maxima and minima occur at the same ∆41

for δ13 = 90◦,−90◦. Although, the magnitude is higher for δ13 = 90◦.
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Figure 4.2: Difference in appearance channel probability ∆Pµe for different atmospheric
mass orderings as a function of ∆true

41 and Eν at 1300 km baseline for SNO-NO (above)
and SNO-IO (below).

4.3.2 Effect on sign of ∆41 in Pµe channel

As we consider ∆41 in the rage 5 × 10−4 : 10−1 eV2, the sterile mass ordering also

becomes unknown, giving us four possibilities depending on the ordering of the three

active states as discussed in section 2 from fig. 4.1. Therefore, in this section, we study

how to determine the sterile mass ordering. We define the difference in the probability

for different signs of the sterile mass squared difference |delta41 with the probability

being fixed for one sign of ∆41 and varies for the other sign as,

∆Ps = |P true
µα (+∆41, δ13, δ14)− P test

µα (−∆′
41, δ

′
13, δ

′
14)|min (4.7)
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The value of ∆Ps marginalized over phase δ14 with other oscillation parameters

fixed gives us an idea about the sensitivity to the sterile mass hierarchy coming from

the appearance channel. We investigate the difference in probability ∆Ps for appearance

(left) and disappearance channel(right) over a wide range of the sterile mass squared

difference and neutrino energy in fig. 4.3 for θ14, θ24 = 7◦, δ13 = −90◦ at 1300 km

baseline (top) and 7000 km (bottom). It can be observed that the high values of ∆Ps

are mostly concentrated in the mass square range of 10−3 : 10−2 eV2 range. In Pµe

channel, the contribution is lower than Pµµ. The difference is observed to be larger at

higher baselines.
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Figure 4.3: Difference in appearance probability ∆Pµe (left), and disappearance proba-
bility ∆Pµµ (right) for different sterile mass ordering in the ∆41 −Eν plane at 1300 km
(top), 7000 km(bottom).
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Higher difference is observed around ∆41 = 1 − 2 × 10−3 eV2 while a dip is found

immediately after around ∆41 = 2.5−3×10−3 eV2 in Pµe channel. In Pµµ channel below

4 GeV, a similar pattern is observed. However, at higher energies, we observe a region

of high ∆P value in the range 1 − 6 eV2 for 1300 km, and 1 − 3 eV2 at 7000 km. For

1300 km, above 4 GeV, the no of beam events is low, leading to a smaller contribution

towards sensitivity. In the case of a higher baseline of 7000 km, the atmospheric events

are significant at higher energies and contribute to sensitivity.

4.4 Simulation procedure and the experimental details

The experimental setup under consideration consists of a megawatt-scale muon neutrino

beam source accompanied by a near detector (ND) and a far detector(FD). The ND will

be placed close to the source of the beam, while the FD, comprising a 40 Kton LArTPC

detector, is placed at a distance of 1300 km away from the neutrino source. The large

LArTPC at an underground observatory is also capable of observing atmospheric neu-

trinos. The proposed DUNE experiment has a similar experimental configuration[170].

In this analysis, both neutrino beams coming from the accelerator and the atmospheric

neutrinos have been considered.

A beam-power of 1.2MW leading to a total exposure of 10 × 1021 pot has been

implemented for the numerical analysis. The neutrino beam simulation has been carried

out using the GLoBES[103] software. We assume the experiment to be running for 3.5

years each in the neutrino mode and the antineutrino mode.

We use the pull method to calculate χ2 using the systemic uncertainties specified

in table 3.3. Finally, we marginalize the χ2 over the allowed range of the oscillation

parameters as mentioned in table 4.1. For the combined analysis, we add the chi-square

for beam and atmospheric and then marginalize over the oscillation parameters. The

marginalization has been performed in θ23, θ14, θ24, δ13, δ14 over the range specified in

table 4.1 for all cases unless otherwise mentioned.
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Parameter True Values Marginalization Range

θ12 33.47◦ N.A.
θ13 8.54◦ N.A.
θ23 45◦ 39◦ : 51◦

θ14, θ24 7◦ 0◦ : 10◦

θ34 0◦, 7◦, 15◦ 0◦ : 17◦

∆21 7.42× 10−5 eV2 N.A.
∆31(NO) 2.5× 10−3 eV2 −(2.42 : 2.62)× 10−3 eV2

∆31(IO) −2.5× 10−3 eV2 (2.42 : 2.62)× 10−3 eV2

∆41 (for MO) 1 eV2 N.A.
∆41 (for SMO) 0.0005 : 0.01 eV2 ±15% of −∆41

δ13 many −180◦ : 180◦
δ14 0◦, 90◦,−90◦ −180◦ : 180◦

Table 4.1: The table depicts true values of all the parameters and their range of marginal-
ization as used in our analysis.

4.5 Numerical Results and Discussions

In this section, we present the results for the analysis of beam only, a combination of

beam and atmospheric data in the following scenarios,

• determination of the sign of ∆31 in the range of ∆41 = 5× 10−4 : 0.1 eV2

• determination the sign of ∆41 when it’s value lies in the range of 5 × 10−4 : 0.1

eV2

• probing the octant sensitivity when the range of ∆41 = 5× 10−4 : 0.1 eV2.

Sensitivity of the sign of ∆31 for ∆41 = 10−4 : 10−1 eV2

In this section, we study how the sensitivity to the sign of ∆31 behaves with ∆41 where

the latter varies in the range of 10−4 : 10−1 eV2. Note that for ∆41 ∼ 1 eV2, only SNO-

NO, and SNO-IO cases are cosmologically allowed. However, for ∆41 = 10−4 : 10−1 eV2

all the four possibilities depicted in fig. 4.1 are allowed. Hence, we analyze the sensitivity

for all four cases.
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Figure 4.4: Sensitivity to atmospheric mass ordering as a function of δtrue13 in SNO(top),
SIO (bottom) scenarios with true ∆31 for different values of ∆true

41 at 1300 km baseline

In fig. 4.4, the MO sensitivity is shown as a function of δtrue13 at various true values of

∆41. The upper(lower) panels correspond to the true value in SNO (SIO) cases, while

the left (right) panels are for NO(IO). During the computation of χ2, the |∆41| is fixed

in true and test cases for this plot. The observations of significance in fig. 4.4 are as

follows,

• The nature of variation of sensitivity with δtrue13 doesn’t change significantly for

different true values of ∆41.

• Sensitivity gets notably reduced for ∆41 = 0.001 eV2(blue) at the most of values

of δtrue13 in the upper half plane (UHP) [0◦ : 180◦] in SNO-NO and SIO-IO case. In
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SNO-IO and SIO-NO cases, blue curves give minimum sensitivity over full range

of δ13

• However, sensitivity for ∆41 = 0.001 eV2 is very high in the lower half plane (LHP)

[−180◦ : 0◦] of δtrue13 in SNO-NO, SIO-IO.

• The maximum sensitivity is observed for ∆41 = 0.01 eV2(violet) in SIO-NO and

SIO-IO case for most of the δtrue13 values.

• For SIO-IO case ∆41 = 2.5 × 10−3 eV2 shows the maximum sensitivity over full

range of δtrue13 .
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Figure 4.5: Sensitivity to atmospheric mass ordering as a function of ∆true
41 with

marginalisation in ∆31 for θtrue23 = 45◦, δtrue14 = 0◦, δtrue13 = −90◦(red), 90◦(blue) at
1300 km baseline. The violet curve shows ∆P s

14 at 2.5 GeV.
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We note that for the difference in the probability for the opposite MO, the depen-

dence on ∆41 will come from the last term in eq. (4.1) and can be represented as (for

fixed θ13, θ23, θ14, θ24, δ13, δ14),

∆P st
µe ∝ 4s13s14s24s23[∆P

s
14 sin δ

′
14 +∆P c

14 cos δ
′
14], (4.8)

where for difference considered between SNO-NO and SNO-IO, we define;

∆P s,c
14 =

sin[(A′ − 1)∆]

(A′ − 1)
P s,c
14 (+∆31)−

sin[(A′ + 1)∆]

−(A′ + 1)
P s,c
14 (−∆31) (4.9)

In fig. 4.5, we have depicted the sensitivity to MO with marginalization performed

only over ∆31 with all other parameters being fixed as a function of |∆41|. The red

(blue) curve refers to δ13 = −90◦(90◦). We also show the difference in probability term

∆P s
14(4.9) evaluated at 2.5 GeV by the violet curve. The understandings from fig. 4.5

are as follows,

• Since we have chosen δ14 = 0◦ for δ13 = 90◦ and −90◦, the sign of sin δ′14 =

sin[δ13+δ14] is +1, -1 respectively and cos δ′14 = 0. If we take the phases and mixing

angles fixed for both true and test cases, then the difference in probability(4.8)

between NO and IO will only depend on ∆P s
14.

• In the case of SNO-NO, the analytic difference in probability (4.8) is given as,

∆Pµe = B sin δ′14 (4.10)

where B = 4s13s14s24s23∆P
s
14 doesn’t depend on phases. This means ∆P st

µe will be

opposite for δ13 = 90◦ and −90◦ leading to the opposite nature of chi-square. This

can be seen from the top-left panel where in the range of ∆41 : 5 × 10−4 : 10−2,

the nature of the blue and violet curves are similar as it is proportional to ∆P st
µe.

Similarly, the nature of the red curve is opposite to violet as it is proportional to

−∆P st
µe.

• The sensitivity is almost constant at R >> 1, i.e., ∆41 >> ∆31. The difference in

Pµe for fixed energy and phases will only depend on ∆P s
14 and can be evaluated



4.5 Numerical Results and Discussions 133

using eq. (4.9) for ∆41 >> 1 limit as,

∆P s
14 =

(
sin[(A′−1)∆]

(A′−1) + sin[(A′+1)∆]
(A′+1)

)
×( A′

2Rc23 + 2) sin[R∆]2 (4.11)

At R >> 1 the term sin[R∆] shows fast oscillation. Summing over all the energies,

i.e., values of ∆, A′ in the term ∆P s
14 and averaging over sin[R∆], will give constant

value.

• The sensitivity for SIO-NO is just opposite in nature to SNO-IO. Therefore, the

violet curve is similar to the red one here.

• In SIO-NO, and SIO-IO cases, we also observe that the sensitivity is opposite for

δ13 = 90◦, −90◦.

In fig. 4.6, we depict the sensitivity to the sign of ∆31 as a function of true ∆41

for δ13 = −90◦(red), 90◦(blue), and δ14 = 0◦ at 1300 km. Some interesting features of

sensitivity to the MO as seen from fig. 4.6 are as follows,

• For SNO-NO and SIO-IO cases we observe a contrasting nature of the sensitivity

between δ13 = 90◦ and −90◦. For instance, in SNO-NO, at ∆41 = 3× 10−3 eV2 a

maxima of sensitivity occurs for δ13 = 90◦ whereas minima occurs for δ13 = −90◦.

Note that a similar contrasting nature has been observed in the top two panels of

fig. 4.2 showing the oscillogram of ∆Pµe.

• However, the nature of sensitivity curves, for δ13 = 90◦ and −90◦ is similar in

SNO-IO and SIO-NO cases. We observe the same in the bottom panels of fig. 4.2

for SNO-IO case.

• In SNO-IO, and SIO-NO cases, maxima of sensitivity is around 2.5 × 10−3 eV2.

In SIO-NO, there is also a maxima for δ13 = −90◦ at ∆41 = 0.005 eV2.

• In all the cases, the minima and maxima are observed in the range of 0.001− 0.01

eV2. Beyond that, the sensitivity is relatively flat with ∆41.
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Figure 4.6: Sensitivity to atmospheric mass ordering as a function of ∆true
41 for θtrue23 =

45◦, δtrue14 = 0◦, δtrue13 = −90◦ (red), 90◦(blue) at 1300 km baseline

4.5.1 Sensitivity to sign of ∆41 (SMO)

In this section, we present the sensitivity of the sign of ∆41 considering values to be in

the range of [5× 10−4 : 10−1] eV2 for which all four possibilities depicted in figure 1 will

be viable. In fig. 4.7, the sensitivity of the sign of sterile mass squared differences are

depicted as a function of the true value of ∆41 for various true values of δ13, δ14
1. We

observe following features in fig. 4.7,

• Sensitivity curve shows two prominent maxima around true values of ∆41 = 1 ×

10−3 eV2, 5×10−3 eV2 for SNO-NO and SIO-IO cases. There is a dip in sensitivity

1This plot has been presented in ref [246] at fixed values of δ13 = 0◦, δ14 = 0◦
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Figure 4.7: Sensitivity to sterile mass ordering as a function of ∆true
41 for ∆31 = +ve(left),

−ve(right) and ∆41 = +ve(top), −ve(bottom) using different values of δtrue14 , δtrue13 at
1300 km.
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when true ∆41 is around 2.5× 10−3 eV2 due to its proximity to atmospheric mass

squared difference[246].

• In the case of SNO-IO and SIO-NO, the maxima occurs around ∆41 = 2.5× 10−3

eV2, i.e., when the sterile mass squared difference is equal to the atmospheric mass

squared difference ∆31.

• The SNO-IO and SIO-IO cases provide relatively higher sensitivity than the SNO-

NO and SIO-IO cases.

• We also observe a variation of 1σ in sensitivity at a fixed ∆41 for different values

of the phases δ13, δ14.

• The features of sensitivity in SNO-NO can also be seen from the plot of probability

difference in top panels of fig. 4.3.

In fig. 4.8, we have used the simulated data from atmospheric neutrino analysis to

perform a combined analysis of beam and atmospheric neutrinos and get the sensitivity

of the sterile mass ordering as a function of the true value of ∆41 for the true value

of phases δ13 = −90◦(left), δ14 = 90◦(right). In these four panels, it is observed that

the sensitivity to SMO is better in combined analysis than in beam neutrinos. The

nature of the sensitivity is almost similar for beam and atmospheric analysis. This can

be understood from the similar profile of difference in probabilities ∆Pνe,∆Pµµ at 1300

km and 7000 km as shown in fig. 4.2. The combined sensitivity is above 3σ for most of

the parameter space up to ∆41 = 10−2 eV2. For ∆41 value greater than that, even with

the addition of atmospheric neutrinos, we get a fixed sensitivity of 1.5σ.

4.5.2 Impact of very light sterile neutrino on octant sensitivity

In this section, we study the dependence of octant sensitivity with various mass ordering

scenarios in the presence of a light sterile neutrino. We show the results for SNH-NH,

SIH-NH, and SIH-IH scenarios. In computing the octant sensitivity we marginalize over

θ23 in opposite octant as well as over δ13, δ14, θ14, θ24, and ∆41 as given in table 4.1. We

demonstrate in fig. 4.9 the sensitivity of octant as a function of true ∆41 for θtrue23 = 49◦

(left) and 41◦ (right) in SNH-NH scenario at 1300 km baseline with different combina-

tions of true values of phases.
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Figure 4.8: Sensitivity to sterile mass hierarchy as a function of ∆true
41 using combined

beam and atmospheric neutrinos at 1300 km baseline.
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The important features of fig. 4.9 are as follows,

• Similar to the SNO case, we see a drop of sensitivity to the octant of θ23 around

∆41 = 2.5× 10−3 eV2.

• The sensitivity is observed to increase for values greater than ∆41 = 2.5−3 eV2

and reach a maximum around 10−2 eV2. The maximum sensitivity for the true

value of θ23 = 49◦ is around 4σ, whereas for lower octant true value of 41◦ the

maximum sensitivity reaches 5σ.

• At higher values of ∆41 the sensitivity falls to be around 2σ range which is also

the sensitivity for sterile neutrino with ∆41 = 1 eV2.
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Figure 4.9: Sensitivity to octant as a function of ∆true
41 for θtrue23 = 49◦(left), 41◦(right)

using different values of δtrue14 , δtrue13 in SNO-NO case at 1300 km.

In fig. 4.10, the octant sensitivity for combined analysis of beam and atmospheric neu-

trinos has been illustrated as a function of ∆ture
41 in the SNO-NO scenario. Due to the

addition of atmospheric analysis, the sensitivity to octant for θ23 = 49◦, 41◦ gets boosted

by more than 1σ w.r.t. the beam analysis results with a minimum sensitivity of 3σ.
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Figure 4.10: Sensitivity to octant as a function of ∆true
41 for θtrue23 = 49◦(left), 41◦(right)

using δtrue14 = 0◦(blue), 90◦(red), δtrue13 = 90◦ at 1300 km baseline from beam [B] analysis
(dashed), and combined beam plus atmospheric [A+B] analysis (solid)

4.6 Conclusions

Our work focuses on the effect of an additional light sterile neutrino corresponding to

the sterile mass squared difference in the range of 10−4 : 0.1 eV2 on the determination of

atmospheric mass ordering, and sterile mass ordering. This study demonstrates for the

first time the dependence of sensitivity to MO on the absolute value of ∆41 as well as

the on the true scenario of 3+1 mass spectrum (SNO-NO, SNO-IO, SIO-NO, SIO-IO).

The MO sensitivity shows significant decrements/ increments for ∆41 in the range of

10−3 : 10−2 eV2.

The presence of a light sterile neutrino gives a possibility of both positive and negative

values of ∆41. In our study, we observe the sensitivity to sterile mass ordering (SMO)

for the ∆41 = 5 × 10−4 : 0.1 eV2 in different scenarios of the 3+1 mass spectrum. The

sensitivity gets reduced when ∆41 is in proximity of ∆31. The addition of atmospheric

neutrinos boosts the sensitivity over 3σ for ∆41 < 10−2 eV2. However, for higher values

of ∆41, the sensitivity falls off ∼ 1− 1.5σ.

We have also probed the effect of ∆41 on the octant of θ23. The sensitivity is

suppressed below 2σ for values of ∆41 = 1 − 4 × 10−3 eV2 in the vicinity of ∆31.

However, the inclusion of atmospheric neutrinos helps us reinforce the sensitivity above
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3σ irrespective of values of ∆41.



”He who can listen to the music in the midst of noise can achieve great things”

Vikram Sarabhai

5
Implications of DLMA solutions at

IceCube

In this chapter, we study the implication of the IceCube data in the measurement of

the neutrino oscillation parameters, namely θ23 and δ13 in light of Dark Large Mixing

Angle (DLMA) solution of θ12 for different astrophysical sources. This chapter is based

on [247].

141
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The solar mixing angle θ12 has been precisely measured in the standard neutrino os-

cillation framework. However, an interesting problem in the neutrino oscillation sector

is the existence of the Dark Large Mixing Angle (DLMA) solution of the solar mixing

angle θ12. The DLMA solution is related to the standard Large Mixing Angle (LMA)

solution of θ12 as θDLMA
12 = 90◦ − θLMA

12 , referring to θDLMA
12 > 45◦. This solution

was shown initially to be existing in ref. [248]. However, the presence of solar matter

effects disfavoured [249] this solution. But, the inclusion of NSI made this solution resur-

face [250]. In ref. [251], it was shown that the tension between the solar and KamLAND

data regarding the measurement of ∆21 can be resolved if one introduces non-standard

interaction (NSI) in neutrino propagation [252]. However, due to the introduction of

NSI, the values of θ12 greater than 45◦, i.e., the DLMA solution also became allowed.

It has been shown that the DLMA solution is manifested from a generalized degeneracy

appearing with the sign of ∆31 when first order correction from NSI is added to the

standard three flavor NC neutrino-quark interactions [253]. Note that, in vacuum, the

total Hamiltonian for neutrino is invariant under a CPT transformation that can be

translated into a symmetry given as follows[253],

∆31 → −∆32 (5.1)

sin θ12 → cos θ12 (5.2)

δ13 → 180◦ − δ13 (5.3)

In the presence of NSI, the Hamiltonian will be CPT invariant by following the additional

transformation; along with the above ones,

ϵee − ϵµµ → −(ϵee − ϵµµ)− 2 (5.4)

ϵττ − ϵµµ → −(ϵττ − ϵµµ) (5.5)

ϵαβ → ϵ∗αβ (5.6)

Since ϵαβ depends on the matter potential, the degeneracy becomes exact only when the

matter dependence vanishes. This degeneracy implies that the neutrino mass ordering

and the true nature of θ12 can not simultaneously be determined from the neutrino

oscillation experiment. It was concluded that this degeneracy can only be solved if one

of the quantities i.e., either the neutrino mass ordering or the true nature of θ12 can be

measured from a non-oscillation experiment [254, 255]. The non-oscillation neutrino-
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nucleus scattering experiment COHERENT constrained the DLMA parameter space

severely [256]. However, these bounds are model dependent and depend on the mass of

the light mediator [257, 258]. From the previous global analysis [259], it has been shown

that the DLMA solution can be allowed at 3σ when the NSI parameters have a smaller

range of values and with light mediators of mass ≥ 10 MeV. The latest global analysis

shows that the DLMA solution is allowed at 97% C.L. or above [260].

IceCube [50] is an ongoing experiment at the South Pole that studies neutrinos from

astrophysical sources. These astrophysical sources can be active galactic nuclei (AGN),

gamma-ray bursts (GRB), etc. The astrophysical sources are located at a distance of

several kpc to Mpc from Earth, while the energies of these neutrinos are around TeV

to PeV. In AGNs and GRBs, neutrinos are produced via three basic mechanisms. The

accelerated protons (p) can interact either with photons (γ) or the matter to produce

pions (π±). These pions decay to produce muons (µ±) and muon neutrinos (νµ/ν̄µ).

Then the muons decay to produce electrons/ positrons along with electron antineutri-

nos/neutrinos (ν̄e/νe) and muon neutrinos/antineutrinos. This process is known as the

πS process which produces a neutrino flux of νe : νµ : ντ = 1 : 2 : 0 [261]. We label this

the π source. Some of the muons in the above process, due to their light mass, can get

cooled in the magnetic field, resulting in a neutrino flux ratio of 0 : 1 : 0. This is known

as the µDS process [262]. We call this the µ source. The interaction between the protons

and the photons also produces high-energy neutrons (n), which would decay to produce

a neutrino flux ratio of 1 : 0 : 0. This process is known as nS process [263]. This is

labeled as the n source. Neutrinos produced in these three sources oscillate among their

flavors before reaching Earth. It has been shown that if one assumes the tri-bi-maximal

(TBM) scheme of mixing, then the final flux ratio of the neutrinos at Earth for the π

source is 1:1:1 [264–266]. However, as the current neutrino mixing is different from the

TBM, the flux ratios at Earth will be different from that of TBM [267]. Note that one

of the authors in ref. [268] carried on a study of constraining δ13 using the first 3 years

of the IceCube data for different astrophysical sources.

In this chapter, we study the implications of the measurement of the oscillation pa-

rameters θ23 and δ13 in the IceCube data in light of the DLMA solution of θ12. Because

of the large distance of the astrophysical sources, the oscillatory terms in the neutrino

oscillation probabilities are averaged out, and as a result, the neutrino oscillation prob-
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abilities become independent of the mass square differences. Therefore, the IceCube

experiment gives us an opportunity to measure the currently unknown parameters i.e.,

θ23 and δ13 by analyzing its data. These measurements can be complementary to the

measurements of the other neutrino oscillation experiments. Further, as the oscilla-

tion probabilities are independent of ∆31, they are free from the generalized degeneracy

that appears between the neutrino mass ordering and the two different solutions of θ12.

However, as the oscillation of the astrophysical neutrinos is mostly in vacuum, the two

solutions of θ12 become degenerate with δ13.

The chapter will be organized as follows. In section 5.1, the expressions for the differ-

ent probabilities corresponding to the oscillation of the astrophysical neutrinos relevant

to IceCube are evaluated. In this section, we will locate the degeneracies associated

with the parameters. In the following section 5.2, we will lay out our analysis method

and present our results. Finally, we will summarize the important conclusions from our

study.

5.1 Oscillation of the astrophysical neutrinos

If we denote the flux of neutrinos of flavour α at the source by ϕ0α and the final oscillated

flux at Earth by ϕα, then the relation between ϕ0α and ϕα can be written as:


ϕe

ϕµ

ϕτ

 =


Pee Pµe Pτe

Peµ Pµµ Pτµ

Peτ Pµτ Pττ



ϕ0e

ϕ0µ

ϕ0τ

 , (5.7)

where Pαβ is the oscillation probability for να → νβ, with α and β being e, µ and τ .

From eq. 5.7, we can understand that the probabilities Pτe, Pτµ and Pττ don’t enter in

the calculation for the final fluxes, as ϕ0τ = 0 for all the three sources i.e, π source, µ

source, and n source. The final flux depends upon Pµe, Pµµ, and Pµτ for the µ source

(ϕ0e = ϕ0τ = 0) whereas the final flux depends only on Pee, Peµ and Peτ for the n source

(ϕ0µ = ϕ0τ = 0). Therefore, when analyzing a particular source, it will be sufficient to

look at the relevant probabilities to understand the numerical results. For the energy
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and baselines related to IceCube, the probabilities can be calculated using the formula:

Pαβ =
3∑

i=1

|Uαi|2|Uβi|2 (5.8)

where U is the PMNS matrix having the parameters θ12, θ13, θ23 and δ13. It is easy to

obtain the expressions for the different probabilities by expanding eq. 5.8:

Pee = cos4 θ12 cos
4 θ13 + sin4 θ12 cos

4 θ13 + sin4 θ13 (5.9)

Peµ = [sin2 θ13 sin
2 θ23(2−

1

2
sin2 2θ12) +

1

2
sin 2θ23 sin θ13 sin 2θ12 cos 2θ12 cos δ13

+
1

2
sin2 2θ12 cos

2 θ23+] cos2 θ13

(5.10)

Peτ = [sin2 θ13 cos
2 θ23(2−

1

2
sin2 2θ12)−

1

2
sin 2θ23 sin θ13 sin 2θ12 cos 2θ12 cos δ13

+
1

2
sin2 2θ12 sin

2 θ23+] cos2 θ13

(5.11)

Pµµ = [sin2 θ12 cos
2 θ23 + cos2 θ12 sin

2 θ13 sin
2 θ23 +

1

2
sin 2θ12 sin 2θ23 sin θ13 cos δ13]

2

+ [cos2 θ12 cos
2 θ23 + sin2 θ12 sin

2 θ13 sin
2 θ23 −

1

2
sin 2θ12 sin 2θ23 sin θ13 cos δ13]

2

+ cos4 θ13 sin
4 θ23

(5.12)

Pµτ =
1

2
cos δ13 cos 2θ12 cos 2θ23 sin 2θ12 sin 2θ23 sin θ13(1 + sin2 θ13)

+
1

4
sin2 2θ23(1−

1

2
sin2 2θ12)(1 + sin4 θ13)

1

2
sin2 2θ12 sin

2 θ13(1−
1

2
sin2 2θ23)

(5.13)

Pττ = [sin2 θ12 sin
2 θ23 + cos2 θ12 sin

2 θ13 cos
2 θ23 −

1

2
sin 2θ12 sin 2θ23 sin θ13 cos δ13]

2

+ [cos2 θ12 sin
2 θ23 + sin2 θ12 sin

2 θ13 cos
2 θ23 +

1

2
sin 2θ12 sin 2θ23 sin θ13 cos δ13]

2

+ cos4 θ13 cos
4 θ23

(5.14)

From eq.5.9, we see that the probability expression Pee is independent of θ23 and δ13

and also is invariant under θ12 and 90◦− θ12. Therefore we study only probability plots

of Pµe(Peµ), Pµµ, Pµτ , and Peτ

In fig.5.1, we have plotted the probabilities which are relevant for the IceCube energy
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Figure 5.1: First two columns show contour plots of probabilities in δ13 − θ23 plane in
polar projection. Best-fit values were taken for θ12 and θ13. The polar radius represents
θ23, and the polar angle represents δCP. Values of probabilities are represented by colors
shown next to the corresponding plot. The left column is for the LMA solution, and
the middle is for the DLMA solution. The third column shows iso-probability curves
for LMA (orange) and DLMA (blue) in conjunction. Peµ, Peτ , Pµµ and Pµτ are shown
in the panels of the first, second, third, and fourth row respectively.
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Parameter Best Fit Marginalization Range

θ12 33.4◦(56.6◦) 31.27°(54.13°) : 35.87°(58.73°)
θ13 8.62◦ 8.25° : 8.98°
θ23 42.1◦ 39◦ : 51◦

δ13 230◦ 0◦ : 360◦

Table 5.1: The table depicts the best-fit values of all the parameters and their range of
marginalization which are taken from NuFit 5.1 [101].

and baselines i.e., all the four probabilities except Pee and Pττ . In the left and middle

columns, we have presented the polar plots of probabilities in θ23 and δCP plane. The

circle’s radius represents θ23, and the polar angle represents δCP. The different color

shades correspond to different values of the probability, as shown in the z-axis. The

left column is for the LMA solution, and the middle is for the DLMA solution. Rows

represent different probabilities written next to the panels. In the right column, we show

the iso-probability curves in the θ23 - δ13 plane for both LMA and DLMA values of θ12.

The orange curves are for LMA solution and the blue curves are for DLMA solution.

The values of the oscillation probabilities are written on the curves. In all panels, the

current best-fit value of the θ23 and δ13 are marked by a STAR. We have used the current

best-fit values of θ12 and θ13 to generate this figure. These values are listed in table 5.1.

From the figure, the following observations can be made regarding the measurement

of θ23, δ13 and LMA and DLMA solution of θ12 at IceCube:

• Parameter degeneracy defined by Pαβ(θ
LMA
12 , δ13) = Pαβ(θ

DLMA
12 , 180◦ ± δ13) for a

fixed value of θ23 exists. This can be observed from the panels in the left and the

middle column in the following way. Imagine rotating the DLMA solution panels

around the central horizontal axis by 180◦ clockwise or anti-clockwise. These

panels now look the same as the ones for the LMA solution. This transformation

represents δCP → 180◦ ± δCP degeneracy between the two solutions. This can

also be seen by drawing an imaginary vertical line on panels in the right column.

For example, this is shown by the vertical line at θ23 = 42◦. Here, one can see

that the probability for point A′ (LMA) is the same as the probability in points

A and B (DLMA), where the δ13 values are related by δACP = 180◦ + δA
′

CP and

δBCP = 180◦ − δA′
CP. Similarly, for B (DLMA) there are two degenerate solutions

B′ and A′. Here, we also see that points A (A’) and B (B’) are also degenerate

with each other. We will discuss this later. The origin of degeneracy discussed
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above stems at the Hamiltonian level as the Hamiltonian of neutrino oscillation in

vacuum is invariant for the transformations shown in equations (5.1),(5.2),(5.3).

This can also be viewed from eq. 5.10 to eq. 5.13 in the following way. The differ-

ence between the probabilities due to the LMA and DLMA solutions while keeping

other parameters constant can be calculated as ∆Pαβ = Pαβ(θ12)−Pαβ(90
◦−θ12).

Then the differences are given as follows,

∆Peµ = sin 2θ12 cos 2θ12 sin θ13 cos
2 θ13 sin 2θ23 cos δ13 (5.15)

∆Peτ = − sin 2θ12 cos 2θ12 sin θ13 cos
2 θ13 sin 2θ23 cos δ13 (5.16)

∆Pµµ = 2 sin 2θ12 cos 2θ12 sin θ13 cos
2 θ13 sin 2θ23 cos δ13(sin

2 θ23 sin
2 θ13 − cos2 θ23)

(5.17)

∆Pµτ = sin 2θ12 cos 2θ12 sin θ13 cos
2 θ13 sin 2θ23 cos δ13(1 + sin2 θ13) cos 2θ23

(5.18)

It can be observed that ∆Pαβ = 0 when δ13 = 90◦ and 270◦. We identify that the

terms sin 2θ23 and cos δ13 are the reason behind degeneracies of LMA and DLMA

solutions with θ23 and δ13. If we equate the probabilities for LMA and DLMA

at fixed θ23 then the relation between different δ13 values for LMA and DLMA is

given as,

cos δLMA
13 = − cos δDLMA

13 = cos[180◦ ± δDLMA
13 ] (5.19)

Therefore from the IceCube experiment alone, it will not be possible to separate

the LMA solution from the DLMA solution. However, if δ13 can be measured from

a different experiment, then IceCube gives the opportunity to break the generalized

mass ordering degeneracy as the oscillation probabilities are independent of ∆31

in IceCube.

• In these probabilities, there also exists a degeneracy between θ23 and the two

solutions of θ12 for a given value of δ13. This can be viewed from the right column

by drawing an imaginary horizontal line in the right panels. To show this we have

drawn a horizontal line at δ13 = 230◦. This line intersects blue curves and orange

curves having equal probabilities, showing the degeneracy between θ23 and the two

solutions of θ12 for a given value of δ13. This degeneracy can also be seen on polar
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plots. Here, fixing the value of δCP is equivalent to drawing a line that comes out of

the center at a polar angle that is equal to the value of δCP. Next, we pick a certain

shade of color, which corresponds to fixing a value of the probability. By reading

the value of the radius where the line and this colored patch intersect, we get θ23,

which doesn’t necessarily have to be the same for the LMA and DLMA solutions.

However, unlike the degeneracy mentioned in the earlier item, this degeneracy is

not intrinsic.

The degenerate values of θ23 corresponding to LMA and DLMA solutions for a par-

ticular probability depend on the value of δ13. Let us show this explicitly in the case

of Peµ. This degeneracy for Peµ is defined by Peµ(θ
LMA
12 , θL23) = Peµ(θ

DLMA
12 , θD23)

which gives,

(sin θL23 + sin θD23)

{
−M2

2
cos δ13(sin

2 θL23 − sin θL23 sin θ
D
23 + sin2 θD23) (5.20)

+M1(sin θ
L
23 − sin θD23) +M2 cos δ13

}
= 0 (5.21)

(5.22)

This implies that

sin θL23 + sin θD23 = 0 , or (5.23)

− M2

2
cos δ13(sin

2 θL23 − sin θL23 sin θ
D
23 + sin2 θD23) +M1(sin θ

L
23 − sin θD23) +M2 cos δ13 = 0

(5.24)

where M1 = sin2 θ13(2− 1
2 sin

2 2θ12)− 1
2 sin

2 2θ12 and M2 = sin θ13 sin 2θ12 cos 2θ12

are constants.

The solution (sin θL23 + sin θD23) = 0 suggest that degenerate solution is given by

θL23 = 360◦ − θD23. But this can’t be observed in fig. 5.1 as 360◦ − θD23 don’t lie in

the range of 39◦ − 51◦. For the other solution, with δ13 = 90◦ and 270◦, it gives

simply sin θL23 − sin θD23 = 0, i.e., θL23 = θD23 as seen from fig. 5.1. In the case of

other values of δ13, angles θ
L
23 and θD23 are connected by a quadratic equation, i.e.,

two degenerate solutions. For δ13 = 230◦ and θL23 = 41.5◦, we obtain θD23 = 46.95◦

which is consistent with what we see in fig. 5.1. This gives a Peµ value of 0.23.

• One more degeneracy defined by δ13 → −δ13 is easily visible in left and middle

columns. It can be seen from all probability expressions as they are degenerate
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for cos δ13 = cos[−δ13] = cos[360◦− δ13]. This degeneracy within each of the LMA

and DLMA solutions can be seen if the plots are flipped around a horizontal line

going through the center. Each plot looks the same if it is flipped around that

line. As mentioned earlier, when discussing δCP → 180◦ − δCP degeneracy, this

degeneracy is the reason why points A (A′) and B (B′) in the right column are

degenerate.

In the next section, we will see how these degeneracies manifest in the analysis of

the IceCube data.

5.2 Analysis and Results

We analyze the IceCube data in terms of track by shower ratio. The advantage of using

this ratio is that one does not need the fluxes of the astrophysical neutrinos and the

exact cross-sections to analyze the data of IceCube.

Category E < 60 TeV E > 60 TeV Total

Total Events 42 60 102
Cascade 30 41 71
Track 10 17 27
Double Cascade 2 2 4

Table 5.2: The observed events are categorized and presented. The left-most column
indicates the event category, while the right-most column displays the total number of
events observed in each category. The intermediate columns separate the events based
on the reconstructed deposited energy, distinguishing between those with less than 60
TeV and those with greater than 60 TeV [269].

At IceCube, the muon event produces a track, whereas the electron and tau events

produce a shower. In table 5.2, we have listed the number of events from the 7.5 years

of IceCube data. From this data, we calculate the experimental track by shower ratio

for the neutrinos having deposited energy greater than 60 TeV as:

Rexp =
17− 1

41 + 2
=

16

43
≈ 0.372.

In the above equation, we have subtracted 1 from the numerator because this is the

number of events arising due to the atmospheric muons, and we treat this as a back-

ground. From the total number of tracks, we subtract the expected number of tracks
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produced by muons, which rounds down to 1. In the denominator, we have added the

events corresponding to cascade and double cascade to obtain the total number of shower

events. Cascade events refer to a series of decays or interactions that produce a large

number of secondary particles, and these events typically have a spherical topology. A

double cascade event occurs when an additional cascade event is created from showering

particles, and the topology of these events resembles a distorted sphere.

Morphology Cascade Track Double Cascade

Total 72.7 % 23.4 % 3.9 %

νe 56.7% 9.8% 21.1%
νµ 15.7% 72.8% 14.2%
ντ 27.6% 10.5% 64.7%
µ 0.0% 6.9% 0.0%

Table 5.3: Expected events by category for best-fit parameters above 60 TeV are pre-
sented in tabular form. Each column represents the reconstructed event morphology,
while each row corresponds to a specific particle. The top table displays the percentage
of events expected in each morphology relative to the total number of events. The bot-
tom table illustrates the percentage of events in each category for a specific morphology,
where the percentages were calculated with respect to the total number of expected
events for that particular morphology. When addressing background noise, the contri-
bution of track events from muons will be taken into account. The percentages have
been rounded to one decimal point [269].

To define a theoretical track by shower ratio, we refer to table 5.3. This table shows

the event morphology, i.e., the fraction of events from different neutrino flavors that can

cause a track or a shower event at IceCube for deposited neutrino energy greater than

60 TeV. Using this information, one can define the theoretical track by shower ratio as

R =
Pt
∑

α p
α
t ϕα

Pc
∑

α p
α
c ϕα + Pdc

∑
α p

α
dcϕα

. (5.25)

where Pt/Pc/Pdc is the probability of getting a track/cascade/double cascade event at

IceCube. These probabilities are given in the first row of table 5.3. The above equation

defines the probabilities for each neutrino flavor α leaving a track/cascade/double cas-

cade signal (denoted by i) at IceCube by pαi . The term ϕα is the flux of the oscillated

neutrinos at Earth.

To compare these two Rexp and R, which we constructed above, we define a simple

Gaussian χ2 in the following way:

χ2 =

(
Rexp −R(θij , δ13)

σR

)2

, (5.26)
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where σR is given by,

σR =

√
(1−Rexp)Rexp

N
, (5.27)

where N is the total number of events. As the total number of events is not very high,

we have not considered any systematic uncertainty in our analysis. We do not expect

to have a major impact of systematic uncertainties on our results.

Figure 5.2: χ2 polar contour plots in dependence of δCP and θ23 marginalized over θ13
and θ12. The polar radius represents θ23, and the polar angle represents δCP. Values
of χ2 are represented by colors shown next to the corresponding plot. The upper row
shows calculations for the LMA solution, and the lower row for the DLMA solution.
Columns represent the pion, muon, and neutron sources, respectively. Current best-fit
value for θ23 and δCP is marked by a star at coordinates (42.1°, 230°).

In fig. 5.2, we have plotted the polar plots of this χ2 for the three different astrophys-

ical sources in θ23 and δCP plane. In generating this plot, we have minimized over θ12

and θ13 over their 3σ allowed ranges as listed in table 5.1. In these panels, the different

color shades correspond to different values of χ2, which are given in the z-axis. The top

row is for the LMA solution of θ12 whereas the bottom row is for the DLMA solution

of θ12. In each row, the left panel is for π source, the middle panel is for µ source, and

the right panel is for n source. To understand the χ2 results, in fig. 5.3, we have plotted

the same as in fig. 5.2 but for theoretical track by shower ratio i.e., R. This figure is

generated using the best-fit values of θ12 and θ13. From figures 5.2 and 5.3, the following

can be concluded:
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Figure 5.3: Track by shower ratio contour plots in dependence of δCP and θ23. Best-fit
values were taken for θ12 and θ13. The polar radius represents θ23, and the polar angle
represents δCP. Values of χ

2 are represented by colors shown next to the corresponding
plot. The upper row shows calculations for the LMA solution, and the lower row for
the DLMA solution. Columns represent the pion, muon, and neutron sources, respec-
tively. The black dashed line represents the experimental value of the ratio measured
at IceCube. The current best-fit value for θ23 and δCP, and the corresponding value of
the ratio for a given source, is marked by a star at coordinates (42.1°, 230°).

• The variation of the color shading between the figures 5.2 and 5.3 are consistent.

This shows the information of R is correctly reflected in the χ2 plots.

• The existence of degeneracy defined by χ2(θLMA
12 , δ13) = χ2(θDLMA

12 , 180◦ − δ13)

and R(θLMA
12 , δ13) = R(θDLMA

12 , 180◦− δ13) for a given value of θ23 is clearly visible

in figures 5.2 and 5.3, respectively. We can consider any point in these figures

and take a 180◦ transformation we will get the degenerate solutions. The same

arguments from the previous discussion also apply here.

• The degeneracy between δ13 → −δ13 for a given LMA/DLMA solution is also

visible in figures 5.2 and 5.3.

• Degeneracy between θ23 and the two solutions of θ12 for a given value of δ13 is

carried over from probabilities and is still present in figures 5.2 and 5.3.

• Among the three sources, the µ source is the most preferred source by the IceCube

data as for this source, we obtain a χ2 value of 0 (middle column of fig. 5.2). From

the panels, we see that the data does not prefer a particular value of θ23 and δ13,
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rather it is consistent with a region in the θ23 - δ13 plane. The best-fit regions of

the θ23 - δ13 plane can be understood by looking at the middle column of fig. 5.3.

In these panels, the value of Rexp is drawn over R. This shows the values of θ23

- δ13 for which the prediction of track by shower ratio matches exactly with the

data. Note that though Rexp in the middle column of fig. 5.3 is a curve, the best-fit

region in the middle column of fig. 5.2 is not a curve, rather it is a plane. The

reason is two fold: (i) In fig. 5.2 we have marginalized over the parameters θ13 and

θ12. Because of this, there can be many more combinations of θ23 and δ13 which

can give the exact value of Rexp as compared to fig. 5.3 which is generated for a

fixed value of θ13 and θ12. (ii) In polar plots, we don’t have the precision to shade

a region corresponding to exactly χ2 = 0. In these plots, χ2 = 0 is defined by a

large set of very small numbers. This is why the best-fit region appears as a large

black area. As we mentioned earlier, with the help of the χ2 plots, we can infer the

true nature of θ12 given δ13 is measured from the other experiments. According

to the current-best fit scenario, it can be said that IceCube data prefers the LMA

solution of θ12 because at this best-fit value (denoted by the star), we obtain the

non-zero χ2 for the DLMA solution of θ12.

• The second most favored source, according to the IceCube data, is the π source.

For this source, the minimum χ2 is 0.7. As the minimum χ2 value is much less,

one can say that the π source and the µ source are almost equally favored. In this

case, the best-fit region in the θ23 - δ13 plane is smaller than the µ source. For this

source, the upper octant of θ23 is preferred for both LMA and DLMA solutions

of θ23. Regarding δ13, the best-fit value is around 180◦ for LMA solution of θ12

whereas for DLMA solution of θ12, the best-fit value is around 0◦/360◦. For this

source, the current best-fit value (denoted by a star) is excluded at χ2 = 1.7(2.4)

for the LMA (DLMA) solution of θ12.

• The n source is excluded by IceCube at more than 2σ C.L., as the minimum χ2 in

this case is 5.4. In this case, the region with lowest χ2 value in the θ23 - δ13 plane

is smaller than the µ source. The n source prefers the lower octant of θ23 for both

LMA and DLMA solutions of θ12. Regarding δ13, the best-fit value is around 180◦

for DLMA solution of θ12 whereas for LMA solution of θ12, the best-fit value is

around 0◦/360◦. For this source, the current best-fit value (denoted by a star) is

excluded at χ2 = 7.9(6.5) for the LMA (DLMA) solution of θ12.
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5.3 Summary and Conclusion

In this paper, we have studied the implications of measurement of θ23 and δ13 in Ice-

Cube data in the light of the DLMA solution of θ12. IceCube is an ongoing neutrino

experiment at the South Pole that studies neutrinos from astrophysical sources. In the

astrophysical sources, neutrinos are produced via three mechanisms: πS process, µDS

process, and neutrino decay. As the neutrinos coming from the astrophysical sources

change their flavor during propagation, it is possible to measure the neutrino oscillation

parameters by analyzing the IceCube data. Because of the large distance of the astro-

physical sources and high energy of the astrophysical neutrinos, the oscillatory terms

in the neutrino oscillation probabilities get averaged out. As a result, the neutrino

oscillation probabilities become independent of the mass square differences.

In our work, we first identify the oscillation probability channels responsible for the

conversion of the neutrino fluxes for the three different sources mentioned above. Then

we identified the degeneracies in neutrino oscillation parameters relevant to IceCube.

We have shown the existence of an intrinsic degeneracy between the two solutions of

the θ12 and δ13. As this degeneracy stems at the Hamiltonian level, it is impossible for

IceCube alone to simultaneously measure δ13 and the true nature of θ12. However, if δ13

can be measured from other experiments, it might be possible for IceCube to pinpoint

the true nature of θ12. Apart from this, we also identified a degeneracy between θ23 and

two possible solutions of θ12 for a fixed value of δ13. In addition, we also identified a

degeneracy defined by δ13 → 360◦ − δ13 within LMA and DLMA solution of θ12.

Taking the track by shower as an observable, we analyze the 7.5 years of IceCube

data. Our results show that the IceCube data prefers the µ source among the three

sources. However, in this case, the data does not prefer a particular best-fit of θ23

and δ13 rather, the data is consistent with a large region in the θ23 - δ13 plane. After

the µ source, the next favorable source of the astrophysical neutrinos, according to the

IceCube data, is the π source. However, as both µ and π sources are allowed within 1σ,

one can say that both sources are almost equally favored by IceCube. The n source is

excluded at 2σ by IceCube. Unlike, µ source, the allowed region in the θ23 - δ13 plane

is smaller for both π and n source. π (n) source prefers higher (lower) octant for θ23

for both LMA and DLMA solution of θ12. Regarding δ13, the best-fit value is around
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180◦ (0◦/360◦) for LMA (DLMA) solution of θ12 whereas for DLMA (LMA) solution

of θ12, the best-fit value is around 0◦/360◦ (180◦) for π (n) source. If we assume the

current best-fit value of θ23 and δ13 to be true, then the µ and π source prefers the LMA

solution of θ12 whereas the n source prefers the DLMA solution of θ12.

In conclusion, we can say that analysis of IceCube data in terms of track by shower

ratio can give important information regarding the measurement of θ23, δ13 and the true

nature of θ12. However, we find that the current statistics of IceCube are too low to

make any concrete statements regarding the above measurements.



”The true laboratory is the mind, where behind illusions we uncover the laws

of truth.”

Sir Jagadish Chandra Bose

6
Sensitivity to CP discovery at T2HKK

and T2HK in presence of LIV

Lorentz invariance is one of the cornerstones of the local relativistic field theories. Vi-

olation of the same will indicate the existence of new physics beyond the SM. The

minimal Standard-Model Extension (SME) introduces the Lorentz invariance and CPT

violation through spontaneous symmetry breaking. This can have sub-leading effects

on neutrino propagation. In this chapter, we explore the implications of CPT violating

LIV phases on CP discovery potential in the context of the T2HK/T2HKK experiment.

This chapter is based on [270].

157
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In this chapter, we explore the effects of CPT violating LIV parameters on the

detection of CP phase in the upcoming T2HK[271]/T2HKK[167] detector. A recent

study has been performed to give bounds on LIV parameters using INO-ICAL, T2HK,

and DUNE in [272]. There has been a study in NOνA and T2K in [273]. Efforts have

been made to separately understand the effects of LIV interactions and non-standard

interactions (NSI) at long baseline experiments in [274, 275]. Other recent studies related

to CPT violation and LIV interactions in neutrinos can be found in [276–284].

The structure of this chapter is as follows. At first, an insight into the formalism of

LIV in the neutrino sector is provided in section 6.1. It’s followed by a discussion on the

dependence of the neutrino oscillation probabilities on LIV parameters in section 6.2.

We present the numerical analysis for CP discovery in the presence of non-diagonal CPT

violating NSI parameters in section 6.3.

6.1 Theory of Lorentz invariance violation

LIV in the neutrino sector has been introduced in the subsection 1.6.3. The total

Hamiltonian for neutrino propagation in the presence of CPT violating LIV parameters,

including the standard MSW matter effect, is given by,

Htot =
1

2E


m2

1 0 0

0 m2
2 0

0 0 m2
3

+


√
2GFNe 0 0

0 0 0

0 0 0

+


aee aeµ aeτ

a⋆eµ aµµ aµτ

a⋆eτ a⋆µτ aττ

 (6.1)

Here, we only consider CPT-violating LIV parameters aαβ whose constraints are drawn

from Super-Kamiokande[285]. The non-diagonal parameters are complex and given by

aαβ = |aαβ|eιϕαβ where as diagonal parameters aαα are real. There is an established

correlation between CPT-violation LIV parameters and matter NSI parameters given

by,

ϵmαβ ≡
aαβ√
2GFNe

(6.2)

Irrespective of their correlation, their origins are very different as well as the effect, e.g,

the matter NSI produces in neutrino propagation is just an extra exotic matter effect

similar to the MSW matter effect, whereas CPT-violating LIV has an intrinsic effect

on neutrino propagation even in vacuum. Current bounds on LIV parameters are given
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below in table 6.1 [285, 286].

Parameter SK Bound IceCube Bound

aeµ 1.8× 10−23 GeV N.A.
aeτ 4.1× 10−23 GeV N.A.
aµτ 0.65× 10−23 GeV 0.29× 10−23 GeV

Table 6.1: The table depicts 95% C.L. bounds of CPT violating non-diagonal LIV
parameters from SK and IceCube experiments

6.2 Probabilities in presence of LIV parameters

In our study, we probe the effects of the CPT violating NSI parameters aeµ, aeτ , aµτ

on the discovery of CP at proposed long baseline experiment configuration of Tokai to

hyper Kamiokande (T2HK). The setup of T2HK provides a muon beam, which can be

observed at detector hyper Kamiokande, 295 Km away from the source, 1100 km away

from the source. At the leading order of α = ∆21/∆31, the appearance probability Pµe

depends only on parameters aeµ, aeτ , ϕeµ, ϕeτ whereas, the disappearance probability

depends on aµτ , ϕµτ . The probabilities are calculated in ref. [287, 288] as follows,

Pµe = P 3ν
µe + P

aeµ
µe + P aeτ

µe (6.3)

Pµµ = P 3ν
µµ + P

aµτ
µµ , (6.4)

where P 3ν
µe , P

3ν
µµ are the three flavor oscillation probabilities in the matter, and the LIV-

induced part of the probabilities are given as,

P 3ν
µe = 4s213s

2
23

sin2[(Â− 1)∆]

(Â− 1)2
+2αs13 sin 2θ12 sin 2θ23

sin[Â∆]

Â

sin[(Â− 1)∆]

Â− 1
cos(∆+ δ13)

(6.5)

P
aeµ
µe ≃

4|aeµ|Â∆s13 sin 2θ23 sin∆√
2GFNe

[Zeµ sin(δ13 + ϕeµ) +Weµ cos(δ13 + ϕeµ)] (6.6)

P aeτ
µe ≃

4|aeτ |Â∆s13 sin 2θ23 sin∆√
2GFNe

[Zeτ sin(δ13 + ϕeτ ) +Weτ cos(δ13 + ϕeτ )] (6.7)

P
aµτ
µµ =

4|aµτ |Â∆sin 2θ23 sin∆√
2GFNe

[Zµτ cosϕµτ +Wµτ cosϕµτ ] (6.8)



160 6 - Sensitivity to CP discovery at T2HKK and T2HK in presence of LIV

where ∆ = ∆31L
4E , α = ∆21/∆31, Â = 2

√
2GFNeE
∆31

, A = 2
√
2GFNeE, sij = sin θij ,

cij = cos θij ,

Zeµ = − cos θ23 sin∆, Zeτ = sin θ23 sin∆, Zµτ = − sin2 2θ23 cos∆ (6.9)

Weµ = c23(
s223 sin∆

∆.c223
+ cos∆),Weτ = s23(

sin∆

∆
− cos∆),Wµτ =

− cos2 2θ23 sin∆

∆

(6.10)

6.2.1 Variation in Pµe with phases at fixed aeµ, aeτ , aµτ

In the presence of the LIV parameters, the appearance channel probability depends

on the parameters aeµ, aeτ , and aµτ . This also shows dependence on the LIV phases

ϕeµ, ϕeτ in conjunction with δ13. The modifications in Pµe due to LIV parameters are

probed in this section at 1100 and 295 km baselines. In the following plots, the values of

the oscillation parameters being chosen are, θ12 = 33.44◦, θ13 = 8.57◦, θ23 = 49◦,∆21 =

7.42×10−5 eV2, and |∆31| = 2.515×10−3 eV2. Pµe is plotted as a function of δ13 at 0.6

GeV in fig. 6.1 for normal (top panel) and inverted (bottom panel) mass orderings in

case of 295 km (red), and 1100 km (blue) baseline while the values of the non-diagonal

LIV parameters are kept fixed at 10−23 GeV. The bands refer to the variation of LIV

phases. The significant points to be noted are as follows,

• It can be observed from both top and bottom panels that the effect of ϕeµ, ϕeτ is

larger than ϕµτ as the width of the red and blue bands are narrower in the right

panels than the left and middle ones. This can be understood from the eq. (6.6),

(6.7) as Pµe has no contribution from ϕµτ at the leading order. However, a weak

dependence is present in the numerical plots in the right-hand column.

• In the case of NO(upper panels), the variation of Pµe with δ13 for 1100 km is

sharper as 0.6 GeV is adjacent to the second oscillation maxima(0.7 GeV). How-

ever, in 295 km the variation is less due to the first oscillation maxima occurring at

0.6 GeV. Thus, probabilities at CP conserving values 0◦,±180◦ are more separated

from probabilities at other CP violating values at 1100 km than at 295 km.

• Also, in the case of NO, the maxima and minima of Pµe happen at different δ13

values for 295 km and 1100 km. For instance, the probabilities at δ13 = ±90◦
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have a maximum difference from probabilities at CP conserving values for 295

km. However, in the case of 1100 km, the probabilities at δ13 = ±90◦ are very

close to probability values at ±180◦. Therefore, while evaluating the sensitivity

to CP discovery at δ13 = ±90◦, there will be a higher sensitivity for 295+1100 km

configuration than individual 295 km and 1100 km due to the synergy.

• For IO, The variation with δ13 is very flat at 1100 km while the variation at 295 km

remains similar. This leads to poor sensitivity for CP discovery for the T2HKK

configuration.

The disappearance probability Pµµ doesn’t depend on the CP phase. Therefore, in the

case of Pµµ, dependence on ϕµτ isn’t linked with δ13.
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Figure 6.1: Pµe as a function of δ13 for θ23 = 49◦, aeµ = 10−23 GeV (left), aeτ =
10−23 GeV (middle), and aµτ = 10−23 GeV (right) due to variation of respective phases
ϕeµ, ϕeτ , ϕµτ for NO(top), IO(bottom) at 0.6 GeV in 295 km (red), 1100 km(blue)

In fig. 6.2, the oscillation probabilities Pµe, Pµ̄ē are plotted as a function of δ13 at

fixed energy of 0.6 GeV corresponding to 295 km and 1100 km baselines for NO, IO

considering θ23 = 49◦ and aeµ = 10−23 GeV. We observe the following features,

• In 1100 km, the Pµe probabilities have larger values than Pµ̄ē in NO. However, in

IO that order reverses.
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Figure 6.2: Pµe , Pµ̄ē as a function of δtrue13 for true values of θ23 = 49◦, aeµ = 10−23 GeV.
Two panels on the left(right) refer to 295 km (1100 km) for NO(top) and IO(bottom).
Violet, red, green, blue refer to ϕtrueeµ = −90◦, 0◦, 90◦, 180◦ respectively.

• In NO, the Pµe curves show a peak at the lower half plane (LHP)[−180◦ : 0◦] in

the range −160◦ : −130◦. The peaks of Pµ̄ē curves occur at the upper half plane

(UHP)[0◦ : 180◦] in the range 130◦ : 170◦.

• In the case of IO for 1100 km, both the Pµe, Pµ̄ē has maxima around 0◦.

• In 295 km, various probabilities for different values of ϕeµ vary over a small region

while being very close to each other.

• In 295 km, the maxima of Pµe, Pµ̄ē curves occur around ±90◦ for both NO and

IO.

• In the case of both 295 km and 1100 km, the red (green) curves give the maximum

(minimum) variation in Pµe. In Pµ̄ē, this order reveres.

6.3 χ2 Analysis of CP discovery

In this section, we study the potential of the T2HKK/T2HK experiments for CP discov-

ery. The configurations for the proposed experiments are as follows, (i) T2HK (Tokai

to Hyper-Kamiokande): two detectors of 187 kton at 295 km, (ii)T2HKK (Tokai to

Hyper-Kamiokande and Korea): one detector of 187 kton at 295 km and another simi-

lar detector at 1100 km away in Korea[289]. For our study, we consider the first detector

at an off-axis angle of 2.5◦ and the second detector of T2HKK at an off-axis angle of 1.5◦
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Parameter True Value Marginalization Range

θ12 33.4◦ N.A.
θ13 8.62◦ N.A.
θ23 49◦ 39◦ : 51◦

δ13 −180◦ : 180◦ 0◦, 180◦

∆21 7.4× 10−5 eV2 N.A.
|∆31| 2.5× 10−3 eV2 2.4 : 2.6× 10−3 eV2

aαβ 10−23 GeV 10−22 : 10−24 GeV
ϕαβ −180◦ : 180◦ 0◦, 180◦

Table 6.2: True values[101] of all the parameters and their range of marginalization

from the source at the J-PARC facility in Tokai[167]. The T2HKK experiment offers

us the advantage of a large matter effect at 1100 km. For our numerical analysis with

GLoBES[103, 104], we use a proposed beam of energy 1.3 MW considering 2.5 years

of neutrino mode and 7.5 years of anti-neutrino mode run time with an exposure of

27× 1021 proton on target (POT). The detector configuration and systematic errors are

taken from [167].

The final value of χ2 is derived after marginalization over pull variables ξ, and

variables of oscillation ω as follows,

∆χ2 =Min[χ2
stat(ω, ξ) + χ2

pull(ξ)], (6.11)

where χ2
pull includes the symmetric errors and the Poissonian χ2

stat is defined in terms

of total true no of events N true
i and events generated by theoretical model N test

i in the

ith energy beam.

χ2
stat(ω, ξ) = 2

∑
i

[N test
i −N true

i +N true
i ln

N true
i

N test
i

]; χ2
pull =

4∑
r=1

ξ2r (6.12)

The systematic uncertainties are included through the method of pull in terms of vari-

ables: signal normalization error, background normalization error, energy calibration

error on signal, and background (tilt). We have seen in table 6.1 the current bound

for NSI parameters are ∼ 10−23 GeV. Therefore, we have considered true values of

aeµ, aeτ , aµτ = 10−23 GeV throughout our study. For numerical analysis for CP dis-

covery in standard three flavor case, the test values are considered as δ13 = 0◦, 180◦.

Similarly, in the presence of an extra LIV phase, we consider test values of δ13, ϕαβ as

combinations of 0◦, 180◦. While performing chi-square(χ2) analysis in the presence of
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Channel 295 km 1100 km

νe Appearance 3.2%(5%) 3.8%(5%)
νµ Disappearance 3.6%(5%) 3.8%(5%)
ν̄e Appearance 3.9%(5%) 4.1%(5%)
ν̄µ Disappearance 3.6%(5%) 3.8%(5%)

Table 6.3: The signal (background) normalization uncertainties of the experiments for
different channels

LIV, we consider one parameter to be non-zero at a time. Apart from phases, we have

marginalized the chi-square over θ23 and |∆31|. The true values and the marginaliza-

tion ranges of the parameters are given in table 6.2. The run time in neutrino and

anti-neutrino mode is 2.5 years and 7.5 years, respectively.

6.3.1 Single detector analysis

In this section, the sensitivity to CP discovery is probed with a single detector at 295

km and 1100 km. This helps in understanding the features of these individual baselines.

The total event rates get equal contributions from neutrinos and anti-neutrinos because

of the chosen run time. Therefore, studying sensitivity for individual channels will help

in understanding the total sensitivity. In this section, we study the effect of only the

NSI parameter aeµ as a representative case.

The χ2 in νe, ν̄e, neutrino (νe + νµ), anti-neutrino (ν̄e + ν̄µ) modes, and the total

χ2, is plotted from first to fifth row, respectively, corresponding to 1100 km (295 km) in

fig. 6.3 (fig. 6.4). The left(right) panels of the figures refer to the NO (IO). The different

true values of ϕeµ = −90◦, 0◦, 90◦, 180◦ have been shown by violet, red, blue, and green

curves, respectively. The features of significance in fig. 6.3 are as follows,

• In the νe mode (NO), the red curve ϕeµ = 0◦ has the maximum sensitivity in both

half-planes but in LHP the magnitude at the peak is significantly larger. The green

curve ϕeµ = 180◦ has the lowest sensitivity. This is consistent with the features

seen from the plot of Pµe in the left panels of fig. 6.2.

• In the case of IO in the νe mode, the red (green) shows the maximum (minimum)

sensitivity and the value of χ2 is higher in UHP than LHP.

• In the ν̄e mode (NO), the highest sensitivity is achieved for the green ϕeµ = −90◦
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and blue curve ϕeµ = 180◦ in both UHP and LHP but the peak value in UHP is

higher.

• In the context of IO for ν̄e mode, the green (red) curve reaches the maximum

(minimum) value of χ2. The green curve’s maximum value of χ2 is predominantly

the highest in UHP. The other curves also have maxima of higher value in UHP.

• The third and fourth row shows the χ2 in νe + νµ and ν̄e + ν̄µ channels. Here, a

significant increase in sensitivity is observed due to the synergistic effect between

the appearance and disappearance channel. This is discussed further in fig. 6.5.

• In the case of total sensitivity (NO), the red curve (ϕeµ = 0◦) has the highest

sensitivity in the UHP, and the blue curve (ϕeµ = 180◦) reaches the maximum

sensitivity in the LHP. While marginalizing, the minimum of χ2 occurs at different

values of the parameters for neutrino and anti-neutrino, leading to a synergistic

effect in total sensitivity.

• In the case of IO for the total sensitivity, the green curve (ϕeµ = 0◦) has the

maximum χ2 in both LHP and UHP with the latter case having significantly

higher value.

• The sensitivity curves for ϕeµ = −90◦, 90◦ show non-zero sensitivity at δtrue13 =

0◦,±180◦. This happens as the test values ϕeµ, δ13 don’t add to give a CP con-

serving values of 0◦, 180◦.

The main observations of fig. 6.4 are as follows,

• In the case of both NO and IO, in the νe mode, the red (ϕeµ = 0◦) curves show

the maximum sensitivity in LHP. However, in UHP, all curves have very low and

similar sensitivity. In the ν̄e mode, the sensitivity for all the curves in both UHP

and LHP is almost similar and very low.

• In both NO and IO, we observe higher sensitivity in neutrino mode. This is due

to the fact that Pµe curves have a higher range of variation than Pµ̄ē ones as was

seen in fig. 6.2.

• The addition of νµ(ν̄µ) has led to a rise in the sensitivity in neutrino (anti-neutrino)

mode as seen from figures in the third (fourth) row.



166 6 - Sensitivity to CP discovery at T2HKK and T2HK in presence of LIV

1100	Km,	νeaeμ=	10-23GeV,	NO

φeμ
tr :	0°

φeμ
tr :	90°

φeμ
tr :	180°

φeμ
tr :	-90°

Δ
	χ

2	

0

5

10

15

20

δ13
true	(°)

−180 −90 0 90 180

1100	Km,	νeaeμ=	10-23GeV,	IO

Δ
	χ

2	

0

5

10

15

20

δ13
true	(°)

−180 −90 0 90 180

1100	Km,	νeaeμ=	10-23GeV,	NO

φeμ
tr :	0°

φeμ
tr :	90°

φeμ
tr :	180°

φeμ
tr :	-90°

Δ
	χ

2	

0

5

10

15

20

δ13
true	(°)

−180 −90 0 90 180

1100	Km,	νeaeμ=	10-23GeV,	IO

Δ
	χ

2	

0

5

10

15

20

δ13
true	(°)

−180 −90 0 90 180

1100	Km,	νe+νμaeμ=	10-23GeV,	NO

φeμ
tr :	0°

φeμ
tr :	90°

φeμ
tr :	180°

φeμ
tr :	-90°

Δ
	χ

2	

0

5

10

15

20

δ13
true	(°)

−180 −90 0 90 180

1100	Km,	νe+νμaeμ=	10-23GeV,	IO

Δ
	χ

2	

0

5

15

20

δ13
true	(°)

−180 −90 0 90 180

1100	Km,	νe+νμaeμ=	10-23GeV,	NO

φeμ
tr :	0°

φeμ
tr :	90°

φeμ
tr :	180°

φeμ
tr :	-90°

Δ
	χ

2	

0

5

10

15

20

δ13
true	(°)

−180 −90 0 90 180

1100	Km,	νe+νμaeμ=	10-23GeV,	IO

Δ
	χ

2	

0

5

15

20

δ13
true	(°)

−180 −90 0 90 180

1100	Kmaeμ=	10-23GeV,	NO

φeμ
tr :	0°

φeμ
tr :	90°

φeμ
tr :	180°

φeμ
tr :	-90°

Δ
	χ

2	

0

10

20

30

40

δ13
true	(°)

−180 −90 0 90 180

1100	Kmaeμ=10-23GeV,	IO

Δ
	χ

2	

0

10

20

30

40

δ13
true	(°)

−180 −90 0 90 180

Figure 6.3: χ2 in νe (first), ν̄e (second), νe+νµ (third), ν̄e+ ν̄µ (fourth) modes and total
χ2 (bottom) as a function of δtrue13 for true values of θ23 = 49◦ with aeµ = 10−23 GeV at
1100 km for NO (left), IO(right).
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Figure 6.4: χ2 in νe (first), ν̄e (second), νe+νµ (third), ν̄e+ ν̄µ (fourth) modes and total
χ2 (bottom) as a function of δtrue13 for true values of θ23 = 49◦ with aeµ = 10−23 GeV at
295 km for NO (left), IO(right).
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• In the case of total sensitivity, all the curves have similar sensitivity except for the

red curve (ϕtreµ = 0◦) and green curve (ϕtreµ = 180◦) showing highest χ2 in UHP

and LHP respectively.

• The total sensitivity is significantly higher than the sensitivity of νe and ν̄e chan-

nels. This is due to the synergy between the two channels, which is depicted in

fig. 6.5 where we plot the χ2 as a function of θtest23 .

The synergy between various channels in the test θ23 is depicted in fig. 6.5 for 1100

km (right panel) and 295 km (left panel). It is observed that the shape of the total

chi-square is dictated by the νµ, ν̄µ channels. Therefore, minima of the total sensitivity

are obtained near the minima of the νµ, ν̄µ channels with θ23 = 49◦ giving the lowest χ2.

At the minima, the χ2 ∼ 0 for νµ, ν̄µ channels. However, the non-zero contribution from

the νe, ν̄e channels boosts the total chi-square. At 1100 km, the ν̄e channel contributes

more at minima, whereas, in 295 km, both νe, ν̄e give equal contribution at minima.

Due to the opposite nature w.r.t θtest23 , further synergy is observed between νe and ν̄e

channels, elevating the total sensitivity.
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Figure 6.5: χ2 as a function of θtest23 at 295 km (left), 1100 km (right). Green (blue)
refers to ν(ν̄) channels and violet gives total χ2. The dotted, dashed, and dashed curves
signify electron, muon, and both channels together, respectively.
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6.3.2 Comparative analysis between T2HKK and T2HK

In this section, we compare and contrast the CP discovery potential of the proposed

T2HKK and T2HK configurations. This study is performed for the LIV parameters

aeµ, aeτ , aµτ taking one to be non-zero at a time. In fig. 6.6, we present the sensitivity

as a function of δtrue13 for T2HKK (left) and T2HK (right) for NO (top) and IO(bottom)

for atrueeµ = 10−23 GeV. Different curves correspond to the different values of ϕtrueeµ .
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Figure 6.6: χ2 as a function of δtrue13 for true values of θ23 = 49◦, aeµ = 10−23 GeV in
T2HKK (left) and T2HK (right) configurations for NO (top), and IO(bottom). Violet,
red, green, and blue curves refer to ϕtrueeµ = −90◦, 0◦, 90◦, 180◦ respectively.

It can be observed from fig. 6.6 that;

• T2HKK offers the best sensitivity for all values of the LIV phase ϕeµ. This is

due to the synergistic effect between 1100 km and 295 km baselines. This will be
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explained later in the context of fig. 6.7.

• The highest sensitivity is obtained at δ13 = 90◦ for both T2HK and T2HKK. The

corresponding values of ϕeµ are 0◦(180◦) for NO(IO) case in T2HKK, and 0◦ in

T2HK. This can be understood from fig. 3 and 4, which shows that for individual

baseline, the maxima comes at ϕeµ = 0◦ around δ13 = 90◦.

In order to understand the synergy between 295km and 1100 km baselines, in fig. 6.7,

we have shown the χ2 as a function of test aeµ (left), and θ23 (right) for a set of true

parameters keeping other test parameters fixed.

• From the left panel, we show that minimum χ2 for 295 km and 1100 km occurs at

different test values of LIV parameter aeµ. Whereas in T2HKK, both baselines are

analyzed together, the minimum occurs at a different value of atseµ, thus enhancing

the ∆χ2.

• In the right panel, the enhancement in χ2 for T2HKK is due to the increased

statistics. However, when marginalizing the χ2 over other test parameters, the

synergy is also observed in θ23.
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Figure 6.7: χ2 as a function of atesteµ (left), θtest23 (right) for true values of θ23 = 49◦,
δ13 = −90◦, ϕeµ = 180◦, aeµ = 10−23GeV. The red, blue, and green curves correspond
to 295 km, 1100 km, and T2HKK, respectively.

In fig. 6.8, we present the values of χ2 as a function of δtrue13 for atrueeτ = 10−23 GeV in

the T2HKK and T2HK configurations corresponding to NO (IO) in the top (bottom)
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column. The results for the true values of phase ϕeτ as −90◦(violet), 0◦(red), 90◦(blue),

180◦(green) using different colours as mentioned in the parenthesis. The major obser-

vations are as follows,

• Similar to in fig. 6.6, the sensitivity at T2HKK is quiet higher than T2HK config-

urations.

• We observe the maximum sensitivity in T2HKK around δ13 = 90◦ (−90◦) which is

influenced by the maxima of Pµe (Pµ̄ē) curves in 295 km occurring at 90◦ (−90◦).

Although most of the curves show sensitivity in a similar range, the red one reaches

the highest at UHP of δtrue13 .
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Figure 6.8: χ2 as a function of δtrue13 for true values of θ23 = 49◦ with aeτ = 10−23

GeV for T2HKK (left) and T2HK (right) configurations in NO (top), and IO (bottom).
Violet, red, green, and blue refer to ϕtrueeµ = −90◦, 0◦, 90◦, 180◦ respectively.

We show the χ2 as a function of true δ13 in the 6.9 for effects of aµτ for T2HKK and
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T2HK configurations in NO(top) and IO(bottom). The noteworthy points from these

two figures are as follows,

• The best sensitivity is observed in T2HKK, but the sensitivity of T2HK is also

very close. The reason behind this is that there is no significant effect of aµτ in

Pµe.

• Also, there is no significant variation of sensitivity w.r.t phase ϕµτ . This is due to

the narrow band of due to ϕµτ as also seen from probability plots in fig. 6.1.
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Figure 6.9: χ2 as a function of δtrue13 for true values of θ23 = 49◦ with aµτ = 10−23 GeV
for T2HKK (left) and T2HK (right) configurations for NO (top), and IO (bottom).
Violet, red, green and blue refer to ϕtrueµτ = −90◦, 0◦, 90◦, 180◦ respectively.
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Figure 6.10: 1σ(dotted), 2σ(solid), 3σ(dashed) contours[2 d.o.f.] corresponding to three
different true values of δ13, ϕjk for true LIV parameters aeµ (top), aeτ (middle) and aµτ
(bottom) having value of 10−23 GeV for T2HKK configuration

6.4 Precision χ2 analysis of δ13, ϕαβ’s

In this section, we analyze the precision of δ13 and LIV phases ϕαβ’s for T2HKK, T2HK

in the figures 6.10 and 6.11 respectively. These are presented in terms of contours in

ϕαβ − δ13 test plane of various combinations of true values of ϕαβ, δ13 = 0◦, 90◦,−90◦.

We consider the true values of LIV parameters as 10−23 GeV, θ23 = 49◦. we can observe

the following points from fig. 6.10,

• In the topmost panels corresponding to aeµ, we observe closed 2σ contours for

δ13, ϕeµ = 90◦,−90◦ but not for δ13, ϕeµ = 0◦(middle panel).
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• On the other hand, in the middle panels corresponding to aeτ , the 2σ precision is

better for δ13, ϕeτ = 0◦ but worse for 90◦,−90◦

• In the lowest panel corresponding to aµτ , we observe that 2σ contours for δ13 =

90◦, ϕµτ = 90◦ and δ13 = −90◦, ϕµτ = −90◦ stretch over full range of ϕµτ . However,

in the middle panel, very good precision is obtained for δ13 = 0◦, ϕµτ = 0◦ with a

closed 3σ contour.

In fig. 6.11, we plot similar contours for T2HK. We can observe that the 2σ contours

widen, i.e., δ13 precision is poorer. This is expected as at 295 km, the δ13 sensitivity is

less.
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Figure 6.11: 1σ(dotted), 2σ(solid), 3σ(dashed) contours[2 d.o.f.] corresponding to three
different true values of δ13, ϕjk for true LIV parameters aeµ (top), aeτ (middle) and aµτ
(bottom) having value of 10−23 GeV for T2HK configuration
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6.5 Discussions

The main focus of our work is to investigate the CP sensitivity in the future T2HK/T2HKK

experiment in the presence of the CPT violating LIV parameters. We first study the CP

discovery potential for individual baselines of 295km and 1100 km in the presence of LIV

phases and ascertain the role of neutrino and anti-neutrino contributions to the total

χ2. Next, we obtain the sensitivity for T2HK and T2HKK configurations. This study

inferred that at a fixed baseline, the sensitivity increases due to synergy between the

electron appearance and muon disappearance channels as well as between the neutrino

and anti-neutrino channels. We find that T2HKK gives a better sensitivity because of

the synergistic effects of 295 km and 1100 km for LIV in the e − µ and e − τ sectors.

We have identified synergy in parameters of aαβ, θ23, ϕαβ, δ13. However, for LIV in the

µ − τ sector, both configurations give similar sensitivity. This is because of the weak

dependence of Pµe on ϕµτ .

We also obtain the precision of δ13, ϕαβ for various true values of these phases in

T2HK, T2HKK. We have found that the sensitivity of δ13 is better for T2HKK con-

figuration in the presence of aeµ, aeτ . The 2σ sensitivity of ϕeµ, ϕeτ becomes worse for

T2HK but the 3σ sensitivity is very poor in both T2HK and T2HKK. In the case of

aµτ , the sensitivity is best for δ13 = 0◦, ϕµτ = 0◦.





”I am not a perfectionist, but I like to feel that things are done well. More

important than that, I feel an endless need to learn, to improve, to evolve”.

Cristiano Ronaldo

7
Summary

This chapter summarises the work done and the main results obtained in this thesis.

177
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The paradigm of three flavor neutrino oscillations is well established as the leading

solution to the solar and atmospheric neutrino anomalies. This was further corroborated

by accelerator and reactor experiments, and the majority of the parameters governing

oscillation were determined with considerable precision. The unknown parameters of

the standard three flavor neutrino oscillation are the sign of mass squared difference

∆31, the octant of the mixing angle θ23, and the value of leptonic CP phase δ13. The

current and future high-precision and high-statistics experiments aim to determine these

unknown parameters precisely. These experiments can also probe the sub-leading effects

of BSM physics. This thesis explores three BSM scenarios: sterile neutrinos, non-

standard interactions (NSIs), and Lorentz invariance violation (LIV) in the context

of current and future experiments. Our study considers three experimental setups: a

liquid argon time. projection detector capable of observing both beam and atmospheric

neutrinos (e.g., DUNE) and Cerenkov detectors (e.g., T2HK/T2HKK, IceCube). My

doctoral thesis mainly comprises the following topics;

• Probing the sensitivity to octant of θ23, and the sign of ∆31 in the presence of an

eV scale sterile neutrino in the context of a liquid argon detector using beam and

atmospheric neutrinos,

• Investigation of the sensitivity to the sign of ∆31,∆41 and the octant of θ23 for

very light sterile neutrinos corresponding to ∆41 : 10−4 − 10−1eV2 in the context

of a liquid argon detector using beam and atmospheric neutrinos,

• Study the implications of Dark Large Mixing Angle (DLMA) solutions of θ12 from

IceCube data in the context of various astrophysical sources,

• Exploring the synergy between 295 and 1100 km baselines in the study of CP

discovery in the presence of LIV parameters at the T2HKK experiment and com-

paring the results with that of T2HK using a water Cherenkov detector.

In the presence of an eV scale sterile neutrino, we calculate the oscillation probabil-

ities using ∆21 = 0 approximation while considering θ34 = 0. In this 3+1 framework,

increased parameters create unfavorable conditions for determining the parameters be-

cause of degeneracies. The analytic expressions help us to understand how the sensitivity

to the octant of θ23 and the sign of ∆31 depend on various parameters. Numerical analy-

sis of beam and atmospheric neutrinos in combination provided more than 3σ sensitivity
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for the octant of θ23 for θ
true
23 = 49◦, 41◦. At fixed hierarchy, we identified that the wrong

octant solutions are mainly due to the phase δ14. The combined analysis achieved over

10σ sensitivity for the sign of ∆31, i.e., atmospheric mass ordering. Higher values of

sterile mixing angles lead to lower sensitivity.

The presence of a very light sterile neutrino corresponding to ∆41 : 10
−4 − 10−1eV2

opens us few possibilities of the mass spectrum of the neutrinos as the sign of both ∆31,

∆41(sterile mass ordering) is unknown. We study the sensitivity of determining the signs

of these mass-squared differences as a function of the sterile mass-squared difference

∆41 and phase δtrue13 . We observed the sensitivity to atmospheric mass ordering vary

significantly between minima and maxima for ∆41 : 10
−3− 10−2eV2 as |∆41| is adjacent

to |∆31| = 2.5× 10−3eV2. The sterile mass ordering sensitivity also shows a significant

rise or dip for |∆41| close to |∆31|. In the combined analysis, 3σ sensitivity has been

attained for the sterile mass ordering when |∆41| > 10−2eV2. We also achieve 3σ

sensitivity to the octant of θ23 for ∆41 : 10
−4 : 10−1eV2 in combined analysis.

The introduction of non-standard interactions of neutrinos invokes the possibility

of a degenerate solution of the standard MSW LMA solution of θ12. This degenerate

solution is defined as θDLMA
12 = π

2 − θ12, known as the DLMA solution[250]. We explore

the implications of this solution in the context of high energy astrophysical neutrinos

observed in the IceCube detector. The oscillation probabilities of astrophysical neutrinos

only depend on the mixing angles and cp phase. From these probabilities, we have

studied the degeneracies related to θ12. The degeneracy between two solutions of θ12 and

δCP , also present in the Hamiltonian level, was seen in the probability level. We identified

a new degeneracy that manifests the same probability at fixed value of δCP for different

sets of θ12 and θ23, i.e., P (θ
LMA
12 , θ23) = P (θDLMA

12 , θ′23). This degeneracy suggests that

the octant of θ23 and LMA/DLMA nature of θ12 can’t be identified simultaneously for

known δCP . We analyzed the sensitivity of LMA and DLMA solutions using the 7.5 years

of IceCube data for high-energy neutrinos with energy greater than 60 TeV. Considering

the track by shower ratio of the events as an observable, we evaluated the sensitivity for

three different possible astrophysical sources w.r.t. the experimental ratio. Due to the

presence of degeneracy of θ12 with θ23, δCP ; the data prefers a region in the θ23 − δCP

plane rather than a best-fit value. The LMA and DLMA solutions are allowed in a large

portion of θ23− δCP plane for µ source; however, the current best fit shows a preference
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for the LMA solution. For the π source, the LMA and DLMA solutions are allowed

in smaller regions than the µ source. In the case of µ source, the best fit is excluded

at χ2 = 1.7(2.4) for LMA(DLMA), suggesting slight favor for LMA. However, The n

source doesn’t fit the IceCube data for both LMA and DLMA solutions.

The sub-leading effect of Lorentz invariance violation can be probed in future neu-

trino oscillation experiments. As the off-diagonal LIV parameters aαβ come with a phase

ϕαβ that are extra sources for the CP violation. In the presence of these parameters, the

cp conservation is achieved when the phases δCP , ϕαβ occur in combinations of 0◦, 180◦.

We consider the proposed T2HK/T2HKK experiments for probing the CP sensitivity

in the presence of LIV parameters. By analyzing the CP discovery potential for indi-

vidual baselines of 295km and 1100 km in the presence of LIV phases, we ascertain the

role of neutrino and anti-neutrino contributions to the total χ2. T2HKK is found to

have a better sensitivity because of the synergistic effects of 295 km and 1100 km due

to parameters aαβ, θ23, ϕαβ, δ13 for LIV in the e − µ and e − τ sectors. However, both

configurations give similar sensitivity for LIV in the µ − τ sector as Pµe has very mild

dependence on ϕµτ . The precision of δCP , ϕα,β is evaluated for various true values of

these phases in T2HK, T2HKK. We have found that the sensitivity of δ13 is better for

T2HKK configuration in the presence of aeµ, aeτ whereas the sensitivity of ϕeµ, ϕeτ is

much worse as compared to δ13. Among the two setups, T2HKK gives better precision.

In the case of aµτ , the sensitivity of δ13, ϕµτ is best for δ13 = 0◦, ϕµτ = 0◦.

In this thesis, we have considered three BSM scenarios. We wish to explore other

BSM scenarios like various NSI, Non-unitary mixing, etc, emphasizing the aspect of

combined beam and atmospheric analysis. In the future, we also want to investigate if

there are some unique signatures of BSM physics possible in future experiments that

can help in differentiating between the different scenarios.
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A.1 Cayley Hamilton formalism

We will now find out the analytic probability using the Cayley-Hamilton formalism[290–

292]. We calculate the time evolution operator and do not introduce auxiliary matter

mixing angles.

The flavour eigenstates ψα and mass eigenstates ψi are related as

ψi =
∑

j=e,µ,τ,s

U⋆
αjψj (A.1)

where Uαj is component of unitary mixing matrix corresponding to mixing between

ψα, ψj ,

U = R̃34(θ34, δ34)R24(θ24)R̃14(θ14, δ14)R23(θ23)R̃13(θ13, δ13)R12(θ12) (A.2)

The Schrodinger equation in mass basis is given as,

ι
d

dt
ψm(t) = Hmψm(t) (A.3)

where total Hamiltonian Hm in mass basis, and interaction Hamiltonian Vf in flavour

basis are given as follows,

Hm = Hm + U−1VfU (A.4)

Vf = Hint = diag(2A′, 0, 0, A′) (A.5)

Equation (A.3) gives the solution with time evolution operator e−ιHmt as,

ψm(t) = e−ιHmtψm(0) (A.6)

We get the solution in terms of distance L traveled by neutrinos in time t as,

ψm(L) = ψm(t = L) = e−ιHmtψm(0) ≡ Um(L)ψm(0) (A.7)
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Solution in flavour state ψf is expressed at t = L as,

ψf (L) = Uϕm(L) = Ue−ιHmtU−1Uψm(0) = Ue−ιHmtU−1ψf (0) ≡ Uf (L)ψf (0) (A.8)

We will calculate the time evolution operator, i.e., the exponential of the matrix Hm

using the Cayley-Hamilton theorem. We construct a traceless matrix out of Hm as ,

Hm = T +
1

4
(trHm)I (A.9)

The time evolution operator is then redefined as,

Um(L) = e−ιHmL = ϕe−ιTL (A.10)

The elements of the traceless matrix T in mass basis are as follows,

T11 = A
[
− cos2 θ12

(
2 sin θ13 cos θ13 sin θ14 sin θ23 sin θ24 cos θ24 cos(δ13 − δ14) + cos 2θ23 sin

2 θ24
)

+2 sin θ12 cos θ12 cos θ23 sin θ24(cos δ13 sin θ13 sin θ23 sin θ24 − cos δ14 cos θ13 sin θ14 cos θ24)

+ cos2 θ12 cos
2 θ13

(
2− sin2 θ24

(
sin2 θ14 + sin2 θ23

)
− sin2 θ14

)
+cos2 θ23 sin

2 θ24
]
− 3A

4
+

1

4
(−∆21 −∆31 −∆41) (A.11)

T12 = A
[
− sin θ12 cos θ12

(
2 sin θ13 cos θ13 sin θ14 sin θ23 sin θ24 cos θ24 cos(δ13 − δ14) + cos 2θ23 sin

2 θ24
)

− sin θ13 sin θ23 cos θ23 sin
2 θ24

(
e−iδ13 cos2 θ12 − eiδ13 sin2 θ12

)
+cos θ13 sin θ14 cos θ23 sin θ24 cos θ24

(
e−iδ14 cos2 θ12 − eiδ14 sin2 θ12

)
+sin θ12 cos θ12 cos

2 θ13
(
2− sin2 θ24

(
sin2 θ14 + sin2 θ23

)
− sin2 θ14

)]
(A.12)

T13 = A
[
−eiδ14−2iδ13 cos θ12 sin

2 θ13 sin θ14 sin θ23 sin θ24 cos θ24

−eiδ14−iδ13 sin θ12 sin θ13 sin θ14 cos θ23 sin θ24 cos θ24

+e−iδ14 cos θ12 cos
2 θ13 sin θ14 sin θ23 sin θ24 cos θ24

+e−iδ13 cos θ12 sin θ13 cos θ13
(
2− sin2 θ24

(
sin2 θ14 + sin2 θ23

)
− sin2 θ14

)]
−A sin θ12 cos θ13 sin θ23 cos θ23 sin

2 θ24 (A.13)

T14 = A
[
e−iδ13 cos θ12 sin θ13 cos θ14 sin θ23 sin θ24 cos θ24

+e−iδ14 cos θ12 cos θ13 sin θ14 cos θ14
(
2− cos2 θ24

)
+ sin θ12 cos θ14 cos θ23 sin θ24 cos θ24

]
(A.14)
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T22 = A
[
− sin2 θ12

(
2 sin θ13 cos θ13 sin θ14 sin θ23 sin θ24 cos θ24 cos(δ13 − δ14) + cos 2θ23 sin

2 θ24
)

+2 sin θ12 cos θ12 cos θ23 sin θ24(cos δ14 cos θ13 sin θ14 cos θ24 − cos δ13 sin θ13 sin θ23 sin θ24)

+ sin2 θ12 cos
2 θ13

(
2− sin2 θ24

(
sin2 θ14 + sin2 θ23

)
− sin2 θ14

)
+cos2 θ23 sin

2 θ24
]
− 3A

4
+

1

4
(3∆21 −∆31 −∆41) (A.15)

T23 = A
[
−eiδ14−2iδ13 sin θ12 sin

2 θ13 sin θ14 sin θ23 sin θ24 cos θ24

+eiδ14−iδ13 cos θ12 sin θ13 sin θ14 cos θ23 sin θ24 cos θ24

+e−iδ14 sin θ12 cos
2 θ13 sin θ14 sin θ23 sin θ24 cos θ24

+e−iδ13 sin θ12 sin θ13 cos θ13
(
2− sin2 θ24

(
sin2 θ14 + sin2 θ23

)
− sin2 θ14

)]
+A cos θ12 cos θ13 sin θ23 cos θ23 sin

2 θ24 (A.16)

T24 = A
[
e−iδ13 sin θ12 sin θ13 cos θ14 sin θ23 sin θ24 cos θ24

+e−iδ14 sin θ12 cos θ13 sin θ14 cos θ14
(
2− cos2 θ24

)
− cos θ12 cos θ14 cos θ23 sin θ24 cos θ24] (A.17)

T33 = A [2 sin θ13 cos θ13 sin θ14 sin θ23 sin θ24 cos θ24 cos(δ13 − δ14)

+ sin2 θ13
(
2− sin2 θ24

(
sin2 θ14 + sin2 θ23

)
− sin2 θ14

)
+ sin2 θ23 sin

2 θ24
]

−3A

4
+

1

4
(−∆21 + 3∆31 −∆41) (A.18)

T34 = A
[
eiδ13−iδ14 sin θ13 sin θ14 cos θ14

(
2− cos2 θ24

)
− cos θ13 cos θ14 sin θ23 sin θ24 cos θ24] (A.19)

T44 = A
[
cos2 θ14 cos

2 θ24 + 2A sin2 θ14
]
− 3A

4
+

1

4
(−∆21 −∆31 + 3∆41) (A.20)

Cayley-Hamilton theorem is used to get the form of the time evolution operator e−ιTL.

We need to solve the characteristic equation of matrix T given by,

λ4 + c3λ
3 + c2λ

2 + c1λ+ c0 = 0 (A.21)
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to obtain the energy eigenvalues λ where the constants are defined as follows,

c0 =
A2

128
∆2

41

(
8 sin2 θ14 + 29

)
+

A

64

[(
−∆3

31 + 2∆2
31∆41 + 3∆31∆

2
41

)
sin 2θ13 sin θ14 sin θ23 sin 2θ24 cos(δ13 − δ14)

+∆3
31

(
3− 4 cos2 θ13 sin

2 θ23 sin
2 θ24 − 4Q sin2 θ13

)
+∆2

31∆41

(
8 cos2 θ13 sin

2 θ23 sin
2 θ24 + 12 cos2 θ24 − 4Q

(
2 cos2 θ13 + 1

)
+ 9
)

+∆31∆
2
41

(
12 cos2 θ13 sin

2 θ23 sin
2 θ24 + 8 cos2 θ24 + 4Q

(
1− 3 cos2 θ13

)
+ 1
)

−∆3
41

(
4 cos2 θ24 − 4Q+ 5

)]
+

∆21

64

(
∆3

31 − 5∆2
31∆41 − 5∆31∆

2
41 +∆3

41

)
+

(
−3∆4

31

256
+

∆3
31∆41

64
+

7∆2
31∆

2
41

128
+

∆31∆
3
41

64
− 3∆4

41

256

)
(A.22)

c1 =
1

8
A2∆41

(
5− 7 sin2 θ14

)
+
A

8
∆2

31

(
3− 4 sin2 θ23 sin

2 θ24 cos
2 θ13 − 4Q sin2 θ13

)
−A

8
∆2

41

(
5 + 4 cos2 θ24 − 4Q

)
+
A

16
∆31∆41

(
4 + 8 cos2 θ24 − 5P cos2 θ13

)
+
A

4

(
−∆31

2 +∆31∆41

)
sin 2θ13 sin θ14 sin θ23 sin 2θ24 cos(δ13 − δ14)

+
∆21

8
(∆41 −∆31)

2 +
1

8

(
−∆3

31 +∆2
31∆41 +∆31∆

2
41 −∆3

41

)
(A.23)

c2 =
A

4
∆31

(
3− 4 sin2 θ23 sin

2 θ24 cos
2 θ13 − 4Q sin2 θ13

)
− A

4
∆41

(
5 + 4 cos2 θ24 − 4Q

)
−11

8
A2 − A

2
∆31 sin 2θ13 sin θ14 sin θ23 sin 2θ24 cos(δ13 − δ14)

+
∆21

4
(∆41 +∆31) +

1

8

(
−3∆2

31 + 2∆31∆41 − 3∆2
41

)
(A.24)

c3 = Trace(T) = 0 (A.25)

P = 2− sin2 θ14 − sin2 θ24
(
sin2 θ14 + sin2 θ23

)
(A.26)

Q = 2− sin2 θ14 − sin2 θ24 sin
2 θ14 (A.27)
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The energy eigenvalues are as follows,

λ1,2 = −1

2

[
√
−c2 + t0 ±

√
−c2 − t0 − 2

√
−4c0 + t20

]
(A.28)

λ3,4 = −1

2

[
−
√
−c2 + t0 ±

√
−c2 − t0 + 2

√
−4c0 + t20

]
(A.29)

where t0 is a real root of the following equation,

t3 − c2t2 − 4c0t+ 4c0c2 − c21 = 0 (A.30)

The general form of probability is given by

Pαβ =

4∑
a=1

4∑
b=1

(B̃a)αβ(B̃b)
⋆
αβe

−ιL(λa−λb) (A.31)

where,

(B̃a)αβ =
(c1 + c2λa + λ3a)δαβ + (c2 + λ2a)T̃αβ + λaT̃

2
αβ + T̃ 3

αβ

4λ3a + c1 + 2c2λa
(A.32)

where components of T, T 2, T 3 in flavour basis are given as following,

T̃αβ =< α|UTU−1|β >, T̃ 2
αβ =< α|UT 2U−1|β >, T̃ 3

αβ =< α|UT 3U−1|β > (A.33)

L:	1300	Km

Pµ	e
GL

Pµ	e

Pµ	e
CH

P
µ

	e

0

0.02

0.04

0.06

0.08

0.1

Eν	(GeV)

2 4 6 8 10 12

L:7000	Km

Pµ	e
GL

Pµ	e

Pµ	e
CH

P
µ

	e

0

0.1

0.2

0.3

0.4

Eν	(GeV)

2 4 6 8 10 12

Figure A.1: Comparison of the probability using GLoBES PGL
µe (red), the Cayley Hamil-

ton probability PCH
µe (green), and TMSD probability Pµe (blue) at 1300 km(left), 7000

km(right) baseline.
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In Figure A.1, we see that the Cayley Hamilton probabilities at lower energies show

a better match with numerical probabilities evaluated using GLoBES, whereas at higher

energies especially at resonance region the TMSD probabilities match better as was also

seen in Figure 3.1, and Figure 3.2.
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