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ABSTRACT

In order to explain the origin of neutrino mass and incorporate it in the
simple extension of Standard Model, heavy fields are added to the Standard
Model particle spectra. Integrating out such heavy fields gives rise to effective
Lagrangian containing higher-dimensional operators. The Lowest dimension of
such higher dimensional operators is five. This gives an effective light neutrino
mass term via the seesaw mechanism. In the context of the Type-I seesaw
mechanism, the dimension five effective operator giving the light neutrino mass
term arises by integrating out heavy right-handed neutrino fields. However
predictions of seesaw mechanism and its implications are not quite definitive
due to the presence of large number of free parameters. Thus one needs to go
to scenarios where the number of free parameters are minimal.

In an attempt to find minimal scenarios we study the implications of Dirac
and Majorana mass matrices with texture zeros within the type I seesaw mech-
anism with three right handed neutrinos. For the Dirac mass matrices we
consider 5 zero textures which we show to be the most minimal form that
can successfully account for low energy phenomenology. We classify the al-
lowed textures and discuss the ramifications for leptogenesis and lepton flavor

violation.

In the context of the minimal seesaw framework with only two right handed
neutrinos, we discuss the implications of Dirac and Majorana mass matrices in
which two properties coexist, namely, equalities among matrix elements and
texture zeros. Among the large number of general possibilities, we classify
the patterns at the level of the most minimal number of free parameters,
consistent with the global neutrino oscillation data. The predictions of the
allowed textures for mass hierarchy and effective mass governing neutrino-less
double beta decay are discussed. We also explore the possibility of having non-
zero CP violation for each allowed solution and possible correlation between

leptogenesis and low energy CP violation.

Possibility of exploring seesaw models at present colliders leads to TeV



iv

scale seesaw models which also triggers another important implication namely
destabilization of the electroweak vacuum. We consider the minimal seesaw
model in which two gauge singlet right handed neutrinos with opposite lepton
numbers are added. In this model, the smallness of the neutrino mass is
explained by the tiny lepton number violating coupling between one of the
singlets with the standard left-handed neutrinos. This allows one to have the
right handed neutrino mass at the TeV scale as well as appreciable mixing
between the light and heavy states. This model is fully reconstructible in
terms of the neutrino oscillation parameters apart from the overall coupling
strengths. We show that the overall coupling strength (y,) for the Dirac type
coupling between the left handed neutrino and one of the singlets can be
restricted by consideration of the stability bounds on the electroweak vacuum.
Incorporating this bound, the overall coupling strength of the small lepton
number violating coupling can also be constrained from neutrino oscillation
data. In this scenario the lepton flavor violating decays of charged leptons
can be appreciable which can put further constraint on y,, for right-handed
neutrinos at TeV scale. We discuss the combined constraints on y, for this
scenario from the process y© — e~ and from the consideration of vacuum
stability constraints on the Higgs self coupling. We also briefly discuss the
implications for neutrino less double beta decay and possible signatures of the
model that can be expected at colliders.

In general, for TeV scale seesaw models, dimension-six operators which were
suppressed in high scale seesaw scenarios, can have important implications
apart from dimension the five operator. A linear combination of two such
operators gives rise to the non-unitarity in the lepton mixing matrix, Upyns.
We discuss the origin of non-unitarity at the high scale in the context of Type-
I seesaw model and derive the one loop beta function governing its evolution

through renormalization group running.
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Chapter 1

Introduction

Standard Model (SM) of Particle Physics, described by the gauge group
SU(3). ® SU(2)r ® U(1)y, aims to explain the fundamental particles and
their interactions wiz. electromagnetic, weak and strong interactions. The
particles belong to different representations of the various symmetry group of
the SM. There are three types of particles in the SM, namely - spin—% fermions
(quarks and leptons), spin-1 force mediating vector bosons and spin-0 Higgs
boson. All the fermions have two handedness, left and right. However, in
many experiments it was found that only right handed anti neutrino (7g) or
left handed neutrino (vy) is involved in weak interaction. Neutrinos with the
other handedness i.e. vz or 7 were absent, which signals violation of parity in
weak interaction [1-3]. This motivated the formulation of SM to be a Chiral
gauge theory i.e. the left handed and the right handed fermions have different
gauge interactions. The left handed fermions form SU(2) doublet whereas
right handed fermions remain SU(2) gauge singlet. Apart from this quarks
have an additional SU(3) color gauge symmetry and they participate in the
strong interaction through gluon exchange. All other particles (except quarks
and gluons) are SU(3),. singlet and hence do not participate in the strong
interaction. These particles (except Higgs boson) have been discovered by
experiments [4]. Recently the CMS [5] and ATLAS [6] collaboration of the
LHC experiment have reported the finding of a new neutral boson with a mass

in the range 124.6 — 126.6 GeV. However the spin and parity of this particle is

1



2 Chapter 1. Introduction

yet to be determined. It is highly expected that this particle is the SM Higgs
boson. If measurements of spin and parity confirms this to be Higgs boson,

SM will be placed on a firm footing.

However from the theoretical point of view, there are several drawbacks of
SM. First, it does not incorporate gravity. Second, upon extrapolation of the
SM to high scale, the three gauge couplings do not unify. Besides there are 19
arbitrary parameters, which cannot be predicted theoretically. This includes
Yukawa coupling constants which determine the fermion masses. They are
free parameters of the theory and there are no predictions for them. In par-
ticular it does not include neutrino mass. Also large hierarchy among fermion
masses cannot be explained in SM. Construction of unified gauge theory where
fermions belong to the same(or lesser number of) multiplet(s) of the repre-
sentation of the gauge group, hence having more predictivity about fermion
masses, together with unification of the gauge couplings motivate physicists to
construct Grand Unified Theory (GUT) with bigger gauge group. SM will be
a low energy approximation of it. SU(5),S0(10), EFs GUT are among such
possibilities [7-9]. These groups can break down to SM gauge group by Spon-
taneous Symmetry Braking (SSB). SU(5) GUT predicts the mass of the down
quark and the electron to be same at GUT scale but gives different masses
at electroweak scale through Renormalization Group Evolution (RGE) of the
mass operators. But the unification of gauge couplings in canonical SU(5)
GUT is not achieved with the present precision measurements of the gauge
couplings [10,11]. The 16 dimensional representation for fermions in SO(10)
GUT naturally include the right handed neutrino and hence this is imensely
popular for generating light neutrino masses. SO(10) GUT model predicts
the mass of the up quark to be same as mass of the neutrino. But this sit-
uation can be circumvented by taking two Higgs multiplet [12]. Also gauge
couplings unify at some high scale within SO(10) GUT due to the presence of

the left-right symmetric scale.

Another problem of SM is the divergence of Higgs mass when quantum

corrections are included [13]. This happens because there is no symmetry to



parameter best fit lo range 30 range
AmZ, [107° eV?] 7.62 7.43-7.81 7.12-8.20
2.55 2.46 — 2.61 2.31 — 2.74
2 -3 2
[Ama [ 1077 eV 5 2.37 — 2.50 2.21 — 2.64
sin? 65 0.320 0.303-0.336 0.27-0.37
.y 0.613 0.573-0.635 0.36-0.68
sin” 053
0.600 0.569-0.626 0.37-0.67
0.0246 0.0218-0.0275
9 .
sin fhg 0.0250 | 0.0223-0.0276 | V170.033
0.807
) 0.03r 0—2m 0— 27

Table 1.1:  Present best fit values, 1o and 30 ranges of neutrino oscillation param-
eters. The upper (lower) row corresponds to normal (inverted) hierarchy. Values of
Am32, and sin? 015 are hierarchy independent.

protect Higgs mass in SM. Consideration of SUperSYmmetry (SUSY) which
puts fermions and bosons in the same multiplet, resolves this problem [14,
15]. In SUSY, bosons and fermions have same mass at high scale but after
SUSY breaking (at scale O(TeV)) masses become different [16]. In Minimal
Supersymmetric extension of Standard Model (MSSM), divergence of the Higgs
mass coming from the fermion loop exactly cancels the divergence coming
from the loop containing its superpartner, thus giving finite mass to the Higgs
bosons [17]. Also consideration of SUSY leads to the unification of the gauge
couplings at &~ 2x 106 GeV in SU(5) GUT [18,19]. Among other possibilities,
people have considered the presence of extra dimension which localizes the four
dimensional gauge theories in higher dimensional space-time. Consideration
of extra dimension leads to many phenomenologically viable models and even

the possibility of localizing gravity [20,21].

The first experimental evidence of physics beyond the SM came from the
neutrino sector [22-25]. Other drawbacks of SM are that it does not include
a natural candidate for Dark Matter [26]. Also the source of CP violation in
SM from the quark sector is not strong enough to successfully account the
observed Baryon Asymmetry of the Universe (BAU) [26-28].

Neutrinos are massless in the SM. However results from neutrino interferometry
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experiments have established that at least two of the neutrinos are massive and
there is mixing between different flavors [29-35]. Quantum mechanical analysis
of neutrino oscillation shows that the oscillation probability is sensitive to mass
squared differences and mixing angles. Present best fit values and 30 ranges of
the mass squared differences (Am;; = m; — m?) and mixing angles (6;;) from
the global analysis of neutrino oscillation data [36] are tabulated in Table
1.1. The relative position of the third mass eigenstate ms3 with respect to
the other two is unknown, though the solar neutrino data gives Am3, > 0

[37]. This results in two possible orderings of the neutrino masses: normal

(my < mg < mg3) and inverted (mg < my < my).

An upper bound on the sum of neutrino masses also comes from cosmology.
The present bound is Y m; < 0.5 eV [38-40]. However this bound can vary
from 0.28 eV to 1.2 eV subject to the data set used [41,42]. Cosmological
upper bound together with measured mass squared differences in neutrino
oscillation experiments imply that the absolute masses of neutrinos are orders

of magnitude smaller than those of quarks and charged leptons.

The simplest extension of the SM, to include neutrino masses, could be to
add right handed neutrinos and give Dirac mass to light neutrinos using SSB
like other fermions. However, one will need very small Yukawa coupling to
account for the small neutrino masses. A more natural mechanism to generate
such small neutrino masses is the so called seesaw mechanism which needs the
introduction of one or more heavy fields. At energies below their mass scales,
the heavy fields get integrated out giving rise to the effective Lagrangian con-
taining higher dimensional operators. These operators are non-renormalizable,
and SM gauge group invariant. The lowest dimensional operator among these

is the dimension-5 operator [43,44], given by

Ly~ Cﬁf) (Eleﬁb) ( TETle) (1.0.1)

where [;, and ¢ are respectively the SM lepton and Higgs doublets. [€ is

defined as [€ = C ZT, where C is the charge conjugation matrix. € is the 2 x 2



anti-symmetric tensor, 7, j are the generation indices. As we can see from
the above expression, ¢® has the dimension of M~!, where M is the mass of
the right handed heavy field. ¢® can be expressed in terms of dimensionless
coupling constant as a® /M. This operator violates lepton number by two
units and leads to Majorana masses for neutrinos. After SSB, the ¢ field
acquires Vacuum Expectation Value (VEV) v and consequently neutrino mass
becomes; m, ~ 3c®v? With v ~ 246 GeV and a® ~ O(1), to produce
neutrino mass of ~ 0.5 eV, M has to be of the order of O(10'* GeV). This
way of generating small neutrino masses, by integrating out the heavy singlet
fermionic field is popularly called seesaw mechanism (Type-I) [45,46].

In Type-I seesaw mechanism, the light neutrino mass matrix m, gets the

following matrix structure at tree level
m, = —mn Mz mp (1.0.2)

where mp =Y, % and Y, is the Dirac Yukawa coupling that couples left
handed lepton doublet with the right handed heavy singlet. The Majorana
mass matrix m,, is complex symmetric and can in general be diagonalized by

a unitary matrix as follows
Ul'm, U, = D, = diag(m; ,my , ms) (1.0.3)

my , Mo, mg can be chosen real and positive. This diagonalization modifies the

charged lepton current as below

92 __ 92 _
JH = NG iV Prvei = NG &' V' PL (UeT U”)ij Vej (1.04)

where e, v, are the flavor states and €', v, are the mass eigen states, related by

ei = (Ue),; €5 Vei = (U,),; vi;- Thus physical lepton mixing matrix is given

by the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix, which is defined
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by the product of the two unitary matrices;
Upnins = U] U, (1.0.5)

In the basis where charged-lepton mass matrix is diagonal, so that U, = I, the
lepton mixing matrix is given by Upyns = U,,.

The next set of higher dimensional operators that arise in the theory are
dimension six operators. List of different dimension six operators can be found
in [47,48]. A linear combination of two such operators is of special relevance

in connection with neutrino mixings [49] and is expressed as
Lo~ (Inied*)id (7€ 1) (1.0.6)

This operator is of Dirac type in contrast with the Majorana type operator
(1.0.1). After symmetry breaking, the right hand side of Eq. (1.0.6) becomes
(6) v

Cij o Vel i@ Ver, (1.0.7)

which makes the coefficient of neutrino kinetic term deviate from unity by
an amount of %0(6)02. Now, in order to bring the kinetic term in its usual
canonical form, the field v, is rescaled with a factor of (1 + % 0(6)1)2)1/ ? This

also modifies the charged lepton current interaction as below [49, 50]

1
Jrt — ﬂe_fy“PL Vg — ﬂe_yy“PL (&-j 1 0(6)112) Vej (1.0.8)

V2 V2 7
Now following the same procedure of basis transformation as in Eq. (1.0.4)

one would obtain the lepton mixing matrix, Upying, as

1
Upnins — <1 v 0(6)02) Upnins (1.0.9)

6)1)2 can

% is hermitian and unitarity of Uppyng is no longer maintained. cl
be treated as the measure of non unitarity. Because of this, the operator in

Eq. (1.0.6) is called the non-unitary operator and ¢® is called the non-unitary



parameter. The dimension of ¢ is M~2. With M of the order of O(10'

GeV), non-unitarity is highly suppressed.

Seesaw mechanism implies neutrinos are Majorana particles and hence lep-
ton number symmetry is violated. Experimental verification of this comes from
neutrino less double beta decay (0v(3/3) transition inside the nuclei, (A, Z) —
(A,Z 4+ 2)+2e . Emission of two electrons and no neutrinos in the final
state, is being connected to the exchange of virtual light neutrinos which is
of Majorana type [51]. However presence of heavy neutrinos can act as a new
contribution towards LNV process. Although the new contribution is thought
to be highly suppressed due to the heavy mass scale of the singlet neutrinos
but recently it was shown that the new contribution can play an important

role in models with large light-heavy mixing [52-55].

The singlet neutrinos, introduced at the high scale for Type-I seesaw mech-
anism, also fulfil the requirements of the generation of BAU through the mech-
anism of leptogenesis [56,57]. Leptogenesis is the mechanism where the heavy
singlet neutrino decays into leptons, Higgs boson and their antiparticles in dif-
ferent manners. This leads to an overall C'P asymmetry which can then be
converted into Baryon asymmetry through Sphaleron process [58-61]. Thus
one can connect the mechanism of light neutrino mass generation to the ob-
served Baryon asymmetry. There is also the interesting possibility of relating

the high and low energy CP violations.

Lepton Flavor Violating decay (LFV) processes e.g. p1 — ey can be medi-
ated by charged current and neutral current interactions of light neutrinos at
higher orders in perturbation theory [62-64]. The branching ratio of this type
of flavor violating process, when compared with process like 1 — e V¢ v, turns
out to be proportional to the forth power of light neutrino masses and hence
is negligibly small [65]. However this effect could be enhanced in presence of
heavy neutrinos through relatively large light-heavy mixing [66-68].

Study of such phenomenological consequences of seesaw mechanism needs
precise knowledge of the unknown parameters in the seesaw mass matrices at

high energy. Reconstruction of the seesaw mass matrices (1.0.2) from low en-
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ergy observations is a challenging task as Yukawa couplings are not governed by
any principle. The main problem is the mismatch in the number of parameters
because in general the seesaw framework contains more parameters compared
to what can be obtained from measurements at low energy and it is not pos-
sible to fix the high energy parameters entirely from low energy data [69-71].
Parameterization of the unknown Yukawa matrix (or mp) according to Casas-
Ibarra [72] cannot determine it fully. For illustration, in presence of three
generation of heavy neutrinos, the total number of high energy parameter is

24 whereas measurable low energy parameters are only 9.

One possible solution is the appearance of texture zeros which was first
attempted in the quark sector [73]. In general, zeros imply vanishingly small
entries in the mass matrices whose origin can be traced to flavor symmetries.
Consideration of texture zeros in the seesaw mass matrices provides a useful
way to handle the problem of parameter mismatch since assumption of texture
zeros leads to a reduction of the number of parameters and thus strengthens

the predictive power of the model.

However direct testability of seesaw mechanism is way beyond the reach of
present experiments. In conventional Type-I seesaw mechanism, mass scale of
the heavy neutrinos is of the order of O(10'* GeV) and hence cannot be tested
at present colliders. Therefore, from the point of view of testability at colliders,
one needs to bring down the seesaw scale to TeV. For the canonical Type-
I seesaw mechanism, this is difficult and one has to appeal to cancellations
coming from flavor symmetries [74-76]. One way to circumvent this problem
is provided by inverse seesaw mechanism [9,77]. In these scenarios, mass scale
of the heavy field is of the order of O(10* GeV). In models with inverse seesaw
mechanism, one includes additional singlet states with lepton number opposite
to that of the right handed neutrinos. The Majorana mass of the singlet breaks
Lepton number softly. The smallness of the neutrino mass can be related to
the smallness of this parameter. For the canonical seesaw, the neutrino mass is
inversely proportional to the mass of the heavy particle which determines the

scale at which lepton number is violated. While in this case the neutrino mass



is proportional to the mass of the singlet characterizing the lepton number
violation. Hence this is termed as inverse seesaw. This is considered to be
more natural because as this parameter tends to zero, the neutrino mass also
becomes zero and lepton number symmetry is reinstated. Non-unitary mixing
between light and heavy particles in these class of models with inverse seesaw

mechanism, can be large and can be probed at colliders [78-80)].

One variant of the inverse seesaw models of the type discussed in [9,77]
is the linear seesaw model [81-83]. In these class of models, a tiny lepton
number violation is incorporated through the term that couples the left-handed
neutrinos and one of the singlet states. Within this scheme the minimal model
consists of three left-handed neutrinos and just two singlet states. This is
similar to the minimal type-I seesaw model [84-87], but in this case the two
singlet states are assigned opposite lepton numbers. Thus only one of the
singlets has a lepton number conserving Dirac type coupling with the left-
handed states. The coupling of the other singlet with the left-handed states
violate lepton number symmetry and in the limit this coupling is zero the
Lagrangian acquires an extra global U(1) symmetry. Therefore this should be
naturally small. The smallness of the neutrino masses can now be related to the
smallness of this coupling and the mass of the singlets can be at TeV leading

to phenomenological consequences, same as in the inverse seesaw model.

Another important consequence of TeV scale seesaw model is significant
modification towards the stability of the electroweak vacuum [88,89]. It is well
known that because of quantum corrections, the Higgs self-coupling, A, diverges
for higher values of Higgs mass and goes to negative for low values of Higgs mass
near Planck-scale (M, = 1.2 x 10'® GeV). Assuming the absence of any new
physics between SM and the Planck scale, Higgs mass was found to be in the
range 126 — 171 GeV for A(at M) to be in the range [0, 7] [90,91]. The upper
bound called the “triviality bound” essentially embodies the perturbativity
of the theory. The lower bound known as the “vacuum stability bound”, is
obtained from the fact that a negative A makes the potential unbounded from

below and the vacuum would be unstable [92,93]. The presence of new Yukawa
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couplings in seesaw models modifies the § function of Higgs self-coupling.
In the conventional Type-I seesaw model, generation of small neutrino mass
requires the mass scale of the singlet to be of the order of 104 GeV for Dirac
Yukawa Coupling Y, ~ O(1). It was observed in [88] that the presence of
this extra coupling increases the lower bound of the Higgs mass from vacuum
stability constraints, gradually reaching the perturbativity bound. But, as
for canonical Type-I seesaw mechanism, the window of the new physics effect
(from 10 GeV to Planck scale) towards the running of X is small, electroweak
vacuum is less likely to get destabilized due to its presence. Whereas for
TeV scale models (with not very small Yv), as the running of Yukawa starts
affecting the running of A from TeV scale upto Planck scale, vacuum is more
likely to get destabilized. Although as the mass scale of the heavy field is
lowered, Y, has to become less in order to get m, ~ 0.5 eV and below a
certain value of the mass scale the additional contribution does not play any
significant role. However from the point of view of relevance at LHC many
models have been considered in the literature which can give rise to small
neutrino masses with a relatively large Yukawa coupling even with the heavy
field at the TeV scale. Hence in such models the effect of the Yukawa term

can be significant in the running of A [94,95].

As mentioned earlier, the higher dimensional operators (1.0.1,1.0.6), ob-
tained by integrating out the heavy fields, arise in the theory at relatively
higher scale whereas phenomenological implication of such operators are being
measured by experiments at much lower scale. RGE effects of these operators,
induced due to higher order quantum corrections, needs to be incorporated for
precise predictions of the model parameters and experimental verification of

the model [35,36,96].

The dimension five operator is responsible for the neutrino masses and their
mixing angles. RGE for this operator, gives rise to corrections to neutrino
masses and mixing angles. RGE effect on neutrino masses and mixing angles
can be large for heavy neutrino mass at a scale O (102 — 10'* GeV) and is

well studied in the literature in the context of seesaw mechanism [97-110].
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Dimension six operator, being Dirac type, does not contribute towards
neutrino mass. It modifies the neutrino mixing parameters. Also it medi-
ates LF'V type processes. The non-unitary effect can also play a non-trivial
role in relating CP violation responsible for leptogenesis with low energy CP
violation [111,112]. RGE of this operator is, however, not as widely stud-
ied. It is noteworthy to mention that the non-unitary operator, because of
O (1/M?) suppression, becomes significant only at TeV scale. Therefore the
RG running of this operator from the TeV scale to the electro-weak symmetry
breaking scale is not expected to be as large as operators which are significant
at very high energy (10'2 — 10 GeV). But as neutrino physics has entered
the precision era, for precision calculation of neutrino mixing parameter, LE'V
processes, low energy CP violation, RGE of the non-unitary operator may play
an important role.

In this thesis we have studied several aspects of the seesaw mechanism. In
Chapter 2 we give the origin of higher dimensional operators which lead to light
neutrino mass matrix and modification of the lepton mixing matrix through
SSB. Then we present light neutrino mass matrices in different seesaw mech-
anisms and discuss the implications such as neutrino less double beta decay,
leptogenesis, lepton flavor violation, modification towards vacuum stability.
Chapter 3 contains phenomenological studies of Type-I seesaw mechanism.
We consider texture zeros in mp and My with three right handed neutrinos.
We also consider minimal seesaw model with two right handed neutrinos and
consider both equalities and zeros. With the reduced number of parameters, we
discuss viable textures consistent with low energy data. Taking such textures,
we shall make predictions for leptogenesis, low energy CP violation, lepton
flavor violation, neutrino less double beta decay. In the context of Minimal
Linear Seesaw Model (MLSM), we shall also constrain the parameter space
of neutrino Yukawa coupling and heavy neutrino mass from the consideration
of vacuum stability and LFV. In Chapter 4 we shall present the renormaliza-
tion group evolution effect on higher dimensional operators. Finally we shall

summarize in Chapter 5.






Chapter 2

See-saw models of neutrino

masses in beyond SM scenarios

2.1 Introduction

As mentioned in Chapter 1, SM does not include a mass term for the
neutrinos. The simplest extension of the SM to generate non zero masses of the
light neutrinos naturally is to add heavy fields which lead to effective operators
at low energy i.e. SM is an effective theory of a more fundamental theory e.g.
Left-Right Symmetric model, GUT etc. Higher dimensional operators can then
be added to the SM Lagrangian without disrupting the renormalizability of the
theory as the fundamental model would still be renormalizable at higher energy.
These operators should be SM gauge group invariant and in principle could
be lepton number violating as lepton number symmetry is only an accidental
symmetry in SM. Renormalizability criteria restricts the operators in the SM
Lagrangian to have maximum of four mass dimension. The lowest dimension of
such higher dimensional operator that could be added to the SM is dimension
five. Dimension five operators was first noted down by Weinberg in 1979 in
general [43,44]. In the leptonic sector, it is given by

(®)

D o) e e e

L5=—g

0| =

13
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where a;; is O (1) and 7*/2 is the SU(2) generator. This type of operator is
obtained by integrating out heavy fields of mass scale M. After electroweak
symmetry breaking ¢ field acquire VEV, consequently such an operator leads
to the mass term for the upper component of the lepton doublet through an-
tisymmetric combination. This is the well known seesaw mechanism. Repre-
sentation of such heavy fields can be obtained by SU(2) group multiplication,
2®2 = 1®3. Hence there can be two possible representations of the heavy field,
(7) singlet fermion/scalar and (ii) triplet fermion/scalar. Seesaw mechanism
involving singlet fermion is known as Type-I seesaw [45,46]. Seesaw mecha-
nism mediated through triplet scalar is known as Type-II seesaw [113-117] and
by triplet fermion is know as Type-III seesaw [118-120]. Seesaw mechanism
cannot be mediated through singlet scaler with zero hypercharge (Y = 0) due
to the violation of charge conservation. Although Y = 2 scalar would conserve

charge but cannot give mass term for light neutrinos.

In seesaw models, motivated by GUT, the mass scale of the heavy fields
are near the GUT scale i.e ~ 102 — 10'* GeV. The option to generate TeV
scale seesaw is to add extra singlets, as is done in inverse seesaw, linear seesaw
models. Inverse seesaw, linear seesaw mechanism provide natural scale for
right handed neutrino mass to be at TeV. Below its mass scale, the heavy
fields get integrated out and give rise to dimension five operator similar to

Type-I seesaw as well as dimension six operator.

After SSB dimension five and dimension six operators give rise to neutrino
mass matrix and non unitarity in the lepton mixing matrix respectively. The
heavy neutrino introduced at high scale leads to many different phenomeno-
logical implications such as leptogenesis, lepton flavor violation, neutrino less
double beta decay. Also electro weak vacuum gets destabilized in the low Higgs

mass region due to the presence of neutrino Yukawa coupling.

In this Chapter we shall discuss the origin of higher dimensional operators
at high energy with Feynman diagrams. We also discuss the structure of
different seesaw mass matrices. Then we shall briefly present the formalism of

different implications of seesaw mechanism.
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2.2 Origin of higher dimensional operators

In Type-I seesaw mechanism, the additional part of the Lagrangian includ-

ing the heavy neutrino field /V; to the SM Lagrangian is given by
_ 1 —
‘Cext = — (Yy)ji €ap gbﬁ NjPL lai — §M]2NJPRNZC + h.c. (221)

here ¢ denotes SU(2) Higgs doublet with b = ed*; € is the 2 x 2 anti-symmetric
tensor. The lepton doublet is denoted by I;. 7 and j are the generation indices.
For m generation light neutrinos and n generation heavy neutrinos, ¢+ and j
run from 1 to m and 1 to n respectively. The Yukawa coupling Y, is complex-
valued m x n matrix in general. After SSB one gets the Dirac mass matrix
as mp = % Y,. The Majorana mass matrix M is n X n complex symmetric
matrix. The relevant part of the SM Lagrangian (required for computation in

Chapter 4) is given below

.g * a * _a a .9 *
Low = i 2] (002) ots0n — G500 (0"6) | Wi +i 5| (962) dants
092
2
g% * m A * * 92 _q 7 o a
+ 7 Palap@s B By — 00050005005 — 5 0ag0i lagy PrlsW,

g 7 = 92 4 = a
+ 5150155]@ lajv" Prlgi By + g1 05 €,9" Pre; By, — 52%55]'2‘ QogV" PrLasiW,

2
% g * a a, * a a
5005 (060) } By + “2610.50" W W, + TR 6L 00s0,W B,

g _ 4q _ 29 -
- Eldaﬁdji Qaj’YMPLQBiBu - ?15]1 Uj’YMPRUiBM + ?1@1 dj’}/MPRdiBM
- [(Y;)]Z 5&B¢EéjPLlai + (Yu)ﬂ Eaﬁ¢ﬁajPLQai
+ (Ya);; 0ap®5d; Prgoi + h.c] (2.2.2)

where g1, g2 and By, W} are gauge couplings and gauge boson fields corre-
sponding to U(1), SU(2) gauge group respectively. u and d denotes up and
down type quark singlets. ¢ denotes quark doublet. Full set of Feynman rules

for this model can be found in Appendix C.
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2.2.1 Origin of dimension-5 operator

With the above Lagrangian (2.2.1) one can construct two possible dimension-
5 Majorana type operators in the context of l¢p — I€¢* and l¢* — I€p. Here
we present one of them, the other one will be the same with fermion lines

reversed.

st M?
—

\\\
p(b\\\@ﬁ

Figure 2.1: Feynman diagram, 1 — I€¢* mediated by heavy right handed neutrino
(on the left hand side). On the right hand side, low momentum transfer approxima-

tion, leads to ¢®) vertex.

Tree level matching of both sides, in the limit s, ¢ < M?, gives

o 07 ()5, s (07 (1))

1
= 5 Cg-?) (675 €ap t €43 60,5) Pr (2.2.3)

| 7.

Ji

We identify ¢® = 2YM~'Y,. Note that ¢® is symmetric. Here s =
(o + p¢)2 and t = (pl — p;b)z. So the effective dimension-5 operator (at low

energy) in the Lagrangian becomes

£6) _ i & (@ ; ¢) (¢7eTlL;) + hoc. (2.2.4)

2.2.2 Origin of dimension-6 operator

In a similar way, one can construct four possible dimension-6 Dirac type

operators in the context of l¢p — l¢p and l¢p* — [¢*, two in each cases. Here we
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present one from each of them. The other two will be the same with fermion

lines reversed.

+ + < M2
b1 T Po 5_>k

Figure 2.2: Feynman diagram, ¢ — l¢ mediated by heavy right handed neutrino (on
the left hand side). On the right hand side, low momentum transfer approximation,

leads to c©) vertex.

Tree level matching of both sides, in the limit s < M2, gives

P 0 M) s (3, 9,) P

i
s AWescas (1,+9,) Pr (2.2.5)

We identify ¢(® = 2V (M~1)" M~'Y,. It is noteworthy that ¢(® is Hermitian.

A similarly diagram for ¢ channel is as follows

t<< M2
—

A N

E AN "
o RN " W24 DN "

Figure 2.3: Feynman diagram, l¢* — 1¢* mediated by heavy right handed neutrino
(on the left hand side). On the right hand side, low momentum transfer approrima-

tion, leads to ¢ vertex.
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Tree level matching of both sides, in the limit ¢ < M?, gives

7 (YVVJr (]\4_1)>k M_lyy)ji €vB €as (Zbl - p;)) Pr

i
= Ve (pl . p;) P (2.2.6)

There are two other diagrams with fermion lines opposite to previous two.
Note that the external scalar lines as well as the momentum dependence in
s-channel and t-channel are different. For the dimension-5 operator both s-
channel and t-channel contribute to the same effective vertex. But here they
contribute to different vertices. The effective dimension-6 operator (at low
energy) in the Lagrangian is given by

£ = L (o) b (6771 22

It is noteworthy to mention that the extra 1/2 factor in £®) (2.2.4) is due to

the Majorana nature of the dimension five operator.

2.3 Seesaw mass matrices

After SSB the Higgs field receives VEV, v, as

oF 0
o= | —|. (2.3.1)
¢ I

consequently the dimension five operator in Eq. (2.2.4) becomes
L o,2) ¢
—5 | =5V ) v e (2.3.2)

The above expression is rearranged with -ive sign as fermion mass term comes
with a -ive sign in the Lagrangian. The 1/2 factor taken out to the front as

its a Majorana mass term. The light neutrino mass term is being identified as

1
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Since is My very large, the mass eigenvalues are naturally suppressed. The
Majorana mass matrix m, is symmetric and can in general be diagonalized by
unitary matrix (U, = Uppyns) as in Eq. (1.0.3). Having discussed the origin
of seesaw, in the next section we describe the mass matrices arising in different

types of seesaw mechanism.

2.3.1 Type-I Seesaw mass matrix

After SSB the Higgs doublet receives VEV, v, as in Eq. (2.3.1). Conse-
quently the Lagrangian in Eq. (2.2.1) becomes

vV — 11—
‘CYukaass = _ﬁ NRYV vy — éNRMN](é + h.c.
1 — — 0 YVT\% vy,
e —5 <VE7NR) 2 c —I—hC
voe M) \Ng
1 I
= o XgMyxr the (2.3.4)

where x, is given by x, = (I/L , ng)T. The above expression gives the neutral
lepton mass matrix, given by
0 m DT

M, = (2.3.5)
mp M

where mp = Y, v/ v/2. The neutrino mass matrix M, can be diagonalized by

a (3+mn) x (34 n) unitary matrix Uy as

Ui M, Uy = Mies (2.3.6)
where MY = diag(my ,my, ms, My ,--- , M,) with mass eigenvalues m; (i =
1,2,3)and M; (j =1,---,n) for three light neutrinos and n heavy neutrinos

respectively. Following standard procedure of two-step diagonalization U, can
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be expressed as, by keeping term upto order O (m?%,/M?) [121]

1-3e)U, mp(M~ 1)U U, vV
vo—wr= | (779 oM™ Ur ) _ [ U (2.3.7)
—M’lmD U, (1 — 6/) Ugr S Uy

1
2

W is the matrix which brings the full (3+n) x (3 +n) neutrino matrix, in the

block diagonal form

wT W= : (2.3.8)
mp, M 0 my

T = diag(U, ,Ug) diagonalizes the mass matrices in the light and heavy sector
appearing in the upper and lower block of the block diagonal matrix respec-
tively. Uy in Eq.(2.3.7) corresponds to Upyys which acquires a non-unitary

correction (1 — €/2). € and € characterize the non-unitarity, given by

e =ml (Mfl)* M tmp, (2.3.9)

¢ =M"1mp m% (Mfl)* )
e can also be obtained from Eq. (2.2.7) by giving VEV to the Higgs field as
L 0,2

€= (2.3.10)
m,, can readily be obtained from Eq.(2.3.8) as

1

ml,:—mgM’lmD—i—é (mp M 'mpe+e€em, M 'mp)  (2.3.11)

In the mass basis x and X’ are related as follows

xz = Us X, (2.3.12)

where un-primed are the flavor basis and primed fields are in the mass basis.

Also the charged lepton current and the neutral current involving neutrino get
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modified as below

£ = Lo UL, + VNE] W, +hee. (2.3.13)
V2
nc 92 = )
Lne = py— [V'Lv“UzULI/L + U A"UTV N
+ Ny ViU, + NV VIVNE| 2, (2.3.14)

In canonical Type-I seesaw, heavy neutrino mass scale is O (1012 — 10 GeV),
as a result M > mp is a very good approximation. Consequently O (m?% /M?)
terms can be dropped out (i.e. € ~ 0, and € ~ 0) and one can recover
the conventional Type-I seesaw mass matrix (2.3.3) from Eq. (2.3.11). Also

unitarity of Uy, and hence Upyng is maintained.

Upnins being a 3 X 3 unitary matrix, can be parameterized by three 3 angles
and 6 phases. Out of 6 phases, 3 phases can be removed by the redefinition of
the left-handed neutrino fields. Thus 3 angles and 3 phases can affect observ-
ables if the neutrinos are Majorana particle. We follow the parameterization

of the mixing matrix given by

Upmns = Uss(023)Uss(6h3, 0)Ur2(612) P (2.3.15)
—i
C12€13 512€C13 S513€
) ;S
- —812C23 — C12523513€" C12C23 — 512523513€" 523C13 P

1) 1)
S12823 — C12C23513€" —C12523 — S12C23513€" C23C13

where the U;; are matrices of rotations in the ij plane by angle 0;; , s;; =
sin 6;;, ¢;; = cos 85, 6 is the Dirac CP violating phase attached to 1—3 rotation.
P (= diag (e™/2,¢™2/2 1)) contains Majorana phases. Present experimental
bounds on the mass squared differences and the mixing angles, from the global
analysis of neutrino oscillation data, are tabulated in Table 1.1 [36]. All phases

are currently unconstrained.

Reconstruction of the Yukawa coupling

The Yukawa coupling matrix (Y,) can be expressed in terms of low energy
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parameters as below [72]

V2 « 1r1/2 1/2
Y, = o Ur Mdi/ag Rmdl/ag UITDMNS (2.3.16)
where Mgy and mg;e, are heavy neutrino and effective light neutrino mass

matrix in the diagonal basis. U}, is a unitary matrix that diagonalizes M. R

is a complex orthogonal matrix and can be parameterized as [122]
R=0¢" (2.3.17)

where O and A are real matrices. Orthogonality of R requires O to be or-
thogonal and A to be antisymmetric. In the quasi-degenerate light neutrino
spectrum, O can be absorbed in Upy; g which leads to the same physics hence
O can be taken to be unity. Also in a basis where heavy neutrino mass ma-
trix is diagonal, Up becomes unity (Ur = 1). In such cases Y, contains less
number of parameters and hence increases the predictivity of the model. How-
ever in general scenarios, such parameterization does not reduce the number

of undetermined parameters.

2.3.2 Type-1I and Type-I1I seesaw mass matrices

In Type-II seesaw mechanism, one adds SU(2) triplet Higgs field to the SM
particle spectra. The extended part of the Lagrangian is given by [123,124]

Lo = = (VR);515; €9y APy lai + Ha 63 €y Al

— (ME)*Tr [ATTA®] + hc. (2.3.18)
where the triplet Higgs field, A in adjoint representation, is given by

1 ﬁ ﬁ

A = (2.3.19)
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r, s are the number of triplet Higgs fields which is at least two for successful
leptogenesis [125]. Apart from the above Lagrangian, the SM potential receives
additional terms due to the presence of the extra Higgs field which we shall
not write down explicitly. After symmetry breaking, the neutral component of
A" also receives VEV, vy = (ph)* v?/ (M%)?. The light neutrino mass matrix

is given by
m, =mp =2 (Yv}) (2.3.20)

For pin ~ Ma ~ 10'2 — 10" GeV, va ~ v*/Ma which is of the form of
seesaw suppression. For O(1) Yukawa coupling, this would naturally give the

correct light neutrino mass term.

In Type-III seesaw model one adds triplet fermion in place of singlet fermion

of Type-I seesaw. The additional part of the Lagrangian is given by

ext

~— 1 _ ~
LI = — (%), 6Pl — 5 (M) T [S,P05) + e (23.21)

where ¥ and ¥ are given by

L.y0 -+ ~ _
n= 2 . S =eCT e (2.3.22)
3 -1y
V2

C stands for charge conjugation. The light neutrino mass matrix is same as in

Type-I seesaw mechanism with Y, and M replaced by Yy, and My, respectively.

Type I1II seesaw mechanism can naturally be obtained in SU(5) GUT model
by adding SU(2) triplet fermion to the 24p dimensional representation of
SU(5) [118-120]. On the other hand, Type I and Type II seesaw mechanism
naturally arise in SO(10) GUT models. The 16 dimensional representation of
SO(10) in the fermionic multiplet contains one singlet right handed fermion
field which can be the right handed neutrino. In SO(10) GUT one needs
at least two Higgs multiplet to reproduce correct masses for quarks and lep-

tons. In the combinations (10,126) and (120, 1265), the singlet neutrino
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receives mass from the SU(2)g triplet fields of the 126 dimensional represen-
tation of Higgs [12]. This fermion can be in the region between left-right
symmetry breaking scale and GUT scale. Below its mass scale, the fermionic
field gets integrated out giving rise to light neutrino mass at electro weak
scale. Besides, the 126 dimensional representation of Higgs field also contains
color singlet SU(2)y, triplet field which naturally gives mass to light neutrino
via Type-II seesaw [113-117]. In another combination (10g,1205), neutrino
mass is obtained either through two loop radiative correction with additional
(164, 165) Higgs [126] or through double seesaw by adding matter fields in the
adjoint representation of SO(10) (45r) with 165 Higgs [127]. Type I seesaw
can also be obtained along with Type III in the SU(5) model as the adjoint

representation (24r) contains a singlet too.

2.3.3 Inverse and linear seesaw mass matrices

In inverse or linear seesaw model one adds an extra singlet in addition to
the right handed neutrino. The Yukawa part of the most general Lagrangian

involving extra singlet states can be written as

_ ~ o~ _ 1— 11—
— L = NRgY, o'l + SYsd'l, + SMpNG + 5S,ﬁc + §NRMNN§

+he. (2.3.23)

where I, = (vp,7)E, 2 = e, u,7. Iy, Ng and S have lepton number 1,1, —1,
respectively. After spontaneous symmetry breaking, the ¢ field acquires a
vacuum expectation value (v/v/2) and Y,v/v/2 = mp gives rise to the Dirac
mass term while the term Yjv/ V2 = mg breaks lepton number. In the above
Lagrangian lepton number violation stems from the terms with coefficients
Ys, p and My and thus the symmetry of the Lagrangian is enhanced (lepton
number becomes an exact symmetry) in the absence of these terms. Therefore
these coefficients are expected to be naturally small (i.e. there is no fine
tuning or unnaturalness in keeping these terms to be very small) according to

't Hooft’s naturalness criterion.
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The neutrino mass matrix in the (v, N, S¢) basis can be written as

0 mL mf
M, = |mp My ME|- (2.3.24)

ms Mgr
In the literature many variants of this model have been considered.

Inverse Seesaw

The conventional inverse seesaw models assume the terms mg and My in Eq.

2.3.24 to be zero. Then the mass matrix takes the form,

My= |mp 0 ME|. (2.3.25)
0 Mp p

The model is lepton number conserving in the limit g tending to zero. The
minimal inverse seesaw model considered in the literature [128] consists of
3vp+2Ngr+2S. The model with 3v;, +1Nr+ 1S5 is a 5 x 5 matrix with rank 3.
Thus there are two zero eigenvalues of this matrix which is not consistent with
low energy phenomenology. The model consisting of 3v;, +2Nr+ 1S isa 6 x6
matrix with rank 5. Thus there is one zero eigenvalue. However, this belongs
to the (Ng, S) block and hence this scenario is not considered if one assumes
that there are no light singlets. In Eq. (2.3.25) the Majorana mass term of
Npg is not considered. In principle this can be included [129,130], although
this does not change the structure of the effective light neutrino mass matrix

at the leading order [131,132].

Linear Seesaw

In the so called linear seesaw models [81-83] one retains the v — S term in the
Lagrangian through the Yukawa coupling matrix Y; and makes the p and the

My term to be zero. In these models lepton number violation stems from the
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term containing Y. The corresponding mass matrix is,

0 mh mk
M,= |mp 0 Mpgp]|- (2.3.26)

mg M}; 0

In the limit Mg >> mp, mg the above mass matrix can be diagonalized using
the seesaw approximation and in the leading order the effective light neutrino

mass matrix mygn: can be expressed as
m, = mpMg 'mg +mL Mz 'mp. (2.3.27)

Since this contains only one power of the Dirac mass term it is called linear

seesaw.

One can make an order of magnitude estimate of the various terms to check
the conditions required to get m, ~ 0.1 eV. Assuming typical values mp ~ 100
GeV (Yukawa coupling strength Y, ~ O(1), v ~ 100 GeV) and Mg = 1 TeV
one needs Yy ~ 107!, In the heavy sector we get two degenerate neutrinos of
mass ~ TeV. The minimal model consists of adding just two singlet states Ny
and S. The rank of the 34141 mass matrix is 4 corresponding to one zero
mass eigenvalue. The Majorana mass term My can also be included which
would lift the degeneracy between the heavy states, However, the contribution

of this term to the light neutrino mass matrix is sub-dominant [131,132].

Inverse 4+ Linear Seesaw

It is also possible to keep both the terms m, and p in the Lagrangian. Then in
the limit Mr >> mp, mg and in the leading order the effective light neutrino

mass matrix myign: can be expressed as

W 1 1
m, = —mgﬁ%mp + mgﬁRmS + mgmm[). (2.3.28)

In this case, for M ~ TeV, one needs pt ~ 1078 GeV and Y, ~ 107, As

discussed earlier Minimal Linear Seesaw Model (MLSM) contains one N and
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one S. This feature makes the model fully reconstructible from the low energy
parameter (as we shall see later) and draws special attention for prediction.
The full mass matrix can be recasted as,
T
0 mp

M, = (2.3.29)

mpy, M
where m/} = (m}%, ml) and M is given by

0 Mg
M = (2.3.30)

Mgr 0
The eigenvalues (M, Ms) are obtained as (—Mpg, Mg) corresponding to de-
generate neutrinos with opposite CP parities. The negative sign in the mass
eigenvalues can be absorbed in the phases of the diagonalizing matrix Ug giv-
ing,

1 11

Up = — (2.3.31)
Ve i

In this model, the mass and gauge eigenstates are related as in Eq. (2.3.12).

For convenience, we write is as follows

(VL VC> = Uy (VL’ yc’) (2.3.32)
where,
Ve = (N}gz sc) (2.3.33)

The leptonic part of the charged current interaction in the mass basis (2.3.13)

can be re-expressed as,

Lo = [0 9 U (Up)aivs + (V)ag Nig W] +hoe. (2.3.34)

Sil=
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The PMNS matrix is defined as in Eq. (1.0.5)

1
UPMNS = U;f (1 — 56) UL (2335)

where U, is the unitary matrix which takes the left-handed charged lepton fields
to their mass basis. In a basis, where charged lepton mass matrix is diagonal,
U, is being taken as unity. For TeV scale seesaw model M ~ O(TeV) and
hence € can not be neglected. As a result, Upy;ys becomes non-unitary and
the correction to unitarity is proportional to €/2.

Inverse seesaw mechanism naturally arises in Eg GUT [9]. The 27 dimen-
sional representation of Fg under (SO(10), SU(5)) subgroups contains an ex-
tra singlet fermion which can give rise to light neutrino masses through inverse

seesaw mechanism.

2.3.3.1 Reconstruction of the Yukawa coupling

In this subsection, we demonstrate how the Yukawa coupling matrices of
the MLSM can be reconstructed apart from an overall constant. m, for this

case, Eq. (2.3.27), can also be expressed in terms of two independent vectors
Y, =y.a Ys=uyb (2.3.36)

where a4 and b are complex vectors with unit norm. y, and y, are the norms of
the Yukawa matrices Y, and Yg, respectively. This feature allows one to com-
pletely reconstruct the Yukawa matrices Y, and Yy in terms of the oscillation

parameters as [133],

e Normal Hierarchy (NH):  (m; < mg < ms)

_ Y t — gt
Y, — \/5(\/1+pU3+«/1 ,0U2>
Ye = \y/%<\/1+p Ul —/1—p U§) (2.3.37)
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with p given by,

_VE -V

p= N Y (2.3.38)

U;’s are the columns of the unitary matrix U that diagonalizes the light
neutrino mass matrix (my4,:) above and r is the ratio of the solar and
atmospheric mass squared differences.

2
AmQ

= 2
ATnatm

r (2.3.39)

where Am2, denotes the solar mass square difference (Am3,) and Am?2,,,

denotes the atmospheric mass square difference (|AmZ,| for NH, |AmZ |

for TH).

e For inverted Hierarchy (IH): (m3 << mg ~ my)

_ Y t — g7t
Y, = \/i(\/lepUz—i—\/l pU1>
Yo — 3‘%(\/1+pUg—\/1—p Uf) (2.3.40)

with

vi4+r—1

SRS 2.3.41
P Arr+l (2:341)

For Inverse + Linear seesaw, the Yukawa couplings can also be reconstructed
but with two unknown parameters. The parameter p in Eq. (2.3.28) will
introduce an extra unknown parameter in Yy in addition to y,, as mentioned

in [133)].

2.3.4 SUSY seesaw

In SUSY theories light neutrino gets mass in a similar manner as in extended
SM. R-parity (introduced to evade proton decay) conserving MSSM does not

include a neutrino mass term. Addition of heavy neutrino superfield to the
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MSSM, modifies the MSSM superpotential in the following manner

Winmssm = Wassm + Whew (2.3.42)
Wew 18 given by
C 1 C C
Wnew = - (YV)ji Ej . HuNRz - §MjiNRj Ri (2343)

where N§ is left handed. Fields are written in curly notation to denote super-
fields. The light neutrino mass matrix is same as in extended SM except the
Dirac mass term for neutrino in ¥MSSM gets modified as mp =Y, ”—“2, where

vy is the VEV for the up-type (Y = +1) Higgs doublet, H,, given by

v, = vsinf where 3 = tan™! (v_u> (2.3.44)

U

vy is the VEV of the down type (Y = —1) Higgs doublet, H,.

2.4 Implications of Seesaw mechanism

In this section we shall briefly discuss the phenomenological implications of

the right handed fermion field introduced in Type-I seesaw mechanism.

2.4.1 CP Violation and Leptogenesis

In the neutrino oscillations, CP violation may be observed in the differ-
ence between the appearance probabilities P(v, — v3) — P(v, — 3) with
a # (. The difference is proportional to the leptonic version of the Jarlskog

invariant [134]
Jcp:Im{Uel UMQ U:2 U;l} (241)

A promising channel for the discovery of CP violation is P(v, — v.) — P(v, —

V) in long-baseline experiments such as T2K and NOvA [135].
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In order to have CP violation, the mass matrices — or the Yukawa sector of
the Lagrangian — must have at least one complex phase which is not absorbed
by field redefinitions. To ascertain if there exists such phase degrees of freedom,

it is convenient to evaluate the weak basis invariant quantities [136-138]

I, = Tr [mym:ﬂ, mlm” 3, (2.4.2)

L zlanWHM%W@) (2.4.3)

where m; is the charged-lepton mass matrix and b’ = mEmD, H = M'M.
The necessary conditions for successful leptogenesis and the observation of CP
violation in oscillation experiments are I, # 0 and I; # 0 respectively. It is to
be noted that in general in models with three right handed neutrinos there are
three weak basis invariants that can be related to CP violation responsible for
leptogenesis [136-138]. However for models with two right handed neutrinos
these three are not independent and are proportional to each other. The other
weak basis invariants obtained by substituting m})mlmjm p in place of A" in I,
are not related to leptogenesis as shown in [136-138]. Therefore it is sufficient

to consider only I/ to check if the CP violation at high energy is related to

leptogenesis or not. The low-energy invariant /; is related to Jop as [136-138]
I = —6i0 AL A Ams Amy Am3, Jop (2.4.4)

where Ayg = (m2 —m3), with v, 3 = e, u, 7 and Am;; are the light neutrino
mass squared differences defined earlier. Using Eq. (2.4.2) and Eq. (2.4.4) one

would obtain

Top — — Im {h12 has h31}
" Am3; Amj) Am3,

(2.4.5)

where h = m, m). With the parameterization of Eq. (2.3.16) and using
Eq. (2.4.1), one has

1
Jop = 3 sin 26015 sin 2653 sin 26,5 cos 63 sin § (2.4.6)
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Figure 2.4: Diagrams contributing to the (a: vertex, b: wave function) CP asym-

metry in the heavy neutrino decay.

Another place where CP violation in the lepton sector plays an important role
is leptogenesis, even though in general the low and high energy CP violations
can be completely uncorrelated. Let us consider the decay of one heavy right-
handed neutrino V; into Higgs and lepton doublets governed by the Lagrangian
(2.2.1). The CP asymmetry generates through the interference between tree
level and one loop heavy Majorana neutrino decay diagrams (Fig. 2.4).

The CP asymmetry is given by [56]:

> [P(Ni 5 61,) — D(N; — ¢t z’a)}

> [D(N: = 01) + T(N: = 91 )|

g = E 6?5
«

5
- = o) 4 gL
T A (g mb); ;%:( (M /M?) + T 1= Mf/Mf) (2.4.7)
= L ! 5% T 2 2
 dro? (mhmE) s ;Im[ mp mD)@]} (Mj /Mz) (2.4.8)

where

Ty = Im[(mE)ia (mjl;)aj (mEmg)ji] (2.4.9)

(2.4.10)
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Here €} describes the decay asymmetry of the right-handed neutrino of mass M;
into leptons of flavor a = e, u, 7. In MSSM there will be additional diagrams
with particles in the loops replaced by their superpartners and in the expression
of CP asymmetry, v? should be replaced by v2.

If the rest-mass of the lightest heavy neutrino is much lighter than the
other two, i.e. M} < M, 3, the lepton asymmetry is dominated by the decay
of this lightest of the heavy neutrinos. In this case f(M7/M7) ~ —3 My/M;.
Moreover, only the first term proportional to Zf; in Eq. (2.4.7) is relevant
then since the second term proportional to J5 is suppressed by an additional
power of M;/M;. The second term in Eq. (2.4.7) vanishes when one sums over
flavors to obtain the flavor independent decay asymmetry. It is to be noted
that in the decay mode, the right-handed neutrino mass matrix is diagonal

(Mdiae = ULMUR). So mp is given by mp = Ukmp.

Baryon Asymmetry of the Universe

Final lepton asymmetry can be obtained by solving the Boltzmann equation.
In lepton asymmetry, the effective mass parameters which are responsible for
the wash-out are important. The wash-out of every decay asymmetry &§ is

governed by an effective mass

My = ‘ 3 (2.4.11)

The above implies no summation over ¢. The summation of m$ over the flavor
index « yields m;, which is the relevant parameter for the wash-out of ;. One
needs to insert the effective masses in the resultant lepton asymmetry 7., given

by
1
Lo — > K (2.4.12)
9x =

where k; are the factor which represent wash-out effect calculated by solv-
ing the Boltzmann equations, and g, is the number of relativistic degrees of

freedom. The wash-out effect strongly depends on the effective mass m; =
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(m Dfn}))ii /M;. If the right-handed neutrinos are strongly coupled to the ther-
mal bath m; > 103 eV, an approximate analytic expression for the factor x; is

available [139, 140]

1073 eV e\
/@igo.?)( m'e )(11110”;6\/) . (2.4.13)

Finally a part of lepton asymmetry is converted to the baryon asymmetry, ng,

by the sphaleron processes in thermal equilibrium and leads to the relation

ng = —28/51ny in the SM [57].

2.4.2 Lepton Flavor Violation

Lepton flavor violating decay process, u — e can be mediated through

light neutrino. Branching ratio is given by

I'(p—ev)
I'(p—evev,)

Br(p—ey) = (2.4.14)

4l
W e
5 e P4

Figure 2.5: Representative diagrams contributing to the LF'V process.

In unitary gauge, there is another diagram similar to the second one with the
photon connected to the p line. However in R¢ gauge there will be other
diagrams containing goldstone bosons [65].

Branching ratio (proportional to m}/mj,) is tiny (~ O(107%)) if mediated
through light neutrinos only. Hence it cannot be probed through experiment.

In presence of heavy fermion, branching ratio is given by [68§]

ViV f ()

)2 , (2.4.15)

3a
Br(p—ev) =
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where

M? 1-6 322 + 223 — 6221
x:( Z)’ f(x):x< x + 32° + 2z x? Inx) (2.4.16)

2(1 — x)*

f(x) is a slowly varying function of x ranging from 0 to 1 for x between 0 to
infinity. The light-heavy mixing matrix V' is define in Eq. (2.3.7). Through
large light-heavy mixing, branching ratio can be enhanced significantly.

In the seesaw extended MSSM, there are additional diagrams containing
super particles in the loops. Expression for the decay width of u — e~ is
some what lengthy and can be found in [141-143]. For canonical seesaw, the
mass scale of the heavy neutrino is O (10" GeV), and hence the SM see-
saw contribution (2.4.15) is negligible. However for MSSM seesaw even with
Mpg ~ 102 GeV, the LFV processes can be enhanced significantly through
the non diagonal term of the slepton mass matrix. In order to avoid very
large branching ratio for LF'V processes, one assume universal minimal super
gravity conditions 7.e. all the scalars have same mass at the gravitational
scale (M x = My/ \/8_7r) RGE form My to Mg would induce small non diag-
onal elements to the slepton mass matrix, thus can give the branching ratio
for 4 — e~ below the present experimental lower bound (2.4 x 107'2) [144].
Branching ratio is given by [143]

BR(p —ey) = cX‘(mIg)eﬂ2

2

(2.4.17)

~ ¢ x )(mDLmTD)w

where mj is the slepton mass matrix. ¢, ¢’ are constants containing loop factors,
scalar and gaugino masses, universal trilinear gauge couplings, tanf. L is

diagonal matrix, given by
Mx
Ly =1In—, 2.4.18
ki n M, ki ( )

M,, being the mass of the & heavy neutrino.
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Figure 2.6: Typical diagram contributing to the OvSS3 process.

2.4.3 Neutrino less Double Beta decay

Usual beta decay contains neutrino in the final state. But in principle
double beta decay can take place without any neutrino in the final state due
to Majorana nature of neutrinos as depicted in Fig. 2.6.

The half life for neutrino-less double beta decay in presence of heavy singlets

is given by [54,55]

M, [

2
me

-1 2
T(1/2) =G | e (2.4.19)
where m, is the electron mass, m.. is the effective mass governing neutrino

less double beta decay. It is given by

2

V2
e = U2, mi+ ()22 (2.4.20)

First term is the usual light neutrino contribution. The second term is the
additional contribution due to heavy neutrino and is suppressed for heavy

neutrino mass scale O (102 GeV). (p?) is given by [145]

M
(p") = —mempvf, (2.4.21)

M, and My denote the nuclear matrix elements corresponding to light and
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heavy neutrino exchange respectively. m, is the proton mass. The typical
values of the parameters are [54] G = 7.93 x 107" yr~ !, My = 363 + 44,
M, =5244+0.52, (p?) = —(182 MeV)?% V is defined in Eq. (2.3.7).

2.4.4 Stability of the electro weak vacuum
2.4.4.1 Vacuum stability in SM

The tree-level potential of the Higgs field in the the Standard Model(SM)
is given as

V(@) = A (679)" — mP¢fo. (2.4.22)

The physical Higgs mass is defined as m? = 2\ v?. Higgs quartic coupling, A,
receives quantum corrections from higher order loop diagrams. As a result it
runs with renormalization scale, u. The Renormalization Group (RG) equation

for the Higgs quartic coupling A can be expressed in general as

d\ B
oA _ ‘ 2.4.23

i

where i denotes the i® loop. The 8 function of X in SM upto 1 loop is given

as,

9 27 9 9
B = 2422 — <ggf + 993) A+ mgi‘ + 2—0ng§ + ggé +4TIA —2Y; (2.4.24)

where,

Ty = Tr[3Y,'Y, +3Y Y, + VY]] (2.4.25)

Vi = Tr[3(Y,'Y.)? +3(Ya'Ya)? + (Yi'Y)?] (2.4.26)

In the above equations, g; denote the gauge couplings with ¢ = 1,2, 3 corre-
sponding to U(1), SU(2) and SU(3) gauge groups respectively. The above
equations include the Grand Unified Theory (GUT) modified coupling for the
U(1). Yy with f = u,d, [ represent the Yukawa coupling matrices for the up

quarks, down quarks and the charged leptons. The running behavior is con-
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trolled mainly by the top Yukawa coupling Y; which drives A towards more
negative values in the low Higgs mass region. The running of the top Yukawa

is governed by the following equations

3 3 17 , 9
By = Yu |Vl Yu - 5YalYa + T — <2—0gf +39+ 895)] - (2427)

where u stands for up quark family. Two loop RG Equations for A, the Yukawa
and the gauge couplings are used for numerical analysis [146-150] and can be
found in Appendix B. As discussed earlier the constraints from vacuum stabil-
ity and perturbativity, limits Higgs mass in the range 126-171 GeV. Therefore
if the scalar particle observed by the CMS [5] and ATLAS [6] collaboration
is assumed to be the Higgs Boson then the reported mass is near the lower
bound obtained from vacuum stability condition.

Considering the one loop effective potential for the Higgs field, the effective
Higgs quartic coupling ), for sufficiently large value of the Higgs field ¢, is given
by* [151,152]

) 1 [3/3 (1 (Rgi+ )
T A 22242 2 plsdt T I2)
327 [8 (5g1 +g2) (3 T
V2 3 ,(1 | g
+ 6! <1n7t - 1) +9 (g - lnf)] (2:4.28)

In Fig. 2.7, we plot the running of A and A as functions of the renormaliza-
tion scale for illustrative values of Higgs mass (my,), top mass (m;) and strong
coupling constant (a, = g3/47). The allowed range of values of m; (173.240.9
GeV) is taken from [153] and that of a (0.1184 4 0.0007) is taken from [154].
The Higgs mass has been varied between 124.6 — 126.6 GeV, as obtained by
ATLAS and CMS.

We have included the corrections to incorporate the mismatch between the

top pole mass and M S renormalized coupling. This is given as [91],

\/imt

()

Yi(my) = (14 6¢(m)) (2.4.29)

*Contribution of heavy neutrinos towards the effective potential has not been considered.
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m,=1246(Gev) | Y m, = 1266 (GeV)
0.08 |-
0.06 |-

0.04 -

0.02 -

ol i 002 |

| | | | | | 3 0.04 | | | | | | | 1
100 100 20% 20" 20 10® 10® 10° 10 100 10 1% 1% 20 20® 10®

H(GeV) H(GeV)

Figure 2.7: Variation of A\ and X (denoted by N in the figure) with
the renormalization scale for fized values of the parameters (my, ,my, o).
The upper, middle and lower curves are drawn with the set of parameters
(my, a5)={(172.3 GeV,0.1191), (173.2GeV ,0.1184), (174.1 GeV ,0.1177)} re-
spectively.

0;(my) denotes the matching correction at top pole mass and can be found in
Appendix B.4. We include the QCD corrections upto three loop [155] while
electroweak corrections are taken upto one loop [156]. We also include suitable
matching conditions for MS renormalized A and the Higgs mass at u = m;
[157].
m2

A(my) = 2—;;(1 + dp(my)) (2.4.30)
on(my) can by found in Appendix B.4. The threshold effect due to the top
mass is included. The plots demonstrate
(i) A — A remains +ive upto Planck scale.
(ii) Higher values of top mass drives A and ) towards more negative values at
a lower renormalization scale.
(iii) The uncertainty in the value of the strong coupling constant «; also affects
the running of A and ) in a direction opposite to the top mass effect. Higher
values of oy aids in keeping A and )\ positive.
The plots corroborate the fact that for lower values of Higgs mass in the range
reported by ATLAS and CMS, the stability of the vacuum till the Planck

scale may be retained only for certain choices of the parameters (my, o). For

instance for my, = 124.6 GeV, A = 0 is achieved around 10'° — 10 GeV for 1o
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Figure 2.8: Variation of A and A (denoted by N in the figure) with u for fized
values of the parameters (my, ,my , ) including the Dirac Yukawa coupling
Yy. The upper, middle and lower curves are drawn with the set of parameters
(my, a5)={(172.3 GeV,0.1191), (173.2GeV ,0.1184), (174.1 GeV ,0.1177)} re-
spectively.

range variation in the values of m; and a,. A non-negative A till the Planck
Scale is achieved only for the mass of the top (ay) near its lowest (highest)

range with higher Higgs mass.

2.4.4.2 Vacuum stability in presence of heavy neutrino

In seesaw models, the presence of heavy neutrino Yukawa coupling modifies

the beta function of A through 7} and Y;. Modified 77 and Y7 are given by [158]

T = Tr[3Y,'Y, + 3V, Y, + V'Y + VY (2.4.31)

Vi = Tr[B(Y.'Y.)2 +3(Y4'Y,)? + ('Y)* + (V.'Y,)?]  (24.32)

As can be seen from the above expressions, the Y, dependence of BS) is similar
to the top Yukawa, hence in the low Higgs mass region it will drive A towards
more negative value near Planck scale. In Fig. 2.8 we show the effect of
inclusion of heavy neutrino Yukawa term on the running of A and A in the
context of minimal linear seesaw model. As expected, A and A become negative

at a lower renormalization scale in presence of the seesaw term.
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Phenomenology of See-saw

models

3.1 Introduction

In the Type-I seesaw approximation the light neutrino mass matrix at the

tree level is given by
m, = —mh Mz'mp (3.1.1)

Diagonalizing the above mass matrix one would obtain mass eigen values for
light neutrinos and mixing angles for the generation mixing of neutrinos*. As
mentioned earlier, for Type I seesaw in presence of three heavy singlet fermionic
fields, there are 24 unknown parameters on the right hand side of Eq. (3.1.1).
In general My being complex symmetric, contains 12 parameters among which
3 phases can be absorbed by redefining 3 heavy neutrino fields. mp being a
complex matrix contains 18 parameters among which 3 phases can be absorbed
by redefining 3 light neutrino fields. m, being complex symmetric contains
only 9 parameters which can be measured in experiments; three masses, three

mixing angles and three phases among which only 5 have been measured in

*Seesaw arises naturally at high scale whereas observations are made at low scale. One
would expect modification due to RG effect [159]. However for hierarchical neutrinos this
effect is small in SM [103, 106].

41
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experiments so far. There exists two types of parameter mismatch, measurable
parameters which is 9 and measured parameters so far which is 5. The other
one being the total number of parameters at high energy which is 24 and
measurable parameters at low energy which is 9. This parameter mismatch
leads to arbitrariness in the study of phenomenological consequences of the

seesaw mechanism.

As mentioned earlier, putting zeros in the mass matrices m,,, reduces the
number of parameters in the low energy neutrino mass matrix and thus in-
creases the predictivity of the model. It has been shown in the literature
that the maximum number of zeros that can be accommodated in the three
generation low energy neutrino mass matrix is two [160] in order to repro-
duce measured mass squared differences and mixing angles. Implications of
two texture zeros in the low energy Majorana mass matrix have been studied
in [160-173] and one texture zero have been studied in [174-176]. Texture ze-
ros in both the charged lepton and neutrino mass matrices have been studied
in [177-182].

Within the framework of seesaw mechanism it is often considered more
natural to consider texture zeros appearing in the Yukawa coupling matrix
mp and/or the right-handed Majorana mass matrix Mg [86,87,161,183-191].
In particular, it has been shown in [190] that if My is diagonal and if one
assumes that all light neutrino states are massive then the maximum number
of zeros that can be accommodated in mp is four. The phenomenology of

those cases is studied in detail in [191].

The minimal Type-I seesaw model consists of two right handed neutrino
which is motivated from the fact that results from oscillation experiments allow
one light neutrino state to be massless [192-194]. For two generation heavy
right handed neutrino, the total number of high energy parameter is 13. Thus
even though the number of high energy parameters gets reduced, still it is
higher than the number of measurable low energy parameters. Texture zeros
can be imposed in mp and Mg to reduce the number of parameters. Besides,

one can assume equality among the different elements of the mass matrices.
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This was considered in [195] in the context of light neutrino mass matrix. To
reduce the number of parameters further and hence enhance the predictivity
of the model, one can impose equality among matrix elements together with
texture zeros which was considered in [196] in the context of light neutrino
mass matrix. Another interesting consequence of two generation right handed
neutrino is that for a specific texture of the right handed neutrino mass matrix,
Yukawa couplings are fully determined in terms of the low energy parameters
apart from an overall constant. Coincidentally, the above mentioned specific
texture of the right handed neutrino mass matrix also arises in the context
of minimal flavor violation [133]. The assumption of texture zeros makes it
possible to make predictions for leptogenesis, LF'V, neutrino less double beta

decay.

Another consequence of seesaw mechanism is that the presence of new
Yukawa coupling drives Higgs self coupling, A, towards a more negative value
in the low Higgs mass region. The imposition of the condition A(Mp;) = 0,
enables one to put constraint on the Yukawa coupling strength if the Higgs
mass is known [88,89,94,95]. Also as light heavy mixing is large, Lepton Flavor
Violating (LFV) decays can be appreciable. Using the experimental bound
on the branching ratio of LF'V type processes, one can further constrain the
Yukawa coupling in the region where heavy neutrino mass is around TeV. This
constrained Yukawa couplings can be used further to study the collider signals

of heavy neutrino.

In this chapter we discuss three specific type of textures and their phe-
nomenological implications in the context of Type-I seesaw. The first one is
adding three right handed heavy neutrino to the SM. We show that if we relax
the condition that all light neutrinos are massive and allow one light neutrino
state to be massless then the maximum number of zeros allowed in mp is five.
We demonstrate that even with a diagonal Mk one can obtain allowed tex-
tures consistent with low energy observations for mp with 5 zeros. We further
relax the assumption of a diagonal Mgz and consider off-diagonal non-singular

Mp, in order to avoid light right-handed (sterile) neutrinos. We find that the
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maximum number of zeros that is possible for My is four and only three such
matrices have a non-vanishing determinant. Interestingly these matrices obey
L,—L;, L.— L. and L. — L, flavor symmetry. We investigate if it is possible
to have allowed textures assuming the above forms for My and mp with 5 ze-
ros. The allowed textures can be used to study the implications for LF'V and
leptogenesis for the allowed textures surviving the constraints from low energy
phenomenology. We also comment on more than 5 zeros in mp. Next we
have considered two generation of right handed neutrinos and imposed equal-
ity and texture zero together. We obtained viable textures and studied low
and high energy phenomenology for those textures. Finally in the context of
minimal linear seesaw mechanism, we have constrained both Yukawa couplings
and mass scale of the right handed neutrinos from the consideration of vacuum
stability, LFV and measured neutrino masses. We have also commented on

possible collider signature of the model.

3.2 Allowed Textures and their Phenomenol-

ogy

In the context of the type I seesaw mechanism, the mass matrix for the left
handed neutrinos, obtained through seesaw diagonalization, depends on the
Dirac type Yukawa coupling matrix of the neutrinos (mp) as well as on the
bare Majorana mass matrix (M) of the heavy right handed neutrinos. After
putting zeros in the mass matrices and equalities among the mass matrices we
shall use the following criteria to classify allowed textures. The low energy
neutrino mass matrix m,

(i) contains no vanishing entry (general case)
(ii) contains two vanishing entries [160]

(iii) contains one vanishing entry [174]

After evaluating the low energy neutrino mass matrix from mp and Mg con-
taining zero entries, invalid cases can easily be ruled out almost at first sight.

First of all, the rank of m, should be at least two. The resulting m,
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will have zeros in most of the cases. From the 15 possible two zero textures'
only seven are found to be consistent with the data [160]. With the recent
global analysis of oscillation data, these seven textures are still allowed in
the 30 ranges of the oscillation parameters [36,198]. Although in 1o region
of parameter space some textures are disfavored [173]. In our analysis, we
proceed with 30 range of the parameters. The allowed patterns of the two
zero texture are characterized by the simultaneous vanishing of the ee- and
eu- (with 1o value of oscillation parameter [198], only this one remains viable),
the ee- and er-, the eu- and ppu-, the er- and pp-, the er- and 77-, the eu-
and 77, and finally the uu- and 77-entries. The first two possibilities are
only possible for a normal hierarchy, the latter five only for quasi-degenerate
neutrinos. In particular, if e.g. one neutrino mass is zero then it is not allowed
that (m, )., = (my).- = 0. If the p7 entry of m, is zero, then no other entry
is allowed to vanish. Regarding the presence of only one zero entry in m,, an
important information is that if the determinant of m,, vanishes, then the ur
element can not be zero [174].

The above mentioned properties of texture zeros in the light neutrino mass
matrix will be used to distinguish the allowed possibilities from the disallowed
ones. However in presence of no zero in the light neutrino mass matrix, one
needs to look for some relations among the matrix elements to make predic-
tions.

Finally, we would like to mention that we do not take into account the
fine-tuned possibility that the low energy texture zeros are resulting from can-

cellation of terms [74].

3.2.1 5 zero in mp with diagonal Mz and 4 zero in Mp

In this section, we consider 5 zeros in mp in presence of three heavy right
handed neutrinos. This is more minimal than the 4 zero mp case considered
in [190] and is allowed if we include solutions with one of the light neutrino

mass as zero.

If neutrinos are Dirac particles then up to five zero entries are allowed in m,, [197].



46 Chapter 3. Phenomenology of See-saw models

3.2.1.1 Mpg more minimal than diagonal

Heavy neutrino mass matrices in diagonal form contain three independent
zeros. More minimal form of My can be chosen as following, non-singular

matrices with four independent zeros:

My 0 0 0 0 M 0 M, 0
Mgp=|0 0 M|, o M o/, |[mMm o o]l.321)
0 M, 0 My 0 O 0 0 M

These forms correspond to flavor symmetries L, — L., L. — L; and L. — L,,
respectively. Majorana (and thus symmetric) matrices with 5 or more zeros
are all singular, lead to light sterile neutrinos and will not be studied here.
As we shall see, an exactly diagonal Mg leads to allowed forms of m, with
single zero entries. Using the above textures of Mg will give typically two
simultaneously vanishing entries in m,,.

With mp being non-symmetric 3 x 3 matrix in general, there are N =°C,,
possibilities to place n zero entries in it. We therefore have e.g. N = 126,84
and 36 if n = 5, 6 and 7. With our analysis aiming at 5 zero textures in mp
and with the four forms of Mg, there are in total 504 candidates. Most of

them can be ruled out by the arguments given in Section 3.2.1.3.

3.2.1.2 Diagonal Mg

If Mg is diagonal then we find in total 12 allowed cases, all of which generate

a vanishing determinant for m,:
(i) six of them have a vanishing ey entry in m,,,
(ii) another six contain a vanishing et element.

These two cases are displayed in Tables 3.1 and 3.2. Let us first discuss
the neutrino mixing phenomenology. The 12 cases are specified by a vanishing
element in m, and m; = 0 or mg = 0, depending on whether a normal or

inverted hierarchy is present. In case of (m,)., = 0 it has been shown that in
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‘ mp ‘ leptogenesis ‘ wash-out ‘
0 0 0
0 b c I7, = c2c? sin?2 i = &
2 2 23 — €2 C3 73 2 = M,
as 0 c3e
0 0 0
0 Tr = 2 2 3 2 ~T i
0 bg C3 e
aq 0 C1 )
T 22 52 o3 ~7r
0 0 0 i3 =cic3sin2ys | mj = g
0 bg C3 e’
0 bl C1 )
T a2 .2 & ~T7 6
0 0 0 Iiy =cicysin2ys | mj = 31
az 0 c3e
0 bl C1 )
Y2 T 2.2 & ~T 61
az 0 cye” Ii, =cicysin2yy | mj = 31
0 0 0
aq 0 C1 )
Y2 T 2.2 4 ~T _ °1
0 by coe Ii, =cicysin2yy | mj = 31
0 0 0

Table 3.1: The Dirac mass matrix, the non-zero expressions relevant for lep-
togenesis and the corresponding wash-out actors. All these cases give m,, with
one vanishing eigenvalue and (my)e, = 0. The right-handed neutrino mass
matrix is always diagonal.

general 63 must necessarily be non-zero [174]. If m; = 0 then one finds from

the condition (m, )., = 0 that

ma cos B9 cot Oo3

\/Amitm/ sin® 015 — QM cos 2«

0.057 —0.077 at 1o
0.050 — 0.132 at 30

|U63| ~

12

(3.2.2)

The numerical range of |U.| is obtained by using the exact expression for
(my)e, and varying the neutrino parameters in their currently allowed 1o and
30 ranges. From Table 1.1, we see that the present 1o bound on sin ;3 is
0.1476—0.1658 (for NH), 0.1493—0.1661 (for IH) and 30 bound is 0.130—0.182
[36]. This implies that the above texture is severely constrained even in the

30 range.
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‘ mp ‘ Leptogenesis ‘ washout ‘
0 0 0 .
0 b o Thy = b3b% sin2B; | mh = ;’4—22
as b3 6163 0
0 0 0 .
ag by 0 Ih, =b30b2 sin2P5 | mh = ;’4—22
0 bg 6163 C3
0 b1 C1 ,
0 0 0 IV, = b33 sin2B5 | mf = Ji}_ll
as bg 6263 0
aq b1 0 2
0 0 0 Tiy =703 sin2fy | mf = 14
0 bg 6263 C3
0 b1 C1 ,
ag by 0 Tty = b33 sin2B, | i = -
0 0 0
aq b1 0 ,
0 b2 ei62 CQ I{LQ — b% b% Sin 2/82 mlf = ]?4—11
0 0 0

Table 3.2: The Dirac mass matrix, the non-zero expressions relevant for lep-
togenesis and the corresponding wash-out factors. All these cases give m,, with
one vanishing eigenvalue and (my)e; = 0. The right-handed neutrino mass
matrix is always diagonal.

In an inverted hierarchy, with m3 = 0 and ms ~ my we find

200
|Ues| ~ Pz TRA cot O3 (3.2.3)

\/1 — 8in? 2045 sin? «

While in principle |Ug| can be sizable according to this equation, it turns
out [174] that the vanishing of the eu-element implies also that |sina| < 1.
In fact, expanding in terms of |Us| one finds up to first order that
2ia

m)enw = (moe®™ —my) cosbiy sinfiy cosbas + € sinbos (€22 ms
m

—sin? 015 my €2 — cos? 015 ml) |Ues| (3.2.4)

We see that for my ~ m; > mg the phase should be such that e*® ~ 1 for
(my)ep = 0. This value implies for the effective mass for neutrino less double

beta decay that (me.) ~ \/Am?2,, cos?6;s, i.e., there are no cancellations.
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We find numerically a lower value of |U.s| & 0.005 when the 30 ranges of the
oscillation parameters are used, whereas for the 1o ranges we get |U.3| & 0.082.

If the er-entry of m, is zero, then similar expressions as Eqs. (3.2.2) and
(3.2.3) are obtained, with cot 3 replaced by tanfy3. Numerically, we obtain

the value for |U.s| for normal hierarchy, as below

0.088 —0.116 at 1o
Uy| ~ (3.2.5)
0.056 — 0.145 at 30

For inverted hierarchy, the 1o and 3¢ lower bound on |Us| is approximately
0.017 and 0.009 respectively.

Turning to leptogenesis, we see from Tables 3.1, 3.2 that for all 12 cases
there is only one physical phase present. In addition, there is always only
one flavored Zf present (which is equal to the unflavored Z;;) and the cor-
responding wash-out parameter m$ (which is equal to the unflavored my) is
non-zero. For some cases, mp is such that the heavy neutrino with mass M;
decouples. In such situations, we have calculated the corresponding quantities
for the second neutrino, i.e. Zg; and my. As indicated, all Jyj are zero. All 12
possibilities can accommodate successful leptogenesis.

We have checked that for the cases with a vanishing ey or er element in
m,, the invariant Jep from Eq. (2.4.1), responsible for low energy CP violation
in oscillations is non-zero and is proportional to the same phase factor as in

Z;;. For instance, if we consider

0 O 0
mp = 0 b Co (326)

a3 0 c3e

which gives m, with m., = 0 for a diagonal Mg, then the only non-zero Z;
that we get is
T5, = C5c3 sin 273 (3.2.7)
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to be compared with
Jop = a3 b5 c5c3 (a3 (b5 + c3) + b3 c3) My M3 sin 23 (3.2.8)

Thus we see that Z7; and Jcp contain the same phase factor sin273. Hence,
the Dirac CP phase is always identical to the high-energy “leptogenesis phase”.
This conclusion is true for all the textures in Tables 3.1 and 3.2. Let us note
that in the case of 4 zero textures [190,191] there always was an ambiguity in
what regards the one-to-one identification of low and high energy CP phases
with each other. This is not the case for 5 zero textures.

Regarding LFV, in case the ey entry of m, vanishes, (mp Lm%)lg is also
zero, where L is given by Eq. (2.4.18). Hence, 1 — ey will not be detected if
the only source of LFV is the supersymmetric seesaw with universal minimal
super gravity conditions studied here. The remaining, in general non-zero
branching ratios turn out to be proportional to the respective elements of m,,.

Considering the first matrix in Table 3.1. The low energy mass matrix is

a? as c3 e3
B0 e
2
c c2 ei3
]\/[22 + 3M3
and for LFV we find
(mp Lmp)s|* = a3 Lg , [(mp Lmby)as|” = b3 &3 L3 (3.2.10)

Hence, BR(T — e7)  [(my)er|* and BR(7 — py) « |(my)u-|*. The ratio
of BR(7 — evy) and BR(7 — pu7) can however not be predicted in general
because the a priori unknown heavy neutrino masses enter this ratio directly
and via the factors L;. The qualitatively same situation is encountered for a
vanishing er entry of m,, in which case BR(7 — e7) is zero and the other
branching ratios are proportional to the respective elements of m,,, but with

different dependence on the heavy masses.



3.2. Allowed Textures and their Phenomenology 51

3.2.1.3 Non-diagonal My

If Mg takes on the non-diagonal four zero textures in Eq. (3.2.1) then we
can generate two zero textures in m,. However, only four of the seven allowed
two zero textures can be obtained. For each of the three possibilities L, — L,

Lo — L; and L, — L., at first sight 8 potentially successful cases survive:

e for every non-diagonal form of My there are two cases with a vanishing

ee and ey entry in m,,. They have the additional property

|(mV)MM (mV)T’T| = |(mu)i7—| and

arg {(m,,)w A ((my);T)Q} —0 (3.2.11)

e for every non-diagonal form of Mg there are two cases with a vanishing ee

and et entry in m,. They have the same property given in Eq. (3.2.11);

e for every non-diagonal form of Mp there are two cases with a vanishing

ep and pp entry in m,. They have the additional property

‘(mu)ee (mu)77—| = ‘(my)z,r‘ and

arg {(mV)ee (M) 7r ((mV):r)Q} =0 (3.2.12)

e for every non-diagonal form of Mp there are two cases with a vanishing

et and 77 entry in m,. They are subject to the condition

|(m)ee (M) | = \(m,,)gu| and

arg {(mu)ee (M) s ((my);)z} =0 (3.2.13)

All 24 m, have a non-vanishing determinant, hence no neutrino mass is zero.
They also share the property of a zero invariant Jcp, i.e., in the parameteriza-
tion of the PMNS matrix applied here the CP phase ¢ is zero or m. However, it
is known [160,162-168] that if (m,)e, = (M) = 0 or if (Mmy)er = (My)-r =0,

the CP phase should be large because the small ratio of solar and atmospheric
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Am? is proportional to cos §. Hence, these 12 cases can be disregarded at once.

In the cases with (m,)ce = (My)ey = 0 and (My)ee = (My)er = 0, it is ex-
tremely cumbersome to try to obtain analytical estimates from these equations.
However, we have checked numerically that no point in the allowed parameter
space can simultaneously satisfy the two zero texture conditions and conditions
Eq. (3.2.11) [199]. The reason for this lies in a class of the two zero textures
which require hierarchical neutrino masses, whereas the additional conditions

imply larger neutrino masses.

3.2.1.4 Dirac Mass Matrices with more than five Zeros

Finally, in this Subsection we shortly discuss Dirac mass matrices with more
than five zero entries.

Among the 9 elements of mp which are in general complex the first non-
trivial case with maximal number of zeros is 8. This implies 2 heavy neutrinos
are completely decoupled from the light neutrinos and it is well known that
one cannot explain the low energy phenomenology successfully with only one
heavy neutrino coupled to the system.

If mp contains seven zeros, then we find no valid m,, for the four minimal
forms of Mgz under study. In fact we have checked that the above statement is
true for the most general form of My if mp contains 7 zeros. One can group
the "Cy = 36 possible forms of mp, in 3 categories. Their respective structures

are

00 0 00 0 00 0
mp=|{oo0o x|, oo o], |oXx o] (3214
00 X 0 X X 00 X

The first two matrices will lead, irrespective of Mp, in the seesaw mechanism
to at least two vanishing eigenvalues in m, and are thus ruled out in general.
The third one can give two non-vanishing eigenvalues but the final m,, contains
more than 2 zeros for the minimal forms of My considered in Section 3.2.1.1

as well as for diagonal Mpg.
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For the case of 6 zeros in mp, the possible types of patterns are

0 0 X X 0 0 0 0 0 X 0 0
00 X1, 0 X 01, 0o 0 01, 0 X 0/[(3.215)
0 0 X 0 0 X X X X X 0 0

For mp’s of the first and third form two eigenvalues of m,, are zero for a general
Mp. Hence these forms of mp are ruled out in general. For mp’s of the second
type none of the eigenvalues of m, are zero and these cannot be ruled out for
a general Mp. But, for the 4 types of Mg that considered in Section 3.2.1.1,
the resultant m, contains more than 2 zeros and hence are ruled out. For the
mp’s of the fourth type one eigenvalue of m,, is zero but it contains more than
2 zeros in the flavor basis for a general My and therefore are not allowed.
Thus we conclude that in the context of texture zero, the 5 zero textures
in mp with diagonal My correspond to scenarios with a minimal number of
free parameters. In total, considering zeros in mp and M, we have a seesaw

scenario with 8 zero entries.

3.2.2 Hybrid Scenario

In this section, we consider the minimal seesaw model with two right-handed
neutrinos. In this choice there are less number of free parameters. Thus the
mass matrices get simple forms and rich predictions compared to the standard
three heavy neutrino models. In this scenario the Dirac mass matrix mp and
the Majorana mass matrix M will be 2 x 3 and 2 x 2 matrices respectively.
In this framework, the rank of the induced matrix m, becomes at most 2, so

that at least one neutrino remains massless.

3.2.2.1 The equalities among matrix elements

Before going to the study of coexistence of the equalities and vanishing
elements in the mass matrices, we outline the handling of the equalities among

mass matrix elements and discuss the situation where only equalities are im-
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posed on the neutrino mass matrices.

In both Dirac and Majorana mass matrices, the matrix elements are in
general complex valued. We impose the equalities among the matrix elements
such that these are applicable not only to the absolute values of the matrix
elements but also to the phases. We shall comment on the un-removable phases
of the matrix elements and CP violation of certain textures later.

We start with the classification of the general possibilities of the Dirac mass
matrix. It should be noted that, here and in what follows, the textures of
mp are specified by the positions of the matrix elements which are connected
with the other elements by equalities. At the stage of enumerating general

possibilities, the locations of the vanishing elements specify the “identity” of

the textures. For example, the equation (mp);; = (mp)i2 symbolizes the
texture
a a b
mp = . (3.2.16)
c d e

Since there are 6 matrix elements in the Dirac mass matrix mp, we can impose
equality relations between matrix elements up to 5. According to the above
criterion of texture identity, it turns out that each case contains the general

possibilities of

e 1 equality : 15 patterns,

2 equalities : 65 patterns,

3 equalities : 90 patterns,

4 equalities : 31 patterns,

5 equalities : 1 patterns.

The case of 3 equalities provides the largest varieties of textures, whereas the
5 equalities case means all matrix elements are equal so that only one possible
form is available in this case. 5 equalities in mp will give an effective light

neutrino mass matrix of rank 1 thus we exclude 5 equalities in mp at once.
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Next let us discuss the Majorana mass matrix M. We take M as a 2 x 2
complex symmetric matrix, which means that there are 3 independent matrix
elements in Mpg. Therefore My can accommodate at most 2 equalities. How-
ever, 2 equalities in M imply a vanishing determinant. With such an M, there
appears a state which does not receive seesaw suppression in mass. Here, we
do not consider such spectrum and in what follows we shall simply exclude
the cases where M has two equalities. The three alternatives for M (or M)

with 1 equality are:

T R : 4 : 4 (3.2.17)
B A A B B B

In 2 x 2 case, the equalities in M are directly connected to the equalities in
M~!. We shall examine these three textures as general possibilities in the
following discussions. It is noteworthy that for the three textures in (3.2.17),
all the matrix elements cannot be made real by re-definition of the right-handed
neutrino fields. Thus, although 1 equality relation reduces the number of the
free parameters by one, it does not reduce the number of the phases which can
be rotated away from the Lagrangian. This is different from the case of texture
zeros. If we impose 1 zero texture in M, there is no un-removable phase in the
matrix.

Now we are in the stage to study the combination of mp and Mg according
to the total number of equalities to be distributed in them. First of all, it is
easy to see that the case of total 7 or 6 equalities cannot be viable because they
would either need 5 equalities in mp or 2 equalities in Mg or both together.

The next possibility is of total 5 equalities. In this case, there is only one

option that satisfy the selection criteria namely,
e 4 equalities in mp and 1 equality in M

For this case, from the 7 representatives of mp in Appendix A.4 and 3 patterns
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of (3.2.17), we have

a a a a a a a a b a a b a a b

a a bl \abv v \aval \abvo) \boba

M—leB,AA,AB. (3.2.18)
B A A B B B

In Eq. (3.2.18), we have dropped the two Dirac mass matrices containing rows
that are not independent of each other. With these forms of mp, we obtain m,,
which has only one massive state because we can rotate the right-handed fields
in such a way that only one right-handed neutrino is coupled with the left-
handed neutrinos. We can therefore exclude these two cases from the viable
possibilities.

In Eq. (3.2.18), the Dirac mass matrices presented are the ”representa-
tives”, from which all possible forms of mp are generated. Thus (3.2.18) actu-
ally contains large number of the combinations. For instance, corresponding
to the first mp in (3.2.18), there are 5 other associated forms. Accordingly,
it is to be understood that there are 6 x 3 combinations of mp and M for
the first mp presented in Eq. (3.2.18). However, not all of these combinations
are independent. They contain the combinations which are associated with
each other by the permutation of the two right-handed neutrinos. Thus, it is
sufficient to consider the column exchanges of each mp in (3.2.18).

Finally, we comment on the case of total 4 equalities. There are two possible

options to be considered, for distributing 4 equalities in mp and Mpg.
e 4 equalities in mp and 0 equality in M
e 3 equalities in mp and 1 equality in M

These two cases cannot be excluded a priori and we regard them as general

possibilities for total 4 equalities:

a a a a a a a a b a a b
mp = , , , , (3.2.19)

a a b a b b a a b a b a
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a a a a a b a
b b b)) \a b v \b
M_l_AB
B c/|’
and
a a a a a b a a b a
mp = 5 P 3
b b c a b c a ¢ b a

A B
B A

A A A

Mt =
A B B

a b
b a

B
B

(3.2.20)

(3.2.22)

We note that there are at most 2 un-removable phases in the above textures

(3.2.20) and (3.2.22). However, with a vanishing matrix element, the number

of the un-removable phases is reduced to one.

3.2.2.2 Hybrid textures

The hybrid textures are the matrices in which vanishing elements and equal-

ities among elements coexist. The procedure adopted to impose the equalities

and texture zeros on the mass matrices is as follows. We impose texture ze-

ros on the mass matrices after introducing the equalities among the matrix

elements. For instance if we consider the following mp and put b = 0 we get,

a a b a a 0

%
b b a

(3.2.23)
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mp M1 m, (a’ =aVAl = b\/Z>
a/<a/ + 2b/) a/2 + v + b/2 a/2
I (b ¢ a) <O A) a?+adV+ 0 V(2 +V)  dV
a b O A A a,g a/b/ 0
a/2 a/b/ a/2
II (CL b CL) <A O) a/b/ a/2 + b/2 2a/b/
0 a b O A a/2 2a/b/ (1,/2 + b/2
0 a/b/ a/2
I (a a b) <O A) JY 2 a4 b2
0 b a A O a/z a/z + b/2 2(1,/17/
0 a/2 a/b/
vV <O a b) <A A) a? a?+2db db +b?
a b 0 A 0 a/b/ a/b/ + b/2 b12

Table 3.3: Viable textures of mp and M~' with corresponding m,,.

The resultant texture belongs to 4 equalities and 1 zero. It is noteworthy that
we do not impose texture zeros on each entry, but rather force the parameter b
to be zero. On the other hand, if we consider the following mp and put b =0

and ¢ = 0 we get,

a a ¢ a a 0
— . (3.2.24)

b b a 0 0 a

Thus, after putting the zeros, the resultant matrix is the same in both cases
though Eq. (3.2.24) is obtained by setting two different parameters to be zero.
In that sense (3.2.24) belongs to 3 equalities and 2 zeros denoting the fact that
the zeros have originated from different parameters. Such a classification is
justified because strictly speaking, when we impose texture zeros then it does
not imply exact zero element but some matrix element which is anomalously
small compared to the other elementst. Therefore in the most general scenario
the two matrices can belong to different categories although the total number
of reductions remain the same. However, it is to be noted that we have treated
a zero as an exact zero and from this viewpoint both (3.2.23) and (3.2.24) will

give identical results for the predictions of masses and mixing angles. Therefore

fFrom the viewpoint of model building it is difficult to obtain exact zeros for instance
due to quantum corrections.
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once we consider the case of 4 equalities and 1 zero we need not redo the
calculations for 3 equalities and 2 zeros. Generalizing the above we can say
that in our calculations when we put more than one zero in any of the matrices,
it eventually increases the number of equalities of that matrix and reduce the
number of zeros. Thus m equalities and n zeros already gets considered under
m + 1 equalities and n — 1 zeros. One can continue this reduction till n = 2.
Thus maximum number of zeros in any reduction is 2, distributed as one zero
in mp and one zero in M.

The maximum possible number of reductions that one can get in minimal
seesaw model is 7. The parameter reductions can be distributed as equalities

and zeros according to the following tables (for total 7 and 6 reduction cases):

Total 7 reductions Total 6 reductions
equality zero results equality zero results
7 0 X 6 0 X
6 1 X ) 1 X
5 2 X 4 2 v

In the tables, the symbol “y/” means there are textures which are compatible to
the current oscillation data, and the symbol “x” means there is no such viable
one in each case. The general textures in each case are created, for example,
by imposing the zero elements on (3.2.22). By thorough examinations of all
possibilities, we find four almost viable textures in 4 equalities + 2 zero case,
listed in Table 3.3. Besides there are two textures in the 5 equalities 4+ 1 zero
case with vanishing ;3 and other parameters in the experimental range, but
discarded by the result of reactor experiments [200-202]. The total number of
textures that we analyzed in the above two categories were 456. On the other
hand, no viable solution exists at the level of 7 reductions.

In Table 3.4 we present numerical values of the five oscillation parame-
ters, the averaged neutrino mass (m..) governing neutrino-less double beta
(0v2f3) decay, the neutrino mass mg probed in tritium beta decay and the

mass ordering for the four allowed textures. We also indicate whether the
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I(n=-0.1) | II(n = —0.28) | III(n = 0.25) | IV(n = —0.15)
Am2, [107°eV?] 7.62 8.20 8.2 7.12
|Am2,| [107%eV?] 2.40 2.30 2.30 2.74
sin? 615 0.33(0.31) 0.23(0.35) 0.24(0.35) 0.30(0.28)
sin? 63 0.54(0.56) 0.52(0.54) 0.51(0.46) 0.58(0.60)
sin? 65 0.039(0.022) | 0.05(0.029) 0.042(0.31) 0.046(0.028)
(Mee) [€V] 0.017(0.019) | 0.004(0.005) 0 0(0.004)
mg [eV] 0.049 0.012(0.01) 0.011(0.01) 0.01(0.01)
Normal hierarchy X V V V
Inverted hierarchy V X X X
I # 0 #0 # 0 # 0
Iy, 0 0 0 # 0

Table 3.4: Representative values (values for the perturbed (n) cases are presented
inside the brackets) of the five oscillation parameters for the allowed solutions. We
also present the mass mg probed in [3-decay and the effective mass (mee) governing
neutrino less double beta decay. In the items for the mass ordering, the symbol “/”
means each texture accommodates the corresponding mass patterns, and “x” means
it does not. The last two items show finiteness of the invariant measures for the CP
violation [136—-138] at low and high energy respectively.

basis-independent measures of low and high energy CP violation are zero or
non-zero. In obtaining the values of the mixing angles we take the mass squared
differences from their allowed 30 ranges of Table 1.1 and check if the values
of all the 3 mixing angles lie within the allowed range or not. In the items
for the mass ordering, the symbol “,/” means each texture is consistent with
the corresponding mass orderings, and “x” means it is not. The textures I is
consistent with the inverted hierarchy while II, IIT and IV accommodate the
normal hierarchy.

The resultant mass matrices after seesaw diagonalization for case I has
(my)._. =0. In principle this texture can be analyzed as in Section 3.2.1.2, [174].
But, as this texture (so also the other three) contains only two independent
parameters, definite predictions can be made for them by equating the two
non zero eigen values with two mass squared differences. The two nonzero
eigenvalues of the resultant matrix m, (for texture I), obtained after seesaw

diagonalization, are

Ao = (a'2 Ad'Y + b2 + V9 + 8aP + 14a2b? + 8a'bP + 5b’4> (3.2.25)

DO | —
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where @’ = av/'A and b = bv/A. Identifying these as A\_ = —\/|Am3,| + Am3,
and A\, = \/|Am% | the parameters o’ and V' are fixed in terms of the two mass
differences. These can be expressed in powers of r (ratio of the mass squared

differences as in Eq. 2.3.39) as,

a (|Am3, [)'/* (0.848 + 0.116 7 + O(r?)) ,

12

Voo~ — (JAm3[)* (0.227 4+ 0.201 7 4+ O(r?)) . (3.2.26)

All nonzero values of the mixing angles can be described as functions of the

mass differences as,

sin f1p ~ 0.57 + 0.017, (3.2.27)
sinfy3 ~ 0.73 +0.04r, (3.2.28)
sinfy3 ~ 0.19 +0.157. (3.2.29)

This texture gives a relatively large #13. It is to be noted that for the texture
I, the possible ranges of the mixing angles are narrow; the values sin 6;;’s vary
at most a few percent. The solution I is consistent with IH and mg3 = 0.
This texture was allowed in the 30 ranges of oscillation parameter according
to [203]. The effective mass governing neutrino-less double beta decay for this

case can be approximated as [204]

(mee) = v/ Am2, /1 — sin? 26, sin? 2 (3.2.30)

where a denotes the Majorana Phase. The values of (m..) presented in Table
3.4 are obtained by using the above expression with a = 7/4.

Texture II does not contain any zero in the effective light neutrino mass
matrix which make the solution rather cumbersome. In Table 3.4 we present
representative values for the prediction of this texture. For the solution III and
IV the element (m, ), in the resultant light neutrino mass matrix is vanishing.
This predicts the effective mass governing neutrino-less double beta decay to

be zero.



62

Chapter 3. Phenomenology of See-saw models

m, (a’:a\/z,b’:b\/z

o (a/ ¥ 2b,) 2L db 2 a2 (1 ¥ 77)
I <b G <10+ 77)) a2+ a1 V(2 V) a (14
i a@*(L+n) ¥ (1+n) 0
b a2 o (b, ¥ CL/?7) o (a/ T+ b/n)
IT (a u b) a+an) a*+b? 2a'lt/
Ui a/ (a/ + 5'77) 2a/b/ a/2 + b/2
0 a’b’ a/2
111 (g’ Z b (1 + 77)) a’b’ 2a’b’ a/2 + b/2 (1 + ,'7)
¢ a® a?+V2(1+n) 2V (1+1)
; 2a/b/77 a1+ (a/ T+ b/) n b (a/ + 5'77)
v (CL?] Z ) a? 4+ (CLI + b/) n a (a/ + Qb,) b2 4+ ¢ (a/n + b/)
a arn b/ (a/ + b/n) b/2 + a/ (a/n + b/) b/ (b/ + 2a/n)

Table 3.5: The allowed textures of mp with small perturbation (n) in the equal-
ities/zeros along with the corresponding m,. M~ remains the same as in Table
3.3.

In general for NH in the limit m; — 0 the expression for (m.) is [204],

(Mee) = 1/ AmZ, |/ sin? By + sin? B3¢~ 2@+ (3.2.31)

where ¢ is the Dirac CP violating phase. Assuming the phase factor to be —1,
the solar and reactor angles correlate with 7 as sin® 6,5 / sin? @y, = \/r. For the

current allowed values of #15 and r, this relation implies large 6#,5.

Besides these 4 combinations, the patterns obtained by permuting 2-3 col-
umn of mp for each combination in the above list will also be compatible with
the data. This is because the 2-3 column exchange keeps 63 close to 7/4 with-
out disturbing the good agreement of #,5 with the data. The predicted 6;3 also
remains the same. Although such 4 counterparts are independent textures,
we present only 4 textures in the table because physical predictions of the 4

counterparts are almost the same as the original ones.

At this level of minimality, patterns other than these 8 textures are not

consistent with the 3o ranges of parameters [203].

However, in view of the recent global analysis of the neutrino oscillation

data [36,198], we see that the predicted value of the reactor angle (presented in
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Table 3.4) falls outside the 30 range. Thus we conclude that at the level of six
reductions, there are no allowed solutions incorporating the present precision
measurement of #13 and one should explore the lower level of reductions (i.e.
total of 5 reductions). In five reductions, number of independent parameters
are three whereas number of equations to constrain them is two. Thus the
predictive power gets reduced. But for the textures of six reductions whose
solutions lie near the vicinity of the 30 ranges of the present precision data,
a small perturbation can bring the solutions inside the 3¢ regions. As an il-
lustration, we consider applying small perturbation to disturb the equalities
or elevate the zeros. Some representative cases are presented inside the brack-
ets, (), of Table 3.4. It is noteworthy to mention that these perturbations are
proportional to a or b, hence does not introduce any new phase in the mass
matrix consequently the CP violating behavior at low and high energy of these
textures remains similar as before.

We note that the neutrino mass mg probed by direct searches in tritium

p-decay experiments for IH (in the limit mg — 0) is given as [204]

mg = \/ AmZ (3.2.32)

For NH in the limit m; — 0, mg can be expressed as [204]

mg = \/sin2 912Am%1 + Sil’l2 913Am§1 (3233)

In Table 3.4 we present the values of mg for the four allowed patterns. For
all the scenarios mg is below the sensitivity (0.2 eV) of KATRIN experiment
[205, 206].

The texture forms should be assumed at some high-energy scale where
the right-handed neutrinos are not decoupled from the theory. Since the see-
saw scale is expected to be around 10 GeV for O(1) Yukawa couplings, ex-
trapolation to the low energy scale by Renormalization Group (RG) equa-
tions is necessary. However, within the SM, the RG effects on the neu-

trino parameters are appreciable only if the light neutrino spectrum is quasi-
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degenerate [97,99,103,106,107,207,208]. In the seesaw scenario with two heavy
neutrinos, we necessarily have one massless neutrino and hence a hierarchical
spectrum. Thus the RG effects are not strong enough to disfavor an allowed
texture or allow a disfavored texture within the present setup. Also the two

heavy neutrinos are almost degenerate, so threshold effect is absent.

3.2.2.3 CP violation at high and low-energy scales

Besides the predictions for the oscillation parameters and the 0023 decay,
distinctive features of each texture also appear in CP violating phenomena.
In this section, we discuss leptogenesis [59] and CP violation at the neutrino
oscillation for the almost allowed hybrid textures. Here we deal with non-
flavored leptogenesis [209-211].

In Table 3.4, we demonstrate whether I; and I, are zero or non-zero for
each of the solutions. All the solutions allow I; to be non-vanishing in general
indicating the possibility of observing CP violation at low energy. As for the
high-energy CP violation, the textures I, II, and III give I;, = 0 while solutions
IV give I, # 0. Thus, only the texture IV accommodates non-vanishing values
for both I; and I, so that there can be a correlation between low and high
energy CP violation. In what follows we consider in detail the prediction of
this interesting solution for leptogenesis and explore the correlation between
CP violation at high and low-energy scales in the limit n — 0.

The relation between leptogenesis and CP violation at low energy stems
from the fact that there is only one physical phase in the neutrino mass ma-
trices, and the one phase controls both the baryon to photon ratio np and the
invariant measure Jocp. Without loss of generality, one may take

mp = x 0' lale® 1o . Mp't= 4114 . (3.2.34)

jale® || 0 Al 0
The phase of the element A and b have been absorbed into the right-handed
neutrino fields. With this phase convention, ng and Jcp are given as the

function of the phase ¢ with the condition that ng = Jop = 0 at ¢ = 0.



3.2. Allowed Textures and their Phenomenology 65

1.5x107°
1x107° P
5x10-0fF - e
/
g o ,
/
-5x107*° L/ |m— AT =10 Gey
—1x10°° S’ A =107 GeV
— A7 = 1030 GeV
-0.01 0 0.01 0.02
Jep

Figure 3.1: The baryon-to-photon ratio ng as a function of the Jarlskog invari-
ant Jop. The Horizontal dashed line shows ng = 6 x 10719 suggested by the
WMAP observation.

Fig. 3.1 shows the parametric plot of ng and Jcp as a function of the phase
¢. The dashed(red), dotted(green) and solid(blue) curves are the cases of the
heavy mass scales A~1 = 10149 1037 and 10'*° GeV respectively. The other
parameters are determined so that the data in Table 1.1 are satisfied. From
Fig. 3.1, it is seen that the absolute value of the baryon asymmetry |np| is
increased as the right-handed neutrino scale is increased with a fixed value of
Jop. The observed baryon asymmetry is achievable only if the scale A™! is
larger than ~ 10137 GeV = 5.6 x 10'® GeV which corresponds to the right-
handed neutrino masses M; = 3.5 x 10" GeV and M, = 9.1 x 10'3 GeV. For
a fixed successful number of the baryon asymmetry 7g, there is a correlation
between the invariant Jop and the right-handed neutrino scale A=!. For A=! >

10137 GeV, the relation is represented by

(3.2.35)

1037 GeV '\
A1 '

Jep ~ 0.01 <

Thus low energy CP violation can be correlated with the mass scale of the right
handed neutrino. The texture IV predicts measurable CP violation at future

oscillation experiments if the right-handed neutrino scale is around 5.6 x 10 <

A1 <7 x 1013 GeV.
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3.3 Stability of electroweak vacuum in pres-

ence of heavy fields

In this section, we discuss the effect of neutrino Yukawa coupling on the
stability of electroweak vacuum. As mentioned in Chapter 2.4.4.2, the elec-
troweak vacuum is likely to get destabilized due to the presence of this new
Yukawa term. Requirement of the stability of the electroweak vacuum puts
constraints on the Yukawa couplings of seesaw model. We take minimal linear
seesaw model (MLSM) for this study as this model is fully reconstructible.
Moreover, as we shall see, the assumption of small lepton number violation
leads to a simplification in the beta function of A, thus allowing one to obtain

constraint on the overall Yukawa coupling strength.

3.3.1 Vacuum Stability in the Minimal Linear Seesaw

Model

The MLSM contains two degenerate singlet neutrinos at TeV scale (2.3.30).
Presence of these fields modify the SM Renormalization Group Equations for
the Yukawa couplings and the Higgs self coupling, for scale higher than the
mass of the singlets. Including the corrections due to the neutrino Yukawa
couplings upto one loop, the modified g function governing the running of A

is given as,
g = B+ AT (YA - 2T (v 1Y) (3:3.1)

where YT = (YVT, 7 ) The one loop [ functions corresponding to the
Yukawa couplings Y,, Y; and Y, also acquire additional factors containing
Y,''Y/ [158]. Finally, one needs to include the RG running of the coupling Y/
which is governed by the following equation [158]:

dy’! 3 3 9 9
16724 d,f =Y/ 5YV'TYV’ — 5YJYe + T — %g% — Zg% (3.3.2)
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In this case the quantity 77 is given by, same as in Eq. 2.4.31,
Ty = Tr[3Y,'Y, +3Y,'Y, + .Y, + V,TY] (3.3.3)

RG equation for neutrino Yukawa coupling is taken upto one loop.

The Y, dependence of the beta function of A is in terms of Tr [YV’TYV’] and
Tr[(Y,"Y)?] only. From the parameterization of Y, and Yy (2.3.37,2.3.40), we
find

Tt Y,V = yi+yl~yl, (3.3.4)

T Y,V Y] = g4 200307 +ys >y, (3.3.5)

since ys << 1,. The exact equalities in the above expressions are also held

without the parameterization of Eq. (2.3.37,2.3.40). However p remains unde-

termined. Also small y, makes the trace terms single parameter dependent.

Thus S, contains only one unknown parameter (i.e.y,) whereas for Type-I
seesaw, all the unknown parameters enter into the expression of [3,.

Also we can see from Eq. (3.3.4,3.3.5) that the trace terms do not depend
on the neutrino oscillation parameters. In addition, under the approximation
of ys << y,, there is no dependence on mass hierarchy as well (only p depends
on hierarchy). In Fig. 2.8 we show the effect of inclusion of this term on the
running of \.

In Fig. 3.2 we give the plot of the allowed region of y, as a function of
the Higgs mass for fixed values of top mass and the strong coupling constant.
The two curves with the same line type(color) that are close to each other
correspond to the condition A(M,;) = 0 (the upper curve) and A(M,;) = 0 (the
lower curve). The region below the curves satisfy the condition of vacuum
stability. 4, = 0 corresponds to the SM. The first panel is for m; = 172.6 GeV.
For this value of top mass, only a small allowed region in y, is obtained for
Higgs mass > 126.3 GeV and a, = 0.1191, considering the condition S\(Mpl) =
0. From this we obtain an upper bound 7, < 0.16. The 2" panel corresponds

to a lower value of m; = 172.3 GeV. In this case we obtain the upper bound
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Figure 3.2: The allowed region of y,, with varying Higgs mass. The region below the
curves is allowed. Among the two same type (color) lines, the upper line corresponds

to M(Myy) > 0 and the lower line corresponds to A\(My) > 0.
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Figure 3.3: Same as in Fig. 3.2 with varying top mass.

L
172.8 172.9

Yy, S 0.24 for ag = 0.1191. This bound is obtained for a Higgs mass of 126.6

GeV. For lower values of Higgs mass, the allowed vy, values are correspondingly

lower. Fig. 3.3 shows the variation of y, with m, for fixed values of Higgs

mass. Again larger values of m; and «y and smaller values of m; admit a

larger allowed range of v,.

Fig. 3.4 show the variation of y, with a.

In

general, larger allowed regions are obtained for higher values of Higgs mass,

lower values of top mass and higher values of a,. From the above figures we

obtain overall upper bound on the value of y, as [212]

v, S 0.24

The above plots are obtained by keeping Mg fixed at 1 TeV.

(3.3.6)

In Fig. 3.5 we show how the upper bound on ¥, depends on the scale of
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Figure 3.4: Same as in Fig. 3.2 with varying strong coupling constant.
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Figure 3.5: The left-panel shows the upper bound on vy, as a function of the right-
handed neutrino mass from consideration of vacuum stability. The upper set of lines
are for my = 172.3 GeV (with two different values of as) and the lower lines are for
my = 172.7 GeV (with single value of as). The red (green) solid (dashed) line in
the right panel shows the upper limit on ys (same as the lower limit of y,, ) obtained

from the measured value of \/Am2,, for NH (IH). Also shown are the lower bound
on ys from vacuum stability and neutrino masses. See text for details .
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Mp. We see that variation of Mg within a few TeV (which is our range of
current interest) would not change the bound on y, drastically. In fact this
trend continues even if My is increased to higher values. At My = 10'2 GeV,

the upper bound on ¥, obtained is [212],

Yy, < 0.34 (3.3.7)

It is noteworthy to mention that for higher values of Mpg, y, needs to be
increased to keep the neutrino mass in the desired range. Beyond 102 GeV
the contribution from the y, term starts getting significant and hence this

needs to be included in the RG evolution.

3.3.2 Constraints from Neutrino Mass

In the linear seesaw model lepton number breaking is introduced by the
term mg while the term mp conserves lepton number. Since the absence of
the term mg enhances the symmetry of the Lagrangian it is natural to assume
that the lepton number violating term is much smaller than the lepton number
conserving term. This consideration puts an absolute upper bound on y, which
is

(Ys)maz < Y (3.3.8)

This also defines a lower limit on ¥, since for smaller values of y,, y, has to
be higher so that the relation y,y,v*/Mgr ~ m, is satisfied. Thus the above

equation can be made to imply a stronger statement which is

(ys)ma:v S (yu)min (339)

On the other hand, the upper bound on ¥, at each Mg, as obtained from the
vacuum stability condition can be used to obtain a lower bound on y;,, again
from the standpoint of producing correct neutrino masses. From these consid-
erations it is possible to set a lower bound on y, and lower and upper bounds

on y, for both NH and IH. The right panel in Fig. 3.5 displays these bounds on
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ys as a function of My incorporating the constraints on neutrino mass squared
differences from oscillation data for NH and TH. The mass eigenvalues in NH

can be expressed as,

2 2
YolYsU YuYsv
=0 = 1-— = 1 NH 3.3.10
ml ? m2 2MR ( )7 m3 2MR ( _'_p) ( ) ( )
where mjy and mg are related to the mass squared differences (Am3; = m?—m?)
as,

my = \/Amglz\/Am%

my = \/Am§2 + Ami, = \/Amgtm + Am2 (3.3.11)

This gives us the following equations for NH:

\/Am(% — \/Amgtm — yl/ysUQ
1-p) (@)  2Mg

(3.3.12)
Taking p ~ 1 — 24/r for NH, the above equations give a single equation:

YYs =~ MR V ATn?Ltm/v2 (3313)

Using Eq. (3.3.9) and Eq. (3.3.10) in Eq. (3.3.13) one gets (with (¥s)maz =

(yu>wnn)a
(Ys)maz = V/ Mp(AmZ,, ) Jv (3.3.14)

This defines the upper bound on ys (or the lower bound on vy, ) for each Mg.
The solid (red) line in the right panel in Fig. 3.5 displays these bounds as
a function of Mpg. The plot is obtained using the exact Eq. (3.3.12) and

2

um gives a thin band which is

The uncertainty in the values of Am2 and Am
displayed in the inset. On the other hand since we know (v, )mae: at each Mg
from consideration of vacuum stability, the above equation gives us a lower

bound on y, as
Mp+/Am?
y 2 AV “Matm, (3.3.15)
V2(Yy )maz



72 Chapter 3. Phenomenology of See-saw models

This is also shown in Fig. 3.5.

For IH the mass eigenvalues are given as,

2 2
YoYsv YvYsv
m3=0, m;= 1—p), mg=

3 ! 2MR ( ) 2 2MR

(1+ p) (3.3.16)

The absolute masses can be expressed in terms of mass squared differences as,

my = \/Am2; = \/Am2,., my= \/Amé +Am2,, (3.3.17)

and we get,

1-p) ~ @vp)  2Mg

Taking p = r/4 for IH, we get a single equation

(3.3.18)

YoYs = 2Mpr/ Am2,, [v?. (3.3.19)

Again this gives an upper bound on y, which is the same as the lower bound
on y,. This is shown in the right panel of Fig. 3.5 by the dashed (green) line.
Similarly one can also use this equation and Similarly one can use the upper
bound on y, obtained from vacuum stability condition to put a lower bound
on y, which is displayed in Fig. 3.5.

The bounds on ys for Mr =1 TeV :

(4.6 —5.0) x 107" <y, < (1.05—1.09) x 107  NH (3.3.20)

(76 -83)x107 2 <y, <(1.35—-14)x10°% IH (3.3.21)

Thus using constraints from vacuum stability and neutrino masses, one can

determine the range of the unknown coupling parameters y, and ys.

3.3.3 Constraints from Lepton Flavor Violation

As mentioned in Chapter 2.4.2, that LF'V processes are suppressed in high

scale seesaw model. However in TeV scale seesaw models, since lepton number
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Branching Ratios | Experimental constraints
Br(pu — ev) <24 x 10712
Br(r — ey) <33x10°8
Br(r — ) <44x10°8
Br(p — 3e) <1.0x 1072
Br(r — 3e) <2.7x1078
Br(r — 3u) <21x1078
Br(r — eup) <1.7x10°8
Br(r — eep) <15x10°8

Table 3.6: Various experimental constraints from charged lepton flavor violat-
ing decays [4].

violation (LNV) is separated from the scale of lepton flavor violation (LFV),
this may not be the case [53,213]. It is well known that LNV is due to the
dimension 5 operator whereas the LF'V can be related to the dimension 6 opera-
tor. In general, the flavor structure of the coupling strengths of these operators
are not correlated. However, in MLSM such a relation can be established from
the hypothesis of minimal flavor violation [214].

In this section we consider the branching ratios of LFV decays in MLSM.
In view of the recent measurement of #;3 the branching ratios now can be
studied in terms of the CP phases. In addition, from the experimental upper
limits on LEV processes one can obtain constraints on the parameter y, /Mg
as a function of the CP phases. When combined with the upper bound on
Y, from vacuum stability as a function of Mg, the parameter space can be
further constrained. Table 3.6 lists the experimental constraints coming from
the charged lepton flavor violating decays [4].

In this section we shall concentrate only on the constraints coming from
it — e~y channel since this is the most constraining as can be seen from Table
3.6 8.

Branching ratio for the process, 1 — e is given in Eq. (2.4.15). The current
experimental constraint on this is obtained by MEG Collaboration [144] (see,
Table 3.6). Using the parameterization of Y, and Y in Eq.(2.3.37) and (2.3.40),

§ Although the p — 3e conversion in nuclei has a better constraint, the sensitivities are
lowered by the uncertainties in nuclear form factors [215, 216].
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Figure 3.6: The upper panels show the allowed regions of y, /Mg vs the CP phases
«a and § for NH while the lower panels are for IH. The area below each curve is
consistent with the experimental upper bound on the rate of u — ey. The two lines
of the same type (color) correspond to the maximum and minimum value of the upper
bound obtained by varying the oscillation parameters over their 3o range.

we obtain, for normal hierarchy

Bavyyvt 2 (1/4) 2
7 AME [ (z) (\/7_“312 +2r 513312C(a+6)) 523
R

+ @ (ys, (\/;, 813)2) (3322)

Br(u—ey) =

In the above expressions and in subsequent part, we have used the following

notations
sij = sinb;;, ¢ =cosbj, Cqrs =cos(a+0), s2;; = sin26;;,
c2;; = cos20;;, s4i; =sindb;;, cdiy; = cosdly;, 2, = cos2a,
4, = cosda etc. (3.3.23)

The above equation (3.3.22) in conjunction to the upper bound on the Br(y —
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ey) can be used to put an upper bound on y, /Mg as,

9.4 x 1010 1/4

3av4f2<x>GNH (Tv 9ij7 «, 5)

Yy Mp < (3.3.24)

Here, the factor GV (r,0;;, , §) contains the oscillation parameters. The up-
per bound on y, /Mg varies in a range depending on the values of the CP
phases. The minimum value of the upper bound occurs at a + § = 0 while
the maximum occurs at o + & = w. This is reflected in the top panels in
Fig. 3.6 where we display the allowed values of y, /Mg as a function of the
CP phasesY. The left most panel displays the variation of the upper bound in
Y,/ Mg as a function of the Majorana phase a.. The solid(red) line corresponds
to the Dirac phase § = 0 while the dashed (green) line is for 6 = w. The other
oscillation parameters are marginalized over the 3o range in Table 1.1 to give
the maximum and minimum value of the upper bound on y,/Mpg. For other
values of oscillation parameters the upper bound would lie somewhere between
these two values. From the figure it can be inferred that the maximum value

of the upper bound on y, /My is
Yy, /Mg < 0.00049(GeV™1), (3.3.25)

which occurs for § = 0 and o« = 7 for NH.

For IH, the branching ratio can be expressed as,

3a ytot MEN 1
Br(p—ey) = — Yo e (_R> o [(3 = 4o + 2622 c12) 35(1 — s13)

8m AM4 mé,
— 2513 (285520(1 4+ €245212) + 24¢5(2¢212 4+ 24,5412)) 5293]
+ O (ys, (W7, 513)°) (3.3.26)

From this one can again get an upper bound on y,/Mpg. This is displayed in

the lower panels in Fig. 3.6. As in NH, the value of the upper bound for TH

9In this plot we have taken f(x) to be unity. For Mpr = 200 GeV, there will be a
multiplicative factor ~ 1.3. As Mpg increases, this factor tends to become unity. In Fig. 3.7,
we have included the exact value of f(x) at each Mg.
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Figure 3.7: The allowed regions of y'** as a function of My from the combined

constraints of Br(u — ey) and vacuum stability. The area to the right of the curved
lines are allowed from experimental bound on Br(u — e7v) while the area below
the slanting lines are allowed from the constraint on vacuum stability. The vacuum
stability bound shown here correspond to m; = 172.3 GeV and ay = 0.1191. The
two (very) close line corresponding to my, = 126.6 GeV is due to A\(M,;) = 0 (upper
one) and A\(M,;) = 0 (lower one). Similarly for m; = 126.0 GeV. .

also depends on the CP phases. The maximum allowed value in this case is
Y, /Mg < 0.7(GeV ™), (3.3.27)

which occurs for 6 = 0, & = 0 as can be seen from the figure. The lines of same
line type (color) corresponds to the upper bounds including the uncertainties

in the masses and mixing parameters.

The maximum value of y,, /Mg obtained from experimental bound on BR(u —
e~y) (Table 3.6) and Eq. (3.3.22), can be used to retrieve the maximum value
of y, for each Mpg. This is shown in Fig. 3.7. Note that while extracting
the bound on y, for a particular Mg from the figure, one has to be careful to
ensure that the perturbativity bound on y, ( < 1) is not violated. We also
superimpose the bounds obtained from consideration of vacuum stability in
this figure. The area to the left of the shaded bands is disallowed from the
constraint on the branching ratio u — evy. These bands are obtained for fixed
values of the CP phases (4, ). The band for each combination of CP phase
is obtained by varying the oscillation parameters in their current 30 range.
The area below the slanting lines are allowed from the constraint on vacuum

stability. The figure shows that the constraints from Br(u — e7y) can some-
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times further constrain the value of y, as obtained from vacuum stability. For
instance for Mr = 200 GeV and NH the constraint from Br(u — ev) restricts
Y, to be < 0.13 for values of CP phases (J,«) = (0,7). For (§,«) = (0,0) the
maximum allowed value of y, is lower. For other combinations of CP phases
the bands lie anywhere inside or between the two shaded regions. Thus if we
consider all possible values of CP phases then only the region marked disal-
lowed is not compatible with the constraints from Br(u — ev) for NH though

it was consistent with vacuum stability constraints.

For IH and (6,a0) = (0,0), the hatched region extends all the way upto
Mpg = 200 GeV and there is no significant constraint from pu — ey given the
present uncertainty on the neutrino oscillation parameters. However for the

green hatched region corresponding to (9, a) = (0,7/4) the region to its left is

max
v

disfavored and y is constrained to lower values as compared to the bound
from vacuum stability. But if we consider all possible values of CP phases
then this area becomes allowed. Hence we conclude that, given the present
uncertainty of oscillation parameters and the CP phases, no improvement over
the vacuum stability bound can be obtained on (y, )mq. from Br(p — ey) for
IH [212].

We note in passing that in these type of models the Higgs boson can decay
to two neutrinos of which one is heavy and the other one is light, as long as
the heavy neutrino is lighter than the Higgs boson. This has been studied in
the context of inverse seesaw models and constraints were put on the Yukawa
coupling y, to be y, & 0.02 for Mp < 120 GeV from the experimental data
on the channel h — WW* — (lvv [78-80,217]. For larger masses of the

heavy neutrino current Higgs searches do not provide any constraint on the

parameter space.

On the other hand, the search for heavy singlet neutrinos at LEP by the
L3 collaboration in the decay channel N — eWW showed no evidence of such
a singlet neutrino in the mass range between 80 GeV (|Va]|* < 2 x 1073) and
205 GeV (|Vail® < 1) [218]. V,, is the mixing parameter between the heavy

and light neutrino. Heavy singlet neutrinos in the mass range from 3 GeV up
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to the Z-boson mass (myz) has also been excluded by LEP experiments from
Z-boson decay upto |Va;|> ~ 107° [219-221]. In the light of these experimental
observations we have chosen the parameter Mp to be greater than or equal to

200 GeV in this study.

3.3.4 Inclusion of NNLO correction

It is to be noted that the premise of our analysis is the assumption that
there exists a region in the parameter space in which electroweak vacuum in
the SM is stable upto the Planck scale. In view of the low mass of the Higgs
candidate measured at LHC, many refined analysis appeared in the literature
recently [222-224] examining this point critically from different angles. In
particular, the authors of [222] incorporate the next to next to leading order
(NNLO) correction to the matching of MS Higgs self coupling, A, and Higgs
mass. This excludes the stability of the electroweak vacuum within the SM
upto the Planck scale at 20 CL. for My < 126 GeV. However, this value
crucially depend on the ranges of the top quark mass m; chosen in the analysis.
Reference [222] considered the range m; = 173.1 £ 0.7 GeV.

Here we incorporate the NNLO corrections to the matching of M'S A and
Higgs mass [222]. We have also included O(a ay) correction to the matching
of top Yukawa and top pole mass [225]. This correction is comparable to QCD
correction. Expression for this can be found in Appendix B.4. In the following
we include RG equations upto three loop for A, Y; as well as the three gauge
couplings [226,227]. Expressions for three loop beta functions can be found in

Appendix B. Also the effective Higgs self coupling is taken upto two loop [152].

YA Y2\ 2 Y?2 3 Y2\ 2
0 g = —L—1g2d24(In—-Lt) —64ln—-L +72% —=v2L{3(In—-t
T em? | ' o gt )

Y2 2
~161n - + 23+ %H (3.3.28)

We find the that in the lo range of parameter space of m; and a,, A > 0

condition is highly constrained upto Planck scale. At the level of 20 range of
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Figure 3.8: Variation of X\ and X (denoted by X in the figure) with
the renormalization scale for fized values of the parameters (my, ,my, o).
The wupper, middle and lower curves are drawn with the set of param-

eter (my, as)={(171.7 GeV ,0.1198), (173.1 GeV ,0.1184), (174.5 GeV ,0.1170) }
respectively.
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Figure 3.9: Same as in Fig. 3.8 with the inclusion of y, (representative value).

parameter space of m; and «y, both A > 0 and A > 0 can be maintained upto
Planck scale. This is shown in Fig. 3.8. In Fig. 3.9 we plotted the variation of

A and \ with representative values of v,.

Also it was discussed in [224] that combining the NNLO corrections in QCD
in determining the inclusive top quark pair production cross-section with the
Tevatron measurement, one gets the pole mass for the top-quark as 173.24+2.8
GeV. This makes a 126 GeV Higgs boson compatible with the stability of
the electroweak vacuum. Thus we believe that a clear mandate regarding the

instability of the electroweak vacuum in SM has not yet been reached.
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Figure 3.10:

The effective mass governing Ov33 as a function of the Majorana
phase « for NH (dark (red) shaded curve) and IH (light (green) shaded curve). The
left panel is for 6 = 0 while the right panel is for § = 7/2 .

3.3.5 O0vpp decay in MLSM

The half life for neutrino-less double beta decay in presence of heavy singlets
is given in Eq. (2.4.19). For convenience let us write it down once again
Mu 2 V2 2
T}y _G‘ | Ui, mi+ <p” > =< iR (3.3.29)
The first term in Eq. (3.3.29) is the usual contribution from the left-handed
neutrinos. The second term denotes the contribution of the singlet neutrinos
The matrix V is defined in Eq. (2.3.7). Taking the most general form of the

matrix m’, as

mqi Mgz Mgs

mp = (3.3.30)
Ms1 M2 Mgy
and the diagonalizing matrix of Uz and M as defined in Eq. (2.3.31) and
(2.3.30) respectively, we obtain,
1
Ver = —=——(mi —my), Veg = —=———(miy + m; 3.3.31
(= mh ) Ve sm(miml) (3381

Then the contribution from the heavy part is 2 < p* > m* my, /M3 ~ 107 %m;
Thus this contribution is negligible as compared to the contribution from the

light sector which is ~ m;. Therefore, Ov503 is due to the light neutrinos only
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and the effective mass is defined as
Mee = |U7,, mi (3.3.32)

Since in this case the lightest mass is zero one can plot the conventional plots
of effective mass as a function of the unknown CP phases for both hierarchies.

This dependence is shown in Fig. 3.10.

For NH the effective mass m.. in the limit of the smallest mass m; — 0 is

given as

|Mee| v =/ AMZ,, }\/;S%QCfgeQi“ + sfge_m} (3.3.33)

The maximum is obtained for («, ) = (0,0) or (7/2,7/2) while the minimum
occurs for (a,d) = (0,7/2) or (n/2,0). This is reflected in Fig. 3.10 by the
dark (red) shaded curve which represents the effective mass governing Ov//3
as a function of the Majorana phase o. The shaded portion is due to the
30 uncertainty in the oscillation parameters that appear in the expression of
effective mass. The left panel is for § = 0 and the right panel is for 6 = 7/2.

The cancellation condition is
\/; 3in2912 = tan2 913 (3334)

which is not satisfied for the current 3o ranges of parameters and therefore the
effective mass does not vanish which is also seen from the figure. For IH the

smallest mass is ms which is zero in this model and the effective mass is

2

|me€|IH: Amgtm(cmcfge_%“

+ 5%, ct,e%) (3.3.35)

For IH the effective mass is independent of the Dirac phase . The maximum

of |mee| occurs for v = 0,7/2, 7 and the corresponding expression is,

M, 0 = CizV/ Am? (3.3.36)

atm
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The minimum value is obtained for o = 7/4,37/4 as,

(3.3.37)

— A2 2
= 7505 2019\/ Am3,,.,

ee
257 |
v Iman

This is seen from Fig. 3.10 by the light (green) shaded curve. me, for IH is in

the range accessible to future neutrinoless double beta decay experiments.

3.3.6 Collider Signatures of MLSM

As mentioned earlier, if the heavy singlet neutrinos have mass less than the
Higgs boson mass, then the Higgs boson can have new decay modes [79]. For
example, the Higgs boson can decay into h — v N. Now, the singlet neutrinos
can decay into [W and vZ through the mixing between the heavy neutrinos
and the light active neutrinos. At the LHC this will lead to final states such as
pp — h — (Y0~ + By, where £ = e, u. Note that these final states will depend
on the Yukawa couplings and one can put bounds on these Yukawa couplings
from the existing LHC data on these types of final states [79].

We have considered the singlet neutrino to be heavier than the Higgs boson.
In this case one has to look at the 3-body decay modes of the Higgs boson
through the virtual heavy neutrino to have similar final states. Obviously, in
this case the constraints on the Yukawa couplings will be much less restrictive.
In this model we have obtained upper bound on the Yukawa couplings ¥, from
the vacuum stability condition and this can be used to test this model at the
LHC by looking at the dilepton plus missing E7p final states.

One can also have trilepton plus missing Er final states at the LHC from the
production of these heavy neutrinos [80]. For example, at the LHC the heavy
neutrinos can be produced through the s-channel W* exchange: ud — ¢*N or
ud — ¢+S. N or S can again decay into (W and vZ through v — N or v — S
mixings. This will lead to trilepton plus missing Er final states at the LHC.
Now, the trilepton plus Fr signal is a very clean signal for looking at physics
beyond the standard model. In this model, the trilepton final states depend

once again on the Yukawa couplings of this model. Using the upper bound on
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Yy, obtained from vacuum stability condition, it would be possible to study the

present model at the LHC through the trilepton channel.






Chapter 4

Renormalization Group
Evolution of Higher

Dimensional Operators

4.1 Introduction

Parameters of the Quantum Field Theory (QFT) get affected by higher
order corrections. This results in a shift in the values of the parameters. In an
experiment, the quantity that is being measured includes all possible higher
order or loop corrections. Quantum loop effects come from the interaction
with the virtual particles which can never be “turned off”. Loop corrections
typically lead to divergences. They change the value of the bare parameters in
the Lagrangian. Thus the loop correction must be included for any consistent
QFT calculation. Divergence of the loop correction always makes the param-
eter infinite but physical quantity which is being measured in experiment is
always finite. This leads to the fact that the bare parameter of a theory is
infinite in such a way that it cancels the divergence coming from the loop dia-
grams and gives a finite value of the physical quantity. This value is called the
renormalized value of the corresponding parameter. In other words, one can
absorb the divergence coming from the loop diagrams to the bare parameter.

This way of calculating the renormalized value of a parameter is called renor-

85
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malization procedure. In the literature there exist many different procedures
to absorb the divergences of the loop diagrams to the bare parameters. These
are called renormalization schemes.

Physical quantities depend on the scale at which they are being evaluated.
However the experimental value of a particular quantity should be fixed at a
particular energy scale irrespective of renormalization scheme which implies
there must exists mapping between different renormalization schemes. The
set of all such mappings (transformations) said to form the renormalization
group.

In this Chapter, we discuss the Renormalization Group (RG) equations
for dimension-6 operators. RG Evolution (RGE) of the dimension-5 operator
in the context of seesaw mechanism is extensively studied in the literature
[97-110]. RGE of the dimension-6 operator is not studied widely in literature.
In [228] only part of the S-function of the dimension-6 operator is computed.
Here we shall present a full computation of the S-function of the dimension-6
operator which is also responsible for the non-unitary correction to the light
neutrino mixing, in the context of Type-I seesaw.

Before proceeding to discuss the RGE of dimension-6 operators, we shall
briefly discuss the renormalization scheme chosen for the computation of the
loop divergence of dimension-6 operator i.e. Minimal Subtraction (MS) scheme.
We shall also briefly discuss the one loop beta function from the Callan-

Symanzik equation.

4.2 Renormalization schemes

Renormalization consists of adding counterterms to the bare Lagrangian
which cancel the loop divergence. In a renormalization scheme where renor-
malized mass of a particle is chosen to be at the pole of the propagator is
called on-shell scheme. Thus renormalized mass represents the physical mass
and hence this scheme is also physical scheme. Also the renormalized couplings

are equal to the physical couplings in this scheme. However the counterterms
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are mass dependent and thus makes computation cumbersome.

A different renormalization scheme called minimal subtraction (MS) scheme
is often used. In this scheme one absorbs only the divergent part of the loop
diagrams in the counter term and thus makes computation much simpler. To
demonstrate this scheme further we consider the effect of incorporating one
loop corrections to the non-unitary operator (2.2.7) i.e. renormalization of
this operator. This requires wave function renormalization of /;, and ¢ doublet
as well as the ¢(® vertex renormalization. The wave function renormalization

is defined as

(li)p = (Zl%L>z‘j I

o = Z20 (4.2.1)

The subscript B stands for a bare quantity. Fields on the right hand side
are the renormalized quantities. Z’s are the renormalization constants which
contain the divergence arising from quantum corrections and can be written

in terms of counterterm as
Z=1+6Z (4.2.2)

where 07 is the counterterm that contains all the divergences. In the same
spirit, the bare Lagrangian can be written as the sum of renormalized La-

grangian and the counter term Lagrangian
£ = £® 4 20O (4.2.3)
with .2 given by

1 — .
p6) 5A0§?) (Ize0*) id (ngeTlLi) (4.2.4)
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Ac® is the counterterm, related to the bare and renormalized coupling as

below

=

11 _1
cg) = Z,°2,° (0(6) + Ac(6)) z, *

Z

27, (4.2.5)

Similarly as before, Act® contains all the divergence coming from the loop

correction the ¢(® vertex.

Dimensional regularization

Loop integrals encountered in a practical calculation are typically divergent.
To make sense out of them one needs to regularize them in some way. We shall
use dimensional regularization [229,230]. In this procedure the loop integrals
are computed in d dimension, where d = 4 — € and at end take the limit ¢ — 0.

Consequently the loop integral becomes

d*q . [ d%
/W o /W (4.2.6)

where g is the renormalization scale. In general the renormalized quantities
depends on the renormalization scale. The Eq. (4.2.5) changes in d dimension

as follows

_1 1
2

(© T3 (O 1 AOY ez Ty
cg = 2,27, (O + A uZ, 27, (4.2.7)

In the MS scheme, the renormalization constant, for any field labeled i, is

defined as

1
Zi=1+> 0% (4.2.8)

j=1

where 07 ; are coefficients of Ei] in the divergent part of a loop diagram.

In the literature there exist a variant of MS scheme called MS. In this

scheme a finite constant is absorbed in the counterterm in addition to the
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divergent part. This is defined as follows

] =
o=

— g +1n(47) (4.2.9)

where 7 is the Euler constant, vz ~ 0.5772---. There are also DR and DR
schemes which are used in SUSY theories [231,232].

4.2.1 Counterterm in one loop correction

In the MS scheme, the counterterm is determined by compensating the di-
vergence arising from all possible one loop 1 particle irreducible diagrams.

Pictorially it is shown below for ¢

= K + > One-loop +
N e 1PT diagrams
24 D NS LI P

= UV finite

Figure 4.1: One loop renormalized 9 vertex (on the left hand side). First diagram
on the right hand side is the tree level ¢® vertex. Diagram on the extreme right is

the counterterm vertexr which eventually cancels the divergence.

the above figure can be expressed in words as:

Divergent part of all diagrams +  the counterterm = 0 (4.2.10)

Same procedure is followed to calculate the counterterms of [; and ¢ form the

self energy diagrams.
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4.3 Renormalization group equations

Renormalized quantities exhibit a dependence on the renormalization scale,
1, which is a artifact of the calculational procedure. However, the bare quantity
is independent of p i.e. variation of the bare Green’s function of a theory with
respect to the variation of u (total derivative) should vanish. n-point Green’s

function is defined as

G ({x:}) = (01T o5(a1) -~ d5(2,)[0) (4.3.1)

for any field ¢. |0) is the ground state of the interacting theory. According to

Eq. (4.2.1), the above expression becomes

G ({x}) = Z30|To(ar) - d(,)0)
= 236" ({z:}) (4.3.2)

Renormalization implies

d n
u@pqunzo (4.3.3)

This is the renormalization group equation. In general the Green’s function
depends on p, couplings, masses, gauge parameters, space time dimension.
With this and using the chain rule one obtains the Callan-Symanzik equation,

given by [230,233,234]

9 0 0 o n
L= — =4 (n) — 4.3.4
uaﬂJrﬁag Yo 75€8£+27 Y 0 (4.3.4)
dg
. 4.3.
B o (4.3.5)
1 dm
_ 1 4.3.
T ' (4.3.6)
1 d
o= - (43.7)
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L2
_ 438
g 7 (4.3.8)

g,m, &, Zg stand for couplings, masses, gauge fixing parameters, field strength
renormalization constant respectively. [ is known as the beta function and
governs the running behavior of the couplings. We shall explore the beta
functions further.

In the MS renormalization scheme where the counterterm absorbs the di-

vergent part only, the beta function of coupling @ at one loop is given by [101].

o = 5u(%20) 15 v, (42
LS [DQ <d(SZ¢Z > Z DvA<d52¢” VA>
el

> ZDVA<d52¢J VA>

déZ,
rQ X o (25
(|y denotes scalar product. The bare and the renormalized quantities are re-

> DQ5Q1

Q

(4.3.9)

jeJ

lated by

(H Z;};) [Q + AQ) pPec (H Z;‘ij) (4.3.10)
iel jed
Zg, are the wave function renormalization constants. Dg is constant. 0Q) 1, Zy, 1

are to be understood as in Eq. (4.2.8).

4.4 RGE of dimension-6 operator

We have discussed the origin of dimension-6 operator in Chapter 2. The
effective Lagrangian (2.2.7) which becomes significant at a scale O (TeV), start
receiving quantum corrections at loop level. In this section we shall present
the one loop correction to the lepton and Higgs self energy as well as the

c® vertex. Here we shall give the one loop diagrams and compute the UV
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divergence. From these, the counterterms are obtained and the beta function

at one loop is calculated.

4.4.1 One loop correction of the lepton doublet [},

The one loop self energy diagram of [;, consists of the following diagrams

P bs B we
loi e ‘(Zj‘ lvj loi ‘/' 5\‘ lvj loi ;I\é\\j‘z le loi q\) ZW
RN RN A T » b I
Nk €k lpk lpk
P+q P+q Ptq P+q
(1) (11) (I11) (IV)

Figure 4.2: One loop self energy diagrams of lr,.

Divergent part of these diagrams can be found in [235]. For completeness we
tabulated these divergence in Appendix D.2. Taking the divergent part of
the above diagrams and following Eq. (4.2.10) we find the expression for the

counterterm as

1
1672

1 3
AZj,n = — YV, +Y]Y, + 5539? + §§Wg§ (4.4.1)

In the above expression, Y, is the Yukawa coupling coming from the [ — e — ¢
vertex. g1, go are U(1)y and SU(2), gauge coupling constant. g, {y are the
gauge fixing parameters for the U(1)y and SU(2); gauge fields respectively.
Y'Y, term contributes till the heavy field gets integrated out from the theory.

4.4.2 One loop correction of the Higgs doublet ¢

The one loop self energy diagram of ¢ consists of the following diagrams



4.4. RGE of dimension-6 operator 93

Py B, W
/’(7‘ B wae
R O O .
p p p oy p ot p p p
Oy b
pP+q p+q
(D (I1) (I11) (IV)
lvm lwm Gym Gym
da __ %5 da __ P da __ P ¢a __ 95
D ¥ D P ' P D 2
k €k Uk k
p+q pP+q pP+q pP+q
(V) (V1) (VII) (VTIT)

Figure 4.3: One loop self energy diagrams of ¢.

It is noteworthy that the fourth diagram (IV) vanishes in dimensional regu-
larization, hence does not contribute. Divergent part of the other diagrams
are tabulated in Appendix D.2; also computed in [235]. Following the similar

procedure as above we find

1 1 5 3 )
Mu =~ [r-je-@d-Fe-ang| @
where, in general,
T = Tr [YJY,, Ly, 4 3Yly, 43 }{ij] (4.4.3)

Y., Y, are the Yukawa coupling arising from the ¢ — u — ¢, ¢ — d — ¢ vertices
respectively. Below the mass scale M, the heavy field N gets decoupled from
the theory. In that case, diagram V will not contribute to the self energy of ¢,
consequently one needs to omit the term Y[Y, from the expression of the T
Here we do not write down the Higgs mass counterterm which is relevant for
the anomalous mass dimension of Higgs. Here we are interested only in the

beta function of the ¢(® parameter.
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4.4.3 One loop correction of ¢% up to O(1/M?)

Below we give all the one loop diagrams which contribute up to O(1/M?)

towards the correction of ¢(®). We proceed with the kind of vertex in Fig. 2.3*.

/ /
95 Vo atm—pl P 1,
\\\ Lok

(X)

Figure 4.4: Diagrams for one loop correction of ¢(9).

*Either of the diagrams (in Fig. 2.2, 2.3) leads to same S-function.
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One loop correction of ¢*®¢c(® which is of the order of O (1/M?) contributes

towards the correction of ¢(® (diagram III). There will be six additional gauge

boson diagrams with B replaced by W®.

4.4.3.1 Calculation of UV divergence

Below we shall present the UV divergent part of these diagrams. We begin

with the first diagram.

iM

11

- (g+p,-7,)
0 / /d“qZ(g L Po) e e
—pfC;, € 3€ — P —1 Y. ) im Ops P
2:“ GmEvBCon (pl Z%) L (27‘(‘)4 (q+pl _pib)z ( )/L ( )k ps LR

i(4+p)

A Y iyl (Y,) s O P ——

(g +pl)2 ¢ —m?
L (OYIY,)  ennees (1, 1,) 1
d* 2 _m?+m?
/2(14[ q ; e | Py
@™ (g2 = m2) (a+m)° (q+p — D))
i € 6 1 :
L OV et ( - p;)) Pi= + UV finite (4.4.4)
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Diagram II can be calculated in a similar manner. The corresponding UV
divergent part is given by
1

. € 1 1
M= (YY) e (l”z _p;) Py~ + UV finite (4.4.5)

II1

aq i(d+-p,)

. Z e *(b
iIM = —pu cj()(eweanrewepﬁ)PR/(

2 2m)* (g + p, — ps)”
Lo (5) ¢
SH Cri (€pn€as + €ps€an) PLm

B e
Z (C (5)6(5))]‘@' (2 €v5€as + 2 €vg€as T+ 555570{) ol

/ dq (91 +p - z%) P,

(2m)* (2 — m?) (q + p} — py)’

i 1 1
= 1671'2“ (C (5)6(5))ji (67560{5 —+ Z 555570{) (pl — ]ﬁ;) PLE
+ UV finite  (4.4.6)
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where we have used p) — p o= P, — p;) Let us note down one identity here

€yp€as = Oyadps — Opadys

= (%aégg = €y8€as T (550{(5%; (4.4.7)

Using this identity we can change d,,03s part of any loop contribution to €,5€4s.
The other part i.e. 03,045 is orthogonal to the non-unitary operator and hence

irrelevant in the present context [228].

IV

Lyj
qu\\\%
d*q U (% +pl) g1
. o / - €/2 )
M = 5# lec €yB€pn (F’l p(;s) PL/ 2 (g + )’ L E‘SapészHPL
_g,uu_'_(l_gB)qz# . 201 7\ VY i
i (—i)u? Z-05y (—q — 2p
q2 2 77( ¢>) (q+p;)2_m2

= (—g—%) “—ec((’f)evﬁea& (pz _ m) ME/ (d4q (51 + P, <—§B d— 2;;;;)

2m)4 2(q+pz) [(qup;)Q—mz}

(4+9)d(av)

+2(1—-¢B) 22 (q+p)° [(q —i—p;b)z —mQ] Py,
- (—975) e AL / %
_53q2_2¢p;_53¢1g_2plp;5+ P,
@ (q+p)° [(q +pib)2 - mQ}
- 16i7r2 'ueil gf)evﬁeaé (Pl - ?;) PLfB% + UV finite (4.4.8)
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There is a similar diagram with B, replaced by Wj7. Contribution of this
diagram can be calculated as follows:

g1, 0ap, 05y and Ep are replaced by go, 07, 0§, and &y respectively. There is

a
ap)?
one additional —ive sign because | —[ — W vertex differs by a minus sign from

that of [ — [ — B vertex. Using the following identity we get

— €v8€mTpalns = —E43€p (20p50an — Opadns)
= —26,8€50 + €y8€as

= 36/56045 (4.4.9)

—ive sign in the extreme left is the additional —ive sign mentioned above. So
we see that contribution of W is three times B, with g; and {p replaced by

go and &y respectively.

A\

Diagram V can be calculated in a similar manner. Corresponding UV divergent

part is given by

' 2
y ~ ? Egl (6) 1
M= 162" 4 Gt CvBcad (pl - ?;) PLgBE (4.4.10)

Corresponding W boson diagram is simply three times the B boson diagram
with ¢g; and &g replaced by ¢o and &y respectively, similar to the previous

diagram.

VI
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¢5 p, p, l
. @ 1 YJ
AN 2
\\\
Lok 3
g+ q\f"q — Do
W\
loi //pl B P;\\‘cbﬂ
. R () d4q ! (ﬁ l)- e/2 91
M= St Ewn%/ (2 (91 TP %) PLWW 5 0palkin" P
T 9w + (1 - gB) q;gu . /2 g1 v 1
1 —) " =dg, (q — 2p
/
() e [ 0 (440 -9) (4+p) (g +20,)
4) 27000 (2m)* @ (g +p)° [(q—ps)? —m?]
2(1— &) (a9 -1,) (g+p) gla-p)
— —¢B L
¢ (a+p)" [(a —py)* — m?]
/
N g_% IU/_E(G) € d4q _gB(g—i_pl_p(ﬁ)_'_Q]%
= 4 2 Cji Evﬁeaéﬂ (2 )4 2 . 2 _ 9 +
o @+ m)”* [(a —po)” — m?]
iy w20 Cdlape)
¢ (g +m)* [(q — po)* — m?] ¢ (q+p)* [(g—ps)* — m?]
- 2
G 3 1 .
— @,u Zlcg.i)e,yﬁea(g |:§ p¢ + ng:zb:| PLE + UV ﬁnlte (4411)
For the corresponding W boson diagram, we have
- Evnepéggaagn = — €y8€pm (20py00p — 0padpn)
= 2 5“/55045 + €vB€as (4412)

As mentioned earlier, d,50,5 is orthogonal to the non-unitary operator. So the
contribution of the W boson diagram is simply the B boson diagram with ¢,

and &g replaced by go and &y respectively.

VII
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Diagram VII can be calculated in a similar manner. Corresponding UV diver-

gent part is given by

i eg% (6)

) 3 1
IM = 167r2'u chi €v8€as [(5 + £B> ]?;5 + pr; —&BY, PLE
+ UV finite  (4.4.13)

contribution of the W boson diagram is same as the B boson diagram with ¢,

and &g replaced by go and &y respectively.

VIII
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4 .
M = Led® ! 2N
M = 2,u Cji ewean/( ) (g+pl pd)) (q—p¢)2—m2( i) 255p><

) Q,uCIu

s G+ (1=

;
(q—2py)" i

(4=9,)" —m?
_ (BN o, e [ 4 (—€84° +2€q- (po +1}))
( 4) g et /(2”)4 ¢*[(q = py)* — m?] [(q—p;)Q—nﬂ]
& (0 -1,)

@ fla—p)t ] [(a—9)" — ]

(—i)u? %(5,75 (¢—2p,)"

q2

Pr

_ (Lm\ e, e [ 2 —Ep
S 0= =] [la= )]

267" quqv (P +1))" B 53( l—p;) P,
(@ =pa —m?] [(a=2,)" =m?|  [(a—po) = m?] | (4= p})" ~ m?]
= 16i 2#{: 51)6756@53 <,¢l —P;) PL% + UV finite (4.4.14)

For the contribution of the W boson diagram, we have

- Eweanagpa% = — €yp€an (20850,m — Opp0ns)

= —20,,085 + €y5€as (4.4.15)

So the W boson diagram is same as the B boson diagram with ¢g; and &g

replaced by g, and &y respectively.

IX
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IM = e/2 915 n0im /(27T) (<¢+p;) 2N€C£nk€nﬁ€p5 (ngZ”l p;)P

q+p)?
@'(w)
72 il &5;)015;“' v Ppi
(¢ +m) 2 q

() e [ L {2 (¢+8) (4+0-2,) (4+9)

G + (1 - fB) qz#
2

4) 27 2)* ¢ (q+p)° (q+p)

o () [, (5]

T (1—
2q®(q+ )% (¢ + )’

P

Now

(6+9) (4+9,-#,) (d+9) = @nPd—dp,d—pp,d+
(a+p)"¥,— (4+1,) P, ¥,
(+ap) [@+m? =, (4+9)] ¢ = @la+rm’d— ¢ —Pppa+
(a+2)" dpyd — 4¥ P, 0" — 499, P4

With these the above expression becomes

= (-8) e [ 4 |2 L)

2q+p)? @ a+p) (@+m)?

(1—¢5)¢ (1-¢8)¢, (1—¢B) ¢, 4
+ - + r.|P
2@+p)° (@+0)*@+m)°® P (q+p) -
= 16;2;15 < Eill) g?)ewemgf'g (pl +1575¢,> PL1 + UV finite (4.4.16)

Corresponding W boson diagram is same as the B boson diagram with g; and

&g replaced by go and &y respectively.
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iM

hi p . Py o5
X Q+pl_Pl ;///
’_‘\@17 //
(o X
~> -7 \\\
¢p AN
A AN
lai b Pe ¢5

14

22"

e (6)

Cji €ypan

d'q i LA
/ (2m)4 <_g +’¢;> PLm(_Zm 9 (6np0ps + 0y50p,)
)

(q+p—p)° —m?

(4-7)

A d4
et (6) . q
= M SC (5 045 s+ € Emg),u / PL
g g \OralB v8 (2m)4 (¢2 — m?) [(q T —p;)2 _ mQ}
1 A 1 .
T 1672 uegcﬁ) (01005 + €45€as) (pz +1¢;> PLE + UV finite (4.4.17)

Additional factor of 1/2 in the front is the symmetry factor. This divergence

vanishes for on-shell condition of the external fermions.

4.4.3.2 Counterterm of ¢(©®

Here we calculate the renormalization constant Ac®. Using Eq. (4.2.10), we

get

Divergent part of all diagrams + %uEAc(&ewem; (pl — p;)) P, =0 (4.4.18)
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which gives us

' u [ AOVHY, 4 vy, ¢ 4 5 #G)6) | 3. 9_%C<6>§ ( —p’)
167‘(2 e”e e~e 4 4 B ! p
3
+91 (6) < p¢+§B$ﬁ¢ §B¢I+SB,¢;+§B¢;+—,¢;}—§B%—fgp;)
A

__06) (szr?l) +7- G)SW (]/j ,’;%) g c® < }Z5¢+§W¢¢

1
—&wp, +Ewp + Swﬁ; + 5,’;25;) —&wy, — pr;)] ewem;PLE
+ %M6A0(6)6766a5 <’¢l —p;) P,=0

= L {(C(G)nge +YeTYe ) + ZC*(fl) (5) + 2 g 6)25 _|_ 6)6£ )

1672 4
< ! 1%) o + 92 (3% +]ﬁ¢) c® (pz ‘H?;)] 6’7560:5PL%
+ 5A0(6)6756015 (pl - ]7?;5) PL=0 (4.4.19)

Following Eq. (4.2.8), we expand Ac®) as

1
Ac® = Acff’; T (4.4.20)

Before proceeding further, we impose the on-shell condition for external fermions.
All the terms associated with pl and p; will vanish and one would obtain the

expression for Acflﬁ ) as below

5
Acy {2 (OYIY. + YY) 4 D@l

+ (53 - g) g +3 (fw - %) gac “”} (4.4.21)

1672

4.4.4 B-function of ¢

Now we are ready to compute the beta function of the non-unitary parameter

from the general expression given in Eq. (4.3.9). In our case

Q=c9  Vie {Ye,Ye,Y gl Yd,YdT,c(5),c*(5),gl,g2,)\} (4.4.22)
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_1 i _
2 2

(0(6) + Ac(6)) wz 2z

NI

_1
W = 7,77

lL L

To one loop order, Z;,, Z and ¢ from (4.4.1), (4.4.2), (4.4.21) read

I 1 3
AZa 1672 VY. + 5539% + 5&395} (4.4.23)
I 1 , 3 )
AZy, = 1672 2T — B (3—¢B)gr — 5 (3—¢B) g5 (4.4.24)
6 I 5,
A = 757 |2 (COVIY, + VY, ) + % (5) (5)

3 1
+ (53 — 5) ¢2c® +3 (gw — 5) g§c<ﬁ>] (4.4.25)

As we discussed earlier, ¢

gets generated below the mass scale M, when the
heavy particle gets integrated out effectively implying that the term Y, Y can

be dropped from the above expressions. Also the expression for T} becomes

T, = Tr [YJ Y, +3Y1Y, +3 Yij} (4.4.26)
with D, sy =1 and ny =ny =ng =ny = —%. We get
déc(f) 1 3
L A6) - _ (6)y 1 Ty «(6) 2 420
DC(G) < dC(6) c - 1672 |:2 (C }/e }/6 + 1/re }/ec ) + (&B 2) g€
_ LY 20
+ 3w 5 9a€
dsc® 11 5
D =V = ———.212(9YTY, + Yy, © 9. Z*6)0)
VA<dVA A 16722 [(C Vet YY) 42 5P

3 1
+ (fB - 5) g +3 (fW - 5) 930(6)]
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Figure 4.5: Variation of non-unitary parameter (€) with renormalization scale.
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Combining the above expressions we obtain the S-function for the non-unitary

parameter, ¢ given by [236]

1—loo *
c(6) P= _13 B [_ (C(G))J)Q—F)J}ec(&) —2110(6) +=c (5)0(5)
392 (6)} (4.4.27)

This is the one loop S-function of the non-unitary parameter which governs the

RGE of ¢ It is almost similar to the S-function of dimension-5 parameter,
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widely known as x in the literature [97-105,110,207], apart from ¢*®c®) term.
The term ¢*®¢0) is additional heref. Numerical consequence of the above
equation is shown in Fig. 4.5. Values increases with scale governed mainly due
to top Yukawa coupling. Running is very low but might have consequences in

the precision study of neutrino antineutrino oscillation or v, — v, oscillations.

fCoefficient of this term differs from an earlier paper [228].






Chapter 5

Summary and Conclusions

In this thesis we have studied several aspects of seesaw mechanism, partic-
ularly in the context of Type-I seesaw mechanism and minimal linear seesaw
mechanism.

First we have investigated the implications of Dirac mass matrices (mp)
with 5 zeros for seesaw phenomenology. For the Majorana mass matrices (Mpg)
we consider both diagonal and non-diagonal forms. The diagonal form contains
three zeros. However we noted that more minimal forms of Mg containing 4
zeros are possible. Three non-singular forms of My exist, which correspond
to L, — L;, L — L; and L. — L, symmetry. However, with 5 zero textures
in mp they can be shown to be incompatible with neutrino data. We have
classified the allowed textures and discussed their implications for leptogenesis
and lepton flavour violation. For mp with 5 zeros and diagonal Mg there are

12 allowed textures
(i) 6 patterns with a vanishing ey entrys;
(ii) 6 patterns with a vanishing et entry;

All these 12 cases have one zero mass eigenvalue. The phenomenology of the
cases (i) and (ii) is quite similar: 6,3 is necessarily non-zero and sizable (at 30
between 0.05 and 0.14 for the normal hierarchy and larger than 0.005 in the
inverted hierarchy) and § is in general non-trivial. Both normal and inverted

hierarchy is possible. Leptogenesis is possible for all 12 patterns and the same

109



110 Chapter 5. Summary and Conclusions

phase is responsible for leptogenesis as well as low energy CP violation in

neutrino oscillations.

We have also considered the manifestations of seesaw mechanism for LFV
by considering supersymmetric seesaw with minimal super gravity conditions
as the only source for LE'V. For the patterns with (m, )., = 0 the BR(u — ev)
turns out to be zero. The BR(r — ev) and BR(r — py) are proportional

to (my)er and (m,),,, respectively, but depend on the unknown heavy neu-

UT
trino masses and hence no definite predictions are possible for these. Similar

conclusions hold true for patterns with (m, )., = 0.

We also considered simultaneous presence of equality relations and texture
zeros for Dirac and Majorana mass matrices in the minimal Type-I seesaw
mechanism with 2 heavy right-handed neutrinos to reduce the number of pa-
rameters further. We study a large number of independent options and find
that at the level of minimal number of free parameters only the 4 textures,
presented in Table 3.3, and 4 others obtained by permuting the 2 — 3 col-
umn of mp presented in this table stand out to be almost consistent with
global neutrino oscillation data. The latter 4 have the same predictions as the
original ones and hence we have not presented these separately. One of the
solutions in Table 3.3 are found to be consistent with normal mass hierarchy
while three others with inverted mass hierarchy. Prediction of 65 turned out
be little outside the present 30 range. We have argued that this situation can
be remedied by assuming a small perturbation in the equalities in the mass
matrix or elevate zeros. We also discuss the prediction of each solution for
the oscillation parameters, 0v2/3 decay and the mass mg probed by tritium /3
decay. It is noteworthy that the allowed values of mg are below the sensitivity
reach of KATRIN experiment. We also demonstrate in terms of the weak basis
invariants if the solutions can give CP violation at low and high energy. We
find that only one solution can have correlation between low and high energy
CP violation. We discuss the implications of this solution for leptogenesis and

explore the correlation between high and low energy CP violation.

Next we consider the phenomenology of the minimal linear seesaw model
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consisting of three left-handed neutrinos and two singlet fields. The two singlet
fields have opposite lepton numbers. Smallness of neutrino mass is ensured
in this model by the tiny lepton number violating coupling (ys) of one of
the singlets with the left-handed neutrinos. Thus, the masses (Mpg) of the
heavy singlet neutrinos can be at the TeV scale even with the Dirac type
coupling (y,) between the other singlet and the heavy state of O(1). This
permits appreciable light-heavy mixing in the model which can have interesting
phenomenological consequences. The model predicts one massless neutrino
and hence there is only one Majorana phase. The great advantage of this
model is that the Yukawa matrices can be fully reconstructed in terms of the
oscillation parameters apart from the overall coupling strengths y, and y,. We
show that consideration of the vacuum stability of the scalar potential can
constrain the coupling strength y, as y, < 0.3 for 200 GeV < Mp < 1 TeV.
However, it should be noted that this bound depends on the value of the strong
coupling constant («y), the top quark mass (m;) and the Higgs boson mass
(my,). Hence, this upper bound can be somewhat lowered depending on the
experimental uncertainties on these quantities. The assumption of tiny lepton
number violation implies (Ys)maz < (Y»)min- This allows one to obtain an upper
(lower) bound on ys (y,) in conjunction with the constraints on neutrino masses
from oscillation data. On the other hand the vacuum stability bound on y,,
together with the measured values of neutrino mass squared differences gives a
lower bound on ys. Thus both the unknown overall coupling strengths of this

model get constrained.

We also obtain the non-unitary correction to the PMNS mixing matrix.
Bounds on y,/Mpg can be obtained as a function of the CP phases a and §
from experimental constraints on lepton flavor violating processes. Combined
constraints from vacuum stability and the lepton flavor violating process p —
ey rule out a significant portion of the parameter space in the (y,—Mpg) plane
for NH for masses of Mr < 600 GeV. On the other hand, contribution of the
singlet neutrinos to the neutrinoless double beta decay process is insignificant.

The model predicts interesting signatures at the LHC and can be tested using
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the present and future data. However, a complete collider study merits a
separate analysis.

We have also discussed the origin of non-unitarity at high energy for type-I
seesaw. Below the mass scale of the heavy particle, the dimension-6 Dirac type
effective operator leads to the non-unitarity of the lepton mixing matrix. We
have calculated the one loop correction and derived the S-function which gov-
erns RG evolution of the non-unitary operator. Since non-unitarity becomes
significant in TeV scale models, running is low as compared to the operators
originated at a higher scale. But in fine tuned situation this running may give
significant modification to the result. RGE of non-unitary operator may also

become relevant for precision measurement of neutrino mixings.



Appendix A

The equalities in the Dirac mass

matrix

In this appendix, we show the detailed classification of the Dirac mass matrix

mp. Since mp has six entries, we can impose equalities on mp up to five.

A.1 1 equality

We shall start with 1 equality in mp. By imposing 1 equality among 6 ma-
trix elements, the 6 elements are divided into 5 groups, that is, for instance
(mp)11 = (mp)i2, and other 4 matrix elements. This situation can be sym-
bolized by (2,1,1,1,1), where each entry means the “slot” of the independent
parameter. Since we impose 1 equality among 6 elements, the number of
the independent parameters is reduced to 5. Therefore we have 5 entries in
(2,1,1,1,1). The number of each entry in the first bracket denotes the number
of the matrix elements included in each group. The sum of the entries must

be equal to 6.
The (2,1,1,1,1) case includes °Cy = 15 patterns of different textures. The

113
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“representatives” are

(mp)i1 = (mp)ar  — 3 patterns (A.1.1)
(mp)i1 = (mp)12  — 6 patterns (A.1.2)
(mp)11 = (mp)ea  — 6 patterns (A.1.3)

Here “representative” means that the other patterns can be generated by the
permutation of the rows and the columns from the above three matrices. In
other words, the above three matrices are not related to each other by permu-
tations of the rows and the column, so that they compose a set of “primary”

matrices in this category.

A.2 2 equalities

Here we consider 2 equalities in mp. Since we have 2 equalities, the matrix
elements are divided into 4 groups. There are two types of distributions;

(2,2,1,1) and (3,1,1,1).

(2,2,1,1) case In this case, there are °Cy x *Cy = 90 mass matrices. If we
regard the first two groups of (2,2,1,1) as identical, then the total number is
reduced to 90/2 = 45 patterns. The representatives are

3

6 patterns

D)11 —

mp)i = 6 patterns

(mp)in = (mp)ar, (mp)iz = (mp)2 — 3 patterns (A2.1)
(mp)in = (mpha, (mp)ar = (mp)2 — 3 patterns (A2.2)
(mp)i1 = (mp)az, (mp)iz = (mp)a  — 3 patterns (A.2.3)
(mp)11 = (mp)12, (mp)az = (mp)2s  — 6 patterns  (A.2.4)
(mp)in = (mp)a2, (Mp)iz = (mp)as — 6 patterns (A.2.5)
(mp)in = (mp)as, (mp)iz = (mp)2 — 6 patterns (A.2.6)
(mp)w = (mp)ar,  (mp)az = (Mplas = (A.2.7)
(mp) = (mp)a2, (mp)ar = (Mplas = (A.2.8)
(mp)in = (Mp)as, (Mp)ar = (Mp)2z = (A.2.9)

mp)i = 6 patterns
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All 45 patterns can be generated from these 9 patterns. It should be noted
again that we regard the textures which is related by the label exchange of
the first two entries of (2,2,1,1) as identical. The classification of the above 9

patterns is similar to the general possibilities for the 2 zero textures for mp.

(3,1,1,1) case We have C3 = 20 general possibilities and three representa-

tives in this category.

(mp)11 = (mp)12 = (mp)ar  — 12 patterns (A.2.10)
(mD)n = (mD)12 = (mD)13 — 2 patterns (A211)

(mp)11 = (mp)aee = (mp)as — 6 patterns (A.2.12)

All 20 patterns can be generated from these 3 patterns. An easy way to
understand these 3 patterns comes from the analogy with the 3 zero textures

in mp.

A.3 3 equalities

Here we consider 3 equalities in mp. Since we have 3 equalities, the matrix
elements are divided into 3 groups. There are three types of distributions;

(3,2,1), (4,1,1) and (2,2,2). Let us see in turn.

(3,2,1) case In this case, there are 5C3 x 3Cy = 60 patterns of textures. The

representatives are

mp)ir = 6 patterns

mp)in = 12 patterns

mpli] = 12 patterns

11 —

mp)i = 12 patterns

(A.3.1)
(A.3.2)
(A.3.3)
12 patterns  (A.3.4)
(A.3.5)
(A.3.6)

=

~— ~— ~— ~— ~— ~—
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—~ —~ /é\ —~ —~ —~
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[\
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~— ~— ~— ~— ~— ~—
[\
[\

— —~ /é\ —~ —~ —~
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~— ~— ~— ~— ~— ~—
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w

(mp)in = (
(mp)i = (
(mp)i = (
(mp)un = (
(mp)in = (
(mp)in = (

1= 6 patterns
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All 60 textures are generated from the above 6 representatives.

(4,1,1) case There are °C, = 15 patterns of textures. The representatives

are

(mp)11 = (mp)12 = (mp)13 = (mp)ay  — 6 patterns (A.3.7)
(mp)i1 = (mp)12 = (mp)ar = (mp)ae  — 3 patterns (A.3.8)

(mp)11 = (mp)12 = (mp)ag = (mp)ag  — 6 patterns (A.3.9)

All 15 textures are generated from the above 3 representatives.

(2,2,2) case There are °C, x *Cy = 90 patterns in this category. It is
helpful to remember the case of (2,2,1,1) in 2 equalities. This case is obtained
by imposing equalities between the last two entries of (2,2,1,1). As in the case
of (2,2,1,1), we should identify the three entries of (2,2,2). Then the total

number is reduced to 90/3! = 15 patterns. The representatives are given by

93 — 1 pattern
23 — 3 patterns (

— 3 patterns (A.3.12
23 — 6 patterns (

— (

2 patterns

All 15 textures are generated from the above 5 representatives by the exchange

of the rows and the columns.

A.4 4 equalities

Here we consider 4 equalities in mp. As in 3 equalities, there are three types

of distributions; (5,1), (4,2) and (3,3). We study the three cases in turn.
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(5,1) case In this case, there are °C5 = °C; = 6 patterns. A representative

1S

(mp)11 = (mp)12 = (mp)13 = (mp)a1 = (Mmp)ea  — 6 patterns (A.4.1)

All 6 textures are generated from the above representative by the exchange of

the rows and the columns.

(4,2) case There are °C, = 15 patterns of textures. The representatives are

(mp)11 = (mp)12 = (mp)1z = (Mmp)a1, (Mp)az = (Mp)2g — 6 patterns (A.4.2)
(mp)11 = (Mmp)12 = (Mmp)ar = (Mmp)ae, (Mmp)i13 = (mp)as — 3 patterns (A.4.3)

(mp)11 = (Mmp)i2 = (Mmp)ar = (Mp)az, (Mp)1z3 = (Mmp)e — 6 patterns (A.4.4)

All 15 textures are generated from the above 3 representatives by the exchange

of the rows and the columns.

(3,3) case There are 5C3 = 20 patterns of textures in this case. However
20 patterns contain redundancy. We can reproduce all 20 patterns from fun-
damental 10 patterns by exchanging the two entries of (3,3). The 10 patterns

can be obtained from the three representatives. They can be taken as

(mp)11 = (mp)12 = (mp)iz, (Mmp)ar = (Mp)az = (Mmp)ag — 1 pattern (A.4.5)
(mp)11 = (mp)12 = (Mmp)ar, (Mp)1z = (Mmp)aa = (Mmp)ag — 6 patterns (A.4.6)

(mp)11 = (Mmp)12 = (Mmp)as, (Mp)1z = (Mmp)a1 = (Mmp)ae — 3 patterns (A.4.7)

All 10 textures are generated from the above 3 representatives by the exchange

of the rows and the columns.
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A.5 5 equalities

In this case, all the matrix elements in mp are equal and the resultant left-
handed Majorana mass matrix is of democratic form. This provides two mass-
less neutrinos together with a nonzero Mpg. Thus we can exclude mp with 5

equalities.



Appendix B

Beta functions and matching

corrections

In this appendix, we present all the beta functions upto three loop and ex-
pressions for matching corrections. The beta functions upto i** loop for any

coupling constant, (), can be expressed in general as

dQ B 5Q(i)
W = Z (67 (B.0.1)

B.1 One loop S-functions

The one loop beta functions of different coupling constants in SM can be found

in literature [146, 158, 237,238|.

41
1 _ 3
4 22 1
1 _ 3
pY = gt 6] g3 (B.1.2)
4
1 3
553) — gn — 11} g5 (B.1.3)
, 3 3, 3/(3 ?
(= 24)\% —3) (593 + 3g§) + 0+ 3 (ggf + 393)
+ATA -2 (B.1.4)
3 9
sl = v, [5 (VY. = Y) + 1 - 5 (g2 + gi)} (B.1.5)
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17

3
By = Y, 3 (Y'Y, - Yi'Yy) + Ty — 3091 93 4g§ — 8932,] (B.1.6)
) 3 v f Lo 95 oo
By, = Ya|j Y'Yy - Y, 'Y) + T — 11— 79 =8¢ (BLT)
n  _ 3 9 9 9,
BYV - YI/ _5 (YIJTYI/ - }/;TY) + Tl 209 Zg2:| <B18>
where 77 = Tr[3Y,'Y, +3Y,/Y, + V.Y, + V1Y, ] (B.1.9)

v, = Tr[3(Y.'Y.)? +3(Ya'Y.)? + (Y.'Y.)% + (v.1Y,)?]  (B.1.10)

B.2 Two loop (-functions

The two loop beta functions in SM are taken from [146-150].

9 19 9 3 44 17
B = gi”K +=—n )gf+<10+ n)9§+ —ng;— —Tr (Y,'Y,)

50 15 5 15 10
3
— ~Tr(Yq'Yq) - 5Tr (Ye Ye)] (B.2.1)
3 n 49 259 3
2y _ 3 2 2 2 t
55(,2) = g [(E + 1—5> 91 + <§n — 7) g5 +4ng; — §Tr (Yu'Yy)
3 1
- 5h (Ya'Yq) — =Tr (YGTYG)] (B.2.2)
11 3 76
BE = g3 [%ng% +5ngs+ (En . 102) g2 —2Tr (Ya'Yy)
—2Tr (Yq'Ya) ] (B.2.3)
3 313 117
Y= = 3120436 (393 + 591) N - K? - 10n) G2 = 5 919

687 1 (497 97 8
o e 9 4 Y I s = 4 2
(200 * ") gl} T3 ( g —on ) T2 <40 * 5") 9291
17 8\ ,, 1/531 24 2
— (= == — 32 T[YJYU
2 <200 N 5") 92917 5 (1000 % )gl g Tr | (VuY2)
8
+ (V)| - gt T 2 (1Y) - (VaYa)” + 3 (Y]
1 63 , 171 27 9
- Tr (v, 1Y, g Tr (Y'Y,
+29 {(592 5091) ( ) <5g +10g) l"(d d)
(B2 22 vy = 2 i+ 100Y:— 48027, — Y,
— 422 Tr (Y'Y, Y4'Yy) +10Ys — 6 Tr [V, 'Y, (V.Y

+Y,'Y5) Yo'V, (B.2.4)
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where

T2:

Y2:

Yo =

Tr [3Y,'Y, + 3V, Yy + YT, (B.2.5)

Tr [3(Y,'Y.)? + 3(Ya'Ya)? + (Y.1Y,)?] (B.2.6)
17 , 9 1 9

< 91+ 79+ 893) Tr (Y,'Y,) + (ng + 295+ 8g§) Tr (Y4'Yy)

+= (g7 +g3) Tr (Ye'Ye) (B.2.7)

T

r [B(Y,1Y.)? + 3(YalYa)® + (YYe)?] (B.2.8)

n is the effective number of generation. n = 5/2 for p < m; and n = 3 for

M>mt.

BY =

BYH =

2
By =

3 2 387 135 9

_ _ _ 7 t _ 2
5 51 11 27 5, (35 A
v (3y 1 : Loy : i 223 ,

Yu Yu Yu §Yu Yu — Yd Y;l — ZYd Yd (Yu Yu — 11Y;l Y;l) + S—Ogl

135 9 43 9
299 oy Y tyv o [ 22,2

+ G g2 + 16g3 12 1 T2) Y.,'Y, (8091 1692 + 16g3
5! 5 9 29 9

— ST ) Y'Y, — 6A% + 2V, —— +=n) gl
1 2) d Yd— X4+ + 574 + (200 + 15 )91 209192
19 35 404 80

+ 159195 — <Z ) ga+ 99293 — (? — §n> gg} (B.2.10)
ty, (3yt i Lyviy (v i 187

Ya|Ya'Yy éyd Y,-Y,'V, | - ZY“ Y, (Ya'Ya—11Y,'Y,) + %91

135 , 9 79 9

+ Egg + 1693 12X — 1 TQ) YdTYd - (% ; 1—693 + 16932,
5 5 29 1 27

— ST ) Y, 'Y, — 6M% + =Y, — | —
1 2) Xa+ + 5 T4 (200 + = 15 )91 209192
31 35 404 80

+ 59195 — (Z ) gs + 99393 — (? - an) gg} (B.2.11)

where x4 is given as below

9 1
Xa = 7 <Y2 ~3 Tr [YuTYquTYd + YdJrYdYuTYu]) (B.2.12)
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B.3 Three loop f-functions

The 3 loop S-functions of SM g1, g2, g3, A and Y; are taken from [226,227]

489 58 209 2) A (783 7 ) o

@ _ 3|22 202U s 0 2 2 I
I, 91K8000 75135 ) T 800 100”)9192 5 7298

137n 5 , (3401 83 11 2) . (275
- g+ =" 5

225 320 30 15" 9

—%n2)9§+ntﬁ((%+%m)ﬁ—%9f—%g§
_ 25_993) + (% 7+ %gg - g)\) A} (B.3.1)
By = 95’K%—%n—i—;#)gﬂ<%+%n)gf93—%g?95
LA R PR
_%gg_7g§>+<f’_0gf+gg§—3A)A] (B.3.2)
B = g§’K—%n—%HQ)gi‘—%gfg§+7z—5n9fg§+7ng§g§

N 241 11, 4 N 2857 N 5033 650 5\

—n——n -t —n - —=

20 " T )2 2 9 o7 )98

9 21 101 93
+ Yy <(§ +3 nt) Y7 - 4—09% - §9§ - 40992,)} (B.3.3)
(3) 4 243 412 789
Vo= 2|\ (3588 + 2016 (3) + 291 drY, SN 4 YA 7dR + 252 (3dpR
1881 13
— 36 d%) + Y8 (—TdR — 66 C3dp + 80 dg) +Y? <?dR

195
—12(3dg — ?dg) + g3 Y2A* (=306 Cr dp + 288 (3 Cr dr)
895

19
+ g5 Y\ (TCF dp — 324 (3 Cp dR) + 93¢ <_?CF dg

119
460 (3 Cp dR) + g5 Y2\ (—701% dr +77C4Crdg

131
— 327’LTF CF dR + 72 Cg C%dR — 36 Cg CA CF dR) + g§ }/254 (70%(&3

109
+48TFCFdR— %CACFGZR—FQORTFCFCZR—48<3C}27d3

+24¢5C4 C dR)] (B.3.4)
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285 45 63 45 9
Y = 2v, {—18 AP+ YN (— - —dR) +Y/A (— + EdR) +Y? (*Z (s

8 4 2
345 107 3 39 o7
—3—2+§dR+§§3dR+Edé) +6Crgs YN — g3V (?CF
81 471 119 717
+ —Crdg +g§Y;2 —C?:——C%dR—FQE)TFCF—F—CACF
8 16 8 16
77 33 ) )
+ ZCACF dR — ETLTFCF — 8TLTFCF dR — 27C3 CF + 18 Cg CF dR
27 129 129
— 7@‘3 CACF — 9C3 CACF dR) +g§ <—TC?7 + TCAC}%
11413 1112 560

n; is the number of heavy up-type quark. n; = 1 in our case. Cyu, Cp, Tp,
dr are constants of the SU(3) representation in the quark sector. Cy = 3,

Cp=4/3, Tr =1/2, dp = 3.

B.4 MS coupling constants and pole mass match-

ing

The matching correction between MS \ and Higgs pole mass is given by* [157]

2
My

o (me) = —Z [2fi(@) + folx) + 27 fo1 ()] (BA.1)

- 167202
where x = m32 /m?. fi1, fo, f_1 are given by

fi(z) = 6In(x) + ; In(z) — %Y <1> -Y <@> —In(c)

+g {2_95 _ %} x x (B.4.2)

*This expression is also given in [91] with a factor 3272 instead of 1672. But we were
informed from the authors that it was a typo and the factor 1672 in the original paper was
correct.
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folw) = —6ln(x) [1+2 —2my] + ji%"cg In (%) 12y G)
N {13_0325} +12 ci}} In (ci}) — 12—5 [1 + 2030]
3, [2Y<x)+4ln(x2)—5}+4c Y(Cj”) (B.4.3)
foa(z) = 6ln(z) [1+2¢), —433] —6Y (1) — 12 [Y( ) +In(c} )}
+243 [In (25) =24+ (%)] +8[1+2¢c!] (B.4.4)
1 = m2/mi, ry = m?/m?. ¢, = cosb,, where 0, is the Weinberg mixing

angle. Y is given by

|1—4x|tan_1< L ) for =>4
v [1—4 x|
Y(z) = (B.4.5)
\/|1—4 x|

VI[1—4z|In ( \/|1—4x) for =<4

The two loop correction has been taken from [222]
2) 2)
01 () = 63 (1) + 03 () (B.4.6)

2
5/(7, ,)Yuk (mt)

1
= 7)2.1’1 [Ng {—1680 (mt,mt,mh) -+ $—<1+
1

8
4BQ (mt,mt,mh))} +NC{16+ g’]‘(‘Q +3230 (mt,mh,mt)

1 /929 16
— — | ==+ = a® +48By (my, , my, ,myp,) — 16Ly
al 6 3
76 1 /17629 8 2
B — ===+ =r?-ZL
_'_3 0<mt7mh7mt))+x%( 270 +37T 3 H

1181

13 1
+ 27BO (mh ,Mp, mh) -+ 330 (mt , My, ,mt)) + l‘_i’ <W

72 61 59 2
5 + 3030 (mp, mp ,mp) + 9OLH - £BO (4 ,mh,mt))}

1 (131, (729 135 )
I 2200 Sy — 111Ly + 3612,
xﬁ{ 6 ( 2 1 W) 2 ot

+V3r <18 Ly — %) + 75%%}} (B.4.7)
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where N, = 3, Ly = In(1/21), So = 0.260434138 - -, (3 = 1.2020569 - - - and

By’s are given by (for m; > my,)

By (my,my,mp) = 2— 24z, — 1 tan™ <\/%) (B.4.8)
By (mp ,mp,mp) = 2— % (B.4.9)
By (my,myp ,my) = 2— 2—;1111 (:Uil) — % [tan_l <5%)
+ tan™* (ﬁ)] (B.4.10)
5}(?’)QCD (my) = = ’i 47N, Cr ag (my) [35 — %WZ — 641,
% (05 fyoam o)) B

where Cr = 4/3. The matching correction between MS Y; and top pole mass

is given by
8, (my) = 62°P (my) + 62TV (1my) + 62D (1)) (B.4.12)

62" is taken upto three loop [155] and 6PV is taken upto one loop [156,239]

4 9.1253 80.4046
(5,5QCD (mt) = - 3_7ras (mt) - 2 Oéz (mt) - TOJ? (mt) (B413)
4 m? 11 1 1
5QED+W - — ., _my e A _13/2
t (my) 5. (my) + Tom2? |2 4z 23:%( T — 1) x

cos™! L +L i—3 In 1 —6.9x%x 1073
2\/.1’_1 2.1’1 2371 1 )

173 x 1031 (&)
+1.73x 107 °In 500 GV

_5.82x 10 %In (ng’lﬁ) (B.4.14)

2 2
for mj, < 4m;.
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6P ED i5 the O (o av) correction which is comparable to 627, It is given

by [225]

C m 1
sacpqep @ Cp | goq50) O ) “in ( —
t 16721 — 2 + Mhw . . T
2 11 1+Y3 n 1 . 3
—— — X My — — My | ——
Mhw Lo 8ZL‘1 YH l‘% 27 QYH
9 3 1—Yp)?
+ _YH + —Yé + mtw7< QH) In (YH) In (1 — YH)
2 4 Y

#ym v {078 = 5 04 ¥ i - s

2 +8Yy — 10Y2 — 3Y3 1
O = O = Oy 2 (Vir) + 5 mew (14 Yir) (1Y — 39) x

Yu
1 11 =50y + 112
In (Yg) — = M B0 (14 Yir) = 2 g o
8 Y 2
1—Yy)* (1+ Y2 1-Yy)(1+Y,
NIERE (RS T AN ES TN
H H

{5 — 28Yy + 5Y2

I Lis (—Yg) + (1 — Yr)® Lis (YH)}

+ My (1= YH&; + Vi) {g (2 Lis (Vi) + Lis (=Yy) )
“In(Y) (2 Li, (Yy) + Lis (—Yir) ) H (B.4.15)

where (o = ©2/6, mpy = mi /m2, My, = mi/m2, mu, = m2/m2. Yy is given

as below

1—+1—4x

Yy = ——i—— B.4.16
T T dn ( )
Li,(z) is Poly-Logarithm function given by
“Li,_1(2
Liy(z) = / %mdt (B.4.17)
0
with Liy(z) given by
. 2
Lip(z) = (B.4.18)



Appendix C

Feynman Rules

In this Appendix, we give the relevant Feynman rules, those are used to
compute the UV divergence in Chapter 4. Arrows on the particle line indicate
charge flow. Arrows by the side of particle lines indicate momentum flow.

Grey arrows indicate orientation, introduced in [240].

propagators:

o ¢ﬁ 7

S om0

B7W(L b pv
( )H (B’W )V '_g;u/"‘r(l_fB,W)pgg 5 5
AVAVAVAVAVAVA ‘
P tie ab¥Ba
o pQ—JWjQ—i-Z'E Jt
p
fai Jsi 5.8
—— pitie Vi Lo
D

when momentum is opposite to the orientation, p should be replaced by —p. f
denotes Dirac fermions. In case of singlet, the SU(2) indices (i.e. «, 8) should

be omitted.

127



128

Chapter C. Feynman Rules

¢* interaction:

gauge boson interaction:

¢§ Wb
N \ .
/ 7/
0 Wi
525? B,
~
/ 4
) B,
bp B,
N
/ 7/

o4 Wy

_% PN (5604575 + 5&55704)
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L1919 bas

LU G1g29" 04
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ba
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JZNAN Wi
PAVAVAVAVAVAVA
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W
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W
lai
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—51%q1 (pu +13,) 98,

L% 4168065 VP
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Yukawa interaction:

> L il (V) P
> . _(b_ﬁ —i /2 (Vo) ;i €ap L
> L —ip " (Y)) i €asPr
> L _¢_B — ,ue/Z (Y:>ji € Pr
> LY —i pl? (Y,),, 0as Py
]

Z



131

¢

Y > - 8 —i 0% (Ye) ;i 0apPr
Lo
ej

> -- +——¢—B —i p? (Y7, 0asPr
lai
¢

N i (V)8 P
lei

dimension-5 effective vertex, c®:

i e (B
2K c§-2 (€y6€ap + €v€as) P
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dimension-6 effective vertex, c(®:

i e (6)
2 I Cjit €yé€ap (pz +1¢¢> Pr

i e (6
L e ey peas (]Zﬁl - ?;) Pr

i e (6
2 M c]f e 56as (pz - %) Pr

o paes )
A

counterterm of [, and ¢:

L e ,
l_aj_ ® _’B_] vp (AZlL)ij Py 0sq
p p
Do 98 i(p* AZy — Am?) s,
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6)

counterterm:

cl
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%MeAcg.?)eﬁ/ﬁem; (pl — ]ﬁ%) PL
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Appendix D

Divergent part of loop integrals

In this appendix we note down some standard form of loop integrals due to

Passarino and Veltman [241,242]. The one loop amplitude of the ¢ vertex

can be recasted into any of these forms. As for RGE, only UV divergent part

is needed, we tabulate only the UV divergent part in Table D.1.

D.1 Integrals in d dimension

We define the integrals in d = 4 — € dimension, where ¢ — 0. One-point

function is given by

d4 1
Ao (mz) _ ,ue/ a L

(2m)* ¢* —

The two point functions are given by

m2

1

By (p2 m2 m2) _ Me/ ddq
) 1571102 (27T)d [qz

—m3] [(q+p)* —m3]

Au

B (p2 m2 m2) _ Me/ ddq
K s 1101 5 1192 (27T)d [qz

—m3] [(q+p)* —m3]

4 Qv

B 2 2 2\ _ ddq
puv (p 7m17m2) = p (27T)d [qz

135

—m3| [(¢ +p)° —m3]

(D.1.1)

(D.1.2)
(D.1.3)

(D.1.4)
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B, and B, can be expressed in terms of external momentum as

B, (p*,mi,m3) = p.Bi(p*, mi,m3) (D.1.5)
B;u/ (p27 m% 7m§) = g,u,y BOO (p2, m% 7m§) —"_pupy Bll (p2, m% 7m§) <D16)

Bgo and By can be decomposed and expressed in terms of Ay and Bjy.

The three point functions are given by

dq 1
CO B E 2 2 A
' / (2m)" [ = m3] [(a +p)" —m3] [(g+ k)" — m3] (D40
dq "
C B E . .
= o T T
d’ A Qv
C v E 2 2 .
v / (2m)" [ = m3]) [(a +p)" —m3] [(g+ k)" — m3] (1)

d’g Qu Qv Oy
C 1 B E 2 2 i
: ' / ) (@ —ml [+ o) — ] [ b =]

where the argument of C' is read
C:C(p27(p_k)27k27m%7mgam§) (D]']'l)

Similar to the two point functions, the tensorial form of the three point func-
tions can be taken out with coefficients purely dependent on the squared mo-

menta and masses.

C. = puCi1+k,Co (D.1.12)
Cuw = G Coo+ Pupy Cr1 + kuky Con + (puky + kupy) Cra - (D.113)
Cun = (G Py + GoyPu + Gnupv) Coor + (9w Ky + Gy Ky + gnu k) Cooz
+ P P Py Ciit + Ky ky by oo + (D Dy Ky + 0w pyy

+ kupl/ pn) CY112 + (k,u kl/ pn + k,u bv kn + pu kzx kn) C(122 <D114)

Again non-tensorial coefficients can be further decomposed in forms of Ay, By

and C .
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Four-point functions can be written down in a similar manner. We do not

give those as it is not necessary for the calculation of Chapter 4. Below we

give the divergent part of the functions mentioned above

Functions Divergent part
Ao o
By 16;2 %
By o 16;2 %
By —ﬁ (p2—3m%—3m§)é
Bu 16;2 %
Coo 1627 3
Coo1 , Coo2 - 16;2 é

Table D.1: Divergent part of Passarino Veltman functions.

D.2 UV divergence of the self-energy digrams

Here we give the divergent part of different self-energy diagrams

Self energy diagrams of [, Fig. 4.2:

1672

1

(IT)

1672
2
g1
(1) 1672 2
3
(IV) y

1672 2

1 )
(VoY) ;0 p P~ + UV finite
Y.Y)) 6.9 P L UV finit
(eﬁ)ji ya P LEJF nite

1 )
_5]'@' 5fya€BpPL—€ + UV finite

1
g% 5ji 57@ ngPL E + UV finite

(D.2.1)

(D.2.2)

(D.2.3)

(D.2.4)
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Self energy diagrams of ¢, Fig. 4.3:

(1)

(I11)

(VII)

(VIII)

7
1672

1
3Am? dga — + UV finite
€

i gt
1672 2

1
Opa (=3 +&p)p* —Epm?] - + UV finite

_i 3 2 2 o 1 .
1672 2 2 Opa [(— 3+ &w) p* — Ewm?] . + UV finite
1
1672

2 (YV)jk (Yj)m 08a [pQ - 2M/ﬂ % + UV finite

7
1672

1
2Tr (YEYJ) 08a p? = + UV finite
€

7
1672

1
6 Tr (Y,Y,)) dpa p* = + UV finite
€

v ) 5 1 .
62 6 Tr (Yde> d8a D . + UV finite

(D.2.5)

(D.2.6)

(D.2.7)

(D.2.8)

(D.2.9)

(D.2.10)

(D.2.11)
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