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Abstract

The study of semi-leptonic B meson decays plays a crucial role in test-
ing the Standard Model (SM) of particle physics and exploring potential New
Physics (NP) effects. B meson consists of a heavy quark, b, and a light anti-
quark, ¢ (¢ = u,d,s). The heaviness of the b quark allows us to consider the
inverse of its mass, 1/my, as a perturbative expansion parameter. The framework
that incorporates these 1/m;, corrections treating the b quark as a heavy quark is
known as the Heavy Quark Effective Theory (HQET). Theoretical calculations
of B meson decay rates involve the effective weak Hamiltonian, combining short-
distance physics encoded in the Wilson coefficients with long-distance physics
captured in the matrix elements of operators. These matrix elements of opera-
tors are parametrized in terms of non-perturbative parameters like form factors,
which introduces theoretical uncertainties. Various observables have been con-
structed such as Lepton Flavor Universality (LFU) ratios (Rg), Rpe) and
angular variables like P/, aiming to minimize theoretical uncertainties and pro-
vide cleaner tests of the SM. While these observables exhibit deviations from SM
predictions, it is premature to attribute them to NP effects. Hence, it is crucial
to investigate possible overlooked theoretical contributions, like QED effects.

The thesis, devoted to a better understanding of the QED effects in
semi-leptonic B decays, is divided into three major parts. Firstly, the effects
of soft photon corrections on B — K/¢ are studied. The decay rate and the
ratio Ri are found to depend on the maximum energy of the soft photon, k..
Extending such analysis to charged current modes, lead us to construct an ob-

Vu
servable, Ry = ||V:||,

that is theoretically clean and independent of k.., which
is the second part of the thesis. Equality of Ry calculated using inclusive and
exclusive measurements of CKM matrix elements establishes a correlation be-
tween the coefficients of two distinct sectors: b — uw and b — c¢. In the third
part, the possibility of computing the non-perturbative parameters, \; and s,
is explored focusing on the inclusive decays of the B meson. The decay width of
B — X, lvyy is calculated in the framework of HQET employing the Cutkosky

cut method. The total decay rate for radiative mode is cast into a linear com-



vi CONTENTS

bination of non-perturbative parameters A\; and Ay similar to the non-radiative
one, which allows for the simultaneous determination of these parameters in a
definitive manner. This approach offers a complementary avenue for computing
the non-perturbative parameters in inclusive decays.

This then firmly establishes the importance of QED effects which are
often neglected or overlooked, and motivates inclusion of such effects in other
modes as well.

Keywords: B decays, QED effects, HQET,
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Chapter 1

Introduction

The fundamental goal of high-energy particle physics is to answer the question:
What are we made of at the very fundamental level? To address this question,
lots of experiments have been performed, and are being done currently and sev-
eral high-precision experiments are planned. The basic idea we have now is that
all the experiments of particle physics we have done can be explained by looking
at groups of particles interacting with each other through different forces. The
theory which ties all of this is known as the Standard Model (SM) of particle
physics (to be discussed in detail in Section-1.1). The SM describes the proper-
ties of all the elementary particles and three fundamental forces of nature namely
the strong, weak, and electromagnetic forces [1-3] (see also [4-6]). It does not
include the gravitational force. Though the SM has achieved great success in
explaining various experimentally observed phenomena, it is unable to explain
some of the phenomena of nature like dark matter and dark energy [7, 8], matter
antimatter asymmetry [9, 10], unification of forces [11, 12], neutrino masses [13,
14], stabilization of the electroweak scale [15-17], etc. Hence, it is clear that the

SM is not the end of the story.

It further leads to the question: How to look for new particles and
interactions which lie Beyond the Standard Model (BSM)? In principle, there
are two ways to detect BSM signatures, namely Direct Detection and Indirect

Detection.

Direct Detection: In collider experiments such as the Large Hadron

1



2 Chapter 1. Introduction

Collider (LHC), new particles may be produced and detected. However, the
limiting factor is the center of mass (c.o.m.) energy. If the particle’s mass
is higher than the c.o.m. energy, it can not be produced as a real particle.
However, it can exist as a virtual particle. The direct detection of Higgs is one
such example [18, 19].

Indirect Detection: In this scenario, the new particles appear as
quantum fluctuations at low energy due to microphysics at high energies. This
requires high accuracy from both theories as well as experiments. Experiments
such as LHCD follow this way to find new particles. The prediction of the top
quark at the B factory DORIS with ARGUS experiment is one such example
[20]. Theoretically, the rare decays of leptons and hadrons, as well as the related
observables such as asymmetries provide access to look for these indirect searches
with the help of Effective Field Theories (EFTs) [21] (discussed in Section-1.4).
Hence, precise theoretical predictions of physical observables are required for the
comparison between experimental measurements and the SM predictions.

In the pursuit of precise theoretical predictions, it is crucial to address
the theoretical uncertainties that arise from non-perturbative quantities in the
SM. Observables such as decay rates and physical parameters of the SM con-
tain these uncertainties, stemming from quantities like form factors and decay
constants that are difficult to compute precisely. To mitigate the impact of non-
perturbative uncertainties, alternative observables are constructed by combining
different measurable quantities. These include ratios of decay rates, such as
Lepton Flavor Universality (LFU) ratios (Rg), R(D*)) as discussed in Chapter-3.
These ratios exhibit reduced sensitivity to form factors.

However, it is important to note that while LF'U ratios and similar ob-
servables are less affected by hadronic uncertainties, they may still be subject to
the effects of QED, particularly those arising from soft photon emissions [22-27].
Soft photon effects can have a significant impact on precision calculations, as they
encompass enhancements from both low-energy and collinear photons emitted by
high-energy relativistic particles (Further details are provided in Chapter-2 ). In
particular, the collinear logs can produce corrections up to O(10%) [25].

This thesis delves into the significance of the soft photon corrections to
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the exclusive semi-leptonic processes through an analysis of IR properties of the
soft photon, and the radiative inclusive mode (where the photon is hard) via the
implementation of Effective Field Theory techniques (as outlined in Section-2).
To begin our exploration, we review the Standard Model of particle physics and
the theory of weak interactions in B physics, addressing the existing challenges

and proposing potential solutions.

1.1 The Standard Model

The Standard Model (SM) is a renormalizable Quantum Field Theory (QFT)
that describes elementary fields and their interactions through local gauge
groups, SU(3)cxSU(2), xU(1)y. The SU(3)¢ gauge group describes the strong
interactions, while the SU(2); x U(1)y gauge group describes the ElectroWeak
(EW) part of the SM.

The particle content of the SM consists of fermions with half-integer
spin and bosons with integer spin. Fermions are divided into quarks and leptons.
Quarks, carrying color charge, are organized into doublets of up-type (up (u),
charm (c), top (t)) and down-type (down (d), strange (s), bottom (b)) quarks
referred as generations. This organization is based on their increasing order of
masses. Quarks have electric charge, with up-type quarks having @ = 2/3 and
down-type quarks having @) = —1/3. Leptons include charged leptons (electron
(e), muon (u), tau (1) with @) = —1 and neutrinos (electron-neutrino (v, ), muon-
neutrino (v,), tau-neutrino (v,)) that are electrically neutral. Neutrino masses,
although confirmed by experiments, are not present in the SM. For more infor-
mation refer to[14, 28]. Figure (1.1) which displays the SM particles with their
mass, charge, and spin.

In the SM, SU(2), xU(1)y gauge group exhibits the chiral nature which
plays an important role in describing the fundamental phenomena of Strong and
EW interactions, Spontaneous Symmetry Breaking (SSB), and Flavor Physics
(see [5, 29, 30] for more details). This chiral symmetry arises from the different
ways in which fields transform under the fundamental representations of SU(2) ..

Only fermions exhibit chirality, and they are classified as either left-handed or
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Figure 1.1: The matter content of the Standard Model [https://en.wikipedia.
org/wiki/Elementary_particle].

right-handed fields based on their transformations under SU(2),. The process of
localizing a global symmetry and gauging it is a standard procedure in QFT[4, 31,
32]. Tt is used to introduce gauge fields and couplings in the Standard Model, as
well as interpret the interaction terms in the Lagrangian. Table-(1.1) provides a
detailed description of how the SM matter contents transform under each group.

Now, let us delve into the various sectors of the SM.

1.1.1 Strong sector

We will start by constructing the QCD Lagrangian, which is a result of localising
the global SU(3)c symmetry in the quark sector of the SM. The QCD Lagrangian
density is given by

1 - .
Locp = —7GL,G" " + > (il — my)iby, (1.1)
f

where

Ge, = 90,Gi—0,G% + g, f*™Gh Gy, and (1.2)
D VI
D, o, + ZgSEGu (1.3)
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The SM particles || (SU(3)¢, SU(2).,U(1)y)
Fermions
er (1,1,-1)
Ly (1,2,-1/2)
UR (3,1,2/3)
dr (3,1,—1/3)
QL (3,2,1/6)
Gauge bosons
Gy, (8,1,0)
W (1,3,0)
B, (1,1,0)
Higgs
o (1.2.1/2)

Table 1.1: Transformation properties of the particle content of the SM

are the gluon field strength tensor and covariant derivative, respectively. The
index @ denotes the eight gluon fields, m; is the mass parameters, and f repre-
sents the quark flavors. Moreover, g; and )\, are gauge coupling and Gell-Mann
matrices (explicit structures are provided in Appendix-A), respectively. The non-
Abelian nature of SU(3)¢ results in self-interactions between gluons, which leads
to both triple and quartic gluon terms that are absent in Abelian theories like
QED. Hence, the QED Lagrangian is analogous to the QCD Lagrangian, except
for the color indices and self-interactions among the photon fields. f%¢ = 0 in

QED.

Let us understand the behavior of coupling strength for QCD at high
energy. For illustration, consider the qq — qq scattering in the increasing order
of ay = ¢g2/47 (analogous to ae,, = €?/4m, the coupling strength in QED). The
Feynman diagrams to the leading and first sub-leading order in «; are shown in
Fig.(1.2). Other diagrams have been left since we are after the understanding
of the variation of coupling strength with scale; detailed calculations of these

diagrams and others can be seen in any textbook of QCD, such as [33]. The loop
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Figure 1.2: qq¢ — qq scattering: lowest order (left), quark loop (middle), and
gluon loop (right).

diagrams, due to integration up to infinite loop momenta, cause ultraviolet (UV)
divergences. However, QCD, like QED, is a renormalizable QFT. Therefore, all
UV divergences of the loop diagrams can be effectively removed by a redefinition
of the quark fields (¢¢(z)) and gluon fields (Gf(x)) in the Lagrangian, simul-
taneously redefining the coupling g and quark masses my. The residual finite
contributions introduce an additional dependence on scale u (defined as renor-
malization scale), with respect to lowest order a,. The final outcome, adding

loops to lowest order diagram, is given by

O‘S(,UO)
Qg = 1.4
W= e (1.4)

The coefficient ; is given by

2
BO =11 - gnf (15)

where ns represents the number of quark flavors considered in quark loops having
the masses smaller than the scales p, & pg involved in Eq.(1.4). It is noted that
the gluon loop dominates. Further, since ny is at max 6, 3y is positive in the SM,
and therefore ag(p) in Eq.(1.4) logarithmically decreases with growing energy
scale. It has dramatic consequences for the high-energy behaviors of perturbative
QCD (pQCD) which leads to the phenomena of asymptotic freedom.

Unlike QCD, QED predicts negative [y, which leads to the phenomena
of asymptotic sickness. Fig.(1.3) shows the qualitative picture of the running of
QCD and QED coupling strengths with energy. Further, at low energy around

= Agcp, denominator vanishes and, consequently a(p) — oco. It is found

that pQCD breaks down at small energies. For example a,(M2) ~ 0.12 whereas
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A
a QCD

QED

Energy

Figure 1.3: Qualitative behaviour of effective coupling strengths for QED (e, )
and QCD (ay).

as(1 GeV?) ~ 0.5(£0.1) and further below a5 (0.5 GeV?) ~ 0.6 to 1.2. Hence, the
quarks and gluons make transition to the nonperturbative region at © = Agep
due to confinement and form color-neutral bound states called hadrons. Note
that the experiments of particle physics (detectors) only see hadrons together
with leptons and photons. Hence the above qualitative picture can be formalized
by writing the S matrix for a decay rate. The probability amplitude for a decay

1 — fis
M(i — f) ~ (fIS]) (1.6)

The final states ¢ and f are hadrons. The operator S contains the interactions
vertices from the QCD lagrangian. This probability amplitude is an example of
a hadronic matrix element. This amplitude is then parametrized into combina-
tion of non perturbative objects such as form factors. Currently, the only first
principle method available to calculate these non-perturbative objects is lattice
QCDI34, 35]. The other available methods are chiral perturbation theory|[36, 37],
Light cone sum rules[38, 39], etc. Further details on form factors are provided in

Section-1.3.

1.1.2 Electroweak Sector

Next we consider the electroweak (EW) sector (described by SU(2), x U(1)y

gauge group) of the SM. This sector includes all fermions (leptons and quarks) in
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the SM, and they transform non-trivially under SU(2), x U(1)y. The fermions
can be grouped as isospin-doublets (left-handed), ¢, which include all fermions
in the SM, and singlets (right handed), 1g, which include all the fermions except
neutrinos in the SM. The Lagrangian density of the EW sector is

1 1 _. . _. . . .

Low = — W™ " = BuBY + 37 (QLiPQL + LD L] + iy
+diilpdi, + éz‘RmeiR) (1.7)

where,

Wi, = 0.W —9,Wi — ge™ W Wy, (1.8)
B;w = 8,uBu - auB;u (19)
Dby = (Ou+ig Wy +ig Y B, (1.10)
Dur = (0. +1ig'Y Bu)Yr (1.11)

where the index a represents three gauge fields, o®: Pauli matrices. The fermionic
part of above Lagrangian is invariant under [U(3)]° symmetry, and contains terms
describing the interactions between the gauge fields and the fermions. Unlike
QCD, there are no fermionic mass terms in the EW sector. Including such terms
would break gauge invariance and thus the SM fermions are massless unless there

is another mechanism at play to finally provide masses to the fermions.

1.1.2.1 Spontaneous Symmetry Breaking

Spontaneous Symmetry Breaking (SSB) is a key concept in the SM that addresses
the absence of massless matter fields observed in nature. The SU(2), x U(1)y
symmetry of the SM is spontaneously broken into U(1)q through the introduc-
tion of a Higgs doublet, represented by the field ¢(x) = (¢+,¢0)T. This SSB
mechanism gives mass to the W* and Z bosons. The Higgs doublet plays a
crucial role by transforming non-trivially under SU(2), x U(1)y with weak hy-

percharge Y = 1/2. The neutral component of the Higgs field develops a Vecuum
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Expectation Value (VEV), v such that

2

(01610) = v/V2, v* = & (1.12)

which minimizes the Higgs potential of the SM, which is given by

V(") = 12¢* + A" (1.13)

It is characterized by two parameters, u?> < 0 and A > 0. Further, the breakdown
SU(2), x U(1l)y — U(1)g results into the charge operator: @ = T3 + Y, which

leaves the Higgs VEV invariant, and thus U(1)g remains unbroken.

Now, let us consider scalar part of EW Lagrangian

Low = (Du)'(D"¢) =V (|9]*) (1.14)
where, D¢ = (8H+ig%W5+ig’YBH)¢ (1.15)

The relations between different couplings can be calculated as

/

tan@,, = g—, e = gsinf, = ¢’ cosl,,. (1.16)
g

where the parameter 0, is the Weinberg angle. Further, gauge invariant mass
terms for the gauge bosons arise from mixed terms in covariant derivative where

one picks up a VEV from ¢. It is given by

.|.

0 0
1
D, ~my WIW, + §m‘§zuz“ (1.17)

gu
2cos 6’

it implies my = &, myz = and m, = 0. The mass of W boson then can
be equated to Fermi constant obtained from muon decay experiment to calculate
numerical value of VEV v, v = 246 GeV. Hence SSB implies relations between
mw, mz, €, g, ¢ which can be tested experimentally. Let us now consider the

formalism for fermion mass generation.
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1.1.2.2 Yukawa interaction

In the SM, fermions acquire masses through the Yukawa interaction, which in-
volves the coupling of fermions to the Higgs field. The Lagrangian for the Yukawa

interaction is given by:
ﬁy = —QLgb*YuUR - QL¢YddR - ELngeeR -+ h.c. (]_]_8)

It contains 3 x 3 Yukawa matrices, Y“%¢ whose elements determine the strength
of the coupling between the Higgs field and the respective fermions. Further,
the Yukawa term breaks the [U(3)]° symmetry of the Lgy to [U(1)]?, resulting
into the conservation of accidental symmetries of the SM (which are the Baryon
number and three individual lepton numbers). These Yukawa matrices are di-
agonalized by bi-unitary transformations, which leave one of the matrices non-
diagonal. To diagonalize this term, an additional rotation of either of the quarks
is performed, resulting in the mass eigenstate basis. This mismatch between the
flavor and the mass eigenstates gives rise to the Cabibbo-Kobayashi-Maskawa,
(CKM) matrix Vogwm [40, 41], describing quark flavor mixing'. In Wolfenstein
parametrization [44], up to order O(\?), it is given by

1 A AN} (p +1in)

Voxu = )\ 1—22/2 A2 (1.19)

AN (1 —p—in) —AN 1—)\%/2

There are other parametrizations as well, such as PDG and others [45]. The basis
where all Yukawa couplings are simultaneously diagonal is called mass eigenstate

basis.

my = 24, = 2 (1.20)

V2’ V2

In the SM, right-handed neutrinos are absent. Hence there is no mixing in the lepton
sector. If one considers the right-handed neutrinos as well, it will give rise to a similar flavor
rotation matrix known as Pontecorvo-Maki-Nakagawa—Sakata (PMNS) matrix [42, 43] for the
leptonic sector.
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We now understand the mechanism by which fermions get masses in the SM,
which also gives rise to the CKM matrix. The CKM matrix plays a crucial role
in processes involving flavor changes, such as weak decays. It represents the basis

of flavor physics. So let us understand the flavor structure of the SM.

1.2 Flavor Physics

We focus only on the quark sector of the flavor physics. Understanding the
dynamics of quarks and gluons at large distances is essential for accurately pre-
dicting weak decays. These decays provide valuable indirect information about
the interactions of quarks at a fundamental level. A challenging aspect of study-
ing weak decays is calculating the hadronic matrix elements. When investigating
weak decays, a fundamental question arises: ”Is there any evidence indicating
that the Standard Model is incomplete and requires the addition of new compo-
nents to explain the experimental data?” This question carries both curiosity and
hope. Unfortunately, to date, the answer remains negative. In this scenario, the
primary objective is to precisely determine the fundamental parameters involved
in these processes.

While the Standard Model encompasses 18 physical parameters?, the
quark flavor structure of the SM contains ten physical parameters (six quark
masses, three mixing angles, and one phase). The aim of experimental flavor
physics is to measure these parameters through various methods, ensuring con-
sistency and the potential for detecting the signature of new physics. It is worth
noting that the presence of a non-zero phase signifies C'P violation in the the-
ory, where charge (C) and parity (P) are discrete symmetries of the field theory
describing the SM.

To be more explicit, flavor physics consists of two types of processes:
flavor-conserving and flavor-changing processes. In the Standard Model, flavor-
conserving processes are induced by neutral currents mediated by the Z boson,

photon (), and gluon (g). On the other hand, flavor-changing processes are

2nine fermion masses including quarks and leptons, three couplings, two from the Higgs

sector, and four CKM parameters
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induced by both charged (W) currents at the tree level and neutral currents at
the loop level. The explicit form of the neutral current (NC) interaction, which

is manifestly flavor diagonal in the Standard Model, is given by

NC _ 7 e .
J,u - ; fz [mzﬂ(Tg i Qz s Qw) + €AHQ7; fz (1.21)

It is important to note that the NC interactions induced by the exchange of the
Z boson violate parity (P) and charge conjugation (C') but conserve their com-
bination, C'P, while, electromagnetic interactions conserve all three symmetries
separately: C, P, and C'P. On the other hand, the explicit form of the charged

current, which only involves left-handed fermions, is given by

J ¢ = (u c E) wVerar | s (1.22)
L

L

The charged current interactions possess a (V' — A) structure, which means they
maximally violate parity (P) and charge conjugation (C'), while conserving elec-
tric charge, lepton number, and baryon number separately. Additionally, they vi-
olate C'P due to the presence of a non-trivial phase in the CKM matrix (Vogar).
Moreover, the suppression of Flavor Changing Neutral Current (FCNC) tran-
sitions compared to Charged Current (CC) transitions can be understood by

simply looking at the branching ratios [45]
BR(B — Dlv) = 91%, BR(B® — K'%%e ) =1.6 x 1077 (1.23)

The FCNC processes are suppressed both by loop factors and CKM elements.

Therefore, they are referred to as rare decays.

Using the unitarity of the CKM matrix, the off-diagonal terms of
VCKMVCTKM follow Z?Zl VidViL = 0. There are six such relations, each repre-

senting a triangle in the complex plane known as a Unitarity Triangle (UT). The
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most significant UT is ) . V;dVZ-Z = 0, as each term is approximately of the same

order O()\®). This triangle is illustrated in Fig.(1.4). The db triangle represents

(.1 BO & gm, pn

1,0)

(0,0) R
B — JIywK

Figure 1.4: The unitarity triangle (db).

the unitarity constraints on b — d transitions, which are FCNC processes in By
decays. Examples of such processes include By — By mixing and rare B decays
such as By — K™ (w)y. These unitarity relations are tested by measuring the
angles of the triangle through asymmetries. The sides of the triangle can be
determined by studying CC and FCNC B transitions.

Another triangle with sides of similar order is the ut triangle, which can
also be measured in FCNC transitions involving ¢ — u. The analogous FCNC
processes are T — T mixing and decays such as T'— D®)~. However, due to the
fast decay top quark, it decays before hadronization [46]. On the other hand,
the b quark, being the second heaviest quark in the SM, first hadronizes into a
b hadron and then undergoes decay. In this thesis, the focus is on B mesons
and therefore, we restrict our reference to these only, though many of the broad
arguments apply to baryons containing a b-quark with obvious modifications.

Let us understand the B system and its decay briefly.

1.3 B decays

Mesons are composite structures of a quark, anti-quark and gluons. B mesons
contain one bottom (b) quark, which is the second heaviest quark observed in
nature, after the top (f) quark. The two extreme mass scales present in the flavor
sector of the SM are the weak scale, defined by the heaviest particles present in

the SM (such as the W, Z, and Higgs bosons, along with the top quark) and
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QCD scale (~ 1 GeV'), where non-perturbative picture starts dominating. The
charm and the bottom mesons lie between these two extremes. The mass of the
charm meson is not too far from u ~ 1 GeV. Therefore, the non-perturbative
physics starts dominating. The mass of the B meson is roughly three times
the mass of the charmed meson and hence reasonably far from the QCD scale.
On the other hand, it is also far from the weak scale. This separation of scales
allows for the perturbative treatment of both weak and short-distance QCD
physics, which play a role in the decay processes of B mesons. While non-
perturbative physics related to the internal structure of hadrons still remains, it
can be separated (using Operator Product Expansion (OPE) [47]) and studied
independently from the perturbative physics. Thus, B physics provides a natural
laboratory for testing many aspects of the SM.

Due to its relatively large mass, the B meson exhibits a wide range of

decay modes, which can be broadly categorized into four types:

1. Pure leptonic decays: In these decays, the final state particles are leptons.

For example, B — pupu.

2. Pure hadronic decays: These decays involve final state composed of
hadrons. Uncertainties in these decays are primarily due to the dynam-

ics of hadronic interactions. An example is B — K.

3. Semi-leptonic decays: In these decays, the final states consist of both
hadrons and leptons. The uncertainties associated with semi-leptonic de-

cays are comparatively lower. Examples include B — K¢/ and B —

D(m)lv.

4. Radiative decays: These decays involve radiation of hard photon. Exam-

ples include B — K*vy, B — X,v, and B — puuy.

By studying these various decay modes, we can gain insights into the properties

and interactions of B mesons, providing valuable tests of the Standard Model.
In this thesis, our main focus will be on the semi-leptonic decays of B

mesons. These decays include processes mediated by charged current (e.g., B —

D(m)ly,), as well as neutral current (e.g., B — K(m)¢f). To calculate physical



1.3. B decays 15

quantities such as decay rates, we employ the weak effective Hamiltonian[48, 49]
as a theoretical tool. The relevant piece of the effective Hamiltonian for charged

current transitions like b — wlv (or b — clv) is given by

G — = _
Hs = TgVu(@b(U(cmPLb)(VV“PLE). (1.24)

To gain a clearer understanding, let us consider an example of a semi-leptonic

decay, B — mlv,. The scattering amplitude for this process is given by

M(B — wly) = G—\/gvub ((T*vy) (m|ul,b|B) (1.25)

where I', = 7,(1 — 75). Notably, only the vector current contributes to the
hadronic matrix element, while the axial current vanishes due to the parity in-

variance of QCD. Thus, the hadronic matrix element can be written as
(r|al*b|B) = (m|uy"b|B) (1.26)

and can be decomposed into two independent kinematical structures multiplied

by two scalar invariant functions of ¢ known as form factors:

(m(p2) [0 B(pr)) = (p1 + p2)uf T (@®) + (p1 — p2)uf ~ (7). (1.27)

Where f* and f~ are scalar quantities representing the form factors (further
details are discussed in Chapter-4). The kinematic region for the decay is char-

acterized by the momentum transfer squared, ¢, which varies within the range:
m; < ¢* < (mp —my)? (1.28)

Up until now, we have discussed semi-leptonic decays that occur through flavor-

changing weak interactions involving virtual W boson exchange.

However, in addition to these decays, there is another type of semi-
leptonic decay, which is induced by flavor-changing neutral currents in the SM.

These FCNC decays originated from short-distance loop diagrams. A prominent
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example of this is the rare decay B — K /¢ which proceeds via b — séf quark
level process. The effective Hamiltonian for neutral current-induced processes
(for example, b — s transition) is given by

Hepp = —=ViiV Yy Ci1)Oi(p) (1.29)

V2 s

where G is the Fermi constant. V}; and V};, are the CKM elements corresponding
to the used operator, C; are the Wilson coefficients that can be determined using
perturbation theory, O; are the operators, and p is the scale that separates long-
distance physics from short-distance physics. Similar to the B — D(m)lv, decay
mode, the matrix elements of these operators can be parameterized in terms of
non-perturbative parameters such as form factors using Lorentz decomposition,
the state of the system, and the relevant operators (for the explicit structure
of the operators see Chapter-2, and for the form factor parametrization, see

Chapter-3).

Furthermore, it is important to note that the masses of heavy quarks,
such as m;, and m,, are significantly larger than the non-perturbative scale Agcp,
and they follow the hierarchy m; > m. > Agcp. To understand the implica-
tions of these mass inequalities, it is advantageous to separate the heavy quarks
from the light quarks and gluons in the QCD Lagrangian. This separation is

achieved through the following expression:

EQCD = —iGzyGMV @ + Eu,d,s + Q(zlﬁ — mQ)Q (130)
= Liugn + Qi) —mg)Q (1.31)

This formulation is valid in the limit as m.., my approach infinity. Here, the quark
field @ represents either the b or ¢ quark. The charm quark ¢ can be called
heavy only with some reservations. Hence, when discussing the heavy quark
theory, the more appropriate one will be b quark [50]. Therefore, the heaviness
of the @) quark proves to be a useful expansion parameter for the description
for B meson. The techniques employed to calculate physical observables, such

as decay rates for inclusive decay modes, involve the non-relativistic expansion
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and OPE, together referred to as the Heavy Quark Expansion (HQE) [51, 52].
Further details regarding the HQE and its applications are provided in Chapter-2
and Chapter-5 respectively.

1.4 Effective Field Theories (EFTSs)

Effective field theory (EFT) is a powerful tool in physics that simplifies the
complexity of a problem by focusing only on the DOF that are relevant to a
particular scale. This approach is based on the idea that considering only the
relevant DOF makes a problem more manageable. In QFT, this means that
we only include operators that are responsible for experimental observables and
describe the relevant light DOF. As a result, we can eliminate the degrees of
freedom that are not relevant to the problem we are studying, specifically heavy
particles with masses that are much larger than the energy scale associated with
the problem. This allows us to focus solely on the relevant degrees of freedom,
which makes the problem easier to handle (see [53-56]).

The heavy particles are said to be integrated out such that their effects
are still present through coupling constants and other parameters that change
with scale. By adding more operators to the theory, we can improve its accuracy,
but these operators must be guided by symmetry principles. The structure and
coefficients of these operators can provide valuable information about the heavy
particles that have been integrated out, as they can be fitted with experimental
data. This is a useful feature of effective field theories that allows us to make
accurate predictions without necessarily needing to know the details of the heavy
particles that have been integrated out.

Further, EFTs can be categorized into three types (borrowed from Ref.
[54]) based on the DOF included. The first kind involves only the fields that
contribute at the energy and momentum scale of the interaction. An example for
this is the beta decay which can be explained without mentioning the W-boson,
which is a heavy particle with a mass much larger than the energy scale of the
beta decay process. The second kind includes fields that no longer participate

in the dynamics but are still part of the Fock space. These fields are treated as
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infinitely heavy and are stationary while lighter DOF bounce off them in elastic
collisions. An example of this is the system of heavy mesons, which includes a
heavy quark and all light DOF. In this case, the heavy quark acts as the source
of a chromomagnetic field, and its recoil can be ignored at leading order and
incorporated into subleading terms. The third type of EFT applies the second
kind of EFT approach selectively to the relevant components of the field that
can generate substantial momentum. In doing so, the momentum say in the z-
direction is integrated out, retaining only the components that produce particle
motion in the x and y directions. This approach has been effectively applied in
various situations, including the Soft Collinear Effective Theory (SCET).

In this thesis, we have explored the first two kinds of EFTs in various

phenomenological examples. The detailed methods are provided in Chapter 2.

1.5 Era of Precision

The physical parameters of Flavor Physics within the SM are known. However,
it is crucial to recognize the theoretical uncertainties involved, as highlighted in
the Introduction of this chapter. Despite our anticipation of discovering NP in
the realm of flavor physics, particularly in B physics, no evidence of NP has been
found so far. Nevertheless, there have been observations of certain discrepancies
in the data. One example is the violation of lepton flavor universality in the
charged current-induced decays (Rp()) with a deviation of approximately 3o
from the SM prediction (for details on B physics anomalies, see[57, 58]). Fur-
thermore, inconsistencies exist in the measured values of CKM elements and the
angles of the unitarity triangle, including the differences between exclusive and
inclusive measurements of V,; and V.

The most challenging aspect of some of these measurements lies in the
calculation of hadronic matrix elements for the relevant processes. The most
reliable methods available to compute the non-perturbative parameters, such as
form factors and decay constants, in the B system are Lattice QCD and Light
Cone Sum Rules. While there may be discrepancies, it is crucial to ensure that

all other sources of uncertainties have been taken into account. Specifically, one
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needs to consider the QED corrections due to soft photons.

In general, QED corrections can impact decay rate or other observables
due to two factors. The first is the soft factor, which includes terms like In k.,
where k., represents the maximum energy of the soft photon. The second is
the hard collinear factor, which involves terms like Inmy, where m; denotes the
mass of the charged particle emitting the soft photon. Naively, these factors can
lead to both positive and negative modifications of the decay rate. Therefore, it
is essential to calculate the decay rate, considering the inclusion of soft photons,
before drawing any conclusions. More detailed information on the behaviour of
the soft photon and the cancellation mechanism for Infrared (IR) divergences, is

provided in Chapter-2.

Next, in the context of inclusive B decays, precise predictions for observ-
able quantities require a first-principle calculation of non-perturbative parame-
ters. However, to date, there is no available first-principle method to calculate
these parameters. Therefore, it becomes necessary to compare different predic-
tions for these parameters in order to assess their consistency. Additionally, it is
desirable to explore alternative approaches that could simplify the calculation of

these parameters.

One approach to achieve this goal is to investigate a process that is
fundamentally different from the process under consideration but shares the same
non-perturbative parameters. This can be accomplished by studying processes
involving hard photons. The inclusion of a hard photon introduces a completely
new process and also provides the flexibility to explore various asymmetries.
We have used this approach to obtain the non-perturbative parameters A\; and
Ao involved in process B — X, fv,. The detailed information are provided in

Chapter-5.

Throughout this thesis, our aim will be to investigate the effects of soft
and hard photons and their distinct phenomenological implications on various

semi-leptonic B decays.
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1.6 Organisation of thesis

The organization of this thesis is as follows: In Chapter-2, we provide a detailed
discussion on the concept of infrared divergences in QED and an account of
effective field theories. We also explore the tools utilized in various problems.
In Chapter-3, we examine the impact of soft photons on the branching ratio of
B — K¢ and the Lepton Flavor Universality (LFU) ratio Rg. Chapter-4 in-
troduces a new observable, Ry = |Vi;3|/|Ve|, which demonstrates insensitivity to
theoretical uncertainties such as form factors and QED effects. We also observe
that despite discrepancies between inclusive and exclusive measurements of indi-
vidual CKM elements, the formed ratio, Ry, is consistent within a 1o range. It
provides more stringent constraints on the CKM elements. Chapter-5 delves into
a new, simple yet efficient, approach for computing non-perturbative parameters
in inclusive semileptonic charged current-induced B decays. Finally, in Chapter-
6, we conclude our findings and outline future research directions. Additionally,
this thesis includes three appendices. In Appendix-A, we collect all the useful
identities and definitions. In Appendix-B, we provide all the useful integrals in-
volved in the QED corrections. The Appendix-C covers the kinematics of three

and four body decays.



Chapter 2

Tools and techniques: Infrared

divergences and Effective Field

Theories (EFTSs)

In this chapter, we will discuss the important tools and techniques used in this
thesis in calculating physical observables. The discussion will begin by consid-
ering infrared divergences due to soft photons that arise in the calculation of
scattering amplitudes and cross-sections, along with their physical interpreta-
tion. The concept of Effective Field Theories (EFTs) will then be introduced
as a powerful tool for making predictions at different energy scales. This will
include an exploration of the basic principles of EFTs and their application in
constructing low-energy effective Lagrangians. Finally, these concepts will be

applied to various decay rates of B mesons (see Chapters- 3-5).

2.1 Infrared Divergences

In reality, it is not possible to achieve the ideal conditions of infinite system
size and perfect measurement instruments. These limitations pose challenges
while using perturbation theory to define observables in particle decays, as they
can result in InfraRed (IR) divergences. These divergences can lead to issues in

perturbative calculations. IR-divergences are generally associated with massless

21
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particles, and there are two known mechanisms for enforcing massless particles.
The first is a spontaneously broken global symmetry that gives rise to massless
Goldstone bosons. The second is the gauge symmetry that protects the mass
of gauge bosons. However, in well-defined observables such as cross-sections or
decay rates, these IR divergences can be canceled out [59-61]. These cancella-
tion theorems are based on the first principles, such as unitarity. In the Flavor
Physics experiments, QED radiation is usually considered as background, and,
therefore can be removed using the Monte-Carlo tools like PHOTOS [62, 63]
or PHOTONS++ in SHERPA [64]. QED is also important in other contexts,
like initial state radiation in eTe™ colliders [65]. Like QED, QCD also exhibits
IR divergences due to the emission of massless particles, the gluons, and it also
requires a cancellation mechanism to ensure that physical observables remain
unaffected by these divergences (for further details, see [33, 60, 61, 66]). While
we won’t go into the details, it is important to note that QCD is different from
QED because it has a mass scale parameter for observable hadronic spectrum

33].

2.1.1 Understanding IR

To understand the concept of IR divergences better, we consider a quantity, say
M, calculated in perturbation theory using renormalization and effective field
theory. The perturbative coefficients in M have a scale dependence that is con-
trolled by Renormalization Group Equation (RGE). This ensures that physical
observables are independent of the artificially introduced boundary set by p. The

general equation for this observable can be written as:

« « 2
M(Z ) = mofr+ Wey ()4 (WY, @) ] ey
H ™ H ™ M
Here, the scale dependence is denoted by the ratio of the momentum transfer @)
to the arbitrary scale u, a(u) is the running coupling constant, Ck<%) are the
coefficients calculated perturbatively and M, is evaluated at tree level. RGE

ensures that the physical observables remain finite, preventing the occurrence of

UV divergences.
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Although renormalization is a powerful technique to handle infinities in
QFTs, it is not enough to remove the divergences completely [66, 67]. Particu-
larly, for theories with massless particles, the perturbative coefficients C’k(%), in
Eq.(2.1) describing a physical observable M may still exhibit integrals that di-
verge at large distances in coordinate space or low energies in momentum space.
This problem is known as the infrared catastrophe [68-70], and also arises when
calculating the probability of the emission of massless particles during a hard
scattering process. Its signature can be seen long before the development of
QFT in the analysis of electron scattering in a Coulomb field with additional
photon radiation [68, 71]. Tt was found that the frequency spectrum of emit-
ted photons exhibits a behavior described by dv /v and is non-integrable at low
frequencies [72, 73].

In Ref.[59], Bloch and Nordsieck proposed a new approximation scheme,
now known as the eikonal approximation. The applicability of this approach is
limited only to the systems where the energy of the photon is much smaller com-
pared to the other energy scales involved, like the electron’s mass, momentum
transfer, etc. Additionally, it is assumed that the photon’s wavelength is signif-
icantly larger compared to the classical radius of the electron, i.e., R, = ¢*/m..
Consequently, they proposed that perturbation theory, in powers of a, o €2,
is no longer valid in the limit of soft photons and must be abandoned. Fur-
thermore, they showed that by employing this semi-classical approximation, i.e.,
the eikonal approximation, the result obtained for the average radiated energy
is the same as one would expect classically. However, this outcome is contingent
upon the emission of an infinite number of soft (or low-energy) photons. The
two complementary perspectives (following the approach of [66]) are considered

to address the underlying issues properly.
1. Well-defined observables
2. Finiteness of S-matrix

Let us briefly understand these two complementary perspectives one by one.
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Well-defined Observables

In a theory with massless particles, the first possible explanation for the prob-
lem of IR divergences is related to the true definition of an observable. In such
theories, scattering processes can yield particles with infinitesimal energy and
angular separation. However, all the physical detectors possess finite energy and
angular resolutions. It becomes then essential to incorporate the effects that
lie below the threshold of the detector to precisely calculate the observables,
such as cross-sections or decay rates. Theoretically, this is accomplished by em-
ploying Quantum Mechanics (QM), which requires the sum over all unobserved
configurations to account for the low energy and small angular resolution effects.
Finally, one expects finite results for the physical observable, which, therefore,
can be considered to be a measurable quantity.

In QCD, Inm, are typically incorporated into hadronic quantities like
distribution amplitudes, parton distribution functions, or jets through factoriza-
tion theorems. If it is not possible to absorb these terms, it indicates that the
variable is not infrared-safe for details on the IR problem of QCD, see [33, 66,
74-76]). While in QED, the question: What observables are well-defined for zero
lepton masses? led to the development of the Kinoshita-Lee-Nauenberg (KLN)
theorem [60, 61] (discussed later). This theorem represents the most inclusive

principle regarding the cancellation of infrared (IR) divergences.

Finiteness of S-matrix

The second perspective on the IR problem is that the asymptotic states have
been misidentified in constructing the quantum theory. In most S-matrix formu-
lations, it is often assumed that one can adiabatically turn off the interactions at
the large times. However, for theories involving massless particles, and infinite-
range interactions, the conventional assumption is not realistic. For example,
even in the asymptotic regime, high-energy electrons continue to emit and ab-
sorb photons. Choosing free Hamiltonian eigenstates as asymptotic states is
insufficient since they do not accurately represent the true physical states. Fur-

thermore, the traditional separation of the Hamiltonian into the free term and
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the interaction term is no longer appropriate as the interactions continue to exist
for early as well as late times. It is necessary to include asymptotic interactions as
an integral part of the Hamiltonian that will be treated exactly or diagonalized.
By acknowledging the importance of asymptotic interactions, choosing appro-
priate asymptotic states can improve the computation of physical observables,
allowing for well-defined scattering amplitudes even in the presence of massless
particles. This improvement can, in turn, rescue the S-matrix construction (this

idea is discussed in [77-79] in greater detail).

2.1.2 Physical implications: first perspective

To understand the physical implications of the first perspective on IR divergences,
we now examine the photon emission from one of the external fermion legs (a

similar example can be seen in [32, 33, 73]), as shown in Figure (2.1). The QED

Figure 2.1: Representative diagram for a single photon emission

Feynman rules provide an expression of the form:

{+ K+ my

Y — O,
M= Qery (0 + k)2 —m? + in

Mo, (2.2)

where M, accounts for the remaining part of the scattering process, including
possible virtual corrections. If the photon is emitted from the final state satisfying

k* = 0 and ¢* = m?, the denominator of the fermion propagator is simplified as

20.k +1in = E/E,(1 — Bcosby) + in. (2.3)
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Here § = |{|/Es, E; = \/|{|> + m?, E, = |k, and 6y, is the angle between the
charged fermion and photon. While the 7 prescription prevents a singularity, we

still anticipate two sources of enhancement:

e The soft photon limit, i.e., E, — 0.

e The collinear limit, i.e. my/E; — 0and 6 — 0.

These enhancements are known as soft and collinear divergences, respectively.
In d = 4 space-time dimensions, they lead to logarithmic singularities of the
form Inm., (m., is the fictitious mass provided to the photon) and Inmy, respec-
tively. In certain regions of phase space, these divergences combine and lead to
soft-collinear divergences of the form Inm., Inm,. For a finite lepton mass, the
collinear logarithm Inmy is a physical effect. It is referred to as a hard-collinear
log. Of course, physical observables have to be free of divergences. This can-
cellation of divergences is expected to be a consequence of some deep physical
principles which separate observable quantities from non-observable ones. There-
fore, it is important to understand and study the origin of these divergences and
the mechanism behind their cancellation. Now, the question one may ask is: Do
these enhancements, the soft and collinear, always turn into actual divergences?
It depends upon the observable computed, and the theory considered. The rea-
son behind these enhancements is clear: the fermion propagator approaches the
on-shell, i.e., (¢ + k)> = m?, in limits (both soft and collinear) under consider-
ation. Hence, in our theory, The internal fermion carrying momentum ¢ + £ is
treated to be a genuine physical state and can propagate over arbitrary distances
and durations.

The IR divergences are fundamentally related to the definition of a par-
ticle and the measurement process. It is difficult to distinguish a single electron
from an electron that emits a soft photon or a highly relativistic electron that
emits a photon at an infinitesimally small angle. The key to resolving this issue
lies in a careful assessment of what can be measured. It is related to the idea
of infinite space and infinite detector resolution as discussed in Section- 2.1. To
understand it in a better way, we may consider a situation where particles emit

low-energy photons or photons that travel in nearly the same direction as the
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emitting particle. The energy loss at the emission point is significantly reduced.
As a result, these types of photon emissions can occur over large distances and are
difficult to suppress. These phenomena i.e., the soft and the collinear emissions
of the photon, lead to what is commonly called the long-distance effects. If we
consider only the true IR divergences (only due to the soft emissions), excluding
collinear divergences, they can be effectively regulated by introducing an energy
scale, m..

Till this point, we have talked only about the real photon emission. We
also have to consider the Feynman diagram, where the emitted photon forms a

loop attaching to another charged particle. It is shown in Fig.(2.2). In this case,
k

Figure 2.2: Virtual correction due to a single photon

the denominator of the fermion propagator will have an additional k% compared
to real emission. However, this contribution becomes insignificant compared to
¢ - k when all the components of the photon momentum get smaller at the same
rate.To evaluate the contributions of loop integral and photon propagator, power
counting tools are required. However, even in the case of virtual corrections,
the emissions of soft and collinear particles can become significantly enhanced at
large distances and times. This enhancement exhibits the same divergence as ob-
served in real emissions. Both virtual corrections and real emissions are required
to account for the finite energy due to the soft photons and angle resolutions due
to the collinear photons. The incoherent addition of virtual corrections and real
emission is performed to construct a properly defined observable, where these
divergences cancel against each other.

In summary, the work of Block-Nordsiech puts light on the issue of the
infra-red divergences and highlights the mistakes one was making. The presence
of massless particles in a theory results in long-range interactions, leading to

unsuppressed emissions at late and early times. The traditional perturbation
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theory, which separates virtual corrections from undetected real emissions, be-
comes inadequate in such circumstances, rendering individual matrix elements
ill-defined. The solution involves introducing an infrared regulator in the form
of a particle mass. This regulator will eventually cancel in the physically defined
observable, such as decay rates.

It is apparent that the cancellation mechanism for soft divergences given
by [59] is effective only for the Abelian theories and is insufficient for QCD. In
QCD, summation over degenerate initial states is necessary to achieve a com-
plete cancellation of soft divergences. Further, non-Abelian theories face a more
significant challenge compared to Abelian theories when it comes to collinear
divergences. In Abelian theories like QED, collinear divergences can be regu-
lated by the masses of matter fields. However, in non-Abelian theories such
as QCD, collinear divergences persist even when matter fields have non-zero
masses. This is because interactions involving strictly massless particles, such as
the three-gluon vertex in QCD, unavoidably lead to collinear difficulties. Hence,
it is evident that a straightforward cancellation mechanism like the one in the
Bloch-Nordsieck analysis can not work in general. This is because the emission of
the collinear particle from the initial state changes the kinematics of the process
due to the presence of hard collinear logs, whereas, the virtual corrections do
not modify the kinematics. Thus, the cancellation of divergences is inevitably
disturbed. To see this properly, let us consider the case of electron scattering off

a heavy particle using photon exchange.

2.1.3 Example: ete” — hadrons at high energy

In this section, we consider an example of an electron scattering off a heavy
particle via photon exchange to show the cancellation between the IR divergences
coming from the real photon emissions and the virtual corrections. Initially, we
examine this cancellation at the lowest order in «.,, and then generalize it to all
orders. Lastly, we demonstrate the exponentiation of the lowest-order outcome.
The heavy particle in this scenario acts as a source for an external photon field.

The bremsstrahlung diagrams that contribute to the real emission of the



2.1. Infrared Divergences 29

photon are shown in Fig.(2.3), while virtual correction diagrams contributing to

Figure 2.3: Real emissions

this process are shown in Fig.(2.4). First, focusing on the real emission where an

Figure 2.4: Virtual corrections: (a) Vertex correction, (b) self-energy corrections
to one fermion, and (c) self-energy corrections to another fermion

electron scatters off from a heavy particle causing its four-momentum to change
from ¢ to ¢ and emits a photon with momentum k. One can write the matrix
element as a sum of the Feynman diagrams shown in Fig.(2.3). Here, we will
assume that &, is much smaller than ¢, = (¢’ —/),. While expanding in powers of
k, i.e. the momentum of the soft photon, and considering only the leading term,
the matrix element simplifies significantly. At leading power in k, the matrix
element is given by

U.e(k)  Le(k)
0k 0.k

M, =@ )M, (2.4)

where Qy(= —e) is the electron charge.
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The leading order term for the radiative probability amplitude is gauge-
invariant. This property is independent of the spin of the emitting particle. It
can be seen that the radiative matrix element is singular for small k. Therefore,
the soft approximation for the total radiative cross-section can be formally con-
structed by factorizing the phase space at leading power in £ and summing over
polarizations. The cross-section corresponding to the emission of a single soft

photon as a real particle is

2 2
Oreal = O-OIT<m€ M_) (25)

¢ E}
Here, 0y is the cross-section for the non-radiative process, and Z,., the soft factor,

is defined as

o G / e (LY Ly )
¢ Ej (2m)32E, \0'.k Lk \OkE Lk

The logarithmic nature of the divergence confirms our previous assump-
tion of retaining only the leading order in the soft expansion. Any higher-order
term would contribute to finite corrections. Additionally, we perform an inte-
gration over photon energy up to a maximum cutoff k,,,,', which represents the
maximum energy of the soft photon. Photons having energy, |k| < k4., could
not be detected by the detector due to its resolution. Therefore, their effects must

be included in the calculation. The integral, in the dimensional regularization

(with D =4 — 2¢, and € — 0), is obtained as

2

£ £ (Y o

where

B=1/1—4m2/q¢*> > 1. (2.8)

In the limit of large momentum transfer, —¢* — oo, Eq.(2.7) can be simplified

1Tt is to be noted that Ex = kimaa
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as

2 2 1 2 2 2

my; W Qe —q k —q
(g - o (GE) (e (5r)] e
¢ E? T e m? i A7 112 t m? (29)

The second term in the expression exhibits a Sudakov double-logarithmic en-

hancement. This enhancement arises from two logarithms: one logarithm origi-
nates from the soft scale represented by the resolution scale k.., and the other
logarithm arises from the collinear scale, which becomes divergent in the limit
my — 0. Now, we will see that these soft poles in € will get canceled with the
divergences appearing in the virtual correction.

Virtual corrections pose a more complex challenge due to the presence
of ultraviolet divergences that necessitate renormalization. It is imperative to
ensure that the counter-terms used in the renormalization process eliminate any
residual infrared divergences. One approach to achieve this is through the uti-
lization of a minimal scheme. In QED, it is observed that both Z, and Zi, i.e.,
the renormalization constant for the electron field and the vertex, respectively,
contain IR divergences in the mass-shell scheme. However, it is important to
note that these divergences cancel out in the scattering amplitude. This cancel-
lation is a consequence of the QED Ward identity. Now, we direct our attention
to the vertex correction diagrams depicted in Figure (2.4). This diagram will
give us the only remaining contribution, which is infrared-singular. A straight-
forward power-counting analysis reveals that only terms in which the numerator
does not contain any powers of the photon momentum can give rise to infrared
divergences. These divergences are logarithmic in nature. The mathematical

expression for the virtual correction part is

Asoft = _€3Iu36 / (de a(gl)7a<¢7 + m)ﬁ)ﬂu([ + m)’yau(ﬁ) (210)

2m)D (K2 + in) (k* — 20k + in)(K* — 20k + i)’

where D is the space-time dimension. To generalize the calculation to higher
orders more easily, it is more informative to follow the same steps that were
taken for real emission diagrams on the integrand of the integral in Eq.(2.6),

instead of directly computing it. This involves neglecting k? in the propagator
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of fermions and also employing the Dirac equation to simplify the numerator,
resulting in a single infrared pole in e which could lead to a second infrared
catastrophe. Since the lowest-order matrix element factorizes, we can express it

as follows.

Gsopr = i€° > My / a7k : e : : (2.11)
(2m)P (k2 +in)(—0".k + in)(—L.k + in)

It is worth noting that the transition from Eq.(2.10) to Eq.(2.11) seems to have
introduced a new challenge: New divergences in the UV region, the region where
our approximation fails, seem to appear in the integral of Eq.(2.11). It is im-
portant to mention here that these UV divergences do not appear in the original
QED calculations, but instead, they are the characteristic divergences appearing
in the effective theory at low energy, which describes the IR sector of the QED.
We can introduce a UV regulator to deal with this singularity and concentrate
on the infrared pole.

In the on-shell scheme, the self-energy counterterm associated with the
Feynman diagrams shown in Fig.(2.4 (b)) and (2.4 (c)) is designed in such a way
that the combined effect of the diagrams and the counterterm results in zero
contribution on-shell. Hence, these graphs do not play any role in our calculation.
On the other hand, the vertex counterterm is determined by ensuring that the
renormalized vertex correction vanishes at ¢? = 0, which corresponds to ¢ = ¢ in
our case. This condition can be imposed in the soft approximation by expressing

the vertex correction as:

B —iQ7 1% / dPk er e 2
(a+acr)sopr = Mo(—5—) (27r)D<£'.k:+in £.k+z'n)
1
2.12
k2 +in (2.12)
m2 2

In the parenthesis, the terms depending on m? provide the counterterms to the
self-energy corrections, whereas the cross term reflecting vertex corrections can

be simplified in terms of Eq.(2.11). It is to be noted that the above expression
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is gauge invariant, and it vanishes if /' = ¢, which reflects the cancellation of the
self-energy and the vertex renormalization.

To directly compare Eq.(2.13) with Eq.(2.6), we observe that the real
part of the integral I, is only significant when the photon is on its mass shell, i.e.,
k? = 0. This can be deduced by examining the poles in the complex plane of E};:
The two poles are associated with the fermions lines placed above and below the
real axis, respectively. The other two poles are associated with photon propaga-
tors placed below the real axis. Consequently, we can evaluate the integral by
closing the contour in the lower half-plane and selecting the residue of the photon
pole, which corresponds to the photon being on-shell. The resulting expression
now precisely matches the form of Eq.(2.9), except for two differences. Firstly,
there is an overall factor of —1/2 that needs to be accounted for. Secondly, the

threshold energy Fj in Eq.(2.9) should be replaced with an ultraviolet cutoff,

_q2_
2 2 1 2 2
I(ﬁ; “—2) - —§Ir<ﬁ2£, “—2) (2.14)
7 q ' —q

The physical cross-section is calculated by combining two contributions. First,
we consider the leading-order probability of emitting a soft photon that goes
undetected, which is given by the real-emission cross-section in Eq.(2.5). Second,
we include the virtual correction to the scattering process. The correction term
is directly proportional to the real part of Z,, multiplied by twice the tree-level

cross-section. The resulting expression for the observable, i.e., cross-section, is

2 2 2 2
my K my K
ot :ao[l—i—]r(—,—) +2[v(—,—>} 2.15
2 E? 2 ¢ ( )
Upon utilizing Eq.(2.14), it becomes evident that all singular terms cancel out, as
we have previously indicated, resulting in finite logarithmic terms. For —¢? — oo,

the outcome is

2 2

Orot ~ 00 [1 — %ln ( 4 ) In (;lq? ) + (’)(a2)} (2.16)

The cancellation of all singular terms is evident from this equation. It leaves only
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finite logarithms. This expression exhibits a combination of a soft logarithm and
a collinear logarithm. The cancellation we observed is due to the fact that the di-
vergence in the loop integral arises exclusively from the on-shell configurations of
the virtual photon. This is consistent with the qualitative arguments presented

in Section-2.1.1, which identify infrared divergences as long-range phenomena.

Figure 2.6: Virtual corrections due to n soft photons

The use of power counting techniques gives us an initial understanding of two
crucial aspects of infrared enhancements, namely factorization, and exponentia-
tion. To understand this, let us consider the emission of n photons with momenta
{k1, ..., k,} and polarization vectors {ey, ..., €,}. These photons are connected to
both outgoing and incoming electron lines carrying momentum ¢’ and ¢ respec-
tively, as shown in Fig.(2.5) (we have followed [31, 32]). We observe that each
photon contributes an eikonal factor similar to Eq.(2.4). Consequently, the total
amplitude for emisssion of n soft photons, connected in any possible order to the

initial or final charged particle is obtained by summing up all such diagrams,
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and is given by:

MY = QI

~

0k Uk

(5’.@ €.ei>M0' (2.17)
Based on the analysis above, we can infer that soft divergences occur in real pho-
ton emission processes. One can notice that in the leading of photon momentum,
the eikonal current or soft factor is factored out from the rest of the matrix el-
ement. This factorization aligns with our understanding of soft divergences as
manifestations of long-distance phenomena. Further, due to the indistinguisha-
bility of n identical bosons, it is necessary to include a factor of 1/n! in the
phase-space integral. After summing over polarizations, the expression can be

simplified.

1 2 2

(n) _ mo N
Oreal = 00 Z E [Ir <?7 L2 ):| . (218)

n max

The series in Eq.(2.18) can be summed over the number of soft photons n, which

leads to the exponentiation of the single-photon result, i.e.,

) 2 2
arza = 0g exp [],, (—, —)] . 2.19
l q2 E]% ( )

It is to be noted that the steps similar to the one shown above, which
lead to this expression, can be applied to the calculations of virtual corrections.
Still, the combinatorial factors need to be considered carefully. Soft divergences
are generated only by virtual photons that attach to external lines. For ver-
tex corrections, i.e., where photons connect the two-electron lines, the eikonal
identity in Eq.(2.13) can be utilized. This involves considering n such identity
contributing to the n-photon vertex correction. In addition, it also considers the
additional symmetry factor of 1/n! since interchanging the virtual photons with
each other does not change the diagram. Lastly, the sum over n is performed.
Self-energy corrections for every fermion line can be renormalized to vanish on-
shell, and the eikonal factor present in the vertex corrections takes the form of

Eq.(2.13) at ¢*> = 0 with the appropriate symmetry factor of 1/2. Therefore, in
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conclusion, one can say that the virtual corrections also exponentiate, i.e.,

2 2
n m
o) = 5o exp [zfv (—; u—zﬂ (2.20)
g g
By combining the real and virtual corrections, soft singularities have been can-
celed out. Further, one can note that this cancellation is replicated in all orders

in perturbation theory. Hence, the resulting expression is:

m2 2 m2 2
L= ]T<—£, —) ZIv(—", —)} 2.21
Otot 0o €Xp |: q2 Elz + q2 (]2 ( )
2 2
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~ o1 - S <k2 Jin (%) + o). (2.22)
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Where the total cross-section, after combining real emissions and virtual cor-
rections and summing these perturbative expansions, is found to be finite and
well-behaved. Moreover, this cross-section exhibits the Sudakov behavior and
vanishes exponentially at large momentum transfer, ¢?, or for small threshold

energy k.. and fermion mass my.

2.1.4 Physical implications: second perspective

While the cancellation of soft divergences in perturbation theory is observed
when summing transition rates over physically indistinguishable final states, the
general applicability of this mechanism remains uncertain and may be consid-
ered fortuitous. The Bloch-Nordsieck theorem, which explains this cancellation
in QED, is not applicable to non-abelian gauge theories [80-83], and therefore, a
more comprehensive understanding of the cancellation and its underlying physi-
cal mechanism is essential.

The KLN theorem provides a framework for the cancellation of infrared
singularities in theories with massless particles [60, 61, 84, 85]. It reveals that
these singularities arise from degenerate quantum states with identical energy.
However, the remarkable property is that these singularities cancel out when

transition decay rates are summed over the sets of initial and final degenerate
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quantum states. The schematic form of KLN theorem is given by

> [(f|S|i)|? = finite (2.23)
i, fE[Ex—m~,Ex+my]
which relies on unitarity. Its proof involves the use of time-ordered perturbation
theory (for general proof see [66]).

Further, this theorem provides a practical solution to the infrared prob-
lem by enabling the construction of observable quantities with finite predictions,
order by order, in perturbation theory. In theories with massless particles, the
presence of infrared singularities arises due to the slow decrease of emission and
absorption probabilities at the distant past or the future. However, it does
not coincide with the basic assumption in the construction of the S-matrix,
which assumes that interactions become negligible at the very large distances
and times. To address this, the identification of long-distance interactions and
their reassignment to the free Hamiltonian, Hy allows for an improved descrip-
tion of asymptotic states. In general, the asymptotic states are made up of the
non-ineteracting particle states which is found to be inadequate to describe the
state for massless particles at distant past or future.

This approach provides a more precise characterization of asymptotic
states by considering them as eigenstates of the proper asymptotic Hamiltonian
rather than the free Hamiltonian, H,. These eigenstates, known as coherent
states, defines the S-matrix in a consistent way in theories involving the massless
particles. This concept was effectively explored in QED, with initial investiga-
tions found in Refs. [70, 77, 78], and a significant progress was made by Kulish
and Faddeev [79]. In their seminal paper, the interaction Hamiltotian is defined,
which is separable into the gauge invariant and the lorentz invariant Hilbert
space of coherent states. Further in this coherent state basis, the finite-ness of
the QED S matrix is shown to the all orders.

The interaction Hamiltonian for asymptotic time is given by

H;r =Hgr+ Ha, (2.24)
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where Hr and H 4 are regular and asymptotic Hamiltonian, respectively. They
are both defined for the large times. Using H 4, the asymptotic Moller operators

are defined as (detailed construction of this can be seen in [86])

0
Qus = lim Texp {/ dt’HA(t)}. (2.25)
t—o00 Ft

This expression allows us to separate the log-distance contributions of the S-

matrix by writing

S = Qly () Uy _(E)Qn (Br) Qi (Br), (2.26)

-~
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where Sp is a regular S-matrix. It is important to note that the regular Hamil-
tonian Hg(t) does not generally commute with the asymptotic Hamiltonian. As
a result, the computation of the regular Moller operator involves commutator
terms and cannot be simply obtained by exponentiating Hr(t). The absence
of infrared singularities in the regular S-matrix must therefore be verified us-
ing explicit definitions of the involved operators. With the above definition, the
regular S-matrix elements computed within the conventional Fock space do not

contain any IR divergences. More properly, the basis of the coherent states can

be defined as
107, 4) = Qgi(Ek)w—). (2.27)

Here, the coherent state is defined by applying the Moller operator on a general
fock state |€7).

In the context of Abelian gauge theories, the soft limit or the low energy
limit provides a straightforward expression for the coherent state. The coherent
state is useful in establishing the S-matrix finiteness in perturbation theory. Also,
it can be used in the construction of the Hilbert space. This Hilbert space is
found to be separable and gauge invariant. In addition, it further includes the
gauge invariant subspace of the states having positive norms. In this way, the

issue of the soft particle (problem due to the long-distance interactions) in the
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context of Abelian gauge theory can be solved. However, the situation becomes
much more complicated for non-abelian theories because of inescapable collinear
divergences arising from the interactions among massless gluons (for eg., triple
and quartic gluon interactions).[87-91].

Other than the KLN approach, much effort has been dedicated to cal-
culating the all-order structure of IR singularities using the principles of fac-
torization and universality [92, 93]. These concepts apply to both amplitudes
and cross-sections. IR singularities arise from phenomena that occur far away
from the hard scattering center in terms of large times and distances. Conse-
quently, the singularity structure is expected to exhibit a significant degree of
independence from the specific characteristics of the short-distance process under
examination. This permits the identification of universal factors that account for
the singular behavior of the amplitude.

Hence, concretely via any method, in order to compute the corrections
of order O(«) for a decay process i — f, it is necessary to consider its radia-
tive counterpart i — f(vEk|m,). In practice, the IR problem in QED is often
addressed by employing IR regularization techniques. One common approach
is to introduce a regulator mass, denoted as m,, which allows for the control
of infrared divergences. After performing calculations with this regulator, the
final step involves taking the limit m., — 0 to remove the regulator and obtain

physical observables, such as decay rates, that are free from IR divergences.

2.1.5 IR problems beyond point-like

The study of QED corrections to hadronic decays, including non-point-like ef-
fects, is still in its early stages. The analogy with the hydrogen atom, where
interactions between the electron, proton, and photons play a role, motivates
the investigation of photon interactions with neutral B-mesons consisting of b-
and d-valence quarks. The heavy-light nature of these mesons exhibits signifi-
cant effects, but this may induce various challenges. Addressing cancellations of
infrared divergences, which involve real radiation, goes beyond standard flavor

physics and intersects with the confinement at long distances.
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Some of the methods which can be utilized as continuum methods in-
clude Chiral perturbation theory, soft-collinear effective theory (SCET), and
heavy quark symmetry. Chiral perturbation theory is well-established in QED
[94, 95], however determining counterterms in this theory poses a challenge.
SCET has been applied to study the leptonic FCNC decay B, — u*p~, where
the primary uncertainty arises from the QCD B-meson distribution amplitude
[96]. Hadronic decays like B — Km have also been investigated, but defining
charged light-meson distribution amplitudes is problematic[97]. So far, SCET has
only considered virtual contributions, with real radiation incorporated through
the universal soft-photon part. Heavy quark symmetry has provided constraints

in B — D®{y,(v) decays [98].

2.2 Effective Field Theories (EFTs)

In this section, we will explore the concept of Effective Field Theories (EFTs) in
detail as a powerful framework for understanding how physics at different energy
scales can be decoupled from each other [21, 54] (see also [55, 56, 99, 100]).
EFTs provide a systematic approach to incorporate the effects of higher energy
scales into calculations at lower energy scales, allowing for accurate and reliable
predictions.

An EFT organises the full theory description by lumping the effects of
high scale (> p) physics in the effective couplings/strengths of operators (both
renormalizable as well as higher dimensional, non-renormalizable operators) built
from fields relevant at the scale p. This thus provides a clear separation of
physics at different scales. Long-distance physics resides in the matrix elements
of the operators while the effective strengths of the operators (for higher dimen-
sional operators called the Wilson Coefficients (WCs)) encode the short-distance
physics [21, 54].

One of the key features of EFTs is the use of Renormalization Group
Equations (RGEs) to run the coefficients of the operators, i.e., the WCs, from
a high energy scale, say u = M to the scale of the physical process of interest,

i.e., p = m. This allows for the incorporation of large logarithms of the form
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allog" (M /), where « is the strong coupling constant. These large logarithms
can arise in calculations involving high energy scales. By systematically account-
ing for these large logarithms, EFTs provide a reliable tool for describing physics
at different energy scales [48, 101].

In order to calculate the WCs, the low energy theory is matched onto
the full theory at the scale p. This matching procedure ensures that the EFT
accurately represents the full theory in calculations at the lower energy scale,
taking into account the effects of the higher energy scales. This allows for a
consistent treatment of the physics at different energy scales.

Following [54], we categorized EFTs into three kinds. This categoriza-
tion mainly depends upon the DOF included. In the first kind, i.e., EFT-I, we
will discuss the effective low-energy theory of weak interactions. On the other
hand, in the second kind, i.e., EFT-II, we will discuss the EFT description of
the physics of a meson containing a heavy quark. The third kind involves the
description of objects having large momentum transfer but only in the fixed di-
rection. In this thesis, we will focus on the first two kinds of EFT's to obtain SM
predictions for exclusive and inclusive B decays. To appreciate the core features
of EFTs, we start with an example where we consider four Fermion interactions

as a limit of Yukawa interaction.

2.2.1 An example

The Lagrangian for the system having Yukawa interaction is given by:
- 1 " 155 -
Ly = (i —m)v — 5(0,0)(@"0) — MES — gy (2.29)

where 1) represents the fermion field, ¢ denotes the scalar field, m is the fermion
mass, My is the scalar mass, and g, is the coupling between the scalar field and
the fermions.

We consider the scenario where the experiment can probe the energy
scale, which is much lower than the mass of the scalar, My, ie., p < M.

This sets the scale for the system. Further, Green’s function for the theory is
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computed from the generating functional, denoted as Zy, given by:

Zy =N / [Dy)][Dg] exp {z / d4xﬁy} (2.29)

where N represents a normalization constant, and [Dvy] and [D¢] denote the
functional measures for the fermion and the scalar field, respectively.

In this energy regime, only initial and final states involving fermions, 1)
can be considered, as the scalar field ¢ cannot be directly produced. Nevertheless,
even though the scalar field may not directly participate in the fermion scattering
processes, it can still contribute through off-shell propagation at the tree level
and quantum loop effects. Hence, the relevant physical DOF of our theory is the
fermion field, 1». Now, one may ask the question: What happens if we integrate
out the scalar field, ¢, from the theory? To calculate this, we perform a functional
integral with respect to ¢ in Eq.(2.29). To simplify the calculation, we introduce
a notation J(z) = —g¥ in Eq.(2.28) and obtain the Gaussian term for the
scalar field, which adds an extra term to the action. The resulting expression for

the partition function Zy becomes:

Zv = N [Dilpolexp {5, - 5 [ dialota)[-2 - MZo(a)
i / d'd'y.J(2)(~iDr(x — y) I ()} (2.30)
— N / [Dy] exp {sd, _ / d'zd'y ] (z)(—iDp(z — y))J<y)}. (2.31)

Here, N’ is a normalization constant given by N’ = NDet(9? — M, ;)_71, and
Dp(x — y) is the position space propagator for the ¢ field and given by:

4 .
Dp(x —y) = / @b ! e~ @y), (2.32)
(2m)* p? — M7 +ie

In the limit of My — oo, the non-local component of Eq.(2.31) can be expanded

as a series in powers of 1\1)4_2’ The leading contribution is the delta function:
$

Di(r —y) ~ A}—%m ). (2.33)
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This contribution makes Eq.(2.31) local, and leads to an effective Lagrangian®:

2
Lepr =Ly + ]\{[_i (2.34)
where, L, = Yidhh — maprp, and J = —gynp.

This effective Lagrangian correctly describes low-energy physics, specif-
ically the scattering of fermions with energies £/ < My. A crucial observation is
that for each order in 1/M,, there exists a finite number of effective operators.
This has implications in two different scenarios; (1) In cases where we do not
know what lies beyond the energy scale, such as in the Standard Model. (2)
In cases where the UV completion of the model is known, but the degrees of
freedom in the IR modes are different, such as in Chiral Perturbation Theory.

It is important to emphasize that the effective Lagrangian, which re-
spects all the symmetries of the complete theory, is expected to reproduce the
same Green functions as the full theory. This suggests that by understanding
the power-counting behavior of subleading operators, one can write down the
most general set of operators respecting the symmetries of the full theory. Each
operator is accompanied by an unknown coefficient, which can be determined by
matching the results from the full theory to the effective theory. By employing
this approach, we can exchange the effects of heavy degrees of freedom for an
infinite number of local operators, where the contribution of each operator is
suppressed by inverse powers of the masses of the heavy particles.

To ensure the consistency of Effective Field Theories (EFTSs), it is im-
portant to guarantee that quantum corrections arising from loop diagrams are
also suppressed by appropriate powers of the heavy scale. However, cutoff reg-
ularization is not suitable in this case as it disrupts power counting. In such
cases, a preferable approach is to utilize mass-independent regularization meth-
ods, such as dimensional regularization. In dimensional regularization, quadratic
divergences are absent, and the one-loop contributions are properly suppressed
by the heavy scale, as needed for consistency. Hence, it can be inferred that at

each order in 1/M, the effective field theory exhibits the behavior of a renor-

2We followed [54] for this example.
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malizable QFT. Next, we discuss both types of EFTs, EFT-I, and EFT-II, in
detail.

2.2.2 EFT I: Fermi theory for weak decays of mesons

We derived the four fermion interactions in the previous section. Now, we ap-
ply EFT to weak decays of those mesons, which are described by four fermion
(quarks) interactions, including QCD corrections. It is worth noting that in
the context of effective electroweak operators, the QCD corrections can often
have a significant impact, surpassing the contributions from power counting
terms, especially in the low-energy processes. For example, one can see that
the ag(p) > p?/mi, at, say, u = m,. Hence, even two-loop perturbative QCD
corrections may contribute more than the electroweak effects, i.e., 1/mj,. An-
other importance of QCD corrections is that they generate a new operator and
also employ the operator mixing when the scale is run down from O(my) to the
hadronic scale O(1 GeV'). These EFTs are powerful frameworks that allow us
to describe physics at both high and low energy scales. To set up the approach,

we divide our scale of the theory into three pieces:

1. At p = O(my): Weak decays of hadrons are governed by the interaction

of quarks. ay, at = my is small, and perturbation theory is applicable.

2. 1GeV < < O(mwy): as(p) increases and this variation should be taken
into account. RGEs play an important role, and one encounters the sum-

mation of large logs.

3. p < O(1GeV): Perturbation theory fails. One has to rely on the non-
perturbative theories as the confinement effects, which are responsible for

the binding of the quarks and gluons, will get into action.

The running of the scale is governed by RGEs. Once a threshold is crossed, the
particle with higher mass disappears from the theory, as we saw in Section-2.2.1.

The four fermion (quarks) interactions (¢; — ¢2¢3q4) in the full theory
are mediated by electroweak W boson as shown in Fig.(2.7). At the leading

order in ag, dimension six operators are built from four quark fields, resulting
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in operators such as 0y = (Q?Fqu)((jgfuqf), with o, 5 = 1,2, 3 represent color
indices. Due to the color quantum numbers carried by gluons, perturbative
quantum chromodynamics (QCD) corrections give rise to additional operators
in the effective theory, such as Q; = (q*f‘l“qu ) (G5 I',q5). The weak Hamiltonian

for these transitions is given by:

Hepr = %‘VCKM,,VgKM|(Cl(M)Q1(N) + Co()Q2(1)), (2.35)

where p is the scale that separates the contributions of the short-distance physics
(C;) from the long-distance physics, i.e., matrix elements of Q;. Eq.(2.35) takes
the form of an operator product expansion (OPE). Switching off the QCD correc-
tions in Equation (2.35), the Wilson coefficients (WCs) are calculated as Cy = 1
and C7 = 0. Including QCD corrections, the WCs C and C5 can be calculated
using perturbation theory. The amplitude ¢; — ¢2g3q4 in the full theory is

q U q| 9>

g )

QS q 4 q3 4y

(a) (b) (c)

Figure 2.7: Feynman diagrams for ¢; — ¢2q3qs with QCD corrections in full
theory.

Apar = (1 + 20{‘—2(% +1In (_“—;>)>Q2 + %Z‘—ﬂ In (’f—@QQ
—32‘—; In (T—EZ)QI. (2.36)

In calculating this amplitude, one can choose all external momenta p; to be equal
and set all quark masses to zero. We will verify at the end that this has no impact
on the WCs, C;. Further, the 1/e divergence in above expression can be removed
by performing renormalization of the quark fields, but this is also not necessary

in computing C;. Hence, we used the amputed Green function, and therefore the
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gluonic self energy corrections to the external leg are not included.

qi q9> 41 q> q1 49>

43 4y 43 44 3 44
(a) (b) (c)

Figure 2.8: Feynman diagrams for effective theory of the process ¢ — ¢2¢3qa.

Next, the four fermion (quarks) interactions (q; — ¢2¢3q4) in the effec-

tive theory are shown in Fig.(2.8). The amplitude is given by
Acpr = C1Q1 + C29Qo. (2.37)

Where Q; and Q, are the renormalized operators. The Feynman diagrams shown

in Fig.(2.8) provides the unrenormalized operators, which are given by,

crn(Zp))a 5 (e +m(25)e

ol = <1+20F% (—+ln
47 \e
2

—%ﬁ<l+m(ﬁj)6b (2.38)
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It is to be noted that the operators, ()1 and ()2, present in the above expression

Q1. (2.39)

are unrenormalized. For the momenta and masses of the quarks we employ the
same assumption which is used in calculating Ay,;. In the above expressions,
one can observe that carrying out the quark field renormalization to remove the
divergence is not enough. It just removes divergences from the first terms of both
9, and Qs. To remove the left-over UV divergences, one has to renormalize the

composite object, known as operator renormalization. It is given by

QY = 7,0, (2.40)
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where Z;; is the 2 x 2 matrix. One can obtain the relation between the un-
renormalized QEO) and the renormalized amputated amplitude, Q;, which is given

by
0 _
o\ = 722;0Q;. (2.41)

Where Z ? removes the first terms of both Q; and Q,, and Z;; remove the

remaining divergences. The explicit form of Z;; is

3/N -3
. 1
A . (2.42)

47 €
-3 3/N

After carrying out the renormalization, one can perform matching. The expres-

sion for matching is given by*
A = Acpp = C191 + C2Qs. (2.43)

It results into computation of C'; and Cj:

30 m?
Gl = = ln(M—ZV> and (2.44)
3 a,. /m?

respectively. It is to be noted that the infrared regulator, —p?, which was present
in Eq.(2.37) and (2.36), is absent here. Moreover, these corrections are not solely
proportional to ()2 but also involve ()1 and vice versa. It indicates that (); and
()> mix under renormalization. This mixing is an example of how the basis of
dimension six flavor-changing operators closes under renormalization, although it
does not rule out the possibility of other operators appearing. The framework of
EFTs encompasses all dimension six and dimension five operators to describe low-

energy non-leptonic transitions of quarks. It is important to consider the possible

3The operators Q; and Q- in A, do not require renormalization. Hence, ()1 = Q; and

Q2= D>
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mixing of these new operators under QCD renormalization. While operators (),
and () may mix with other operators, vice-versa does not occur.

Weak decays consist of flavor change in the process, which is quantified
by AF. For example, AF =1 is used to describe weak decays of F' = b, ¢, and
s quarks. For these types of weak decays, other operator structures beyond @)1,
and @) arise in the SM. The penguin operator shown in Fig. (2.9) is one such
example. These operators can be classified as gluonic or electroweak penguins.

Further, we concentrate only on Ab = 1 transition; in particular, b — s decays.

b s

goryorZz

q q

Figure 2.9: Feynman diagrams for penguin operators.

The general structure of effective Hamiltonian is

4G
%eff 2 Z >‘q [ClQl + CoQa + Z CiQ; + Cm@m + OSgQSg

\/§ q=u,c,t 1=3,...,10

+Cov Qov + ClOAQlOA} + h.c. (2.46)

where A\, = V3 Vs denote the product of CKM matrix elements. For Ab = 1

transition, the charged current operators: ()1 and (), are

Q1 = (Gabp)v-a(55¢a)v—-a, and

Q2 = (Gaba)v-a(3pq8)v-a. (2.47)
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Furthermore, Q3 . ¢, which are the gluonic operators are:

.....

Qs = (§b)V—AZ(QCI)V—A,

Qi = (Sabg)v—a Y _(G80a)v-a,

q

Qs = <§b)V*AZ(QQ)V+A7 and

q

Qs = (Babg)v—a Y _(Gsda)va: (2.48)

q

,,,,,

3eq _
Qr = SE)v-a ) (@)v+a,
q
3eq _
Qs = 7(5abﬁ)VfAZ(QﬂQa)V+A7
q
3eq _
Qy = 7(Sb)VfAZ(QQ)V—A; and
q
3eq _
Qo = T(SQbﬁ)V—AZ(Q,BQa)V—A- (2.49)
q
The two dipole operators are
e
Qry = —@mb(EJW(l—%)b)FW, and
e
QRsy = —@mb(%py(l—%)b)G“”. (2.50)

The field strength tensor is defined in Eq.(1.3). Further, if the process is semi-

leptonic like b — sf¢, the other two operators are

2

e _
QQV = 16;2<§b)v_,4<€€)v, and

>

ez _
Qioa = 16;2(817)1/7/1(%)%1- (2.51)

With an example of four fermion interaction, we outlined the method
to compute the WCs for the operator. In any theory, the procedure remains

the same: First, these coefficients are typically calculated at leading order in
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QCD, followed by the renormalization group improved perturbation theory. The
only difference comes in the size of the basis of the operators. For details of
calculations, refer to [48, 101]. However, it is important to note that even after
resuming the logarithms, the WCs still exhibit scale dependence. Therefore,
matching beyond one loop is advantageous. Furthermore, it is important to
calculate the anomalous dimension beyond the leading order for consistency.
The next-to-leading order (NLO) calculation introduces new features, like the
final result is now dependent on the renormalization scheme, which is adopted
during the calculation. Further details of the calculation can be found in [48,

101].

2.2.3 EFT II: Heavy Quark Effective Theory

As discussed in Section- 1.4, the underlying physics of the system is crucial to
keep in mind when one derives an EFT. We are now interested in the bound states
of heavy and light particles, specifically the heavy b quark and light antiquarks
@, d, 5. The physics of these systems can be effectively studied in the rest frame
of B mesons. In the context of QCD, There are two characteristic energy scales
for the B meson. First, the heavy quark mass, i.e., m; ~ 5 GeV, and second,
the energy scale associated with the non-perturbative physics, i.e., Agcp ~ 300
MeV. It is noteworthy that the light DOF in this system are relativistic, having
energies and momenta at the order of Agep. Hence, irrelevant degrees of freedom
can be integrated from the Lagrangian, resulting in an effective Lagrangian that
describes the physics of the bound system. This effective theory is commonly
known as Heavy Quark Effective Theory (HQET) and is particularly useful for
describing heavy hadrons. Before delving into HQET, let us understand the QM

of a heavy particle.

2.2.3.1 Quantum Mechanics of heavy particles

Let’s start by examining the case of relativistic QM (see [54, 102, 103]). Consider

a heavy spin-1/2 particle, denoted as (), whose dynamics are governed by the
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Dirac equation:
(id — mg)Q(x) =0 (2.52)

Here, Q(z) and mg represent the coordinate space wave function and the mass,
respectively, of the Dirac particle Q. In the rest frame of the heavy particle,
the wave function of the particle will be proportional to e="<!. As a result, we
can redefine the wave function by separating the large mechanical part from it,

which can be expressed as:
Q(z) = e ™ot Q(x). (2.53)
Inserting this wave function back to the Eqn.(2.52), one get,

(i —mo)Q(z) = (700" — mg)e ™' Q(x)
= e (1~ 70)O() = 0 (2.54)

The above equation is similar to the projection operator acting on the spinor @)

P°Q=0 (2.55)

The projection operator is defined by

I+A°

Pjg:Q,

(2.56)

where [ is a 4 X 4 unit matrix. The explicit form of projection is useful to see

the operation of it on the Dirac bi-spinor Q

~>

(e
<=
<

P'Q = = (2.57)
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And similarly for the P°. The short-hand notations used for the two-component

spinors are

) = , and y = . (2.58)

Since 1 describes positive energy degrees of freedom, the role of the projection
operator P? is to project out negative energy (anti-particle solution from the
theory).

Building upon the observation made in relativistic quantum mechanics,
we can now apply it to non-relativistic EF'T. To do so, we first introduce a four-
velocity vector denoted as v*. In the rest frame of the particle, the four-vector
v can be expressed as v = (1, ﬁ), such that v - x = t. By generalizing the Dirac
equation, we can describe the dynamics of a particle moving in a non-relativistic
frame of reference. In this scenario, the momentum of the particle, denoted as

Po, can be expressed as:
po = mgu + 1L (2.59)

Here, II represents the residual momentum, where |II| < mg, indicating that
the particle is nearly at rest. The velocity of the particle is denoted as v, and we
impose the constraint v> = 1 to ensure the particle is on-shell. II accounts for
small deviations from the particle being exactly on-shell.

The formalism described above is particularly useful when the mass
scale of the particle under consideration is much larger than other scales involved

in the problem. The projection operator will get generalized to:
Pl = —— (2.60)

With this formalism, we can now make a transition from QM of heavy particles

to QFT of heavy particles.
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2.2.3.2 QFT of heavy particles

We now make a transition to the discussion of fields that describe heavy particles.
Let us consider a field, Q(x), which represents a heavy fermion, such as the heavy
quark in the mesonic or the baryonic states. In this context, all the other quarks
are assumed to be light, with masses of the order Agcp. Such systems are often
referred to as the "Hydrogen atoms of QCD” due to their similarity. In QCD
bound states, the mass scale of the heavy quark is significantly larger than any
other scale present in the system. It allows one to have an expansion in the
ratio, Agcop/mg, despite the problem being highly non-perturbative in the QCD
coupling. The power counting in this system is dictated by its physics.

In the heavy quark limit, Q(x) essentially acts to be a static source
of chromomagnetic fields with its own dynamics considered to be negligible.
The kinetic energy of the heavy quark, quantified by K.E. = pé /2mg, can be
represented by an operator that is suppressed by inverse powers of the heavy
quark mass. The power counting scheme involves counting the dimensions of
operators, where higher dimensions correspond to stronger suppression by the
heavy quark mass. The equations of motion for the heavy fermion field can be

derived from the standard Dirac Lagrangian,

£ = Qa) (i - mg) Qa). (2.61)

In order to take the non-relativistic limit, similar to the example in relativistic
quantum mechanics discussed in the previous section, we can separate a large

mechanical part of the field Q(x) as follows:

Q) = e e Q(a) = e e (PrQ() + PLQ(x) )
= e ™ (h,(z) + Hy(x)) (2.62)

where we have labeled the fields h, and H, according to their velocity, and used

the fact that P! + PY = 1. By inserting the above equation into the Dirac
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Lagrangian, one obtain:
L = h,ilDh, + HilDH, + 2mqH, H, + h,ilDH, + H,iDh,. (2.63)

By introducing two auxiliary fields, we can separate the fermion field into two
components, each with known solutions to the equations of motion. The La-
grangian then contains terms that mix these fields. To simplify the Lagrangian
and potentially diagonalize it, the gamma matrices in the initial terms can be
eliminated by employing projection operators on both the fields. This yields a

more streamlined Lagrangian, which can be expressed as follows:
L =h,i(v.D) h, — H,(iv.D — 2mg)H, + h,ilD | H,+ H,ilD h,, (2.64)

where we used the definition of a perpendicular component of any four-vector a*

based on the condition a,.v = 0, given by
a| =a" — (a.v)vh. (2.65)

One of the features of the Lagrangian in Eq.(2.64) is that it contains two fields:
The massless field, h,, and the heavy field, H,. The mass of H, turns out to
be 2mg, which in the limit mg — oo can therefore be considered as a field that
describes an infinitely heavy particle. Using a similar approach that is used in
the previous section, we can integrate out this degree of freedom from our theory.
The proper way to do so would involve writing an effective action in terms of the
functional integral and performing the integration. For the problem at hand, we
can simplify the process by using the equations of motion derived from Eq.(2.64)
and Eq.2.62).

The equations of motion are given by

(i) —mg)Q(z) =0 = ilDh, + (i) — 2mg)H, = 0. (2.66)
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By applying the projection operator, one can simplify the expression as follows:

D h, (2.67)

v

—z
2mg +w.D

where the inverse of the operator can be expanded using a Taylor series:

1  — iv.D\"
- —1"( ). 2.68
2mg + w.D 2mg ;( ) 2mg ( )

The expansion mentioned is convergent, allowing us to derive an effective La-

grangian with increasing operator dimension. Using Eqn.(2.67) in Eqn.(2.64)

and utilizing the expression
ilDJ_imJ_ - (ZlDJ_)2 _U;LVGHV (269)

one can derive the HQET Lagrangian up to 1/mg as follows:

; L gs 1 v
Legr = hqﬂ(v-D)hermhv(zlpl)%v—i—@%hvow(}“ he

+O(J7) (2.70)
mq

The HQET Lagrangian to order O (1/my) is given by Eq.(2.70). Remarkably, in
the limit mg — oo, only the first term survives, as evident from the Lagrangian.
It is noteworthy that this leading term does not contain any Dirac matrix, despite
being used to describe fermions. As a result, it enlarges the spin symmetry group
of the effective theory that results from HQET.

One observation is that field redefinitions are possible in HQET. We can
now derive the equations of motion for the light fields, h, and using Eq.(2.70),
yielding:

i(0.D)hy = ((lel) —UWGW) h. (2.71)

ZmQ

One can convince oneself that, in the above equation, the expression on the left
remains O(1), while the expression on the right is of higher order in 1/m¢. This

allows for a redefinition of the field h, such that certain terms in the Lagrangian
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can be absorbed into h,. The equations of motion are then modified by an
operator which contributes at the order higher in 1/my.

The technique of field redefinition in HQET can be illustrated with an
example where the terms of the form

/ I

are absent. Although such operators should be allowed, they have not been

included in the Lagrangian because a field redefinition of the form

hy — (1 - (Z:‘—D)z> he (2.73)

me

remove L' entirely from consideration through field redefinitions. One can apply
similar redefinitions for the field at higher orders in 1/m¢ as well. As a result,
operators that are proportional to the lowest-order equation of motion do not
make practical contributions.

Another important observation is the manipulation of spin degrees of

freedom. We perform an infinitesimal spin rotation of the h, field, i.e.
h, = hl = (1 +ia.S)h, (2.74)

where S is the fermion spin operators given by
, [Si, 8] = i€in Sk (2.75)

Since S commutes with v° and v.D contains no Dirac matrices, it follows that
oLS; =0 (2.76)

where L35, is the effective Lagrangian at leading order in 1/mgq. The Lagrangian
L3}, obtained through the field redefinition technique exhibits an additional spin
symmetry given by a SU(2) group as the spin transformations belong to SU(2).
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This symmetry is absent in the original lagrangian given in Eq.(2.61) as it appears
as a consequence of spin transformations in £g%.

In QCD flavor-changing interactions are absent, which any EFT of QCD
must respect. Till now, we have considered only one flavor of heavy quark.
In nature, there are several flavors of heavy quarks (top, bottom, and charm),
and thus, the total symmetry group of the HQET is enlarged. If Ny is the
number of heavy quarks, the total symmetry becomes SU(2Ny). Because of
this property, HQET becomes a powerful tool for the computation of physical
properties involving heavy quark transitions. Furthermore, when examining the
symmetry-breaking (or 1/m¢ suppressed) terms in the Lagrangian of Eq.(2.70),

it is illuminating to switch to a heavy quark rest frame. The first operator, i.e.,

1 - 1 -
Opin = ——hy(iv.D)?h, = ——h,(D)?h,, 2.77
i = g liv-D) s (D) (277
can be reinterpreted as representing the kinetic energy carried by the heavy quark

inside the hadron. Moreover, the second operator,

Oy = L RGP hy —> ———1,(S.B)ho, (2.78)
dmg mq
can be understood as the interaction of the heavy quark with the chromomagnetic
field inside the heavy hadron. This provides physical insight into the meaning of
these terms in the Lagrangian.

The spin symmetry of the heavy quark Lagrangian has direct implica-
tions for the spectroscopy of meson states such as B, and B;. These mesons are
composed of a heavy b antiquark and a light u (or d or s) quark, with the only
distinction being the spin configuration of these quarks. The B, meson has a
relative singlet spin state, while the B; meson has a relative triplet spin state.
A crucial observation is that, in the heavy quark limit, the spin interaction in
HQET is subleading term in the expansion. As a result, the masses of these two
states become degenerate. This is consistent with experimental observations,
where the mass difference between B;; and B, mesons is found to be small, with

a value of 45.0 £ 0.4 MeV This phenomenon is a consequence of the spin sym-
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metry in HQET and provides important insights into the spectroscopy of heavy
mesons (for details, see [50, 53, 54, 104]).

With this brief description of IR divergences and EFTs of type I and
IT, we will now discuss their applications to exclusive and inclusive semi-leptonic

B meson decays in the remaining of the thesis.



Chapter 3

Soft photon effects in B — K//

In this chapter, our main focus is on the decay modes B — K/{T/¢~, which are
induced by the FCNC currents. We specifically calculate the impact of the soft
photon QED corrections on its branching ratio and Ry (defined in Section- 3.1).
These corrections involve both virtual corrections, and contributions from the
emission of a single photon at O(aen,). We further establish that the combi-
nation of these two corrections leads to a finite result, which is a consequence
of Bloch-Nordsieck theorem. Considering the significance of these decay modes
(such as the construction of LFU observable, Ry ), it is important to account for
these effects to establish its theoretical cleanliness. This chapter is based on the

findings of Ref. [26].

3.1 Introduction

As discussed in Chapter-1.1, the processes induced by FCNCs are considered
rare in the SM. Fig.(3.1) shows the Feynaman diagrams of B — K{T{~ decay
mode for two different topologies (penguin and box). These decays, which are
both loop and CKM suppressed, offer a perfect opportunity to search for physics
beyond the SM. The quark level transition b — s¢*¢~ has been significant in our
search for new physics. It not only helps us uncover new phenomena but also
enhances our understanding of the intricate interplay between the electroweak
and strong interactions. This transition is particularly relevant in studying the

purely leptonic decay channel By, — ¢*/~ as well as the exclusive semi-leptonic

29
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Figure 3.1: Feynaman diagrams of B — K/{T¢~ for two different topologies: (a)
penguin (b) box.

channels B — K®)¢*+(~ (for examples, see [96, 105-110]).

Regarding the theory behind these decays, precise calculations have
been carried out to improve our understanding of the involved form factors and
related issues [67, 111], while at the experimental front, more refined data have
indicated certain deviations from the expected results within the SM for the
branching ratios of B — K/{*{~ decays. Although these deviations are not yet
completely conclusive, they could be pointing towards the possibility of NP being
just around the corner. Nevertheless, reaching a clear and definitive conclusion
is somewhat obscured by uncertainties related to the behavior of particles within
hadrons and potential interference from distant effects such as remnants of char-
monium resonances [67, 111]. The search for precise tests of the SM using rare
decays and the exploration of NP has prompted the consideration of theoreti-
cally clean observables, also known as optimized observables in certain specific
contexts. The main idea is to consider or form observables, often in the form of
ratios, that are mostly unaffected by uncertainties related to hadrons, at least
within a chosen kinematic range.

The decay processes B — K(*t{~ provide a way to investigate LFU,
which examines whether the decays into electrons (¢ = e) and muons (¢ = pu)
occur with the same probability. In the SM, the universal interaction of the Z-
boson with leptons ensures this equality, accounting for the slight differences in
lepton masses. When we choose a specific kinematical range in the decay process,

such that the dilepton invariant mass is significantly larger than the mass of each
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individual lepton, we expect the ratio of the two measured branching ratios to
be very close to one. This ratio is commonly used as a reliable test to examine

LFU and, consequently, to assess the validity of the Standard Model [112, 113].

6GeV2 dq2 dU'(B°—K%utpu™)

e 1GeV?2 dg?
Ry = 6Gev2d 9dl'(BY—K%te~) (3’1)
1Gev2 4 gz

Within SM, this ratio is unity and the very recent experiment result [114] is in

agreement with the SM within ~ 1o
Rigeap = 0.94910705 “0022 (3.2)

Previously, the inconsistency between theoretical predictions and ex-
perimental results provided a strong incentive to conduct more precise theo-
retical calculations before drawing conclusions about NP. Though, the current
experimental data aligns with the theoretical predictions, it is still important to
thoroughly examine all potential sources of uncertainties and other effects that
might impact theoretical predictions.

In terms of theory, the standard approach involves constructing an effec-
tive Hamiltonian by integrating out heavy degrees of freedom through the OPE.
This Hamiltonian is then evolved down to the scale of the b quark using RGEs.
Using the quark level operators b — s/, the calculations of physical hadronic
matrix elements are performed. This step introduces the concept of form factors,
which contribute to the uncertainties in the calculations, as mentioned earlier.
To mitigate these uncertainties, observables that are minimally affected by form
factors are considered. The effects of strong interactions, including both pertur-
bative and non-perturbative aspects, are incorporated through the use of RGEs
and form factors, respectively. Whether there are any additional effects that
could be significant, particularly the corrections due to QED, have not been
explicitly considered. Since charged particles are involved, the effects of soft
photons may be non-negligible and should be accounted for systematically. Such

corrections are found to be useful in the context of B-decays [22-25].
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3.2 Non-radiative B — K/{T¢~

The effective Hamiltonian (defined in Eq.(2.46)) relevant for describing the b —
sCT ¢~ transition reads [48, 49]

.
Hepp = 4%‘45‘% ; Ci(l)Qi(w) (3.3)

where all the operators are defined in Section-2.2. The operators ()7, (Qg9, and
Q10 are particularly important for this semi-leptonic process. The matrix el-
ements of these operators represent non-perturbative quantities, and they can
be parametrized in terms of form factors incorporating both Dirac and Lorentz
structures. The Wilson coefficients used in the calculation are: O/ = —0.319,

Cy = 4.228 and Cyy = —4.410. Further, C5/7 is defined by [115]

ngf — Cg + Ypert(q2)

4 1 4
Ypm(qz) = h(qQ, me) (gCl + Cy +6C5 + 60C5) — éh(q2,mb) (703 + §C4

64 1 4 64
+ 76Cs + 3(16) - §h(q2, 0) (03 + 504 +16C5 + 506)

4 64 64
+ 503 + 505 + ﬁC’g (3.4)
where
4 m? 8 4 4m? 4 Am? 4m?
h(q? = _—In(—4)+ — + - 1y — —(2 4 —1
() = g 4 o4 5O = Gz [
i 1+ 1_‘1‘1123 . 4m?2
-3 + In F s 1fq_2q < 1
< (3.5)
arctan L , if 4723 <1
/4mg 1 q
q2 a
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The probability amplitude for the decay mode B(pgp) — K(px )¢ (p2)¢~ (p3) can
be written in the following form [107]

GFaem|‘/t*‘/vfb|

M — — - el s 1
0 ( 221

_ (GFaem|V;§V;fb|

> [T (fy1) + T2 (TP (3.6)

o )(Z_Fil) ®@ Hau(p,p')

where

FZ:1 =, Tlu(pBapK) = A Du + B’ qu (3-7)

and

Thy =77, Tou(ps,px) = C' pu+ D' g, (3.8)

We have introduced the following momentum combinations: p, = (pp + Pr)u
and ¢, = (pp — Pr)p = (P2 + p3)u. In the following analysis, two frequently
used kinematical invariant variables are s = p? = (pp + px)?, and the dilepton
invariant mass squared, ¢ = (pp — px)? = (p2 + p3)°.

The remaining factors in the amplitude depend on the combinations of
the Wilson coefficients (CS//, C&/Y | and Cy) and form factors (fi, f—, and fr),

and are expressed as follows:

2m
I ef f 2 b ef f 2
A = Co fi(q) + —mK+mBC7 fr(q),
, o 2mpy(mp — m .
B = Cgfff—(QQ)_ 2 qB2 K)C7fffT(q2)a
C' = ClOf+(q2)7 D' = Cloff((f) (3-9)

Now, the non-radiative differential decay rate is calculated as:

d*T'o(B — KITl7) 1
dq?ds ~ 256m3m

—|Mo(B = KITI7)]? (3.10)
B



64 Chapter 3. Soft photon effects in B — K/

where the explicit structure of the matrix element, My, is:

p
Gra < {ngff+ + C?ff—me” }p“

My(B— KITlI™) = —V*V,
0( ) 2\/571’ tsVtb

e e 2 m 7
+ {Cgfff— - 07”%(?%3 — mk)} q“) (Id)

mp + my

+ (Crofep" + Crof-q") (Iyusl) ] (3.11)

The form factors fy(¢%), f-(¢*) and fr(q*) are parametrized as [110, 116]

fild®) = % [1 + by <Z(q2) —2(0) + % (2*(¢*) — Z2(0))) }

where, 1 = +, 0, T}

mp —m
f— = (fO - f+) £ 2 =
q
2(¢?) is defined by
Ag?) = VEmEVTw (3.12)

I N ]
where
o =i (Vs — Vs —7-), T =(mp+ mi)’ (3.13)
with fi(0) = {0.34, 0.34, 0.39}, by; = {—2.1, —4.3, —=2.2} and myes; =

{5.83, 5.37, 5.41} for i = (4, 0, T'), respectively.

3.3 QED Corrections to B — K/

Now, let us shift our focus to the consideration of QED corrections. Fig.(3.2)
illustrates the diagrams involving photon emission where, x represents potential
emission points, including those from the B and K meson legs when charged.

These diagrams are computed assuming the mesons to be point-like and employ-
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ing scalar QED. Fig.(3.2b) is commonly known as the ”contact term” and arises
when the gauge invariance of QED is demanded. Another way to compute the
contact term is by assuming the mesonic level Lagrangian and following the min-

imal coupling prescription. This approach is discused in [117]. Fig.(3.3) shows

>0

) X :photon emission ) Contact term

Figure 3.2: Representative diagram for real photon emission

a set of representative diagrams that contribute to the virtual corrections. It is
evident from the figure that the diagrams incorporating photons from the contact
term are also accounted for to ensure the cancellation of infrared divergences and

to obtain a gauge invariant result. The photon momentum is denoted by £ in

h o+ © i X e P A
B ” B ¢~ B £~ B ‘-
(a) (b) (c) (d)

Figure 3.3: Representative diagrams contributing to virtual corrections

the calculations below, and the polarization vector is denoted by €, (k). Let us
consider the general case where the charges of the B and K mesons are repre-
sented by Qg and Q)i respectively. Since we are primarily concerned with lepton
number conserving processes, we will eventually impose Qg = Q. However, for

the time being, we will keep them as general variables.
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3.3.1 Contact Term

Before performing explicit calculations for the virtual corrections and real emis-
sion contributions, it is necessary to address the contact term. To do so, let us
examine the emission of photons from different legs. The specific process under
investigation is B(pg) — K (px )T (p2)¢~ (p3)y(k). For the mesons, scalar QED
is employed. Consequently, the matrix element for photon emission from the ex-
ternal legs, which is expressed in terms of quantities relevant to the non-radiative
decay, can be written as follows:

M = —€€a(k)ﬂ(P2)FiW

S, HE) +my
%Triv(p:a) ® Ha,(ps, Pk)

u(p2)Thv(ps) ® Hau(ps — k, px)

Y*v(ps) @ Hau(pp, Pi)

+  eea(k)u(p2)y
2

P
2p3.k’

(67

2p%
2pKk

+ GQBGQ(/{Z)

— eQgea(k) U(p2)Tho(ps) @ Hau(ps, pr + k) (3.14)

From the equation above, it is evident that when the photon is emitted from
one of the leptons, the momentum dependence of the hadronic component H 4,
retains the same form as in the non-radiative decay. However, in the case of
photon emission from the meson legs, the dependence is modified accordingly.
By considering the specific structure of H,,, we can express the above equation
in a compact form:

Qinipy /
! M'(k 1
M) (3.15)

M = Myee, Z

i
In the above equation, the momenta and charges of different particles are denoted
by p; and Q); respectively, while n; takes the values 4+ or — depending on whether
the particle is outgoing or incoming [118]. The term M, represents the amplitude
for the process without photon emission. The first term in the equation corre-
sponds to the Low’s soft photon amplitude: M (a — by(k))|rs0 = S@M(a — b),
where S is the universal soft function that multiplies M. It can be verified that
the Low’s term alone is gauge invariant. Computing this term is straightforward
as the hadronic contribution is the same as in the case of the non-radiative am-

plitude. The remaining part is denoted as M'(k) and represents the non-infrared
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contribution. Unlike the Low’s term, which is of O(1/k), the terms in M’(k) are
of O(k) and higher. We will now focus on evaluating M'(k).

We can express M'(k) as the sum of two contributions: M|

lept> rISING

from photon emission from the leptons, and M, ., arising from photon emission

es?

from the mesons. These contributions are given by:

JY— [wwirzv(pg) - a<p2>ri2p%v%<pg>] © Hap(p pr)

2p2k
(3.16)
and
M = —ceo(k) |Qpaa 254 0,3, -2LK @(pa) T 0 (ps) k (3.17)
mes “ 2p3k’ 2pKk,’ A .

where ay = A+ B ' or C'"+ D' and g4 = A'— B or ' — D' for A=1,2. We

have used the fact that the general structure of H 4, can be written as

HA,u(p> q) = XA pu + YA qM (318)

which allows us to incorporate the appropriate momentum dependence when an
additional photon is emitted.
Thus, the total contribution beyond Low’s soft photon contribution is
given by
M'(k) =M,

lept

+ M

mes

(3.19)

The gauge invariance of M'(k) can be verified by making the replacement ¢, —
kq. This replacement yields zero for Mj, ,, indicating its gauge invariance. On

the other hand, for M’

mes?

the replacement yields

Myeslea—ha = —€(Qp + Qi )Eaky [u(p2)yv(ps)] (3.20)

where £4 = A'(¢%), (C'(¢?)) for A =1(2).
This violation of gauge invariance indicates that a contribution should
be added to ensure gauge invariance of the full amplitude. The contribution is

a negative of the above quantity. This additional contribution takes the form
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of a contact term and can be incorporated into the effective Hamiltonian at the

hadronic level as follows:

Hfﬁ} = ie€a(Qp + Qx) [u(p2)[Gv(p3)] Aa (3.21)

This contact term, shown in Fig.(3.2b), contributes to both the real emission
and virtual corrections and is of O(k). It should be noted that the contact term
is proportional to the sum of the charges () and Qx, and thus has no effect
when B and K are neutral.

Here, we would like to take a short detour and compare our method
of calculating the contact term with the one adopted in Ref.[117]. Our method
[26] of determining the contact terms differs from the approach adopted in [117].
In that work, a mesonic level Lagrangian with a specific operator structure is
assumed, and the contact terms are obtained by applying the minimal coupling
prescription d,, — 0, —teA,,. In contrast, the contact terms obtained here include
effects from all operators contributing to this process. As a result, there may be
slight differences in the numerical values of the corrections compared to those in
[117]. However, there is generally good agreement between the two results.

After addressing the gauge invariance requirement by fixing the con-
tact term, our next step is to compute the O(a,,) corrections. This involves
evaluating the rate of real photon emission and the virtual corrections to the
non-radiative amplitude at that order. We then square the amplitude, taking
into account the interference terms between the lowest order and O(ae,) con-
tributions. Finally, to compare with experimental observations, we add these
two components incoherently. Our calculations closely follow the methodology
described in [73]. To handle the infrared divergences, we introduce a small mass
m. = A for the photon. This regularization takes care of IR divergences. While

the loop integrals are regularized using Dimensional Regularization.

3.3.2 Real Photon Emission

The total contribution to the amplitude of real photon emission in the process

B(pp) = K(pg)lT(p2)¢~ (p3)y(k) is obtained by combining Low’s infrared (IR)
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terms, M'(k), with the contribution from the contact term. At the level of decay

rate, we can express it as:

AT ear = dTo(200em B) + dI” (3.22)

Here, dI'y represents the decay rate without photon emission, and the quantity

B captures the IR contribution arising from Low’s term. It is given by:

2
5 1 d’k Qinip;
b5 | e (; bk &2

We can observe that in the present case, the universal soft factor S is given by

the product of the photon polarization vector e, (k) and T°(k), which can be

expressed as:

-~ 2pin; 2p5n;
Ta ]{3 — [ + J

By utilizing charge conservation (}_, @;n; = 0), we can rewrite B as:

- 1 k'max d3k pa pOé 2
B=— —_— E Qi | = — —L- 3.24
87r2/0 T2 - )2 QiQjmit (pi.k pj.k:) (3:24)

i£5,i<j

Here, we have explicitly introduced k., representing the maximum photon
energy of the soft photon. The theoretical rate will therefore depend on the
chosen value of k... As evident from the above equation, the indices 7 and j
take values of i = 1,2,3 and j = 2, 3, 4, corresponding to the particles B, K, {7,
and (~, respectively.

The contribution of B in the decay of the charged B meson consists of

six terms, given by:
B= BBK + BBH‘ + BBI— + BKH- + BKl— + Bl*l—

Upon integrating over k, B can be expressed as (refer to Appendix-B for the
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encountered integrals during the calculation):

B Qmin; ]{72 ; ) D 1 d k2 1 d 2
Bij _ Q Q]U 77] ln maxm m] o p pj / _‘r ln mazx + / _37 ln &

(3.25)

To simplify the evaluation of the above integrals, we introduce the following

combinations as convenient parameterizations:

2p, = (I+a)p;+ (1 —2)p;
2B, = (14+z)Ei+(1—2x)E;

2p. = (L4 a)pimi — (1 —x)pm; (3.26)

Here, p; ; represent the four-momenta, while £; ; denote the energies of the par-

ticles. These relations yield:

2 = (1+2)°p) + (1 —2)°p} +2(1 — 2°)pi.p;

pi = (L+2)’] + (1 —2)’p} = 2(1 — 2*)pipyminy (3.27)

The contribution to the decay rate that does not involve IR effects consists of
terms beyond the Low’s term in the amplitude, starting from order O(k) and
higher. These terms, along with the interference between the IR and non-IR
terms, contribute to the remaining terms in the decay rate. Upon investigation, it
is found that the squared non-IR terms have a negligible impact and are therefore
not considered in the analysis. However, the interference terms play a significant
role. These interference terms depend on the angle 6 between the negatively
charged lepton and the photon. It is observed (as demonstrated below) that the
correction factor, denoted as A’ (with i = e or u), is highly sensitive to a lower
angular cut 0., for ¢ = e due to the small mass of the electron. Conversely, for

the chosen values of k.., there is minimal effect when ¢ = p.

3.3.3 Virtual Photon Corrections

There are three types of diagrams that contribute to virtual corrections: (a)

diagrams with a photon starting and ending at the same charged particle leg
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(see Fig.(3.3a)); (b) diagrams with a photon line connecting two different charged
particles (see Fig.(3.3b) and Fig.(3.3c)); (c¢) diagrams with a photon originating
from the effective vertex (contact term) and ending on a charged particle leg (see
Fig.(3.3d)).

Let us first examine the set of diagrams arising from the contact term,
specifically focusing on the case where the photon from the contact vertex at-
taches to the lepton leg. This contribution is canceled out by an equally opposite
diagram where the photon attaches to the anti-lepton leg. The other two dia-
grams, where the photon from the contact vertex ends at either the B or K leg,
can be evaluated straightforwardly. These diagrams exhibit UV divergences as
well as a finite part (Mcr). To eliminate or absorb these UV divergences sys-
tematically, additional higher-dimensional operators are required. It is important
to note that the motivation behind introducing the contact term was to ensure
gauge invariance of the real emission amplitude. Since this amplitude is of O(e),
the resulting contact term is also of the same order, involving only one photon. It
is possible, however, to have terms that vanish for on-shell photons but can con-
tribute to virtual corrections. When evaluating the virtual corrections, an extra
factor of e is introduced, making this correction of O(e?). From the perspec-
tive of an effective theory, operators corresponding to terms involving leptons,
B and K mesons, and two photons, such as the one depicted in Fig.(3.4), can
exist. These operators would give rise to diagrams similar to those shown on the
right side of Fig.(3.4). In dimensional regularization, scale-less integrals simply
evaluate to zero. To ensure consistency, it becomes necessary to include other
higher-dimensional operators at O(e), including derivative operators, up to the
given order. One possible approach is to begin with the effective Hamiltonian,
which includes the one-photon contact term, and then impose gauge invariance
on the two-photon emission amplitude. This process would determine the two-
photon contact term and potentially introduce additional terms corresponding
to higher-dimensional operators. However, it should be noted that there is no
guarantee that these terms will be completely determined, as their determina-
tion relies on the on-shellness of the two photons. Alternatively, following the

suggested prescription in [117], one can consider higher-dimensional derivative
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K § K a
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Figure 3.4: Two photon Contact Term. (Left) real emission (Right) Virtual
correction

operators and use minimal coupling to generate the required terms. However, it
is important to exercise caution, as the minimal coupling prescription may have
ambiguities [119]. Careful consideration should be given to fixing the structure
of such terms, while also acknowledging the possibility of multiple structures for
these terms '. Perhaps a more suitable approach would involve starting with
quark-level operators and computing the matrix element, for example, using the

sum rule approach:

(K(pr)t 0y (k)| (T,0) (ST,b) | B(pp)) o< € / d'ze™* (K (p) 00T 55" ()
(T,.)(5T,b)(0)] | B(pB))

This matrix element generally consists of two types of terms: (i) photon emis-
sion from the leptons multiplied by the B to K matrix element, and (ii) photon
emission from the hadronic system. By employing the QED Ward identity, the
general structure of the hadronic tensor can be determined, and subsequently,
the new form factors can be evaluated or at least estimated within the factoriza-
tion approximation. This procedure can be repeated for the case of two-photon
emission. It is evident that evaluating these new matrix elements can become
quite challenging. Therefore, a separate analysis will be conducted, comparing
the results obtained from different approaches. Considering the complexities
involved, which are beyond the scope of this study, we opt to disregard the en-
countered UV divergences in the evaluation of diagrams involving the contact
term and incorporate only the finite parts in our calculation. Explicit numerical

tests confirm that these finite contributions are relatively insignificant and do

!The need to go beyond minimal coupling is also emphasized in [117].
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not significantly impact the precision of the overall computation.
Upon evaluating the remaining diagrams, the following expression is

obtained:

Mvirtual MO []- + Qem + MCT (328)

In this equation, the last term in the parentheses represents the magnetic
moment-like term, which is free from divergences. The quantity denoted as

B encompasses contributions from the self-energy and vertex corrections, given
by:
' 2(2p; — k
B = [ &k [Z Qi (2p:
83 (k2 — )\2 + ie) (k? = 2k.p;)

LY Q:iQ;min;( 2pmz — k).(2p;m; + k)}
(k? — 2k.pin;) (k% + 2k.p;n;)

(3.29)

(FVEAS]

Using charge conservation ), Q;n; = 0, B can be rewritten as:

—1 1
B=— [d%— ;
s | e ; @QiQymi

( 2pm — k205 + K )
k? —2k.pin; k24 2k.pjn;
(3.30)
Here, © = 1,2,3 and j = 2, 3,4, where the numbers 1,2, 3, and 4 represent the
particles B, K, (T, and ¢~ respectively.
Now, in the case of B — K/{*{~, where both the mesons and the leptons

are charged, a total of six diagrams contribute to B. These contributions can be

divided as follows:
B = Bpk + Bpi+ + Bpi- + Bri+ + Bgi- + B+~

After integrating over k£ and employing Dimensional Regularization, the general

structure of B;; is calculated to be:

M 1 [t P2 pipmin; (Y dx., p2
By QQmm] [ln( 2 )+Z/_1dxln(mimj)+ : j/_lp'z ”(ﬁ)]
(3.31)

The relevant integrals encountered are collected in Appendix-B.
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3.3.4 Sommerfeld factor

We have also taken into account the Sommerfeld enhancement factor, also known
as the Coulomb factor, which arises from the difference in scattering between the
presence and absence of a potential [71]. This correction is a multiplicative factor

given by:

Qe=——1r (3.32)

Here, (3;; represents the relative velocity between the i and j™ particles and is

defined as:

m2m2
Bii=4/1 — ——L. 3.33
J (pi-pj)2 ( )
3.3.5 Total O(a.,) QED corrections
Now we can proceed to compute the decay rate up to O(en):
dT e = dT (1 + 20 B + 200 B + O‘em) Q. (3.34)
7

Both B and B (or equivalently Bij and B;;) depend on the fictitious photon
mass A, which was introduced to regulate the IR divergences. It is expected
that the final result for the physical rate should be independent of A\. We define
Hij = Bij + Bij as follows:

—QiQmin; k? 1 /1 .
PO A ML B (Y3 I oy g
H] 2m . EZEJ * 4 1 v m;m;
| PP, /1 de| (D2 | pips /1 dz (K
2 -1 p;z A2 2 Jop: E?

1 2
Di-P; dx fm
2 T .
* 2 /—1 p% n()\2>} (3 35)

where

pe = (L4+2)°p] + (1 —2)*p] —2(1 — &*)pi.pjmm;

2 = (1+2)°p) + (1 —2)°p; +2(1 — 2°)pi.p;



3.3. QED Corrections to B — K/ 75

We observe that for n;n7; = —1 (i.e., one incoming and one outgoing particle),
p.2 = p?, leading to the cancellation of the A\ term in H;;. In the other case
when 7,n; = 1 (both are either incoming or outgoing particles), changing x — 1/x
leads to p,2 — p2/2? and the final result is again independent of X. (Note: Since
x € (—1,1), changing it to * leads to trouble at # = 0. We have verified that
the imaginary part of the quantity B corresponds to the Coulomb/Sommerfeld
factor. As we have explicitly considered this term, we only consider the real part
of B when evaluating the results.) This explicitly confirms that the physical rate
is independent of the IR regulator A introduced in the intermediate steps of the
calculation, ensuring that it is free from IR divergences. This serves as a crucial
validation of the performed calculation.

The double differential decay rate up to O(aem, ), denoted by i = 0 or ¢
for neutral and charged B decay modes respectively, can be expressed as follows:

’I d’T
dsdq®  dsdg?

(14 A7) (3.36)

Here, the correction factor A’ is defined as

<£W)

Al = NPT (3.37)
d?Tg
<dsdq2>

The term A? includes corrections arising from both IR factors and non-IR factors

up to O(k) terms. We have explicitly verified that the contribution from O(k?)
terms is negligible and therefore disregarded in the analysis. Additionally, we

4
RK/,m’

consider the shift in Rgue caused by the QED corrections, denoted as A

defined as follows:

. AP AT
b= R (-—fﬁ-—-—fﬁ) (3.38)
Rycue KH i i

K FH I

In the following discussion, we will delve into the impact of these QED correc-

tions.
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3.4 Results

The QED corrections, including both real and virtual contributions up to
O(em), are represented by the quantity A (refer to Eq. (4.34)). Here, i in-
dicates the neutral (i = 0) or charged (i = ¢) B decay modes. The electron
and muon channels are depicted in Fig.(3.5), illustrating the correction factors
for different choices of the maximum photon energy k., of these soft photons
and the angular cut 6.,. Notably, the correction factor for electrons is approxi-
mately three times larger than that for muons, with both factors being negative,
indicating a decrease in the decay rate. This difference primarily arises from the
significantly smaller electron mass compared to the muon mass, differing by ap-
proximately two orders of magnitude. Consequently, the QED corrections have
a more substantial impact on lighter particles, whereas the influence on heavier
charged particles is relatively diminished. A slight dependence on the chosen
photon energy cut, kn.., can be observed. Another noteworthy aspect is the
sensitivity to .., especially in the case of electrons. However, by selecting 6.,
to be around a few degrees, this sensitivity essentially vanishes.

An important group of terms to consider are the IR terms that exhibit
a logarithmic dependence on the lepton mass, In(m;). Figure (3.6) illustrates the
sensitivity to m;. The lower two curves correspond to the expected behavior for
electrons and muons, respectively, with a contribution of approximately 10% as
seen in A’. However, the blue curve represents the case where m; = 107°° MeV,
and it is evident that the contribution is significantly larger. This contribution
will continue to increase as m; approaches zero. To address this issue, employ-
ing a small 0., in the range of a few degrees is effective. These In(m;) terms
correspond to hard collinear logarithms, which have been proven to cancel out
rigorously. This agrees with [117]. It is worth noting that all other IR diver-
gences, including the In?(m;) terms, are explicitly observed to cancel out when
the virtual corrections and real emission terms are combined.

Figure (3.7) illustrates the impact of QED effects on A’é;;(e, as defined in
Eq. (3.38), for a 6., of 3° as a function of ¢>. It is notable that the charged mode

is more affected due to the additional contributions from the contact term, which
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Figure 3.5: O(aem) corrections to neutral and charged B — K¢ modes. Left:
electrons, Right: muons

is absent in the neutral mode due to its proportional dependence on (Qp + Q).
The QED effects are significant, reaching approximately 20% for electrons (~ 5%
for muons), resulting in an increase in A% ... and subsequently in R%°. However,
it should be emphasized that all the quantities are sensitive to the choice of k4.
and 0.,;. For k. = 25 MeV, the shift in R% over the ¢* range is approximately
20%. Nevertheless, as k4, is increased to 125 MeV, the shift decreases to about
10%. This outcome is expected, as with the increase in k,,q., muons begin to
behave similarly to electrons, where both their masses (m. and m,) are much
smaller than k,,,,. Consequently, we have verified that in such cases, AE,;;
approaches zero.

In particular, choosing 6., ~ few degrees and ko, ~ 250 MeV, leads
to ~ 5%, (positive) shift in RE:

A, = 5.34%, AY, = 7.43% (3.39)

e e
RU RY

The electron modes exhibit substantial QED corrections of approximately 20%,
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Figure 3.7: Shift in R due to O(aem,) QED effects

whereas the muon modes experience smaller corrections. We have also verified
that selecting different k,,,, values for muons and electrons alters the shift in
RY, resulting in a final value of R, including the QED effects, deviating from
unity by a few percent. This observation is broadly consistent with [117]. The
two studies differ primarily in the treatment of the contact term(s), leading to
some numerical discrepancies, as well as in handling the In(m;) terms and phase
space. Despite these dissimilarities, it is encouraging to observe that similar

conclusions are drawn regarding the physical quantities.

3.5 Discussion and Conclusions

We have performed the calculations of the O(a.,) QED effects in the decay
process of B — K{T¢~. These corrections have a negative impact, resulting in a
decrease in the decay rates. To ensure gauge invariance in the emission amplitude

of a single photon, we treated the mesons as point particles and utilized scalar
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QED. By doing so, we were able to determine the contact term. We proceeded
to calculate both the real and virtual QED effects. During the computation of
virtual corrections associated with the contact term, we encountered UV diver-
gences, which are expected to cancel out when considering higher-dimensional
terms like two-photon contact terms. However, for the present analysis, we took
a phenomenological perspective and neglected these divergences, focusing solely
on the finite terms. To regulate the IR divergences, we introduced a fictitious
photon mass, denoted as A, as an IR regulator. Importantly, we have shown that
the physical differential decay rate remains independent of the chosen regulator
A, thereby confirming the cancellation of the soft divergences.

The choice of the maximum soft photon energy, k.., and the photon
angle relative to the charged lepton, .., has a notable impact on the physical
decay rate and the ratio of rates between muons and electrons. We also discussed
the significant influence of the In(m;) terms, which can be mitigated by setting
Ot to a few degrees. In particular, the electron channels display corrections of
approximately 10-20%, while the corrections for muons, under the same k., and
0.y conditions, are around 5%. With kpa.x ~ 250 MeV, the corrections to the
lepton flavor universality ratio, R}, are roughly 5%. This correction appears
significant, especially considering that the observable R’ is close to unity within
the standard model, disregarding these QED effects. Consequently, this would
further exacerbate the tension between theory and experimental observations.
However, caution is necessary. The reported 5% positive shift in R is based
on the assumption of using the same k.« and 6., values for both electrons and
muons. Adjusting these parameters to match the actual experimental criteria
would lead to different outcomes.

In conclusion, the study highlights the significance of including QED
effects in B — K/{T(~ decays as a source of important corrections. While the
individual decay rates, especially for electrons, undergo substantial corrections,
it is crucial to consider appropriate experimental cuts that suit the specific ob-
servables. For instance, the lepton flavor universality ratio R} may experience
only minimal shifts of a few percent, contingent upon the chosen cuts. This em-

phasizes the need for meticulous attention when comparing experimental results
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with theoretical calculations. It should be noted that our study, along with the
findings of [117], does not fully address the issue of remaining UV divergences
and the computation of two-photon contact terms (as well as higher-dimensional
operators relevant to the matter), warranting further investigation in this direc-
tion. This is particularly important to ensure an unambiguous comparison with
experimental data, given that observables such as R are considered highly re-

liable probes of the SM and potential indicators of NP beyond it.
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‘Vub‘

A Novel observable:
Vel

In Chapter-3, we observed that the decay rate for B — K/{{~, ~ being soft,
and the LFU ratio Ri show sensitivity to k. (maximum energy of the soft
photon). On general grounds, similar corrections are expected for other modes
as well; both charged current and neutral current. This motivates us to search
for observables that exhibit minimal sensitivity to QED effect in addition to

non-perturbative parameters such as form factors. This chapter involves the

|Vub|

Vol which is found to be least

detailed study of one such observable, Ry, =
sensitive to the choice of form factors as well as QED corrections. Further, the
CKM elements V,;, and V,, individually show the tension between exclusive and
inclusive measurements but the ratio, Ry, is found to be equal'. It then leads to
phenomenological applications, which we discuss in this chapter. This chapter is

based on the findings presented in [27].

4.1 Introduction

As discussed in Chapter 1, The Cabibbo-Kobayashi-Maskawa (CKM) matrix is
a fundamental component of the SM that describes the mixing of quark flavors.
It is a unitary matrix that relates the weak interaction eigenstates (flavor eigen-
states) to the mass eigenstates of quarks. The CKM matrix is characterized by

four independent parameters, which are fundamental in the SM. Consequently, a

'Ry is constructed using the PDG values of exclusive and inclusive measurements of Vi,
and V. See Secttion-4.1 for details

81
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precise determination of the elements of the CKM matrix is of great significance,
both for confirming the validity of the SM and for exploring physics beyond it.
Exploring processes mediated by charged currents (CC) and neutral currents
(NC) is essential for this goal. Within the framework of the SM, CC processes
occur at the tree level, involving direct interactions between charged weak bosons
(W bosons) and fermions. In contrast, FCNC processes exclusively occur at the
loop level in the SM.

The decay of a B meson into a D or m meson at the quark level involves
the exchange of a virtual W boson, which then decays into a (-, pair. The
amplitudes of these semileptonic decays of B mesons are governed by the CKM
matrix elements |V,| and |V,| for D and 7 decays, respectively. These CKM
elements represent the strengths of the flavor-changing weak interactions between
different generations of quarks and are fundamental parameters in the Standard
Model [120-122]. The amplitudes of these decays can be factorized into leptonic
and hadronic parts, allowing us to separate the hadronic uncertainties arising
from our limited understanding of strong interactions. These semileptonic decays
present valuable opportunities to measure the CKM elements |V,,| and |V,s|. An
alternative approach to extract these CKM elements is through inclusive decays,
such as B — X, vy [111, 123-126]. While there are other exclusive modes that
can be investigated, our discussion will primarily focus on the B — D/{v and
B — wlv decay modes.

Experimental measurements have revealed a notable difference of ap-
proximately 30 for |V| and 3.50 for |V, between the inclusive and exclusive
measurements. These differences are commonly known as the |V,,| and |Vp| puz-
zles, or the ”inclusive” versus ”exclusive” puzzles [124, 127, 128]. Now, whether
these discrepancies indicate hints of new physics or simply reflect the underes-
timation of theoretical and/or experimental uncertainties remains open? [130].

The main source of theoretical uncertainties arises from the computation of non-

2A recent article by Belle [129] highlights the simultaneous measurement of inclusive and
exclusive |Vyp|, which reduces the discrepancy to approximately 1.60. Though, it reduced
uncertainties but did not resolve the discrepancy completely. Also, the CKM element itself is
not free from QED effects. Therefore, the current status is not fully conclusive. In light of
this, the proposed observable Ry remains a promising alternative in this context.
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perturbative quantities involved in the given decay modes and the application of
appropriate kinematical cuts.

Although significant progress has been made in reducing theoretical un-
certainties through the use of more precise form factors calculated using Light
Cone Sum Rules (LCSRs) and lattice QCD, completely eliminating these uncer-
tainties remains a formidable challenge with our current understanding of strong
interactions. As a result, a quest for observables where the impact of hadronic
uncertainties can be eliminated or significantly minimized is a natural step for-
ward. In this context, Various lepton flavor universality (LFU) ratios have been
proposed, such as Ry-) and Rp) [131]. The ratio Ry compares the branching
ratio of B — K™y to that of B — K®ee, while R compares the branching
ratio of B — D™7uv to that of B — D™ puw.

To ensure the reliability of LFU ratios, in probing new physics, it is es-
sential to investigate the impact of soft photon corrections. While experimental
analyses incorporate some effects of soft photons using tools like the PHOTOS
Monte-Carlo generator [62, 63], certain contributions related to the hadron struc-
ture, interference between initial and final state emissions, and virtual corrections
are not fully accounted for by PHOTOS. Consequently, understanding the com-
plete dynamics, including these contributions, becomes crucial. Recent studies
have demonstrated that incorporating these effects reveals sensitivity of LFU
ratios to soft photon QED corrections [26], particularly when specific photon
energy and angular cuts are applied. This highlights the need to identify observ-
ables that exhibit reduced sensitivity to both hadronic uncertainties and QED
corrections arising from soft photons.

|ub

Experimentally the ratio of the CKM elements I“ibl‘ is determined using

two different modes. Firstly, the baryonic modes Ay — pu~v, and Ay — Afp~ v,
yield |Vip|/|Va| = 0.083 £ 0.004 [132, 133]. Secondly, the mesonic modes B? —
K~ p*tv, and B? — D putv, give |Vip|/|Ves| = 0.095 £ 0.008 (0.061 £ 0.004) for

high ¢* (for low ¢?) [134]. Interestingly, when considering the PDG values [45],

|Vub‘

the ratio V]

obtained from exclusive determinations of |V,;| and |V;| exhibits

remarkable agreement with the ratio derived from their inclusive determinations.
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More specifically,

Vu high ¢? Vu high ¢?

[Vao = 0.094 % 0.005 Vo = 0.101 + 0.007. (4.1)
| ‘/cb ’ excl | ‘/cb ’ incl

Intrigued and motivated by these findings, we consider the ratio Ry = ||‘é“:‘, in

the present study. We demonstrate that the ratio Ry receives negligible cor-
rections from soft photons and is also minimally influenced by choice of form
factors used for B — D and B — 7 transitions. It should be noted that the
experimental extractions mentioned earlier differ in the low- and high-¢? regions
due to variations in the employed form factors. This arises from the fact that
different approaches yield form factors with different accuracies in different ¢?
regions. Hence, it is crucial to carefully select the ¢ range to ensure that the
observable is least affected by the choice of form factors. When we state that
Ry is independent of form factor choice, we mean that it is less sensitive to the
form factors.

Considering these advantages, we propose the use of Ry in phenomeno-
logical studies as it serves as a cleaner observable compared to conventional lepton
flavor universality ratios. Furthermore, it has greater potential for probing new

physics.

4.2 Non-radiative B — Ply, (P = D, )

Let us consider the decay process B(pg,mgp) — P(pp, mp)l(pi, mi)ve(pn,0),
where P represents a pseudo-scalar meson such as D or . The relevant Feynman
diagram is shown in Fig.(4.1). The second-order differential decay rate for this

process can be fully described by two independent Lorentz invariant variables:

2 - 2 -
mp mp

2pB. 2p5.

PB-Di and =~ PB-PP (4.2)
Alternatively, we can use the Mandelstam variables ¢*> = (pg — pp)? = m% +
m% —2pg -pp and sgy = (pg — p1)? = m% +m? —2pp - p; instead of y and z. The

matrix element for B — P/lv, can be decomposed into the hadronic and leptonic



4.2. Non-radiative B — Plyy, (P = D, ) 85

Figure 4.1: Feynman diagram for B — D(m){v,.

part as:

Cry o (4.3)

Mo(B — PEVK) = \/5

Here, |Vp| (where ¢ = ¢, u) represents the CKM matrix element, and Gp is
the Fermi constant. £#(= y*(1 —~°)v,) and H,, are the leptonic and hadronic
matrix elements, respectively. H,, can be expressed in terms of two form factors,

f+T and f which depend on the momentum transfer ¢*:

Hu = s +pp)u fL + (08 —pP)u f¥ (4.4)

where ff = mBq m (f& — f£). The computation of these form factors involves

various techniques like LCSRs and lattice QCD. However, as we shall see, the

choice of form factors does not significantly affect the determination of ||“f3‘:|| (see

Sec- 4.4).

For the present purpose, we adopt a model-independent parametriza-
tion for B — D/, and a z-expansion parametrization for B — 7w/lv,.
Next, the total decay width of the non-radiative process B — Plv, is

given by:

s [z [ ayiMoly o, (1.5

G2
where (Mol pa, = =5 Val” (Fer + (F e + £ fles) . (4.6)
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and the coefficients ¢; (where i = 1,2, 3) are calculated as:

A — m3)m? (= = Dym3, +m? — m?)

o (m% — (z — ym2,)? ’

4m, 4, 2 2
o = Tt = (- )md) [— (z — 1)mB(ml(4y(z—2)+32 —8z+38)

+4m%(2y? + 2y(z — 2) — 3z + 3)) +mu(mbm?(4y(z — 2) + 322 — 42 + 4)
(2 — 2t dmb(y + (> —2) — 32+ 3)) + 4y — 1)(z — 1P,

(y + 2z —1) — 4mbm? + 4m% |, and

8m (my — mp)my 2 2
= —1 2 —2)—(z2—2
3 % — (e = )22 [(z ymy(2y + 2z —2) — (2 — 2)m;

—m%(2y + 2z — 2)|. (4.7)

4.2.1 Form factors for B — P(= D, m)ly,

The form factors for the B — D/{v, decay in the model-independent parametriza-

tion can be expressed as: (based on [122])

1
) = 7 [(L+7)hy = (1 =r)h_],
P = % [(14+7)h_ — (1 —r)hy], and
2
) = 1@+ ),
Here r = 22w = —giﬁ%,
« 14w
h+ = 5 |:1 + } (Cvl + T (Cv2 + CV3)) + (Ec — Eb) L1:| s and

§ [QH_U) (Cv, = Ovy) + (ec — &) L41
T 2
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with z = 2= L; = 0.72(w — 1), Ly = 0.24, ¢, = 0.1807, e, = 0.0522, £ = (%),

1

Cy, = 62w — ) [2(w+1) (Bw — 1)z — 2° = 1) 1y + (122(w, — w) —
(2> = 1) logz) + 4z(w — w,)Q],
Cy, = e [ (4w® +2w)2® — 2w® + 5w — 1)z — (w+ 1)2° + 2) ryy

622(w — w,)?
+2(2(z — 1)(w, —w)+)],
1

Cy, = W [ ((Qw2 + 5w — 1)z2 — (4w2 + 2w)z — 223 +w+ 1) Tw

+( (3 =2w)2* + (2 — dw)z + 1) log z 4+ 2z(z — 1)(w, — w)} :

with rw:—log%’jl),wzz%(z—l—%) and
w
Q = ————[2Lis(1 —w_2) — 2Lis(1 — wy2) + Lia(1 — w?) — Lis(1 — w?
: w2—1[ o ) 2( +2) o ) o )]
—wry log z 4+ 1.

Here, wy = w +Vw? — 1, w_ = w — Vw? — 1.

For B — wly,, the form factors in the z-expansion parametrization are

expressed as,(based on [135]):

N-1

i) = PO et 00— (1 )

—z(O,tO)ND}, and
0(d") = {HZbO 2(¢% o) —Z(O,to)k)}.

Vg tma) = ¢ = lmptma)’ Z o ey i)
Vimpg +me)r— @ +/(mp +m,)?—ty 0 -
0281, b, = -—162, ¥ = -398 and t, = (mp + m)? —

Here7 Z<q27t0> =

2y/Mpmz\/(mp 4+ m,)? — ¢*. Importantly, these form factors are applicable
across the entire range of ¢.

Now, let us discuss the impact of soft photon emission on this decay

width.
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4.3 Soft photon QED corrections to B — Ply,

We consider two scenarios for the charge assignment of the particles involved in
the process: firstly, where the particle denoted as P is charged and the B meson
is neutral, and secondly, where the B meson is charged and P is neutral. The
computation of soft photon corrections in both cases follows a similar procedure,
with minor variations in the selection of kinematic variables. In this discussion,
our focus will be on the case of B~ — P%~ ¢, and we will highlight any necessary

distinctions for the case of B® — P/~ ¢ when relevant.

4.3.1 Real photon emissions

The Feynman diagrams depicting the real emission of photon are illustrated in
Figure (4.2). Assuming point-like mesons and utilizing scalar QED, the ampli-
tude for B — Plyyy with a soft photon can be expressed as the sum of eikonal

term (which is IR divergent) and an IR safe term.

Mpopw,y = Mg + Myr. (4.8)

Py, P}
H = o — — 4.9
e M ecaMo ( pB-k * D k> 49)

is the amplitude due to soft photon and the term in parenthesis is called the

(a)

Figure 4.2: (a) Diagram illustrating real photon emission from one of the external
charged particles (denoted by x). (b) Diagram representing the Contact Term
(CT) contribution.

universal soft factor. Mg includes the contributions from the contact term
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and the residual term. Explicitly, the My is given by

G
Myir = TZWb(MreS—i_MCT). (4.10)

Here,
Mies = eea(@ [(ﬂ(pl)’yo‘%%f’“v(pn» ® Hu(pB,pP)
7+ LR apr (o) .
Mer = —ee,(k)(fL + fD)a(p) v (pn). (4.11)

The inclusion of the contact term is crucial to fix the gauge invariance of the
amplitude and is constructed following the procedure outlined in Chapter- 3. It
is noteworthy that the contact term is proportional to the charge of the meson
rather than the lepton. This implies that the leptonic contribution is gauge
invariant on its own, while the contact term is required to ensure gauge invariance
of the hadronic contribution. The contact term can be incorporated through an

effective term in the Hamiltonian at the hadronic level, expressed as follows:

Her = _ie(ff - ff> [I_L(pl)rav(pn)] Aa(ﬁ};qﬁB‘ (4'12)

It contributes to both real and virtual corrections. Taking into account the
contribution from the CT, the complete gauge-invariant amplitude for real soft

photon emission can be expressed as follows:

MB*)P@V[’Y = €€a<k) [MO <_pp;_(l).ék + pp;_?]{]) + a(pl)%rﬂv(pnﬂiu
b M) (L) 0= e]. @

From Egs. (4.9) and (4.10)

’MBﬁPZVNE = |-/\/lIR|2 + |-/\/lres’2 + ‘-/\/lCT|2 + 2R6(MTRMTGS)
+2R€(MTRMCT) + QRG(M;SMCT). (4.14)
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Numerically ~contributions from |[M,l’, |Merl’, 2Re(MizgMer) and
2Re(M;

res

Mecr) are found to be very small, typically less than 0.1%. There-
fore, we neglect these terms and focus only on the remaining terms for numerical
computations, as they provide significant contributions to the decay width.
Collinear divergences may arise during these computations. However,
the decay rate is less sensitive to collinear divergences when the final state con-
tains heavy leptons (¢ being p or 7),though it is still important to verify the
cancellation of these divergences. To achieve this, we consider the photon to be

inclusive and carefully choose the suitable set of kinematic variables.

4.3.1.1 Photon inclusive case

The total decay width for the process B — P/lv,7y, photon being inclusive, is

I B 1 / dPpp / d®py / &pn / &k (27T)4
B—Plyyy — 2mp (271’)32EP (27T)32El (271’)32E,/ (271’)32Ek:

54 (Q —Pn — k) |M|2B—>P€Vm/ (415)

where @) = (pB —Pp — pl)-

The process B — Plv,y is a four-body process that includes B — Ply, as a

110 Foom,) O
0.8+
1.0t
0.6+
N 0.9 23 N
0.4:
Dy
0.8+ 1 0.2f
0.7¢ ‘ ‘ ‘ ‘ 1 0.0+ ‘ ‘ ‘ ‘ J
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 1.0
y y
(a) (b)

Figure 4.3: (a) Dalitz plot displaying the phase space boundaries for the energies
of the muon (magenta) and the D° meson (blue) in the decay B~ — Dy v,.
(b) Dalitz plot illustrating the phase space boundaries for the energies of the
muon (magenta) and the 7° meson (blue) in the decay B~ — 7'u"v,,.

subset. This can be visualized using the Dalitz plots, as depicted in Figure (4.3).

The Dalitz plot exhibits a linear dependence on the decaying meson’s energy and
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a quadratic dependence on the lepton energy.

It is important to note that the delta function in Equation (4.15) en-
forces x > 0, where x (= normalized total missing mass energy) is introduced as
r = Q*/m%. This introduces the step function ©(z), which divides the phase
space into Dj (the three-body region) and D4 3 (the remaining region). This

division enables us to express the decay width as follows:

m3 xX xX
Ulporwy = g [fpg dydz fo Tdx + fD4 dydz f ’ dm} il (27rdzl§Ek il (27?)3?{)5&

(2m)*61(Q — pn — k) M5 py - (4.16)

Real photon emission contributes to both the three-body region (Dj) and the
four-body region (D,_3) of the phase space. Focusing on the first term of Equa-

dyd d (2
5127r4/ yz/ x/ 27r32Ek m)!

(xmB —2Q.k) |M|B—>qum (4.17)

tion (4.16), we obtain:

P'D3 |B—>P€Vg’y

with |M!23_>P4Vm = M| + 2Re(MizMyes). (4.18)

The second-order differential decay rate, which is found to be independent of both
IR and collinear divergences when contributions from the virtual corrections are

properly considered, can be expressed as follows:

2 3
d°I'p, My Qem

= |:|M0|210(y7 Zam2)

dydz 25673 T
G2 V.
F' I / Az CrnTon(@,y, 2 )] (4.19)

m,n

d3p /d3k 1
with Z,,,, = L —5Q —p.— K , and(4.20
’ )<pB-k)m(Pz-k)” (4:20)

I, = / . dx [2]93 i (,y,2) — szIZO(x,y, ?)
m2 /m3

—miToa(z,y,2)|. (4.21)

The integrals (Zy, Z,,,») and the coefficients C,,,, can be found in Appendix-B.

However, for practical purposes, it is more convenient to focus on the photon-
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exclusive case, which will be discussed in the next subsection.

4.3.1.2 Photon exclusive case

Now, let us consider the photon-exclusive case, where the maximum energy car-
ried by the soft photon is denoted as k... Following the procedure outlined in
chapter- 3, the second-order differential decay rate for B — P/lv,y with a soft

photon can be expressed as:

A Trem d?TO ~ d*1”
= 20emB) + ——, 4.22
dydz dydz( “ )+ dydz ( )
;Zg; is IR finite. B contains the IR divergences, and can be expressed as
- -1 k2 : Yat (K2 bt 2
2m mzEpEy 2 1 Dy E; 1 Dy ms,
(4.23)

The overall negative sign in the aforementioned expression arises from the con-
servation of charge. To simplify the integration process, we introduce convenient
combinations of momenta denoted as E; and p;. These combinations are defined
as follows: 2p; = (1 4+ t)pp + (1 — t)p; and 2F; = (1 + t)Ep + (1 — t)E,. All the
integrals are listed in Appendix-B. Furthermore, we introduce a small fictitious
mass m. for the photon, which serves as a regulator for IR effects.

The differential decay width in the photon exclusive case explicitly de-
pends on k... Experimental measurements are limited to photons with en-
ergies larger than k.., so the theoretical decay rate is expected to vary with
kmax- In a similar manner to the photon-inclusive case, the decay width for the
photon-exclusive scenario includes a non-infrared (non-IR) contribution that en-
compasses terms beyond Low’s term. However, the significance of terms other
than the IR term and its interference with the residual term is negligible and
thus not explicitly presented. The interference terms are dependent on the angle
0 between the lepton and the photon. In the rest frame of the B meson, the
angle between the lepton and the neutrino is assumed to be isotropic, resulting

in M2, ~ 2E,F,, where E, = mp — Ep — Fy — E.,.

miss
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4.3.2 Virtual Photon Corrections

The virtual corrections include (1) the self-energy correction, where the photon
originates and terminates at the same charged line (Fig.(4.4a)); (2) the vertex
correction, where the photon connects two distinct charged lines (Fig.(4.4b));
and (3) the CT contribution, where the photon is emitted from the effective

vertex and terminates on a charged particle (Fig.(4.4c)). These corrections are

DY Ve DO Uy

®) (b)

Figure 4.4: (a) self-energy correction to the lepton (a similar diagram for the
self-energy correction to the B meson), (b) vertex correction, and (c¢) virtual
correction due to the contact term (a similar diagram where the photon originates
from the contact term and interacts with the B meson).

applicable to both the photon-inclusive and photon-exclusive cases. Now, let’s
discuss these three contributions individually. We begin with the contribution
arising from the self-energy corrections for the charged lepton and the meson,

respectively (as shown in Fig.(4.4a)), which can be expressed as follows:

M, = %(6Zg+523) (4.24)

where 67, and §Zp represent the wave function renormalization for the charged

lepton and meson, respectively, and are given by

807, = OZ: [2 — Bo(p},0,m}) + 4m} B}(p}, mg{,ml?)], and

aem
0Zp = [2Bo(p23,0,m?)+4m2336(p23,m3,m23)} (4.25)

In the expression above, By(p,0,m2) and By(p:,m2,m2) (where a = {(B))
represent the Passarino-Veltman functions associated with scalar two-point in-
tegrals and their derivatives. The explicit forms of these functions can be found

in Appendix-B. It is important to note that Bf(p;,m2,m2) contains IR diver-
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gences, which are regulated by introducing a fictitious mass, m., for the photon.

Further, the vertex correction contribution (as shown in Fig.(4.4c¢)) is given by

Aem _

Mvert = 46,]_anu(pl) [( - 2ml¢B - Qpo£> CO(le) m2Ba q23 m127 mgn mQB) - (mlpB ‘|‘po€
—2m2B) Ci(m%, ¢%,m?,0,m%, m?) — (ml(pg +my) +2pp, — 4pB.pl>
CQ(mQBa q2’ m127 07m2B7m12) + BO(q27m2B7m12) - 2B0(ml2707ml2)} ((ff + fi)?g

+2/0p,) (1 = 7°)v(pa).- (4.26)

In the equation above, C,.(m7, m%, ¢°, mj, m2, m%) (where r = 0,1, 2) represent

the three-point Passarino-Veltman functions. Among these functions, Cj con-
tains the IR divergences, whereas the other two functions (C; and C3) do not
exhibit IR divergences. Consequently, we set m% =01in C} and Cj.

The virtual correction originating from the contact term contributes
through two diagrams: one where the photon terminates on the charged lepton
and another where it terminates on the charged meson leg. This contribution in-
troduces both ultraviolet (UV) divergences and a finite component. However, in
numerical calculations, we neglect the UV divergences and only take into account
the finite term. It has been observed that the finite term has a minimal impact
on the process and does not significantly affect the precision of the calculation.
Therefore, phenomenologically, the virtual corrections due to CT can be ignored.

At O(enm), the squared matrix element for the process B — Pluy,
incorporating contributions from M (self-energy correction) and M (vertex

correction), is expressed as follows:

IMo|? 4+ 2Re(MEM,) + 2Re(MiMyer)  (4.27)
+0(a?,) (4.28)

M

with 2Re(MEM,) = |Mo|* (07, +6Zp), and
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DRe(MiMuer) = 5[ |Mof* (2Bola, mis, mi) — 4Bo(m?,0,m?) — 4((ps 1)
+mp) Ci(mg, ¢*,mi, 0,mp, mi) — 8(pp.p1)
Colm?, miy. *,m?, m2, miy) — 4mi Colm, g% m?, 0, miy, m))
(AL + 12) = 202 + F202) 0mp) (prpa) + A(F)
(pp-pn) + (ppp) (—4(f2 + f2) 7 — 4f (pepP)) + AS2fE
(P5-pa)(pr-pp) + (ff + f2)°mi (pp.pa) + 4(f$)2(p3.pn)(pz-pp))

CQ(sz,QQ,m?, O,mQB,mlz) , (4.29)

respectively. Hence, the differential decay width including the virtual QED cor-

rections reads as

d*T; d*1° d*1
— = 1420, B L 4.30
dydz dydz< T )+ dydz ( )

21/
In this case, analogous to the non-radiative decay, ddyrdvzir is free from infrared (IR)

divergences and includes the contributions arising from non-factorizable terms,
which involve combinations of form factors and momenta as presented in Eq.
(4.29). On the other hand, the factorizable correction factor, denoted as B,

exhibits IR divergences and can be expressed as follows:

1
B = - [QBO(q2, m%,m;) — 4Bo(m;,0,m}) — 4 ((pp.pi) + m3)
Ch (m2B7 q27 m127 0, mQB> le) - 8(pB-pl)CO(ml27 m2B> q2> ml27 m—2y> mQB) o 4Tnl2
02(m237 q27 ml2> 0, m287 mlz) +2 - BO(plQ’ 0, ml2) + 4ml236(p127 mi’ mZQ)

+2By(pE,0,m7) + 4m3% B (p%, mi, mQB)} ) (4.31)

4.3.3 Total O(a.,) QED corrections

. 2 o, : : .
By combining £l and ¢l we obtain the second order differential rate for
dydz dydz

the process B — Ply, at O(«), which includes both real and virtual soft photon

corrections. It can be expressed as follows:

PTEEP @P1ro T dPT,
= 14 20em —= 4.32
dydz dydz (14 2aemH) + dydz + dydz (4:32)
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where # = B + B. The individual quantities B and B do depend on the IR
regulator m., but their sum, denoted as H, is independent of m.. As a result,

the infrared divergences cancel out in the total differential decay rate. The IR

finite H is
H 1 1 k?nax + PB-Pi / dt k?nax + B ( ) 2B ( 0 )
= — | —1n Tn/ m 7n/ m
27T EBEE 9 . p% E2 olq, B> l 0 1 l
- 2 ((pol) + mQB) Cl(m237 q27 ml27 07 mB: ml2) - QmZQCQ(m2Ba q27 ml27 07 m2B7 le)
1
— 3= 5Bo(p}. 0.m}) + Bo(p}. 0, mZB)]. (4.33)

The terms d—r and 2 lV; in Eq.(4.32) are free from IR divergences. Hence, the

2 QED
total differentlal rate, L, is IR safe. It can be simplified as

dydz

2FQED 210
Ty _d (1+A§ED). (4.34)

dydz  dydz

In the above expression, the lepton ¢ can take values of p or 7, and A?ED

represents the correction factor to the differential decay rate. This correction
factor includes terms up to O(k), where k denotes the photon energy. The
contribution from the O(k?) term is found to be small and has been neglected
in the numerical analysis.

Expressing the CKM matrix element |V,| without taking into account the QED
corrections can be done by following Equation (4.5).

exp

b
VO = )2 (4.35)

qb

Here, T" bp is the experimental decay width, and G° s is further defined as

mp G%
= e oy [asmol (@ = /o) (4.36)
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Hence, the ratio of the CKM elements without taking into account the QED

VO PO gO
RO _ | ub — ub cb. 4.37
Ve T T, 30

Taus are more challenging to reconstruct, while electrons are highly sensitive to

corrections, RY,, is

soft photon corrections. Hence, it is advisable to choose final states involving
muons when extracting the CKM elements and their ratios. Focusing on muons
in the final states ensures that the collinear logarithms, represented by ~ In(m,,),
are the same for both B — m and B — D transitions.

Now, the QED correction factors for the CKM matrix element, V,;, and

the ratio, Ry, are defined as follows:

qup _ |Vl
oy, = ﬁ —1, and (4.38)
Ap, = 03P — 57, (4.39)

respectively. Here, |V,| represents the CKM element that is determined by
incorporating the QED corrections up to O(aey,). To ensure completeness, we
also consider the soft photon corrections to the ratio Rp, which corresponds to
the ratio of the branching fractions between the 7 and y modes®. This correction

factor is given by

oy = (2 B0

(4.40)
I'0 ro

where, AP and AQFP represent the correction factors for the 7 and p modes,

respectively.

BR(B— Prv,)

3Experimentally, Rp is defined by R, = BRBSPID)

here.

, £ =, e we do not consider electron
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4.4 Results

We investigate the soft photon corrections to the B — P/lv, decay mode. Ex-

perimental analyses of this process employ two approaches:

1. The photon-inclusive approach, where the detection scheme focuses on the
charged mesons and leptons, while the neutrino and photon are not directly

detected.

2. The photon-exclusive approach, where the experiment is sensitive to the

final state photons.

In the inclusive case, the decay width is determined by fitting the observed
momenta of the charged mesons and leptons to the three-body kinematics. This
fitting process takes into account the possibility of zero or non-zero missing mass.
The total decay width is influenced by the range of maximum and minimum
values of the missing mass considered in the fitting procedure. However, in this
study, our focus is on the exclusive case, as we specifically aim to examine the
explicit impact of soft photons. Theoretically, since the soft photon is a fourth
particle, a portion of the four-body phase space (up to kmax) also contributes to
the decay width. Therefore, the total decay rate comprises contributions from
both the three-body phase space region and regions beyond it.

The emission of a soft photon contributes to both the inside and outside
regions of the Dalitz plot, as depicted in Figures 4.3(a) and 4.3(b). On the other
hand, virtual corrections only affect the inside region of the Dalitz plot. The
correction factor exhibits reduced sensitivity to phase space points outside the
Dalitz region primarily because of the involvement of heavy leptons (muon) in
the decay process. Nevertheless, this region remains important for studying long-
distance effects as the photon momentum approaches zero (k — 0), and it plays
a crucial role in enhancing precision. Additionally, exploring the dependence of
the decay width on the angle 6 between the photon and the lepton enables the
examination of collinear divergences and their implications.

In our analysis, we have observed that the correction factor A?ED

(where ¢ can be either p or 7) is not significantly affected by the cut on 6 (de-
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noted as 0.,;) for both muons and taus, due to their heaviness. However, if we
were considering electrons in the final state, this dependence would be more pro-
nounced. Generally, the correction factor A?ED is larger for the muon channel
(approximately 3-5%) compared to the tau channel (almost negligible) in both
the B — D and B — w decay modes. To illustrate, at k,,,, = 100 MeV, the
B~ — D° (B® — DT) mode experiences a QED shift of around 0.1% (approx-
imately -1%) for the tau mode while it is approximately -1.6% (approximately
-3.4%) for the muon mode. Figures 4.5(a) and 4.5(b) show the soft photon cor-

0.050 - = Kmax =30MeV 1 0.025 — Kmax = 30MeV

00450 — kmax=100 MeV —— Kinax=100 MeV

0.040¢ Kmax=250 MeV .l € o020 Kmax =250 MeV
0.035}

0.030 -

ED
50D,

0.025
0.020 -

0.010+

0.015

0.68 0.70 0.72 0.74 0.76 0.78 0.80 0.68 0.70 0.72 0.74 0.76 0.78 0.80

(a) (b)

Figure 4.5: Radiative corrections to the CKM elements |V| and |V,;|, repre-
sented by the dashed line (§9FPV,;) and solid line (§9FPV,,;,) respectively. These
corrections are plotted for different thresholds on the photon energy, k.., in

the context of the decays (a) B — PT (where P' can be D or #T) and (b)
B~ — PY (where P° can be D° or 7°) involving a muon (x~) and a neutrino

(V)-

rections to the CKM elements |V,,| and |V,,| for the neutral and charged modes,
respectively. In the case of the charged mode, the corrections to both CKM
elements are nearly identical since the photon is emitted from the B-meson and
the lepton in both B — ©fy, and B — D{v, processes. However, for the neutral
mode, we observe some difference between the two curves due to the emission of
photons from 7 and D instead of the B-meson. Consequently, the mass difference
between m and D becomes a crucial factor in determining these differences.

We now turn our attention to studying the effects of soft photons on the

— IVub|
[Veb|

to this ratio, denoted as Ag,,, is illustrated in Fig.(4.7) for both the neutral and

. The correction factor

ratio of CKM elements, specifically denoted as Ry

charged modes. It is noteworthy that the charged modes exhibit a negligible
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correction, whereas the neutral modes experience a very small correction on the
order of O(1073). This distinction arises from the photon emission originating
from 7 as opposed to D in the neutral mode, as discussed earlier. Furthermore,
we investigate the dependence of the correction factor on the chosen maximum
photon energy, k... It is observed that the correction factor diminishes as k.«
increases, leading to the suppression of collinear and infrared effects (as illus-

trated in Fig.(4.7)). Similar trends have been reported in Ref.[23]. We have

Al Al
(with (w/o) Coulomb) | (with (w/o) Coulomb)
Ref. [23] 1.7(~1.2) ~1.2(—3.5)
Our results 1.7(-1.0) —1.1(—3.4)

Table 4.1: Comparison of the QED shifts (%) in the decay rate (for both tau
and muon modes) at kpa.x = 100 MeV with Ref. [23], considering the inclusion
(exclusion) of the extra Coulomb factor arising from the final-state charged par-
ticles (as considered in Ref. [23]).

found our results to be in full agreement with the findings of Ref. [23] (see Ta-
ble (4.1) for a comparative study). Fig.(4.6) displays the QED-corrected CKM
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Figure 4.6: Radiative corrections to the CKM elements |V| and |Vi| (i.e.,
§EPY b (dashed) and §EPVub (solid)) for kyax = 100 MeV in the decay process
B — P*(= D*,7")u"v,, considering the inclusion of the extra Coulomb factor
from the final-state charged particles (red) and not considering it (magenta).

elements |V,| and |V,,| for the neutral B mode, both with and without the addi-
tional Coulomb factor. The inclusion of this factor results in a reduction of QED

effects from approximately ~ 3% to around ~ 2%. It is worth emphasizing that
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while this factor does influence QED corrections to the individual CKM elements,
it has a negligible impact on the proposed observable Ry, thus showcasing the

robustness of Ry against various types of QED corrections.

0.020

0.015 _\
0.010 _\

— Kmax =30

Ag, (n)
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z
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-0.0005 |-
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0.80

Figure 4.7: Radiative corrections to Vi,/Vy (i.e. ARy) as a function of lepton
energy for the different tsoft photon maximum energy, k4, for (a) B® — P (=
Dt 7t )u"v, and (b) B~ — P°(= D°, 7% u"v,.

I I 17 I I II II II
P 120 | S o) | s 19000 | (rsn s 1)
Ry 0.091 0.093 0.091 0.093

Table 4.2: The ratio, Ry obtained with the different choice of fgﬂ,, and fgg D
for the corresponding form factors.

We investigate the impact of different form factors used in the B — 7
and B — D transitions on the sensitivity of Ry . To investigate this, we consider
two sets of form factors: (I) the form factors utilized in the present analysis

(refer to Section-4.2.1 for details), and (/1) the form factors derived from lattice
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analysis [127]. The impact of the form factor choice on Ry is summarized in
Table (4.2). Our focus remains on the large ¢? region, ensuring the reliability of
selected form factors and facilitating meaningful comparisons. The table clearly
reveals minimal influence resulting from the choice of form factors. Given the
resilience of Ry against soft photon corrections and form factor variations, it
emerges as a promising observable.

Furthermore, we extend our investigation to encompass the effect of
soft photons on the LFU ratios, Rp(=p ) (illustrated in Fig.(4.8)). We observed
that the soft photons induce the corrections approximately 2% for k.. = 250
MeV in both ratios.

0.050
0061 L emmmemmmTTTTTT 1 0.045f
0.040}
0.05 |
S Y L S 0.035f
o [ _am=m=T Q
3 S '3
N 0.04 Lammz=======""""" .1 © o.030}
— Kmax =30 MeV ///,/ A kmax = 30MeV
— Kkmax=100MeV ="~ . — Kmax=100 MeV
003 - - 1 0.020F === ]
== Kmax =250 MeV e K =260 MV
0.68 0.70 0.72 0.74 0.76 0.78 0.80 068 070 072 074 076 0.78 0.80
y y
(a) (b)

Figure 4.8: Effects of radiative corrections on the ratio Rp (with P = D
represented by the dashed line and P = m represented by the solid line) are
shown for various thresholds on the photon energy, k.., in the decays (a)
BY —» P*(= D", ")~y and (b) B~ — P%(= D° 7°%)(~v,.

4.4.1 Phenomenological application of Ry

We have established the robustness of the ratio, Ry, against the soft photon
corrections and the choice of form factors. To explore the possibility of probing
physics beyond the SM using Ry, we focus on the potential impact of right-
handed currents in the quark sector as a form of NP. This NP scenario can be

described by an effective Hamiltonian given by:

4G'F

HNP:W

VanCh (09, PLv) (@, Prb) (4.41)
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where ¢ = u, ¢, and ¢} are the Wilson coefficients. The differential decay rate
for the exclusive process B — P/, can be expressed as
d’T'p_pww,  d°I'p_pu,

= | [ (4.42)

For the inclusive case with m, /m;, — 0, the differential decay rate is calculated

as
T g x 0m, T 5o x,m d°T 5 x,m
——— = = 1+ ) ———= —— . 4.43
dy 1+ ckl dy SM ‘R dy LR ( )
2 _
The explicit expressions of Tnoxqtn is given by [136, 137]

dy SM,LR

dI'pox, 00, 2(y — 3)y*p° 6y°p° 2 2
U B Xt _ - —6 2(3 -2
dy  lsm (y— 1) CES A (3= 2y
L (A =By +10) %y 265 - 2y)ty” 1047 N
3y — 1) (y — 1) 3 ) m
+<10y2 (y° =4y +6)p°  18(y —2)y°p* 12472y —3)p
(y— 1) (y—1)3 (y — 1)
> 3\3
1242 (5y + 6)) 2% (4.44)
my,
dl'p x, 00, 12p%y*  24py° > A(5 — 2y)p*y°
— e = - - —12 <—
dy  Iir Ve (y—1?2 y-1 V) (y — 1)
A(5 — 3y)py®\ A2 12p0°  36(y — 2)p2y?
+(—y)§y>_12+\/ﬁ( Y (y )pgy
(y—1)73 /mj (y—1) (y—1)
24(2y — 3)y?\ 3A2
+M) Ly (4.45)
y—1 my

where p = m,/my,

Considering this NP, we can determine the CKM elements V,;, and V,
by analyzing different decay modes of b — u and b — ¢ transitions, including
both inclusive and exclusive decays. The values of these CKM elements, along
with their corresponding values in the absence of NP (Vq%M), are presented in
Table (4.3). The presence of NP effects also affects the observable Ry. The
ratio of RY? to RPM is calculated for different combinations of channels and
summarized in Table 4.4. Equating the ratio Ry obtained from inclusive and

exclusive determinations, as explained in Section 4.1, it is possible to derive
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|Vcb|
Modes Vq]gf P
(SM)
NP _ Vo
B — Dty Vy' = e
(SM)
v
B — D*(y, Vil =32
. 7CR
Exclusive Decays
NP _ Vg
(SM)
NP _ Vi
B — p‘eyf vub - 1—-cy
Vb (SM
B — Xcgyg ‘/cb = %
. . R
Inclusive Decay
SM
B — X vy | Vi = Vu(b ) (for m, ~ 0)

Table 4.3: Vq],y P for various exclusive and inclusive B decay modes

B—X, B—mw B—mw B—p
B—X. B—D B—D* B—D

_B=p
B—D*

Vol \V7 )/ ( Vas!
(Ml\) /(H;Zb')SM 1-034ch [ 1+ —ch | 1—ch—ch | L+ 4+ | 1=+

Table 4.4: Ratio of Ry in the NP to Ry in the SM for inclusive B — X, /X,
modes and four different combination of exclusive B — 7/D/p/D* modes

constraints on new physics. By equating the ratio calculated from the inclusive
modes (first column) to the ratio obtained from the exclusive modes, we derive
constraints on the parameter c}, as c}, € [—1.34,1.34|c}. This demonstrates
the significant probing capability of Ry in tightly correlating the strength of
right-handed up-quark interactions with the NP coupling of the charm quark.
Although this was a simple example, it is evident that the ratio, Ry, possesses
similar probing power in the case of other NP modifications as well.

In the context of addressing the puzzles associated with V,, and V,;, in
a model-independent manner, it is common to treat the new physics couplings in
the two modes independently. However, it is important to note that in specific
models, this assumption may not hold true. Interestingly, the equality between
Ry |ina and Ry |exa allows for the establishment of simple relations between the
two couplings, even within a model-independent framework. This provides valu-
able insights and constraints on the interplay between new physics effects in

b — w and b — ¢ transitions.
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As an additional phenomenological application, we aim to derive con-
straints on BR(B. — 7v,) using BR(B — 7v;). The branching ratio of

B(B.) = Tv, in the considered NP model can be expressed as follows:
BR(B(B.) = ;) = (1—2¢5NBR(B(B,) = 1v:)|su (4.46)

where,

81 mQB(BC)

G2 2 2
BR(B(B.) — 1v)|sm = TB(B.) FMB(B:) M7 (1_ m; )

[0 Vaepl®  (4.47)

with the decay constant for the B and B, mesons as fg = 185 MeV and fp, = 434
MeV respectively. We can then use the experimentally measured branching ratio
BR(B = 7V7)|exp = 1.09 x 10~* (reference) to determine the value of ¢%. Using
this obtained value of c%, the estimated branching ratio for B, — 7tv7 falls
within the range of [1.9 — 2.4]%. This value is well below the upper bound of
BR(B. — Tv.) < 30% as provided in [138]. If the branching ratio BR(B. — Tv;)
had exceeded this bound, it would have contradicted the new physics couplings.
This would have complicated not only the resolution of the V,, puzzle but also
the V,;, puzzle since the new physics effects in the up-type quarks are closely

related to those in the charm sector.

4.5 Discussion and Conclusions

The determinations of |V3| and |V,,| from exclusive and inclusive processes have
consistently exhibited discrepancies. However, it is challenging to attribute these
discrepancies confidently to BSM physics due to the involved hadronic uncertain-
ties and possible experimental issues/systematics. To explore potential sources
of uncertainty, we investigate the corrections due to soft photon in the deter-
mination of the CKM matrix elements |V| and |V,;| in the decay processes
B — Ply,, where P represents D or w. Our findings reveal that these CKM

elements undergo a significant shift of approximately 3-4% due to the inclusion
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of QED corrections. To provide more specific information, when considering a
value of k. = 100 MeV, we observed a correction of about 2.2% (3.5%) for the
charged B — D () mode, while the neutral B decay modes involving both D
and 7 experienced a correction of approximately 1.7%.

In our calculation of the decay width, we carefully incorporate radiative
corrections originating from both within and outside the Dalitz region, consider-
ing both the neutral and charged decay modes. The impact of these corrections is
primarily influenced by the chosen maximum photon energy, k.., while exhibit-
ing minimal sensitivity to the lepton-photon angle. This characteristic renders
them largely free from collinear divergences. In the case of the neutral B mode,
we observe total QED corrections of approximately -3.4% and -1% for the muon
and tau channels, respectively, with ky.. = 100 MeV. Although these correc-
tions are on the order of a few percent, they become significant when aiming for
sub-percent precision and necessitate careful consideration and inclusion in the
analysis.

To address the challenges posed by QED and hadronic uncertainties,

we propose utilizing the ratio of CKM elements, specifically Ry, = ||“§‘Z|‘, as an

observable with reduced sensitivity to these effects, making it a promising probe
of the SM. Notably, we observe that this ratio experiences minimal corrections
originating from soft photon QED effects. Moreover, we explicitly examine the
influence of form factor choices by exploring various parametrizations and op-
tions. Our investigation reveals that, when evaluated within a carefully selected
¢? range, this ratio remains largely unaffected by the choice of form factors. An-
other noteworthy finding is the remarkable agreement between the values of Ry
obtained from exclusive and inclusive determinations. Consequently, while the
individual CKM elements exhibit complex behavior and are susceptible to QED
and hadronic effects, the ratio Ry emerges as a resilient observable, exhibiting
practical insensitivity to such influences. The collective findings highlight the
remarkable usefulness of Ry as an invaluable observable in our endeavors to test
the SM and search for physics beyond the SM. Not only does Ry serve as a clean
observable, but the close agreement between inclusive and exclusive determina-

tions of Ry enables us to equate the theoretically computed expressions for both
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cases. This equivalence establishes simple relationships between new physics
contributions in the b — w and b — ¢ semileptonic modes. In conventional
approaches addressing the puzzles related to |V| and |V,,|, the new physics
couplings in these two modes are typically treated independently. However, in
certain models, there may exist a connection between them. By establishing the
equality of Ry |ina and Ry |exa, we establish a direct link between these coupling
types, even in a model-independent framework. Such relationships can then be
carefully examined within specific models to identify frameworks that can suc-
cessfully address these puzzles.

Based on these findings, we are motivated to put forward the utilization
of Ry as a valuable observable in our study of the SM and the quest for NP.
This includes its application in experimental investigations as well as in the

phenomenology.






Chapter 5

Radiative Inclusive B decays

In Chapter-3 and Chapter-4, we explored the impact of soft photon corrections
on B meson semi-leptonic decays and introduced a new observable that exhibits
robustness against theoretical uncertainties. In this chapter, we investigate how
the experimental determination of the total decay width for B — X, {7y decay,
combined with the data on the total decay width for B — X, fv,, can aid in
determining the non-perturbative parameters A\; and As. It is important to note
that the emitted photon in this context is a hard photon and should not be
considered as a soft photon correction to B — X,fv,. The content of this

chapter is based on the findings presented in Ref. [139].

5.1 Introduction

Chapter-1 and Chapter-2 discussed the intricate nature of B meson decays. De-
spite their complexity, these decays provide an ideal stage for precision studies
of the SM. This is primarily attributed to the involvement of multiple physical
scales. When considering theoretical cleanliness, inclusive decay modes are fa-
vored over exclusive ones, as highlighted in Chapter-4. This preference stems
from the difficulties involved in calculating transition form factors for exclusive
decays. In the case of B meson decays, an additional advantage arises from
the presence of a significant hard scale, m;, which greatly surpasses the char-
acteristic scale of QCD, Agep. The significant separation of scales facilitates

perturbative calculations, which are made possible by the Heavy Quark Effec-
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tive Theory (HQET) [50, 104]. The HQET systematically eliminates all the
heavy degrees of freedom except the b quarks since they are in the initial and
the final states.As a result, a systematic theoretical treatment can be employed
to accurately calculate the decay rates.

As noted in Ref.[54, 103, 140], for a single heavy particle (here, quark),
the non-relativistic Quantum Mechanical treatment, instead of QFT, can be
used. It is due to the following reasons: (i) The number of heavy quarks and
antiquarks are separately conserved. (ii) In the non-relativistic kinematics, the
process of QQ pair creation is power suppressed since the virtuality of the in-
termediate state is of the order of 2mg. (iii) Appearance of heavy quarks in
the loop is also suppressed since this effect is ~ k? /mé when the momentum
of gluon: k < mq. As a result, a full QFT treatment is not necessary for the
description of heavy quark, and a QM treatment is sufficient. This simplification
is a key aspect of the non-relativistic expansion. However, our interest lies in the
bound states such as B meson rather than a single heavy particle. Hence, QFT
treatment is necessary in this case since the light cloud represents a complicated
strongly-interacting system. Symmetry properties of heavy quarks are discussed
in Section-2.2.3.

Further, the OPE proves to be a powerful tool in the systematic treat-
ment of non-perturbative QCD effects. OPE enables the separation of effects
originating at short and long-distance scales. Specifically, in the context of a
heavy quark system, the OPE takes the form of a series expansion in powers of
AS@% [141-143] when combined with the theory of non-relativistic expansion.

The corrections to the leading term (m;, — oo) in the HQET are ex-
pected to be small in the high-energy region of the phase space. This region
allows for contributions from various hadronic states that satisfy the condition
m3 — m?] + #Aqcpmy. Consequently, observables such as decay rates, which

average over these hadronic states, can be reliably predicted.
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5.2 Non-perturbative parameters: \; and )\,

In the HQET up to O(1/m?), the primary source of uncertainty in the predictions
of decay rates arises from the non-perturbative parameters A\; and Ay. Through-
out this Chapter, we consistently work at (’)(mig) in HQET. These parameters
are defined as [53, 144]

1 _
A= (Ho|QII’Q|Hqg), (11 =iD), and (5.1)
QmHQ
1 i )
3y = 2, (HQ|Q§UWG“ QIHg) (5.2)

where, D is covariant derivative, and |Hg) represent the heavy meson states.
Physically, A provides information about the average squared spatial momentum
of the heavy quark, while Ay quantifies the strength of the color magnetic field
generated by the light cloud around the heavy quark’s position [51, 140].

Historically, the determination of the parameters A; and Ay has relied
on QCD models [52, 145-147] and fitting them to experimental data [148-151].
In Ref.[152], the values of p2 and pZ in quenched lattice QCD are determined
using the NRQCD action, incorporating O(mLQ) corrections for the heavy quark.
While they explicitly compute Ay, they do not calculate \; directly but instead
evaluate the difference of matrix elements using two distinct methods. It is worth
noting that these two methods yield different central values. Therefore, obtaining
unambiguous predictions for these parameters holds significant importance.

It should be noted that both B — X.v, and B — X,lv, exhibit
similar decay signatures characterized by a high-momentum lepton, a hadronic
system, and undetected neutrino energy. Thus, distinguishing between these two
processes is challenging. Further, close to the lepton energy end point regions,
non-perturbative shape functions enter the description of the decay kinematics,
making predictions for the decay rates dependent on the precise modeling of these
shape functions. For the present, it is not necessary to distinguish between these
two modes at this level. Instead, we are exploring the possibility of determining
the non-perturbative parameters in an efficient manner. Considering modes with

similar cuts such as B — X, {v, together with B — X,)¢v,y may provide
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complementary information allowing to extract the non-perturbative parameters.
Further, the inclusion of a hard photon in the decay process introduces additional
degrees of freedom, such as the angle between the lepton and the photon. As an
example, the forward backward symmetry has been calculated (for details, see
section- 5.5). The complete angular analysis is left for future work.

In this chapter, we explore how the experimental determination of the
decay rate for the B — X, (vyy mode, in conjunction with the B — X, ,.fv,
mode. It is worth reiterating that the emitted photon is a hard photon and the
process should not be thought of as soft photon correction to B — X, fv,. To this
order in 1/m?, both the decay widths of B — X, fvy, and B — X, (v, exhibit a

linear dependence on the parameters A; and As.

decay width ~ A + BA; + Cs. (5.3)

By considering the two modes, a simultaneous set of linear equations can be
formed. Thus, knowing or experimentally measuring one side of these equations
enables the unambiguous determination of A\; and As. While we include terms
O((Agep/my)?) in the HQET, it is tedious but straightforward to incorporate
higher-order terms as well. To mitigate uncertainties arising from the presence
of the CKM element (V,;), we propose to examine the ratio of the decay width
in different ranges of leptonic energy rather than directly working with the decay

width itself (refer to Section-5.5 for further details). Such ratios can be defined

as
0.2 dar 0.5 dr
dy== dy%-
Ry = —foo.s ;’wa and Ry = b dvay L (5.4)
fo Yay fo dyd_y

where y is the lepton energy expressed in dimensionless units. Here I', corre-
sponds to B — X, fvy mode. We choose to calculate the decay rate using a

direct application of Cutkosky method applied to individual diagrams.
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5.3 An example: B — X (v

The weak Hamiltonian density for the inclusive semi-leptonic B meson decays

to final state containing a u quark (B — X, lvy) is given by

4G -
Hweakz = T;Vub<a’yuPLb> (K/YMPLVZ) (55)

where, G and V,; are Fermi constant and CKM element, respectively. The

1
1 i
1

'Cut

Figure 5.1: Representative Diagram of forward scattering for b — ufy,

process B — X, lv, involves the transition b — u and the sum over final state
mesons containing the u quark. To calculate the decay width for this inclusive
process, the forward scattering matrix element plays a crucial role. In Fig.(5.1),
the Feynman diagram illustrates the forward scattering matrix element of the
inclusive semi-leptonic decay B — X, fv,. The imaginary part of the forward
scattering matrix element, also known as the transition matrix element (B|T|B),
is connected to the decay into an inclusive final state through the optical theorem.

It can be expressed as

I x %Im{(B]T(b —u—b)|B)} (5.6)

mp

where the operator sandwiched in between the hadronic states is defined as a
forward scattering operator or transition operator. The explicit form of the
transition operator reads

) 1
(b —u—b) =i / d*re™ " —T{J"(x)J"(0)} (5.7)
2mB
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where T denotes the time ordered product and J¥ (= uy"Ppb) is the weak

current. Further, the differential decay rate for B — X, fv, process is given by

4T 1 1
d?dE,dE, = 1 Z Z g |<XU£V|Hweak|B>|254(pB — DX — D1 — Dn)
X, spins
= 2G%”Vub’2Mw/£w/ (58)

where ¢> = (p; + pn)?, E¢ denotes energy of the lepton, and E, represents the
neutrino energy. Moreover, the leptonic tensor, £, is directly defined from the

electroweak Lagrangian. It is given by

ﬁ;w = (175’)/”(1 - 75)6)(@71/(1 - 75)”) (59)

whereas the hadronic tensor, M, is expressed in terms of matrix elements of

ns

electroweak currents and given by

1
My = 5 (BIJ*|Xu)(|XulJ"|B)6" (p5 — px — D1 — Dn)- (5.10)
X

u

The hadronic tensor (M, ) is defined as the absorptive part of the matrix element

of the transition operator (i.e., Eq.(5.7)). Explicitly,
M., = —i Disc.((B|T},,|B)) (5.11)

Instead of using the general parametrization of the hadronic tensor and rely-
ing on analytical properties, we directly compute the transition operator (TW)
in conjunction with the leptonic tensor (£,,) to determine the matrix element
involved in the inclusive semi-leptonic decay B — X, fv,. In the perturbative

expansion at the lowest order (i.e., in terms of «ay), the amplitude at the quark

level (Mypg) for the diagram shown in Fig.(5.1) can be expressed as

? _
= by, P, — ProLH 12
(pp + 11— q)2 — m2 +ie WP+ W= f + )y PLOL (5.12)

The subscript 'NR’ denotes the non-radiative process, indicating that there is no

photon in the final state. Additionally, p,+II represents the effective momentum
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of the b quark, where p, = myv corresponds to the momentum of the heavy quark,
and II accounts for the residual momentum of the heavy quark. Moreover, ¢
(given by ¢ = p; + pn) is of the order of my, while II is of the order of Agcp.

Consequently, expanding M g in powers of II results in an expansion in terms
of AQCD

By expanding the denominator up to ( SICD )2, we obtain:

II + 112
_m2)
2((pp — IT).10)?

((po — @)* —m3))?

1 1 {1 B ?(Pb

o+ -2 —m2 — ((p—q)% —m2) (7o

—q)-
—q)?

] (5.13)

The hadronic part of Myg is then sandwiched between the B meson states.

The obtained matrix elements are simplified as [53]

(B(v)[by"b]B(v)) = 2pl

- A1+ 3\
(B3I B) = =5 (20, — 5uvr)
mp
_ 2\
(BO)PnaTlpblBE)) = 305 (gas = vats)vy
o 2\
(B0)pyICoB) = o, (5.14)

Next, we calculate the imaginary part of the denominator,

1
((po — @)% — m3, + ie)

= (=2m0)0((py — @)* —my)O((py — ). (5.15)

Integrating over the neutrino energy, the double differential decay rate for B —

X, fvy, mode is calculated as

2T G2 |Vip|?m3 ¢ ) G G
= ZECWL T l6(1— ) 1—p—y+q )\(—3 3p+4 —4p — 642
T 06,3 y[( y)( p—y+q)+M +3p + e, o
72)2 52 ~2 ~2
1440 —(5(z)(1—2,0+p2—3y(1—p)—3%+2p%+p2%+lld2—3p(j2

~212 212 213 2
—aa 6 )T o D) sy - Dyamp -y 4 )

~2 ~2
(1—2p+p — 2% — 2032 + (q2)2)) + 3)\2(1 ~5p+ 2q— + 10pq— + 1042

42

/\

(1=L) = 5) (= 1+60 =50+ 91— 59) + 2(1—2p>+5p Ly
b (@2 @2 (@
(1+15p)+5yq2—27—10(1+y) ; ; )] (5.16)
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2E, . q° m?2 2
Whereyzﬁb,q2:(pl+pn)2,qum,pzﬁandz:l—y—%—i—q?—p,
b b

Eq. (5.16) is in perfect agreement with [52]. The lepton spectrum for B — X, (v,

in the limit p — 0 is
dr M/ 5 1 1 A
— = Wy’ B-2y) — 5~y (1 —y) + (1 —y)) — —5( — (6+5y)y?
i 0|13 - 2y) mg( Sy 5l —y)+ 20 (1—y)) mg( (6 +5y)y
11
+55(1—y)>} (5.17)

GRo|Vup|*miy

Here, we have I'g = =5~

. It is worth noting that the contribution from
the parton model, given by 2y?(3 — 2y), does not vanish at the endpoint. As a
result, delta functions and their derivatives appear in the lepton spectrum. Upon

integrating over the lepton energy, we obtain the total decay rate as follows:

A Ay
r=r (1 ——9—) 5.18
o b+ 2m? 2m? ( )

which has the same form as shown in Eq.(5.3).

5.4 Differential rate of B — X, lvyy

Now we calculate the differential rate for the B — X, vy mode. Fig.(5.2) illus-
trates all the Feynman diagrams' contributing to the decay width of B — X, fvp7y
at the leading order in perturbation theory. In the leading order (m, — o0),
the decay width for the process B — X, v,y is obtained from the partonic re-
sult, while the preasymptotic effects, i.e., the sub-leading contributions in the
HQET, are expressed in powers of ASL%. Similar to Section-5.3, our focus lies
on the B — B forward scattering matrix element rather than the amplitude for
B — X, luyy itself. The imaginary part of the amplitude depicted in Fig.(5.3)
is associated with the inclusive rate for the B — Xl transition, as dictated
by the optical theorem. However, the B — X, /v,y process is significantly more
intricate compared to the B — X, lv, mode due to the presence of a photon
line between the charged quarks and leptons, as shown in Fig.(5.2). This im-

plies that certain diagrams, such as Figs.5.2b and 5.2¢, do not readily separate

'We consider only those diagrams that, upon cutting the photon and u-quark lines, lead to
B — X lvpy.
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Figure 5.2: Feynman diagrams for B — X, (1.

into leptonic and hadronic components like in the B — X, /v, mode. Since the
hadronic part in some of the diagrams interacts with the leptonic part through
the photon, the calculation of the matrix element becomes more complex when
expressed in terms of invariant tensors and utilizing analytic properties of the
transition operator. Furthermore, in the present case, the transition tensor will
be a four-index object, with two indices for the weak currents and two for the
electromagnetic currents representing photon emission. Therefore, employing the
Cutkosky method directly to compute the matrix element is more straightfor-
ward. As we verified in the previous section, this method yields correct results
for the decay rate of the B — X, /v, mode.

The decay rate for the semi-leptonic inclusive process B — Xl is

given by

o AGEN? L, ] d3p d*p, d*k w
L = (W) Vol QmB/(27r)32E’l/(27r)32E,,/(27r)4]m[<B|IMW£ |B>]
(5.19)
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9
with LM, 0% = S L, M £ (5.20)
m=1

Here, ./\/l,(f,'f) and ,C,(f;) represent the Dirac structures for the quark and leptonic
parts, respectively, while [, includes the denominator part of the propagator.
further, m = 1,...,9 corresponds to Fig.(5.2a,...5.2i). In these expressions, k de-
notes the photon four-momentum, and py(, represents the four-momentum of the
lepton (neutrino). We now present the explicit calculation of the forward scat-
tering operator for Fig.(5.2a), and the calculations for the other diagrams follow
a similar procedure which is provided below. The evaluation of the hadronic and
leptonic tensors requires computing ./\/l,(f',}), E,(f,'f), and I,,.

In the leading order of ay, the explicit forms of /\/l,(},,), EE}V), and [, are:

MG = 2(=ig* )by (L—=~") i (b + W — ¢) (—ieQu)y*i (gh + VL — F — ¢ + my,)
(—ieQu)V"i(ph + W — ¢)v" (1 —~°) b,

L) = ("1 =7")w) (7" (1 =7)e) (5.21)
and

L = (K +ie)  ((pp+ 11— ¢q)* —m2 +ie) (oo + T —q—k)*—m2 +ie)™

((py + 11— q)*> —m?2 +ie) ! (5.22)

respectively. Similarly, we express the effective momentum of the b quark as
py + II. Expanding [; in powers of II allows us to obtain an expansion in terms
of A%—?, which is analogous to the B — X, ¢, mode. The explicit expression for

I, up to O(IT?) is derived from Eq.(5.22) and is given as follows:

I 1 [ 1 B 2(py — q).11 B 112 N 2((pp — q).H)Z]
B ((po —q — k) —=m) Lpu - k)*  (pu-k)*  (pu-k)? (Pu - k)
B 1 [Zpu-H _Alpu - M(pe —g) 112 ]
k(o —q = k)* —m3)* L(pu - k)? (pu - k)3 (pu - k)

+

1 [Q(pu : H)Z]

k2((py — g — k)2 —m2)3 L (p, - k)2 (5.23)

Similar to Section-5.3, the Cutkosky method is exploited (see Fig.(5.3)) to calcu-
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late the imaginary part of the matrix element. Mathematically, this essentially

ui

b [ b

Figure 5.3: Representative diagram with explicit cut

replaces the cut propagator by a product of delta function and theta function

enforcing the positive energy condition. For example

1
((pp — q — k)% — m2 +ic)

—  (=2mi)0((py — q — k)* —m2)O((py — ¢° — k°)).

(5.24)

More generally one has the identity

n —_1)(n-1)
™ ((pb—q—lw—m?) :((nlz o8 (e — g = k) i), (5.25)

u

The superscript of the delta function indicates the (n — 1)th derivative with
respect to its argument. Handling terms involving derivatives of the delta func-
tion requires caution. The initial step involves applying integration by parts
to eliminate the derivatives from the delta function and transfer them to other
functions that multiply it. However, it is essential to handle the theta function
carefully during this process, as it determines the minimum value of the neutrino
energy, represented by E,. Additional information regarding the kinematics can
be found in Appendix C.

Next, we proceed by combining the terms Muv™®, Luv® | and I; to
evaluate the imaginary part of the amplitude. Interestingly, our analysis reveals
that no new operators are generated beyond those already present in the decay
rate of the B — X, fv, process. All the relevant operators, up to dimension five,
are listed in Eq.(5.14).

It is evident that only I; contributes to the imaginary part of the matrix

element. Thus, we provide an explicit expression for the matrix element based on
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the representation outlined in Eq.(5.23). Each square bracket contains terms with
expansions in II up to the second order. The imaginary parts of the coefficients
in these square brackets contribute to the delta function and its derivatives. We
denote the forward scattering matrix element as

Ji(n;a) = (B)[Im{ILMY LDV B(w))(n; a). (5.26)

puv = py

Here, n = 0, 1,2 represents the expansion powers of II, and o = a,c,d corre-
sponds to the square brackets in Eq.(5.23) in sequence. For instance, in J(0;a),
0’ signifies the expansion in IT up to O(I1°), and ’a’ indicates the selection of
elements from the first square bracket of Eq.(5.23). We now provide explicit

expressions for each of the terms in /7, excluding the delta function or its deriva-

tives.
oY) :
F0:0) = 160 ) (64 0 =201 ) 0+ £~ )
—2((py — q) - k)(q — p») -pn> (5.27)
o) :
Ji(1;a) WM(M +3)) (2m§(pz ~q) + (po - 1) (3mj — 5(py - q))) ((q2 +mj
—2(po - @) Pn-(po + k — @) — 2((po — @) - k) (Pn-q — D1 -pn))
O(11?)
Ji(25a) = WSQAl(pb ‘M)( —2(py - k)*(mi (pr - k — 5(pn-q)) + (P - Pn)

(2(pe - (¢ + k) +3m3)) + ((¢* +mj —2(ps - @) Pu-(po + & — @) — 2(ps — q) - k

(5.28)

((po — @) - 2n)) ((p6 - @)° + M (B(pu - k) — ¢%)) + 4(pu - k) (ﬂﬁ((pz -pn) (2pp - (g + k)
—A(q-k) = 3¢%) + (oo pu) (s - a4+ 2(q- k+0*)) + 2¢°(pn - k) + (0 - 0) (2(Pn-q)

(- (q+ k) = 2(po - )P - K) + (- pa) (0> +2(a - k) = 4py - (g + K))) = mi(pna)) )

The combination J; (0; @)+ Ji (1; a) + 71 (2; a) is multiplied by 6(k*)0(k°)d(((pp—
q—k)>—=m?2))0((p,—q—k)°). Similarly, the terms arising from the second square

(5.29)
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brackets of Eq.(5.23) involving the hadronic and leptonic tensors (Eq.(5.21)) are
expanded in powers of II. As this set of terms is multiplied by m,

which represents the square of the propagator, the sum of these terms carries an
overall factor of §(k?)0(k°)'(((pp —q — k)? — m2))0((pp — q — k)°).

O(11)
Ji(l;e) = W128()\1 + 3A2)((m§ +¢*—2p-q)((po —q+ k) - pn) —2((pp — q) - )
(o = )+ a) ) (0 20) (5o - (a + ) = 3m3) = 2m3 (o - (a + ) (5.30)
O(H2)
Ji(2;¢) = mms(/\l(m 'pl)(8((pu “k+pp-q)(Pn-q) — —(2(pu - k) + 6 @) (P D))
b \Pu

(po - k)* + 2((4(pn k)(pu k) + (Tpu - k — 4k - ¢ — 4¢°) (Pn-q) + (4(q - k) — 3(pu - k)

+44°) (o - pu)) i — 2(p - @) ((Pn - k) (2(Pu - k) — @ + 2(po - @) — M) + (Pn-q)

(2k - q = 4(pu - k) + 0> = 4(py - @) +m3)) +2(2(q- k) (pu -k + 1y~ q) + (pu - k) (¢

—8(py - q) +my) + (o - @) (a® — 4(py - q) +m3)) (0o - pn)) (06 - k) + (8(pb —Pn)-q

(k-q)? +2(2(3¢° = 2(¢ - pp) + M) (Pn-q = Po - Pn) + Pu - k(11(p6 - pn) — 15(q - pn)))

(k-q) +4¢*(¢" = 2(po - @) = m3) (po — @) - Pu + Pu - K((2(py - ) — m3)(Tq — 3py) - pn

+¢*(11p, — 15q) -m))m? +4(py - q) (pb ~qpn-q(2(pu — q) -k — ¢ + 2py - ¢ — m})

+(2(q - k) (pu -k +po - q) + pu - k(> — 4py - g+ m3) + po - q(6* — 2ps - ¢ +m3)) (P -pn))

+(pn - k) (4(q2 —2py - q+mi)((po - )° — (" + k- @)mi) + (pu - k) ((T¢* + 2p1 - ¢

—mjy)mi; — 8(ps - q)z)))) (5.31)
In a similar way, we then consider the imaginary part of the third square

bracket of Eq. (5.23) and combine it with Eq.(5.21). Explicitly the amplitude

expanded in powers of II is

O(11?) :
Ji(2;d) = W%G)\ﬂpb 1) ((*21011 cq+mi+ )y +k—q) pn—2ps—q) k
(= p) - pa) (((a+ R)-p)> = 3 (20 -k + ¢?) ). (5.32)

Here, ‘d’ refers to the elements of the third square bracket of Eq. (5.23). More-
over, the J;(2;d) has a multiplicative factor of &(k*)8(k°)8” (((py — q — k)* —
m2))0((py — g — k)°).
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Next, combining all the amplitudes, the total forward matrix element

for Fig.5.2a is given by

(BIIm{LMULRIBY) = 6()0(")|(71(0:) + Ta(L:ia) + Ti(2:@)3((py — g — k)?
—mi) + (Ji(16) + T (20))0" (s — g — k)* = m3) +

(T2 (o — g = k) = m2)|0((ps =g = B))  (5.33)

Integration by parts is then used to simplify such expressions:

0'(2)0(z) f(x) = —0(z)é(x)f(x) —d(x)0(x)f (x), and (5.34)
0"(@)0(x) f(x) = 0(x)d"(x)f(x) + 26(2)6(x) ["(x) + 6(x) + O(x) [ (2)5.35)

These relations will be utilized for performing integrals over phase space. Like-
wise, the forward matrix elements for the remaining eight Feynman diagrams
depicted in Fig.(5.2) are computed. The relevant explicit expressions for /\/lffl}),

E,(fﬁ), and I,,, with m = 2,...9 for all the Feynman diagrams are given by
1. Fig.(2(b)):

ME) = 2(=ig*?)b(—ieQu)yai (ph + T — F+mp) v (1 =) (ph + T —  — ¢ +mu)

(1 - 75) b
L3 = (U=ieQe)vpi (g + K +mu) v*(1 = v°)ve) (7e7” (1 — 7)) (5.36)
Lo 1 [ —1 (kO 112 B
2 (e —a—k)2-m2) Ly k)i k) (R (e )2 2(p k) (pe - k)2
((pb - k)-H)z ] . 1 |: 2p,, - 11 2(pu : H)(pb - k)'H
2(pr - Kk)(py - k)3 E2((pp — g — k)2 —m2)? L(pi - k) (po - F) (p1 - k) (py - k)?
112 B 1 2(p, - )2
e D) G = L B (5:37)
o)
J2(0;a) = Wl)(pl-k)m( —2(py 'Pn)(Q(Pb '101)2 + (pu - k)z +pi-k(py-q+p-q—

3py 1) — (po - k)(pr- k) —po - pi(q-k —2pp - k+ 2py 'Q)) +mz§(pl “k((po +q) - Pn)
+p1 PPy -k —q-k—2p - k) — ((¢ — po)-p1) (P - k + 21 ~pn)) —2((py - 1) (P - k)

(oo K)o pa))((a+ K~ o)) (5.38)
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J2(1;¢)

—1
3mi (py - k)2 (pu - k)
—po - p)? 4200 k(po - g+ 21k +2p-q) + o P (6(p - p1) — o 1

Tpr-k+3q-k+6p-q)+p - k(3pb~q+pz-(q+k))))+(pb~k)2(10(pz~pn

32(A1 + 3)\2)(2m§( n - k;(pb pi(pi-q—2q-k—3p; - k)

(
(q+k—po)-pt) + Do Pulpi-q— 200 P1) + mypr-pn) + b - k(—10pb Pn
(2 -p)? —po - miBpi-k+q-k+2p-q) +pi-k(py - g+ (g+k).p)) +mi
(P - E(9py — 59)-p1 +p1 - k(9pp — 12p1 + q) — 1 - Pn(12(q — po) -p1 + q - k)

—6p, - pn(q — 2p6)-p1) — 10(py - p1) (pn - %) (g + k — ) -p1) — 3mi (py ~pn))
+mi (3(ps — @)-p1((k + 2p1) - pn) + 3(q - k) (1 pn) — 3(p1 - k) (- (05 — 291 + @)

4, - k)) (5.39)
1

3miy(py - k) (pr - k)

3py — 6p1) - pn) + 1 pu(5k - g+ 6pr - q— 6py - pr)) + (2((4k +2q + po) - pu) (p1 - k)?

+(2pn - k(2q - py +6q - pr — 3pp - p1) + 4pn-q((q — 2p6)-p1) + 26> (P - pr) — 2((q +

128X+ 3%) (0 (b - k((a = 3po)-p1) — o+ ((4k + 5 +

Tpy).p1) s - Pr + Po - 4((5q + 11py — 6p1) - pn) — 4(q - k) (pr - pn))p1 - k + 4(pn-q)

(s ) (o — @)-p1) + pn - k(4(a - p1)* = 2(po - p1)* — po - a((q — 5pv).-p1) — 2ps - 1
(2k-q+q" +pi-a) = 2p6 - pn (20 - pi((k + p1)-q) + po - 1((3k + 4p1).q) —

6(pe - p1)?) + pu - Pa(6p6 - a((po — @)-p1) + k- a(4py - 1 — 4q - pr = 5 - py)) )mi + 10
q-po(— (K)o - p0)((k+q—po)p1) — po - P (2006 - 21)* — o - i (k- g+ 3k -y
+2q-p) +pi-k(k-po+q-po+q-m))) + (0o - k) (mipe - pa +10((q — 2p1) 1)

(Po - ) + (k4 q = po)-p) (D1 - ) + o - k(= 3(p1 - pu)miy + (- k(996 — 9)-p1)
+pe- k(g + Do) o) + 01 Pa(26 + g po — 12k - pr — k- q) — 2((29 + py + 6p1) - pr)
(a-p1) +4py - (g + 3py +3p1) - ) miy +10( = (pn - k) (0o - po) (k +q — pp).p1)
—pb - ((pr- k) + 1 k(q-po+q-pr—3ps - p1) + 25 - p1)* — (g po)(q - o) — ((k —

206 +2p1)-q)) + ((k +q — po)-p1) (s - @) (i -pn)))) (5.40)

B3 0y - Z)Q(pl Ty 16 ((3(1?1 k)((q+pv) - pn) = 3p - pa((3¢ + 10p1) - k) —

3p1 - (g — o) (K +2p1) - pn))miy — 2(pn - K((Tk + 5 — 5py).p1) (D - P1) + Db - P
(6(po - p0)* = 3py - pu(k - g + 5k - pr +2q - p1) + pu - k(Tpr - k + 3py - g + 5pi - q)) )mi
+(po - k) (2p0 - a((po — 1) - Pn) — 26 - Pi((2ps + 1) - ) — pu - P (3m + 2p; - k)
+py - k(31 - pu)my, — 4(py - pr)mimi + 6((q — 2py).po) (o - pa)my — (k- q —

8¢ pu+8py - 1) (pr - pa)mi + 1o - Pa (200 - k) = 4py - 1) + 2(q - k) (py - p1) + 4
(pr- @) (po - 1)) + o k(2(pbp0) (0 + po)-p1) — (¢ = 5ps)-p)m3) + pu - k(((q

+5pp + 12p1) - pn)mi + 2(pn - k) (o - p1) +2(p0 - ¢ — P - g+ 3p6 - 1) (Do ~pn)))) (5.41)
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J2(2;¢)

J2(2;d)

—1
3m3(py - k)2 (pi - k)
p) Pn)) — PP (2(k-q)* + q - k(5py - k+ 4(k + g — py).p1) + o - k((10k + 10¢

—6py).pr = 3ps - k))) 4+ 2((01 - n) (po - k) + (9o - k) (0o - pv) (21 - (k +54)) + pr - P

(Tkpr—a®+q-po+7q-p) +po - pi((k+ 29— 6p, — 3p1) - pn)) + (— T(ps - Pn)

128Xy (my (= k.(2¢ + 3po) (k- p((a — po)-p1) — k- pi((a +

(pr-k)? + (oo - pn)(@® = 4q -2y = 9q - p1) + po - pu(15py — 29 — Tk) - pa) + 2(p1 - Pn)
(k+p)-Q)pe-k+2(q-pa)ps-p) o -21—k-q—q-p1) + (P k) (0o - 21) (@ — a1
—7q -1+ 55 - p1) = 2(q - P1)* (Do - Pn) = (Po - ) (P - ) (6P - 1 — 3k - q = 12¢ - py) +
2(pr-pn)((q-po)(q-p0) +k-q(q-po+q-p1—po-p1))os -k +2k-q(— (- k) ((k+4
—pu)-p1) Py - 1) = Po - P (206 - 0)* — P pu(k - g+ 3pi -k +2g-pi) +prk(k-pu+
0-(p +m)))))mi — 4k - po((k + q).po) (= po - (P - k) = pi - k(o - B) (2 - 1) +
(q¢-21)(Po - Pn) = (o - k) (1 - Pn)) + 2o - (206 - Pu((k + p1)-po) — (k- pu)(q - p1)) +

(k- po)(q-p0)(pi -m))) (5.42)
-1
3mi(po - k) (p1 - k)
(pr- k) +pr- k(q-(pe+ o) = 3ps - 1) — (0o - k) (g - 1) — po - pu(k - g+ 2q - pr — 2k - py))

+miy (k- pu((ps +a) - pa) + (- pa) (6 = 290 — @) - k) = ((¢ = o)) (K + 2p1) - )

—2(pp - p1) (k- pn)(=po +k +q).pr +2(k - pp) (p1 - pn) ((k +q — pb)-pz)> (5.43)

25600 (g + k)-p)? = m(2k - a+ %) (= 2p - pu (2(po - p0)* +

2. Fig.(2(c)):

3
M)

2(—ig® )by (1= 7°)i (ph + W — ¢ — Kk +mu) " (1= ~°) i (gh + T — K+ my)
(—ieQb)vab

(M (1= ")we) (2" (1 = 7°) (—ieQu)vat (g + K +mu) €) (5.44)
I (5.45)

1
my(py - k) (pr - k)
(=2pp i+ q.(po+m)) —my((q-p— o p1) (k- po+ 2p0 - pn) + (k- @) (- pn))

16( — (oo ) (- k) + p1 - k(mi ((py — 2P0+ ) - Pn) — 2pb - P

+k -y (pr - pn(2g - P+ M) + 2p6 - Pul((q — 2p6).p1) + mik - pn + k- pi((pr —

2k) - pn)) 4 2ps - pi(py - Pk - g+ 2q - pr — 2ps - p1) — (k- pa)(gq - pz))) (5.46)
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J3(1;¢)

-1
3mj(py - k)% (pi - k)
—10py - pn((q — 2pb)-p1) — P1 - Pn(10q - pr +m3)) + po - k(5(po - pr) (01 - k) + mj

32(A\1 +3X2) ((pb “k)?(5p1 - k(2k - pn — pu - pn) — 5Smg (k- pr)

(- pn(k-q+12q - p1 — 6py - 1) +6ps - po(q- 21— 26 - 1)) + k- pr(mi (g — 9pu
+6k —9py) - pn) + 15(ps - p1) (k- pr) + 10ps - pr(q-(po + p1) — 26 - 1)) + k-

(5q - pi(2py - i+ my) + 3mg(mi — 3py - 1)) — 10(ps - p1)(py - o) (—2py -1 + k- q
+2q - p1) + 3my (D - pn)) +mi (= P - k(40 - p1)* + o - pi(5k - pr — 4k - g + 29 - o)
+4k - pi(q-py+ 2k - pr+2q-p) + o pa((k-21)* — 2k - pi(3q-po+q- i — 4py - 1)
+6py - pi(k - q+2q-p—2py - p1)) +mi (k- pu((3py — 2p1 + q) - pn + 4k - pp) — 3

(g i —po-p1)(k P+ 20 pn) — 3(k - q)(u -pn)))) (5.47)

1
3m3(py - k) (pi - k)
((k+2q —2ps) - pn) + 20 - (01 — 2(k +q — ) - ) + (506 - Pn) (01 - k) +

1280 +32) (50 - k)2 (k - (2K + 49 — 4py — p1) - pa) — m}

(3mi((p + 4po — 4q) - pn) + 10py - (20 — 3ps) - ) + 5q - pu((4q — 4py — 1) - )

+k - pn(=6mj + 10q - py + 15py - py))pr - k + (2(q — ps) - pn(6mf — 5q - py) + P - k
(9mp — 5q - pu))mi + 2ps - pi(3mi (20 — 2p — p1) - ) — 10(q - po + 15 p1) (4 Pn

—Pb - Pn) +5(q - po) (1 - pn) + k- pu(6mf — 10g - py — 15py, - 1)) )py - k + 2mi (k- ¢
((k+2q—2py) - pn) +3((k + ¢ —po) - pu)(q - po — m))mi + 2py - pu (24 - o1 +

3py - 1) 3k - pn +2q - pn — 2py - pn) + k- q((4(k + q — p) — 2p1) - pn))mi — 5(q - pp)
(po - 1) Bk - P +2q - pn — 2p5 - pn)) + o1 - k(K- 2 (Tpy - o1 — 6q - p1) — 8(q - pi)(q - pn)
+2(4g - p1 + 5pp - P)Pb - P+ 2k - q(4Pb - Pr + D1 P — 4q - i — 2k - py) )M + 5(q - py)
(oo - p0)((Bk + 4q — 6py) - pn)) + (- k) (5o - pu(mi + q - po) — 2(4k - Py +

5 pa)mt) ) (5.48)
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J3(2;¢)

J3(2;d)

1
3my(py - k)2 (pr - k)
k-pi((2k —p1) - pn) — i - pu(9ME +2q - pr + 4py - p1)) + (3(p1 - p)my, + (0o - Pn)

167 ((pb k)2 (= mE(pn - k) +2((q — 2p6)-p1) (1 - Pn) +

mjy(2m7 +6q - pr — 12py - 1) — (k- q— 8- pi+2py - p1) (pr - p)mi + ((k - p1)?
—4(py-p)* +2(k - @) (po - p1) +4(q - pi)(py - p1)) (oo - ) + 11 k(((g + 2P +

Ip1) - pn)mi +2(q - pr+4ps - Pr— @ P)Ds - P+ 3(Pn - k) (Po - o1 — 2m3)) + py - k
(3memi +q - pi(2py - 1 — miy) + 4py - p(2miy +py - p1)) )Py - k+mip (— 11

(po - pn) (pr - k) + (m3 (3¢ + 3py — 10p1) - pn) — 17(k - pu) Py - 21) — 2p6 - P (34 - o
+5q -1 — 12py - pi))pe -k +3(k - q+2q-pr — 26 - p1) (2(ps - 21) (P - Pr) — (01 - )

my) + k- pn(po - p(3my + 4py - pr) — q - pi(3mj + 10py ~pz)))) (5.49)

3mi(py - k)2 (pi - k)
+pb - 1 (4py P — 21 Pn) ) (k- po)* + (— 2 (0o - pn) (k- p1)* + k- pi((28g - pr —

128(2((2q-pn+k-pn)m?+k~pz(—2k-pn+pz-pn—4q-pn)

20 (py - pn) — 3 (pr - n) )i + (22m5 — 4q - pp — 6Py - 1) K+ P+ 4P6 - D1 (Do - P —

2 pn) +2q -y (D1 P — 4q - pn) ) +mi ((— 11k - pn + 6py - P — 14q - pp)mj +

2q -y (2q o+ k- pa)) +4po - pu (Do p1) (206 - Po+ k- Pp) + - Py (206 - Pp — 1 Pn))
+2m3 (2(2q - p1 = 5po - p1) k- pn+ 44 pi (¢ pn— o - pn) + po - pr(— 10g - pn + 6ps - P
+3p1-pn))) (k- po)? +2 (k- @) mi (po - pu(k - p1)* + 2mimi (=py - pu + k- pn + ¢ - pn)
—2(py - p1)* (3k - P +2¢ - P — 26 - pn) + (k- p1) (Do - 1) (3K - P + 4G - P — 6 - Pn) )
+k - po( (3mi —2¢- ) (o - pu) (k- p1)* = 2mi ((3py - p = 5 (k- pu + ¢ - pn)) mip +
2¢-po (k-pn+q-pn) +k-q(2q pp+k-po— 2 n) )mi + 26 - 21 (205 - o (306 - 1
—2q-p1) + (4q-pr = 13py - pi) k- pn +2(2¢ - 01— 5po - i) ¢ - Pn +2 (k- q) (P - pn — 2
(=po-Pn+k-pun+q-pa)))miy +2(q o) (po-p1) 206 - P+ k-pn) ) + (k- p1)
((po - P (25K - p + 28 - pr — 26py - pn) + (k- q) (4k - pn + 8- P — 8 (pb - ) — 2

(pr-pn)))mi —2(q-po) (po - 1) (3k - P+ 44 - P — 206 - ) ))) (5.50)
1
3mg(py - k) (pi - k)
Py Do+ 3k P+ 2q - pa) + By pa) (k- p1)° + 2mEmd (—py - pr + kP +q - pa) +

25670 (k- po+ - p)* = mi (2K g+ %)) (= 2(m-p)* (— 2

k- po(mi (206 - pn — k- pn —2q - pn) + (k1) (—4pp - Pp + 2k - P — P - pn + 4q - y)
+2(py 1) e Pn —2(=py - Pr+ kot q-pn))) + (oo -p1) (k- p1) (— 65 - pn +

3k - p, +4q - pn)> (5.51)
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3. Fig.(2(d)):

MPB = (1=~ (g + W — ¢ — k+myp) 7" (1-7°)b

ﬂ,(ﬁ/) = (—ig®?) (((—ieQu)vat (1 + K+ mi) ¥*(1 — 7)) (17137”(1 = )i (g + ¥+ my)
(—z‘temﬁ) (5.52)
L 1 { 1 }_ 1 [qu~H+ 112 }
! E2((pp —q— k)2 —m2) L(pr - k)20 K2((pp —q— k)2 —m2)2 L(pi- k)2 (- k)?
1 2(p,, - 11)2
M (TerEr e ey (5:53)
O(HO)
1
Ju(0;a) = mﬁélpbmn(kmz(hqfkmb) —mi(k-pi+k-q+q p *k'pb*pb'pl))
(5.54)
o(1)
—1
Ji(1;a) WM(M + 3/\2)(m?(2m§(k‘ “Pn+ D1 Pn) =506 - Pu(k -y + Dy m1))
+k - pi(5(k - pu) (Po - Pn) — Qm?)k’pn)) (5.55)
. J— 1 2 . . . —_— . p— .
Ji(Le) = 737712(171-/{)2512()\1 +3\)(mi(k-pi+k-q+q-pi—k-py—ps-pr)
+kpi(kopy—k-q)) (2m3 (k- pn + - pn) + o pu(3mi — 5(k - py +q - p)))
(5.56)
O(11%)
Ju(2;a) = 0 (5.57)
1
Ji(2;¢) = W%GM (4pb o (M3 =k -p1) (k- py)? + 2k - po(mZ (m3 (k- pn +q - pn)
+p6 (2 (y - P+ 4 po) +3m3)) — (06 - pn) (k- 1) (20 Py + 3mi) — mimi (k - p,
+q-pn)) +mg(mg (o pi(6py P+ k- po+q-pa) —po Pu(11(k-pr+q-p1)
+12k - q)) + 4 (po - i) (o - pn) (@-25) ) +mi (10 (k- q) (po - ) (k- p1) +m (s - pn)
k-pr+2k-q+q-p)— (pb~pz)(k-pn+q-pn)))) (5.58)
Ju(2;d) = W1024)‘1pb pa((k-po+q-pp)* —mi(2k - g+ ¢%)) (mf( —k-py—po-mi

+k-pz+k-q+q-pz)+k-pz(k-pb—k-q)> (5.59)
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4. Fig.(2(e)):

5
M)

(5)
L.

I5

\75(1§C)

(—ig®?)b(—ieQu)v*i (ph + VL — F + mu) 7 (1 —7°)i (ph + W — ¢ — F + ma,)
P (1-7°) i(p’b +U—k+ mb) (—ieQu)v"b
(" (1= 2°)e) (mer” (1~ 5)%%) (5.60)
1 2(pp — k).I1 I ((py — k).10)?
( o o b
[ 2py 11 A(py -1)(py — k).IT  TI° }
(Pb k)2 (py - k)3 (py - k)?

+

(5.61)

1 2
m32<mb(k~pn(pb'pl—2q~pz)+k-pl(pb.pn_gk.pn)_pb_pl(q_pn)
1
3m3(py - k)3 8(>‘1+3/\2)< 0k - pr(k - pu)* ((k + q — po)-p1) + miy (k- pr (8¢ - 1

—5py 1) + k- pu((2q + 10k — 5py) - ) + 3ps - pi(q - Pr) — 3p6 - Pulq - 1)) + mj
Py k(k-po(1lpy - pr — 16q - i) + k- pi(po - pn — 16k - pp) — 5py - pi(q - pr) + Do - P

(4py -1+ q -pz))) (5.63)
1
3mi(py - k)?
k- pi(po - pn — 44k - P+ q-pn)) — @ (o - pr+4q-p1) + Py pa(4Ps - P+ q - pr))

256(A1 + 3X2) (m% (4pl pn(k-py)? + k- pp (k -pn(11py - pr — 16q - py)

—4k - q(k - pp —po-po)((k+q—po)-21) + ¢ 2o (k- pu(py - 21 — 60 - p1) + k- pi(py - P
—6k - pp) — 5P pi(q - Pn) + Do pu(dpy i+ q- 1)) +my (5k - pa(2q - p1 — o - 1)
+k - pi((10k + 44 — 5py) - pn) + @ Pu(po - 21 + 4 - p1) — 5py - pr(q - 1)) + 10k - py

(k-pn)(k~pb+q-pb)(k~pz+q-pz—pb-pz)) (5.64)
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O(11?) :

1
T B4 (2K - c )2 . 4(L . 10g - p) — .
3m§(pb-k)36 Al( k- pn(k-po)?((py + &k + q).pr) + my (k- pn (10 - pr — s - p1)
+7k - pi(2k - P — po - Pn) — 2k - pu(pr - pn) + 306 - D1(q - Pn) — 3Py - Pr) (g - 1)) +m

J5(2;a)

k- po(k - pn(Tpo - pr — 12q - p1) — 8k - pi(py - pn + 2k - pn) + 2k - pu(pr - pn) — 2o - 1 (4 - P

—13py - pn) — 6py - pu(q - pz))) (5.65)
JI5(2;¢) = W%Gh(qk'Pb-i-(I'pb)(k'Pb)Q(?k'Pn(/f'Pl+CI'pl—pb'Pl)—Pb'Pn

(k-p0)) +my(4k - q(ps - pi(a-pn) —po - pu(k-pr+q-p1) —po - (k- pa) + 24 - py

(k-pn)) +k-po(k-pn(ps-pr+2q-p1) + k- pi(py - P — 2k - pn — 8¢ pn) +q - P

(Tpy o —4q - p) +pu - pa(q-p1))) + 2mips - k(2 - po(po - pa (a4 2k — 2p3).p1)

—2k - pn((q+k —po)pi)) + 2k - q(k - pulpo - pr —2¢ - 1) + 1o - 2i(Po - Pr — 4 - Pn)

—2k - pi(k - pn)) + k- po (k- pn(Tps -t — 5q - p1) + k- pi(2ps - pn — 3k - P+ 4q - py)

—4py, - pi(py - pn) +2q - pi(q - pn)))) (5.66)
T5(2;d) = W512x\1((pb~k+pb-Q)2—m§(2k-q+q2))(m§(pn-k(pb-pz—2q-pz)

+k - pi(py - pn — 2k - pn) — b - pi(q - Pu) + (0 - Pu)(@-p0)) + 2k - po(k - p) (k- i

+q-pr— Do ~pz))- (5.67)
5. Fig.(2(f)):

M = (—ig®®)by’ (1 —~%)i (g + T — ¢ — K +m) (—ieQu)y*i (gh + W — ¢ +m,)

P (L=7)b
L = (v (1=~ ) (77" (1 = %) (g + K + ) (—ieQp)v5¢) (5.68)
I = I 1 [ 1 (-9 112
E2((pp —q — k) =m2) L(pu - k)(pr - k) (pr-k)(pu-k)*  2(p1 - k) (pu - k)?
((po — q).10)? } N 1 [ “2pu 1 2(pu - ) (pp — q).11
2(p - K)(pu - k)3 K2 ((po — g — k)? —m2)? L(py - k) (pu - ) (p1 - ) (pu - k)?
B 112 1 2(py, - 11)2
o E e B Be (5:69)
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o1
1
J6(0; a) mb(pl.k)(pu.k)32pb-pn(2(q-pz—pb-pz)(k-pz+k-q+q-pz—k-pb—pb-pz)
—m?(k-q—km%—kqg—k~pb—2q~pb)) (5.70)
o)
Js(1;a) . 64(M1 + 3X2) (2miq - pn + Py - Pu(3mf — 5q - py)) (2(9 “pL—
’ 3mg (po - k) (k - pu)?
pb-pz)(k-pz+k-q+q-pz—pb~pz—k-pb)—mﬁ(k-q+q2+m§—k-pb—2q-pb))
(5.71)
1
: 256(A\1 + 3\ 2(k - 2 2 _k-py—2q-pp) —2(q-
Fo156) = g oy 200 + 3%) (mE (kg ¢ i — ey = 2 7) = 20a
—Pb'Pz)(k'Pl+k'Q+Q'Pl—k'pb—Pb'pz))(Pb'Pn(5(k'(J+CI'Pb)—3m§)—2mz
(k-pn+q pn)) (5.72)
O(11%)
Js(2;a) 1 32\ 1py - p (Qk-p (m2(m2(k-q+2q2)—2(q-pb)2)—|—2(k-pl
o B (e k) (po )P TSR
+2q - pr —2p6 - 1) ((0v - 20) (g - po) — M (g~ 1)) + 2k - q(py - pu(q - po +mi) — 2m;
g p)+k-py(2miq-pi+q-po(2q-p—4py o —mi))) — (2(a o —po 1) (k- pu
+koqtq-p—k-po—po-m)—mp(k-q+q®+mi—k-p,—2q-pp))((q-pp)* +
my(3k - pu — ¢°)) — 2(k - pu)* (my(mi — 2k - pr) + 2py - pu(k - py + py ~pz))) (5.73)
; — 128M\1 (m2 (k- pu)(q - )20y - p1)2 — mipr -k + k- pi(q-py) —
To(20) = g o 20 () pa) 2l p)* =ik + k- pia- o)
2(k - q)(py - ) = 3(k - p) (o - p1) — 4(q - po) (o - 21)) + M (q - p1)*(Po - pn) (8K - g —
24k - py +8¢%) + mi (py - p1)*(py - pn) (8K - ¢ — 12k - py + 8¢%) + mipy - o ((pu - k)
(pz-k)(q-pb—6pz-k—8k-q—q2)+)) (5.74)
1
To(2;d) 31280 ((q- pa) (k- pa) (= G- p)mis = 4(q- p) (oo - pi) md

“3(k-p) (k- pa)
~2(k-q) (- p1)mi —3(k-p) (oo - p) mi) + (k- pu) (P - pn) (— 24 (q- p1)° mi

—12(py - p1)° mE) + ¢ (py - p) ME(8 (- 21)* +8 (0o - p1)° — (k- ) (k- pu)) +
8(k-q) (po ) mi((a-p)* + (0o -10)* + (k- g+ ¢*a i) + (a-p1) (po - pn) M
(8(a* +k-q) (k-p1) — 6(4k - ¢ + 5k - p)k - pu) — 8 (po - pa) My (o - pu(k - q + k- py
+2¢-p)(¢* + k- q) — (6k - pr+ 8k - q) (k-pr) (k-pu)) + (k- pu) mi (¢ pa(2 (o - p1) ®
+(q-po) (k-pi)) + (a-po) (k- p1) (Do - pa) + (19K - ¢ + 26k - pr + 38 - py + 24°

+3k-q) (oo 1) (e-pn) ) + (A(((+k-a+po-a)ms +q-po(®+k-q—3q-pp))



5.4. Differential rate of B — X, vy 131

mi—2(q-p—po-m) ((P+k-a)mi+a-p(k-a—po-a+p-a—p mi+k-p)))
Py pn) + (= (01 pn) (@ pu)> = mi (k- pr+2q - p1) (- ) + 6(2 (s - p1) + mF)
(po-pn)) + (0o 21)* = (2q-pr+ k- pr = 2py - 1) m3) (k- p) + 2(p6 - pr + m3)

(o - 21) (g Pn) + (P - o) (= 16 (o - 1) + 8mi. (k- pr) +19m3 (g pr) + 7 (pe - p1)
(k-q+k-pi+2q-p)) + (4> +2k-q)mi (- pn) + (g p5) (=9 (0o pu) mi + (7q - pu
+k-pr) (o - pn) + (06 - 21) (24 - pr = 16 (P - ) = 3 (- pn)) ) (k- pu) ) (k- pp) — 8
((a-pe)* (@ p0)* + (q-po + 2k pu) (¢ po) (05 21) %) (6 - ) + (— 4 (k- q)° mi — 4
(¢®+mi —2(q-pv)) (®mi — (q-po) ?) + (—4my + (= 8¢° +8 - pyg + 15k - pu,)
mE+4(q-pe)”) (k- q)+6 (mi +2(a* = q- ) mE = (- m)°) (k- pu) )mf (oo - )
—8(q-p6) (- p1) (o pn) (k- q+k-p1) +8(q-p)* (oo-p1) (0o -pn) (k- g+ -+
2¢-pi) — (k-pu) (00 pn) (2(a-26) 2 (0o - p1) + (k-po) ®) + (k- po) * (4 (- o) (—mf +
2q-p—2(ps-p0)) (po - n) + (0o - 21) (k- pn) (k- pu) + (=3 (0o - o) mi + (Tq - pr +
k-pi) (0o - pn) = 2(q-po) (01 - Pn) + (6 - P1) (24 P — Pr - P — 16ps - pn) )k - pu) + (=
(k-p)my +py-pu(@® — 2k o+ 2py o — 3q- ) mi + ((py - p1) 2 +mipk - p1) q-py
—(q-p)* (o p1)) (k- pn) (k- pu) + 2 (o p1) (@ n) + 7(k-q+ k- pi+2q - p)ps - pn)
(a-p0) (s 1) (k- pa) ) (5.75)

6. Fig.(2(g)):

MEZ,) = (=ig®" oy’ (1 —4°)i (m + M- q+ mu) (—ieQqyu)Y™i (}71, + - q - ¥+ mu)

P (L=9")b
Ll = (U=ieQu)vpi (g + K+ mu) ¥ (1= 7)) (77" (1= 7°)E) (5.76)
I, = I (5.77)
o) : J(0;a) = Js(0;a) (5.78)
o) : Jr(l;a) = Js(1;a), Jr(1;¢) = Ts(1;¢) (5.79)

O1%): Jr(20) = Js(2ia), Tr(2;¢) = Ts(250), Tr(2:d) = Ts(2; ) (5.80)



132

Chapter 5. Radiative Inclusive B decays

M®)

pv

(8)
L

I3

. Fig.(2(h)):

(—ig® )y (1 =) (g + T — ¢ + ma) (—ieQu)y™i(gh + V1 — ¢ — ¥
+my)y* (1 —+°) i(ﬁ% + M-+ mb) (—ieQp) b

(Ty" (1 = +%)we) (7" (1 = ~4°)e) (5.81)
1 [ -1 Lol (k)T
k2((pp —q— k)2 —=m2) L(pu - K)(pv - k) (oo - k) (pu - k)2 (D - k)% (pu - k)
Ir? B I (=9 ID)*  ((pp— k).I1)°
2(py - k)(pu k) (pb k)2(pu-k)  2(po - k) (pu - k)2 2(p6 - k)2 (pu - F)
((po — q } 1 [ 2p, I
(pu - k)2 (s - k k2((po —q — k)* —m2)2 L(py - k) (pu - k)
2(pu -H)(pb —q) 11 2(py - 1) (py — k).II 1 ] N
(b - k) (pu - )2 (v - k)2 (pu - F) (o - k) (pu - k)
1 —2(p, - TM)*
k2((py — g — k)2 = m2)3 (py - k) (pu - )

(5.82)

mm(—?(lﬂl'm) (kpo) 2+ mE(— (- pn) (— 2 (k- py) — 2

(g-p)+k-q+¢*) =25 -p1) (g pn) +2(q-P) (Po-Pn+q-Pn)) + (k- pn)
((g-p) (2(q-po) —mi) — (po-p1) (— 2k -po+2k- g+ ¢°)) + (k-p) (2 (k- pn)
(q-po—mi) —2(k-ps) (g pn) + (0o pn) (2(k-py) —¢%) +mi (q-pn)) —2
(ko) (Po - pn) (q-p1) =2 (k- p) (- p1) (g pn) +2(kpo) (- pr) (a-pn) +2(k-q)
(Po - pn) (- 21) + 0 (kpo) (01 - Pn) +2 (k- q) (K-po) (01 - pn) — 2 (k-b) (q-96) (D1 - D)
i (= (o1 p)) = 4 oo pa) () (0 20) + 2% (0, 1) (0o - ) ) (5.89)

1
3m3 (k.py)” (k-pu)
(pr-pn) +mi (—2q - pu(3k - pr+7q - pr — 5py - p1) + k- pu(dq - pr + 6py - 1) + 6py - oy

S16(A1 + 3X2) (2p1 - pu(k - po)? (5g - py — 3mi) + (o - k) (6,

(k-pi—q-p1)+ (2k-q+8k - pu+5¢> —16¢ - py)pi - pn) + 10( — (k- pu — q - po) (k- pu
+q-p1)q-Pa—q-Po(q-pr—k-p)(po-pn)) +5(2(q-p)* — (2k-q+¢*)q-py + k- pu
(2k-q+¢*)pi-pn) + 05 - k(=31 - pr)my +miy (= 8(q - pn) (s - p1) +2q - pi(5q - pn
+4py - pn) + 01 P (k- q— 6k - py —3¢* +9q - ) + mp (2¢ - pu (5(k - pu — - po)q - 1
+po - pi(2k - q — 4k -pu+ ¢ +3¢ 1)) + 2P0 - pu(q- pi(5k - ¢ + 2k - pu — ¢* — 13¢ - py)
+(5¢> = 2k - @)py - 1) + i - pa(4(k - @) + k- q(2¢% — 15k - pu — 3¢ - po) + 3¢ - po(¢* —
2q-py) + k- pu(Bq-po —5¢%))) + 10ps - pu(q- 21(2(q - po)> + k- q(k - pu — q- 1)) — ¢°

(q-po)(po ) +k-pu(—T(q-p)my —mi(q-pi(dk - g+ k- py — 2¢°> — 15¢ - pp)+
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Js(1;¢)

Py pi(6k - q+ 2k - py +9¢> —4q-py)) +5(k - pu — q - u) (2(q - pu)(q - 21) — 2k - ¢+ ¢*)
po 1)) + ki (3my(q - pn — 2k - pp) — (4k - pu(2k - pu — ¢* —3q-po) + ¢ - P (4k - q —
15k - pu 424" + ¢ pv) + Do - Pu(5(2k - pu+¢°) — 4k - q))mig +5(k - pu — q - o) (2 - pn
(¢ pv) = Py - Pn)))) + (k- pu)mi (3(pe - p)my — miy (k- pn(q - p1 — 2py - 1) — 6

2

(q-Pn)Po - p1) +6q - pr(q-Pn+ o pn) — 3(6° — 2q - po)pr - pn) — (2(q- po)(a- 1) — q

(py 1)) (kP — 6py - ) + k- q(3mi (pr - pr) + k- pr(14py - o1 — 8¢ - p1) — 216 - Pr (- 1

+2py 1)) + k- pi(—3mi (g pn) + 06 P (= 2mi + ¢ +4q - p) + 2k - pn (5 + 2¢°

—7q- Pb)))) (5.84)

S 2300 pa () (<3 k-0 -) + G0

+2p, - pu) (k- pn) +2(5¢ - pr + 4py - 1) (q-pn) — 8(q- 1) (o - Pn) — (k- p1) (10K - pp +
(

3¢ Pn 2o - p) )iy + (= 2(k - pu) (- p1)a* = 3(k - pn) (po - p1)a* = 2(¢- pn) (21 - 1)
@ +2(q-p) (po - pn)d® +10(py - p1) (o - pn)a® = (k- pn) (a-2o) (a-p1) = 10(q - py)
(a-pa)(a-pr) = 4(k-pu)(a-po) (po - pr) =26(a-p1)(a-n) (ps-21) = 4(k-a) (a- p1)
(k- pn) +4(k-a)(po-p1) (k- pu) +6(k-a) (po- 1) (- pa) +4(k-a) (a-p) (ps- ) +6
(a-p)(a-p)(po-pa) + (= 6(a-p0)? +2(k- ) (¢ +2k-a) +3(¢* — k- ) (a-m))
(pr-pn) + (k-pi)((q-po) (20k - pr + 11q - pp +4py - pn) + (¢° +2k - q) (2(q - pn) — 7
(P - pn))))miy + (9(pr - pa) iy + ((pr pa) (84° + Tk - q = 22(q - pb) ) — 4(5q - pr +

Apy 1) (¢ pn) +16(q - pr) (po - pa) )iy + (= 11(q - p)mi + (5¢° + 6m7) (py - 1)
+10(q - po) (- pr = po - 1)) (k- pu) +10((a-2) (g 71) = (k-a = 3(¢-m)) (P 1))
(a-2n) = 10((po - p1)a® + (¢ 2) (a-20)) (Po - n) = 5(a* + 2k - g —2(q 1)) (¢ 1)
(pr-pn) + (k- pr) (10K - pr+ 1dpy - po + g - pa)mi +5(a° + 2k - q) (py - pu) — 10
(q-6) (k- pu+q-po+po-pn)))(k-po) +10(k-ps)? (p - pn) + (k- po)*(— 16(pi - pn)
my —5(¢> +2k - q—4(q-ps)) (o1 - pn) +10( = (po-pn) (k- 21+ q-11) + (¢ 1 —

oo o) (k-pn) + (a-pr+po-p)(q-pn))) +5(a- ) (0o - 21) (6 (k- pn = 2(po - )
=2(k-a=2(a-p))(a-pn)) + (k-p) ((° + 2k a) (9o pn) = 2(a- po) (k- +
q-pn)))) (A1 +3%s) (5.85)
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o(11?) :
Js(2; a)

Js(2;¢)

1
3(k-pb) (k Du )3m
+4k - pp +2q ) (pr - pn) — 2(po - 1) (3% - P+ q - pn))mi + (k- pu) (2(K - )

=3(k - pu))mi + ((3(k - pu) — a*)mi + (k-pu —a-m)?) (k- p)) (20 - a) g
+((prpn) (@ + kg —2(kpo) —2(q- o)) +2(po - p1) (2 20) —2( 1) (g Pn
+py - pa))mis 4 (= (0 pa)mi +2(m —q-po) (k- pa) +2(k-po) (a-pa) + (¢
=2(k-pu)) (o pa)) (k- p1) = 2(k - p) (q - ) (0 21) + (06 1) (4% + 2k - g —
2(k ) + (mi —2(q-po)) (a-p0)) (k- pn) +2(k-pu) (- 1) (a- ) — 2(k - q)
(q-p1) (o) +2(k-po) (¢ 1) (Po - Pn) +4(q-po) (q-11) (Po - Pr) — 207 (o - 1)
(Po - pn) +2(((k - pu)))* (pr - n) = (k- u)a* (pr - n) = 2(k - a) (k- po) (p1 - pn) +
2(k-po) (2 o) (pr-pn)) = 2(k - pu) (((k - pr) (k- pu) (26 P = po- P — 20 ) +
(k) (= 2(pr pn)a® = (¢ pn) (o - 21) —2(q-p0) (k- pn) + (2 21) (20 o +

)+ (o pr) (k- pn) +2(k - q) (P pn)) (k- pu) )y + (2((¢* + K- 0) (p1 - )
(=po-ptkoprtqp))(kpo)+ (k-po) (= (oo 1) (g pu)a® +
(q-p) (o pu)a® + 2o 1) (Po - Pu)a® +2((q- o) (-2 +p0-11) — (@ + k- q+
2k pu) (po - 21)) (k- pn) +2(a- o) (2 P1) (2 Pn) = 2(a-po) (o - pr) (a- ) +2(k - q)
(2-p0) (o - n) = 2(q- ) (g~ 1) (Po - Pn) = 2(k - @) (P - 1) (P - ) = 2((a- o) (k- pu
—q-pu) + (k- a) (k- pu)) (pr-pn) +2(p0 - p1) (g ) (k- pu) +2(k - p1) (k- P+ pn)
(k pu)) + (o pn) (k- po) (@® + 20 q) = 2(k-q) (a-pr+po-p1)) + (¢ +

2a) (o p1) = 2(a-pu) (k- o+ p)) (k- pa)) (k- pu) )iy +2(k - py) (k- pu —
a- ) (o o) (k- 2)))* = (B pr—ap1) (oo - pn) = (¢ 20) (P Pn) + (20 1)
(k- pn+a-pn)) (k- pb)+(2(q-pb)(q-pz)—qz(pwz))(pb'pn))))h (5.86)
—3(k.pb)i(k.pu)2128(4(q~pb)(pl pa) (k- po)* +2( = 2(+k-q+pb-q)
(o - pn)mi = 2(k-pn) (0 2o) (2o 20— g 1) + (0 p0) (k- pu)) + (0 2) (-
(pr-pn)(®+2k-q—4(q-po) +2(q-pr+po-p1) (- ) —2(k-pr+q-p1) (s Pn))
(21 pn) (@ + 2k g+ 5mi) = 2(qpr) (0 pa)) (k- pu)) (k- o) + (2(2(¢* +
keg—2(k-pu)) +a-po) (o pa)mi + ((pr-pa) (4(k - 0)° = 8(q-m)? — 2(— 3¢

+py - q+ 6k -pu) (k-q) —2(¢* =5(k-pu))(q-ps) +¢°(2¢° = 9(k - pu))) +2

(z(k pu)? (k- po) 2q -+ k- 1) (po - o) + (= 3mj

Dy - pn)

—(a-pn)
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((a-p0) (o pn) (26 a+2(q* +po - q) = 5(k - pu)) + (po - pr) (k- pn) (26° +

2k-q—3(k-pu)) — (2k-a+2(¢* +po-a) =5(k-pu)) (¢ pa)) + (¢ 21) (-~

(2-pn) (26 q+2(¢* +po-a) = T(k-pu)) + (2(¢* + k- g —4(k - pu)) + a.;1)

(=kpn))))mi +2((2( - pn) (¢ + K- ) + (¢ p) (a-pn))mi +2(q p1) (my

—q-po+kpu) (k- pa) + (q-p6) (2 +2k-0) (Do pn) —2(q- o) (@ +Po-Pn)) +

(= (@ pu)mi = (po o) (¢ + 2k - g+ Tmg) +2(q - po) (a-pn)) (k- pu)) (k- 1) +2

(oo 21) ((¢* = 2(a-m)) (2 2u) = (k- pu)a®) +2(a-po) (2 21) (2P — K- pu))

(k- pn) +2((po - 21) (3(a-po)* + (k- a) (k- pu —q - p1)) + (a-p0) (¢ 21) (2 P —

kpu)) (g pn) = 2(a-po) (2o - pr)a® + (a-po) (2 21)) (o pa) + (2(a - 20)* — (¢

+2k-q) (g ) + (¢ + 2k - a) (k- pu)) (0 p) (1)) (k- po)* + ((— 2" — 2k - g

+3k - pu) (91 pa)mf + (= 2(p1 - pa) (k- 0)° + ((2¢° = 7(k - pa)) (a- p1) = 2(k - pu)

(po - 1)) (k- pn) +2(2(p0 - 21) (¢ = 2(k - pu)) + (a-10) (26 = 5(k - pu))) (g pn) +

42(k-pu) = @*) (a-p) (oo - pn) + (2(¢-20)* + @ (Tk - pu — 2¢°) +4(q- po) (¢ —

2k pu)) (P pn) + (k- q) (21 pn) (= 44" +4py - g+ 3k pu) —4(py - ) (0 p1) +2

(@ p1) (k- pn) +4(qp+popi) (0 pa)))ms + (4((a - pn) (oo 21) = (k- pu) (p1 - Pn))

(k- a)” +2(=2(p-pa) (a-2)* + (- Pa)a® = 2(a-pr+ o p) (a-pn) +2(a - 1)

(o pa)) (2 po)* + @ (((a-p0) (k- pu) + (0o 21) (20° = 5(k - pu))) (o Pn) — (- pu)

(a-pn) (o p1) + (a-20) 2(5(k - pu) —2¢°) (g pu) (o 21) = (k- pu)@® (21 pa))) +

(o - p0) (k- pu) (50” +4 - poa) —24") +2(q- p) (k- pu — q-po) (¢ 21)) (k- pn) +2

(k- a) (P pn) (((a-26)))* + (2(k - pu) (a- 1) = (¢ + 2k - pu) (2o 1)) (K - ) +2

(o 21) (P pn)@® + (0* = 2(apo)) (2 2n)) + (21 2a) (4720 — ¢°) = 5(ps - 1)

(a-Pn) +2(a-2) (a-Pu =y pn) (k- pa)))mi + (2(a- o —m3) (= 2(q-ps)” +2

(% + k- a)mi + (2(a- po) = 5m3) (k- pu)) (k- pa) —2((a-m)" = (¢* + - q)m)

((a-2a)(2(a-p0) —=m3) = (¢* + 2k - q) (o - pn)) + (T2 po + 200 pu) gy + (907 +

10k - q) (P - pu)mi +2( = 8(q - pn)mi — (po- pn) (¢° + 2k g +2m5)) (g po) +4

(2-26)*(q-Pn)) (k- pu)) (k- pr) +2(q-po) (o 21) (= 2(a - po) (o Pn)a* + (k- pn) (- o

—kpu)a® +2(2(q-po)* + (k- q) (k- pu—q-2)) (a-Pn))) (k- po) +2(k - q)mi ((pr - pn)

my + ((p1-pa) (@ +k-q—2(q-po)) —2(q-pn) (g 21+ 26 1) +2(q-p1) (o - Pn) +

(@ p0) (= k-pu))mi + (k- po) (26 pn+ q-pa)mi + (¢° + 2k - ) (o pn) —2(a 1)

(k- Do+ a-pa)) + (o0 20) (2 (k2o — 2000 22)) =20k -0 = 2(a-p)) (0 a))) (k) )
(5.87)
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Js(2;d)

1
3mg’(k.pb) (kpu)
+mi ((pr-pn) (= 2(aps) + k- a4+ ¢) —2(q-pn) (o e+ a-p1) +2(ps - Pn)

(a-p0) = (k-pa)(a- ) + (k- p) (mp (25 - po +q pn) + (o - ) (= 2(K-pp)
+2k-q+0%) = 2(qps) (k- po+a-pn)) + (kp) (= (2 n) (= 2(q- ) +

2k -q+q° +2mi) +2(k-pn) (q-pr — oo - 1) —2(ps - pn) (¢ P1) +2(q - Pn) (P6 - 21
+q-p1)) + (o 21) (4% (k- pn = 2(po o)) —2(a pn) (k- q = 2(a.ps))) +my
(pr-pn)) (5.88)

2561 ((k - po + q.o5)* —mi (2k - g+ ¢°)) (2(pr - pn) (K-pb)?

8. Fig.(2(1)):

9
M)
9
)

Iy = Iy

o0 :
J9(0; a)

(—ig™?)b(—ieQp)y™i (gh + W —F+my) (1 — V)i (g + W — g — k+my)
(*ieQu)vﬁz‘(m +W—d+ mu)v“ (1—=9°)0b
(v (1 = ")) (7" (1 = 7)) (5.89)

(5.90)

Wm( —2(pr - pu) (kps) +m3 (1 pu) (2K + 200 — k- q

—a*) = 2(po - p1) (2 pn) +2(021) (P P+ q-pn)) + (k- pn) ((a-10) (2(2-71)
—mjy) = (o - 1) (= 2kpo + 2k - g+ ¢%)) + (k- 1) (2(k - pn) (a.00 — m3) —
2(k-p) (a-pn) + (2o o) (2(k-po) — ¢°) +mi (g pn)) = 2(k-ps) (P-42n)

(2-p0) = 2(kpo) (2 21) (2 Pn) +2(k-p) (2o 1) (g Pn) +2(k - ) (P - ) (2 21)
+q* (ko) (01 - ) +2(k - @) (k-po) (P~ pn) — 2(k-po) (a-p6) (P1 - Pr) — miyp1 - P

—4(py - pn) (¢-p0) (2 p1) +2¢° (s - 1) (Po - Pn)) (5.91)

I (1k oy 10205 a ) = 3m) (o pa) (k- 1)* + (0001 - p)om +
((pr-pn) (54> +2k - q—16(q - pp) + 8k - pu) + (4q - pr +6pp - p1) (k- pp) —
23k -pi+7q o —5(ps 11)) (¢ Pn) +6(k -2 —q-p1) (py - Pn))ms +5

(2(q- o) = (¢® + 2k q) (a-po) + (¢ + 2k q) (k- pu)) (P - pn) +10( —

(g po) (k-pn+q-pa) (o 1) = (k- pu—a-po)(k-pr+q-m) (g pn

+(q 'Pb) (q p—k 'Pl) (Pb Pn))) (k 'Pb)2 + (k 'pb) ( - 3(}?1 'Pn)mg + ((pz 'Pn)
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Jo(1;¢)

(=3¢*+ kq+9-pog—6(k-pu)) —8(ps - 1) (q-pn) +2(q- 1) (5 - P+ 4ps - pn) )iy +
(i) (4(k - @) +3(a-2) (¢ = 2(a- 1)) + (k- ) (24> = 3(a - ps) — 18k - pu) + (8(q - pv)
—~5¢%) (k- pu)) +2(5(q 1) (k- pu—a-po) + (6®+2k-q+3-poq—4(k-pu)) (po-11)) (a- Pn)
+2((po - pr) (5¢° = 2(k - q)) + (= ¢* + 5k - —13(q - p) + 2k pu) (a-p1)) (P - pn) )i +
(=7(q-p)mg — ((po - 1) (9¢* + 6k - g — 4(q - pp) + 2k - pu) + (—2¢° + 4k - ¢ — 15(q - py)
+4k - pu) (¢ pu))mi; +5(k - pu —a-po) (2(a-po) (a-10) = (¢° + 2k q) (po - 21))) (k- pn) +
10((2(q - po)* + (k- @) (k- pu—q-po)) (a-pr) —a*(a-po) (o 1)) (o - pn) + (k- 1) (3(q - P
=2(k - pn))my = ((po - pn) (5(¢° + 2k - pu) = 4(k-q)) +4(— ¢ = 3(q - pp) + 2k - pu)(k Pn)
+(20% + 4k - g + poq = 18(k - pu)) (0 pu) )i +5(k - pu — q- po) (2( - ) (a-pp) —
(o~ pn)))) +mi (3(pe - pu)my — (—3(p o) (@ —2(q-po)) — 6(a-pn) (06 11) + (q P
—2(po - 21)) (k- pn) +6(a- p1) (-qpn + 2opn))mi + (= 3(q - pn)mi +2(2¢* + 5mj — 7
(a-p0)) (k- pn) + (¢ +4-pog — 2m5) (py - pn)) (k- 1) — (2(a - po) (2 p1) — a*(po - 1))
(ko= 6(po - pn)) + (k- a) (3(p1- pn)miy + (14(pe - p1) = 8(q- 1)) (k- pn) = 2(2p6 21+
a-p) (P pn))) (k- pu)) (M +3X2) (5.92)
‘3(k.pb)(1k poy 1280 3o pa)mh o ((pr-pa) (= 3¢+ o a4 9po - q) = (k- pn)
(3q-pi+2ps-p1) +2(5(q 1) —4(po-21)) (a-pn) +8(q-p1) (0o - pn) + (k- pi) (= 10k - pp
+3q - P+ 206 - pu) )iy + (= 2(po - o) (- 20)8* = T(k - pn) (05 - 21) ¢ +2(q - 1) (k- ) ¢
+2(py - p1) (¢ Pn)q® +10(ps - p1) (Po - Pn)@° — 10(q - po) (7 - n) (q - 1) —26(q - ps) (Po - )
(a-p1) —14(k - q) (k- pn) (oo - 21) +4(k - q) (a-p1) (k- pa) +11(g po) (q- p1) (k- pn) +4
(7o) (o - pr) (k- pn) +4(k - @) (po - 1) (g Pn) +6(a- o) (po- 1) (7 Pn) +6(k- ) (g~ p1)
(Po-pn) + (=6(q-p)* +2(k-q)(¢* +2k-q) +3(¢° —k-q)(a-pv)) (o pa) + (k- 1)
(20(q - po) (k- pn) — (2¢° + 4k - g+ .pba) (¢ pu) + (= 3¢* + 4k -q—4(q-pv)) (o - Pn)))
mi + (9(pe - pn)miy + (0 pn) (86% + Tk - ¢ — 22(q - py)) + 16(ps - 1) (7 Pn) — 4(q - 1)
(5 - pn + 4Py - pa) )y + ((q- pr)mi + (5¢% + 10k - g + 14m§) (py - p1) — 10(q - p) (4~ »1
+ou ) (k- pn) +10(qpo) (0 21— po - p1) (g pn) = 10((po - pr)a* + (k- g = 3(q- 1))
q- 1)) (po-pn) —5(¢” +2k ¢ —2(q ) (g po) (pr - pn) + (k- 1) (5(p - pn)g* — 10
q-po)(—q otk Pn+po-pn) +mp(10k - pn +6py - pn—11q-pn))) (k- ps) + (k- po)?
(o - pn) (16mi; +5(* + 2k -q = 4(q - p))) = 10(pe 1) (k- P+ q pa) +10(q - 1)
P+ D) +10(k 1) (¢ P — o pn)) +10(k - pu)* (o1 - pn) +5(q - 6) ((p6 - )
(ke —2pp-p) = 2(k-q—2(q-p)) (¢ 21)) + (¢ + 2k - q) (o 1) — 2(q s)

pr+q-p))(k-pn))) (M +3X2) (5.93)

(
(
(-
(a
(a
(*
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O(11?) :

1
Jo(2;a) = 16(2(— (g-po)* + (k- pu)?® + ¢*mi — 3mi (k- pu)) (01 - n)

3(k-p)? (k- pu)®mi
(k-po)® + (2(3k - pu — ) (pr - pn)miy + ((p1 - pn) (2(q - o) + @ (9% - pu — ¢*) + (k- q)

(

)
(6% - pu —24%) +2(q - py) (¢* = 5k - pu)) +2((po - 21) (5(k - pu) — *) + (- 21) (¢* —
Tk pu)) (@ pn) +2(a21) (o pn) (¢° = 3(k - pu)))mi + (= (226 oo + ¢ pn) (K- pu)))?
=2(qpn = o - pn) ((((a-20)))* = *miy) +2((3(ps - pn) = 5(a - pn))mi +2(q- )
(a-20)) (k-pu)) (k- pr) = 2(k - pu)?(a- o) (o p1) + (= (226 o+ g o) (k- pu)® +
2((q-p)* = a*m3) (pv - o) + 6mi (po - p1) (k- pu)) (k- pn) = 2(q-po)* (a-p1) (0 pa) —
2(k-pu)?(q-p)(q-pa) +2(q-po)* (o p1) (a0 ) —2(q-po)*(q- 21) (Po - Pn) + 2(K - pu)?
(a-p2) (o -pn) —2(q-p0)% (00 pn) + (¢-26) %@ (00 - pn) + (k- pu)?E (01 Pn) +2(q - pb)?
(k- q) (o -pn) + (k- pu) (k- q) (e pa) +2(k - pu)* (2 2o) (1 Pn) = 2(k - pu)a® (g po) (P Pn)
—A(k - q) (k- pu) (g o) (pr - pn) +4(apo) (¢ 1) (- Pn) (k- pu)) (k- 20)* + (k- 1) (21 )
(a* = 3(k - pu))my + (2(q-p0) (o - pn) (4(k - pu) —a?) +2((q- p1) (5(k - pu) — ¢*) +
(o 21) (¢ = 4k - pu)) (7 pa) + (0" = 2(q-po)a® — (a-pu)* — (k- pu)* + (k- q) (¢* +
kpu) + (8(q-p) = 7¢°) (k- pu)) (P pa) )y + (0 - pn) (2(0- ) = (@ + K- q) (a - po)?
+(2(k-q—2(k-pu))a* + (k- q) (4(k - q) = 13(k - pu))) (k- pu) +2(¢* — 2(k - q)) (¢ po)
(k- pu)) +2((po - p1) (k- pu) (2(k - 0) — ) = (¢ 2)*) + (¢ 2s)* +4(k - pu)* = 2(k - q)
(k- pu)) (@ pi) (@ pn) +2(((0-p)* + (k- a) (5(k - pu) — ¢*) + (k- pu) (¢* — 2(k - pu)) +
2(q-po)(a* =5(k - pu))) (a- 1) = ((¢* = 5k - pu)a® +2(k - ) (k- pu)) (2o - 21)) (P - Pn) )i
+(= (= 13(q pa)mi + (a-po) (a-pn) + (¢ +10m3) (po - pn)) (k- pu)® + (a*mi
—(@- 1)) (@ (o - pn) = (a-pa)m3) +2((a* = 3k - pu)miy + (= (a-2) + (k- pu)> +
(5k - pu —a*) (¢ po))mi + (¢ po) (k- pu— q-po)*) (k- pn) + (3(a - pa) iy + 4(k - q) (P - pn —
g po)mi +a*(2(q- po) = 5mp) (P - pn)) (k- pu)) (k- 1) + (0 p1)mi = (oo 1) (4 + 2k - g
+2m3) +3(q-p) (a-p0)) (k- pu)? + (- 2)* = *mi) ((q- 1) (2(a - po) — mi) — (¢ +
2k -q) (py 1)) + (= 7(q-p)mp — 3(3¢% + 2k - q) (po - p)mi +2(7(q - p)mi + (¢* + 2k - ¢
+2mg) (po - p1)) (a - p) —4(a-po)* (¢ 21)) (k- pu)) (k- pn) —4(q-2)*(a- 1) (0o Pn) +2
(a-p6)*(k-a) (¢ 1) (po - o) +2(k - pu)? (k- q) (- 1) (o - o) +4(k - pu)* (a-po) (0 1) (Po - )
—4(k-q)(k-pu)(a-p) (a-21) (0o - pn) +2(a-26) 28 (0o - 1) (06 - Pn) — 2(k - pu) 6 (01 - 1)
(o pa) + (k- pu)® (k- q) (g po) (o - pn)) +mi (= 2((pr - pu)mi +2(py - 1) (k- pa) =2
(a-0) (o~ pa)) (k- 0)* + (k- @) (= 2(p0 - pa)mi + (1 o) (= 20° +4- pog + Th - pu) =2

(

(¢-p0)(k-pn) +4(q-pi—po 1) (a-pn) +4(q-p1) (0o pn) +2(k-p1) (g pn — 2(k - pp)))mi

Pu)
Pu)
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Jo(2;¢)

+2((po - 21) (T(k - pu) = a*) +2(a- po) (kopi + a.mi)) (k- pn) = 2((k - p1)a® + (49 po + 5k - pu)
(q-p1) +2(k-pu—a*) (o 21)) (o pn)) + (B(pr - pr)mi + (3(pi - pn) (¢ = 2(q - pp)) +

(3¢ pi+2po - p1) (k- pn) +6(po i) (0 Pn) =6(a-21) (@ Pu+po-Pn))mi + (= 7(a-pn)mg
+2(5mg = 7(q-po)) (k- pn) + (5¢° +4py - a — 2m3) (py - pn)) (k- 1) — (2(a-pv) (a-21) — @°
(po-21)) (5(k - pn) = 6(ps - pn))) (k- pu)) (k- pu)) M1 (5.94)
—Wl28(4(q~pb)(pl pn) (k-po)* +2(—2(* +k-q+pp-q)(pr - pn)m?
+(g-po) (= (o1 pn)(@® +2k-q—4(q o)) —2(po-p1) (k- Pn+q-pn) +2(q-p1) (g Pn

+po-pn)) —2(k-pi) ((a-25) (P - Pn— - Pn) + (¢ pn) (k-pu)) + ((pr-pn) (6 + 2k - g +

3mg) = 2(a-pi) (@) (k- pu)) (k-po)® + (2(2(a + k- a = 2(k - pu)) + apo) (o )i

(o0 pn) (4(k - 0)” = 8(a- ) = 2(= 3% +py - a+ T - pu) (k- ) = 2(¢° = 3(k - pu))

(a-po) +¢*(2¢° — 11k - pu)) +2((po - 1) (24° + 2k - ¢ — 9(k - pu)) + (- p) (a-21)) (k- Pn)
+2((2k - ¢+ 2(¢° + -poa) —3(k - pu)) (oo - 1) — (2k - q+2(a* +pb-a) —9(k-pu)) (- P1))

(q-pn) —2(2k - q+2(¢*> + .ppq) —3(k-pu))(a-p1) (v - pn))mi +2(— ((2(¢° + k- q) +
a-pp)(a-pn) = 2(¢* +k-q) (py - pn))mi — (k-pu) (= 9(q-pr)mi +2(a-ps) (a-Pn) + (¢° +
mg) (P pn)) +2(a-po) (M = a - Py + kpu) (k- pa) + (a-2o) (2(a-po) (a-Pn) + (4° = 2(a- b))
(o pn))) (ko) +2(—=2(a-po) (@ pn) ((a-po) (Po - Pr—q p1) + (@ p0) (k- pu)) + ((26 - 1)
(=2(q-po)% = (k-pu)(@®+2k-q) + (¢®> +2k-a) (¢ b)) +2(a-pp) (k- pu—a 1) (a-11))
(k-pn) +2(B(a-po)* + (k-q) (k-pu—q-pp))(a-p) —a*(a-p) (po - 21)) (P - Pr) + (2(a - pb)?
—(@® +2k-0)(a-p) + (@ + 2k 0) (k- pu)) (a- 20) (21 - 2n))) (k- 21)* + (= 24° — 2K q
+3k - pu) (o1 o)y + (= 2(p0 - pn) (k- 0)° + (k- pu) (7021 + 205 - 21) — 24 (a- 1)) (K- pn)
+202(po - 21) 2(k - pu) = ) + (a-21) (20° = 5k - pu)) (a- ) + (2(a-po)* +¢* (7(k - pu) - 267)
+4(q-pp) (@° = 2(k - pu))) (pr - pn) + (k- a) ((pr - Pn) (=49 +4 - pog + 3k - pu) — 4(qa-pn) (py - m1)
=2(a-p1) (k- pn) +4(a-p1) (apn + popn)) +4(a - 21) (P - pn) (6° = 2(k - pu)) )iy + (= 4((po - 1)
(k- pn) = (a-21) (oo - pn) + (1 pa) (k- pu)) (k- 0)* + (26 21) (k- pu) (1167 = 4(q - py)) — 24*) +
2(q-p) (24° +po - a— 9% -pu) (- p1)) (k- pn) +2(=2(p1 o) (a-6)° + ((o0 - Pr)a® +2(ps - 1)
(¢-pn) —=2(a-m)(a-Pn+py-pn))(a-p6)? +a*((k-pu)(a-pn) (po-p1) = ((po - 1) (5(k - pu) — 24°)
+(a-p) (k-pu)) (po-pn)) + (a- o) (2(5(k - pu) —24%) (¢ 21) (po - ) — (k- pu)a® (pr-pn))) +2
(k=) ((pe-pn) (@ po)* + ((po - 21) (T(k - pu) = 3¢%) +2(a-po) (a- 21)) (k- pn) +2((po - P1)a® + (¢
—2(q-p))(a-21)) (o - pn) + (= (o 2n) (6 —2(a-pv)) +2(a- 21 — o -21) (a-Pn) — T(a- 1)

(po - pa)) (k- pu)))mi + (= 2((a” + -ka)mi = (a-p6) ) (¢* (Po - Pn) = (¢ Pn)mi) +2((k - pu)
(B = 9(a-po)mi +2(a-p)*) = 2(a-po = mi) ((a-pe)? = (¢* + k- a)mi)) (k- pn) + (= (Ta- pu
+2pp - pr)mi + (4(k - q) (¢ pn) + (7¢*> — 4k - g+ 4 - poq) (py - P ) )mE — 24 (¢ pb) (P - Pn)) (k- Pu))

(k-p1) +2(q-po) (206 - n) ((2(q-p0) 2+ (k- q) (k- pu—a-p)) (a-p1) —a*(a-pv) (o - 21)) + (k- pu
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—a-p) (2(a-p) (0 21) = (¢ + 2k ) (po - 1)) (k- pn))) (k- p) + 2(k - @)mi (91 - pn)miy + (21 Pn)
(+k-q—2(q-pp)) +2® 1) (g pn) —2(a 1) (¢ Pn + 05 Pn))mi + ((pp - Pn)d® +2(mf —
q-py) (k-pn) +mi (= (a-pn))) (k-po) + ((po - 21) (a° + 2k - q) + (mi = 2(a-ps)) (a- 1)) (k- pn) =
2((py-p)a® + (k- —2(a-p)) (¢ 21)) (po - Pn)) (k- pu)) M1 (5.95)

Jo(2;d) = mQEﬁ)\l((k.pb-‘rq.pb)z—m§(2k’~q+q2))(2(pl~pn)(k’~pb)2
+miy (P pn) (= 2(kpo) = 2(a-pp) + k- a+6%) +2(ps - p1) (0 pn) —2(q-11)
(o - pn+q-pn)) + (k-pn) (6 21) (= 2(k - po) + 2k g +0°) + (¢ p1) (miy —
2q-pv)) + (k- pr) 2(k - pn) (miy — a.pv) +2(k - po) (@ pn) + (po - pn) (4% — 2(k-p2))
+mp (= q-pn)) = 2(k-q) (o - pn) (¢ P1) +2(kpe) (2 21) (2 Pn) = 2(k-ps) (26 - 1)
(@ pn) +2(kpo) (oo - ) (0 21) = ¢* (k-py) (P - pn) — 2(k - q) (k-p) (pr - ) +2
(k- o) (a-pv) (pr - pn) +mi (P pn) +4(po - pn) (a-26) (g 1) —2¢% (po - 1) (P6 - Pn))

(5.96)

5.5 Results

The kinematics of inclusive decays involve five distinct variables in the four-body
phase space. In addition to these variables, inclusive decays introduce an extra
variable, which is the invariant mass squared of the final state meson (p%). This
variable is exchanged with ¢ (= (p; + p, + k)?), where p;, p,, and k represent
the momenta of the lepton, neutrino, and photon, respectively. The remaining
independent variables are the lepton energy y (= 22 pl) the energy of the hard

Zpy b ), the neutrino energy, and three angles. All these variables are
B

photon z (=
defined in the rest frame of the B meson. A comprehensive description of the
kinematics can be found in Appendix-C.2.

In order to study the charged lepton spectrum for different x values,
we perform integration over all variables except y. This integration enables us
to obtain the differential decay rate as a function of the lepton energy (y) for
various photon energy values (x). The resulting differential decay rate, shown in
Fig. (5.4a), illustrates that as the photon energy decreases, the lepton energy end
point also shifts accordingly, in accordance with the kinematics of the process.

To provide a complete picture of the differential decay rate distribution,

we present the distribution for x.,;, = 0.3, corresponding to a minimum photon
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Figure 5.4: (a) Differential decay width of B — X,uv,7y as a function of nor-
malized lepton energy, y, for various values of normalized photon energy, x. (b)
Differential decay width of B — X, uv,vy as a function of normalized lepton en-
ergy (y) for a specific normalized photon energy (i, = 0.3).

energy of ki, ~ 0.8 GeV, as depicted in Fig.(5.4b). The plot illustrates that the
distribution reaches its endpoint at a kinematic boundary, which is expected to
be larger than that for x,,;, = 0.5, and is more inclined towards the non-radiative
case of B — X, .

Furthermore, as an example of a potential additional observable, we
define the forward-backward asymmetry of the photon (differential), denoted as
Arpg(y), with respect to the recoiling final state hadron.

fol dtdzl‘ﬁ, . fi)l did?F7

AFB (y) — dydt dydt

1 d?T'y
f—l dt dydt

(5.97)

where t = cosflx, is the angle between the outgoing photon and recoiling hadron

(X) in the rest frame of B meson. The forward-backward asymmetry is shown
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in Fig.(5.5) for Ay = —0.2 and Ay = 0.12.

0.1 0.2 0.3 0.4 0.5
y

Figure 5.5: Forward-backward asymmetry (App) as a function of lepton energy,
Y.

Finally, Fig.(5.6) illustrates the differential decay rate as a function of
the normalized photon energy (z), revealing that as the photon energy decreases,
the decay rate exhibits behavior similar to that of the non-radiative mode.

It is important to highlight that the presence of infrared divergences
can be effectively removed by assigning a sufficiently large mass to the photon,
ensuring its hardness. To avoid contributions from mass singularities, we specif-
ically consider muons in the final state. Additionally, by implementing a lower
cutoff for the polar angle, we can eliminate any potential collinear singularities

that may arise.
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Figure 5.6: Differential decay rate of the B — X, uv,y decay mode as a function
of the photon energy (z).

In the case of B — X, uv,7, where the photon is hard, the total decay
width (I'y) for the radiative mode is expected to be suppressed by O(c,) com-
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pared to the total decay width for B — X,uv,. To verify this expectation, we
calculate the ratio of the radiative decay width (I';) to the non-radiative decay
width (I"). Our calculations reveal that this ratio is approximately 0.01 for pho-
tons with high energy around 1 GeV (z,,;, = 0.5), thus confirming the expected

suppression.

5.5.1 Determination of non-perturbative parameters

Having determined the decay width, we now present a simple and efficient method
for calculating the non-perturbative parameters A; and A\,. We find that using
ratios of decay widths, rather than the widths themselves, is more suitable as
it helps mitigate uncertainties arising from the CKM element V,,. Addition-
ally, these ratios yield simple expressions involving A\; and \;. By knowing the
experimentally measured values of Ry and Ry, we can solve these two linear equa-
tions simultaneously to determine A\; and Ay. The proposed ratios are given by
Eq.(5.4). Both the numerator and denominator of each ratio can be expressed
in form A + B\, + C)\,, allowing for a straightforward determination of the

non-perturbative parameters.

A+ BM\ + C)y
A"+ B'A\ + C')g

= R (say) (5.98)

and similarly for Rs;. These equations form a system of two linear equations
in terms of A\; and Ay;. To demonstrate the case of obtaining A\; and Ay once
the suggested ratios are experimentally available, we obtain a value for Ry using
the known values of \; and X9, and for R; we use the decay rate for B —
Xy is e times the decay rate for B — X, lv,. With these values, we
can then numerically calculate the non-perturbative parameters A; and Ay. Our
results yield \; = —0.24 GeV? and )\, = 0.15 GeV?, which are consistent with
previously values reported in the literature [151, 153]: A\ = —0.19 4+ 0.10 GeV?
and Ay = 0.12 4+ 0.01 GeV?2. This motivates the need for a measurement of
experimental measurement of the decay width of B — X, fvyy. As mentioned
earlier, our focus has been on O(1/m?) terms in the HQET. Thus we are primarily

sensitive to A; and Ay (or p2 and pZ). At higher orders, the expressions become
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dependent on additional non-perturbative parameters. Therefore, measurements
of the B — X, fv,v rate and the ratio R; will be invaluable in simultaneously
and easily determining these parameters when combined with B — X, /v, data

and the ratio Rs.

5.6 Discussion and Conclusion

To summarize, we have presented a methodology for determining the non-
perturbative parameters A\; and Ay in the inclusive decays of B mesons. Our
approach involves directly calculating the decay widths for the inclusive modes
B — X/v, and B — X, vy using the Cutkosky method in conjunction
with the Heavy Quark Effective Theory (HQET), considering terms up to or-
der ((Agecpmy)?). Due to the involvement of a hard photon in the radiative
mode B — X, lv,, the tensorial structure of the amplitude becomes more com-
plex, with four indices compared to two for B — X, fv,. To properly account for
the analytic properties and evaluate the decay rate, we opted to directly compute
the relevant amplitude using the Cutkosky method, despite the associated com-
plications. We obtained the differential rate and forward-backward asymmetry
of the decay by integrating over the phase space variables for the four-body final
state. By varying the parameter z,;,, which determines the photon hardness,
we investigated the behavior of the differential rate and asymmetry as functions
of lepton energy. Notably, we observed that the decay rate for the radiative
mode (B — X, lvyy) is approximately proportional to O(ae,,) times that of the
non-radiative mode (B — X, fv,;) when the photon possesses sufficient hardness.

In the subsequent analysis, we constructed two ratios, namely R; and
Rs, by comparing the differential decay rates of the radiative and non-radiative
modes for different lepton energy ranges, specifically considering a photon energy
above a few times Agep (approximately 500 MeV). Importantly, these ratios are
independent of the CKM element and provide a system of two linear equations
in A\; and Ay. This enables a precise determination of these non-perturbative
parameters without any ambiguity.

To illustrate the applicability of our method, we have provided a simple
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example in Section-5.5.1 where we calculate the values of A\; and \,. Significantly,
our findings align with the previously reported values found in the literature,
thus providing consistency and validation. It is important to emphasize that,
at present, the radiative mode lacks experimental measurements. However, the
results of our study advocate for the necessity of precise measurements of the
radiative mode to further enhance our understanding of the process.

In the process of B — X, lv,, the differential rate for the free quark
decay exhibits a proportionality to 2y*(2y — 3), where y represents the lepton
energy in dimensionless unit in the rest frame of the B meson. This characteristic
highlights a distinction between the partonic and hadronic end points, occurring
at 75 and 7P, respectively. As a result, an end point region of approximately
A = mp — mp emerges. To accurately account for this region, it is essential
to include an infinite number of terms in the heavy quark expansion. However,
this expansion, expressed in terms of mAb, introduces higher-order derivatives
of the delta function at each successive order, leading to the breakdown of the
Operator Product Expansion (OPE) and QCD perturbation theory in this region.
Consequently, to properly incorporate the end-point behavior, the decay rates
of B — X, lv;, and B — X,y modes necessitate the introduction of the shape
function, which describes the distribution of the heavy quark.

In the radiative decay mode (B — X,fvy7), the presence of a hard
photon in the final state leads to a shift in the endpoint compared to the non-
radiative decay. Specifically, the partonic and hadronic endpoints are located at
% — Tpin and 5 — Ty, respectively. However, similar to the B — X, (v, mode,
the challenge posed by the disparity between partonic and hadronic endpoints
necessitates the inclusion of a shape function for an accurate treatment of this
process as well.

One potential approach is to consider a simplified form of the shape
function, such as (1 —y — )% +@+) which has been proposed for the non-
radiative decay mode in previous works [154, 155]. However, it is crucial to
investigate the validity of this form by explicitly calculating the shape function

specific to the radiative decay process and verifying its universality before draw-

ing conclusive statements. While the specific form of the shape function remains
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an open question that requires further investigation, the fundamental concept
that the radiative inclusive decay rate can facilitate a rapid determination of A\;
and A9 remains unaffected.

To summarize, our proposed method provides a complementary ap-
proach for computing the non-perturbative parameters \; and A in inclusive B
decays, with the condition that the experimental measurement of the decay rate

for the radiative mode B — X, fv,7v is available.



Chapter 6

Summary and Future Work

In this chapter, we summarize the key findings and contributions of the thesis,
while also highlighting some important observations. Additionally, we outline

our future plans.

6.1 Summary

The B meson system consists of a heavy quark, denoted as b, and light degrees of
freedom. The mass of the b quark serves as a scale that incorporates the interplay
between perturbative and non-perturbative physics. The substantial mass of the
b quark has two fold advantage. The first advantage is that the B meson exhibits
a wide range of decay modes, including both charged and neutral current induced
processes. At low energy, it contains the observables such as the decay rates and
the CKM elements like V,; and V,, often have higher theoretical uncertainties
due to the involvement of non-perturbative parameters such as form factors.
Computing these parameters with accuracy is challenging. On the other hand,
the observables, such as LFU ratios like Ry ), Rp- and the angular variables
like P, are constructed in a way that minimizes theoretical uncertainties. These
observables are designed to be less sensitive to the non-perturbative effects and
can provide cleaner tests of the SM. The main goal of constructing and studying
these observables is to check the consistency of the SM and explore the potential
presence of new physics phenomena.

The second advantage of the heaviness of the b quark’s mass is that
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it allows us to consider the inverse of its mass, 1/my, as a perturbative expan-
sion parameter. In the limit of m;, — oo, the dynamics of the B meson decay
gets simplified and described solely in terms of the decay of the b quark itself.
However, in reality, the mass of the b quark is finite, necessitating the inclusion
of 1/my, corrections that play a crucial role. The framework that incorporates
these 1/m,, corrections and treats the b quark as a heavy quark is known as the
Heavy Quark Expansion (HQE). In this expansion, the matrix elements contain
non-perturbative parameters that need to be computed (Chapter-5 provides de-
tailed discussions on the HQE and the computation of these non-perturbative
parameters).

Further, B meson decays either into exclusive or inclusive channels,
involve a combination of perturbative and non-perturbative contributions. While
the computation of the perturbative part is a time-consuming and challenging
task, we have a fair degree of control over it. However, the computation of non-
perturbative contributions presents a greater challenge. In exclusive decays, these
contributions manifest as decay constants and form factors, while in inclusive
decays, they appear as hadronic matrix elements of kinetic and chromomagnetic
operators up to O(1/mg) in HQE, as well as shape functions. Unfortunately,
there is currently no rigorous first-principle method available to calculate these
non-perturbative quantities directly. One approach is to employ lattice QCD,
which comes with its own challenges, including heavy numerical computations
and limitations in controlling systematic uncertainties.

In light of these, the observables such as the LFU ratios, including
Ry and Ry, as well as angular optimized variables such as P have gained
significance. These observables, except for the Ry [114], have shown deviations
from the predictions of the SM, indicating the potential presence of NP phe-
nomena. Before concluding anything, it is important to check if any theoretical
contributions have been overlooked, particularly soft photon effects.

It motivated us to study the effects of soft photon corrections to
B — K{¢0. In our calculations, we treated the mesons as point-like particles
and employed scalar QED. To ensure gauge invariance of the matrix element, we

fixed the contact term. Further, we demonstrated that the differential decay rate
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remains independent of the IR regulator and collinear divergences by choosing
a cut in the photon angle with respect to the charged lepton, denoted as 6..
An important finding of this investigation is the dependence of the decay rate
and the ratio Rx on the maximum energy of the soft photon, represented as
kmax (which corresponds to the experimental detector threshold). For instance,
when k.. is set to 250MeV, exclusive emission of soft photons leads to positive
corrections of approximately 4% in Ry (details in Chapter-3).

The dependence of the rate and the ratio Rx on k.. leads us to ask

whether we can construct any observable that are theoretically clean and inde-

f— |Vub‘
‘Vcb‘ ’

pendent of k... In this regard, we proposed an observable denoted as Ry
which exhibits a high degree of insensitivity to hadronic parameters and QED
effects. We demonstrated that the equality of Ry calculated using inclusive and
exclusive measurements of CKM matrix elements establishes a correlation be-
tween the coefficients of two distinct sectors: b — w and b — c¢. Using this
correlation, we make a prediction for the branching ratio B(B. — Tv;), which
aligns with the constraint provided by [156] (details are in Chapter-4).
Furthermore, we explored the possibility of computing the non-
perturbative parameters in a simple yet efficient manner. Specifically, we focused
on the inclusive decays of the B meson due to theoretical cleanliness. In this
regard, we calculated the decay width of B — X, /v,y using the framework of
HQET. We employed the Cutkosky cut method, including terms up to order
(A?H—C;D) During this computation, we made an interesting observation: no new
operators are generated in comparison to the non-radiative process B — X, (v,.
Hence, the total decay rate for the radiative mode resulted into the linear com-
bination of non-perturbative parameters A\; and A, similar to the non-radiative
one. Consequently, the radiative case becomes particularly interesting, as it al-
lows for the simultaneous determination of both non-perturbative parameters \;
and Ay in a definitive manner (explicit definitions of A; and Ay are provided in
Chapter-5). This approach offers a complementary avenue for computing the

non-perturbative parameters in inclusive decays.
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6.2 Future Work

For the future, our plan is to delve into the calculation of QED-corrected form
factors for semileptonic decays of B mesons. In a previous study [26], we treated
the mesons as point-like particles and computed the QED corrections based on
this assumption. However, it is crucial to acknowledge that mesons possess a
composite structure rather than being point-like particles like leptons. Moreover,
the transition between different mesons is effectively described by form factors,
which are functions of the momentum transfer squared. In the case of QED
radiative decays, this momentum transfer is not solely represented by ¢2, but also
involves (q+k)?, where k represents the momentum of the emitted photon. This
additional momentum carried by the photon is expected to play a significant role
in providing valuable insights into the decay of mesons, surpassing the limitations
of their point-like approximation. Therefore, our intention is to calculate the
QED-corrected form factors, specifically utilizing the Light Cone Sum Rules
(LCSR) method.

Additionally, we aim to explore the implications of considering the
charged meson as a dressed particle [157, 158] in the context of its semilep-
tonic decays. This approach goes beyond the point-like approximation and takes
into account the composite nature of the meson. By considering the meson as
a dressed particle, we expect to gain valuable insights into optimized observ-
ables and non-perturbative parameters associated with these decays. Further,
we are interested in investigating the impact of the dressed meson approach on
the computation of form factors. Incorporating the dressed nature of the meson
in the calculation of form factors could potentially yield new and improved re-
sults, providing a more accurate description of the decay processes. Moreover, we
anticipate that this dressed approach may offer insights into resolving the Con-
tact Term, which arises on demanding gauge invariance of the total amplitude
in semileptonic decays. The Contact Term is a challenging aspect to be handled
theoretically, and exploring the effects of the dressed meson on this term could
potentially shed light on its nature and behavior.

Apart from these, we are also interested in investigating the geometric
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viewpoint of the Standard Model Effective Field Theory (SMEFT). Ref.[159-161]
have focused on the scattering of bosons and fermions using geometric invariants,
such as field space curvature, and solving the renormalization group equations
for scalars at one loop, which simplifies calculations. It would be important
to generalize this approach to the case of fermions and investigate its potential

connections to phenomenology.






Appendix A

Essential definitions and

Identities

A.1 Essential definitions

1. The metric tensor and Levi-Civita pseudotensor:
g'u:.gu:diag(]-a_la_la_l)a €0123 = —

2. Dirac matrices:

¥ o= (), {9 =29", =iy
I 0 0 o

7 = , Y= , 7=
0 —1 —o 0

Where I and o are 2 x 2 identity and Pauli matrices.

3. Pauli matrices:

0123 _

0717273



154

Chapter A. Essential definitions and Identities

4. Gell-Mann matrices A\, (a =1, ..., 8) are:

0 1
AM=11 0
00
00
M=10 0
10
Ny =

0 0 0 0 0 0
1 00 —i 000
ol =100 ol =100 1
0 i 0 0 010
00 0 10 0

0 ¢ O 00 -2

A.2 Essential Identities

1. Dirac Identities

Yy
YVuYa¥87"
VYo V8 YY"
VYo

VYo Vv

= D, 777" = (2= D)Ya,
= 4gap + (D — 4)7a7s,

= —2%7% — (D — 4)778%:
= G — 0

= (Gpa9vs + 9upYar — Guw9as)V’ — 1V €pavsy’

~—~ o~ o~ —~~
>z P
o o J O O
— N N N~
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2. Dirac traces

TT(V/LP)/V) = 4gw/a (AlO)
Tr(Y Yo Ye) = 4Guwlpe — GupGve + GuoGup)s (A.11)
Tr(y* " y+Py%) = 4ieP, (A.12)






Appendix B

Useful Integrals

B.1 Real photon emission

1. Photon inclusive case

T4 1 1 1 .ZUQ p2
deZ,y = / dt— log ( o ) 4+ non — IR,
/0 4m% ) p? m2E?

Ty 1 12
/ dzZso = T log (—;) +mnon— IR, and
0 2mfp ms
T4 1 x2
/ drlyy, = ———log (—J;) +non — IR,
0 2mpm; ms,

These integrals contribute to Zy. Further, we list the coefficients , C,,,

and the integrals, Z,, , for {m,n} € {—2,2}, encountered in determination

of the differential decay width

2aymp((=3f2 4+ 2f_ f+ + f1)m} — Af+mB(f-y + f+)),

—32fy (f+m2B(x +2+z—1)—mpfr —(f- — 2f+)m12) )

Cia
Ci-1 16 mp(f- — f4)(y + 2), Cogp = 64f2m7,
Co1a
Co,-1 —16f,mp(f- + fr) 2z +y+2-2),
Ca0 8emiy(f- + fy) (frymp + (f- = fo)m])
Co12

—16f m; (mB(f-(z+2—1)+ fr(—z+2y+2—3)) = (f- — f1)

(mp —my)),
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Cro = —4mp|—2fim}(f-(Bay+ 4o+ 42 = 4) + fra(y +4) +2f (y + 1)
(y+2—2) +8f-frmb+mi(f2(y+2z—2) —2f-fi(y+2+2)
+12(y+2-2)],

Co1 4[m2B (m%(fg(:n +2—1)—2f f+(Br+2y+2—1)+ f2(5x+ 2z + 3))
Afymp(foy(@+2 = 1)+ fr(zly — 1) +2y(z = 2) — 2+ 1)) + (/- + f+)?
it — )],

Co,2 dzmpmi [2f+m23(f—y — frly—2) + (f- — f+)?mi |,

Co,0 —16f+ [m%(f_(a: +2y+2—-1)— fi(e+4y+32-1)) = (f- — f+)
(=m3 = mP)]

1 1 2 1+ Bpe
Tao 4’ =g Q*(pB-p1)BBe log (1 - /BB£> ’
1 _ 1 1+ /BBQ>
= myQ?’ ho 4(pp-Q)Brq o (1 —BBa)’
1( psm:Q | Q*(mQ:ps) (1 + 53@)
st 4 ((pB'Q)Q/B%Q " 2(pp-Q)*Bpg e Beq) )’
1/ 2(pQ:ps) (pBp1: Q) <1 + ﬂBQ)
Bt =g <m23<pB.Q)2ﬁ%;Q s Qg "\ T g ), and
171Q*(peQ :p)? | Q*(pBQ : pi)(pBP1 : Q) (1 + ﬁzQ) (pBp1 : Q)°
7 - 1
- [m%(pl.cz)‘*% - (n-Q)B5 1= 5] " ),
(p5-Q)*(01-Q)*B1oB — (PP Q)? <2 R <1 +Bec9>)}
2(p1-Q)*Big Beg 1 — Beg '
Hore, B = \/1— (o pip;  pi = (pipi) (p5-pi) P (pi-py) and Tyua(pis ) =

Tnm(pj,pi). The integrals Z,, , are found to be consistent with [162].

2. Photon exclusive case

Fmaz - P 1 1 k.
= or— In ( “mae' B.1
/o (k2 + \)172 (k.p;)? T2 n< 252 ) (B.1)

7

k 3 2
maz d’k 1 1 k

= 21— 1In | == J) B.2

/0 (k2 4+ A2)1/2 (k.p;)? m’ ( E2)\? (B.2)

fmaz - @Bk 1 / dx (k2 p2)
— 27T 1 maxrl BS
| T ey - o) ene ) B
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B.2 Virtual Corrections

1. Integrals involved in the calculations

d*k 1 —im2 (mZi)
= In{ 2 B.4
/ ) 0=k o2 M) B
d'k 1 —ir?  (m?
[y - we () 9

, d*k 1 —jm? /1 de . ([ p?
lim = —In| =%
A—0 (k2 — )\2) (k2 — 2]€pﬂh>(l€2 — Qkpjn]) 4 1 pxz )\2

(B.6)
1
4 ) 2
/d k(kQ ) —ir*In (m?) (B.7)
1 —7;77'2 1 ’
d*k = dzln (p?
(B.8)

2. Useful functions involved in the calculations
The scalar two-point and three-point Passarino-Veltman functions and
their derivatives, regulated by m, and A for IR and UV regularization,

respectively, are given by:

2 2 m;
Bo(m;,0,m;) = 2—1In <A;>’ and (B.9)
! —u(1 —u)g® + um? + (1 — u)m?
Bo(¢?,mg,mj) = —/0 duln e (B.10)
-1 m?2
2 2 2
-1 [ 1 m?
Colm%,m?.¢>,m%,m2,m?) = — dt—In|—L |, B.12
( B l B o l) 4 L p% p% ( )
1

Cr(my, m?, %, m, 0,mF) = m? (Bolm?, 0,mf] — Bola®,m#, m))

2m? 32

— PB.DI (Bo[m%ﬂ,m%] - BO[QQ,m%,m%;])} (B.13)

02(m2B7m127q2’m23707ml2) = PB-Pi (Bﬂ[mgaoum%] _BO[q27ml2)m2B])

—1
2m% 32

+ i (Bolm, 0.mb] - Bolg®,mi, m#])|, (B.14)
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b1

7, lepresents the velocity of the charged lepton

respectively. Here, § =

in the rest frame B meson.



Appendix C

Kinematics of decay rate

C.1 Three body kinematics

It includes the kinematics for three body decays for both exclusive and inclusive

decay modes.

C.1.1 Exclusive decay modes

The kinematics for the three-body decay B — P/{v, can be expressed in terms

of three Lorentz invariant kinematic variables: x, y, and z. These variables are

Q? 20501 2pB.pp
T=—5, Y= —5—, 2= 5 (C.1)
mp mp mp

where Q? = p?> = (pg — pp — m)?. It is worth noting that in the process
B — Ply,, the squared momentum transfer Q? is zero due to the mass of the
neutrino. However, when considering the case of real emission of a photon (soft),

(Q? assumes a non-zero value and is defined as the missing mass (Q? = (p, +k)?).

The total decay rate for B — Ply, is

= 36n 3/dz/dy ]M|BHPM. (C.2)

It is observed that the final result is independent of the variable x, thereby
requiring only two independent Lorentz invariant kinematic variables, namely y

and z. The kinematic boundaries for these variables are given by: z_ < z <
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zy, and y- <y <y,

2 2 2 2 2
@-y) 1+ TF+ T —y) £ [y? — 40 (1= T2+ OF =)

where, z4 =

m
2(1+m7213— )
m% mf
_ = 24/ry, and =1-—+—.
Y ¢ v m% | md

C.1.2 Inclusive decay modes

Now, we consider the kinematics for the three-body inclusive decay mode
B — Xy.lve. It consist of three independent variable where one extra vari-
able compared to exclusive decay mode is due to invariant mass squared for
decayed hadron (p%). Here, we have traded p% with ¢*(= (p; +pn)?). The three
kinematical variables are Fy, E,, and ¢*> = (p; + p,)?. The general form of triple

differential decay rate is given by

d3F d4pl 2 2 0 d4pn 2 0 0 0
dZdEdE, /(%)4275(191 - mz)e(Pz)/ (%)4%5(%)9(%)5(@ —p)0(E, — py)
1
5(612 — (p +Pn)2)m Z |<Xu/c£V€|M|B>|2<27T)464(p3 —q—Pa),
X

(C.3)

where

5(q° = (pr+ pp)?) = 8(¢> = 2EE, (1 — cosby,)). (C.4)
Performing the delta functions and integrating over cos 6, the differential decay
width is

43T 1 1

dP2dEdE,  42mp S U Xuelvd MBS (pp — g — px — k), (C.5)
Y X

where 6y, is the angle between the lepton and neutrino. Further the delta

function with II can be expanded in the power of 1. Explicitly, it is given by

S(pp+T—q)° = 6(p—q)° +2M(p — )¢ (0 — q)° +H2<5’(pb —q)

+2(po — ¢)*0" (o — q)2> + .. (C.6)
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Another important point to note is that the integration domain in £, has a

boundary from below:

2 2
-m
El,>q—l.

> (C.7)

Therefore, it should be ensured that F, does not cross the boundary. This is
enforced by introducing appropriate theta function in the integral. This plays an

important role in the integration of delta functions and their derivative present

d?r

in the differential rate T2 B,

C.2 Four body kinematics

C.2.1 Exclusive decay modes:

The decay width for the process B — P{ly,y is given in terms of ten Lorentz
invariant kinematic variables out of which five variables are independent and
they are choosen as z, vy, z, p, and k. The four body decay region is divided into

two regions: D3 and Dy4_3. The decay width in these two regions is given by

Ip,| = / d dz/ da:/ @b &k (2m)t6t (Q —
Ds|BoPluyy = 5127r4 Y om)32E, | (21)32E, P
- ) |M|B—>PZV[y ) (08)
&p Bk )
T'p, . = dyd d u 2m)46* (Q — pa
Das|B=Plvyy 512%4 /D4 3 y z/ x/ omV93E, / 27r)32Ek< m)76" (Q —p
- ) |M|B—>PZV[Y ’ (Cg)

respectively. Here the kinematic boundaries for y and z in the region D, 3 are

2 2 m m2 m2
2 R T R L B

Zz_ = 2 5 24 = —

2 2
my 2(1—1—%2’3—24) 2(1+Z—£B—y)
2 2 mp
m 2
y- = 2 é,and yyp=1-—LF+ b
B B q_ mzo
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C.2.2 Inclusive decay modes:

Lastly, we describe the kinematics involved in the inclusive decay for B —
Xuselvyy. Typically, a four-body decay involves five independent kinematic vari-
ables. However, in the inclusive four-body decay, we have six independent vari-
ables, as we introduce an extra variable related to the squared invariant mass of
the decayed hadron, denoted as p%. To simplify the analysis, we can instead use
q"?, which is defined as (p; + p, + k)2, where p;, p,, and k represent the momenta
of the lepton, neutrino, and photon, respectively. The two Lorentz invariant

variables are defined as

2pp. 2pp.k
y = PEDL ond @ = sz (C.10)

mp mp
The remaining three variables in the inclusive four-body decay are the neutrino
energy (£,) and two angles: (a) 0x,, which represents the angle between the
recoiling hadron (X) and the hard photon, (b) fx,, which represents the angle
between the final state recoiling hadron (X) and the charged lepton. The triple
differential decay is given by

T~ | Gt —mdeGh) [ S em) oS B~ )

)4
SE, — pg)d(q/z — (g + k)Q)/ (371;4 k2((py + 11 _1] — k)2 —m2)
Z [(Xuselvey|MIB) *(2m) 6 (pp — ¢ — px). (C.11)

Cutcosky method implies that

/% 7 / (;iwl;l / ?27]:;1 (2m)'6" (pp — q — px — k), (C.12)

and the propagator is replaced with delta functions. For example, in the

Fig.(5.3), propagators are

% S —2mis(K)O(KY) (C.13)
1

(T —g—hZ—mzy 2ol +I—q— k)? —mi))8((py + 11— g — k)°).

(C.14)
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Incorporating the Cutkosky method, the differential decay width is

3 3 3
i — | aesd0houh) [ R A0R068" - b

4 4
/ (;lﬂ];zl éf:;i (—27i)S (k2)O(K) (—27mi) S ((pp + 1T — ¢ — k)* —m?)

(2m)*6* (py — ¢’ — px)(2m)* ) [(Xujebvey|M|B)?
X

§*(pp —q—px — k)
1 3

d°k
2 2 2
— —WEZEV/d(COSQZV)(S(q/ —(q+ k) )/m5((PB+H—q—k)

_mZ) Z ‘(Xu/CKW’V’M’BHz(SZL(pB —q—px — k)
X

1 A3k ) ) ,
- _&ﬂ/éﬂfmm+ﬂ—ﬂ—k)—mw%;wﬁk@wMﬂBH

§*(pp — q —px — k).

(C.15)

Similar to three-body decay, the expansion of the delta function in the power of
IT is given by
(5(pb +II—q— k)2 = (5(pb —q— k)2 + 2I1.(pp — g — k)é'(pb —q— k)2 + H2<5’(pb

_q_k;)2—|—2(pb—q—k)26”(pb—q—k)2> + ... (C.16)

Another important point to note is that the integration domain in £, has a

boundary from below:

7> q* —2q.k — m?
v 4E, .

(C.17)

Therefore, it must be ensured that the neutrino energy (FE,) does not exceed
a certain boundary and that an appropriate theta function is introduced in the

integral. This theta function plays a crucial role in integrating the delta functions

. . . . . . 2
and their derivatives present in the differential rate %.
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