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Abstract

One of the central goals of condensed matter physics is characterising different phases

in which complex states of matter exists. These can be broadly classified as character-

ising different phases in the presence of interaction in the system and characterising the

phases in the presence of non-trivial topology. The objective of the thesis is to study

the effects of interaction and topology in two paradigmatic condensed matter systems,

itinerant magnetism and Su-Schrieffer-Heeger (SSH) model like systems with dimerised

hopping respectively. Accordingly, this thesis is divided into two parts, Part I and Part

II, with the first part dealing with itinerant magnetism and correlation effects and the

second part with topology, SSH model and its generalisations.

Part I deals with the Self-Consistent Renormalisation (SCR) theory of itinerant elec-

tron magnetism. It is one of the most accurate description of itinerant electron mag-

netism. It’s remarkable success in explaining weak and nearly itinerant ferromagnets

made it a litmus test to verify the itinerant nature of magnetism in a material. In the

second chapter of the thesis, we discuss in detail this powerful formalism followed by a

discussion on the algorithm of the numerical codes that we have developed to calculate

the static susceptibility and Curie temperature using SCR theory.

CaMn2Al10 is a recently synthesised compound with several exotic features. Accord-

ing to the conventional wisdom based on the Mn-Mn distance in Mn based magnetic

system, if the Mn-Mn distance is greater than 2.7 Å then the material should be a lo-

cal magnet with a large magnetic moment. Intuitively this is understandable as larger

Mn-Mn distance in real space means lower bandwidth in the momentum space leading

to localisation of the electron in atomic sites. However CaMn2Al10 shows several signa-

tures of itinerant magnetism even though Mn-Mn distance in this system is greater than

the cut-off value of 2.7 Å. This makes it an excellent candidate to be studied through

the lens of SCR theory and this study is discussed in the third chapter. We calculate

the static susceptibility of CaMn2Al10 using the SCR theory and compare it with ex-

xiii



xiv Abstract

perimental data. We find that there is very good agreement between the theoretical

calculations and experimental data. Based on the fit of theoretical calculation to exper-

imental data, we extract the value of the Hubbard interaction parameter U to be 0.3136

eV. We use this value of U to perform DFT+U calculations to determine the reasons for

the origin of itinerant magnetism in CaMn2Al10. We find that it is the strong hybridisa-

tion between Mn-3d and Al-3p orbitals that leads to itinerant magnetism in CaMn2Al10.

Part II deals with the topological aspects of condensed matter systems. The Su-

Schrieffer-Heeger model is a paradigmatic model in one dimension that is simple in

formulation but is conceptually rich. All the major principles in topological condensed

matter like bulk invariants, boundary invariants, Bulk-Boundary correspondence can

be understood via the SSH model. But as mentioned before it is very simple and thus

the possibilities for newer phases in the conventional SSH model are low. We change

the geometry of bulk in the SSH model with various one-dimensional and quasi-one-

dimensional manifolds. This is not possible within the conventional SSH model. Hence,

in chapter 4, we formulate the SSH model with two additional degrees of freedom and

new set of rules that govern the hopping. With this more general version of the SSH

model which we term the SSH model with any bulk or in short SAB model, we can

study SSH like models with several non-trivial bulks. Some of these bulks have twists

and branching in them bringing in new possibilities not possible in the conventional SSH

model. We have studied the three band, four band and six band SAB models. All these

models in some particular configuration called the “non-orientable” configuration, host

a non-degenerate or doubly degenerate flat band exactly at the particle-hole symmetry

level. We have calculated the eigenvalues and eigenvectors for these models with both

periodic boundary conditions and open boundary conditions. We have also calculated

topological invariants like Zak phase and number of zero energy edge states along with

localisation measures like the inverse participation ratio (IPR). We have also given some

plausible experimental platforms to realise different SAB models and verify our theo-

retical predictions.

When there are topological zero energy edge states in the system, they are generally

robust to disorder and enjoy protection by symmetries of the system. However this may
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not be true for the zero energy states that are localised in the bulk and arise due to

the geometry of the lattice. In chapter 5 we verify the robustness of the zero energy

states for chiral symmetry preserving and breaking disorders. We find that if the flat

band is non-degenerate and the disorder is chiral symmetry preserving then the zero

energy states are robust to large amount of disorders. However, when the flat band is

doubly degenerate or the chiral symmetry is broken, the zero energy states disperse and

acquire a finite bandwidth. They close the gap for a critical disorder strength indicating

a localisation to delocalisation transition in the system at this critical disorder strength

which is a very novel phenomenon.

Keywords— Itinerant magnetism , Hubbard model, Stoner model, RPA model,
SCR theory, CaMn2Al10, SSH model, SAB model, Flat bands, chiral symmetry,
disorder, Insulator to Metal transition
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”Arise, awake and stop not till the goal is reached.”.

Swami Vivekananda

1
Introduction

This chapter provides a detailed introduction to the effects of interaction and
non-trivial topology in condensed matter systems. We begin with an introduction
to the Hubbard model and itinerant magnetism, followed by a discussion on the
various theories of itinerant magnetism. We follow this with a brief introduction
to the concept of topology. We conclude with a discussion on the basic principles
of topological condensed matter physics.

1
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Physics in my humble understanding is the branch of science that deals with
discovering and understanding those laws of nature that govern the material realm
of existence and many at times applying that knowledge in the service of humanity.
The laws that govern this aspect of nature can be broadly classified in to three
categories,

1. Those well suited for describing the smallest scale in which matter is known
to exist, such as electrons, protons, neutrons, etc.

2. Those well suited for describing the largest scale in which matter is known
to exist, such as cluster of galaxies, black holes, etc.

3. Those well suited for describing the complex states of matter, like condensed
matter systems, etc.

However, there is no denying that the final goal is to formulate the unified set of
physical laws well suited for describing matter in all the above three forms.

At this point, I should quickly announce that in the course of thesis, we will be
contemplating only on the third kind of laws and formalism associated with them.
Even the term “laws governing complex states of matter” is a broad umbrella term
under which various physical phenomena with completely diverse origins can be
placed. Our discussion will be restricted to only condensed matter systems also
popularly known as solid state systems.

There is a multitude of opinions on “what is the central theme of con-
densed matter physics?”, but the most plausible and appealing answer to the
above question in my opinion is “characterising different phases of the
complex states in which matter exists”. In the course of this thesis we will
characterise the phases of some condensed matter systems in the presence of two
effects:
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1. Interaction and

2. Topology.

We will be discussing two paradigms of condensed matter systems, the first
involving itinerant magnetism[1], where effects of only interaction are present and
the second relating to the Su-Schrieffer-Heeger model[2], where only the effects
of topology are present (when we say effects of topology, we mean presence of
non-trivial topology). However, we should clarify that there are systems where
the effects of both interaction and topology play a leading role in dictating the
physics of the system. The following graphic is a web of condensed mater in my
humble opinion:

Characterising
different phases

InteractionTopology

Magnetism

Kondo Insulators

Mott Insulators

Spin Chains

Superconductivity

SSH Model

Graphene

Weyl semi metals

Topological Insulators

Quantum Hall effect

A web depicting different domains of
condensed matter physics and one of its central theme
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In the above graphic we have illustrated that one of the central theme of con-
densed matter physics is the characterisation of different phases. Also highlighted
are some of the domains within the realm of condensed matter physics and the
important effect their physical properties depend upon. Some of them are gov-
erned by both effects like the case of quantum Hall effect[3] and these are placed
in between the two categories.

We will now shift our attention to theories that describe the physics of con-
densed matter systems. Theories describing the physics of condensed matter sys-
tems can be classified in to two categories:

1. Free theories which assume that electrons do not interact with each other,

2. Interacting theories which take in to effect, the interaction of electrons.

Band theory of solids, the pinnacle of free theories was and still continues
to enjoy a remarkable success in explaining the physical properties of a variety
of materials. The quantum mechanical explanation for the classification of ma-
terials in to insulators, conductors and semi-conductors was given by band theory.

However the arrival of topological band theory changed the landscape of free
band theories forever[4, 5]. It lead to the emergence of a new field of condensed
matter physics called “topological quantum matter”. The emergence of the
field of topological quantum matter has been met with pomp and splendor and it
is not limited only to the rich mathematical framework it relies on but also to the
promising applications it holds in domains like quantum computation[6].

To illustrate the complexity that the effects of interactions bring in to con-
densed matter physics, we will give a small illustration. We assume that there
exists a fictitious multi dimensional space. If the free theories hold one dimension
in this fictitious space, Interacting theories bring many new dimensions to it. Any
theory that considers interaction is called an interacting theory. Depending on the
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nature of the interaction and the nature of the quasi-particles that are interacting,
there are a plethora of interacting theories.

In the course of this thesis, we will be discussing the effects of interaction based
on the Hubbard model[7]. The Hubbard model as will be explained later is a very
simplified treatment of electronic interactions but at the same time is known to
produce accurate results. This makes it a very powerful model to study systems
with electronic interactions.

1.1 The Hubbard Model

The Hubbard model is one of the most successful models in terms of explaining
the role of interactions in a many body condensed matter system[7]. We will begin
with the most general Hamiltonian describing an interacting system of electrons.
We will then consider various approximations and simplify this Hamiltonian to
obtain the Hubbard Hamiltonian.

Tight-binding models are used to describe electrons that are tightly bound to
the atomic sites and can only hop from one atomic site to other by quantum me-
chanical tunneling with an hopping amplitude[8].

The general many electron tight binding Hamiltonian with effects of interaction
is given as follows:

H = Σ
ijσ
Tija

†
iσajσ +

1

2
Σ

ijklσσ′
Uijkla

†
iσa

†
jσ′alσ′akσ, (1.1)

with Tij the co-efficient of the kinetic energy term and Uijkl the co-efficient of the
potential energy term. Notice that co-efficient Tij is a function of both sites i and
j and co-efficient Uijkl is a function of i, j, k and l. This Hamiltonian is very
general but it turns out it is impossible to be solved for reasonable system sizes.
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U t

Figure 1.1: Pictorial depiction of the Hubbard model with tunneling amplitude to move
from one site to its neighboring site as t and the on-site interaction energy as U .

The important assumption in the Hubbard model is that there is a huge amount
of screening in the lattice and because of that the electron feels the repulsion only
due to the electron at the same atomic site in which the electron is present and is
not affected by the repulsion of other electrons in the material. This is to say it
considers only on-site interaction. However by Pauli’s exclusion principle for two
electrons to be at the same site, their spins should be different.

Hence the Hubbard model simplifies the general Hamiltonian in Equation 1.1
to a much simpler form given as:

H = Σ
ijσ
Tija

†
iσajσ +

U

2
Σ
i
ni↑ni↓, (1.2)

where ni↑(ni↓) is the number operator given as a†i↑ai↑ (a†i↓ai↓) and gives the number
of up (down) electrons in the site i.

The Hubbard Hamiltonian in Equation 1.2, is no doubt more simpler to solve
than the one in Equation 1.1 but is not straight forward or simple. Even to solve
this model, there has to be several approximations made to arrive at a meaningful
solution. The Hubbard model is depicted pictorially in Figure 1.1.

As mentioned before we will study models of itinerant magnetism based on the
Hubbard model. Before starting with this study, we will give a brief introduction
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to magnetism in general followed by an introduction to itinerant magnetism in
section 1.2. This will be followed with discussions on the various approximations
that can be made to solve the Hubbard model in subsection 1.2.1, subsection 1.2.2
and subsection 1.2.3. The pros and cons of each of these approximations and the
accuracy of the results obtain with these approximations will also be discussed.

1.2 Magnetism

Magnetism is a phenomena that has been known to mankind from the ancient
times[9, 10]. From the calculated geometric construction of temples with magnets
resulting in the idol of deities levitating in that magnetic field, to the use of mag-
nets in compass by sailors to navigate across seas, magnetism has been a point of
interest for a very long time.

Pierre Curie and Pierre Weiss gave the first classical theories of magnetism in
the early 19th century[11, 12]. Curie and Weiss had derived the expression for the
static susceptibility (which is a measure of response of a material to an applied
constant magnetic field) assuming local magnetic moments and an internal field
(H = Hext+λHint )[13]. They were successful in some sense. To understand their
success we need to define the two defining features of a magnetic material:

1. Curie temperature: The temperature below which the magnetic moments in
the material get ordered. This can also be said as the temperature at which
the material transitions from the paramagnetic state (state without magnetic
order) to the ferromagnetic state (ordered state).

2. Curie-Weiss behavior: Curie-Weiss behavior of a material simply implies it
obeys Curie-Weiss law. Curie-Weiss law states that the susceptibility of a
material is inversely proportional to temperature. In other words the plot
of inverse of susceptibility as a function of temperature above the Curie
temperature is a straight line.

.
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The Curie-Weiss behavior is an experimental fact that was observed before.
Curie and Weiss were able to theoretically calculate the expression for suscepti-
bility and show its inverse dependence on temperature. However their theory has
several issues like the unreasonably high values required for the constant λ which
dented its success.

However the theory was given a final blow with the advent of quantum me-
chanics which changed our understanding of magnetism forever. Niels Bohr, one
of the founding fathers of quantum mechanics, showed that magnetism is inher-
ently a quantum mechanical phenomenon and lacks a classical counterpart[14, 15].
The statement of the theorem as mentioned by Van Vleck is as follows: “At any
finite temperature, and in all finite applied electrical or magnetic fields, the net
magnetization of a collection of electrons in thermal equilibrium vanishes identi-
cally”. The Bohr-Van Leeuwen theorem made it essential to completely discard
the classical theories of magnetism and develop quantum mechanical theories of
magnetism to understand the phenomena of magnetism correctly.

Magnetism can be classified in to two types based on the nature of electrons
whose magnetic moments align giving rise to magnetism.

1. If the electrons responsible for magnetism are localised at atomic orbitals in a
particular site, the magnetism arising from these electrons is called localised
magnetism. This phenomena of localised magnetism has been relatively well
understood through the Heisenberg model of magnetism[16].

2. If the electrons that align to give rise to magnetism are not localised at
atomic orbitals at each site and can move from one site to another, that
form of magnetism is called itinerant magnetism[17].

Stoner came up with the first and most simple description of such a form of
magnetism called the Stoner model[17]. This model considers that the electrons
in a material interact with the mean field which is a resultant average field arising
due to the presence of all the electrons. However in such an approach one nat-
urally loses out on the effect of the correlation of electrons which gets averaged
out. The Stoner model is discussed in detail in subsection 1.2.1
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Izuyama, Kim and Kubo formulated the theory of itinerant magnetism to ex-
plain the data obtained from neutron diffraction experiments[18]. They had gone
beyond the mean field approximation for such a calculation employing the Ran-
dom Phase Approximation (RPA). The RPA model is explained in detail in sub-
section 1.2.2. They were successful in explaining neutron diffraction data but
RPA theory in the static limit reduced to the Stoner model and hence could not
correctly estimate the Curie Weiss temperature and paramagnetic susceptibility.
The need for a theory to accurately explain itinerant magnetism still remained
elusive.

It is in this juncture that Moriya and Kawabata formulated the Self-Consistent
Renormalisation theory of itinerant electron Ferromagnetism[1, 19]. We will dis-
cuss each of these theories sequentially along with their merits and drawbacks in
the following discussions.

1.2.1 Stoner Model

We present here a simple derivation of the Stoner model at zero temperature. The
objective here is not derive the results rigorously but to illustrate the results of
the Stoner model and to compare it with results obtained from other models.

We first derive the Stoner condition for itinerant magnetism which is a criteria
to find whether a material is an itinerant magnet or not. We will follow this with
the expression for susceptibility in Stoner model.

Stoner Condition

The Stoner model employs a mean field approximation. In mean field approxima-
tion an electron feels the net effect of the field of all other electrons. With this
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assumption the potential energy term in Equation 1.2 becomes:

U Σ
i
ni↑ni↓ = U N↑N↓, (1.3)

where N↑(N↓) is the total number of up (down) electrons in the system.

If we assume that the potential energy of the system comes only from the
exchange energy and denote by Ueff the coefficient of the Hubbard interaction,
we get the following relation,

Hexch = Ueff N↑N↓ = Ueff (N −N↓)N↓. (1.4)

It is clear from Equation 1.4 that Hexch has a maximum when N↓ =
N
2

with a
value Ueff

N2

4
and its value is zero when N↓ = 0 or N↓ = N .

If we set the maximum of Hexch as the zero reference and denote that energy
as ∆Eeff defined as:

∆Eeff = Ueff (N −N↓)N↓ − Ueff
N2

4
(1.5)

Now let us assume a deformation in the Fermi level of energy ∆ << εF where
εF is the Fermi energy. It is equivalent to say that pN electrons in the down spin
state have migrated to the up spin state. Initially we had N

2
electrons in up spin

and the same number of electrons in the down spin state.

Now we have N
2
+ pN electrons in the up spin and N

2
− pN in the down spin

state. However, the total number of electrons N↑ + N↓ remains conserved. It is
easy to show from Equation 1.5 that the exchange energy in terms of pN is:

∆Eexch = −Ueff p
2N2. (1.6)
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Figure 1.2: If the deformation of ∆ amount of energy around the Fermi level causes
net increase in energy the material remains as a normal metal (left), but if there is net
decrease in energy it becomes a ferromagnet (right).

Let us now calculate the increase in kinetic energy due to this migration,

∆K.E. =

∫ +∆

0

dε ε ρ↑(ε)−
∫ 0

−∆

dε ε ρ↓(ε). (1.7)

But since we assumed the disturbance ∆ to be very small compared to ε, the
density of states for both the spin configurations remain the same and is nearly
equal to:

ρ↑(ε) ≃ ρ↓(ε) ≃ ρtotal (1.8)

where ρtotal is the value of density of states at the Fermi level.

The increase in kinetic energy due to the migration from Equation 1.7 is thus
given as:

∆K.E. = ρ↑(εF )∆
2 (1.9)

From Equation 1.9 it is clear that ∆K.E. > 0. We also have:

N↑ −N↓ = 2 pN =

∫ +∆

−∆

dε ρ↑(ε) = 2 ρ↑(εF )∆. (1.10)

this implies,
∆ =

pN

ρ↓(εF )
. (1.11)

Substituting Equation 1.11 in Equation 1.9, we get the increase in kinetic energy
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in terms of p and N as:

∆K.E. =
(p n)2

ρ↑(εF )
. (1.12)

The total energy can be written now with the help of Equation 1.6 and Equa-
tion 1.12 as:

∆Etotal = −Ueff (p n)
2 +

(p n)2

ρ↑(εF )
=

(p n)2

ρ↑(εF )
(1− Ueff ρ↑(εF )). (1.13)

Thus the total change in energy is negative if Ueff ρ↑(εF ) > 1. This is the cele-
brated Stoner condition for itinerant magnetism. This is illustrated in Figure 1.2.

Susceptibility in the Stoner model

Susceptibility is the measure of response of the system to an external magnetic
field. With an applied magnetic field H, the total energy of the system (∆ET )
becomes:

∆ET = ∆EK.E. +∆Eexch +∆Emag

=
(p n)2

ρ↑(εF )
− Ueff (p n)

2 − µB(2n p)H. (1.14)

The equilibrium condition is:

d∆ET

dp
= 0, (1.15)

which implies,
2 p n2

ρ↑(εF )
− 2Ueff p n

2 − 2µB nH. (1.16)

Rearranging Equation 1.16, we get:

p n =
µB ρ↑(εF )

1− Ueff ρ↑(εF )
H. (1.17)
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But M = 2µB p n, this implies:

M =
µ2
B ρ↑(εF )

1− Ueff ρtotal(εF )
H, (1.18)

which simplifies to,
χStoner =

χPauli

1− 1
2
Ueff ρ↑(εF )

(1.19)

Equation 1.19 is the expression for susceptibility in the Stoner model. It is
to note that 1

1− 1
2
Ueff ρ↑(εF )

is called the Stoner enhancement factor. It turns out
that this expression for susceptibility of itinerant magnetism is very inaccurate
and needs modification[20]. The Curie temperature can be calculated from Equa-
tion 1.19, because the inverse of susceptibility goes to zero at the Curie temper-
ature. The estimated Curie temperature is nearly an order of magnitude higher
than the experimental measured value[1, 13].

This can be expected as the Stoner model considers a mean field treatment
where the effects of correlations have been washed away (that is only exchange
effect is taken in to account). It turns out that it is necessary to consider the
effects of electronic correlations and they affect the ground state of the magnetic
system.

1.2.2 Random Phase Approximation Theory

As mentioned before Izuyama, Kim and Kubo went beyond the Stoner model by
employing a Random Phase Approximation (RPA) to solve the Hubbard model[18].
In their new approach they went beyond the static susceptibility obtained in the
Stoner model and they could derive the expression for dynamical susceptibility,
With the expression for dynamical susceptibility derived from RPA theory, they
argued that the neutron diffraction data could be explained through itinerant mag-
netism too. But as shown in Appendix A, in the zero frequency (ω → 0) and long
wavelength (q → 0) limit (static limit), the expression for dynamical susceptibility
in the RPA model reduces to the static susceptibility value equivalent to that of
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the one obtained from Stoner theory.

Our objective in this subsection is to derive the expressions for transverse dy-
namical susceptibility in RPA model. This is important as later when we perform
the calculations of the Self-Consistent Renormalisation theory, we will be employ-
ing a modified Random Phase Approximation and will be requiring these expres-
sions of transverse dynamical susceptibilities in the RPA model as the inputs to
begin the calculation with.

In the RPA model, the dynamical susceptibility is given by the Fourier trans-
form of the response function (the retarded Green function) defined with respect
to spin densities. We follow the equation of motion approach. Let us consider the
spin density operator defined as:

S(r) = ψ†(r) σ ψ(r), (1.20)

where σ are the Pauli matrices, ψ and ψ† are field operators which are given as:

ψ =
∑
k

ϕk(r) ak, (1.21)

ψ† =
∑
k

ϕ∗
k(r) a

†
k. (1.22)

Also, the generalized dynamical susceptibility is given by the expression:

χBA(ω) =
i

h̄

∫ ∞

0

dt eiωt−ϵt ⟨[B(t), A]⟩ . (1.23)

Let us define the operators B(t) and A as follows,
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B(t) = Sα (r, t) ,

A = Sβ(r
′).

(1.24)

The dynamical magnetic susceptibility can now be written as:

χα,β(r− r′, ω) =
i

h̄

∫ ∞

0

dt eiωt−ϵt ⟨[Sα (r, t) , Sβ(r
′)]⟩ . (1.25)

Fourier transform of the above equation can be written as,

χα,β(k, ω) =
i

h̄

∫ ∞

0

dt eiωt−ϵt

∫ ∞

−∞
d3(r− r′) e−ik·(r−r′) ⟨[Sα (r, t) , Sβ(r

′)]⟩ , (1.26)

making the following transformation r− r′ → R and r → r′ +R we get,

χα,β(k, ω) =
i

h̄

∫ ∞

0

dt eiωt−ϵt

∫ ∞

−∞
d3R e−ik·R ⟨[Sα (r

′ +R, t) , Sβ(r
′)]⟩ . (1.27)

Further, since ⟨[Sα (r
′ +R, t) , Sβ(r

′)]⟩ in terms of k can be written using the
transformation: Sα(r) =

∑
k e

ik·rSα(k)

χα,β(k, ω) =
i

h̄

∫ ∞

0

dt eiωt−ϵt

∫ ∞

−∞
d3R e−ik·R

∑
K1

eiK1·(r′+R)
∑
K2

eiK2·r′

⟨[Sα (K1, t) , Sβ(K2)]⟩

=
i

h̄

∫ ∞

0

dt eiωt−ϵt

∫ ∞

−∞
d3R e−ik·R

∑
K1,K2

ei(K1+K2)·r′eiK1·R

⟨[Sα (K1, t) , Sβ(K2)]⟩ . (1.28)

To make this equation independent of r′ , consider ei(K1+K2)·r′ = 1, which
implies (K1 + K2) · r′ = nπ, for n = 0 =⇒ K1 = −K2. Therefore the above
equation takes the form:
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χα,β(k, ω) =
i

h̄

∫ ∞

0

dt eiωt−ϵt

∫ ∞

−∞
d3R e−ik·R eiK1·R ⟨[Sα (K1, t) , Sβ(−K1)]⟩

=
i

h̄

∫ ∞

0

dt eiωt−ϵt

∫ ∞

−∞
d3R ei(K1−k)·R ⟨[Sα (K1, t) , Sβ(−K1)]⟩ .

(1.29)

From definition of the δ-function we get,∫ ∞

−∞
d3R ei(K1−k)·R = δK1,k, (1.30)

implies
χα,β(k, ω) =

i

h̄

∫ ∞

0

dt eiωt−ϵt ⟨[Sα (k, t) , Sβ(−k)]⟩ . (1.31)

Approximate calculation of the reduced susceptibility in RPA model

We will now calculate χ−+ component of the dynamical susceptibility,defined as:

χ−+(q, ω) =
i

h̄

∫ ∞

0

e−iωt ⟨[S−(q, t), S+(−q)]⟩ dt

=

∫ ∞

−∞
e−iωt⟨⟨S−(q, t);S+(−q)⟩⟩dt

(1.32)

where S−+ is given as

S−(q, t) =
∑
k

a∗k+q↓(t)ak↑(t) (1.33)

S+(−q) =
∑
k

a∗k↑ak+q↓ (1.34)

for simplicity we introduce the following notation

ϑk(q, t) ≡ a∗k+q↓(t)ak↑(t), (1.35)

and rewrite Equation 1.33 as
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S−(q, t) =
∑
k

ϑk(q, t). (1.36)

Defining the retarded Green function as,

⟨⟨σ̃−(q, t);S+(q)⟩⟩ =
∑
k

⟨⟨ϑk(q, t);S+(−q)⟩⟩, (1.37)

which can determined by applying the Equation of motion (EOM) approach.
By using the conventional definition of the retarded Green function, the R.H.S of
the above equation takes the form as:

ιh̄
d

dt
⟨⟨ϑk(q, t);S+(−q)⟩⟩ = −δ(t) ⟨[ϑk(q, t), S+(−q)]⟩+ ⟨⟨[ϑk(q, t),H] ;S+(−q)⟩⟩,

(1.38)

here H is the Hamiltonian of the system of interest and is given as

H = H0 +Hc (1.39)

H0 =
∑
kµ

ϵ(k)nkµ (1.40)

Hc =
1

2
Ueff

′∑
κ

∑
kµ

∑
lν

a†k+κ,µakµa
†
l,νal+κ,ν (1.41)

where

nkµ = a∗kµakµ (1.42)

Now we will calculate the commutators that are involved in solving the EOM
in Equation 1.38:
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[ϑk(q), S+(−q)] = a†k+q↓ak+q↓ + a†k↑ak↑ = nk+q↓ − nk↑. (1.43)

[ϑk(q),H0] = ε(k)a†↓a↑ − ε(k+q)a†k+q↓ak↑ = (ε(k)− ε(k + q))ϑk(q) (1.44)

The commutator [ϑk(q),Hc] has so many complex terms, thus a complete treat-
ment that involves all the terms is futile. We will consider only those terms that
can be transformed in to the form ϑl(q)nmµ and ignore the rest. This corresponds
to employing the Random Phase Approximation (RPA).

With the above approximation, the expression for [ϑk(q),Hc] can be simplified
by considering only terms of the type

[ϑk(q),Hc] ≃ Ueff

∑
q′

{ϑk+q′(q) (−nk+q↓ + nk↑) + ϑk(q) (−nk+κ,↑ + nk+q+k,↓)}

(1.45)

The first term on right hand side of Equation 1.45, gives the ladder type in-
teraction between electron and hole by which the effects of correlations is taken
in to account. This is diagrammatically shown in Figure 1.3. The second term
corresponds to exchange self energy correction to each one particle state and it
takes care of the molecular field acting on the electron.

Figure 1.3: Ladder diagrams contributing to χ+−(q, ω).

Also, in the same approximation (RPA),

⟨⟨nk,µϑi(q, t);S+(−q)⟩⟩ ∼= ⟨nk,µ⟩ ⟨⟨ϑl(q, t);S+(−q)⟩⟩

= fkµ ⟨⟨ϑι(q, t);S+(−q)⟩⟩

(1.46)
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EOM is now reduced to a simpler form as

ιh̄
d

dt
⟨ϑk(q, t);S+(−q)⟩ = −δ(t) (fk+q↓ − fk↑) + (ε̃↑(k)− ε̃↓(k + q))

⟨⟨ϑk(q, t);S+(−q)⟩⟩+ Ueff (fk↑ − fk+q↓)∑
κ

〈
⟨ϑk+k(q, t);S

′
+(−q)

〉
⟩ (1.47)

where
ε̃µ(k) ≡ ε(k)− Ueff

′∑
κ

fk+κ,µ (1.48)

Therefore the EOM is further transformed to its Fourier transform as

{−h̄ω + ε̃↓(k + q)− ε̃↑(k)} ⟨⟨ϑk(q, ω);S+(−q)⟩⟩

= − (fk+q↓ − fk↑) + Ueff (fk↑ − fk+q↓)
∑

k ⟨⟨ϑk+κ(q, ω);S+(−q)⟩⟩
(1.49)

dividing both sides of the expression by (−h̄ω+ε̃↓(k+q)−ε̃↑(k) and then summing
over all wave numbers we obtain the solution as

χ−+(q, ω) =
∑
k

⟨ϑk(q, ω);S(−q)⟩ = Γ−+(q,ω)

1− UeffΓ−+(q, ω)
, (1.50)

where Γ−+(q,ω) is the definition of Lindhard function and is defined as

Γ−+(q, ω) =
∑
k

fk↑ − fk+q↑

ε↓(k + q)− ε↑(k)− h̄ω
(1.51)

If we put 1 − UeffΓ−+(q, ω) = 0 in Equation 1.50 then χ−1
−+(q, ω) → 0 which

indicates a phase transition happening in the system. In the RPA, the χzz is
calculated through the following way, where z is the direction of the spontaneous
magnetization. Therefore Sz(q, t) in Equation 1.32 is written as:

Sz(q, t) =
1

2
{
∑
k

ϑk↑(q, t)−
∑
k

ϑk↓(q, t)} (1.52)



20 1 - Introduction

where
ϑkσ(q, t) = a∗k+qσ(t)akσ(t) (1.53)

hence the Green function associated with χ
′
zz takes the form

⟨⟨Sz(q, t);Sz(−q)⟩⟩ = 1

2
{G↑(q, t)−G↓(q, t)} (1.54)

with
Gσ(q, t) =

∑
k

⟨⟨ϑkσ(q, t);Sz(−q)⟩⟩ (1.55)

In RPA, we put the following

[ϑkσ(q),Hc] = Ueff (ηk+q,σ − ηk,σ)
∑
l

ϑl,−σ(q) (1.56)

here −σ corresponds to the anti-parallel spin state of σ. Further the EOM is now
obtained as

ih̄
d

dt
⟨⟨ϑkσ(q, t);Sz(−q)⟩⟩ = −1

2
δ(t) (fk+q,σ − fk,σ) ησ + {ε(k)− ε(k + q)}

⟨⟨ϑk,σ(q, t);Sz(−q)⟩⟩+ Ueff (fk+q,σ − fk,σ)
∑
l

⟨⟨ϑl,−σ(q, t);Sz(−q)⟩⟩

(1.57)
by doing the Fourier transform of the above equation we find

{−h̄ω + ε(k + q)− ε(k)}⟨⟨ϑkσ(q, ω);Sz(−q)⟩⟩

= −1
2
(fk+q,σ − fk,σ) ησ + Ueff (fk+q,σ − fk,σ)

∑
l ⟨⟨ϑℓ,−σ(q, ω);Sz(−q)⟩⟩

(1.58)

this is a coupled equation between the spin-up and spin-down electrons. Di-
viding both the sides by the factor which appears in the L.H.S of this equation
and then summing over k,s, one easily arrives at

∑
k ⟨⟨ϑk(q, ω);S(−q)⟩⟩ = 1

2

∑
k

fk↑−fk+q↑

ε↓(k+q)−ε↑(k)−h̄ω

+Ueff

∑
k

fk↑−fk+q↑

ε↓(k+q)−ε↑(k)−h̄ω
×
∑

l ⟨⟨ϑℓ,−σ(q, ω);Sz(−q)⟩⟩

(1.59)
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this implies
Gσ(q, ω) = Γσ(q, ω){

1

2
ησ − UeffG−σ(q, ω)} (1.60)

where Gσ(q, ω) is Fourier transform of Gσ(q, t) given in Equation 1.55

and

Γσ(q, ω) =
∑
k

fkσ − fk+qσ

ε(k + q)− ε(k)− h̄ω
. (1.61)

Therefore Gσ(q, ω) can be written in terms of the Γσ(q, ω) as

Gσ(q, ω) =
1

2
ησ

Γσ(q, ω){1 + UeffΓ−σ(q, ω)}
1− U2

effΓ−σ(q, ω)Γσ(q, ω)
. (1.62)

Now, from Equation 1.54 and Equation 1.32 χzz(q, ω) can be obtained as

χzz(q, ω) =
1

4

Γ↓(q,ω) + Γ↑(q,ω) + 2UeffΓ↓(q, ω)Γ↑(q,ω)

1− U2
effΓ↑(q, ω)Γ↓(q, ω)

(1.63)

And this is the required expression for longitudinal susceptibility[13, 18].

1.2.3 Self Consistent Renormalisation Theory

In the last two sub sections we have derived the expression for the susceptibility
in Stoner model and the RPA model. The expression for static susceptibility was
obtained in the Stoner model. The Stoner model gave a criteria for the emergence
of itinerant magnetism in a system called the Stoner condition. However, the ex-
pression for susceptibility obtained in the Stoner model is very crude and it turns
out that it is very inaccurate when compared with experimental data for Curie
temperature and susceptibility as a function of temperature.

The RPA model went a step further and calculated the Dynamical suscepti-
bility of itinerant magnets. This is remarkable because through the calculation
of dynamical susceptibility one can calculate the magnetic structure factor and
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compare it with the neutron diffraction data.Before the RPA theory of itinerant
magnetism was given there was a strong belief that the neutron diffraction data
can only be explained using localised magnetism and the RPA model established
that this data can be explained through itinerant magnetism too.

However as shown in Appendix A, in the long wavelength (q → 0) and zero
frequency (ω → 0) limit, the RPA expression for the susceptibility is the same as
the one predicted by the Stoner model[13]. Hence the RPA expression is incorrect
at the long wavelength (q → 0) and zero frequency (ω → 0) limit and needs to
be corrected. It is also important to note that RPA is a weak coupling approxi-
mation and it becomes ineffective when the value of the Hubbard interaction U is
large. Additionally in RPA, the summing is over the ladder diagrams and hence
in systems where exchange diagrams also contribute significantly, RPA becomes
inapplicable[21].

T. Moriya and A. Kawabata adjusted the RPA expression at the (q → 0) and
(ω → 0) limit[1]. They did this by employing a modified Random phase approx-
imation as the expression from conventional RPA is incorrect at the static limit.
They modified the expression for susceptibility obtained from RPA by adding
an additional temperature dependent parameter λ(T ) in the denominator. They
then proceed to calculate the exact value of the susceptibility at the static limit
employing a self-consistent scheme of calculation. Since the effects of electronic
correlations at the static limit are taken in to account by a self-consistent scheme,
hence the name Self-Consistent Renormalisation theory.

We will discuss the Self-Consistent Renormalisation theory of itinerant electron
magnetism in detail in chapter 2.
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1.3 Topology in Condensed Matter Physics

Band theory of electrons in solids has been a cornerstone in terms of its remark-
able success in explaining the various physical properties of electrons in solid state
systems[22]. The advent of topological band theory took it newer, uncharted ter-
ritories.

As mentioned before one of the central goals of condensed matter physics is to
characterise different phases of matter. At the same time it is also important to
understand the phase transitions that occur due to the transition of the system
from one phase to the other phase and the changes accompanied with such tran-
sitions.

Phase transitions in quantum systems were understood through spontaneous
breaking of symmetries. Such transitions were in fact key to understand certain
quantum phenomena like magnetism and superconductivity. Celebrated Physicist
Lev Landau had introduced his theory of phase transitions through the introduc-
tion of an order parameter to explain such phase transitions[23].

However the introduction of topological order was a paradigmatic shift in the
theory of phase transitions. Quantum Hall effect is one of the first examples
of system which does not break any symmetries and has physical properties like
the quantised Hall conductance which are insensitive to smooth changes in sys-
tem parameters and do not change unless the system undergoes a quantum phase
transition.

These quantum phase transitions in general do not require breaking of any
symmetry. In fact, as we will see later, symmetry plays an important role in pro-
tecting the topological order of the system and breaking of the symmetries may
lead to the change in the structure or complete loss of the topological order.
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We will give a detailed introduction to the effects of topology in condensed
matter systems in this section. We will begin with a brief introduction to the
mathematical concept of topology in subsection 1.3.1. We will then discuss the
application of the principles of topology to band theory and its consequences in
subsection 1.3.2. We proceed then to the topological invariants which enable
us to identify topological phase transitions and characterise topological phases
in subsection 1.3.3. We will conclude this section with a discussion on the Bulk-
Boundary correspondence in subsection 1.3.4 which is regarded as a very important
concept in the context of topological condensed matter physics.

1.3.1 Topology

Topology is a branch of mathematics that deals with studying the properties of
spaces or objects that are invariant under continuous transformations[24].

Often it has been described through the topological equivalence of two objects.
The strict mathematical definition for two objects, say A and B to be topologi-
cally equivalent is there should exist a homeomorphism between these two objects.
Homeomorphism is the condition that a continuous bijection and its inverse which
is also continuous should exist between the two objects[24]. This makes homeo-
morphism a structure preserving map which preserves the topology of the space
being considered and a lack of homeomorphism between two spaces indicates that
they have different topology.

This can be explained with an example of a line segment and a circle. Suppose
we map every point in the line segment to the circle through a function f , where
the function, f is one to one and onto. It follows from the definition of f that it is
a continuous function and making it a continuous bijection. However the inverse
of f is discontinuous making the line and the circle not topologically equivalent.
This is pictorially depicted in Figure 1.4.
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Figure 1.4: A circle and a line are topologically not equivalent.

A simpler definition from a physical perspective for topological equivalence is
two objects are topologically equivalent if one can be deformed in to the other
without poking holes are gluing certain parts with others. Simple example is that
of a sphere and torus. The sphere cannot be deformed in to a torus without mak-
ing a hole in it, making the sphere and torus topologically not equivalent. At the
same time a sphere can be smoothly deformed in to a disk.

This can be understood more rigorously by associating an invariant with the
objects and in this case it is the genus, which is essentially the number of holes.
The genus associated with the sphere and the disk is zero and the one associated
with the torus is one. Since the value of genus can take only integer values, objects
with one genus cannot be smoothly deformed in to object with another genus[4].
This is illustrated in Figure 1.5.

Another topological invariant that is associated with surfaces is the Euler char-
acteristic (χ). It is defined through the Gauss-Bonnet theorem as the integral of
the Gaussian curvature (K) over a surface (S),

χ =

∫
S

K dA (1.64)
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Figure 1.5: A sphere and a torus are not topologically equivalent.
[Source: arXiv:2201.07276]

Since the circle has constant curvature of K = (1/R2), the value of χ for the
circle is:

χ = 2. (1.65)

From Equation 1.64, we see that the Euler characteristic takes only integer
values and is related to the solid topological invariant genus as:

χ = 2 − 2g. (1.66)

Thus we see through Equation 1.66 that a relation exists between the solid and
surface topological invariants and change in one of them will lead to the corre-
sponding change in the other. This is called the Bulk-Boundary correspondence
and as we will see later, it is at the heart of topological condensed matter physics.

The field of topology is very interesting and is an area of active research in
mathematics. It is definitely impossible to give a complete flavor of it in a short
discussion. However, considering the scope of this thesis, we end our discussion
on topology here. The objective of this section was to familiarise the reader with
abstract mathematical objects and concepts that would come handy later. We
believe the introduction to topology presented here is self contained and good
enough for understanding the effects of topology in condensed matter physics
which we will take up in the coming sub-sections.

https://doi.org/10.48550/arXiv.2201.07276
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1.3.2 Topological Band Theory

The band theory of electrons is one of the most successful attempts made to un-
derstand solids. It explains the reason for certain materials to be insulators is the
presence of band gap in these materials. This band gap separates the ground state
from all the excited states, thus prohibiting the transport of an electron in the
material, making it an insulator. This was the end of the picture for a while until
the principles of topology where applied to band insulators. Before proceeding
further we have to define the principle of adiabatic continuity as follows:

“The principle of adiabatic continuity states that if the system is
in its ground state and the system parameters in the Hamiltonian are
changed very slowly, the system continues to remain in the ground
state of the changing Hamiltonian, given the ground state is gapped
from other excited states”

The principle of adiabatic continuity then prompts us to define a geometric
phase that would be picked up over a complete cycle. The concept of geometric
phase existed before and was first pointed out by S. Pancharatnam in the context
of interference of light in the year 1956[25]. It was later by Michael Berry in
1984[26] to quantum systems.

The principle of adiabatic continuity can be understood with the example of a
particle in an one dimensional infinite square well. If the system is initially in the
ground state

(√
2
a
cos(π x

a
)
)

and the width of the well is a and the width of the
well is very slowly changed to 2a, the particle will be in the ground state of the
one dimensional infinite well with width 2a, i.e.

(√
1
a
cos(π x

2a
)
)

.

Now coming back to our discussion on band insulators, let us consider an in-
sulator, (I1) with band gap ∆ and obviously ∆ > 0 for an insulator. Suppose we
change the system parameters in the Hamiltonian very slowly and reach another
insulator (I2). Inspired from the definition of the topological equivalence discussed
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in subsection 1.3.1, we can define that the insulators I1 and I2 are topologically
equivalent if the value of the band gap has always been sufficiently greater than
zero such that the system has always been in its ground state. If not then I1 and
I2 are not topologically equivalent[4, 27].

It is interesting to note that if the insulators I1 and I2 are not topologically
equivalent then, when the system parameters of the Hamiltonian are slowly varied
to reach from I1 to I2 there exists some configuration of system parameters where
the band gap vanishes. This is to say that the path from one insulator to the
other is separated by a conducting state and one cannot reach from one insulator
to another insulator which is topologically not equivalent to the first insulator
without traversing this conducting state.

For simpler understanding if we compare the case of insulators with that phys-
ical objects the presence of conducting state in the insulators is the equivalent of
making a cut or gluing a part in a physical object. This is to say that adiabati-
cally continuing a Hamiltonian is similar the mathematical concept of continuous
deformation of an object.

1.3.3 Topological Invariants

In the last subsection we have defined the principle of topological equivalence
in the context of band insulators. The next logical step is to define topological
invariants with which we can characterise these insulators based on their topology.

Since we are discussing band insulators, if we also assume the material that is
being considered is crystalline then the translational symmetry allows us to label
the states by their crystal momentum, k. From Bloch theorem these states are of
the form:
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|ψ(k)⟩ = ei k.r |u(k)⟩ , (1.67)

where |u(k)⟩ are the periodic part of the Bloch wave function. We can immedi-
ately notice the intrinsic phase ambiguity of quantum mechanical wave functions,
i.e. the inner products of the form ⟨u(k)|u(k)⟩ are gauge invariant under the
following transformation:

|u(k)⟩ → ei ϕ(k) |u(k)⟩ . (1.68)

This prompts us to define the Pancharatnam-Berry phase (γ) for any closed loop
(C) in the k space as:

γ =

∮
C

dk
⟨u(k)| − i∇|u(k)⟩

⟨u(k)⟩ u(k)
. (1.69)

If we perform the following gauge transformation:

|ũ(k)⟩ = e−i β(k) |u(k)⟩ , (1.70)

and we calculate Pancharatnam-Berry phase for |ũ(k)⟩ with its definition given in
Equation 1.69, we get:

γ̃ = γ + 2πm. (1.71)

This implies the Pancharatnam-Berry phase is invariant under the gauge trans-
formation Equation 1.70 up to a modulo 2π.

Before moving further, we would like to pause here and discuss the connection
between the abstract mathematical objects discussed in subsection 1.3.1 and the
physical quantities that we are discussing here. If we rewrite Equation 1.69 as:

γ =

∮
c

A · dk (1.72)

where, A in Equation 1.72 is the Berry connection. Applying the Stokes theo-
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rem to Equation 1.72, we get:

γ =

∮
c

A · dk =

∫
S

∇× A · dS =

∫
S

F · ds, (1.73)

where F = ∇ × A is the Berry curvature. If we observe Equation 1.64 and
Equation 1.73, we find they are very similar (up to a 2π factor). Equation 1.64 is
the expression for Euler characteristic and Equation 1.73 is for the Berry phase.
Similarly in the place of Gaussian curvature in Equation 1.64, we have the Berry
curvature in Equation 1.73.

If the system is one dimension then the Pancharatnam-Berry phase is called
the Zak phase[28]. If the dimension of the system is two it is the Chern number.
The Zak phase and the Chern number[29] are important topological invariants in
one dimension and two dimensions respectively. Change in their value indicates a
topological phase transition in the system.

Since their definition depends on the crystal momentum, k they are only de-
fined for an infinite system or finite system with periodic boundary conditions.
This makes them the bulk topological invariants.

Similar to the bulk topological invariants there exists boundary topological
invariants which are defined only when the system size is finite i.e., when we
employ open boundary conditions. The number of zero energy edge states and
the number and the number of conducting edge modes are examples of boundary
topological invariants in one and two dimension respectively.

1.3.4 Bulk-Boundary Correspondence

The validity of the Bulk-Boundary correspondence in the topological band insula-
tors that we have discussed so far is at the heart of topological condensed matter
physics[30].
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In subsection 1.3.1, we saw the existence of Bulk-Boundary correspondence be-
tween the solid invariant genus and the surface invariant Euler characteristic[24].
A change in the genus automatically leads to a change in the Euler characteristic
via the relation Equation 1.66.

Similarly in the case of the Su-Schrieffer-Heeger (SSH) model[2] (for a detailed
introduction to SSH model, refer to chapter 4) which is an one dimensional gaped
system, the Zak phase is the bulk invariant and the number of zero energy edge
modes is the boundary invariant. If we change the system parameters in the
Hamiltonian such that we cross the band closing point, the value of the Zak phase
changes. In the finite bulk case this leads to the emergence (or disappearance) of
zero energy edge states validating the existence of Bulk-Boundary correspondence
in this system.

Similarly in the case two dimensions, take the example of the integer quantum
Hall effect. A change in the value of the Chern number leads to the change in
the number of conducting surface states validating the Bulk-Boundary correspon-
dence[29].

With these examples it is clear that the Bulk-Boundary correspondence is valid
for the topological classification of gaped systems that we have introduced in this
section. In this thesis we will be interested in studying the effects of topology in
SSH like dimer models in one and quasi-one dimension.
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1.4 An overview of the thesis

In this thesis, we have studied the effects of interaction and topology in some con-
densed matter systems. The effects of interaction were studied through the Self-
Consistent Renormalisation theory of itinerant magnetism. We find out that the
ferromagnetic ordering in itinerant magnets is because of the Hubbard interaction
and the electronic correlations play an important role in determining the physical
quantities like Curie temperature. We study an hands on example by studying
the case of itinerant magnetism in the unconventional material, CaMn2Al10.

We then formulate the Su-Schrieffer-Heeger model with any bulk (SAB model),
to study topological systems in one and quasi one dimension with twists and
branching. We also study the effects of disorder in the SAB model.

The first chapter is a general introduction to the effects of interaction and
topology in characterising the phase of condensed matter systems. We introduce
the Hubbard model, followed by an introduction to itinerant magnetism and the
models of itinerant magnetism like Stoner model and RPA model and the need
for the SCR theory of itinerant magnetism. This is followed by an introduction
to topology and the field of topological band theory.

In the second chapter we introduce the complete formalism of the SCR theory.
This is followed by the discussion of the algorithm of the numerical code that we
have developed to calculate static susceptibility from the SCR theory. We con-
clude this chapter by showing some results from our numerical codes which are
in agreement with already available literature to bench mark the validity of our
results.

The third chapter is a presentation of results obtained by studying the case
of itinerant magnetism in CaMn2Al10 through the SCR theory of itinerant mag-
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netism. CaMn2Al10 being an unconventional, Mn based magnetic system in dis-
agreement with the conventional wisdom for the type of magnetism based on the
Mn-Mn distance was a well suited candidate to be studied by SCR theory. We
present our calculations of static susceptibility through SCR theory and show that
it is in excellent agreement with experimental results. Our DFT and DFT+U cal-
culations point to the origin of itinerant nature of magnetism as the hybridisation
between Mn and Al orbitals.

In the fourth chapter we formulate the new model based on the SSH model
that we named as the Su-Schrieffer-Heeger model with any bulk (SAB model).
We study the properties of various SAB models like three band, four band and six
band SAB models. We find that these SAB models exhibit several exotic features
like the simultaneous presence of both dispersive topological bands and flat bands
in the same system. This leads to a large number of zero energy states localised in
the bulk along with the zero energy edge states. Along with the eigenvalues and
eigenvectors with different boundary conditions, we calculated topological invari-
ants like Zak phase and localisation measures like inverse participation ratio. We
end this chapter with possible experimental platforms on which our theoretical
results can be verified.

In the fifth chapter, we study the robustness of the zero energy modes in the
SAB model to chiral symmetry preserving and breaking disorders. We find that
the major factors that affect the robustness of the zero energy states is the degen-
eracy of the flat band and the breaking or preserving of the chiral symmetry. We
find that if the flat band is non-degenerate and the disorder preserves chiral sym-
metry, the zero energy states are robust to large disorders. In all other cases the
zero energy cases acquire a finite bandwidth and close the band gap for a critical
disorder strength, resulting in a localisation to delocalisation transition which is
very rare.

We conclude by summarising and discussing the results obtained in the course
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of this thesis in chapter six.



Part I

Itinerant magnetism and

correlation effects
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”An equation for me has no meaning, unless it expresses a thought of God.”

Srinivasa Ramanujan

2
The Self-Consistent Renormalisation

theory of itinerant electron magnetism

This chapter is dedicated to the clear and complete review of the formalism of the
Self-Consistent Renormalisation (SCR) theory of itinerant electron magnetism for-
mulated by T.Moriya and A.Kawabata. We will first review in detail the formalism
of the SCR theory. Following this we will discuss in detail the algorithm of the
computer codes, that we have developed to numerically obtain the value of static
susceptibility through the calculations of the SCR theory. We will conclude by
showing some calculations performed through these codes.

37
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The phenomena of itinerant magnetism is very interesting owing to the fact
that there are several unique features that are possible only in this form of mag-
netism unlike the localised magnetism[31]. The non-saturation of magnetisation
for very high fields and the very low values of magnetic moment per atom are a
few to quote among several such unique physical properties[32]. However, despite
several attempts a comprehensive theory of itinerant magnetism remained elusive.
Be it the mean field approximation based Stoner-Slater theory[17, 33] given by
Stoner or the Random phase approximation based RPA model given by Izuyama,
Kim and Kubo[18], the theories of itinerant magnetism could explain some of the
aspects of itinerant magnetism but they couldn’t quantitatively explain several
other features[20, 34]. Of all the glaring issues in these theories were the over-
estimation of Curie temperature and lack of Curie-Weiss behavior in the inverse
susceptibility as a function of temperature plot[1, 34].

Due to enhanced correlations in itinerant systems [35–52] ferromagnetic (FM)
instabilities and [17, 33] and spin density wave (SDW) [53, 54] instabilities arise.
At absolute zero ordering the spin fluctuations[55–57] with pronounced quantum
character play an significant role in the measurement of quantities like magnetic
susceptibility, specific heat, resistivity etc.

It is this juncture T.Moriya and A.Kawabata introduced the Self-Consistent
Renormalisation theory of itinerant electron magnetism[1, 20, 34]. The remark-
able success of this theory was in its ability to predict the physical quantities of
interest accurately in the quantitative sense and not limited to only qualitative
description[19–21, 34, 55–61]. The theory self-consistently takes in to account the
effects of electronic correlations not taken in to account in the mean field descrip-
tion of Stoner and hence the name Self-Consistent Renormalisation (SCR) theory.

In this chapter we will begin with the complete review of the formalism of
the SCR theory in section 2.1. We will then discuss in detail the algorithm of
numerical codes that we have developed to obtain the static susceptibility as a
function of temperature for an itinerant magnet in section 2.2. We will discuss
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some results obtained by us using these numerical codes in section 2.3. We will
conclude this chapter with a summary of the discussions in section 2.4.

2.1 The Self-Consistent Renormalisation theory of itiner-

ant magnetism

In this section we will give a complete review of the formalism of the Self-Consistent
Renormalisation (SCR) theory[13]. The essence of the SCR theory is in obtaining
the expression for the inverse susceptibility which is made possible through the
equations of the SCR theory. After obtaining this equations it remains only to
solve these equations self-consistently.

We will begin this section describing the procedure to obtain an exact ex-
pression for susceptibility based on the one band Hubbard model Hamiltonian in
subsection 2.1.1. This exact expression cannot be solved directly and to make
this solvable, we will then introduce a modified Random Phase Approximation in
subsection 2.1.2.

2.1.1 A general formula for the magnetic susceptibility

Our starting point is the one band Hubbard Hamiltonian. The Hubbard model
considers only the on-site interactions and is a simple but an effective model
to study systems with interacting electrons. The Hamiltonian of the one band
Hubbard model is as follows:

H = Σ
ijσ
Tija

†
iσajσ +

U

2
Σ
i
ni↑ni↓ (2.1)

If we do the Fourier transformation of Equation 2.1 and diagonalise the Kinetic
energy term with Bloch states owing to the translational symmetry in the system,
we get the following equation,
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H = H0 +H ′(U) (2.2)

where,

H0 =
∑
k,σ

εka
†
kσakσ, (2.3)

is the free part of the Hamiltonian and

H ′(U) = U
∑
k,k′,q

a†k+q↑a
†
k′−q↓ak′↓ak↑, (2.4)

is the interacting part of the Hamiltonian. The spin raising and lowering op-
erators are defined as follows:

S+(q) =
∑
k

a†k+q↑ak↓; S−(q) =
∑
k

a†k+q↓ak↑.

The interacting part can also be equivalently represented through the spin
raising and lowering operators as:

H ′(U) =
1

2
UN − 1

2
U
∑
q

{S+(q),S−(−q)} , (2.5)

where N is the total number of electrons, U = N0U is the intra-atomic ex-
change energy, N0 is the number of atoms in the crystal and { , } stands for the
anti-commutator.

It is simple to verify the equivalence of Equation 2.4 and Equation 2.5. Start-
ing from Equation 2.5 and writing spin raising S+(q) and lowering S−(q) operator
in terms of creation and annihilation operators and with a little bit of algebra, we
subsequently reach at Equation 2.4.
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Next, the magnetic susceptibility in the unit of Bohr Magneton square (µ2
B) is

given as:

χ =

[(
δ2F (M)

δM2

)−1
]
M=M∗

, (2.6)

where, M is the magnetization, M∗ is the saturation value of magnetization
and F (M) is the total free energy as a function of M i.e., M = N↓ − N↑ and
N = N↓ +N↑.

The partition function of the system in the presence of magnetic field is given
as:

Z(H) = Tr

[
exp

(
−[H +HMz]

KBT

)]
, (2.7)

where H is the magnetic field applied along the z-axis, H is the Hamiltonian
of the system of interest and Mz is the component of magnetization along H.
Therefore, the expression for free energy of the system is (from here on unless
mentioned explicitly, the value of KB = 1):

F (H) = −T lnZ(H). (2.8)

Further, the free energy can be expressed as a function of M through the
Laplace transformation to get the following expression:

Z(M) =
1

2πi

∫ +i∞+ϵ

−i∞−ϵ

d

(
H

T

)
exp

((
−H
T

)
M

)
Z(H). (2.9)

Now with the definition, F (M) = −T lnZ(M), for the free energy value for a
given value of M , we have the relations:
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F (M)

T
= −lnZ(M); Z(M) = exp

(
−F (M)

T

)
. (2.10)

Therefore from Equation 2.9 and Equation 2.10 we get the following relation:

exp

(
−F (M)

T

)
=

1

2πiT

∫ +i∞+ϵ

−i∞−ϵ

d(H) exp

((
− 1

T

)
[HM + F (H)]

)
. (2.11)

Now with the help of the saddle point approximation we get,

M =M∗ = −δF (H)

δH
, (2.12)

where M∗ is the equilibrium value of the magnetisation M . From Equation 2.12
(saddle point integral), we get the following:

F (M∗) = F (H) +HM∗. (2.13)

Physically this means that the free energy F (M) can be estimated by means
of calculating the free energy under an applied magnetic field H which gives rise
to the magnetization of M and then subtracting the contribution to the energy
due to external field i.e., −HM∗.

Further we express F (M) as follows:

F (M) = F0(M) +

∫ U

0

dU

U
⟨H′(U)⟩M,U , (2.14)

where, the first term F0(M) corresponds to the free energy contribution of
free electrons and the second term corresponds to the free energy coming from
interactions. Equation 2.14 can be further decomposed in to:
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F (M) = F0(M) + FU
HF(M) +∆FU(M)︸ ︷︷ ︸ . (2.15)

FU(M)

In Equation 2.15 we have expressed the total free energy of the magnetic system
in terms of magnetization as the sum of free energy terms due to free electrons,
free energy contributed by the Hartree-Fock Approximation (HFA) term (Mean
Field Contribution) and the term solely contributed by the correlation effects. The
HFA term is of linear order while the correlation term is found to be of second
order in nature.

From Equation 2.6 it is evident that the second order differentiation of F (M)

with respect to magnetization gives us χ−1. The terms (FU
HF(M) + ∆FU(M))

are the contributions to free energy from the interactions and together form the
interaction term, FU(M) in Equation 2.14.

The expression for the contribution to the free energy solely from the effects of
electronic correlations ( ∆FU(M) ) is given as:

∆FU(M) = −1

2

∑
q

∫ U

0

dU
{〈

[S+(q), S−(−q)]+
〉
M,U

−
〈
[S+(q), S−(−q)]+

〉
M,0

}
.

(2.16)

Now employing the fluctuation-dissipation theorem to express Equation 2.16
in terms of the dynamical susceptibilities, we get the following expression:

∆FU(M) = − 1

2π

∫ +∞

−∞
dω coth

(
1

2
βω

)
Im

∫ U

0

dt
∑
q

[
χ+−
M,U(q, ω)− χ+−

M,0(q, ω)
]
,

(2.17)
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where χ+−
M,U(q, ω) in Equation 2.17 are the transversal dynamic susceptibilities

under fixed values of M and U and are given by the expression:

χ+−
M,U(q, ω) = i

∫ ∞

0

dteiωt⟨[S+(q, t), S−(−q)]⟩M,U . (2.18)

After obtaining the expression for the renormalised free energy in Equation 2.17,
that contains the additional contributions coming from the electronic correlations,
we recall Equation 2.6 to obtain the expression for the susceptibility to be:

χ =
χ0

1− 1
2
Uχ0 + λ(T )

, (2.19)

where the temperature dependent parameter λ(T ) which brings in to account
the effects of electronic correlations is given as:

λ(T ) =
1

2π

∫ +∞

−∞
dω coth

(
1

2
βω

)
g(ω), (2.20)

and the expression for g(ω) also termed as the spin fluctuation function is:

g(ω) = −χ0 Im
∂2

∂M2

(∫ ∞

0

dU
∑
q

[
χ+−
M,U(q, ω)− χ+−

M,0(q, ω)
])

. (2.21)

Equation 2.15 is an exact expression for the free energy, implying that Equa-
tion 2.19 along with Equation 2.20 and Equation 2.21 is an exact expression for
finding the value of susceptibility. However the problem is Equation 2.21 requires
the value of transversal dynamical susceptibilities as an input to proceed with the
calculations and they are not available before hand.

In a sense we started of with the quest to find an expression for static suscep-
tibility but obtained an expression which requires the dynamical susceptibilities
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as inputs to proceed with the calculations. This conundrum is nicely illustrated
in the following graphic.

χ = χ0

1− 1
2
Uχ0+λ(T )

λ(T ) = 1
2π

∫ +∞
−∞ dωcoth(1

2
βω)g(ω)

g(ω) = −χ0 Im
∂2

∂M2

(∫ U

0
dU
∑

q

[
χ+−
M,U(q, ω)− χ+−

M,0(q, ω)
])

From the above graphic it is clear that the expression for static susceptibility
χ requires the expression for λ(T ), which in turn requires the expression for g(ω)
which depends on the transverse dynamical susceptibility, which is equivalent to
asking for the values of susceptibility after starting to find one.

To resolve this conundrum we discuss the modified Random Phase Approxi-
mation in the next subsection 2.1.2.

2.1.2 Modified Random Phase Approximation

In subsection 2.1.1 the exact expression for susceptibility and the impossibility of
solving it was discussed. The first hunch that follows is to substitute the expres-
sion for dynamical susceptibilities obtained in the RPA model. The problem in
doing that is that the longer wavelength and zero frequency value of the dynami-
cal susceptibility in the RPA model does not agree with the uniform susceptibility
that we are calculating. This is because as discussed earlier and as shown in Ap-
pendix A, it coincides with the expression of the Stoner model in this limit due
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to the lack of effects of electronic correlations which plays a crucial role. This is
explained in detail in [13]. Hence this procedure would be incorrect to follow.

This inconsistency however, can be rectified by using a modified Random Phase
approximation. A convenient feature of this approximation is that the value of
magnetization M is kept constant, if we keep the longitudinal molecular field B

to be constant for varying values of U . We will elaborate more on this procedure
in this subsection.

As mentioned before the first logical direction to proceed will be to substi-
tute the transversal dynamical susceptibilities values obtained from RPA model
in Equation 3.4. The transversal dynamical susceptibilities under a fixed longi-
tudinal molecular field B by using a random phase approximation is obtained
as:

χ+−(q, ω) =
χ+−
0 (q, ω)[

1− Uχ+−
0 (q, ω)

] . (2.22)

Substituting Equation 2.22 in Equation 2.21, we get the following expression:

g(ω) = −ξα2(4π)−1 Im

∫
dq{f0(∂2f0/∂B2)(1− αf0)

−1 + ∂f0/∂B)2

(1− αf0)
−2},

(2.23)

with

(2.24)
f0 = f0(q, ω + is) = χ+−

0 (q, ω + is)/(χ0/2)

ξ = (k3F/2π
2εFχ0) , α = Uχ0/2

 ,

where ζ equals to 1 for the electron gas model at T = 0 K and kF (ϵF ) is the
Fermi wave-vector (Fermi-energy).
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The expression Equation 2.23 for g(ω) is incorrect as we have obtained it di-
rectly from the RPA model.

Thus there needs to be some modification to the expression for g(ω) in order
to obtain the correct value of susceptibility in the static limit. For this a modified
random phase approximation is employed which will adjust the RPA susceptibility
at q = ω = 0. This modification is realised by replacing (1−α)/α in Equation 2.23
by:

δ = χ0/αχ = 2/Uχ = (1− α + λ)/α. (2.25)

A closer look at Equation 2.25 reveals that the modification performed here is
indeed the same thing that we did to the expression of static susceptibility of the
Stoner model shown in Equation 2.19. This makes it suitable to term δ as the
inverse susceptibility. With the above modification Equation 2.23 becomes:

g(ω) = −ξ(4π)−1Im

∫
dq{αf0

(
∂2f0/∂B

2
)
(δ + 1− f0)

−1 +

(∂f0/∂B)2(δ + 1− f0)
−2}.

(2.26)

One can thus obtain the magnetic susceptibility by solving the three equations
Equation 2.20, Equation 2.25 and Equation 2.26 self consistently for the three
variables δ, α and g(ω).

The value of Curie temperature can also be obtained through this method.
The value of inverse susceptibility is zero at the Curie temperature which implies
the value of δ is also zero. This leads us to the expression to determine the Curie
temperature (Tc):

1− α (Tc) + λ (0, Tc) = 0 (2.27)
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where δ-dependence of λ(0, Tc) comes from g(ω).

Before concluding this section we should make a few comments:

• The method discussed above based on solving the equations of SCR theory
self-consistently through a modified Random Phase Approximation is one of
the most accurate method available until now to calculate static susceptibility
of itinerant magnets.

• This method is not only limited to the calculation of static susceptibility
but enables one to calculate the Curie temperature of the system too. As
the value of susceptibility diverges at the Curie temperature, the value of
inverse susceptibility approaches zero. Hence by finding the temperature
value where the inverse susceptibility becomes zero in the above method, one
can calculate the Curie temperature. The SCR theory was very successful
in calculating the susceptibility and Curie temperature of ZrZn2, which was
one of the first known weak itinerant magnet[20, 34].

• This method of modified random phase approximation has also been used
for the calculation of transversal dynamical susceptibilities and Curie tem-
perature for heavy Fermion like materials [62, 63].

We have now arrived at three equations that can be solved self-consistently
to obtain the Curie temperature and static susceptibility of a itinerant magnet
numerically. We will now discuss the algorithm of the numerical codes developed
by us to calculate the same in section 2.2.

2.2 Algorithm for numerical calculation of susceptibility

In this section we will discuss in detail the algorithm based on which we developed
our numerical codes to obtain the values of static susceptibility and Curie temper-
ature through the SCR theory. Before discussing the algorithm we will discuss the
pre-requisites to begin with the numerical calculation in subsection 2.2.1. Once
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we have everything ready, we will outline how to numerically calculate the static
susceptibility in subsection 2.2.2.

2.2.1 Pre-requisites for numerical calculation of susceptibility in SCR
theory

From the discussions in the previous sections it is clear that the quantity g(ω) is
central to the calculations that we wish to undertake. We will discuss in detail its
calculations and the nuances involved thereof in this subsection. The expression
for g(ω) given in Equation 2.26 is:

g(ω) = −ξ(4π)−1Im

∫
dq{αf0

(
∂2f0/∂B

2
)
(δ + 1− f0)

−1 +

(∂f0/∂B)2(δ + 1− f0)
−2}.

(2.28)

Expanding it further by writing f0(q, ω) in terms of its real and imaginary
parts:

f0(q, ω) = f ′
0(q, ω) + if ′′

0 (q, ω), (2.29)

we get the following expression for g(ω),

g(ω) = −
∫

dq q2[E(q, ω){α(1 + δ)[f ′′
0 (∂

2f ′
0/∂B

2) + f ′
0(∂

2f ′′
0 /∂B

2)]

−α[(f ′
0)

2 + (f ′′
0 )

2](∂2f ′′
0 /∂B

2)}+ 2[E(q, ω)]2{[(δ + 1− f ′
0)

2−

(f ′′
0 )

2](∂f ′
0/∂B)(∂f ′′

0 /∂B) + (δ + 1− f ′
0) f

′′
0 [(∂f

′
0/∂B)2 − (∂f ′′

0 /∂B)2]}],

(2.30)

where,
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E(q, ω) =
[
(δ + 1− f ′

0)
2
+ (f ′′

0 )
2
]−1

. (2.31)

It is clear from Equation 2.30 that to proceed further with the calculations of
g(ω), we require the expressions for f ′

0(q, ω), [∂f ′
0(q, ω)/∂B]B=0, [∂2f0(q, ω)/∂B2]B=0

and f ′′
0 (q, ω), [∂2f0′′(q, ω)/∂B2]B=0, [∂f0′′(q, ω)/∂B]B=0. These are already avail-

able in the literature.

Important expressions for the real and imaginary parts of the free electron
model are as follows:

Real parts i.e., f ′
0(q, ω) and its derivatives are given by the following expressions:

f ′
0(q, ω) = (1/2)−

{[
q4 − (4− 2ω)q2 + ω2

]
/16q3

}
log |(q + q1) (q + q2) /(q − q1) (q − q2)| −

{[
q4 − (4 + 2ω)q2 + ω2

]
/16q3

}
log |(q + q0) (q + q3) /(q − q0) (q − q3)| , (2.32)

[∂f ′
0(q, ω)/∂B]B=0 =

(
ω/4q3

) 3∑
m=0

log |(q + qm) /(q − qm)| , (2.33)

[
∂2f0(q, ω)/∂B

2
]
B=0

=
(
1/2q2

)
{
[
q4 − (4− ω)q2 + 4ω

]
(
q2 − q1

2
)−1 (

q2 − q22
)−1

+
[
q4 − (4 + ω)q2 − 4ω](

q2 − q20
)−1 (

q2 − q3
2
)−1 − q−1

[
1 +

(
q2/4

)] 3∑
m=0

log |(q + qm) /(q − qm)|}. (2.34)

Imaginary parts i.e., f ′′
0 (q, ω) and its derivatives are given by the following expres-



2.2 Algorithm for numerical calculation of susceptibility 51

sions:

f ′′
0 (q, ω) = (π/4)(ω/q)θ (q − q1) θ (q2 − q) +

(
π/16q3

) (
q2 − q20

) (
q3

2 − q2
)

[θ (q − q0) θ (q3 − q)− θ (q − q1) θ (q2 − q)]

=
(
π/16q3

) [(
q2 − q20

) (
q23 − q2

)
θ (q − q0) θ (q3 − q)

−
(
q2 − q1

2
) (
q2

2 − q2
)
θ (q − q1) θ (q2 − q)

]
, (2.35)

[∂f0
′′(q, ω)/∂B]B=0 = (π/4)

(
ω/q3

)
[θ (q − q0) (q3 − q)− θ (q − q1) θ (q2 − q)],

(2.36)

[
∂2f0

′′(q, ω)/∂B2
]
B=0

= −
(
π/2q3

) [
1 +

(
q2/4

)]
[θ (q − q0) θ (q3 − q)−

θ (q − q1) θ (q2 − q)] +
(
π/8q2

)
{(1 + ω)−1/2[q0

2δ (q − q3) + q3
2δ (q + q0)]

−(1− ω)−1/2
[
q2

2δ (q − q1) + q1
2δ (q − q2)

]
}, (2.37)

where
q1

q2

 = 1∓ (1− ω)1/2

q0

q3

 = 1∓ (1 + ω)1/2

s = ω/q

F (x) = (1/2)
{
1 +

[(
1− x2

)
/2x
]
log|(1 + x)/(1− x)|

}

The above expressions for real and imaginary parts of f0(q, ω) and its deriva-
tives are given in [1] and is given for the free electron model at zero temperature.
With all the above expressions we can calculate the value of g(ω) as a function of
ω for a given value of δ. The plots of g(ω) as a function of ω for different values
of δ is given in section 2.3 for the reader’s perusal.
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2.2.2 Algorithm for numerical calculation static susceptibility through
SCR theory

After being able to calculate the function g(ω) for any given δ, we now have every-
thing that is needed to calculate the value of static susceptibility self-consistently
through numerical methods.



2.2 Algorithm for numerical calculation of susceptibility 53

α = Uχ0/2 and
f0 = χ+−

0 (q, ω + iε)/2χ0

δ = 2/Uχ =

(1 − α + λ)/α

g(ω) =

−ξ(4π)−1Im
∫
dq{αf0(∂2f0/∂B2)(δ +

1 − f0)
−1 + (∂f0/∂B)2(δ + 1 − f0)

−2}

λL = α(δ+1)−1
λR =

(2π)−1
∫∞
−∞ dω coth(βω/2)g(ω)

λL − λR

αδ = χ0/χ

<
0
.0
1

δ

δ = δ + 0.001

Schematic diagram of the algorithm to
calculate the static susceptibility from the SCR theory
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The algorithm to calculate the static susceptibility is as follows:

1. We should start with an optimum value of δ to begin the calculation with.
If in case there can be no initial guesses made for the value of δ start with
the value δ = 0.

2. For the value of δ assumed calculate the corresponding g(ω). This is possible
thanks to the discussions in subsection 3.3.1.

3. From the calculated g(ω), calculate the function λR using Equation 2.19.
Notice the temperature dependence of λ in Equation 2.19. Begin with a
single initial temperature value to perform the calculations (Note that the
temperature here is in reduced unit of T/TF , TF is the Fermi temperature).

4. Invert equation Equation 2.25, to obtain λ for a given value of δ.

5. Now using this inverted equation, for the same chosen value of δ, calculate
λL.

6. If the difference: |λL − λR| is less than certain tolerance value, the chosen
value of δ is the correct value of δ predicted by the SCR theory. We have set
the tolerance value to be 0.01.

7. If |λL − λR| is greater than certain tolerance value, increment the value of
δ by a small number and repeat the process from step 2 to step 5 again.
We have incremented the value of δ by 0.001 to repeat the calculation every
time.

8. Keep repeating the process by incrementing δ again and again until |λL−λR|
converges within the tolerance value. The δ value for which it converges is
the value of δ predicted by SCR theory.

9. Change the value of temperature and repeat step 1 to step 8 for the newly
chosen value of temperature.

10. Calculate δ for various values of temperature

11. From the value of δ obtained for various temperatures plot the inverse sus-
ceptibility as a function of temperature.
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The above mentioned algorithm is also shown in a schematic form for refer-
ence. Through this algorithm the value of static susceptibility of various itinerant
magnets can be calculated through SCR theory. We have obtained some results to
verify that the results obtained from our numerical calculations are indeed correct.
We will discuss these results in section 2.3.

More technical comments on the algorithm will be given in Appendix B and
we suggest the interested reader to refer the same.

2.3 Results and discussions

In this section we will discuss some results obtained through our numerical imple-
mentation of SCR theory.

Figure 2.1: G1(ω) (top panel) and G2(ω) (bottom panel) as a function of ω.

First let us present our calculations for the value of g(ω) as a function of ω for
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any given value of δ. g(ω) can be split in to two functions, given as:

g(ω) = αG1(ω) +G2(ω) (2.38)

Hence it is sufficient to know the values of G1(ω) and G2(ω) to find the value of
g(ω). The values of G1(ω) and G2(ω) as a function of ω are given in Figure 2.1.

After obtaining g(ω) as a function of ω for a given value of δ, we can then cal-
culate the value of inverse susceptibility as a function of temperature for various
interaction strengths α. This is shown in Figure 2.2.

Figure 2.2: Inverse susceptibility (χ0/χ) as a function of temperature (T/TF ) for two
values of interaction strength (α).

In this way using the numerical code developed by us we can calculate the static
susceptibility corresponding to various strength of interaction parameter through
the SCR theory.

From Figure 2.2, it is clear that the value of the inverse paramagnetic suscep-
tibility obtained from the SCR theory varies (almost) linearly with temperature.
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This behavior is in fact the experimentally observed behavior of paramagnetic
susceptibility. The temperature at which the value of inverse paramagnetic sus-
ceptibility reaches zero is where the paramagnetic susceptibility diverges and is the
Curie temperature. Hence we can also calculate the Curie temperature from the
above calculation. For weak itinerant magnets like ZrZn2, the value of the Curie
temperature obtained from SCR theory is close to the experimentally observed
value.

The original formulation of SCR theory discussed in [1], can be applied to only
certain values of the cut-off parameter qc (up to qc = 2). Our algorithm is very
general from the original formulation because in our algorithm we can calculate
for arbitrarily large qc. This will be handy for problems where the value of α will
be high.

2.4 Summary

In this chapter we started with a detailed introduction to the formalism of the Self-
Consistent Renormalisation (SCR) theory in section 2.1 . We started with an one
band Hubbard Hamiltonian and derived an exact expression for susceptibility that
can in principle be obtained by solving a set of three equations subsection 2.1.1.
However, since these equations can only be solved self-consistently, we introduce
a modified Random Phase Approximation for the same subsection 2.1.2. We then
discussed the pre-requisites for the numerical calculations in subsection 2.2.1. Af-
ter this we discussed in detail the algorithm of the numerical codes that we de-
signed to solve the equations of SCR theory self-consistently and obtain the value
of inverse static susceptibility in subsection 2.2.2. We presented the results that
we obtained through our numerical calculations in section 2.3.

After having developed the codes for calculating the static susceptibility and
Curie temperature through SCR theory, we wish to test it hands on in an actual
physical system. We have chosen CaMn2Al10 for such a study due to several exotic



58 2 - The Self-Consistent Renormalisation theory of itinerant electron magnetism

and novel physical properties the system exhibits. We will discuss this study in
detail in chapter 3.



”Creativity is contagious pass it on”.

Albert Einstein

3
Self-Consistent Renormalisation (SCR)

theory studies of itinerant magnetism in

CaMn2Al10

The compound CaMn2Al10 exhibits anomalous magnetic behavior not in accor-
dance with the conventional wisdom of magnetism relating to Mn-Mn distance
in Mn based Magnetic systems. According to the conventional wisdom, if the
Mn-Mn distance is greater than 2.7 Å, then the system exhibits localised form of
magnetism. We study the static susceptibility of this system, CaMn2Al10 through
the SCR theory and prove that magnetism in the case of CaMn2Al10 is indeed of
itinerant nature. We calculate the value of Hubbard interaction parameter (U),
by fitting the experimental data with the numerical calculations of SCR theory
and classify it as an intermediately correlated system. We also perform DFT and
DFT+U studies, with the value of U obtained from SCR theory, to pin point the
origin of the anomalous magnetic behavior of CaMn2Al10 is in the hybridisation
of Mn 3d orbitals with Al 3s orbitals in this system.
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The recently synthesised Manganese (Mn) based magnetic system CaMn2Al10
has been of considerable interest. The wide range of interests in this system ranges
from its potential to be a lower dimensional system with strong quantum fluctu-
ations and to be an itinerant magnet with a low Curie temperature (∼ 3 K).
However the central piece in all the puzzles that these interests stem from is “the
character of magnetism in CaMn2Al10”. According to the conventional wisdom, if
the Mn-Mn distance is greater than 2.7 Å, then the system exhibits localised form
of magnetism. This system has been conjectured to be an itinerant magnet based
on some of the experimental observations. However the system should be a local
magnet based on the conventional wisdom relating to the nature of magnetism in
a Mn based system and the Mn-Mn distance in that system. If the itinerant na-
ture in CaMn2Al10 can be proved and understood rigorously through a theoretical
framework, it would lay the foundation for further studies on this system to shed
more light on its exotic properties.

In this chapter we will try to unravel the nature of magnetism in CaMn2Al10
through the powerful Self-Consistent Renormalisation (SCR) theory. The SCR
theory has been a well tested and proven theory for a variety of weak itinerant
ferromagnets. Its predictions are very accurate that applicability of SCR theory to
a material acts as an litmus test to determine the itinerant character of magnetism
in that material. Hence we will determine the applicability of SCR theory to
CaMn2Al10 to decide on the character of magnetism in that system. We will also
undertake some first principle studies (DFT and DFT+U) to decipher the origin
of magnetism in CaMn2Al10.

3.1 Conventional wisdom of Mn-Mn distance in Mn based

systems and exceptional behavior of CaMn2Al10

In this section we will discuss the conventional wisdom relating to the nature of
magnetism in Mn based magnetic systems and the nature of magnetism predicted
by this rule for CaMn2Al10. We will begin with a brief review of localised and
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itinerant pictures of magnetism and the key differences between these pictures in
subsection 3.1.1. This would set the foundation for our further discussion on the
conventional wisdom relating to the Mn-Mn distance and the form of magnetism
in subsection 3.1.2. We will conclude this section with the applicability of this
rule in CaMn2Al10 in subsection 3.1.3.

3.1.1 Magnetism: local picture vs itinerant picture

Magnetism can broadly be classified in to two types based on the mobility of the
electrons whose magnetic moments align giving rise to the magnetic character of
the system. If we term these electrons as magnetic electrons the following two
scenario arises:

1. The magnetic electrons are localised at the respective atomic sites and are
immobile. The magnetism emerging from such electrons is called localised
magnetism. The Heisenberg model is best suited for studying the materials
exhibiting this form of magnetism.

2. The magnetic electrons are mobile and can move from one site in the lattice
to another site. This form of magnetism is called itinerant magnetism. In
itinerant magnetism the magnetic electrons are also the conduction electrons
in the material. SCR theory is by far the best available approach to study
the materials exhibiting this form of magnetism.

After defining the two forms of magnetism it is important to differentiate be-
tween these two forms of magnetism. In this direction we make the following
comments.

• Magnetisation:

1. Local magnetism: The value of magnetisation saturates for the case
of local magnets for lower values of temperature and higher values of
magnetic field.
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2. Itinerant Magnetism: The value of magnetisation does not saturate
for the case itinerant magnets for lower values of temperature and higher
values of applied magnetic field that are practically possible (around 10
Tesla)[64].

This can be understood as in the case of itinerant magnetism, even in very
high applied magnetic fields the spins can easily flip and become parallel
to the magnetic field. In fact the increase of magnetisation with increase of
magnetic field in very high magnetic field is called the high field susceptibility
(χhf ) and is a characteristic feature of itinerant magnetism. This is not true
to for local magnets as all the local spins saturate for a finite applied magnetic
field and it is next to impossible to flip any spin further.

• Electronic contribution to specific heat:

1. Local magnetism: The electronic contribution to specific heat above
the Curie temperature is nearly zero for the case of local magnets.

2. Itinerant Magnetism: The electronic contribution to specific heat
above the Curie temperature is is finite for the case of itinerant magnets.

This can be attributed to the fact that the magnetic electrons can contribute
to the specific heat only in the ordered phase for the case of local magnets.
However in the case of itinerant magnets the magnetic electrons are also
the conduction electrons. Hence even above the Curie temperature their
contribution to specific heat remains finite.

• The value of the Curie-Weiss moment:

1. Local magnetism: The value of the Curie-Weiss moment per magnetic
atom (µCW ) obtained from the plot of inverse of susceptibility as a
function of temperature can take only certain values. This is because
the number of electrons localised at a site is always an integer which
restricts the values µCW can take.

2. Itinerant Magnetism: The value of the Curie-Weiss moment per mag-
netic atom (µCW ) obtained from the plot of inverse of susceptibility as
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a function of temperature can take any values and can even be less than
one.

The value of µCW is given as: µCW =
√
n(n+ 2)µB, where µB refers to

Bohr magnetons. The value of n in case of local magnets is restricted to only
integer values (n ∈ Z) as the number of electrons localised at a particular
atomic site has to be an integer. Hence the value of µCW is also restricted to
particular values corresponding to the integer values of n. However for the
case of itinerant magnets, the electrons are mobile and the average occupancy
at each site is not required to be an integer and is almost always not. This
allows the value of µCW to take any values. The average occupancy per site
can also be less than one allowing µCW to take values even less than one[65,
66].

The final point relating to the value of µCW is of immense importance in
our study and is also a very important experimental signature in conjecturing
CaMn2Al10 to be an itinerant magnet. After understanding in detail the char-
acteristic differences between the local and itinerant forms of magnetism, we can
now proceed to the discussion on the conventional wisdom based on the Mn-Mn
distance argument in Mn based magnetic systems.

3.1.2 Conventional wisdom in Mn based Magnetic systems

Manganese compounds in general are known for their strong magnetic character
stemming from the Hund’s coupling. This is evident even in elemental Mn which
has a complex crystal structure and phase diagram which is a consequence of
two competing tendencies. (a) to maximise the Mn-Mn distance consequently in-
creasing the magnetic moment according to Hund’s coupling and (b) to minimise
Mn-Mn distance to increase the metallic bond strength but subsequently quench-
ing the magnetic moments.

This dichotomy in Manganese compounds is visible as in the cases when the
Coulomb interaction is very strong the Mn compounds are robust insulators as
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in LaMnPO and CaMn2SB2 or in the cases when the Mn orbitals are strongly
hybridised with conduction electrons leading to a much lesser magnetic moment
as in MnSi. Much of the Mn compounds fall in the former category in contrast to
only few in the later.

This competition between the two tendencies in Mn systems to either maximise
the magnetic moment[44, 50, 67–73] or the metallic bond strength[43, 64, 74–76]
has lead to a rule of thumb regarding the Mn-Mn distance in the system and its
magnetic nature.

The conventional wisdom in the Mn based magnetic systems is the following
rule of thumb:

“If the Mn-Mn distance in a system is less than 2.7 Å the sys-
tem exhibits the phenomena of itinerant magnetism and if Mn-Mn
distance is greater than 2.7 Å it exhibits the phenomena of local mag-
netism.”

This can be intuitively understood by the fact that the lesser the Mn-Mn dis-
tance in real space corresponds to more bandwidth in the inverse space, thus
leading to itinerant nature of magnetism. For more Mn-Mn distance in real space
the bandwidth is narrow in the inverse space leading to localisation of magnetic
electrons in the real space.

The value of Mn-Mn distance in CaMn2Al10 is evident from Figure 3.1 and is
always greater than 2.7 Å. Thus the conventional wisdom predicts that CaMn2Al10
should exhibit localised form of magnetism. We will discuss this in detail in the
next subsection 3.1.3.
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3.1.3 The curious case of CaMn2Al10

We will begin the discussions in this section with a brief introduction and back-
ground to the CaMn2Al10 system. We will then discuss the applicability of the
conventional rule of thumb relating to Mn-Mn distance to CaMn2Al10 and then
discuss the reasons and interests drawing us towards this system to be studied
through the formalism of SCR theory of itinerant electron magnetism.

The crystal structure of CaMn2Al10 is shown in Figure 3.1. It has been re-
ported that single crystal samples of CaMn2Al10 were grown as square rods as big
as 1 × 1 × 10mm3 with the crystallographic axes coinciding c-axis with the rod
axis[64]. X-ray studies reported on these samples of CaMn2Al10 has ruled out any
appreciable site disorders leading us to believe that the experimental data we will
be using to compare theoretical results are very reliable.

A closer inspection of the crystal structure reveals that the inter planar and in-
tra planar Mn-Mn distance in CaMn2Al10 is 5.17 Å and 4.53Å respectively. Both
of these values are greater than the critical value of 2.7Å predicted by the rule of
thumb. This leads to the conclusion that according to the conventional wisdom
CaMn2Al10 should exhibit localised form of magnetism with high magnetic mo-
ment per Mn atom.

However the experimental data for different physical properties paint a dif-
ferent picture than the one informed by the conventional wisdom. The data for
magnetisation as a function of applied field shows that there is no saturation for
high applied fields. But the glaring example is that of the inverse of paramag-
netic susceptibility as a function of temperature and the value of the Curie-Weiss
moment (µCW ) obtained from that data shown in Figure 3.2. The value of µCW

obtained from the fit is 0.83µb/Mn atom which is much lesser than expected and
cannot be originating from a localised form of magnetism.
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Figure 3.1: Crystal structure of CaMn2Al10 in 3d projection and 2d projection (top to
bottom). Notice that the inter and intra planar Mn-Mn distance is greater than the
cut-off value of 2.7 Å.
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Figure 3.2: Inverse of Static susceptibility plotted as a function of temperature and the
Curie-Weiss fit to the data.

The above discussions point to the fact that the magnetism in CaMn2Al10 is
indeed novel and needs more theoretical understanding to be fully unpacked. As a
first step in this direction we attempt to reproduce the static susceptibility data of
this system and extract theoretical parameters which would be helpful for further
explorations in this system.

3.2 Equations of the SCR theory

In this section we will quickly recall the equations of the Self-Consistent Renor-
malisation (SCR) theory that we will have to solve self consistently to obtain the
value of static susceptibility at various temperatures. We will also explain the
various terms in these equations in short. For a detailed discussion on the SCR
theory the reader is suggested to consult chapter 2.

The basic recipe of the SCR theory is that the Stoner expression for static
susceptibility being a mean field expression does not include the effects of electronic
correlations. Thus an extra temperature dependent term should be added to the
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Stoner expression modifying it as:

χ(T ) =
χ0

1− 1
2
Uχ0 + λ(T )

, (3.1)

where χ(T ) is the static susceptibility, χ0 is the Pauli susceptibility (which is
nearly independent of temperature in the temperature range of our interest), U is
the Hubbard interaction parameter and λ(T ) is the newly added extra term.

It now remains to determine the value of λ(T ) and the complete guide for this
is given in chapter 2. In short this requires some particular three equations to be
solved self consistently.

The three equations of the SCR theory derived in subsection 2.1.2 (Equa-
tion 2.20, Equation 2.25 and Equation 2.26), that has to be solved self consistently
are:

λ(T ) =
1

2π

∫ +∞

−∞
dω coth

(
1

2
βω

)
g(ω) (3.2)

δ = χ0/αχ = 2/Uχ = (1− α + λ)/α. (3.3)

g(ω) = −ξ(4π)−1Im

∫
dq{αf0

(
∂2f0/∂B

2
)
(δ + 1− f0)

−1 +

(∂f0/∂B)2(δ + 1− f0)
−2}.

(3.4)

here,

f0 = f0(q, ω + is) = χ+−
0 (q, ω + is)/(χ0/2)

ξ = (k3F/2π
2εFχ0) , α = Uχ0/2

 (3.5)

where ζ equals to 1 for an electron gas model at T = 0 K and kF (ϵF ) is the Fermi
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wave-vector (Fermi-energy).

We should also mention here that the temperature in the equations of SCR
theory is in the scaled units of (T/TF ) where TF is the Fermi temperature of the
system and the wave vector is in the scaled units of (q/qF ) with qF being the Fermi
wave vector.

Solving the above set of three equations self consistently with the procedure
outlined in the algorithm in chapter 2, we can obtain the theoretically calculated
plots of static susceptibility from SCR theory. We will discuss the theoretical plots
and compare it with the experimental data in the next section i.e. section 3.3.

3.3 Comparison of SCR Theory results with experiments

In this section we will present the theoretically calculated results through the for-
malism of SCR theory and compare them with experimental data. We will first
survey and calculate the necessary pre-requisites for such an analysis in subsec-
tion 3.3.1. Once this is complete we will then discuss the agreement between
theoretical calculations and experimental data in subsection 3.3.2 and conclude
this section summarising all the results obtained and their importance.

3.3.1 Pre-requisites for comparing theoretical results with experimen-
tal data

The three equations of SCR theory Equation 3.1, Equation 3.3 and Equation 3.4
are to be solved self consistently to obtain the static susceptibility. But as men-
tioned in section 3.2 these equations are in reduced units of Fermi energy and
needs to be brought to conventional units to be compared with actual experimen-
tal data. For this we need the value of the Fermi temperature or Fermi energy
to estimate the Fermi temperature of the system of interest. Also the equations
contain the Pauli susceptibility (χ0) implying its value should also be known to
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be able to compare the theoretical results with the experimental ones.

The value of the Pauli susceptibility (χ0) for the system of interest, CaMn2Al10
is reported already in the literature to be[64]:

χ0 = 3.2× 10−5 emumol−1Mn. (3.6)

However neither the value of Fermi energy or Fermi temperature has been reported
in the literature.

The value of the Fermi temperature can be extracted from the specific heat
capacity data as a function of temperature. Given that the specific heat data
has already been reported for the system CaMn2Al10 in the literature, we have
estimated the value of Fermi temperature from this data. Specific heat capacity
in a solid state system has contributions from two sources:

1. Phononic contribution: The phononic contribution to specific heat scales
as a function of temperature is given as:

Cpho
V = 9N KB

[
T

TD

]3 ∫ TD/T

0

x4ex

(ex − 1)2
dx, (3.7)

where, TD is the Debye temperature, KB is the Boltzman constant.

2. Electronic contribution: The electronic contribution to specific heat (Celec
V )

is linearly proportional to temperature (T ) i.e.,

Celec
V = γsom T, (3.8)

where γsom is the Sommerfeld coefficient. The expression for the Sommerfeld
coefficient is:

γsom =
π2

2

KB

TF
(3.9)

To calculate the Fermi temperature of CaMn2Al10, we follow the procedure
mentioned below. The plot of specific heat of CaMn2Al10 as a function of temper-
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ature is given in Figure 3.3. From the raw specific heat data we have to subtract
the phononic contribution to obtain the electronic contribution to specific heat.
This can be done with the help of Equation 3.7, as the Debye temperature (that
fits the data well) for CaMn2Al10 has already been reported to be 450 K.

Figure 3.3: Specific heat of CaMn2Al10 as a function of temperature (T). The value
of Debye temperature θD that fits the data well is 450 K and the value of Sommerfeld
coefficient of the electronic component of specific heat is 40mJ/molK2. The plot is
reconstructed from the data reported in [64].

Once the electronic contribution is obtained the Sommerfeld coefficient can be
obtained by estimating the slope of the plot of electronic contribution to specific
heat as a function of temperature. After obtaining the value of Sommerfeld coeffi-
cient it is straight forward to calculate the Fermi temperature (TF ) by substituting
its value in Equation 3.9. The value of the Sommerfeld coefficient obtained for
CaMn2Al10 is 40mJ/molK2. The value of the Fermi temperature calculated this
way turns out to be, TF = 1025 K.

Finally we have both the physical quantities that are required for comparing
theoretical results with actual experimental data. The value of the Pauli suscep-
tibility is χ0 = 3.2× 10−5 emumol−1Mn. and the value of Fermi temperature is,
TF = 1025 K. We will now compare these results in the next subsection, subsec-
tion 3.3.2.
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Figure 3.4: Spin fluctuation function (g(ω) = αG1(ω)+G2(ω)) as a function of frequency.
Notice the ω axis of the plots in the same row are continuation of each other but are
scaled differently.

3.3.2 Comparison between theoretical calculations and experimental
data

After discussing in detail the formalism of SCR theory in chapter 2 and obtain-
ing the values of physical quantities that will be required to compare theoretical
results with that of experimental ones, we are all set to compare the results of
static susceptibility of CaMn2Al10 obtained from SCR theory to that of actual
experimental results.

We have obtained the correct value of the static susceptibility self consistently
by iterating on δ until finding the correct value of g(ω) = αG1(ω) +G2(ω) which
gives the value of λ(T ) through Equation 3.4, whose value is the same as obtained
from the expression Equation 3.3, involving only λ, δ and α. This correct value
of G1(ω) and G2(ω) for some temperature values is shown in Figure 3.4.
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With the correctly calculated value of g(ω) and subsequently the correct value
of λ(T ) and δ(T ) for a particular temperature, T , we can further repeat the pro-
cess for the desired temperature range. We will the get a theoretically predicted
plot of static susceptibility from the SCR theory for a given interaction parameter
α and cut-off wave vector qc. With the values of χ0 and TF that we have in hand
already this theoretical plot can be directly compared with the experimental data.
The values of α and qc can then be tuned to get an accurate plot from SCR theory
that matches with the experimental data very well.

Figure 3.5: Plot of inverse susceptibility as a function of temperature obtained from
SCR theory calculations (blue line) compared with experimental data (red dots). The
agreement is excellent between 30 K and 150 K. The experimental plot is reconstructed
from the data reported in [64].

Such a plot obtained by us is shown in Figure 3.5. As evident from Figure 3.5,
the agreement between theory and experiment is very good. In fact, the agreement
is excellent between 30 K and 150 K, and the theoretical value starts deviating
from the experimental data beyond 150 K. The only fitting parameter used in the
SCR theory fit is the Hubbard interaction parameter U which is a microscopic
physical parameter.
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This is remarkable because agreement up to 150 K translates to
temperatures nearly 50 times the TC of the system.

The results of SCR theory are reliable up to 10 times the TC of the system, after
which finite temperature effects that are not accounted for in the SCR theory, be-
gin to contribute to the susceptibility. With this we can conclude that CaMn2Al10
has passed the litmus test of SCR theory and the magnetism in CaMn2Al10 is in-
deed a case of itinerant magnetism.

From the optimum value of α that gives the excellent agreement between the
theoretical and experimental results we can calculate the value of the Hubbard
interaction parameter, U as α is given by the expression,

α =
Uχ0

2
(3.10)

The calculated value of U this way turns out to be, U = 0.3136 eV. This is
consistent with the fact that CaMn2Al10 is a weakly correlated system as strong
correlation would have lead to localisation of electrons and that is not the case
here. The value of the Hubbard interaction parameter U calculated by us would
be helpful for future studies like optical conductivity in this system.

After proving that the magnetism in CaMn2Al10 is itinerant magnetism, We
will now probe the origin of the itinerant magnetism in CaMn2Al10. For this our
calculated value of Hubbard interaction parameter U will also be helpful. We will
further discuss the origin of itinerant magnetism in CaMn2Al10 in the next section,
section 3.4.
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3.4 Origin of itinerant magnetism in CaMn2Al10

After proving the type of magnetism in CaMn2Al10 is indeed itinerant magnetism,
we will probe its origin in this section. We will employ the Density functional the-
ory (DFT) and DFT+U methods for the same. Before proceeding to the results
some general comments on the DFT and DFT+U methods that we have used
should be made.

We will explain briefly the DFT and DFT+U methods in subsection 3.4.1.
We will then discuss the DFT and DFT+U results and demystify the origins of
itinerant magnetism in CaMn2Al10 in subsection 3.4.2.

3.4.1 Comments on DFT and DFT+U calculations

Our DFT and DFT+U results were obtained through QUANTUM ESPRESSO
simulation package[77] and the computations were performed in the Vikram 100
HPC facility in the Physical Research laboratory, Ahmadabad, India.

The first principle (DFT) calculations were performed using the projector aug-
mented wave method implemented within the QUANTUM ESPRESSO simulation
package. The DFT+U method is a simplified rotationally invariant formalism
by Dudarev et al[78] and is found convenient to use for correlated systems like
CaMn2Al10 .

Generalized Gradient approximation has been used in the calculations per-
formed with the Perdew–Burke–Ernzerhof with exchange-correlation functional[79].
The structural optimisation has been carried out with gamma-centered Monkhrost-
Pack of 12×12×12 k-point mesh having an energy cut-off of 60 Ry. All the atoms
and cell parameters have been relaxed by minimizing the inter-atomic force up till
5 meV Å−1. The Ca (4s), Mn (3d) and Al (3s–3p) are being treated as the cor-
responding valence states. The on-site Coulomb interaction parameter U and
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Figure 3.6: Total DoS and partial DoS for CaMn2Al10 with orbital contribution obtained
from (a) DFT studies and (b) DFT+U studies

the exchange parameter J (setting J = 0) are combined into a single parameter
Ueff = U − J . The value of J has been set to zero because of the lack of local
moments in the system.

3.4.2 Evidence for hybridisation between Mn and Al orbitals: DFT
and DFT+U studies

In this section we will discuss the results of the DFT and DFT+U calculations
that we performed on CaMn2Al10 and discuss the origin of itinerant magnetism
in this system. The results from DFT and DFT+U calculations is shown in Fig-
ure 3.6.

We have calculated the total Density of States (DoS) and the partial DoS with
weights of each orbital’s individual contribution to the DoS with both DFT and
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DFT+U methods.

We find that the magnetic moment of Mn atoms (0.83 µB per Mn atom) are
anti-parallel to both Ca (0.01 µB per Ca atom) and Al (0.01 µB per Al atom)
atoms, which confirms the ferromagnetic nature of this Compound. The larger
electronic density peak in the Mn DoS that is near the Fermi energy level shows
that the major contribution in magnetization is of Mn atoms.

The orbital contributions of each orbital in the compound CaMn2Al10 can be
obtained by calculating the partial density of the states (PDOS). We have there-
fore calculated the PDOS for both DFT and DFT+U calculations. The total DoS
and the orbital resolved partial DoS is given for the DFT calculations in fig.3.6(a)
and for DFT+U calculations in fig.3.6(b). We find that in both of these calcu-
lations the following signatures, of hybridisation between the Mn-3d and Al-3p
orbitals is observed:

• The presence of a pronounced pseudogap at the Fermi level indicates that the
hybridisation is between the Mn d and Al p orbitals [80]. In both the fig.3.6(a)
and 3.6(b) a pseudogap is observed which suggests there is hybridisation
between Mn 3d and Al 3p orbitals[80].

• In fig.3.6(a) and 3.6(b) there is a significant overlap of the Mn PDOS and Al
PDOS between 0− 1 eV range of energy indicating hybridisation. It is more
clearer in the orbital resolved PDOS, where we notice overlap of Mn 3dz2

and Mn 3dx2−y2 with Al 3py in energy range of 0 to 1 eV. Similarly there is
an overlap of Mn 3dz2 and Mn 3dx2−y2 with Al 3pz close to the Fermi energy.
There is also an overlap of Al 3px and Al 3pz in the energy range of −1 to 0

eV.

In the partial DOS of DFT+U calculation, we observe that at the Fermi
level Mn-3dx2−y2 orbital contribution (0.38 States/eV) is greater than DFT (0.33
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States/eV) calculation. After implementing the Hubbard parameter (U), Mn 3
d states originally that were lying close to the Fermi level are now shifted to
higher binding energy due to the onsite Coulomb-interaction present among Mn
3 d electrons. This will close the bands that are at the Fermi level in DFT+U
calculations. This causes the width of the pronounced pseudo gap at the Fermi
level of the spin-up bands to be slightly increased.

3.5 Summary

The recently synthesised Mn based magnetic system CaMn2Al10 is an interesting
system for its peculiar behavior. Notably it goes against the conventional wisdom
relating to the Mn-Mn distance. In this chapter we have investigated the itinerant
nature of magnetism in CaMn2Al10 through the lens of SCR theory and verified
it is indeed a case of itinerant magnetism. By fitting the theoretically calculated
value of static susceptibility to the experimental data, we have estimated the
Hubbard interaction parameter U to be U = 0.3136 eV. With this value of U we
have performed DFT and DFT+U studies to determine the origin of itinerant
magnetism in CaMn2Al10. We have found that it is the hybridisation between Mn
3d and Al 3p orbitals which leads to the delocalisation of Mn electrons and is the
reason for itinerant magnetism in this system.
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”Dharmathin vazhvu adhanai Sudhu Kavum, Dharmam marupadi vellum”

Mahakavi Bharathiyar

4
Topological tight binding model over

non-trivial lattices: The

Su-Schrieffer-Heeger model with any

bulk

In this chapter, we introduce a tight binding model to generalise the Su-Schrieffer-
Heeger model over some non-trivial lattices. We term this new model as the SSH
model with Any Bulk or in short the SAB model. In this model we introduce two
newer degrees of freedom at each site. These newer degrees of freedom allows us to
study SSH like models (that is with dimer structure) over lattices with branching
and twists. After introducing the rules of the SAB model we discuss interesting
physical properties of a certain class of lattices with different number of bands in
the SAB model.
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4.1 Introduction: The Su-Schrieffer-Heeger model

The Su-Schrieffer-Heeger (SSH) model is a model first formulated to explain the
formation of domain walls in the chains of poly-acetylene[2]. It considers stag-
gered hopping amplitudes between the dimers forming the chain. This model
has been a standard pedagogic toy model to explain the topological properties in
condensed matter systems due to its conceptual simplicity but at the same time
its rich topological structure capturing all the central aspects like bulk bound-
ary correspondence, interplay of symmetries and topology, topological invariants,
non-trivial edge states etc.[4, 27].

Figure 4.1: Graphical representation of the hopping amplitudes in a conventional Su-
Schrieffer-Heeger chain.

The Hamiltonian for the SSH chain with N unit cells is as follows:

H =
N∑

X=1

[u (c†X,1 cX,2) + v (c†X+1,2 cX,1) +H.C.] (4.1)

This Hamiltonian as we will see subsequently, exhibits various topological
phases with change in the value (more specifically the ratio of the) of the hopping
parameters (u and v)[27].
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4.2 Topological invariants of the SSH model

As mentioned before the SSH model provides an excellent framework to study and
understand various quantities associated with a topological system which charac-
terise the topological phase of the system and are referred to as the topological
invariants[27]. As the name suggests these quantities remain invariant across a
particular topological phase and a change in their value is indicative of a topo-
logical phase transition. Defining and characterising these invariants has been
the cornerstone of topology in condensed matter systems[81]. In this section we
will define and elaborate on three such topological invariants of the SSH model
namely:

1. Winding number.

2. Zak phase.

3. Zero energy edge states.

These invariants are particularly important because their behavior helps us in
understanding various principles central to topological condensed matter like the
bulk boundary correspondence[5]. These three invariants are also defined only
based on the boundary condition we will be choosing. The first two invariants
(winding number and Zak phase) are bulk invariants and require an infinite bulk
without boundaries. This is equivalent to having periodic boundary conditions
(P.B.C.) in the system. The last invariant (number of zero energy edge states) as
its name suggests needs a boundary to be defined. This is equivalent to having
open boundary conditions (O.B.C.) in the system. We will now dwell in detail on
the nature and properties of these invariants.

4.2.1 Winding number

As mentioned the winding number is a bulk invariant implying it is defined only
when the bulk is infinite. If we consider an infinite bulk then the Hamiltonian for
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the infinite SSH chain is given as:

H =
+∞∑

X=−∞

[u (c†X,1 cX,2) + v (c†X+1,2 cX,1) +H.C.]. (4.2)

Since the summation is from −∞ to +∞, one can do a Fourier transformation of
Equation 4.2 to obtain:

H(k) =
∑
k

[(u+ veik) (c†1(k) c2(k)) + (u+ ve−ik) (c†2(k) c1(k)) +H.C.]. (4.3)

Equation 4.3 can be expressed more compactly in a matrix form as,

H(k) =

 0 u+ veik

u+ ve−ik 0

 (4.4)

Since Equation 4.4 is a two dimensional matrix and the set of all Pauli matrices
with the identity matrix of two dimensions forms a complete basis for all two
dimensional Hamiltonian matrices, we can express the Hamiltonian H(k) as:

H(k) =
∑
0,1,2,3

dn(k).σn (4.5)

where σo is the two dimensional identity matrix and σ1, σ2, σ3 are the Pauli
matrices and,

d0(k) = 0, d1(k) = u+ v cos(k), d2(k) = v sin(k) and d3(k) = 0. (4.6)

Notice here that the values of d0(k) and d3(k) are zero. The presence of chiral
symmetry and time reversal symmetry in the SSH Hamiltonian implies the respec-
tive terms to be zero. The only non-zero contribution comes from the terms d1(k)
and d2(k) both of them being functions of the conjugate momentum, k. The locus
of the points as k is varied from 0 to 2π in the plane formed by the axes d1(k)
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Figure 4.2: The components d1(k) and d2(k) of the SSH Hamiltonian plotted in the
dx − dy plane for (left to right) trivial phase, phase transition point and topological
phase with winding numbers along the origin of dx − dy plane as zero, not defined and
one respectively.

and d2(k), is going to be a closed loop. If we plot this for the values d1(k) and
d2(k) in Equation 4.6, the closed loop is a circle. The number of times this circle
goes around any point in the (d1(k), d2(k)) plane is called the winding number of
the loop with respect to that point. The winding of this circle with respect to the
origin of the (d1(k), d2(k)) plane is called the winding number of the SSH Hamil-
tonian (W)[4, 27]. This has been pictorially depicted in Figure 4.2. This circle
moves and grows in the plane depending on the values of the hopping parameters
u and v. This causes the winding number also to change and it takes three values
which are,

1. W = 0, when the ratio of the intercell to intracell hopping parameters is less
than one, that is (v/u) < 1. In this case the circle doesn’t enclose the origin
of the plane and the origin lies outside the circle. This corresponds to the
“trivial” phase.

2. W is not defined, when the ratio of the intercell to intracell hopping param-
eters is equal to one, that is (v/u) = 1. In this case the circle touches the
origin of the plane and the origin lies on the circle. This corresponds to the
“topological phase transition” point.

3. W = 1, when the ratio of the intercell to intracell hopping parameters is
greater than one, that is (v/u) > 1. In this case the circle encloses the
origin of the plane and the origin lies inside the circle.This corresponds to
the “topological” phase.

We can thus calculate the value of the winding number of the system for a par-
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ticular configuration of the system parameters which in this case is the hopping
amplitudes. The value of the winding number is then indicative whether the
system is in the trivial or the topological phase for that configuration of system
parameters.

4.2.2 Zak phase

Zak phase like the winding number is another bulk invariant which indicates the
topological phase of the system. Since it is also a bulk invariant it also requires the
bulk to be infinite and can be obtained for the Hamiltonian in Equation 4.2 which
after Fourier transformation gives Equation 4.4. Unlike the winding number which
is directly calculated from the winding of the Hamiltonian in the (d1(k), d2(k))

plane, this is obtained by calculating the geometric phase or the Pancharatnam-
Berry phase of the eigenstates of the Hamiltonian[25, 26]. Zak derived this for the
SSH Hamiltonian and had shown that the Zak phase like the winding number takes
three different values which characterise the topological phase of the system[28].
The expression for the Zak phase (ϕi) of the ith eigenstate is given as,

ϕi =
1

π

∫ π

−π

⟨uik| ∂k |uik⟩
⟨uik|uik⟩

dk (4.7)

where uik is the periodic part of the Bloch wavefunction corresponding to the
ith eigenstate. From Equation 4.7 it is clear that to calculate the Zak phase,
one requires the eigenvalues and eigenstates of the system. The eigenvalues and
eigenstates for the SSH model are as follows (we first introduce some shorthand
notations to keep the expressions in this section compact),

ξ+(k) = −
√
u2 + v2 + 2 u v cos(k),

ξ−(k) = −
√
u2 + v2 − 2 u v cos(k), (4.8)

κ(k) = (u+ v e−ik)−1,
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,  Ea

Eb

 =

 −ξ+(k)

ξ+(k)

 , (4.9)

|ψa⟩ =

 −ξ+(k)κ(k)

1

, (4.10)

|ψb⟩ =

 ξ+(k)κ(k)

1

. (4.11)

where |ψx⟩ denotes the eigenstate corresponding to the eigenvalue x. Plotting
the eigenvalues as a function of the conjugate momentum (k) gives us the band
dispersion. The band dispersion for the SSH model is given in Figure 4.3. We can
infer from Figure 4.3 that there is a finite band gap for the cases u > v and u < v

and they look completely identical if the values of u and v are swapped. For the
case of u = v, the band gap closes with the two band gap touching each other at
the boundaries of the first Brillouin zone.

Figure 4.3: Band dispersion for the cases (a) u > v (u = 3, v = 1),(b) u = v (u = 1, v =
1), (c) u < v (u = 1, v = 3).

After obtaining |uik⟩ from the expression of the eigenstate |ψi
k⟩ given in Equa-

tion 4.10 and Equation 4.11, one can perform the integration in Equation 4.7 to
obtain the values of the Zak phase (ϕi) as,
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ϕi =


0 for, u > v,

not defined for, u = v,

1 for, u < v.

(4.12)

Here a zero value of Zak phase indicates that the system is in the trivial phase
and a value of one indicates that the system is in the topological phase. When
the value of intercell and intracell hopping becomes equal, the Zak phase is not
defined indicating that it is the topological phase transition point.

Similar to the winding number, the Zak phase invariant can be calculated for
any configuration of system parameters and its value indicates the phase of the
system for that configuration.

4.2.3 Zero energy edge states

The zero energy edge states are an important topological invariant particularly in
the case of the SSH model. Unlike the previous invariants, winding number and
Zak phase, this is not a bulk invariant and needs boundary in the system to be
defined[2]. Hence this requires a finite system and can be realised only with open
boundary conditions (O.B.C.). The Hamiltonian for a finite SSH chain with N
unit cells is given in Figure 4.1. If we consider a SSH chain having 20 unit cells,
the Hamiltonian for this chain is as follows,

H =
20∑

X=1

[u (c†X,1 cX,2) + v (c†X+1,2 cX,1) +H.C.] (4.13)

This Hamiltonian in the matrix form is given as,
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H =



U V · · · · · · · · · 0
V† U · · · · · · · · ·

... . . . ...

... 3 blocks ...

... . . . ...

0 · · · · · · · · · U V

· · · · · · · · · V† U


(4.14)

where U and V are given as:

U =

0 u

u 0

 and V =

0 0

v 0

 (4.15)

We can diagonalise the Hamiltonian in Equation 4.14 numerically to obtain the
eigenvalues and energy spectrum of the finite SSH chain. The energy eigenvalues
of the finite SSH chain with 20 unit cells are shown in Figure 4.4.

Figure 4.4: Energy eigenvalues for the open chain of a C-SSH model with 20 unit cells,
sorted from low to high plotted with respect to total number of states indexed from 1
to 20 for (a) u > v, (b) u = v and (c) u < v

We can infer the following from Figure 4.4:

1. In the case where the intracell hopping amplitude (u) is greater than the
intercell hopping amplitude (v) (as shown in Figure 4.4(a)) there is a band
gap in the system with no in gap states.

2. In the case where the intracell hopping amplitude (u) is equal to the intercell
hopping amplitude (v) (as shown in Figure 4.4(b)) the band gap closes in
the system.
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Figure 4.5: The squared absolute value of the wave functions corresponding to the red
dots in Figure 4.4 for the trivial and topological phases.

3. In the case where the intracell hopping amplitude (u) is less than the intercell
hopping amplitude (v) (as shown in Figure 4.4(c)) the band gap reappears
but with two zero energy in gap states. These zero energy states are localised
in the two edges and are referred to as the “zero energy edge states”.

4. The squared absolute value of the wave functions corresponding to the red
dots in Figure 4.4 for the trivial and topological phases is given in Figure 4.5.
From Figure 4.5 it is clear that the wave functions are extended in the trivial
phase and localised at the edges in the topological phase (the wave functions
corresponding to both the red dots are identical).

In this fashion we can calculate the number of zero energy edge states by
diagonalising the Hamiltonian and obtaining the eigenvalues for the desired con-
figuration of system parameters. There are no zero energy edge states in the trivial
phase and there are two of them in the topological phase as evident from the above
discussion.

4.2.4 Bulk Boundary correspondence in the SSH model

Bulk boundary correspondence is a principle at the heart of topological condensed
matter physics. Simply put, it states that the information of topological boundary
states is available in the bulk invariants[27]. From the discussions in the previous
subsections, we can easily observe that this is true for the SSH model. We see
that:
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1. In the parameter space where the intercell hopping amplitude is less than the
intracell hopping amplitude (v < u), the bulk invariants, winding number
(W) and the Zak phase (ϕi) corresponding to both the eigenstates are zero.
This corresponds to the trivial phase when there are no zero energy edge
states.

2. However when (v > u), the bulk invariants, winding number (W) and the
Zak phase (ϕi) corresponding to both the eigenstates has a value of one. this
corresponds to the topological phase when there are two zero energy edge
states.

3. The bulk invariants are not defined when u = v, and the band gap closes in
the finite chain for this set of parameters making the concept of in gap states
ill defined.

The above points clearly allows us to write the following relations (we denote the
number of zero energy edge states as N ):

N = 2W and N =
∑
i

ϕi. (4.16)

The above relations clearly demonstrate the existence of bulk boundary correspon-
dence in the SSH model.

4.3 Lattice geometry and flat bands

Flat bands in condensed matter systems have recently generated a lot of interest
due to the possibility of several exotic physical properties they can host. The
kinetic energy of an electron in a flat band is quenched which gives rise to strong
electronic correlations in the presence of interactions. This has given rise to in-
tensive searches for platforms that can host flat bands. There are many methods
to generate systems with flat bands. One method is to increase the distance be-
tween the adjacent sites making the overlap of orbitals in adjacent sites extremely
small and effectively making the hopping amplitude to hop between adjacent sites
zero. However another elegant approach is to make the lattice geometry such
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that for any value of the hopping parameters the electrons departing particular
sites destructively interfere leading to a localisation of electron in that site. The
celebrated Lieb lattice falls in to this category[82]. In this section we will discuss
certain properties which govern the geometry of the lattice such as branching and
twists which influence the band structure of the electrons in the lattice and can
give rise to flat bands.

4.3.1 Branching

In mathematical terms, a lattice is homogeneous if the number of edges coming
out of each vertex is the same and is equal to 2N where the lattice dimension is
N except at the edges. If there are points in the bulk which have more number
of edges than 2N , these points are called branching points and the lattice is said
to have branched at these points. If we adapt and apply this definition to the one
dimensional crystal lattice in systems of our interest, we can identify the sites in
the crystal lattice as vertices and the tunneling channels coming out of each site as
edges coming out of a vertex, branching points are those vertices that have more
than two tunneling channels coming out of that site[83].

In mathematics the number of edges coming out of a vertex is defined as the
order of ramification of that vertex[84]. It is a measure of branching at that partic-
ular vertex. In one dimension an order of ramification of two implies no branching
and any higher value implies branching at that vertex. This is graphically shown
in Figure 4.6. Here since we identify each site as a vertex and the number tun-
neling channels coming out of each site as the number of edges coming out of
a vertex, we can define the order of ramification analogous to the mathematical
definition for each site. This allows us to quantify the branching at each site. If
the order of ramification is the same for all sites in a lattice (greater than 2) then
the lattice exhibits homogeneous branching and if it is different for different sites
then it exhibits inhomogeneous branching.



4.3 Lattice geometry and flat bands 93

(a) (b)(a)

(c) (d)

No branching  branching

Order of ramification :
2                                  4

Figure 4.6: Graphical explanation of order of ramification and its connection to branch-
ing. (a) order of ramification the vertex is two, (b) order of ramification the vertex is
four, (c) one dimensional lattice without branching and (d) one dimensional lattice with
branching.

For the SSH model the order of ramification for all the sites in the lattice
(excluding the edges) is two implying that the lattice is homogeneous and there
are no branching points. However the number of branching points, their location
and the homogeneity of the lattice which are essentially governed by the geometry
of the lattice and play a profound role on the electronic structure of electrons in
that lattice.

4.3.2 Twists

In mathematics twist(s) in a manifold results in the loss of orientability of that
manifold making the manifold non-orientable. We will adapt this definition to
apply to the lattice associated with condensed matter systems of our interests.
Similar to the case of branching twists in a lattice can play an important role in
the electronic structure of the electrons in a lattice. These can be twists in the
actual manifold forming the lattice like in the case of the integer quantum hall
effect on a Mobius strip or twisting not in the manifold of the lattice but with
respect to some degree of freedom associated with every lattice site.
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We will be concerned about the later case of twists which are defined with
respect to additional degree of freedom in our further discussions. We will have
to clearly explain the rules of the topological tight binding model that we have
formulated before we can define the term twist in our context. Therefore we will
define “twist” after defining the rules of the model in section 4.4. It is worthy to
mention here that there has only been one reported work relating to topological
insulators and non-orientable manifolds[85].

4.3.3 Flat bands

Flat bands are states in the electronic structure which have no dispersion with re-
spect to the conjugate momentum k. The effective mass of electrons in these bands
diverge giving rise to complete localisation of electrons. This leads to quenching
of kinetic energy of electrons in these bands giving rise to strong electronic corre-
lations between electrons in presence of interactions. This can give rise to several
important phases of matter like superconductivity, Wigner crystallisation, mag-
netism etc.[86–98]

There have been several generalisations of the C-SSH model like the gener-
alised SSH model[99–101], super SSH model[102–104], Cruetz ladder[105], with
long range hopping[106–108], with a non-Hermitian Hamiltonian[109] etc. There
have also been many studies of C-SSH model including effects of Coulomb re-
pulsion[110, 111], electron-phonon interaction[112] and C-SSH model in the ultra
strong coupling regime with counter-rotating coupling terms playing a pivotal
role[113]. But none of them have considered the effects of the geometry of the
bulk on the physical properties rigorously. We attempt to explore more in this
direction.
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4.4 Su-Schrieffer-Heeger model with Any Bulk (SAB)

In this section we will discuss in detail about the topological tight binding model
that has been formulated by us. In this model we associate two new degrees of
freedom with each site. The reason for introducing these newer degrees of freedom
and only two of them is as follows:

• Our main objective in formulating this new topological tight binding model
is to study SSH like systems which have a twist in the hopping amplitudes.
To introduce twists we need to have a notion of orientability in our system.
As explained in section 4.3, we will only consider a “twist” as change in
some degree of freedom that occurs by traversing the lattice. This is realised
by introducing the first degree of freedom which can have two values. We
call these values as left and right for simplicity (left and right are indices to
denote two values and has nothing related to the physical directions). We
will explain the realisation of twists with this newer degree of freedom after
explaining the rules of this model.

• As mentioned above our objective is to realise twists in SSH like systems. To
generate consistently hopping patterns that are SSH like when the bulk is
not a line but an extended object, we require the second degree of freedom.
Based on this new degree of freedom we can consistently define a SSH like
hopping pattern with intercell and intracell hopping amplitudes.

We call this newly formulated tight binding model as the SSH model with
Any Bulk (SAB model). It is because this tight binding model exhibits SSH like
hopping pattern but with the bulk being any one dimensional object and is not
restricted to a line. Thus the name SSH model with any bulk abbreviated as SAB
model. The rules of the SAB model are as follows (for clearer understanding, the
rules are explained with the help of Figure 4.7):

• In the SAB model, there are two new degrees of freedom associated with
each site. The first degree of freedom can have two values, which we denote
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as right and left. This is just a notation for denoting a degree of freedom
that can take two values and has nothing to do with right and left directions
in real physical space. Each site in the lattice has overall two, but only one
left and only one right value for this degree of freedom associated with it.

• The second degree of freedom has three components (+,−, 0). Each value of
the first degree of freedom contains any one and only one component from
this second degree of freedom. Thus each site in the lattice has two values
of the first degree of freedom and each value of the first degree of freedom
has one component from the second degree of freedom. This evident from all
the four sites in Figure 4.7 where each site has one left and one right value.
Both left and right values for the first degree of freedom have the value of
the second degree of freedom (+) for the sites labeled as 1 and 2, whereas
the value is (-) for the sites labeled 3 and 4.

• Hopping amplitudes are non zero only when hopping is from left to left or
right to right value between two sites unless there is a twist. If there is a
twist hopping amplitudes are non zero only if the hopping is from left to
right or from right to left value. This is clear from Figure 4.7, where there
is no twist between sites 1 and 2 and there is a twist between sites 1 and 4.

• Intracell hopping happens only if the two components between the two values
have the same components other than 0. If the component is 0, then is no
hopping to and from that value (left/right) in that site. In Figure 4.7. this
is the reason for the hopping amplitude between 1 and 2 to be intracell.

• Intercell hopping happens only if the two components between the two values
have different components other than 0. If the component is 0, there is no
hopping to and from that value (left/right) in that site. In Figure 4.7. this
is the reason for the hopping amplitude between 2 and 3 to be intercell.

• Only same cell (denoted by u) and nearest cell hopping (denoted by v) is
considered.

• Hopping amplitudes between two sites is the same for both directions (i.e.
the Hamiltonian is Hermitian).
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Figure 4.7: An illustration to understand the rules governing the hopping amplitudes
in the SAB model.

We can see from the above rules that when there is a “twist” as defined by
us earlier in a particular lattice, while traversing that lattice after starting from
either value of the first degree of freedom (left/right), we end up in the other value
before traversing the lattice completely. Branching in this model can be quantified
in the same way as it was introduced for any general lattice in section 4.3 using
the value of order of ramification for each site.

We will now discuss several cases arising from different geometries of the bulk
and different configurations within those geometries through the framework of
the SAB model. Before going in to specific cases, we should also mention that
these two newer degrees of freedom control the pattern of the hopping amplitudes
because the rules defining the hopping pattern are influenced by their values. How-
ever they do not directly appear in the Hamiltonian. This makes them different
from the conventional degrees of freedom that we regularly encounter. However
this does not make them non-physical. For example these degrees of freedom can
physically correspond to some quantum numbers like the pseudo spin quantum
number in the case of one-dimensional array of quantum dots.
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Figure 4.8: Conventional SSH model as a particular case in SAB model.

4.5 Two band SAB models

In this section we will present the results for the case of the bulk being a line or
a “linear bulk”. Linear bulk is a bulk in which there is no single path to reach
back to the same starting point without traversing the entirety of the lattice (Fig-
ure 4.8). A minimalistic SSH type model requires at least two sites per unit cell
and a minimalistic linear bulk requires at least one unit cell. The above condition
makes the minimalistic linear bulk to require at least two sites per unit cell making
it a two band model. All possible configurations in the two band models fall in to
two categories as shown in Figure 4.8.

All the two band SAB models are described the same Hamiltonian:

H =
+∞∑

X=−∞

[u (c†X,1 cX,2) + v (c†X+1,2 cX,1) +H.C.]. (4.17)

Since the summation is from −∞ to +∞, one can do a Fourier transformation of
Equation 4.17 to obtain:
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H(k) =
∑
k

[(u+ veik) (c†1(k) c2(k)) + (u+ ve−ik) (c†2(k) c1(k)) +H.C.]. (4.18)

Equation 4.18 can be expressed more compactly in a matrix form as,

H(k) =

 0 u+ veik

u+ ve−ik 0

 (4.19)

The band dispersion and the eigenvalue spectrum of the two band models which
are obtained using periodic boundary conditions and open boundary conditions
are shown in Figure 4.9 and Figure 4.10 respectively.

Figure 4.9: Band dispersion for the cases (a) u > v(u = 3, v = 1),(b) u = v(u = 1, v = 1),
(c) u < v(u = 1, v = 3).

Figure 4.10: Energy eigenvalues for the open chain of a C-SSH model with 20 unit cells,
sorted from low to high plotted with respect to total number of states indexed from 1
to 20 for (a) u > v,(b) u = v and (c) u < v

Comparing Figure 4.9 and Figure 4.10 with Figure 4.3 and Figure 4.4, we note
that they are exactly the same. We can thus conclude that the two band SAB
models are nothing but the conventional SSH models (denoted as C-SSH model).
The Hamiltonian and the discussion regarding various topological invariants of the
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C-SSH model discussed in section 4.2 are applicable here and we skip repeating
them here for brevity.

4.6 SAB model with circular bulk

We will discuss the case of circular bulk in this section. In the previous section we
defined the linear bulk as a bulk such that there is not a single path to reach back
to the same starting point without traversing the entirety of the lattice. On the
contrary in the case of circular bulk there is at least a single path to reach back
to the same starting point without traversing the entirety of the lattice.

A minimalistic SSH type model requires at least two sites per unit cell and a
minimalistic circular bulk requires at least two unit cells to have at least a single
path to come back without traversing the entirety of the lattice. The above con-
dition makes the minimalistic circular bulk to require at least four sites per unit
cell making it a four band model.

u v

1 1

3

4 2 4

3

2

Figure 4.11: Unit cell of SAB model (with P.B.C.) for two orientable configurations
(with and without twist).
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Figure 4.12: Unit cell of SAB model (with P.B.C.) for the non-orientable configuration.

Before proceeding further we should resume here our discussion on orientability
and twists as promised in section 4.3. As we had explained in section 4.3, twist in
our terminology is that condition when a degree of freedom changes its value as
we traverse the lattice and before completely traversing the lattice.

In mathematics twist(s) in a manifold lead to loss of orientability of the man-
ifold. This orientability is defined in mathematical terms as the ability to define
a consistent system of co-ordinates in that manifold. If this is possible, then the
manifold is called an orientable manifold. If it is not possible to define a consistent
system of co-ordinates in the manifold then it is called a non-orientable manifold.
If a manifold has twists it becomes a non-orientable manifold.

However we will introduce a new definition of orientability inspired from the
mathematical definition but contextualised for the SSH type models we will be
dealing with. In our definition, orientability is the ability to consistently identify
neighboring sites belonging to the same dimer or to adjacent dimer when periodic
boundary condition is applied to the unit cell. If we can identify the dimers con-
sistently as belonging to either same dimers or adjacent dimers, then the model
is orientable. If we cannot consistently identify the dimers as belonging to either
same dimers or adjacent dimers, then the model is non-orientable (This can be
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Figure 4.13: An open chain of SAB model with a circular non-orientable bulk with 5
unit cells.

understood as the electron at the ith site in unit cell n has non zero hopping am-
plitude to either i ± 1th site at either nth unit cell (intracell hopping) or n ± 1th

unit cell (intercell hopping), but not both). This can be understood by looking at
Figure 4.11 which are orientable configurations and Figure 4.12 which is a non-
orientable configuration. Hence the twist in degrees of freedom may not always
lead to the model being non-orientable. Similarly there can be non-orientable
configurations without twists in the degrees of freedom. It is a combination of
the geometry of the bulk and the twists in degrees of freedom that gives rise to
non-orientable models.

All possible configurations in the four band models fall in to three categories
and one example from each category is shown in Figure 4.11 and Figure 4.12.
The first figure (from left) in Figure 4.11 and the figure in Figure 4.12 do not
have any twist, whereas the second figure (from left) in Figure 4.11 has a twist
between the sites indexed 1 and 4. These three sets can be further grouped in
to two categories, (1) orientable and (2) non-orientable configurations. Examples
of the orientable configurations are presented in Figure 4.11 while example of
the non-orientable configuration is presented in Figure 4.12. According to the
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definition of orientability defined in the context of the SSH model (in section 4.6),
orientability is the ability to consistently identify neighboring sites belonging to
the same dimer or to adjacent dimer when periodic boundary condition is applied
to the unit cell. Applying this definition, to the lattices depicted in Fig. 4.9,
we see that we can consistently define the hopping patterns to either inter cell
or intra cell when periodic boundary condition is applied. For this reason we
call them orientable configuration. Similarly, in the lattice depicted in Fig. 4.10,
we cannot consistently define the hopping patterns to either inter cell or intra
cell when periodic boundary condition is applied and the configuration is termed
non-orientable. This makes the three groups as:

1. Orientable configuration without a twist as in Figure 4.11 first figure (from
left).

2. Orientable configuration with a twist between sites labeled as 1 and 4, as in
Figure 4.11 second figure (from left).

3. Non-orientable configuration without a twist as in Figure 4.12.

An open chain of the non-orientable configuration with 5 unit cells is shown in
Figure 4.13.

We will now present the results obtained for the case of four band models.
As discussed before there are two sets of configurations in the four band models
namely the orientable and non-orientable configurations. The properties of all
the orientable four band models are same for all orientable configurations and
the properties of all the non-orientable four band models are same for all non-
orientable configurations. We will discuss them one by one in the subsequent
subsections.

4.6.1 Orientable four band models

We will present the bulk and edge invariants along all the supporting calculations
and results related to the four band orientable models. We will begin with the
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Hamiltonian of the four band orientable model for an infinite chain which is given
as:

H =
∞∑

X=−∞

[u (c†X,1 cX,2 + c†X,3 cX,4) + v (c†X+1,4 cX,1 + c†X+1,2 cX,3) +H.C.] (4.20)

Since the summation is from −∞ to +∞, one can do a Fourier transformation of
Equation 4.20 and obtain the Hamiltonian as a function of conjugate momentum,
k which is given below in matrix form for brevity,

H(k) =


0 u 0 veik

u 0 ve−ik 0

0 veik 0 u

ve−ik 0 u 0

 (4.21)

The eigenvalues (denoted as Ea1 , Eb1 , Ec1 , Ed1) and the eigenstates denoted as,
(|ψa1⟩ , |ψb1⟩ , |ψc1⟩ , |ψd1⟩) of Equation 4.21 are given below,

Ea1

Eb1

Ec1

Ed1


=



−ξ−(k)

ξ−(k)

−ξ+(k)

ξ+(k)


, (4.22)

|ψa1⟩ =



ξ−(k)κ(k)

−1

−ξ−(k)κ(k)

1


, (4.23)
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|ψb1⟩ =



−ξ−(k)κ(k)

−1

ξ−(k)κ(k)

1


(4.24)

|ψc1⟩ =



−ξ+(k)κ(k)

1

−ξ+(k)κ(k)

1


, (4.25)

|ψd1⟩ =



ξ+(k)κ(k)

1

ξ+(k)κ(k)

1


. (4.26)

By plotting the eigenvalues in Equation 4.22 as a function of conjugate momentum
(k), we obtain the band dispersion. The band dispersion for various cases is shown
in Figure 4.14.

Figure 4.14: Band dispersion for the orientable bulk with cases (a) u > v(u = 3, v =
1),(b) u = v(u = 1, v = 1), (c) u < v(u = 1, v = 3).
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Next, we calculate the Zak for each eigenstate of the orientable four band
models using the expression for the eigenstates given in Equation 4.22 and the
definition of Zak phase given in Equation 4.7. The calculated Zak phase is as
follows:

ϕi =

0 for, u > v

1 for, u < v
(4.27)

where i = 1, 2, 3, 4 correspond to the four eigenstates. From Equation 4.27 it is
clear that the Zak phase invariant for the orientable four band models is similar
to that of the C-SSH model only addition being the presence of two extra bands.

We have also calculated the eigenvalues of the open chain Hamiltonian of the
four band orientable models with twenty unit cells. The Hamiltonian is:

H =
20∑

X=1

[u (c†X,1 cX,2 + c†X,3 cX,4) + v (c†X+1,4 cX,1 + c†X+1,2 cX,3) +H.C.] (4.28)

By calculating the eigenvalues we can obtain the energy spectrum of the finite
chain.

From the above discussion it becomes evident that the orientable four band
cases are not very interesting as they bring no new physical properties and are
just replicas of the C-SSH model but with higher number of bands.

4.6.2 Non-orientable four band models

We will now discuss the bulk and edge invariants and all the other supporting
calculations for the non-orientable four band models. These models unlike the
orientable models exhibit novel physical properties which will be discussed in detail
here. We will begin by presenting the following expression for the infinite chain
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Hamiltonian of the Four band non-orientable model,

H =
∞∑

X=−∞

[u (c†X,1 cX,2 + c†X,2 cX,3 + c†X,3 cX,4 + c†X,4 cX,1)

+v (c†X+1,2 cX,1 + c†X+1,4 cX,1 + c†X+1,4 cX,3 + c†X+1,2 cX,3) +H.C.] (4.29)

Since the chain is infinite and the summation runs from −∞ to +∞, we can do a
Fourier transformation of Equation 4.29 and obtain the Hamiltonian as a function
of conjugate momentum, k. The Hamiltonian as a function of k is given below
and is shown in matrix form for compactness,

H(k) =


0 u+ veik 0 u+ veik

u+ ve−ik 0 u+ ve−ik 0

0 u+ veik 0 u+ veik

u+ ve−ik 0 u+ ve−ik 0

 (4.30)

The eigenvalues (denoted as Ea2 , Eb2 , Ec2 , Ed2) of Equation 4.30 and the corre-
sponding eigenstates (denoted as |ψa2⟩ , |ψb2⟩ , |ψc2⟩ , |ψd2⟩) are as follows,

Ea2

Eb2

Ec2

Ed2


=



0

0

−2 ξ+(k)

2 ξ+(k)


, (4.31)

|ψa2⟩ =



0

−1

0

1


, |ψb2⟩ =



−1

0

1

0


, (4.32)
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|ψc2⟩ =



−ξ+(k)κ(k)

1

−ξ+(k)κ(k)

1


, (4.33)

|ψd1⟩ =



ξ+(k)κ(k)

1

ξ+(k)κ(k)

1


. (4.34)

Plotting the eigenvalues of the Hamiltonian H(k) as a function of the conjugate
momentum, k, we can obtain the band dispersion for this model. The band
dispersion for the four band non-orientable model is shown in Figure 4.15. From

Figure 4.15: Band dispersion for the non-orientable bulk with cases (a) u > v (u =
3, v = 1),(b) u = v (u = 1, v = 1), (c) u < v (u = 1, v = 3).

the eigenstates corresponding to the eigenvalues in Equation 4.31 given above, the
value of Zak phase corresponding to each eigenstate can be calculated. The value
of Zak phase thus obtained is as follows:

ϕdisp =

0 for, u > v

1 for, u < v
(4.35)

ϕflat = 1, ∀ {u, v} ∈ R (4.36)
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Figure 4.16: Energy eigenvalues for the open chain of a four band non-orientable SAB
model with 20 unit cells, sorted from low to high plotted with respect to total number
of states indexed from 1 to 80 for (a) u > v,(b) u = v, (c) u < v

where ϕdisp and ϕflat are the Zak phase for the dispersive bands and flat bands
respectively. From Equation 4.35 and Equation 4.36 it can be inferred that there
are both similarities and differences the value that Zak phase takes in the four
band non-orientable models and the C-SSH models. However, these features are
common across all the non-orientable models irrespective of the number of bands
and hence will be discussed together in the next section.

We will now present the results for the case of a finite chain of four band non-
orientable model. Firstly the Hamiltonian for this model with 20 unit cells is as
follows:

H =
20∑

X=1

[u (c†X,1 cX,2 + c†X,2 cX,3 + c†X,3 cX,4 + c†X,4 cX,1)

+v (c†X+1,2 cX,1 + c†X+1,4 cX,1 + c†X+1,4 cX,3 + c†X+1,2 cX,3) +H.C.] (4.37)

By calculating the eigenvalues of the above Hamiltonian we can plot the energy
spectrum of the finite chain and investigate the changes in the energy spectrum
with change in various system parameters. The plots of energy spectrum for the
open chain with various values of intercell and intracell hopping amplitudes is
shown in Figure 4.16. From Figure 4.16, it is clear that there are a total of 2N +2

zero energy modes and they are of two types. 2N zero energy modes are present
for all values of system parameters and 2 of them appear only when the intercell
hopping amplitude is greater than the intracell hopping amplitude.

Inverse participation ratio (IPR) is a quantity that acts as a measure of lo-
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Figure 4.17: Inverse participation ratio (IPR) for the four band non-orientable model
plotted with respect to the change in the ratio between inter cell and intra cell hopping
denoted by v and u respectively.

calisation in any system. Its value gives an estimate of the number of sites the
particular eigenstate being considered is localised. If the eigenstate is localised at
only one site its IPR value is one. As the number of sites in which the eigenstate
is localised keeps increasing the IPR value becomes lesser and lesser. If the eigen-
state over all sites in a lattice with N sites then the IPR for that eigenstate is 1/N
and in the limit of N → ∞ the IPR value tends to zero. The formal definition of
IPR is given by the expression,

IPR =

∑L
i=1|ψi|4

(
∑L

i=1|ψi|2)2
. (4.38)

The plot of IPR value as a function of the ratio of intercell to intracell hopping
amplitudes (v/u) is given in Figure 4.17. We observe in Figure 4.17 that the IPR
value corresponding to the first type zero energy modes are a constant for all
value of ratio of hopping parameters. For the second type of zero energy modes
the IPR value is nearly equal to zero for (v/u) < 1. As (v/u) crosses the value of
one, the IPR value starts increasing suddenly and keeps increasing monotonously
indicating the delocalisation to localisation transition of these modes at (v/u) = 1.

The IPR plot is a very good method to show localisation transitions in a sys-
tem. However, one cannot conclude whether the localisation is happening at the
edges or in the bulk based on these plots. To determine this we need to explicitly
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Figure 4.18: (a) Energy eigenvalues for the open chain of the non-orientable four band
case with 20 unit cells (b)-(c) zero energy edge states (d)-(g) some of the zero energy
states localised in the bulk.

plot the wavefunction value i.e. the eigenstate value at each site. This is shown
in Figure 4.18. We can see from Figure 4.18 that the wavefunction corresponding
to the 2N zero energy states that remain for all ratios of hopping parameters are
localised in the bulk and the wavefunction corresponding to the two zero energy
states that appear when (v/u) > 1 are localised at the edges.

These results obtained for the four band non-orientable models are similar to
the C-SSH model in terms of zero energy edge states but also exhibit new features
like zero energy modes localised in the bulk. In fact these signatures are universal
in all the non-orientable models and we will summarise these unique features in
the next section to avoid repetition.

4.7 SAB model with a non-orientable bulk

In this section we will discuss a six band SAB model whose bulk is an one di-
mensional non-orientable manifold. As discussed in the previous sections we need
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Figure 4.19: Unit cell of SAB model (with P.B.C.) for the six band non-orientable bulk
(notice the twist).

at least two sites for a linear bulk and four sites for a circular bulk. An one di-
mensional non-orientable manifold can be obtained by fusing one end of a line
segment to a circle and leaving the other free. With the same analogy we will
use a combination of a linear bulk and circular bulk, making the number of sites
required for a minimalastic SAB model with a non-orientable bulk as six. This
makes the minimalastic SAB model with non-orientable bulk as a six band model.
Figure 4.19 presents a graphical image of the SAB model with a non-orientable
bulk in a periodic boundary condition set-up. Figure 4.19 shows a graphical image
of the SAB model with a non-orientable bulk in a open boundary condition with
five unit cells. Notice in both Figure 4.19 and Figure 4.20, the twist is in between
the sites labeled as 3 and 6 in the unit cell.

We will begin by presenting the Hamiltonian for the infinite chain of the six
band SAB model with a non-orientable bulk. This is given as:

H =
∞∑

X=−∞

[2u(c†X,1cX,2 + c†X,2cX,3) + u(c†X,3cX,4 + c†X,4cX,5 (4.39)

+c†X,5cX,6 + c†X,6cX,3) + 2v(c†X+1,2cX,1 + c†X+1,2cX,3) + v(c†X+1,4cX,3 + c†X+1,6cX,3

+c†X+1,4cX,5 + c†X+1,6cX,5)] +H.C.
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Figure 4.20: Open chain of six band non-orientable bulk SAB model with five unit cells

The Hamiltonian in Equation 4.39 after Fourier transformation can be expressed
in the matrix form as:

H(k) =



0 2a 0 0 0 0

2a∗ 0 2a∗ 0 0 0

0 2a 0 a 0 a

0 0 a∗ 0 a∗ 0

0 0 0 a 0 a

0 0 a∗ 0 a∗ 0


(4.40)

where a = u+ veik and a∗ = u+ ve−ik.

The eigenvalues and eigenvectors of theH(k) in Equation 4.40 can be calculated
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and their expression are as follows.



Ea3

Eb3

Ec3

Ed3

Ee3

Ef3


=



0

0

−
√
2 (3−

√
3) ξ+(k)√

2 (3−
√
3) ξ+(k)

−
√
2 (3 +

√
3) ξ+(k)√

2 (3 +
√
3) ξ+(k)


, (4.41)

|ψa3⟩ =



0

0

0

−1

0

1


, |ψb3⟩ =



1

0

−1

0

1

0


, (4.42)

|ψc3⟩ =



√
2(3−

√
3) ξ+(k)κ(k)

3

1−
√
3

√
2 (

√
3−2) ξ+(k)κ(k)√

3−
√
3

1

−
√
2 ξ+(k)κ(k)

(
√

3−
√
3)

1



, (4.43)
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|ψd3⟩ =



−
√

2(3−
√
3) ξ+(k)κ(k)

3

1−
√
3

√
2(
√
3−2) ξ+(k)κ(k)√

3−
√
3

1

(3+
√
3)
√

(3−
√
3) ξ+(k)κ(k)

3
√
2

1


, (4.44)

|ψe3⟩ =



−
√

2(3+
√
3) ξ+(k)κ(k)

3

1 +
√
3

−
√
2(
√
3+2) ξ+(k)κ(k)√

3+
√
3

1

−
√
2κ∗(k)

(3+
√
3)(ξ+(k))2

1


, (4.45)

|ψf3⟩ =



√
2(3+

√
3) ξ+(k)κ(k)

3

1 +
√
3

√
2(
√
3+2) ξ+(k)κ(k)√

3+
√
3

1
√
2κ∗(k)

(3+
√
3)(ξ+(k))2

1


. (4.46)

We can plot the eigenvalues in Equation 4.41 as a function of the conjugate
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momentum, k. This is called the band dispersion and the band dispersion of the
six band non-orientable manifold as the bulk is shown in Figure 4.21 for various
configuration of the intercell and intracell hopping values.

Figure 4.21: Band dispersion for the six band non-orientable SAB model with cases (b)
u > v(u = 3, v = 1),(c) u = v(u = 1, v = 1), (d) u < v(u = 1, v = 3).

From the expression of the eigenstates of the SAB model with non-orientable
bulk given above we can calculate the Zak phase for these eigenstates from the
expression of Zak phase given in Equation 4.7. The values of the Zak phase are
listed below,

ϕdisp =

0 for, u > v

1 for, u < v
(4.47)

ϕflat = 1, ∀ {u, v} ∈ R (4.48)

where ϕdisp and ϕflat are the Zak phase for the dispersive bands and flat bands
respectively.

After discussing the results for an infinite bulk let us now move our focus to
the case of a finite bulk. The Hamiltonian of the six band SAB model with a
non-orientable manifold as bulk is given below:

H =
20∑

X=1

[2u(c†X,1cX,2 + c†X,2cX,3) + u(c†X,3cX,4 + c†X,4cX,5 (4.49)

+c†X,5cX,6 + c†X,6cX,3) + 2v(c†X+1,2cX,1 + c†X+1,2cX,3) + v(c†X+1,4cX,3 + c†X+1,6cX,3

+c†X+1,4cX,5 + c†X+1,6cX,5)] +H.C.
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By diagonalising the above Hamiltonian we can obtain the energy eigenvalues
of the Hamiltonian. By plotting the values of these energy eigenvalues, we can
obtain the energy spectrum. The energy spectrum for the six band SAB model
with a non-orientable bulk is given in Figure 4.22 for different configurations of
the intercell and intracell hopping amplitudes.

Figure 4.22: Energy eigenvalues for the open chain of a non-orientable bulk with 20 unit
cells, sorted from low to high plotted with respect to total number of states indexed
from 1 to 120 for (a) u > v,(b) u = v, (c) u < v

From Figure 4.22 it is clear that there are 2N zero energy modes that are
always present in the system for all possible combinations of the intercell and
intracell hopping amplitudes. There is an additional four zero energy modes that
appear when the value of intercell hopping is greater than the value of intracell
hopping. Thus there is a total of 2N+4 zero energy modes possible in the system.

To understand these zero energy modes more clearly we plot the inverse partic-

Figure 4.23: Inverse participation ratio (IPR) for the six band non-orientable model
plotted with respect to the change in the ratio between inter cell and intra cell hopping
denoted by v and u respectively.



118 4 - SAB model

ipation ratio (IPR) of these modes. The IPR plot is shown in Figure 4.23, where
the IPR value is plotted as a function of the ratio of hopping amplitudes. We
make the following observations based on the IPR plot in Figure 4.23:

• The value of the IPR for the 2N zero energy states present throughout for all
possible combinations of intercell and intracell hopping amplitudes is con-
stant.

• Among the 2N zero energy modes, N of them have the IPR value as 0.5 and
the other N has the IPR value as 0.33.

• The value of IPR for the 4 zero energy edge states that appear when (v/u) >

1, the IPR value remain close to zero when the ratio (v/u) < 1. As we cross
the (u/v) = 1 point (which we indicate as the topological phase transition
point), the value of IPR starts increasing. It increases monotonously with
increase in the value of (v/u) when (v/u) > 1.

• Among these 4 modes there are two sets of IPR values as IPR is plotted as
a function of (v/u). Each set has two eigenstates in them having the same
value of IPR. This shows that even in these zero energy states the localisation
is over different number of sites.

The IPR plots have revealed that these zero energy states are localised states.
To understand more about these zero energy modes and the exact position at
which these localised states exist, we plot the value of the wave function at each
site. This is shown in Figure 4.24.

4.8 Three band SAB model

In this section we will discuss a three band non-orientable SAB model which is
very simple to visualise. This can be imagined to be obtained by fusing certain
sites periodically in two different C-SSH chains as illustrated in Figure 4.25. The
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Figure 4.24: Energy eigenvalues for the open chain of the non-orientable six band case
with 20 unit cells (center) (a)-(d) wave functions of some of the zero energy eigenstates
localised in the bulk and (e)-(h) zero energy edge states.

Hamiltonian for the infinite chain of the three band SAB model is given as:

H =
∞∑

X=−∞

[u(c†X,1cX,2 + c†X,1cX,3) + v(c†X+1,1cX,2 + c†X+1,1cX,3)] +H.C. (4.50)

We can do the Fourier transformation of Equation 4.50 to obtain the Hamiltonian
as a function of the conjugate momentum, k. The Hamiltonian as a function of k
is shown below in the matrix form:

H(k) =


0 u+ veik u+ veik

u+ ve−ik 0 0

u+ ve−ik 0 0

 (4.51)

The eigenvalues and the eigenvectors of Equation 4.51 are obtained and are listed
below, 

Ea4

Eb4

Ec4

 =


0

−ξ+(k)

ξ+(k)

 , (4.52)
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Figure 4.25: (a) Unit cell of the three band non-orientable bulk SAB model (with
P.B.C.) (b) Open chain the three band non-orientable bulk SAB model with five unit
cells (c) two independent C-SSH chains whose corresponding alternate sites have to be
be fused periodically to obtain (d) three band non-orientable bulk SAB model (p)-(q)
sites belonging to two different C-SSH chains and (r) represents fused sites

|ψa4⟩ =


0

−1

1

 , (4.53)

|ψb4⟩ =


−
√
2 ξ+(k)κ(k)

1

1

, (4.54)

|ψc4⟩ =


√
2 ξ+(k)κ(k)

1

1

. (4.55)
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Figure 4.26: Band dispersion of the three band non-orientable bulk with the cases (a)
u > v(u = 3, v = 1),(b) u = v(u = 1, v = 1), (c) u < v(u = 1, v = 3).

We can plot the eigenvalues in Equation 4.51 as a function of the conjugate mo-
mentum, k. This is called the band dispersion and the band dispersion for various
configurations of the intercell and intracell hopping amplitudes is shown in Fig-
ure 4.26.

From the above expression of the eigenstates we can calculate the value of Zak
phase from the expression of Zak phase given in Equation 4.7. The value of Zak
phase for the eigenstates of the three band SAB model are:

ϕdisp =

0 for, u > v

1 for, u < v
(4.56)

ϕflat = 1, ∀ {u, v} ∈ R (4.57)

where ϕdisp and ϕflat are the Zak phase for the dispersive bands and flat band
respectively.

If we consider a finite chain of three band SAB model with 20 unit cells, the
corresponding Hamiltonian is given as:

H =
20∑

X=1

[u(c†X,1cX,2 + c†X,1cX,3) + v(c†X+1,1cX,2 + c†X+1,1cX,3)] +H.C. (4.58)

Calculating the eigenvalues of Equation 4.58, we can get the energy spectrum.

We also plot the IPR values as a function of the ratio of intercell and intracell
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Figure 4.27: Inverse participation ratio (IPR) for the three band model plotted with
respect to the change in the ratio between inter cell and intra cell hopping denoted by
v and u respectively.

hopping amplitudes in Figure 4.27. To determine the spatial profile of localisation
of the zero energy states we explicitly calculate and plot the value of the wave-
function at each site in Figure 4.28. From Figure 4.28 it is clear that the zero
energy states that appear for all parameter values are localised in the bulk and
the zero energy states that appear when (v/u) > 1 are localised only at the edges.

4.9 Discussion

In this section we will discuss all the novel and exotic physical properties that are
present in all the non-orientable SAB models that we have discussed so far. We
will sequentially discuss for each topological or physical property both the simi-
larities and the novelties of the non-orientable SAB model in comparison to the
C-SSH model. We will begin first with the properties associated with an infinite
bulk which will be followed by the ones associated with a finite bulk. We will end
with a discussion the prospects for experimentally realising these models.

4.9.1 Band Dispersion

In all the cases of non-orientable SAB models, the band dispersion has the common
feature that it has two kinds of bands, (1) dispersive band, and (2) flat band. The
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Figure 4.28: (a) Energy eigenvalues for the open chain of the non-orientable three band
case with 20 unit cells (b)-(c) zero energy edge states (d)-(g) some of the zero energy
states localised in the bulk

number of dispersive bands and the degeneracy of the flat band varies from model
to model.

• In the four band non-orientable SAB models there are two dispersive bands
which are symmetric with respect to the particle hole symmetry level and
a doubly degenerate flat band exactly at the particle hole symmetry level
(refer to Figure 4.15).

• In the six band SAB model with a non-orientable bulk there are four disper-
sive bands forming two pairs of bands symmetric with respect to the particle
hole symmetry level and a doubly degenerate flat band exactly at the particle
hole symmetry level (refer to Figure 4.21).

• In the three band non-orientable SAB models there are two dispersive bands
which are symmetric with respect to the particle hole symmetry level and a
non-degenerate flat band exactly at the particle hole symmetry level (refer
to Figure 4.26).

Since the dispersion in the flat band is independent of the conjugate momentum,
k the effective mass of the electron diverges making it localised in the flat band.
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The dispersive bands in the non-orientable SAB models are similar to the C-SSH
model whereas the flat bands are new additions.

4.9.2 Zak Phase

In all the cases of non-orientable SAB model there are both dispersive and flat
bands. The Zak phase of these bands show the following signatures.

• The Zak phase value for all the flat bands has a value of one irrespective of
the value of the ratio of hopping amplitudes.

• The Zak phase value of all the dispersive bands have a value of zero when
the ratio of intercell and intracell hopping amplitude (v/u) < 1. It has a
value of one when (v/u) > 1.

The behavior of the Zak phase value for the dispersive bands is similar to the
C-SSH model whereas the constant value of the Zak phase for the flat band is a
new feature in the non-orientable models.

4.9.3 Zero Energy States

In all the cases of non-orientable SAB model there are zero energy states localised
at the bulk and localised at the edges. The number of such is specific to each
model and we list that below for comparison:

• For the four band non-orientable SAB models there are 2N zero energy states
localised in the bulk and 2 states localised in the edges.

• For the six band SAB model with a non-orientable bulk there are 2N zero
energy states localised in the bulk and 4 states localised in the edges.

• For the three band non-orientable SAB models there are N zero energy states
localised in the bulk and 2 states localised in the edges.
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The zero energy modes localised in the bulk exists for all values of ratio of the
intercell to intracell hopping amplitudes (v/u). However the zero energy modes
localised in the edges appear only when (v/u) > 1. The zero energy edge states
when (v/u) > 1 are similar to that of the C-SSH model but the zero energy states
localised in the bulk are unique to the non-orientable SAB models.

4.9.4 Inverse Participation Ratio

We have also discussed the value of the inverse participation ratio (IPR) as a
function of the ratio of intercell and intracell hopping amplitude (v/u) for all the
non-orientable SAB models. The salient features of the IPR plots are:

• The IPR plots for the four band non-orientable models show that there are
two sets of zero energy modes. The IPR value of the first set is a constant as
a function of (v/u). This set corresponds to the zero energy modes localised
in the bulk. The second set has an IPR value close to zero for (v/u) < 1. It
starts increasing as we cross the point (v/u) = 1 and increases monotonously
for (v/u) > 1. This set corresponds to the zero energy modes localised in
the edges (refer to Figure 4.17).

• The IPR plots for the three band non-orientable SAB model is essentially
the same as the four band non-orientable model except for the fact that the
number of zero energy states with constant IPR value is half the number in
the three band case (refer to Figure 4.27).

• The IPR plots for the six band SAB model with a non-orientable bulk show
that there are four sets of zero energy modes. The IPR value of the first and
second set is a constant as a function of (v/u). These sets corresponds to the
zero energy modes localised in the bulk. However, the value of this constant
is different indicating that the number of sites the electron is localised is
different for the different sets of these zero energy states. The third and
fourth set has an IPR value close to zero for (v/u) < 1. It starts increasing
as we cross the point (v/u) = 1 and increases monotonously for (v/u) > 1.
These sets corresponds to the zero energy modes localised in the edges. Again
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the qualitative behavior of the IPR values of these sets of zero energy states
maybe similar but the explicit value of IPR is different for the third and
fourth set. This clarifies that the number of sites in which the electrons are
localised at the edges are different (refer to Figure 4.23).

The behavior of the IPR values of the zero energy edge states are similar to that
of the C-SSH model. However, since the zero energy states localised in the bulk
are new to the non-orientable SAB models their IPR behavior is novel.

4.9.5 Bulk Boundary Correspondence

We have presented both the bulk invariants and the boundary invariants for the
non-orientable SAB models. The value of the bulk invariants like the Zak phase
and the boundary invariants like the number of zero energy edge states of the
non-orientable SAB models show an one-to-one correspondence validating the ap-
plicability of the bulk boundary correspondence to these models.

4.9.6 Prospects for experimental realisation of SAB models

We believe that the SAB models discussed in this chapter can be realised by mak-
ing certain tweaks and changes to some available versatile experimental platforms.
These are:

• The first promising experimental platform is the emerging area of quantum
dot lattices. It is worth while to mention here that C-SSH chains have been
already realised in this platform along with several other variations of the
C-SSH model[114]. The effects of the spin and the orbital momentum of the
electron in the carbon nanotube quantum dot has also been studied[110]. In
this note it is possible to identify the spin of the electron in the carbon nan-
otube quantum dot as the first degree of freedom which we have introduced
and the orbital angular momentum of the electron in the carbon nanotube
quantum dot as the second degree of freedom. If the value of these quantum
numbers can be tuned to the values required by the model and the system
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is tuned in such a way that the hopping occurs between these quantum dots
based on the rules we have formulated the properties predicted by our study
for different SAB models can be realised experimentally.

• The second promising experimental platform is that of photonic lattices.
Like the case of quantum dot lattices, C-SSH chains have been realised in
this platform too[98]. However, this is particularly well suited for the three
band SAB model as the lattice of this model is the one dimensional diamond
lattice. In this direction it is important to note that the one dimensional
diamond lattice has already been realised in this platform it will be straight
forward to realise the three band SAB model here. The only new addition
to this platform would be to stagger the hopping amplitudes like the SSH
model.

4.10 Conclusion

In this chapter we introduced a topological tight binding model which we termed
as the Su-Schrieffer-Heeger model with any bulk (SAB model). After introducing
the rules of the hopping in this model, we presented the results for the four band,
six band and three band SAB models. In all the non-orientable SAB models
along with the topological zero energy edge states, there are also zero energy
states localised in the bulk. These states correspond to the flat bands in the band
dispersion. This model is a demonstration of emergence of flat bands in SSH
model like systems.



”He who can listen to the music in the midst of noise can achieve great things”

Vikram Sarabhai

5
Effects of Disorders on the SAB models

In this chapter, we study the effects of various kinds of static disorders on the
SAB models. We will first briefly discuss two localisation effects in tight binding
models arising from the geometry of the lattice and the disorder in the lattice.
After this we will introduce the chiral symmetry of the SSH model. We will then
discuss the effects of both chiral symmetry preserving and breaking disorders.

128
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In physics it is important to verify theoretically obtained predictions in avail-
able or soon to be available experimental platforms. The most important bridge
that connects these two paradigms of theoretical prediction and experimental veri-
fication is that experimental observations are not performed in ideal pristine setups
over which theoretical calculations have been performed. Experimental observa-
tions are always performed a midst other unknown and unwanted noises and dis-
turbances to the ideal setup envisioned theoretically.

In this context the study of disorders in tight binding models was important
to make a more meaningful connection between the theoretical tight binding cal-
culations and the experimental observations. However the role of disorder took
a central stage with the onset of concepts like Anderson localisation wherein the
effects of disorder was not an ancillary effect just to help theory connect with
experiment but was the dominant effect[115].

We also understand based on the discussions in the previous chapter the role
of lattice geometry in the emergence of flat bands in the system. If the lattice
geometry is such that the hopping amplitudes for an electron to hop out of that
site destructively interfere, the electron effectively gets localised in that site which
leads to the emergence of these flat bands in the electronic dispersion[82].

From the above mentioned points it is clear that there are two localisation
effects in tight binding models.The first is due to the disorder in the lattice and
the second is due to the geometry of the lattice. This naturally rises the question
that “what will be the net effect on the system if both these localisation
effects are present simultaneously?. Will their simultaneous presence
add up to or cancel each other?”

From the discussions of the previous chapters, it is evident that the non-
orientable SAB models have flat bands. This makes it an ideal system to study
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the effects of disorder in a system with flat bands. Moreover from an experimental
perspective also it is important to study the effects of disorder on the properties
of non-orientable SAB models. Further disorders can be of many origins. Broadly
the static disorder for SSH model can be classified in to chiral symmetry breaking
and preserving disorders.

This chapter is organised as follows. In section 5.1 we will present an intro-
duction to disorders in tight binding models. Following this in section 5.2 we will
discuss the chiral symmetry and more particularly the sub-lattice symmetry in
the context of SSH model. With this background we can define chiral symmetry
preserving and breaking disorders. We will wind up this section with a quick re-
cap of the geometry of the lattice and flat bands in section 5.3. We will explain
our implementation of the static disorder both chiral symmetry preserving and
breaking cases in section 5.4, followed with the discussion of results in section 5.5.
We will summarise the chapter in section 5.6.

5.1 Disorder in tight binding models

The role of disorder in tight binding models became a subject of research in itself
with the revolutionary work of Anderson describing the phenomenon of Anderson
localisation[115]. Anderson arrived at the conclusion that beyond a critical disor-
der there will be no diffusion in a three dimensional tight binding system. That
is there will be a metal to insulator transition (MIT) beyond a critical disorder
strength. It was later proven that in one dimension this MIT occurs for even tiny
amount of disorder. In this section we will motivate this MIT by some numeri-
cal calculations performed on an one dimensional tight binding model with onsite
disorders.

Let us consider the following tight-binding Hamiltonian:

H =
∑
n

c†ncn + c†n+1cn + c†n−1cn. (5.1)
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It is one band tight binding model and the wavefunctions are extended on the
entire lattice i.e. over all n sites as illustrated in Figure 5.1.

Figure 5.1: Some of the eigenstates of the 1D one band tight binding model described
by the Hamiltonian in Equation 5.1 with 80 sites in the chain. The plots are sample
from all the 80 eigenstates which are all extended.

If we add an onsite disorder at each site to the model in Equation 5.1, we get
the following Hamiltonian:

Hdis =
∑
n

dγnc
†
ncn + c†n+1cn + c†n−1cn. (5.2)

where d is the disorder strength and γn is randomly chosen from the uniform dis-
tribution: [−1, 1].

We can diagonalise the Hamiltonian with disorder (Hdis) and obtain its eigen-
values and eigenstates for a range of disorder strength d. To identify the metal
to insulator transition one can look in to the value of inverse participation ratio
defined in Equation 5.3.
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IPR =

∑L
i=1|ψi|4

(
∑L

i=1|ψi|2)2
. (5.3)

A value of IPR close to zero is indicative of the support of eigenstates nearly
equal to the size of the lattice. An higher IPR indicates localisation of the eigen-
states on fewer sites. The IPR plots of some of the eigenstates is given in Figure 5.2.

Figure 5.2: IPR values as a function of disorder strength for lattices with (a) 40 sites
and (b) 80 sites.

From the plots in Figure 5.2, it is clear that the IPR value for the clean system
is close to zero. However even with the onset of small onsite disorder the IPR
value begins to increase. This indicates that even small amounts of disorders in
an one dimensional system bring about MIT.

5.2 Symmetries and its relation to disorders

In this section we will discuss the symmetries of the SSH model and the classifi-
cation of the disorders based on these symmetries. In the context of topological
insulators three symmetries are discussed prominently, as in the case of the peri-
odic table of topological invariants. These symmetries are:

1. Chiral (sub-lattice) symmetry: It is an anti-commuting unitary symme-
try “S” defined as SHkS = σzHkσz and S2 = 1. One can readily verify
{S,HSSH,k} = 0, where Hk is the SSH Hamiltonian.

2. Time reversal symmetry: It is a commuting anti unitary symmetry “T ”
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defined as T HkT = H∗
−k and T 2 = 1. One can readily verify [T ,HSSH,k] = 0,

where HSSH,k is the SSH Hamiltonian.

3. Particle hole symmetry: It is an anti commuting anti unitary symmetry
“C” which can simply be defined as the product of the first two symmetries,
C = ST . It is straight forward to observe: C2 = 1 and {C,HSSH,k} = 0,
where HSSH,k is the SSH Hamiltonian.

We will now discuss in detail about the chiral (sub-lattice) symmetry of the
SSH model.

5.2.1 Chiral (sub-lattice) symmetry of the SSH model

Chiral symmetry is a very general symmetry and is found to be present in many
prominent physical theories like the Dirac equation. It can be defined with an
operator “S” which anti commutes with the Hamiltonian, H. The presence of this
symmetry leads to a particle hole symmetric spectrum, where any eigenstate |uE⟩

with an energy E has a corresponding partner |u−E⟩ with an energy −E.

A particular class of chiral symmetries known as the sub-lattice symmetry is
defined as follows. Given the chiral symmetry operator Ŝ, we can define the
orthogonal sub-lattice projectors:

P̂A =
1

2
(I+ S); P̂B =

1

2
(I− S), (5.4)

where I denotes the identity operator over the Hilbert space of the system. From
Equation 5.4 it is easy to verify:

P̂A + P̂B = 1; P̂AP̂B = 0. (5.5)

The essence of sub-lattice symmetry is that the Hamiltonian does not induce
transitions from any given site on a sub-lattice to any other site on the same
sub-lattice,
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P̂AHP̂A = P̂BHP̂B = 0; H = P̂AHP̂B + P̂BHP̂A. (5.6)

It is to note that in light of the above definition any onsite term breaks the
above symmetry. In this way we can define the chiral symmetry using the projec-
tors P̂A and P̂B.

If we now focus our discussion to the chiral symmetry of the SSH model. The
two crucial observations from the inspection of the Hamiltonian of the C-SSH
model given in Equation 5.7 is (1) the Hamiltonian is bipartite and (2) it contains
no hopping terms between sites with the same sub-lattice index.

HSSH =
∑
n

u(|n,A⟩ ⟨n,B|) + v(|n+ 1, A⟩ ⟨n,B|) +H.C. (5.7)

The projectors to the sub-lattices are as follows:

P̂A =
N∑

m=1

|m,A⟩ ⟨n,A| ; P̂B =
N∑

m=1

|m,B⟩ ⟨n,B| . (5.8)

With these projectors the chiral symmetry is represented through the sub-lattice
operator:

Σz = P̂A − P̂B. (5.9)

It is readily verifiable that this operator has all the requisite properties of the
chiral symmetry operator, It is unitary, Hermitian and local. It is also to be noted
that it multiplies all the components of a wavefunction on a sub-lattice B by a
negative sign. This leads to the conclusion that the chiral symmetry of the SSH
model is a consequence of the Hamiltonian being bipartite, i.e.

P̂AHP̂A = P̂BHP̂B = 0; ⇒ ΣzHΣz = −H. (5.10)

The above relation is true because of the fact that the Hamiltonian H contains
only terms that are multiples of |m,A⟩ ⟨n,B| or |m,B⟩ ⟨n,A| but where m,n are
integers and multiplication of H from left and right by Σz picks up only one neg-
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ative sign.

Now if we consider the bulk momentum space Hamiltonian:

H(k) = d(k) · σ (5.11)

where, H(k) is obtained by performing a Fourier transformation on HSSH , and σ

are the Pauli matrices. Due to the presence of the chiral symmetry we have the
following relation:

σzH(k)σz = −H(k) ⇒ dz(k) = 0. (5.12)

The above equation implies d(k) is constrained to lie on the dxdy plane.

5.2.2 Disorders preserving and breaking the sub-lattice symmetry

From the discussions in the previous subsection it is clear that the presence of any
on-site term destroys chiral symmetry. These is evident from both Equation 5.10
and Equation 5.12. In Equation 5.10 presence of onsite terms would not produce
exactly one amount of (-1) when multiplied by Σz from left and right and hence
breaks the chiral symmetry. In Equation 5.12 addition of onsite terms in the
Hamiltonian would make the diagonal terms in H(k) non-zero and would break
the chiral symmetry.

If disorder is introduced in the value of the hopping amplitudes, it does not
change the terms in the Hamiltonian and does not break any symmetry. This is
because the relation Equation 5.10 still holds for the disordered Hamiltonian, as
evident from Equation 5.13:

P̂AHdisP̂A = P̂BHdisP̂B = 0; ⇒ ΣzHdisΣz = −Hdis. (5.13)
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Thus we can appreciate that there can be both symmetry breaking and pre-
serving disorders in the C-SSH model. Since the SAB model shares the same
symmetry class as the C-SSH model all the above discussions hold true for the
SAB model too. We will discuss the implications of these disorders in the SAB
model after a brief discussion of flat bands in the SAB models.

5.3 Flat bands in SAB model

The SAB models with different number of bands are an unique platform with SSH
like staggered hopping and flat bands in electronic dispersion. As evident from
the discussions in the previous chapter it is clear that the electrons are localised
within the bulk due to the presence of these flat bands. This makes it an ideal
platform to test the effects of simultaneous presence of flat bands and disorders.

It is also important to note that depending on the particular SAB model one
considers, the degeneracy of the flat band at the particle hole symmetry level
changes. This enables us not only to study the effects of disorders on flat bands
but also it’s relation to the degeneracy of the flat band.

This difference that will be arising in the effects of disorder due to the degen-
eracy of the flat band can be understood by taking two different examples in the
SAB models:

1. The three band SAB model which has two dispersive bands and a non degen-
erate flat sandwiched between these two bands exactly at the particle hole
symmetry level.

2. The six band SAB model with a non-orientable bulk which has four dispersive
bands two above and two below the particle hole symmetry level and a doubly
degenerate flat band sandwiched exactly at the particle hole symmetry level.

Our analysis of the effects of various kinds and types of disorders on the SAB
model will be through the above two SAB models. In this way we can cover both
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non-degenerate and doubly degenerate flat bands that we encounter in the SAB
model.

To illustrate this point let us show the finite chain energy spectrum of the
three band SAB model and the six band SAB model with a non-orientable bulk
in Figure 5.3 with the chain containing 20 unit cells in each case.

Figure 5.3: Energy spectrum as a function of the inter cell hopping parameter v with the
intra cell hopping parameter u kept constant (u = 2) of the finite chain of (a) the three
band SAB model, (b) six band SAB model with a non-orientable bulk. We consider 20
unit cells in the finite chain. Zero energy states localised in the bulk are denoted by
blue lines and zero energy edge states are denoted by red lines.

From Figure 5.3 it is clear that both the three band SAB model and the six
band SAB model with non-orientable bulk have in addition to the zero energy
edge states that appear when v > u and zero energy states localised in the bulk
for all values of u and v. We will now check the robustness of these zero energy
states to various kinds and types of static disorders.

5.4 Implementation of symmetry preserving and breaking

disorders in various SAB models

In this section we will discuss our implementation of the disorder in the hopping
amplitudes (chiral symmetry preserving) and implementation of the onsite disor-
der (chiral symmetry breaking) in the SAB models. We will discuss the various
nuances in our implementation which makes our implementation of these disorders
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very general.

5.4.1 Implementation of disorder in hopping amplitudes

The disorder in hopping amplitudes can be implemented in three ways. These are
listed as follows:

1. Disorder only in intra cell hopping amplitude and no disorder in inter cell
hopping.

2. Disorder only in inter cell hopping amplitude and no disorder in intra cell
hopping.

3. Disorder in both inter cell and intra cell hopping amplitudes.

To make our study complete we study all the three types of disorder mentioned
above. If we denote the hopping amplitudes of the clean system at unit cell n and
sub-lattice site a within that unit cell as un.a and vn,a, then the hopping amplitudes
ũn,a and ṽn,a of the disordered system is given as follows:

un,a → ũn,a = un,a + dγ1n,a, (5.14)

vn,a → ṽn,a = vn,a + dγ2n,a. (5.15)

where we denote d as the disorder strength and the quantities γ1n,a and γ2n,a are
randomly chosen from the uniform distribution: [−1, 1].

We want to make our implementation of the disorder in hopping amplitudes
as general as possible. In this direction we had set the following benchmarks:

• The disorder is implemented in such a way that it acts differently on different
unit cells.
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• The disorder is also implemented in such a way that it acts differently on dif-
ferent hopping amplitudes of the same type (connecting different sub lattice
sites) in the same unit cell.

• When the disorder is implemented on both types of hopping amplitudes,
along with the above two conditions the disorder acts independently on both
the hopping amplitudes.

• The disorder acts in such a way that the Hamiltonian always remains Her-
mitian.

• The results are obtained after averaging over one hundred simulations. This
is quite reasonable as we checked that the results remain converged for av-
eraging over around 50 simulations.

In this way our implementation of disorders in hopping amplitudes of the SAB
model is fool proof and gives the most general treatment possible for such a study.

5.4.2 Implementation of onsite disorder

We will discuss here our implementation of onsite disorder in the SAB model. Let
use denote the clean SAB model that we will be interested as Hc and the part
that brings the onsite disorder as Hdis. Then the total Hamiltonian H is given as:

H = Hc +Hdis (5.16)

where
Hdis = d γn,a

∑
n

∑
a

c†n,acn,a (5.17)

here d is the disorder strength and γn,a is randomly chosen from the uniform dis-
tribution: [−1, 1].

Similar to the implementation of disorder in hopping amplitudes, to make our
implementation of the onsite disorder as general as possible we set the following
benchmarks:
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• Disorder implemented independently across all unit cells.

• Disorder also implemented independently across all sites in an unit cell.

• The Hamiltonian remains Hermitian as the onsite disorder is implemented
only on the diagonal terms.

• The results are obtained after averaging over one hundred simulations. This
is quite reasonable as we checked that the results remain converged for av-
eraging over around 50 simulations.

In this way we have bench marked that our implementation of onsite disorders
in the SAB model is the most general treatment possible for such a study.

5.5 Results for SAB model with disorders

In this section we will discuss the results obtained for the studies with various
static disorders in the SAB model. We will begin with discussing the results for
the case of chiral symmetry preserving disorders (disorders in hopping amplitudes)
in subsection 5.5.1 followed by chiral symmetry breaking disorder (onsite disorder)
in subsection 5.5.2.

5.5.1 Results for disorders in hopping amplitudes

Based on the algorithm to implement the effects of static disorder in hopping
amplitudes discussed in the previous section, we have performed numerical calcu-
lations and have obtained the results for all the three types of disorders in hopping
amplitudes. These are disorder in both intra cell hopping amplitude (u) and inter
cell hopping amplitudes (v), or only in u or only in v.

The results for all the three types of static disorders in hopping amplitudes
for the case of three band SAB model is presented in the plots in Figure 5.4. It
is worth to mention here that in the three band SAB model the flat band at the
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particle hole symmetry level is non degenerate.

Figure 5.4: Energy spectrum of a finite three band non-orientable three band SAB model
with 40 unit cells with increasing amount of disorder (zero energy states localised in the
bulk are marked by blue lines and zero energy edge states are marked by red lines):
Energy spectrum as a function of (a) disorder in u and v simultaneously, (b) disorder
only in u and (c) disorder only in v. The results are averaged over 100 simulations. In
(a),(b) and (c) the value of hopping parameters are set as u = 1 and v = 2.

Based on the plots in Figure 5.4 we can make the following inferences:

• In the case of disorder only in the intra cell hopping amplitude of the three
band SAB model, the zero energy states localised in the bulk are robust to
the disorder and remain as zero energy states for large amount of disorder.
The zero energy edge states acquire finite energy but still remain as in-gap
states (refer to Figure 5.4(b)).

• In the case of disorder only in the inter cell hopping amplitude of the three
band SAB model, the zero energy states localised in the bulk are robust to
the disorder and remain as zero energy states for large amount of disorder.
The zero energy edge states acquire finite energy but still remain as in-gap
states. However in this case compared to the case of disorder in intra cell
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hopping amplitude the band gap is smaller with increase in disorder (refer
to Figure 5.4(c)).

• In the case of disorder both in the intra cell and inter cell hopping amplitudes
of the three band SAB model, the zero energy states localised in the bulk are
robust to the disorder and remain as zero energy states for large amount of
disorder. The zero energy edge states acquire finite energy but still remain
as in-gap states. The behavior of the band gap in this case with increase in
disorder is in between the cases of disorder only in the intra cell or inter cell
hopping amplitudes as expected (refer to Figure 5.4(a)).

“We can thus conclude that the zero energy states localised in the
bulk in the case of three band SAB model enjoy protection from the
disorders in the hopping amplitudes and are robust to these disorders.”

After discussing the results for the three band case let us now look in to the
results for the case of six band model with a non-orientable bulk. These results
are presented in Figure 5.5. In this case it is important to note that the flat band
at the particle hole symmetry level is doubly degenerate.

Based on the plots in Figure 5.5 we can arrive at the following inferences.

• In the case of disorder only in the intra cell hopping amplitude of the the six
band SAB model with a non-orientable bulk, the zero energy states localised
in the bulk (corresponding to the flat bands in the band dispersion) begin to
disperse with increase in disorder.
As the disorder strength (d) is increased, the band gap keeps decreasing and
beyond a critical disorder strength, the once zero energy states that were
localised in the bulk connect the bands of finite positive and negative energy
values (corresponding to the dispersive bands in band dispersion) and the
band gap vanishes. The behaviour of the zero energy edge states is same as
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Figure 5.5: Energy spectrum of a finite non-orientable six band SAB model with 40
unit cells with increasing amount of disorder (zero energy states localised in the bulk
are marked by blue lines and zero energy edge states are marked by red lines): Energy
spectrum as a function of (a) disorder in u and v simultaneously, (b) disorder only in
u and (c) disorder only in v. The results are averaged over 100 simulations. In (a),(b)
and (c) the value of hopping parameters are set as u = 1 and v = 2.

that of the zero energy states localised in the bulk and act like an envelope
to these states (refer to Figure 5.5(b)).

• In the case of disorder only in the inter cell hopping amplitude of the the
six band SAB model with a non-orientable bulk, the behavior of the zero
energy states localised in the bulk (corresponding to the flat bands in the
band dispersion) and the zero energy edge states is same as the case of the
disorder in intra cell hopping amplitude (refer to Figure 5.5(c)).

• In the case of disorder in both the inter cell and intra cell hopping amplitudes
of the the six band SAB model with a non-orientable bulk, the behaviour of
the zero energy states localised in the bulk (corresponding to the flat bands
in the band dispersion) and the zero energy edge states is same as the case
of the disorder in intra cell hopping amplitude (refer to Figure 5.5(a)).
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Figure 5.6: Plots of wave functions corresponding to the energy eigenvalues in the region
marked in blue in Figure 5.5. This region corresponds to energy eigenvalue indexed from
81 to 160 of the total 240 energy eigenvalues (sorted in ascending order). The plots have
been labeled with the corresponding index of the energy eigenvalue.

“Based on the above observations we can conclude that unlike the
three band SAB model where the zero energy modes localised in the
bulk enjoyed protection from disorder when subjected to various types
of disorders in hopping amplitudes, the zero energy states of the six
band SAB model with non-orientable bulk enjoy no protection from
any type of disorder in hopping amplitudes.”

For all kinds of disorder in hopping amplitudes applied to the six band SAB
model with a non-orientable bulk, the zero energy states of the clean system begin
to disperse and attain a finite band width with increase in disorder strength. For
a critical disorder strength the band width of this new band formed by the zero
energy states of the clean system is such that it closes the band gap between the
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other bands with finite positive and negative energies.

“This is indicative of localisation to delocalisation transition with
increase in disorder strength which is surprising and very rare to
find.”

To ascertain this localisation to delocalisation transition we have calculated the
wave functions of the eigen energies corresponding to the middle band (that closed
the gap) with the highest disorder strength applied. The plots of wave functions
corresponding to the eigen energies which close the gap and are indicated by blue
color in Figure 5.5 are given in Figure 5.6. These representative plots span the
entire range of eigen energies in the blue region. It is clear from these plots that
the wave functions are indeed extended. We will elaborate more on this after
discussing the results for the case of onsite disorder in subsection 5.5.2.

5.5.2 Results for onsite disorder

After discussing the results for effects of disorders in hopping amplitudes of var-
ious SAB models, let us turn our focus to the case of onsite disorder. Based on
the algorithm discussed by us in section 5.4 to implement the onsite disorder in
a general and foolproof form, we have performed numerical calculations for the
three band SAB model and six band SAB model with a non-orientable bulk. The
results are presented in the plots in Figure 5.7.
Based on the plots of energy spectrum as a function of disorder strength given

in Figure 5.7, we can make the following observations:

• In the case of onsite disorder on the three band SAB model, the zero energy
states localised in the bulk (corresponding to the flat bands in the band dis-
persion) begin to disperse with increase in disorder. As the disorder strength
(d) is increased, the band gap keeps decreasing and beyond a critical disorder
strength, the once zero energy states that were localised in the bulk connect
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Figure 5.7: Energy spectrum of a finite (a) three band SAB model and (b) six band
SAB model with a non-orientable manifold having 40 unit cells with increasing amount
of onsite disorder with disorder strength (d) (zero energy states localised in the bulk are
marked by blue lines and zero energy edge states are marked by red lines). The results
are averaged over 100 simulations. The value of hopping parameters are set as u = 1
and v = 2.

the bands of finite positive and negative energy values (corresponding to the
dispersive bands in band dispersion) and the band gap vanishes.(refer to Fig-
ure 5.7(a))
The behavior of the zero energy edge states is same as that of the zero energy
states localised in the bulk and act like an envelope to these states.

• The behavior of the zero energy states of the six band SAB model with non-
orientable bulk in presence of onsite disorder is similar to the case of onsite
disorder in the three band SAB model. The zero energy states form a band of
finite bandwidth and close the band gap for a critical disorder strength(refer
to Figure 5.7(b)).

From the above observations it is clear that the zero energy states of both the
three band SAB model and the six band SAB model with non-orientable bulk
disperse with increase in disorder strength and attain a finite band width. For
disorder strengths beyond a critical disorder strength the new band formed by
the zero energy states close the band gap between the other bands with finite
positive and negative energies. This is indicative of a localisation to delocalisation
transition in the system.

Similar to the chiral symmetry preserving disorder, in this case also to ascertain
the localisation to delocalisation transition we have calculated the wave functions
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Figure 5.8: Plots of wave functions corresponding to the energy eigenvalues in the region
marked in blue in Figure 5.7(b). This region corresponds to energy eigenvalue indexed
from 81 to 160 of the total 240 energy eigenvalues (sorted in ascending order). The plots
have been labeled with the corresponding index of the energy eigenvalue.
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of the eigen energies corresponding to the middle band (that closed the gap) with
the highest disorder strength applied. The plots of wave functions correspond-
ing to the eigen energies which close the gap and are indicated by blue color in
Figure 5.7(b) are given in Figure 5.8. These representative plots span the entire
range of eigen energies in the blue region. It is clear from these plots that the
wave functions are indeed extended.

5.6 Discussion and Summary

We have studied the effects of various static disorders on different SAB models
in this chapter. We have particularly chosen two SAB models for this study, (1)
the three band SAB model and (2) the six band SAB model with a non-orientable
bulk. This choice of SAB models have stemmed from the objective of studying
SAB models with non-degenerate and degenerate flat bands. Particularly since
the zero energy states localised in the bulk have a geometrical rather than topo-
logical origin, it would be interesting to understand their robustness to various
types of static disorders.

The results of our study indicate that there are two types of response of the
zero energy states in the SAB model:

1. The zero energy states enjoy complete protection to large amount
of disorders: This behavior has been observed only for the case of disorder
in hopping amplitudes for the three band SAB model or in general when the
flat band in the SAB model is non-degenerate.

“This class of response is desirable from an experimental per-
spective as experimental set ups are seldom pristine and fully
controlled. The robustness of the zero energy states to large dis-
orders gives flexibility to the experimental set ups to realise these
properties of the SAB model.”
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2. The zero energy states disperse with disorder, form a band with fi-
nite band with and close the band gap: This behavior has been observed
for all types and kinds of disorders for the six band model with non-orientable
bulk and with onsite disorder on the three band SAB model.

“This response may not be encouraging at a first glance as the
robustness of the zero energy states have been lost. However,
on a deeper observation we realise that the dispersion and band
formation of the zero energy modes leads to a localisation to de-
localisation or in other words to insulator to metal transition.
Such a transition from a physical perspective that to with in-
crease in disorder strength is very rare while the opposite (metal
to insulator transition) has become a standard phenomena with
the most famous example being the Anderson localisation.

Thus the effect of disorder in this class of response has not been limited
to provide flexibility to the experiments to realise physical properties of the
clean system but has brought about new physical transitions that cannot be
defined only within the clean system.

In conclusion, we have studied the effects of various kinds and types of static
disorders on SAB models with non-degenerate and degenerate flat bands. De-
pending on the flat band degeneracy and the kind of disorder applied
the zero energy states in the system are either robust to these disorders
or undergo a insulator to metal transition based on beyond a critical
disorder strength.





”A method is more important than a discovery, since the right method will

lead to new and even more important discoveries.”.

Lev Landau

6
Summary

This chapter summarises the work done and the main results obtained in this
thesis.

151



152 6 - Summary

The objective of the thesis was to study the effects of interaction and topology
in two paradigmatic condensed matter systems of itinerant magnetism and the
Su-Schrieffer-Heeger model like (with dimerisation) systems. We had studied the
interaction in the itinerant magnetism through the Hubbard model. Even though
there have been many attempts in modeling itinerant magnetism like the Stoner
model and the Random Phase Approximation (RPA) model, the Self-Consistent
Renormalisation theory remains to be the most accurate approach to study itin-
erant magnetism.

After reviewing the formalism of the SCR theory, we have discussed the algo-
rithm for developing computer codes to solve the equations of the SCR theory.
Based on these algorithms we have developed versatile codes which not only repro-
duces the results available in the original SCR theory article[1], but can calculate
susceptibility for other set of interaction parameters too. These numerical codes
equip us to study real systems with some experimental signatures of itinerant
magnetism but require more theoretical investigations.

In this direction we notice that CaMn2Al10 is an interesting material with sev-
eral signatures of itinerant magnetism but predicted to be a local magnet based
on the conventional wisdom relating to Mn-Mn distance[64]. The conventional
wisdom in Mn based magnetic system states that if the Mn-Mn distance in the
system is more than 2.7 Å, then the system will exhibit local magnetism. The
Mn-Mn distance in CaMn2Al10 is more than the cut-off value of 2.7 Å to be a
local magnet, but still it has signatures of itinerant magnetism. This prompted us
to investigate CaMn2Al10 through the lens of the SCR theory.

We have calculated the static susceptibility of CaMn2Al10 from SCR theory
calculations and found that it is in very good agreement with the experimental
data. This enables us to decisively conclude that magnetism in CaMn2Al10 is in-
deed of itinerant nature. By fitting the theoretical calculation to the experimental
data, we have obtained the value of the Hubbard interaction parameter U, that is
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U = 0.3136 eV. This allows us to categorise CaMn2Al10 to be weakly correlated
system. To understand the origin of itinerant magnetism, with this value of U,
we have performed DFT+U calculations, and found evidence for hybridisation
between Mn 3 d and Al 3 p orbitals, which is the reason for the origin of itinerant
magnetism in CaMn2Al10.

After studying the effects of interaction in itinerant magnetism, we move on
to study SSH like models which have non-trivial topology. The SSH model is
a celebrated model to understand effects of non-trivial topology, owing not only
to its conceptual simplicity but the same time its ability to capture all major
principles in topological condensed matter physics like topological invariants and
Bulk-Boundary correspondence[2].

Our interest is to study SSH like models (models with dimerisation) with twists
and branching in the bulk. Such a study is not possible within the framework of
the conventional SSH model. For this purpose we introduce a model called the
Su-Schrieffer-Heeger model with Any Bulk (SAB). In the SAB model there are two
more degrees of freedom at each site. The rules of the SAB model are defined in
such a way that the values of the parameters in these degrees decide the presence
or absence of twists and branching. They also will decide the hopping from any
particular site to its neighbouring site be intercell or intracell. Based on the rules
that we have formulated, we studied several SAB models with different number
of bands like the three band SAB model, the four band SAB model and the six
band SAB model.

The class of SAB models with certain configuration of hopping amplitudes
called the non-orientable configuration show many novel and exotic physical prop-
erties. The most important property of the non-orientable SAB models is the
emergence of either doubly degenerate or non-degenerate flat bands exactly at the
particle hole symmetry level. Such flat bands are highly desired from the context
of strongly correlated systems and superconductivity. These flat bands lead to
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localisation of the electrons in the bulk of the lattice.

To verify the topological properties of the non-orientable SAB models we have
calculated the Zak phase topological invariant for both the dispersive and flat
bands in the system. We find that the Zak phase is quantised for the dispersive
bands confirming that the dispersive bands are topological. The value of Zak
phase for the flat bands is a constant for all configurations of hopping amplitudes.
We also calculated the zero energy edge states and found that they emerge only
for the configuration of parameters in the Hamiltonian for which the value of the
Zak phase is non-zero. This proves the validity of Bulk-Boundary correspondence
in the SAB models.

We have also calculated localisation measures like Inverse Participation Ratio
(IPR) to study the localisation properties of the SAB model. The IPR plots show
that the zero energy edge states undergo a delocalisation to localisation transition
for the zero energy edge states at the topological phase transition point. However,
the IPR values of zero energy states localised in the bulk is a constant for all
configurations of system parameters. We have also calculated the eigenvalues and
eigenstates with both periodic boundary conditions and open boundary conditions
making our study complete.

Since the zero energy states localised in the bulk arise from the geometry of the
lattice it will be of immense interest to study their robustness to disorder. For this
reason we study three band and six band SAB model with both chiral symmetry
preserving and breaking disorders. The reason behind choosing three band and six
band SAB model is to have one case each from SAB models with non-degenerate
(three) and doubly degenerate (six) flat band. We find that if the flat band is non-
degenerate and the disorder is chiral symmetry preserving, then the zero energy
states are robust to large amounts of disorder. However, in all other cases the zero
energy states disperse and acquire a finite band width. For some critical disorder
strength, the band width is such that it closes the band gap in the system. This
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in indicative of an insulator to metal transition which is very rare and novel to find.

We believe based on the above studies, we have achieved our objective to study
the effects of interaction and non-trivial topology in the paradigmatic models of
itinerant magnetism and the SAB model. We expect our studies to have varied
potential applications[116–119]. In the future, we would like to investigate the
interplay of interaction and non-trivial topology when simultaneously present in
the same system like the SAB model.
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A.1 Equivalence of susceptibility of RPA model in zero

frequency and long wavelength limit and the suscep-

tibility from Stoner model

In this appendix we will show from Equation 1.63 that in the limit: q → 0 and
ω = 0 goes to the Stoner susceptibility expression. We have from Equation 1.61:

Γσ(q, ω) =
∑
k

fkσ − fk+qσ

ε(k + q)− ε(k)− h̄ω
. (A.1)

In the long wavelength q → 0 and zero frequency limit ω = 0, we can perform a
Taylor expansion to get:

fk+qσ ≃ fkσ + q
∂fkσ
∂k

(A.2)

and
ε(k + q) ≃ ε(k) + q

∂ε(k)

∂k
(A.3)

substituting the above relations in Equation 1.61 we get:

Γσ(q, 0) ≃ −
∑
k

∂fkσ/∂k

∂ε(k)/∂k
= −ρσ(εF ) (A.4)

Substituting this relation in the equation for susceptibility in the RPA model, we
get:

χzz(q, 0) ≃
1

4

ρ↓(εF ) + ρ↑(εF ) + 2Ueffρ↓(εF )ρ↑(εF )

1− U2
effρ↓(εF )ρ↑(εF )

(A.5)

Near the point of Ferromagnetic instability we have:

ρ↓(εF ) ∼ ρ↑(εF ) (A.6)

Substituting the above expression in Equation A.5, we get:
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χzz(q, 0) ≃
1

4

2ρ(εF )(1 + Ueffρ(εF ))

1− U2
effρ(εF )

2
=

ρ(εF )
2

1− Ueffρ(εF )
(A.7)

=
χ0

1− Ueffρ(εF )
= χstoner (A.8)

which is the same expression as that of Stoner model given in Equation 1.19.
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B.1 Comments for preparing the numerical codes for SCR

theory

In this appendix, we give some remarks regarding the computational aspects which
should be kept in mind, while framing the algorithm for G(ω) numerical calcu-
lations. It is important to note here that, we are not presenting the complete
algorithm but limit ourselves to making certain comments which will be useful for
the reader interested in designing the algorithm for calculating static susceptibil-
ity. G(ω) is a sum of αG1(ω) and G2(ω). Thus, to G(ω) we need to get both
G1(ω) and G2(ω). We will now discuss separately the concepts which are involved
in the numerical integration of both G1(ω) and G2(ω) step by step.

Numerical integration of G1(ω)

In all of the computations, the numerical integration of G1(ω) is the most in-
volved. The first thing that one should note is that for obtaining the value of
G1(ω), we will have to numerically integrate an integrand, which is a function
of q, f ′

0(q, ω), f ′′
0 (q, ω),

∂2f ′
0(q,ω)

∂2B
|B=0 and ∂2f ′′

0 (q,ω)

∂2B
|B=0. Since ∂2f ′′

0 (q,ω)

∂2B
|B=0 have in

them various theta and delta functions, one should evaluate the integration with
the parts involving the theta functions and the delta functions separately and
should then take the sum at the end. The evaluation part involving the delta
functions is straight forward except for something that we call the ”Singularity
Corrections”. Before getting in to the complete details, let us recall the definitions
of some special points q0,q1,q2,q3,

q1

q2

 = 1∓ (1− ω)1/2

q0

q3

 = 1∓ (1 + ω)1/2

The aforementioned points are special as they are the roots of the functions that
are inside the theta and delta functions. Since the integration of a delta function
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will give the functional value of the integrand at the point where the delta func-
tion peaks provided it is present inside the region of integration and its value is
zero otherwise. For understanding this, if we consider qc = 2, the integration is
performed for q = 0 to q = qc = 2. If we consider the domain ω > 1, then only
the point |q0| lies inside the region of integration and for 1 < ω < 8 also the only
contribution comes from this term. For ω > 8, there is no peak inside the region
of integration thus the contribution is zero. If we consider the domain ω < 1,
then there are three peaks that correspond to |q0|, q1 and q2 which are inside the
region of integration. Notice if we put the values of |q0|, q1 or q2 directly in f ′

0 or
∂2f ′

0(q,ω)

∂2B
|B=0 the expression diverges. To avoid this, we add a small value inside the

logarithm and obtain a meaningful value. This is exactly what we call the ”Sin-
gularity Corrections”. The contributions from each of peak should be calculated
separately. After this while integrating the parts involving the theta functions,
like the above case for ω > 1, the only non zero contribution comes from the
theta function that involves |q0| for 1 < ω < 8 and we see that there are no non
zero contributions for ω > 8. It is important to notice that ∂2f ′

0(q,ω)

∂2B
|B=0 diverges

quadratically, for |q0| and one should now use some logical conditions to remove
those points where the integrand diverges. For ω < 1, the non zero contributions
from the theta functions that involves |q0|, q1 and q2. It is important to note that
the function ∂2f ′

0(q,ω)

∂2B
|B=0 quadratically diverging for |q0|, q1 and q2 and is very

similar to the ω > 1 case. Like before, we will have to remove here also the points
where the functional value of the integrand is infinite. It is also to be kept in mind
that since the integrand is drastically peaking near these points, one should take
more points near these regions for the integration to get a satisfactory accuracy
after performing numerical integration.

Numerical integration of G2(ω)

The numerical integration of G2(ω) is very straightforward when compared to
that of G1(ω), as it involves only theta functions and does not need any process-
ing like ”Singularity corrections”. Like before for ω > 1 only the theta function
involving |q0| contributes unless ω = 8 and there is no other contribution there-
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after. For ω < 1, there are contributions coming from |q0|, q1 and q2 and can be
calculated straightforwardly either by designing a routine for the theta function
or directly using pre-defined theta functions which are readily available.
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