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Abstract

In particle physics, flavor refers to a generation of an elementary particle. Within

standard model, there are six flavors of quarks and three flavors of leptons. Study

of these elementary particles and their interactions is referred to as flavor physics.

Historically, it has played a crucial role in development of Standard Model (SM) of

particle physics. At present, there are compelling indications that the framework

of Standard Model is not complete. However, there are no direct hints of any new

particle from collider experiments. Flavor physics plays an important role here

as it provides indirect probe to study new physics. Specially, the loop induced

decay modes are sensitive to both SM and heavy new physics particles. Thus,

dedicated efforts have been made to study flavor interactions both experimentally

and theoretically. On experimental side, a paramount data on flavor physics has

been accumulated which has improved the understanding of flavor interactions.

However, some recent measurement of flavor changing decays of B mesons show

some deviations from SM predictions. In particular, the angular observables of

decay modes based on b→ s`+`− and b→ c`ν` transitions have shown consistent

anomalies. Global fits of all these observables suggest the presence of new physics

but the solution is not unique. Due to lack of enough data and large uncertainties

in SM calculations, the source of the deviations is not clear. In this thesis, we

have studied more decays in Standard model and new physics scenarios suggested

by the present data. The aim of the thesis is to have SM expectations values for

the leptonic and semileptonic decay modes with contributions of QCD corrections

included.

In Chapter 3, predictions of angular observables for semileptonic decays,

9
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B → ρµ+µ− and Bs → K̄∗µ+µ− and their CP conjugate modes are given. It

is found that the SM expectation for Bs → K̄∗µ+µ− is in agreement with the

recent LHCb results. For B → ρµ+µ− analysis is more involved as ρ is a CP

conjugate state and the flavor of the decaying B meosn can not be tagged. We

consider the impact of B − B̄ mixing on the angular observables systematically

and give predictions separately for LHCb and B factories.

In Chapter 4, we give predictions for angular observables corresponding to

B → K∗2µ
+µ− with SM and other new physics scenarios. It has been shown that

this mode is important as it is induced by b→ s`` transition at the quark level.

However, because K∗2 is a tensor particle, hadronic inputs are much different in

comparison to other b → s`` processes. Thus, the study of this mode can be

important to isolate the source of the deviations observed. Moreover, it has been

shown that this channel can be used to lift the degeneracy in the solutions of

global fits.

In Chapter 5, we have studied four-lepton decay of charged B meson. This

channel is important as it can provide constraints on one of the most important

hadronic parameters. The calculation for this channel is same as that of radiative

decay with one difference. The photon is this case is not on-shell and hence the

momentum squared of photon (q2) is not zero. We have systematically retained q2

terms in the calculation of form factors and given predictions for the four-lepton

decays where final state can have electrons and muons.

In Chapter 6 we summarize the work done and discuss some future directions

that can be pursued following the work done in this thesis.

Keywords: flavor physics, semileptonic B decays, effective field theory, four-

lepton decays, Wilson coefficients, form factors.
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Chapter 1

Introduction

The Glashow-Weinberg-Salam model of particle physics [1–3], also known as the

Standard Model (SM) is the most successful model describing almost all of the

physical phenomena observed in experiments. The particle content of the SM

consists of four spin−1 particles called Gauge bosons, one spin−0 particle, Higgs,

and twelve spin−1/2 particles, called fermions. The SM Lagrangian is based on

the gauge group:

GSM ≡ SU(3)C ⊗ SU(2)L ⊗ U(1)Y . (1.1)

SU(3)C refers to the ’color’ symmetry. All the particles which carry color charge

transform under SU(3)C as,

ψ → eigsλ
aGaψ (1.2)

where, ψ represents a particle field, gs is the coupling strength of strong force, λa

are Gell-Mann matrices which are the generators of SU(3)C group and Ga are the

gluon fields. SU(2)L represents the symmetry under which only fermions with

left chirality transform:

ψL →eig2τ
iW i

ψL, (1.3)

ψR →ψR, (1.4)

where, ψ represents any fermion, g2 is the coupling strength corresponding to

the SU(2)L group, τ i are the Pauli matrices which are generator of the symme-

try group and W i are the three weak gauge bosons. Lastly, U(1)Y represents

the quantum number, weak hypercharge. A field with hypercharge equal to Y

1



2 Chapter 1. Introduction

transforms under U(1)Y as,

ψ → eiY ψ. (1.5)

All elementary particles are representations of the gauge symmetry, shown in

tables 1.1 and 1.2. The fermions are in the fundamental representation. There

are three copies of each representation of fermions which are called generations.

Most of the observed matter is made up of first generation of fermions only, i.e.,

up-quark, down-quark, and electron. The gauge bosons are the force carriers and

are given by adjoint representation. The Higgs field is responsible for the mass

of all the particles and transform as (1, 2, 1/2) under GSM.

Matter Generation Representation

Qα ≡

uαL
dαL

 uL
dL

,

cL
sL

,

tL
bL

 (3, 2, 1/6)

uαR uR, cR, tR (3, 1, 2/3)

dαR dR, sR, bR (3, 1, -1/3)

Lα ≡

ναL
lαL

 νeL
eL

,

νµL
µL

,

ντL
τL

 (1, 2, -1/2)

eαR eR, µR, τR (1, 1, -1)

Table 1.1: Matter content of Standard Model

Gauge bosons Symmetry group Representation

Ga SU(3)C (8, 1, 0)

W i SU(2)L (1, 3, 0)

B U(1)Y (1, 1, 0)

Table 1.2: Gauge bosons in Standard Model

The interactions between the particles are given by the Lagrangian which has

following properties: It should be scalar under the Lorentz group; It should be
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invariant under GSM; It should be renormalizable. With these conditions in mind,

the most general gauge invariant SM Lagrangian can be written as,

LSM = LGauge + LFermion + LYukawa + LHiggs + Lgf + LFP (1.6)

The first term describes the gauge kinetic term and is given by:

LGauge = −1

4
Gµν
a G

a
µν −

1

4
F µν
i F i

µν −
1

4
BµνBµν (1.7)

whereGµν
a , F µν

i , andBµν are the field strengths corresponding to SU(3)C , SU(2)L,

and U(1)Y respectively. These are defined in terms of the corresponding gauge

boson fields as,

Ga
µν = ∂µG

a
ν − ∂νGa

µ + gsf
abcGb

µG
c
ν , (1.8)

F i
µν = ∂µW

i
ν − ∂νW i

µ + g2ε
ijkW j

µW
k
ν , (1.9)

Bµν = ∂µBν − ∂νBµ, (1.10)

where, Ga
µ are the gluon fields corresponding to the group SU(3)C , W i

µ are the

three weak gauge fields corresponding to the group SU(2)L, and Bµ is the gauge

boson corresponding to the group U(1)Y . The symbols {a, b, c} are color indices,

{i, j, k} are SU(2) indices, gs and g2 are the interaction strengths.

The second term in Eq. (1.6) describes the kinetic term of fermions in the

theory which also includes the interaction between fermions and gauge bosons,

LFermion = ψ̄iγµDµψi (1.11)

where the covariant derivative is defined as,

Dµ = ∂µ − igSGa
µ

λa

2
− ig2W

i
µ

τ i

2
− ig1

Y

2
Bµ (1.12)

ψ is a fermion field which can be either a quark or lepton. Along with ordinary

derivative, covariant derivative also contains gauge boson fields. Since leptons do

not carry any color charge, second term in Eq. (1.12) is absent in their case.

Similarly, for all right handed fermions, the term with τ i does not appear in the

definition of covariant derivative as they are singlet under SU(2)L symmetry.
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The third term, LYukawa describes the interactions between fermions and the

scalar field, Higgs (Φ) doublet,

LYukawa = −Y d
ij q̄i,LΦd′j,R − Y u

ij q̄i,LΦ̃u′j,R − Y e
ij l̄i,LΦej,R + h.c., (1.13)

where Y d
ij , Y

u
ij , and Y e

ij are the Yukawa couplings. In terms of SU(2) components

Φ can be written as,

Φ ≡

φ+

φ0

 . (1.14)

Since Φ and q̄L are SU(2) doublets, their combination can be an SU(2) singlet and

first term (and similarly third) of Eq. (1.13) is invariant under SU(2) symmetry.

Also, since sum of hypercharges of the particles in both first and third term adds

to zero, these terms are also invariant under U(1)Y . For second term of Eq. (1.13)

to exist, Φ has to be replaced by its charged conjugate field Φ̃, which is defined

as,

Φ̃ ≡ iτ2Φ∗ =

 φ∗0

−φ−

 . (1.15)

For any SU(2) doublet Φ, iτ2Φ∗ also transforms as a doublet, and thus the sec-

ond term is invariant under SU(2)L. Φ̃ transforms under SM gauge group as,

(1, 2,−1/2), thus second term is also invariant under U(1)Y as well.

The term LHiggs of Eq. (1.6) defines the potential of the Higgs field and

interactions between Higgs doublet and the gauge bosons,

LHiggs = (DµΦ)†(DµΦ)− V (Φ), (1.16)

where V (Φ) is the Higgs potential and is given by,

V (Φ) = −µ2Φ+Φ + λ(Φ†Φ)2. (1.17)

λ is a positive number such that the potential is always bounded from below.

This part of Lagrangian is responsible for masses of all the particles. The mass

generation is achieved through the spontaneous symmetry breaking (SSB) of

SU(2)Y × U(1)Y to U(1)Q and this mechanism is called the Higgs mechanism
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[4]. Minimization of Higgs potential demands vacuum expectation value (v) to

be,

v ≡
√
〈Φ†Φ〉 =

√
µ2/2λ. (1.18)

This corresponds to degenerate solutions of Φ. Choosing a particular direction

in the field space will break the symmetry. Without loss of generality we choose,

〈Φ〉0 =
1√
2

0

v

 (1.19)

The vacuum state defined in Eq. (1.19) has a non-zero lower component with

eigenvalue t3 = −1/2 corresponding to the T3 generator of SU(2)L. Also, it

has a non-zero value correponding to U(1)Y which is +1. This implies that this

choice of vacuum breaks SU(2)L as well as U(1)Y symmetry. However, a residual

symmetry is inevitable as there exists a linear combination of the two charges

which remains unbroken, and given by Eq. (1.22).

T3

2
〈Φ〉0 6= 0 (1.20)

Y

2
〈Φ〉0 6= 0 (1.21)

(
T3

2
+
Y

2
) 〈Φ〉0 = 0 (1.22)

This unbroken symmetry is recognized as electromagnetic charge with the value

of charge given by,

Q = T3 + Y. (1.23)

After SSB, the Higgs field can be rewritten in a basis where only the physical

components are present. This is known as unitary gauge and the scalar doublet

is given by,

Φ =

 0
v + h√

2

 (1.24)

In this gauge, kinetic term of LHiggs yields the following mass terms for SU(2)L

and U(1)Y gauge bosons,

Lmass =
1

4
g2

2v
2W+µW−

µ +
1

8
v2
(
W 3
µ Bµ

) g2
2 −g2g1

−g2g1 g2
1

W 3
µ

Bµ

 , (1.25)
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where W±
µ =

1√
2

(W 1
µ ±W 2

µ). It is evident from Eq. (1.25), that MW± = gv/2.

Also, one of the linear combination of the neutral gauge bosons, W 3
µ and Bµ,

given by,

Zµ =
g1Bµ + g2W

3
µ√

g2
1 + g2

2

(1.26)

acquires mass, MZ =
v

2

√
g2

1 + g2
2 while the other orthogonal combination Aµ

remains massless and is identified with the photon field which is the gauge boson

corresponding to the residual symmetry after SSB, U(1)em

Aµ =
g2Bµ + g1W

3
µ√

g2
1 + g2

2

(1.27)

The SM Lagrangian defined in Eq. (1.6) also contains two additional terms: the

gauge fixing term (Lgf) and Faddeev-Popov term (LFP). These two terms are

important to build a complete and consistent model.

1.1 Flavor in the Standard Model

There are six flavors of quarks in the SM, which are, up(u), down(d), charm(c),

strange(s), bottom(b), and top(t); three charged leptons, which are, electron (e),

muon (µ), and tau (τ) and a neutrino associated with each of these charged

leptons. There is rich landscape of phenomenology associated with these. Within

the SM, the interactions governing the dynamics of fermions are contained in

LFermion and LYukawa. Looking at the mass terms, which is contained in LY ukawa,

Lmass
Yukawa = − v√

2
Mu

ijū
′
iLu
′
jR −

v√
2
Md

ij d̄
′
iLd
′
jR −

v√
2
M e

ij ē
′
iLe
′
jR + h.c., (1.28)

where the fields, u′i, d′i, and e′i are flavor eigenstates. Since, there are no constraints

over Mu,d,e, these matrices are complex as well as off-diagonal. The off-diagonal

elements can lead to flavor violating transitions. To write the Lagrangian in terms

of physical fields, the Yukawa matrices are diagonalized by means of biunitary

transformations defined as,

u′iL,R = (V u
L,R)ijujL,R,

d′iL,R = (V d
L,R)ijdjL,R
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e′iL,R = (V e
L,R)ijejL,R (1.29)

where ui, di, and ei are mass eigenstates. Using Eq. (1.29), mass terms in mass

basis is written as,

Lmass
Yukawa = − v√

2
Mu,diag

ij ūiLujR−
v√
2
Md,diag

ij d̄iLdjR−
v√
2
M e,diag

ij ēiLejR+h.c., (1.30)

with

M (u,d,e),diag = V
(u,d,e)†
L M (u,d,e)V u,d,e

R , (1.31)

where M (u,d),diag are diagonal 3× 3 matrices. Within SM, neutrinos are massless.

However, for an extension of SM where neutrinos have non-zero mass, mass matrix

of neutrino is also diagonalised again using biunitary transformation,

ν ′iL,R = (V ν
L,R)ijνjL,R. (1.32)

The interactions of fermions with gauge bosons W± can also be written in the

mass basis of fermions.

LCCint =− g2√
2

(
d̄L s̄L b̄L

)
γµVCKM


uL

cL

tL

W−
µ (1.33)

− g2√
2

(
ēL µ̄L τ̄L

)
γµUPMNS


νeL

νµL

ντL

W−
µ + h.c., (1.34)

where VCKM(≡ V u†
L V d

L ) and UPMNS(≡ V e†
L V

ν
L ) are 3×3 unitary matrix. Hence,

charged current couples an up type quark to a down type quark of any generation

weighted by VCKM. This phenomenon is called quark mixing. First suggested by

Cabbibo and later by Kobayashi and Masakawa, the mixing matrix is called CKM

matrix [5, 6]. Similarly, in the lepton sector, charged current interactions lead to

neutrino mixing defined by UPMNS (Pontecorvo-Maki-Nakagawa-Sakata) matrix

[7]. In the work done for this thesis, neutrinos have been considered massless.

Thus, the corresponding observables are not sensitive to UPMNS matrix.

However, study of CKM matrix is essential to study quark transitions. The

CKM matrix is a result of change of basis (rotation) of quarks, which implies
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that the matrix is unitary i.e., V †V = V V † = 1. In general, for a N ×N unitary

matrix, the number of real-valued parameters are N2. However, not all of them

are independent. Out of N2, N(N−1)/2 are the Euler angles while the remaining

N(N + 1)/2 elements are phases. Some of these phases are spurious as one has

the freedom to redefine the fermion fields as,

ψα → exp(iα)ψα; α = 1, 2, ..., N. (1.35)

Number of such phases which can be redefined is (2N−1). Thus, the total number

of independent phases is (N − 1)(N − 2)/2. For three generations, the CKM

matrix has three angles and one phase. Within the Standard Model, this phase

is the only source of CP Violation (CPV). Different for the CKM matrix have

been suggested using four parameters . One of the parameterization suggested

by Particle Data Group (PDG) is [7],

VCKM = R1(θ23)Γ(δ)R2(θ13)Γ(−δ)R3(θ12) (1.36)

=


c12c13 s12c13 s13e

−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 (1.37)

where cij = cosθij, sij = sinθij. The three angles θ12, θ13, and θ23 are the real

mixing parameters and δ is the phase. In the limit of two generations, θ12 is the

Cabbibo angle [5]. Another commonly used parameterization of CKM matrix is

the Wolfenstein parameterization [8]. It is defined in terms of four parameters:

λ, A, ρ, η which are related to the parameters defined in Eq. (1.36) through the

relations,

s12 = λ, s23 = Aλ2, s13e
−iδ = Aλ3(ρ− iη) (1.38)

Using these relations, the Wolfenstein parameterization is given by,

VCKM =


1− λ2/2 λ Aλ3(ρ− iη)

−λ 1− λ2/2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1

+O(λ4). (1.39)
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It is an approximation based on the experimentally measured values of CKM

elements. The parameter λ is used as an expansion parameter and related to the

Cabbibo angle as λ = sinθ12 ∼ 0.22. The interesting feature is that the complex

parameters show up in only two of the elements upto O(λ3). This is due to the

fact that CP violation is significant only when there is an interaction between first

and third generation quarks. In principle, the complex parameter will show up

in other elements if terms in higher order of λ are included but CP violation will

still be suppressed. Theoretically, there is no constraint on the values of CKM

elements except the CKM matrix has to be unitary. Thus, the values have to be

experimentally measured. The current status of the parameters in Wolfenstein

parameters is [7]:

λ = 0.22453± 0.00044 A = 0.836± 0.015

ρ̄ = 0.122+0.018
−0.017 η̄ = 0.355+0.012

−0.011

where, ρ̄ = ρ(1− λ2/2) and η̄ = η(1− λ2/2).

Since different parameterization accommodate the physical phase of CKM

matrix in different fashion, the CP-violation should be quantified in a way such

that it is basis-independent. Such a basis-invariant quantity is Jarlskog invariant

which is given by J = Im[VijVklV
∗
ilV
∗
kj] [9]. It is evident from the construction

that all the spurious phases are cancelled within J . In terms of the CKM param-

eterizations discussed above,

J = c12c23c
2
13s12s23s13sin∂CKM ∼ λ6A2η. (1.40)

Since J depends on all the mixing angles, it implies that a minimum of three

number of generations are needed to have CP violation. Also, within SM, the

value of CP violation is very small as J depends of sixth power of λ.

1.1.1 Unitarity triangle

Another interesting way of representing the CKM matrix is through the unitarity

triangles. The unitarity of the matrix implies following relations between the
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elements:

Column Orthogonality:
∑
i

VijV
∗
ik = δjk

Row Orthogonality:
∑
i

VijV
∗
ki = δjk (1.41)

Since the elements are in general complex numbers, these relations can be ex-

pressed as triangles in the complex plane, or ρ − η plane. There are six such

triangles, however, the most popular triangle is given by the scalar product of

first and third column,

VudV
∗
ub + VcdV

∗
cb + VtdV

∗
tb = 0 (1.42)

which is shown in Figure 1.1. The sides of the triangle are normalized as,

VudV
∗
ub

VcdV ∗cb
+ 1 +

VtdV
∗
tb

VcdV ∗cb
= 0 (1.43)

Figure 1.1: The Unitarity Triangle (UT).

In terms of Wolfenstein parameters, lengths of the sides of the unitarity tri-

angle are given by,∣∣∣∣VudV ∗ubVcdV ∗cb

∣∣∣∣ =
√
ρ2 + η2

∣∣∣∣VtdV ∗tbVcdV ∗cb

∣∣∣∣ =
√

(1− ρ)2 + η2 (1.44)

while the remaining one side is of unit length, by normalization. The angles of

the unitarity triangle are defined as,

α = φ2 = arg

(
− VtdV

∗
tb

VudV ∗ub

)
β = φ1 = arg

(
−VcdV

∗
cb

VtdV ∗tb

)
γ = φ3 = arg

(
−VudV

∗
ub

VcdV ∗cb

)
(1.45)
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The reason that this particular triangle is important is because all the three

terms on the left hand side of Eq. (1.42) are of the same order in λ (O(λ3)) while

other triangles are squashed. Another important feature of all UTs is that the

area of the UTs is proportional to the Jarlskog invariant,

Area of UTs =
1

2
|J | (1.46)

The values of elements of CKM matrix are measured through flavor decays. The

present status of unitarity triangle is shown in Figure 1.2 where important con-

straints from B and K decays have been taken into account.

Figure 1.2: The SM CKM fit and individual constraints (colored regions show 95%

CL.)[10]

1.2 Current Excitements in B physics

Given the historical importance and theoretical motivation to discover new par-

ticles and unravel the underlying physics, dedicated and extensive work is being

done on the experimental side as well. Within LHC, apart from ATLAS and

CMS collaborations, the LHCb collaboration is dedicated to the precision study
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of flavor physics, in particular B decays. Other such experimental facility is Belle

II located at KEK, Japan where the electron-positron beams are collided with

energies chosen as to produce a large number of B − B̄ meson pairs and hence

this is known as a B factory. Both the experiments are dedicated to find signals

of New Physics (NP) through indirect searches.

These experiments have provided important constraints on the parameters of

CKM matrix through measurements of various modes. Some of the deviations

have been found in the observables related to the semileptonic B decays. These

decays can be induced by Flavor Changing Neutral Currents (FCNCs) at quark

level, e.g., B → K(∗)`+`− or CCs, e.g., B → D(∗)`+ν`. The amplitudes of loop

suppressed decays, b → s(d) transitions are ideal to look for NP as the new

contribution can be sizeable in comparison to SM contribution. Some such decays,

which includes, B+ → K+µ+µ− [11], B0 → K∗0µ+µ− [12–17, 19, 20], B0
s →

φµ+µ− [21, 22], and Λ0
b → Λ0µ+µ− [23] have been measured and interestingly,

SM expectations of the branching ratio exceeds the measured value for all the

modes. Other than the branching ratio, many angular observables also show some

discrepancy. Another set of interesting observables are RK , RK∗ defined as [11],

RK =
BR(B+ → K+µ+µ−)

BR(B+ → K+e+e−)
(1.47)

RK∗ =
BR(B → K∗µ+µ−)

BR(B → K∗e+e−)
, (1.48)

mainly because the uncertainties in the hadronic form factors, cancel to a very

large extent in the SM predictions. The expected value of RK(∗) is predicted to

be 1 within SM [18]. However, the measured value for RK is,

RLHCb
K = 0.745+0.090

−0.074 ± 0.036 for 1.1 < q2 < 6.0 GeV2 (1.49)

which is 2.6σ below the SM prediction. The ratio RK∗ has been measured in two

q2 bins [19] (where q2 is the invariant mass squared of the lepton pair), finding,

RLHCb
K∗ = 0.66+0.11

−0.07 ± 0.03 for 0.045 < q2 < 1.1 GeV2, (1.50)

RLHCb
K∗ = 0.69+0.11

−0.07 ± 0.05 for 1.1 < q2 < 6.0 GeV2, (1.51)
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Figure 1.3: LHCb, Belle, and BaBar measurements of RK and LHCb measurement

of RK∗ (right). SM predictions are taken from [18].

The RK and R∗K measurements from various experiments are shown in Figure 1.3.

A notable deviation is in the angular observable, P ′5, corresponding to the

decay B0 → K∗µ+µ− [17]. The sources of the anomalies in b→ s`` are unclear.

One of the obvious sources can be a NP. The global fits to the experimental

data strongly suggest new couplings of vector or axial vector nature [24–26]. An-

other suggested possibility is an incorrect evaluation of the long-distance effects

contribution to the decay process, which is due to the charm resonance region [27].

Charged current transitions are also a good probe to study Lepton Flavor

Universality (LFU). The two such observables that have been studied are:

RD(∗) =
BR(B → D(∗)τ ν̄τ)

BR(B → D(∗)`ν̄`)
(1.52)

with ` = e, µ. The experimental value of RD and RD∗ consistently exceeds the

SM expectation [28, 29], as measured at BaBar [31, 32], Belle [33, 34], and LHCb

[35]. However, the latest measurement of Belle [36] and LHCb [37] are consistent

with SM value. The averages are given as,

The experimental values of RD and RD∗ exceed the SM expectations by 2.0σ

and 2.3σ respectively. Even though the deviation is small, it has been observed

both at LHCb and B-factories, which corroborates the importance of this result.

Another channel which has been tested for Lepton Flavor Universality Violation

(LFUV) is B+
c → J/ψτ+ντ . Since B-factories have been operating on Υ(4S)
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Observable SM value Experimental Average

RD 0.299± 0.003 0.407± 0.039± 0.024

RD∗ 0.258± 0.005 0.306± 0.013± 0.007

Table 1.3: SM expectation value and experimental average for RD∗ [30]

Figure 1.4: Average of RD(∗) ratios [30]

which decays mainly into B meson system, the branching ratio of Bc has been

studied at LHCb only. The ratio measured by LHCb is [38],

RJ/ψ ≡
BR(B+

c → J/ψτ+ντ )

BR(B+
c → J/ψµ+νµ)

= 0.71± 0.17± 0.18 (1.53)

The theoretical uncertainties in the predictions for this observable are large due

to the uncertainty in the values of form factors. The central value corresponding

to various predictions lies in the range [0.25, 0.28] [39–42]. The observed values of

RJ/ψ exceeds the SM prediction but the result is compatible with the SM within

about 2σ.

Individually, each of the above mentioned measurements is not very significant

at the moment but the tensions observed are coherent. Global fits to b → s``

decays suggest new physics such that it contributes to the Wilson coefficient C9

with or without additional contributions to C(′)
10 and C ′9. Another possible source

of these anomalies can be incorrect evaluation of the long-distance effects from

vector charmonium region. To settle the discrepancies, more data is needed.
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Measurements from Belle 2 and LHC run 3 are expected to shed some light on it

[43].

In the work done for the thesis I have studied semileptonic B decay modes

i.e., B → ρµ+µ−, Bs → K̄∗µ+µ−, and B → K∗2µ
+µ−. Since these processes are

also based on b → s(d)`` transition at the quark level, their measurements can

provide complementary information about the present anomalies. To interpret

the data it is necessary to have SM predictions to compare with. I have given the

first set of SM expectation values of all the angular observables corresponding to

the aforementioned decay modes.





Chapter 2

Effective Hamiltonian

The effective field theory (EFT) approach is generally followed when there are

disparate energy scales present in the theory. Hence it is quite natural to study

heavy meson decays in the framework of EFT. In the case of K , D, or B meson

decays, the two important energy scales include the mass of the decaying meson

(E ∼ O(1) GeV) and the electroweak scale (mW ∼ O(100) GeV). The principle of

effective theory is to keep only relevant degrees of freedom at a given scale while

heavy degrees of freedom are integrated out. To describe the phenomenon at

energy E, the knowledge of the theory at heavy scale Λ is not required. Therefore,

the effective theory can also be considered as a low-energy limit of a full theory.

There are many advantages of studying K, D, and B decays in effective theory

since the irrelevant degrees of freedom do not enter the Lagrangian and the physics

becomes simple. Also, the long-distance physics and short-distance physics can

be treated independently.

2.1 Operator Product Expansion

Hadrons decay through weak currents at quark level. The weak decays, spe-

cially B decays, are governed by processes involving W bosons, Z boson, or top

quarks as propagators which describe the short-distance physics at scales mW

,mZ , and mt respectively. However, the quarks exist within hadrons in a bound

state with typical binding energy ∼ O(1) GeV which is much lower than the

17
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weak scale. Thus, the actual picture of a decaying meson is described at scale

O(mB,mD,mK) in case of B, D, and K meson respectively.

The separation of physics at these two disparate scales can be achieved using

Operator Product Expansion (OPE) [44–46]. It parameterizes the low-energy

effects of the full theory as an expansion in 1/m2
W , where mW is the mass of W

boson. As the heavy degrees of freedom are integrated out, it generates a series

of local operators where higher dimensional operators are suppressed by powers

of (q2/m2
W ). This series of local operators is called OPE. The main idea of OPE

is that the physical effects at high energy scale appear local when probed at low

energy. Consider two local operators with spacetime coordinates x and y. The

product of these two operators is not local and the energy scale corresponding

to the separation being ∼ 1/(x − y). However, if the energy used to probe the

system is much smaller than 1/(x− y), that corresponds to the limit x− y → 0.

In this limit, the product can be expressed in term of a local operator as,

O(x)O(y) ∼
∑
i

Ci(x− y)Oi
(
x+ y

2

)
(2.1)

where Ci are the Wilson coefficients and contain the short-distance effects i.e.,

physical information when x → y. The effects at the intrinsic scale of theory

(x+y)/2 are captured by the local operatorsOi. Thus, in OPE, the Hamiltonian is

written as a series of local operators Oi multiplied by effective coupling constants

Ci,

Heff =
GF√

2

∑
i

Ci(µ)Oi(µ). (2.2)

where GF is the Fermi constant:

GF√
2

=
g2

8m2
W

(2.3)

As a general convention, the effective Hamiltonian relevant for B decays is written

by redefining the Wilson coefficients such that,

Heff =
GF√

2

∑
i

λCKM
i Ci(µ)Oi(µ) (2.4)

where, λCKM
i carries the relevant CKM factors, Ci(µ) are the Wilson coefficients,

and O(µ) are the effective operators, and µ is the factorization scale. The object
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of interest here is the hadron decay amplitude which is given by,

A(P → F ) = 〈F |Heff|P 〉 =
GF√

2

∑
i

λCKM
i Ci(µ) 〈F |Oi|P 〉 (2.5)

where, P and F are hadrons in initial and final state respectively. The scale µ

separates the short distance contributions Ci from long distance part Oi, with

Ci carrying the information above µ while all the contributions below µ belong

to long-distance effects are contained in 〈Oi〉 (≡ 〈F |Oi|P 〉). The value of µ is

arbitrary but it is customary to choose it as the mass of the decaying meson

and thus large logarithms ln(mW/µ) can compensate for the small value of QCD

coupling constant, αs and breaks the perturbation series. This problem is tackled

by resumming the large logarithms to all orders in αs. This is done using the

renormalization group (RG) improved perturbation theory. The summation of

the terms (αs)
nln(mW/µ)n to all orders in n is called the leading-logarithmic ap-

proximation (LO). In order to achieve sufficient precision, it is desirable to include

next-to-leading logarithmic order terms (NLO) which is obtained by resumming

αns (lnmW/µ)n−1 series. For proper matching of Ci and Oi, it is actually important

to consider atleast NLO terms. Moreover, it can be evolved down from one scale

to other. In doing so, only the physics contribution above the final µ is trans-

formed, hence changing only the value of Ci. Since µ is not a physical scale, the

µ-dependence of the WCs should cancel the µ-dependence of the matrix elements.

The general expression of WCs as a function of the scale at which it is com-

puted is given by,

C(µ) = U(µ,mW )C(mW ) (2.6)

where C(mW ) are the values at the initial scale mW and U(µ,mW ) is the evolution

matrix. The evolution matrix is determined by solving the RG equation,
d

d lnµ
Ci(µ) = γTijCj(µ) (2.7)

where γ is the anomalous dimension matrix. Eq. (2.7) follows from the fact

that the physical amplitude should not depend on the scale µ. Solving the RG

equation gives,

U(µ,mW ) = 1 +

∫ gs(µ)

gs(mW )

dg
γT (g)

β(g)
+

∫ gs(µ)

gs(mW )

dg

∫ gs(g)

gs(mW )

dg′
γT (g)

β(g)

γT (g′)

β(g′)
+ ... (2.8)
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where gs is the QCD coupling and

β(gs) =
d

d lnµ
gs(µ) (2.9)

is the beta-function which governs evolution of the coupling as a function of scale

µ. This implies that µ dependence should be cancelled by that of hadronic matrix

elements.

The concept of OPE can be understood by a simple example of K0 → π+π−.

It is based on s→ uūd transition, which is a weak charged-current transition at

tree level, as shown in Figure 2.1. Similarly, another example is D → Kπ based

on c → sud̄ transition explained in [47]. The amplitude in the unitary gauge of

the process at tree-level in full theory is given by,

Afull =
g2

2

2
VusV

∗
ud(s̄γ

µPLu)
1

q2 −m2
W

(
−gµν +

qµqν
m2
W

)
(ūγνPLd) (2.10)

where PL = (1 − γ5)/2, Vus and Vud are the CKM elements, and q2 is the four-

momentum square of the propagator. In the rest frame of decaying meson, max-

imum value of momentum transfer can be mK and the conditions q2/m2
W � 1

and qµqν
m2
W

� 1 are always true. Because of this,

1

q2 −m2
W

= − 1

m2
W

(
1 +

q2

m2
W

)
≈ − 1

m2
W

. (2.11)

To find the value of Wilson coefficients, the amplitude in the full theory is

equated to the effective amplitude (Eq. (2.5)) in OPE. This process is called

matching. Thus, at the leading order, the only operator which contributes to the

process is

O2 = (s̄iγ
µPLui)(ūjγ

µPLdj), (2.12)

where i, j are color indices. The corresponding Feynman diagram in shown in

Figure 2.1. O2 is a dimension-six operator. The higher dimensional operators (i.e.

greater than six) appear with q2/m2
W term and hence are generally suppressed.

At O(α0
s), the only operator which contributes is O2 with C2 = 1. When QCD

corrections are considered at order αs, additional operator with the same flavour

structure as O2 but different color structure starts contributing,

O1 = (s̄iγ
µPLuj)(ūjγ

µPLdi) (2.13)



2.1. Operator Product Expansion 21

(a) (b)

Figure 2.1: (a) s → uūd at tree level in the full theory, (b) s → uūd at tree level in

the effective theory

Figure 2.2: αs correction to s→ uūd in the full theory

The Feynman diagrams corresponding to the αs corrections are given in Fig-

ure 2.2. The Feynman rule for gluon-fermion interactions includes generators of

SU(3)C group, which using the color algebra are rewritten as,

T aijT
a
kl = − 1

2N
δijδkl +

1

2
δilδjk (2.14)

where N = 3 is number of colors. The first term in (2.14) corresponds to the

original operator O2 while the second term generates the additional operator

O1. To find the Wilson coefficients at order αs the amplitude including QCD
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Figure 2.3: αs correction to s→ uūd in the effective theory

corrections should first be evaluated in full theory. It is then matched with the

effective theory as,

Afull = Aeff =
GF√

2
VusV

∗
ud(C1 〈O1〉+ C2 〈O2〉) (2.15)

The full amplitude corresponding to diagrams in Figure 2.2 and their symmetric

counterparts, at order αs is,

Afull =
GF√

2
VusV

∗
ud[

(
1 + 2CF

αs
4π

(
1

ε
+ ln µ2

−p2
) +

3

N

αs
4π

lnm
2
W

−p2

)
〈O2〉

− 3
αs
4π

lnm
2
W

−p2
〈O1〉] (2.16)

where CF = 4/3 is the relevant color factor. The singularity in Eq. (2.16), 1/ε, is

removed by quark field renormalization. The matrix elements are calculated by

solving the corresponding Feynman diagrams in effective theory which are given

in Figure 2.3.

〈Q1〉0 =

(
1 + 2CF

αs
4π

(
1

ε
+ ln µ2

−p2
) +

3

N

αs
4π

(
1

ε
+ ln µ2

−p2
)

)
〈O1〉

− 3
αs
4π

(
1

ε
+ ln µ2

−p2
) 〈O2〉 (2.17)

〈Q2〉0 =

(
1 + 2CF

αs
4π

(
1

ε
+ ln µ2

−p2
) +

3

N

αs
4π

(
1

ε
+ ln µ2

−p2
)

)
〈O2〉

− 3
αs
4π

(
1

ε
+ ln µ2

−p2
) 〈O1〉 (2.18)

where Q0
1 and Q0

2 are the operators before renormalization. Some of the diver-

gences in Eq. (2.17) can be eliminated through the quark field renormalization.

The additional divergences can be removed by operator renormalization. As given

in Eq. (2.17), 〈Q1〉 is proportional to not just 〈O1〉 but also O2 and similarly for



2.2. Effective Hamiltonian for semileptonic transition 23

Q2. This feature is called operator mixing. Due to this, the operator renormal-

ization constant in this case is a 2× 2 matrix, which is given by,

Q0
i = ZijQj, (2.19)

where,

Z = 1 +
αs
4π

1

ε

3/N −3

−3 3/N

 (2.20)

The matching condition given in Eq. (2.15) gives,

C1(µ) = −3
αs
4π

lnm
2
W

µ2
C2(µ) = 1 + 3

αs
4π

lnm
2
W

µ2
(2.21)

This explains the important feature of OPE which is to disentangle the short-

distance and long-distance contributions. It is also clear from the structure in

Eq. (2.16) which contains the following factor,(
1 + Cαsln

m2
W

−p2

)
=

(
1 + Cαsln

m2
W

µ2

)
×
(

1 + Cαsln
µ2

−p2

)
(2.22)

where C = 3/(4πN). From Eqs. (2.17) and (2.21) it can be seen that the contri-

bution of loop corrections from scale µ to mW is absorbed in Wilson coefficients

while the contribution due to scale below µ is absorbed in the definition of oper-

ators.

2.2 Effective Hamiltonian for semileptonic transition

In this chapter I have studied various decay modes based on the transition

b → qd`
+`−. Here qd refers to either a down-quark or strange-quark. Also,

both the transitions considered here are based on FCNCs. The only difference

arises because of the CKM factors. In this section, the effective Hamiltonian for

b→ qd`
+`− transition is discussed.

The Feynman diagrams which contribute at the leading order are shown in

Figure 2.4. The effective Hamiltonian is derived by integrating out the heavy

particles which include W−boson, Z− boson, and t− quark. The Higgs’ field,

h, does not play a role since its coupling to light particles is proportional to
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their mass and thus the effects are negligible. In terms of effective theory, the

Hamiltonian can be written as,

Heff =
4GF√

2

[
2∑
i=1

Ci(ξcOci + ξuOui )− ξt
10∑
i=3

CiOi

]
(2.23)

where ξu,c,t are the CKM factors defined as, ξi = VibV
∗
id. O

u,c
i form the operator

basis. Within Standard Model, the relevant set of operators for the process are,

Ou1 = (d̄LγµT
auL)(ūLγ

µT abL) Ou2 = (d̄LγµuL)(ūLγ
µT abL)

Oc1 = (d̄LγµT
acL)(c̄Lγ

µT abL) Oc2 = (d̄LγµcL)(c̄Lγ
µbL)

O3 = (sLγµbL)
∑
q

(qγµq) O4 = (sLγµT
abL)

∑
q

(qγµT aq)

O5 = (sLγµ1γµ2γµ3bL)
∑
q

(qγµ1γµ2γµ3q)

O6 = (sLγµ1γµ2γµ3T
abL)

∑
q

(qγµ1γµ2γµ3T aq)

O7 =
e

g2
s

mb(d̄Lσ
µνbR)Fµν O8g =

1

gs
mb(d̄Lσ

µνT abR)Ga
µν

O9 =
e2

g2
s

(d̄LγµbL)(¯̀γµ`) O10 =
e2

g2
s

(d̄LγµbL)(¯̀γµγ5`).

(2.24)

where the L(R) subscript refer to the left(right) handed component of the fermions.

There can be operators other than defined in Eq. (2.24) in the extension of Stan-

dard Model. The full basis including beyond SM operators is given in Appendix

A. The extra factors strong coupling constant (gs) in the definition of the opera-

tors are included so that the Wilson coefficients can be written in a perturbative

series. The Ci in Eq. (2.23) are the Wilson coefficients which encode short-distance

physics. In terms of perturbation theory, WCs can be expanded as,

Ci = C(0)
i +

αs
4π
C(1)
i +

(αs
4π

)2

C(2)
i +O(α3

s) (2.25)

Only C(0)
i are needed for leading logarithm (LL) results. Similarly, for next-to

leading logarithm results (NLL) C(1)
i should also be computed and so on. In

literature, the Wilson coefficient for b→ qd`
+`− transitions have been computed
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Figure 2.4: The Feynman diagrams corresponding to process b → di`
+`−. left:

penguin diagram, right: box diagram.

upto NNLL [48–52]. This requires the calculation of matching condition upto two-

loop accuracy at scale µ = mW . To compute the corresponding values at scale

µ = mb, anomalous dimensions in the renormalization-group equations is needed

upto three-loop accuracy. As discussed in Section 2.1, the operators can mix

during the evolution to a lower scale. They appear in a particular combination

within matrix elements, thus for convenience effective Wilson Coefficients are

defined as,

Ceff
9 =

(
1 +

αs(µ)

π
ω9(ŝ)

)(
A9 −

ξc
ξt
T9a h(m̂c

2, ŝ)− ξu
ξt
T9a h(0, ŝ)

+ T9b h(m̂c
2, ŝ) + U9 h(1, ŝ) +W9 h(0, ŝ)

)
+
αs(µ)

4π

(ξu
ξt

(C(0)
1 F

(9)
1,u

+ C(0)
2 F

(9)
2,u ) +

ξc
ξt

(C(0)
1 F

(9)
1,c + C(0)

2 F
(9)
2,c )− A(0)

8 F
(9)
8

)
, (2.26a)

Ceff
7 =

(
1 +

αs(µ)

π
ω7(s)

)
A7 +

αs(µ)

4π

(ξu
ξt

(C(0)
1 F

(7)
1,u + C(0)

2 F
(7)
2,u )

+
ξc
ξt

(C(0)
1 F

(7)
1,c + C(0)

2 F
(7)
2,c )− A(0)

8 F
(7)
8

)
(2.26b)

Ceff
10 =

(
1 +

αs(µ)

π
ω9(ŝ)

)
A10 (2.26c)

where h(q2,mq) is the loop function given by,

h(q2,mq) = −4

9

(
ln
m2
q

µ2
− 2

3
− z
)
− 4

9
(2 + z)

√
|z − 1| (2.27)(

θ(z − 1)tan−1 1√
z − 1

+ θ(1− z)(ln1 +
√

1− z√
z

− iπ

2
)

)
(2.28)

where z = 4m2
q/q

2. The auxiliary quantities A7, A9, A10, T9a, T9b, U9, and W9 are

linear combinations of various Wilson coefficients and are given in the Appendix
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B. In this case, the effective Wilson coefficients at scale µ = mb are given as

[49] The coefficient Ceff
9 contain a weak phase in the form of CKM parameter

and a strong phase is contained in the function h(q2,mq). This is the necessary

and sufficient condition to be able to study CP violation. However, CP violating

observables are expected to be very small in comparison to the experimental sen-

sitivity for b→ s`` process while that is not the case for b→ d``. This is because

for b → s`` decay, ξsc,t ∼ λ2 while the CKM element which are dominated by

CKM phase i.e. ξu ∼ λ4. Since the term with CKM phase is suppressed, CP vio-

lating quantities are estimated to be small. In case of b→ d``, ξu ∼ ξc ∼ ξt ∼ λ4,

thus this transition is sensitive to CP violation.

Using the effective Hamiltonian in Eq. (2.23), the amplitude for the hadronic

process B → V `+`− (where B in the B meson and V is a vector meson) is given

by,

A(B → V `+`−) =
〈
`+`−V |Heff|B

〉
(2.29)

=
〈
`+`−|l̄Γil|0

〉
〈V |q̄dΓ′ib|B〉

+
e2

q2

〈
`+`−|¯̀γµ`|0

〉
×
〈
V |T

{
jhadµ,em(x)Hhad

eff (0)
}
|B
〉

(2.30)

The first term in Eq. (2.30) includes contribution from operators O7,9,10. The

matrix element corresponding to the other operators can not be naively factor-

ized and are categorized as non-factorizable terms. The operators O1−6,8g can

contribute to the process only via an intermediate photon, thus amplitude can

be written in terms of form factors as [53],

A(B → V `+`−) =
GFα√

2π
VtbV

∗
td

[{〈
V |d̄γµ(Ceff

9 PL)b|B
〉
− 2mb

q2

〈
V |d̄ i σµνqν(Ceff

7 PR)b|B
〉}

(¯̀γµ`) +
〈
V |d̄γµ(Ceff

10PL)b|B
〉

(¯̀γµγ5`)− 16π2
¯̀γµ`

q2
Hnon-fac
µ

]
.

(2.31)

These hadronic matrix elements require non-perturbative calculations. For the

case where energy of the final meson (V ) is large i.e., low−q2 region, Light Cone

Sum Rules (LCSR) can be used [54, 55]. The approach depends on standard QCD
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sum rule technique combined with the information of distribution amplitudes of

hadron. QCD factorization (QCDF) formalism [56, 57] suggests that the hadronic

matrix elements at leading power in 1/mb are computed in terms of B meson form

factors and distribution amplitudes of hadrons involved. The hadronic matrix

elements corresponding to the operators O7,9,10 can be expressed in terms of

seven form factors, the most general parameterization of which is given by,

〈
V (p′, ε∗)|q̄γµb|B̄(p)

〉
=

2iV (q2)

mB +mV

εµνρσε∗νp
′
ρpσ, (2.32a)〈

V (p′, ε∗)|q̄γµγ5b|B̄(p)
〉

= 2mVA0(q2)
ε∗.q

q2
qµ + (mB +mV )A1(q2)

[
ε∗µ − ε∗.q

q2
qµ
]

− A2(q2)
ε∗.q

mB +mV

[
pµ + p′µ − m2

B −m2
V

q2
qµ
]
,

(2.32b)〈
V (p′, ε∗)|q̄σµνγνb|B̄(p)

〉
= 2T1(q2)εµνρσε∗νpρp

′
σ, (2.32c)〈

V (p′, ε∗)|q̄σµνγ5qνb|B̄(p)
〉

= (−i)T2(q2)
[
(m2

B −m2
V )ε∗µ − (ε∗.q)(pµ + p′ν)

]
(−i)T3(q2)(ε∗.q)

[
qµ − q2

m2
B −m2

V

(p+ p′)µ
]
, (2.32d)

where mB is the mass of B meson, mV is the mass of vector meson in the final

state, and ε∗ is the polarization vector of the vector meson. The seven form fac-

tors {V,A0, A1, A2, T1, T2, T3} are functions of q2 where, q = p − p′. These form

factors are hadronic quantities and their computation involves non-perturbative

calculations. In the large recoil region, i.e. low-q2 region, the form factors are

computed using light cone sum rules (LCSR) whereas in high-q2 region the form

factors are computed using lattice QCD. However, these calculations suffer from

large uncertainties due to hadronic parameters and rely on many assumptions

which introduces systematic uncertainties.

Hnon-fac
µ in Eq. (2.31) represents the non-factorizable contribution of non-

local hadronic matrix element. This results from four quark and chromomagnetic

operators combined with virtual photon emission which then decays to lepton

pair. These corrections are given in terms of hard-scattering kernels (T qa s), where

a ∈ {⊥, ‖} and q ∈ {u, c}, which are convoluted with the meson distribution

amplitudes [56, 57]. The non-factorizable corrections included in this work are
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Figure 2.5: Non-factorizable contribution to B → V `+`− due to spectator scattering.

The circled cross marks show the possible insertion of a virtual photon.

Figure 2.6: Non-factorizable contribution to B → V `+`− due to weak annihilation.

discussed below.

Spectator Scattering: The intermediate quark loop (up or charm) or chromo-

magnetic operator (O8g) can emit a hard gluon which can be absorbed by the

spectator quark. The Feynman diagrams corresponding to spectator scattering

are given in Figure 2.5.

Weak Annihilation: The b quark in the B meson can annihilate with the

spectator quark to give the meson in the final state. This contributes to the

leading order term in αs as the QCD correction to weak annihilation is highly

suppressed.The Feynman diagrams corresponding to weak annihilation are given

by Figure 2.6.

Soft-gluon correction: Quark in the intermediate loop can emit a soft gluon

which contributes to non-factorizable correction. The contribution is proportional

to 1/(4m2
c−q2), and rises near the vector resonances. Hence, it can be calculated

in the region [2−6] GeV2. In the region beyond that, hadronic dispersion relations
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i ai bi ci

⊥ 9.25 -0.5 9.35

‖ 9.25 -0.5 9.35

0 33 -0.9 10.35

Table 2.1: Values of parameters defined for ∆Ci,soft
9

are employed which systematically include the contribution of charm resonance

[58]. For B → V `` based on b → s transition, the contribution of these two

effects, i.e. soft-gluon emission and charmonium resonances, can be described by

the parameterization defined in [26] which is valid in the q2 region [1− 9] GeV2.

Such corrections have not been explicitly computed for process based on b → d

transition. For B → K∗`` these corrections are parameterized as,

∆C⊥,soft
9,c (q2) =

a⊥ + b⊥q2(c⊥ − q2)

q2(c⊥ − q2)
(2.33)

∆C‖,soft
9,c (q2) =

a‖ + b‖q2(c‖ − q2)

q2(c‖ − q2)
(2.34)

∆C0,soft
9,c (q2) =

a0 + b0(q2 + 1)(c0 − q2)

(q2 + 1)(c0 − q2)
(2.35)

where, the mean values of parameters are given in Table 2.1. These non-factorizable

corrections are very important while giving model-based predictions. For in-

stance, it has been shown in [56] that the value of zero of forward-backward

asymmetry significantly shifts when contribution of spectator scattering is in-

cluded.

Λ/mB corrections: One drawback of the QCDF discussed here is that the de-

scription works in the limit mb →∞. The corresponding corrections form a part

of non-factorizable terms as a series expansion in terms of Λ/mB and are known

as non-factorizable power corrections. There is no proper method to calculate its

contribution, however, they are estimated to be roughly O(10%) at amplitude

level [58].

Another approach that is used to describe the hadronic matrix elements is
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based on large energy limit of the final state hadron. The energy of the hadron

V is defined as,

2mBE = m2
B +m2

V − q2 (2.36)

Here, large E implies low q2 (< 6 GeV2). There are two advantages of this

approach. First, since this region is well below charmonium threshold, there

is no interference with resonant contribution. Second, in this limit, the seven

form factors (full form factors) are reduced to two independent form factors

(soft form factors) denoted by ξ⊥(q2) and ξ‖(q
2) where ξ⊥(q2) contributes to

the transverse polarization of the vector meson while ξ‖(q2) contributes to the

longitudinal polarization. At the leading order in O(αs) and O(1/mb), the full

form factors are related to these two soft-form factors as [59],

ξ⊥(E) =
mB

mB +mV

V (q2) =
mB +mV

2E
A1(q2) = T1(q2) =

mB

2E
T2(q2) (2.37)

ξ‖(E) =
mV

E
A0(q2) =

mB +mV

2E
A1(q2) =

mB −mv

mB

A2(q2)

=
mB

2E
T2(q2)− T3(q2) (2.38)

Using the factorization approach mentioned above, several observables have been

constructed with the idea that soft form factors cancel completely. However, in

addition to the non-factorizable corrections discussed above, there are additional

O(αs) and O(1/mb) corrections which have been computed in [56, 57, 59]. In the

work done for b→ d``, I have used the full form factors which are available upto

twist-5. While for the channel based on b→ s`` i.e, B → K∗2``, soft form factors

have been used.
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B→ ρµ+µ− and Bs→ K
∗
µ+µ−

decays in Standard Model

A lot of attention has been given to semileptonic decays of bottom hadrons as

a result of increasing experimental evidence of new physics. Many decays have

been observed involving the FCNC b → s`+`− and charged current b → c`ν.

Most reliable measurements include RK(∗) [11, 19] and RD(∗) [31, 33, 35, 60, 61]

which hint towards Lepton Flavor Universality (LFU) violation. These particu-

lar observables have very small theoretical uncertainties because some hadronic

parameters cancel in the ratio. These measurements are important for precision

tests of the standard model as well as for searches of new physics.

Albeit there exist rich data for b→ s`+`− induced processes, the b→ d coun-

terpart of the weak decay, i.e. b→ d`+`−, has not caught much attention perhaps

because of low branching ratio. At the quark level, the lowest order contribution

arises at one loop level through diagrams similar to b→ s`` which include box di-

agrams and electroweak penguin diagrams. The only difference in the two FCNC

channels is due to the weak phases from CKM matrix elements ξiq = V ∗qiVqb, where

q ∈ {u, c, t} and i ∈ {s, d}. For b → s`` transition, ξsc,t ∼ λ2 and ξsu ∼ λ4 where

λ = 0.22. Since uū contribution introduces CKM phase which is negligible for

b→ s``, CP violating quantities are very small in SM. On the other hand, since

ξdu ∼ ξdc ∼ ξdt ∼ λ4 for b → d``, the B decays mediated through this transition

31
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allow for large CP violating quantities. Also, leading order contribution in this

case is smaller than the leading contribution in b → s`` which makes this chan-

nel more sensitive to new physics. Hence, it is desirable to study processes like

B → {π, ρ} `+`− and Bs →
{
K̄, K̄∗

}
`+`− experimentally as well as theoretically.

The first transition of this variety to be measured is B → π`+`− by LHCb with

5.2σ significance [62] which is in good agreement with the expected value in SM

[63, 64]. Other than this B0(B0
s )→ π+π−µ+µ− has also been observed by LHCb,

where the muons in final state do not originate from a resonance [65]. In my work,

two decay modes have been studied: B → ρµ+µ− and Bs → K̄∗µ+µ−. Predicted

value of branching ratio for B0 → ρ0`+`− is of the same order as B → π`+`−,

thus making it possible to be measured with upgraded experimental facilities.

Since experiments already have good measurements of B → K∗`+`− mode, it is

likely that Bs → K̄∗`+`− mode may get early attention. The branching ratio of

this mode is expected to be a factor of two more that B0 → ρ0`+`− owing to the

factor of 1/
√

2 in the definition of ρ0 ∼ (uū − dd̄)/
√

2 as compared to K∗ ∼ s̄d.

Further, neglecting SU(3) breaking effects, one expects the branching fractions

to be O(λ2) smaller than those in b→ s`+`− decays. Predictions for certain ob-

servables including branching ratio, direct CP asymmetry, and forward-backward

asymmetry have been given for B → ρ`+`− [57, 66–69]. For Bs → K̄∗µ+µ−, only

branching ratio has been studied based on relativistic quark model [70] and light

cone sum rules (LCSR) based on heavy quark effective theory (HQET) approach

[71]. However, a complete study of angular distribution is lacking.

Phenomenological analysis of the decays induced by this channel will provide

complementary information about the nature of New Physics (NP). The most

prevailing problem in the theoretical description is due to the long distance ef-

fects of cc̄ and uū resonant states. In the q2 region close to these resonances, only

model dependent predictions are available which result in large uncertainty. To

avoid these uncertainties, the study has been restricted to a region which is well

below J/ψ resonance region ∼ 6 GeV2.
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3.1 Theoretical Framework

B and Bs are pseudoscalar mesons while ρ and K̄∗ are vector mesons. The

general formalism of B → V `` process discussed in Section 2.2, applies here. The

amplitude is given by Eq. (2.31)

M =
GFα√

2π
VtbV

∗
td

[{〈
V |d̄γµ(Ceff

9 PL)b|P
〉
− 2mb

q2

〈
V |d̄ i σµνqν(Ceff

7 PR)b|P
〉}

(¯̀γµ`)

+
〈
V |d̄γµ(Ceff

10PL)b|P
〉

(¯̀γµγ5`)− 16π2
¯̀γµ`

q2
Hnon-fac
µ

]
. (3.1)

The non-factorizable corrections that have been taken into account involves spec-

tator scattering, weak annihilation, and soft-gluon correction as discussed in Sec-

tion 2.2. he expressions for soft-gluon emission from the up loop are still absent

and need to be computed properly. Though the corresponding expressions exist

for B → π`` mode but they can not be naively used for the present purpose. For

current study, we are assuming an uncertainty of ∼ 10% in C9 to account for this

missing piece:

δCsoft
9,u = aeiθ (3.2)

where, |a| ∈ {0, 0.5} and θ ∈ {0, π}. The evaluation, particularly the sign, of

this correction requires a complete LCSR calculation which is beyond the present

work. The impact of these contributions doesn’t turn out to be very significant

except for one or two observables. However, to be complete and to indicate pos-

sible effect of these corrections, we include them in our numerical study.

3.2 Transversity Amplitudes

The amplitude given in Eq.(3.1) can be written in terms of helicity amplitudes.

Consider the decay of B meson as B → V V ′, where V is the usual final state

vector meson and V ′ is the intermediate vector particle which decays into the

lepton pair. The amplitude for the process can be written as,

M(m,n)(B → V V ′) = εµV (m)Mµνε
ν
V ′(n) (3.3)
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Parameter Value Parameter Value

fB 200 ± 30 MeV [57] fBs 230± 30MeV [72]

fρ,⊥ 150 ± 25 MeV [57] fK∗,⊥ 175 ± 25 MeV [72]

fρ,‖ 209 ± 1 MeV [57] fK∗,‖ 218 ± 4 MeV [72]

a
‖
1,K∗ 0.17± 0.04 [73] a⊥1,K∗ 0.18± 0.05 [73]

a
‖
2,K∗ 0.05± 0.05 [73] a⊥2,K∗ 0.03± 0.03 [73]

a
‖
1,K̄∗

−0.17± 0.04 [73] a⊥1,K̄∗ −0.18± 0.05 [73]

a
‖
2,K̄∗

0.05± 0.05 [73] a⊥2,K̄∗ 0.05± 0.05 [73]

Table 3.1: The input parameters used to calculate non-factorizable corrections.

where, εµV (n) and εµV ′(n) are the polarization vectors of V and V ′ respectively,

and given by,

εµV (±) = (0, 1,±i, 0)/
√

2 (3.4)

εµV (0) = (kz, 0, 0, k0)/mK∗ (3.5)

εµV ′(±) = (0, 1,∓i, 0)/
√

2 (3.6)

εµV ′(0) = (−qz, 0, 0,−q0)/
√
q2 (3.7)

εµV ′(t) = (q0, 0, 0, qz)/
√
q2 (3.8)

where qµ = (q0, 0, 0, qz) and kµ = (k0, 0, 0, kz) are the four-momenta of V ′ and

V respectively. The helicity amplitudes can now be written by contracting Mµν

with specific polarization vectors. Using Eq. (3.3),

Hm =M(m,m)(B → V V ′) (3.9)

where n can be 0,+,−. Transversity amplitudes are defined as linear combina-

tions of helicity amplitudes as,

A⊥,‖ = (H+ ∓H−)/
√

2 (3.10)

A0 = H0 (3.11)

At =M(0,t)(B → V V ′) (3.12)
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The full amplitude for the process B → V `+`− can now be written in terms of

amplitude of B → V V ′ followed by the subsequent decay of V ′ in a lepton pair,

M(B → V V ′(→ µ+µ−))(m) ∝ ε∗µV (m)Mµν

∑
n,n′

ε∗νV ′ε
ρ
V ′(n

′)gn,n′(¯̀γρPL,R`) (3.13)

where gn,n′ = diag(+,−,−,−) and PL,R = (1 ± γ5)/2. The amplitude can be

written in terms of three transversity amplitudes corresponding to the left chiral-

ity (AL⊥,‖,0) and three transversity amplitudes for the right chirality of the lepton

pair(AR⊥,‖,0), as well as At. The non-factorizable corrections discussed in Section

can be added to transversity amplitudes or the Wilson coefficient Ceff
9 . Following

[56, 58], we add the corrections in the transversity amplitudes which are then

given by,

A⊥L,R(q2) =
√

2λ N
[
2
mb

q2
(Ceff

7 T1(q2) + ∆T⊥) + (Ceff
9 ∓ C10

+ ∆C1
9(q2))

V (q2)

MB +MV

]
(3.14a)

A‖L,R(q2) = −
√

2N(M2
B −M2

V )
[
2
mb

q2
(Ceff

7 T2(q2) + 2
E(q2)

MB

∆T⊥)

+ (Ceff
9 ∓ C10 + ∆C2

9(q2))
A1(q2)

MB −MV

]
(3.14b)

A0L,R(q2) = − N

2MV

√
q2

[
2mb

(
(M2

B + 3M2
V − q2)(Ceff

7 T2(q2)
)

− λ

M2
B −M2

v

(Ceff
7 T3(q2) + ∆T‖)) + (Ceff

9 ∓ C10 + ∆C3
9)(

(M2
B +M2

V − q2)(MB +MV )A1(q2)− λ

MB +MV

A2(q2)
)]

(3.14c)

At(q
2) =

N√
s

√
λ2C10A0(q2) (3.14d)

where,

∆T⊥ =
π2

Nc

fPfV,⊥
MB

αsCF
4π

∫
dω

ω
ΦP,+(ω)

∫ 1

0

du ΦV,⊥(u)(T c,spec
⊥ +

ξu
ξt

(T u,spec
⊥ ))

(3.15)

∆T‖ =
π2

Nc

fPfV,‖
MB

MV

E

∑
±

∫
dω

ω
ΦP (ω)

∫ 1

0

du ΦV,‖(u)
[
T c,WA
‖ +

ξu
ξt
T u,WA
‖

αsCF
4π

(T c,spec
‖ +

ξu
ξt
T ,spec
‖ )

]
(3.16)
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∆Ci
9 = ∆Ci,soft

9,c + ∆Ci,soft
9,u (3.17)

where P ≡ B̄, B̄s and V ≡ ρ,K∗. The values of input parameters used to

calculate the corrections are given in Table 3.1.

3.3 Form Factors

The matrix elements corresponding to operators O7,9,10 are expressed in terms of

seven form factors which are functions of q2:

cV 〈V (k)|d̄γµb|B(p)〉 =
2V (q2)

mB +mV

εµνρσε∗νpρkσ,

cV 〈V (k)|d̄γµγ5b|P (p)〉 = 2imVA0(q2)
ε∗ · q
q2

qµ + i(mB +mV )A1(q2)

[
ε∗µ −

ε∗ · q
q2

qµ
]

− iA2(q2)
ε∗ · q

mB +mV

[
P µ − m2

B −m2
V

q2
qµ
]
,

cV 〈V (k)|d̄qνσµνb|P (p)〉 = 2iT1(q2)εµνρσε∗νpρkσ,

cV 〈V (k)|d̄qνσµνγ5b|P (p)〉 = T2(q2)
[
(m2

B −m2
V )ε∗µ − ε∗ · qP µ

]
+ T3(q2)ε∗ · q

[
qµ − q2(p+ k)µ

m2
B −m2

V

]
, (3.18)

where qµ = (p−k)µ, Pµ = (p+k)µ, and cV = 1/
√

2 in the case of B̄0 → ρ0``; 1 for

B̄s → K∗`` and B̄± → ρ±``. Form factors can be calculated using the method of

QCD Sum Rules on Light-Cone (LCSRs) in the low-q2 region. For semileptonic

B decays, the method involves calculation of correlation function of the weak

currents involving b quark, evaluated between the vacuum and light meson in

the final state. The correlation function is factorized into non-perturbative and

process-independent hadron distribution amplitudes (DAs), φ, convoluted with

process-dependent amplitudes T .

correlation function ∼
∑
n

T (n) ⊗ φ(n) (3.19)

where, n represents twist. The contributions with increasing twist decreases by

increasing powers of virtualities of the currents involved (∼ m2
b in the low q2

range). We follow [55] for form factors of B → ρ and Bs → K∗ hadronic decays,

which provides an improved determination of B → V form factors compared to
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Parameter Value Parameter Value

MB 5.27 GeV Mρ 0.775 ± 0.025 GeV

MBs 5.366 GeV MK∗ 0.891 GeV

mb 4.80 ± 0.06 GeV mc 1.4 ± 0.2 GeV

µ 5 GeV αs 0.215

GF 1.16 × 10−5 GeV−2 αem 1/137

λ 0.22506 ± 0.00050 A 0.811 ± 0.026

ρ̄ 0.1240.019
−0.018 η̄ 0.356 ± 0.011

Table 3.2: The inputs used to obtain numerical values of observables

those in [54]. In [55], updated values of hadronic parameters are used and contri-

butions upto twist-5 in DAs have been systematically included. Further, making

use of equations of motion, it is shown that the uncertainties in the ratios of

form factors are reduced and so does the dependence on mass scheme. Another

advantage is that the combined fits to sum rules and lattice calculations at low

and high q2 are given which provides form factors valid over the whole range. In

this work, we call the updated form factors as BSZ (Bharucha-Straub-Zwicky)

form factors while those in [54] as BZ (Ball-Zwicky) form factors.

The form factors are written as a series expansion in terms of the parameter

[55],

z(t) =

√
t+ − t−

√
t+ − t0√

t+ − t+
√
t+ − t0

(3.20)

where, t± = (MB ± MV )2 and t0 = t+(1 −
√

1− t−/t+). Form factors are

parametrized as:

Fi(q
2) = (1− s/m2

R,i)
−1Σkα

i
k [z(s)− z(0)]k . (3.21)

where mR,i is the resonance mass which is equal to 5.279 GeV for A0(s), 5.325

GeV for T1(s) and V (s), and 5.724 GeV for rest of the form factors.

Below, detailed SM predictions are provided employing BSZ form factors,



38 Chapter 3. B→ ρµ+µ− and Bs → K
∗
µ+µ− decays in Standard Model

computed using LCSRs, which is referred to as BSZ1 form factors in this chap-

ter. To compare the numerical impact of the improved form factors, a direct

comparison has been provided between results obtained using BSZ form factors

with lattice and LCSR results combined together (referred as BSZ2 form factors

in this chapter), and BZ form factors, in the case of B̄s → K∗`+`−. While for

B̄0 → ρ0`+`−, BSZ form factors (LCSR) have been used only, since combined fit

with lattice results are not available for this mode.

3.4 Observables

In the experiments, B → K∗`+`− is treated as a four-body decay as resonant

contribution from K∗ → Kπ is considered. Similarly, the four-body decay under

study here are Bs → K̄∗(→ K−π+)`+`−, B → ρ`+`− and their CP conjugates.

For a four body decay, B → V (→ M1M2)`+`−, the decay distribution can be

completely described in terms of four kinematic variables; the lepton invariant

mass squared (q2) and three angles θV , θl, and φ. The angle θV is the angle

between direction of flight of M2 with respect to B meson in the rest frame of

V , θ` is the angle made by `− with respect to the B meson in the dilepton rest

frame and φ is the azimuthal angle between the two planes formed by dilepton

and M1M2. The full angular decay distribution of B → V (→ M1M2)`+`− is

given by [74],

d4Γ

dq2 dcosθV dθ` dφ
=

9

32π
I(q2, θV , θ`, φ) (3.22)

where,

I(q2, θV , θ`, φ) =
(
Is1 sin2θV + Ic1 cos2θV + (Is2 sin2θV + Ic2 cos2θV )cos2θ`

+ I3 sin2θV sin2θ`cos2φ+ I4 sin2θV sin2θ`cosφ+ I5 sin2θV sinθ`cosφ

+ (Is6 sin2θV + Ic6 cos2θV )cosθ` + I7 sin2θV sinθ`sinφ

+ I8 sin2θV sin2θ`sinφ+ I9 sin2θV sin2θ`sin2φ
)
. (3.23)

Here, V is an intermediate vector meson which decays to M1 and M2 whereas

`+`− can be any lepton pair. The corresponding angular decay distribution
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(d4Γ̄/(dq2dcosθπdθ`dφ)) for the CP-conjugated process,B̄ → V̄ (→ M̄1M̄2)`+`−,

is obtained from Eq. (3.22) with the replacement, Ii → Ĩi ≡ ζiĪi, where, ζi = 1

for i ∈ {1, 2, 3, 4, 7} and -1 for i ∈ {5, 6, 8, 9}. Īi is equal to Ii with the weak

phase (CKM phase here) conjugated. The functions Ii can be written in terms

of transversity amplitudes [74]. In the b → s transition, since the Wilson coeffi-

cients are effectively real, modulo a small imaginary part coming due to function

h(m2, s) in Ceff
9 , Īi are essentially Ii and observables sensitive to imaginary part

of Ii are rather small within SM. This is not the case in b → d induced decays

and we see this feature explicitly in the results below. Various observables are

constructed from Eq. (3.22) by integrating over angles in various range. These

observables are generally plagued with large uncertainties due to form factors.

To avoid this, a lot of work has been done to construct observables which are

theoretically clean in low-q2 region [75–81]. Such observables are free from this

dependence at the leading order and are called form factor independent (FFI)

observables. Those which have a form factor dependence in the leading order

are called form factor dependent (FFD) observables. We study both classes of

observables as discussed below. We shall see below, SU(3) breaking effects are

clearly visible in some of the observables.

FFD observables are (which have been experimentally studied in the context

of B → K̄∗``[71]):

dΓ

dq2
=

∫ 1

−1

dcosθ`
∫ 1

−1

dcosθV
∫ 2π

0

φ
d4Γ

dq2dcosθV dcosθ`dφ
=

1

4
(3Ic1 + 6Is1 − Ic2 − 2Is2)

(3.24a)

AFB(q2) =
1

dΓ/dq2

[ ∫ 0

−1

−
∫ 1

0

]
dcosθ`

d4Γ

dq2dcosθ`
=

−3Is6
3Ic1 + 6Is1 − Ic2 − 2Is2

(3.24b)

FL(q2) =
3Ic1 − Ic2

3Ic1 + 6Is1 − Ic2 − 2Is2
(3.24c)

where, dΓ

dq2
is the dilepton spectrum distribution, AFB(q2) is the forward-backward

asymmetry and FL(q2) is the fraction of longitudinal polarization of the interme-

diate vector meson. Similar observables are constructed for the CP-conjugate

process using the decay distribution d4Γ̄/(dq2 dcosθπ dθ` dφ) discussed above.
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FFI observables or ”clean observables” are independent of form factors in the

leading order of 1/mb and αs thus exhibiting low hadronic uncertainties and en-

hanced sensitivity to new physics. Much attention has been given to the construc-

tion of such observables and some of them have been measured experimentally

[13, 15]. We consider following set of FFI observables here:

P1 =
I3

2Is2
, P2 = βl

Is6
8Is2

, P3 =
I9

4Is2
, P ′4 =

I4√
−Ic2Is2

P ′5 =
I5

2
√
−Ic2Is2

, P ′6 = − I7

2
√
−Ic2Is2

, P ′8 = − I8

2
√
−Ic2Is2

(3.25)

We also consider observables analogous to RK∗ for which the form factor

dependence cancels exactly for Bs → K̄∗``, defined as:

RBs
K∗ =

[
BR(Bs → K̄∗µ+µ−)

]
q2∈{q21 ,q22}[

BR(Bs → K̄∗e+e−
]
q2∈{q21 ,q22}

(3.26)

where, numerator and denominator are integrated over q2 in the range [q2
1 − q2

2]

GeV2. Observables defined in Eqs. (3.24,3.25,3.26) are valid for Bs → K̄∗`+`−

decay mode. It has been pointed out in literature that the zeroes (value of q2

where observables is zero) are also clean observables [82, 83]. Also, the relation

between zeroes of different observables provide crucial tests of Standard Model.

Thus, we also provide values of zeroes of different observables. Observables for

the CP-conjugate decay, B̄s → K∗`+`− are also defined in the same way, with the

substitution Ii → Īi ≡ ζiĨi. Results for Bs(B̄s)→ K̄∗(K∗)µ+µ− are given in the

next section which can be compared with data collected at LHCb as well as Belle.

However, for B0 → ρ0`+`−, results corresponding to LHCb and Belle have to

be computed separately. Since ρ0 → ππ, which is not a flavor specific state, the

observables are affected by B0 − B̄0 oscillations and the expressions of angular

coefficients (Iis) defined in Eq. ((3.22)), have to be modified.
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3.4.1 Time dependence of angular coefficients

Consider the transversity amplitude of B → fCP `
+`− by Ai. The transversity

amplitude for the CP-conjugate process B̄ → fCP `
+`− is then given by, Ãi. The

time evolution of the amplitudes is given by,

Ai(t) = g+(t)Ai(0) +
q

p
g−(t)Ãi(0) (3.27)

Ãi(t) =
p

q
g−(t)Ai(0) + g+(t)Ãi(0) (3.28)

where, the argument of the amplitude ’t’ stands for time. The amplitude at t = 0

implies amplitude before taking the meson oscillation into account. Considering

that CP violation in B − B̄ mixing is small,

q

p
= eiφ (3.29)

where φ is the mixing angle, given by φBd = tan−1(−1) and φBs = tan−1(0.04).

g±(t) in Eq. (3.27) are the usual time-evolution functions and given by,

g+(t) = e−imte−Γt/2

[
cosh∆Γt

4
cos∆mt

2
− isinh∆Γt

4
sin∆mt

2

]
(3.30)

g−(t) = e−imte−Γt/2

[
−sinh∆Γt

4
cos∆mt

2
+ icosh∆Γt

4
sin∆mt

2

]
(3.31)

where ∆Γ and ∆m are the difference in decay width and mass of the two physical

states respectively, and

x = ∆m/Γ y = ∆Γ/2Γ (3.32)

Substituting the time-dependent amplitudes in the definitions of angular coeffi-

cients given in Appendix C, we get the angular coefficients as function of time

[84],

Ji(t) + J̃i(t) = e−Γt[(Ii + Ĩi) cosh(yΓt)− hi sinh(yΓt)], (3.33)

Ji(t)− J̃i(t) = e−Γt[(Ii − Ĩi) cos(xΓt)− si sin(xΓt)], (3.34)

Where Ji(t) and J̃i(t) are the time-dependent angular coefficients corresponding

to the process B̄ → fCP `
+`− and B → fCP `

+`− respectively. They are related

by,

J̃i = ξiJ̄i (3.35)
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where J̄i are obtained by changing sign of all the weak phases in Ji. The additional

functions (hi and si) arise because of the mixing in B0 meson system and are given

in Appendix. This leads to two types of quantities, time-dependent observables

and time-integrated observables. In this work, we consider observables which

include time-integrated angular coefficients over a range t ∈ [0,∞) in the case of

LHCb and t ∈ (−∞,∞)(in addition to exp(−Γt)→ exp(−Γ|t|)) at Belle [84, 85].

After time-integration, the modified angular coefficients are given by,

〈
Ji + J̃i

〉
LHCb

=
1

Γ

[
Ii + Ĩi
1− y2

− y

1− y2
× hi

]
, (3.36)

〈
Ji − J̃i

〉
LHCb

=
1

Γ

[
Ii − Ĩi
1 + x2

− x

1 + x2
× si

]
, (3.37)

〈
Ji + J̃i

〉
Belle

=
2

Γ

[
1

1− y2
× (Ii + Ĩi)

]
, (3.38)〈

Ji − J̃i
〉

Belle
=

2

Γ

[
1

1 + x2
× (Ii − Ĩi)

]
, (3.39)

where, 〈 〉 represents time-integrated quantity. Other difference at LHCb and

Belle arises due to the fact that flavor of the meson can be tagged using flavor-

specific decays at Belle. Thus, flavor of the meson decaying to the final state

is known at time t = 0 and the appropriate angular coefficient (Ji or J̃i) can

be used. On the other hand, there is no method to determine the flavor of

meson at t = 0 at LHCb. As a result, the measured quantity at LHCb is

dΓ(B0 → ρ0`+`−) + dΓ̄(B̄0 → ρ0`+`−) allowing the observation of
〈
Ji + J̃i

〉
combination only, which is a CP-averaged quantity for i ∈ {1, 2, 3, 4, 7} and CP-

violating quantity for i ∈ {5, 6, 8, 9}. Due to the difference in the method of

measurement, we consider different observables to be studied at LHCb and Belle.

The distinction is made on the basis of whether the flavor of the B meson can be

tagged or not.

3.4.2 Observables for tagged decays

In the case when flavor of the B0/B̄0 meson can be tagged, the definition of

observables (say, O) in Eqs. (3.24, 3.25, 3.26) are modified as, Ii → 〈Ji〉 and are
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denoted by 〈O〉Tagged. Similarly, for the CP conjugate process, the observables〈
Õ
〉Tagged

are obtained by modification Īi → J̃i. Full set of observables is given

in Eqs. (3.40) and (3.41).〈
dΓ

dq2

〉Tagged

=
1

4
(3J c1 + 6Js1 − J c2 − 2Js2) (3.40a)〈

AFB(q2)
〉Tagged

=
−3Js6

3J c1 + 6Js1 − J c2 − 2Js2
(3.40b)〈

FL(q2)
〉Tagged

=
3J c1 − J c2

3J c1 + 6Js1 − J c2 − 2Js2
(3.40c)

〈Rρ〉Tagged =

∫ q22
q21

dq2 〈dΓ/dq2〉Tagged∫ q22
q12

dq2 〈dΓ/dq2〉Tagged
(3.40d)

〈P1〉Tagged =
J3

2J2s

, 〈P2〉Tagged =βl
Js6
8Js2

, (3.41a)

〈P3〉Tagged =
J9

4Js2
, 〈P ′4〉

Tagged
=

J4√
−J c2Js2

, (3.41b)

〈P ′5〉
Tagged

=
J5

2
√
−J c2Js2

, 〈P ′6〉
Tagged

=
−J7

2
√
−J c2Js2

, (3.41c)

〈P ′8〉
Tagged

=
−J8

2
√
−J c2Js2

(3.41d)

the functions Ji and J̃i used are time integrated functions obtained from Eq.

(3.36) and given as,

Ji =
1

Γ
[Ii + Ĩi +

1

1 + x2
× (Ii + Ĩi)]

J̃i =
1

Γ
[Ii + Ĩi −

1

1 + x2
× (Ii + Ĩi)] (3.42)

The definition of observables for the CP-conjugate decay B̄0 → ρµ+µ− are

obtained by replacing Ji by J̃i(≡ ζiĪi).

3.4.3 Untagged

For untagged events, the required modification in the definition of observables

is Ii →
〈
Ji + J̃i

〉
and the observables are denoted as 〈O〉Untagged. For untagged

events, the observables for B0 → ρ0µ+µ− are defined as,〈
dΓ

dq2

〉Untagged

=
1

2

〈
dΓ

dq2
+
dΓ̄

dq2

〉Untagged

(3.43)



44 Chapter 3. B→ ρµ+µ− and Bs → K
∗
µ+µ− decays in Standard Model

〈
AFB(q2)

〉Untagged
=

−3(Js6 + J̃s6)

4 〈dΓ/dq2〉Untagged (3.44)

〈
FL(q2)

〉Untagged
=

3(J c1 + J̃ c1)− (J c2 + J̃ c2)

4 〈dΓ/dq2〉Untagged (3.45)

〈Rρ〉Untagged =

∫ q22
q21

dq2 〈dΓ/dq2〉Untagged
+ 〈dΓ/dq2〉Untagged∫ q22

q12
dq2 〈dΓ/dq2〉Untagged + 〈dΓ/dq2〉Untagged

(3.46)

〈P1〉Untagged =
J3 + J̃3

2(J2s + J̃s2)
, (3.47)

〈P2〉Untagged =βl
Js6 + J̃s6

8(Js2 + J̃s2)
, (3.48)

〈P3〉Untagged =
J9 + J̃9

4(Js2 + J̃s2
, (3.49)

〈P ′4〉
Untagged

=
J4 + J̃4√

−(J c2 + J̃ c2)(Js2 + J̃s2)
, (3.50)

〈P ′5〉
Untagged

=
J5 + J̃5

2
√
−(J c2 + J̃ c2)(Js2 + J̃s2)

, (3.51)

〈P ′6〉
Untagged

=
−(J7 + J̃7)

2
√
−(J c2 + J̃ c2)(Js2 + J̃s2)

(3.52)

〈P ′8〉
Untagged

=
−(J8 + J̃8)

2
√
−(J c2 + J̃ c2)(Js2 + J̃s2)

. (3.53)

where,

Ji =
1

2Γ
[Ii + Ĩi +

1

1 + x2
× (Ii + Ĩi)−

x

1 + x2
× si]

J̃i =
1

2Γ
[Ii + Ĩi −

1

1 + x2
× (Ii + Ĩi) +

x

1 + x2
× si] (3.54)

It is clear from the form of observables that, Belle allows a study of angular

distribution of both B0 → ρ0`+`− and B̄0 → ρ0`+`− decays, while at LHCb, only

a CP-averaged or CP-asymmetric study is possible. For the decays considered in

this chapter y = 0. Thus, observables 〈O〉Untagged are also measurable at Belle.

Moreover, it can be noticed from Eq. (3.36), that the value of these observables

(〈O〉Untagged), if measured at Belle, are expected to be same at the two experi-

ments, except 〈BR〉LHCb, which should be twice for Belle in comparison to LHCb.
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Even though tagging power at LHCb is low, new algorithms have been sug-

gested to improve the tagging power by 50% [86, 87]. Thus, for completion we

also give predictions for observables which can be measured at LHCb using tag-

ging of B mesons. The definition of these observables is again given by 〈O〉Tagged.

Moreover, having measurements of angular distribution with and without tagging

can be of phenomenological importance.

3.5 Results

In this section, observables have been presented as a function of q2 and their

binned values over two q2 ranges: [0.1-1] GeV2 and [1-6] GeV2 and consider the

di-muon pair in the final state. For B̄s → K∗µ+µ−, the results are obtained using

three sets of form factors. As discussed earlier, the BSZ(LCSR) form factors have

been used and the results are compared with the results obtained using BZ form

factors and BSZ form factors (LCSR+Lattice results). For B0 → ρ0µ+µ−, only

the BSZ form factors have been used.

The values of observables have been given with and without the inclusion

of non-factorizable contributions to study their impact. The factorizable cor-

rections are already included in the definition of Ceff
9 and Ceff

7 to NNLO. The

non-factorizable ones i.e., weak annihilation, spectator scattering, and soft gluon

emission are systematically included for predictions in the bin [1 − 6]GeV21. As

mentioned before, the contribution of soft gluon emission from the up quark loop

is not available at present. A very rough estimate leads us to include 10% uncer-

tainty in Ceff
9 due to this particular correction. The crucial issue here is not just

the rough magnitude but also the sign and thus without a proper LCSR based

calculation, this is the best one can do. In Tables 3.4, 3.5, 3.10, 3.11, 3.12, we

present the value of the observables with these corrections included. In these

tables, the first error is due to the form factors while the second shows the spread

due to soft gluon emission from the up quark loops. These are presented for
1Since the parameterization used to define ∆Csoft

9,c are not valid below 1GeV2, contribution of soft

gluon emission has not been included in the lower bin, [0.1− 1]GeV2.
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the BSZ2 set of form factors. It is found that the inclusion of these corrections

has significant impact on observables like P ′5, branching ratio, and AFB. This

confirms the broad pattern observed in B → K∗µµ. Although the results are

presented for [0.1 − 1]GeV2 and [1 − 6]GeV2, a comparison of results with and

without these corrections is more meaningful and reliable for [1− 6] GeV2 bin as

for q2 < 1GeV2, the soft gluon contribution tend to be very large. The observ-

ables are also plotted as function of q2 as shown in Figure 3.7, 3.1, and 3.2. The

values of the zeroes are given in Table 3.6 and 3.13. Since the error due to soft

gluon emission from up quark is very small, we only show the error due to form

factors in the value of zeroes 2.

3.5.1 Bs → K
∗
µ+µ−

SM predictions of angular observables for Bs → K̄∗µ+µ− and B̄s → K∗µ+µ−

corresponding to the form factor set BSZ1, BSZ2, and BZ have been given in

Table 3.3.

B̄s → K∗µ+µ− Bs → K̄∗µ+µ−

[0.1-1] GeV2 [1-6] GeV2 [0.1-1] GeV2 [1-6] GeV2

P1[BSZ1] 0.006± 0.132 −0.081± 0.129 0.005± 0.131 −0.071± 0.114

[BSZ2] 0.008± 0.131 −0.097± 0.128 0.007± 0.129 −0.082± 0.113

[BZ] 0.006 −0.084 0.005 −0.069

P2[BSZ1] 0.124± 0.013 0.011± 0.078 0.111± 0.011 0.094± 0.076

[BSZ2] 0.117± 0.013 0.051± 0.081 0.104± 0.011 0.132± 0.075

[BZ] 0.127 −0.012 0.110 0.095

P3[BSZ1] 0± 0.001 0.002± 0.005 0± 0 0.001± 0.002

[BSZ2] 0± 0.001 0.002± 0.005 0± 0 0.001± 0.002

[BZ] −0.0 0.001 0 0

P ′4[BSZ1] −0.488± 0.053 0.619± 0.151 −0.489± 0.051 0.526± 0.159

[BSZ2] −0.506± 0.052 0.575± 0.161 −0.508± 0.049 0.473± 0.168
2Ignoring the effect of soft gluon emission and time evolution, our results for branching ratio of

B(B̄)→ ρµ+µ− in the bin [1− 6]GeV2 and zero of AFB are consistent with [57]
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[BZ] −0.489 0.654 −0.481 0.537

P ′5[BSZ1] 0.633± 0.057 −0.424± 0.119 0.673± 0.057 −0.324± 0.125

[BSZ2] 0.635± 0.055 −0.365± 0.126 0.659± 0.053 −0.264± 0.130

[BZ] 0.632 −0.450 0.679 −0.328

P ′6[BSZ1] −0.098± 0.006 −0.071± 0.009 0.004± 0.001 −0.012± 0.002

[BSZ2] −0.096± 0.006 −0.075± 0.010 0.004± 0.001 −0.013± 0.002

[BZ] −0.0982 −0.067 0.004 0.024

P ′8[BSZ1] 0.0234± 0.004 0.023± 0.005 0.003± 0.001 0.009± 0.002

[BSZ2] 0.023± 0.005 0.022± 0.005 0.003± 0.001 0.009± 0.002

[BZ] 0.019 0.017 −0.005 0.003

RBs
K∗ [BSZ1] 0.939± 0.010 0.997± 0.004 0.935± 0.009 0.997± 0.004

[BSZ2] 0.944± 0.010 0.999± 0.004 0.939± 0.011 0.998± 0.040

[BZ] 0.929 0.995 0.932 0.995

BR× 109[BSZ1] 2.647± 0.331 5.807± 1.418 3.159± 0.378 6.011± 1.452

[BSZ2] 3.019± 0.366 7.274± 1.642 3.526± 0.409 7.531± 1.685

[BZ] 3.117 7.107 3.712 7.329

AFB[BSZ1] −0.078± 0.009 −0.021± 0.028 −0.076± 0.009 −0.033± 0.029

[BSZ2] −0.065± 0.008 −0.012± 0.021 −0.065± 0.001 −0.035± 0.021

[BZ] −0.078 0.004 −0.071 −0.033

FL[BSZ1] 0.343± 0.065 0.824± 0.050 0.276± 0.058 0.800± 0.053

[BSZ2] 0.414± 0.101 0.876± 0.356 0.345± 0.058 0.848± 0.038

[BZ] 0.341 0.841 0.273 0.815

Table 3.3: Prediction of angular observables for Bs → K̄∗µ+µ− and B̄s → K∗µ+µ−

in the SM

Full branching ratio of B̄s → K∗µ+µ− in SM using BSZ form factors based

on LCSR calculation is,

BR(Bs → K̄∗µ+µ−) = (2.849± 0.719)× 10−8

BR(B̄s → K∗µ+µ−) = (2.897± 0.732)× 10−8 (3.55)
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However branching ratio in full kinematic range, form factors based on LCSR

are not much reliable as they are valid in low-q2 region only while the kinematic

range extends upto ∼ 20 GeV2 ((MBs−MK∗)
2). Hence, we also give below values

of branching ratio using form factors obtained from combined fits of lattice and

LCSRs results.

BR(Bs → K̄∗µ+µ−) = (3.356± 0.814)× 10−8

BR(B̄s → K∗µ+µ−) = (3.419± 0.827)× 10−8 (3.56)

which is in agreement with recent LHCb results [88],

BR(Bs → K̄∗µ+µ−) = (3.0± 1.0± 0.2± 0.3)× 10−8 (3.57)

.

The SM predictions of angular observables for B̄s → K∗µ+µ− are given in

Tables 3.4 and 3.5. The value of zeroes of observables are given in Table 3.6. For

completion, the observables are also plotted as function of q2 in Figure 3.7.
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B̄s → K∗µ+µ−

Observable [0.1-1] GeV2 [1-6] GeV2

P1 0.012± 0.129± 0.001 −0.081± 0.111± 0.005

P2 0.118± 0.013± 0.001 0.112± 0.072± 0.036

P3 0.001± 0.002± 0.0 0.004± 0.010± 0.002

P ′4 −0.593± 0.057± 0.009 0.464± 0.164± 0.014

P ′5 0.547± 0.051± 0.016 −0.286± 0.125± 0.046

P ′6 −0.104± 0.006± 0.016 −0.095± 0.011± 0.002

P ′8 0.015± 0.003± 0.016 0.040± 0.004± 0.017

RBs
K∗ 0.940± 0.009± 0.001 0.998± 0.004± 0.0

BR× 109 3.812± 0.450± 0.086 7.803± 1.758± 0.357

AFB −0.060± 0.008± 0.001 −0.029± 0.020± 0.009

FL 0.453± 0.067± 0.014 0.853± 0.038± 0.007

Table 3.4: Summary of observables for B̄s → K∗µ+µ− using BSZ2 form factors. The

first uncertainty is due to form factors and second is due to soft-gluon corrections with

up quark in the loop.
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Bs → K̄∗µ+µ−

Observable [0.1-1] GeV2 [1-6] GeV2

P1 0.011± 0.135± 0.001 −0.075± 0.108± 0.005

P2 0.112± 0.013± 0.001 0.142± 0.071± 0.034

P3 0.001± 0.007± 0.0 0.003± 0.010± 0.002

P ′4 −0.650± 0.060± 0.008 0.379± 0.171± 0.016

P ′5 0.543± 0.053± 0.016 −0.273± 0.132± 0.047

P ′6 −0.069± 0.005± 0.001 −0.078± 0.004± 0.002

P ′8 0.044± 0.003± 0.016 0.034± 0.002± 0.019

RBs
K∗ 0.942± 0.008± 0.001 0.998± 0.004± 0.0

BR× 109 4.411± 0.560± 0.101 8.391± 1.856± 0.375

AFB −0.056± 0.008± 0.001 −0.036± 0.020± 0.009

FL 0.464± 0.064± 0.014 0.851± 0.038± 0.007

Table 3.5: The summary of observables for Bs → K̄∗µ+µ− using BSZ2 form factors.

The source of uncertainties are same as mentioned in Table 3.4.

Observable B̄s → K∗µ+µ− Bs → K̄∗µ+µ−

P2 4.137± 0.421 4.307± 0.441

P ′4 1.867± 0.300 2.067± 0.327

P ′5 2.223± 0.319 2.267± 0.343

AFB 4.081± 0.453 4.250± 0.476

Table 3.6: The values of zeroes of angular observables for B̄s → K∗µ+µ− and

Bs → K̄∗µ+µ−. The uncertainty is due to form factors and the mean values include

contribution of the non-factorizable corrections.
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Table 3.7: The observables as functions of q2. In these Figures, red solid curve shows

the mean value of observable for Bs → K̄∗µ+µ− and the blue solid curve show mean

value of observables for B̄s → K∗µ+µ−. The dashed curves show uncertainty in

the values due to errors in determination of form factors only. The curves are obtained

using BSZ2 form factors. The mean values include the contribution of non-factorizable

corrections.
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3.5.2 B → ρµ+µ−

B → ρµ+µ− (Belle) B̄ → ρµ+µ− (Belle)

Observable [0.1-1] GeV2 [1-6] GeV2 [0.1-1] GeV2 [1-6] GeV2

〈P1〉 0± 0.178 −0.044± 0.119 0± 0.179 −0.048± 0.125

〈P2〉 0.0772± 0.018 0.073± 0.071 0.071± 0.017 −0.016± 0.071

〈P3〉 0± 0 0± 0.001 0± 0.001 0.001±−0.004

〈P ′4〉 −0.501± 0.106 0.538± 0.169 −0.501± 0.104 0.597± 0.174

〈P ′5〉 0.455± 0.095 −0.215± 0.099 0.368± 0.079 −0.308± 0.100

〈P ′6〉 −0.0136± 0.003 −0.023± 0.005 −0.078± 0.015 −0.061± 0.014

〈P ′8〉 0.006± 0.001 0.010± 0.002 0.019± 0.004 0.002± 0.004

〈Rρ〉 0.958± 0.181 1.128± 0.263 0.961± 0.174 1.124± 0.265

〈BR〉 × 109 3.688± 0.515 7.052± 1.23 3.282± 0.451 6.892± 1.211

〈AFB〉 −0.053± 0.005 −0.027± 0.019 −0.046± 0.005 0.004± 0.018

〈FL〉 0.259± 0.064 0.734± 0.220 0.298± 0.073 0.749± 0.220

Table 3.8: Binned values of observables for B → ρµ+µ− and B̄ → ρµ+µ−

As we mentioned above, due to ξu/ξt term in the present case, which is prac-

tically negligible in the case of b → s transition, the observable for the mode

and the CP conjugated mode show clear differences and hence is a clear sign of

CP violation. A precise measurement would determine whether the amount of

CP violation is in conformity with the CKM picture or there are extra phases

present. The observable P ′6 is of particular interest in this regard as it is propor-

tional to an imaginary part of Wilson coefficients. It can be noted that its value

in low q2 is significantly different for CP-conjugate modes, giving large value of

CP asymmetry. For B0 → ρ0µ+µ−, time-integrated branching ratio within SM is

found out to be,

〈
BR(B → ρµ+µ−)

〉Belle
= (4.131± 0.679)× 10−8〈

BR(B̄ → ρµ+µ−)
〉Belle

= (4.198± 0.678)× 10−8

〈BR〉LHCb = (4.164± 0.678)× 10−8 (3.58)
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LHCb (untagged)

Observable [0.1-1] GeV2 [1-6] GeV2

〈P1〉 0± 0.178 −0.046± 0.122

〈P2〉 0.009± 0.009 0.045± 0.060

〈P3〉 0± 0 0± 0.001

〈P ′4〉 −0.500± 0.094 0.567± 0.151

〈P ′5〉 0.058± 0.011 0.043± 0.009

〈P ′6〉 −0.045± 0.009 −0.042± 0.009

〈P ′8〉 0.012± 0.003 0.014± 0.003

〈Rρ〉 0.956± 0.165 1.116± 0.245

〈BR〉 × 109 3.485± 0.483 6.972± 1.221

〈AFB〉 −0.006± 0.001 −0.016± 0.003

〈FL〉 0.278± 0.068 0.742± 0.218

Table 3.9: Binned values of observables for the process B → ρµ+µ− to be measured

LHCb for untagged events.

The tables for results corresponding to the decay B → ρµ+µ− are given below.

Tables 3.8 and 3.9 list the values without including the non-factorizable correc-

tion. The values with the corrections included are given in Tables 3.10, 3.11 and

3.12. The zeroes of the observables are given in Table 3.13.

3.6 Summary and Conclusions

Exclusive semileptonic decays mediated by b → s transitions have shown sev-

eral deviations from SM expectations. This has attracted a lot of theoretical

attention, attempting to explain these deviations. At present, it is not clear

if the deviations are due to the physics beyond SM or just hadronic artefacts.

An obvious solution is to study the analogous b → d transitions. Due to the

complex phase involved, b → d transitions have a rich phenomenology and the

CKM parameters ρ and η can be extracted from a dedicated study of angular
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Observable Experiment
B̄ → ρµ+µ−

[0.1-1] GeV2 [1-6] GeV2

〈P1〉
Belle 0.112± 0.179± 0.001 −0.063± 0.113± 0.003

LHCb −0.034± 0.179 −0.061± 0.111

〈P2〉
Belle 0.008± 0.009± 0.0 0.0105± 0.050± 0.024

LHCb 0.078± 0.009 0.002± 0.050

〈P3〉
Belle 0± 0.001± 0.0 0.001± 0.005± 0.002

LHCb 0.261± 0.050 0.240± 0.030

〈P ′4〉
Belle −0.586± 0.076± 0.046 0.529± 0.155± 0.017

LHCb −0.616± 0.075 0.526± 0.155

〈P ′5〉
Belle 0.300± 0.040± 0.030 −0.263± 0.075± 0.098

LHCb 0.331± 0.039 −0.228± 0.075

〈P ′6〉
Belle −0.088± 0.006± 0.001 −0.076± 0.009± 0.002

LHCb −0.109± 0.008 −0.099± 0.010

〈P ′8〉
Belle 0.014± 0.005± 0.002 0.020± 0.003± 0.017

LHCb −0.145± 0.024 0.124± 0.014

〈Rρ〉
Belle 0.939± 0.167± 0.002 0.998± 0.362± 0.0

LHCb 0.954± 0.192 1.033± 0.289

〈BR〉 × 109
Belle 3.653± 0.529± 0.077 7.626± 1.504± 0.365

LHCb 1.977± 0.273 3.943± 0.756

〈AFB〉
Belle −0.041± 0.005± 0.001 −0.003± 0.016± 0.006

LHCb −0.041± 0.001 −0.011± 0.002

〈FL〉
Belle 0.431± 0.069± 0.014 0.832± 0.038± 0.006

LHCb 0.437± 0.068 0.832± 0.037

Table 3.10: Binned values of observables for the process B̄ → ρµ+µ− using tagged

events to be measured at Belle and LHCb. The mean values include non-factorizable

corrections. The first uncertainty is due to form factors and second uncertainty is due

to soft gluon emission with up quark in the loop.
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Observable Experiment
B → ρµ+µ−

[0.1-1] GeV2 [1-6] GeV2

〈P1〉
Belle 0.011± 0.181± 0.001 −0.059± 0.110± 0.003

LHCb 0.050± 0.181 −0.044± 0.110

〈P2〉
Belle 0.083± 0.010± 0.001 0.073± 0.053± 0.023

LHCb 0.083± 0.010 0.074± 0.053

〈P3〉
Belle 0± 0.005± 0.0 0.001± 0.005± 0.002

LHCb −0.228± 0.044 −0.229± 0.028

〈P ′4〉
Belle −0.618± 0.076± 0.047 0.467± 0.161± 0.029

LHCb −0.591± 0.077 0.470± 0.161

〈P ′5〉
Belle 0.332± 0.043± 0.027 −0.211± 0.084± 0.085

LHCb 0.368± 0.043 −0.178± 0.084

〈P ′6〉
Belle −0.050± 0.004± 0.001 −0.064± 0.004± 0.002

LHCb −0.030± 0.003 −0.042± 0.003

〈P ′8〉
Belle 0.013± 0.002± 0.016 0.012± 0.001± 0.018

LHCb −0.133± 0.021 0.113± 0.013

〈Rρ〉
Belle 0.938± 0.203± 0.001 0.997± 0.278± 0.0

LHCb 0.955± 0.194 1.036± 0.289

〈BR〉 × 109
Belle 4.078± 0.585± 0.080 7.908± 1.549± 0.366

LHCb 2.165± 0.302 4.064± 0.778

〈AFB〉
Belle −0.045± 0.005± 0.001 −0.023± 0.018± 0.007

LHCb −0.046± 0.005 −0.024± 0.018

〈FL〉
Belle 0.414± 0.067± 0.014 0.822± 0.039± 0.007

LHCb 0.409± 0.067 0.822± 0.039

Table 3.11: Binned values of observables for the process B → ρµ+µ− using tagged

events to be measured at Belle and LHCb. The mean values include non-factorizable

corrections. The first uncertainty is due to form factors and second uncertainty is due

to soft gluon emission with up quark in the loop.
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Observables
B → ρµ+µ−(LHCb)

[0.1-1] GeV2 [1-6] GeV2

〈P1〉 0.011± 0.180± 0.001 −0.061± 0.111± 0.003

〈P2〉 0.008± 0.001± 0.0 0.033± 0.003± 0.001

〈P3〉 0± 0.002± 0.0 0± 0.001± 0.0

〈P ′4〉 −0.603± 0.076± 0.008 0.497± 0.158± 0.015

〈P ′5〉 0.032± 0.004± 0.001 0.022± 0.006± 0.002

〈P ′6〉 −0.068± 0.005± 0.001 −0.070± 0.006± 0.002

〈P ′8〉 0± 0.001± 0.005 −0.003± 0.002± 0.006

〈Rρ〉 0.954± 0.193± 0.002 1.035± 0.289± 0.0

〈BR〉 × 109 4.142± 0.575± 0.138 8.007± 1.533± 0.731

〈AFB〉 −0.046± 0.005± 0.0 −0.024± 0.018± 0.001

〈FL〉 0.422± 0.068± 0.032 0.827± 0.0388± 0.016

Table 3.12: Binned values for observables for the processB → ρµ+µ− using untagged

events to be measured at LHCb. The results include non-factorizable corrections. The

first uncertainty is due to form factors and second uncertainty is due to soft gluon

emission with up quark in the loop.

Observables
Belle LHCb

B → ρµ+µ− B̄ → ρµ+µ− B → ρµ+µ− B̄ → ρµ+µ−

P2 4.101± 0.441 3.593± 0.304 4.111± 0.443 3.604± 0.399

P ′4 1.869± 0.304 1.727± 0.282 1.851± 0.307 1.746± 0.279

P ′5 2.107± 0.344 1.842± 0.290 2.269± 0.353 1.860± 0.287

P ′8 - - 1.827± 0.023 1.706± 0.036

AFB 4.060± 0.462 3.560± 0.419 4.069± 0.462 3.571± 0.420

Table 3.13: Values of zeroes of angular observables for the process B → ρµ+µ−

and B̄ → ρµ+µ− The uncertainty is due to form factors. Mean values include the

contribution of non-factorizable corrections.
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observables [57]. In this work the detailed predictions of angular observables for

B̄0 → ρ̄0µ+µ− and B̄s → K∗µ+µ− modes in the SM have been provided. It

is found that the naive guess that branching ratio of B̄0 → ρ0µ+µ− should be

approximately half of the branching ratio of B̄s → K∗µ+µ− does not always work

because of additional effects due to B0 − B̄0 mixing. It may be worthwhile to

mention that the values of observables for B± → ρ±µ+µ− are also expected to be

same as that for Bs(B̄s)→ K̄∗(K∗)µ+µ− modulo strange quark mass and SU(3)

corrections. For the B̄s → K∗µ+ µ− mode, we have explicitly compared predic-

tions of angular observables using different form factors. The results, provided

in Table 3.3, clearly show a dependence on the form factors, even for the form

factor independent observables, though the deviations in these observables are

only marginal. Tables 3.4 and 3.5 contain the predicted values for BSZ2 form

factors after including various non-factorizable corrections. These turn out to be

important and should be included while comparing with data and to decipher

any possible new physics.

A potentially important missing piece is the inclusion of finite width effects,

especially relevant for B → ρ`` modes. Since, ρ0 → ππ width is large, it must

be taken into account. In [89], an attempt is made to include these effects as

a part of form factors. However, these effects are computed only for vector and

axial vector form factors while no calculation exists for tensor form factors. These

effects could be large and must be evaluated.
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Figure 3.1: The observables as functions of q2. The red (blue) solid curve shows the

mean value of observable for B̄(B)→ ρµ+µ−. The dashed curve show uncertainty in

the values due to errors in determination of form factors only. These plots are obtained

using BZ form factors. The mean values include the contribution of non-factorizable

corrections.
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Figure 3.2: The values of observables to be measured at LHCb as functions of q2.

The red (blue) curve shows the values for BB̄ → ρµ+µ−. The green curve shows the

values of observables defined for the untagged events. The plots are obtained using BZ

form factors. The mean values include the contribution of non-factorizable corrections.





Chapter 4

B→ K∗2`
+`− in Standard Model and

beyond

Recent experiments have shown consistent deviations from SM predictions in

the branching ratio of processes based on b → s transitions. Global fits to the

b → s`+`− data [24–27, 90–100] suggest that NP contributions to some Wilson

coefficients can alleviate some of these tensions. If the anomalies are indeed due

to NP, discrepancies will show up in other b→ s`+`− mediated transitions as well

such as B → K∗2(1430)`+`− which can provide complementary test of NP. While

the closely related radiative mode B → K∗2γ has already been observed in the

BaBar [101] and Belle [102] experiments, LHCb has done some studies around

the K∗2(1430) resonance [103]. The measured branching ratio for B → K∗2γ is

comparable to that of B → K∗γ. This implies that the mode B → K∗2`
+`− also

has sizeable branching ratio and has been confirmed by direct computations in

[104–107].

The short distance physics of B → K∗2`
+`− is contained in the perturba-

tively calculable Wilson coefficients. The long-distance physics of B → K∗2

hadronic matrix elements are parametrized in terms of the form factors and the

parametrization is similar to that of B → K∗ [107]. The form factors have been

calculated [108] in perturbative QCD approach using light-cone distribution am-

plitudes [109] and using light-cone sum rules in conjunction with the B meson

wave function [110]. Calculations in light-cone QCD sum rule approach is done

61
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in [112]. Using different form factors, phenomenological analysis of B → K∗2`
+`−

has been performed in [104, 107, 113–117]. In most of these works, the focus is

on simple observables like decay rate, forward-backward asymmetry of dilepton

system, and the polarization fractions of K∗2 . In [104], the four-fold angular

distribution of decay products of K∗2 has been analysed in the SM. In [115], the

decay B → K∗2(→ Kπ)`+`− is studied in SM as well as in non-universal Z ′ and

vector-like quark models. However, branching fraction of the decay K∗2 → Kπ

was ignored in their analysis.

In this chapter, we have studied the full four-fold angular distribution of

B → K∗2(→ Kπ)`+`− decay in the limit of low dilepton invariant mass squared

(q2) or large recoil of the K∗2 meson. In this region, the heavy quark (mb → ∞)

and large recoil (EK∗2 →∞) imply relations between B → K∗2 form factors which

reduces the number of independent form factors from seven to two. This helps

us construct “clean” observables where the form factor dependence cancels at the

leading order in ΛQCD/mb and αs. Due to this cancellation, these observables

are excellent probes of NP. We have presented the determinations of the clean

observables in the SM and studied the implications of global fits to the present

b→ s`+`− data.

4.1 Theoretical Framework

The low energy effective Hamiltonian for rare |∆B| = |∆S| = 1 transition is

given by,

Heff = −4GF√
2
VtbV

∗
ts

αe
4π

∑
i=7,9,10

[
Ci(µ)Oi(µ) + C ′i(µ)O′i(µ)

]
, (4.1)

The b-quark mass multiplying the dipole operator O(′)
7 is assumed to be the

running quark mass in the modified minimal-subtraction (MS) mass scheme. The

contributions of the factorizable quark-loop corrections to current-current and

penguin operators are absorbed in the effective Wilson coefficients. We have

ignored the non-factorizable corrections to the Hamiltonian which are expected

to be significant at large recoil [56, 57]. The primed Wilson coefficients are zero
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in the SM but may be significant in NP models. Moreover, NP contributions to

O7 have not been considered as they are well constrained [118].

We work in the rest frame of B meson and denote the four-momenta of the

B-meson, the K∗2 , and the positively and negatively charged leptons by p, k, p`+ ,

and p`− respectively. A Tensor meson of spin-2 polarization tensor εµν(n), where

the helicities are n = t, 0,±1,±2, satisfies the relation εµνkν = 0. For the K∗2 with

four momentum (k0, 0, 0, ~k), the polarization tensor εµν(h) can be constructed in

terms of polarization vectors of spin-1 state i.e. [119]

εµ(0) =
1

mK∗2

(|~k|, 0, 0, k0) , εµ(±) =
1√
2

(0,∓1,−i, 0) , (4.2)

in the following way

εµν(±2) = εµ(±1)εν(±1) , (4.3)

εµν(±1) =
1√
2

[
εν(±)εν(0) + εν(±)εµ(0)

]
, (4.4)

εµν(0) =
1√
6

[
εµ(+)εν(−) + εν(+)εµ(−)

]
+

√
2

3
εµ(0)εν(0) . (4.5)

As the K∗2 meson is partnered with two spin-half leptons in the final state, it can

only have helicities n = t, 0,±1. It is therefore convenient to introduce a new

polarization vector [108]

εTµ(h) =
εµνp

ν

mB

(4.6)

where p is the four momentum of B meson. The explicit expressions of polariza-

tion vectors are

εTµ(±1) =
1

mB

1√
2
ε(0).p εµ(±) =

√
λ√

8mBm∗K2

εµ(±) , (4.7)

εTµ(0) =
1

mB

√
2

3
ε(0).p εµ(0) =

√
λ√

6mBm∗K2

εµ(0) , (4.8)

where λ = m4
B +m4

K∗2
+ q4 − 2(m2

Bm
2
K∗2

+m2
Bq

2 +m2
K∗2
q2). The hadronic matrix

elements for B → K∗2 can be written in terms of εTµ as [108]

〈K∗2(k, n)|s̄γµb|B(p)〉 = − 2V (q2)

mB +mK∗2

εµνρσε∗Tνpρkσ,

〈K∗2(k, n)|s̄γµγ5b|B(p)〉 = 2imK∗2
A0(q2)

ε∗T · q
q2

qµ
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+i(mB +mK∗2
)A1(q2)

[
ε∗Tµ −

ε∗T · q
q2

qµ
]

(4.9)

−iA2(q2)
ε∗T · q

mB +mK∗2

[
P µ −

m2
B −m2

K∗2

q2
qµ

]
,

〈K∗2(k, n)|s̄qνσµνb|B(p)〉 = −2iT1(q2)εµνρσε∗TνpBρpKσ,

〈K∗2(k, n)|s̄qνσµνγ5b|B(p)〉 = T2(q2)
[
(m2

B −m2
K∗2

)ε∗Tµ − ε∗T · qP µ
]

+T3(q2)ε∗T · q

[
qµ − q2(p+ k)µ

m2
B −m2

K∗2

]
,

where q = p`+ + p`− = p− k is the momentum transferred.

4.2 Transversity amplitudes

Using the operators defined in Eq. (4.1), the amplitude of B → K∗2`
+`− for a

given helicity of the K∗2 can be written as

A(n) = −GF√
2
VtbV

∗
ts

αe
π

([
(C9 − C10)〈K∗2(k, n)|s̄γµPLb|B(p)〉

−i2C7mb

q2
〈K∗2(k, n)|s̄σµνqνPRb|B(p)〉 + (C ′9 − C ′10)〈K∗2(k, n)|s̄γµPRb|B(p)〉

]

¯̀γµPL`+

[
C10 → −C10, C

′
10 → −C ′10

]
¯̀γµPR`

)
. (4.10)

The differential distribution for the decay can be calculated using helicity am-

plitudes HL,R
± and HL,R

0 . These are defined as the projections of the hadronic

amplitudes on the polarization vectors of the gauge boson that creates the lep-

ton pair. The superscripts L,R denote to the chiralities of the leptonic cur-

rent. However, for comparison with the literature we introduce the so called

the transversity amplitudes which are linear combinations of helicity amplitudes

A‖L,R = (HL,R
+ +HL,R

− )/
√

2, A⊥L,R = (HL,R
+ −HL,R

− )/
√

2, and A0L,R = HL,R
0 . The

expressions of the transversity amplitudes for B → K∗2(→ Kπ)`+`− read [115]

A0L,R = N

√
λ√

6mBmK∗2

1

2mK∗2

√
q2[

(C9− ∓ C10−)

[
(m2

B −m2
K∗2
− q2)(mB +mK∗2

)A1 −
λ

mB +mK∗2

A2

]



4.3. Heavy to light form factors at large recoil 65

+2mbC7[(m2
B + 3m2

K∗2
− q2)T2 −

λ

m2
B −m2

K∗2

T3]

]
, (4.11)

A⊥L,R = −
√

2

√
λ√

8mBmK∗2

N

[
(C9+ ∓ C10+)

√
λV

mB +mK∗2

+
2mbC7

q2

√
λT1

]
, (4.12)

A||L,R =
√

2

√
λ√

8mBmK∗2

N
[
(C9− ∓ C10−)(mB +mK∗2

)A1

+
2mbC7

q2
(m2

B −m2
K∗2

)T2

]
, (4.13)

At = 2

√
λ√

6mBmK∗2

N [C10−]A0 , (4.14)

where the normalization constant is given by

N =

[
G2
Fα

2
e

3 · 210π5m3
B

|VtbV ∗ts|2λ1/2(m2
B,m

2
K∗2
, q2)B(K∗2 → Kπ)β`

] 1
2

. (4.15)

and β` =

√
1− 4m2

`

q2
. Here we have defined

C9± = C9 ± C ′9 , C10± = C10 ± C ′10 . (4.16)

4.3 Heavy to light form factors at large recoil

The non-perturbative hadronic matrix elements for B → K∗2 are parametrized in

terms of form factors mentioned in Eq. (4.9). They are the source of dominant

uncertainty in the theoretical predictions. As the lattice calculations of the form

factors are unavailable at present, the uncertainty can be reduced by making

use of the relations between the form factors that originate in the limit of heavy

quark mb → ∞ of the initial meson and large energy EK∗2 of the final meson

[120, 121]. In these limits, the heavy to light form factors can be expanded in

terms of the ratios ΛQCD/mb and ΛQCD/EK∗2 which are small numerically. To

leading order in ΛQCD/mb and αs, the large energy symmetry dictates that there

are only two independent universal soft form factors ( ξ‖(q2) and ξ⊥(q2) [121]) in
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terms of which the rest of the form factors can be written as [107]

A0(q2) =
mK∗2

|pK∗2 |

[(
1−

m2
K∗2

mB

)
ξ‖(q

2) +
mK∗2

mB

ξ⊥(q2)

]
,

A1(q2) =
mK∗2

|pK∗2 |
2EK∗2

mB +mK∗2

ξ⊥(q2) ,

A2(q2) =
mK∗2

|pK∗2 |

(
1 +

mK∗2

mB

)[
ξ⊥(q2)−

mK∗2

E
ξ‖

]
,

V (q2) =
mK∗2

|pK∗2 |

(
1 +

mK∗2

mB

)
ξ⊥ ,

T1(q2) =
mK∗2

|pK∗2 |
ξ⊥(q2) ,

T2(q2) =
mK∗2

|pK∗2 |

(
1− q2

m2
B −m2

K∗2

)
ξ⊥(q2) ,

T3(q2) =
mK∗2

|pK∗2 |

[
ξ⊥ −

(
1−

m2
K∗2

m2
B

)mK∗2

E
ξ‖(q

2)
]
.

(4.17)

Here recoil energy EK∗2 is given by the expression

EK∗2 =
mB

2

(
1− q2

m2
B

+
m2
K∗2

m2
B

)
. (4.18)

The q2 dependence of the soft form factors ξ⊥(q2) and ξ‖(q2) is given by [107, 121]

ξ‖,⊥(q2) =
ξ‖,⊥(0)

(1− q2/m2
B)2

. (4.19)

The numerical values of the soft form factors at the zero recoil q2 = 0 have

been estimated using Bauer-Stech-Wirbel (BSW) model [122] in Ref. [107]. In

Ref. [106] they are also extracted from experimental data on B → K∗γ from

BaBar [101] and Belle [102]. For our numerical analysis we have used the values

ξ⊥(0) = 0.29 ± 0.09 and ξ‖(0) = 0.26 ± 0.10 which were obtained in Ref. [108]

in perturbative QCD approach utilizing the non-trivial relations realized in the

large energy limit. These estimates are consistent with the ones obtained in

Refs. [107] and [106] but have large errors. Not to be too conservative in our

theory estimates, we choose to use values given above.

Substituting (4.17) in (4.11), we obtain at leading order in ΛQCD/mb and αs

the simple expressions of the transversity amplitudes in terms of soft form factors

ξ‖ and ξ⊥ as

A0L(R) =

√
2

3

N√
q2
m2
B

(
1− q2

m2
B

)(
(C9− ∓ C10+) + 2C7

mb

mB

)
ξ‖(q

2) , (4.20)
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A⊥L(R) = −NmB

(
1− q2

m2
B

)(
(C9+ ∓ C10+) + 2C7

mbmB

q2

)
ξ⊥(q2) , (4.21)

A‖L(R) = NmB

(
1− q2

m2
B

)(
(C9− ∓ C10−) + 2C7

mbmB

q2

)
ξ⊥(q2) , (4.22)

At = 2

√
λ√

6mBmK∗2

N
2mK∗2

mB√
λ

(
(1−

m2
K∗2

mBEK∗2
)ξ‖ +

mK∗2

mB

ξ⊥

)
C10− .(4.23)

One must note that the relations (4.17) are derived in the QCD factoriza-

tion (QCDF) and soft-collinear-effective theory (SCET) approach wherein the

factorization formula for the heavy to light B → K∗2 form factors is

Fi(q
2) = (1 +O(αs))ξ + ΦB ⊕ Ti ⊕ ΦK∗2

+O(ΛQCD/mb) . (4.24)

In the expression above, Ti are the perturbatively calculable hard scattering ker-

nels and ΦB,K∗ are the hadron distribution amplitudes which are non perturbative

elements. At present, there are no means to calculate the ΛQCD/mb corrections

and therefore the cancellations of soft form factors in the clean observables are

valid only at leading order in ΛQCD/mb. The higher order terms that are ne-

glected contribute to the uncertainty of our theoretical predictions. We use the

ensemble method following Ref. [79] to account for ΛQCD/mb uncertainties in our

analysis. This is done by multiplying the transversity amplitudes by correction

factors

A0,‖,⊥ → A0,‖,⊥(1 + c0,‖,⊥) , (4.25)

where c0,‖,⊥ are the correction factors defined as c0,‖,⊥ = |c0,‖,⊥|eiθ0,‖,⊥ . We ran-

domly vary |c0,‖,⊥| and θ0,‖,⊥ using uniform distribution in the ranges [−0.1, 0.1]

and [−π, π] respectively. Other sources of uncertainties are the due to the varia-

tion of scale µ between mb/2 and 2mb as well as the ratio mc/mb. Some of the

inputs and their uncertainties have been listed in Table 4.2.

4.4 Angular distributions and observables

It is assumed that the K∗2 is on the mass shell so that the B → K∗2(→ Kπ)`+`−

decay can be completely described in terms of only four kinematical variables: q2

and three angles ( θ`, θK and φ). The lepton angle θ` is defined as the angle made
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by the negatively charged lepton `− with respect to the direction of the motion

of the B meson in the di-lepton rest frame. The angle θK is defined as the angle

made by the K− with respect to the opposite of the direction of the B meson

in the Kπ rest frame. The angle between the decay planes of the two leptons

and the Kπ is denoted by φ. In terms of these variables, the four-fold differential

distributions is [115],

d4Γ

dq2d cos θ`d cos θKdφ
=

15

128π

[
Is13 sin2 2θK + Ic1(3 cos2 θK − 1)2 + Is23 sin2 2θK cos 2θl

+ Ic2(3 cos2 θK − 1)2 cos 2θl + I33 sin2 2θK sin2 θl cos 2φ

+ I42
√

3(3 cos2 θK − 1) sin 2θK sin 2θl cosφ

+ I52
√

3(3 cos2 θK − 1) sin 2θK sin θl cosφ+ I63 sin2 2θK cos θl

+ I72
√

3(3 cos2 θK − 1) sin 2θK sin θl sinφ

+ I82
√

3(3 cos2 θK − 1) sin 2θK sin 2θl sinφ

+ I93 sin2 2θK sin2 θl sin 2φ

]
. (4.26)

The distribution is similar to the B → K∗`+`− angular distribution [74, 123]

which can be attributed to the fact that B → K∗2`
+`− decay involves a K∗2 meson

with polarization t, 0,±1 only, as discussed in Section 4.1. The differences be-

tween the two distributions are due to the different spherical harmonics required

to describe the strong decays of K∗ and K∗2 .

The angular coefficients Ii(q2) can be written in terms of the transversity

amplitudes and are given in Appendix C. The decay rate for the CP-conjugate

process is obtained by the replacements I1,2,3,4,7 → Ī1,2,3,4,7 and I5,6,8,9 → −Ī5,6,8,9,

where Ī are equal to I with all the weak phase conjugated. In this chapter we

will consider only CP-averaged observables, so that I means I+ Ī and total decay

width Γ stands for Γ + Γ̄. At leading order in ΛQCD/mb and αs, the short- and

long-distance physics factorize as

Ic1 =
2

3

N2

q2
m4
B

(
1− q2

m2
B

)2 [
|σ−|2 + |σ+|2

+
8m2

`

q2

Re(σ−σ
∗
+) + 2|C10−|2

(
1−

2m2
K∗2

m2
B − q2

+
mK∗2

mB

ξ⊥
ξ‖

)2
]ξ2

‖ ,
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Is1 =
3

4
N2m2

B

(
1− q2

m2
B

)2 [(
1− 4m2

`

3q2

){
(|ρL−|2 + |ρL+|2) + (L↔ R)

}
+
m2
`

3q2
Re(ρL−ρ

R∗
− + ρL+ρ

R∗
+ )
]
ξ2
⊥,

Ic2 = −2

3

N2

q2
m4
B β

2
`

(
1− q2

m2
B

)2

(|σ−|2 + |σ+|2) ξ2
‖ ,

Is2 =
1

4
N2m2

B β
2
`

(
1− q2

m2
B

)2 {
(|ρL−|2 + |ρL+|2) + (L↔ R)

}
ξ2
⊥ ,

I3 =
1

2
N2m2

B β
2
`

(
1− q2

m2
B

)2 {
(|ρL+|2 − |ρL−|2) + (L↔ R)

}
ξ2
⊥ ,

I4 =
1√
3

N2√
q2
m3
B β

2
`

(
1− q2

m2
B

)2

Re[σ−ρ
L∗
− + σ+ρ

R∗
− ]ξ⊥ξ‖ , (4.27)

I5 = − 2√
3

N2√
q2
m3
B β`

(
1− q2

m2
B

)2

Re[σ−ρ
L∗
+ − σ+ρ

R∗
+ ] ξ⊥ξ‖ ,

I6 = −2N2m2
B β`

(
1− q2

m2
B

)2

Re[(ρL−ρ
L∗
+ )− (L↔ R)] ξ2

⊥ ,

I7 =
2√
3

N2√
q2
m3
B β`

(
1− q2

m2
B

)2

Im[σ−ρ
L∗
− − σ+ρ

R∗
− ] ξ⊥ξ‖ ,

I8 = − 1√
3

N2√
q2
m3
B β

2
`

(
1− q2

m2
B

)2

Im[σ−ρ
L∗
+ + σ+ρ

R∗
+ ] ξ⊥ξ‖ ,

I9 = −N2m2
B β

2
`

(
1− q2

m2
B

)2

Im[(ρL−ρ
L∗
+ ) + (L↔ R)] ξ2

⊥ .

Here we have introduced the following combinations of short-distance Wilson

coefficients

ρL∓(q2) = C9∓ − C10∓ +
2mbmB

q2
C7, (4.28)

ρR∓(q2) = C9∓ + C10∓ +
2mbmB

q2
C7, (4.29)

σ∓(q2) = C9− ∓ C10+ +
2mb

mB

C7. (4.30)

One must note that in Eq. (4.27), the q2-dependence of form factors ξ⊥,‖(q2) and

the Wilson coefficients ρL,R∓ (q2) is not displayed for brevity. In the SM basis, one

has ρL− = ρL+ and ρR− = ρR+.

From the angular distribution (4.26) one can construct observables such as

the forward-backward asymmetry AFB, the longitudinal polarization fraction FL,

and the differential decay width dΓ/dq2 as functions of q2. This can be done
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by weighted angular integrals of the four fold differential distribution given in

Eq. (4.26) as following

Oi(q2) =

∫
d cos θ` d cos θK dφ Wi(θ`, θK , φ)

d4Γ

dq2d cos θ`d cos θKdφ
, (4.31)

from which various angular observables can be extracted by the suitable choices

for weight function Wi(θ`, θK , φ). The full differential decay width dΓ/dq2 is

simply obtained by choosing WΓ = 1 and given as

dΓ

dq2
=

1

4
(3Ic1 + 6Is1 − Ic2 − 2Is2) . (4.32)

The observable AFB (normalized by differential decay width) is obtained using

WAFB
= sgn[cos θ`]/(dΓ/dq2) which gives,

AFB(q2) =
3I6

3Ic1 + 6Is1 − Ic2 − 2Is2
. (4.33)

The longitudinal polarization fraction FL (normalized by differential decay width)

is extracted with WFL = (3/2)(−3 + 7 cos2 θK)/(dΓ/dq2) and gives,

FL(q2) =
3Ic1 − Ic2

3Ic1 + 6Is1 − Ic2 − 2Is2
. (4.34)

The transverse polarization fraction is FT = 1− FL by definition.

In Table 4.1 we present our q2-bin averaged estimates of the observables men-

tioned above for B → K∗2µ
+µ− in different bins in the SM. The uncertainties

come from ΛQCD/mb corrections, variation of renormalization scale µ, form fac-

tors and other numerical inputs. In Figure 4.1, the dependence of these three

observables on dilepton invariant mass q2 is shown. One can see that the branch-

ing ratio for the mode B → K∗2µ
+µ− is only one order of magnitude smaller than

the one for B → K∗µ+µ−. Therefore, B → K∗2µ
+µ− can be a viable search at

LHCb in future. However, due to large uncertainties branching ratio, AFB and

FL are not suitable for searches of new physics.

The study of the four-fold angular distribution allows you to construct numer-

ous observables that can be measured by the LHCb. Due to factorization of long
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q2 (GeV2) 107 × 〈BR(B → K∗2µµ)〉 〈FL〉 〈AFB〉

[0.1− 1.0] 0.204± 0.093 0.350± 0.199 0.092± 0.028

[1.0− 2.0] 0.104± 0.056 0.691± 0.205 0.193± 0.127

[2.0− 4.0] 0.197± 0.113 0.764± 0.188 0.066± 0.056

[4.0− 6.0] 0.233± 0.124 0.684± 0.207 −0.135± 0.089

[1.0− 6.0] 0.534± 0.292 0.714± 0.201 0.001± 0.018

Table 4.1: Our predictions for BR(B → K∗2µ
+µ−), FL, and AFB in the SM.

and short-distance physics at large recoil Eq. (4.27), one can construct observ-

ables in terms of ratios where the form factors cancel. This makes them highly

sensitive to NP. For the decay B → K∗(→ Kπ)µ+µ−, such observables have been

constructed (see, for example, [81] and references therein). from B → K∗`+`−

[75, 78, 81], we consider following set of observables,

〈P1〉 =
1

2

∫
bin

dq2I3∫
bin

dq2Is2

, 〈P4〉 =

∫
bin

dq2I4√
−
∫

bin

dq2Ic2

∫
bin

dq2Is2

, (4.35)

〈P2〉 =
1

8

∫
bin

dq2I6∫
bin

dq2Is2

, 〈P5〉 =

∫
bin

dq2I5

2

√
−
∫

bin

dq2Ic2

∫
bin

dq2Is2

, (4.36)

〈P3〉 = −1

4

∫
bin

dq2I9∫
bin

dq2Is2

, 〈P6〉 =

∫
bin

dq2I7

2

√
−
∫

bin

dq2Ic2

∫
bin

dq2Is2

. (4.37)

where the soft form factor cancel at leading order in αs and ΛQCD/mb making

them suitable probe for new physics. The subleading corrections to them will be

estimated following the discussions in section 4.3.

In the recent measurements of B → K(K∗)`+`− from LHCb [11, 19], the

branching ratios of di-muon over di-electrons known as RK,K∗ shows significant

deviation from their SM predictions RK,K∗ ∼ 1 [18]. This hints towards violation

of lepton flavor universality. Observation of the same pattern of deviation in the

K and K∗ mode is quite intriguing and has attracted a lot of attention recently.
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A model independent analysis can be found in Ref. [124]. If NP is to account for

these, such deviations should be seen in B → K∗2`
+`− as well and needs to be

studied. We define similar ratio for B → K∗2`
+`−,

RK∗2
=
B(B → K∗2µµ)

B(B → K∗2ee)
. (4.38)

Having discussed all the observables, we now proceed with the numerical analysis

of these observables in the SM and NP scenarios in the next section.

4.5 Numerical Analysis

In light of the recent flavor anomalies, several studies of global fits of Wilson

coefficients to b → s`+`− data have been performed to understand the pattern

of NP [24, 26, 27, 90–94]. These fits indicate that a negative contribution to the

Wilson coefficient Cµ9 can alleviate the tension. There are other scenarios as well

which lead to similar fits. Following Ref. [100] we consider three of them (called

S1, S2, S3) having largest pull
(√

∆χ2
)

,

1. S1 (NP in C9 only): Cµ,NP
9 = −1.02 for which the pull is 5.8σ.

2. S2 (NP in C9 and C10): Cµ,NP
9 = −Cµ,NP

10 = −0.49 for which the pull is 5.4σ.

3. S3 (NP in C9 and C ′9): Cµ,NP
9 = −C ′ µ,NP

9 = −1.02 for which the pull is 5.7σ.

where the numerical values of the WCs are the best fit value.

The main numerical results for SM and the three NP scenarios for all the

angular observables considered in this work are collected in Section 4.6. The

binned predictions for clean observables are displayed in Figure 4.2. To make

binned average predictions of these observables, we have simultaneously varied

the form factors, ΛQCD/mb corrections, and other inputs within their 1σ range.

The resultant uncertainty on the observables corresponds to the union of uncer-

tainties from all sources. For the observables defined in terms of ratios, we have

performed the integration in numerator and denominator separately before tak-

ing ratio. Our analysis is restricted to low dilepton invariant mass region and we
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have considered q2 bins lying in range 0.1− 6.0 GeV2. This region is sufficiently

below the radiative tail of the charmonium resonances J/ψ, ψ′. Therefore, apart

from the perturbative cc̄ contributions to the Wilson coefficients, the contribu-

tions from the charmonium resonances are not taken into account.

The branching fraction for B → K∗2µ
+µ− in the SM is ∼ O(10−7) (see Ta-

ble 4.1). In all three NP scenarios, we have found consistently smaller central

values for branching fraction compared to the SM value. This is attributed to the

fact that the global analysis of b → s`+`− suggests destructive NP contribution

to Cµ9 . For AFB (FL) we find slightly larger (smaller) central value in NP cases

compared to the central SM value. However, as these observables (dΓ/dq2, FL
and AFB) at present have large theoretical errors, no striking deviation from the

SM value is found. On the other hand, prospects for testing NP hypothesis in

b→ s`+`− in some clean observables Pi(q2) are promising.

The clean observable P1, which depends on the angular coefficients I3 and I2,

is of special interest due to its remarkable sensitivity to right-handed currents.

The (V −A) structure of the SM interactions implies that the H± helicities of the

B → K∗2`
+`− are suppressed leading to |A‖| ' |A⊥|. Therefore, P1 is predicted to

be zero in the SM. Similar characteristic is also shared by its B → K∗ counterpart

[26]. As shown in Figure 4.2, P1 is consistent with zero in the SM and in two

scenarios S1 and S2 (which assume NP in the left-handed currents only), while

large deviation is found in S3 (which has nonzero C ′9). The bands correspond

to various uncertainties in theory. Since form factors cancel in the ratio, uncer-

tainties are dominated by ΛQCD/mb corrections which are modelled by Eq. (4.25).

The observable P2 is similar to forward-backward asymmetry AFB but is much

cleaner. We noted that the uncertainty is largely dominated by parametric errors

including the scale µ. Similar to AFB, P2 has significantly larger values in all three

NP scenarios. The zero-crossing of P2 are same as of AFB since their numerators



74 Chapter 4. B→ K∗2`
+`− in Standard Model and beyond

are same. They lie in the [2,4] GeV2 and at the leading order is given by

q2
0(P2) ' − 2 C7

C9 − (C ′10/C10) C ′9
mbmB. (4.39)

In order to obtain the above relation, we have used transversity amplitudes given

in Eqs. (4.20)-(4.23) and assumed the WCs to be real. The expression is identical

to the corresponding observable for B → K∗ case. Note that the zero crossing

q2
0(P2) depends on C`(′)9 and C`(′)10 while it has no dependence on the mass of lepton

in final state. Consequently, in the SM it has the same value for all three decay

modes B → K∗2`
+`− (` = e, µ, τ). Therefore the zero crossing q2

0(P2) is a good

test of lepton flavor universality (LFU) violating NP.

For P ′4 and P ′5, the largest deviations from the SM prediction are seen in S3,

thereby showing sensitivity to NP contribution to right-handed currents. On the

other hand, P3 and P ′6 depend on I9(q2) and I7(q2) respectively. These two ob-

servables depend on imaginary part of ρL,R∓ (q2) and σ∓(q2). The imaginary part

of Ceff
9,7 in SM is very tiny, and therefore the SM predictions for P3 and P ′6 are

highly suppressed. Since we consider only real WC from NP, these observables

remain suppressed in all scenarios we have considered. Any deviation in these

observables, if seen in experiments, will be a sign of CP-violating NP. Further-

more, the dominant uncertainty in P3 comes from ΛQCD/mb. The errors in P ′4,5,6
are dominated by ΛQCD/mb corrections we well as parametric uncertainties.

Finally, in Figure 4.3 we present our determinations of the ratio RK∗2
. Similar

observables for B → K(∗)`+`− are predicted to be∼ 1 in the SM [18]. These ratios

are exceptionally clean observables and the theoretical errors are at ∼ 1% level

only. This makes them an ideal candidate to probe NP. As mentioned earlier, the

experimental determination of RK and RK∗ are lower than the SM value, which

could be interpreted as sign of NP. The measurement of RK∗2
can corroborate

the deviations seen in RK and R∗K . In all three NP scenarios, RK∗2
is suppressed

compared to the SM value. For S2, the deviations are largest while for S3 the

suppression is relatively smaller as this scenario has a mixture of left-handed and

right-handed currents. The bin averaged predictions for RK∗2
in the SM and NP
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cases are given in Section 4.6.

Parameter Value Source

mB 5.279 GeV [7]

mK∗2
1432.4± 1.3 MeV [7]

mMS
b 4.20 GeV [111]

mpole
b 4.7417 GeV [111]

mpole
c 1.5953 GeV [111]

|V ∗tsVtb| 0.04088± 0.00055 [125]

αs(µ = 4.2 GeV) 0.2233 [111]

αe(µ = 4.2 GeV) 1/133.28 [111]

Br(K∗2 → Kπ) (49.9± 1.2)% [7]

Table 4.2: The numerical inputs used in our analysis. The values of αs, αe, and mMS
b

at low scale µ = 2.1 GeV and high scale µ = 8.4 GeV are also used from Ref. [111].

µ = 2.1 GeV µ = 4.2 GeV µ = 8.4 GeV

C1 −0.4965 −0.2877 −0.1488

C2 1.0246 1.0101 1.0036

C3 −0.0143 −0.0060 −0.0027

C4 −0.1500 −0.0860 −0.0543

C5 0.0010 0.0004 0.0002

C6 0.0032 0.0011 0.0004

C7 −0.3782 −0.3361 −0.3036

C8 −0.2133 −0.1821 −0.1629

C9 4.5692 4.2745 3.8698

C10 −4.1602 −4.1602 −4.1602

Table 4.3: Values of SM Wilson coefficients taken from Ref. [111]
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4.6 Results

4.6.1 Prediction of observables in the SM

Bin P1 P2 P3

[0.1, 1] −0.001± 0.058 0.125± 0.004 0.0± 0.029

[1, 2] −0.001± 0.058 0.431± 0.010 0.0± 0.029

[2, 4] −0.001± 0.058 0.186± 0.041 0.0± 0.029

[4, 6] −0.001± 0.058 −0.284± 0.028 0.0± 0.029

[1, 6] −0.001± 0.058 0.001± 0.035 0.0± 0.029

Bin P ′4 P ′5 P ′6

[0.1, 1] −0.530± 0.016 0.615± 0.020 0.036± 0.039

[1, 2] −0.178± 0.021 0.235± 0.0.031 0.044± 0.021

[2, 4] 0.533± 0.037 −0.493± 0.048 0.039± 0.033

[4, 6] 0.886± 0.028 −0.869± 0.033 0.023± 0.053

[1, 6] 0.551± 0.033 −0.519± 0.041 0.033± 0.034

Bin BR (10−7) AFB FL

[0.1, 1] 0.204± 0.093 0.092± 0.028 0.350± 0.199

[1, 2] 0.104± 0.056 0.193± 0.127 0.691± 0.205

[2, 4] 0.197± 0.113 0.066± 0.056 0.764± 0.188

[4, 6] 0.233± 0.124 −0.135± 0.089 0.684± 0.207

[1, 6] 0.534± 0.292 0.001± 0.018 0.714± 0.201

4.6.2 Prediction of observables in the NP scenario S1

Bin P1 P2 P3

[0.1, 1] −0.001± 0.058 0.123± 0.004 0.0± 0.029

[1, 2] −0.001± 0.058 0.409± 0.011 0.0± 0.029

[2, 4] −0.001± 0.058 0.355± 0.026 0.0± 0.029

[4, 6] −0.001± 0.058 −0.069± 0.036 0.0± 0.029
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[1, 6] −0.001± 0.058 0.181± 0.029 0.0± 0.029

Bin P ′4 P ′5 P ′6

[0.1, 1] −0.421± 0.012 0.731± 0.023 0.039± 0.046

[1, 2] −0.101± 0.014 0.434± 0.028 0.045± 0.031

[2, 4] 0.478± 0.031 −0.165± 0.048 0.041± 0.018

[4, 6] 0.843± 0.028 −0.628± 0.041 0.027± 0.039

[1, 6] 0.509± 0.029 −0.236± 0.045 0.036± 0.020

Bin BR (10−7) AFB FL

[0.1, 1] 0.197± 0.092 0.099± 0.026 0.298± 0.186

[1, 2] 0.094± 0.046 0.230± 0.127 0.610± 0.216

[2, 4] 0.167± 0.091 0.156± 0.109 0.706± 0.202

[4, 6] 0.191± 0.099 −0.035± 0.031 0.657± 0.211

[1, 6] 0.452± 0.235 0.091± 0.059 0.665± 0.210

4.6.3 Prediction of observables in the NP scenario S2

Bin P1 P2 P3

[0.1, 1] −0.001± 0.058 0.110± 0.004 0.0± 0.029

[1, 2] −0.001± 0.058 0.394± 0.011 0.0± 0.029

[2, 4] −0.001± 0.058 0.300± 0.035 0.0± 0.029

[4, 6] −0.001± 0.058 −0.210± 0.036 0.0± 0.029

[1, 6] −0.001± 0.058 0.096± 0.035 0.0± 0.029

Bin P ′4 P ′5 P ′6

[0.1, 1] −0.544± 0.016 0.635± 0.020 0.035± 0.040

[1, 2] −0.258± 0.017 0.321± 0.028 0.043± 0.025

[2, 4] 0.410± 0.039 −0.359± 0.052 0.042± 0.027

[4, 6] 0.845± 0.030 −0.821± 0.037 0.027± 0.050

[1, 6] 0.449± 0.035 −0.408± 0.046 0.036± 0.028

Bin BR (10−7) AFB FL
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[0.1, 1] 0.191± 0.090 0.087± 0.023 0.299± 0.187

[1, 2] 0.088± 0.044 0.206± 0.121 0.637± 0.213

[2, 4] 0.155± 0.088 0.112± 0.088 0.749± 0.192

[4, 6] 0.179± 0.096 −0.098± 0.068 0.690± 0.206

[1, 6] 0.422± 0.227 0.043± 0.035 0.699± 0.204

4.6.4 Prediction of observables in the NP scenario S3

Bin P1 P2 P3

[0.1, 1] 0.056± 0.058 0.123± 0.004 0.001± 0.029

[1, 2] 0.194± 0.056 0.404± 0.011 0.005± 0.028

[2, 4] 0.164± 0.058 0.339± 0.025 0.007± 0.026

[4, 6] −0.033± 0.060 −0.065± 0.034 0.004± 0.026

[1, 6] 0.083± 0.059 0.174± 0.028 0.005± 0.026

Bin P ′4 P ′5 P ′6

[0.1, 1] −0.247± 0.008 0.876± 0.026 0.043± 0.052

[1, 2] 0.127± 0.016 0.694± 0.026 0.049± 0.034

[2, 4] 0.699± 0.035 0.207± 0.047 0.045± 0.020

[4, 6] 0.997± 0.030 −0.251± 0.045 0.030± 0.042

[1, 6] 0.704± 0.032 0.110± 0.046 0.039± 0.021

Bin BR (10−7) AFB FL

[0.1, 1] 0.187± 0.090 0.103± 0.025 0.262± 0.174

[1, 2] 0.083± 0.039 0.252± 0.127 0.566± 0.218

[2, 4] 0.145± 0.075 0.172± 0.108 0.661± 0.210

[4, 6] 0.168± 0.083 −0.038± 0.031 0.607± 0.217

[1, 6] 0.396± 0.196 0.099± 0.059 0.617± 0.215

4.6.5 Prediction of RK∗
2
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Bin SM S1 S2 S3

[0.1, 1] 0.984± 0.005 0.945± 0.056 0.920± 0.051 0.963± 0.050

[1, 2] 0.997± 0.003 0.922± 0.092 0.855± 0.057 0.954± 0.090

[2, 4] 0.996± 0.002 0.868± 0.067 0.790± 0.015 0.898± 0.065

[4, 6] 0.996± 0.002 0.823± 0.026 0.762± 0.007 0.845± 0.024

[1, 6] 0.996± 0.002 0.859± 0.052 0.790± 0.014 0.885± 0.050

4.7 Summary and Discussion

In this chapter, we have performed an angular analysis of exclusive semilep-

tonic decay B → K∗2(→ Kπ)µ+µ−. This decay is governed by the b → s`+`−

FCNC transition at the quark level. Recently, about 2 − 3 σ discrepancies in

b → s`+`− transitions have recently been observed in B → K(K∗)`+`− decays.

If these discrepancies are in fact due to NP, then similar anomalies are expected

in B → K∗2(→ Kπ)µ+µ− transitions as well.

The full angular distribution of B → K∗2(→ Kπ)µ+µ− in the transversity

basis, similar to B → K∗(→ Kπ)µ+µ−, offers a large number of observables. In

this study, we have worked in the limit of heavy quark mb →∞ and large energy

EK∗2 → ∞ where symmetry relations reduce the number of independent form

factors from seven to two( ξ⊥(q2) and ξ‖(q
2)). Using these symmetry relations,

we have provided expressions for transversity amplitudes and have constructed

new clean angular observables. The form factor dependence for these clean ob-

servables cancel at leading order in αs and ΛQCD/mb. The uncertainties due to

the sub-leading corrections have also been included.

We have presented determinations of B → K∗2(→ Kπ)µ+µ− decay rate,

forward-backward asymmetry, longitudinal polarization fractions, and clean ob-

servables in the SM and several NP cases . The NP scenarios are motivated by

the recent global fits to the b→ s`+`− data. We have also considered the LFU vi-

olation sensitive observable RK∗2
. The B → K∗2(→ Kπ)µ+µ− decay may provide
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new and complementary information to B → K∗(K)µ+µ− in searches of NP.
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Figure 4.1: For B → K∗2µ
+µ− in SM, the variation of dB/dq2, AFB, and FL with q2

is shown. The bands show estimates of uncertainties due to errors in various inputs

(discussed in the text).
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Figure 4.2: The clean observables P (′)
i (q2) (i = 1, 2, 3, 4, 5, 6) in different q2 bins in

the SM (grey shaded), S1 (blue), S2 (red), and S3 (yellow) are shown. The width of

boxes denote the bin size, and height gives estimate of uncertainties.
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Figure 4.3: Binned predictions for RK∗2
in the SM (grey) and NP scenarios S1 (blue),

S2 (red), and S3 (yellow).





Chapter 5

Four-lepton decay of charged B meson

Purely leptonic two body decays of B-mesons (for example B+ → `+ν` and

Bs,d → `+`−) occupy a very special place in the quest of probing physics beyond

the standard model. This is due to the fact that these decays depend very mini-

mally on the hadronic inputs. Unlike the semi-leptonic and non-leptonic decays

which require a detailed knowledge of form factors and delicate non-factorizable

contributions, these purely leptonic two body modes only depend on the B-meson

decay constant, generically denoted by fB. The charged current mediated decays

B+ → `+ν` are especially simple as they proceed at the tree level and apart from

the decay constant, are proportional to the CKM element Vub, making them a

good laboratory for extracting it. These modes however suffer from the helicity

suppression:

BR(B+ → `+ν`) =
G2
FmBm

2
`

8π

(
1− m2

`

m2
B

)2

f 2
B |Vub|

2 τB (5.1)

where GF is the Fermi coupling constant, m` is the mass of lepton, mB is the

mass of B meson, τB and fB is the lifetime and decay constant of B+ meson

respectively. Experimentally, B+ → τ+ντ is measured to be (1.09± 0.24)× 10−4

[126–129] which is in good agreement with the standard model expectation. The

situation for the lighter leptons is more merky with the muon mode having an

upper limit as measured by BaBar collaboration [130],

BR(B+ → µ+ν) < 1.0± 10−6 (5.2)
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which is larger than the standard model predictions,

BR(B+ → µ+ν)|SM = (5.6± 0.4)× 10−7. (5.3)

Recent measurement by Belle suggests, BR(B− → µ−ν̄) ∈ [2.9, 10.7] × 10−7 at

90% which is consistent with SM [131]. The electron mode seems rather difficult,

at least at the moment.

A similar process with extra photon in the final state i.e., B+ → `+ν`γ can

help since there is no longer the disadvantage of helicity suppression. At present,

the Belle collaboration has provided the upper limit [132],

BR(B+ → e+νeγ) < 4.3× 10−6, (5.4)

BR(B+ → µ+νµγ) < 3.4× 10−6, (5.5)

at 90% confidence limit. Theoretically, this decay mode has caught much atten-

tion as it can be used to probe a particular hadronic parameter, λB in the limit

when energy of photon is very large in comparison to the scale of strong interac-

tions [59, 133, 134]. Here, λB is the inverse moment of the B-meson light-cone

distribution element and defined as,

λ−1
B (µ) =

∫ ∞
0

dk

k
φ+
B(k, µ) (5.6)

where φ+
B is the distribution amplitude of B meson. λB is one of most important

parameters used to define amplitude of hadronic decays. However, its value is

very uncertain with estimates ranging from 200 MeV obtained using non-leptonic

decays [72, 135] to 460 ± 110 MeV obtained from QCD sum rules [136]. On the

experimental side, BaBar collaboration has provided two analyses which provides

a lower limit as λB > 699 MeV [137] and λB > 300 MeV [138].

As Belle has already provided upper limits on the radiative decay, more precise

results are expected after run of Belle II. However, it is tough to measure this

decay at LHCb as it involves two neutral particles. On the other hand, if photon

were to be on-shell and emits a lepton pair, then a final state of three charged

leptons and a neutrino is measurable at LHCb. Infact, an upper limit has already
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been provided by LHCb in the region where the lowest of the muon pair mass

combination is below 980 MeV [139],

BR(B+ → µ+µ−µ+νµ) < 1.6× 10−8 (5.7)

There exists only one study of this mode which is based on vector meson domi-

nance (VMD) approach and predicts the branching ratio to be ∼ 3× 10−7 which

is larger than the experimental limit [140]. In this chapter, a systematic study of

four lepton decays of B mesons has been undertaken.

5.1 The Effective Amplitude

We consider the decay of charged B meson into 4 leptons i.e,

B−(PB)→ `+(k1)`−(k2)`′(p1)ν̄`′(p2)

. The process can be approximated as B → `′ν̄`′γ
∗, γ∗ → ``, where the contribu-

tion due to Z boson as propagator has been neglected. Under this approximation,

the amplitude of decay of B meson to four leptons is given as:

A(B− → `+`−`′ν̄`′) = A(B− → `′ν̄(p)γ∗(q))⊗A(γ∗(q)→ `+`−). (5.8)

Here, p = p1 + p2 and q = k1 + k2. The corresponding Feynman diagrams are

given in Figure 5.1

Figure 5.1: Feynman diagram for B− → `−ν at tree level. The red circled-cross

marks the possible emission of photon which further decays into a lepton pair
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Theoretically, the extra photon can be emitted from any of the charged lines:

the two quarks in the initial state, the charged lepton in the final state or from

the W-propagator. Very clearly, the emission from the W-propagator will be

suppressed by the W-boson mass and thus this contribution can be trivially ne-

glected. Next consider the emission from the b-quark. This brings an additional

b-quark propagator and for a hard photon emission, such a diagram is subleading

in 1/mb. Thus working in the leading order in the heavy quark expansion, it is

safe to ignore emission from the initial b-quark. We are thus left with only two

possibilities: emission from the light up-quark and from the final state charged

lepton. The emission from the final state charged lepton can be very easily writ-

ten and is proportional to fB.

Using [141] to write the amplitude corresponding to the radiative part in Eq.

(5.8) followed by a lepton pair production,

A(B → `+`−(p)`′ν(q)) =
GF√

2
Vub

ie2

q2
gµν(¯̀γν`)

[
(¯̀′Γρν)∫

d4xeiqx
〈
0|T

{
jemµ (x)ūΓρb(0)

}
|B(p+ q)

〉
−∫

d4xeiqx
〈
`′ν̄(p)|T

{
jemµ (x)¯̀′Γρν(0)

}
|0
〉
ifB(p+ q)ρ

]
(5.9)

with Γµ = γµ(1 − γ5) and jemµ =
∑
ψ

Qψψ̄γµψ and Qψ is the electromagnetic

charge of the corresponding Dirac field. The first term in Eq (5.9) is the contri-

bution due to photon emission from the B meson while second term corresponds

to photon emission from the charged lepton.

The second term can be calculated the solving the Feynman diagram which

simplifies to,

− GF√
2
Vub

ie2

q2
(¯̀γµ`)(¯̀′Γρν)fB (5.10)

For the first term, the hadronic part doesn’t factorize out trivially. Thus, it is

written in terms of most generic form and then solved using conservation of the
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em current and equation of motion. Let us define,

Tµρ(p, q) = i

∫
d4xeiqx

〈
0|T

{
jemµ (x)ūΓρb(0)

}
|B−(p+ q)

〉
. (5.11)

The most general form of Tµρ is terms of p and q is given as,

Tµρ(p, q) = agµρ + bpµqρ + cqµpρ + dpµpρ + eqµqρ + FV ερµλσp
λqσ. (5.12)

Constraints on Tµρ can be obtained using the current conservation of em

current i.e, ∂µjemµ = 0. This is done by differentiating the correlation function in

the definition of Tµρ, which gives,

qµTµρ = i(p+ q)ρfB (5.13)

Using the form of Tµρ from Eq. (5.12) in Eq. (5.13) implies,

a+ b p.q + e q2 = ifB (5.14)

c p.q + d p2 = ifB (5.15)

Using these relations, Tµρ can be written in a general form,

Tµρ =iFA(gµρ p.q − pµqρ) + α gµρ p.q + β pµqρ + Fe q
2 gµρ (5.16)

+ FV ερµλσ p
λqσ + pρ terms.. (5.17)

Again using the condition in Eq. (5.13) and comparing the coefficients of qρ,

Feq
2 = ifB − αp.q. (5.18)

Thus, Tµρ is reduced to,

Tµρ =iFA(gµρ p.q − pµqρ) + FV ερµλσ p
λqσ + ifBgµρ

− (α + β) gµρ p.q + β pµqρ + pρ terms.. (5.19)

Redefining FA → FA + β, the amplitude can be written as,

A =
GF√

2
Vub

e2

q2
(¯̀γµ`)(¯̀′Γρν)

[
iFA(gµρ p.q − pµqρ) + FV ερµλσ p

λqσ
]
, (5.20)
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Figure 5.2: (a): photon emission from u quark, (b): photon emission from b quark

The term ifBgµρ in the expression of Tµρ is the contact term and cancels the

contribution of photon emission from charged lepton. Also, pρ terms when acted

on the weak current gives contribution proportional to m`′ , and hence, these

terms have been neglected since in this work `′ is considered to be either a muon

or electron. In case of tau, the additional form factors which appear with pρ term

in Eq. (5.16) need to be calculated. This is beyond the scope of the present study

and will be studied in near future.

5.2 Form Factor

The form factors have been calculated for the process B → γ`ν̄` [142]. The same

procedure can now be used for the present purpose while keeping the q2 non-

zero. At the leading order, the two diagrams in Figure 5.2 contribute to the form

factors. The second diagram in Figure 5.2 is suppressed due to the heavy quark

as propagator and hence is not considered in this calculation. The amplitude

corresponding to the first diagram is given by,

M = −Quv̄
s(k)γµ

1

/q − /k
γν(1− γ5)us(p− k), (5.21)

where u and v are the spinor wave functions of the b and ū quarks respectively;

and Qu is the electric charge of the u-quark. It is convenient to use light-cone

coordinates (l = (l+, l−, l⊥)) where,

l± =
l0 ± l3√

2
, l⊥ = (l1, l2). (5.22)
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The spectator quark is a soft-particle which implies that the components of mo-

mentum of u-quark scale as k = (k+, k−, k⊥) ∼ (λ, λ, λ), while the momentum of

the virtual photon scale as q = (q+, q−, q⊥ = (λ, 1, λ1/2)). This implies,

(q − k)2 ∼ q2 − 2q−k+ (5.23)

while rest of the terms are suppressed by higher powers of λ. Consider the four-

momentum of photon by qµ = (E, q⊥,−q3). In the light-cone coordinates, photon

momentum is defined as, (q+, q−, q⊥), where,

q+ =
1√
2

(E − q3) q− =
1√
2

(E + q3) (5.24)

For hard-collinear photon, q− ∼
1√
2
E in the leading order. Thus, 2q−k+ '

2Ek+ + O(1/E). Using this and following [142], the form factor at the leading

order and in tree approximation reads,

FB→γ∗(q
2, p2) = QumBfB

∫ ∞
0

dk+

2π

φ+
B(k+)

2Ek+ − q2 − iε
(5.25)

where, φ+
B is the light-cone distribution amplitude (LCDA) of the B-meson. Using

the general dispersion relation for form factors and utilizing quark-hadron duality,

the two form factors FA and FV at the leading order read,

FV (p2, q2) = FA(p2, q2) = QumBfB

∫ ∞
s0/2E

dk+
φ+
B(k+)

2Ek+ − q2 − iε

+QumBfB

∫ s0/2E

0

dk+
e−(2Ek+−m2

ρ)/M2

m2
ρ − q2 − iε

φ+
B(k+) (5.26)

where s0 is a certain effective threshold, mρ is the mass of ρ meson, and M is

the Borel parameter. The second term contains the soft contribution to the form

factors, while the first one is the hard contribution. These terms are explicitly

evaluated, carefully keeping the track of iε and only at the very end, we set ε→ 0.

We also consider the effect of symmetry breaking term which is large for the

case of B → lν̄γ when energy of photon (Eγ) is very small (∼ 1.5 GeV). It is

given by,

∆FV = −∆FA =
QufBmB

(2Eγ)2
(5.27)
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Figure 5.3: Black:Real part of FA,V at tree level, Blue: Real part of FA including the

symmetry breaking correction, Red: Real part of FV including the symmetry breaking

correction.The plots are shown for a fixed value of sW ,(a):sW =1 GeV2,(b): sW =10

GeV2

The form factors have been plotted in Figure 5.3 with and without the correction

specified in Eq. (5.27). It is apparent from Figure 5.3 that contribution of this

correction is very small for small values of sγ(< 2 GeV2) which is the region

that actually contributes to the branching ratio. Thus, not much deviations

are expected in the predictions of branching ratio even when this correction is

included.

5.3 Numerical estimates and results

In this section, we discuss the kinematics and relations used for the process,

B−(PB)→ l+(k1)l−(k2)l′(p1)ν̄l′(p2) (5.28)

It is useful to introduce following combinations of the four momenta of final state

particles;

P = k1 + k2; Q = k1 − k2 L = p1 + p2 M = p1 − p2 (5.29)

The full kinematics of the decay can be described by five independent variables.

The variables used in this word are defined as,

1. sW , the effective mass squared of the `′ν̄ system.

sW = (p1 + p2)2 = L2 (5.30)
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2. sγ, the effective mass squared of the `+`− system.

sγ = (k1 + k2)2 = P 2 (5.31)

3. θγ is the angle of the `+ in the `+`− center-of-mass system with respect to

the `+`− line of flight in B− rest frame.

cosθγ = −
~Q.~L

| ~Q| |~L|
(5.32)

4. θW is the angle of the `′− in the `′−ν̄ center-of-mass system with respect to

the `′−ν̄ line of flight in B− rest frame.

cosθW = −
~M.~P

| ~M | |~P |
(5.33)

5. φ, the angle formed by the two lepton pairs.

sinφ =
(~P × ~M)× (~L× ~Q)

|~P × ~M | |~L× ~Q|
(5.34)

The range of these variables is,

4m2
` ≤ sγ ≤ (MB −m`′)

2 (5.35)

m2
`′ ≤ sW ≤ (MB −

√
sγ)

2 (5.36)

0 ≤ θγ, θW ≤ π, 0 ≤ φ ≤ 2π (5.37)

The partial decay rate for the four body decay is given by,

d5Γ =
πλ(m2

B, sγ, sW )1/2

(4π)7
m5
B|M|2dΦ (5.38)

where,

dΦ = dsγ dsW d(cosθγ) d(cosθW ) dφ (5.39)

is the phase space,

λ[a, b, c] = a4 + b4 + c4 − 2(a2b2 + b2c2 + c2a2), (5.40)

and A is the amplitude of the process defined in Eq. (5.20) for the case when

` 6= `′. For ` = `′, the amplitude gets modified to A → A − A′, where A′ is

obtained from A through the substitution p1 ↔ k2, resulting in,

|M|2 =
1

2

[
|A|2 dΦ + |A′|2 dΦ′ − (AA′† + A†A′)dΦ

]
(5.41)
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[7]

mB = 5279.25± 0.17 MeV fB = 192.0± 4.3 MeV |Vub| = (3.94± 0.36)10−3

GF = 1.166× 10−5 GeV−2 αem = 1/137 Mρ = 775.45± 0.04 MeV

me = 0.511× 10−3 GeV mµ = 0.105 GeV τB = (1.641± 0.008)× 10−12 s

[142]

λB = [300− 600] MeV s0 = 1.5 GeV2 M2 = [1.0-2.0] GeV2

Table 5.1: Values of input parameters

where Φ′ corresponds to the phase space of final particles corresponding to am-

plitude A′ and again is obtained through Φ with the modification p1 ↔ k2. The

partial decay rate in Eq. (5.38) is valid for massless particles in the final states.

To calculate the branching ratio, we consider B-meson distribution amplitudes

(DAs) to be,

φ+
B(k) =

k

λ2
B

e−k/λB (5.42)

where, λB is the first inverse moment of the B-meson. The input values used

for the numerical estimates are given in Table 5.1. The total branching ratio for

the process is obtained by integrating d5Γ over the full range (Table 5.2). The

eν̄µµ (10−11) eν̄ee (10−8) µν̄ee (10−9) µν̄µµ (10−11)

λB = 0.2 3.134± 0.649 1.027± 0.213 5.348± 1.149 6.171± 1.316

λB = 0.4 0.685± 0.142 0.386± 0.080 2.118± 0.452 1.331± 0.284

λB = 0.6 0.251± 0.052 0.199± 0.041 1.150± 0.245 0.479± 0.102

Table 5.2: Branching ratios for different values of λB for M2 = 1.5 GeV2. The error

is due to errors is due to the input parameters.

profile of differential branching ratio of the mode (B → µν̄ee) is shown in Figure
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Figure 5.4: Red, Blue, and Green curves show the differential branching ratio corre-

sponding to λB = 200, 400, 600 MeV and for M2 = 1.5 GeV2. The peak around Mρ

is because of the contribution of ρ meson to the form factor.

5.4. The contribution due to ρ meson produces a small peak and unlike a purely

resonant contribution, the peak is tamed due to exponential weight factor is Eq.

(5.26).

5.4 Conclusion

In this chapter, I have studied purely leptonic decay mode B− → `−`+`′−ν̄`′ .

LHCb collaboration has already provided the first upper limit on the branching

ratio. A systematic study of such modes is lacking and first step towards achieving

this goal has been taken. Employing the method of light cone sum rules, the

relevant form factors, assuming all leptons in the final state to be massless, have

been computed at the leading order. The results obtained are consistent with the

experimental upper limit. A lot more work is required to have a better and precise

theoretical prediction. In particular, higher twist contributions and inclusion of

αs corrections are called for. Also, additional form factors will be needed for
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massive leptons. In the absence of such calculations, the first steps taken in this

chapter are important to have any meaningful comparison with the experimental

numbers.



Chapter 6

Summary and Future Directions

Flavor physics provides a probe to test and improve our present knowledge of

elementary particles and their interactions. Historically, the study of flavor tran-

sitions has played a crucial role in development of the Standard model (SM)

as we study it today. One of the interesting and important features of SM is

the Cabbibo-Kobayashi-Masakawa (CKM) matrix which governs the dynamics

of quark interactions. The CKM matrix is also the source of CP violation within

SM. Thus, the study of CKM matrix is important. Since there are no rules or

theoretical constraints on the CKM elements, the best way is to measure it ex-

perimentally. For example, the measurement of strangely prolonged kaon lifetime

lead to the idea of quark mixing in the first two generations. Later, the idea of

unitarity of CKM matrix (for two generations at that time) led to the prediction

of charm quark. Another historic milestone was the discovery of CP violation in

kaon system. It was shown later that minimum three generations are required

for CKM to have a CP violating phase. Thus, two new quarks as a doublet were

proposed (t, b′) which were later discovered in colliders. In the last 90’s, CP viola-

tion was also measured in B meson system, which was much larger in comparison

to that of kaon system making it experimentally more interesting. The recent

discovery of the Higgs boson marks the completion of SM.

On the theoretical side, CP violation in B system has potential impact on

study of baryon asymmetry in the universe, baryogenesis, and other cosmological

97
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data. However, it needed copious productions of B mesons which led to emer-

gence of dedicated experiments to study B mesons. This includes B factories

like Belle and BaBar which are based on e−e+ collisions at center of mass energy

equal to the mass of Υ(4S), and colliders based on pp collisions like LHC. These

experiments have accumulated large data over years and given interesting results.

In this thesis I have focused on the recent anomalies in the semileptonic decays

based on two channels, b→ s`+`− and b→ c`ν` at quark level.

A lot of theoretical work has been done on semileptonic B decays in last two

decays. The four-body decay provides a plethora of observables which can be

used to verify the SM and to understand the nature of new physics otherwise.

The study of B decays is usually done in the domain of Heavy Quark Effective

Theory (HQET). Using the effective theory, the long-distance and short-distance

part of the dynamics is separated making the theoretical study cleaner and eas-

ier. The short-distance part contains the contribution of heavy particles (heav-

ier than electroweak scale) as well as any potential contribution of new heavy

particle. The long-distance part forms the hadronic matrix elements and their

computation require non-perturbative QCD methods. The hadronic matrix el-

ements can be parameterized in terms of form factors. In case of semileptonic

decays, there are seven independent form factors which are functions of q2, the

invariant mass squared of the lepton pair. These form factors are computed us-

ing Light Cone Sum rules (LCSR) in low−q2 region and lattice QCD in high−q2

region. These QCD approaches generally rely on many assumptions and non-

perturbative calculations which lead to large uncertainties in the theoretical pre-

dictions. A lot of work has been done in constructing observables such that they

are less sensitive to hadronic uncertainties. The construction depends on the fact

that in the large recoil limit (low q2), the seven form factors can be expressed

in terms of only two independent form factors which can be canceled by taking

appropriate ratios. However, it is known that the corrections to these two form

factors bring back the uncertainties in the definition of observables. Other use-

ful observables are the ratios of branching ratio of different lepton pairs. Since
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hadronic inputs are same, they cancel to a large extent. Also, the ratio is a test

of Lepton Flavour Universality (LFU). These observables have been studied by

various experiments for processes, B+ → K+`+`−, B → K∗`+`−, Bs → φµ+µ−,

Λb → Λc`
+`−, B → D(∗)`+`−, and Bc → J/ψ`+`−. The LFU violating observ-

ables corresponding to all these modes show deviation with respect to SM. Other

consistent anomaly is in P ′5 in the decay channel B → K∗`+`−. Global fits of

the data for all b → s`` based channels point towards a degenerate new physics

contribution. There are various combinations of values of WCs which can explain

the data and exhibit almost same pull.

To understand the nature of new physics, better measurements are required

on experimental side and improvement in the calculation of hadronic parame-

ters on the theoretical side. In this thesis, one of the work aims in giving SM

predictions for other semileptonic decay based on b → s`` transition, given by

B → K∗2µ
+µ−. Since this is also induced by b → s`` transition at quark level,

the Wilson coefficients remain same. However, K∗2 is a tensor particle, thus the

hadronic parameters are different in comparison to already studied semileptonic

decays. As a result of it, the impact of the various global fit solutions is different

on the observables of this mode and it can be used to break the degeneracy. In

the work done during thesis, detailed predictions of all angular observables for the

decay channel B → K∗2µ
+µ− have been provided for SM as well as new other new

physics scenarios favoured by current global fits. Non-factorizable contributions

have also been added systematically.

As there are deviations in the Flavour Changing Neutral Current (FCNC)

b → s, it is important to study b → d`` channel as well. Not much theoretical

or experimental attention has been given to this channel as the branching ratio

is CKM suppressed, it is very hard to measure it with the current experimental

facilities. However, they should be measurable at Belle-II and LHCb run 3. At

present, experimental value of branching ratio of two decay modes is available,

BR(B → πµ+µ−) = (2.3± 0.6± 0.1)× 10−8 (6.1)
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BR(Bs → K̄∗µ+µ−) = (3.0± 1.0± 0.2± 0.3)× 10−8 (6.2)

Theoretically, the predictions of the decay B → π`+`− are available only. In the

work done in the thesis, SM predictions of two decay modes based on b → d``

transition have been given, which are Bs → K̄∗`+`− and B → ρ`+`− in the region

0.1 ≤ q2(GeV2) ≤ 6 . Detailed predictions for these two decay modes, including

the non-factorizable contributions are given for the first time. For Bs → K̄∗µ+µ−

a comparison has been made in the predictions of observables for two sets of form

factors. One set is based on LCSR calculation while other is based on an interpo-

lation between LCSR calculation in low−q2 region and lattice QCD calculation

in high−q2 region. The prediction of branching ratio for both the cases is in

agreement with the LHCb results.

One important feature of the decays induced by b → d`` channel is that the

CKM phase enters in the amplitude at leading order and thus some of the CP

violating observables are expected to be measurable. There is another interesting

and important feature in the case of B → ρ``. Since ρ is a CP eigenstate, the

flavor of the decaying B meson can not be tagged. As a result, one has to take

into account the B0 − B̄0 mixing effects. This leads to a study of time depen-

dent observables. In this work, tie-integrated observables have been considered

only. Since the productions and tagging mechanism is different at B factories and

LHC, the integration limit over time are different leading to somewhat different

theoretical dependence on parameters defining B− B̄ meson system. Taking this

into account, predictions of observables for the mode B → ρ`` have been given

separately for LHCb and B-factories.

Another channel under study is four lepton decay of charged B meson, B− →

`−`+`′−ν̄, where ` and `′ can be electron or muon. The leptonic and radiative B−

decays are known to be relevant to probe new physics and hadronic parameters re-

spectively. Since the four lepton decay channels are potentially large background

for such decays, its study is important. Such decays have not been measured yet,
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LHCb has provided an upper limit on one of the decays,

BR(B+ → µ+µ−µ+ν̄) < 1.6× 10−8 (6.3)

To date there is only one study of such modes which is based on an approx-

imated calculation, which is already at odds with experimental limit. In this

ongoing work, LCSR have been used to compute the relevant form factors at

tree level. Using these, predictions for branching ratios for all of the decays with

`, `′ ∈ {e, µ} have been given. However, αs corrections to form factors are yet to

be calculated which are expected to be important.

Calculation of one more form factors is still required for the process B− →

`+`−τ−ν̄. In the case of electron or muon, the extra form factor does not play any

role as it is suppressed by a factor of m`/mB. However, for τ it will be important

and hence needs to be calculated.

There are several other directions that one can make progress in context of

semileptonic B decays. The study of semileptonic channels where the final state

hadron is a CP eigenstate is interesting and can be used to constrain several

parameters related to Bq − B̄q system. Another possibility is to look at the q2

profiles of the angular observables of semileptonic decays. It has been pointed

out in literature that zeroes of these observables are less sensitive to hadronic

uncertainty. Similarly, the points (q2) where profile of two observable cross each

other can be used to extract information. These crossing points are equivalent to

zeroes of linear combination of two observables and hence it should be measurable

in experiments.

LHCb and Belle II are expected to collect a much larger data in future, al-

lowing a precise study of different channels and observables. This would shed

clear light on the discrepancies and deviations, if any. These measurements, in

conjunction with measurements from Kaon, charm and tau experiments, coupled

with direct searches at LHC would provide an unambiguous answer to many of

the current puzzles. B-decays, particularly the leptonic and semileptonic decays,



102 Chapter 6. Summary and Future Directions

are expected to play an important role and one expects interesting times ahead.
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Appendix

A Operators for Semileptonic B decays

The full operator basis for b→ s`` transition is given as [51] ,

Ou1 = (sLγµT
auL) (uLγ

µT abL)

Ou2 = (sLγµuL) (uLγ
µbL)

Oc1 = (sLγµT
acL) (cLγ

µT abL)

Oc2 = (sLγµcL) (cLγ
µbL)

O3 = (sLγµbL)
∑
q

(qγµq)

O4 = (sLγµT
abL)

∑
q

(qγµT aq)

O5 = (sLγµ1γµ2γµ3bL)
∑
q

(qγµ1γµ2γµ3q)

O6 = (sLγµ1γµ2γµ3T
abL)

∑
q

(qγµ1γµ2γµ3T aq)

O7 =
e

g2
s

mb (sLσ
µνbR)Fµν

O8 =
1

gs
mb (sLσ

µνT abR)Ga
µν

O9 =
e2

g2
s

(sLγµbL)
∑
l

(
lγµl

)
O10 =

e2

g2
s

(sLγµbL)
∑
l

(
lγµγ5l

)
OS =

e2

16π2
mb (sPRb) (µµ)

O′S =
e2

16π2
mb (sPLb) (µµ)

OP =
e2

16π2
mb (sPRb) (µγ5µ)

O′P =
e2

16π2
mb (sPLb) (µγ5µ)

(A.4)
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B Auxiliary functions for Wilson Coefficients

Auxiliary functions used in the definitions of effective Wilson coefficients are given

by [49],

A7 =
4π

αs(µ)
C7(µ)− 1

3
C3(µ)− 4

9
C4(µ)− 20

3
C5(µ)− 80

9
C6(µ)

A8 =
4π

αs(µ)
C8(µ) + C3(µ)− 1

6
C4(µ) + 20C5(µ)− 10

3
C6(µ)

A9 =
4π

αs(µ)
C9(µ) +

4

3
C3(µ) +

64

9
C5(µ) +

64

27
C6(µ)

+

[
ξu + ξc
−ξt

(
C1(µ)γ

(0)
19 + C2(µ)γ

(0)
29

)
+

6∑
i=3

Ci(µ)γ
(0)
i9

]
ln

(
mb

µ

)
A10 =

4π

αs(µ)
C10(µ)

T9a =
4

3
C1(µ) + C2(µ)

T9b = 6C3(µ) + 60C5(µ)

U9 = −7

2
C3(µ)− 2

3
C4(µ)− 38C5(µ)− 32

3
C6(µ)

W9 = −1

2
C3(µ)− 2

3
C4(µ)− 8C5(µ)− 32

3
C6(µ)

(B.5)

C Angular Coefficients Ii(q2)

The expressions of the angular coefficients in terms of transversity amplitudes are

given as [74],

Ic1 = (|A0L|2 + |A0R|2) + 8
m2
`

q2
Re[A0LA

∗
0R] + 4

m2
`

q2
|At|2,

Is1 =
3

4

(
1− 4m2

`

3q2

)
[|A⊥L|2 + |A||L|2 + |A⊥R|2 + |A||R|2] +

4m2
`

q2
Re[A⊥LA

∗
⊥R + A||LA

∗
||R],

Ic2 = −β2
` (|A0L|2 + |A0R|2) , Is2 =

1

4
β2
l (|A⊥L|2 + |A||L|2 + |A⊥R|2 + |A||R|2),

I3 =
1

2
β2
l (|A⊥L|2 − |A||L|2 + |A⊥R|2 − |A||R|2) (C.6)

I4 =
1√
2
β2
` [Re(A0LA

∗
||L) + Re(A0RA

∗
||R] , I5 =

√
2βl[Re(A0LA

∗
⊥L)− Re(A0RA

∗
⊥R)],

I6 = 2β`[Re(A||LA
∗
⊥L)− Re(A||RA

∗
⊥R)] , I7 =

√
2β`[Im(A0LA

∗
||L)− Im(A0RA

∗
||R)],

I8 =
1√
2
β2
` [Im(A0LA

∗
⊥L) + Im(A0RA

∗
⊥R)] , I9 = β2

` [Im(A||LA
∗
⊥L) + Im(A||RA

∗
⊥R)],

where β` =

√
1− 4m2

`

q2
.
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