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Preface

Neutrino oscillation is one of the most exciting subjects in elementary particle
physics today. It was first confirmed in 1998 by the Super-Kamiokande group from
their studies of atmospheric neutrinos. Experimental studies of neutrino oscillation
have been rapidly progressing since then, and a number of positive oscillation
results have been observed in atmospheric, solar, accelerator, and reactor neutrinos.
The implication of the existence of neutrino oscillation is that neutrinos have finite
masses and mixings, which are not accounted for in the framework of the standard
model of elementary particles. Therefore, the standard model now must be extended
to include the new information. Because the neutrino masses are extremely small, it
is considered to be unnatural to be included in the standard model similar to the way
quark and charged lepton masses are. Therefore, the neutrino oscillation is believed
to provide an important new concept that will be a big step toward the unified
understanding of elementary particle physics.

The author has been involved in neutrino oscillation experiments since 1996 as a
member of the KamLAND and later, Double Chooz groups and has witnessed the
rapid progress of neutrino oscillation studies. Along with the work for the exper-
iments, he has given topical lectures on neutrino oscillation in summer and winter
schools, as well as a number of university lectures on particle physics. While
preparing these lectures, the author felt that although there were good books on
neutrinos and neutrino oscillation, many of them were highly sophisticated and
were not necessarily useful for experimental students and beginners in this research
field.

This book is written with the intention of giving readers an intuitive image of
neutrino oscillation by showing concrete examples and numerical values of cal-
culation results. The initial conditions are specified for the general wave functions
in order to see the concrete phenomena involved. The probability formulas for the
various neutrino and antineutrino oscillation modes, with and without matter
effects, are summarized in the Appendix to provide a useful reference.

This book begins, in Chap. 1, with a brief introduction to the motivation for
neutrino oscillation study and its history. Explanation of neutrinos and their
interactions in the standard model are given in Chap. 2. Neutrino spectra from
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various neutrino sources and reaction cross sections are also calculated in Chap. 2.
The basics of the particle oscillations are introduced in Chap. 3. In Chap. 4, the
ultrarelativistic three-flavor neutrino oscillations are explained in detail and a
complete set of the oscillation probabilities for the three flavor neutrinos are cal-
culated. Chapter 4 also deals with the neutrino oscillation-related subjects, such as
the matter effect, a paradox from the measurement problem. Chapter 5 introduces
the key experiments and their results, and the three-flavor neutrino oscillation
parameters are summarized in Chap. 6. A toy model which can approximately
predict the observed neutrino mixing patterns is also shown in Chap. 6. Finally, in
Chap. 7, possibilities of future experiments are discussed, which include the mea-
surement of the CP violation parameter §, determination of the Am3, mass hier-
archy, and the absolute neutrino mass. The issues of the sterile neutrino and
neutrino-less double B decay are briefly treated in Chap. 7. In the Appendix,
a summary of the parameters and notations, a short review of the neutrino-related
Lagrangian, Dirac equation, and a complete set of the neutrino oscillation proba-
bility formulas are given. Detailed calculations or lengthy descriptions, which are
not appropriate to be in the main text, are also placed there.

While this book was being prepared, the last neutrino mixing angle, called 6,3,
was finally measured and the door to future neutrino oscillation studies was opened
dramatically. The research in this field will be very active and exciting. The author
hopes ambitious students and researchers will join us and reveal the secret of the
neutrinos together.

Sendai, Japan, December 2014 Fumihiko Suekane
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Chapter 1
Introduction

Abstract In the first part of this chapter, a short introduction to the study of neutrino
oscillation is given. The importance of neutrino oscillation research is discussed; in
contrast to other particle mixings and oscillations which have contributed much to the
establishment of the standard model, the neutrino oscillation probes unprecedentedly
low mass scales and has not been integrated into the standard model. The latter part
of this chapter gives a brief history of neutrino oscillation studies from the prediction
of the neutrino by Pauli to the discovery of the third mixing angle 013. We will see the
timeline of how current knowledge of neutrino oscillation was obtained and envisage
future possibilities.

Keywords Neutrino oscillation -+ Mixing angle - Neutrino mass *+ Matter effect -
Mass hierarchy

1.1 Why Study Neutrino Oscillation?

Neutrino oscillation is a quantum mechanical phenomenon in which neutrino flavor
changes spontaneously to another flavor. In the simple two flavor (v, v.) case, the
probability that v, changes to v, is expressed by!

2 2
ms —m
Py, v, = sin” 20 sin® %L, (1.1)
v

where Ey is the neutrino energy, L is the distance between the neutrino source and
detector, m| and m» are the neutrino masses of the mass eigenstates and 0 is the
mixing angle between flavor eigenstates and mass eigenstates.

The flavor eigenstates (v, v,) and the mass eigenstates (v, v2) having the masses
(m1, my), respectively, are related as

Ve) _ [cos® —sinB0Y (v
(VH) - (sine cos 0 ) (Vg)' (1.2)

! The natural unit (¢ — 1, A — 1) is used throughout this book.
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2 1 Introduction

Since the probability (1.1) shows the oscillatory phenomenon as a function of L, it
is called the neutrino flavor oscillation, or just neutrino oscillation.

In fact, there are various quantum mechanical oscillations in elementary particle
physics from which we have learned important physics. For instance, we learned
about CP violation from (K° < K9) and (B® < BO) oscillations. The quark oscilla-
tion, (d’ < s’) allows for the s-quark to decay, and the oscillation between the neutral
gauge fields, (B < W3) defines the photon and Z° boson as their mass eigenstates.
The quark oscillation and the gauge boson oscillation are too quick to observe so
we can only see the averaged effects as the Cabbibo angle and the Weinberg angle.
Studies of these oscillations contributed much to the establishment of the standard
model of elementary particles. The neutrino oscillation is one such quantum mechan-
ical oscillation.

The neutrino oscillation is unique among other oscillations because neutrinos
travel with ultrarelativistic velocity and the oscillation length is very long. Using
neutrino oscillations it is possible to study a very low mass scale regime which other
experiments struggle to reach. The neutrino oscillation is not incorporated into the
standard model. Like other oscillations and particle masses, the neutrino oscillations
and masses can be understood to be generated by the transitions between the neutrino
flavors. However, we do not know the origin of the very small observed transition
amplitudes yet. It is expected that new physics will evolve from studies of neutrino
oscillations.

Books [1-9] were widely referenced while this book was being written although
they may not be cited in each part of this text.

1.2 A Brief History of Neutrino Oscillations

In 1899, nuclear B decay was discovered by E. Rutherford and in 1914, J. Chadwick
found that the electron energy spectrum in 3 decay is continuous. This puzzled
physicists because it seemed to violate the law of energy conservation. The concept
of the neutrino was introduced in 1930 by W. Pauli in order to explain the energy
spectrum of the 3 rays. A quarter century later, in 1956, the existence of the neutrino
was experimentally confirmed. A team led by F. Reines and C.L. Cowan detected
neutrinos from the Savanna River Nuclear Reactor? [10, 11]. In 1961, a Columbia
Univ. and BNL group, led by L.M. Lederman, M. Schwartz and J. Steinberger, carried
out an experiment striking aluminum targets with energetic neutrinos produced in
T — W+ v decay. They found that only muons were produced in the neutrino
induced reactions [12]. This indicates that the neutrino produced in the pion decay
is different from the one produced in the B decays in reactor. This was the discovery
of the second neutrino, now called the muon neutrino (vy). The neutrino produced

2 At first they had planned to use neutrinos from a nuclear weapons test.
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from nuclear B decay is now called the electron antineutrino (V,). Around 1969,
R. Davis successfully detected solar neutrinos for the first time and found that the solar
neutrino flux was significantly less than the prediction obtained from the standard
solar model (SSM) [13]. After this observation, anumber of experiments were carried
out to measure the solar neutrinos with different energy thresholds and all of them
confirmed that the solar neutrino flux is significantly less than the predicted value.
The discrepancy between the measurements and the prediction was called the “solar
neutrino problem” and remained unsolved until the solar neutrino oscillation was
established.

In 1976, M. Perl discovered the T lepton in the etTe™ collider experiment at
SLAC [14] and deduced the existence of the third neutrino v from the large missing
energy and momentum of its decay. A quarter century later, the vy was directly
identified by DONUT group using a nuclear emulsion detector [15].

In 1987, M. Koshiba’s Kamiokande group, together with the IMB and Baksan
groups, detected neutrinos from supernova 1987A. It was the first time that neutrinos
produced outside the solar system were observed.

In 1989, the total number of the standard neutrino flavors was determined to
be three from the energy distribution of the Z° resonance in the LEP and SLAC
experiments [1]. This result established that the fermion family consists of three
generations and not more.

Starting in 1994, the Mainz and Troitsk groups tried to measure the v, mass using
B rays from tritium and set an upper limit of 2.2 eV.

The atmospheric neutrino anomaly was reported by the Kamiokande, IMB and
Soudan groups in 1980s. The ratio of the fluxes of v, and v, is expected to be close
to two because two vys and one Vv, are produced in the decay chain of the charged
pion which is produced by cosmic ray interactions in the atmosphere. However, the
observations showed that the ratio is more likely to be one.

In 1997, the first clear evidence of the neutrino oscillation was reported by
the Super-Kamiokande group to account for the atmospheric neutrino anomaly
[16-18]. In fact, the neutrino flavor mixing, which causes the neutrino oscillation,
was suggested by Maki et al. [19] and by Pontecorvo [20]3 long before this discovery.
From the atmospheric neutrino experiments, the oscillation parameters of Am%2 and
sin” 20,3 were measured. The finite Am? implies that neutrinos have finite masses,
which suggests new physics.

As for the solar neutrino anomaly, the SAGE, GALLEX and GNO groups found
the deficit of neutrino fluxes produced from pp fusion in the sun using a radio-
chemical technique* [23-27]. The Kamiokande and Super-Kamiokande groups also
confirmed the deficit in 8B neutrinos by using the elastic scattering of neutrinos and
electrons [28-36]. In these solar neutrino experiments, the deficit was found to be
energy dependent. In 1978 and 1986, L. Wolfenstein, S. Mikheyev and A. Smirnov
pointed out that the matter effect (MSW effect) could explain how the large solar

3 Pontecorvo suggested v < v and e~ut < etp~ oscillations in 1957 and 1958 [21, 22].

4 Neutrino produces long lifetime radioactive nucleus v, 4’'Ga — e~ +71Ge, then 7'Ge is extracted
from the detector and its Auger electron is detected by a proportional counter.
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neutrino deficits could result from a small mixing angle. The MSW effect was an
attractive explanation because the neutrino mixing angle was thought to be small
from the analogy to the small quark mixing angles.

In 2002, SNO group measured neutral current interactions of solar neutrinos
using a DO target. They showed that the total neutrino flux was the same as that
predicted by the SSM and that the observed deficits are due to the transformation of
neutrino flavors [37]. Combining all the solar neutrino data, the oscillation parameters
supported the Large Mixing Angle (LMA) solution [38]. In 2008, the Borexino group
measured 'Be solar neutrinos and detected the deficit of solar neutrinos at ~1 MeV.
The oscillation parameters Am%1 and sin® 20, have been measured by solar neutrino
experiments. From the energy dependence of the MSW effect, the mass hierarchy of
mo > m has also been determined.

In 2003, the KamLAND group reported the disappearance of reactor neutrinos at
an average distance of 180 km from reactors [39, 40]. They also measured Am%1 and
sin® 201, using antineutrinos. The fact that the results of V, disappearance from the
KamLAND experiment agree with those of v, disappearance from the solar neutrino
experiments confirms the CPT symmetry.

In 2004, the K2K group measured the v, disappearance by sending v, from
KEK-PS to the Super-Kamiokande detector, located at 250km away. The observed
vy disappearance is in the same parameter region as the atmospheric neutrino oscil-
lation measurements [41]. This is the first long baseline neutrino experiment using
accelerator neutrinos. In 2006, the MINOS experiment observed the v, disappear-
ance using neutrinos produced by the NuMI beam line at Fermilab [42] and measured
Am%2 and sin® 203;. They also measured the Vy disappearance and confirmed the CPT
symmetry [43].

In 2010, the OPERA group observed a vy, — vz event at Gran Sasso Lab. using
CNGS neutrino beam from CERN [44].

In 2011, T2K reported an indication of v, — V. appearance events for the first
time [45] and Double Chooz showed an indication of a reactor neutrino deficit at a
short baseline [46]. In 2012, Daya Bay and RENO confirmed the reactor neutrino
deficit at short baselines and gave a precise measurement of 013 [47, 48].

As of the summer of 2014, all of the mixing angles and Am?s have been measured.
The CP violating parameter & and mass hierarchy of m3 and m are the nextimportant
targets to measure.

There have been hints of oscillation to a 4th neutrino, called the sterile neu-
trino [49]. Several experimental projects are being planned to investigate this issue.
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Chapter 2
Neutrinos and Weak Interactions

in the Standard Model

Abstract Neutrinos are produced and detected by weak interactions. It is necessary
to understand the weak interactions to calculate the energy spectrum of neutrinos
generated in sources and the reaction cross section with detector materials. In this
chapter, the weak interactions associated with the neutrinos are reviewed and neutrino
reaction probabilities that will be used in the later sections are calculated. Starting
from the wave function of the massless left-handed neutrinos, the neutrino-associated
parts of the standard model Lagrangian are introduced. Based on the Lagrangian,
the general matrix element for the four fermion interactions that include neutrino
is formulated. The spectra of neutrinos produced in the pion decay, muon decay, B
decay, and the neutrino detection cross section via ve elastic scatterings and inverse
beta decay are quantitatively calculated.

Keywords Standard model - Weak interaction - Helicity + Neutrino source - Neu-
trino interaction

2.1 Introductions

In order to investigate the neutrino oscillation in experiments, we need to understand
the properties and the reactions of neutrinos qualitatively within the standard model.
In planning experiments and understanding their data, the production mechanism of
neutrinos and its reaction cross sections with matter are particularly important. In this
chapter we focus on the weak interactions that are related to the neutrino reactions
based on the Lagrangian which is summarized in Sect. 8.2.

2.2 Quarks, Charged Leptons and Neutrinos

In the standard model of elementary particles, the six fermions which couple to the
strong interactions are called quarks

() €)- () &
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8 2 Neutrinos and Weak Interactions in the Standard Model

where u, c, t quarks have charge +2/3 and d, s, b quarks have charge —1/3 in the
unit of e. The six fermions which do not couple to the strong interactions are called

the leptons
Vg V“ V‘[
(e_) ’ (“_) ’ (T_) ' 22

The v, vy and v do not couple to the electromagnetic interactions and are called
neutrinos. The e, L and T have the electric charge —1 and are called charged leptons.
All the fermions have their antiparticles,!

@0 0 ) () ¢ e

As for the interactions, the electromagnetic interactions are mediated by the mass-
less spin-1 photon
Y- 2.4)

The weak interactions are mediated by the massive spin-1 charged and neutral

bosons,
w*, z°. (2.5)

The strong interactions are mediated by the massless spin-1 vector boson called
gluon,
g. (2.6)

Finally the Higgs field generates the fermion and weak boson masses.
H. (2.7)

The three interactions have a nesting structure, illustrated as a Matryoshka doll in
Fig.2.1. The fermions that feel the EM interactions also feel the weak interactions.
Fermions that feel the strong interactions also feel the EM interactions and therefore
feel the weak interactions.

What makes the standard model neutrinos unique is that the neutrinos do not
feel the electromagnetic, strong, nor gravitational interactions. In other words, the
neutrinos are chargeless, colorless and massless particles.

Ov=0, gi{=0, my=0. (2.8)

Only left-handed (LH) neutrinos and right-handed (RH) antineutrinos couple to the
weak bosons. Therefore, it can be regarded that there are only LH neutrinos or RH
antineutrinos in our world.

VL, VR. (2.9)

The LH and RH denote helicity states which will be explained in the next subsection.

! Neutrinos are treated as Dirac particle in this book unless otherwise specified.
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Fig. 2.1 Fermions are
named based on the
interactions they feel. There
is a nesting structure of
interactions like a
Matryoshka doll

2.2.1 Wave Function of Fermions

The wave function of a spin 1/2 fermion can be obtained as the solution of the Dirac
equation,

Pnﬁ“—m]wzo, (2.10)

where v, are 4 x 4 matrices called gamma matrices or Dirac matrices.
We use the Dirac representation,

(1 0 . 0 o

I is the identity matrix and oy are the Pauli matrices,

10 01 0—i 1 0
R R O R o B R ™

From Sect. 8.4, the plane wave solution of the Dirac equation with normalization
ly|> = 2E is

_ i —ipx , ((M-OV\ ipx|. . _ P
"’(X)‘V“’"[(m'o)ﬁ)e ’ +( v ),,} "Ew @9

where p = (E, p) is the four momentum and E = /p? + m? is the energy. ii
and ¥ are two component spinors with the normalization of || + |[9|> = 1, which
represent the spin direction. The first term of (2.13) is the positive energy state and
the second term is the negative energy state that corresponds to the antiparticle.
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2.2.1.1 Helicity and Spin Direction

The charged weak boson, W= couples only to the left-handed fermions. The left-
handed (LH) and right-handed (RH) components of a state y are defined by

_ =y ] 1 -1
VL=nv=——Vv=5l_; [V

(2.14)
and Ygr =TV = D) V= E I I v,
where
. 017
vs = iy"y'y?y? = ( I O) : (2.15)

Any fermion wave functions are either LH or RH states, W = yy + ;..
The LH and RH components of the positive energy state at space-time x = O are,

wL<0>=%(’ ")m( u ):@(U—ncm)

-1 1 nou 2 —(1 —no)u
1(1 1 VE+m ((1+n0) 210
_ L u _ m no)u
and \|JR(0)—2(I I)VE-’_m(T]Gu)_—z ((1+n6)u)'
The probability of a fermion to be LH state is,
0 E (1 —no)? 1
p, = WLOF  Edmluid =no)yul 1, g i) 2.17)

v 2 2EuP 2

In the case that the velocity vector is § = B(sinOcos ¢, sinOsind, cos6) and the

spin points to +z direction u = ((1)), the probability becomes

P = %(1 — Bcos6). (2.18)

This means that the probability is the largest when the momentum direction is oppo-
site to the spin direction, O = 7, and the smallest when the momentum direction is
the same as the spin one, © = 0. For ultrarelativistic case, p = 1 and Py = sin?(6/2).
This means that the spin direction is opposite to the momentum direction. Similarly,
for the RH state of an ultrarelativistic particle, the spin is parallel to the momentum.
For a particle at rest, f = O and P = Pgr = 1/2.

Table 2.1 summarizes the relation between the helicity and relative direction of
spin and momentum.
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Table 2.1 The probability of LH and RH states for relative direction between the spin and
momentum

P VL YR
sl —p 1+p)/2 1-py/2
sl p (1-Ppy/2 (1+P)/2

This property causes the helicity suppression of the n decay. s || p” means s and p are parallel

2.2.2 Wave Function of Neutrinos

Since neutrino is massless and only LH state exists in the standard model, the neutrino
wave function becomes simple. By taking m — 0 in Eq.(2.13), the wave function
of a positive energy massless fermion becomes,

V,,_o(x) = vk (kzlm) etk —kx) (2.19)

where p — (k, k) is the four momentum with the relation k = |k|. The pure LH
state has to satisfy

Nk (A +kO)A\ _ipe
YRV m—o(X) = > ((1 n lA(G)ﬁ) e '"P* =0, (2.20)

at arbitrary space-time x. Since k = (sin 6 cos ¢, sinOsin¢, cos0),

2.21)

A i g
(1 + koyi — (1 +cosBe sme)ﬁ _o.

e®sin® 1 —cosH
This relation can be satisfied if

PRI —ie~ /2 5in(0/2)
uo<s(—k) = ( ) c0s(8/2) ) , (2.22)

where §(P) is the spin polarization which points toward the direction of p. Finally
the wave function of the positive energy neutrino is

vl = vk (f{i({k}()) emitkiTkn) (2.23)
S(—

where the state propagates only forward in time. Similarly the wave function of the
negative energy neutrino is

vy (x) = vk (kﬁ’§ (Tk)) ol ki—kx) (2.24)
$(—k)

where the state propagates only backward in time and we recognize it as antineutrino.
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a A b r'y c A
@ L (b) Ir © fou

V4 . V4 . 114
~iCp gy @errass —iCirg.y" @euaturas  —igu ¥t @uusdias

L Jr fo

Fig. 2.2 Feynman diagram of a fi fi. Z° coupling, b fr fr Z° coupling and ¢ fufb W= coupling,
where f; is the up-type fermions and f; 7, is the down-type flavor eigenstate fermions

2.3 Weak Interactions and Neutrinos

In this section, the fundamental processes of the weak interactions are described based
on the standard model Lagrangian and probabilities of various neutrino interactions
are calculated. The probabilities calculated here will be used later to understand
neutrino oscillation experiments and their results. See also the books [2-8, Chap. 1]
for details of the calculations.

2.3.1 Lagrangians for Weak Interactions

The Lagrangian of the standard model weak interaction can be obtained by set-
ting the neutrino mixing matrix as the identical matrix in the working Lagrangian
defined in Sect.8.2. The Feynman diagrams of the weak interactions are shown in
Fig.2.2. Figure2.2a, b shows the neutral current interactions and Fig.2.2c shows
the charged current interactions. We call (u, ¢, ¢, V., vy, V1), up-type fermions ( f;;)
and (d, s, b, e, W, 1), down-type fermions (fj). The weak (flavor) eigenstates
(d', s’, b") are mixed with the mass eigenstates (d, s, b) by the Cabbibo-Kobayashi-
Maskawa matrix as shown in Eq. (8.25) and £/, isused instead of fp when necessary.’

2.3.1.1 Neutral Current Interactions

The Lagrangian of the fermion f for the neutral current interactions is,

Lz = —iCrgzl AV flZy — iCrrgzl fRYM fR1Zy, (2.25)

2 For neutrinos, the flavor eigenstate and mass eigenstate are identical (V' = v) in the standard
model and f}, and fp can be interpreted equivalently.
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where g7 is the coupling constant. C s, and Cyg are coefficients for the couplings
between Z° boson and the LH and RH components of the fermions. According to
the standard model, Csr and Cr, are given by

CfUR = —2Qf Sin2 ew CfDR = —2Qf Sin2 GW (2 26)
CryL=—2Q sin® Oy + 1, Cyp = =20 sin’ Oy — 1, '

where Q ; is the charge of the fermion f. Oy is the parameter called the weak mixing

angle or Weinberg angle, which is measured to be sin? 8y ~ 0.23.
The fermion currents in Eq. (2.25) can be modified as

_ — — 1
v = vy Oy =yt f = P A=),

| (2.27)
fx* fe = P fo= S A+,
and the Lagrangian (2.25) can be rewritten as
— 1
Lyrz = —igzlfY"S(Crv = Crav) 12, (2.28)

where Cry and Cya are called the Vector Coupling coefficient and Axial-vector
Coupling coefficient which are defined by

Crv=CntCm (2.29)
Csa=CyL—Cyr

Contrarily, an arbitrary mixture of vector and axial vector couplings can be expressed
by a combination of LH and RH couplings

a+by> = (a+b)yg + (a—b)y.. (2.30)
This means that the weak and the electromagnetic interactions can be expressed by a
sum of the LH and RH couplings, as well as by a sum of the vector and axial vector

couplings. These coefficients are summarized in Table2.2.

Table 2.2 Z°-fermion coupling coefficients. xy = sin? Oy ~ 0.23

Fermions Q CL Cr Cy Ca Cﬁ + CI2{
Ve, Vs V1 0 1 0 1 1 1
I —1| 2xy—1 2xy dxy — 1 —1 8x3, — dxwy + 1

. 2 4 4 8 32 .2 8
u, ¢, t +5 fgxw+l —3Xw 7§xw+l 1 gxwfgxw+l
1
3

2 4 8.2 2
d, s, b - Fxw — 1 IxXw Fxw — 1 —1 oXw — 5xw + 1
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2.3.1.2 Charged Current Interactions

As for the quark-W= coupling, the Lagrangian is given by

Lrpw = —igwlfp " fulWa — igw iy v* Fou1Wa. (2.31)

Finally, the Lagrangian for the electromagnetic interactions of the fermion f is
Lrra=—iQrel fY" f1Ay, (2.32)

where Ay, represents the photon field. The Feynman diagram of the EM interactions
is shown in Fig.2.3. Since Qy = 0 for neutrinos, they do not feel EM interactions.

Within the framework of the standard model, the weak interactions and electro-
magnetic interactions have the same origin and the three coupling constants, gw, gz,
and electric charge e, are related as,’

e = +/2gw sinOy = gz sin 20y (2.33)

In general, reaction rates are proportional to powers of (g2 /4m). Expressing the
couplings in this form, the strength of the coupling between Z° boson and neutrinos is

2
o
8 - 2~ o010, (2.34)
4 sin“ 20w
where o= e?/4n ~ 0.0073 is the electromagnetic fine structure constant. The
strength of the coupling between W+ boson and neutrino is

2
Bw _ 2~ oot (2.35)
47 28in” Oy

Fig. 2.3 Fermion coupling f 4
with the photon

3w = g/«/Z gz = g/2cos By, where g is the SU(2) gauge coupling constant.
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Therefore, the magnitudes of the electromagnetic and weak couplings are not so
different.

2.4 Neutrino Interaction Probabilities

The Lagrangians for the neutrino interactions are summarized as

Lz = —igz [WY“VIL] Zy, (2.36)
Law = —igw [lILY*Vvie] Wy — igw [VizYHIL] Wy, (2.37)

where the wave function/ stands for the charged leptons such as e, L, T. The Feynman
diagrams which correspond to these vertexes are shown in Fig.2.4.

The general diagram of the reaction A + B — A’ + B’ through intermediate
gauge boson G is shown in Fig. 2.5. Its matrix element is written by

MAB—A'B

[V v o0 | [V s matsva (e
= _gG 2 _ M2
4 G

\ (2.38)

where g¢ is the coupling constant between the fermion and the intermediate boson
G, py is the four momenta of the fermion X, and ¢ is the four-momentum transfer,
q = pa — par = pp’ — pB. Mg is the intermediate boson mass. Yy is helicity state

Fig. 2.4 Feynman diagram (a) A b A
of avv;Z% and b viIiW ViL (b) I
couplings
Z W
. u . u
—igzy +------- —igyy* @uunnnunn
Vi ViL

Fig. 2.5 Scattering —ig Yty

amplitude of fermions A and ¥a(Pa) o Va(py)
B through intermediate H

boson G G

—
>

-
1/’5(19 B) -18:YYB Yp(Pg)
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of the coupling between fermion X and the boson G. If G is W, yy = vy, and for
7%, vx = (Cxv — CxaY5)/2.
The wave function of each fermion is expressed as

Yy (x) = wye XY, (2.39)

where wy is the four component spinor of the fermion X.
For low energy interactions, |¢?| <« M2, the reaction amplitude (2.38) can be
expressed by the product of the spin and the exponential terms,

2
8G [— — —i P
MAB— AR = —Mi I:WA"Yu'YAWA] [WeyMygwp] e PATPE=PA=PEIX (2.40)
G

The exponential term becomes the delta function 8(ps + pp — par — pp’) when
integrated with respect to x, indicating the energy and momentum conservations,
pa+ pp=pa+pp.
The reaction probability is proportional to the absolute square of the matrix ele-
ment,
Papap o | Mapap| <G, (2.41)

where Fermi constant G r, defined by (2.42) is often used to express reaction prob-
abilities of the weak interactions.
g 87 5 GeV?
Gr = = ~ 1.17 x 10°[/GeV~]. (2.42)
W, ol /

2.4.1 Neutrinos from Charged Pion Decay

In accelerator based neutrino experiments, the neutrinos produced in the charged
pion decays are often used. The charged pion is a spin-0 pseudoscalar boson with
mass myg ~ 140MeV. It decays with lifetime of 26 ns via the decay modes shown
below,

= uE v /Yy (99.99 %),

2.43
t = eT +v./v, (0.012%), (243)

where the values in the parentheses are their branching fractions. There is a huge
difference between the two branching fractions despite the lepton universality.

The Feynman diagram of the fundamental process of this decay is shown in
Fig.2.6a* and its physical process in the pion rest frame is shown in Fig. 2.6b. Since

4 Actually the two quarks in the pion are in a bound state and the free wave functions can not be
used. Nevertheless, this graphical view is useful to understand various properties of the pion decay.
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Fig. 2.6 ©" decay.a A (a) (b)
diagram. b Physical process
in the pion rest frame. The

z-axis is taken along the
charged lepton’s direction of
motion. The neutrino moves .

to —z and its spin points to W+ ! <
the 4z direction -
p e p

this is a two body decay, the final state leptons have definite energies and momentum.
The energies and momentum of / and v are’

2 2 2 2 2 2
my; —m m- +m my; —m
Ey=-"22—L Ep=-"Z2—L p=-Z% L (2.44)
2m7'[ 2mn 2m71?

From the Feynman diagram Fig. 2.6a, the effective matrix element of this decay is,

Myt sy, < GF[\HYHIL][EYMML], (2.45)

where [ represents L or e. The quark current is a bound system in the strong interaction
potential and can be parametrized as

[dryurl = fagy. (2.46)

where g, is the four momentum transfer and f; ~ my is the structure function of
the pion, which corresponds to the overlapping density of the wave functions of the
quarks in the pion. In the pion rest frame, gy = (my, 0) and the matrix element (2.45)
becomes

Muiyv=< Gr fnmn[\KYolL] = Ganmn[V;rLlL]- (2.47)

By defining the z axis as the [T direction of motion as shown in Fig. 2.6b, the spinors
of the neutrino and the charged lepton are,

X VE +my (—(1 —n,cz)x,)
=/ E , = — , 2.48
viL v (—xl) L 2 (1 —n,6% (24%)

where y, represents the spin direction of the /" andm; = ﬁ. Therefore, the matrix
element (2.47) becomes

m,zl—m,z+m$

5 If the neutrino has a finite mass my, the energies and the momentum are E, = o ,
=

E = ™ and

L A Orm=m)2=md)(nz-tm)?—m?)

2my 2mg
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My G fomay Ey(Er + m) (1 —)Ixiw]. (2.49)

In this equation only ¥; = ¥, (the [ spin points in the —z direction) is allowed and
the matrix element becomes

M1y o< GanmrcV Ey(E; +my)(1 — nl)~ (2.50)
The decay rate is proportional to the absolute square of the matrix element,
[y os | Mnsiy | o< G f (my — m)m}, 2.51)

where Eqs. (2.44) are used to substitute the pion and charged lepton masses for the
energies and momentum.
By taking into account the phase space, the decay rate of the pion can be calculated

as [4, Chap. 1]
G2 m? :
I =—Lfmmmi(1-—=) . (2.52)
T my

The ratio of the decay rates of ev and v modes is, therefore,

r m 2 m2 — m? g
Imoev (_e) (%) =128 x 1074, (2.53)
Fﬂ:_)uv mu mn - m“

This agrees with the observation (2.43). The fact that the decay to muons dominates
makes it possible to obtain almost pure vy, or v, beam in accelerator based neutrino
experiments.

The mechanism to highly suppress T — eV decay is called the helicity suppres-
sion. Using the relation between helicity and spin polarization shown in Table 2.1,
the helicity suppression can be described as follows. The produced massless neutrino
is in the LH state and its spin points 100 % to +z direction. Since the pion spin is
0, the only allowed charged lepton spin direction is —z as shown in Fig.2.7. On the
other hand, the charged lepton is antifermion and therefore, it is in the RH state. The
probability that el"{ spin points —z is, from Table 2.1, given by

> Z
v " +
) VA 5 S P €r . ,V / 5 P u »
0.0013% 36%
+ ot
(a) (b)

Fig. 2.7 Spin states and probabilities of a 1 — ev and b 1 — pv decays
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1— 2
Pe _ e~ 13x 1077, (2.54)
2 my + m?2

PVe:

where f3, is the velocity of the positron. Therefore, this decay channel is highly
suppressed.
For m — uv decay, the same discussion can be applied, but the muon velocity Bp

is much smaller than B, and the probability that ui{ spin points to —z is much larger,

_1—[3“_ mﬁ

2 _m%+mﬁ

~ (.36. (2.55)

Therefore, 1 — vl decays are not suppressed so much. Note that this suppression
mechanism is not a unique property of the charged current weak interactions in
which only a LH particle and a RH antiparticle can interact. It comes from the
property of helicity conservation and takes place in decays of spin-0 particles with
any combinations of vector and axial vector couplings.

2.4.2 Neutrinos from Muon Decay

The muons decay to
u_ —> e +V“ +Ve’

2.56
M+—)€++v“+\/g, ( )

with almost 100 % branching fraction. The lifetime of the muon, 2.2 us, is much
longer than the typical lifetime of other particles which decay weakly.

In some experiments, the muons are stopped in target or beam dump materials.
The u~ forms muonic atom with a nucleus in the material and quickly interact with
the nucleus before it decays. On the other hand, pu* is repulsed from the nucleus and
it decays before interacting with the nucleus. These properties can be used to obtain
pure pt-originated neutrinos.

Since this weak decay process involves only leptons, the lifetime can be accurately
calculated. From the experimental point of view, a large amount of controlled muons
can be obtained and it is possible to measure its lifetime precisely. Therefore, the
Fermi constant G ¢ has been precisely measured from the muon lifetime.

The Feynman diagram of the muon decay is shown in Fig. 2.8. The matrix element
of the decay can be written from Egs. (2.40) and (2.42) as,

My o5 = 2V 2G FlETYpVeL IVELY 1y 1. (2.57)

Ignoring the small m./my terms, the calculation of the decay matrix element
(2.57) shows that the energy spectrum of vy, is given by [2, Chap. 1] (Fig.2.9),
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Fig. 2.8 The Feynman V,uL
diagram of the muon decay _V

Wiy
4y, -
\\ eL
W=
v
ST R
—18yY :
Fig. 2.9 Energy spectra of u—e v +v
daughter particles of muon ¢ H
decay. m./my, terms are g
ignored /,—"-)<
L LN
5 .
77—
Ve“' / e, Vy ‘.
\
A
\
\
L}
\
m,, /2
0 10 20 30 40 50 60
EMeV)
2.4 2
dar Gim E E
- F;(J& 341, (2.58)
d EVH l 2TE m u m l,,[
in the muon rest frame. For V, and e, the energy spectra are
2.4 2
dar Ggmy [ Es Ey
- f}“(_k) O—Q—ﬁ), (2.59)
d Evg 2n my my
and 2.4 2
ar Ggm E E
= 2(=) (3-4=2). (2.60)
dE, 121 my my

The electron from the muon decay is called the Michel electron. Note that the Michel
electron and muon neutrino have the same energy spectra. The angular distribution
of v, with respect to the muon spin is given by,

md

Fu s

dr G2 5 By
i =<3 (1 + (1 — 4xy,) cos 7“) ,

(2.61)
where xy, = Ey, /my and By, is the v, emission angle with respect to the muon spin.
Forv,, itis
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dr  Gim) 0y
= F —x2 (1 - 2xy,) cos® ; (2.62)
Xy, I ¢ )

where xy, = Ey,/my and Oy, is the v, emission angle with respect to the muon spin.
The total decay rate is calculated by integrating one of the energy distributions

(2.58)—(2.60).

dr . _ Gim,,

Iy= | —dE = .
H dE 19273

(2.63)

The lifetime of the muon is the inverse of the total decay rate. From the measurements
of the muon lifetime and mass, G r is precisely determined to be

Gr = (1.166 378 7 £ 0.000 000 6) x 107> GeV 2. (2.64)

The G value can be memorized by the empirical relation, Gr ~ (1.08)2 x 1073
GeV~2 with a precision of 20 ppm.

2.4.3 Neutrinos from Nuclear Beta Decays

Nuclear reactors produce a huge amount of low energy V.’s, which have been used
for various neutrino studies. The reactor neutrinos are produced in the B-decays of
the unstable fission products. The fundamental reaction is the  decay of a neutron,

n—p+e +V. (2.65)

The Feynman diagram of this process is shown in Fig.2.10. This diagram is similar
to the muon decay diagram shown in Fig. 2.8. However, the nucleons have internal
structure and the weak coupling to the W+ boson is modified from the muon’s. The
effective matrix element of the neutron 3-decay can be written as

My = ~2G p cos Bc[ery*veL I[Py, (1 — Cavs)nl, (2.66)

where B¢ is the Cabbibo angle and Cj is the effective axial vector coupling coefficient
of the neutron which is measured to be Ca ~ 1.3.

Fig. 2.10 Diagram of

. 1
neutron -decay " —igy cosO.y, 5 (1-C,¥5)
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Using the non-relativistic reduction for the nucleon current, the squared matrix
element can be expressed as

| M2 = 4G% cos> O E, Ey [(1 +3C2) +B,(1 — C2)cos e] , (2.67)

where 0 is the angle between the electron and neutrino and B, = p./E,. The decay
rate is then given by

r—/ d’pe__dpy 2m3(A E, — Ey)| 43
"= | 2K (2n)32Ev(2n)3 Mup = Ee = Ev)|- 4

G% cos? 0c(1 +3C3) [Amw

= 3 dEeEepeEvpv (268)
T e
1.7m3G% cos? O (1 + 3C3)
273 ’

where Am,,, = m, —m, and the factor 1.7m} came from the integration. The mea-
sured neutron lifetime 1, = 1/T",, = 880s is consistent with the expectation from
the above discussions.

In nuclear B-decays, the electron in the final state is attracted by the positive charge
of the final state nucleus and the decay rate is modified as follows:

I'a = dE.E.p.EvpyF(E,., Z), (2.69)

G?% cos? 6c((1)? + C3 (5)?) /AEff

2m3 m,
where AE;y = E; — Ey and (1) and (o) terms are called the Fermi (spin non-flip) and
the Gamow-Teller (spin-flip) matrix elements, respectively. F(E,, Z) corresponds
to the correction factor for the final state Coulomb interactions, called the Fermi
function, given by

ITE+i0))

. =2(1 2De 2(6-D) g ,
F(E., 7) =2(1 +&)2p.R) T

(2.70)

where R is the radius of the nucleus, § = /1 — o2Z? and {= Z“E" . The Fermi
function can be simplified for the nonrelativistic case as

2ng

F(E,Z)~ ————.
(E.2)~ =

Q2.71)

The neutrino energy spectrum is, then,

dr
A o EX(AEi; — Ev)\/(AElf — Ey)2 — m2F(E,, Z). (2.72)
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2.4.4 ve~ Scatterings

The neutrino-electron elastic scatterings are used for detection of solar neutrinos. In
this section, those scattering cross sections are reviewed.

The description starts with vye™ scattering since it involves a single reaction
diagram. Then the other scattering cross sections are calculated making use of the
formula developed for the ve™ scattering. Those scattering processes include only
leptons and the cross sections can be calculated precisely.

2.44.1 vy + e~ — vy + e~ Scattering

The Feynman diagram of v, +e~ — vy +e™ scattering process is shown in Fig. 2.11.
The target electron is supposed to be at rest. The matrix element of the scattering is,
from (2.40), given by

Mye = 232G VL& ) YpVuL () 1[e(p)Y (Cer Yy, + CerYg)e(me, 0)]

o - (2.73)
= 2v2G r[Vur vVl (CeLlery er] + Cer[eRY er]) ,
where the e — Z° coupling coefficients are, from Table 2.2,
Cor = 25sin” Oy, C,. = —1+ 2sin’ 0y, (2.74)

respectively. The cross section is proportional to the absolute square of the scattering
amplitude and is expressed by

Ove o< C2 ((kp+pe)?—m2)*+Ch (ki — pe)* —m2)? +Cor Corm (k f—ki)*. (2.75)
From the detailed calculation, the differential cross section is given by

Gv,e

dy

= ob(k) (C2L+ CRU = = Calaey),  (276)

where T, is the kinetic energy of the recoiled electron, y = T, /k; and € = m,/k;.
036 (k;) is a reference ve scattering cross section expressed by

2GEmeki

o, (ki) = ~ 1.7 x 107*(k; /MeV) cm?. (2.77)

Fig. 2.11 Feynman diagram - _i v (;
of vye™ scattering \ (k,-) 8VulL u ( f)
{20
5

6_(6) _igzy#(CeLYL+CeRYR) e-(ﬁE)
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The total cross section can be calculated by integrating the differential cross
section (2.76) and is given by

YMAX do . 1 1
Oyye = / — dy = o9, (ki) (CSL +2Ch - —ceLceRe) L @8)
0 dy 3 2

where ymax = W corresponds to the maximum Kkinetic energy that the
recoil electron can have. If we ignore the third term in (2.78), the total cross section
is approximately given by

Oy,e = 1.55 x 107 (k; /MeV) em?. (2.79)
The cross section is proportional to the incident neutrino energy k;.

Since the electron density in the water is ~3 x 103 /cm?, the mean free path of
10MeV neutrinos for v, — e scattering in water is two light years.

2.4.4.2 vy + e~ — Vy + e~ Scattering

Figure 2.12 shows the Feynman diagram of vy e~ scattering. Since only Vg interacts,
the matrix element of the scattering is written by

My,e = 2V2G VY Vpr] (CeLleLY eL] + Cer[eRY er ). (2.80)

The antineutrino wave function in Eq. (2.80) can be rewritten using the negative
energy neutrino wave function as follows:

My,e = 272G pIVuL(—k)YpVuL (—K)] (CoLlery’eL] + Cer[ery er]) . (2.81)

This amplitude is obtained by the substitution of the neutrino momentum k y < —k;
in Eq. (2.73). Therefore, the cross section for the matrix element (2.80) can also be
obtained from the same substitution in the v, e cross section formula of (2.75):

O5,e o Cop (pe — ki) —m2)? + Cop((ky + pe)* — m3)* + CoL.Corm(ky — ki)
(2.82)

<l

Fig. 2.12 Feynman diagram . -ig.y
of Vye™ scatterin, uR e R
u g —0—

70

e —ig YMCoy+Copr¥r) €
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Ver, _i‘giz.y“ Ver,
¥4
e —ig " Cryi+Corvp) € e —igwrt €

Fig. 2.13 The Feynman diagram of v,e
have to be added

scattering. The neutral and charged current diagrams

This is exactly the same formula obtained by substituting C,r <> C,L in (2.75).
Therefore, the form of the Ve~ cross section is equivalent to the forms of the vye™
cross section, (2.76) and (2.78), after substituting

(CeLv CeR) - (CeR, CeL)~ (283)

2443 v, + e~ — v, + e~ Scattering
For the v.e™ scattering, the contribution from the charged current scattering has to

be added to the neutral current scattering amplitude as shown in Fig. 2.13. The matrix
element of this scattering is then given by

My,e = 232G p (VeL¥pVeL1CeLleLY eL] + Cer[eRY er]) — [ VpVeLl[VeLY e, 1),

(2.84)
where the relative minus sign in the charged current term comes from the exchange
of the two leptons. Making use of the Fierz identity,’

[ YpVeLllVeLY e ] = —[VeLYpVeL llerY e 1. (2.85)
equation (2.84) can be factorized as
My,e = 282G Ve ¥pVer] ((Co + DIEy’eL] + CerleRYer]) . (2.86)
Therefore, the cross section can be obtained by substituting
(CeL, Cr) — (CeL + 1, Cer), (2.87)

in Egs. (2.76) and (2.78).

6 See Sect. 8.1.6 and the solution of the Problem 13.9 in [4, Chap. 1].
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2444 Vv, + e~ — V, + e~ Scattering

The Feynman diagram for v,e™ scattering is shown in Fig. 2.14. The matrix element
of the scattering is given by

Mo =2V2G F (VerVVerl (ColTT¥ er] + Cor[eRY er D~ [ 1, Ver [Ver Y e ]).
(2.88)

As in the previous subsection, this amplitude can be rewritten using the negative
energy neutrino wave function.

[VeL (—ki)YpVeL (—k )] (Cerlery e ] + ceR[aypeR])]

My,e =2V2GF [ - T
+le YpVeL (—k D1VeL (—ki) Y er ]

(2.89)
Applying the Fierz identity again,

Mo = 282G FIVeL (—ki YoVel (—k )] ((Cer. + Dlery’eL] + CerlerY er]) .
(2.90)

The cross section can be obtained by substituting
(C€L7 CeR) g (CeR» CeL + 1)7 (291)

in Egs. (2.76) and (2.78).

2.4.4.5 Summary of ve Scattering Cross Sections

As we saw, various neutrino-electron scattering modes can be treated with the same
formula. The difference is the coefficients of the electron currents. In summary, the
general ve scattering cross section forms for d6y./dy and Gy, are

Ve —’8z.3’u Vo Ve igupt Ver
—o— > - ~I8wYyu 3
e” —igM(Co v +CorYr) € € €

Fig. 2.14 The Feynman diagram of v.e~ scattering. The neutral and charged current diagrams

have to be added
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do
dve = 60, (ki) (gf +gr(1—y)? - ngRSy) ,
Y (2.92)
0 2 1 2 1
Ove = Oy, (ki) | g + 38R EngRS .

The reference ve cross section (586 (ki) is shown in Eq. (2.77). The effective coupling
coefficients g /r for various ve scattering modes are summarized in Table2.3. The
energy spectra of the ve scatterings for k; = 10 MeV neutrinos are shown in Fig. 2.15.

The numerical total cross sections for the ve scatterings are summarized in

Eq.(2.93).
Oy,e = Oy ~ 155 x 1074 (k; /MeV) cm?,
Oy,e~ = Oy~ ~ 134 x 1075 (k;/MeV) cm?, 2.93)
Oy,e- ~ 9.52 x 1074 (k;/MeV) cm?,
Ov,e- ~ 3.99 x 107 (k; /MeV) cm?.

Table 2.3 Z%-fermion coupling coefficients xy = sin? Oy ~ 0.23 is used for the numerical
calculations

Mode 8L 8Rr gE + %8121 %ngR
vpe, vie~ —142xw 2xw 0.36 0.12
Vpe , Vee~ 2xw —1 4+ 2xy 0.31 0.25

vee~ 14 2xw 2xw 2.1 0.34
Vee~ 2xw 14 2xw 0.93 0.34
1
k=10[MeV]
L |
>
L
=
o
=
]
1
o
i
LR

12

Fig. 2.15 Energy spectra of ve™ scatterings for incident neutrino energy k; = 10 MeV
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Since there is the following relation between the electron scattering angle and
kinetic energy,

2cos0
Me—————————5—,
€(2+¢)+sin“ 0

(2.94)

T,

the differential cross section as a function of the scattering angle is

dGye 0 2
=4 1
dcos 0, Ovee(l +2)
2,2 2 2 2 2 2
x cosO(F(0))7 (gL + gr(1l — 2ecos”OF (0))” — 2g1.gre" cos” OF (0)),
(2.95)
where 1
F(8) (2.96)

T e(e+2) +sin20

For k; > m,, the electrons are scattered forward with width of 80 ~ /€. Figure 2.16
shows the cos 0 distribution of the scattered electron for k; = 5 and 10 MeV.

2.4.5 Inverse 3 Decay

The inverse process of the 3 decay,
Vet ZA > et 4+ 27Dy, (2.97)
is called the inverse B decay (IBD) reaction. The IBD reaction for the proton target,
Ve+p— e +n, (2.98)

is often used to detect reactor neutrinos. The cross section of the low energy IBD
reaction is more accurately known than those of other neutrino-nucleus interactions.

Fig. 2.16 The cos6
distribution of electron in ve
scattering. The solid line is
for k; = 10MeV and the
dashed line is for

ki = 5MeV

Arbitrary

cos0
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Fig. 2.17 Diagram of the

+
inverse beta decay reaction g

=
=

. 1
—18w COSGny 5(1 - CA)/S)

Figure2.17 shows the diagram of the IBD reaction. The matrix element of the IBD
reaction can be written as the same form as Eq. (2.66) and is given by

Mp = V2G  cos ¢ [Ey“veL][ﬁyu(l — CaYs)pl. (2.99)

From this matrix element and the neutron decay width (2.68), the IBD cross section
can be related to the neutron lifetime 7T, as

G2 (1 +3C%)cos? 6 2n?
omp(Ey) = —L nA E.p. = E.pe

1.7m3, (2.100)
~ 1.0 x 1073 (Ey — Am,,p)\/(Ev — Ampp)? —m? cm?,

where the masses and energies are expressed in MeV and Amy,, =m, —m), =
1.29MeV. The energy dependence of the cross section is shown in Fig.5.32. The
momentum transfer is small for reactor neutrino detection, since the typical neu-
trino energy is ~4 MeV. Therefore, radiative and recoil corrections are small and the
uncertainty is dominated by the error of the neutron lifetime measurement.
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Chapter 3
Particle Oscillations

Abstract The formalism of neutrino oscillation has complicate issues. For instance,
neutrinos always move ultrarelativistically in actual experimental conditions and the
oscillation occurs among the three flavors. In this chapter, before going into the
detail of the neutrino oscillation, we will understand the oscillations of simple cases
of two flavor particles at rest. First, the Schrodinger equation of two flavor particles is
understood as a differential equation that defines the time development of the basis
states due to flavor-transition amplitudes. The time-dependent wave functions are
derived as general solutions to the Schrédinger equation. The wave functions for
mass eigenstates and flavor eigenstates are obtained by choosing initial conditions
in the general wave function. The probability of the flavor oscillation is calculated
from the wave function which started from a specific flavor state at time t = 0. The
oscillation phenomena are also described as the interference between the diagrams
which have the same initial flavor states and the same final flavor states but different
intermediate mass eigenstates. In the course of these considerations, the relation
among the mass, the mixing and the flavor oscillation becomes clear.

Keywords Mass eigenstate + Flavor eigenstate + Quantum oscillation - Transition
amplitude - Mixing matrix + Neutrino interference

3.1 Introduction

Neutrino flavors such as v,, v, or v; are defined as the states which transforms to
e, WL or T, respectively via the charged current weak interactions and they are called
weak eigenstates or flavor eigenstates. Since neutrinos interact only via the weak
interactions, neutrinos are always produced and detected as the flavor eigenstate in
experiments.

Neutrino oscillation is a phenomenon in which a certain flavor neutrino v, peri-
odically changes to other flavor neutrino vg and vice versa. This phenomenon is
caused by transition amplifude between vy, and vg. Due to the transition amplitude,
the flavor eigenstates no longer have fixed masses and become superpositions of the
mass eigenstates.

An important purpose of the neutrino oscillation experiments is to measure the
transition amplitudes via the oscillation parameters and study the origin of the

© Springer Japan 2015 31
F. Suekane, Neutrino Oscillations, Lecture Notes in Physics 898,
DOI 10.1007/978-4-431-55462-2_3
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transition. The quark transition amplitudes are understood to come from the Yukawa
coupling between the quarks and the Higgs field in the standard model. However,
the origin of the neutrino transition amplitudes is not understood yet.

In the following two chapters, the neutrino oscillation formulas are derived and the
resulting phenomena are studied. We start with the non-relativistic two flavor oscil-
lations in this chapter and then proceed to the ultrarelativistic three flavor neutrino
oscillations in next chapter. Subjects which are related to the neutrino oscillations,
such as the matter effect, CP violation in the lepton sector, a paradox of the measure-
ment problem, etc. are also described.

3.2 Mass in Quantum Mechanics

In the standard model, the neutrino is assumed to be massless. However, from the
discovery of neutrino oscillation, neutrinos are known to have non-zero masses now.
In quantum mechanics, the time development of the wave function of a particle at
rest with mass m is described by the equation,

d
V@) = —imy (1), 3.1)
where y(¢) is the wave function of the particle. The solution of Eq. (3.1) is given by

y(t) = y(0)e " 3.2)

Another way to express the wave function is to use the Dirac ket vectors.

ly(@) = C@) |y), (3.3)

where |y) is the stationary basis state and C () shows the time dependence of the state.
The normalization condition of the wave function requires the following relation,

WO = (W) w(®) = 1CO1 (wly) = [C(D)I1* =1, (3.4)

where (y| is the Dirac bra vector and (y|y) = 1 is used. Equation (3.1) and its
solution (3.2) can be equivalently expressed by using the coefficient C(¢) as follows:

Eq. 3.1) > C(1) = —imC(1), (3.5)
Eq. 32) > C(t) = e ™ C(0). (3.6)

The time development of the coefficient, after infinitesimal time &¢, can be expressed
using Eq. (3.5) as

C(t+8)=C(t)+ C(1)dt = (1 —imdt)C(1). (3.7)
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) )
O— >

—im

Fig. 3.1 Transition diagram which shows the effect of the mass. The diagram means that an
imaginary state —im|y(¢)) is added to the original wave function |y(¢)) per unit time

This relation means that as time passes, an imaginary component —im |y(¢)) is added
to the original state |y (7)) per unit time due to the mass. The basis vector at time
t + Ot is then,

Wt +8t)) = C(t +8t) |y) = (1 —imdt)C(2) |y) = (1 —imdt) [y(1)). (3.8)

In order to express this effect graphically, we will use the diagram shown in Fig. 3.1
and call it a “transition diagram’ in this text.!

3.3 Two Flavor Oscillation at Rest

3.3.1 Transition Amplitudes

In order to understand various properties of oscillations, first we consider a particle
of two flavor states, o) and |B), at rest.> The wave function y(t) for this system can
be written by a superposition of the two basis states,

(1) = Ca(?) lo) + Cp(1) 1B) (3.9)

where |ot) and |B) satisfy the normalization conditions (o|ot) = 1, (B|B) = 1 and
the orthogonality condition (o) = (B|o)* = 0. The absolute squares of the coeffi-
cients, |Co(2)|? and ICp ()|? correspond to the probability of finding states |o) and
|B) at time ¢, respectively, and the normalization condition for the coefficients is

WP = (WO Iw(®) = Ca)* +1Ca0)1° = 1. (3.10)
The wave function (3.9) can also be expressed in the matrix form
Cal?)
t) = , 3.11
v() (CB (t)) (3.11)

by defining the basis states as

o) = ((1)) B) = (?) (3.12)

We will use the expressions in Egs. (3.9) and (3.11) equivalently.

! This is not a Feynman diagram.
2 The (o, B) can be (K°, K9), (@', s"), (W3, B) or (v, Ve), etc.
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@) ) B) B)

=0~ =0~
- l:ua - ly‘/j

Fig. 3.2 Transition diagrams showing the two independent states |o) and |B)

In general, the Schrodinger equation with interactions is expressed by

d
EW(Z) = —i(Ho + Hp)w(), (3.13)

where Hj is the mass term and the H; is the interaction Hamiltonian. For two
component states, the mass term can be written in 2 x 2 matrix form as

_ (% O
Ho_(o‘* ug)’ (3.14)

where |, and ug are the masses of the |o) and |B) states in the case where H; = 0.
In this case, the Schrodinger equation (3.13) reduces to the two separate equations

Ca(t) = =it Cal) 3.15)
Cp(t) = —IMBCB(f)-
We can immediately solve (3.15) and obtain
Co (1) = Cy(0)e M
o(t) o )e_i z (3.16)
Cp(1) = Cp(0)e Hpt |
Therefore, the wave function is written as
(1)) = Ca(0)e ™Mo |ar) + Cp(0)e ™" [B) . (3.17)

This means that the two states o) and |B) with masses L, and U exist independently
in the system. The transition diagram for the two independent systems can be shown
as in Fig.3.2.

In some situations, there are interactions which transform |o) to |B), and vice

versa,’

loy < IB). (3.18)

The transition diagram between the different flavors is shown in Fig. 3.3, where 1T
represents the strength of the transition. We refer this T as the transition amplitude in

3 For example, K° < KO d &', B < Wor Vy & V.
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) B)

-
—iT

Fig. 3.3 Cross-transition amplitude between |o) and |B)

this text. Due to the transition, the coefficients of the basis states |ot) and |B) change
as in Eq. (3.19) after infinitesimal time oz,

Co(t +8t) = Co(t) — itdt Cp(2) (3.19)
Cp(t + &) = Cp(t) — itdt Co(1). '
The wave function at ¢ + ot is, from (3.9),
t+8t)) = Cy(t + 0t + Cp(t + ot
[w( ) a( ) lov) B( ) 1B) (3.20)

= Co(1)(|or) — T8t |B)) + Cp(1)(IB) — iTdt |o0)).

This means we can interpret that the basis vector changes depending on time;

’loc(t +81) = |out)) — itdt [B(1)) (3.21)

IB(t 4 81)) = |B(r)) — itdt |ou(r)) .

Both points of view for the time development of the wave function, (3.19) and (3.21),
are equivalent.
For 6t — 0, Eq. (3.19) is equivalent to the following differential equation,

d (Cu(t) (0 1 Cul(?)
— = — ) 3.22
ar (Cﬁ(l‘) ‘v o)\ 622
The transition matrix corresponds to the interaction Hamiltonian H; defined in
Eq. (3.13),
0
Hy = (‘c O) . (3.23)

Comparing Figs. 3.2 and 3.3, the mass corresponds to the transition amplitude to
the original flavor. We will call the transition in Fig.3.2 self transition and that in
Fig.3.3 cross transition in this text.

In order to see the effect of the cross transitions, we set Hy = 0 in (3.13). The
Schrodinger equation becomes Eq. (3.22) and we obtain the following separate dif-
ferential equations,

{%wam + Cp(1)) = —iT(Calr) + Cp(0). (3.24)

£(Colt) — Cp(1)) = iT(Co(t) — Cp(1)).
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These equations can be solved to give

{Ca(t) + Cp(t) = (Co(0) + Cp(0))e™'™ (3.25)

Co(1) — Cp(t) = (Ca(0) — Cp(0))e'™.
By defining
©)-50 DED). ow
Col(t) and Cp(7) can separately be obtained as

Co(t) = J5(Cye™™ + C_e'™)
V2 ' _ (3.27)
Cp(t) = %(Qe*m — C_eé'™).

Therefore, the wave function (3.9) can be written as

1 . . 1 ) '
ly(®) = E(Cw"” +C_e'™) o) + E(C+e_’1’ —C_e™)|B)

_ lo) +IB) ) = 1B) . e
V2 V2o

The wave function shows various physical phenomena depending on the initial values
of Cyp(0) or Cy.

(3.28)
C+efl.‘fl +

3.3.1.1 The Mass Eigenstate
If the initial values of the coefficients C+ are given by

(C-, C)=@©, 1) or (1, 0), (3.29)
the corresponding wave functions are, from Egs. (3.28),

W) = %) T, (3.30)
where the basis states |£) are defined by
=) L1 —1)(lo

(+)-=0 )G b

Equation (3.30) means that the basis states |1) correspond to the mass eigenstates

with masses of
my = =T, (3.32)
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respectively. Equation (3.31) shows that the mass eigenstate is a mixture of the flavor
eigenstates and vice versa. The matrix in Eq. (3.31) is called the mixing matrix.
An important remark from this example is that the transition amplitude T between
different flavors becomes the mass of the particle in the end.

3.3.1.2 Flavor Eigenstate and Oscillation
If the system is in the pure |ot) state at r = 0, the initial condition is
(Ca0), Cp(0) = (1, 0), or (C_, Cy)=(1/¥2, 1/¥/2). (3.33)
In this case, the wave function (3.28) is determined to be,
|w(t)) = costt |or) — i sintt |P) . (3.34)

This shows that state |B) is spontaneously generated and the probability of finding
the flavor |B) at time ¢ is

Pop(t) = | (Bly(®)) |* = sin® 1z, (3.35)

This is the simplest example of particle oscillation. Since Eq. (3.32) gives a relation
T = (m4 — m_)/2, the oscillation probability (3.35) can also be expressed as

2m+—m7

Pa—>B(l‘) = sin t. (3.36)

The angular velocity of the oscillation corresponds to the mass difference.*

3.3.2 General Hamiltonian and Mass Eigenstate

‘We consider here the general two component Schrédinger equation with finite Hy and
Hj. From the explicit form of the Hamiltonians (3.14) and (3.23), the Schrédinger
equation (3.13) is written as,

i Co_ (Mo T Cqu
di (CB)_ l(T “B) (CB)' 537

4 In this particular case, m; 4+ m_ = 0 and the oscillation probability can also be expressed as
Pop(t) = sin® mr. However, we will treat more general case later in which m. +m_ # 0. For
such cases, Eq. (3.36) still holds.
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Since Eq. (3.37) shows the internal state transition between |a) and |B), we call it

the state equation in this text. To solve the state equation, we split the Hamiltonian
in Eq. (3.37) into the average mass and the transition terms,

d (Co = 10 _A“Boc/z T Co
2@ G )(E) o

where Haﬁ and Aplg,, are defined by

— Mo + HB
Hop =

and Auﬁa = Hg — Ug- (3.39)

The average mass term represents the absolute mass scale and the transition term
generates the oscillation. The solution for Eq. (3.38) can be factored into a plane
wave component and an oscillation component, as given by

Coll) _ et (B, (3.40)
Cp0) By()

where By (1) and Bg(t) are the solutions of

d (B(x(t)) _ (_A“Ba/ 2 )(B“(’)). (3.41)
dt By(1) T AMBQ/Z Bg(t)

Normalizing the transition matrix, the equation (3.41) can be rewritten as follows:

d [ Bq ) —cos20 sin20\ [ By
— = —i0g . , (3.42)
dt Bg sin 20 cos 20 Bg

where m; and 0 are defined by

2 2
o =1/ (Aug,/2) +7° and tan26 = ——. (3.43)
Po Al-lﬁoc

As we will see later, 0 and ®; are measurable parameters in oscillation experiments.
0 is called the mixing angle and ®; corresponds to the angular velocity of the oscil-
lation. Figure 3.4, which we call the mixing triangle in this text, shows the relations
between these parameters and the transition amplitudes.

From Sect. 8.3, by using the unitary matrix

cos® sinB
U= . , (3.44)
—sin® cos0
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20 H
(5= 1) /2

Fig. 3.4 The mixing triangle showing the relation between transition amplitudes (U, 1g, T) and
the oscillation parameters (0, ;)

we can show

+ (—cos20 sin20 (-1 0
v ( 5in 20 00529) U= ( 0 1)' (345)
Therefore, applying U from the left, Eq. (3.42) becomes
Ly (Be) = Zioe (T) O) i (B (3.46)
dt BB B T 0 1 BB ’ ’

The solution of Eq. (3.46) is

Ba(®)\ _,, (' 0 + (Bo(0)

(i) =v (o ) v (B0
(€9 cos? B+ eI sin? O (/! — eI cos Bsin O (BQ(O))
T\ (e — e 1O) cosBsin @ eV sin? O 4 eV cos? 0 ) \ Bp(0) )

(3.47)

The wave function becomes,
[W(1)) = (cos 8Bg(0) — sin OB,(0))(cos O |B) — sin B |or))e~* Hen T !
+ (cos 8B,(0) + sin ©B(0))(cos O o) + sin § [B))e " Hep =@ (3.48)
— Cf |_) e—l'm,t + C+ |+> e—im+t’

where

[—) o) Cc_ By (0) _
(|+> ) \c. By0)) METHap T G99
The basis states |£) are the mass eigenstates with masses m 4, respectively. Therefore,
U corresponds to the mixing matrix because it mixes the mass eigenstates and the
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flavor eigenstates. It is noted that the coefficients for the mass eigenstates and the
flavor eigenstates are connected with the same mixing matrix.

3.3.3 Flavor Oscillation

If we rewrite (3.48) in terms of the flavor eigenstates,

(1)) = (Cosin@e "+ 4+ C_cosBe ™) |ar)

, , (3.50)
+ (Cycos@e ' — C_sinBe"™-")|B).

If the system is in a pure |0) state at time ¢ = 0,

(ggggi) =v (gl) = ((l)) : (3.51)
In this case the flavor coefficients are,
Cal() cos2 0 e~ im-1 4 gin2 @ eim+!
(Cﬁ(t)) - (Sin BcosB (e im+ — e—imz)) . (3.52)
The probability of finding the |B) state at time 7 is

Pomp(®) = | BV} 2 = |Gy = sin? 20sin? H—Zmr - (3.53)

showing that the probability oscillates in time with the angular velocity m —m_ =
2m;° and amplitude sin® 26. The mixing angle and oscillation frequency are inde-
pendent of the absolute mass scale [1,5. This means that the absolute mass scale
can not be measured by neutrino oscillations. From the mixing angle and oscillation
frequency, a relative pattern of the transition amplitudes can be studied.

3.3.4 Oscillation as Interference

As shown in Fig.3.5, the |o) — |B) transition probability is calculated from the
absolute square of the sum of the two indistinguishable diagrams in which the initial
state is |ot) and the final state is |B). The diagram on the left in Fig. 3.5 shows that the
mass eigenstate |+) propagates intermediately and the diagram on the right shows
that |—) propagates intermediately. Those mass eigenstates acquire the phases of
e~im+l after the time 7. Since the mass eigenstates and flavor eigenstates mix as

5 sin? "=t = (1 — cos(my —m_)1)/2.



3.3 Two Flavor Oscillation at Rest 41

Fig. 3.5 The o) — [B)
transition probability. ‘/3 > ‘/3> 2
The left diagram shows )
that |4) state propagates it cosf —imt —sinf
intermediately and the right e +> e ‘_>
diagram shows that |—) state J2) )=
propagates intermediately. a_’/j( ) +
The mass eigenstates acquire ‘+> . ‘—> cosf
phases of e ""'+! as time sin@
passes
@) @)
sinfcosfe ™' —sinfcosbe "’

in Eq. (3.49), the |4+) component of |o) and |B) are sin© and cos 0, respectively.
Therefore, the amplitude of the diagram on the left is

My = sinOcos O e M+ (3.54)
Similarly, the amplitude of the diagram on the right is
M— = —sinOcos e "1, (3.55)

The oscillation probability is the absolute square of the sum of the two amplitudes,

Posp(t) = | M4 (1) + M- (1)|> = sin® 20 sin’ #t, (3.56)

which agrees with the result in (3.53) as expected. From this view, it becomes appar-
ent that the oscillation is caused by the interference between the two diagrams.
They have different phases, which develop as a result of the mass difference while
the particle propagates in time. The oscillation amplitude reflects the product of the
mixing parameters from |a) to |+) and from |%) to |B). The angular velocity of
the oscillation corresponds to the phase difference developed per unit time.

3.3.5 Mathematical Formulation of Oscillation

The formulation of the flavor oscillation is summarized in this section. The wave
function form is,

W) =D Calt) o). (3.57)

The Schrédinger equation (3.13) is written as

C=-i7C, (3.58)
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where C is a column matrix; C = (Cy, CB ...)T and 7 is the transition matrix
between the flavor eigenstates. Equation (3.58) can be explicitly written as in
Eq. (3.37) for the two flavor case. From the conservation of probability, .7 is required
to be Hermitian.
It is always possible to make the matrix UT.7U real-diagonal by choosing a
certain unitary matrix U, K
M=U'7U, (3.59)

where the elements of M are M;; =m ;O j- The elements of U and M are combina-
tions of the elements of the transition matrix .7 .
Using the unitary matrix U, Eq. (3.58) can be modified to,

viewn =-i[utTu]uicn = -imutcn). (3.60)
If we define coefficients D = (D D, ...)T as
D) =U'C@®), (3.61)
the state equation (3.60) becomes,
D(t) = —iMD(1). (3.62)
Since M is diagonal, the solution can be obtained easily in the form
D(t) = W(t)D(0), (3.63)

where W (z) is also a diagonal matrix with elements W;; (1) = e~imit§,; - Finally, the
flavor coefficients at time 7 is obtained as follows:

C(t)=UD() =UW()D0) = [UW()U']C(0). (3.64)
Equation (3.64) can be expressed using the elements of the matrices as follows,
Ce(t) = Z Uy Wij (DU C(0) = Z [Z e—"’"z‘fuél. Ugl} Ce(0).  (3.65)
ijg g i

If the initial state is pure |ot), C(0) = 1 and other coefficients are 0. In this case,

Ce(t) = Ze*i'"fogi Uz (3.66)

The wave function at time 7 is,

W) = D Ce(t) &) = D e ™' Uz Ugy [E) . (3.67)
3 ig
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The probability of being |B) state at time 7 is,

Posp(®) = | BlWa(O) I = D U Ug U U e~ 7" (3.68)
ij

We can measure U and M experimentally and obtain .7 using Eq. (3.59) as
T =UMU", (3.69)

and can study its origin.
For the two flavor case, from Eq. (3.69) together with Eq. (3.41), the relations
between transition amplitudes and measurable parameters are

T=(m4y —m_)sinBcosO = w;sin20 (3.70)
U = m_ c0s29~|—mJr sin® @ = m — ¢ cos 20 (3.71)
Mg = m4 c0s® 0 + m_ sin® O = 7T + w; cos 26, (3.72)

my—m_

where ®; = and average mass m = m*;m’ . Equation (3.70) indicates that
oscillation experiments measure the cross-transition amplitude T. Equations (3.71)
and (3.72) show that the self-transition amplitudes W, and [ can be determined by
combining the absolute masses and the oscillation parameters. There are also the
following useful relations:

+Ug=my +m_,
Mg T HUp + 3.73)
Hg — Mo = (my —m_)cos26.

The general wave function (3.57) can be expressed by D(¢) as follows:

WD) =D Colt) |0) = D Uk Dr(1) [0) = D Di(0)e™ " [Z Uok |oc>} :
o ok k o

(3.74)
If we define a new basis vector as
k) =D Ua |, (3.75)
o
The wave function (3.57) becomes,
() =D Di(0) k) e ™", (3.76)
k

This means that |k) is a mass eigenstate. The mixing matrix elements can be
expressed as
Uok = (0tlk) . (3.77)



Chapter 4
Neutrino Oscillation

Abstract In this chapter, oscillations of the relativistic three flavor neutrinos are
discussed. First, two-flavor relativistic oscillation formula is derived using the solu-
tion of the Dirac equation. It is confirmed that under realistic calculations, resulting
oscillation formulas agree with the standard formula based on a simple assumption.
Next, the effective state equation for relativistic neutrinos are defined and the com-
plete set of the relativistic three flavor neutrino oscillation formulas are derived. The
standard parametrization of the three flavor mixing matrix that uses 012, 023, 613 and
9, is introduced. Oscillation formula for the antineutrino is derived from the CPT
invariance. Correspondence between the mass number m; and neutrino flavor vy, is
discussed and the concept of the mass hierarchy is introduced. In order to understand
the solar neutrino data and plan experiments to detect CP violation and mass hierar-
chy, the neutrino oscillation in matter is formulated. Finally a paradox in oscillation
measurements is explained.

Keywords Relativistic oscillation - Three flavor oscillation - Antineutrino oscilla-
tion - MNSP matrix - Matter effect -+ Measurement problem

4.1 Oscillation of Relativistic Two Flavor Fermions

So far we have studied the oscillation of two flavor particles at rest. However, the
masses of neutrinos are extremely small and neutrinos always travel ultrarelativisti-
cally in actual experimental conditions. Therefore, a formulation of the oscillation
for the relativistic neutrinos is necessary.

4.1.1 Oscillation of Dirac Neutrinos

The wave function of positive energy two-flavor neutrino can be generally exp-
ressed as

Wy (X)) = Ve(x) [Ve) + Vi (x) Vi) = Vo [vo) e %= vy vy e 5 @)

© Springer Japan 2015 45
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where |v,) and |v,) are flavor eigenstates and |v+) are mass eigenstates. We assume
that there is a cross-transition amplitude T between |v,) and |vy) just like the quark
case. The Dirac equations with the transitions can be obtained by substituting o and
B in Eq. (8.32) by ¢ and U,

[iypa"ve — Ve — TV =0 42)

ipd"Vy — My vy — Ve = 0,

where the transition amplitudes are also substituted as Wy, — H,, Hgg — M, and

Hop = Hpg — 1.! Following the same procedure in Sect. 3.3.2, we mix the v, and
vy with the mixing angle 0 and obtain energy eigenstates v and v_,

v_) _ (cos@ —sin®Y (v,
(V+) a (sine cos© ) (v ) ’ 4.3)

27

where 0 is defined by
tan 20 =

. 4.4)
uu — e

Using v, the Dirac equations (4.2) can be separated into the following two inde-
pendent equations.

l:’YpaZV+ —myVy = 0 ’ (45)
0"V —m_v_=0
where
+ _ 2
mi:““zuei\/(”“zue) + 12, (4.6)

The positive energy solutions for the Dirac equations (4.5) are, using Eq. (8.70),

vi(x) = VEL +my ( U ) o kx| 4.7

N+OU+

where ki = (E+, p+). Equation (4.7) indicates that a space-time development of
the wave function is '
Vi (x) = v (0)e kex (4.8)

Therefore, the wave functions of the flavor eigenstates at the space-time point x are,
using Eq. (4.3),

! For two flavor oscillation, the imaginary phase does not appear in the oscillation probability and
it is omitted from the first.
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Ve(x)) _ [ cos® sin@Y (v_(x)

vp(x)) — \—sin®cosB/ \vy(x)

_ cosB sin6 e~tk—x cos0 —sin0Y [v.(0)

“ \—sinB cosO 0 e *+x ) \sin® cos® ) \vu(0)

_ e k=% cos2 @ + ¢ k+¥ gin2 g (e‘”‘*x — e_"k*x) sin@cos0Y [Vv.(0)

T \(e*¥ — e *-%)5in @ cos® e *-* sin? @ + e *+¥ cos? 0 ) \vu(0) )

4.9)

If the neutrino state is in the pure v, state at space-time x = 0, the initial condition is

v.(0) =0, (4.10)

and the coefficients of v, and vy, basis states are,

Ve(x) = (e7*+¥ — ¢=*=X) 5in 6 cos O, (0) @10
Vu(x) = (e7**sin? § + e~ *+¥ cos? B)v,, (0). '
In this case, the wave function becomes
v, (x) = (&7 +* — k=) 5in @ cos O |v,.) “12)
+ (¢7** 5in? @ + e+ cos? B) [vy.))vu (0). '
The probability that vy, state turns into v, at space-time x is
Ve@)P oy (ke —ko)x
P — — 20 ) 4.13
v () = [ = Sin 20sin” = (4.13)
4.1.2 Oscillation Phase
The treatment of the oscillation phase in Eq. (4.13),
ky —k_ Ei —E_)t— —p_
d>=(+ x (B )t — (p+ — p-)X (4.14)

2 2

requires some care. Now we assume that the momenta are parallel to the 4z direction
and p+ = (0,0, p1). If the energies happen to be the same, Ey = E_(= E), the
oscillation phase ® becomes

1 m2 — m?
— 2 _ 2 2 _ 2 ~_t =
o= 3 (\/E m-. \/E m+)z iE zZ. 4.15)
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If instead the two momenta happen to be the same, p4 = p_(= p), the oscillation
phase becomes

1 m2 —m
2 2 + —
CD——E(\/pz—f—er—\/pz—i—m)tN—t. (4.16)

Since practically we can consider = z and p = E for the ultrarelativistic neutrino
case, Egs. (4.15) and (4.16) can be considered as identical.2 However, in actual
processes of neutrino production, such as pion decays, both the energies and momenta
of v_ and v are different from each other. The relation of (E_, p_) and (E4, p+)
can not be determined from the general solution and it is necessary to concretely
consider how the neutrinos were produced to determine the initial condition. To see
a more realistic situation, we consider a case that the neutrino is produced in the
decay of particle X,

X —>vyi+7Y, 4.17)

where Y can be a single particle, like the pion decay or a multi-particle system, like
the B or muon decays. In such decays, the neutrino energy and momentum in the rest
frame of X are given by,

ey ~g1- gf1- (1 Bo)ma (4.18)
+ 0 2MXEO , P+ 0 ) MX E(z) s .

where My is the mass of X and Ej is the neutrino energy in case the neutrino is
massless,

2 2
— My — My

E
0 2M x

(4.19)

My is the invariant mass of the Y system. If the decay is three-body decay or more,
My differs for event by event. Substituting the p+ and E+ in Eq. (4.14) by Egs. (4.18),
the oscillation phase is

S~ — -t~ —2Z. (4.20)
4E) 4MxEy 4E

Am? Ey Am? Am?

(i)
The oscillation phase depends only on the squared neutrino mass difference and the
neutrino energy. The information of the decay of X, such as a possible variation of
My, is included in the neutrino energy and we need not explicitly care about how the
neutrino was produced when treating the neutrino oscillation.

2 Rigorously speaking, if there is no ambiguity in the momentum, position becomes ambiguous due
to the uncertainty principle and the position dependence of the oscillation can not be observed.
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4.1.3 Wave Packet Treatment

Usually, the elementary particles we observe are localized in space and have to be
treated as wave packet. The wave packet is expressed by superposition of plane waves
with slightly different momenta. For simplicity, we consider a one dimensional wave
packet for the neutrino with mass my,. The wave function of the wave packet is
expressed by

Y(t,2) = / a(kye'*=EO g, 4.21)

where a (k) is a momentum distribution with narrow momentum spread and E'(k) =
\/ m% + k2. Now we assume that the momentum distribution of |a(k)|? is a Gaussian

with mean momentum # and the standard deviation Gk,

1 (k — k)2
ak)= ———=exp| ———5— |- (4.22)
\/ V210, 40;;
The neutrino is ultrarelativistic and we assume
or < k. (4.23)

The integration (4.21) can be performed,’

_Rn2
Wt z) ~ ﬂ] exp [i(/%z — ﬁ:r)] , (4.24)

\/ \/1 [
—eXp | — 5
210, 407

where 6, = 1/(20%), E= \/ k2 + m? and mean velocity is

~ k 2
B:ENI_;}EVZ’ (4.25)

The probability density at space-time (¢, z) is,

_ Rp2
exp [—ﬂ} . (4.26)

Y, ) =
[W(z, 2)| 202

1
V27o,

This state exists only around z = [T’)t with width of 6, which describes a localized
particle that travels with velocity f.

3 See Sect. 8.4.3 for derivation.
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Fig. 4.1 Overlap of the two ‘111‘
wave packets

For neutrinos, the flavor eigenstate is a superposition of the mass eigenstates, and
each mass eigenstate has to be treated as a wave packet with its own mass. The wave
packets of different mass eigenstates generally have different velocities and they will
separate from each other after traveling some distance. The neutrino oscillation can
be treated as the interference of the overlap of the wave packets. Figure4.1 shows a
sketch of the separation of the two wave packets. The distance between the two peaks
of the wave packets with masses m_ and m after traveling distance L is given by,

A Am?
AL = ABL = ——1L, 4.27)
2F?

where Aﬁ is the difference of the average velocities (4.25),

2 2 2
A_ A & _m+—m__Am
AB=B_—-B; = T (4.28)

The ratio of the distance between the two peaks and the width of the wave packets
is,

AL Am’L
— = = (4.29)
G; 2E%c,
Usually, we set up the baseline of the experiments such a way that
L~ 2E (4.30)
Am?’ '
which gives
AL T 2no
ULt (4.31)

from the assumption (4.23). Therefore, the two wave packets overlap significantly
and the oscillation can be observed.
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4.1.4 Oscillation of the Wave Packet

If a neutrino is produced as vy, the wave function of the wave packets at the space-
time x is, from the analogy to Eqs. (4.1) and (4.3) after setting v.(0) = 0,

W) = N (— sin @ e~ |y _y 4 cos @ e~ @i i+ |v+)) . (432)
where N = 1/,/+/2nG; is the normalization constant and

AZy = , YL =kyz—E4t. (4.33)

Following the same procedure used to derive Eq. (3.35), the probability of detecting
V. at a space-time point x is,

2
N 22 s 2
| (V| ¥ () | = ’3 sin 20 (e_(AZ+)2e’¢+ — e_(AZ‘)ze"b‘)‘
N?sin’ 260 5 s . .
-— (e—zmmz 4 e 2A2)? _0 —(AE) AL og(Akz — AE,)) ’
(4.34)
where Ak = k_ —kyandAE =E_ —E,.
In actual experiments, we place a neutrino detector at a distance L from the
neutrino source and measure the incoming neutrinos continuously. Therefore, the
probability of finding v, events corresponds to the integral of (4.34) over time,*

+00

+oo
(Ve L)) Par / / WG, L)dr

sin22e( [ 1 [(AE)2 (ABL)Z:H)
~ 1 —cos[(Ak —AE)Llexp|—= || — ) + ,
2 8 Oy O;

where non—leading_O((mi/E)z) terms are ignored and approximations, § =

(B_+B)/2~ 1B = (B> +PB3)/2 ~ 1 are used.

Since AL = ABL is the difference between the peak positions of the two wave
packets, the exp[—(AB)>L?/ 80%] term corresponds to the reduction due to the sepa-
ration of the two wave packets in space. The power of this term is close to 0 as we saw
in (4.31). The exp[—(AE)?/ 8(5%] term represents the reduction from the difference
between the neutrino energies in the two mass eigenstates. If the neutrino is produced
in the decay of particle X as in Eq. (4.17) and detected at a distance L ~ 2nE/Am?,

Pvpave (L) ~ /
(4.35)

4 See Sect. 8.4.3.1 for derivation.
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AE Am? 2nE o,
— ~ ~ T2k (4.36)
Ok 2M x O, My L

where the fact that 6, is much smaller than the baseline L is used. Since B is close
to 1, the phase of the cos term in Eq. (4.35) is, using Eqs. (4.18),

Am?L

Ey

(Ak — AE)L ~ 4.37)

Finally, the transition probability becomes,

sin® 20 Am*L Coan .o (AWML
Py, v, (L) = 5 1 —cos 2E = sin” 20 sin aE ) (4.38)

which agrees with the formula derived in the previous sections.

4.1.5 Effective Treatment of Relativistic State Equation

The wave function of a moving particle can be obtained from the Lorentz boost of
the wave function of the particle at rest. We define the coordinate of the particle rest
frame as x’ and the coordinate of the laboratory frame, which is moving with velocity
—PB with respect to the particle frame, as x. The plane wave of the particle at rest
changes as follows by the Lorentz boost:

e—imt’ L.B. e—im"{(t—[}x)’ (439)

where yis the Lorentz factor (y = 1/4/1 — BZ). Since the particle travels with velocity
B in the lab frame, the position of the particle is x = B¢. Therefore, the phase factor
on the particle is,

-m

o—imti—pr) XL it (4.40)

This means that the mass is reduced by a factor v if seen from the lab frame,

m— —. (4.41)
v
If we define the neutrino wave function as
Wy (0)) = Cy, (1) [Ve) + Cy, (1) [Vy) - (4.42)

The effective state equation for the relativistic neutrinos can be obtained by substi-
tuting the transition amplitudes, 1L and T by |1/ and t/7, respectively in Eq. (3.37) as,
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aler) = en) (@) -
4 Y vV P My

Rigorously speaking, (4.43) is correct only for the case that the velocities of
the two mass eigenstates are the same (B = p_/E_ = pi/E;). As we saw in
Sect.4.1.2, the energy and momentum of the mass eigenstate neutrinos can vary
event per event and in general, such condition may not be satisfied. However, in usual
experimental conditions, the two wave packets overlaps even if the central positions
are not the same. In fact, the rigorous treatment of neutrino oscillation caused by the
extremely small masses is difficult and there are still some arguments (see for example
[1, 2]). We will not go in detailed discussions and will use (4.43) as an effective state
equation since this treatment (m — m/7) is easy and intuitive.

Equation (4.43) means that it is possible to obtain oscillation formula of relativistic
neutrinos by substituting

Moy — ““—;“ and Ty — %V (4.44)

in the oscillation formula of the particle at rest. The mixing angle is not changed by
the substitutions,

2wy 2y

= = tan 26y, (4.45)
(Hp_ - He)/’Y uu — M

tan 20, —

and the relation between the mass eigenstates and the flavor eigenstates is the same

as Eq. (3.49),
V) _ [cosBy, —sin6 [Ve)
(|v+)) - (sin 6: cos Ovv) (|vu))’ (4.46)

The wave functions of the mass eigenstates are,

.mvi
Wy, (1) = [vL)exp [—l Y t] . (4.47)
where,
my, =W+ (An/2)? + 13, (4.48)
and T
o= “2 £ Au=p, -, (4.49)

The oscillation probability of the relativistic particle is, from Eq. (3.53),

m+

A
Py, sy, (1) = sin® 20y sin® oy " (4.50)
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where Amy = my, — my_. In the lab frame, the energies of the neutrinos are
given by
E\;i ='Ym\/i. (4.51)

Using the mean energy E = (Ey + + Ey_)/2 and the average mass m = (my, +
my_)/2, the Lorentz factor can be expressed as

Y= (4.52)

31| ol

Therefore, if we use E, the angular velocity of the oscillation in the lab frame becomes

2 2 2
A my,, —m Am

oy = Ve v T (4.53)
2y AE AE

Finally, the neutrino oscillation probability is

Am3.L
Py, v, (L) = sin” 20y sin’ 4% : (4.54)

where ¢t ~ L is used. Using (4.52) the transition matrix in (4.43) can be rewritten as

I fu, w\ _ m(_  Am (—cos26y sin20y
Y (TV “u) ~F (m 5\ sin 20, cos26y) )" (4.55)
Finally, the state equation for the two flavor neutrinos is expressed by
d m> Am* [— i
a Cy, i m: " ni Fos 20y sin 20, Cy, . (4.56)
dr \Cv, E 4E sin26, cos 26, Cy,

4.1.6 Oscillation of Antineutrinos

In experiments, we often treat antineutrinos. The reactor neutrino is an anti-electron
neutrino and CP violation can be measured from the comparison of the neutrino
and antineutrino oscillation probabilities. The oscillation formula of antineutrinos
can be obtained from that of the neutrinos by assuming CPT invariance. The CPT
transformation converts a fermion state as follows:

YO =, (1) + Y1) = Gp(0) + Vg (1) (4.57)

L Gr® + P (6) > Pr(=0) + Py (=) = P(—1).
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Fig. 4.2 Transition amplitudes after CPT transformations. The second line is CPT transformed
states from the first line. The arrow of the time is arranged from left to right in the third line

The first line of Fig.4.2 corresponds to the state equation of the neutrinos:

i ()= ) G) 9
dr \Vu v\ My \V

The hermiticity of the transition matrix requires that the self-transition amplitudes
be real. The two cross-transition amplitudes can have an imaginary part and must be
complex conjugates to each other.

The effect of CPT transformation on the transition of the neutrino state is graph-
ically shown in the second line of Fig.4.2. In the third line, the arrow of time is

arranged from left to right. Therefore, if the first line is correct, the third like is also
correct due to CPT invariance. The state equation corresponding to the third line is

i \_/e :—i I‘LETV Ve (459)
dt \Vu y\w M) V) '

This is the state equation for the antineutrinos. From the comparison between
Egs. (4.58) and (4.59), we notice that the state equation for antineutrinos is the same
as that for neutrinos after taking the complex conjugate of the transition matrix. If
we write Ty = |Ty|e®, any antineutrino formulas that are results of Eq. (4.59) can
be obtained by replacing ¢ <> —¢ in the corresponding neutrino formulas obtained

5 The imaginary phase is not observable in the two flavor oscillations and has been ignored so far.
In this section, Ty is treated as a complex number because the descriptions here are meant to aid in
explaining the antineutrino oscillation for three flavor neutrinos. In that case, the imaginary phase
plays an important role.
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from Eq. (4.58). For example, the mixing matrix of the antineutrinos can be obtained
from the mixing matrix of the neutrinos as follows:

(|V_)) . ( cos® —e'®sin 9) (lve))
vi)) T \e ®si v
|_+) e ¥sin® _clgs.e I_u) (4.60)
CcPT (|V-) cos® —e ?sinBY) [|Ve)
— | - =1 ;5 . 1.
[V4) e%sin®  cosH (Vi)
The oscillation probability formula for antineutrinos can also be obtained from the
corresponding neutrino oscillation probability formula as

Py, v, = Py, (0 — —0). 4.61)

4.1.7 Mass Hierarchy for Two Flavor Neutrinos

We have seen that the neutrino oscillation is caused by the transition amplitudes
shown in Fig.4.3. As a result of the transitions, the mixing between the mass eigen-
states and the flavor eigenstates is

IVe)\ _ ( cos6y sinBy) [|v_)
(|Vu)) B (— sin Oy cos GV) (|v+)) ' (4.62)

2
tan 20, = —* (4.63)

up_ue.

where

Since Ty always appears in the form |Ty| in the two flavor oscillation probability,
we may define Ty > 0 without losing generality.

For the two flavor neutrino formulation, traditionally v; and v;, having masses
mp and my respectively, are used as mass eigenstates instead of vi. The relation
between the v; and flavor eigenstates is defined as follows:

[Ve)) [ cosBp sinBg Vi)
(|Vu>) - (— sin 0y cos0g /) \|v2) )"’ (4.64)
Fig. 4.3 Transition
amplitudes of two ‘Vu > . ‘ Vi > ve) e v,)
flavor neutrinos — :u,u — u,
v v
‘ e> il ‘ H >
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where 6 is the mixing angle of the standard definition. The correspondence between
the flavor indexes (e, ) and the mass indexes (1, 2) is defined such a way that vy is
the main component of v, and V5 is the main component of v;,. This means that the
mixing angle has, by definition, the following magnitude relation,

cos? 0y > sin” 0. (4.65)

The case where my > m is called the normal mass hierarchy (NH) and the case
where my < my is called the inverted mass hierarchy (IH). This naming comes from
the analogy to the charged lepton mass hierarchy of my > m,.

Since the masses m are defined as (4.6), there is a relation m > m_. Hence for
the NH, the correspondence between my and m; is,

NH: mi=m_=pn,—0y, m=myg=[U,+ 0y, (4.606)

where L, = (U, + 1t,)/2 and @y = \/(u“ —u,)?/4+ 2. Substituting |v>) and |v)
for |[v4) and |v_) in Eq. (4.62), we obtain

) IVe)) _ ( cosBy sin®,Y [Ivi)
NH : (lvu)) N (— sin Oy cos GV) (|V2)) . (4.67)

By comparing relation (4.67) and the definition (4.64),
NH: 6 =6,. (4.68)

From the domain of the definition Eq. (4.65), cos 20y = cos 20y > 0 and therefore,
from Eq. (4.63),
NH: p, > . (4.69)

For the IH, m; > my and hence,
H: m=mi=u,+0y, m=m_=[U,— 0. (4.70)

Substituting |v1) and — |v2) for [v,) and |v_),% in Eq. (4.62), we obtain

. [Ve)) _ (sin®y —cos® Vi)
e (Ivm)_(cosevV sinevv) (|V2))~ 4.71)

By comparing relation (4.71) and the definition Eq. (4.64),

IH: 6y=6,— g 4.72)

6 The phase of the state |v5) is chosen such the way that the mixing matrix in Eq. (4.71) becomes
the identical matrix when 1, = 0.
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Fig. 4.4 The mixing r
triangles for two flavor -
neutrinos. For inverted mass
hierarchy, 26, becomes w
larger than 1/2 i
26,(TH)
26,(NH)
I"lu_l"l(-<0 :uy_:ue>0
2 2

Table 4.1 Relations between neutrino oscillation parameters and transition amplitudes
Mass hierarchy | m; my [vi) [v2) STA 0o cos 20y
NH (my <mp) |@, —0y |1, +@y |[vo) | [vy) Mo <My |8y +
IH (m; > my) Lty [Iy—oy |v4) |[—Ivo) >, |[6v—m/2 |-
cos 20 is by definition O or positive, (STA = Self-Transition Amplitude)
In this case, from the definition Eq. (4.65), cos 260y = —cos26y < 0. Therefore,
from (4.63),

IH : Mo > 1y 4.73)

The above discussions show that the hierarchy of the physical masses m; and my
directly corresponds to the hierarchy of the self-transition amplitudes [, and L, in
the two flavor case.” The mixing angle 8,’s for NH and IH are graphically shown in
Fig.4.4.

The relation between the oscillation parameters and the transition amplitudes
depends on the mass hierarchy. It is summarized in Table4.1.

4.2 Three Flavor Neutrino Oscillations

There are three neutrino flavors, V., vy, and vz. Accordingly there are three kinds of
flavor oscillations, v, < vy, V., < v and vy < Vr.

There are also three mass differences, which indicate that there are three oscillation
frequencies. Therefore, there are generally nine combinations of oscillation terms
for neutrinos.

All these facts make the neutrino oscillations much more complicated than the
two-flavor non-relativistic case.

7 For three flavor case, the hierarchies of the masses and the self-transition amplitudes are not
necessarily the same.
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In this section, we discuss the relativistic oscillation formula for three flavor
neutrinos. To simplify the discussion, we follow the procedure described in Sect. 3.3.5
and the treatment of relativistic oscillations as in Sect. 4.1.5.

4.2.1 Transitions Between Three Neutrino Flavors

The general neutrino wave function for the three flavors v,, vy, and v is expressed
by
Wy () = Ce(t) [Ve) + Cu(@) [vu) + Cr(0) |v1) - (4.74)

There are nine transition amplitudes between the three neutrino states as shown in
Fig.4.5, where the hermiticity of the transition amplitude is used.
The relativistic state equation can be written as described in Eq. (4.43), giving

acw = —ilyC(I) =—i79'C®), 4.75)
dt Y
where
Ce(1) 1 M. T]je Tie
C@t)=|Cu® |, T = - Tue My T?u . 4.76)
C+(1) Tre T Mg

" is the effective transition matrix for relativistic particles as described in Eq. (4.43).
To solve Eq. (4.75), we diagonalize the .7 using a unitary matrix Uy,

1 [m 0 0
UJT'Uy=M == 0m 0. 4.77)
Y\0 0 ms
We write the elements of U,, as follows:
Uet U Ues
U Uy Uz
Fig. 4.5 The three flavor v,) v,) v,) V) v wv,)
neutrino transition —e s e —» ———
amplitudes i, e . T,
V) V) Va) V) o ve) v,)
. ‘ H H/ ° ‘ i‘/= .» ‘ K/
_lTye ’iﬂ“ *le
V) v v V) V) v,)
’—,—.
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The matrix elements Ug; and the masses m; are combinations of the elements of the
transition amplitudes %B.S
Using the mass matrix M’, the state equation (4.75) can be written as

dD(r)

= —iM'D(), 4.79
0 IM'D(1) (4.79)
where
Dy (1) .
D) = | D2(r) | = Uy C(p). (4.80)
D3 (1)
This equation can be easily solved as
D(t) = W()D(0), (4.81)
where
e~ imi/ Nt 0 0
W) = 0 e itm/vt 0 . (4.82)
0 0 e~ im3 /1

Then, C(¢) can be obtained from the D(#) as

C(1) = UyD(1) = [UyW(1)ID(0) = [Uy W (1) U{1C(0). (4.83)

4.2.1.1 The Mass Eigenstate

The general wave function Eq. (4.74) can be written from (4.83) as the sum of the
three mass eigenstates,

Wy (1)) = e~ MDD 0) [vi) + e M2/VDy (0) [va) + eV D3 (0) [vs)
(4.84)

where the mass eigenstates |v;) are the mixtures of the three flavor eigenstates |v¢)
as given by

Vi) Uer Uy1 Uny [Ve) . [Ve)
V2) | = (U2 U2 Ua | | V) | = Uy | V) | - (4.85)
[v3) Ues Uz Uz [Ve) [Ve)

8 The explicit formulas of Ug; and m; consist of hundreds of terms made of the transition amplitudes
Jop and are complicated. For the two flavor oscillation formula, 8 and m; consist of only a few
terms.
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We call the mixing matrix U, the Maki-Nakagawa-Sakata-Pontecorvo (MNSP)
matrix in this book.

4.2.2 The Three Flavor Oscillation Formula

If a neutrino is produced as pure [V, state at # = 0, the initial condition is given by
Co(0) = 1 and all other C, (0) = 0. (4.86)

In this case, the coefficient of |VB> at later time 7 is, from Eq. (4.83),
Cp(t) = Up Uge™ "™V 4 Ugy Ugpe™ "V 4 Uy Ugse /M1 (4.87)

The oscillation probability is,

2
Poyovy = ICpOF = |3 U Ui ™01 = 3" A% exp(i2dij),  (4.88)
i ij
where B
A5 = UyUg U Ug, (4.89)
and
m; —mj ml2 - m%
¥ij= =gt~ L (4.90)

The oscillation probability (4.88) can also be directly obtained from the diagram in
Fig.4.6.

Sometimes it is useful to separate the probability formula into the CP-odd and
CP-even terms and the oscillation probability is often expressed as’

Poyvyy = 8o — 4 > sin® &y [A?}B] ~23 sin29;S [Afﬂ L 491

i>j i>j

where M[A] and S[A] denote the real and imaginary part of A, respectively. As
it is seen from the third term of Eq. (4.91), the oscillation probability depends on
imaginary part of Ug;. This is one of the distinct differences from the two flavor

oscillation. Since A?jq = (A?;.B)*, the oscillation formula for reverse direction is,

9 See Sect.8.5.1 for the complete derivation.


http://dx.doi.org/10.1007/978-4-431-55462-2_8

62 4 Neutrino Oscillation

B 8 B,

e_i(’"l y>,‘1> ) U/il e—i(mz y)t‘2> UﬂZ e-i(m3 y)t‘3> U 3

Posp= + +
a2 a3l

) a) @)
UpUse ™0 U UL e ™0 [, 7 e

Fig. 4.6 The oscillation probability |o) — [B) is the absolute square of the sum of three indistin-
guishable diagrams in which the initial state is |o) and the final state is |B). See also Fig.3.5

Pyysy, = dgp — 4 Z sin® @;; 9N [ ] +2 Z sin2d;; 3 [ ] (4.92)

i>j i>j

The oscillation probability of the antineutrino is obtained by taking the complex
conjugate of the mixing matrix elements as described in Sect. 4.1.6 and is expressed
by

Poy oy, = Bop — 4> sin? q>,,m[ ]+2Zsm2cb,,3[ ] (4.93)

l>.[ l>j

The difference between the neutrino and antineutrino oscillation probability indicates
CP violation, which is expressed by

CP violation = Py, .y, — Py, .y, =4 »_ 3 |A [ ] sin 2@; ;. (4.94)

i>j

If CP is violated, A?B has to contain an imaginary component.
For the survival probability,

2 .
Pyyov, =1 =4 Uil |Ug;|” sin® @5 = Py, (4.95)

i>j

This means that CP symmetry always holds. Therefore, the CP violation effect
should be searched for only in appearance measurements.

For the CPT transformation, the probabilities for CP and T transformations are
given by

CP T
PVaL—>V5L — PVQR—>VBR - PVBR—>V0(R (496)
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Ifthere is difference between Py, v, and Py, .y, , CPTis violated. Experimentally
it is easier to search for CPT violation by comparing the survival probabilities:

Py,v, — Py, -y, = CPT violation. (4.97)

Since CPT invariance was assumed when deriving the antineutrino oscillation
formula (4.93), the CPT violation probability calculated using (4.91) and (4.93)
is, by definition, 0.

Uqj and Am? « canbe measured by neutrino oscillation experiments. If the absolute
neutrino mass 1s measured by other experiments, the neutrino masses m; can also
be determined. Once Ugy; and m; are determined, the transition amplitudes can be
obtained from

T = UMU. (4.98)

For instance, the diagonal elements of the transition matrix are given by
Mo, = [Uat*mi1 + [Ua |*ma + |Uos *ms. (4.99)

This indicates that the self-transition amplitude of flavor ot is equivalent to the average
mass of v
o

4.2.3 Standard Parametrization of the Mixing Matrix

As described in Sect. 4.2.1, the transition matrix .7 defined by Eq. (4.75) is 3 x 3

Hermitian matrix. This form implies that there are nine free parameters. Three of

them are real values and the other six are contained in three complex values. The

mixing matrix Uy is made from matrix .7 and thus also has nine free parameters.
The oscillation probability can be expressed from Egs. (3.68) and (3.77) as

. (my —my) P

Py, vy = D (VaIVe) (ViIVa) (VilVg) (Valvi)ye 7 (4.100)
ki
This value is invariant for the following replacements,
Vo) = [Va) €, [vi) — [vi) e, (4.101)

It means some of the imaginary parameters in the matrix Uy may be removed without
changing the oscillation probability. Equation (4.85) can be rewritten as

10 The v, mass measured by tritium B decay experiments is the weighted average of the squared
masses, ml% = U, |2m% + |U32|2m% + |U,33|2m_%.


http://dx.doi.org/10.1007/978-4-431-55462-2_3
http://dx.doi.org/10.1007/978-4-431-55462-2_3

64 4 Neutrino Oscillation

[vi) ! Uetl U] Ul Vo)
1 i§M iset . _

[va) %2 | = ( 1Ueal [Upale®® [Unale®2 | [ |vy) e @1=20 ) (4.102)

[v3) e Ues| U315 |Urs 5]\ [vr) @1 =0e)

where imaginary components are explicitly written as
Uai = |Ugile™, (4.103)

and

8 = (Boi — 8g) — (Boj — Bg)- (4.104)

Therefore, five phase parameters in the matrix Uy can be moved as the phases of the
wave functions. The imaginary component terms in the oscillation probability (4.91)
do not change for this treatment. For example,

ut N N T
SIA) — Ul Uyl Ul UalS [explisly - 8 - 85+ 801] o

= |Up||Ups| U Uz sin[8y2 — 83 — 82 + 8531 = S[AN].

In general, for n neutrinos, 2n — 1 phases can be removed from the mixing matrix
in this way.

The removal of the five phase parameters from nine free parameters in the mixing
matrix leaves four parameters. Since a 3 x 3 orthogonal matrix can have only three
free parameters, Uy can not be an orthogonal matrix and at least one parameter has to
be imaginary. In general, for n neutrinos, there are n real self-transition amplitudes
and n(n— 1) /2 complex cross-transition amplitudes, resulting in n> parameters in the
transition matrix and the mixing matrix. Of these, 2n — 1 are absorbed as phases of
the wave functions, leaving (n — 1)? physical parameters in the mixing matrix. Since
an x n orthogonal matrix can have n(n — 1) /2 parameters, at least (n — 1)(n —2)/2
parameters of the mixing matrix have to be imaginary and the rest are real.

We express the mixing matrix of the three flavor neutrinos by three real mixing
angles and one imaginary parameter in the standard form, as given by

1 0 0 ci3 O Sl3e*i6 ci2 s12 0
Uy=10 c23 503 0 1 0 —s12¢c12 0
0 —s23 23 —513618 0 ci13 0 01
c12€13 $12€13 s13e ™
= | —s12¢23 — c12523513€® clac3 — s12803513€®  sa3c13 | (4.106)

512523 — C12€23513€0 —s523¢12 — $12€23513€0 €23¢13

where 5;; = sin©;; and ¢;; = cos 0;;. Although there is no one-to-one correspon-
dence between the mixing angles and the cross-transition amplitudes, parametriza-
tion (4.106) turned out to be useful because the disappearance probabilities observed
approximately correspond to the mixing angles.



4.2 Three Flavor Neutrino Oscillations 65

If 5;; were small,!! the mixing matrix would be approximated by

1 S12 S13efi5
Uy=| —si2 1 53 |+ 0(s7). (4.107)
—513618 —8523 1

Then, the transition amplitudes would be expressed as

e T;.e T:e mp 0 0 .
T = Tue Wy Ty | = Uy 8”(1)20 Uy
Tre T m3
we T K 5 (4.108)
m (my — my)s12 (m3 —my)size™
=| (m2—msi2 my (m3 —m)sy | + O(s})).
(m3 — my)s13e® (m3 — mp)sa m3
This would give the relations,
mp o~ W, my oWy, m3 o g, (4.109)
and T T .
Si2~ — sy~ — 36~ (4.110)
l.lu—l.le MT—Hp e — M

These relations indicate that the ordering of vi, v> and v3 are such that, in the limit
of small mixings, Vi = V., V2 = vy and v3 = vg.

4.3 Matter Effects

To calculate and interpret the oscillation probabilities of neutrinos that propagate
in the sun or earth, the matter effect has to be taken into account. The neutrino
scattering cross section is so small that practically we can ignore the scattering
effects. However, as we will see, the weak potential that causes coherent forward
scattering of ultrarelativistic neutrinos becomes of the same order as Am?/E, and
may have a sizable effect on the neutrino oscillation. It was pointed by [3-5] first
and called the Mikheyev-Smirnov-Wolfenstein (MSW) effect.

11 Experimentally it is known that s;j are not small. The discussion here is just to obtain an image
of the meaning of the mixing angles.
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4.3.1 Weak Potentials

First we consider the neutrino-electron elastic scattering probability in the sun,
Ve+e — V,+e, 4.111)

for which the Feynman diagram is shown in Fig.2.13. The matrix element of the
scattering is shown in Eq. (2.84) and the cross section is given in (2.93). For solar
neutrinos with £ ~ 1 MeV, the total cross section is 9.5 x 10~%*3cm?. Assuming
that the neutrino passes through a 6,00,000 km thick hydrogen layer with density
p = 100 g/cm?, the probability that the neutrino is scattered by an electron is

P ~107°. (4.112)

Therefore, we can safely ignore the finite angle scatterings.

In order to calculate complete reactions of neutrino electron scatterings, it is
necessary to take into account all possible diagrams as shown in Fig. 4.7. The reaction
probability is given by

P o< | My + M1 = | M) + 2R(MG M) + | A (4.113)

The first term is the probability for the two particles to just propagate in the
space-time independently. The probability (4.112) is calculated from the third term of
(4.113), in which the neutrino is scattered to a finite angle with respect to the original
direction. This probability is proportional to G% and very small. Since .Zy = 0
at finite momentum transfer, the second term R (.#;.#) is finite for only forward
scattering. The probability of the second term is proportional to G and can be much
larger than (4.112). The second term is responsible for the matter effect and we will
calculate its probabilities below.

Figure 4.8 shows the Feynman diagrams for the weak potentials in matter. First
we consider the v.-matter forward scattering. The matrix element of the v.-matter
scattering is the sum of the charged current (@) and neutral current (¢) components,
given by

2
v v v v
G
p- +
e q eq eq €q
M, M,

Fig. 4.7 Neutrino scattering probability. .# is the diagram without scattering and .#; shows the
diagram of the scattering
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v, v,
¢ (b) ¢
v v
4
AR
é >
e, u,d e, u, d
(c)

Fig. 4.8 Diagrams of the weak potentials. a Charged current scattering. b Charged current annihi-
lation. ¢ Neutral current scattering. a contributes for only V., b contributes for only V., ¢ contributes
for all the neutrinos equivalently

My = My + Mz =2N2GF [V YpVeL]

— 1 4.114)
x| [ry'el+ 20 Y5 (Crv = Craw)f1

f=eq

where the same factorization of the equation used in Sect. 2.4.4.3 is applied. For the
neutral current potential, the v, is scattered by not only electron but also u and d
quarks in protons and neutrons in the matter.

The Dirac equation for neutrinos in the weak potential is

i ouve + (Vi + Vz)V, = 0, (4.115)

where Vz and Vyy, respectively, are the neutral and charged current weak potentials
given by

Vi = 2v2Gpy lery’erl, (4.116)
Vz =2Gry, 2 pee g[SV (Cy = Cravs) f1. '

For Vy, the wave function of the LH electron at rest is!2

11 =1\ (u 1 (u
T A

12 For simplicity, we omit the normalization factor v/2m, of the wave function here. It is cancelled
off later anyway.
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where, u represents the spin direction. The electron spin direction is random and the
u =7, and u = X, components exist with equal weight. The net contribution of the
LH electron density is

_ Loy Lot .t
(e = g0 Y’ (_X;l) + 500 Y (_Xiz)
(4.118)
)2 e=0
_{ 0; p=1, 2, 3.

This means that only the Y0 term of the electron current contributes to Vi . From
Eqgs. (4.116), (4.118) and the electron number density in matter n,, the charged
current potential is expressed as

Vw = v2Gpn,. (4.119)

For neutral matter that consists of atoms whose atomic number and mass number are
Z and A, the electron density is given by

3 23 3. 2
ne[/cm”] = (6.0 x 1077) x p[g/cm”] x T (4.120)
Therefore, the charged current potential is
—14 3. 2
VwleV] ~ 7.6 x 10 x plglem’] x 1 (4.121)

Since the density of the hydrogen is p ~ 100 g/cm? near the center of the sun and
Z ~ A, the magnitude of the weak potential is

VO ~8x 1072 eV. (4.122)

This value can be equivalent to the size of Am?/4E in (4.56), which is ~ 10~ eV
for Am?> ~ 10~* eV? and E ~ 10 MeV.

As for the neutral current potential Vz in (4.116), a proton consists of two
u-quarks and one d-quark and a neutron consists of two d-quarks and one u-quark.
Therefore, the neutral current potential becomes,

Ne [EYp(CeV — CeAYS)e] + 2np +np) [ﬁYp(CuV - CMAYS)M]
+ 2ny +np) [EYp(Cdv - CdAYs)d]

s

V7 = ﬁGF’Yp (

(4.123)
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where n), is the proton number density and n,, is the neutron number density. For
neutral matters, the proton number density is the same as the electron number density,
n, = n.. In this case, the electron potential and proton potential cancel out,

Vz(e) + Vz(p) = V2Grn.y,
[eY’ ((4xy — D) +vs5) e] + 2 [wy’ ((—(8/3)xw + 1) — ¥5) u]
+ [3«{" ((4/3)x — 1) +75) d]

— 0.

(4.124)

The neutron potential is,
Vz(n) = \/EGanYp
x ([ﬁyp (=8/3)xy + 1) —v5) u] +2 [Eyp (4/3)x0 — 1) +75) d]) (4.125)
— —V2Grnyy, (/Y (1—v) f]= —~2v2Grnyy, [f2Y 1]
Following the same procedure for Viy,
Vz = —2Gpn,. (4.126)

ny is small in the sun and V7 is also small but it can be larger than n, or n, in the
earth.
For antineutrino scattering, V.e ™, the matrix element is, from Eq. (2.90),

=_— _ — 51
My = 22GFNeroVer] | (@01 er] + X [FY 5(Cv = Cps) £
f=evq
4.127)

The electron and quark currents are the same as v, scattering case, (4.114). Therefore,
the weak potentials for v, change the sign,

Vw =—Vwy and Vz = —Vy, (4.128)

just like the electromagnetic potential changes the sign for the anti-particles.
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Fig. 4.9 Neutrino-matter ‘ > ‘ >
. . % v v v
nteractions ‘ e > ‘ e > u "

@
—i(V,4+Vy) iV,

4.3.2 Neutrino Oscillation in Matter

The weak potentials can be interpreted as the self-transitions as shown in Fig.4.9.
When calculating the probability of the neutrino oscillation in matter, these ampli-
tudes have to be added to the state equation. The state equation of neutrinos in matter
is, therefore, from (4.56),

d (ce) _ 1(ue Tv) n (VZ—I—VW 0) (ce)
de\Cu) [y \W My 0 Vz)]\Cu
| [ m? 1 —c0s20y + vy sin 20y Ce
=t |:(E tVz+ EVW I+ ( sin 20y, cos 20y — ‘UW> (Cu) ’
(4.129)

where wy = AmzjE /4E and Oy is the neutrino mixing angle in vacuum, which is
defined in Eq. (4.56). The potential parameter vy represents the strength of the
charged current weak potential,

2EVy  22EG Z E[MeV
oy = — = V2 e 15 % 10_7p[g/cm3]—%, (4.130)
Ami Ami A Am:l: [eV ]

The oscillation part of the state equation (4.129) can be rewritten in the standard

form: _ _
d (C, .~ [—co0s20 sin20Y\ (C.
a —_ 2 Y , 4.131
di (Cu) "”( sin28 cos 29) (Cu) (413D

where the tilde mark (7) above the parameters represents that they are the parameters
in the matter and ® = Kwy. The scale factor K and the mixing angle in matter 8 are
defined as,

" in 26
K =1/(c0s 20, — vy)? +5in26,, tan2d= —nN __ (4132)
cos 206y — vy

The relation between 8y and © is shown graphically in Fig.4.10a. It can also be
expressed by Fig.4.10b. These relations show that Vz does not contribute to the
mixing nor oscillation phenomena. Since this state equation in matter has exactly the
same form as (3.42), we can borrow the relations derived in Sect. 3.3.2.


http://dx.doi.org/10.1007/978-4-431-55462-2_3
http://dx.doi.org/10.1007/978-4-431-55462-2_3

4.3 Matter Effects 71

K= \/(00520v —v,) +sin® 20, (Ap-yV,, ) +47°
sin26, )
26,/ \20 ] 20,/\20
v, c0s20, - v, Wy | Hy—H =7V
co0s20, -,
(@) (b)

Fig. 4.10 Mixing triangles in matter. a Based on the relation of the mixing angles in vacuum and
matter. b Same as a but based on the transition amplitudes and the weak potential

The mass eigenstates in matter are

Vo) cos© —sin O [[ve)
(|\~’+>) B (siné cos 0 ) (|Vu>) ’ (4-133)

with the new masses of
My = (n_1+ % (VZ + VTW)) =+ Kp. (4.134)
The general wave function in matter is
Py (t) = Cye /MGy 4 C_emi-/01 5y (4.135)
The oscillation probabilities for neutrinos passing through matter of length L are

given by
Py, (L) = Py, (L) = 1 —sin* 20 sin” &L,

- - yox s (4.136)
Py, v, (L) = Py,—v, (L) = sin” 20 sin” ©L.
The oscillation amplitude is
5 = sin® 20,
sin”“ 20 = (4.137)

(cos 208y — V)2 + sin? 20,

This indicates that at vy = cos 26y, sin? 20 can be unity no matter how small the
vacuum oscillation amplitude, sin? 20y, is. This mechanism was used to describe the
large solar neutrino deficit by small mixing angle in vacuum in the early days of solar
neutrino studies. vy = cos 20y is called the resonance condition.
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The heavy neutrino component of the electron neutrino is

o 20, —
§in26 = - (1 _ M) . (4.138)
2 K

Even if the mass hierarchy is normal in vacuum (cos 28y > 0), it can be inverted in
matter (cos 20 < 0), if vy > cos26,.
For solar neutrino oscillation,

Am2 ~ 8 x 1075 [e\ﬂ] . P ~ 100 [g/cm3] L A~Z, (4.139)
and the potential parameter for Vg in the sun is
Ve ~ 0.2Ey[/MeV]. (4.140)

Since the solar neutrino energy is Ey < 20 MeV, some neutrinos experience the
resonance condition.
For atmospheric and accelerator neutrino oscillation on earth,

Anm ~ 2.4 x 1073 [eVz] , Pg~5 [g/cm3] . A~2Z, (4.141)

and the potential parameter Vg, is,

Ve ~ 0.1NcEy[/GeV], (4.142)

where =+ 1 for neutrinos and n~=— 1 for antineutrinos. Energies of atmospheric
and accelerator neutrinos (~GeV) are in the ranges where matter effects can be
significant.

Note that cos 20, changes its sign depending on the mass hierarchy of the neutrinos
(Table4.1). This dependence can be used to determine the mass hierarchy, which can
not be determined by the vacuum oscillation.

Similarly for antineutrinos, the potential parameter Ly changes sign. This depen-
dence can introduce a spurious CP violation effect. Therefore, the matter effect has
to be understood properly when measuring CP violation.

For long baseline reactor neutrino experiments,

Am2 ~ 8 x 1075 [eV2] . Py~ S [g/onﬁ] . A~2Z, E,~4MeV. (4.143)

The potential parameter is
Vg ~ —0.02 (4.144)

and small.
The matter effect produces effective mass, and it may seem that standard model
massless neutrinos could oscillate in matter, acquiring mass from the matter effect.
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However, for massless neutrinos, the potential parameter (4.130) becomes infinitely
large and the mixing angle in matter (4.137) becomes 0. This indicates that massless
neutrinos can not oscillate even in matter.

4.4 A Paradox in Neutrino Oscillation

The interpretation of neutrino oscillation includes a famous paradox which can be
explained by the uncertainty principle.

Suppose we measure the time dependence of the probability of oscillation, v, —
V.. The vy is assumed to be produced in a charged pion decay atrest, T+ — Pt +vy.
Due to helicity suppression, the pion decays to vy, with almost 100 % probability.

From the neutrino oscillation, the probability of finding v, at time ¢ is,

Am?
B t, (4.145)

A%

Prvy, (t) = sin” 20 sin’

where ¢ is the time between the pion decay and the detection of the neutrino. We
assume that the time of the pion decay is measured by detecting the muon. The
neutrino in the T — v decay is a superposition of mass eigenstates |vi) and |v3).

Y, (0) = [vy) =sin B |vy) +cos O [v2) . (4.146)

Since the muon energy in the decay depends on the neutrino mass, we can determine
which neutrino mass eigenstate is produced in the decay from the energy of the muon
as shown in Fig.4.11. If we determine which neutrino mass eigenstate is produced
from the muon energy, we will observe v; with a probability sin? @ and v, with a
probability cos? 0 in the neutrino detector.

Now, we assume that we know V» is generated in this measurement. In this case,
at later time ¢, the neutrino wave function becomes,

_ —imyt __ —impt __ —imat
= = e . .
Y, (1) =|v2)e cosO|vy)e sin@|v,) e (4.147)
time & energy time & flavor
measurement Tlate? measurement
v, oscillate’
u u
M detector CD € @ 2 > Co v detector
E, or Ey? V,0r v, ?

Fig. 4.11 If we measure the energy of the muon precisely, we can know which mass eigenstate
neutrino, Vi or v, is produced
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Therefore, the probability of finding v, in the v, event sample is

Prsyy sy, (1) = c0s? 0 x | — sin @ e~ 2|2 = sin® @ cos” 6. (4.148)

Similarly, the probability of finding v, in the v| event sample is

Prsy; v, (f) = sin” 0 x | cos 8 =™’ |? = sin” O cos’ . (4.149)

The probability of observing v, is the sum of Egs. (4.148) and (4.149),

1.
Pnavg ) = Pnavzave @® + Prcavlave ) = 5 SlIl2 26. (4.150)

This probability is independent of time and contradicts the oscillation probabil-
ity (4.145). It seems that whether the neutrino oscillates or not depends on whether
the muon energy is measured or not, even if the measured information is not used.
This is an example of the measurement problem.

This paradox can be explained qualitatively by taking into account the uncertainty
principle. The relation of neutrino mass and muon energy is, from Eq. (4.18),

2

m
E,=Ey— —~, 4.151
u 0 2 ( )

where Ej is the muon energy in the case my, = 0. In order to distinguish v; and v»,
the energy resolution for the muon 8y, has to be smaller than the difference of muon
energies corresponding to the decays in which vy or v, is produced,

2 2 2
m m A
0B, < —2 - (4.152)
2myg  2myg 2my

Due to the uncertainty principle, in the system in which we can measure the energy
with such precision, we can not determine the time when the muon is detected with

precision better than,

1 my
5t > —— .
" 28E,  24m?

(4.153)

Since there is an ambiguity &t in the detection time of the muon, we can not know the
pion decay time with precision better than dz. Therefore, it is impossible to know the
time between the production and the detection of the neutrino with precision better
than &¢. Since the angular velocity of the oscillation is ® = %—’E’Tj, the uncertainty of

the oscillation phase 8® introduced by the uncertainty of the time & is,

8D = 0 = % > 1, (4.154)
2E,
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where the relation E,, = %= (1 — (my /mp)?) < 7= is used. This indicates that when
we try to measure the oscillation in this system, the time dependence of the oscillation
is averaged out and what will be observed is,

Am? 1
Py, v, = sin® 29<sin2 %z> = 5 sin’ 20, (4.155)

where () shows the average over time. This probability agrees with Eq. (4.150).
Contrary, it is possible to show that in a system in which neutrino oscillation can
be measured (this is our system), it is impossible to measure the muon energy precise
enough to distinguish v; and vs.
The reason we thought the paradox exited is that we wrongly assumed that we
could measure both the time and energy precise enough to observe the oscillation
and to distinguish between two neutrino masses simultaneously.
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Chapter 5
Experiments

Abstract In this chapter, the neutrino oscillation experiments that observed widely
accepted positive oscillation signals are reviewed. The experiments are categorized
as atmospheric, accelerator, solar, or reactor neutrino experiments. The principle
and technique of each experiment, such as how neutrinos are generated, what are
properties of the neutrinos, what is the structure of the neutrino detector and how the
neutrinos are detected, are explained briefly. In most of the papers, the experimental
data are analyzed assuming the two flavor oscillation formula and the oscillation
parameters, © and Am? are derived. Significant plots and measured parameters are
shown at the end of the explanation of each experiment.

Keywords Atmospheric neutrino * Accelerator neutrino - Solar neutrino - Reactor
neutrino + Appearance measurement - Disappearance measurement

5.1 Introduction

In neutrino oscillation experiments, there are two types of measurements. One is
the appearance measurement, which detects the generation of a different flavor neu-
trino from the original flavor produced. In the two flavor oscillation, the appearance
probability is expressed by

A 2
Py, v, = sin® 20 sin’ %L, (5.1)

where the flavor indices are different, B # o.

The other is the disappearance measurement, which detects the same flavor neu-
trinos as the original flavor produced and measures the deficit of the neutrino flux
caused by the change of the flavor due to oscillation. The probability that the neutrino
remains in the original flavor is given by

A 2
Py, v, = 1 — sin 20 sin’ %L. (5.2)
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The parameters to be measured by neutrino oscillation experiments are the mixing
angle 6 and the mass squared difference between the two mass eigenstates Am?. If
the baseline L is measured in [km], the neutrino energy E is measured in [GeV] and
the squared mass difference Am? is measured in [eV?], the oscillation phase can be
numerically expressed as follows:

2 2 2
®[rad] = AiL = 1.27ML[km]. (5.3)
4E E[GeV]

A number of neutrino oscillation experiments have been carried out at various base-
lines with various neutrino energies. Figure5.1 summarizes the relation between
baselines and typical energies of such experiments. The solid lines in Fig.5.1 show
the relation E = Am?>L/2m, which is called the first oscillation maximum, and the
dashed lines show the relation £ = Am?L /61, which is called the second oscillation
maximum.

Currently oscillations at two mass square differences, |Amé| ~8.0x 1077 eV
and |Amé| ~ 2.5 x 1073 eV2, are confirmed by various experiments, where Amé
indicates that this Am? was suggested by the solar neutrinos first and Amé, by the
atmospheric neutrinos on earth. Some experiments suggest there are other oscillations
at |[Am?| ~ 1eV?, but this contradicts the three flavor neutrino scheme and is not

2
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Fig. 5.1 Relation between baselines and typical energies of various neutrino oscillation experi-
ments. The solid lines (single, double and triple lines) show the first oscillation maximum and the
dashed lines show the second oscillation maximum for Am? =1, 8.0 x 107> and 2.5 x 1073 [eV?],
respectively
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accepted yet by the community. Atmospheric, accelerator and reactor experiments
measure neutrino oscillation at |Amé| and solar and reactor experiments measure at
|Am(23|. In the following subsections the major neutrino oscillation experiments are
reviewed and the experimental methods and measured results are described.

5.2 Atmospheric Neutrino Oscillation

The first definite evidence of neutrino oscillation was found in atmospheric neutrinos
by the Super-Kamiokande group in 1998. A large number of high energy (>GeV)
cosmic-rays (mostly protons) are constantly hitting the earth. From the cosmic-ray
interactions with oxygen or nitrogen nuclei in the atmosphere, charged pions are
produced, which decay as n* — p* + Vu/Vy with the intrinsic lifetime of ¢T ~8m.
Then the muon decays as u* — e* +v, /v, +Vy /vy with ¢t ~700m. The neutrinos
produced from these reactions are called the atmospheric neutrinos. The produced
neutrinos can penetrate the earth and be detected at the opposite side of the earth.
Since the thickness of the atmospheric layer is much less than the radius of the earth,
the neutrino production point is regarded as the surface of the earth and the distance
between the neutrino generation point and detector can be determined by

L =2Rgcos0, 5.4)

as shown in Fig.5.2, where Rg is the radius of the earth. From the process of
atmospheric neutrino production, the ratio of the number of the muon-type neutrinos
to electron-type neutrinos is expected to be

NV + N

_ (5.5)
N(Ve) + N(Ve)
Fig. 5.2 Atmospheric v
neutrinos are generated
within the thin layer of
atmosphere and can be Detector

detected on the opposite side
of the earth. The relation
between the angle and the
neutrino travel distance is

L = 2Rg cos 0, where Rg is
the radius of the earth

A'smic Ray
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Fig. 5.3 The Super-Kamiokande detector. From [1]

However, early observations by the IMB and Kamiokande experiments showed that
the ratio is roughly one. This was called the atmospheric neutrino anomaly. The
Super-Kamiokande (SK) detector, which has 50 times more target volume than
Kamiokande detector, started the operation in 1996 and concluded that the anomaly
is due to neutrino oscillation. Figure 5.3 shows the structure of the SK detector. The
SK detector is located 1,000m below Ikenoyama mountain in the Gifu prefecture,
Japan. It uses 50,000 tons of ultra-pure water as the neutrino target. Charged particles
with velocity B > 0.75 in water emit Cerenkov light. 11,200 20-inch photomulti-
pliers (PMT) are mounted at the inner wall of the detector to detect the Cerenkov
light.

From the charged current interactions in the water, v, produces muon and v,
produces electron as shown in Eq. (5.6).

Vu+A—> U+ X,
Ve +A— e+ X. (5.6)

The produced high energy charged leptons go forward with respect to the direction of
the incoming neutrinos. If the charged lepton is a muon, it produces a clear Cerenkov
ring as shown in Fig.5.4a. The direction of the muon can be measured from the
direction of the Cerenkov ring. Therefore, the baseline of the neutrino’s detection
can be measured from the relation (5.4). If the muon is produced and stops within the
detector, which is called the fully contained event, the muon energy can be measured



5.2 Atmospheric Neutrino Oscillation 81

v,+A—e+X

¢ = EM shower \

v

Clear Cherenkov ring Blurred Cherenkov ring

Fig. 5.4 Particle identification in a water Cerenkov detector. Muons produce clear Cerenkov rings
while electrons produce blurred Cerenkov rings

from the total Cerenkov light yield and the original neutrino energy can be deduced
from it.

For the v, interactions, the produced electrons generate an electromagnetic shower
in the water, and electrons and positrons in the shower generate blurred Cerenkov
ring as indicated in Fig.5.4b. Most of the electrons and positrons are contained in
the detector volume since they produce the shower, and the electron energy can be
measured. The v, and v, can be distinguished by the difference of the Cerenkov light
patterns. Figure 5.5 is the plot that reported the first evidence of neutrino oscillation.
Figure 5.5a shows a L/E dependence of the atmospheric neutrino events. A clear
neutrino deficit is observed in the vy flux while distribution of v, is flat which is

(3) R AL I R L e e e R e R R (b} 15 . I = I : : —3
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8 N < F Kamiokande .
o I ‘{’ 13 I
= +* + - 10°L
(=3 H “E E
E B - .“: d ‘<] E
s _%ééu} F Super-Kamiokande —>,”
o | I 7
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Fig. 5.5 The historical data that show the first evidence of neutrino oscillations. a The ratio of
the fully contained Data to Monte Carlo prediction as a function of L/E. The dashed line shows
the expected shape for v, <> v; oscillation at Am? = 2.2 x 1073eV? and sin®20 = 1. A clear
deficit pattern is observed in v, flux while v, flux stays constant. b Confidence intervals for sin? 20
and Am? for Vu <> V¢ two-neutrino oscillations. The result of the Kamiokande experiment is also
shown. From [2]
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Fig. 5.6 Result of the L/E analysis of atmospheric neutrino data of Super-Kamiokande. The hor-
izontal axis is the reconstructed L/E. The points show the ratio of the data to the Monte Carlo
prediction without oscillations. The error bars are statistical only. The solid line shows the best fit
with 2-flavor v, — v oscillation. The dashed and dotted lines show the best fit expectations for
neutrino decay and neutrino decoherence hypotheses, respectively. From [4]

consistent with the expectation. If the oscillation was of v, — V, type, the v, flux
would have been increased by the rate of v, disappearance. Therefore, this plot also
indicates that the oscillation is mainly due to v, — v oscillation. Figure 5.5b shows
the contour plots of the allowed parameter region, which shows sin®>26 ~ 1 and
Am? ~ 2 x 1073 eV?%. Now, 17 years later, the precision of the measurement is much
improved. Figure 5.6 shows the recent results of L/E dependence of the vy events.
There is a dip at around L/E ~ 6 x 10? km/GeV indicating the oscillation with
|Am?| ~ 2x 1073 eV2. An increase of the event rate, which is a unique characteristic
of oscillation, can be seen at L/E > 1 x 103 km/GeV. The up-to-date oscillation
parameters measured by the Super-Kamiokande group are

0.407 < sin?0 < 0.583, 1.7 x 107> < Am? < 2.7 x 10 %eV?, (5.7)

at 90 % confidence level (CL) if the mass hierarchy is not specified [3].

5.3 Long Baseline Accelerator Experiments

In long baseline accelerator experiments, the neutrinos are produced mainly from
charged pion decays via the reaction,

p+A -t 4+ X
L, (5.8)
it
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Fig. 5.7 Locations of accelerators and detectors for K2K, T2K, MINOS, OPERA and ICARUS
experiments. (The scale of the maps are different.) [Google map]

Because of the almost 100 % branching fraction of the ® — W + v decay, the
neutrino beam consists of mostly vy, or Vu. Therefore, the accelerator neutrino beam is
suitable for studying the oscillation of the muon-type neutrinos. The typical energy
of accelerator neutrinos is of the order of GeV. Thus, a baseline of several hun-
dred kilometers is necessary to study at the Am?> measured by atmospheric neutrino
oscillation. The accelerator experiments K2K (KEK To Kamioka), T2K (Tokai to
Kamioka), MINOS (Main Injector Neutrino Oscillation Search) and OPERA (Oscil-
lation Project with Emulsion Tracking Apparatus) have measured positive neutrino
oscillation signals. Figure 5.7 shows the locations and baselines of those experiments.
The K2K, MINOS and T2K experiments have measured vy — v, disappearance.
MINOS and T2K also measured vy, — V,, disappearance and vy, — V. appearance.
The OPERA experiment detected v;, — V¢ appearance events.

5.3.1 The K2K Experiment

K2K is the first long baseline accelerator experiment that measured a clear neutrino
oscillation signal. The neutrino beam was produced by the newly constructed neutrino
beam line at the KEK proton synchrotron as shown in Fig.5.8. A 12GeV proton
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Fig. 5.8 K2K neutrino beam production and detection. From [5]

beam was fired into the target to produce secondary particles. A pair of toroidal horn
magnets downstream focused nt’s to direct the beam at the SK detector, located
250km away. The v, beam was produced from the pion decays in the decay pipe.
Downstream of the decay pipe and the beam dump, the front detector measured
the neutrino spectra to normalize the events measured by the far detector. The SK
detector measured the v, induced events by identifying the muons with the Cerenkov
light, so that v, — vy disappearance could be measured. Figure5.9a shows the
energy distribution of the detected vy,. There is a dip at £ ~ 0.7GeV indicating
Am? ~ 3 x 1073 eV2. Figure 5.9b shows the fitting results for Am? and sin> 26. The
measured oscillation parameters were

sin®20 ~ 1, Am* = (2.8707) x 107 %eV?, (5.9)

(a) b)) K2K full data
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Fig. 5.9 The K2K vy — vy final disappearance results. a Reconstructed energy distribution for
u-like samples. The solid line is the best fit spectrum with neutrino oscillation and the dashed line
is expectation without oscillation. b Allowed region of the oscillation parameters. From [6]
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at 90 % CL. These results agree with the atmospheric neutrino measurements, indi-
cating that both of the experiments are observing the same oscillation.

5.3.2 The MINOS Experiment

Using the Tevatron accelerator at Fermilab, MINOS measured the vy, — v dis-
appearance with higher energy and longer baseline than the K2K experiment. The
neutrinos are produced at the Fermilab Main injector and sent to the MINOS detector
in the Soudan mine, 735km away. The detector is composed of an iron and scin-
tillator calorimeter with tracking capability, along with a toroidal magnetic field to
separate the u* and W~ produced in the neutrino interactions. Figures 5.10 show the
final results of the MINOS experiment. Figure5.10a shows the energy distribution
of the data sample for the fully contained v events compared to the predictions
with and without oscillations. A clear deficit is observed at a few GeV. MINOS mea-
sured the oscillation parameters of v, — vy and v, — Vy separately using both
the ©* and ©~ beams, which are produced by changing the polarity of the magnets
of the neutrino beam line. As the v, — Vv, process is the CPT inverted process of
Vu — vy, CPT invariance can be tested by comparing these two oscillation modes.
Figure 5.10b shows allowed oscillation parameter regions obtained from both modes.
These results agree well, ensuring CPT invariance. Combining both the vy, and vy,
data under CPT invariance, the oscillation parameters obtained were

sin®20 = 0.9507093  |Am?| = (2.4170%) x 1073 eV2. (5.10)

The results are consistent with the atmospheric neutrino and K2K results.
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Fig. 5.10 The MINOS final results. a Energy distribution of the fully contained v, event data
sample compared to predictions with and without oscillations. b Allowed region of |Am?| and
sin? 26 for vy and vy, disappearances and the combined results of vy, vy,. From [7]
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5.3.3 The T2K Experiment

The T2K experiment is the successor to the K2K experiment. Muon neutrinos are
produced by the decay of pions, which are produced by a 30 GeV proton beam from
the J-PARC proton synchrotron.

The neutrinos are sent to the Super-Kamiokande detector, located 295 km away.
A unique feature of the T2K neutrino beam is that it uses a so-called off-axis beam,
which provides the neutrinos with a narrow energy distribution. The direction of the
SK detector is 2.5° from the direction of the pion beam. The energy of a neutrino
that has small but finite deflection angle 6 with respect to the direction of the pion is

B — m721 - mﬁ 0—small dEy o 1 - (e'YT;)2 (5.11)
V' 2(Eg — prcos0) dEx (1 + (87,22’ ’

where 7, is the Lorentz factor of the parent pion.

This equation means that the neutrino energy is insensitive to E at 0y, ~ 1 and the
neutrino energy distribution becomes narrow with the peak energy Ey ~ 0.2my/0.
Figure5.11 shows the neutrino flux for various deflection angles (bottom panel)
and the energy distributions for the expected oscillation probabilities (top panel).
The T2K experiment has measured v;, — v, disappearance and confirmed the large
deficit with significantly higher statistics than K2K as shown in Fig. 5.12. The allowed
oscillation parameter region in this experiment is compared with other measurements
in Fig.5.13. The oscillation parameters used here are identified as Am§2 and 053,
based on the framework with three neutrino flavors and all measurements agree well.
The best fit oscillation parameters from T2K are given by
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Fig. 5.12 Energy spectrum of p-like events. The two predicted curves are for the no oscillation
hypothesis and for the best fit parameters. The large deficit of vy, is observed. From [9]
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sin? 03 = 0.514 £0.082, |Am%,| = 2.447017 x 1072 eV, (5.12)

From the atmospheric neutrino oscillation, it was known that the vy, — v, oscil-
lation probability is small, if finite. The high vy statistics allows T2K to observe
Vu — V. appearance signals. The measurement of the vy, — Vv, oscillation is very
important since CP violation of the neutrino oscillation can be observed only through
appearance measurements (see Chap.4). This mode is the most promising channel
for the near future.

As of the year 2013, the T2K group has identified 28 v, — v, candidate events
while the expected background is 4.9 events. The energy distribution of these can-
didate neutrinos is shown in Fig. 5.14. The energy distribution of the v, candidates
agrees well with the expected oscillation. In the three neutrino flavor oscillation
scheme, the vy, — Vv, oscillation probability is approximated as
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Fig. 5.14 The reconstructed energy distribution for v, candidates. The events with energy below
1,250MeV (28 events) are used to calculate the oscillation probability. The solid line is the MC
prediction at the best fit with the assumption of normal hierarchy. The hatched area is the expected
background. From [10]

2
2 Am32L

Py, v, ~ sin” 023 sin® 203 sin (5.13)

v

Since sin 0,3 is measured from Vu — Vy disappearance to be close to 0.5, the
smallness of Py, v, is attributed mainly to the smallness of sin? 2013. Assuming

dcp =0, sin? 26,3 = 1 and the normal hierarchy,
sin” 203 = 0.14070:038 (5.14)

is obtained.

5.3.4 The OPERA Experiment

The CNGS (CERN Neutrino to Gran Sasso) project sends neutrinos from CERN in
Geneva, Switzerland to the Gran Sasso laboratory in Italy located 732km away. A
vy beam is produced by the charged pion decays from the Super Proton Synchrotron
at CERN.

In the Gran Sasso underground lab, the OPERA and ICARUS (Imaging Cosmic
And Rare Underground Signals) detectors are installed and perform the neutrino
oscillation studies. OPERA is a hybrid detector of 1,300tons of nuclear emulsion
bricks with large tracking detectors behind them. The charged particle track can be
measured with sub-micron level accuracy using the nuclear emulsion, which makes
it possible to detect the tau-lepton decay topology directly.

The purpose of the OPERA experiment is to detect the vy — V¢ appearance
oscillation signals. When a vy interacts with a target material, it produces a T lepton
through the charged current interactions,

Vi+A—>1 +X. (5.15)
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Then, the T~ decays after traveling typically 1 mm, which is measured in the emul-
sion. Since the 7T lepton is heavy (m. ~ 1.7GeV), the energy of the neutrino has to
be larger than 3.5 GeV so that the E /L is not optimized for the oscillation maximum.
The OPERA group has identified three v; candidate events as of the year 2013. The
event topology of the second v candidate is shown in Fig. 5.15. This event topology
is consistent with the reactions,

Vi+A—=>1T +X W) (5.16)

followed by
T = 3h 4 v (V1), (5.17)

where Vj and V] are the corresponding vertexes shown in the figure and & represents
a charged hadron. One of the three hadrons interacted with the target materials at
V, and produced another charged particle. The T candidate is between the vertexes
Vo and V| with flight length 1.5 mm. Since the total energy of the three hadrons is
~13GeV, the average decay length of the T lepton is longer than yctT > 0.64 mm
which is consistent with the observation.

5.4 Solar Neutrino Oscillations

The sun is made up mainly of hydrogen. The temperature at the centeris 1.5 x 107 K,
corresponding to hydrogen kinetic energy of 1.5keV and density of 150 g/cm?®. The
pressure at the center is 2.5 x 10!! atm. Although the temperature is below the
Coulomb barrier energy, the fusion reaction is possible via the tunneling effect.
The fusion reactions take place through various processes, but the net reaction is

4p +2¢ — *He + 2v, + 26.73MeV — E,, (5.18)
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where the average neutrino energy (Ey) is, ~ 0.6 MeV. This means that one v, is
generated for every 13 MeV of energy released. Since the solar constant (solar energy
flux at the surface of the earth) is 0.136 W/cm2, the solar neutrino flux at the earth’s
surface is estimated to be

0.136[W/cm?]/13 x [MeV /V.] = 6.5 x 10'%,[/cm?/s]. (5.19)

The actual fusion reaction in the sun is more complicated, as shown in Fig.5.16.
The neutrinos are produced from pp, pep, "Be, hep and B processes. The neutrino
energy differs depending on the generation processes as shown in Fig. 5.17. The main
V., production process is the pp process,

p+p—>d+et +v.(<042MeV). (5.20)

This neutrino is called the pp neutrino. More than 98 % of fusion in the sun goes
through this process, with little ambiguity for the flux calculation. Since the final
state has 3 bodies, the energy spectrum of the pp neutrino is continuous. The end
point energy of the pp neutrino is 0.42MeV. The next abundant neutrino flux is of
"Be neutrinos, which are produced in the process

98.5%
v
99.77% 0.23%
p+p > d+et+v, pre+p->d+v,
(rp) (pep)
d+p »3He+y
|
84.7% v 138% ~2x10-%

| SHe+*He = Be+y |

|
13.78% W v 0.02%

"Be+e” > 'Li+v, (+7) "Be+p > B+y | [*He+p -»“*He+et+v,
("Be) (hep)

v

8B -» 8Be*+et+v,
L (*B)
“He+*He

Fig. 5.16 The proton-proton chain of the fusion process in the sun. Neutrinos are produced in the
pp, pep, 'Be, hep and 8B processes. 1.5 % of fusion takes place through the Carbon-Nitrogen-
Oxygen catalytic cycle (CNO cycle), which is not shown here

3He+3He - *He+p+p | | "Li+p -» “He+*He |
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Fig. 5.17 The solar neutrino spectrum predicted by the BSO5(OP) standard solar model. The
neutrino fluxes are given in units of [/cm?/s/MeV] for continuous spectra and [/cm?/s] for line
spectra. The numbers associated with the neutrino sources show theoretical errors of the fluxes.
This figure is taken from the late John Bahcall’s web site, http://www.sns.ias.edu/~jnb/. From
[1, Chap.1]

"Be + e~ — 'Li +V,(0.86MeV) or

S (5.21)

— 'Li* + v.(0.38 MeV).
For the 2-body final state, these neutrinos have fixed energies of 0.86 MeV (90 %)
and 0.38MeV (10 %).

The most energetic solar neutrino is the hep neutrino. However, the flux is small
and since the energy spectrum is similar to that of the 8B neutrinos, it is difficult
to detect. The energy of ®B neutrino extends to 18.8MeV and the flux is thousand
times larger than that of the hep neutrinos, so it is relatively easier to detect. The B
neutrino is produced from the following BT decay process:

5B — 3Be* + et + v, (< 18.8MeV), (5.22)

and its energy spectrum is continuous.

5.4.1 The Homestake Experiment

R. Davis observed the solar neutrinos for the fist time at the Homestake mine. He
used *’Cl as a neutrino target. His group made a 380 m? tank at 1,500 m underground
and filled it with perchloroethylene (Cl,C=CCl,). Figure 5.18 shows a layout of the
Homestake neutrino detector.


http://www.sns.ias.edu/~jnb/
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If a solar neutrino with energy higher than 0.82MeV interacts with 3’Cl, the
following reaction takes place:

Ve +37Cl — ¢~ + 7 Ar. (Eq = 814keV), (5.23)

where the unstable 37 Ar captures the orbital electron, emitting Auger electron with
a half life of ~35 days through the following process:

ar — 3Cl+ v, + Auger electron. (5.24)

The perchloroethylene was flushed with He gas once per a few weeks. The extracted
gas was cooled to separate Ar from He. The decay rate of 37 Ar was measured with
a small low-background proportional counter. Figure 5.19 shows a summary of the
observed production rate of 37 Ar, where the background has been subtracted. The
Solar Neutrino Unit (SNU) is defined as 10~36 neutrino captures per atom per second.

Over a period of 25years, 2,200 atoms of 37 Ar were detected. As seen in the
figure, the production rate is only few atoms per day, which made this experiment
extremely difficult.

The results indicate that the measured neutrino flux is only 30 % of the expected
value calculated from the standard solar model (SSM). Whether this deficit of the

Fig. 5.18 A layout of the Homestake neutrino detector. From [12]
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Fig.5.19 A summary of all the runs made at Homestake after implementation of rise-time counting.
Background has been subtracted. The unit of the vertical axis on the right is Solar Neutrino Unit
(SNU). From [12]

solar neutrino flux was due to error in the experiment or in the SSM prediction was
much debated. This problem remained unsolved for many years as the “solar neutrino
anomaly” until the discovery of neutrino oscillation.

5.4.2 The GNO, GALLEX and SAGE Experiments

A weak point of the 37Cl experiment is that the energy threshold of the reaction is
higher than the energy of the pp neutrinos. The expected ®B neutrino flux depends on
details of the solar model. On the other hand, the pp neutrino process gives virtually
no ambiguity in the neutrino flux prediction since most of the solar neutrinos are
generated by this fusion process (5.20). The 7!Ga experiment was a very promising
way to solve the solar neutrino flux anomaly since it can detect the pp neutrinos.
When v, interacts with "1Ga, the following reaction, similar to (5.23) but with much
lower energy threshold, takes place,.

Ve + 'Ga — e +"'Ge, (Eg = 233keV), (5.25)

where "1Ge decays as,

Ge — "'Ga + V., + Auger electron, (5.26)

with a half life of ~11days.
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Fig. 5.20 GALLEX and GNO data. GALLEX data were taken before 1998 and GNO data where
taken after 1998. The prediction of the SSM is shown as a solid horizontal line. The result shows
that the detected neutrino flux is 51 +4 % of the SSM prediction. From [13]

There were three 7'Ga experiments. GALLEX (GALLium EXperiment) used
30tons of target and its successor GNO (Gallium Neutrino Observatory) used
100tons at the Gran Sasso Laboratory. SAGE (Soviet American Gallium Experi-
ment) used 50tons of Ga target at the Baksan underground laboratory. Figure 5.20
shows the results from GALLEX and GNO and Fig.5.21 shows the results from
SAGE. Both experiments observed about half of the solar neutrino flux predicted by
the SSM.

From these results, it turned out to be clear that the solar neutrino problem is
originated in some aspect of particle physics we did not understand.

5.4.3 The Super-Kamiokande Experiment

In the Super-Kamiokande (SK), the solar neutrinos were detected by the ve elastic
scattering,
V+e —Vv+te . 5.27)

The SK detector, filled with 50kilotons of ultra-pure water, can measure the solar
neutrino in real time by detecting the Cerenkov light produced by the scattered
electron.

As described in Sect.2.4.4, the cross section of Ve~ scattering, Oy, is signifi-
cantly larger than that of vy, ze™ scattering, Gy, .., due to the charged current diagram.
Since Oy~ = Oy~ ~ Oy, /6.1, the elastic scattering rate observed at SK is

1
Pobs ™~ ¢ve + a(q)vp + q)vr)- (5.28)


http://dx.doi.org/10.1007/978-4-431-55462-2_2

5.4 Solar Neutrino Oscillations 95

140 =
120
100 T

801 e i G IR T N

60_— e e e TR _T_,T_,
40
20+
0 -
I I I | | | | | | | | | I I I I T T |
1990 1992 1994 1996 1998 2000 2002 2004 2006 2008
Year

T

T T T T

Capture rate (SNU)

Fig. 5.21 Yearly capture rate from the SAGE experiment. The shaded band is the combined best
fit for all years and its error. The error is statistical with 68 % confidence. The prediction of the SSM
is 130 SNU and the result shows that the detected neutrino flux is about half of the SSM prediction.
From [14]

If neutrino oscillation changes the v, to a v, or vz, the observable neutrino flux
decreases. For ve scattering at a few MeV, the electron is scattered forward, as indi-
cated by Fig.2.16, emitting Cerenkov light that keeps the directionality information.
Figure 5.22a shows the angular distribution for the solar neutrino candidates with
respect to the direction of the sun. The clear directionality of the sun is used to
distinguish the solar neutrino events from the isotropic backgrounds. Figure 5.22b
shows the energy spectrum of the solar neutrinos normalized by the SSM prediction,
resulting in the average ratio of 0.4. The apparent deficit of the solar neutrino flux is
observed here again.

5.4.4 The SNO Experiment

Neutrino oscillation was one of several possible reasons for the deficit of solar neu-
trinos observed by experiments. One approach to testing the oscillation hypothesis
is to measure the total neutrino flux of

oy = q)ve + ¢v” + ¢vt’ (5.29)

using neutral current interactions.

The cross section of neutral current interactions does not depend on the neutrino
flavor. Therefore, even if the neutrino flavor changes by neutrino oscillation, the
total neutrino flux can be measured using the neutral current interactions. The SNO
(Sudbury Neutrino Observatory) experiment used 1,000tons of heavy water (D,0)
as a neutrino target to measure the neutral current interactions of the solar neutrinos.
The heavy water was contained in an acrylic sphere 12 m in diameter, which is located
2,070 m undergrounds at Vale Inco’s Creighton Mine in Sudbury, Canada. Figure 5.23


http://dx.doi.org/10.1007/978-4-431-55462-2_2
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Fig. 5.22 a The angular distribution of the solar neutrino candidate events with respect to the
direction of the sun. The dotted line seen under the peak in the solar direction represents background
contributions. b Ratio of observed and expected energy spectra. The dotted line is the average for
all data. From [15]

shows a schematic view of the SNO detector. The Cerenkov light is detected by
9,456 8-inch photomultipliers which measure y-rays and electrons. When a neutrino
interacts with a deuteron, the deuteron is broken into a proton and a neutron through
the neutral current interaction as shown in Fig. 5.24a,
Vi +D — v+ p+n. (5.30)
The energy threshold of the reaction is 2.2MeV and ®B solar neutrinos can be
detected. The neutron is thermalized by scattering with deuterium or oxygen nuclei
and is captured by a deuteron, forming tritium and emitting a 6.25 MeV v,
n(thermal) + D — T + y(6.25 MeV). (5.31)
By measuring the 6.25 MeV yevents, the total neutrino flux regardless of its flavors
can be measured. At the same time, electron neutrinos can interact with deuterium
through the charged current reaction as shown in Fig.5.24b,
Voe+D — e +p+p. (5.32)
This event can be identified by the Cerenkov light from the electron. The neutrino-
electron elastic scattering (vy + e~ — V. 4+ e7) also occurs as in the Super-
Kamiokande detector, but with lower statistics. Reaction (5.32) and v — e elastic
scattering (5.27) can be statistically distinguished by using the angular distribution
of the Cerenkov signals with respect to the direction of the sun.

The results obtained in the year 2002 showed that the neutrino flux measured with
NC interactions is consistent with the prediction of the standard solar model.
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Fig. 5.23 A schematic view of the SNO detector. 1 kton of D,O is contained in an acrylic sphere
with radius 6.5m. The acrylic sphere is submerged in the water shield. 9,456 PMTs capture the
Cerenkov light. The laboratory is 2,070 m underground in the Sudbury mine, Canada. From [16]

Fig. 5.24 a Neutral current interactions of neutrinos with deuteron. The cross section for neutral
current interactions is the same for all neutrinos. Therefore, the total neutrino flux can be measured
independent of flavor. b Only v, transforms to the charged lepton e~ through the charged current
interaction because the solar neutrino energy is smaller than the muon mass
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Fig. 5.25 Fluxes of 8B solar neutrinos, 0(Ve), and ¢(vy or vq), deduced from SNO’s CC, ES, and
NC results of the salt phase measurement. The bands represent the 16 error. The contours show the
68, 95, and 99 % joint probability for ¢(v.) and ¢(v, or t). From [17]

The ratio of CC flux and NC flux is 0.3,

e _ 107020 9 _ 306 40,026 +0.024. (5.33)
bssm e

The results are summarized in Fig.5.25. These results indicate that the electron
neutrino is transformed to other types of neutrinos.

Later, 2,000kg of NaCl were dissolved in the heavy water. 3>Cl has large neutron
absorption cross section and it emits y’s with total energy 8.6 MeV after absorbing a
neutron. The NaCl increased the detection efficiency and improved the accuracy of the
measurement. The group also installed *He proportional counters in the detector and
measured the neutron by detecting the proton from the reaction He +n — 3H + p.

Finally, the group obtained a total ®Be neutrino flux of

P = (525 +0.16(stat) § 13 (syst) ) x 10° fem?/s. (5.34)

The measured v, flux is about 32 % of the expectation from the standard solar model.

Figure 5.26 shows the allowed oscillation parameter region measured by SNO.
There are two regions which satisfy the measurements, corresponding to the Large
Mixing Angle (LMA) solution at Am> ~ 10~%eV? and the Low solution at
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Am? ~ 1077 eV2. The Low solution has been excluded by combining other solar
neutrino and reactor experiments. The measured oscillation parameters of LMA
solution are

tan® 012 = 0.42770033 . Am3, = 5.627132 x 1077 eV, (5.35)

5.4.5 The Borexino Experiment

Borexino is an experiment that uses liquid scintillator to detect neutrinos. The liquid
scintillator produces by a factor of several tens more light than Cerenkov light and
the energy resolution is much better than that of Cerenkov detectors. While Cerenkov
radiation has an energy threshold, the scintillator does not have such threshold and
lower energy neutrinos can be detected than in water Cerenkov detectors. On the other
hand, the scintillation light is emitted isotropically and the neutrino directionality
information is lost. Figure5.27 shows a schematic of the Borexino detector. The
Borexino detector is composed of 300 tons of ultra low-background liquid scintillator
contained in a 8.5 m diameter Nylon balloon. The balloon floats in non-scintillating
buffer oil contained in an outer Nylon vessel and a stainless steel spheric tank with
a diameter of 13.7m. 2,200 8-inch PMTSs with the Winston cone mounted on the
inside wall of the stainless steel tank view the scintillation light. The stainless steel
tank sits inside a water tank. The detector is located in the Gran Sasso laboratory in
Italy, 1,400 m underground.



100 5 Experiments

Borexino Detector
External water tank —, ' tainless Steel Sphere
Nylon Outer Vessel

Nylon Inner Vessel
Fiducial volume

for extra
shielding

Fig. 5.27 A schematic view of the Borexino detector. From [19]

Borexino group identified ’Be and pep solar neutrinos for the first time by using
neutrino-electron elastic scattering, as shown in Eq. (5.27). "Be and pep solar neutri-
nos have energies of 862 keV and 1.4 MeV, respectively. Measuring the solar neutrino
deficit in these energy regions is important because the oscillation probability of solar
neutrinos is supposed to change due to the matter effect.

An experimental difficulty is to cope with the backgrounds. The energy of ’Be and
pep neutrinos is similar to that from natural radioactivities that come from the decay
chains of 2°U and 232 Th, and the decay of “°K. These naturally-occurring radioactive
elements emit y-rays with energies below 2.7 MeV, so 'Be and pep neutrino signals
could easily be swamped by the background signals. The Borexino group reduced
backgrounds significantly by limiting the contamination of such radioactive elements
in the detector and succeeded in measuring "Be and pep solar neutrinos. Figure 5.28
shows the energy spectrum of the solar neutrino candidates and various backgrounds.
Although "Be neutrinos have a fixed energy, the scattered electron has a Compton
scattering-like energy dependence with a sharp maximum energy edge at E, ~
660keV, which makes a “shoulder” in the energy spectrum. The survival probability
for v, — v, was measured to be 51 & 7 % of the expected value.

5.4.6 Summary of Solar Neutrino Observations

The deficits of the solar neutrino flux observed in all the experiments with various
methods seem to depend on the neutrino energy as summarized in Fig. 5.29. As will
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Fig. 5.29 Energy dependence of solar neutrino deficit. From [20]

be discussed in the next chapter, this energy dependence can be described by the
matter effect of varying densities in the sun. Figure 5.30 summarizes all the solar
neutrino experiments. Only the LMA solution remains. The measured oscillation
parameters including 073 in the analysis were

tan® 012 = 0.468700%) Am3; = 54717 x107%eV?, sin? 613 < 0.030. (5.36)
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5.5 Reactor Neutrino Oscillations

In nuclear reactors, uranium and plutonium release energy through fission reactions.
Figure 5.31 shows an example of a fission reaction process. In this example, 23U
absorbs a thermal neutron and breaks up into '#°Te and **Rb, emitting two neutrons.
These fission products are neutron rich nuclei that produce the electron antineutrinos
(V.) via B-decay. In general, these fission products become stable after six B-decays,
so that every fission produces six V,’s, releasing 200 MeV of energy. Therefore, a
reactor operating with 3GW of thermal power produces 6 x 102%V,’s per second.
The energy of the reactor neutrinos is a few MeV, corresponding to the typical energy
of nuclear B decays. The main fissile elements are 235y, 239py, 241py and 238, for
which the emitted neutrino spectra are known with a precision ~2 %.

v, v, v,
® e e e
Aceetos
o QIRRT
v, . v, ' v, )

Fig. 5.31 An example of the fission reaction. V,’s are generated in [ decays of fission products.
On average about six V,’s are generated per fission. ~ 6 x 102 V,’s/sec are generated in a reactor
operating at 3 GWy, of power. The energy of the neutrinos is a typical B decay energy of a few MeV

@ @q
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Usually, the reactor neutrinos are detected by using liquid scintillator (LS), which
is made of organic oil and is rich in free protons. The reactor neutrino is detected by
using the inverse beta decay (IBD) reaction with a proton,

Ve+p— et +n. (5.37)

The threshold energy of this reaction is m, — m, + m, = 1.8 MeV and the cross
section is given by Eq. (2.100)

omp ~ 1.0 x 107¥ E,+ p,+[cm?], (5.38)

where E,+ and p,+ are measured in MeV and a neutron lifetime of 880 s is assumed.

The positron and its annihilation y’s deposit energy in the LS, emitting scintillation
light with lowest energy of 1.02MeV. Since the energy of the recoiled neutron is
typically 0.1 MeV or less, the neutrino energy can be measured from the visible
energy to be

EV(, ~ Eyisible + mp — mp —me = Eyisible + 0.8 MeV. (5.39)

Figure 5.32 shows the reactor neutrino spectrum, IBD cross section and observable
reactor neutrino spectrum.

The neutron produced in the IBD reaction is instantly thermalized in the LS by
recoiling and it is absorbed by a proton, forming deuteron and emitting a 2.2 MeV 7.

n+p—>d+y : Ey=22MeV. (5.40)

This absorption process takes place about 200 us after the IBD reaction. Therefore,
for one neutrino interaction, the positron signal and the neutron absorption signal
are observed at a separated time. By requiring this “delayed coincidence”, natural
backgrounds can be substantially reduced. The positron signal is called the “prompt
signal” and the neutron signal is called the “delayed signal”. In some experiments,

Fig. 5.32 Reactor neutrino
spectrum (dashed line), IBD
cross section (dotted line),
and the product of them

showing the visible energy / \
spectrum of the reactor
neutrino signal (solid line). v \/ \ -
The horizontal axis is the .
neutrino energy (Ey). The / AN \
vertical axis is in arbitrary / S~

units
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Ev(MeV)
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the scintillator is doped with Gadolinium (Gd) to absorb the neutron. Gd has the
largest thermal neutron absorption cross section among the natural elements, so that
it is possible to shrink the coincidence timing width below 200 us, which helps to
reduce the accidental backgrounds. The excited Gd after the neutron absorption,
emits cascade y’s with total energy of 8 MeV,

n+Gd— Gd +vs : > Ey~8MeV. (5.41)

Since the energies of backgrounds from natural radioactivity are less than 5 MeV,
the Gd helps to reduce backgrounds drastically.

In the presence of neutrino oscillation, the energy spectrum of the reactor neutrinos
changes as follows:

A 2
Ny(E) = Nyo(E) (1 — sin® 20 sin? %L) , (5.42)

where Nyo(E) is the energy spectrum of neutrinos without neutrino oscillation. Since
the energy of reactor neutrinos is much smaller (typically 1/100 or less) than that
of accelerator neutrinos, reactor neutrino experiments can provide sensitivity to
either significantly smaller Am? at the same baseline or oscillation with the same
Am? at a significantly shorter baseline. The low neutrino energy makes appearance
experiments impossible; only disappearance measurements are possible for reactor
neutrinos.

Four reactor neutrino experiments are currently in operation and all of them
have observed positive oscillation signals. The KamLAND (Kamioka Liquid scin-
tillator AntiNeutrino Detector) experiment has observed a large neutrino oscilla-
tion at Am> ~ 8 x 107 eV? and Double Chooz, Daya Bay and RENO (Reac-
tor Neutrino Oscillation) experiments have observed small neutrino oscillation at
Am?* ~ 2.5 x 1073 eV2.

5.5.1 The KamlL.AND Experiment

The KamLAND experiment uses 1,000 tons of liquid scintillator to detect reactor
neutrinos coming from reactors hundreds of kilometers away. Although 70 reactors
are spread throughout Japan and Korea, most of the neutrinos detected by KamLAND
come from a narrow circular band of 150-200km from the detector. The result is
that it looks as if one gigantic reactor is located at an average baseline of 180km.
Figure 5.33 shows a schematic drawing of the KamLAND detector. The 1 kton of ultra
low-background liquid scintillator is contained in a 13 m-diameter transparent plastic
balloon. The balloon is floating in 2 ktons of non-scintillating buffer oil. 1,879 17 or
201in. diameters photomultipliers (PMT) in the buffer oil detect the scintillation light.
The PMTs are mounted on the inner wall of a 18 m diameter stainless steel spherical
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Fig. 5.33 Schematic diagram of the KamLAND detector. From [21]

tank. The stainless steel tank is submerged in 3 ktons of pure water, which works as a
cosmic ray veto counter. The detector is housed in the cavern where the Kamiokande
detector used to be. This location is 1,000 m below the top of the Ikenoyama mountain
where the cosmic-ray rate is reduced by a factor of 10~ compared with the surface.
KamLAND observed a large deficit of the reactor neutrinos and a clear distortion
of its energy spectrum. Figure5.34 shows the Lo/Ey dependence of the survival
probability of V., where Lo = 180km is the flux-weighted average baseline. From
the oscillation pattern in the L/ Ey spectrum, it turned out that KamLAND is located

Fig. 5.34 Ratio of the
observed V, spectrum to the
expectation for no-oscillation
versus Lo/E. Lo = 180km
is the flux-weighted average
reactor baseline. A clear
oscillation pattern is visible.
From [22]
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Fig. 5.35 Allowed (tan?> ® — Am?) regions from the KamLAND experiment together with the
summary result of solar neutrino experiments. The shaded regions are from combined analysis of
the solar and KamLAND data. From [22]

at around the second oscillation maximum. The increase of the v, flux at Lo/ Ey ~ 30
and 60km/MeV indicates that the disappearance is caused by oscillation since the
decay of the neutrino or decoherence can only decrease the v, flux. The best fit of
the three flavor analysis of only the KamLLAND data indicates

tan® By = 0.4817002  Am3; = 7.54701% x 1075 V2. (5.43)

Figure5.35 shows the allowed oscillation parameter region from KamLAND
together with the result of solar neutrino experiments. The KamLAND and solar
neutrino results are consistent with each other. Since KamLAND observes v, disap-
pearance and solar neutrino experiments observe Vv, disappearance, the agreement
shows that CPT invariance holds. Finally, the best fit oscillation parameters com-
bining KamLLAND, solar neutrinos and the 013 experiments described in the next
section are,

tan® 012 = 0.43670 052, Am3, =7.5£0.18 x 107 %eV2. (5.44)

5.5.2 The Double Chooz, Daya Bay and RENO Experiments

The Double Chooz (DC), Daya Bay (DB) and RENO experiments are new generation
reactor neutrino experiments, which measure the reactor v, oscillation at baselines of
1 ~ 2km. They are sensitive to the region Am?> ~ 2 x 1073 eV?, which corresponds
to the parameter observed in v, disappearance by the accelerator and atmospheric
neutrino experiments. When the DC, DB and RENO experiments were designed, the
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Fig.5.36 Detector and reactor locations, baselines and detector masses of the Double Chooz, Daya
Bay and RENO experiments. The circles show the reactor cores and the cylinders show the neutrino
detectors (The scales are not the same.)

mixing angle, called the 613, was known to be small because the Chooz and Palo
Verde experiments could not find a reactor neutrino deficit at ~1 km and showed that
sin® 2013 < 0.15. This means that the disappearance probability is small and high
precision measurement is necessary to detect it. Therefore, the three experiments
use the near and far detectors with identical structure to significantly improve the
accuracy of the neutrino deficit measurement. The baselines of the far detectors
are close to the oscillation maximum (L ~ 1.5km) and the baselines of the near
detectors are where the oscillation is still small (L < 400m). Since both detector
sets have an identical structure, most of the systematic uncertainties are canceled out
by comparing the data from the far and near detectors, and precise measurement of
the v, disappearance is possible.

Figure 5.36 shows the locations of detectors and reactors for the three experi-
ments. Daya Bay uses multiple detectors and reactors to cross-check the systematic
uncertainties and to obtain higher statistics. The detectors of these three experiments
have very similar multi-layer structures. Figure 5.37 shows a schematic view of the
Double Chooz detector as an example. The neutrino target is 8.3 tons of Gd-loaded
liquid scintillator and the delayed coincidence is used to identify the reactor neu-
trinos. The target scintillator is contained in a cylindrical acrylic vessel, which is
immersed in liquid scintillator without Gd called the y-catcher. The y-catcher scintil-
lator is contained in the second acrylic vessel. The y-catcher scintillator detects y-rays
that leak from the neutrino target region to reconstruct the original energies of the
positron and Gd signals. The second acrylic vessel is immersed in non-scintillating
buffer oil, which shields the scintillators from y-rays and neutrons coming from out of
the detector. 390 10inch photomultipliers are submerged in the buffer oil and detect
scintillation lights. All these layers are placed in a stainless steel tank and the tank
is placed in additional scintillator layer which works as a cosmic ray veto counter.



108 5 Experiments

i /inner veto

buffer

. stainless steel vessel
holding 390 PMTs

7 m

! S

' N

gamma catcher

acrylic vessels

:\v—target (Gd-doped)

steel shielding

Fig. 5.37 Schematic view of the Double Chooz detector. From [23]
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Fig. 5.38 Daya Bay data. a The upper panel shows the prompt positron spectrum (data points) of
the far detectors. The thin solid line shows the no-oscillation prediction based on the measurements
of the near detectors. The thick solid line is the best-fit spectrum with oscillation. The shaded area
shows the expected background contribution. The lower panel shows the background-subtracted
data divided by the predicted no-oscillation spectrum. b Allowed region for Am? and sin? 26,
obtained from a comparison of the rates and prompt energy spectra. The black dot is the best fit
parameters with rate + spectra analysis and the black square is the best fit parameters with rate-only
analysis. From [24]

All three experiments observed a positive signal for the reactor neutrino deficit.
sin? 20,3 can be obtained from the deficit and Am%1 can be obtained from the spectral
analysis. Figure5.38a compares the energy spectra observed by the near and far
detectors of the Daya Bay experiment. The measured oscillation parameters for the



5.5 Reactor Neutrino Oscillations 109

= . s Best Fit: sin20,, = 0.099 & A, = 2.96 x 10° eV?
C - m— 1 sin’20,, = 0.099 & Af,=2.32 X 10° eV?
0.98— [— i Daya Bay
2 : - =—de—— Double Chooz
3 - ———e—— RENO
£ 0.96—
H -
z c
Y 0.94—
B =
2 C
3 0.92—
=z -
0.9
— 1 1 1 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800

Weighted Baseline [m]

Fig. 5.39 Baseline dependence of reactor V. survival probability. The solid line is the best fit
oscillation pattern. The dot-dashed line uses MINOS Am%z. Each detector sees several reactors.
The horizontal axis is a weighted baseline and the horizontal bar in each data point shows the
standard deviation of the distribution of the baselines. From [25]

three experiments are,

DC: sin?20 = 0.109 & 0.039,

DB : sin?20 = 0.09070 (0. Am? =2.59700 x 107%eV?,

RENO : sin®26 = 0.113 + 0.023. (5.45)

At this point, only Daya Bay has given a Am? result.

Since these three experiments use different baselines, the baseline dependence of
the neutrino deficits is observed as shown in Fig.5.39. This baseline dependence of
the neutrino deficits shows

Am%; =2.95T04 x 1073 eV2,  sin® 2013 = 0.09970013. (5.46)

Table 5.1 Summary of the widely accepted positive results of oscillation measurements

Experiment Mode Am? [eV?2] Posc Neutrino source
(1) | IMB, Kamiokande, SK, Vu = vy |~ £2.5 x 1073 | ~1 Atmospheric/
K2K, MINOS, T2K Vu = Vu Accelerator
(2) | T2K, MINOS Vu = Ve |~ %25 x 1073 | ~0.05 | Accelerator
(3) | Double Chooz Vo >V, | ~225x1073 | ~0.1 Reactor

Daya Bay, RENO
(4) | Homestake, GNO, GALLEX, |V, — Vv, |~4+8x10™> |~ 0.4 | Solar
SAGE, SK, SNO, Borexino
(5) | KamLAND Vo—>V, |~+8x 107 |~0.8 |Reactor

(6) | OPERA Vp —> Vi |~ 1073 - Accelerator

Posc is the approximate disappearance or appearance probability at the corresponding oscillation
maximum. The sign of Am? shows the possibility of the mass hierarchy
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5.6 Summary of the Experiments

The Table 5.1 summarizes the positive results for all the neutrino oscillation exper-
iments. Two distinct Am? values have been observed, one being much smaller than
the other. These observations are consistent within the framework of three flavor
neutrino oscillations, as will be described in the next chapter.
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Chapter 6
Present Status

Abstract In this chapter, the results from the experiments described in Chap.5
are unified to obtain the three flavor neutrino oscillation parameters. All the mixing
angles, 012, 023 and 63, all the mass squared differences Am%1 s Am%2 and Am%1 have
been obtained and Am% | mass hierarchy has been determined. Using the measured
oscillation parameters, the transition amplitudes are calculated assuming the lightest
neutrino mass to be 0 for IH, NH and v, effective mass is used as a parameter for the
degenerate hierarchy case. In order to obtain an insight to an possible mechanism
that may determine a gross pattern of the transition amplitude, vy, — V¢ symmetry
and tri-bimaximal mixing are introduced as an example.

Keywords Oscillation parameter - Transition amplitude - Origin of transitions -
Vi — V¢ symmetry * Tri-bimaximal mixing

6.1 Determination of the Three Flavor
Oscillation Parameters

In the formulation of the standard three flavor neutrino oscillation, the parameters to
measure are three mixing angles 012, 0,3, 013, one CP violating phase 8 and three
mass square differences, Am% 1 Am%2 and Am%l.

Table 5.1 summarized widely accepted positive experimental results for the neu-
trino oscillations. All the experiments except for Table 5.1(2) and (6) are disappear-
ance measurements. Usually disappearance data are analyzed using the two flavor
oscillation formula and the correspondence between the measured parameters and
the three flavor neutrino oscillation parameters is not direct. In the following sec-
tions, the measured oscillations probabilities are related to the three flavor neutrino
oscillation parameters and our current knowledge are summarized as the three flavor
neutrino oscillation scheme.
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6.1.1 Assignment of Measured Am?’s to Am%1 and Amgl

As we see in Table 5.1, the Am?’s are categorized into two distinct values. One is
Amé ~ 8 x 1073 eV? and the other is Amé ~ 2.5 x 1073eV2, where Amé was
recognized by the solar neutrino observations first and Amé was recognized by the
atmospheric neutrino observations first.

For three flavor neutrinos, there are three masses, m 1, m, and m3, which make
three combinations of squared mass differences,

Am3, =m3 —m?}, Am3, =m3 —m3, Am3, =m3 —m]. (6.1)
The three squared mass differences are not independent,

Am3y + Am3y + Am3, = 0. (6.2)

We define that vy ,2/3 are the main components of V., /1, respectively and from

the analogy to the relation mﬁ - mg < m% - mg, we assign
|Am3,| = Am%,  |Am3,| = Am3,. (6.3)
Another squared mass difference is
|Am3,| = |Am3, + Amiy| ~ [Am3,| = Am?,. (6.4)

The difference between |Am§1 | and |Am§2 | is only 3 % and it is difficult to distinguish
them experimentally. This fact can explain the reason why only the two squared mass
differences have been experimentally observed.

6.1.2 Oscillations at Oscillation Maximums

As shown in the three flavor oscillation formula (4.91), the oscillation probability
is the sum of the sin® ®; ; and sin2®;; terms. If an experiment is performed at
b3 ~m/2,

sin> @3 ~ 1, sin® d3p ~ 1. (6.5)

On the other hand, ®,; = Am%l/Amgl x ®31 ~ 0.05 and therefore,
sin? @y ~ 0. (6.6)

Similarly, at &1 ~ 1w/2,
sin? ®y; ~ 1. 6.7)
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On the other hand, since ®3; = |Am3,|/|Am3,| x ®2; ~ 50, the oscillation in the

energy spectrum is rapid and sin®> ®3; and sin® ®3; are averaged to
sin® @3 ~ sin® ®3p — 1/2. (6.8)

These approximations are used to calculate the oscillation probabilities at each base-
line later.

6.1.3 Determination of 013, 023 and 013

The three mixing angles 01>, 023 and 613 have been determined by comparing the
observed oscillation probabilities and the three neutrino oscillation formula.

(i) The Double Chooz, Daya Bay and RENO experiments (Table 5.1(3)) measure
the reactor v, disappearance probability to be ~10 % at ®3; oscillation maximum.
In this case the oscillation probability is, from Eq. (4.95),

Py, oy, (@®3)) = 1 — 4> sin® &;|Uei [*| U1, (6.9)

i>j

where “(@®;;)” means “at ®;; ~ w/2”. Since, sin? ®3; ~ 0 and sin® ®3; ~
sin? @3, ~ 1 at 35 ~ 7/2, the oscillation probability (6.9) is simplified to,

Py, 5,(@®31) ~ 1 — 4|Ue3*(|Ue1|* + |Ue2|*) ~ 1 — sin? 2013, (6.10)

where the standard mixing parameters in Eq. (4.106) is used. The observed Vv, dis-
appearance of 10 % leads a small sin® 203,

sin% 20,3 ~ 0.1. 6.11)

(ii) The atmospheric and accelerator experiments (Table5.1(1)) measure almost
100 % vy — vy disappearance at ®3; = O(1). With the same discussion made in
the case (i), the oscillation probability here is,

Poyo, (@®31) ~ 1 = 4Upal? (101 2 + U2l
U (101 + U2 612

=1- 4C%3S%3 (c§3 + s123s§3) ~ 1 — sin? 2073 ~ 0,

where s123 ~ 0.03 (from Eq. (6.11)) is ignored. The large v}, disappearance observed
leads a large sin? 20,3,
sin? 203 ~ 1. (6.13)
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(iii) The KamLAND experiments (Table 5.1(5)) measured large reactor v, disap-
pearance around the second oscillation maximum of ®,;. The disappearance prob-
ability converted to the first oscillation maximum, ®2; = 7/2 is ~80 %. Using the
approximated sin> ®; ; of (6.7) and (6.8), the oscillation probability is expressed as,

Py, 5, (@2) ~ 1 = Ut PlUea = 2|Ussl (Ve P + U2 )

(6.14)
~ 1 —sin?26;; ~ 0.2,
where the small sf3 term is ignored and we obtain
sin® 2015 ~ 0.8. (6.15)

(iv) The solar neutrino experiments measure averaged Vv, disappearances to be
~4() % where the matter effect is small (Table 5.1(4)) . The measured Am? is around
10~*eV?2. The oscillation probability is the same as the reactor neutrino case,

Py, sy (@sun) ~ 1 — 4" sin® &;; | Uei|*|Uej > (6.16)

i>j

Since its oscillation length (0(10%km)) is much shorter than the solar size, the
sin? @, term is averaged to 1/2. Therefore, the oscillation probability becomes,

Py oy, (@sun) ~ 1 — 2(|Up2*|Ue1 > + |Ue3 2 1Ue1 > + U3 * [Ue2|?)

1, (6.17)
=1- 5 sin 2912 ~ 0.6,

where the small s123 is ignored. The observed disappearance corresponds to
sin”261,/2 and
sin? 201, ~ 0.8. (6.18)

This is consistent with the KamLAND result of (6.15).

(v) The T2K and MINOS experiments have measured vy, — V. appearance prob-
ability to be ~5 % @ d3; (Table5.1(2)). Since this is an appearance measurement,
the S[At}e] term in Egs.(4.91) and (4.93) can be finite. However, as it is shown

in Eq.(8.110), this term is suppressed by a factor Am%1 /Am%l and can be ignored
here. Only sin? @3, and sin? @3, are non zero at the oscillation maximum of Am%l.
Therefore, the oscillation probability is,

Py,ov, (@D31) ~ —4% [A‘;‘f - Aéﬁ] = 53 5in* 20;3 ~ 0.05. (6.19)
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Using the results, (6.11) and (6.13), Py, v, (@®37) is expected to be ~5 %, which
is consistent with the observation.
In summary, all the experimental results shown in Table 5.1 are consistent with,

sin”2012 ~ 0.8, sin®20,3 ~ 1 and sin®20;3 ~ 0.1. (6.20)

6.1.4 Determination of Am%1 and Amg2

The experimentally measured Amé9 was assigned to Am%1 as in Eq. (6.3). In fact, the
Amé does not correspond directly to Am% |» but corresponds to a weighted average
of Am%1 and Am%z. For the short baseline reactor neutrino experiments, if we do
not employ the approximation of Am% e Am%z, the oscillation probability (6.9)
becomes,

Am3 L Am, L
20817 4 2 sin? ’Zzz ) 6.21)

Py, _5,(@d3)) = 1 —sin 203 (c%2 sin

If this energy spectrum is analyzed to measure Am?> assuming two flavor oscillation
formula, the two bumps closely separated in energy distribution are treated as a single
bump and fitted as,

A3 L Am3| L Am2,L
. 2 B3y 2 o2 83 2 2 BM3)
sin T ~ €], SIn 1E + s7, sin T, (6.22)
where An%% | is measured as a weighted average of Am%1 and Am%2 given by,
Aty ~ ehlAm3) | + 5Py Am3, . (6.23)

This Asi? is called the effective Am? [1].

For the v, — v, disappearance observations of the accelerator and atmospheric
neutrinos, the oscillation probability (6.12) can be expanded to,
Py, v, (@®31) = 1 —sin® 2653

2
X (S2 tec . ) Am31L
12+ €5513123 8in 2012) sin iE

4E
(6.24)

2 . ., Am3,L
+ (c], — 5513123 5in 2017) sin 2 ,

where f3 = tan 053 and ¢ = cos 8. The effective squared mass difference, Aﬁi%z is,
similarly to Eq. (6.23), given by,

Niidy ~ (s + o513t 5in 2012) |Amidy [+ (e, —casianas sin 2012) [Amd, | (6.29)
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At first sight, Eq. (6.25) seems to be more complicate than Eq. (6.23). However, it is
due to the definition of the mixing parameters and there is not essential difference.

In principle, |Am§1 | and |Am§2| can be determined from An%% and An%%z by
solving the simultaneous equations (6.23) and (6.25) as

|Am3, | _ 1
|Am§1|  c0820, — 51323 Sin 2012

2 2 . A2
% ( Cl% (;12 + cgS13t23 Sin 2912)) ( 32). (6.26)

—S1, C1p — €3513123 sin 201, Ar;l%l
However, the errors of the Ai> measurements are still large and it is not practical to
separately determine Am% | and Am%2 now.

For Am%1 case, the measured Amé by the KamLLAND and the solar neutrino
experiments directly corresponds to Am% I

Am3, = Am%. (6.27)

6.2 Determination of Am%1 Mass Hierarchy

The mass hierarchy of m and m»> has been determined to be m| < my by making use
of the matter effect of the solar neutrinos. As shown in Fig.5.29, the solar neutrino
deficitis ~50 % at E, < 2MeV and itincreasesto~70 % at E, > 5MeV. The energy
dependence is caused by the matter effect that depends on the mass hierarchy.

The matter density of the sun, P at a radius » can be approximated as [1, Chap. 1]

0o (r) ~ Do (0) exp [—ml} : (6.28)
Ro

where Ro ~ 7.0 x 108 m is the radius of the sun and the matter density at the center
of the sun is P (0) ~ 150 g/cm?.

In principle, it is necessary to deal with the matter effect for the three flavor
neutrinos. The oscillation part of the three flavor state equation with the charged
current weak potential is, from Eq. (4.129),

d C. i u, +vVw T:ie nge Ce
7 Cu| = —? Tue My T:p Cul- (6.29)
Cq Tte T Mg Cr

In general, it is difficult to solve Eq. (6.29) and we adopt the following approximation.
In the limit of 613 — 0, the mixing matrix (4.106) becomes


http://dx.doi.org/10.1007/978-4-431-55462-2_5
http://dx.doi.org/10.1007/978-4-431-55462-2_4
http://dx.doi.org/10.1007/978-4-431-55462-2_4

6.2 Determination of Am%1 Mass Hierarchy 117

c12 sz 0
Uy = | —s12c23 c12¢23 823 | - (6.30)
$12823 —823C12 €23

The mixing matrix for the basis state shown in (4.85) is,

Vi) Cl2 —S12€23 12823 [Ve)
[V2) | = | s12 cracas —cizsoz | | Ivw) | - (6.31)
[v3) 0 523 €23 [Vr)

This equation can be rearranged as

Vi) ci2 —s12 0 [Ve)
Vo) | = | s12 c12 O e lvy) —s23lvo) |, (6.32)
[V3) 0 0 1/ \s23lvu)+ca3lvr)

which shows that |v.) and |v3) are decoupled. If we define the new neutrino states
as follows:

IVe) = c23 [vu) — 523 [Va) ’ (6.33)
IVe) = 523 [Vu) + €23 [Vr)
V¢ is a mass eigenstate,
[ve) = [vs) . (6.34)

The other mass eigenstates are mixings of v, and ve,

(|V1)) _ (012 —512) (|Ve>)‘ (6.35)
[v2) si2 c12 ) \Ive)

Therefore, the oscillation occurs between v, and vg through the mass eigenstates v;
and v just like the oscillation between Vv, and v, for the two flavor case. The solar
neutrinos are generated as v, and oscillate to vg. Equation (6.33) shows that the ratio
of the oscillation probabilities, Py, v, to Py, v, is tan? 0,3. Since both vy and vy
are not affected by the charged current weak potential, v¢ is not affected either and
the matter effect of the v, < Ve oscillation is the same as that for the v, & vy
oscillation. Therefore, by substituting vy, — Vg, it is possible to borrow the results
of the matter effect discussed in Sect.4.3.

The state equation between v, and Ve in matter is, from Eq. (4.131),

d {C. = cos 20 sin20 o
= el R (C) (636)
dt Ce sin205 cos20, ) \Ce
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where, o = Ko0, My = Am?3 /4E (> 0) and

. ~ sin 20
Ko = \/(COS 20, — U@)2 + SlIl2 20,, tan 29@ = m (637)

From Table4.1, the relation between the mixing angles of 01, and 6y, are,

T T
6y =069 = 01, for NH and 6, = 69 + 7= 012 + > for TH. (6.38)
This means
cos 20, = nﬁ,} cos20ip, sin26, = nﬁ sin 2017, (6.39)
where nﬁ/} = +1 for the normal hierarchy and nlzv} = —1 for the inverted hierarchy.

The neutrinos produced in the sun experience varying density before exiting from
the surface. If a neutrino is generated near the center of the sun, the time dependence
of the potential parameter is, from Egs. (4.130) and (6.28),

Vo (1) ~ Ve (0) exp (—10;—;) , (6.40)

where the relation r = ct is used. The potential parameters at the center of the sun is
[V (0)] ~ 0.25E[/MeV], (6.41)

which depends on the neutrino energy. _
The state equation is the same as Eq. (6.36) except for that v and therefore, 6o
and K are functions of the time.

i Ce\ _ iy~ — COS Zé@(t) sin 2é®(¢) @e
dt (C&) - lﬂ)@(t) ( sin 26®(t) Ccos Zé@(l)) (é&) s (642)
where

0o (1) = Ko (1),

Ko(t) = /(c0s 2615 — n2lvg (1)? + sin? 2615, (6.43)
sin 201,
c0s20i — Thzv}U@(f) '

and tan 2é® (1) =

The general neutrino wave function in the sun can be expressed by superpositions
of the flavor eigenstates or the energy eigenstates as give by,

Wy (1) = Ce(t) Ive) + C(0) ve) = Co(0) P-(0)) + C4 (O V(1)) . (6:44)
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Since the mass eigenstate depends on the matter density, the mass eigenstates
[V) are functions of time.
The neutrino oscillation length in the sun is,

- b4 A
o = =20 (6.45)
Ko ®o Ko
where Ag is the oscillation length in the vacuum.
T 4nE
b= — = —5 ~ 33 x (E[/MeV])[km]. (6.46)
®o Ami

Since the energy of the solar neutrinos is less than 20 MeV, the neutrino oscillation
length in the sunis, Ao < 660km. Therefore, the neutrinos produced deep inside the
sun oscillates many times before they reach the surface. The change of the potential
parameter during each oscillation period is small as shown

1 d‘l)@ X@

= 10— < 0.01. 6.47
Vo dt ¢ = ( )

The angular velocity of the oscillation in the sun is

~ . T sin 29]2 3
We > sin 2612(1)0 ~ m[km] > 1.4 x 10 [I/S] (648)
v

On the other hand, using (6.43),

$in 2012 Vg | 5 sin2012]vg|

10| = < 2[1/s]. (6.49)

2K2, Ro K2

Therefore, we can regard as g > 6@.
Itis generally difficult to analytically solve Eq. (6.42). However, an approximated

solution can be obtained under the adiabatic condition, ®g > é@. The calculation
to solve Eq. (6.42) is described in Sect. 8.6 and we use the following result.

t

* / ko®)dt | = C1(0)exp[FiQ®)],  (6.50)
0

Am

C+(t) = C+(0)exp | Fi

where 2 () corresponds to the time-integrated phase rotation. Equation (6.50) indi-
cates the mass eigenstates stay the original mass eigenstates. The wave function at
time ¢ is

Wy (1) = C_(0)e" V) [N_(1)) + C1(0)e "V [9,.(1)) . (6.51)
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Att = 0, the neutrino is produced as pure v,.. Thus, the initial condition is given by,
[Py (0)) = [Ve) = cos 0 (0) [V—(0)) — sin 8 (0) [V (0)) . (6.52)

This relation leads C_(0) = cosBc(0) and C4(0) = sinB(0). At 1 = Tg the

neutrino reaches to the surface of the sun. The neutrino wave function ,,(Tx) can
be written as

9y (TR)) = c0s 8 (0) [V—(Tg)) ' T®) — 5in 86, (0) [V (Tr)) e "W). (6.53)
The neutrino state at the surface is equivalent to that in the vacuum.
IV(TR)) = V) . (6.54)

After that the neutrino travels to the earth taking 74 ~ 500s. The wave function at
the earth is.
~i(QTR)+"ETy)

(6.55)

i(QUTR)—"=Ta
)e v

iy (Tk + T4)) = cos B,(0) [v— ) —sinB6(0) [v4) e

The probability that v, remains as v, at the earth is, using (4.62),

Py,sy, = | (Ve Wy (Tr + T)) *

H(Q(TR)~("=)Ta) fi(sz<TR>+<”’T+>TA>)2

= ‘cos é@ (0) cos Bye + sin é@ (0) sin By e

1 ~ ~ A
— 5 (1 + c0s 20 (0) cos 26y +sin 20 (0) sin 26y cos(22(Tg) + Tm TA)) .
(6.56)

The neutrinos are produced at various places and with random directions in the
sun. Therefore, neutrinos have different T with the difference much larger than the
oscillation period. The averaging the phase €2 (7r) results in,

Am
(cos(2Q2(Tg) + TTA» — 0, (6.57)
and the 3rd term of Eq. (6.56) vanishes. Finally the survival probability of v, is

1 )
Poove ™~ 5 (1 + cos 26y cos 2e@(0)) . (6.58)

This means that the oscillation probability depends only on the mixings at the neutrino
generation in the sun, 65 (0) and in the vacuum, 6.
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From Fig.4.10a,

cos 20y — v (0) T]M c0s 2012 — v (0)

08205 (0) = (6.59)
© Ko(0) Ko(0)
and the survival probability of the solar neutrino is, numerically
1 20 2012 — NZug (0
Pon, = (14 €08 2012(c0s 2012 — N2 (0))
2 Ko (0)
(6.60)

0.38(1.5 — n2! Ey[/MeV])
\/(15 N2 E,[/MeV])?2 + 138

N|~

Figure 6.1 shows the energy dependence of the solar neutrino survival probabil-
ities for normal hierarchy, inverted hierarchy and the case there is no matter effect.
Comparison with the experimental results in Fig. 6.1 shows,

ni >0, 6.61)

thus Am% | mass hierarchy is determined to be the normal.
Knowing that the Am%1 mass hierarchy is normal, the oscillation amplitude and
the heavy neutrino component of v, at a radius r in the sun are

sin® 20 iy 1 052017 — Ve (0)e~107/Re)
sin? 260(r) = ———=, sin?Bo() =5 (1 - 2= %0 ,
@ r 2 Ko (r)
(6.62)
where
2 .
Ko(r) = \/(cos 2012 — Ve (0)e(~107/Ro)) 4 sin? 2015. (6.63)
Fig. 6.1 Energy dependence 0.8 NMSW
of survival probability of the 07 - ,
solar neutrinos for the 06 Inverted Hierarg No MSW
normal hierarchy, inverted D e e R
hierarchy and no MSW 05 MSW | \
effect cases. The calculation Rz‘,evp 04 Normal Hierarche
was made based on the 03— orma’ Jierarch) Y—
approximation of 613 = 0. 02
The data points are the ’
results of the experiments. 0.1
See also Fig.5.29 0 v T
0.1 1 10 100

E (MeV)
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() sin® 20, (b) sin’ O

T a— N
0.6 / 0.6 \
0.4 / 0.4 \

0.2 0.2

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
r/Re r/Re

Fig. 6.2 a Oscillation amplitude. b Heavy neutrino component of v,. The horizontal axis is the
relative radius of the neutrino position. The solid, dashed and dotted lines are for 8, 1 and 0.3 MeV
solar neutrinos, respectively. The parameter é@ is the mixing angle in the sun. The matter density
in the sun is assumed as Eq. (6.28) and 013 is assumed to be 0

The heavy neutrino component of electron neutrino and oscillation amplitude at
various radius are shown in Fig.6.2.

The 8 MeV neutrinos pass through the resonance region at r ~ 0.2 Rg. Although
the heavy neutrino component is 30 % in the vacuum, it is dominant part of electron
neutrinos with energy £ = 8MeV at the center of the sun. The matter effect is
small for low energy neutrinos. These dependence on the energy of the matter effect
produce the energy dependence of the solar neutrino deficit.

6.3 Present Knowledge of the Neutrino
Oscillation Parameters

6.3.1 Global Analysis for the Oscillation Parameters

So far, the discussion were made based on the approximations to the two flavor
analysis making use of the properties that two Am?>’s are pretty different and that
sin® 03 is small. However, to obtain the oscillation parameters more precisely, it is
necessary to perform a global three flavor oscillation analysis. Table 6.1 summarizes
such analysis results taken from Ref. [2].

Using these values, the mixing matrix elements can be numerically calculated as

0.82 0.55 —0.052 + 0.14i
Uni = [ —0.39 4+ 0.079i  0.64 +0.053i 0.65 ,
0.40 + 0.090i —0.53 + 0.060i 0.74
(6.64)
0.82 0.55 —0.087 +0.13i
Un = | —0.36 +0.072i  0.65 + 0.048i 0.67

0.43 +0.079i —0.53 + 0.052i 0.73
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Table 6.1 Best fit oscillation parameters

123

Parameter Mass hierarchy case Best fit 1o range
Am3, 7.54x 1077 eV? (7.32-7.80) x 1077 eV?
sin? 0 0.308 (0.291-0.325)
Am3, NH 247 %1073 eV2 (2.41-2.53) x 103 eV2
IH 242 % 1073 eV? (2.36-2.48) x 1073 V2
sin? 03 NH 0.0234 (0.0215-0.0254)
IH 0.0240 (0.0218-0.0259)
sin? 03 NH 0.437 (0.414-0.470)
IH 0.455 (0.424-0.594)
3 NH 1397 (1.12-177) =
H 131 (0.98-1.60)

The errors of § are still large and the values may significantly change in the future. From [2]

They show that the mixture between the flavor and mass eigenstates are larger than
the CKM matrix for the quark mixing.

The probabilities of finding mass-eigenstate vy in flavor-eigenstate v, is given
by taking the absolute square of each element of (6.64), Pyy = |Uok|?. For both
hierarchies,

0.68 0.30 0.023
0.16 0.42 043 |. (6.65)
0.17 0.28 0.55

Pog ~

6.3.2 Determination of the Transition Matrix Elements

The mixing matrix measured by the experiments are shown in Eq. (6.64). The corre-
sponding transition amplitudes can be calculated from the relation given in Eq. (3.59),

T =UMU", (6.66)

where the absolute values of m; are required for the calculation.
If the absolute electron neutrino mass is measured and the Am%1 mass hierarchy
is determined, all the neutrino mass can be determined as follows. In general direct

V. mass experiments measure m%ﬂ instead of my,,!

(my ) = |Uet|*m] + |Uea|*m3 + |Ues|*m3. (6.67)

I See Sect.7.3.1.
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Using the observable parameters, ml2 can be determined as follows:

mi = (m} ) — |Un2|*Am3, — 03 |Ues|*|Am3, |
m3 = (m3 ) + (1 — |Uea|HAm3;, — i |Ues*|Am3,| (6.68)
m} = (m2) + i (1 — |Ues|?)|Am3, |

where n?v} = +1 for Am%l normal hierarchy (NH) (m3 > m) and n?v} = —1 for
inverted hierarchy (IH) (m3 < m). For NH,

m3 ~ (m? ) — 8.1 x 107°[eV?]
NH: 1m3~ (m})—51x10"°[eV?] (6.69)
m3 ~ (m2 ) +2.4 x 1073[eV?].

e

For IH,
m? ~ (m3 ) +3.5x 107[eV?]
H: m}~(md)+1.1x10"*[eV?] (6.70)
m3 ~ (m? ) — 2.4 x 1073[eV?].
Since we do not know (m%g) yet, we assume the lightest neutrino mass is 0 to give a
reference situation.
For NH, m3 > my > m; =0 and ,/ (m\Z,e) ~ 10meV. The neutrino mass matrix
becomes,
000
Mxu(m; =0)~ ({087 0 | meV. (6.71)
0 0 50

In this case the transition matrix can be calculated using Eq. (6.64) as

3.8  14+45i —44+45.1i
FGmm =0~ [ 1.4—45 25 21 meV. (6.72)
—44-51i 21 30

ForIH, my > m| > m3 = 0and ,/ (m?,e) ~ 49 meV. The mass matrix in this case
is
49 0 0
My(mz =0)~ [ 0 500 | meV. (6.73)
000

The transition matrix is

48 3.1 —42i2.9— 4.6i
Films =0y~ [3.1+42i 28 24 | meV. (6.74)
29+4.6i —24 23
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If the effective v, mass is much larger than the scale of the mass differences,
(m%g) > |Am§1 |, all the neutrino masses become similar, m| ~ my ~ m3 ~ my,.
This situation is called the degenerate mass hierarchy. For the degenerate mass hier-
archy, the neutrino mass matrix can be approximated as

M ((m3) > 1am31) ~ |/ m3,) + My, (6.75)
(m3,)
where
{ —|Ue2|?Am3, 0 0
Ma = 5 | —IUes|"am3 1 + 0 (1 —|Ue2|HAm3, 0
0 0 Am3,
(6.76)
The transition matrix is,
T ((m%e) > |Am§‘1|) =/(m2)I + [UMAUT]. 6.77)

(mg,)

Using the numerical values in Egs. (6.64), (6.69) and (6.70), the transition amplitudes
are

T ((m3,) > 14 1)

0 —0.29 + 1.2i —0.58 + 1.3
~Jmi)I+ —0.29 — 1.2i 5.0 5.9 x 1074
(m3) \—0.58 — 1.3i 5.9 6.5
(6.78)
and
Tin (m3,) > 1and,1)
0  0.83—1.0i 0.66— 1.1i
~J(mi )+ 0.83+1.0i —5.0 —6.0 x 1074,
(m3,) \0.66+ 1.1i  —6.0 —6.1
(6.79)

where the unit is in [eVZ].

What causes these transitions is an important question. The standard model does
not include these transitions and new physics is supposed to exist in them. It is
instructive to compare with the quark transition matrix,
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mg 0 0\ 10 20 8— 14i
Topark = Verm | 0 mg 0 | Vi~ | 20 90 170 |Mev. (6.80)
0 0 m 8 + 14i 170 4200

For the quark case, these transitions are generated by the Yukawa coupling to the
Higgs field in the standard model and the transition amplitudes correspond to the
product of the coupling constants and the Higgs vacuum expectation value. For
neutrinos, because the transition amplitudes are extremely smaller than quark’s, it
is believed to be unnatural to think that the origin of the transitions are the same as
quarks. What is the origin of the neutrino transitions is an important open question.

6.4 v, — v; Symmetry and Tri-bimaximal Mixing

Before the 613 was measured to be finite, it was thought that it could be zero due
to some kind of symmetry. v, — v; symmetry is one of such possibilities which
predicts sin?20;3 = 0 and sinEL 20,3 = 1. Although sin? 2013 turned out to be finite,
it is small and the v, — v symmetry seems to approximately hold. It is instructive
to see how such the symmetry determines the mixing angles and masses.

The 01, is measured to be large but not maximal. The observed mixing angles
can be approximated by the so-called tri-bimaximal mixing. In this section, we will
play with a toy model of the v, — v; symmetry and study the relation between the
tri-bimaximal mixing and transition amplitudes.

6.4.1 A Toy Model for v, — v Symmetry

We assume neutrino transition amplitudes do not change by swapping vy, and v«. In
this case, a possible neutrino state equation is,

4 {Ce ;[ Me Tet Ter\ [Ce
E Cu = - Tet I.L[ Tur Cu N (6.81)
Ct Tet Tut My Cq

where the imaginary phase is omitted to make discussions simple. This is justified
by the fact that s13 = 0 is derived from the v, — v; symmetry and the imaginary
phase does not appear in the probabilities. In addition, T, > 0 and W, + Tyr > L,
are assumed to reduce the complexity from the unnecessary degrees of freedom. We
obtain the following mixing matrix from Eq.(6.81).%

2 1t is difficult to derive Eqgs. (6.82)—(6.86) by hand calculation (the author used Mathematica).
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Ce 1 V2 cos 0 +/2sin¢ 0 C
Cu|=—%| —sin¢ cos¢d 1 C |, (6.82)
C: V2 sing —cosd 1 C3

where

zﬁtel

tan2¢ = — <t
e — He + Tue

(6.83)

Overall sign of the wave functions is chosen for ease to the later discussion. One of
the elements of the mixing matrix turns out to be 0 and we assign it to the element
Ues.

On the other hand, the mixing matrix expressed by the standard parameters (4.106)
with 613 = 0 is written as

C. c12 s;ip 0 Cy
Cu | = | —s12c23 crac23 s23 | | C2 |- (6.84)
Cq 512823 —C12823 €23 C3

From the comparison with (6.82), the mixing angles are determined as follows:
T
013=0, 03 = rh 012 = ¢. (6.85)

Therefore, the vy, — v symmetry can explain both the small sin? 2013 and large
sin2 20,3 at once.

The observed relation my > m| determines the correspondence between the flavor
eigenstates and mass eigenstates. The masses are,

1
m =z (Me+He+Tur —\/ngz + (Mg — 1, +Tut)2)’

1
my = E (ue + e + Tu‘r + \/81:5@ + (HZ — U, + TMT)Z) , (686)
m3 = Wy — Tuz.

Note that m| + my + m3 = |, + 2|, and my > m are satisfied.

6.4.2 Tri-bimaximal Mixing

The measured sin? 01, is close to 1/3 as shown in Table 6.1. Therefore, sin 01, can be
approximated to be sin0, = 1/ V3. sin 03 =1/ /2 and sin 6 13 = 0 are predicted
from the assumption of the v, — v; symmetry. In this case, the mixing matrix become
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V273 1300 0.82 058 0
Umsm = | —1/4/6 1/¥3 1/42| ~ =041 058 0.71]. (6.87)

1/v/6 —1//31//2 0.41 —0.58 0.71

This approximation roughly agrees with the measurement (6.64). This is called the
tri-bimaximal mixing (TBM). In our toy model, the TBM mixing of 61, can be related
to the transition parameters as follows:

2427
tan 2012 = 2+/2 = tan 20 = #, (6.88)
Mg — Mo + Tue
which can be satisfied if there is following relation,
MZ + Tp‘[ = He + Tel - (689)

In this case, the relation between the mass and transition amplitudes is, from
Eq. (6.86),

mi 1 0 —1 W,
m =10 2 w |, (6.90)
ms —12 —1) \1
and the transition matrix is,
—2Am3 2Am»y 2Am»y
1
9=W+g 2Am»; Amsi —Ams—Amz | . (691)
2Amo; —Ams3z; — Amszp Am3y
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Chapter 7
Future Possibilities of Neutrino Oscillation
Experiments

Abstract In this chapter, possibility for the future neutrino experiments are
discussed. The remaining issues of neutrino oscillation studies are, to measure the CP
violation parameter J, to determine Am%1 mass hierarchy and the 6,3 octant degener-
acy. Approximated neutrino oscillation formulas with matter effects are introduced
first and then possibilities of future experiments to address the remaining issues are
discussed based on them. There are anomalies in various neutrino oscillation experi-
ments which can be explained if there is fourth neutrino that is called sterile neutrino.
The search for the sterile neutrino is another important subject in the future neutrino
oscillation experiments and is discussed here. In order to determine the transition
amplitudes, the absolute neutrino mass is necessary in addition to the neutrino oscilla-
tion parameters. The relation between the measured neutrino oscillation parameters
and possible absolute mass measurements are discussed. Finally the neutrino-less
double beta decay experiment, that can determine the absolute neutrino mass and
whether the neutrino is Majorana particle or Dirac particle, is explained.

Keywords CP violation - Mass hierarchy + 0,3 degeneracy - Sterile neutrino -
Majorana particle + Double beta decay

7.1 Measurement of Remaining Oscillation Parameters

The remaining issues for the neutrino oscillation experiments are,

(1) Measurement of CP violation 9,

2) Am%l mass hierarchy determination,
(3) Solution for 8,3 octant degeneracy,
(4) Solving sterile neutrino anomalies.

In addition to the oscillation measurements,

(5) Absolute neutrino mass measurement is necessary to determine the transition
amplitudes.

All of these issues require high precision measurements to solve.

© Springer Japan 2015 129
F. Suekane, Neutrino Oscillations, Lecture Notes in Physics 898,
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7.1.1 Approximated Oscillation Formulas
with Known Parameters

As we have seen, the leading components of the neutrino oscillation parameters have
been measured. The future experiments are to measure the sub-leading terms and
more precise oscillation formulas are necessary to evaluate the possibilities.

In the studies of neutrino oscillation, the experimental conditions are often
arranged so as to detect the neutrinos near an oscillation maximum. Therefore, it
is useful to approximate the oscillation probability formulas around the oscillation
maximums by making use of the smallness of |Am%1/Am§1| and s123.

The ratio of the observed two squared mass differences is,

Am3, @
=M P2 4003, (7.1)

Em =
Am%1 D3

Since it is known that Am%l > 0, the “4” sign corresponds to the normal Am%1
mass hierarchy (m3 > m) and the “—” sign corresponds to the inverted hierarchy
(m3 < my1). Note that always €, P31 = &1 > 0.

The size of the small mixing angle 013 is

575 ~ 0.026. (7.2)

Therefore, €, and s%3 have the similar smallness and it is appropriate to approximate
the oscillation formulas by powers of them. The following approximations can be
used up to the relative order O (s%3),

c13 ~ ¢l ~ 1, sin20y3 ~ 2s13. (7.3)

For three flavor neutrino oscillations, there are three oscillation maximums, corre-
sponding to &1 = 1/2, |P31| = n/2 and | P3| = ©/2. However, we have identified
only two oscillation maximums by the experiments which can be explained by the
fact that the A3, and A3, maximums differs only 3 % or less.

For neutrino oscillations at ®3; ~ 1t/2, ®51 is small and the following approxi-
mations can be made.

sin 2®5 = sin 2¢,, P31 = 2¢, P31 + 0(831),

- L , (7.4)
sin® @p1 = sin“ g, P31 =0+ O(g;,).

Using the relation

D3 = O31 — Py = (1 —g,) P31, (7.5)
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sin 2d3 and sin? @35 can be approximately related to ®3; as follows:

sin 203 = sin 2031 — 2¢,, P31 cos 2P31 + O(E2),
sin? @3, = sin® @31 — €, P3; sin 2P3; + 0(851). (7.6)
Calculations for the approximation of the oscillation probabilities are described in
Sect.8.5.
The oscillation probability @ ®3; is given by Eq.(8.111),
Py, (@®31) =8ag — 4|Uas|* (Bop — |Ups[*) sin @3

' B 1o 5 (7.7
+ 8¢, P31 sin @31911[1\32 e + O(g,).

The reactor V, neutrino experiments @ ®3; measure the oscillation probability,

Py, 5, (@®3) =1 — sin® 20,3 sin® &31 + O(e2)

~1—0.1sin> ® -3 7.8)
. 31+ 0(1077).

The atmospheric and accelerator neutrino experiments which observe the v, dis-
appearance measure the oscillation probability,

Py, v, (@®31) = 1 — (sin® 26,3 — 535 sin” 263 cos 26,3) sin” @3
+ &, D31 5in 2031 (c7, sin’ 2023 — 533123 c0s 8) + O(e2,)  (7.9)
~ 1 —sin® @31 + 0.021P3; sin2d3; + 0(1077),
where a parameter,
J123 = sin 2013 sin 26,3 sin 2013 ~ 0.29 (7.10)
is used.
For vy — V. and vy — v; appearance measurements, the probabilities are

given by,

Py, v, (@P3)) = S%?’ sin? 2013 sin? D31+ €, D3y sin P31J123 cos(P31+ 8)+0(8£1)
~ 0.05(sin? @3 + 0.18®3 sin ®3; cos(P3] + 8)) + O(1073),

(7.11)
and
Py, v (@®D3;) = cos 291325in? 22923 sin? ®x;
— &n P31 5in D3 (ZCi2 3111; (Zs?rfg;ss(i?é— cos 20,3 cos P31 cos 8)) +o (gg’)

~ (0.949 — 0.01®3 sin §) sin? d3; — 0.021P3; sin 2P3; + O(1073).
(7.12)
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Fig. 7.1 Oscillation probabilities @ ®3

Those oscillation probabilities at the ®3; oscillation maximum are graphically
summarized in Fig.7.1. The oscillation probabilities for anti-neutrinos and for the
oscillation of the reverse direction can be obtained by changing the sign of 3, such
as 6 — —d. For example, both Py, .y, and Py,_,y, can be expressed from the same
equation,

Py, = Poov, = Py Ly, (7.13)

where Py is the probability obtained by changing the sign of & in the formula of Py.
The disappearance probability can be calculated by summing the two appearance
probabilities from the same source. For example,

1= Py,sy, = Pyysv, + Py, (7.14)

Note that the appearance probabilities depend on sin 8. However, if the two appear-
ance probabilities from the same source are summed to obtain the disappearance
probability, the sin 8 terms completely cancel out. This means that CP violation has
to be searched for by using the appearance experiments.

For oscillations @ ®;1, only v, and v, disappearances have been measured. Near
the L/ E relation @ ®;y, the oscillation phases of ®3; and &3, are,

Dy
D3 ~ O3p = 8_ ~ 0(30). (7.15)

m

This means the oscillation phase changes by 100 % for 3 % of the energy difference.
If the energy uncertainty of the experiment is larger than 3 %, the oscillation patterns
due to @31 and @3, oscillations are washed out and only averaged effect is observed.
The averaging of the ®3; oscillation can be approximated as,
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sin? ®3; ~ sin® ®3p = sin2(®21/em) — %,

(7.16)
sin2®3; ~ sin 2P3; = sin 2(dy1/€,) — O.

In this case, the general oscillation probability formula is, from Eq. (8.119), given by

Prumrp (@®21) = Bop(1 = 2Usa ) + 21 Uoa P |Ups [ — 4 5in 023 [A5Pe/ 1.
(7.17)

For the survival probability of electron type neutrino is,

Py, v, (@®@2)) = Py, 5. (@®1) = cos 2013(1 — sin® 201 sin® ®1) + O (s75)
~0.95(1 — 0.85sin” ®21) + O(1073). (7.18)

This means that the solar and reactor experiments @ ®;; have a slight dependence
on 013 through cos 20;3. This disappearance probability is the sum of the following
two appearance probabilities,

Py, v, (@D3) = 353, 5in% 2013 + ¢4 sin 2015 sin Py x

(¢35 — $33573) 8in 2012 + 513 sin 263 cos 2012¢5) sin Py (7.19)
— 513 sin 2923S5 COS <1>21

and

Py, v, (@D31) = 13, 5in% 2013 + 2, 5in 2015 sin @y x

((s33 — €33573) sin 2012 — 513 8in 2023 cos 2012¢5) sin oy (7.20)
+ 513 sin 20,355 cos O '

Note that if probabilities (7.19) and (7.20) are summed, several terms are canceled
out and sin? 0,3 and cos? 8,3 terms are added to unity. As a result, d terms vanish and
the disappearance probability becomes very simple as shown in (7.18). Figure 7.2
summarizes the oscillation formulas at @ ®5;.

7.1.2 CP Violation o

It is important to measure the CP violation in lepton interactions to study the origin
of the flavor mixing and to understand its effect to our world. At the beginning of our
universe, matter and antimatter are supposed to be produced the same amount. How-
ever, the current universe consists mainly of the matter. This means a CP violating
process should have taken place in the history of the universe. A CP violation effect
is introduced in the standard neutrino oscillation formula as an imaginary component
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Fig.7.2 Oscillation probabilities at ®; = 7/2. Oscillation between vy, and v; @ @ has not been
observed yet

of the fermion mixing matrix. The probability of the CP violation is proportional to
the Jarlskog invariant [1] defined by

) .
Jr = §12€12823¢23513¢73 SIn 0. (7.21)

This means the CP violation effect depends on all the mixing matrix parameters.

CP violation has already been measured in quark interactions. However, for the
quark case, all the mixing angles are small and the Jarlskog invariant is only J, ~
3 x 1073, It is thought that the CP violation observed in the quark interactions is too
small to explain the current matter dominance of the universe. For lepton case, 012
and 6,3 are large and recently 013 turned out to be finite and the Jarlskog invariant
for neutrino mixing is Jy ~ 4 x 102 sin 8y, which can be 1,000 times larger than
J, and the Jy may be able to explain the current matter dominant universe.

The neutrino CP violation effect can be measured from the asymmetry between
Py, v, and Py, .y, at around the oscillation maximum of ®3; = 0(1),

Py, (@D3y) — Py 5, (@D3)
Py v (@D31) + Py 5, (@D3)
—g,, P31 sin @31 J123sin &

Acp

~ s . . (7.22)
$53 sin” 2013 sin @31 + €, P31 cos P31 123 cos b

The CP asymmetry at the oscillation maximum ®3; = 1t/2 is calculated to be,

T sin 26
Acp ~ —— LI o Gin§ ~ —0.27 sin d. (7.23)
tan 0,3 sin 203

At first sight, it seems that smaller 013 is better to detect the CP violation because
the Acp is proportional to 1/ sin 2013 in Eq. (7.23) and becomes larger. However, in
actual experiments, the number of v, — V. and v, — V. events are proportional
to sin? 2013 and the statistic uncertainty, (G,t.), is also proportional to 1/ sin 263.
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Table 7.1 Long baseline accelerator experiments [2]

Project Baseline (km) Accelerator— Detector Status (2014)
K2K 250 KEK— Kamioka Completed
T2K 295 JPARC— Kamioka On going
Hyper Kamiokande 295 JPARC— Kamioka Proposed
OPERA 730 CERN— Gran Sasso On going
ICARUS 730 CERN— Gran Sasso On going
MINOS 735 Fermi— Soudan Completed
NOVA 810 Fermi— Ash River Under construction
LBNE 1,300 Fermi— Sanford Lab Proposed
LENA 2,290 CERN— Finland Proposed
GLACIER - - Proposed

Therefore, the significance of detecting CP asymmetry, Acp/Cstat., is rather insensi-
tive to the 013 value when the statistic error dominates. A number of long baseline
accelerator experiments are proposed as listed in Table 7.1.

There is a difficulty to measure the CP violation using this asymmetry. In order to
measure the oscillation probabilities, vy, or v, beam with energy of order of GeV are
sent to a detector at several hundred kilometers away. Since the earth is spherical,
the neutrino beam goes through the underground of the earth. From Eq. (4.142), the
matter effect of the earth on the oscillation can be significantly large. The matter
effect comes from the weak potential and its sign is opposite for the neutrinos and
the antineutrinos. This indicates that the neutrino oscillation probability in matter is
different for neutrinos and antineutrinos and a spurious CP asymmetry is generated.
The effect of this spurious CP asymmetry is discussed in the next subsection.

7.1.3 Earth Matter Effect for High Energy Neutrinos

In order to evaluate the earth matter effect, it is necessary to solve the three-flavor
state equation (6.29). However in general, the derivation is very complicated. We will
simplify the discussion by using the following approximations. We can not ignore
the 013 terms this time because the leading term of the v, — v, probability (7.11)
starts with sin?20;3. At a baseline of sin? &3 ~ o), sin? ®12 ~ 0 and we can
regard effectively m> ~ m in the calculation. Therefore, the mass matrix can be
approximated as

m; 0 O
M={0m 0]. (7.24)
0 0 m3

The transition matrix in this case is,
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57 s13c13sa3e " s13c13003€ 710
[ 2 2 2
T = UyMUS = my + Amap | s13c13503¢® 2352, e |,
[ 2 2 2
sizc13ca3e’®  clisaens 1k,
(7.25)

where Am3; = m3 — m. Note that 01, has disappeared and the state equation can
be written simply as

A % snene®0\] (.
E CC = —— | m + Amsz s13C13€l§ 0%3 0 CC > (7.26)
Ce ¥ 0 0 o/]\c
where

Ce 23 —323) (Cu)
= . 7.27
(Cr,) (Sz3 c23 ) \Cq (7.27)
CEJ is decoupled from C, and the state equation between C, and CC is
d (C, i Am3y [ —cos?20;3 sin 20,30 C,
gt =7 i 7.28
dr (Cg) v [m“ Tt (sin 201560 c0s 2013 ce) (7.28)

where m3; = (mj + m3)/2. The matter effect is obtained by adding the weak
potentials to the transition matrix,

d (c, ) Am3| (—cos20;3 + Vg sin20;3¢0 C,
— = —1|mg+ . is ,
dr \C¢ 4E sin 20;3e €05 2013 — Vg Ce

(7.29)

where my = ﬁ%l /E + Vz 4+ Vy /2 and vg is the potential parameter of the earth.
Equation (7.29) has a similar form as Eq. (4.129). The probability of the oscillation
Ve — V¢ in matter can be obtained by substituting (6y, ®o, vw) in Eqs.(4.136),

(4.132) by (813, Am3,/4E, Vg), respectively,

sin? 2013
2
Kg

P,y (@D31) = sin? kg @31, (7.30)

where

Kg = \/(cos 2013 — V)2 +sin’ 2013 ~ 1 — vg. (7.31)
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On the other hand,
Py, v (@D31) =0, (7.32)

and therefore, the survival probability of v, is
sin® 2013

2
Ko

Py, oy, (@D31) =1 — sin® Kg P31, (7.33)

Since the v, component of Ve is 523, the v, — v, oscillation probability is,

:02
sin“ 2013 .
Py, sy, (@D3)) = s§3K—2 sin” Kg P31 (7.34)
D
Similarly,
P (@D3)) = M in2 1cm @ 7.35
Ve—>Vs 31) = 5 sin” Kg P31. (7.35)
Kg
From the CPT invariance,
2 2
$5, 8in“ 2013 .
Py, sy, = P\Z—wu = 231(— sin® kg P31. (7.36)
D

As for the calculations of the matter effect for higher order terms, we borrow the
results from Refs. [3, 4],

.2
) sin” (kg ®31)
PV“_W‘?(@(Dgl) NS%3 sin? 203 ——

)
in ( q:B) (00 ®31) (7.37)
sin (K sin(v
+&nJ123 &3l ® 731 cos(P3; + 9).
Ko Vg

The signs of vg, 31 and €, depend on the mass hierarchy and the signs of vg and
d change for antineutrinos as shown in Table7.2. We can write the signs of those
parameters explicitly as follows:

Ve — NNt Vel P31 — N [P31], €n — Nitlem| and 8 — ned,  (7.38)

where ng/} = =1 for normal and inverted hierarchy and nc = %1 for neutrino and
antineutrino oscillations, respectively.

Using the sign parameters, a oscillation formula which includes the antineutrino
and inverted mass hierarchy is written as,
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Table 7.2 Sign of the parameters for v, v and Am%l mass hierarchy

31

[vgl | P31l [&m| § | Me | My
v, NH | + + + + |+ | +
v, IH | — — — + |+ | -
5, NH | — + + - |- | +
5, IH | + - - - |- -

sin? ((1 — n{{nclvel)|®31])
(1 —MyNclve))?

sin ((1 — n3inclvg DI®311) sin([vg||P31])
(1 —nyinclvs)) Vgl

x cos(My; |P31] +Ned).

Py, v, (@D3) ~ sy sin” 2013

+ Mt lEm 1123 (7.39)

It is useful to express Vg as a function of the baseline L and the oscillation phase &
to evaluate the matter effects of various experiments. From (4.130),

24/2E,G Gpn, 1 L
o= V2E\Gpn, _ FncL _1L (7.40)
Am? \/ECD D Ly

where Ly, = ~/2/G pn, is a typical length of the matter effect. For the earth matter
effect, it is

Ly — Lg ~ 1.4 x 1072 cm®MeV? ~ 3,500km from pg = 3g/cm>. (7.41)

Usually oscillation experiments are performed at & ~ m/2 where |vg| =
L/5,800km. For T2K or HyperKamiokande experiments, L ~ 300km and |vg]| ~
0.05 and for NOVA experiment, L ~ 800km and |vg| ~ 0.15 and the oscil-
lation probability at the oscillation maximum can be further approximated from
Eq.(7.39) as

2 w2 .
553 8in“ 2013 T |€n|J1238ind

A —mncvsh? 21 —ninclvel)

Py, oy, (@D3) = 1/2) ~ + 0(vg).

(7.42)
Figure 7.3 shows the baseline dependence of the v, — v, appearance probability
assuming sin & = —1 and sin® 203 > 0.97. By combining two oscillation measure-

ments at different baselines, the intercept to the L = 0 axis in Fig. 7.3, where there
is no matter effect, can be determined. The oscillation probability at the intercept is

. T .
Py, (@] P3| = 7/2, L = 0) = 533 5in” 203 — Ney lenli23sind. (7.43)
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Since 613, 013, J123 and €, can be measured elsewhere, it may be possible to deter-
mine sin & from the measurement.!

Currently T2K is in operation and NOVA is about to start. It is expected that the
probability (7.43) will be measured in the near future.

7.1.4 023 Octant Degeneracy

The largest uncertainty in Eq.7.43, except for sin & comes from 0,3. 6,3 has been
measured from the v, disappearance near Am_%1 maximum to be sin? 20,3 ~ 1.
However, there are two possible values of 5223 for a given sin? 20,3 as follows,

14+ /1 —sin%20s3

53 = > : (7.44)

Since the difference between the two solutions is v/ 1 — sin? 2053, it can be large even
if (1 — sin” 20,3) is small. For example, if sin® 26,3 is measured to be sin® 26,3 >
0.97, the range of the possible s§3 is 0.41 < s%3 < 0.59, which corresponds to as
much as 20 % of uncertainty. This is called the octant 8,3 degeneracy problem. As
canbe seenin Fig. 7.3, the non-0 sin § can not be confirmed better than 26 significance
even if | sin 8| = 1 due to this uncertainty for sin 20,3 > 0.97. In order to solve this
problem, it is necessary to show sin” 203 is very close to unity or determine which
solution is correct by combining other oscillation measurements.

1 Strictly speaking, this is not a measurement of the CP asymmetry. The measured sin 8 can be
associated with the CP asymmetry effect when the standard three flavor neutrino scheme is correct.
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7.1.5 CP Asymmetry and the Matter Effect

As shownin Sect.7.1.2, the CP violation phase & can be measured from the difference
of the probabilities of the v, — v, and v, — V, oscillations. The CP asymmetry to
be observed under existence of the earth matter effect is given by,

Py, sy, — PVH—% L TT|€,, | sin 2017

Acp(®31 = /2) = sin 8 + 2031 [V |

Pvuﬁue + F\,u%v‘) tan 0,3 sin 2013

L
~—027sind £ ————. (7.45)
2,800 (km)

This relation shows that the matter effect (the second term) gives an spurious
asymmetry as large as the true CP violation asymmetry (the first term) if the baseline
is several hundreds kilometers or more. Figure 7.4 shows the baseline dependence of
Acp with matter effect. To measure the sin 9, it is necessary to remove the effect of the
spurious asymmetry caused by the matter effect unless the baseline is very short. By
combining two measurements at different baselines, it is possible to know the mass
hierarchy and to obtain the genuine CP asymmetry. A difficulty of the measurement
is that the probability of vy, — v, oscillation is only ~5 % and the CP asymmetry is
a fraction of it. Moreover, the V.-nucleus reaction cross sections are 1/3 of the v,+
nucleus cross sections and three time more vy, flux is necessary to obtain equivalent

sind=-1, sin?28,;> 0.97

0.6 !
A | NS =gl

-0.1 ;M."l‘ IH

sino=+1-22 | T2K { NOVA

0 200 400 600 800 1000
L(km)

Fig. 7.4 Baseline dependence of Acp. The horizontal axis is the baseline. The vertical axis is the
asymmetry, Acp. The thin vertical lines show the ambiguity from the 6,3 octant degeneracy. The
positions of the intercept at L = 0 for sind = 0, =1 are shown. The baselines of the T2K and
NOVA are shown
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statistic uncertainties to the v, detection. Therefore, a very high neutrino flux and
large detector mass are necessary to measure the CP violation.

7.1.6 Determination of the Amgl Mass Hierarchy

Determining the Am%1 mass hierarchy is an important next experimental target, not
only for the CP asymmetry measurement but because it is related to the lower limit of
the absolute neutrino masses. As we will see in Sect. 7.3, if the Am%1 mass hierarchy
is IH, the v, mass can be predicted to be 50 meV or more. Also there is the minimum
double beta decay mass of ~15meV which will become a next good target sensitivity
for neutrino-less double beta decay experiments. Either neutrino is Majorana or Dirac
particle can be definitely determined with this sensitivity.

The matter effect changes the sign of the weak potential depending on the mass
hierarchy and if the sign of the matter effect can be measured, the mass hierarchy can
be determined. The Am%l mass hierarchy Thzv} was measured by matter effect of the
solar neutrino oscillation. Similarly ng,} can in principle be measured by the matter
effect for 31 oscillations. One possibility is the already-described baseline depen-
dence of Py, or Acp, shown in Figs.7.3 and 7.4. Although there is ambiguity
due to 623 degeneracy, it is independent of the baseline. Therefore, the slopes of the
baseline dependence of these parameters are not sensitive to the 6,3 ambiguity.

7.1.6.1 Direct Am> Comparison

In principle, the Am% | mass hierarchy can be determined by comparing |Am%1| and
|Am3,|. Since Am?, + Am3; + Am3, = 0 and Am3, > 0, |Am3,| > |Am3,| means
the normal hierarchy and |Am§ < |Am%2| means the inverted hierarchy.

One straightforward way is to compare the effective mass squared differences,
A3, and Ar3, which are shown in Egs. (6.23) and (6.25).

The difference between An%%l and Arﬁ%z is expressed from (6.26) as,

2(Am3, — Aii3,)
~2 ~2
Amzy + Ay

2¢082012|Am3, |

~ = (1 — 512123 tan 2015 cos &)
|Am3, | + |Am2, |

(7.46)
~£0.012 x (1 £0.3),

where the overall sign depends on mass hierarchy and the ambiguity of +0.3 comes
from the unknown &. If An%%l > Arﬁ%z, it is normal hierarchy and vice versa. In
order to determine the mass hierarchy, it is necessary to distinguish the difference
of 1.7 ~ 3.1% depending on 9. Arﬁ%z has been measure with a precision of a few %
by the MINOS and T2K experiments and An%% | has been measured with precision
of ~10% by the Daya Bay experiment. A difficult point of this method is that
An%%z and An%%] are measured using neutrinos with very different energy scales and
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energy spectra, with different neutrino detection scheme. Therefore, it is not easy to
reduce the relative systematic errors between the measurements to such accuracy.

7.1.6.2 Reactor Experiment at the First @1, Oscillation Maximum

There is another idea to determine the mass hierarchy by reactor based experiments
[5]. The complete formula for the reactor neutrino disappearance is, from Eq. (4.95),

Py, v, =1 =4 |Ueil*|Ugj > sin® @
i>j (7.47)

=1- 0?3 sin® 201, sin® Dy — sin’ 2913(c%2 sin® P31 + s]22 sin’ D37).

The spectrum is a overlay of constant term plus terms of three oscillation frequencies.
At the first oscillation maximum of ®1,, which corresponds to a baseline of L ~
50km, the constant term and the ®;; term in Eq.(7.47) are suppressed and the
contributions of the ®3; and the $3; terms are relatively enhanced. If the energy
spectrum is analyzed by the Fourier analysis with a parameter 1/Ey, three peaks at

o = |Am3,|, |Am%,| and |Am3| (7.48)

shall be observed in the frequency space. The Am% | peak locates much lower than
the Am%l and Am%2 peaks in the frequency and can be distinguished easily. Am%1 and
Am%2 peaks are expected to separate by 3 % apart. Because sfz ~ 0.3, sfz < c%z and
the amplitude of sin? &3 term in Eq. (7.47) is larger than that of sin? ®1,. Therefore,
the power of the Am%1 peak in the Fourier analysis is larger than that of the Am %2 peak.
This means the larger peak corresponds to |Am§1 | and the smaller peak corresponds
to |Am§2|. As shown in Fig. 7.5, if the power of the higher frequency peak is larger

P Am3,
Am3,
: Normal Hierarchy

w
Power >

2

Am,
/\ /\ : Inverted Hierarchy
)
=

Fig. 7.5 Expected power spectrum of the Fourier analysis of the energy spectrum for reactor
neutrinos at a baseline 50km. The horizontal axis o corresponds to the oscillation frequency and
the vertical axis is the power of the Fourier analysis. The larger peak is the |Am%l| peak and the
smaller peak is the |Am§2| peak. If the \Am%ll peak locates higher ® than the |Am§2| peak, it is
normal Hierarchy and vice versa
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than that of the lower frequency peak, it means |Am§] | > |Am %2 |, which corresponds
to the normal hierarchy, and if the power of the higher frequency peak is smaller than
that of the lower frequency peak, it means |Am§ < |Am§2|, which corresponds to
the inverted hierarchy. In this measurement, there is a merit that it is not necessary to
know the absolute location of the peaks and the measurement is relatively insensitive
to the energy scale error. Although the separation of the peaks of 3 % is larger than
the Am? separation of ~1%, a very good energy resolution is still necessary for
the neutrino detector. Currently JUNO [6] is proposed in China and RENOS50 [7] is
proposed in Korea.

7.2 Sterile Neutrino Anomalies

There have been a number of anomalies and spurious results in the history of the
neutrino experiments. Some of them have disappeared but a few of them have led
great discoveries. The continuous energy spectrum of the B rays led the idea of
neutrinos. Anomaly of deficits of solar and atmospheric neutrinos resulted in the
discoveries of the neutrino oscillations. Therefore, anomalies may be clues to new
physics and we have to be sincere about experimental facts.

Currently some neutrino oscillation experiments indicate anomalies which could
be explained if fourth neutrino that is called sterile neutrino would exist and the
standard neutrinos would oscillate to them.

7.2.1 The LSND, KARMEN, MiniBooNE
and ICARUS Experiments

In mid 1990s, LSND (Liquid Scintillator Neutrino Detector) group searched for
V“ — V, oscillation [8]. Vu is produced in the decay chain from nT as shown in
Eq.(7.49). The pions are produced by a 800MeV LAMPF high intensity proton
accelerator. Since the energy of the pions are not so high, 7+ and u™ stop in the
target materials.

't (stop) -t + Vi
L, (7.49)
uh(stop) — e +Vy + Ve

In this beam energy, the T~ production rate is much smaller than the T one.
In addition, ©~ and its decay product L~ are absorbed in the beam stop materials
before they decay. Therefore, the background v, flux from ™ decay chain is highly
suppressed. Figure 7.6 shows the LSND beam line and the neutrino detector. The
detector was located at 30 m downstream of the beam stop. The neutrino target is
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Fig. 7.6 A schematic view of the LSND experiment [9]

low-light yield liquid scintillator of 176 tons, which can detects both the scintillation
and Cerenkov lights. The scintillator was contained in a stainless steel cylindrical
tank whose inner wall is covered by 1220 photomultipliers with the cathode diameter
8 inch. V, is detected using the inverse B decay reaction with a proton and identified
by a delayed coincidence signal;

Ve +p — e (<53MeV) +n
L (7.50)
n+p—d+7y2.2MeV).

Figure7.7 shows the energy and L/E distributions of v, events for the LSND
experiment. They observed an excess of 87.9 £ 22.4 + 6.0 v, events over the
backgrounds, for which the allowed oscillation parameters are sin®20 > 1073 and

(a)35 (b)
5 ® Boam Excess 175 ® Boam Excess
B pli,—¥,0°n 15 F EE a0

25 Pv,0'n 3,80

Beam Excess

E, MeV LE, (meters/MeV)

Fig. 7.7 LSND data. a Energy distribution of v, candidate events. The shaded region shows
expected distribution from a combination of neutrino backgrounds and neutrino oscillations at low
Am?.b Ly /Ey distribution, where Ly is the baseline, and Ey is the neutrino energy. The data agree
well with an expectation based on neutrino oscillation. From Ref. [9]
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Am? > 3 x 1072 eV?2. The LSND group also reported positive v, — V, oscillation
[10] at the similar oscillation parameters.

However, if we admit Am%1 ~75%x107%eV2and Am%l ~2.5% 1073 eV2 which
have been confirmed by various experiments, there is no combinations of the neutrino
masses which gives the LSND result. Therefore, the LSND observation contradicts
the standard three flavor neutrino scheme. This is called the LSND anomaly.

To investigate the LSND anomaly, the KARMEN experiment searched for
Vu — V. oscillation using the ISIS rapid-cycling proton synchrotron whose energy
is 800 MeV [11]. The baseline was shorter (17.7m) than LSND. KARMEN did not
observe the excess of V, and set the upper limit of sin® 20 and Am?.

MiniBooNE experiment at FNAL searched for both vy — v, and v, — V,
appearance oscillations using higher energy neutrinos which were produced from the
pion decay in flight using the 8 GeV proton beam at the FNAL Booster [12]. They
observed excesses of both the v, and v, signals. The relation between the typical
neutrino energies and the baselines of these experiments are shown in Fig.5.1.

ICARUS is a liquid argon TPC based neutrino detector locates at the Gran Sasso
lab. in Italy [13]. They looked for v, — Vv, signals using CNGS neutrinos from
CERN whose average energy is 20GeV and baseline of 730km. As of year 2013,
ICARUS has not observed positive v, appearance signal and set the upper limit of
sin?20 < 1 x 1072 at Am? > 1072 eV2,

Figure 7.8a shows the oscillation parameter regions of the positive results from
LSND, MiniBooNE and the negative results from KARMEN, ICARUS. There are
allowed regions at Am> > 0.2eV? and sin® 26 < 0.01.

(a) Neutrino (b)

10 = Y VT R W e
1 LSND 90 % CL K eomol
DLSNDQB%CL
MiniBooNE
— 90%CL

T

I

Am? (eV?)

g

I

"_‘ T 8 4 seTe o

sin20, ) !

e

s -
T T T

10? —rrm Ty
10° 102 107 1
sin?(26)

Fig. 7.8 a Combined regions of the positive LSND, MiniBooNE results and the negative KAR-
MEN, ICARUS results [13] for vy — Vv, and vy — V. signals. b Allowed regions from the
combination of short baseline reactor neutrino experiments, the GALLEX and SAGE calibration
source experiments for v, — V, and v, — Vv, deficits [14]
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7.2.2 Gallium and Reactor Neutrino Anomalies

The GALLEX and SAGE groups calibrated their solar neutrino detector using intense
Vv,’s from the strong >'Cr and 37 Ar sources.
Those sources emit monochromatic v,’s from the electron capture reactions of

e + Sy Sy + Ve,
e +37Ar = 3Cl +v,. (7.51)

The v, energies of the main branching are 0.82 and 0.90MeV for 3!Cr and 37 Ar,
respectively. These sources were put in their Ga detectors and the reaction rate of

ve+'Ga — "'Ge + ¢, (7.52)

was measured and it was found that the event rates are smaller than expectations.
An average of the ratio between the observed and the expected rates is

R =0.86 £0.05, (7.53)

which indicates that the significance of the deficit of the neutrino is 2.8 6. A possible
explanation of the deficit is that neutrino oscillation with very short oscillation length
changed v, to other neutrino flavor in the detector.

Another anomaly has been pointed out for the reactor neutrinos. Recent re-
evaluation of the reactor v, flux [15-17] shows that observed neutrino fluxes by
various short-baseline reactor neutrino experiments are ~6 % smaller than the new
prediction. This is called the “Reactor Neutrino Anomaly”. Again this anomaly can
be explained by assuming the existence of neutrino oscillation at very short baselines.
Figure 7.8b shows the allowed parameter region of the possible oscillation based on
the Gallium, and reactor neutrino anomalies.

7.2.3 Sterile Neutrino

Anomalies observed by the LSND, MiniBooNE, the v, sources and the reactor neu-
trino experiments can be explained if four or more neutrinos exist and they oscillate
with the standard neutrinos with oscillation parameters of sin®> 20 = 0.001 ~ 0.1
and Am? > 0.1eVZ2. However, the fourth neutrino is ruled out from the neutrino
counting experiments using the probability of eTe™ — Z° — VV reactions. If the
fourth neutrino exists, it must not couple to weak bosons. Since the fourth neutrino
does not couple to strong nor electroweak interactions, we can not observe the fourth
neutrino directly. Therefore, the fourth neutrino is called the sterile neutrino which
we label as v;.
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The oscillation formula can be extended to include the sterile neutrinos by expand-
ing the flavor index o to (Ve, Vy, Vi, Vs, .. .) and the mass index j to (1,2, 3,4, ...),
in the equation of the neutrino mixing (4.85). The expanded mixing matrix would
be expressed by

[Ve) Ue:1 U{z Ue;} e::4 V1)
(Vi) wt Yo Yz Yyg - ] | Iv2)
Vo) | = | Ufy U U5 Uy -+ | | Iva) (7.54)
[Vvs) U UL U U | ] V)

Assuming a simple case that there is only one sterile neutrino with mass my ~ 1eV?
and |Ugs|? > |Ugal?, the oscillation probabilities at (E/L ~ 1 eV?) are calculated
to be

2
. myL
Py, v, ~4|US4|2|U64|2sm2( iE ) and
v

(7.55)

- 2 2o miL
Pvu%ve 4 U4l |Uu4| sin (4Ev .
Therefore, if |Usal? ~ 0.5, |Ueal? ~ 0.1 and |Uya|*> ~ 0.01, all the experimental
results shown in Fig.7.8 could be consistently explained. There are a number of
experimental projects which search for the sterile neutrinos.

In Chap.2, we classified the fermions based on the interactions they make and
pointed out the classification has the nesting structure as shown in Fig. 2.1. Since the
sterile neutrino, if it exists, does not couple with any known interactions, it is outside
of the Matryoshka doll as shown in Fig. 7.9 and the anomalies suggest some kind of
transitions, which connect the sterile neutrino to standard neutrinos, exists.

Fig. 7.9 Sterile neutrino
(Vs) might locate outside of
the standard model
Matryoshka doll (See also
Fig.2.1). There might be a
transition between the
standard neutrinos

Vg (?7)

Transition
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7.3 Absolute Neutrino Masses

The absolute neutrino masses and the neutrino oscillation parameters are comple-
mentary to determine the transition amplitudes. All the neutrino mixing angles have
been measured and the measurement of the absolute neutrino mass has become all the
more important. Generally, experiments measure a weighted average of the squared
masses of the mass eigenstates. The mixing matrix elements measured by the neutrino
oscillation experiments give the “weight” and the Am?’s give the relative difference
between the masses. The measured neutrino oscillation parameters put limitations
to the possible neutrino mass ranges and therefore, give strong motivations to the
absolute neutrino mass experiments.

7.3.1 Effective Mass of v,

Experimentally, most strict upper limit of neutrino mass is obtained from the mea-
surement of the tritium [ decay,

H > 3He + e~ +V,. (7.56)

The small Q-value of the decay (18keV) is suitable to search for small neutrino
masses. Since the tritium atom has simple structure and is usable as gaseous source,
the corrections of atomic effects for the energy spectrum of the {3 ray are very small.
Therefore, the tritium is one of the best B sources to search for the V, mass.

The energy spectrum of the e~ in this decay in the case neutrinos have mass my is,

2 2 my2
N(pe)dpe<p,(Eo — Eo)” |1 — md}?e. (7.57)

Therefore, the neutrino mass can be measured from the shift and the distortion of the
end point of the e~ energy spectrum. The neutrino mass is measured as m,. instead
of my in the experiments. Mainz [18] and Troitsk [19] experiments have measured

the upper limit m%ﬂ < 2eV. KATRIN [20] experiment whose expected sensitivity

is 0.2eV is under construction now.
The Vv, state is a superposition of the mass eigenstates v; as given in Eq. (8.19),

Ve) = Uet V1) + Uea [V2) + Ue3 [V3) (7.58)

where U,; are the elements of the mixing matrix for neutrinos. If the energy resolution
of the B-decay experiment were good enough, we would see three peaks at ml2
with heights |U,;|? in the mass-squared spectrum as shown in Fig.7.10. However,
the actual resolution of the mass measurement is much worse than the separations
between the ml2 peaks and we will observe a broad peak in the histogram whose
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Fig. 7.10 Histogram for m?

distribution for m%,e

measurement. Expected .
number of events is -
proportional to |U,; |2. The .
dashed line indicates the

resolution of the experiment.

The center value of the peak

is the weighted average of 1 m
m? as defined by Eq.(7.59) 2 2 2

~
~
~
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Fig. 7.11 The V, mass 10
dependence on the lightest
neutrino mass (Mjightest). The

vertical axis is (, /m%,y ). The —

solid line is the normal N, 0.1
hierarchy and the dashed line [eV]
is the inverted hierarchy
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center value is the weighted average of the ml2 as indicated by the dashed line in
Fig.7.10. The experiments recognize the weighted average as the electron neutrino

mass squared m%e 2

2 2,2 2,2 2,2
(my,) = [Uet|"mi + |Ue2|"m5 + |Ues|"m3

_ 2,2 2,2 2 2 2
= ciz(ciomy + sipm3) + sj3m3.

(7.59)
Two out of the three mass squared in Eq. (7.59) can be replaced by the observed Am% 1
and |Am%l |. The lightest neutrino mass is m for NH and m3 for IH. Therefore, the
effective v, mass can be expressed using the lightest neutrino mass as follow,

m? + sZ|Am3, | + c2ys%,Am3, ~ m? + (10 meV)? for NH

(7.60)
m% + c%3|Am%1| + c%3s122Am%1 ~ m% + (50 meV)? for TH.

(m} ) =

Figure7.11 shows the relation between .,/ (m%e) and the lightest neutrino mass. For

IH, the v, mass will be definitely observed above S0 meV.
Once (m%e) is measured and the mass hierarchy is determined, all the neutrino
masses can be determined from the relation (6.68).

2 We assume CPT symmetry and my = m, throughout the text.
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7.3.2 Effective Masses of v, and V.

From the same discussions for the v, mass, which derived Eq. (7.59), the (m ) and
(m %t) can be expressed by,

(my ) = |Ua1|*m7 + |Uga|’m3 + |Ug3|*m3, (7.61)

where o stands for w or 1. Using Eq.(7.59), the (m;, ) and (m ) can be expressed
by the ( ,) as follows:

(my )= (m3 )+ Am3, (|Uyj2l* = [Ue2l®) + Mg 1Am3, | (1Upye3l* — |Ues|®)
2
V

Vu/z

~ (my )+ nM |Uu/7:3| |Am31| (7.62)

Therefore, (m% ) and (m\2,1) can be determined from (m\z,g) measurement as
given by

2
" Ve 7.63
(m2) ~ (m2 ) + N3 (36 meV)2. (7.63)

T e

{ (m2 ) ~ (m2 ) + 131 (30 meV)?
2

Since the v, mass has been measured to be smaller than 2V, the vy, and v; masses
are also 2€V or less. On the other hand, the current experimental upper limits of vy, ¢
masses are nmy, < 0.19MeV, from the pion decay and my, < 18MeV, from the 1
decay. It seems to be practically impossible to measure v, and v; masses directly
using currently available technologies.

7.3.3 Double Beta Decay Mass mgg

In the standard model, the masses of the quarks and the charged leptons are generated
by the Yukawa coupling to the Higgs field. If neutrino mass is also generated the
same way as shown in Fig.7.12a, the mass is called the Dirac mass.

The neutrino masses are much smaller than those of the charged fermions and it
is believed to be unnatural to consider that the neutrino masses are generated by the
same mechanism as the charged fermions. Another possibility to generate neutrino
mass is a transition between v, and Vg as shown in Fig.7.12b. The diagram 7.12a
requires unknown Vg but the diagram 7.12b requires only known neutrino states, vy,
and V. In this case, a neutrino mass eigenstate is

Fig. 7.12 Possib.le schemes (a) (b)

to generate neutrino mass. ‘V > ‘v > ‘V > ‘V >
a Dirac neutrino mass. L o R L o R
b Majorana neutrino mass A A4
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1
IVar) = E(WL) + [Vk)). (7.64)

This type of neutrino is called the Majorana neutrino and its mass is called the
Majorana mass. A peculiar property of this state is that the neutrino and antineutrino
state (CP state) are identical.

_ I _
Vi) = E(IVM +1Ive)) = vm) . (7.65)

The diagram 7.12b also shows that if a neutrino is generated as Vg by B decay at
time ¢ = 0, it turns into v, after infinitesimal time ot, like (3.21), as,

[VR) = [VR) —imy |vL) Ot. (7.66)

In principle the absolute mass of the neutrino can be measured by making use of this
process as described in the next section.

7.3.3.1 Neutrinoless Double Beta Decays

Currently, the only practical way to test if the neutrino is Majorana type or not is to
observe neutrinoless double beta (Ov2) decays,

ZASZT2 A4 e te. (7.67)

The Feynman diagram of the Ov2f decay is shown in Fig.7.13. If neutrino is a
massive Majorana particle, the following process can take place. (1) A neutron in
the nucleus initiates B-decay producing e~ and VR. (2) Vr changes to v, due to
the transition amplitude shown in Fig. 7.12b. (3) Another neutron emits virtual W ™.
(4) The vy, interacts with the virtual W™ and turns to e™. As a result, two electrons
and no neutrino are emitted from the nucleus. Since there are no neutrinos in the final
state and the recoil energy of the nucleus is very small, the total energy of the two
electrons is monochromatic which makes it possible to distinguish the Ov2[ decay
signals from 2v2[ decay background.

Since there are 3 flavor neutrinos and the flavor changes by the neutrino oscillation,
the neutrino mixing for the three neutrino flavors has to be taken into account when
evaluating the Ov2[3 decay rates.

|Ye) Uel UeZ Ue3 |Yl)
V) | = | Ut Uz Upz | | IV2) | - (7.68)
[Vz) Uzl Uy Ugs [V3)
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Fig. 7.13 The Feynman p
diagram of Ov2f decay. The p
numbers in parentheses
correspond to the processes
described in the text

udu uud
A4

udd dud
n n
The wave function of the neutrinos produced at + = 0 in the B decay of the
process (1) is
Wy (0)) = [Ver) = Uet IVir) + Ue2 [V2r) + Ue3 [V3R) - (7.69)

The neutrino changes its helicity and particle-antiparticle properties due to the
diagram of Fig.7.13b. Equation (7.66) shows that each mass eigenstate in (7.69)
changes to

[Vir) = |Vir) — im; Vi) Ot, (7.70)
and the neutrino wave function becomes
[W(d1)) = [Ver) — i (m1Ue1 [ViL) +maUes [Var) +m3U,s [vaL)) 0t,  (7.71)
after infinitesimal time &¢. |V, ) state interacts with W boson in the process (4). Since
IVer) = Ugy IViL) + Ug [var) + U5 [VaL) (7.72)
the |v.r) component of the wave function (7.71) is

(Ver IW(S1)) = —i (mlUZ1 +maU> + m3U33) 8. (1.73)

When the decay probability is calculated, o is integrated with a weight of the nuclear
matrix element and the decay width is obtained as

1
[ = _ =Gl Aalimgp)*, (7.74)
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where G corresponds to effective coupling constant which is proportional to G‘;,
and .4 is the matrix element of the nuclear transition. (mpg) is called the “effective
Majorana mass”,

(mpg) = [m1UZ + maU2 + m3Ugs|. (1.75)

The mixing matrix elements in the probability (7.74) have the form of Ufl. U ezj This is

different from the neutrino oscillation probability, |U,; |2 |Uej |2 and the discussions in
Sect.4.2.3 on the possible free parameters of the mixing matrix does not apply here.
In this case, the minimum number of the imaginary phase in Uy; is not restricted to
just one.

If the standard parametrization of the mixing matrix with the additional phases is
used, the effective Majorana mass is expressed as

(mgg) = |cT3(cmy + shmae'™) + sfymze’®|. (7.76)

As we discussed for the v, mass measurement in Sect.7.3.1, we can express the
effective Majorana mass with the lightest neutrino masses using observed neutrino
oscillation parameters. For normal mass hierarchy (NH), the lightest neutrino mass

is my and
my = ,/m% + Am%l, ms3 = ,/m% + |Am§1|. (7.77)

For inverted mass hierarchy (IH), the lightest neutrino mass is m3 and

my = \/m3 + |Am3,|, my = \/mg + |Am3, | + Am3,. (7.78)

By putting these parameters, together with the mixing matrix elements into Eq. (7.76),
(mgg) is calculated as shown in Fig.7.14. For IH, (mpg) is greater than ~15meV.

Fig. 7.14 The effective
Majorana mass as a function
of the lightest neutrino mass.
From Ref.[21]
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This means if the mass hierarchy is determined to be IH by other experiments, dou-
ble beta decay experiments which has sensitivity of 15meV or better can definitely
determine whether the neutrino is Majorana or Dirac. For instance, if Ov2[3 events
are observed, the neutrino is Majorana, however if Ov2[3 events can not be observed
at (m BB> > 15meYV, it is Dirac particle. For NH, the effective Majorana mass does
not have minimum value. The effective Majorana mass can be zero for a specific
combination of the parameters. There have been a number of experiments to mea-
sure Ov2f decays but there have been no firm evidence of positive signals so far
[1, Chap.1].
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Chapter 8
Appendix

8.1 Notations Used in This Book

The definition of some parameters and notations used in this text may be different
from the ones used in other books. In this appendix, the definition of the parameters
used in this text is summarized.

8.1.1 A Summary of Symbols and Abbreviations

i, j: Index of mass, o, B: Index of flavor.

[: Leptons. Sometimes specifically shows charged leptons.

q: Quarks. Momentum transfer.

f: Fermions. Sometimes specifically shows mass eigenstate.

f': Flavor eigenstate fermion.

xw = sin? By : Weak mixing angle.

Uy: MNSP mixing matrix.

0;;: Mixing angle.

sij =sin®;;, ¢jj =cosb;j, t;; =tanO;; s5 = sind, c5 = cosd, Amizj = mtz—mi
d;; = Amisz/4Ev: Oscillation phase.

@.q)ij = “at (bl'j ~ /2.

ni\Jd = +1 for normal mass hierarchy of masses m;, m; and —1 for inverted mass
hierarchy.

Nc = +1 for neutrino and —1 for antineutrino.
n= L2 =B
= E+m — 14y
J, = slzclzsz3cz3s13c%3 sin &: Jarlskog invariant.
J123 = sin 201, sin 20,3 sin 20;3.
&n = Am3,/Am3,.
v = 23/2EGpn,./Am?: weak potential parameter.
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B * >k
A5} = UgUg;Up U

X = Px(a — 8)
® : Sun, @ : Earth.

8.1.2 Parameter Values

¢ =2.99792458 x 103 ms~!
h=6.5821193 x 10722 MeVs.

he = 197 327 MeVim.

o= 4n = ngo

Mz =91.188GeV/c?, My = 80.39GeV/c2.
xw = sinZ Oy = 0.2312.

Gr = 1.166 378 x 1077 GeV 2.

8.1.3 Pauli Matrices and Identity Matrix

0;0; =i0k; (i, j, k) are cyclic.

6i0; + 0,0, = 29;;.

6! = o;.

8 Appendix

8.1)

(8.2)

(8.3)

P ) Y (3 A W ( A W £ B¢
—\o1) =T \1o) T2 o) T TV o-1)

G+=Gx+i0'y=2(8(1)), G_=Gx—i0y=2((1)8

8.1.4 Dirac Matrices

Y YT =28, M =

co o~
o
|
—_

)

(8.4)

(8.5)

(8.6)
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P =y 8.7)
(I O 1 _( 0 o _( 0 o, 0 o,
1=(00) = (55) 7= (5 5) P (5 5) e
01
P=itrr = (4 o) (89)
1+ 1(11 1—y 1T I
e = 2_=5(11),YL=_2 =§(_1 1). (8.10)
YL ="V, WYr =MWV (8.11)
8.1.5 Spin
. e~/ cos(0/2)
5(8,0) = ( 12 §in(0/2) ) : (8.12)
1 0
=) u=(). -
Yp = ! +2p6\|/: spin is parallel to the momentum.
1 —po o
Yy = > Y : spin is antiparallel to the momentum. (8.14)

8.1.6 Fierz Transformation

From Fierz identity [1];

o AN I
Dy vty = Dodiwyl — 5 ey x 10wyl
2 (8.15)

1 _ _ _
= S s s Wl = Do Iws vl

and

_ _ R
Doy Myswilwyvsxl = — Dodiwwl — Sy x 1wy, v
2 (8.16)

1 _ _ o
= Syt sl s s vl-
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Then

By wiiwyxd + Doyt yswiivyvsxd = — Doy, wl — Dovysxd v, vs wl-

(8.17)
8.1.7 Neutrino Oscillation Related Formula
8.1.7.1 Mixing Matrices for Neutrinos and Antineutrinos
Yy (1) = Cy, (1) [Ve) + Cy, (1) [Vu) + Cy. (1) [Va)
= Die” ™1 |vy) + Dae” ™! |vy) 4+ D3e ™ |v3) . S18)

Yy(1) = Cy, (1) Ve) + Cy, () [Vy) + Cv, (1) [V2)
= D1e"™" V1) + D2e™" [V3) + D3e™" [V3) .

Cy, Uet, U, Ues\ [Ci IVe) Ugl’ ng, UZ:;% Vi)
Cv, | = Uu1s Up2, Ups G, V) | = Uul’ Uuz’ UuS va) |
Cy, U, U, Ug C3 [Vt) U:p U.Ekz, U.Ek3 [V3)

Cv, U» Usp U\ (Ci Ve) Uel, U2, Uez\ [IV1)

Evu = Upl’ UuZ’ Uu?; £2 ; |\iu) = U},le Up27 Uu3 |X2> .

Cv, Uf. Uh, U5 /) \C3 [Vz) Uti, Ur, Uiz ) \IV3)
¢

8.1.7.2 Parametrization of the Mixing Matrix

1 0 0 ci3 O S13,e_i8 cr2 s12 0
Uy=10 c23 53 0 1 0 —s12¢12 0
0 —s23¢23) \—s513¢® 0 i3 0 01
S (8.20)
c12€13 512€13 size”!

= [ —s12c23 — cr2523513€® crac3 — s12523513€ 523013
S i3
$12823 — €12€23513€'° —523C12 — $12€23513€'"° €23C13

8.2 A Working Lagrangian with Neutrino Flavor Transition

In the standard model, neutrino is assumed to be massless and there is no vy state.
However, neutrino oscillation revealed that the neutrinos actually have finite masses
and mixings. In this appendix, the standard model Lagrangian is slightly expanded
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to implement the neutrino mass and mixing. Although the origin of the neutrino
oscillation is not understood yet, we assume that there are neutrino flavor transitions
just like the quarks here. The standard model Lagrangian can be obtained by setting
the neutrino mixing matrix as the identical matrix.

8.2.1 Electroweak Part of the Working Lagrangian

We express the electroweak part of the working Lagrangian with neutrino mixing as,

Low = D Sy OS] = my ([ f1+eQr[FY" f1Ay
f

— ew LF Y fo Wy +H.C) — g2(C{ LAY fl + CRLARYM frDZy)
1 1

- EM@ Wy Wt — EM%ZHZ“ + oK. (8.21)

where %K is the kinetic term of the gauge bosons.! The symbol f represents the

mass eigenstate fermions and f’ represents flavor eigenstate,

f=u,c t, d, s, b e WU T, Vi, V2, V3;

8.22
ff=uc, t,d, s b, e 1 1, Ve, vy, Vi (8.22)

For, u, c, t, e, |1, T, the flavor eigenstate and mass eigenstate are defined to be identical.
f{, represents the up-type weak eigenstate fermions and f;, represents the down-type
weak eigenstate fermions,

fo=u, c, t, Ve, Vi, Vo, fy=d', s, b, e T (8.23)

fr and fg represent left-handed and right-handed fermions, respectively.
fo="/f fr="S (8.24)
The weak eigenstates and mass eigenstate are connected by the Cabbibo-Kobayashi-

Maskawa (CKM) matrix, Vcxw for quarks and Maki-Nakagawa-Sakata-Pontecorvo
(MNSP) matrix, Uy for neutrinos.

d Vud Vus Vub d Ve Uel UeZ Ue3 Vi1
s") =\ Vea Ves Vep s, Vu | = | U1 U2 Ups vo|. (8.25)
b Via Vis Vi ] \b V1 Urt U Uz) \V3

I'See [2] for explicit formula.
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The coupling coefficients of the fermion-Z° are

1 —2Q/sin”0By, —2Q/sin?0Oy) fi ,
(C{, C{) _ ( Orf sm' 2W Oy sm. 2W) or fuy (8.26)
(=1 —=2Qysin“ 0Oy, —2Q sin“0Oy) for fp,
where sin® Oy is the weak mixing angle (~0.23).
There are the relations,?
e =2gwsinBy = gzsin20y, My = Mz cosOy. (8.27)

8.2.2 Dirac Equation of Neutrinos with Cross Transitions

The unitarity of the mixing matrices (8.25) indicates that there are following relations,

dd +3s+bb=dd +5's' + bV,

_ _ _ _ _ _ (8.28)
V1V1 + V2V2 + V3V3 = VeV + V Vi + VrVr.

The corresponding terms in the Lagrangian (8.21), suchas 3’ fyHo, f and 2.7 0f

[fY" f1,> can be expressed the same way by using either the weak eigenstate and
mass eigenstate. However, since the fermion masses are different for different flavors,
the fe.rmion mass term, Zf mf.[ff] is not identical to Zf mf[f’f/.]. If the mass
term is expressed by the weak eigenstate, the neutrino term can be written as

milVivil = D (miUpUg)[VpVal. (8.29)
of

The Lagrangian for the free neutrino is,

Lo = Z iVay"duvol — Zuga[v_ﬁva], (8.30)

o off

where g, = > m;UﬁiU;i. The Euler-Lagrange equation, in terms of v, leads

L0 %0 . o
=2 - = i0u(Ve)Y" : 8.31
) (a(auvoo) dvg V7T Zﬁl MoV (8.31)

2 The relation to the standard expression of the weak coupling is gw = g/ V2, gz = g/2cos By,
where g is the SU(2) gauge coupling constant.

3 Q y is the same for d, s, b.
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By taking the complex conjugate, we obtain

iyMouve — Z HopVp =0, (8.32)
B

where the relation ME o = Mop 18 used. This is the Dirac equation of neutrinos with
the same type of flavor transition amplitudes as quarks.

8.3 General Solution for Two Flavor State Equation
The state equation to solve is,
d fo(t) —u ’C*) (oc(t))
— = 8.33
" (B(t)) ( t u)\Bo)” (8:33)
where there is a normalization relation,

o> + BI* = 1. (8.34)

Equation (8.33) can be rewritten as
.d (o —c0s260 ¢ ?sin 20\ (o s (o
Yt (B) = (eiq’ sin20  cos26 ) ([3) o7 (B) ’ (8.35)

; T
T=1e®, ®=/u2+ 1% and tan20 = % (8.36)

 is the normalized transition matrix. In order to obtain the eigenvalues and
eigenvectors, we require that

i% (g) — 07 (g) - (g) : (8.37)

where A corresponds to the eigen value to be determined from this relation. The
second relation in Eq. (8.37) is

—®cos20 — A e ®sin 20 o
( ©e®sin20  wcos26 — A) (B) =0. (8.38)

where

Since the matrix in Eq.(8.38) can not have the inverse for non-0 o and 3 solution,
the eigenvalues are,

Lt = fo. (8.39)
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The relation between o and [ for each case is,
e 0sin20B,, = (cos20 + 1)oLr.
Together with the normalization condition (8.34), the eigenvectors are
((x) _ ( cos 0 ) (oc+) _ ( sin @ )
B_) ~ \—¢®sin0)’ By) e?cos0) "

Therefore, the unitary matrix

U— cos O sin ©
T \—¢sin0 ¢ cos O

i (10
v (L0).

The state equation (8.35) becomes,

i ()= (00) ()

diagonalizes 7,

where

The solution of Eq. (8.44) is

(50)= (0 %) (50)
B) o e @) \pw)

Therefore, the general solution of (8.35) is,
am) _,, (¢ 0 + {0(0)
(B(r)) = U( 0 o) Y \Bo)

€% sin 0 cos O(e'® — ¢ gin2 Pl 4 cos? P!

( sin? B~ 4 cos? Bl ¢ gin O cos O(e' — ei“”)) (

8 Appendix

(0)
B(0)

(8.40)

(8.41)

(8.42)

(8.43)

(8.44)

(8.45)

(8.46)

)

(8.47)
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8.4 Dirac Equation and Wave Packet

8.4.1 Dirac Equation

The Dirac equation is,
[iyua“ - m] w(x) =0, (8.48)

where the 7y, is four component matrices which satisty the following condition,

Ty + Wl = 2guv- (8.49)

We use the y matrices of the following notation;

I 0 0o
’YOZ(O _1), YZ(—GO)' (8.50)

The identity and Pauli matrices are,

10 01 0—i 10
12(01)’Gx:(10)’63’:(iO)’GZ:(O—l)’ (8.51)

By using the matrix forms (8.50), the Dirac equation can be expressed by a matrix

form as follows:
id; —m i(c-09)
—i(6-9) —id; —m

) y(x) =0. (8.52)

8.4.2 Plane Wave Solution

Plane wave is a wave which extends infinitely in the space and time at a fixed energy
and momentum; _
y(x) = we kx, (8.53)

where x = (¢, x) and k = (®, k) and w is a four component spinor,

u
W= (V) , (8.54)

where, u and v are two component spinors. By putting the plane wave (8.53) in the
Dirac equation (8.52), we obtain

o-—m k-0 (u) _ir
(k.G _w_m)(v)e = 0. (8.55)
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In the case that the fermion is at rest (k = 0), the equations reduce to

[(“’ —mu =0 (8.56)

(®w+ m)yv =0.

There are three sets of solutions, (0 = any,u = 0,v = 0), (® = m,u = any,v = 0)
and (0 = —m, u = 0, v = any). The first solution means that the fermion does not
exist in the system. The second and third solutions correspond to the positive energy
and negative energy solutions, respectively. The general wave function of a fermion
at rest is a sum of the these solutions.

w(x) = (g) emimt 4 ((V)) M (8.57)

For a finite momentum (k # 0), the Dirac equation (8.55) becomes the following
simultaneous equations,

[(a)—m)u—k~c5v=0
(8.58)

k- -ocu—(+my=0.

If ® = m or —m, we obtain the non-existing solution, # = 0 and v = 0. For ® # +£m,

there are the relations,
k-o k-o
v = U, u= V. (8.59)
w-+m w—m

By substituting v in the second relation in (8.59) by the first relation, we obtain a
requirement,
(@ —m?> —k>u = 0. (8.60)

For non-0 u,
o> —m?> —k*>=0. (8.61)

This can be satisfied for

k==+p and © = £,/(£p)2 + m2 = +E. (8.62)

We choose (0, k) = (E, p) and (—E, —p) because they can be obtained using the
proper Lorentz transformation of (®, k) = (£m, 0) and the wave functions of the
positive and negative energy states are, using (8.59),*

4 It is possible to derive the same formula by Lorentz boost of the wave function at rest. See for
example [3].
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u . u .
W-’,—(x) — ( Ko )e—z(mz—kx) — ( po )e—z(Et—px)’
orm™ E+mY

l(V_G‘} . ﬂv .
y_(x) = (co—vm )el(ﬂ)lkx) — (E+m )el(EIPX)‘

v

(8.63)

Physically the negative energy state which propagates backward in time is recognized
as an antiparticle. On the other hand, the positive energy state which propagates
forward in time is recognized as regular particle. The general wave function is a sum

of them,
where we defined
p=(Ep) EE%F%' (8.65)

Usually we normalize the wave equation as follows,

ly,|? =2E. (8.66)
For example,
Wl = =2 juf? = 2E (8.67)
V= F +m '
and
ul* = E + m. (8.68)
Therefore, we can rewrite
u =~E+mu, (8.69)

where |i]* = 1.
Using the normalization, the general wave function which satisfies the Dirac
equation (8.48) can be expressed as

where in this case,

2> + 9> = 1. 8.71)
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8.4.3 Wave Packet

The plane wave extends infinitely in the space and time. However, the actual particle
exits within a limited region in space. These state can be expressed by a superposition
of plane waves which have a narrow momentum spread. For one dimensional case,

“+00 .
W, 2) = / a(p)eP=EPI g . 8.72)
—00

where a(p) represent a momentum distribution. We assume it is a Gaussian shape
with the mean and standard deviation of the momentum, p and G, respectively,

(p —ﬁ)z]

8.73
40%, (8.73)

a(p) = N exp [—

N = (Qm)~%/ 4(5;1/ % is the normalization coefficient. Note that the coefficient of the
Gf, is “4” because the probability is square of wave function. By defining a parameter
q = p; — P, the integration (8.72) becomes,

+00 2
WY(t, z) = N/_OO exp |:_4qT%i| exp |:i ((q +P)z—+/(q +7)2+ m2t)i| dq.

(8.74)

We assume the width of the momentum spread is much smaller than the mean momen-
tum, 6, < p. In this case, only |g| ~ G, region contributes to the integration and
the following approximation is possible.

\/(q+ﬁ)2+m2~\/ﬁ2+m2+zﬁq~f+%qzﬁ+ﬁq, (8.75)

where E = /p* 4+ m? and p = p/E. Then,

\P(t, Z) ~ Nei(ﬁZ*El)/

4c

+o00 q2
exp | ——— |expliAzgldg, (8.76)
] P

where Az = 7z — Bt represents deviation from z = Bt. Since g-odd component of the
integrand is cancelled off, the integration becomes

Y, z) = Nei(ﬁz_a)/

400 612
exp | —— | cos(Azq)dq
~ 402

= 2/m)'/* fo e Or 4D’ iPeED), 8.77)
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where the general integral relation,

+00 b?
/ e~ cos bxdx = vr exp |:—4—] ; (a>0) (8.78)
a

oo a?

is used. The probability density of the existence of the particle at (¢, z) is,

_ R2
p |:_ (z Bt) ] 0, = L (8.79)

Yt )2 =
[W(z, 2)| 202

1
€X
A/ 2To,

This formula indicates that the particle exists only at around z ~ Bt with spacial
spread G. This means that the particle is moving with the velocity B This is called
the wave packet. At the beginning of this discussion, we assumed that the state has
momentum spread G, and in the end we obtained a wave packet with spacial spread
G. The relation between the momentum and spacial spreads is

6,0, = 1/2. (8.80)

Therefore, if the momentum spread is wide, the spatial spread is narrow, and vice
versa. This corresponds to the uncertainty principle.

8.4.3.1 Derivation of Wave Packet Oscillation

Equation (4.34) shows the probability that v, is produced at the space-time x = 0
and it changes to v, at the space-time x. The integrand of Eq. (4.35) can explicitly
be written as

1 0o [¢=@Ban?/207 | ,~(=Bin?/20]
1= / dt. (8.81)
/216, J—c0 — 2o~ (=B +=Bin?)/40; cos(Akz — AEr)
The first two integrands can be integrated using the relation,
! /OO —(—Bin?/202 1
e TP dt = — ~ 1. (8.82)
V210, J -0 Bi

The power of the exponential function in the third integrand can be expressed as the
quadratic function of the time 7,

_ 2 \2 2
(2 —By0)* + (z — By1)? = 2p? (r - ﬁz) + APy 2 (8.83)
B’ 2p?
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— Y 2 2
where f = w B2 = w and AB = B, — B,. The integration of the third
integrant can be performed as

+oo A 2 A 2 4 2
/ o~ (A22)*+(Az1)%) /40; cos(AkL — AEt)dt
—00

22\ joo a2 2
=exp| — (AP / exp —B— (t - iz) cos(Akz — AEt)dt

) 2
80? BZ —00 202 BZ

Rl el ONG

2 2
~ G,+/2m cos [(Ak — AE) z] exp [—é [(A—E) n (ABZ) H , (3.84)

Ok O;

where B ~ 1, F ~ 1, B/? ~ 1 — (AB)?/4 ~ 1 are used. Finally, the integration
(8.81)is

L[ (AEN?  [ABz)\?
I ~2{ 1—cos[(Ak — AE) z] exp ~3 (G_k) +<(5 ) . (8.85)

8.5 Three Flavor Neutrino Oscillation Probabilities

In this appendix, we will derive the probabilities of the three flavor neutrino oscil-
lations. In Sect.8.5.1, the general probabilities are expressed by the mixing matrix
elements Ugy;. In Sect.8.5.2, specific probabilities are expressed using the standard
mixing parameters 6;; and 8. In Sect. 8.5.3, the probabilities near the two oscillation
maximums are approximated for the practical handling of the data and in Sect. 8.5.4,
important oscillation formulas with the matter effect are summarized.

8.5.1 Derivation of Three Flavor Oscillation Formula

We start with the oscillation probability formula (4.88),

Poyriy = D N2, (8.86)
j.k
where
of %y . Am’%jL
Akj = UO(kU[}katjUBj’ and Py; = iE (8.87)
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Equation (8.86) can be separated into the CP-odd and CP-even terms by using the
unitarity of the mixing matrix and the symmetry between k > j and k < j, as
follows:

Pyyovy = (ZJFZJFZ)A“B P = ZIle Ug; P +2> AP,

j=k k>j k<j k>j
(8.88)
From the relations below,
2
Ay Z Ut Uik Z jUpj = (Bap)” = Bop
kj
and (8.89)
DAY = LA 2 DDA = D e P1Up 42 3 A,
kj k=j k>j k<j Jj k>j
the following equation can be obtained,
Z |Uoj P 1Ug; > = 8qg — 2> RIAPY. (8.90)

k>j

Therefore, the oscillation probability (8.88) becomes,

Py, = Bop — 2 D RIAPP(1 — &2 %0)] = 8og — 4D sin by S[Af e ],
k>j k>j
(8.91)
Since,

AP = (RIALP] + iSLALP]) (cos B + i sin ). (8.92)
the probability (8.91) can be written as

Py = Sop — 4 > RIA[P]sin® &y — 2> S[A[P]sin 20y (8.93)
k>j k>j

This expression is often used in text books.
*
Using the relation AB(; = (AO;E) , the probability of oscillation for the reversed
direction is

Py, = 8o — 4 > RIAL T sin® Dy — 2> S[AL ] sin 2y
k>j k> j

—5043—42‘)%[A B]s1n @k]—{—ZZS sm2<l>k].
k>j k>j

(8.94)
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From CPT invariance, there is a relation onﬁvﬁ = Py, and the oscillation
formula of antineutrinos is

PVa—wﬁ = PV[;—W(x
=8up—4>. m[Ak“f] sin® @y +2 3[A,‘j‘f] sin2d;;.  (8.95)

k>j k>j

This is equivalent to reverse the sign of imaginary number in the equation, 6 — —0.

8.5.2 Complete Oscillation Formulas

The mixing matrix is parametrized by 017, 6,3, 013 and d as follows:
—id
c12€13 $12€13 s13e
U= [ —siaca3 — crs23513€® cracas — s1as23513¢®  sp3c13 | - (8.96)
i0 i0
§12823 — €12€23513€'° —$23C12 — $12¢23513€"° €23C13

The complete oscillation formulas expressed by the mixing angles are

Py, sy, =1— sin? 2613(c%2 sin? O3 + s122 sin? d3p) — C?a sin? 2012 sin’ dry,
(8.97)
Py, v, = (ci3 8in” 263 + 533 sin® 20,3) sin” 3,
. . 2 .2 .2
+ (slzzc%3 sin® 20,3 + c%zsgg sin® 203 + ¢5553¢13J123) (8in” @31 — sin” P3)

sin® 2012(c3; — $33513)% + 513 sin? 2623 (1 — ¢ sin® 2017) sin? @
+ 05S13(C%3 - S§3S123) sin 401, sin 20,3 2
(8.98)

and
2 a2 2 a2 2 o2
Py, v, = 553 sin 2013(ct, sin” P31 + 57, sin” P32)

csc13J123

> (sin2 O3 — sin? [OF%Y)]

1
+ Z(2s223s123 sin® 2012 sin 2013 — Ji23 (sin 2012 + 2¢gs13 €05 2012)) sin? @y

1
+ ZS5J123(C13(Sin 2®3; — sin2d37) + 513 5in 2Py1), (8.99)

where,
J123 = sin 2013 sin 20,3 sin 2013. (8.100)
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Probabilities of other oscillation modes can be obtained from the above three prob-
abilities as

Pvuavt =1~ Pv“avu - Pv“avg, (8.101)
Py, sy, =1—Py, oy, — P\j;_)\}es (8.102)

Pvr—wI =1- Pvt—>vu - Pvr—we

= PVH_)VM + Pvg—>\/g + PVH_)VE + P\Z—)VE - 1, (8103)

where Py is obtained by replacing 8 — —3& in the formula of Py.

8.5.3 Approximated Oscillation Formulas Near the Oscillation
Maximums

The complete oscillation formulas derived in the previous sections are complicated
and may not be useful for practical analysis of the experimental data. In this section,
oscillation formulas near the oscillation maximums are simplified by ignoring higher
orders of the small parameters, sf3 and |Am§l / Amg 1l

Am2, P
=2 22003, 573 ~ 0.026. (8.104)

€ = =
Am3, @3

Since €, and 3123 have similar smallness, approximation can be performed with

powers of €, and sf3 . The following relation will be used,

1
ci3 =14 0(3), si3= 5 5in 2013 + 0(sy). (8.105)

8.5.3.1 Oscillations Around ®3; Maximum

Since 51 = €, P31, o issmallat [P31] ~ O(1) and the following approximations
can be made.
sin2dy; = sin 2,31 = 28, P31 + O(E)), (8.106)
sin @51 = sin’ g, ®31 = 0+ O(e2). '
@3, can be related to @37 using the relation &3y = P31 — Do = (1 — g,,) D31 as
follows:
sin 2®3p = sin2d3; — 2¢, P31 cos 23 + 0(8,2n),

Sin? By = sin? ba; — £y bs, 5in 203, + O(€2). (8.107)
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We apply the approximations to the oscillation probability form (8.93). The second
term of the right hand side is,

Aaﬁ sin® Qi [ =N AmB sin’ Oy + AaB sin® o3 + AOLB sin’ [OF%)
kj j 21 31 kY
k>j

~ 9t [ AL sin® @3y + AF (sin? B3 — & 5in 203)) | (8.108)

=0 [ (A% + A sin B31 — £, 031 AT sin 2031 |

= |Uas > B — |Ups|?) sin® @31 — £, P31 RIAD I sin 231 + O(€2),
where the relation,

o o
AP+ A = Un3Ups(Uan Upy + UgaUp,) = Uy3Up Bug — Ug3Upy) (8.109)

= [Ua3|*(Bop — |Up3|») € %

is used. The third term of right hand side of Eq.(8.93) is

> Afsin20y | =S [A% sin 2001 + ASP sin 2031 + A sin 263,
k>j

~3 [2emq>31A‘§{3 + A3F sin 2031 + AL (sin 2031 — 26, P31 c0s 2031)
=3[a%f + A sin20s, + 28m¢31(A21 — 13 cos 203 (8.110)
= 26,9313 (A3 + A%) - A% — A1~ 25in? @3

= 26,0313 [ (A%} +A3B)+2A3§' sin” @31

= 4¢,, P31 sin @313[ ]+0(8 ).

By putting Eqs.(8.108) and (8.110) into Eq.(8.93), the approximated oscillation
probability is

Py, ayy (@D31) = B — 4|Ug3|*(Bop — |Ups|*) sin® @3 S
+ 88, D3 sin D3 RATD ] + 0 (). '

Note that if @3, is used instead of ®3; as the reference parameter, the formula
becomes slightly different,

Pyysvy (@D33) = S — 4|Uos|* (Bap — |Ups|?) sin® @3 6112
— 86, P sin PRR[AD 2] + 0(e2), '
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Table 8.1 Summary of oscillations probabilities @ ®3;. Jj23 = sin 20}, sin 26,3 sin 20,3
Mode and probability @ ®3
M: Ve = Ve, Ve — Ve
P: 1 — sin® 20,3 sin® &3 — E%ICII%I sin? 201, + O(S;‘_%)
M: vy — vy, Vp— Wy
P: 1 — (sin®203 — s223 sin% 203 cos 20,3) sin? ®3;
+ €, @31 sin 2d3 (c%2 sin® 20,3 — s§3 J123 cos d)

M: vy — Vg, Vi —> Vq
P: 1 — (sin?203 + c%3 €0s 20,3 sin? 20;3)

+ &, P31 sin 2d3; (J123C§3 cos d + C%z sin? 2073)
M: vy — Ve, Ve — Vy
P: S%S sin? 2013 sin? @31 + €, P31 sin D31 123 cos(P3q + 6)
M:v, = Vi, Vi =V,
P: 6%3 sin? 2013 sin ®3; — €, P31 sin P31 J123 cos(P3; — d)

M: vy — Vi, Vi —> Wy
P: cos20;3 sin? 2073 sin? O3y + €, P3q sin D3y x
(J123 (sin @31 sin & — cos 20,3 cos P31 cos 8) — 20%2 sin? 20,3 cos <I>31)

where €, = Am%l /Am%2 this time. It is necessary to clearly specify which reference
parameter is used in the discussions.
The disappearance probability is,

Py, (@D31) = 1 — 4 |Ugs|* (1 — |Ugsl?) sin® @3

) 5 . 5 (8.113)
+4e, P31|Uc2|"|Uo3|” sin 2P31) + O(g;,).
The appearance probability is
P @®3) = 4|Uqs|*|Ups|? sin?
Vo vp£ve (@ P31) = 4{Uo3|" [Ups|” sin” ®3;
(8.114)

+ 88, @3 sin B3 RATD® ] + 0(e2).
From these formulas, the oscillation probabilities for various oscillation modes
can be calculated as summarized in Table 8.1.
8.5.3.2 Oscillations Around ®,; Maximum
Near the ®,; oscillation maximum,

D3p ~ P31 = D /gy ~ w28, ~ 30, (8.115)
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and the energy spectra caused by @3, and ®3; terms rapidly oscillate. If the energy
resolution is worse than |g,,| ~ 3 %, the oscillation effect is averaged as

sin? @3, ~ sin? &3 = sinz(cbzl/am) — %

sin2®d3p ~ sin2d3; = sin 2(Py; /€;,) — O. (8.116)

The second term of the general oscillation probability formula (8.93) becomes,

4| > AfPsin ayy | =20 [(a% + A + 245 sin” @21 |
Py (8.117)

= 2{Ues P (Bog — 1Ups ) + 4 sin’ @20 [ AZF].

and the third term becomes

23 | DT AP sin2y; | ~ 25in 20 S[ASD]. (8.118)
k>j

By putting (8.117) and (8.118) into Eq.(8.93), the oscillation probability formula
@ ®,; is obtained as

Porvy(@21) ~ Bp(1 = 21Uoa ) + 2|t 2| Ups ? = 4sin o213 [ASPe .
(8.119)

For the disappearance case, it is

Pyyov (@®2)) =1 = 2|Ugs*(1 = [Ug3|?) = 4|Ua1|*|Uq2 | sin® @21, (8.120)

Table 8.2 Oscillation probabilities at @ 5. cg = cos d, s5 = sin d are used
Mode and probability @ @,

M:v, = V,, Vo —> Ve

P: cos 2013(1 — sin® 2015 sin? ®21) + O(s;)

M:v, = vy, Vu— Ve

P: %s% sin® 203 + 0%3 sin 201 sin ®o1 x
(((6‘%3 — S§35123) sin 2012 + s12 sin 26,3 cos 2912C5) sin @y + 513 sin 20355 cos @21)

M:v, = Vi, Vi >V,
P: %033 sin® 203 + 0%3 sin 2015 sin ®51 x
(((s33 — 5335%3) sin 2012 — 512 sin 2023 cos 2012¢5) sin P21 — 513 sin 202355 cos P )
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and for the appearance case, it is
Py e (@21) = 2| U | Ups > — 45in @23 [Ag‘{‘e"“’ﬂ] . (8.121)

Using those equations, Py,—v, (@ ®21), Py,—v, (@®P21) and Py,—.y, (@Py)) are cal-
culated and the results are summarized in Table 8.2.

8.5.4 Oscillation Formula with Matter Effect

The oscillation formulas with the matter effect with precision better than described
in Sect.7.1 are complicate to derive and we borrow the results from the references
shown in the tables.

Tables 8.3 and 8.4 summarize the important oscillation probabilities with the earth
matter effect.

For solar neutrinos, v, is generated in the sun and the matter effect at its generation
point and the density change along its path have to be taken into account. Table 8.5
show a simple case which is derived in Sect. 6.2.

Table 8.3 Oscillation probabilities with matter effect at @ ®3; [4]
Mode and probability @ ®3;
Ve = Ve, Ve =V,

Gin2 in2
.2 sin (1-ncvg) P31) 2 in2 sin” (Vg P31) 4
1 —sin 29]3W — g, sin ZGIZT + O(s73)
Vi = Ve, Vyp — Ve

in2 . .
o2 win2 sin” ((1-Ncvg) P31) sin(Vg ®31) sin((1-NcVg)P31)
1 553 sin” 2613 (1—ncve)? + &mJ123 cos(P31 + M d) Ve T—nevg

. sin? (Vg P
+ &5,c35 sin” 2012 08 + 0 (epsy)

"Uzg "Uzz

Vi = Vg, Vu—> W

R

sin?((1-Mcvg) ®31)
s ) (1-ncvg)?
sin? 2013 sin® 2073 [ .: sin((1-Ncve)P31) _— NcVePsi ;
+ i-mcve) (sm D31 cos(Vg P31) T=ncve 5 sin 2Pz
2 2 . sin(ug ®31) sin((1-Mcvg) P31)
+ &pncy, sin” 202331 sin 2P31 — €, J123¢5 cos D3 (\f" 31) I_Tl]‘CD“;

emJ123 o : sin(Vg P31)
— m €08 2023¢5 sin P31 (ncu® sin 31 — e cos((1 — ncl)@)<b31))

1 — sin? 20,3 sin® @3y — 52, sin® 2013

Table 8.4 Oscillation probabilities with matter effect @ P15 [5]

Mode and probability @ ®

M:v, = V., Vo — V,

P:cos2013 (1 o sin20p sin?((1 — T cVg COS 2912)<I>21)) + 0(sf3)

(1-M¢ Vg 05 2612)%
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Table 8.5 Oscillation probabilities of solar neutrinos with matter effect

Mode and probability of solar neutrino oscillation

M: Ve = Ve
15: 1 1 c0s 2012 (cos 2012 =V (0))
2 ( * \/(cos 20120 (0))2+cos? 201,
Ve (0) is the charge current weak potential at the neutrino generation point. From Eq. (6.60)

8.6 Oscillation with Slowly-Changing Mixing Amplitude

In Sect. 6.2, neutrino oscillation in a slowly changing matter density is discussed. In
this appendix, we will solve the state equation (6.42), which has a form of

d (Ca)) . —c0s20(1) sin20(1)\ (Co(D)\ _ . Cq
dt (cﬁ(t)) = i) ( §in20(r) cos 29(t)) (Cﬁ(z)) =-i00 (CB) '
(8.122)

In Sect. 6.2, o is the neutrino oscillation frequency of the order of 10* rad/s, while
0 is the rate of the change of the mixing angle caused by the change of the matter
density, which is of the order of 10rad/s or less. Therefore, 0 is much smaller than
the oscillation frequency ,

0 < . (8.123)

In order to solve the Eq. (8.122), we define new parameters C as follows:
C_(t)\ _ (cosO(t) —sinB(@)\ (Co(®)\ _ Cy(t)
(C+(t)) = (sin 0(t) cosO(r) ) (Cﬁ(t)) =V (CB(I)) ’ (8.124)
The time differentiation of Co, and Cp can be expressed by using C(¢) and V(7) as,
d (Cq\ _d[ +(C- +(C=\ | v (C-
“@ 2y S VAN I Vv . 8.125
di (CB) dr [ (C+)} )T e, (8.125)

By putting Eqgs. (8.124) and (8.125) into Eq.(8.122), the differential equations for
C4 are obtained as follows:

(g) = [iV@VT + VVT] (g) . (8.126)
+ +
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Here,

sin® cosO sin20 cos20/ \ —sin® cosO

_ (10
=\ o01)

i o fcos® —sinO) (—sin® cosO ) . 01
Vv _e(sinﬂ cosG)(—cosG—sinG =9 -10)° (®8.127)
Therefore, Eq. (8.126) becomes

C\ . (-1 —ibjw)(C-
(C+)__lm(ié/m 1 )(C+)- (8.128)

So far, the equation is exact.
Since there is a condition (8.123), Eq. (8.128) can be approximated to

C_ . -1 0\ [(C_
(c’+) = —lO)(t)( 0 1) (Q). (8.129)

iQ
(&8) = (6 0() e_l%m) (S;Eﬁ;) (8.130)
where Q (1) = fot o(t)dt. Finally, from the relation (8.124),
(Cu(t)) _ ( cos® sin® ) (C_(t))
Cp(?) —sin® cosB) \C4 (1)
. i .
(3 ) (B E ) E)

—c0s20(t) sin20(7) Co(0)
sin20(r) cos206(r) Cp(0)) -

vevt — iw( cos 0 — sin 9) (— cos 20 sin29) ( cos® sin® )

and

Its solution is,

= [cosQ(t) —isin Q(¢) (
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