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IX

into the unifying framework of Bayesian estimation, and analyzes the pros
and cons of each approach on a theoretical level. The help provided by ap-
proximate methods in sound scattering problems is demonstrated on a simple
example and in a few pages by Louis.

Two papers present complete studies of an obstacle reconstruction prob-
lem, from the theoretical analysis to the numerical results. The first one,
by Rozier, Lesselier, Angell, and Kleinman, handles the case of an obstacle
immersed in an acoustical wave guide and illuminated by a single harmonic
source. In this approach, the obstacle boundary is parameterized in polar co-
ordinates, and the coefficients of this parameterization are estimated by min-
imizing a two-term objective function that measures the data misfit and the
pressure defect on the obstacle boundary. In the second lecture, by Kleinman,
Van den Berg, Duchéne, and Lesselier, the “modified gradient approach” is
used for solving a variety of obstacle reconstruction problems in the acoustic
and electromagnetic domains. As in the previous paper, the method is based
on the minimization of a two-term objective function, but now, the diffracting
obstacle is represented by its characteristic function: the numerical unknown
is therefore a distributed function, so that this paper could also have been
presented in Sect. 3 below devoted to scattering by distributed media — but
as we have said already, topics boundaries are fuzzy!

Studies of obstacle inverse scattering should also tell us when unique-
ness, or non-uniqueness, is related to symmetry. Problems of this kind were
adressed in the books by Colton and Kress, who draw our attention to Karp’s
theorem relating bijectively a sound soft spherical obstacle to the invariance
of far-field amplitude under orthogonal transformations in IR®. We are glad to
be able to publish in the present book a lecture by Ha-Duong which produces
the widest generalization of Karp’s theorem.

The remaining lectures deal with more specialized topics on the obstacle
problem. Labreuche wants to understand the workings of a popular prac-
tical method of reconstruction based on obstacle resonances (the so-called
target signature). He proves that resonant frequencies and associated eigen-
functions uniquely determine the obstacle, whereas resonance positions only
give some size estimates. To our knowledge, this is the first attempt to ap-
praise the information of target signatures in three-dimensional cases without
any symmetry (whereas there have been many in one-dimensional media or
in spherical, cylindrical, etc., cases). One may object to the lack of refer-
ences, in this kind of lecture, to real approaches to real data. Overwhelming
information of this kind is supplied in the paper by Gerard, Guran, Maze,
Ripoche, and Uberall on target recognition and remote sensing. In the Haas,
Rieger, Lehner lecture, the recovery of an obstacle by an adaptive iteration
is described: dealing with acoustic or electromagnetic scattering, the idea
is to search a closed boundary along which the tangential component of a
suitable field “vanishes” in a minimum norm sense. Examples involve reason-
ably complicated, but smooth, scatterers. One can consider this lecture as an



Preface

Guy CHAVENT and Pierre C. SABATIER

1 Introduction

The set of lectures published here were all presented at the “Conference on
inverse problems of wave propagation and diffraction”, which we organized
in Aix-les-Bains, France, September 23-27, 1996.

Let us first express our gratitude to the meeting scientific committee (see
the list p. 373), to our sponsors, Délégation Générale & ’Armement!
U.S. Air Force (European Office)? Thomson-Csf (Paris), and, last
but not least, to INRIA, who gave us all kinds of valuable help, and, in
particular, that provided by Mrs Marie-Claude Sance.

Not all the lectures which were presented at the meeting (see the list
p. 374) are given here — the size of the book was limited!

Among the lectures proposed by their authors for the proceedings, unfor-
tunately, we had to discard several excellent ones, either because they were
less adequate to the study of “wave propagation and diffraction” or because
they did not contain enough original developments not appearing elsewhere
in published papers. We wish to thank the “invited lecturers” for their help in
this selection process, but of course if there have been some mistakes, blame
us; we apologize.

The aim of the meeting was to emphasize the three fundamental steps of
inverse modeling: modeling the problem, analyzing it, and giving numerical
solutions. It is clear that the lectures are mainly concerned with the two last
steps: the modeled problem often appears as the first working assumption.

! “Document établi en exécution du Contrat n° 95 A 0120 passé par la Direction
de la Recherche et de la Technologie - Direction Scientifique - Section Soutien 3
la Recherche”.

2 We wish to thank the United States Air Force European Office of Aerospace
Research and Development for its contribution to the success of the Conference.
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Nevertheless, the real progress in this domain over the years is shown in
all the lectures by the more and more realistic character of solved inverse
problems, by the caution of authors in using reasonable definitions of stability
or robustness and in providing examples which rigorously prove the power of
their methods in real-world problems. One may regret that a dialog between
the modeling and analyzing of the inverse problem is generally missing. It is
clear that a standard publication cannot cover it: such a dialog is naturally
present in syntheses of attempts over several years to solve a problem, but
syntheses of this kind are rare in a meeting. The cited increase of care for
realism and rigor is what remains from them in standard papers.

Let us now go through the present set of lectures. Some of them (in
particular invited lectures) are more general than others. All of them give an
appraisal of what can be called the state of art on the two essential steps of
analyzing and numerically solving the inverse problem. However, one can put
most papers in one of the two following classes, which have fuzzy frontiers.

In the first class, authors begin with an ezact study of inverse problems,
i.e., a study starting from supposedly exact data and aiming at exact or
carefully defined generalized solutions in well defined spaces. After a full
understanding of the problem on these grounds, i.e., a full understanding
of strong existence, uniqueness or non- uniqueness conditions for solutions
and generalized solutions, they are supposed to provide stable and robust
numerical algorithms for constructing them from real data. If they do it, the
problem is done, and all questions of interest can be answered. Unfortunately,
analyses of this class usually do not go very far into the numerical schemes
and hardly match real-world needs. It is a fact that constructive methods
used in fine analysis are only a starting point for constructing algorithms
able to handle real data — and authors are rarely interested by going into
more details in this direction.

In the “second class”, authors start with a reasonable definition of gener-
alized solutions as functions which minimize the values ¢; of some given cost
functionals F; and keep inside a priori bounds the values n; of some given
constraints C;. The real-world “needs” usually require that the €;’s be smaller
than given values (data errors) and if this condition were enforced, analyses
of this class would not be essentially different from those of the previous one.
But since one usually drops any a priori bound on the ¢;’s and only requires
that these values be minima on a reasonable class of functions, quite new
features usually appear in analyses of this class:

1. the mathematical tools are borrowed from optimal control theory rather
than from operator theory or partial differential equations,

2. defining generalized solutions by minimizing processes makes it easier to

guarantee stability and robustness, and the authors are more enthusiastic

at handling real data,

but artificial non-uniqueness (“secondary minima”) may appear,

4. and possible relations between non-uniqueness and well identified struc-

o
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tures (coming for instance from physics, or from spectral theory) are
hidden.

Thus, analyses of the first class are more appropriate in theoretical physics
problems, and contain more exact functional analysis; analyses of the second
class are more appropriate in applied physics and engineering, and contain
more numerical analyses. To repeat, boundaries are fuzzy.

Let us now survey the papers reproduced hereafter. In Sect. 2 we go
through the various topics of interest, then we focus on scattering problems.
In Sect. 3, we focus on methods for reconstructing distributed parameters
in media, and in particular layered media. Since many problems of applied
physics and applied geophysics reduce to such reconstructions, it is not sur-
prising that optimization techniques are more prominent there than in Sect.
2.

2 A Survey of Topics

Topics can be classed according to the nature of the waves used (acoustic,
quantum, seismic, electromagnetic), to the nature of the information given
(single scattering, tomography, close measurements, etc.), and to the nature
of the objects to be recovered (shape, distributed parameters, location of
objects, etc.). Of course, problem analyses and reconstruction methods should
be adapted to the topics. Several invited lectures are particularly concerned
about this general adaptation problem.

Thus, resolution and superresolution in inverse diffraction is the object
of a tutorial, authoritative lecture by Bertero, Bocacci, and Piana, who also
study the far-field data and the near-field data, so important now with the
new microscopy techniques. Resolution is nothing but our power of disentan-
gling information mixed by wave propagation.

In the same spirit, Mc Nally and Pike give us a very clear understanding
of what amount of information is added by current a priori constraints, such
as positivity or known moments, to a finite set of blurry measurements. They
shatter the “great expectations” of those who believe this kind of constraints
alone is sufficient to guarantee a sort of superresolution!

With Weder’s lecture, we enter the important topic of quantum potential
scattering. Weder deals with the new and very difficult problem of an N-
body system of particles in n > 2 space dimensions with interactions given
by time-dependent long-range local pair potentials — for example potentials
that behave as

Vit,x) = C1+ )~ > + |x|)_ﬂ, a >0, % <B<l,a+8>1 (1)

as |t| = oo and |x| — oo.



Vil

Exact results are derived and in the inverse problem one starts from sup-
posedly exact data. Reconstruction formulas are produced. In a well-defined
class as (1), it is proved that the potential can be uniquely reconstructed from
the high velocity limit of the canonical scattering operator with unperturbed
evolution given by the free hamiltonian!

The same care at extending exact results to new and difficult inverse po-
tential scattering problems appears in the paper by Boutet de Monvel and
Shepelsky. One works in IR, but all difficulties due to the propagation of a
transient electromagnetic field in inhomogeneous media are present. Rela-
tions between data and parameters are completely analyzed, with a resulting
Gelfand— Levitan method of reconstruction which is, to our knowledge, the
most general one in one-dimensional problems. Thus the two lectures above
offer together a fairly good sampling of new tendencies in ezact inverse po-
tential scattering.

So do two other lectures for approzimate inverse potential scattering. For
Fiddy and Pommet, who manage acoustic waves, the real starting point is
the Lipmann—-Schwinger equation as in quantum scattering:

W(r, kitg) = Vo (r, ko) — k2 / dr' Go(r,x')V (£')O(x', kfo)
D

Going to E,he far)—ﬁeld, and fixing 7o, it is possible to recover approximately
(r, ki

W=vi) Po(r, kio)
linear) inversion of V' from W known at various f. The method is better than
Born or Rytov ones but it keeps the physical features that appear in these
approximate methods. It is also closer to exact methods and such a lecture
give us the philosophy of modern approximate methods: to go as close as
possible to exact methods without losing physical features. The lecture of
Scheerschmidt obviously has the same concern. It deals with electron diffrac-
tion by crystal defects, and tries to use approximations for solving the inverse
scattering problem without reconstructing the whole crystal potential. Anal-
ysis is led up to numerical calculations on real data, with rather convincing
results.

While the lectures above dealt with potential scattering, the ones below
now deal with the quite important topic of obstacle shape reconstruction
from scattering data.

The Colton and Kress lectures offer us the great interest of complementing
and updating their authoritative books on the subject. Colton’s lecture deals
with the “resonance region”, i.e., with scattering at intermediate frequencies,
where linearizations are not reasonable managements of the inverse problem.
Kress’ lecture reviews more widely new numerical methods and new appli-
cations of classical ones for deriving the obstacle shape from far-field data.
Both produce convincing methods and examples of applications. In the same
spirit, the lecture by Carfantan and Mohammed Djafari casts, for those who
prefer a probabilistic presentation, many obstacle reconstruction algorithms

from the scattering amplitude, and then to make a (non-



addendum to Kress’ lecture on numerical methods.

As in the potential scattering case, we guess that this sample enables us
to appraise quite well new trends in this domain.

Before going on to the problems of scattering by classical media (dis-
tributed parameters, more or less layered inhomogeneities), which will be
studied in Sect. 3, we think that the best transition is offered by Natterer’s
lecture. It deals with acoustic scattering, distributed parameters, and tomo-
graphic soundings. It is a short lecture, showing the state of art briefly but
sufficiently to get a sound idea of it, and then working out a simple method
for extracting information from three-dimensional uitrasound tomography,
with examples of application to real data.

3 Inverse Scattering by Distributed Media

Most of the papers in this section use, in one form or another, a least-squares
approach for the definition and numerical resolution of inverse problems.
The only exceptions are:

— Two papers consider basic properties which are important for theoreti-
cal analysis and/or numerical resolution. The lecture of Bao and Symes
provides conditions under which the linearized density-to-measurement
map in an inverse acoustical problem is bounded. This theoretical result
is important for the justification of the least-squares approach used to
solve this kind of problem. Another basic result, in the lecture by Joly,
concerns the development of both efficient and precise numerical tools for
solving the forward problem (this is known to be one of the cornerstones
in the study of the inverse problem): a new discretization approach for
the obstacle is proposed, which does not generate artificial diffraction,
together with new high-order finite elements, that allow mass-lumping
for the Maxwell equations.

— Two papers test alternative approaches to the least-squares formulation:
in their lecture, Litman, Lesselier, and Santosa adapt the level-set ap-
proach of Osher and Sethian to show convincing numerical results. A
revival of the good (or bad?) old layer stripping method is proposed by
Fatone, Maponi, Rignotti, and Zirilli for reconstructing the velocity in a
layered half-space from surface measurements of a 2D wavefield. We have
decided to include this paper for its “tour de force” in calculations, but
of course limitations of the layer-stripping approach will apply in 2D as
strongly as in 1D.

We come now to the six papers which are the main corpus of this section.
They all correspond to the same general class of least-squares methods, where
a data misfit objective function, defined through solving a state equation (for-
ward model), is minimized by local (gradient) or global (simulated annealing)
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methods with respect to a distributed unknown parameter. With the excep-
tion of the last paper, they all concern the domain of reflection seismics,
where one tries to image the Earth’s interior from acoustic or elastic surface
measurements.

The first lecture, by Cuer, recalls difficulties associated with the multi-
modality of the least-squares objective function in the case of a horizontally
layered medium, and shows how the replacement of depth by vertical travel
time partially overcomes them. An important though very technical contri-
bution of his results is their giving an exact transparent boundary condition
for a 3D source in a 1D elastic medium: it allows an efficient calculation of
the forward model required for evaluating the objective function.

The second lecture, by Ernst and Herman, is devoted to eliminating from
reflection data the reflection and diffraction events created by near-surface
scatterers, which are considered an unwanted “noise” when one is interested
in imaging the deeper structure of the Earth. These near-surface scatterers
are determined by solving the corresponding inverse problem (it requires a lot
of clever approximations in order to derive an efficient, forward model based
on modal decomposition), and the corresponding wavefield is then subtracted
from the data.

The next three papers present inversion results from reflection data when
the key point is an efficient forward modeler by ray tracing:

— Moser, Biryulina, and Ryzhikov use a fast 2D forward model (“recursive
wavefront construction”) for a distributed medium with discontinuous
velocities, and apply it to the imaging inside a horst in a complex 2D
medium;

— Amand and Virieux emphasize the computational efficiency by paral-
lelizing their ray-tracing code, which allows them to invert realistic data
(hundreds of shots with 96 receivers each) by simulated annealing;

— Ribodetti and Virieux define a ray tracing algorithm for the propagation
of SH waves with attenuation, using a complex Lamé coeflicient u, and
apply it to recovering the attenuation factor @} in a thin layer embedded
inside a uniform background.

Alestra and Duceau present a nice application of the general least-squares
methodology to an inverse scattering electromagnetism problem, where the
unknow is the permittivity in a stratified biperiodic and 2D medium. Finally
a short contribution of Scotti and Wirgin reminds an original method in
obstacle reconstruction.

Once again, the papers of this section give a reasonable idea of the state
of the art concerning theoretical difficulties and numerical achievements for
inverse scattering by distributed media: the gap between theory and practice
is still important, but steadily shrinking.
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Resolution and Super-Resolution
in Inverse Diffraction

M. Bertero, P. Boccacct and M. Piana

INFM and Dipartimento di Fisica
Universita di Genova

Via Dodecaneso 33, 16146 Genova, Italy
e-mail: bertero@ge.infn.it

Abstract. In this tutorial paper we discuss the concept of resolution in prob-
lems of inverse diffraction. These problems have direct applications in areas such
as acoustic holography and can also be considered as intermediate steps of more
general problems of inverse scattering. We justify the generally accepted principle
that the resolution achievable is of the order of the wavelength of the radiation
used in the experiment. Moreover we indicate two cases where super-resolution,
i.e. resolution beyond the limit of the wavelength, can be achieved. The first is the
case of near-field data where super-resolution is possible thanks to the information
conveyed by evanescent waves. The second is the case of subwavelength sources,
where super-resolution is possible thanks to out-of-band extrapolation of far-field
data. Simple algorithms for obtaining this result are also described.

1 Introduction

In problems of wave propagation such as those occuring in optics, acous-
tics, electromagnetism etc., a generally accepted principle is that the res-
olution achievable about the sources from observations of the scattered or
emitted radiation is of the order of the wavelength A of the radiation. In
other words this means that it 1s only possible to recover details of the source
whose linear dimensions are of the order of A. Moreover one says that in a
particular problem super-resolution is achieved if it is possible to obtain a
resolution limit much smaller than A. In this tutorial paper we discuss two
problems of inverse diffraction and we use these problems for investigating
two cases where super-resolution is achievable.

Inverse diffraction can be defined as the problem of determining the field
distribution on a boundary surface X, from the knowledge of the field distri-
bution on a surface X situated within the domain where the wave propagates.
Such a problem is, implicitly or explicitly, an intermediate step in a problem
of inverse scattering: the recovery of the structure of the source (or obstacle)



from observations of the field on a surface X implies the recovery of the field
on a surface X'; surrounding the source. Then the resolution in the recovery
of the source is roughly of the order of the resclution in the recovery of the
field on X;.

We will consider two very simple cases: in the first 3y and X are two
parallel planes while in the second X} and Xy are two concentric spheres. The
first case is of interest both in far field acoustic holography (FAH) (Sondhi
1969) and in near field acoustic holography (NAH) (Williams and Maynard
1980) as well as in the application of holographic techniques to inverse scat-
tering in optics (Wolf 1970), since in these applications the amplitudes are
detected over planar surfaces. The second case clearly applies to experiments
where the field is observed over a sphere surrounding the sources or scatterers.

In the first case it is possible to define in a precise way the so-called
Rayleigh resolution limit which is proportional to A and which corresponds
to the case of far-field data. Then super-resolution is possible or by the use of
a priori information about the source if only far-field data are available or by
the use of near-field data by taking advantage of the information conveyed
by evanescent waves.

In the case of spherical surfaces one can also consider the two problems,
that with far-field data and that with near-field data. For the first problem
the data are the values of the so-called diffraction pattern, which coincides
with the scattering amplitude in the case of a scattering experiment. or the
second problem the data are the values of the field amplitude over a sphere
surrounding the sources. For the inverse diffraction problems corresponding
to these situations it is possible to show, by investigating the behaviour of the
eigenvalues of the propagation operators, that effects similar to those occuring
for planar surfaces must also hold true, even if the analysis is essentially
qualitative.

Finally, in the last section, we describe methods which can be used for
the restoration of objects of the order of the wavelength from far-field data.
We also briefly discuss the effect of different constraints on the regularized
solution in these circumstances.

2 Inverse diffraction from plane to plane

Let the sources of a monochromatic field, u(r) = u(z1, €2, 3), be located
in the half-space z3 < 0; we consider the free propagation in the half-space
z3 > 0. Then in this region the field amplitude % is a solution of the Helmoltz
equation

NAu+k’u=0 , x3>0 (2.1)

where k is the wavenumber, related to the wavelength A by

__271'

k
A

(2.2)



There exists a unique solution of equation (2.1) satisfying the following con-
ditions:

1. Sommerfeld radiation condition at infinity

. Ou .
rl_lglor(g—zku):o ,  r=1/2?+ 2+ 2} ; (2.3)

2. a boundary condition on the plane z3 = 0 (the source plane)

u(z1,22,0) = flz1,22) . (2.4)

In general it is reasonable to assume that f is a square-integrable function.
It has been proved by Sommerfeld (Sommerfeld 1896) that there exists a
unique solution of this problem, which is given by

+o0 +o00
u(zy, oo, 23) = / / G ey — &), 29 — oy, xa) f(}, 2))dz! daty (2.5)
~00 J—o00

where o ok
1 61 r
(Fp) = ==
() 2 Jzy v

(2.6)

is the (forward) Green function of the problem. However, for the discussion
of the inverse diffraction problem, the so-called representation in terms of an
angular spectrum of plane waves (Shewell and Wolf 1968) is more useful.

Let us consider the plane 3 = a > 0 and let us denote by p = {z;, z2} the
position of a point in a plane orthogonal to the z3-axis. Then the amplitude
ua(p) = u(zy,z3,a) of the field on the plane z3 = a can be written as a
convolution product

ua(p) = (S % f)(p) (2.7)

where S¢(1+)(p) = G (21, 24,a) acts as a point spread function (PSF). The

Fourier transform of Sc(ﬁ'), i.e. the transfer function (TF) of the system, can
be computed and it is given by

S (w) = efom(@) (2.8)

where (|w]| = y/wi + w3)

o = { Bl ol <k

(w2 — k)3 o] > & 29)

'I'herefore the transfer function has an oscillatory behaviour at low spatial
frequencies (more precisely when |w| < k) while it has an exponential decay,
as exp (—a|wl|), at high spatial frequencies, i.e. when |w| > k. The plane waves
with spatial frequencies |w| < k are called homogeneous waves while the plane
waves with |w| > k are called evanescent waves. In figure 1 we plot the real

and imaginary part of the PSF S((z+) as a function of p = |p|, for two values



of a: a = A/5 and @ = 5X. When a < A the PSF has a rather narrow central
peak and small side-lobes. In fact the PSF tends to a Dirac delta function
when @ — 0. On the other hand, when a > A, the PSF shows oscillations with
roughly equispaced zeroes, the distance between adjacent zeroes being of the
order of A/2. These different behaviours correspond to different behaviours

of the transfer function S’C(,+). In figure 2 we plot the modulus of 5’(([” as a
function of w = |w/, for the same values of @ used in figure 1. The modulus of
the transfer function is one up to Aw = 27 and then decays exponentially for
Aw > 2. In the case @ = 5 it is so sharp that the modulus of the transfer
function is very close to a step function.

The previous analysis clearly indicates that the effect of propagation can
be described in terms of a Fourier filter, more precisely a low pass Fourier
filter and that two distinct spatial regions can be considered:

~ Near-field region: corresponds to distances @ < A; in such a case the
contribution of evanescent waves is important.

— Far-field region: corresponds to distances a > A; in such a case the con-
tribution of evanescent waves is negligible; one can assume that the field
amplitude u,(p) is band-limited with a band given by

B={w, |wl<k} . (2.10)

We can formulate now the problem of inverse diffraction from plane to
plane: evaluate the field amplitude f{p) on the boundary plane 3 = 0, being
given the field amplitude g(p) = uq(p) (corrupted by noise or experimental
errors) on the plane x3 = a.

2.1 Inverse diffraction from far-field data

In this case cvanescent waves can be completely neglected. Therefore
the inverse diffraction problem is equivalent to solve a convolution equation
where the PSF St is a band-limited function with band B, equation (2.10),
Le. S’gﬂ(w) = exp [tam(w)] when |w| < k and SEH) (w) = 0 when |w| > k.
[ts inverse Fourier transform S<(z+)(p) will be called the forward propagation
kernel.

It is obvious that the solution of the problem g = S((,ﬂ * f is not unique;
moreover it may not exist if ¢ is affected by out-of-band noise. However, in
such a case, the ill-poseduess of the problemn is not very serious and it can be
cured by considering the generalized solution, i.e. the leasi-squares solution
of minimal norm (Groetsch 1977).

It is very easy to prove that the generalized solution f1(p) can be written
as follows

F1(p) = (S5 x g)(p) (2.11)



Fig. 1. Plot of the real and imaginary part of S}, as a function of z =: p/), for
a = /5 (panels a) and b)), corresponding to the near-field region and for a = 5\
(panels ¢) and d)), corresponding to the far-field region.

where the backward propagation kernel S’g_)(p) is given by

S,(,_—) (p) =

(271r)2 / | gmiam) e gy, (2.12)
B

The problem of determining the generalized solution is well-posed.
If we assume that the data are given by

g=SHxftuw (2.13)

where w is a term describing noise or experimental errors, then from equation
(2.11) and (2.13) we obtain

=SSy x f4 80 xw (2.14)
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Fig. 2. Plot of the modulus of the TF S} (w), as a function of £ = Aw, for the values
of a of figure 1: a = A/5 (dashed line) and a = 5 (solid line).

The term Sc(l_) * w 1s the noise contribution to the generalized solution. Its
L2-norm is smaller than the L2-norm of the noise: since the out-of-band noise
does not contribute to S{ x w, from equation (2.12) and Parseval equality

one easily derives that ||Sg—) * w|| < ||lw|]. As concerns the first term, the

kernel Hp = S((z_) * Sa+ is the inverse Fourier transform of the characteristic
function of the band B, equation (2.10), and therefore it is given by

Hp(p) = ElrF /IB P dw = %J%ITPD . (2.15)

We conclude that:

1. The generalized solution f! is a noisy band-limited approximation of the
boundary amplitude f.

2. The kernel Hp(p) has a central peak at p = 0 and is zero over circles
with centre the origin and radii proportional to the zeros of the Bessel
function Ji(t).

The radius of the first circle is given by

T A
R= 1.22E = 1.222 (2.16)
and this is the famous Rayleigh resolution limit (Born and Wolf 1980). It
is the radius of the central peak of the function Hp(p) and it provides a
measure of the smallest details of f(p) which are recoverable. Moreover it is
closely connected to the size of the band B: the larger is the radius of the
band, the smaller is the resolution distance.



In figure 3 we give two examples of restorations of binary objects obtained
by means of the generalized solution f!. They make evident that details of
the order of the wavelength are recovered, while details smaller than the
wavelength are not. In fact the first object is a grid which does not contain
details smaller than the wavelength, while the second one contains details of
the order of A/2. The images of the two objects are computed on the plane
a = 5A and are contaminated by white gaussian noise (with ¢ = 0.01, about
1% of the maximum value of the field amplitude). The restoration of the first
object, provided by equation (2.11), clearly shows the vertical and horizontal
bars, which are 1\ wide. In the restoration of the second object the bars are
esscntially lost, in agreement with the Rayleigh criterion.

Now, the Rayleigh limit (2.16) is related to the radius k of the band of the
generalized solution (2.11), more precisely it is proportional to the inverse of
this radius. Therefore, in order to obtain a resolution better than the Rayleigh
limit, it should be necessary to increase the band, i.e. to extrapolate the
generalized solution outside JB. 'L'his is possible, in principle, if the Fourier
transform of the unknown amplitude f is analytic and a sufficient condition
for the analyticity of f is the boundedness of the support of f.

In order to investigate the consequences of this condition, one can proceed
as follows. First recover (noisy) values of f(w) inside B by computing the
generalized solution f1(p). If we neglect the noise term, from equations (2.14)
and (2.15) we obtain that

fl=Hpxf . (2.17)

This convolution operator is the band-limiting operator which projects f onto
the subspace of the functions whose band is interior to the band B, equation
{2.10). Next, if we have a priord information about the support of f and, in
particular, if we know that its support is interior to some bounded domain
ID of the plane, then we can restrict the convolution operator (2.17) to the
subspace of functions whose support is interior to [D. This is equivalent to
introduce the following operator from L?(ID) into L?(IR?)

4n)e) = [ Hmto-0)F(0)de (2.18)
D
Then extrapolation of f outside IB is equivalent to solve the equation
ff=Af . (2.19)

In fact, in the absence of noise, this equation has a unique solution whose
support is interior to ID and whose Fourier transform coincides with f (w)
over IB.

However the problem (2.19) is ill-posed. The operator A : L*(ID) —
LZ(RZ) is a compact and injective operator. Its singular functions are re-
lated to the generalized prolate spheroidal functions introduced by Slepian
(Slepian 1964) and its singular values are the square roots of the eigenvalues
associated with these functions. By investigating the singular value spectrum
of the operator (2.18) and by using the most simple regularization techniques



Fig. 3. Two examples of restorations obtained by means of the generalized solution
(2.11). Panel a) is a grid 10X wide with vertical and horizontal bars 1A wide; panel
b) is a grid 2.5 wide with bars 0.5A wide. Panels ¢) and d) show the modulus of the
corresponding images on the plane a = 5). Panels ¢) and f) show the restorations
provided by the generalized solution (2.11).



(truncated singular functions expansion) it is possible to obtain the following
result (Bertero and Pike 1982): if ID is a disc of radius d, then it is possible
to obtain a significant out-of-band extrapolation (and therefore a significant
improvement of resolution) for reasonable values of the signal-to-noise ratio,
if the quantity ¢ = kd is not much larger than one. In other words, super-
resolution is feasible when the size of the region where f is different from
zero is of the order of the wavelength A\. We observe that the second object
of figure 3 satisfies this condition. Such objects are sometimes referred to as
subwavelength sources.

In general, the computation of the singular system of the operator (2.18)
is difficult and therefore singular function expansions cannot be used for im-
proving Rayleigh resolution limit in 2-D problems. However a very simple
iterative method, only based on Fourier transform, was proposed by Gerch-
berg (Gerchberg 1974). Since it can be proved that this method is equivalent
to the well-known Landweber method (De Santis and Gort 1975), it follows
that it is equivaleul to a (iltering of the singular function expansion of the
solution, which can be obtained without computing the singular system of
the operator. A more general algorithm for super-resolution will be discussed
in scction 4.

2.2 Inverse diffraction from near-field data

As we already remarked the near-field region covresponds to distances
between the two planes smaller than the wavelength A. This condition is
satisfied, for instance, in near-field acoustic holography (NAH) (Williams and
Maynard 1980) and in scanning near-field optical microscopy (SNOM) (Pohl
and Courjon 1993).

In such a case the informalion conveyed by evanescent waves allows to
increase the resolution beyond the Rayleigh limit. If we consider again the
integral equation ¢ = ((1+) * f, where SC(.’L) is given now by equations (2.8)
- (2.9), the solution of this equation is unique but the problem is still ill-
posed as a consequence of the exponential decay of S§+)(w) when |w| > k.
The most simple regularized solution of the problem can be obtained by a
truncated Fourier transform inversion. If we have an estimate ¢ of the norm
of the noise and an estimate E of the norm of the boundary amplitude f,
then an estimate f of f satisfying the bound E and reproducing the data
within an error € is given by

= e’i“m(‘”)ﬁ(w) Jw] < kg
flw) = {0 ol > kogr (2.20)
where ) ‘
ko = max{lo] , 1949 (w)] 2 <} . (2.21)

This is a particular case of the methods, based on truncated spectral repre-
sentations, investigated by Miller (Miller 1970).
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Since ¢/E < 1, the condition in equation (2.21) can be replaced by the

following one
€

exp [a(|w|® — k%) 7] < (2:22)

ol

and one easily finds that

ko = k [1+@%§10g2 (L>] . (2.23)

€

The regularized solution f is still bandlimited with a band B,g which is
a disc of radius kg

. 1 . .
f0) = s [ el vdn (2.24)
9m)2
(2m) B g
By applying the Rayleigh critcrion one finds that the resolution limit is now
given by
2
g ka
Rog =122 —~ | —% | R , (2.25)
¢ Keft (log(%))

where the factor 1 in the r.h.s. of equation (2.23) has been neglected.

We point out that this resolution distance depends on the distance be-
tween the two planes and, in fact, it deereases quadratically when a decreases.
Moreover it depends logarithmically on the signal-to-noise ratio ﬁ? and 1t de-
creases when % increases.

In order to give an idea of the considerable improvement of resolution
which can be achicved in this way, we consider the case of acoustic waves
with a frequency of 3.3 kHz (we remind that the range of frequencies of
acoustic waves is between 20 Hz and 20 kHz). The corresponding wavelength
is about 10 cm and therefore the Rayleigh resolution distance (2.16) is about
6 cm. Now, if we assume to collect data at the distance of 1 cm from the
source plane and if we also assume that the signal-to-noise ratio E/e¢ is of the
order of 100, then from equations (2.23) and (2.25) we derive that R, ~ 0.11
cm, with an improvement, with respect to the Rayleigh limit, by a factor 54.
If we should be able to collect data at a distance of 1 mm, then we should
have an improvement by a factor 5400. If E//e = 10 then these figures must
be reduced by a factor 4 but they still imply a spectacular improvement of
resolution.

3 Inverse diffraction from sphere to sphere

In the previous section we investigated the case of planar surfaces and
we considered two cases of super-resolution: a) sources of the order of the
wavelength in the case of far-field data; b) sources of arbitrary size in the
case of near-filed data. The most significant improvement of resolution can
be obtained in the second case.
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Tt 1s expected that similar results apply also to other surfaces, in particular
closed and bounded surfaces. It is interesting to note that, for these surfaces,
we have uniqueness of the solution also in the case of far-field data. The
problem, however, is still ill-posed because the solution does not exist for
arbitrary data and, when it exists, does not depend continuously on the data.
In order to clarify these points we investigate the case of spherical surfaces.

Assume that 3y is a sphere, with centre the origin and radius a, con-
taining all the sources (or scatterers) of the radiation field. Then the solution
of the diffraction problem consists in determining a solution u = u(r, 8, ¢)
of the Helmoltz equation (2.1) in the region r > ay satisfying Sommerfeld
radiation condition (2.3) at infinity and also a boundary condition on the
sphere r = a;

u(alyga ¢) == f(07¢) (31)
where f is a given tunction (direct problem). The solution of this diffrac-
tion problem can be easily obtained by means of expansions in terms of the

spherical harmonics Y} ;. If we denote by fi n the expansion coefficients of
the boundary data f

flm-—/f SV (0,8)d2 | (3.2)

where {2 is the unit sphere and df2 = sin #dfd#, then the spherical harmonics
expansion of u(r, 0, ¢) is given by

B®
(kr)
’I° ¢ ¢ flm 1) Y,m(6,¢) (33)
,zm: k)

where the functions hgl)(r) = (n/2r)3 H, (¢ )1 (r) are the spherical Hankel func-
tions of the first kind.

The inverse diffraction problem can now be formulated as follows: given
the values of the field amplitude on the sphere X with centre the origin and
radius as > ay, determine the unknown field amplitude f on the boundary
sphere a;. This problem is, in fact, equivalent to the inversion of the following
integral operator A : L%(2) — L*(12)

(AN6.8) = [ SD0.8:0,6)1(0',¢)as2 (3.4)

where

(1)
S(+) (0) ¢7 01’ ¢/) — Z Mﬁﬁ,m(ay(p)n’m(a,, ¢I) . (35)
L

= b (kat)

This is a compact operator and its eigenvalues A;, with multiplicity 2/ + 1,
are given by

(3.6)
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Since for large ! one has
a2
Ar = exp [~(I+1) 108(5;)] ; 3.7

the problem is severely ill-posed. However the exponential decay of the eigen-
values clecreases when the ratio as/a; decreases. It follows that, if we regu-
larize the problem by considering truncated spherical harmonics expansions,
one can recover more and more terms as the sphere X5 approaches the sphere
2’1. This is an effect which is due again to evanescent waves even if a clear
distinction between evanescent and homogeneous waves does not appear from
the expansion (3.3). In fact, to this purpose, a much deeper analysis of the
solutions of the wave equation is needed (Lovi and Keller 1959).

As concerns the problem with far-field data one can now consider the
asymptotic case r — oo. From the asymptotic behaviour of the spherical

Hankel functions N
. 61 r
A (r) = (i) + (3.8)

P

one obtains the asymptotic behaviour of the field amplitude (3.3)

ikr
u(r,8,¢) ~ er 9(6,9) (3.9)

where ;
6,6) = (=)t Ly (8, 4) . 3.10
9(0, ) %;( ) e (6, ¢) (3.10)

The function g(6, ¢) is usually called diffraction pattern and is related to
the scattering amplitude in the case of scattering problems. The problem of
inverse diffraction from far-field data can now be formulated as the problem
of estimating the boundary function f(6, ¢) from knowledge of the diffraction
pattern g(6, ). This problem, which is still ill-posed and, in fact, much more
ill-posed than the problem of inverse diffraction from near-field data, can be
formulated as the inversion of the integral operator

(A1)0.¢) = [ 50,610/, 6)1(0', #)as? (3.11)
where
(i)
S0,6,6,6) =) ———Yim(0, )Y (0, ¢) . (3.12)
Im hl (kal)

This is a compact operator in L2(£2) and it is also injective (uniqueness of the
solution of the inverse diffraction problem with far-field data). Its eigenvalues
are given by

(_i)l+1

Al = —t— 3.13
hl(l)(kal) ( )
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and they tend to zero much more rapidly than the eigenvalues (3.6) of the
problem with near-field data. In fact their asymptotic behaviour is |A;| ~
exp [—llog(2l/ekay)).

An analysis of super-resolution in the case of far-field data has not yet
been performed. It is reasonable to conjecture that super-resolution can be
obtained in the case where the radius a; of the sphere is of the order of
the wavelength of the radiation. An indication in this direction has been
obtained by an analysis of the inverse scattering problem in the case of Born
approximation (Habashy and Wolt 1994).

4 An algorithm for super-resolution

We come back now to the problem of inverse diffraction from plane
to plane, section 2, and we describe an algorithm which can be used for
achieving super-resolution when a prior:i information about the support of
the boundary function f(p) is available.

At the end of section 2.1 we mentioned the Gerchberg algorithm which can
be used for this purpose. However this algorithm cannot be applied directly to
a convolution problem such as that described by equation (2.7). One must first
estimate the Fourier transform of f(p) over an effective band (for instance
the disc of radius k, as in section 2.1, or the disc of radius kg, as in section
2.2); then one can use Gerchberg algorithm for extrapolating the Fourier
transform of f(p) outside the effective band.

We describe now an algorithm which is a generalization of the Gerchberg
algorithm and does not require to solve the problem in two steps.

For generality, we consider a bounded convolution operator

(Af)(p) = (K * f)(p) (4.1)
and the associated first kind equation
Af =g (4.2)

where g is a given function, the data of the problem. We also assume that f
belongs to the subspace of functions whose support is interior to a given and
bounded domain ID. The projection operator onto this subspace is given by

(Ppf)(p) = xo(p)f(p) (4.3)

where xp(p) is the characteristic function of the domain D.
Under rather broad conditions on the PSF K{p), the operator APp is
compact and regularized solutions of the equation

APpf=yg (4.4)
are provided by the Landweber method

fot1 = fn +TPD(A%g— A*APp f,) (4.5)
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where 7 is the relaxation parameter, satisfying the usual conditions

2
O<r< —= . 4.6
AT (9
In the case fo = 0, it is easy to show by induction that all the iterates f,
satisfy the condition Pp f,, = f,. Therefore the method (4.5) is equivalent to
the tollowing projected Landweber method

fn-‘-l = P}Dfn 4 TPID(A*Q - A*Afn} - (47)

From this equation one can easily derive that the algorithm can be imple-
mented using only the Fourier transform. In fact, if f,(p) has been computed,
then one can compute f,(w) and by f,(w) the function

hot1(w) = fa(w) + 7(K* (0)§ (@) = |K (@) fa(w)) - (4.8)

The last step consists in computing the inverse Fourier transform of Ay, .1, (w),
hnt+1(p), and in projecting this function by means of Pp in order to obtain
fat1(p) = (P hny1)(p).

The advantage of this method is that it does not require the use of the
singular functions of the operator APp and therefore can be easily imple-
mented.

In figure 4 we give an example of restoration obtained by means of this
method. The object in figure 4(a) is the smaller object of figure 3, i.e. a grid
with size 2.5, therefore of the order of A as required for achieving super-
resolution from far-field data. The data are the same of figure 3(d), i.e. the
noisy amplitude on the plane with @ = 5A. The restoration of this object
provided by algorithm (4.7) is represented in figure 4(b) where it is evident
the recovery of the four square holes, with size 0.5\ each, which are completely
lost in the generalized solution of figure 3(f). The support used is just the
square with size 2.5\. If we do not have this information, it can be inferred
from the data by performing inversions with different supports. We note that
the super-resolution effect is just the one described at the end of seciion 2.1.

In (Piana and Bertero 1996) it has been pointed out that the iteration
(4.7) defines a regularization algorithm. In fact, if the data g is not affected
by noise and if fo = 0 the sequence {f,}32; defined by equation (4.7) con-
verges to the unique solution of equation (4.4) in the strong topology of L2.
Moreover, in presence of noise, the algorithm is characterized by the so-called
semiconvergence property, i.e. the restoration error ||f, — f|| decreases first
and increases later with respect to the number of iterations. This means that
in this method the number of iterations plays the role of the regularization
parameter. In order to determine the optimum value of this number, several
“ad hoc” criterions have been formulated in the case of real data. Things are
significantly simpler when the data function is obtained synthetically, since,
in this case, the theoretical model f is explicitly known and the best num-
ber of iterations can be obtained by minimizing ||f - f,|| with respect to n.
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c) d)

Fig.4. Example of restoration obtained by means of the projected Landweber
method. Panel a) is the smaller grid in figure 3. Panels b) and c¢) show the restora-
tions provided by the method, by using respeciively the constraint of compact
support and the constraint of upper bound. Finally panel d) shows the effect of the
combined use of the compact support and the positivity constraints.

When, as in the present example, the behaviour of this restoration error is
characterized by an extremely flat minimum, it is possible to stop the itera-
tion before the minimum is reached, without a significant loss of accuracy in
the restoration. In the case of figure 4(b) it is n = 100.

However, in general, a notable acceleration of the projected Landweber
method can be obtained by means of the so-called preconditioning. This pro-
cedure consists in the application of the algorithm to a modified least-squares
problem. In several numerical examples regarding one dimensional models, it
has been shown (Piana and Bertero 1996) that the application of precondi-
tioning allows to obtain a gain in convergence speed up to a factor ten with
no substantial modifications in the reconstructions.
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The projected Landweber method can be readily generalized to the restora-
tion of functions which belong to a closed convex subset C of the source space.
In this case, the convex non-linear projection operator Pz can be introduced
and the constrained algorithm becomes

Fait = Pe(fo + TA%g — rA* AS,) (1.9)

The method is now non-linear and the convergence of the iteration (4.9) to the
generalized solution has been shown ouly in the weak topology. Nevertheless,
numerical evidence of the strong convergence 1s provided by several examples.

The algorithm (4.9) can be used when it is necessary to impose upper or
lower bounds on the solution. A typical lower bound is provided, for instance,
by positivity. These constraints are, in general, useful in order to reduce
the ringing effects which appear when linear methods are used for restoring
discontinuous objects. For these constraints Py is easily computable as well
as in the case where one wishes to combine the support constraint with upper
or lower bound constraints.

The object of figure 4(a) is a binary object which takes only the values
0 and 1. Therefore these values can be used as lower and upper bounds. In
figure 4(c) we give the restoration obtained by means of the algorithm (4.9)
after 100 iterations when only the upper bound is imposed. It is remarkable
that a super-resolution effect is obtained without using the constraint on the
support. This is probably due to the reduction of the ringing effects which
are evident in the generalized solution (see figure 3(f)). In this example, the
constraint of positivity is useless because the generalized solution of figure
3(f) does not take negative values. This is not true for the restoration of
figure 4(b). Therefore in such a case positivity can be useful. In figure 4(d)
we give the result obtained by combining positivity and support constraint.
It is evident that the restoration is quite good.
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Mathematical Programming for Positive
Solutions of Ill-Conditioned Inverse Problems
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Abstract. The study of Fredholm equations of the first kind, which are ill-posed
inverse problems, is an area of physics and mathematics that is currently flourishing,
with applications in many areas of interest. Problems of this type are characterised
by a forward relation that includes some loss of information. It is the loss of infor-
mation that makes calculating the backward relation so difficult. Work is presented
here which attempts to add in some of the lost information by making use of such a
priori constraints as positivity and known moments. This is achieved by the method
of quadratic programming, with a choice of optimisation criteria studied.

1 Introduction

Examples of Fredholm equations of the first kind range from restoration of
diffraction limited optical images (E. G. Steward, 1983), to problems in high
temperature superconductivity (C. E. Creffield et al, 1995) and experimental
sizing of macromolecules (Cummins & Pike, 1974). These equations describe
how the collected data (the image) is formed from the unknown solution (the
object) and the blurring function (the kernel). If we first consider the one
dimensional continuous case, we can denote the object by f(x), the image by
g(y) and the blurring kernel by K (y,z). Then the Fredholm equation of the
first kind is:

oo
)= [ Ko de (1)
-0

This equation is perfectly general. It is only out of convenience that f is
described as the object, g as the image and K as the blurring kernel. For
example, in the case of macromolecular sizing, f is a particle size probability
distribution, and g is the first-order correlation function.

When the data is collected experimentally it can only be sampled at a
finite number of points, which leads to the problem being discretised. The
image is represented on N; points with values g(y;) 1 < j < NV, the object
on N, points with values f(z;) 1 < i < N,, and the integral operator
represented as a matrix operator K(y;,#;) 1<j <N 1<1i<N,. This
discretised Fredholm equation of the first kind, with a suitably discretised
noise vector, is represented as:

9(y;) = K(y;, ®:) f(2:) + n(yy) (2)
Or more simply, setting the image, object and noise as vectors, and the
imaging kernel as a matrix operator:
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g=Kf+n (3)

Computationally, since f represents a continuous function, the number of
points used to represent it, N,, has an upper limit constrained only by the
available processing power. For most purposes a value of N, ~ 200 is adequate
to approximate the continuous case. The number of sampled data points, Nj,
is dependent, on the effort required to sample the data experimentally, and
the amount of “blurring” present in the experiment. Typically, N; will be
much less than N,.

1.1 The SVD System as a General Description

The most general description of (1), which also leads to a method of solving
for f, is the singular value decomposition - widely referred to as SVD. If
K is a compact linear operator then it maps K : X — Y and two sets of
orthonormal basis function - {ux} and {v} exist for the ranges of K and its
adjoint K* respectively. There also exist a set of singular values {o}} that
determine the mapping from X to Y such that:

Kuk = OV

(4)

K*v, = opuy

(wj,ug) = d; %
(Vi, Vi) = 6jx

(5)

Thus, the SVD of a system - {0k, ug, v} - depends on the support of the
object, the support of the image and the form of the kernel. In analogy with
Fourier analysis, the increasing index k corresponds to an increasing measure
of spatial or temporal frequency. Because uy, is a basis set for X, and v; is a
basis set for Y, it is simple to decompose both the object and the image into
a weighted sum of these basis functions,

No
f= (f, uk>uk

k=1

N, (6)
g=) (8 Vk)Vk

k=1

where (a,b) = a1b; + azbs + -+ + anby for a and b being N-dimensional
vectors.

The standard method of recovering f from g, first performed in a simpli-
fied case by Slepian & Pollak (Slepian & Pollak, 1961) may be formulated as
follows. From (6), the sampled data may also be written as:
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~ (g, Vi) Vko
E: y ¥k/VE
g _g—__lc—
k=1 Ok

Which, from (4), is equivalent to:
N;
g=3 (8, Vi) Kuy
k=1 Tk

N;

— KZ (ga vk>uk
k= Ok

= Kf

Which, when equating the last two lines, yields the inversion:
o (8, vidu
y ViU
f=) == (7)
k=1 k

However, this solution is still very much ill-conditioned due to ox — 0 as
the index k increases. It is clear that (7) must have the summation stopped
at some stage if there is to be any chance of a successful inversion. What
happens in practice is that an index is chosen (R < Nj) where it is decided
that experimental noise has effectively hidden the basis function weighting
coefficients. This acts as a regularising parameter and gives the Truncated
Singular Value Decomposition solution.

(g, Vi

f= kz::l - (8)
In essence, SVD elucidates the underlying mathematical structure in any
situation described by (1) in a way which is most effectively related to the
physical problem involved. It gives a method of partitioning “noise space”
from “signal space”, using the singular value spectrum, which minimises the
effects of physical noise, and is widely used in many problems in science and
engineering.

2 Aiming for a Positive Solution

In many situations (e. g. Incoherent Imaging and Photon Correlation Spec-
troscopy - P. C.S.) it is known that f is non-negative. However, when a
TSVD solution is formed from the data, it is discovered that f contains neg-
ative regions. In the noiseless case this is solely due to the summation cutoff
at index R. In the presence of noise the case is worse still, due to the weights
of index k < R being slightly perturbed from their true values.

Another way of comparing the object, and the TSVD approximation to
it, 1s the following:



21

NgE

N;
<gvvk>uk + Z <gavk>uk
k Ok

g,

k=1 k=R+1
s BV < ©)
f= : .

pPECALIES S

k=1 k=R+1
Cp = 0

It is the choice of ¢ = 0 that produces the unwanted negative regions.

However, it is only because there is no reliable information about {ck} which
leads to the arbitrary choice of setting them to zero. On the other hand, if
this causes negative regions in the reconstruction, it is immediately obvious
that this choice for the values of {¢x } is incorrect. The task, then, is to try to
find a choice for {c} that leads to a non-negative reconstruction, with low
order components equal to those of the TSVD solution.

2.1 Mathematical Programming

Mathematical programming is the general term used to describe the branch
of mathematics concerned with choosing values for a set of variables, subject
to various constraints placed upon them. Probably the best known subset
of Mathematical Programming is called “linear programming”. Problems of
this type can be described by the following set of relations:

Minimise| f =dyc; +dacs + -+ dpcn

ai1c1 + @iac2 +-- 4 apcn, = by

aszic1 + @a2¢2 +-- -+ azpen, = bo

Subject to the constraints| ................... ... ...

amic1 + Gmaca + -+ @mntn = by
¢ >0 (i=1,...,n)

The Simplex Method is a procedure for solving such a set of equations.
In brief, the method finds a basic feasible solution, calculates the direction
that will decrease f and moves in that direction until one of the constraints
is about to be violated. At that point the routine selects a new direction for
decreasing f. In this manner the optimal set of {c, } is found that minimises
f while still satisfying the linear constraints. It is a feature of linear program-
ming, in the case of zero degeneracy, that the solution is always to be found
on a vertex of the n-dimensional volume defined by the constraints.

Quadratic programming has a very similar definition to that of linear
programming, but is not so straightforward to solve. Using matrix notation
for the definition we have:
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Minimise| F(c) ceR”
Subject to the constraints|1 < {Dcc <u
Quadratic Programming| F(c) = ef'c + %CTAC
Least Squares| F(c) = eTc+ £||b— Ac||?

This notation is based upon that used in (NAG, rev. 15). In all of the work
so far undertaken the routine has always been used in the least squares mode,
with the choice of {e, } = 0. As will be shown in the following section, the least
squares mode is ideal for minimising certain aspects of the reconstruction. In
the above notation, c represents the set of unknown basis weights, {cx}, and
D is an array, formed from the u basis functions, which along with 1 and u
are used to ensure positivity. The matrix A was formed so as to implement
the various optimisation choices.

2.2 What Choice for {c;}

Borwein and Lewis (Borwein & Lewis, 1992) showed that there is a unique
choice for {¢x} that leads to a non-negative TSVD reconstruction with min-
imum L? norm. It may be tempting to hope that since there is a unique
choice of {ci} that produces the minimum L? norm, it must be the original
object. Unfortunately (fortunately for those wishing to pursue a career in
inverse problems) this is not the case. The explanation is fairly simple; there
is nothing to say that the original object has to be the positive, minimum L?
norm realisation for the first R values of (f, ).

This leads to an arbitrary choice having to be made about the recon-
struction. It has already been decided that {ci} should be chosen to ensure a
non-negative TSVD solution - but that constraint is not enough to ensure a
unique solution. Thus, one of many possible choices must be made for {cx}.
Let f represent the TSVD solution with possibly non-zero values of {ex}
added to ensure positivity. The various optimisation choices so far studied
include:

Minimise S |f]|

— Minimise 3 |f]?

— Minimise (1 — o) 3 [f] + a 3 |f?
Minimise 3~ | 2£ 2

Minimise 3 | 2%2

}

1t is obvious that there are an endless number of these minimisation
choices; each one capable of producing a different positive f that exactly
fits the data to within the noise level. Indeed, for certain choices of norm -
such as the minimum L' norm - the situation is even worse than this. While
the L? norm is strictly convex, the L! is only convex. This means there is a
possibility that the solution with minimum L! norm may be degenerate. i. e.
there may well be an infinite number of different solutions that have exactly
the same minimum L' norm.
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2.3 Including Constraints and Optimisations

As indicated in section 2.1, the constraints for the system are specified by
the system of equations:
c
< <
< { Dc } su

The first of these constraints, 1 < ¢ < u, imposes some constraint on the
values that the missing higher order basis weights are allowed to take. In all
cases so far studied there was no a priori knowledge to suggest there should be
any limit on these values. Hence, 1 and u were set to —oo and oo respectively.
D is known as the “Constraint Matrix”, and is used to specify constraints on
the form of the reconstruction. Examining the case of imposing positivity on
point ¢ gives, from (9):

0< () < o0
N;
= 0<f+ ¥ erup(d) < oo
N{4=R+1
:>—f(z)§ Zi ck-uk (1) < 0o
k=R+1

Recognising that every point in the reconstruction (1 < i < N,) must be
positive gives 1 = —f and u = oo. Thus, the constraint matrix, D, is such
that D;; = u;(i). The various minimisation schemes were included in a very
similar manner to this, with some aspect of the reconstruction equalling the
corresponding aspect of f plus some combination of the higher order u basis
functions.

2.4 'Weakness of the Positivity Constraint

Some recent reports have claimed methods of superresolution® based on con-
straining the restoration to be non-negative. It will be shown here that the
positivity constraint is not sufficient to accurately accurately the missing
spatial frequencies.

! A restored image could be said to be superresolved when it contains accurate
high spatial frequency components that are not detectable in the collected data.



24

Imagine two non-negative objects, f, and f5, such that for the first R
singular functions (fi,u;) = (f3, ux). Both f'l and f, will have identical images
and TSVD solutions to within the noise level. Now suppose that f, is double
peaked, and £, is single peaked. Finally, take it that f; just happens to be a
L' minimisation, and £, the L2 minimisation, for the first R fixed weights.

Suppose f, is imaged, the data collected, and the TSVD solution formed.
This will most probably contain negative regions, so it may be desired to find
a choice for {cx} that ensures positivity. If the L? minimisation criterion is
chosen then the original object is recovered exactly, since f, is defined to have
this property. However, if the L' minimisation criterion is instead chosen, the
restored object is not fy, but something similar to f; (identically equal to in
the non-degenerate case). But it is not enough to select the L? choice again
in the future just because it has worked so well this time. If the experiment is
repeated with f; being imaged instead of fs, it turns out the L? minimisation
will return a very poor reconstruction of the original object - which would
again be equal to f, for a non-degenerate problem.

3 Further Constraints in Different Situations

A proper choice of minimisation criterion is dependent on the form of the
original object. However, since it is the form of the object that the process is
trying to recover, the choice of minimisation criterion is not much better than
a pure guess. Fortunately, some inverse problems outside the realm of imaging
lend themselves to further a priori constraints beyond that of positivity.

In P. C. S. (Cummins & Pike, 1974) accurate values of the “area” of f, and
the “centre of mass” of f are known. These are the first two moments of the re-
construction. In work on high temperature superconductivity (C. E. Creffield
et al, 1995), a reconstruction of the “Spectral Weight Function” is required
from “Matsubara Green’s function” - another ill-posed inverse problem in-
volving analytic continuation. In this case it is possible to calculate exactly
the first three moments of the reconstruction. Using this extra a priori infor-
mation narrows down the range of possible functions that still fit the data
and the a priori information to within the noise level.

3.1 An Example from High-T . Superconductivity Theory

The particular inverse problem in this situation is

* [ _exp(=zy)
= — d 0 10
s = [ |72 feyae veln (0)
where g(y) is the numerically calculated Matsubara Green’s Function, and
J(z) is the Spectral Weight Function - the desired function. The “nth_moment”
of a function is defined as
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= [ a"fa)da (11)

In the case studied, not only was it known that the reconstruction had
to be non-negative, but also values for pg, g1 and pp could be accurately
precalculated. These moment constraints were built into the quadratic pro-
gramming routine in much the same way as the positivity constraint. That
this was able to be done relied on the linearity of the problem. Making use
of (6) leads to:

/_0:0 z" f(z)dz = /_0:0 z” Zk:(f, ugug dz
= /00 z" (i(f,uk)uk + f Ckuk) dz

- k=1 k=R+1
oo No o]

:/ " fdz + Z ck/ ", dz (12)
-e° k=R+1 -

This means that the n‘” moment of the final reconstruction is equal to the
n'" moment of the TSVD solution, plus a weighted sum of the nt» moments
of each of the higher order basis functions. In practice, if m moments are to
be used as constraints, and N, — R higher order weights are to be found, the
m moments of each of the N, — R functions are precalculated. These are then
used as part of the general constraint matrix in the quadratic programming
routine.

th

4 Conclusions

It has been shown that it is possible to add weighted amounts of the un-
measurable higher order uy basis singular functions by using the technique
of quadratic programming. This can be easily adapted to fit any linear con-
straints - such as known coeflicients for the first N singular functions in the
expansion, positivity and known moment values. Once the constraints have
been met it is then necessary to specify some further optimisation condition
- such as the reconstruction possessing minimum L? norm - and, having done
this, our numerical work confirms and implements the Borwein-Lewis unique-
ness theorem (Borwein & Lewis, 1992). The choice of minimisation criterion
is purely arbitrary - with no one choice working well in all cases. Once one
has chosen to guess unmeasurable components of the solution to make it pos-
itive, using these methods or any of the many alternative iterative nonlinear
methods, there will be an infinite family of solutions which all fit the data
to the same accuracy and which may differ widely. The utmost caution is
therefore required if non-linear methods are used since any apparent increase
in resolution over that of the TSVD solution could be spurious.
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Abstract. I prove that the high velocity limit of any one of the Dollard scatte-
ring operators of an N-body quantum mechanical system with long-range time-
dependent pair potentials determines uniquely the potentials. I also show that in
the particular case when the potentials go to zero fast enough as time goes to plus
and minus infinity it is not necessary to introduce a modified Dollard time evolution
and that pair potentials that decrease slowly as the interparticle distances go to
infinity (for example Coulomb potentials) can be uniquely reconstructed from the
high velocity limit of the canonical scattering operator with unperturbed evolution
given by the free Hamiltonian.These results are obtained from reconstruction for-
mulae with bound of the error term that I prove with a simple time-dependent
method.

1 Introduction

In this paper I study the inverse scattering of an N-body quantum mecha-
nical system of particles in n > 2 space dimensions with interactions given
by time—dependent local pair potentials of long range.l prove that the high
velocity limit of any one of the Dollard scattering operators determines uni-
quely the potentials.I also obtain a formula with bound of the error term for
the constructive reconstruction of the potentials.

I prove these results in Section 2 by extending to this case the simple time-
dependent method of Enss and Weder (1993),Enss and Weder (1994),Enss
and Weder (1995a), Enss and Weder (1995b),and Weder (1995) where time—
independent potentials are considered.In fact it is quite remarkable that due
to the time-dependent nature of this method the time dependency of the
potentials poses essentially no new problems.The basic physical intuition here
is that during the short time interval in which a high velocity state remains in
the interaction region the potential changes very little and 1t is approximately
time independent.l can even consider pair potentials that grow to infinity
in time provided that they go to zero fast enough when the corresponding
interparticle distance goes to infinity.

Moreover, in the time—dependent case the border line between short—
and long-range potentials is not always given by the decay of the Coulomb
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potential I consider in Section 3 pair potentials that go to zero very slowly
as the Interparticle distances go to infinity but that go to zero fast enough as
time goes to plus and minus infinity.For example potentials that behave as

V(t,x) ~ CA+ )™ 1+ x)77 ,a>0,1/2< < L,a+ 8> 1,

as [t| — oo ,and |x| — oo .An important particular case are potentials of
compact support in time.This corresponds physically to (external) potentials
that are turned on and then switched off after some (short)time.For this
potentials it is not necessary to introduce a modified time evolution.

I also obtain in this case a formula with bound of the error term that allows
me to uniquely reconstruct the potentials from the high velocity limit of the
canonical scattering operator defined with the unperturbed time evolution
given by the free Hamiltonian.

As is well known there are many inportant applications of scattering with
time—dependent potentials,for example the charge transfer model .1 discuss
this literature at the end of Section 2.

There is an extensive literature on multidimensional inverse scattering for
the Schrodinger equation with time-independent potentials.See for example
the references mentioned in Enss and Weder (1995a) and the books by Cha-
dan and Sabatier (1989)and Newton (1989) .However much less was known
in the case of time—dependent potentials. This is perhaps so because many
of the previous results for time-independent potentials where obtained with
stationary methods.Starting with the work of Perla Menzala (1985) there
are a number of papers that consider the inverse scattering problem for the
wave equation with time-dependent potentials.See Stefanov (1989) and the
references quoted there.In Ramm and Sjostrand (1991) the uniqueness of an
inverse data problem for the wave equation with time-dependent potential is
proven.

2 N-Body Inverse Scattering

Let x; € R™ and m;,j = 1,2,..., N be respectively the positions and the
masses of the particles. The free Hamiltonian is given by

N
TN —1=2 = oo
Ho=) (2m))™' B}, by = —iVx,
=1
As usual I formulate our scattering problem in the total center of mass frame
and I substract the Hamiltonian of the center of mass:

—1 2
N

N
HCMI Qij Zf)]
j=1

i=1
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The free Hamiltonian is then Hy := Hy — Hcar. The space of states in the
center of mass frame is a Hilbert space,, that in configuration space is
represented by wave functions ¢ in

LZ(X),X: (X1,...,X % =0 ~ gRr(N-1)

%2

with the measure induced on X by the norm in R™V [ZJN 1 M%7

} 2 . The

set of momentum space wave functions,d, is given by

L*X),X =< (p1,...,p p; =03 = R"V-1)

N 1/2
where I give to X the dual norm induced by [Eﬁvzl(mj)‘lf)]?] on R™" The

Fourier transform is a unitary operator from L?(X) onto L*(X).Hy is a self-
adjoint operator in L?(X) with domain D(Hp) = H2(X) ,the second Sobolev
space.For a general reference in multiparticle scattering see,e.g.,Reed and
Simon (1979).

I suppose that the potential is a sum of pair potentials that are multiph-
cation operators by real-valued functions

V= Zij(t,ik — ij) .
i<k
I split each pair potential into parts of short and long range depending on
their decay rate at infinity and their differentiability

Vik(t, %e — %;) = Vii(t, %6 — %) + Vi (8, X = %;).
An operator in L?(R") is said to be Kato—small if it is bounded with respect
to the Laplacian with relative bound zero(see Kato (1976) for definitions).For
any set O C R" I denote by F(x € O) the multiplication operator by the
characteristic function of O.I define the following class of short-range poten-
tials.

DEFINITION 2.1. Vgg denotes the class of poientials

Z k(t Xk — X;)

i<k

where for each fized t € R,V (¢,y) is Kato-small and

Vit y)(= Ay + D7H| < C + [e)™ (1)
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for some constants C and M.Moreover, for every q € R. there is a vo > 0 and
a function h with h(r) € L'((0,00)) such that for all7 € R

[Vi%(r/v+a,3)(=Ay + ™' F(ly| > Ir])]| < A(7]) (2)
Jor all v > vy.

Condition (2) is equivalent to the existence of a vy > 0 and a function h with
h(r) € L*((0, 00)) such that for all » € R

[F(y] 2 [F)Vi(r/v + 4, 9)(=Ay + D7 < A(Ir])
This decay condition is more intuitive,but (2) is technically more convenient.
I denote by Cg,(R™) the space of all continuous functions that go to zero
at infinity and that have continuous derivatives of all orders up to u.By D
I designate the derivatives with the usual multi-index notation.I define my
class of long-range potentials as follows.

DEFINITION 2.2. Vg denotes the class of potentials
VL = Z lek(t) ik — ij)
i<k
where for each fizedt € R, VJ-’,C(t, y) € CZ(R") and

DGV )| < OO+ L+ )™ =110-D, 1 < Jaf < 20, (3)
for some non negative constants C, €,y withy — € > 3/2 and u > 2.

To simplify the notation later I will only use v < 2.

The spliting of the potential into short— and long-range parts is not uni-
que.In what follows I take one spliting and keep it fix. Note that the short-
range part of the potential is allowed to grow in time as fast as any power of
t in any compact region of space.On the contrary, the long-range part that
contains the tail of the potential that decays slowly at infinity and that in
consequence acts upon the particles during quite a long time is only allowed
to grow slowly as |{| — oo and this provided that there is enough decay
as |y| — 00.This is the meaning of the condition ¥ — ¢ > 3/2 in (3). The
interacting time—dependent Hamiltonian, defined as

H(t) =Ho+ V(t) ,
is a self-adjoint operator with domain D(H(t)) = D(Hp). T make the as-
sumption that there is a unitary propagator that generates the time evolution
corresponding to H(t).

ASSUMPTION P. I assume that there is a fomily of unitary operators
in H,U(t,q),t,q € R, such that
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1. U(t,q) is a strongly continuous function of (t,q) € R?.

2. U@, »)U(r,q) = U(t,q) for allt,q,r € R.

3. U(t,q) Ho(X) C Ha(X) for allt,q € R and if & € Ho(R"),U(t,q)P is
strongly continuously differentiable in t and q and

z-ggv(t,m = HOU(, 0)%; ia%U (tL92=-Ut)H@)? . (4

Starting with the pioneering work of Kato (1953) there is an extensive litera-
ture on the derivation of sufficient conditions for the validity of Assumption
P.See for example Kato (1970), Yajima (1987) , Yajima (1991) and the re-
ferences mentioned there.The results in Yajima (1987) and Yajima (1991)
contain most of the interesting applications,including moving singularities. A
simple set of sufficient conditions is the following one. Suppose that each pair
potential Vj(t, Xz —fcj) is Kato—small and that the operator valued functions

Vie(t, y)(—4y + )7

are strongly continuously differentiable functions of ¢t € R.Then it follows
from TheoremX.70 and the proof of TheoremX.71 of Reed and Simon (1975)
that Assumption P is satisfied.

The Dollard modified time evolution in the free channel is generated by
the time—dependent Hamiltonian

Hp(t) = Ho+ Y Vii(t,tpix/1n)
i<k
where i and pj; are, respectively, the reduced mass pjr = mymg /(m;+
my) and the relative momentum p;x = px(Pk/mi — pj/m;) of the parti-
cles j and k. The Dollard propagator is the following unitary multiplication
operator in momentum space

t

UD(t,q) = e~ (1m0 Ho gxp —ZZ/ dr lek(r,rpjk/pjk) ) (5)
j<k1

Clearly, different splitings into short— and long-range parts of the pair po-

tentials give rise to different Dollard propagators. The modified Dollard wave
operators for the free channel with initial time q are defined as

22(q) = s~ lim U(q,)UP(t,q) - (6)

The existence of the strong limits is proven below (see the argument star-
ting with (32)).The modified Dollard scattering operator between the free
channels with initial time q is given by

SP(q) = (22(q))" 22(q) . (7)
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I reconstruct the pair potentials one by one .For any given pair of particles I
introduce as in Enss and Weder (1995a) appropriate states where all particles
have high relative velocity with respect to each other.I first introduce some
kinematical notation.I number the particles in such a way that the given pair
consists of particles one and two.l take as one n—dimensional coordinate the
relative distance x and the corresponding relative momentum p of the given
pair (12)

X = iz — )~(1, p = —z'Vx = H12 [(—isz/mz) - (—iVxl /ml)] .

By x; and p; I denote,respectively,the position and the momentum of the
j—th particle,j = 1,..., N, relative to the center of mass of the pair (12)

x; 1= X; — (MiX1 + maXz)/(m1 + my), (8)
Pj = pi(Pi/mj — (P1 + P2)/(m1 + ma)) ,

where p; is the reduced mass of the j—th particle with respect to the center
of mass of the pair (12)

Hi = m]-(ml —{—77)42)/(?71,J +m1+m2),j:1,...,N .

{x,x3,...,xy}and{p, p3, . . ., pn }are sets of N-1 independent n—dimensional
configuration and momentum coordinates in the total center of mass frame.
p;/ti,3=1,...,N ,lis the relative velocity of particle j with respect to the
center of mass of the pair (12). The relative momentum of particles j and k
is

Pjr = —iv()'(k_)"(j), j,k=1,...,N ,

and their relative velocity is

Pjk _P: P _Pr_Pj

Hik  Mmp My Hy H

k=1 N . (9)

b Yyt

Let &y € 'H be an asymptotic configuration with product wave function
of the following form in momentum space ( ° denotes Fourier transform)

B ~ ¢12(P) b3(ps, .-, PN) (10)
where ¢12 € C°(R™) varies while ¢35 € C(R"™W~2) is a fixed function
normalized to one, ||¢s]] = 1. The high-velocity state is defined as follows

(see Enss and Weder (1995a))

Py ~ 12(p — p12V) 3(P3 — Havs,...,PN — ANVN) (11)
where v = vv,|v| = 1,v; = v?e;,with ¢; # O,e; # ex,j # k, for j,k =
3,..., N.I define also vy = —vm/my,and vo = vm/m,.I denote by

Vik = Vg — Vj, vjk:[vjk|, Lk=1,...,N
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,respectively,the approximate relative velocity of the particles j and k and 1ts
absolute value.It follows from my definitions that

ij:1)2(ek——ej);éo, j,k‘-‘:3,...,N s

m v . m -
Vo = ’Uz(ej — m—zg) # 0ifv > m—Q(e]) L ,

m v . m -
Vij :U2 (9j+m—1;)¢0,lfv> m—1(6§) 1 s
where e; = |e;|.Note that

N
By = 12V E TTemViXs g,
ji=3
Then in the high—velocity state the approximate relative velocity of the pair

(12) is v while all other particles travel with minimal velocity proporcional to
v? relative to each other as well as relative to the particles in the distinguished

pair.

THEOREM 2.3.(Reconstruction Formula)  Suppose thatV°® € Vs, VE €
Vig,with u > M + 1, that Assumption P is satisfied, that for every @ €
Hy(R™) the function t — V(¢ y)®P s strongly continuous from R into
L%*(R™) and that for some 1 < a < n and all & € L*(R™) the function
t— (%sz)(t,y)é is strongly continuous from R into L2(R™).Then for all

Dv, ¥y as in (11)

x

Jim iv((S (@) palov,v) = [ dr [<Vlz<q, X+ 79)pa®1z, r2)

— 00

—o Oz,

. Y e 0 .
._(Vlsz(q,x-}-TV)@lz,pa!plg):l +Z/ dT((——VIIQ)(q,X+TV)4512,![’12) (12)

for all g € R.

Remark that it follows from (2) and Fatou’s lemma that for all & € L?(R")

/ dr

Viy(r/v+ 0,y) (—Ay + D7 F(lyl > m)@H <oo . (13)

Viray) (“Ay + D Fly| > |r|>¢” <

o0

Iim inf dr
UvV—00

— 00



34

Then for all @ in the space of Schwarz
oo

/ dr
-0

F(ly +7v| > |7/2]) (~Ay + )& +/°° dr

-— 00

[e o]
Vg, y +m9)0) < / dr|[Viy(a,y + m9)(- Ay + )
oC

Vis(g,y + T‘A’)(_Ay + I)_l

\F(lyn > |r/20) (- Ay + 18| < o | (14)

where I used (13) and the rapid decay of @ in configuration space.lt fo-
llows that the integral in the first term in the right-hand side of (12) is
well defined.Since (%Vllz)(t,y) satisfies (13) (in this case the regulariza-
tion (—Ay + I)~! is not necessary) also the integral in the second term in
the right-hand side of (12) is well defined. Formula (12) tells us that from
the high—velocity limit of the commutator with p, of the modified Dollard
scattering operator with initial time q we reconstruct the scalar product in a
dense set of states of the Radon (or X-ray) transform of the “derivative” with
respect to z, of the potential Vi2(g, x) at the same initial time q.This subs-
tanciates the remark made in the introduction that in the high—velocity limit
the potentials can be considered constant during the scattering time. Moreo-
ver (12) gives us enough information to uniquely reconstruct the potential in
a constructive way.

COROLLARY 2.4.  Suppose that each one of the pair potentials Vi
satisfies the assumptions of Theorem 2.3.Then if (the high velocity limit of)
any one of the Dollard scattering operators SP(q) is known for all ¢ € R the
potential is uniquely defined.

Remark that it follows from the definitions in (6) and (7) that for all
71,92€ R

SP(q2) = UP(q2,41) SP(91) UP (a1, 92) -

Then if the long-range part of the potential is a priori known and we know
SP(gq;) for a fixed q;, we know SP(g) for all ¢ € R.It follows that in this case
it is enough to know SP(q) for only one ¢ to uniquely reconstruct the po-
tential.In particular when V¥ = 0 the modified Dollard wave and scattering
operators coincide with the canonical ones

2i(g) = s~ lim U(g,t)e -0,

5(q) = (2+(9))" 2-(q) ,

S(g2) = ei(a1—92)Ho S(q1) e—ia1-42)Ho
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and the potential V is uniquely reconstructed from the canonical scattering
operator S(q) at only one initial time,say ¢ = 0.

To estimate the rate of convergence in (12) we have to strengthen the
continuity in t of the potentials.

COROLLARY 2.5. Suppose that the hypotheses of Theorem 2.3 are sa-
tisfied, that for each ¢ € R there are p; > 0 and functions Q;(y),t = 1,2 such
that for every function g € C§°(R™) the operators Q;(y) g(p)are bounded and

IVt +a,y) — Vi@, ¥)l < [t Qa(y)
0

[Vt +0.3) = (= Wd(anw)| < HPQety)

and o .
| dr @ o 10 g}yl 2 )l < oo, i = 1.2

0
and that for some 0 < ps <u—M — 1,allg € C(R") and all g € R, there
is a vo > 0 and a function h with (1+ r)?® h(r) € L1((0,00)) such that for
allr e R

(IViz(r/v+ ¢, ¥)9(p) F(ly| = Ir} < R(r]), v > vo . (15)
Then for all &y, Wy as in (11)

[e0)

iv([SD(‘Z),Pa]@vy‘ADV):/ dT[(sz(q,x+T{’)Pa¢12,W12)

— 00

) [ 0 N
_(VISQ(q1x+ TV)dSlz,Pa‘I’u) + e dT((—Vllz)(q,X—i-TV)@lz,me)
Oz,

— 00

+O0(v™ ")+ 0w ")+ o(v™"), n<p3,n<y—e—1

as v — o0.

Condition (2) implies (15) with ps = 0. Larger p means faster decay as
ly| — oo.

I now prepare some results that I use in the proof of Theorem 2.3 and its
Corollaries. It follows from (8) that

||(1+|ik—ij|2)“q§v||§0, jk=1,...,N . (16)
Equation (9) implies that there are functions fjx € C§°(R") such that
Pv = fir(Pjk — pjrvie)Pv, 1<j<k <N . (17)

I denote by U(t, q) the correction term in the Dollard propagator

U(t, q) = exp [—’Z/ drV; 'Ik(r,rpjk/wk)] : (18)

I<k
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As in the proof of (4.16),(4.17) and of Proposition 3.1 of Enss and Weder
(1995a) I prove that for each ¢ € R there is a constant vy > 0 such that for
all v > vy

~ ~ d - ~ -1/2
e %) Ut ) [T fiwr@inne — pinneviur) (1 + 1% — %;1%) !
ji<k?
< C( 4wt — g7, (19)

1< j<k< N,with € and 7 as in (3) and that for A > 0 and u as in (3)

IIF(lik = X;| > Avjplt — QI) Ut,q) H fie(Pjrer — pjreevio)

ji<k!
—u
(1 + |ik — )~(j |2>

for some § > 0 that depends on w, ¢, and 7.
The following relations ,that I will use frequently,are obtained under trans-
lation in configuration or momentum space:

—u—§
< C(1+vjk|t—QI) ,  (20)

eip-th(x)e‘ip‘Vt = f(x+vt) , (21)

e—imV-Xf(p)ez'mVJC — f(p + mv) (22)
for any bounded measurable function f,m > 0, and in particular

. % 2 . i e 2 2
e—imV X —itp /2mezmvx — ¢~ iP Vit —itp /2m6 imut/2 (23)

where v = |v|.

LEMMA 2.6.  Suppose that V5 € Vsp, VE € Vig withu > M +1+p, for
some p > 0 and that for all g € C°(R") and all ¢ € R there is a o > 0 and
a function h with (1 + 7’)”B(r) € L'((0,00)) such that V% satisfies (15) for
all v > V. Then for each ¢ € R and fjp € CP(R"),1 < j <k’ <N, there
is a function h with (1 + r)?h(r) € L*((0,00)) and a vo > 0 such that for all
v > vp

Vit g —%)UP(tq) T i @i — pimmevin) (L+ 1% — %;1%) 7"
<k’

< h(vjklt —ql) - (24)
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Proof: Take g € Cg°(R") with g = 1 on the support of f;;.Let us denote by
I the left-hand side of (24). Then I < I} + I + I3,where

I = V5% (8, %% — %5)9(Pjk — pixvie) F(1Xk — X5 — vjk(t ~ q)]

> vt — g 5/8) eI DPI sk gy — pinvin) F (1R — %] < vji

It—al/8)0t,q) I fie ik — mjervinns) (1 + Xk — ij|2>

jl<kl

, (25)

Iy = ||V} (t, Xk — X5 )9(Pjk — pjkvie)F (Iftk —%; ~vir(t—q)| >

viklt — ql 5/8)e’i("Q)pik”““‘y(pjk - ujijk)F(lik = X;| > vjglt - ‘II/S)

U(t,q) H fie(Pjer — pjoniviogr) (1 + x5 — ij|2> : (26)
i<k’
Iy = || V%t %k — %)g(Pjx — pikvin) F(|%e —X; — vjr(t — q)]
<t —ql5/8)e™ ORI/ 2 g(piy — pixvin)U (2, q)
IT finr(pjns — v (1 + |xe — >~<j|2> ; (27)

jl<kl

where I used that Hy = p]?k/2pjk + ]—jo with a operator ﬁo that commutes
with Xz — X; (for example taking Jacobi coordinates). By (1) and (22) for
vjp > vg With vp large enough

h<C+ ItI)M“F(lik — % — Vir(t — g)| > vjilt — g 5/8)e i DOP/ 21
9Pk ~ wievik) F(|Xr — Xj| < vyt — QI/S)H

ccas) (1+udi-gl) (25)

where the last estimate is proven as in Lemma 2.2 in Enss and Weder (1995a)
using rapid decay away from the classically allowed region (non-stationary

phase). Moreover by (1),(20) and (22)

L <O+ I™ (L4 velt—g) ™" (20)
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and by (15) and (22)

Is < C Vi (t, % — %;)a(pir) F(Ixe — 5] > velt — ¢ 3/8)|| <

h(viklt - ql) (30)

with (14 r)?h(r) € L*((0, 00)).The Lemma follows from (28)-(30) since u >
M+1+p.

a

If V5 € Vsg and VL € Vrr we have that for all finw € CR(R™), 1<
J <k <N :

H (lek(t:ik —Xj) — lek(t:tpjk//‘jk)) UP(t,q) T fie (e — pirnrvions)

<k’
<1 + Iik — )~(j |2>

—-1-6
<c (1+uald) (31)
for some & > 0.This estimate is proven using (19) and (20) as in the proof of
equation (4.19) and Lemma 3.3 in Enss and Weder (1995a).
It follows from Duhamel’s formula that

t
U(g,t) UP(t,q)Pv = Ov + 2/ drU(g,m) Y (Vik(r, %e — %;)—
g J<k

Vi (r,rpie/min)) UP (r, )Py (32)
Then by (15) with p3 = 0,(16),(17), (24) and (31)

/ dr

U)X (Valrfe = %) = V(o) U7 1, 0) B

i<k

C

Vik

< / dr h(vjilr — ql) + C / dr (14 ujlr)) 170 < = (33)

—0Q

for some constant C. By (32) and (33) the strong limits in (6) exist if V5 €
Vsr,VE € Vrr with v > M + 1 and Assumption P is satisfied.Moreover,
using again Duhamel’s formula

+ 00
(U(t,q) 22(q) - UP(t,q) By = 1/0 dr U(t,t+r)(H(t +7) = HP(t + 1))

UP(t+7,q) Py (34)
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and I obtain as in (33) that

C
“(U(t; q) 22(q) = UP(t,9))dv | < > 2 v (35)
where C and vy are uniform in t.

Proof of Theorem 2.3: Since the Qf(q) are partially isometric
(“Q:lt) (Q))* Q£ (¢) = I and then

(5”@ - Dov =52 (@) - (@2 @) ) 22 (@ov
= [ avPan(H® - BP@) U0 220y (36)

— Q0

Noting that [SP(q),ps] = [SP(q),Pa — p12va] and that (ps — p12ve)Py =
(pa®Po)v I prove:

v ([SP (), pal®v, ¥v) = /_ ~ drlv (1) + R(V) (37)

with 7 = v(t — ¢) where

Iv(t) = [(V’(T/v + ¢, x)UP(1/v +q, ) (Pa®o)v, UP(7/v + g, q)LPv>

— (V’(r/v + ¢, x)UP (/v + ¢, Q)Ov, UP(r/v +q, q)(pa%)v>] + 14

((687“‘/112)(7/1/ + ¢, QUP(r/v+q,9)Pv, U (/v +q, q)wv) (38)

is the leading term and the remainder is

Rv=v > [* dt{([vjk(t,fc)—V,-‘ka,tp]-k/ujk)w”(t,q)(paqso)v |

UP(t, Q)WV) - <[ij(t,ik — %) — Vi (8, tpix/ i) JUP (1, )®v
0Pt ) b [ a(0760020) - U7 0)eatory |

Z[vjka,ik—i,-)—v;ka,tpjk/ujk)lu’?(t,qu)—v / "t ((UD(t,qm?@)

i<k e
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—UP(t,9)v, > _[Vir(t, & — %;) — Vi (8, t pjr/uin)UP (¢, q)(Pa%)v> -
i<k
(39)
It follows from (24),(31) and (35) that
R(v) = O(1/v) . (40)
Moreover since (aaTaVllz)(x) satisfies (1) and (2) if follows from (24) that for
v Z Vo
|tv (7)| < A(T) (41)

for some h(7) € L'((0, c0)).Furthermore, it follows from (21)-(23) that for
each fixed T

UIBEO Iv(t) = (sz(q,x + T{’)Pa§512,&”12) - (sz(‘l;x + V)P,

S, 0 .
pa%z) + ¢ ((67‘/112)(‘1, X+ 1V)P2, Wm) (42)

and it follows from (41) and Lebesque dominated convergence theorem that

oo

o0
lim drly(r) = / dr [(Vfg(q, X + ™V)paPi2, Wn)
—oo

v—00
— 00

; A, 0 .
- (VISZ((L X+ Tv)¢12apaw12) +1 ((87‘/1[2)(‘1’ X+ TV)@lg, !plg)] .
This and (40) yield (12).

Proof of Corollary 2.4: 1 prove this Corollary as in the proof of Theorem 1.2
in Enss and Weder (1995a).1 give details for the reader’s convenience.Let us
identify any z = (21, 22) € R? with the vector z;cq + z2¢; € R™ with a *+k
and where ¢;,j = 1,---,n denote the unit vectors along the z; direction in
R". For any &, with 6,9 € C°(R"™) I denote

&(z) = e 'PLp W(z) .= e PLy |

and

) 1= (Ve 0002). 7)) - (Vsla, 0000, 7))

+i (e Ve, 08, 1))
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The function f(z) is continuous,bounded and by the rapid decay of @ in
configuration space, (13) and a similar estimate for (%sz)(q,x), f(z) €

L?*(R?) .The Radon transform of f(z) is given by
Fom = [ drfin) = lim (87 (@), palov(a), Vo (a)

Then I reconstruct the Radon transform of f(z) from the high velocity limit
of [SP (¢), po) and inverting this Radon transform I uniquely reconstruct f(z)
(see Helgason (1984) Theorem 2.17 in Chapter I).Finally

(Vlz(q,x)Q!P) = l/ooo le f(Zl,O)

and Vi3(g,x) is uniquely reconstructed as an operator and as a function for
a.e. X In a constructive way.

Proof of Corollary 2.5 :this Corollary follows as in the proof of Theorem 2.4 in
Enss and Weder (1995a) estimating the rate of convergence of [*_dr Iy ()
as v — oo.

If the long-range potentials are a priori known I can reconstruct the short—
range potentials from the high velocity limit of the Dollard scattering ope-
rator without taking the commutator with a component of momentum.This
follows as in Theorem 4.1 of Enss and Weder (1995a).1 omit details.

There is an extensive literature about direct scattering with time-
dependent potentials.See for example Theorem XI.28 of Reed and Simon
(1979),Yafaev (1980),Yajima (1980) Kitada and Yajima (1982) Kitada and
Yajima (1983), Graf (1990) , Wiiller (1991),Ito (1993),Ito (1995) and the
monograph Cycon et al.(1987) where further references are given.The papers
Yajima (1980),Graf (1990) ,Wiiller (1991),Ito (1993) and Ito (1995) study
the charge transfer model for the scattering of a (light) particle under the
action of moving centers of force. This type of potentials are included in my
class under appropriate conditions.

3 Slowly Decreasing Potentials that Vanish
Asymptotically in Time

In this Section I study the particular case of potentials that tend to zero as
t — too.An important physical example 1s the case of potentials of compact
support in time.This corresponds to a situation where a potential is turned on
and then switched off after a (short) time. An interesting aspect of this case
is that potentials that decay very slowly as |x| — oo are of short range in the
sense that no modified Dollard free evolution is required and the canonical
wave operators exist provided that the potentials go to zero fast enough as
t — Z00.The basic physical intuition here is that since the strength of the
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interaction goes to zero as t — 400 the potentials may go to zero as |x| — oo
very slowly and still the trayectories are well approximated as ¢ — +oo by
the free motion.I now define an appropiate class of potentials.

DEFINITION 3.1. [ denote by Vothe class of potentials

= 30Vt % - %) (43)

i<k
where Vi (t,y) is Kato-small,

VR y)(=Ay + DY <C

for some constant C.Moreover, for all ¢ € R there are positive constants C
and vy such thai

Vit ¥)(=Ay + D7 F (Iy| > vlt = ql)[| < CO+[t)) " (1+vlt—q])™7 (44)

forv> v, witha>0,1>8>1/2,anda+ 3> 1.

Equation (44) is equivalent to the more intuitive decay condition
|7 (yl > vt — aDVii (&, y)(=Ay + DM < C 1+ )™ (L+vft —g))™" .

LEMMA 3.2. Suppose that V € Vy with 0 < 8 < 1 and that Assumption
P is satisfied. Then for all fi € CP(R™)and ¢ € R

/ dt
—00

‘/Jok(t)ik - J~(]) e-i(t—q)Ho H fj’k'(Pj’k’ — /j]'lkl V]'/k/)

JI<k!
o o), 0<p<1,
I+ % — %) || = (45)
O((lnvjk)/ Ujk)) g=1,

as v — O0.

Proof:Let us denote the integrand in the left hand side of (45) by I.Then
I <Ii+ I+ I3 where I;,j = 1,2,3 are defined, respectively,as in (25),(26)
and (27) with V3, replaced by VJO,c and U(t, ¢) replaced by 1.As in Lemma 2.6
we prove that the integrals of I} andl; give contributions to the right hand
side of (45) that are of order O(v™!) Furthermore, by (44)

0<pB<1,

-8
Vig

o0 o0
/ ﬁhSC/ (1+[t)~*(I-+vslt—q))? < C
—oo oo |Invjl/vik, 6=1"
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It turns out that only the slowly decreasing parts of the pair potentials
need to vanish as time goes to plus and minus infinity.In fact I can even allow
for pair potentials that grow in time, provided that they have fast enough
decay as the interparticle distances go to infinity, in the sense that they belong
to Vsr.So I assume that

V=VvS+V°

with V¥ € Vsr and V° € V. The time—dependent interacting Hamiltonian

H(t)= Ho+ V5 +V°

is self-adjoint in D(H (t)) = D(Hg).Note that Lemma 2.6 holds with VL = 0
and UP (¢, q) replaced by e~*(*=0Ho Using also (45) we prove as in Section 2
that the canonical wave operators

24(q) =s— . liin Ulq,t) e~ i(t=0)Ho (46)
exist and that
' v P, 0<pg<1l,
(U (t,q) 2+(q) — e~ -DH)By || < C (47)
[Inv]/v, 8=1,

where @y is defined as in (11). The canonical scattering operator is
S(q) = (2+(0))" 2-(q) - (48)

THEOREM 3.3.  Suppose that V° € Vsg, V° € Vo, that Assumption P is
satisfied,that for some 1 < a <n and all g € C(R")

3}
(5=va) 0 a@F(x> | <ca+n™=
0 < 6 < 1,and that for all @ € Ho(R") the functions t — V4(t,x)P and
t — ({;—V&)(t,x)@ are strongly continuous from R into L?(R™).Then for
all &y, Uy as in (11),

limy, —, o0 v ([S(Q);Pa]qjv, Wv) = ffooo dr [(sz(q, X+ T‘A’)Pa@n, &’712)
- (sz(q, X+ 17V)®19, ‘Pa!pm)] +

Zf:)ooo dT((%‘/loz)(q,X—f— 7'\7)@12,@12) . (50)
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Proof: The proof of Theorem 2.3 applies in this case.l replace the Vj'k(t, x)
by Vﬁc(t, x) and UP(t,q) by e*(!—0Ho 314 [ eliminate the terms containing
Vj'k(t,tpjk/2yjk).Remark that it follows from (45) and (47) that now

O(w=®F-1) 1/2<p<1,
R(v) = { (51)

O((lnv)?/v), B=1,

as v — oo.Finally since (32-V%(x)) is a short-range potential the particular

case of Lemma 2.6 with U(t,¢) = I applies and we complete the proof as in
Theorem 2.3 using Lebesque dominated convergence theorem.

COROLLARY 3.4.  Suppose that each one of the Vi (1, %z —%;),1 < j <
k < N,satisfies the assumptions of Theorem 3.2. Then (the high velocity limit
of) S(q) for one ¢ € R determines uniquely the potential V.

Proof:This Corollary follows as in the proof of Corollary 2.4. Recall that since
S(qz) — ei(ﬁ-h)HoS(ql)e—i(m—qz)Hu
if we know S(gq) for one ¢ € R we know it for all ¢ € R.

COROLLARY 3.5. Suppose that the hyphotesis of Theorem 3.8 are sa-
tisfied and that for each ¢ € R there are p; > 0 and functions Q;(x),7 = 1,2,
such that for every g € C°(R"™) the operators Qi(x)g(p) are bounded and

lvlsZ(t + q, X) - VlsZ(qJ x)l S ltlplQl(x) 3

(VR 4,3) = (o V@, < 17 Qalx) |

with
7 ar 0+ 0 1@ 0s(e) (1l 2 7l < 00, = 1,2

and that for some 0 < ps < (28— 1),p3 < 6, with B as in (44)and 6 as in
(49), all g € C(R™) and all ¢ € R, there are a vo > 0 and a function h
with (1 + )P h(r) € L}((0, 00)) such that for allr € R

IVis(r/v + a,x)g(p)F(|x| > [rDIl < A(Ir]), v > vo -
Then for all v, ¥y as in (11)
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v <[S(Q);Pa]§5v;!pv> = /°° dr[(V&(g,x-}- T‘"’)Pa@n,ﬁpm)

-— 00

— 00

. e 0 .
- (VfQ(q,X + TV)¢‘12,Paq712)] + 1/ dr ((5;‘/102)(4, X + 7V)P1 3, Spm)

O(U_ps); p3 < 2/6 - 17
+O0(v™") 4+ O(v™"2) + (52)
O(v=r), pa=28-1<1.

Proof: The proof follows as in Corollary 2.5 and using the bound given in (51)
for the error term R(v).Note that in (52) I do not allow for ps =28 —-1=1
when 8 = 1 because I need that p3 < § < 1.
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Abstract. Propagation of a transversely polarized time-harmonic electromagnetic
plane wave normally incident on a stratified nonreciprocal chiral (bi-isotropic) slab
is considered. The medium is modeled by the constitutive relations in the frequency
domain. The structure of the scattering matrix is analyzed. The inverse problem of
reconstruction of material characteristics of a medium is studied.

1 Introduction

In this paper we deal with the scattering problem of a transient electromag-
netic field normally incident upon a stratified nonreciprocal chiral slab. Our
main goal is to study the inverse scattering problem, that is given the scatter-
ing data (obtained from the measurements of the incident and the reflected
fields), to determine information about material parameters of the media.

According to Maxwell’s theory of electromagnetism, one can describe ma-
terial media by constitutive relations that relate dielectric displacement D
and magnetic induction B to electric and magnetic fields (E and H, respec-
tively).

A bi-isotropic (nonreciprocal chiral) medium is a linear medium that has
the following constitutive relations (Lindell, Viitanen 1992, Kong 1986):

D=cE+|x—ik]H (1)
B =pH + [x +is]E 2)

where ¢, 41, x and & are the permittivity, permeability, nonreciprocity param-
eter and chirality parameter, respectively.

Recent years have seen growing interest in wave propagation in media with
complex structure (cf. Lakhtakia, V.K.Varadan, V.V.Varadan 1989, Jaggard,
Engheta 1991) motivated, from one hand, by a variety of novel phenomena
and characteristic features and their potential usefulness in applied electrody-
namics, and, from the other hand, by impressive advances in material science
and technology that make possible for such materials to be manufactured.
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In the present paper, the material characteristics that enter the constitu-
tive relations (1), (2) are assumed to vary with one direction (depth), which
makes the problem one-dimensional.

We analyze the structure of the scattering matrix and transform Maxwell
equations to a form suitable for the solution of the inverse problem. The
uniqueness theorem on the recovering the material parameters is proven and
the reconstruction formulae are given.

2 Field equations

Maxwell equations

rot H = iwﬁ,

rot E = —iwB (3)
together with the constitutive relations (1), (2) describe the propagation of
the harmonic (with time dependence exp(iwt)) electromagnetic waves in a bi-

isotropic nonconducting medium. It is assumed that the medium parameters
have the following structure:

{51,M17X1,'€1} z2<0
{&; 1, %, 6} = < {e(2), u(z), x(2),k(2)} 0<z<| (4)
{e2, 2, X2, Ko} z>1

i.e. the half-spaces z < 0 and z > [ are homogeneous (with the related
constant parameters marked by the indices 1 and 2), and the slab 0 < z </
is stratified in z-direction. Assume also that a transversely polarized plane
wave is incident from the half-space z < 0 such that E = (Ey, E»,0), H =
(H1, Hy,0). Then one can rewrite Maxwell equations in the following form:

%(5) :in(z)(fI) (5)
where E= (21), H = (),
wee = (T0EIE ) e ©)

with B = (_01 (1)) (cf. He 1992).

To simplify the following analysis, we assume that the slab is matched
to the half-spaces z < 0 and z > [, so that the real-valued (for lossless
media) functions &(z), u(2), x(z), and x(z) are continuous (and, moreover,
differentiable) on the whole axis —co < z < +o00. For practical cases, x and
Kk are comparatively small, so that x2 + x? < eu is also assumed.

As it was shown in (He 1992) (see also Corones, Stewart 1993), to ana-
lyze the wave propagation in complex media, and to obtain a physically clear
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interpretation, it is convenient to reformulate the relevant differential system
in such a way that one can identify the down-going modes (propagating in
the positive z-direction) and up-going modes (propagating in the negative
z-direction). It can be done by diagonalizing the leading part (with respect
to the spectral parameter w) of the relevant system. The diagonalizing trans-
formation (He 1992) is given by

E
@=106) () ™
where
1-ign i+q -l @
1l i-@¢ 14ig —-g g
T(z) == . . . Z 8
(2) 2V 1-ipg —i—q1 —ig2 —¢q (2) ()
—i+q@ l+4+ipn g2 ige
7
q1 = LQ, G = —F——= 9)
ep—x ep — X
and the wave equation becomes
Q. . R
5 W)W ()T~ (2)Q + T'(2)T™ (2)Q (10)
— wD(2)Q + V(2)Q
where

D(z) = diag{—A1(z), —A2(2), \1(2), A2(2)}
M =vVeu—-x2+k

Ao =+eu—x2—& (11)

iy 0 0 7
Ve =TEre=| o T 0 ]@ (12)

0 0 0 iy
NP
_ Ve XTI (13)
L

1 .
v = 5{41 +igsp}y,  p

To study (10), it is convenient to apply the transformation that make the
“potential” part V(z) of the equation off-diagonal. Let

Y = E3Q = BT () =7i6a) (77 (19
where

Eu®) = o { = [ Vant)dt ) = dingle(a) () e(2) 2y (1)
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e(z) = exp {i /0 zv(t)dt} . (16)

From (10) and (14), we obtain the following equation
oy

o = WwD(2)Y + Vi(2)Y (17)
where
o 0 o0 8
We =g 5 3 o]0 se=v@en{a [ e
B 0 0 O
(19)

Notice that Vi(z) =0 for 2 < 0 and z > [.

3 Scattering matrix

The Jost solutions Yy (z,w) of (17) are defined by their behaviour for large
|z| (that is, for our case, for z outside the interval (0,1)):

Y_(z,w) = diag {e—iwkl(())zye—iw/\z(o}z’eiw)\l(O)z’eiwz\z(O)z} for z < 0
Y, (z,w) = diag {e—iw)q(l)z’e—iw/\z(l)z’eiw)\l(l)z’eiw)\z(l)z} for z > 1 . (19)

First two columns of these solutions correspond to down-going waves,
whereas last two columns correspond to up-going waves. The Jost solutions
are related by the scattering 4 x 4 matrix S(w):

Yi(z,w) =Y_(z,w)S(w) . (20)

In what follows we will denote by A(; 5, 1,J = 1,2 the corresponding 2 x 2
block elements of a 4 x 4 matrix A. From (20) we have

Yiaa -1 _(Y_ a1 Y_ (1,0

()= (Vi) + (i) me e
where R(w) = S 1y(w) - S(_l,ll)(w). The left-hand side of (21) corresponds to
the transmitted down-going wave for z > [, whereas the first and the second
terms in the right-hand side are the incident down-going wave and reflected
up-going wave, respectively. Therefore, R(w), w > 0, is the physical reflection
coefficient matrix for the slab which can be considered as input data for
the inverse problem, that is the problem of reconstruction of the unknown

material parameters using scattering information.
Come back for the moment to the scattering relation (20) and study

the structure of the scattering matrix S(w). Obviously, due to the specific
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structure of the potential matrix V;(z) in (17), the structure of S(w) is also
special. Indeed, set

Y =cYc, (22)
where
100 0
e300 =
01 0 0
Then (17) and (20) yield
%’ — WD)V + V()7 (24)
Vi =Y. S(w) (25)
where
D(2) = diag{~1(2), \a(2)A1(2), —Xa(2)}, (26)
08 0 0
@=10 0 o e (27)
0 0 -8 0
S(w) = CS(w)C . (28)

Therefore, the 4 x 4 scattering problem (24), (25) factors into two 2 x 2
scattering problems for its (1,1) and (2,2) blocks:

&y [ Sap@) 0 - (e o
S{w) —( 0 5(2’2)(&))) Yy = ( 0 o® (29)

and
o0 =g .5, W), i=1,2 (30)

where 2 X 2 matrices Lpﬂ(; ) are the solutions of the following equations:

Q)

ag: = iw ("\6(2) /\iz)) AR (ﬁ?z) “ E)Z)) i) (31)
@

&gj =W (Aléz) —/\2(2)> v+ (—§<z) —%(z)> we @

The next step is to transform the problem (31), (30) to the scattering
problem for Zakharov-Shabat equation (cf. Faddeev, Takhtajan 1987).
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Let
(1) (1) 1, #
& (z,w) = P27 (z,w)exp {Ew/o (A1 (t) — )\g(t))dt}
éf:)(z,w) = Wil)(z,w)exp {%iw /OZ(Al(t) - Az(t))dt}
!
X exp {_%iw/o [(Ax(®) = A2()) = (M{l) — Az(l))]dt} (33)

Then é(il ) satisfy the differential equations

1

aﬁ: = wAe(2) (‘01 (1’) oD 4 ( E?z) ﬂg”) o) (34)
where
Ae(2) = () + Ml (35)

and the boundary conditions
3 (2,w) = diag{e (@2 X2} for z < 0
8 (z,w) = diag{e™ V2, 2V} for z > 1 .
The scattering relation for (34) is
o) =2l 530 (w) (36)
where

l
52 = Sun@-en{-Jio [10u0-20)-a0-20)t} . @)

Introducing new variable

=2 [ X(r)d 38
€2 =2 [ Adr)dr (38)
and defining

é_(¢) = 29 (2(9))

b,(€) = 8V (2(e)) - ding {e— Jyem=retnar f(jucm—xc(z))dr}

from (34) and (36) we obtain
0by 1. (- . 3
_8§_i = §iw ( 01 (1)) DL + (ﬂ?{) u%ﬁ)) P4 (39)

d, =_-5w) (40)

Il
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where

ue) = o (=(6) (a1)

& —iw { — 7 i ) T)—
Sw) = SO (w) - diag {e [pem=remar o [l Ac«))df} (42)

and

B_(¢,w) = diag{e™“¢/2,€/2} for ¢ < 0,
b, (£,w) = diag{e™wE/2 &iw¢/2} for £ > €(1). (43)
The problem (39), (40), (43) is the well-known Zakharov-Shabat scatter-
ing problem with self-adjoint potential matrix (cf. Faddeev, Takhtajan 1987).

Hence, we can use known facts concerning the direct and the inverse problems
for this problem:

1) the scattering matrix S(w) has the following structure:
sty = (@) B)
9= (56 #0) (44
where |a(w)|? - |b(w)|? = 1, a(w) is analytically extended into the half-plane

Imw >0, and a(w) =14 0(1), as |w| — oo, Imw >0 ;

2) the function u(¢) (and, therefore, the solution $4(¢,w)) is determined
uniquely by the scattering coefficient of this system r(w) = b(w)a~1(w) given
on the real line —oco < w < +00.

Coming back to the problem (24), (25), from (37), (42) and (44) we have

- _ e
Siy(w) = (a(w) ﬁ(w)) ~diag{e“" fol(k1(7')—/\1(l))d7'7e—1w fo(,\z(r)—,\z(z))dT}

blw) a(w)
. (45)
Now consider Sz 2){w). Writing (31) and (32) in the form
) ) )
— AW® (@)
5 AW (z, )P, (46)

one can see that —BA®)(z, —w)B coincides with A (z,w) under the chang-
ing A1(z) < A2(2) in the diagonal part of AV (z,w). This fact, together with
(45), implies the following relation:

_(aw) bw)Y i foiw [Oa@-re@)dr —iw [l 1) a@)dr
= (b(w) a(w) diag { "' /o e }

Denote by eg{w), k = 1,2 the exponent factors:

!
ex(w) = exp {iw /0 O (r) — )\k(l))d'r} . (48)
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Then (45), (47) and (28) lead to the following structure of the scattering
matrix S(w):

a{w)e (w) ~ 0 . b(w)ez  (w)
sw=| o Gioe W fefll(ﬁfi) o | @
b(w)ey (w) 0 0 a(w)e; H{w)

and, consequently, to the structure of the reflection matrix R(w):

R = s 550 = (40, H) = (1 ™) o0

Here r1(w) coincides with the reflection coefficient r(w) for the Zakharov-
Shabat system (39)
r1i(w) = r(w) = b(w)a"(w), (51)

and
ro(w) = —F(—w). (52)

4 Inverse problem

It follows from (51) and (52) that R{w) given for w > 0 determines the
reflection coefficient r(w) for the Zakharov-Shabat problem (39) on the whole
line —oo < w < 00!

_J ri(w), w>0
o= {1l 3)

~Ta(—w), w<O0.

Knowing r(w) allows a means to reconstruct the potential function u(§) as
well as the solutions @ (€,w) of the Zakharov-Shabat system (39) (see Ap-
pendix). ,

Further, if 434__(5,(41) are known, one can obtain the information about
material parameters using, for example, the behaviour of $. (£, w) as w — 0.
Indeed, from (5) and (14) we can express Y (z,0) in terms of the functions to
be reconstructed:

Y(2,0) = T (2)I7(0) =

t(1 — i6) 0 0 t(i+6)

1 0 t(1+i6) f(i-6 0

T2 0 t(—i —13)) t((ll - 16)) 0 (54)
t(—i+6) 0 0 (1 +i6)

where

(@) =ew {3 [ 140 - 6L +iZepar} o)

6(2) = q1(2) +ig2(2)p(0)- (56)
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From the other hand, (22), (29) and (33) imply

Yi1(2,0) = $_11(¢,0)
Yia(z,0) = &_15(¢,0). (57)
Denote .

A(E) = Ar(&) +1A1(€) = ¢_11(¢,0),

B(¢) = Br(€) +1iB1(€) = $-12(£,0).
From (54) and (57), we obtain the linear system of equations for determining
Ag(&) = Reé(z(€)) and Ay(€) = Imé(2(§)):

AR(BI — AR) + AI(BR — A]) = —A; — Bg
AR(BR+A1)+AI(—BI—AR):—AR+B]. (58)

The determinant A of this system is non-zero for any § because A = |4|% —
|B|? = det 9(£,0) # 0, so that we can determine Ag and Ay:

A;Br + ArB

Ar(8) = *Q#A—E—R(E)

_(Ar+Br)* + (A1 + Br)®
A

Theorem 1 The reflection matriz R(w) given for w > 0, added by the pa-

rameters q1(0) and q2(0) determines uniquely two functions Qx(€), k = 1,2
of the variable & such that

Ar(€) = © - (59)

() = x(2)
Q‘@Lw =46l = e e
 oola) = p(z)
Q2<e>1§:§(z) =0 = s (60)

where

) = [ a0 + 20l =2 [ VEDRE -0 (6

The statement of Theorem follows immediately from the considerations
above and the equalities

Q1(§) = Ar(§) + 01(0)As(€)
Q2(8) = 22(0)As(8) - (62)

Now we can make some conclusions concerning the reconstruction of the
material parameters under normal incidence of exiting plane wave:

a) chirality parameter k¥ = k(z) does not affect the reflection matrix; more-
over, it enter the scattering matrix S(w) only in an averaged form fg [k(t) —

K(1)]dt.
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b) the reflection matrix allows reconstruction of two (independent) functions
of space variable. For example, if one of three functions &(z), u(z) and x(z)
is known then other two parameters are determined using the relations (60)
and (61):

1) if 44(2) is known, then the dependence & = £(2) is uniquely determined
by the ordinary differential equation

2u(z)dz = Qo(£)d¢ (63)

with the initial condition £(0) = 0. The functions x(z) and &(z) are recon-
structed by the formulae

X(2) = 5@ (€(2)E (2) (64)
o HEEP+0)
(%) S (65)

2) if x(2) is known, then the equation

2x(2)dz = Q1(£)d¢ (66)
determines the dependence § = £(z); u(z) is given by
() = 3QERE ) | (67)

and e{z} is given by (65);
3) if £(2) is known then the equation
1+ Q3(¢)
Q2(¢)
gives € = £(2); x(z) and p(z) are then reconstructed by (64) and (67).

d¢ = 2e(z)dz (68)

Appendix

Here we briefly describe the scheme of solution of the inverse scattering prob-
lem for Zakharov-Shabat system based on the Gel’fand-Levitan-Marchenko
integral equation (for details see Faddeev, Takhtajan 1987).

Given reflection coefficient r(w), define 2 x 2 matrix

2(8) = <#(§) 913(§)>

where

1 o .
212(€) = _E/ r(w)e e/ 2dw .
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Then the Gel’fand-Levitan-Marchenko integral equation (for the left end) is
written in the form

¢
F—(&n)+9(§+n)+/o I (§,s)2(s+n)ds=0, 0<n<§  (69)

with respect to 2 x 2-matrix I'_(£,7n), for every fixed ¢ € [0,1].
The solution I"_(§,n) of (69) determines the potential function u(§) and
the solution of (39) @¢_(£,w) in the following way:

u(§) = 2I_12(£, ) (70)
13
$_(6,w)=E /OF (€ ) E(t, w)dt (71)

e—1w£/2 0
where E(¢,w) = ( 0 ei“’ﬁ/z)'

Acknowledgment

During this work, D. S. benefitted from the hospitality of the Laboratory of
Mathematical Physics and Geometry, University Paris-7. The partial support
of C.N.R.S. is gratefully acknowledged.

References

Corones J.P., Stewart R. (1983): J. Opt. Soc. Am. A 10, (9}, 1941

Faddeev L.D., Takhtajan L.A. (1987): Hamiltonian Methods in the Theory of Soli-
tons (Springer-Verlag, Berlin)

He S. (1992): J. Math. Phys. 33 (12), 4103

Jaggard D.L., Engheta N. (1991): in Directions in FElectromagnetic Wave Mod-
elling, Bertoni H.L., Felsen L.B., eds (Plenum, New-York).

Kong J.A. (1986): Electromagnetic Wave Theory (Wiley, New York)

Lakhtakia A., Varadan V.K., Varadan V.V. (1989): Time-harmonic Electromag-
netic Waves in Chiral Media, Lecture Notes in Physics, 335 (Springer-Verlag,
Berlin)

Lindell 1.V., Viitanen A.J. (1992): IEEE Trans. Antennas Propag. 40, 91



Recovery of Strongly Scattering Permittivity
Distributions from Limited Backscattered
Data Using a Nonlinear Filtering Technique

M. A. Fiddy and D. A. Pommet

Department of Electrical Engineering,
University of Massachusetts Lowell,
Lowell, MA 01854, USA

e-mail: fiddy @cemos.uml.edu
www.uml.edu/Dept/EE/RCs/CEMOS

1 Introduction

Imaging from scattered field data is traditionally referred to as diffraction
tomography. These imaging methods, which are both numerically feasible (Fourier
inversion-based) and yet mathematically rigorous, have generally required that the
scattering objects be only weakly scattering, (e.g. based on the first-order Born or
Rytov approximations). This severely limits their usefulness in practice. Many
advances have been made based on iterative techniques, for example, to try to
extend the class of objects that can be imaged. In this paper we report on a new
approach that can be applied when these weakly scattering approximations are not
valid. The methods remains a Fourier-based procedure, allowing well known
spectral estimation and noise handling algorithms to be readily incorporated. We
show how one can calculate a function using the available scattered field
measurements from which an estimate of the permittivity distribution can be found
by applying a nonlinear filtering technique. Most inversion techniques, including
the one reported here, assume that scattered field data are available all around the
object, for a set of incident field directions that circumscribe the object. Beyond
this, we also consider the recovery of strongly scattering permittivity distributions
from severely limited angular data, including backscattered data. This constraint
occurs in many radar applications, as well as medical imaging, remote sensing and
non-destructive testing. A Fourier-based method for image restoration can be
directly built into the nonlinear filtering method and reconstructions using both
simulated and real data have been calculated.
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2 Imaging From Scattered Fields

Methods for inverse scattering, directed toward imaging a permittivity profile (or in
acoustics a velocity distribution) from scattered field data, usually require that the
object be weakly scattering or have a permittivity which varies spatially only slowly
on the scale of the illuminating wavelength. Under these assumptions, inversion
methods collectively referred to as diffraction tomography techniques, can be
formulated as straightforward Fourier inversion procedures [1]. The scattered field
data under these conditions, based on adopting the first-order Born and the Rytov
approximations, are mapped onto the Ewald sphere in k-space and inverse
transformed. These methods for diffraction tomography are both numerically
feasible (Fourier based) and mathematically rigorous, but require that the scattering
object only interact weakly with the incident field. These approximations are rarely
applicable in practice, thus limiting their usefulness. Although more robust than the
Born approximation, the Rytov approximation requires a nonlinear transformation of
the data to be made prior to using an identical inversion step as that performed when
the Born approximation is valid. This nonlinear step requires that the logarithm of
the scattered field measurements be taken. There are numerous problems in doing
this when the magnitude of the scattered field is close to zero and when the phase of
the scattered field has a range that exceeds 2w. Phase unwrapping is exceedingly
difficult especially in two and higher dimensional problems, in which wavefront
dislocations can naturally occur in large numbers, rendering the idea of a smoothly
unwrapped phase meaningless.

When the Born approximation is not valid, a Fourier based method can still be
exploited and this is the key to the nonlinear filtering approach described here. The
limitations of weak scattering and distorted wave inverse scattering methods are
overcome by recognizing that the image recovered assuming the Born
approximation to be valid, can be interpreted and filtered despite the approximation
being invalid. One can invert or backpropagate the field for any given illumination
direction and apply a filter to these field data in the cepstral domain; this is
explained in more detail in a later section. This approach thus extracts information
about the scattering function from sets of backpropagated fields, each one being
interpreted as the product of the unknown permittivity distribution function with an
unknown field distribution.

There have been many other developments which extend the domain of validity of
the Born and Rytov approximations [1-3]. These methods, sometimes iterative in
nature, either assume sufficiently weak scattering that the Born series or a modified
form of it converges or they assume that some a priori information about the
scattering object is available. With prior knowledge of a background scattering
medium, one can recover small fluctuations in permittivity about this background
applying distorted-wave Born and Rytov methods. The distorted-wave approach has
been widely used and reported and is also of use in modeling scattering in nonlinear
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media [4,5], in which only small externally induced changes in the permittivity are
expected. However, such methods do not provide a sufficiently general approach to
solve an arbitrary inverse scattering problem, for which such prior knowledge is
unknown. It is also important to point out that even when some prior knowledge
about the scattering distribution is available, it can be a difficult task in its own right
to compute the multiple scattering that occurs in a strongly scattering, but known,
background structure. Also, in any of these imaging situations, additional
difficulties arise from the limited number of field samples available and, typically,
the limited number of illumination directions that can be employed. Indeed, in
optical scattering, one may well need to estimate the object from scattered field
intensity data by simultaneously estimating the missing phase information. These
practical constraints necessitate that an image estimation or restoration technique be
included in the inversion algorithm. This is readily done when the inverse scattering
algorithm remains essentially Fourier-based in form.

More general methods or "exact" inversion procedures have proved extremely
difficult to implement, sometimes relying on embedding the object in a medium
whose permittivity is close to that of the mean of the object's permittivity, or are
limited to recovering shape or surface profile information [6-8]. The method we
report is potentially “exact” based on a nonlinear or homomorphic filtering. The
method extends the range of validity of the existing techniques to arbitrary
scatterers, i.e. without the need to specify an upper bound on the permittivity of the
object. We briefly outline the principle behind the approach and will then describe
some of the problems associated with its use, along with solutions to these problems.

3 Theoretical Model

Consider a scattering object having a permittivity €(r) which is embedded in a
medium of permittivity €, where € = g[1 + V(r)]. We assume the object to be
bounded by a compact support D, and assume that & is the free-space permittivity.
V(r) is referred to as the scattering or object function, i.e. it represents € - 1 and is

the quantity we wish to estimate. If the scattering object possesses cylindrical
symmetry and the polarization of the incident time-harmonic electromagnetic wave
is along the symmetric axis of the scattering object, the depolarization term in the
vector wave equation can be neglected [1].

For the case of an incident plane wave W (r, krg ) = elkro'r , then from the scalar
Helmholtz equation we can express the total field ¥(r, kto ) in terms of the
inhomogeneous Fredholm integral equation of first kind, namely,
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W(r, ki) = Wolr, kio) - k2 [dr'Go(r, r)V(r)¥(r", ki)
D
=W (r, kio ) + W (r, kio ), 3.1)

where W (r, ktg ) is the scattered field resulting from the interaction of the incident
wave W(r, ktg ) with the scattering function V(r), G,(r,r") is the free-space Green's
function, k is the wavenumber in free space, and Ty denotes the direction of
illumination. The integration in eq. (3.1} is over the support of V(r) defined by D.
Using the far-field approximation for the outgoing spherical wave G (r,r") , we
obtain

-ikrr’

zeikr
W(r, krg) =k e f dre VE)¥(’, krg) 3.2)

D

When adopting the first Born approximation, the total field (or internal field) ¥(r,
kFq ) is replaced with the known incident field W (r, kg ) in the integral above [9].
This approximation is valid when klgr - 1la < 7/2, which, as we stated earlier, is not
valid for most imaging problems of interest. The parameter a is the characteristic
dimension of the object, and as the extent of the object increases or the magnitude of
the permittivity fluctuations increases, the first Born approximation becomes
increasingly poor. The Born approximation improves however by increasing the
wavelength of the illumination, but this in turn degrades the resolution of the
resulting image as will be evident later.

Equation (3.2) may be written

ikr

¥ (r,kr,) = k?>-—f(kr,kt,), (3.3)

4mr
where f(kT , kFq ) is the scattering amplitude which is defined as

f(kE,kE,) = jD dr’e 8 V(r')¥(r’, kE,) (3.4)

In the first Born approximation, the relationship between the (complex) scattering
amplitude and the scattering function V(r) becomes a Fourier transformation,
namely,

54 (kE, kL)

i

J dr/e—ik?-r'V(r/)eikf;,-r’
D (3.5)
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One can calculate and estimate for V(r) by performing an inverse Fourier

transformation on the measured far field scattering amplitude data, fBA(ki', krg) .

These data are related to the object distribution by Fourier transformation when the
scattering amplitude data are located on the Ewald sphere in k-space, a locus of
points tangent to the k-space origin and of radius k. Inverse Fourier transforming
these data is formally equivalent to backpropagating the scattered field into the
object domain from the measurement space.

Since the scattered field data are mapped into k-space on circles of radius k ,
forward scattered data maps close to the k-space origin while backscattered data are
located furthest from the origin giving high spatial frequency information about the
object. As k increases, one can expect that higher spatial frequency information
about the object can be recovered. That any inversion necessarily results from
limited k-space coverage is to be expected and the image artifacts that might result
will depend on how uniformly the data cover k-space and the signal to noise ratio.

When the Born approximation is not valid, this Fourier relationship can still be
exploited and this is the key to the nonlinear approach presented in this paper. One
can readily see that inverting the scattering amplitude data determines not V(r) but

rather the function V (r, ktg ) [10] which is given by
W(r,kr,)
¥ (r,kr,)

V; (e, ki) = V(r) (3.6)

The symbol = in the above equation recognizes the fact that the reconstruction is
approximate since the Fourier transformation can only be taken for each Ty =
constant and limited k-space coverage will limit accuracy.

The total field can be expressed by

’ k"
W(r,kt,) =", (r,kt,) - k* f dr’G, (r,r")V(r) M ¥ (v ki) (37
° ¥ (r',kt,)

for the case of a general scattering object, and one can write the Fourier relation
Y(r’, kd)

3.8
¥ (r' kQ) G:8)

fkB,kd) = [are™Forvar)
D
Consequently, a first Born inversion of the scattered field data for Ty = constant,
generates a filtered estimate of V(r)¥(r, kg )/ Wo(r, kro ) from which one can
attempt to estimate V(r) directly, since it is assumed that \P(r, kt'g ) = W, (r, kIg ).
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Under most normal circumstances, the field W(r, krg ), i.e. the field within the
scattering volume D, cannot be assumed to be equal to the incident field. It is
explicitly dependent on the direction of the incident plane wave which is known and
so for each illumination direction used, one obtains an “image" of the function
V(r)¥(r, ko ). Given data from many illumination directions, a set of these
“images” can be generated, one for each illumination direction, and in which V is
common to each one of them but ‘¥ is different. The recovery of an image of V can
therefore be formulated as a problem in which and ensemble of noisy images of V
require processing, the “noise” being multiplicative in nature.

4 Hemomorphic filtering

Since for each direction of the illuminating radiation, the V(r)¥(r, kg ) product
will change, a set of these single-view backpropagated reconstructions can be
generated,. We regard the term W(r, kI ) as an unwanted factor or multiplicative

noise term, which contains a certain range of spatial frequencies determined by the
distribution of energy of the radiation field and its effective wavelength within the
object. With respect to the spatial frequency content of the scattering object, this
multiplicative factor can be removed by homomorphic filtering techniques [11-13].
Direct Fourier (band-pass) filtering is not appropriate for multiplied signals of this
kind since their spectra are convolved.

Let us consider the nature of the filtering that might be required. If one considers a
weakly scattering object the internal field approximately equals the incident field
and will have a characteristic spatial frequency in the direction of propagation being
a plane wave. As the degree of scattering increases, the internal field will become
increasingly complicated in all directions, but will retain a characteristic correlation
length or minimum scale, determined by the wavelength of the radiation in the
medium V(r). As the permittivity increases, the effective wavelength of the
radiation in the scatterer decreases. Thus there will be some characteristic set of
spatial frequencies associated with W(r, kI, ) inside the scatterer, information made
available through backpropagation, which can be removed by filtering in the
cepstral domain. Indeed, since the spatial frequency content of W(r, kg ) should be

concentrated around some limited range of spatial frequencies, one can expect that
the energy associated with these components would be located in an annular region
in the spatial frequency domain, determined by the mean effective wavelength of
the radiation in D, under ideal circumstances.

The cepstral filtering inversion approach is as follows. When the Born
approximation is viclated, one recovers the function given by equation (3.6). For
each different incident direction, the product V(r)¥(r, kI ) will change and the set
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of these single view reconstructions is generated and stored. Taking the logarithm
of V(r)¥(r, ki ) changes the multiplicative relationship between V and ¥ into an
additive one. This then permits linear filtering techniques to be applied to the
spectrum of log{V(r)¥(r, kg )] to remove, or at least minimize, the effect of ‘.
The spectrum of log[V(r)¥(r, kio )] is referred to as the cepstrum of V(r)¥(r, krg )
[14]. This operation will modify the spatial frequency content of V over the same
spectral region as that of the removed ¥, but a second experiment at a different
illumination wavelength should rectify this. In practice there are difficulties
associated with taking the logarithm of the product V(r)¥(r, kg ) as the phase of
log[V(r)¥(r, ko )] can be highly discontinuous if the phase delay incurred on
propagation through the object exceeds 2w radians. The first Born approximation
assumes that this phase delay is much less than . The phase function will therefore
be wrapped into [-m,m] and abrupt discontinuities in this phase function generate
unwanted harmonics in the cepstrum, making it difficult to correctly filter. A
solution to this problem that avoids phase wrapping difficulties, is to make use of
the differential cepstrum [15].

After summing the partial derivatives of log[V(r)¥(r, kry )], we obtain an
expression defined by the quantity S
g ! ,Fa(V\P)Jr AVY) | @1
V¥ ox ady

where r = (x,y) in two dimensional problems. Here only derivatives of V(r)¥(r,
ko ) need be calculated (which can be easily obtained using a property of the
Fourier transform) and the phase wrapping problem has been eliminated. A
drawback in so doing is that the dc level of the function V(r)¥(r, ki ) is also lost.

This can be estimated from forward and backscattered data values however, One can
define the differential cepstrum as the logarithmic derivative with respect to either x
or y if one wishes to avoid only the phase ambiguity [11]; it is not necessary to form
the derivative with respect to both spatial variables.

There is an ill-conditioning problem that arises when V(r)¥(r, krg ) takes on small

values. This can be remedied by multiplying both the numerator and the
denominator of S by [V(r)¥(r, kg )]" where * represents complex conjugate and
then adding a small positive regularization parameter to IV(r)¥(r, kg )[>. The
dominant contribution from W(r, kirg ) is from the fundamental spatial frequency
component present. For examples for which the spatial frequency content of V(r) is
lower than that of ¥(r, kg ), a simple low pass filter applied to the differential

cepstrum should remove W(r, kro ) with only slight degradation to the recovered
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image of V(r). However, this is clearly not optimal, albeit effective in our
experience. A low-pass filter also reduces spatial noise arising from the

interpolation and summing of a limited number of views.

The sequence of steps required for this algorithm is shown in figure 1

¥ 2 {e}
V— — & FFT,,{®}|—=| Filter,, (e
¥, (] {} ilter,, { }‘l
L FFT;;,{s} Jierax 1 expfe)

Figure 1 Differential cepstral filtering

In figure 2, we illustrate the reconstruction of a simple cylinder with the
permittivities shown on the left, namely an € of 4.0 in the central region and 2.0 in
the outer annulus. The free space wavelength used was 3.0cm and the outer radius
of the cylinder was 9.9cm. The exact expression for the field scattered from these
concentric cylinders was calculated and used as data to check the inversion step.
Following low-pass filtering of the differential cepstrum of the backpropagated field
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Figure 2 Differential cepstral filtering
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5 Limited data points

Many important imaging techniques are based on measuring backscattered radiation.
Several inverse synthetic aperture (ISAR) systems, for example, have been
developed with the objective of extracting a maximum amount of information about
complex targets, just from backscattered signals. Common to these methods is a
stationary radar and a target whose radar aspect is varied in some specified way. In
this case, an arbitrary target axis intersects the radar beam axis making an angle 6
with it. As the target axis precesses around the beam axis its motion is similar to a
precessing top. Varying 6 between 0 and values of the order of 10 degrees yields k-
space data on a spherical cap with nearly constant polarization illumination and
nearly aspect 1ndependent return levels from specular scatterers Examples of the

extent « ‘ k. ’, two and
three d] ?\.._ B=10° m
A=k \_ —H—Q&%ﬁ. —H |5,
} Top
A, s Side Front

x-
-l-
|
|
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|
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Figure 3 Limited k-space data and corresponding 2-d projection coverage.

The reconstruction of an image from such a limited k-space coverage results in
considerable distortion of the image. The available data comprise a truncated
conical region in k-space of angular extent 20 with co- and cross polarization
information over the full angular range of 2.

When using these inversion methods, there is frequently a prior estimate of the
scattering object. The following spectral estimation procedure exploits this prior
knowledge when only limited k-space data are acquired. It takes a prior estimate,
P(r), of the broad features of V(r), e.g., V (r), and a set of equations of the form,
expressed in 1D for convenience, is solved [19-21]:

N
f(m)y= 3, a,p(m-n) ; m=-N, .., N
= (5.1)
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The values p(m) (m = -N, ..., N) are taken from the discretized Fourier transform of
P(r) and the scattering amplitude data are represented by f(m) (m = -N, ..., N).
Inversion of a matrix with elements derived from p(m) allows one to solve for the
coefficients a, (n=-N,...,N). In principle, the data, f(m), need not be uniformly
sampled, which means that this approach can be used to interpolate and extrapolate
both nonuniformly sampled and incomplete data sets. Obtaining the coefficients, a_
allows one to define an estimator that minimizes the approximation error given by:

j 1
dr—

P(r)

2

V(n)-P(r) Qa_e™

-7

5.2)

The resulting estimator of V(r) is termed the PDFT estimator because of its form,
namely, PDFT(r) = P(r)A(r), where A(r) is the trigonometric polynomial with
coefficients, a , i.e. we have

N
PDFT(r) = P() Dae™

n=-N (5.3)
If no prior knowledge is available, P(r) is a constant and the estimator reduces to the
DFT of the available Fourier data. In other words, if the prior estimate, P(r), is a
constant for Irl 2 «, then a= f(n) and the PDFT reduces to the discrete Fourier
transform (DFT) estimator, that is usually calculated. This PDFT estimator is both
continuous and data consistent, and the algorithm is easily extended to the two- or
higher-dimensional case.

This estimation technique is easily regularized in the presence of noise. One can
either modify the prior estimate, P(r), to take a small value outside the anticipated
support of the scatterer, V(r), or one can add a small positive constant to the
diagonal of the matrix, p. These can be shown to be equivalent to a Miller-Tikhonov
regularization process. This is a computationally intensive algorithm because it
requires the solution of a large set of linear equations. For 2M by 2M uniformly
sampled scattered ficld data, one must invert a 2M by 2M matrix if the prior
estimate, P(r), can be expressed as a separable function, otherwise a (2M)’ by (2M)’
matrix must be inverted.

6 Conclusions

We have described a method of processing backpropagated scattered field data
collected from strongly scattering objects. This differential cepstral filtering
approach allows direct inversion of scattered field data and incorporates a nonlinear
step, required to deal directly with the nonlinear nature of the integral equation of
scattering. It does not rely on linearizing methods based on the Born, Rytov, or
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their associated distorted-wave approximations. This filtering step has not yet been
optimized but in all cases studied to date, the spatial frequency content of ¥ has
been higher than that of the scattering object, allowing a simple low-pass filter to be
successfully employed [22]. The filter will necessarily result in some loss of
information about the target at these frequencies. On-going work involves
processing more data, especially that obtained from experiments using non-
cylindrically symmetric targets.

It is desirable to incorporate spectral, or in this case cepstral, extrapolation and
estimation techniques into the inversion algorithm. This allows one to recover an
estimate of the object even in the presence of noise and a limited data set in k-space.
The estimation procedure requires some a priori knowledge of the object, such as its
support. In the case of only having limited intensity data available to process, the
PDFT can still be useful, [19,23].

An important issue that remains to be studied regarding this method, is how one
should effectively use multiple view (i.e. multiple illumination direction) data over
various regions in k-space and how best to filter these data in the differential
cepstral domain. There also remains more research to be done in determining the
optimal sampling rate necessary to adequately represent the functions involved,
since taking the logarithm of a function, either implicitly or explicitly, renders it
non-bandlimited.
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Abstract. Inverse problems as direct solutions of electron scattering equations can be
deduced using either an invertible linearized eigenvalue system or a discretized form
of the diffraction equations. The analysis is based on the knowledge of the complex
electron wave at the exit plane of an object reconstructed for single reflections by
electron holography or other wave reconstruction techniques. In principle, this enables
the direct retrieval of the local thickness and orientation of a sample as well as the
refinement of potential coefficients or the determination of the atomic displacements,
caused by a crystal lattice defect, relative to the atom positions of the perfect lat-
tice. Considering the sample orientation as perturbation the solution is given by a
generalized and regularized Moore-Penrose inverse. Extracting solely the atomic dis-
placements the latter are given by the zeros of a function with an incompletely known
Fourier spectrum. The numerical algorithms resulting from the fundamental relations
imply ill-posed inverse problems.

1 Introduction

Inverse problems are difficult, always fascinating, and in most of the cases ill
or improperly posed (Tichinov and Arsenin (1977), Lavrentiev (1967)). Ill or
improperly posed means that one or all requirements are violated that usually
characterize physics, i.e. existence, uniqueness and stability of a solution. As
often occurring in many physical investigations, in the mathematical sense, the
direct solution of the diffraction equations implies an inverse problem. Although
the inverse problems violate especially the existence of unique and continuous
solutions to arbitrary data they are of great practical importance, if the trial-
and-error solution demands a large variety of possible solutions and models to be
tested, mostly providing a better insight into the basic relations of the physical
phenomena.

For instance, the imaging of crystal defects by high-resolution transmission
electron microscopy or with the help of electron diffraction contrast technique
is well known and routinely used. Though the theoretical image calculations
always tend to establish standard rules of interpretation, a direct and phe-
nomenological analysis of electron micrographs is mostly not possible, thus re-
quiring the application of image simulation and matching techniques. Images are
modelled by calculating both the interaction process of the electron beam with
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the almost periodic potential of the matter, and the subsequent Fourier imaging
process including the microscope aberrations. The images calculated are fitted
to the experiment by varying the defect model and the free parameters. This
trial-and-error image matching technique is the indirect solution to the direct
scattering problem applied to analyse the defect nature under investigation.

Electron holography or other reconstruction techniques (Lichte {1986), Lichte
(1992), Coene et al. (1992), van Dyck et al.(1993)) permit the determination of
the scattered wave function at the exit surface of the crystal directly out of
the hologram or from defocus series up to the microscope information limit
owing to the noise in the phase distortion. Especially the sidebands of a Fourier-
transformed hologram represent the Fourier spectrum of the complete complex
image wave and its conjugate, respectively, from which the object wave can
be reconstructed. Thus, both the reconstructed amplitudes and phases can be
compared to trial-and-error calculations (Lichte (1991), Lichte et al. (1992)).

In previous papers (Scheerschmidt and Hillebrand (1991), Scheerschmidt
and Knoll (1994), Scheerschmidt and Knoll (1995a), Scheerschmidt and Knoll
{1995b), Scheerschmidt (1997)) it was demonstrated that the local thickness and
orientation can be calculated directly from the wave function reconstructed at
the exit surface of the object instead of using trial-and-error simulation techni-
ques. In principle, the analysis holds good also for the retrieval of the object po-
tential, or if solely the positions of the atomic scattering centres are evaluated.
The inverse problems, however, generally dealing with insufficiently measured
data always require physically related information a priori. It was shown that
the knowledge of both the amplitudes and phases of a sufficiently large number
of plane waves scattered by the object as well as the partial knowledge of the po-
tential of the perfect crystal structure imply the possibility of directly retrieving
object information, instead of using trial-and-error simulation techniques. Two
approximations are discussed to solve the resulting inverse scattering problem
without reconstructing the whole crystal potential:

First, the special problem of retrieving the local sample orientation is solved
on the basis of the perturbation approximation for perfect crystals, and by ap-
plying regularized and generalized matrices to invert the resulting linearized
problem. The corresponding iteration procedure enables the direct analysis of
the moduli and phases if a sufficient number of plane wave amplitudes can be
separated yielding local thickness and bending of the object for each image pixel
(Scheerschmidt and Knoll (1995b), Scheerschmidt (1997)).

Second, based on the knowledge of the reconstructed complex electron wave
and using a discretized form of the diffraction equations, an alternative method is
developed (Scheerschmidt and Knoll (1994), Scheerschmidt and Knoll (1995a)).
yielding an algebraic equation system for the complex amplitudes and the elastic
displacements. In principle, this system enables the direct retrieval of the atomic
displacements, caused by a crystal lattice defect, relative to the atom positions
of the perfect lattice. The equations are invertible provided the completeness of
the plane waves is valid (continuity of the electron current). A special inverse
problem of electron scattering is deduced considering solely those atomic dis-
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placements given by the zeros of a function with an incompletely known Fourier
spectrum from the scattered electron wave of which the displacement field of a
crystal lattice defect can, in principle, be retrieved.

The present paper outlines the fundamental relations for both special inverse
problems describing some first numerical experiences related to the solution of
the direct retrieval of local thickness and orientation. Some numerical aspects
are considered as, e.g., the stability of unique inverse solutions in terms of noise,
and the regularization of the problem.

2 Physical basis: Dynamical diffraction and holographic
wave reconstruction

The HREM image contrast is mainly determined by two processes: First, by the
electron diffraction owing to the interaction process of the electron beam with
the almost periodic potential of the matter and, second, by the interference of
the plane waves leaving the specimen and being transmitted by the microscope.
Assuming that the object wave is reconstructed free of aberrations or under
diffraction contrast conditions the influence of the microscope imaging process
itself can be neglected. Thus the image contrast is solely determined by the
interaction of the electrons with the object potential.

The interaction of electrons with a crystalline object is described on the ba-
sis of a periodic potential with the electron structure factors as the expansion
coefficients and the Bloch-wave method for solving the high-energy transmision
electron diffraction. Different formulations can be given, using Bloch wave or
plane wave representations of the scattered waves, applying direct or reciprocal
space expansion, and direct integration or slice techniques, which, in principle,
are equivalent descriptions (van Dyck (1985), Spence and Zuo (1992), van Dyck
(1989)). The object wave in terms of modified plane waves with complex ampli-
tudes ¢g yields

ofR) = Zégezxi((k+g)R+sgt) (1)
g
with reflections g, excitations sg, wave vector k, and thickness t of a parallel-
sided object, R = (x,¥). The amplitudes ¢g are constant with respect toz in the
vacuum outside the object, which means that the plane waves are the stationary
solutions of the wave equation. Within the crystal, however, the amplitudes of
the modified plane waves ¢g are z-dependent according to the Ewald pendulum
solution as described by the Bloch waves, which are the stationary solution
within the periodic potential.
The basic equations of the Bloch wave presentation in forward scattering
approximation are given by the eigenvalue system

Z Aghch —1Cg =0, with 2szgh =(2K.g - 82)6gh - Vg-lv (2)
h
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vielding the amplitudes Cg”) of the 1 th partial wave and its “anpassung”
v to the dispersion of the lattice as a function of the lattice potential (Fourier
coefficient Vg) as well as the relative orientation of the object with respect to
the electron beam incidence K. With these eigenvalues and vectors, for a plane
parallel perfect crystal of thickness t the complex amplitudes ¢g of eq. (1) are
directly given in matrix form by

&=CXC4 (3)

where & = [4g] and § are the vectors of the amplitudes of the exit and the
incident waves, respectively, and X represents the diagonilized scattering matrix
621riAt~

Using furthermore the deformable ion approximation a crystal lattice defect
can be included by its elastic displacement field v as a phase shift of the Fourier
spectrum of the crystal potential. The evaluation of the quantum-theoretical
scattering problem using the high-energy forward scattering approximation (see,
e.g., (Anstis (1989), Howie and Basinski (1968)) for the derivation and the ex-
plicit form of the equations) yields a parabolic differential equation system for
vector @ of the complex amplitudes of the elastically scattered electron waves :

08/0z = (A + V[e'BY])@ (4)

with A = {ik.V? - 2(k + g)V}/2k'z + 27(sy, —sg)z , V = (0/9z,0/8y,0),
k', = k.+g.+sg and the potential V=V"+iV” including the lattice potential V’
and the absorption V” (one electron-optical potential approximation of inelastic
scattering) as well as the diagonal matrix of the defect phase shifts.

In addition, boundary and initial conditions have to be applied: The lin-
earized high-energy approximation directly fits ¢g(R,t) at the crystal exit sur-
face to #g(R) outside, demanding |¢g(R,0)} = 8go at the entrance surface,
whereas the continuity of the derivatives has to be omitted in the linearized
case. It enables one, however, to estimate the unknown displacements at the
exit foil surface by using eq. (4) without potential outside and inverting eq. (4)
directly at the exit surface:

{V[e'8Y]® = 248} .-, (5)

Instead of boundary conditions one can assume a periodic continuation to
describe large extended crystal slabs, i.e. dg(z,y,2) = ég(z + X,y,2) and
dgl(z,y,2) = ¢g(z,y + Y, z), with slab extensions X,Y approaching infinity.

Holography with electrons offers one of the possibilities of increasing the reso-
lution by avoiding microscope aberrations. It also enables the complete complex
object wave to be restored. Image plane off-axis holograms are recorded in a
microscope which is equipped with a Mollenstedt-type electron biprism inserted
between the back focal plane and the intermediate image plane of the objective
lens (Lichte (1986), Lichte (1991), Lichte (1992), Lichte et al. (1992)). The ob-

ject is arranged so that a reference wave outside of it is transferred through
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the microscope, and owing to a positive voltage of the biprism both waves mu-
tually overlap in the image plane creating additional interference fringes. The
intensity of the latter is modulated by the modulus of the object wave, whereas
the fringe position is varied by the phase of the object wave. Thus the recorded
interference pattern is an electron hologram from which both the modulus and
the phase of the object wave can be reconstructed by optical diffraction or nu-
merical reconstruction. The reconstruction starts with a Fourier transform of the
hologram. Besides two sidebands in the central region of the Fourier spectrum
the zero peak and autocorrelation occur, which is equivalent to a conventional
diffractogram. The sidebands represent the Fourier spectrum of the complete
complex image wave and its conjugate, respectively, from which the object wave
o(x,y) can thus be reconstructed by separating, centring, and applying the in-
verse Fourier transform including a reciprocal Scherzer filter with damping and
microscope aberrations (Lichte (1991), Orchowski et al. (1995)).

In the following it is important that, besides the whole sideband, each single
reflection of sufficient intensity can be reconstructed separately (Scheerschmidt
(1997)). This provides the possibility of noise reduction if suitable windows and
filtering are applied and if the pixels are precisely centred to avoid additional
phase shifts. The environment of the reflections included in the filtering process
has to be chosen such that the information of local distortions folded with the
reflections will be transferred to the reconstructed partial waves. The reconstrue-
tion of the single reflections causes modulus and phase to be distributed in the
partial waves, which is the presupposition of the inverse algorithm discussed in
the following.

Figure 1 demonstrates the wave and the single-reflex reconstruction using a
theoretical hologram simulated for a =13 (100) tilt grain boundary in gold,
which is relaxed by molecular dynamics. Fig. 1{a) shows the simulated hologram,
and Fig.1(c), an enlarged region with the hologram fringes extending from the
central part of the boundary, with the atomic columns around the interface. The
Fourier spectrum of the hologram is given in Fig.1(b}), and the sideband selected
for reconstruction in Fig.1(d), the pairs of the reflections are indicated with
the corresponding reciprocal lattice vectors. Fig. 1(e) presents the reconstructed
real space intensities of the single reflections in amplitude (AMP) and phases
(PHA), separately for the two grains denoted 1 and 2, respectively: in the upper
row the left grain is excited, in the lower row, the right one. The reconstructed
amplitudes of the reflections can directly be interpreted as bright and dark-field
images of the grain boundary.

Fig. 2 shows one sideband of the Fourier spectrum of the experimental holo-
gram ((a), selection on the left hand side) of a £=13 (100) tilt grain boundary
in gold (6 = 22.6°, see (Orchowski et al. (1995), Orchowski and Lichte (1996))
and preliminary common work (Orchowski et al. (1993))) and the reconstruc-
tion (b,c) of the single reflections as indicated in the spectrum of the hologram
filtered through a Gaussian mask. The upper rows (b) show modulus (AMP)
and phases (PHA) of the particular reflections chosen of types 000, {002}, and
{220}, thus presenting the reconstruction of the corresponding amplitudes d)g
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Fig. 1. Reconstruction of single reflections of a simulated MD-relaxed £'=13 (100) Au
grain boundary: (a) Theoretical hologram with the grain boundary vertically arranged
in the centre, (b) Fourier spectrum of the hologram, (c) Enlarged selection of the
hologram, (d) Sideband applied for reconstruction with indices of the reflections, (e)
Reconstructed moduli (AMP) and phases (PHA) of the reflections of grains 1 and 2,
resp.

A'\J’

out of the hologram. For comparison in the lower rows (c) the corresponding real
(REA) and imaginary part (IMA) of the reconstructed ¢g are presented yielding
the same information, however, without the phase wrapping problem according
to the multi-valued phases. The reconstruction of the higher-order reflections is
impossible here because of the lower intensity of the latter and the mutual over-
lap of the autocorrelation and the side-band. The single reflections are denoted
by 1 and 2 according to grain 1 and 2, respectively. The shift of the fringes at
the grain boundary directly indicates the phase shift owing to the crystal defect.
The modulation by lower frequencies is due to the local bending of the sample
or to thickness oscillations.
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Fig. 2. Reconstruction of single reflections of a X'=13 (100) Au grain boundary, sep-
arately for both grains denoted by 1 and 2, respectively: (a) Fourier spectrum of the
hologram (0.05 nm fringes, A. Orchowski, University Tiibingen (Orchowski and Lichte
(1996), Orchowski et al. (1993))), with indicees of the reflections and asymmetric in-
tensities in the sideband showing the mistilted orientation, (b) reconstructed moduli
(AMP) and phases (PHA), (c) reconstructed real (REA) and imaginary (IMA) part of

the partial waves.

3 Inversion by linearization and discretization

Eq. (2) can be linearized applying perturbation methods. Assuming that the
eigenvalues y are non-degenerated, and by analogy with eq. (3), the perturbation
solution may read

&=IZT14, (6)

where the matrices are given by

F'=C(1+A),Z={™}, and A = v+ A{6;;} + A7H1/ (v — v;)}A. (T)

As diagonal elements the perturbation matrix Agh =(AK.g)+ iAVgh con-

tains the deviation of the orientation AK from that of the original eigenvalue
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Exact (a) | (b) Perturbation
Fig. 3. Comparison of the exact two-beam solution (a) of moduli (AMP) and phases
(PHA) of transmitted (0) and diffracted beam (g) with the corresponding perturbation
solution (b). Differences occur for orientations with |s¢| > 1, e.g., where the perturba-
tion is no longer valid (s=Bragg deviation, t=crystal thickness, {=extinction distance).

system K. The non-diagonal elements describe a perturbation of the potential
as, e.g., according to optical absorption. Fig. 3 demonstrates the validity of the
perturbation solution comparing eq. (6) with the exact solution (3) of the two-
beam case. As for moduli and phases, for both reflections there arc remarkable
deviations for [s£] > 1 almost independent of thickness t around the exact ori-
entation of the pole |sé| = 0 of the exact two-beam excitation.

Starting from approximate values of thickness ¢, and beam orientation (k. , ky, )
gained from a priori knowledge or by analysing, e.g., the asymmetry of the single
reflections reconstructed from the holographically retrieved wave function, the
perturbation solution is valid within certain intervals around t, and (k. , ky, ).
Eq.(6) can be expanded in a Taylor series yielding

St kg, ky) = @(to, ke ky, ) + (£ —1,)00/0t + (kg — kay ky — by, Vi, (8)

The derivatives can directly be gained from eqs. (8) using equivalent abbre-
viations:

0¢/0t = ['=tI 10 and V¢ = (Vi IS ~ T 'V I'E + 'V E)L'8 (9)

The linearized eq.(8) together with the analytical expressions (9) enable the
inverse solution:

(t ke, ky) = My, [48XP — gPeTt] (10)

where the matrix is given, e.g., by the Penrose-Moore inverse M;,,, =

(MTM)‘IMT, which is represented analytically using the matrix of the coef-
ficients M = (9¢/0t, Vi @) of eq.(9). ¢**? are the measured data and oPert the
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solution of the perturbation equation (6) at ¢,, K,. The series expansion (8) as
well as the resulting formalism (9) can be extended to include also the derivatives
of deviations from potential coefficients, which are omitted here for the sake of
simplicity. That means, additional unknown object parameters can be included
in the retrieval procedure as far as the problem remains overdetermined with
respect to the unknowns.

Algorithm (10) 1s the solution to the inverse problem concerning the local
thickness and orientation analysis, the regularized inverse iteration can directly
be applied to each pixel in the real space representation of the single reflections
reconstructed from the hologram. On the suitable assumption of the basic eigen-
value system (2) and starting with suitable local thickness ¢, as well as incident
beam orientation (k;,, ky,) the values of thickness t and orientation (k;, ky) are
probably enhanced if eq. (10) is applied to the amplitudes and phases measured
of each image pixel and each reflection g.

Figures 4 and 5 demonstrate the applicability using the single reflection wave
reconstruction of Figs. 1 and 2, respectively. In both cases, the same nine-beam
eigenvalue system was used to model the diffraction behaviour. Here, no further
assumption was made as to the initial thickness ¢,. The best fit was revealed by
searching the absolute minimum of the defect of the vector norm at an extended
thickness intervall. Fig. 4 results in a flat tickness t(i,j) as assumed for the
simulation of the corresponding hologram. The retrieved incident wave vector
K(i,j) shows oscillations with the pixel numbers, caused by the bending of the
lattice planes, which results from the relaxation of the grain boundary because
of the additional twist component assumed. Different but small regularization
parameters 4 (here y=.0001 was assumed) do not smooth the noise if solely the
pixel intensity (see chapter 4) is regularized. In the case of retrieving from the
experimental hologram, different initial orientations of Kg=(.51,.71,.0) in Fig.
5a, and of Kg=(-.28,1.21, .0) in Fig. 5b, yield very noisy results in thickness t
and orientation (k., k) for the 64x64 pixels retrieved. Nevertheless, both cases
show almost the same values t= .77 and t=0 for the plateau of the object and
the hole, respectively.

The differential equations (4) allow the diffusion-like interpretation and can
be discretized using standard difference algorithms (Scheerschmidt and IKnoll
(1994), Scheerschmidt and Knoll (1995a)). An algebraic equation system results,
which formally reads

8¢, 7,k = 1) = F1 {8(i,3, k), 2(i £ 1.§, k), 8(i.§ £ 1.k), v(i.j. k)} (11)

for the complex amplitudes @ and the elastic displacements v at the (xyz)-
grid points {i,j.k), (i£1,j,k), (i,j£1,k) and (i,j.k+1) representing the object. Pe-
riodic boundary conditions are assumed in x and y direction, whereas at the exit
surface, a further equation is given applying the forward integration of eq. (11)
outside the crystal and discretizing the symbolic equation (5).

Within the crystal the difference equations (11) are equivalent for backward
(k-1) and forward (k+1) integration with respect to the beam propagation, thus
being insufficient for determining both the wave amplitudes #(i,j,k) and the
elastic displacement field v(i,j,k) at the grid points (i,j,k) considered. This be-
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Fig. 4. Iteratively determined local sample thickness t and beam orientation (K., Ky)
retrieved from the reconstructed reflections of the theoretical hologram in Fig. 1 for
arbitrary start values of thickness and given start values of orientation without regu-
larization.

0

64
Fig. 5. Non-stabilized iteratively determined local sample thickness t and beam orien-
tation (I, Ky) retrieved from the reconstructed reflections of the experimental holo-
gram in Fig. 2 for arbitrary start values of thickness t (resulting in stable solutions
th=0 in the hole, and tp ~ .77¢ on the plateau) and given start values of orientation
Ko=(.51,.71,0) and Ko=(-.28,1.21,0) for the upper and lower rows, respectively.

comes also obvious by simply numbering the unknowns and the equations at each
node: for N beams, there are N unknown amplitudes and 3 unknown displace-
ments, and N relations according to egs. (11), using either (k-1) or (k+1). One of
the difference equations, however, can be replaced as follows: While the optical
potential in the reciprocal space representation is generally non-hermitian, the
hermiticity of the potential V' and of the “absorption” V* yields the equation
of continuity for the whole current [ = Légdg”. The continuity equation may
then read

0I/0z = SV2P* — 8* V2P + 2(k + g)VI — 20V [el8V]o* (12)

The equation of continuity can be discretized by analogy with the discretiza-

tion of the differential equations above. The differential operator, however, yields
mixed terms with respect to different nodes (i,j,k) and (i+1.,j+1.k):
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Fo{v(i,j), 81,3,k +1),8(.5,k), 81 £ 1,j,k), 80 £ L.k} =0 (13)

By analogy with the Gelfand-Levitan-algorithm (see, e.g., ( Zakhariev and
Suzko (1990))) an additional equation results by inverting the equation of con-
tinuity, which is a kind of completeness relation, yielding

Y Qge’™8V =0 (14)
g

for eq. (13) as well as for the additional boundary condition previously dis-
cussed. Coefficients Qg are explicitely given in (Scheerschmidt and Knoll (1994}).
Thus, in principle, the retrieval of the displacements v is given by the remai-
ning inverse problem {14), implying to find the root of a function given by an
incomplete Fourier transform.

The inverse problem (14) is ill-posed for two reasons: Only one equation has
to be solved for the vectorial root v(i,j,k) at node (i,j,k), thus coplanar vectors
g leave one component unconsidered. The spectrum Qg(i,j.k) is incomplete and
noisy. This results in unstable numerical solutions using standard algorithms to
find the roots (viz. Newton-Raphson algorithm, genetic algorithms and neuronal
networks), owing to the existence of a large number of subsidiary roots. Besides
the numerical solutions, transforming eq.(14) yields iterative forms as a kind of
quasi-regularization (Scheerschmidt and Knoll (1995a}), the system then refers
to an overdetermined system in the same manner as discussed above.

4 Numerical aspects

The inversion proposed is based on the linearization and the fact that the prob-
lem is overdetermined with respect to the unknowns but underdetermined if the
noise is included, resulting in a least square minimization of a suitable vector

norm of the defect (Lois (1989), Bertero (1989)), e.g.,

||85P — 77| = Min. (15)

As the iteration procedure seems to be amplifying the noise, the regulari-
zations should be further enhanced. Simple averaging of the retrieved thicknesses
and orientations with values larger than a certain threshold omitted, avoids
outliers and leverages, however, structural details, too, thus yielding incorrect
regularization.

The stability of the procedure may be enhanced by using more general reg-
ularizations as, e.g., the Phillips regularization. The most general regularization
may be of the Ivanov-Phillips-Tichonov-type (see, e.g., (Bertero (1989))),

Héezp - Qperi”2 + ’)’”Z||2 — (éerp _ djpert)fcl(éezp _ épert) + ’YZTCQZ = Min
(16)

While the Moore-Penrose inverse minimizes the defect, an additional con-
straint here allows one to weight the measured data by C; and to smooth the
solution Z = (t,kz,ky) by C,. Using the Moore-Penrose or similar general-
izations always allow ill-posed problems with discrete data to be transformed
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to well-posed, but mostly ill-conditioned, problems: The solution exists and is
unique, however, mostly unstable. The generalized solution may be considered
an average of the true solutions, the resulting generalized inverse including the
regularization matrices may be

Miny = (MYC1M 4+ vCy) ' MT (17)

with the suitable regularization factor v and matrices Cy and Cy, respectively.
The iterative solution of eq. (11) with this generalized inverse (17) yield a self-
consisting approach.

The generalized approach represents the maximume-likelihood solutions if the
weight matrizes Cy are suitably chosen with respect to the reflections g. Gaussian
distributed noise can be described by unit weights, Poisson distributed noise
demands weights inversely proportional to the intensity of the reflections.

In image processing, however, the regularization is described as a procedure
smoothing the pixels (i,j) (Huang (1975)) : A solution with small second deriva-
tives with respect to neighbouring pixels tends to be more accurate. In general,
any constraint Cp which is quadratic (Huang (1975)), may be used to yield a
solution resembling eqs.(10) and (17).

Assuming that the different weights can be separated without a loss of gener-
ality, the weighting Cy is given by Wgp, "Wy, 1, with W~ ||°. The smoothing Cs
can be described by matrix filters with respect to the pixels (i,j). A zero-order
smoothing is equivalent to outlier detection or avoiding levarages (Rousseecuw
(1977)). '

The regularization parameter can be bounded (Bertero (1989)), but in the
physically relevant problems such bounds are too rough and should be estimated
by numerical tests. To study the confidence level of the solutions the retrieved
thicknesses and orientations are compared with those used in simulated holo-
grams, which have been performed for either perfect crystals with increasing
thickness and linearly varying orientation, or for the theoretical grain bound-
ary of Figs.1 and 4 relaxed by molecular dynamics. To check the reliability and
accuracy by using simulated inputs is advantageous as one can directly com-
pare well-known numbers and thus find out the regularization parameter for the
best fit. One can use different distance measures like the squared differences or
the regression coefficient r = Cov(Zretrievea Ztheory)/(areirieve o'fheory) aSSllming
a linear hypothesis for the fit, a y? test or cross correlations. Robust measures
are very fast and stable: the simple sign test s; = Zsgn(Zi;— < Z >)/N < 1
of all pixels or the product s2 of neighbouring pixels, for instance allow one
to detect sytematic errors, whereas weigths which are controlled by the regres-
sion coeflicient between retrieved and exact data (Rousseeuw (1977)) enable
the finding of outliers and leverages, No test may be considered to be perfect
or superior, because always a large number of differences is reflected by only
one number. Fig. 6 shows in (a) the regression coefficient r, the sign tests s,
s2, and different log(x?) measures as function of testparameters (y; from the
convergence error of the retrieval procedure, y2 with and y3 without outlier de-
tection). Figs. 6(b) and (c) represent the same log(x?) measures as function of
the regularization parameter ¥ without and including pixel smoothing, respec-
tively, i.e. (b) with C; = C, = I and (c) smoothing of the second derivative
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Fig. 6. Confidence tests for different measures (regression r, sign tests s1,s2 and log(x?)
of retrieved versus simulated data as function of test parameters (a, see text) or as
function of the regularization parameter v: (b) no smoothing C; = (', = I and (c)
smoothing of the second derivative Ch = 1,03 = (8i—i +1,j—j, £1 — 268i—iy.i—ja)

with Cy = I,Cy = [6i—i, 41,j—j,+1 — 26i—i, j—j,]. Test 1 in (a) for comparison is
calculated without any smoothing and normalization. The tests 2-18 are applied
for normalizing the different reflexes and/or using different averages over the
pixels and the reflexes, resp., always with p = 0,41, +2. In the tests 19-38 addi-
tionally the weights C; are proportional to the amplitudes and intensities of the
reflexes, resp, and v = 107°,107*,1073,10~2. For the test 39-53 the regulariza-
tion is related to the a priori information instead of the maximum norm itself,
and v = 107%,107%,1073. Clearly can be seen, that the smoothing increases
the errors, whereas sytematic errors and low regression coefficients are resulting
from invaluable normalization. Further systematic calculations are necessary to
find out the best regularization v, i.e., the compromise between accuracy and
stability of the retrieval procedure.

5 Conclusions

Both the direct solutions (11) and (12,14), i.e. the explicit evaluation of thick-
ness and orientation as well as the retrieval of the atomic displacements from a
reconstructed electron wave function at the exit surface of an object, result in
particular inverse problems of the first kind, viz. the analysis of object parame-
ters from measured data. Thus, from the mathematical point of view the retrieval
procedure is an ill-posed inverse problem requiring additional information about
the periodicity of the object as the basic assumption, the thickness, the orienta-
tion and the unknown reconstructed displacements in order to make the process
stable and continuous, to avoid singularities, and to restrict the manifold set of
solutions possible. The procedure described has transformed these difficulties to
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the mathematical problem of overdetermined equation systems and of determin-
ing the roots of a function with an incomplete Fourier transform. Normalization
and regularization of the solutions enable smoothing, stabilization and outlier
detection.
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A Linear Method for Solving
Inverse Scattering Problems
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1 Introduction

Inverse scattering problems have attracted increased attention in recent years
due to their appearance in a wide variety of applied areas, for example non-
destructive testing, medical imaging and geophysical prospecting. Mathe-
matically, these problems can be divided into three broad groups defined by
the frequency of the probing wave: low frequency, intermediate frequency,
and high frequency. In particular, the low and high frequency regimes are
amenable to asymptotic methods (and hence a linearization of the inversion
scheme) while at intermediate frequencies (the so-called resonance region)
the problem is inherently nonlinear and is typically dealt with by nonlinear
optimization methods. Since in many applications one is forced to work with
frequencies in the resonance region (due to the conflicting needs of being able
to have the probing wave penetrate deeply into the scattering object while
at the same time achieving sharp resolution of the image) in recent years
there has been a major effort made in solving inverse scattering problems
by nonlinear optimization methods. Indeed, at the moment, all methods for
solving inverse scattering problems in the resonance region are based on such
methods. For an excellent short introduction to this approach we refer the
reader to the forthcoming book by Andreas Kirsch ([6]).

In this paper we would like to briefly discuss a new approach to solving
inverse scattering problems in the resonance region which totally avoids the
use of nonlinear optimization methods. In fact, the scheme we are about to
describe only involves solving a set of linear integral equations of the first
kind. Since the inverse scattering problem is in fact nonlinear, something
is obviously lost in such an approach. What is lost is that in our approach
only the support of anomalies in a piecewise homogeneous background is ob-
tained rather than the index of refraction inside the anomalies. Furthermore,
the method requires being able to probe and measure the response around the

* This work was supported in part by a grant from the Air Force Office of
Scientific Research.
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entire scattering obstacle, thus making it impractical for some applications.
However, for many applications, particularly in medical imaging and non-
destructive testing, the conditions for the applicability of our method are
met and the determination of the support of anomalies is all that is needed.
For example, in the case of the detection and location of tumors in the body
by microwaves, it is sufficient to determine if there are in fact tumors present
and if so what is the support of the tumors (i.e. how big they are). The
actual value of the index of refraction in the tumor is, by comparison, of
little interest. Similarly, if there are flaws in a material (e.g. a crack) the fact
that such flaws exist and determining an estimate of their size is the most
important consideration rather than a complete reconstruction of the sound
speed or refractive index inside the flaw.

Our approach for determining the support of anomalies in a material is
mathematically based on the properties of solutions to interior transmission
problems (c.f. [2]). Hence, in the next section we will describe the scattering
problem of interest to us and how our approach to the inverse problem is
naturally associated to a particular interior transmission problem. Finally, in
the last section of this paper we will describe the inversion scheme itself as
well as some of its peculiar characteristics.

2 Inverse Scattering and Interior Transmission
Problems

Consider the two dimensional scattering problem of determining u from the
equations

Asu+k*n(z)u=0 in R? (€))
u(z) = *79 4 4’ () (2)
lim /7 (8“’ - iku’) =0 (3)
r—o0 or
where z € R?, r = |z|, k > 0 is the wave number and d is a vector

on the unit circle 2 in R? giving the direction of the incident plane wave.
The index of refraction n is assumed to be piecewise constant except for a
compact region D (bounded by a sufficiently smooth curve 8D) in which n
is continuously differentiable and

m:=1-n (4)

has compact support. It is assumed that the Sommerfield radiation condition

(3) holds uniformly with respect to & = z/|z|. Under these conditions it is

relatively easy to show that there exists a unique solution to (1)-(3) ([2]) and
that the scattered field «* has the asymptotic behavior

s _ eikr .. g 0 _3/2 5

“(r)—7;-uoo(z, )+ 0(r™*'%) ()
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as r tends to infinity where uo, is known as the far field pattern of the
scattered field u*.

In this paper we are concerned with the inverse problem of determining

0D from a knowledge of ue(; d). It is also possible to use incident fields
other than plane waves (e.g. point sources) and data other than far field data
(e.g. near field data) but for the sake of simplicity we will not consider these
cases here. The reader who is interested in such extensions should consult [3].
For the case we are interested in we have the following uniqueness theorem of
Sun and Uhlmann ([9]) which shows that the discontinuities of n are uniquely
determined by uq:
Theorem (Sun-Uhlmann): Let n1,ny be in L*(R?) and suppose m; = 1 —
n; and my = 1 — n; have compact support. If uf_ is the far field pattern
corresponding to nj and ul,(; d) = u2,(#; d) for all #,d € £2, then n;—ny €
C*(R?) for every a,0< a < 1.

As previously mentioned, our method for determining dD from uy, is
based on transforming the problem to that of the behavior of solutions to an
interior transmission problem. For the sake of simplicity, we will restrict our
attention to the case when D is equal to the support of m, i.e. the background
is constant ([1]). The more general case of a piecewise constant background is
treated in [3]. The basic difference between the two cases is that for a constant
background we must consider the far field operator F : L?(2) — L%(£2)
defined by

(Fo)(@) = / too(& ; d)g(d)ds(d) (6)

]

whereas for a piecewise constant background we must consider the modified
far field operator Fy : L?(§2) — L?(2) defined by

(Fog)(@) 1= | luen(iid) = ula (35 Dlo(Dids(d) U

2

where u? is the far field pattern corresponding to the scattering of a plane
wave by the piecewise constant background (i.e. D is the empty set).

In either case, the basic idea of our method (to be described in the next
section of this paper) is to try and find a superposition of plane waves such
that the scattered field corresponding to this superposition is a constant
multiple of a point source &(-; yo) located at a point y, € D\JD. Since the
scattered field is uniquely determined by its far field pattern ([2]), it suffices
to have the far field pattern corresponding to this superposition agree with
a constant multiple of the far field pattern of @(-; yo). In particular, for the
special case of a constant background, we can set

®(z; yo) = HV(klz — wol), = # wo (8)
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where H ((,1) is a Hankel function of the first kind of order zero. Then,, since
&(-; yo) has a far field pattern given by ye~*¥¢'¥0 where

- 2 —-in/4
T=Var © ’ ©)

we want to find a function g(-; yo) € L%(£2) such that
(Fg)(8) = e~*&ve (10)

is satisfied. A short calculation using Rellich’s lemma ([2]) shows that this
can be done if and only if there exist functions w and v satisfying the inferior
transmission problem

Dow + kin(z)w =0 in D
Dyv + kv =0 (11)
=~y
w—v=9""Hy’(klz - yol) on dD
9 _ 19 p
= (w1) = v - B (e~ gol) (12)

where v is the unit outward normal to 817 and v is a Herglotz wave function
with kernel g, i.e. v is a solution of the Helmholtz equation Aqv 4 k20 = 0 of
the form

o(z) = / e+e4g(d)ds(d) . (13)

2

In order to proceed to the description of our inversion scheme for determining
0D from to,, we will need the following two theorems concerning the interior
transmission problem due to Rynne and Sleeman ([8]; see also [4]) and Colton
and Potthast ([4]).
Theorem (Rynne-Sleeman): Assume that Imn(z) > 0 for z € D. Then there
exists a unique solution v, w € HZ (D) () L?(D) to the interior transmission
problem (11), (12) such that v — w € H?(D).
Theorem (Colton-Potthast): Assume that Imn(z) > 0 for £ € D. Then
the solution v of the interior transmission problem can be approximated in
L?*(D) by a Herglotz wave function.

We will now show how these theorems can be used to derive an inversion
scheme for the inverse scattering problem that is the subject of this paper.
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3 The Solution of the Inverse Scattering Problem

As stated in the previous section, the basic idea of our inversion scheme is
to determine ¢ such that (10) is satisfied. If this can be done, the Herglotz
wave function v with kernel g satisfies the interior transmission problem (11),
(12). We would then like to conclude that, on 8D, v becomes unbounded as yo
tends to D and hence so does ||g]|12(q). If this is true then 0D is determined
by these points yp such that the L2-norm of g(-; yo) becomes unbounded. In
practice, we can do this by solving (10) for yy on a rectangular grid known
a priori to contain D and then look for those values of yo where ||g||z3(qa) is
large.

Unfortunately, (10) is a (improperly posed) linear integral equation of
the first kind and in general we cannot conclude that a solution g = g(-; yo)
exists. Even if a solution does exist it is not clear from (11), (12) that v (and
hence ||g]|L3(a)) becomes unbounded as yo tends to D. To deal with these
problems, we assume that Imn(z) > 0 for z € D and proceed as follows
(see [1] and [4] for details). By the Rynne-Sleeman theorem there exists a
solution v, w to the interior transmission problem and by Green’s formula
and the trace theorem we have that for z € D\dD

w(z) =v(z) - — // &(z; yym(y)w(y)dy (14)

.y {[v(y) w50 Bz 1) - 8z ) 55 bo) — ()]} ds(v)

8D

Using

[ {Hty= w00 ) - 5 HO Ry = stz )} dsta) =0
8D (15)

for £ € D\AD and the boundary conditions (12), we can now conclude from
(14) and (15) that

w(z) = v(z) — — // &(z ; y)m(y)w(y)dy (16)

for z € D\OD.
We now use the Colton-Potthast theorem to deduce that for any ¢ > 0
there exists g € L?(£2) such that

(Fg)(#) = e™*5 ¥ |Laga) < € (17)

and
||v - Ug”Lz(D) <€ (18)
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where v, is the Herglotz wave function with kernel g. Assuming that v,

depends continuously on its boundary data (e.g. this is true if k% is not a

Dirchlet eigenvalue) we can conclude that, if max |vg(z ; yo)| remains bounded
TeE

as yo tends to 9D, then from (18) so does ||v(-; yo)llz2(p). From the integral
equation (16) we now have that w € L%(D) is bounded independently of
Yo € D\OD and hence, using the mapping properties of volume potentials,
||w —v|| 3Dy is bounded independently of yo € D\AD. By the trace theorem
we now have that |jw~v||s/3(5p) is bounded and this contradicts (12). Hence
vg(2z ;o) for £ € D becomes unbounded as yo tends to 8D (and thus so does
llgll2a))-

From the above analysis we see that if Imn > 0 in D then for every ¢ > 0
and yo € D\OD there exists a function g(-;y0) € L%(§2) such that (17) is
satisfied and

yoimlg(5 wo)llzaqay = oo - (19)

More generally, it can be shown that F is injective with dense range in
L%*(£2) ([2]). Thus 8D can be determined by using an appropriate regulariza-
tion method to solve (10) and then determining the values of yo for which
ll9(-; w0)llz2(2) becomes large. Note that this method is a linear method and
makes no statement about the values of the index of refraction in D. The
only quantity which is determined is dD. For numerical examples using this
method we refer the reader to 1] (constant background) and [3] (piecewise
constant background). Similar methods also apply to obstacle scattering ([1])
and in this case a related (but different!) method has recently been developed
by Potthast ([7]). We note in passing that the inversion method described in
this paper has some resemblance to the method introduced by Isakov ([5]) to
prove uniqueness theorems for inverse scattering problems.

An intriguing and somewhat delicate feature of our approach for determin-
ing 0D is that it makes a very explicit use of the improperly posed nature
of the inverse scattering problem by looking for a solution of the integral
equation of the first kind (10) that becomes unbounded as yp tends to 8D.
In particular, the regularization method used to solve (10) must allow for the
fact that the solution is in fact unbounded as y, tends to 3D, e.g. the penalty
term in the Tikhonov regularization method should involve the derivative of
g rather than g itself.
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1 Introduction

Inverse scattering problems have attracted increased attention in recent years
due to their appearance in a wide variety of applied areas, for example non-
destructive testing, medical imaging and geophysical prospecting. Mathe-
matically, these problems can be divided into three broad groups defined by
the frequency of the probing wave: low frequency, intermediate frequency,
and high frequency. In particular, the low and high frequency regimes are
amenable to asymptotic methods (and hence a linearization of the inversion
scheme) while at intermediate frequencies (the so-called resonance region)
the problem is inherently nonlinear and is typically dealt with by nonlinear
optimization methods. Since in many applications one is forced to work with
frequencies in the resonance region (due to the conflicting needs of being able
to have the probing wave penetrate deeply into the scattering object while
at the same time achieving sharp resolution of the image) in recent years
there has been a major effort made in solving inverse scattering problems
by nonlinear optimization methods. Indeed, at the moment, all methods for
solving inverse scattering problems in the resonance region are based on such
methods. For an excellent short introduction to this approach we refer the
reader to the forthcoming book by Andreas Kirsch ([6]).

In this paper we would like to briefly discuss a new approach to solving
inverse scattering problems in the resonance region which totally avoids the
use of nonlinear optimization methods. In fact, the scheme we are about to
describe only involves solving a set of linear integral equations of the first
kind. Since the inverse scattering problem is in fact nonlinear, something
is obviously lost in such an approach. What is lost is that in our approach
only the support of anomalies in a piecewise homogeneous background is ob-
tained rather than the index of refraction inside the anomalies. Furthermore,
the method requires being able to probe and measure the response around the
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entire scattering obstacle, thus making it impractical for some applications.
However, for many applications, particularly in medical imaging and non-
destructive testing, the conditions for the applicability of our method are
met and the determination of the support of anomalies is all that is needed.
For example, in the case of the detection and location of tumors in the body
by microwaves, it is sufficient to determine if there are in fact tumors present
and if so what is the support of the tumors (i.e. how big they are). The
actual value of the index of refraction in the tumor is, by comparison, of
little interest. Similarly, if there are flaws in a material (e.g. a crack) the fact
that such flaws exist and determining an estimate of their size is the most
important consideration rather than a complete reconstruction of the sound
speed or refractive index inside the flaw.

Our approach for determining the support of anomalies in a material is
mathematically based on the properties of solutions to interior transmission
problems (c.f. [2]). Hence, in the next section we will describe the scattering
problem of interest to us and how our approach to the inverse problem is
naturally associated to a particular interior transmission problem. Finally, in
the last section of this paper we will describe the inversion scheme itself as
well as some of its peculiar characteristics.

2 Inverse Scattering and Interior Transmission
Problems

Consider the two dimensional scattering problem of determining u from the
equations

Asu+k*n(z)u=0 in R? (€))
u(z) = *79 4 4’ () (2)
lim /7 (8“’ - iku’) =0 (3)
r—o0 or
where z € R?, r = |z|, k > 0 is the wave number and d is a vector

on the unit circle 2 in R? giving the direction of the incident plane wave.
The index of refraction n is assumed to be piecewise constant except for a
compact region D (bounded by a sufficiently smooth curve 8D) in which n
is continuously differentiable and

m:=1-n (4)

has compact support. It is assumed that the Sommerfield radiation condition

(3) holds uniformly with respect to & = z/|z|. Under these conditions it is

relatively easy to show that there exists a unique solution to (1)-(3) ([2]) and
that the scattered field «* has the asymptotic behavior

s _ eikr .. g 0 _3/2 5

“(r)—7;-uoo(z, )+ 0(r™*'%) ()
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as r tends to infinity where uo, is known as the far field pattern of the
scattered field u*.

In this paper we are concerned with the inverse problem of determining

0D from a knowledge of ue(; d). It is also possible to use incident fields
other than plane waves (e.g. point sources) and data other than far field data
(e.g. near field data) but for the sake of simplicity we will not consider these
cases here. The reader who is interested in such extensions should consult [3].
For the case we are interested in we have the following uniqueness theorem of
Sun and Uhlmann ([9]) which shows that the discontinuities of n are uniquely
determined by uq:
Theorem (Sun-Uhlmann): Let n1,ny be in L*(R?) and suppose m; = 1 —
n; and my = 1 — n; have compact support. If uf_ is the far field pattern
corresponding to nj and ul,(; d) = u2,(#; d) for all #,d € £2, then n;—ny €
C*(R?) for every a,0< a < 1.

As previously mentioned, our method for determining dD from uy, is
based on transforming the problem to that of the behavior of solutions to an
interior transmission problem. For the sake of simplicity, we will restrict our
attention to the case when D is equal to the support of m, i.e. the background
is constant ([1]). The more general case of a piecewise constant background is
treated in [3]. The basic difference between the two cases is that for a constant
background we must consider the far field operator F : L?(2) — L%(£2)
defined by

(Fo)(@) = / too(& ; d)g(d)ds(d) (6)

]

whereas for a piecewise constant background we must consider the modified
far field operator Fy : L?(§2) — L?(2) defined by

(Fog)(@) 1= | luen(iid) = ula (35 Dlo(Dids(d) U

2

where u? is the far field pattern corresponding to the scattering of a plane
wave by the piecewise constant background (i.e. D is the empty set).

In either case, the basic idea of our method (to be described in the next
section of this paper) is to try and find a superposition of plane waves such
that the scattered field corresponding to this superposition is a constant
multiple of a point source &(-; yo) located at a point y, € D\JD. Since the
scattered field is uniquely determined by its far field pattern ([2]), it suffices
to have the far field pattern corresponding to this superposition agree with
a constant multiple of the far field pattern of @(-; yo). In particular, for the
special case of a constant background, we can set

®(z; yo) = HV(klz — wol), = # wo (8)
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where H ((,1) is a Hankel function of the first kind of order zero. Then,, since
&(-; yo) has a far field pattern given by ye~*¥¢'¥0 where

- 2 —-in/4
T=Var © ’ ©)

we want to find a function g(-; yo) € L%(£2) such that
(Fg)(8) = e~*&ve (10)

is satisfied. A short calculation using Rellich’s lemma ([2]) shows that this
can be done if and only if there exist functions w and v satisfying the inferior
transmission problem

Dow + kin(z)w =0 in D
Dyv + kv =0 (11)
=~y
w—v=9""Hy’(klz - yol) on dD
9 _ 19 p
= (w1) = v - B (e~ gol) (12)

where v is the unit outward normal to 817 and v is a Herglotz wave function
with kernel g, i.e. v is a solution of the Helmholtz equation Aqv 4 k20 = 0 of
the form

o(z) = / e+e4g(d)ds(d) . (13)

2

In order to proceed to the description of our inversion scheme for determining
0D from to,, we will need the following two theorems concerning the interior
transmission problem due to Rynne and Sleeman ([8]; see also [4]) and Colton
and Potthast ([4]).
Theorem (Rynne-Sleeman): Assume that Imn(z) > 0 for z € D. Then there
exists a unique solution v, w € HZ (D) () L?(D) to the interior transmission
problem (11), (12) such that v — w € H?(D).
Theorem (Colton-Potthast): Assume that Imn(z) > 0 for £ € D. Then
the solution v of the interior transmission problem can be approximated in
L?*(D) by a Herglotz wave function.

We will now show how these theorems can be used to derive an inversion
scheme for the inverse scattering problem that is the subject of this paper.
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3 The Solution of the Inverse Scattering Problem

As stated in the previous section, the basic idea of our inversion scheme is
to determine ¢ such that (10) is satisfied. If this can be done, the Herglotz
wave function v with kernel g satisfies the interior transmission problem (11),
(12). We would then like to conclude that, on 8D, v becomes unbounded as yo
tends to D and hence so does ||g]|12(q). If this is true then 0D is determined
by these points yp such that the L2-norm of g(-; yo) becomes unbounded. In
practice, we can do this by solving (10) for yy on a rectangular grid known
a priori to contain D and then look for those values of yo where ||g||z3(qa) is
large.

Unfortunately, (10) is a (improperly posed) linear integral equation of
the first kind and in general we cannot conclude that a solution g = g(-; yo)
exists. Even if a solution does exist it is not clear from (11), (12) that v (and
hence ||g]|L3(a)) becomes unbounded as yo tends to D. To deal with these
problems, we assume that Imn(z) > 0 for z € D and proceed as follows
(see [1] and [4] for details). By the Rynne-Sleeman theorem there exists a
solution v, w to the interior transmission problem and by Green’s formula
and the trace theorem we have that for z € D\dD

w(z) =v(z) - — // &(z; yym(y)w(y)dy (14)

.y {[v(y) w50 Bz 1) - 8z ) 55 bo) — ()]} ds(v)

8D

Using

[ {Hty= w00 ) - 5 HO Ry = stz )} dsta) =0
8D (15)

for £ € D\AD and the boundary conditions (12), we can now conclude from
(14) and (15) that

w(z) = v(z) — — // &(z ; y)m(y)w(y)dy (16)

for z € D\OD.
We now use the Colton-Potthast theorem to deduce that for any ¢ > 0
there exists g € L?(£2) such that

(Fg)(#) = e™*5 ¥ |Laga) < € (17)

and
||v - Ug”Lz(D) <€ (18)
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where v, is the Herglotz wave function with kernel g. Assuming that v,

depends continuously on its boundary data (e.g. this is true if k% is not a

Dirchlet eigenvalue) we can conclude that, if max |vg(z ; yo)| remains bounded
TeE

as yo tends to 9D, then from (18) so does ||v(-; yo)llz2(p). From the integral
equation (16) we now have that w € L%(D) is bounded independently of
Yo € D\OD and hence, using the mapping properties of volume potentials,
||w —v|| 3Dy is bounded independently of yo € D\AD. By the trace theorem
we now have that |jw~v||s/3(5p) is bounded and this contradicts (12). Hence
vg(2z ;o) for £ € D becomes unbounded as yo tends to 8D (and thus so does
llgll2a))-

From the above analysis we see that if Imn > 0 in D then for every ¢ > 0
and yo € D\OD there exists a function g(-;y0) € L%(§2) such that (17) is
satisfied and

yoimlg(5 wo)llzaqay = oo - (19)

More generally, it can be shown that F is injective with dense range in
L%*(£2) ([2]). Thus 8D can be determined by using an appropriate regulariza-
tion method to solve (10) and then determining the values of yo for which
ll9(-; w0)llz2(2) becomes large. Note that this method is a linear method and
makes no statement about the values of the index of refraction in D. The
only quantity which is determined is dD. For numerical examples using this
method we refer the reader to 1] (constant background) and [3] (piecewise
constant background). Similar methods also apply to obstacle scattering ([1])
and in this case a related (but different!) method has recently been developed
by Potthast ([7]). We note in passing that the inversion method described in
this paper has some resemblance to the method introduced by Isakov ([5]) to
prove uniqueness theorems for inverse scattering problems.

An intriguing and somewhat delicate feature of our approach for determin-
ing 0D is that it makes a very explicit use of the improperly posed nature
of the inverse scattering problem by looking for a solution of the integral
equation of the first kind (10) that becomes unbounded as yp tends to 8D.
In particular, the regularization method used to solve (10) must allow for the
fact that the solution is in fact unbounded as y, tends to 3D, e.g. the penalty
term in the Tikhonov regularization method should involve the derivative of
g rather than g itself.
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1 Introduction

The inverse problem we consider is to reconstruct the shape of
a scattering obstacle from a knowledge of the far field pattern
for the scattering of incident time-harmonic acoustic or electro-
magnetic plane waves. For the sake of simplicity we confine ous
presentation to the inverse Dirichlet problem in two dimensions,
that is, to scattering by infinitely long cylindrical sound-soft or
perfectly conducting obstacles. However, much of the analysis, in
principle, can be extended to other boundary conditions and also
to the three-dimensional case.

Roughly speaking we can distinguish between two different ap-
proaches for the approximate solution of the inverse obstacle scat-
tering problem. In a first group of methods the inverse obstacle
problem is separated into a linear ill-posed part for the recon-
struction of the scattered wave from its far field pattern and a
nonlinear well-posed part for finding the location of the boundary
of the scatterer from the boundary condition for the total field. In
a second group of methods the inverse obstacle problem is either
considered as an ill-posed nonlinear operator equation or refor-
mulated as a nonlinear optimization problem in an output least
squares sense.

Up until a few years ago research concentrated mainly on the
first group of methods for the following reason: Each algorithm
of the second group requires the solution of the direct scattering
problem for different domains at each step of the iteration method
used to arrive at an approximate solution. Hence, these methods
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seemed to be too costly in order to be competitive with the first
group of methods and in the monograph [4] one can find an ex-
tensive treatment of two typical examples for the first group but
only little material on the second approach. However, with the
more recent development of computer hard and soft ware, com-
puting time becomes a less important issue and therefore a second
thought on the above argument seems to be appropriate. Conse-
quently, in this survey we shall concentrate more on describing
the basic ideas of a regularized Newton iteration and a Landwe-
ber iteration as methods of the second group of approaches. A
substantial part of these methods have been developed through
the interaction of the inverse scattering groups at the universities
of Delaware, Erlangen and Géttingen.

2 The inverse scattering problem

We denote the cross section of the cylindrical obstacle by D and
assume that D C IR? is a bounded and simply connected domain
with boundary 0D of class C?. The simplest direct scattering
problem is, given an incident field u*, to find the total field, that
is, the superposition u = u' + u® such that u satisfies the reduced
wave equation or Helmholtz equation

Au+k*u=0 inR*\D (1)
with wave number k£ > 0, the Dirichlet boundary condition
u=0 ondD (2)

and the Sommerfeld radiation condition

lim \/r (861:1

lim - ikus> =0, r=|z|, (3)
uniformly for all directions. In acoustics the Dirichlet condition
(2) corresponds to scattering from a sound-soft obstacle whereas
in electromagnetics it models scattering from a perfect conductor
with the electromagnetic field being E-polarized. Provided the
incident field u' is an entire solution to the Helmholtz equation,
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then there exists a unique solution v € C*(R?\ D)NnC**(IR*\ D)
to the direct scattering problem (1)—(3) for 0 < a < 1. For details
we refer to [3], [4].

The Sommerfeld radiation condition (3) leads to an asymptotic
behavior of the form

N R e

The function ue, defined on the unmit circle 2 := {z € R? :
|z| = 1}, is known as the far field pattern of the scattered wave
u®. The inverse problem we are concerned with in this survey is,
given the far field pattern u., of the scattered wave u® for one
incoming plane wave u' = e¢**¢ with incident direction d € 2,
to determine the shape of the scatterer D. This inverse problem
is nonlinear, since the solution to the direct scattering problem
depends nonlinearly on the boundary 0D and it is improperly
posed, since finding the scattered wave u® from its far field pat-
tern uy, is severely improperly posed. We want to consider this
inverse problem for frequencies in the resonance region, that is,
for scatterers D and wave numbers k such that the wavelengths
27 [k is of a comparable size to the diameter of the scatterer. In
particular, low frequency methods like impedance tomography or
high frequency methods like physical or geometrical optics do not
yield valid approximations in this intermediate frequency range.

For a fixed incident field «*, the solution to the direct scatter-
ing problem defines an operator F' : 0D + u, which maps the
boundary 0D of the scatterer D onto the far field pattern uy. In
terms of this operator, given a far field pattern u., the inverse
problem consists in solving the nonlinear and improperly posed
operator equation

F(OD) = e (5)

for the unknown boundary 9D. Both for the theoretical investiga-
tion and the numerical solution of equation (5) a parametrization
of the admissible boundary curves is required. In this survey, for
the sake of simplicity, we assume the unknown scatterer to be
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starlike with respect to the origin. However, we wish to empha-
size that the following analysis can be extended to a wider class
of boundary representations. We parametrize

0D = {r(z)z:z € 2}

with some function r € C2(f2) where by C2({2) we denote the
set of twice continuously differentiable functions r : £2 — (0, 00).
Then we may consider F' as a mapping from C2(§2) into L*(§2)
and will write F(r) instead of F(9D).

We proceed by summarizing some basic properties of the opera-
tor F. A first question to ask about the inverse scattering problem
is uniqueness. In our formulation of the inverse problem we can
state the following uniqueness result.

Theorem 1 The far field operator F : C2(02) — L*(2) is injec-
tive on the ball {r € C2(2): k||r|l < (o} where (o = 2.40482. ..
denotes the smallest positive zero of the Bessel function Jo of or-
der zero.

Proof. This extension of a classical result of Schiffer is due to
Colton and Sleeman [5] (see also [4], p. 107). 0

The ill-posedness of the inverse scattering problem is expressed
through the following regularity property of F'.

Theorem 2 The far field operator F : C2(£2) — L*({2) is con-

tinuous and compact.

Proof. See Theorem 5.7 in [4]. -

The following result on the differentiability of F' is of basic
importance for the foundation of iterative methods for the inverse
obstacle scattering problem, that is, for the iterative solution of

(5)-

Theorem 3 The far field operator F' : C2(£2) — L*(§2) is Fréchet
differentiable. The derivative is given by

F'(r)h = veo
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where vy, s the far field pattern of the solution v to the Helmholtz
equation _

Av+kv =0 inR*\D (6)
satisfying the Sommerfeld radiation condition and the Dirichlet
boundary condition

vz—y-ﬁg—z on 0D (7)
where h(r(z)) = h(z)z, z € 12, and v denotes the outward unit

normal to 8D.

Proof. For a proof via Hilbert space methods we refer to The-
orem 5.7 in [4] and to Kirsch [10]. Proofs by boundary integral
equation methods are described by Potthast {18], [19], [20] and in
(13], [14]. O

Since F'(r) h is a far field pattern, the Fréchet derivative clearly
is smoothing and therefore F'(r) : L¥(£2) — L%*({2) is a compact
operator which is in agreement with Theorem 2 (see Theorem 4.19
in [4]). For the linearized operator we have the following proper-
ties which are of relevance for the application of regularization
techniques to the linearized equation (5).

Theorem 4 The Fréchet derivative F'(r) : L*(2) — L*(02) is
injective and has dense range.

Proof. We refer to [6], [9], [15] and note that the injectivity is
a consequence of the boundary condition (7) and Holmgren’s
uniqueness theorem.

3 A regularized Newton method

We now proceed with describing the application of Newton’s method

to the solution of
F(r) = teo. (8)

In the usual fashion, the nonlinear equation (8) is replaced by the
linearized equation

F(r)4+ F'(r)h = ue (9)
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which has to be solved for A in order to improve an approximate
boundary curve given by the radial function r into the new ap-
proximation given by 7 = r + h. Then Newton’s method consists
in iterating this procedure, i.e.,

F'(ro)(rn41 — ) = o — F(r), n=0,1,2,.... (10)

The question of uniqueness for the linear equation (9) is settled
through Theorem 4. Since F'(r) is compact, the linear equation
(9) is ill-posed. Therefore regularization techniques like Tikhonov
regularization or singular value cut-off have to be employed (see
12]).

For practical computations h is taken from an appropriately
chosen finite dimensional subspace Wy C C?(§2) with dimension
N and equation (9) is approximately solved by projecting it onto
another finite dimensional subspace of L?({2). The most conve-
nient projection is given through collocation at M equidistantly

spaced points z1,..., 2y € 2. Then writing
N
J=1
where hq,...,hny denotes a basis of Wy, we have to solve the

linear system

Zaj (F’(T‘) hj)(zi) = uoo(zi) - F(T)(Zi), 1= 1, ey M, (11)

i=1

either by Tikhonov regularization or singular value cut-off. The
Tikhonov regularization is equivalent to minimizing the penalized
defect

2

SN ai(F'(r) hi)(2:) — uoo(2:) + F(r)(2:) +aZa (12)

i=1 |j=1 j=1

with some regularization parameter a > 0 by solving the corre-
sponding normal equations.



29

In order to set up the linear system (11), in each iteration
step the direct problem for the boundary 0D given by the ra-
dial function r has to be approximately solved for the evaluation
of F(r)(z) and in order to obtain the normal derivative du/dv
of the total field u which enters the boundary condition (7) for
the Fréchet derivative. In principle, this can be done by any nu-
merical method for solving the exterior Dirichlet problem for the
Helmholtz equation. However, we strongly recommend using a
boundary integral equation approach based on a combination of
a double- and a single-layer potential together with a Nystrém
method for the numerical solution of the integral equation as de-
scribed in [4]. It is also advantageous to set the integral equa-
tion up through the use of the Green’s representation formula
in a manner which automatically yields 0u/dv on the boundary
0D. In order to compute the matrix entries (F'(r) h;)(z:) one has
solve N additional direct problems for the same boundary 0D
and different boundary values given by (7) for the basis functions
h = hj,j = 1,...,N. Hence, in principle, one has to solve the
same linear system as for the evaluation of F'(r)(z;) for N ad-
ditional different right hand sides which can be cheaply done by
using an L R-decomposition. As a stopping rule for the number of
iterations we suggest to use the residual R := ||F(r) — uel||L2(n)
and terminate the iterations when the difference of the value of
R for two consecutive iterations is less than a tolerance value §
or less than the noise level if working with noisy data, i.e., we
suggest using the discrepancy principle.

For numerical reconstructions by regularized Newton iterations
as described above using trigonometric polynomials for the ap-
proximating space we refer to Kirsch [11] and to [13], [14] for the
inverse Dirichlet problem and to Moénch [16] for the inverse Neu-
mann problem. From a numerical point of view it might be advan-
tageous to replace the gobal trigonometric functions by functions
with a more local structure. In order to illustrate this, we choose
L(t) :=exp (—7 sin? %) with some 4 > 0 and use approximations

of the form
IN-1

r(t)= Y, a;L(N(t—1t;))

=0
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where t; = jn /N. For the following numerical example the bound-
ary is given by the parametric representation

z(t) = (cost + 0.15sint + 0.35cos 2t — 0.35,1.2sint + 0.15 cos t)

with 0 < ¢t < 27 which describes a kite-shaped starlike curve.
For the solution of the boundary integral equations we used the
Nystrom method mentioned above with 32 grid points for the
inverse algorithm and with 128 grid points and a different coupling
parameter for generating the synthetic data. As initial guess for
the Newton iteration we chose the unit circle. In the figures, the
dashed lines give the exact boundary curve and the full lines give
the reconstructions. The arrows indicate the incident directions

iy

P
7

N=8 vy=3,a=0.01

Fig. 1. Reconstruction of kite-shaped scatterer for k = 1

As to be expected, using the wave number k = 3 yields better
reconstructions in the illuminated part of the scatterer and poorer
reconstructions in the shadow region.

A quasi-Newton or frozen Newton method was investigated in
[15]. Related Newton schemes have been considered by Murch,



101

Tan and Wall [17], by Roger [22], by Tobocman [23] and by Wang
and Chen [24]. The existing numerical examples provide evidence
for the practicality of the regularized Newton method in inverse
obstacle scattering. However further research is needed to improve
on its efficiency.

By

|

[

N=8 vy=3,a=01

Fig. 2. Reconstruction of kite-shaped scatterer for & = 3

A convergence analysis of the regularized Newton iteration for
nonlinear ill-posed equations based on stopping rules via a dis-
crepancy principle has been developed Blaschke, Neubauer and
Scherzer [1]. However, these general convergence results, so far,
could not be applied for obtaining convergence results for the
regularized Newton method in inverse obstacle scattering.

4 Landweber iteration

The Landweber iteration has been studied and applied extensively
for the solution of linear ill-posed equations (see [12]). More re-
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cently its use in the form
Tn41 = Tn — p[F' ()] [F(rs) — o)y, n=0,1,2,..., (13)

for the iterative solution of nonlinear ill-posed problems has been
suggested by Hanke, Neubauer and Scherzer [7]. Here, we denote
by [F'(r)]* : L2(£2) — L%*(£2) the adjoint operator of the Fréchet
derivative F'(r) and u > 0 is an appropriately chosen parame-
ter ensuring that the iteration operator I — u[F'(r)]*F(r) is non
expansive.

For a characterization of the explicit form of [F'(r)]* we need
to make use of special solutions of the Helmholtz equation called
Herglotz wave functions. These are defined by

wi(z) i= [ g(d)e*=9ds(d), =€ R?, (14)

where g € L?(2) is called the kernel of w' (c.f. [4]). Note that, by
superposition, for the far field pattern w,, corresponding to the
solution w* of

Aw’ + k*w* =0 in R*\ D (15)
subject to the Dirichlet boundary condition
w'+w'=0 on dD (16)
and the Sommerfeld radiation condition we have that

woo(z)z/nuoo(z;d)g(d) ds(d), z€ . (17)

Here, we indicate the dependence on the incident direction by
writing ue(-;d) for the far field pattern of the scattered wave
u®(+;d) for plane wave incidence u*(z;d) = e*=¢, For the proof
of the following theorem we refer to [6], [9].

Theorem 5 The adjoint operator [F'(r)]* : L*(2) — L*(N2) of
the Fréchet derivative F'(r) is given through

-

FOIE) =~ - alr(), ze2, (19)
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where '

ou d{w' + w*}
Y ov ov
and w' is the Herglotz wave function with kernel g(d) = f(—d)
and w* denotes the solution of (15)—(16).

n oD

a:=

As in the regularized Newton method, for each step of the
Landweber iteration the direct scattering problem for the bound-
ary 0D given by the radial function r has to be solved for the eval-
uation of the right hand side F(r). Then one has to compute the
Herglotz wave function w* with kernel g given via f = F(r) — uoo
and then solve the direct scattering problem (15)—(16) for the
boundary data w' instead of u’. Hence, one step of the Landweber
iteration is far less costly than one step of the Newton iteration.
However this advantage is balanced out through a notably slower
convergence of the Landweber iteration.

Numerical implementations of the Landweber iteration for in-
verse obstacle scattering problems have been given by Hanke, Het-
tlich and Scherzer [6] for sound-soft obstacles and by Hettlich [8]
for sound-hard obstacles. A convergence analysis of the Landwe-
ber iteration for nonlinear ill-posed equations based on stopping
rules via a discrepancy principle has been developed by Hanke,
Neubauer and Scherzer [7]. However, unfortunately these general
convergence results, so far, could not be employed to completely
analyze the convergence behavior of the Landweber iteration in
inverse obstacle scattering.

5 Starting approximations

Both the regularized Newton iteration and the Landweber iter-
ation and most other methods for the approximate solution of
inverse obstacle scattering problems rely on some a priori infor-
mation for obtaining initial approximations to start the corre-
sponding iterative procedures. In this final section we will briefly
outline the principle ideas of a very simple method for finding
coarse approximations for the solution to the inverse scattering
problem without any use of a priori information on the obstacle
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which has been suggested by Colton and Kirsch [2] and which
might be used to obtain initial approximations.

This method makes use of Herglotz wave functions as intro-
duced in the previous section. Its basic idea is to try and find
a Herglotz wave function w' with kernel g, i.e., a superposition
of plane waves, such that the corresponding scattered wave w?*
coincides with a point source &(:,¢) located at a point £ in the
interior of the scatterer D. Here by & we denote the fundamental
solution to the Helmholtz equation

?
O(z,y) = ;H (Klz —ul), = #v,

in IR? where Hél) is the Hankel function of order zero and of the
first kind. Observing that

B(z,y) = S {,/—ei% “”’”‘y+0( 1 >} B
T,Y) = —— € — , | — 00,
P e Ve ]

where z = z/|z|, in view of (17) we have to find the kernel g =
g(-;€) as a solution to the integral equation of the first kind

[ sz d)g(d: €) ds(d) = 8k c*E zen. (19)

Assume that g solves equation (19). Then we have that
[ e da(d; ) ds(d) = #(x,6), =€ R\D.  (20)

Letting z tend to the boundary and using the boundary condition
u'+ u® =0 on 3D we conclude that the Herglotz wave function

=y

wi(z) = /ng(d; £)e* =4 ds(d), z € R? (21)
is a solution to the interior Dirichlet problem
Aw' + k*w'=0 in D (22)

with boundary condition

w' +&(-,6) =0 on dD. (23)
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Conversely, if the Herglotz wave function (21) solves (22)-(23)
then its kernel g is a solution of (19). Hence, if a solution g(-;¢)
to the integral equation (19) of the first kind exists for all points
¢ € D, then from the boundary condition (23) for the Herglotz
wave function we conclude that ||g(-; €)||z2(g) — oo as the source
point ¢ approaches the boundary 9D.

However, in general, the solution to the interior Dirichlet prob-
lem (22)-{23) will have an extension as a Herglotz wave function
across the boundary 0D only in very special cases. Hence, the in-
tegral equation (19) will have a solution only in these special cases.
Nevertheless, by making use of denseness properties of the Her-
glotz wave functions, it can be shown (see [2]) that approximately
solving a regularized version of the integral equation (19) for ¢
taken from a sufficiently fine grid in IR? and scanning the values
for ||g(-; €)|| 2(@) will yield an approximation for D through those
points where the norm of g is large. In general, this approximation
will not lead to very sharply defined boundary curves. However, if
necessary these approximations then could be improved by using
the regularized Newton iteration or the Landweber iteration from
the previous sections.

Another method which is related to the method of Colton and
Kirsch and which also might be utilized for obtaining initial ap-
proximations without needing a priori information on the obstacle
has been suggested by Potthast [21].
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Abstract. The Bayesian approach has been proven to give a common estima-
tion structure to existing image reconstruction and restoration methods, in spite of
their apparent diversity (Demoment 1989). The goal of this paper is to investigate
diffraction tomography within the Bayesian estimation framework. A regularized
solution to this ill-posed nonlinear inverse problem is defined as the maximum
a posteriori estimate, introducing prior information on the object to reconstruct.
Two equivalent formulations of this definition are available which lead to solution
of a constrained or an unconstrained optimization problem to compute this solu-
tion. Different existing methods for solving this problem - such as Born lierative
Method (Wang and Chew 1989), Newton-Kantorovitch method (Joachimovicz et al.
1991), Distorted Born lterative method (Chew and Wang 1990) and Modified Gra-
dient method (Kleinman and van den Berg 1992) — are interpreted as algorithms to
compute the defined solution. This common point of view allows an objective com-
parison between these methods, from the standpoint of their convergence properties
and the solution they provide.

Introduction

Diffraction tomography consists in constructing an image representing the
spatial variation of some physical properties of an inhomogeneous object
(such as dielectric permittivity and conductivity for electro-magnetic waves),
from a finite set of field data scattered by this object. This problem is intrinsi-
cally ill-posed and a satisfactory solution cannot be obtained from imperfect
data without any introduction of a priori information on the object. The
objectives of this paper are to define a regularized solution to this nonlinear
inverse problem within the Bayesian estimation framework and to interpret
some of the existing methods to solve this problem as algorithms to compute
the defined solution.

First, we briefly present the direct model in a functional and in an al-
gebraic framework. The algebraic framework allows a compact presentation
and notably allows us to perceive strong similarities between some classical
methods, which cannot be distinguished in the functional framework in which
they have been proposed.

Then, we define a regularized solution within the Bayesian estimation
framework. Bayes rule is a consistent way to combine information provided by
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the data and prior information on the solution. In this paper, we use Markov
Random Fields to model this a priori information. We define the solution as
the maximum a posteriori estimate; so the solution’s computation requires
resolution of an optimization problem.

Then some of the existing methods to solve the diffraction tomography
problem are interpreted and analyzed as algorithms to compute the defined
regularized solution. Among these methods are Born Iterative Method (Wang
and Chew 1989), Newton-Kantorovitch method (Joachimovicz et al. 1991),
Distorted Born Iterative method (Chew and Wang 1990) and Modified Gra-
dient method (Kleinman and van den Berg 1992). Three types of methods
are distinguished: the first considers successive linearizations of the forward
model, the second defines the solution as the minimum of a joint criterion
depending on the object and the field on the object, while methods of the
third type minimize a criterion which only depends on the object.

Finally, an objective comparison between these different types of methods
and the solution they provide is proposed.

1 Problem Statement

We consider an inhomogeneous 2-D object, embedded in a known homoge-
neous medium, illuminated with a pure harmonic Transverse Magnetic {TM)
plane wave. The object is characterized by its complex contrast function
z(r) = k?(r) — k&, which is related to the dielectric permittivity ¢(r) and
the conductivity o(r) of the object by k?(r) = w?ug (e(r) + jo(v)/w), ko
is the wave number of the background homogeneous medium and = denotes
a position in IR?. The direct scattering problem is modeled by the coupled
integral equations:

y(r;) ://D G(ri, v )z(r')(r")d?', v, € Dy (1)
B(r) = ¢o(r) + //D G(r,Yz(r)(r)d?', » € Do (2)

where y(r;),7; € Dy is the scattered field on a sensor located at r; in the
measurement area Dy, ¢(r),r € Do and ¢o,r € Doy are the total and the
incident field on the object arca Do, and G is the Green function for the
homogeneous background medium.

From an algebraic viewpoint, discretization of (1-2) with a moment method
(Howard and Kretzschmar 1986), leads to:

y=GuX¢o , (3)
¢:¢0+G0X¢ ) (4)

where y € €™, ¢ € €™, ¢, € €™, X is a diagonal matrix (no X no) with
the components of the vector ® € €"° as diagonal elements, ng is the number
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of pixels of the discrete object and ny is the number of measurement sensors.
Note that these notations can be extended for emission from ng different
positions.

Formally, the total field ¢ on the object can be expressed from (4) and
introduced in (3). It gives an explicit relation between the contrast and the
data y = A(z) with:

Ax) = GuX (I -~ GoX) ' ¢, . (5)

The inverse problem, which we are concerned with consists in determining
the contrast & from a given finite set of noisy data y. Moreover, note that one
can have ng > ny x ns (number of unknowns larger than number of data)
so that the system of algebraic equations can be highly under-determined.

2 A Bayesian Approach for the Inverse Problem

The Bayesian inference is now a common way to handle ill-posed inverse
problems in signal and image processing (Demoment 1989). We recall the
main basis of the Bayesian framework before considering its application to
nonlinear diffraction tomography.

2.1 General Framework

In a general Bayesian framework of parameter estimation from experimental
data, the relation between the unknown parameters € IR” or C* and the
data y € IR™ or €™ can be written:

y=Az)+n,

where A models the observation mechanism (direct model) and n models
errors on the measurements (measurement noise as well as modeling and
discretization errors, which can often be considered additive on the data).
Without particular knowledge on the errors, they are usually modeled by zero
mean white Gaussian random variables, circular in case of complex quanti-
ties, with known variance ¢2 and independent of @. These assumptions are
considered hereafter.

From this modeling, the likelihood function of the unknown x for given
data ¢y can be deduced:

pwle)= (o57) on (-l - A@I) -

n

The a priori state of knowledge, that is before any measurement is carried
out, is taken into account through a probability law:

p(z) o exp {—pld ()} ,
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where U has to be chosen to enforce desired properties on the solution.
Bayes rule allows to combine information supplied by the data and prior
model in the a posteriori probability law of the parameters:

p(y|=z)p(z)

p(zl|y) = @)

b

where, p(y) is a normalizing coefficient.

From a strictly Bayesian viewpoint, the posterior law is the solution to
the problem as it sums up all information available on the object. However,
it is necessary to decide on a value to give to 2. Different estimators can be
exhibited following the chosen decision rule, such as Maximum a posteriori
(MAP), Maximum Marginal a posteriori (MMAP) or Posterior Mean (PM)
estimators. Parameters which maximize the a posteriori law (MAP) are fre-
quently chosen and this leads to an optimization problem. Indeed, the MAP
estimate corresponds to the minimizer of the criterion:

I(®) = lly — A=) + M (=)

where A = 02 can be considered as a regularization parameter which bal-
ances between fidelity to the data and prior information.

2.2 Application to Nonlinear Diffraction Tomography

This general framework can be applied on many ways to the considered prob-
lem. We propose hereafter two distinct formulations, depending on whether
the contrast @ has to be estimated from the data y or both the contrast =
and the field ¢ on the object have to be estimated.

First Formulation: Estimation of . This formulation is straightfor-
ward. The solution is defined as the MAP estimate of x:

Tyap = arg m;jlxp(:c ly) .

‘From the explicit relation (5) it corresponds to the global minimizer of the
criterion

T (@) = |ly — A@)|l” + M (=) (6)
with
Ax) = GuX (I — GoX) ¢, -
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Second Formulation: Joint Estimation of  and ¢. The solution is
defined as the joint MAP estimate of @ and ¢:

(z, )uar = arg ma(;c p(z,¢ly) -

(z,9)
Thanks to Bayes rule, the a posteriori law can be written:

p(y |z, d)p(¢|z)p(x)
p(y) ' @

p(z, @|y) =

In this relation, p(y) is a constant with respect to  and ¢, so only the three
numerator terms intervene in the MAP criterion:

— Using (3), with the considered error model, the first term can be written:

byl 8) o exp { ~olly - GuX P}
b

— The second term corresponds to the probability law of ¢ for a known .
As ¢ is the total field on the object, it is uniquely determined for a given
x by (4). Thus, if § denotes the Dirac distribution:

p(¢|x) =0(d— Py — GoX9) ;

— p(z) corresponds to the prior model on the object: p(x) o< exp {—uld ()} .

Using these expressions, the posterior probability law can be written:
1
bl v) < xp { ~ oy~ GuX I = it (2) }8(6 = by = GoXg)
b

The MAP estimate of (z,¢) corresponds to the maximum of p(z, ¢|y),
i.e. it minimizes the criterion:

T (2, ¢) = ly — GuXo||* + N (=) , (8)
subject to the constraint:

¢— ¢y —GoXp=0. (9)
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2.3 Prior Models

Introduction of a priori information on the object is the basis of regulariza-
tion. In the Bayesian framework, this information is modeled by a probability
law p(z) or by an energy function U(=x).

We consider the class of Markov Random Fields (MRF) models, which
is frequently used in image processing (Geman 1990} and allows the intro-
duction of local correlations between the elements of an image. The energy
function of a MRF can generally be written:

U) =D plw;i—x;)

i ineg

with p(t) a potential function, and i ~ j stands for neighbors pixels ¢ and
j. Note that for complex fields, p operate separately on real and imaginary
parts of @ if they are considered independent.

A large choice of such potential functions has been proposed in the liter-
ature and certain of them are summarized in Table 1 and represented Fig. 1.

Table 1. Some potential functions and their characteristics

Name Potential function Characteristics
L, norm, Gaussian p(t) = t° strictly convex, scale invariant
L, norm, Laplacian p(t) = |t| convex, scale invariant
L, norm p(t)=t", 1 <p<2 strictly convex, scale invariant
. |t% if ¢ < 1
Hubert function p(t) = 2] — |1 if]e) > 1 convex
|¢]? 3f |¢] < 1

Truncated Quadratic p(t) = non convex, implicit line process

Lif [t > 1

The Ly norm corresponds to a first order Tikhonov regularization. This
kind of regularization is of significant interest when the relation between the
unknown and the data is linear because a linear explicit relation between the
MAP estimate and the data is then available:

twr = (ATA + AW) 1 ATy |

with W~ the correlation matrix of the Gaussian process. However, such
interest decreases for nonlinear direct models, unless linear approximations
are considered.

Nonconvex potential functions, like the truncated quadratic or other mod-
els including implicit or explicit line processes, can improve considerably the
reconstruction of piecewise continuous images (Kinsch 1994). However, as



113

local minima may appear in the energy function, choosing such a model gen-
erally largely increases the difficulty of computing the solution.

Convex potential functions, such as L, norms or Hubert function, seem
to be a reasonable choice for nonlinear inverse problems. They correspond to
a compromise between L2 norm and nonconvex functions, as large variations
of the field are less penalized than for the Lo norm, but more than noncon-
vex functions. Using such models, allows better reconstructions of piecewise
continuous images than Tikhonov regularization with no difficulty increase
of the solution computation.

4 T T T T T T T
351 1
3k B
25K ™ R
\ o B ’

N a
[N L,
2k N S A
N S
< S
~ A . 3 7 ”
SR ARy
N A G 4
1.5F NN L. 1
~ N i
N v//
NN 143
A\ >
LT U (O P T PR P PP PP PRT TR ~
™ /,
N~ 2;
: .
\\.\\ i
~ .z
0.5 [~ Pl 1
N s,
\'\\ P
S P
SN f

I L 1 NENPLS L " '

-2 -1.5 -1 -0.5 0 0.5 1 15 2

Fig.1. 1-D representation of some potential functions: L» (=); L1 (——);
Ly, p= 1.3 (—); Huber function, T'=1 (- - -); Truncated Quadratic T = 1(- -).

2.4 A Computational Challenge

The regularized solution has been defined as the contrast @ which minimizes
criterion (6) or as the contrast # and the total field ¢ that jointly minimize
criterion (8) under constraint (9). These two distinct formulations are equiv-
alent in the sense that they define the same solution (for @), but one may
consider using different techniques to solve them.

Note that the Bayesian framework is not indispensable for defining the
solution as the minimum of the criterion (6). Indeed, this criterion can be
considered as a penalized least square criterion within a deterministic frame-
work. However, the definition of the joint solution as the minimum of (8)
under constraint (9) is not straightforward from deterministic arguments and
other joint criteria are often proposed, which will be studied in § 4. Anyway,
the Bayesian framework is not only useful to define a regularized solution to
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an inverse problem but also offers probabilistic tools e.g. to characterize the
solution (Tarantola 1987) and to estimate some additional parameters such
as the regularization parameter (Idier et al. 1996).

Due to the non-linearity of the direct problem, it is easy to show that the
criteria (6) and (8) are not convex functions. Thus, even if the prior informa-
tion is modeled with a convex energy function, the criteria may have local
minima. From simulation experiments, appearance of local minima is closely
linked to a high contrast value, a limited number of measurements and a low
signal-to-noise ratio. Thus computation of the solution may be a cumbersome
task, especially in these difficult configurations. However, the problem seems
to be less difficult in more favorable configurations.

In the multiplicity of methods proposed for solving nonlinear diffraction
tomography problems, we tried to establish a classification, even if not ex-
haustive. Three types of methods have been emphasized which can be inter-
preted and analyzed in terms of algorithms to compute the defined regularized
solution.

3 Successive Linearizations

Methods of the first type consider iteratively linear approximations of the
direct model, which leads to solve successively linear inverse problems. Dif-
ferent methods of this type have been proposed in the literature to solve
the nonlinear inverse problem of diffraction tomography. As the nonlinear
inverse problem is ill-posed, each linear inverse problem is ill-posed and reg-
ularization has often been introduced to stabilize the solution of each linear
problem.

Before comparing these different methods, we propose a successive lin-
earizations algorithm specifically designed to minimize the criterion (6). Fi-
nally, we study the convergence properties of such techniques.

3.1 A Successive Linearizations Algorithm to Minimize J™*"

At a given iteration n, a linear approximation of .4 has to be taken into
account for  near «,,. The theoretically most coherent linear approximation
of A(x) near @, is given by its first order Taylor series expansion:

A(@) = A(@n) + VeA(@n) (@ — 2n) + O (= — 25)°)

(strictly speaking, one has to account for the Taylor series expansion of the
real and imaginary parts of 4 to define such a relation for complex valued
functions). Let A}M*" = Vg A(z,), calculus of 4;,"*" can be done easily. If
¢, = (I — GoX,) ', denotes the field on the object for contrast ©,, and
&, its corresponding diagonal matrix, A}™*" can be written:

AN = Gy [T+ X (I — GoXn) ' Go| D -
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Thus minimization of J"** can be performed with successive lineariza-
tions of A:

Initialize n = 0, xp.
Iterate for n = 1, 2. .. until convergence towards a stationary point:

1. Compute the field on the object ¢,, and the matrix A5'™** corresponding
to the linear approximation of A near the current solution zy,.

2. Compute ®p41 = arg n:lcin TP (@) with

TEMP (3} = ||y — A(,) — ASHA (2 — )|+ Md(z) .

Note that in such a scheme, for convex energy functions ¥, all these
criteria are convex functions and consequently have a unique global minimum.

3.2 The Born Iterative Method

The Born Iterative Method (BIM) has been introduced to circumvent the
non-linearity, solving iteratively each of the coupled equations (1-2) (Wang
and Chew 1989). Indeed, both integral equations are bilinear with respect to
z and ¢ and solving each equation with respect to one of these variables leads
to solution of linear equations. Using algebraic notations, the BIM scheme
can be summarized:

Initialize ¢, = ¢, (Born approximation).
Iterate for n = 1,2... until convergence towards a stationary point:

1. Compute ®,4; for field ¢, on the object, i.e. solve the linear inverse
problem: y = Gy®,x.

2. Compute the total field on the object ¢, ., corresponding to contrast
Tr41.

The linear approximation of the direct model which is accounted for in
step 1. can be written:

Ale) = Alzn) + A (2 — z,), with  A™ = Gy®, .

It appears in calculus of AS™*"  that AD™ corresponds to take a zero order
approximation, with respect to dz, of [I — Go(Xn + cﬁX)]_1 . This term is
approximated by [I — Go X n]_1 so that the approximation of the BIM is
coarser than the approximation of the SLMAP.

In (Wang and Chew 1989), the linear inverse problem of step 1. is solved
using a zero order Tikhonov regularization on ®. Hence, the original BIM is
equivalent to the SLMAP where AL is replaced by ADY with U(x) = ||=||?
and & = 0 is taken as initial solution.



116

3.3 The Distorted Born Iterative Method

The Distorted Born Iterative Method (DBIM) (Chew and Wang 1990) is
based on a scheme similar to the BIM, using distorted wave Born approx-
imations. At each iteration, a known inhomogeneous background medium
with contrast @, is considered, with corresponding Green function G" and
incident field ¢,,, and an additional inhomogeneity éz has to be computed.

Hereafter, ¢g, ¢ denote the field ¢, on the object and on the measure-
ment points respectively, Gy, denotes a matrix corresponding to discretization
of the Green function for inhomogeneous medium «,. The DBIM scheme can
then be summarized:

Initialize o = 0, Gy = Gu and the incident fields ¢g = @2, % = @Y
(Born approximation).
Iterate for n = 1,2 ... until convergence towards a stationary point:

1. Compute contrast ®,1 = &, + d for the distorted wave Born approx-
imation (field on the object ¢g and matrix Gy), i.e. solve the linear
inverse problem: y + ¢ = ¢p + GrPrdz.

2. Compute incident fields ¢2+!, 2! and matrix Gt corresponding to
the new inhomogeneous background @, 4+1.

If discretization is performed with a moment method with pulse basis and
test functions, as suggested in (Chew and Wang 1990), the update of Gy; can
be written:

Note that this algebraic relation is not valid for other basis and test functions
such as piecewise continuous ones, in which case the study of the DBIM in an
algebraic framework is not as easy. Using algebraic notations, it can be shown
that, at each iteration, the first step accounts for a linear approximation of
A which can be written:

Alz) ~ A(zn) + A (2 —x,) ,  with  AP™ = Gu(I — X, Go)™ &, .

It can be shown that the approximation of the DBIM is identical to that of
the SLMAP. Indeed,

(I-X,Go) ' =T+ X,(I-GoX,) 'Go ,

which can be verified by calculating the product of these matrices.

In (Chew and Wang 1990), zero order Tikhonov regularization on = has
been introduced to solve the linear inverse problem of step 1, i.e. it accounts
for an energy function U(x — ®,) instead of U(x) in the SLMAP scheme.
Thus the solution given by this method does not correspond to a minimum
of the MAP criterion (6).
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3.4 The Newton Kantorovitch Method

The BIM and the DBIM are specific to the modeling of the forward problem
with coupled equations such as (2-1}. The Newton-Kantorovitch method is a
more general method to solve nonlinear functional equations y = A(z) (Roger
1981). An iterative scheme is introduced, whose iteration consists in calcu-
lating variation dz added to z, so that y — A(zn) = A(zn + dz). As dz is
assumed to be small, A(z,, + dz) is linearized for each iteration.

A Newton-Kantorovitch Method (NKM) has been proposed to solve the
problem concerned (Joachimovicz et al. 1991). The linear approximation taken
into account in (Joachimovicz et al. 1991) can be written:

Alx) = A(z,) + AYM(® —2,) ,  with AV = Gu(I — X,Go) ™' &, ,

which is strictly equivalent to that of the DBIM. Let us recall that this
relation can be established for the DBIM when the discretization is performed
with a moment method with pulse basis and test functions, while it is still
valid for other functions for the NKM.

In (Joachimovicz et al. 1991), the solution of each linear inverse problem
is computed using zero order Tikhonov regularization on dz. Thus the DBIM
and the NKM are strictly equivalent.

3.5 Interpretation and Analysis of the Solutions

In terms of linear approximations, the SLMAP, the DBIM and the NKM are
strictly equivalent, while the BIM accounts for a coarser approximation of .4
at each iteration.

The DBIM and the NKM are identical and only differ the from the
SLMAP on the way according to which the regularization is introduced. In-
deed, in the DBIM and the NKM, regularization is introduced to stabilize the
solution of each linear inverse problem and not to regularize the whole nonlin-
ear inverse problem. Regularization is performed on d= and does not take into
account any prior model on @ ; so the provided solution does not correspond
to a minimum of J"**. Note that for such a regularization, the algorithms
seem to be very sensitive to the regularization parameter. In (Joachimovicz
et al. 1991) a specific adjusting method has been proposed for this parameter
in the NKM. In (Chew and Wang 1990) it has been observed that the DBIM
can diverge more easily than the BIM. It seems to be contradictory with
the fact that the BIM accounts for a coarser approximation of A than the
DBIM, but it can be easily understood from the fact that the DBIM does not
regularize the nonlinear inverse problem satisfactorily but each linear inverse
problem independently.

On the other hand, the SLMAP is a successive linearizations algorithm
designed to compute a regularized solution to the nonlinear inverse problem,
defined as the minimum of J"**.
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The properties of the SLMAP in terms of minimization of J"** can be
studied. At each step, J“** is approximated by a convex criterion J;"**°
with same value at @, and — due to the first order Taylor series expansion —
same slope at this point:

j:LMAP(wn) — JMAP(mn) and VWJ’:LMAP(wn) —_ VZJMAP(:D”) .
The properties of such an algorithm are:

1. There exists no convergence guarantee and the algorithm could diverge.
2. If it converges, a stationary point @, is reached and

vmj;:.LMAP(moo) — szMAP(woo) =0,

so this point corresponds to a local minimum of the criterion J™*".

3. Possible convergence and reached stationary point depend upon the ini-
tialization of the algorithm.

Note that the second property is not valid for the linear approximation taken
into account in the BIM. If the BIM converges towards a stationary point,
this point is not guaranteed to be a minimum of J"** because V4 o™ (x,) #
Vo I" (25,). In this sense, the BIM is sub-optimal compared to the SLMAP
(moreover, the SLMAP has been shown to converge more rapidly than the
BIM (Carfantan and Djafari 1996)).

4 Minimization of a Joint Criterion

Some recently proposed methods — methods of the second type — define the
solution as the minimum of criteria which account for errors on both cou-
pled equations (3-4) with possible additional terms (Kleinman and van den
Berg 1992), (Sabbagh and Lautzenheiser 1993), (Caorsi et al. 1993). In these
methods, the solution is defined as the minimizer of a criterion, jointly on
the contrast @ and the field on the object ¢, with the following generic form:

F(z,¢) = oully — GuX B|” + ao l|¢ — ¢ — GoX ¢ + M (,4) . (10)

Such a criterion is very easy to understand intuitively: it corresponds to
minimizing jointly the errors on (3) and (4) and, as the problem is ill-posed,
a penalization term on the unknowns is added to regularize it.

The proposed methods differ on several points:

— Criteria differ from value of parameters oy and «a,. For example, these
parameters are fixed to normalize the errors on both equations for ¢p = 0:
ao = 1/||¢pgl|? and ay = 1/||y||? in (Kleinman and van den Berg 1992),
while they are fixed to 1/2 in (Sabbagh and Lautzenheiser 1993).
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— There are differences on the regularization term. Originally, no regular-
ization was introduced (Kleinman and van den Berg 1992), (Sabbagh and
Lautzenheiser 1993). Then, it has been proposed to regularize both on
x and ¢, with U(z, d) = ra|[z]|> + Asl|o|1? in (Barkeshli and Lautzen-
heizer 1994) and with U (z, ¢) = Ap||A1¢ + (X + kZI)@|> + || D1 ||
in (Caorsi et al. 1993), where A; and D; corresponds to discretization
of Laplacian and gradient operators. Finally, it has been proposed to in-
troduce a single regularization term on @, corresponding to a Markov
random field with a line process in (Caorsi et al. 1995), and to a total
variation penalization in (van den Berg and Kleinman 1995), which is
equivalent to a L regularization term.

— The methods also differ from the techniques used to compute the solution.
Usual gradient type local minimization techniques has been used (Sabbagh
and Lautzenheiser 1993), (Barkeshli and Lautzenheizer 1994) as well as
local techniques specially designed for such a criterion (Kleinman and
van den Berg 1992) and global minimization techniques such as Simu-
lated Annealing (Caorsi et al. 1995).

4.1 Bayesian Interpretation

Recall that joint estimation of @ and ¢ leads to problem P: minimization
of criterion (8) subject to constraint (9). The constraint can be equivalently
written || — ¢y — GoX ¢||> = 0, so that the Lagrangian of P, can be written:

L(x, ¢g, 1) = |ly — GuX Bl + pllp — o — GoXB||” + Md(=),  (11)

with the scalar Lagrange multiplier u. This Lagrangian looks like generic
criterion (10), so that the adopted Bayesian framework gives a new way
to look at it. It corresponds to the Lagrangian of the constraint optimiza-
tion problems 7, in which the Lagrange multiplier is fixed intuitively (u =
1l12/||#oll? (Kleinman and van den Berg 1992) or 4 = 1 (Sabbagh and
Lautzenheiser 1993)).

Moreover, this viewpolnt gives indications for regularizing such a criterion
with an energy function U (2). Using Bayes rule for the considered model of
errors on measurements, we can see on (7) that there is no need to introduce
prior model on ¢.

Note that in (Caorsi et al. 1995) another Bayesian interpretation has been
given for this criterion. It is shown that if additive gaussian error are assumed
on both coupled equations (3~4), the joint MAP estimate of @ and ¢ mini-
mizes a criterion of form (10). However, it can be shown that such a criterion
is obtained introducing zero mean circular Gaussian (conditionally to ) noise
with covariance matrix Cy = 021 + 03 [(GxX)1(GyX)] ™" on the measure-
ments. It seems to be a very strong and unjustified hypothesis as it considers
a particular correlation between the measurement errors and the unknown
object.
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4.2 Analysis of the Solutions

The Lagrangian theory provides a link between solutions of constrained opti-
mization problems and saddle-point of the corresponding Lagrangian. How-
ever, in the considered case where neither the criterion nor the constraint are
convex, the only available property is the following:

If (=, @), p) is a saddle-point of Lagrangian (11), (=, ¢) is a solution to con-
strained optimization problem P,.

However, there is no guarantee that such a saddle-point exists.

Among the different methods proposed to minimize a criterion of form (10)
none tries to reach a possible saddle-point of Lagrangian (11), but only a
minimum of it for a fixed value of Lagrange multiplier. The given solution
is then not necessarily a solution of P.. Moreover, note that criterion (10) is
not convex, so it can have local minima. The solution computed with local
minimization techniques will then possibly correspond to a local minimum of
the Lagrangian, for fixed Lagrange parameters.

It is possible that the given solution corresponds to a saddle-point of the
Lagrangian. If the fixed Lagrange multiplier corresponds to a maximum of
the Lagrangian, the solution is solution of P.. It can be shown that if (2, ¢)
is a local minimum of L, for u fixed and that constraint is verified, then x
corresponds to a local extremum of the unconstrained criterion JY**. But
if the constraint (9) is not verified, the solution cannot be characterized as
easily.

Note that from this definition of the joint solution as the solution of
P, specific algorithms can be designed to compute this solution (Carfantan
1996).

5 Minimization of the MAP Criterion

From presentation of § 2, a natural idea to compute the defined solution —
which corresponds to methods of the third type — is to minimize directly the
MAP criterion (6).

Different methods have been proposed in the literature which define the
solution as the minimizer of the mean square error (MSE) between exper-
imental and simulated data, possibly taking into account a regularization
penalty term (e.g. (Garnero et al. 1991), (Xia et al. 1994)). However, an ex-
plicit formulation of criterion (6) using the explicit algebraic relation (5) of A
has only been proposed recently (Carfantan and Djafari 1995). Note that it is
not necessary to express such a relation to try to minimize the MSE and it is
sufficient to be able to simulate the forward problem. However, one can take
advantage of such an expression to design specific algorithms to minimize
this MSE and the criterion (6).

Different optimization techniques have been used to compute the mini-
mum of this criterion and will not be detailed hereafter: local techniques such
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as conjugate gradient (Xia et al. 1994), (Lobel et al. 1996) or global ones such
as Simulated Annealing (SA) (Garnero et al. 1991), Graduated non Convex-
ity (GNC) (Carfantan and Djafari 1995), or a cheaper Iterative Conditional
Mode (ICM) (Carfantan et al 1996).

Using any optimization technique to minimize J™** guarantees the solu-
tion to be a minimum, possibly local, of this criterion. However, in difficult
configurations, when this criterion has local minima, a global minimization
technique may be used to obtain a satisfactory solution.

6 A Comparative Study

The presented classification of existing methods allows to better compare
them. One can study the number of considered unknowns, the computation
cost, the convergence properties and the robustness with respect to some
parameters for each type of methods. No simulation results are shown in this
paper and the reader can refer to (Carfantan 1996), (Carfantan and Djafari
1996) for more details. The main conclusions of this study is presented in the
following.

6.1 Number of Unknown

In methods of both first and third types, the unknown is the contrast @ € C"°
while in methods of second type, the contrast and the total field on the
object for each incident field ¢ € €™ *™s have to be reconstructed. So, if the
number of data is increased, considering more source positions, the number
of unknowns is increased as well in methods of the second type.

6.2 Computational Costs

In methods of the first type, evaluation of the criterion requires an order
of O(no * ny * ng) complex operations. However, these methods require the
update of some matrices between each iteration which includes resolution
of the direct problem. For the BIM, the cost of these updates is of order
O(no® + no? * ng + nonyns) while it is of order O(no® + no? * (ns + ny)) for
the SLMAP, the DBIM and the NKM.

The methods of the second type do not need any updates and evaluation
of the criterion has a cost of order O(no%ns+no *ng*ny) complex operations.

On the other hand, the third type methods require evaluations of crite-
rion (6) whose computation order is O(no® + no%ns + no * ny * ng). Indeed,
for each evaluation of the criterion, the direct problem has to be solved. For-
tunately, algorithm such as SA (Garnero et al. 1991) and ICM (Carfantan et
al 1996), which update the contrast image pixel by pixel, can perform these
updates without computing the whole criterion for each pixel but only once
for the sweep of the whole image.
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6.3 Convergence Properties

We already studied the convergence properties of each type of method which
can be summarized as follows. Methods of the first type, such as the SLMAP,
can diverge while the others are guaranteed to converge towards a stationary
point. On the other hand when the SLMAP converges, the provided solution
corresponds to a local minimum of the MAP criterion (6) (which is not true
for the BIM, the DBIM and the NKM). Methods of the second type are guar-
anteed to converge towards a minimum, maybe local, of the criterion (10).
This solution can correspond to the MAP estimate only if the constraint (9) is
satisfied, which is not guaranteed by these methods. The third type methods
are guaranteed to converge towards a minimum, possibly local, of J™*.

6.4 Robustness with Respect to the Regularization Parameter

it has been experimentally established that methods of the second and third
types are more robust with respect to the value of the regularization parame-
ter A (Carfantan 1996) than first type methods. For example, methods of the
first type can give good results for a value of A and diverge for a nearby value,
while the second and third types methods are in general not very sensitive to
a change of a factor ten of this parameter, on the same configuration. This is
an important point to consider as no automatic adjustment of this parameter
is available up to now, only the user’s experience.

7 Conclusion

In this paper, we have studied diffraction tomography within the Bayesian
estimation framework. It allows to consistently introduce prior information
on the solution of this nonlinear ill-posed inverse problem and to define a
regularized solution, the MAP estimate, with reasonable assumptions.
Different existing methods have been classified in terms of algorithms to
compute the MAP estimate. Three types of methods have been distinguished.
Methods of the first type correspond to successively approximating the non-
linear object/data relation with a linear one. Methods of the second type
define the solution as the joint minimizer of a criterion depending on the
object and on the total field on the object. Third type methods directly min-
imize the MAP criterion depending on the object. These methods have been
compared on their convergence properties and on the solution they provide.
Three major key ideas can be emphasized:

— As regularization consists in introducing prior information on the solu-
tion, one can get benefits from introducing more advanced models than
a simple Ls (Tikhonov) one.



123

— A successive linearizations algorithm has been proposed to compute a
regularized solution to this nonlinear inverse problem. It is both more
efficient than the BIM for its linear approximation and than the NKM
and the DBIM from a regularization standpoint.

— The solution given by the minimization of the (penalized) joint criterion
does not correspond to the minimum of the (penalized) mean square error
on the measurement.
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1 Introduction

In this paper we propose a method for solving the inverse scattering problem for the Helmholtz
equation. The nonlinear problem is separated into an ill-posed linear and a, hopefully, well-posed
nonlinear problem. This technique is successfully applied by several authors, see for example Lan-
genberg, [6], Pichot et al [18). What is special with the proposed method here is the application of
the approximate inverse introduced in [10] in order to precompute a reconstruction kernel in order
to speed up the solution both of the linear and the nonlinear problem.

For applications of the elastic or electromagnetic inverse scattering problem in medical imaging or
nondestructive testing see for example [3], [6], [9], [15], [17]. For the sake of simplicity we restrict
our presentation here to the scalar case. In principle it is also applicable to the vector-valued case.
For fixed wavelength k and incoming plane wave in direction @ € S? the Lippmann-Schwinger
equation serves as mathematical model. It is

w(@,1) = / Gl ~ =)u(O, 2)f (z)dz )

with the complex permittivity f and Green’s function G. Equation (1) is valid both inside the
object and outside. Hence, in a first step, we approximate the product & = uf, which now is the
solution of a linear problem. This equation is well studied, see for example [3]. Evaluating the
right—-hand side for 7 inside the object with the approximated ¢ = u f results in an approximation
for the scattered field u® inside the body. Finally, dividing & by u’ 4+ u? gives an approximation for
the searched—for permittivity f.

The first part of this paper consists in describing an efficient method for solving the linear part by
constructing a reconstruction kernel 1, such that the solution ¢ is represented as a scalar product
of the kernel 9 with the data, here u®.

®(z) = {u*, ¢e) . 2

We point out that no artificial discretization is needed. Hence we study operator equations A® = g
for operators between Hilbert spaces X and Y. Approximate inverse means a solution operator
which maps the data g = u® to a stable approximation of the solution of the ill — posed problem
A = g. This inversion operator is precomputed without using the data g, see {10}].

The method is based on two ideas. First, the computation of moments of the solution is stable;
i.e., we compute instead of ¢ the approximation (®,e,) with a suitable mollifier ey reducing in
that way the high frequency components in the solution which are mostly affected by the data
noise. This can be reformulated as using a weaker topology in the space X, see [4], [8]. Examples
for e, are given in the next section, e, can be a basis function for projection methods, it can be
chosen such that (®,e,) approximates a derivative of &; in wavelet language it can be a scaling
function or a wavelet. Second, in the case of linear operators the computation of (#,e,) is then
achieved by approximating e, in the range of the adjoint operator A* by the reconstruction kernel
Yy : A%y 2 e. Then

(B,ey) = (D, A%y ) = (AD,1by) = (g,%,) 1= Sq9 .
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This is the mollifier method presented in [12]. It also has been used to accelerate convergence for
finite element solutions in [7]. The recently introduced method in smoothed particle hydrodynamics
is based on the same ideas. Without using the possibility of precomputing a reconstruction kernel
via the adjoint operator a mollification method is presented in Murio [13].

The rest of the paper is then devoted to the above mentioned application in inverse scattering.

2 Approximate Inverse For Linear Problems

In the following we assume A to be a linear, continuous operator between the Hilbert spaces X
and Y. Especially we think of X as a space of functions and Y as a finite dimensional space of
measurements. Hence, if necessary, we use X = Lo(f2) for a suitable set 2 C R Examples for
mollifiers are

d
ey(z,y} = WXKI -y (3)

where X, is the characteristic function of the ball around 0 with radius v and vol(§%1) is the
measure of the surface of the unit ball in JRY. Here local averages of the solution are computed.
With the band limiting filter

er(z,9) = (1) sinclr(z - ) )

the high - frequency components in the solution are eliminated. Fast decaying is the kernel of the
heat equation

ey(z,y) = (2m) "2y Y exp(~|z — y* /(7)) . (5)
In all cases the parameter v acts as a regularization parameter. The mollifier e, is not necessarily
a function with mean value 1. When the essential information we need are discontinuities in & we
can use as e a function such that ($,e,(z,-)) approximates a derivative of $(z). This means that
e can also be a wavelet, see e.g. [13].
First we assume the equation A*1), = e, to be solvable. Then we put

(B,e,) = (B, A"y) = (A, 1h;) = (g,9y) =: Svg . (6)
This is the technique to derive inversion formulas in x ~ ray computer tomography resulting in
the so — called filtered backprojection methods, see e.g. [8], [15]. If the equation A*y, = e, is
not solvable we approximate 1, by minimizing the defect |A*, — e,]| for sufficiently smooth e,
leading to the equation

AA* ), = Ae, . (7

Then we get

(45!61) = (957‘4'1/)7) = (A¢71/}’7) = <g:¢'y) =i0vg -
It is important to mention that no artificial discretization of ¢ is needed as introduced by projection
methods, see e.g. [8], [15], [16]. For the numerical computation of 1, the matrix AA4* needs a coarse
stabilization, the fine tuning is then achieved by the choice of 7, compare [19].

3 Comparison With Other Methods

Now let A be a compact operator between the Hilbert spaces X and Y. Then it has a singular
value decomposition
{tnsUn; Tnltn

where vy, u, are normalized and
Av, = 0uu, and A'up, = opvn .

Regularization methods, like Tikhonov — Phillips, truncated singnlar value decomposition or Landwe-
ber iteration, have the form

Tyg = Fy(0)07 (9, un)vn » ®)

see for example [2], [5], [8]. The following result shows that these methods are special cases of the
approximate inverse.
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Theorem 1 Let the regularization method T, in (6) be given with a filter F.,. Then this method
can be written as an approzimate inverse with mollifier

ey(z,y) = Z Ey(o0)vn(z)valy) - 9]
n
Proof: The definition of 1 as solution of AA4*ty, = Aey in (5) leads with
'¢"‘r($) = Z U;I (e"l(zv ’)v un)vn
n

to

Py(z) = ZF.,(on)a,;lunvn(z) .

Then
Syg(z) = {g, ¥ (x)) = Ty g9(z) .

In contrast to the Backus — Gilbert method, see [1], [19], the matrix for computing the reconstruc-
tion kernel does not depend on the reconstruction point. Also there is a the possibility to pattern
the reconstruction kernel in almost any desirable way, one is not forced to approximate the deita
distribution with a kernel like jz — y]~2.

Using the smoothing property of the operator £, defined as E,&(z} = ($,e,(z, ) we can extend
the concept of order optimality from the classical regularization methods, see [11].

4 Efficient Implementation

If the problem shares some invariance properties they can be used for a fast realisation of the
method. Let in the following E, be a function of the variable y only. We can think of E,(y) =
e4(0,y); i.e., a mollifier concentrated around 0 which then may be shifted to arbitrary points as

e4(2,y) = Ey(z —y).

Theorem 2 Let A : X = Y and let TF be o group representation on X and T3, T3 be group
representations on 'Y such that

AT? =TFA (10)
and
TFAA™ = AATY . (11)
Let w., be the minimum norm solution of
Ad™w, = AE, . (12)

Then the minimum norm solution of
AA*Y,(z) = ATTE,
18
¥ () = TFw, . (13)
Proof : ;From the invariance properties follows
ATTE, =T AE,
= AA* TS w,

which completes the proof.

This means that only the solution w. has to be computed and stored, the kernels for other recon-
struction points z are found by the action of T¥ on E, and by T on w,.
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In the case of a finite number of data where (A®), = A®(z,), n = 1,..., N for suitable points
&, the reconstruction kernel w. is a vector in € with (), = w,(z,). Then w,(z, — z) can be
evaluated by linear interpolation between (w4 )m and (wy)my1 With z,, < Tp — < Tyngs-

For Y = €~ and M reconstruction points the storage needs is M x N complex numbers. If the
problem has invariance properties this can be dramatically reduced. If translation invariance for
example holds only N complex numbers have to be stored!

5 The Inverse Scattering Problem

In the following we first consider the case of just one incident plane wave in direction @. We define
the mapping
A: Ly(2) = Lo(T)

where we first put 2 = I' = IR®, that means we make no use of the fact that f is compactly
supported. Let G be the Green’s function of the Helmholtz equation, then

AB(y) = /Q Gl - y)S(y)dy (14)

which is a convolution equation. Following [3] the Operator A can be represented as

A(z) =k y_ bl (k|]) }: Y(z/|2])enm

n>0 m=—n

where HS) are the spherical Hankel functions of the first kind and Y%7 are the spherical harmonics.
The expansion coefficients ¢,,, are given as

un = [ ¥20) [ #intio)(o9) ap v
0

with the spherical Bessel functions j,. This formula can be used to derive a singular value decom-
position for the operator A.

;From the last section we conclude that also the reconstruction is of displacement type using
Ty = Ty = T3 = D* where D*f(z) = f(z — z) in Theorem 2 if e,(z,y) = D°E,(y) = E,(y — z).

The mapping AA4* is generated by the kernel
Gatn-€)= [ Glin— 2 - ahis

Defining with the unitary matrix U the operator DV as DV f(z) = f(Uz) we compute that
ADY = DU A and AA*DY = DY AA*, leading to another invariance and a simplification of the
reconstruction kernel 1., for circular symmetric E,(|y]).

After solving AA*y,(x,-) = Ae,(z,-) for the reconstruction point z we put for the data given on
r

&, () = (U, 9y (& N ga(ry = /r w () (f ~ ) - (15)

Evaluating the integral in (14) at the point = z € 2 we find an approximation for the scattered
field inside the scatterer as

w(e):= [ Gl - u)e iy
= [ v [ Gl - v, (v - nddyan
r R3

= [ Kola— ()i -
r

We observe that also the kernel K, can be precomputed independent of the data. Then we put
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fr(2) = 8,(2)/ (u' (z) + v’ ()
_ fp u* (M- (|l — nl)dn
e + fLus(n)Ky(z —n)dn

For multiple incoming plane waves we average over these values, resulting in a discretization of the

integral
1 u* (@, n)y (lz — nl)dn
fe) = & [ =t e~ 0dn g (16)
4r Jg2 €97 + [ w50, ) K (x —n)dn
The solution of the ill-posed linear problem is achieved by precomputing the reconstruction kernel
¥, and based on this also the kernel K,. Hence the reconstruction is realized by a fast imple-
mentation of this formula of filtered backprojection type used in x-ray tomography, compare (8],

[15].
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Abstract. We investigate the reconstruction of the shape of a sound-soft cylindri-
cal obstacle of smooth cross-section in a planar acoustic waveguide. This obstacle is
located in the farfield of a single time-harmonic line source operating at one given
frequency. Scattered pressure fields are observed on two arrays of hydrophones, one
on each side of the obstacle. Using a complete family approach, the scattered field is
represented as a finite sum of Green’s functions whose source locations evolve with
the retrieved contour. The inversion is cast as a penalized optimization problem
where the unknown contour is retrieved by iterative minimization of a two-term
functional. The first term measures the discrepancy between the data and the field
scattered by a given obstacle, the second term measures the error in satisfying the
boundary condition on its contour. After a short description of the mathematical
formulation and of the needed numerical machinery, illustrative results are shown
for convex and concave obstacles, low and high frequencies (few and many modes
are propagated), vertical and horizontal arrays, exact and noisy data observed in
the nearfield or in the farfield.

Introduction

We investigate the reconstruction of the shape of a closed, cylindrical obstacle
of smooth cross-sectional contour with a known boundary condition (here,
Dirichlet) which is placed in a planar acoustic waveguide. This is a model for
the reconstruction of an impenetrable target in a shallow water configuration
which consists of a lossless homogeneous water layer with a flat pressure-
release interface with air, and a flat sound-hard sea bottom. This obstacle is
located in the farfield of a single time-harmonic line source operating at one
given frequency. Scattered pressure fields are observed on two receiver arrays
(either vertical or horizontal), one on each side of the obstacle, either close
to or far from it in terms of the wavelength in the ambient medium (water).

This inverse scattering problem is nonlinear and strongly ill-posed and,
with respect to its classical free-space counterpart, it is further complicated
not only by the propagation of only finitely many modes in the waveguide, the
others being evanescent and not effecting the far-field pattern of the obstacle,
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but also by the availability of data at one single frequency which, futhermore,
are aspect-limited when receivers view a limited part of the obstacle.

Generalizing the approach of [1], [2] devoted to free-space configurations,
the inversion is cast as a penalized optimization problem where a contour
belonging to an admissible class is constructed by iterative minimization of a
two-term functional in which one term measures the discrepancy between the
data and the field scattered by a given obstacle, while the other measures the
error in satisfying the boundary condition on the unknown contour of the
scattering obstacle. An exact contour integral formulation of the wavefield
obtained by application of the Green’s theorem, is employed, its discrete
counterpart, derived by the Nystrém method [3], providing us with synthetic
data as needed. The inversion problem itself is analyzed by introducing a
complete family of radiating solutions of the 2-D Helmholtz wave equation
in the waveguide (they are Green’s functions of the waveguide). Their line
sources are initially distributed on a closed curve which is known to lie inside
the obstacle. This curve is kept parallel to, and at close distance from, the
contour constructed in the course of the algorithm.

In practice, a trigonometric function expansion describes the contour in
polar coordinates. A finite weighted sum of Green’s functions whose source
locations are, as indicated before, evolving with the retrieved contour, rep-
resents the scattered field. Each Green’s function involved is calculated by a
summation of modes or, when the distance between source and observation
point is a fraction of the wavelength, by means of a hybrid ray-mode repre-
sentation [4]. Unknown coefficients of both expansions are found iteratively
by a Levenberg-Marquardt solution algorithm.

The presentation is as follows. First we introduce the boundary integral
formulation of the wavefield. Second, we review the complete family approach,
including considerations of uniqueness of the solution of the boundary value
problem, and completeness of our family of solutions according to the recent
derivation of [5]. Third, the rather complex numerical machinery needed to
retrieve the unknown obstacle contour from a finite number of data samples
is sketched. Fourth, illustrative numerical results are shown for convex and
concave obstacles, low and high frequencies (few and many modes are prop-
agated), vertical and horizontal arrays, exact and noisy data taken in the
nearfield or in the farfield. Finally, pros and cons of the method are sum-
marized, and interesting though computationally intensive generalizations of
the method are pointed out.

1 Boundary integral formulation

Let us refer to figure 1. An impenetrable cylindrical obstacle of z axis and
of closed cross-section D in the r = (&, y) plane is placed in a shallow water
waveguide. The water layer is a homogeneous linear isotropic lossless fluid
layer of thickness H, density pp and sound speed ¢y enclosed between two
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flat interfaces, the free air/water surface Sy at y = 0 and the rigid bottom
Sy at y = H. The obstacle cross-section D has a smooth contour I" (at least
C?) and the Dirichlet boundary condition holds (the obstacle is sound-soft).
The water layer exterior to D is denoted as D,.

p=0 I x | X
Sf Y
vertical array

D, *

a2 °

H incident *
wave f A

[ ]

L ]

L]

L 9.p=0 water pg, ¢
R
y

Fig. 1. The geometry of the waveguide.

A time-harmonic line source S parallel to z is placed in the farfield of D at
rs = (zs,ys). Its operating circular frequency is w and the e™#¢* dependence
of the field is dropped from now on. The resulting field is observed by means
of two receiver arrays R, one on each side of the obstacle. These arrays are
either vertical and then cover the whole water column, or horizontal and of
finite length; in the first case both nearfield and farfield data are considered,
and only farfield data in the second. One denotes by rg = (zg,yr) a given
measurement point.

The corresponding boundary value problem reads

(A+k?)p=—6(rs) in D,
p= 0 onl

p= 0 onS; (1)
ohp= 0 onS,

where p is the pressure field, where k is the (real) wavenumber in water and
where the normal n is directed outside the obstacle domain, into D..

A radiation condition at infinity may be imposed [6], [7]. Here we simply
recall that under mild geometric conditions solutions of the boundary value
problem above are unique as is proved earlier by a Sturm-Liouville technique
and the Green’s theorem in [5].
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Introducing the Green’s function G(r, r') of the waveguide we easily obtain
a system of boundary integral equations [4]:

1 U } !
= 51’(7") =po(r) — /P G(r,7") Bup(r')dr', rerl (2)

p(r) = po(r) — /FG(r,r’) Onp(r')dr’, r € D, (3)

where po(r) represents the field G(r,rs) (the incident field) existing in the
absence of the obstacle, and where the total field p(r) is equal to pg(r) + the
scattered field pg(r).

As usual, we refer to equation (2) as the coupling equation and equation
(3) as the observation equation. Solution of (2) for a given contour yields the
normal derivative of the pressure field along the contour, and the pressure
everywhere in the exterior D of the obstacle follows by straightforward in-
tegration of (3). Conversely, when the contour is unknown, both equations
have to be satisfied, in some sense, from a partial knowledge of the pressure
in the waveguide (the left-hand side of equation (3)).

We remark that equation (2) requires augmentation at frequencies corre-
sponding to interior resonances. However the optimization problem which we
pose below in §3 is still valid at these frequencies and moreover the numerical
examples described did not suffer from such resonances.

The Green’s function of the waveguide has three conventional represen-
tations [8]. It can be expanded into a ray series, or a sum of modes, or one
can perform spectral integration along the k, axis associated with the range
z (since the poles lie on the real axis in the lossless case, one needs to deform
the integration path into the complex k; plane).

Closely following [4], we prefer to use a hybrid ray-mode expansion of
G(r,7') in order to obtain accurate numerical results at a moderate com-
putational cost. We start from the normal modes expansion of the Green’s
function:

G(r,r") = Z gm(r,7) (4)
m=0
where
gm (7, 7)) = % ]H sin(Ay) sin(By’ )e’k’"lx o'l
and

km:{kZ—[(er%)%]z}%, Im(ky) > 0, 8=k — k2,

and from the ray representation which is but the sum of the source images
reflected by the impenetrable walls of the waveguide:

Glrr') =) (Z gnp () 7")) (5)

p=1
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where i
gup(r,7') = =3 (=1 H (k)

Hgl) being the zero-order Hankel function of the first kind and ry,, the distance
between the observation point and the image source point resulting from the
pth-type combination of n successive reflections on the walls.

In practice we use a finite number NM of guided modes when | z — z
is large enough (i.e., larger than a prescribed distance d). And otherwise
we employ a finite series of NR rays, plus a remainder representation of
the Green’s function obtained by deformation of the integration path in the
complex k,-plane from the real axis onto the steepest-descent path [4], [9].

This calculation of the Green’s function is performed both in the inversion
scheme and in order to calculate synthetic data. The latter calculation is as
follows. Equations (2)-(3) are discretized using the Nystrom method [3], [10],
which yields a complex-valued matrix system whose solution is the pressure
field sought. The use of the Nystrom method with trigonometric polynomials
as the approximating functions has the advantage of taking into account the
logarithmically singular behavior of (2) and ensuring exponential convergence
with respect to the number of nodes which describe the contour I" [3].

"

2 The complete family approach

The reconstruction method is based on the use of a complete family of solu-
tions of the Helmholtz equation that satisfy the boundary conditions on the
walls of the waveguide. It can be shown under mild geometric restrictions [5]
that a solution p of the problem (1) together with the additional radiation
conditions:

Je e IR' such that

) _Op _ _
I%gr;o Sm {~/]:c|:R Py, dy} =c >0 (6)

and
. 9 ]
Aim g Ip|* dy < oo ()
is unique and has a unique modal decomposition.

Moreover, if 7, constitutes a countably dense set of points on a curve I’
(cf. figure 1) completely contained in D, then the set of Green’s functions with
these source points is complete in L2(I"). This complete family may represent
the solution of (1) in the same way as was shown in [5] in the Dirichlet case.

This means, in particular, that any solution of the boundary value prob-
lem (1) (+ radiation conditions) can be approximated as closely as desired
by a finite linear combination of these Green’s functions.
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In so doing, we get a new representation of the field scattered by an
obstacle in the waveguide. And this representation is used to solve the shape
inversion problem at hand (the retrieval of the contour I'), no inverse crime
being committed since the simulated data are obtained by solving the set of
boundary integral equations (2-3).

3 The penalized inversion

As already indicated, the reconstruction method is based on the complete
family approach, e.g., [11], and numerically speaking is more directly inspired
from [2]. First the contour I" is assumed to have a trigonometric expansion:

N N-1
f(6) = ao + Z ar, cos(nf) + Z an+n sin(nf) (8)
n=1 n=1

Then the corresponding scattered field, henceforth denoted as ps(f,r), is
taken as a weighted sum of M Green’s functions whose source points r,, m =
1,---, M are distributed on a curve I" located inside the obstacle cross-section
D and set to evolve in parallel with the retrieved boundary I' given by (8)
by enforcing | 7, (8) |= af(6). We have

M

ps(fir) =) emG(r,rh) (9)

m=1

The choice of the multiplicative factor o (which is less than 1) is somewhat
arbitrary. When « is too close to 1, contours I’ (where the source points are
lying) and I" (where the observation points are lying) become very close to one
another in terms of the wavelength in water, which may result in inaccurate
or computationally costly calculations of the Green’s functions. On the other
hand a much smaller value of « in practice causes a premature end of the
inversion procedure [12] in the sense that the cost functional (see below) fo
be minimized remains large.

The contour I" should be such that the scattered field pg fits the data
on any given measurement line R (the observation equation is satisfied) and
simultaneously such that the Dirichlet boundary condition pg + pg = 0 holds
on I' (the coupling equation is satisfied).

To reach this goal we define two functionals [; and [, by:

_ fR llps(f,7r) — PZe (rr)||*drr
ll(f, R) - fR“prsnes(rR)szrR

which is the L, norm of the discrepancy between the data p%®® recorded
along R and the corresponding scattered field pg given by (9) with r taken
as g, normalized with respect to the Ls norm of the data; and

(10)
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2% 11ps(£,9) + polf, O)2J; (9)d0
JZ7 Ipo(£, 0)112J5(6)d6

510 = [ 120) + (%)

which is the Ly norm of the discrepancy between the total field ps + po on
the contour I'" at angle # and its exact null value, normalized with respect to
the norm of the incident field, where ps is evaluated using (9) for f given by
(8), J¢ being the Jacobian of f.

Integrals in (10-11) are discretized by a trapezoidal rule, Q) test points
being prescribed on I'. As for the number M of Green’s functions, it is hence-
forth equated to @ so that source points r/, on I correspond point-to-point
to the nodes on I' fixed by angles 6,. When several sets of data are recorded
for the same obstacle by varying the measurement configuration, we take the
cost functional to be the sum of each cost functional.

I(f,T) = (11)

with

The problem is now to simultaneously determine the two sets of coeffi-
cients {a,} and {¢,,, } which minimize the cost functional L = {; +¢l3, o being
a penalty parameter favoring either the observation cost {1 or the boundary
cost [ in the reconstruction procedure.

This optimization problem is highly non-linear. In particular the coeffi-
cients {¢;,} depend on the {a,} via the points rf,. As for the support of the
integral in (11), let us note that it should have been the obstacle contour I,
causing further difficulty since I" evidently depends upon the {a,}. But, by
transformation onto the unit circle, the integration contour (the unit circle)
becomes independent of the unknown contour, the shape dependence being
accounted for by the Jacobian of the transformation f.

Let us emphasize that the trigonometric representation (8) which is as-
sumed for the obstacle contour constitutes strong a priori information about
the obstacle, in addition to the already required smoothness. Indeed, the con-
tour is constrained to be star-like with respect to the origin of the coordinate
system (f,#). This representation is convenient since it reduces the class of
contours where the unknown one is sought, but it is not imposed by the
underlying theory of the complete family inversion.

In practice, the coefficients {a,} and {cp,} are calculated by means of a
standard non-linear minimization routine which employs a Levenberg-Mar-
quardt algorithm. The procedure is stopped when the cost functional is small
enough, or when it reaches a plateau. As indicated in the above, multiple data
obtained by varying source and/or receiver locations are treated by simply
adding their respective cost functionals and minimizing the resulting sum.
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4 Numerical results

Results are given for a hard-bottom waveguide of height H = 100 m and
speed of the compressional waves in water ¢ = 1500 m/s. The operating
frequency is either 30 Hz or 100 Hz, 4 or 13 modes being propagated without
attenuation, respectively. The corresponding wavelength in the water is A =
50 m or 15 m. The boundary I' of the obstacle (centered at 50 m depth
and 0 m range) is either elliptic (horizontal semi-axis ¢ = 15 m, vertical one
b= 7.5 m) or it looks like a three-leaf clover (f(f) = 10 — 3sin(3¢) m). Both
perimeters are of the order of 70 m, and in the following we refer to the 10
m-radius circle as the “unit circle”.

We consider a source S located on the left side of the obstacle at a large
range rs{rs = —10 km, ys = 55 m). Data consist in the resulting pressure
field sampled by two vertical arrays R of length L = H {41 ideal hydrophones
equally spaced with separation 4 = 2.5 m) or by two horizontal arrays of
length I = 500 m (41 ideal hydrophones each A = 12.5 m). The vertical
arrays are located in the nearfield or the farfield of the obstacle at range
zr = +40 m or &5 km. The horizontal ones are only located in the farfield,
at depth yr = 25 m from range —5 km to —4.5 km and 4.5 km to 5 km.

The synthetic data are calculated by directly solving the boundary inte-
gral equations (2-3) as specified in §2. Moreover in the direct solution we take
at 30 Hz (resp. 100 Hz) 32 (resp. 50) equidistant nodes on I', which corre-
sponds to a sampling step (arc length) less than one-tenth of the wavelength
in water while in the inversion we only use 16 equiangle nodes on I

The initial contour introduced in the iterative optimization is a circle of
radius ag = Rg (i.e. {an} = 0,n > 1) and we often take the “unit circle”
(Ro = 10 m) which is in some sense the simplest obstacle of size close to the
size of the unknown obstacle. I' is assumed to have a trigonometric expansion
f(8) given by (8) with N = 4 cosines and 3 sines. The number of nodes Q
used to retrieve I is equated to the number of Green’s functions M = @ = 16
to prevent too large a ratio between the number of unknowns and the number
of data points. As for the {c,,} they are initially set to zero (all equivalent
sources are “turned off”). The parameter values are @ = 0.75 and o = 1.

Typical data used in the inversion are shown in figure 2. Here the magni-
tude of the pressure field at 30 Hz recorded on the two vertical arrays and the
two horizontal ones is displayed for both the elliptic and the clover contours.

Contours retrieved from data observed on the vertical arrays placed either
in the nearfield or in the farfield at 30 Hz are shown in figure 3 while the
influence of the type of arrays used (vertical or horizontal) is exemplified in
figure 4 (in the case of farfield data only) at the same 30 Hz frequency.

Reconstructions shown in figure 3 appear to be of similar quality (this is
particularly true with the clover contour) in both the nearfield and the farfield
measurement configuration, even though evanescent modes are filtered out
with range and only very few modes are propagated at this low frequency.



138

0.1 - 0
ellipse
clover e 20
L
-]
£
g g 40
& £
2
g g 60
<
ool 80 .
ellipse
) 100 V""“"--.}]OVel’ P
-5000 -4750 -4500 0.02 0.06 0.1
range(m) pressure magnitude
0.1 . 0
ot e]lllpse
Y cloyer e
3 . y R 20
£ §
& 006 T 40
o ~
: g
g g 60
g
& 002 80 }
ellipse
100 clover -
4500 4750 5000 0.02 0.06 0.1
range(m) pressure magnitude

Fig. 2. Far-fields observed along the horizontal arrays (le ft) and the vertical
arrays (right) at 30 Hz for the elliptic and clover contours. The arrays are
on the left side (top) or on the right side (bottom) of the obstacle, the source
is on the left side.

As for those obtained with horizontal arrays of finite length, they appear
(see figure 4) only slightly less accurate than those obtained with vertical ar-
rays even though windowing effects are expected with horizontal ones, while,
in contrast, the coverage of the obstacle is complete with vertical ones (the
waveguide walls are impenetrable and the arrays span the full water column).

Notice that with either horizontal arrays or vertical ones the measurement
step is such that the field at the highest spatial frequency is suitably sampled
as follows: (i) When measuring the field along depth at given range, this
frequency corresponds to the 4-th mode (m = 3) and following (4) to 8 = %
and thus to a period equal to 9 m while the sampling step is A = 2.5 m
(about one-fourth of this period); (ii) when measuring the field along range
at given depth this frequency corresponds to the 1-st mode (m = 0), or to

ko= +/k2% — ;1%25, thus to a period of 32 m while the sampling step is A = 12.5

m (somewhat less than one-half of this period).
In figure 5 the results at the 100 Hz frequency are compared to those
observed at 30 Hz. In both cases two vertical arrays are placed in the farfield.
At 30 Hz it is seen that the elliptic contour is not retrieved as well as the
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Fig. 3. Contours retrieved from exact nearfield or farfield data at 30 Hz
(vertical arrays).
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Fig.4. Contours retrieved from exact farfield data at 30 Hz (horizontal or
vertical arrays).

clover contour is, while the opposite is true at 100 Hz. Indeed, the elliptic
contour cannot be represented by a finite trigonometric expansion whereas
the clover contour is. So, more information appears needed if the elliptic
contour is to be retrieved accurately, which here means more propagated
modes (i.e., a higher frequency of operation) since we are in the farfield
of the obstacle. Notice that (see figure 3) the elliptic contour is somewhat
better retrieved when nearfield data are recorded since evanescent modes are
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now present. As for the clover contour, its concavity and its large perimeter
(5 wavelengths at 100 Hz) tend to penalize its reconstruction at this high
frequency.

Finally the robustness of the inversion method is considered when an
uniform additive noise effecting both the real and the imaginary part of the
observed pressure field is added. Typical results are shown figure 6 using two
vertical arrays in the farfield and various signal-to-noise ratios SNR.

f=30Hz » f=30Hz o
35 | f=100 Hz a 35 + f =100 Hz A
exact ) exact

45t st
g £
5 5
a, [
Q L
© st S st

65 65
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Fig. 5. Contours retrieved from exact farfield data at 30 Hz and at 100 Hz
(vertical arrays).
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Fig. 6. Contours retrieved from noisy farfield data at 100 Hz (vertical arrays).
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5 Conclusion

From the results presented here and elsewhere (abundant material is avail-
able in [13]), it appears that the complete family approach is able to retrieve
with a fairly good success the contour of 2-D sound-soft convex or concave
obstacles placed in a waveguide with impenetrable walls in a number of mea-
surement configurations (near or farfield data, exact or noisy data, horizontal
or vertical arrays) at a single frequency. The main drawback, in addition to
the computational complexity of the method, seems to be the fact that the
contour must be star-like with respect to a given point, which in particular
means that one point inside the obstacle must be found by other means (for
example, a backpropagation algorithm) or must be assumed beforehand.

Clearly some extensions of this method are straightforward - in addition
to the introduction of multifrequency data. The introduction of a penetra-
ble sea bottom (or a water layer whose speed of sound varies with depth) is
possible, though that the Green’s functions would have to be calculated in
the Fourier domain, at a much higher cost, modal expansions becoming ap-
proximate. Less straightforward though still feasible in the same theoretical
framework is the case of 3-D obstacles (let us refer to a somewhat similar
analysis [14]). But more complicated geometries (an obstacle lying on the
sea bottom, or partially buried within) require further theoretical analyses
before any numerical exploitation (for example, it is required in {5] that the
contour be completely confined in the waveguide).
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Abstract. A large class of inverse scattering problems involves the attempt to de-
termine the shape, location, and constitutive parameters of a bounded object or
objects from a knowledge of the field scattered by the object(s) when illuminated or
ensonified by a known time harmonic incident field. The fields may be electromag-
netic or acoustic and while the field equations are different in each case, the inverse
problem may be cast in a general framework which accommodates both phenomena
and in fact may be extended to include time-harmonic inverse scattering of elastic
waves. This class of problems has been attacked in a number of ways including
Born-based methods [1}, Newton—Kantorovich methods [2], diffraction tomography
[3], and dual space methods [4]. Recently another method, a modified gradient tech-
nique has been developed [5] and used with good success in a variety of different
cases. The present paper describes the essential features of the modified gradient
approach and reports on recent experience in a number of specific realizations rep-
resenting different physical situations and different amounts of a priori information
about the scatterer.

1 Formulation

Let B denote the scattering object(s), a finite number of bounded, connected
open sets in IR™ with smooth (e.g. piecewise C?) boundary, dB. Assume that
B is irradiated by a number of known incident fields uij“C p),i=12,...,J,
where p is a position vector in IR". For each j the scattered field uJS«(p) is
measured on S, a set of points (possibly an n — 1 dimensional manifold) ex-
terior to B (S N B = ). It should be emphasized that the field quantities
may be scalar or vector quantities depending on the physical model under
consideration. Denote the measured data by f;{p), which will be equal to
u$(p) only in the absence of noise and measurement error. The total field
induced in B by ui]-nc (p) is denoted by u;(p), while the contrast (the differ-
ence between the constitutive parameters of B and those of the background
IR™\ B) is denoted by x(p) which is assumed to be a scalar valued function of
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position. In all the examples treated to date the contrast x(p) is assumed to
be independent of the incident fields u}“c (p). When u;"" is given for the same
frequency the variation with j denotes different positions of the source or
directions of the incident field, and the independence of the contrast with the
respect to the incident field is evident. When the incident fields vary with
frequency the contrast may vary as well. For example in Maxwell media,
the contrast takes the form (ep +iop/w)/ep — 1, where eg and op are the
permittivity and conductivity of B, which clearly depends on the operating
frequency w. However the problems considered thus far for frequency-varying
incident fields concern physical situations where the constitutive parameters
are known in B, but the shape and location of B are unknown. In such cases
the function x(p) which is sought is the characteristic function of the domain
B. For the class of problems considered here, the field u;(p) in B satisfies an
equation (the object equation) of the form

uj — G xu; = ufc , (1)

while the scattered field on S satisfies an equation (the data equation) of the
form
uj = Gs, X ()

where Gg; and Gg; are linear operators,

GBj : L‘_)(B) — Lz(B), st : LQ(B) - LQ(S) . (3)

More generally Gp; may map Sobolev spaces Hy(B) into Hy(B), and G,
may map Hs(B) into L2(S). We always use Ly(S) as the range of G, even
though the map may be much smoother, in order to be consistent with the
measured data which is only assumed to be square integrable. In the realistic
case that data is measured only at discrete points, we assume an Lo interpo-
lation. In many of the inverse problems under consideration, the position and
shape of the scattering obstacle B is unknown, hence we assume that a priori
information is available that restricts B to lie in a known larger bounded
domain D and that DN S = §. It is this known test domain D that is then
used for the object and data equations

uj —Gp, xu; = u;°, fj = Gs, xu;
GD]. : Lz(D) — Lz(D), st : LQ(D) — LQ(S) y (4)

where the contrast x vanishes in D\B . This ensures that if x is found, then
not only is the contrast known in B but supp x = B. The size of D directly
depends on a priori information on B; the more that is known about B, the
smaller the difference between B and D can be made. Since D will eventually
be discretized, there is a clear advantage in choosing D as small as possible.

The essential features of the modified gradient method may now be given
without further specification of G5, and Gp,. Of course, precise definitions
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are needed to implement the method, and these are given in each example
presented in what follows. For any £ € Lo (D) and w; € Ly(D) we may define
the residual errors in the object and data equations when x, #; are replaced
by &, z; as

rj=uS® —2zj+Gp, €2, pj=Ffj —Gs; £ % - (5)

The inverse problem is now formulated as follows:

for known incident fields 4'"(p), measured data f;, test domain D and nor-
malization constants wp; and wg;, find x € Uy and u; € Uz to minimize
the error functional

J

F(§2) =Y {wp,lIrilL, o) +ws; loilZs)} (6)
j=1

where z = (z1, ..., 2J).

The set of admissible contrasts Uy, is a subset of Ly, (D) which incorpo-
rates any available a priori constraints. Similarly Uy is a subset of La{D).
In the absence of any additional knowledge of x and u;, Uy = Loo(D) and
Uy = Ly(D). The minimization is carried out by constructing a sequence of
approximations {Xm,%;m} which reduce the error functional at each step.
The sequence is constructed iteratively. First a set of starting functions xq
and u;, are selected. This is not a trivial matter since the ultimate conver-
gence of the sequence to the desired solution will depend on a reasonable
choice of starting functions. Some of the choices that have been used are
described below. Once the starting functions are defined, a sequence is gen-
erated according to the following updating scheme

Xm(P) = Xm—1(P) + Bm dm(P), Ujm(P) = Ujm-1(P) + aimv;m(P)  (7)

where d,,(p) and v;,,(p) are updating directions and &, By, are constants.
The choice of updating directions d,,(p) and v;,,(p) is given below. Once this
choice is made the constants 5, and ., are found by minimizing the error
functional

F(Xm-—l + 26mdm; Ulm—~1 T XmVUlmy - > bm—1 + avaJm) . (8)

In many of the examples discussed below it is assumed that o,y = ay, for
every j which reduces this algebraic optimization problem to one of finding
the two, possibly complex, constants o, Om.
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2 Update Directions

For the update directions d,,(p) we have used either gradient directions

dn(D) = g(0) = 5= F ©)

X Xm—1,Um—1

where ?9_5 denotes the gradient of F' with respect to changes in the

Xm~1:0m—1
contrast, holding the field quantities constant, evaluated at x.,,_; and u,_1,

or Polak-Ribiére conjugate-gradient directions

d
< gmyggn - g;'in—l >p

@ (P) = G+ Vi1, W =~ (10)
m—1HD
Explicitly
oF B I o o
5)2 X‘m—la“m—l_ Z Yjm—1 [ij D; Tim—1— Ws; G g, pjmfl] (11)

=1

where G, and G, denote the adjoint operators mapping L2(D) into itself,
and Ly(S) in La(D), respectively.

The update directions for the fields have been chosen in the simplest case
as the residual field error at the previous step

Vjm =Tjm—1 » (12)

or more effectively as the gradient

oF
im = Oim = = 13
UJm ng 6uJ Xm—1,Um-1 ’ ( )

or Polak—Ribiére conjugate gradient directions

< g‘;,m’ g;m - g_;"m_l >p

“g;',m—1”2D

Vim = 9ym + Vym Vim—1, Vjm = (14)

For each j the direction g7, is the gradient of F' with respect to u;, holding
the contrast and other field quantities constant, evaluated at xm—1, Um—1.
Explicitly

or

— ) - x o _ - *
Ju; Iy u 1'— —Wp; (Tgm—l — Xm-1 GDj ij—l) Ws; Xm—1 st Pim—1 -
7 m—1,Um—

(15)
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3 Initialization

A number of different choices of starting functions have been employed. The
simplest is the Born approximation wherein we choose

Xo =0, ujo =u . (16)

Better results were obtained with a slightly more sophisticated choice, a “best
constant” value for x found by running the algorithm using the Born starting
values but choosing the update directions in the contrast to be constant,
dm(p) = 1, so that the updates in contrast are always constant.

An even more elaborate, but generally more effective starting guess was
obtained by “back propagating” the measured data. First an initial source
distribution in D is found by defining &; = 'yG'gj f; where v is chosen to

minimize Z]JZI lp;ll and is found explicitly to be

J
> <1;,Gs,Gs, fi >s
=1

v=—7 (17)
> 1IGs, G5, fill%
j=1
Once @; is found we define
Ujo = GD]. ¢j + U;nc R (18)
then by equating
X0 Ujo = @j (19)
we may estimate xq as, for example,
J
> D jo
=1
X0 = 5—— (20)
> lujol®
j=1

4 Specific examples

A number of tests of this general method have been made with and without
additional a priori information. They fall roughly into two classes, single-
frequency measurements with large spatial diversity in source and receiver
location and multifrequency measurements over spatially limited source and
receiver locations. In addition different kinds of a priori information have
been incorporated into the algorithm.
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4.1 2D Acoustics - TM Electromagnetics

In this example the algorithm had the following explicit realization: S was a
circle of radius 9A, D was a 3A x 3 sided square centered in S, B consisted
of two distinct homogeneous square cylinders of diameter 3X/4 with 3X/4
separation. A is the wavelength exterior to D and the contrast x(p) = 0.8.
Physically x is either [(c2/c2 (p))—1] in acoustics or [(ép(p)/€) 1] in electro-
magnetics, where ¢ and ¢p are the acoustic wave speeds exterior and interior
to D respectively, while € and ép are the exterior and interior complex per-
mitivities. The operators are:

ik?
Ga xu; = T/ H{" (klp - a]) x(a) us(a) da, p€ 2, 2=Sor D,
D
(21)
where k is the wave number in the background, and H(()l) is the zero order

first kind Hankel function. The weighting constants were chosen to be the
same for all j,

J
wp, = wp, =+ =wp, = {>_ [ui"|H} "
j=1
J
ws, = ws, =+ =ws, = {D_fl1E} (22)
j=1

and the updating constants aj,, were taken to be the same for every j,
Qjm = 0m. The starting values were chosen as the “best constant” value for
x and the fields associated with this value, as described previously. Synthetic
data was produced by solving the forward problem using a Galerkin method.
The discretized version of the algorithm was obtained by selecting 29 equally
spaced points on S, each of which served successively as a line source while all
points served as receivers. The results of the iteration, both with and without
noise, are shown in Fig. 1. More details may be found in [5, 6].

4.2 TE Electromagnetics

In this example we use exactly the same configuration as in 4.1, however the
different polarization implies new definitions of the operators in which the
dependence on x is no longer linear:

i X Q) 1
Goxuj = — /D Ti@vqﬂg Nklp—ql)-Vqui(q) da, p € 2, 2 =5 or D.

4
(23)
To restore linearity we define M := x/(1 + x) and update M rather than
x. The update directions are as before, using the operator definitions given
above (and their adjoints) with M replacing x. All other definitions are as in
4.1. Results using this algorithm are shown in Fig. 2. Additional detail may
be found in [6, 7].
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Fig. 1. Real (upper row) and imaginary (lower row) part of the contrast
reconstructed after 64 iterations with the modified gradient algorithm from
noiseless (left column) and noisy (middle column: 10% noise level) data com-
pared to the exact profile (right column) - the TM case.
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Fig. 2. Real (upper row) and imaginary (lower row) part of the contrast
reconstructed after 64 iterations with the modified gradient algorithm from
noiseless (left column) and noisy (middle column: 10% noise level) data com-
pared to the exact profile (right column) - the TE case.



150

4.3 Total Variation

The modified gradient algorithm as given earlier has been shown to be ef-
fective and stable with respect to noise despite the absence of regularization
terms usually essential in ill-posed problems. However the addition of regu-
larizers can considerably enhance the quality of the reconstructions. There is
in fact a wide choice of regularizing constraints which have been used with
good effect [8, 9]. One such constraint is total variation which has been used
by [10, 11, 12] and applied to the modified gradient algorithm in [13]. The
essential feature is the definition of a new cost functional:

Fry =F + wva RV IVXIZ + §2 dq (24)
D

where F is the error functional defined previously. At the present time the
penalty parameter wrpy and the small parameter §, which restores differ-
entiability of the total variation, have been chosen only through numerical
experimentation. Even with the new cost functional the update directions for
the field remain unchanged whereas the gradient direction for the contrast is
altered by replacing gd, defined previously by

VXm-1

d m

g ——wTvV'( ) . (25)
m VIVXm—1|? + 62

The positive effect of the addition of the total variation penalty term is seen

in the reconstruction of the two cylinders considered in 4.1, see Fig. 3.
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Fig. 3. Real (upper row) and imaginary (lower row) part of the contrast
reconstructed after 64 iterations from noisy data (10% noise level) with the
total variation constrained modified gradient algorithm in the TM (left) and
TE (middle) cases compared to the exact profile (right).
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4.4 Perfect Conductivity

When a priori information is available and can be incorporated directly into
the algorithm, its performance can be considerably enhanced. For example
in [14] it was found that the algorithm was ineffective if the contrast was too
high. An upper limit of reconstructibility was found to be kdy = 6n, where
d was the diameter of the test domain. However if it is known a priori that
the contrast is large positive imaginary (e.g. a metallic conductor), then this
information may be incorporated by replacing x by i¢2, ¢ real. The algorithm
is slightly altered since ¢ rather than x is updated. The most significant effect
of this change is that the gradient of F' with respect to (, evaluated at the
(m — 1)%* step is now

g = 2 Gm1 Do) (26)

where gd, was defined previously. Observe that the gradient vanishes if {1
=0, in which case the contrast remains zero. Hence, zero may not be used as a
starting value. An illustration is provided in the case of TM electromagnetics
as in 4.1 with the following changes: S is now a circle of sufficiently large
radius so that the far field approximation may be used; B is taken to be a
circle with radius a such that ka = 7 centered asymmetrically with respect
to D. The operators are the same for every j. They read:

G __F / 20 s () B
DXU == DC (@) uj(q) Ho '(klp—d|)da, pe D (27)
Gs xuy =i [ %9 a) uy(a) da, e S (28)

where p is the unit vector in the direction of observation. The initial values
in this case were obtained by back propagation as described earlier. The data
were obtained from the series solution of the perfectly conducting cylinder
problem and the discretized version of the algorithm had D subdivided into
31 x 31 subsquares and 30 incident plane waves equally spaced on the unit
circle with these 30 directions also serving as receiver directions for each
incident wave. The results of the algorithm are shown in Fig. 4 where it is
seen that the shape and location are well reproduced. More detail is found
in [15].

4.5 Spatially Limited Data

In this and the following examples it is assumed that the contrast in the
object is known but the location and shape is unknown so that x represents
the characteristic function of the scatterer which, because it is non-negative,
is replaced by ¢2, ¢ real. In this first example of this class of spatially limited
data it is assumed that the scatterer is a void in a homogeneous lossy medium
(concrete) which is illuminated by a plane wave using three different frequen-
cies (7, 10, and 13 GHz) and that the scattered field is measured on a line



Fig. 4. Reconstruction of an impenetrable circular cylinder with perfect con-
ductivity a priori information in the modified gradient algorithm.

perpendicular to the direction of incidence. Thus S is a line segment 32 cm
long, 4.5cm distant from the center of B, and 64 receivers are located on it;
D is 1.13cm sided square, B is a circle of radius 0.43cm and the operators
are

)
Gapxu; = /D ¢2 (k3, — k}u;(q) HSP(kjlp —al) da, p € 2, 2 =S or D,

(29)
where kp; and k; are the wave numbers in D and in the background, respec-
tively, for different frequencies. The weights wp; and ws, are chosen as in
4.1 to be independent of j but oy, the constants in the field updates, are
now allowed to differ for each j. This increases the dimension of the algebraic
optimization problem at each step. Results obtained using this algorithm are
shown in Fig. 5. The starting values were those obtained by backpropagation.
The stability with respect to noise is evident. More detail is found in [16].

4.6 Binary Contrast

In this set of examples we again consider spatially limited frequency diverse
data for reconstructing the characteristic function of the scatterer with two
major differences. First the background medium is no longer homogeneous
but instead consists of two dissimilar homogeneous half spaces with the scat-
terer embedded in one of them. An extensive bibliography on this problem
may be found in [17]. Secondly the fact that the contrast is not smooth (x = 0
or 1) is taken into account. If the contrast is updated in the gradient direc-
tion, as in the previous example, the updated contrast will no longer be a
characteristic function. In fact the gradient does not exist in the space of char-
acteristic functions. To account for this, we approximate the characteristic
function by a smooth function of the form

x®) = 1+ exp (-ZB )1 (30)
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Fig.5. The results obtained with the modified gradient algorithm in the
case of microwave imaging of a void in a homogeneous concrete medium with
noiseless (upper row) and noisy (lower row: 30% level random noise) data.

where 7 is a real valued function of position and 8 is a real positive parameter
which controls the rate at which x changes from 0 to 1. 7(p) is the function
which is updated in the algorithm,

’fm(p) = Tm—l(p) + B dm(p) . (31)

The operators are now

Go,xuj = /DG(p,q) x(q) (kp, = k) u;(q) dq, pe 2, 2=Sor D ,

(32)
where G(p, q) is the Green’s function for the unperturbed problem (see e.g.
[17] for an explicit definition), kp, is the wave number in D at the jt* fre-
quency whereas k; is the wave number in the half space containing D, and
x(q) is the approximation to the characteristic function defined above. With
these definitions of the operators, the algorithm is as given before with the
gradient of the error functional with respect to changes in 7 given by

J
'Rezﬂjm—1 {wp, G, Tjm-1 — ws; G, Pjm—-1} -
T=Tm—1 j=1

(33)
Here the weights are given by

wp, = {ur°Ip} " and ws, = {IIf; 13} (34)
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and the constants &, in the field updates are allowed to vary with j. This
binary contrast formulation has been employed in a number of different sit-
uations and we present three examples here.

The first involves a local perturbation of a two fluid medium with incident
acoustic waves normal to the interface at frequencies w; = 500, 700, 1100,
1400, 1700, and 2000kHz. The perturbation B is an 0.8 mm sided square
centered at 1 mm depth within a test domain D which is a 2mm sided
square. S is a line segment 1.5 mm above the interface. The acoustic velocities
were cp = c¢1 = 1470m/s and ¢y = 1800m/s where c¢; denotes the velocity
in the upper fluid layer and ¢z the velocity in the lower half space which
contains the perturbation. In the discretized version, D is decomposed into
20 x 20 subsquares and the field was measured at 64 points 0.4 mm apart on
S. Results of the inversion algorithm both with and without noise in the data
are shown in Fig. 6.
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Fig. 6. The results obtained with the binary modified gradient algorithm
in the case of the ultrasonic imaging of a local perturbation in a two-fluid
medium with noiseless (upper row) and noisy (lower row: 20% level random
noise) data. The interface is located on the left hand side of the pictures.

The second example concerns eddy current non-destructive testing of a
defect in the surface of a metal-air interface. The incident fields are electro-
magnetic line sources (TM polarization) placed in air near the metal inter-
face. Six frequencies between 10 and 349 kHz were employed. The defect is a
0.3mm sided square void with one side on the air metal interface. The test
domain D is a 0.5mm sided square. The measurement domain S is a line
segment 1.5mm above the interface. In the discretized version D was again
divided into 20 x 20 square pixels and the field was measured at 64 points,
0.3mm apart, on S. Figure 7 shows the results of the binary version of the
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modified gradient algorithm and compares the performance with that of the
original algorithm without introducing the particular form of the character-
istic function employed here.
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Fig. 7. Comparison of the modified gradient algorithm (upper row) and its
binary version (lower row) in the case of eddy current imaging of a void in a
metallic block. The air-metal interface is located on the left hand side of the
pictures.

Another example of this binary constraint in a two layer medium involves
a metallic structure immersed in sea water illuminated by low frequency
electromagnetic waves (TM polarization). In this case B is a 9 m sided square,
D is a 30m sided square. DD is again divided into 20 x 20 square pixels and
S is a line segment 1.5m above the interface which has 64 equally spaced
receivers, 3m apart. Six operating frequencies between 10 and 207 Hz were
employed. Two different choices of conductivity within B were used, o =
10"S/m and op = 80S/m. The approximation k3, — k7 ~ iw;ucp was
employed in the operators. Results of this binary version of the algorithm are
shown in Fig. 8. These examples demonstrate the effectiveness of this version
of modified gradient algorithm in a number of relatively complex physical
situations. More detail may be found in [18].

4.7 Blind Reconstruction

A final example of the modified gradient approach is provided from experi-
mental data obtained at the Ipswich test site of Rome Laboratory, Hanscom
Air Force Base. The physical scattering experiment involves TM electromag-
netic scattering of an object in free space at a single frequency (10 GHz).
A priori information was supplied that the target was perfectly conducting,
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symmetric about the z and y axes, but the actual shape of the target was not
revealed until after the reconstructions were completed. Two different forms
of the modified gradient algorithm were employed, the version described in
4.4 and the binary version described in 4.6. Figure 9 show the results of
these two approaches, both of which successfully reconstructed the object,
later revealed to be a strip 4A (12 ¢cm) wide and 0.106A (0.32 cm) thick. More
detail on this example may be found in [19, 20].
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Generalizations of Karp’s Theorem to Elastic
Scattering Theory
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Abstract. Karp’s theorem states that if the far field pattern corresponding to the
scattering of a time-harmonic acoustic plane wave by a sound-soft obstacle in R? is
invariant under the group of rotations, then the scatterer is a circle. The theorem
is 3genera.lized to the elastic scattering problems and the axisymmetric scatterers in
R°.

1 Introduction

In Martin and Dassios (1993), the authors proved some generalizations of
Karp’s theorem to elastic scattering theory, using uniqueness theorems for
the inverse problem. They raised the question of a direct proof of this result
(without uniqueness theorem), and discussed some difficulties in this proof.
This paper is an answer to this question. In acoustic scattering theory, the
author had already generalized the Karp’s theorem to scatterers with any
invariant group (Ha Duong (1996)), but the proof was quite different. The
point here is an association of an idea of Kirsch and Kress in their proof of
Karp’s theorem for acoustic scatterers, using a superposition of plane inci-
dent waves, and an appropriate exploitation of the so called Atkinson-Wilcox
expansion for elastic waves. In doing this, we also prove a more general ver-
sion of Karp’p theorem, valid for axisymmetric scatterers. On the other hand,
contraryly to Martin and Dassios (1993), we have only to suppose an invari-
ant hypothesis for one type of incident waves (either pressure or shear waves)
to obtain the invariance of the scatterer.

The main idea is first presented for acoustic problems in section 2. Ap-
plying this idea to elastic problems, besides a first complication due to the
vector nature of the two far field patterns, a technical difference appears be-
tween the cases of P-incident and S-incident waves, compelling us to a more
involved proof in the last case. These cases will be presented respectively in
section 4 and 5. Section 3 is devoted to some recalls and notations concerning
the Atkinson-Wilcox theorem for elastic scattering theory.
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2 The Acoustic Problem

We consider the acoustic scattering problem of a time harmonic plane wave
by an obstacle D in R3. To avoid technical difficulties, we suppose that D
be an open bounded set with a regular border I' = 8D and 2 = R3\D is a
connected exterior domain. The unitary normal vector n on I" points to the
exterior of D. The scatterer can be either sound-soft or sound-hard. Thus,
the scattered wave is solution of the following Helmholtz equation problem :

Au+Ku=0 inf2

Bu=-Bu" =g inl

ge _ iku=0(%) when r = |z| - oo

where B is either the Dirichlet or the Neumann boundary condition. It is
well-known that u has the following asymptotic behaviour

@ =S (k@) + o(1y) 1)
ulx) = —— )+ 0(—)),

|| ||
where £ = {7 is the observation direction. The function F is called the far-

field pattern of «
We shall prove the following generalization of Karp’s theorem :

Theorem 1 :

Let e be any unit vector in R and U the subgroup of orthogonal transforma-
tions leaving tnvariant e. The scatterer D is U-invariant if and only if the
far-field pattern F' is.

That means
D®? = {Quz;z € D} =D, VQeU

where D9 is the image of D under Q, if and only if
F(Q#;Qa) = F(#;a), VQ € U, Vr,a € S? (2)

where F'(&; a) is the far-field pattern under the incident

uI(:v;a) — eika‘z

Proof:

It is clear that only the proof of the if part is needed, the only if part
resulting from the property of the laplacian !
Let us consider the following superposition of plane incident waves :

_ ) _ Azsin(k|z})
ul(z) = /s? u! (z;0) ds(e) = TRl
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(Funk-Hecke’s formula, cf. Colton and Kress (1992)). Then, the resulting far
field is the integral of F'(#; @), and the invariance property (2) yields
F(Q#) = F(%), Ve 8%, VQe U (3)

Now, one can recover the scattered wave u from F by the Atkinson-Wilcox’s
expansion (Atkinson (1949), Wilcox (1956)) :

u(z) = et:r Z Fulx,2) (4)

rﬂ.
n>0

where the series is uniformly convergent for (£,7) € 82 x {r > a’}, for all
a’ > a where D C {z < a}, and the functions F}, verify the following identities

i) Fp=F (5)

o 1.
ll) 2ikEFps =nFp + mA F, (6)

where n > 0 and A* is the Laplace-Beltrami operator on S2.
Taking a system of axis with e as the 3rd unit vector, and using the
associated spherical coordinates :

£y = sinfcosp
9 = sinfsing } (0<0<7,0< ¢ <27)
%3 = cosl

the invariance property (3) is simply expressed as
F(&) = F(6)
for some function F. Now, since
1 &? 1 9 b3}
* —_— - N —
A= 579557 T 5in6 50 <sma ) ’

it follows that all the functions F;, are solely functions of 8, then independent
of #; and £7. From this and the expansion (4), one sees that for {|z| > a'},
u is a function of (|z’|, z3), where 2’ = (x,z3). The same is then true for its
analytical continuation into 2N {|z| < ¢’}. Applying the boundary condition
on I" = 9D, one gets the relation (|2’| = constant) on the intersection of I"
with any horizontal plan {z3 = constant}. QED

3 The Elastic Problem

‘We consider an homogeneous isotropic elastic medium, with density p > 0
and Lamé coefficients A, 4 > 0. Consider the following scattering problem:
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Aoy = pdAu+ (A + )V div u + pw?u =0 in £2 (M
Bu=-Bu™ =g inI’ (8)
1
|| = (;)
1

lo(u).2 - iWu| =0 —) when r = |z 2 00 (9)

f\

where ©'™¢ is the incident wave, W is defined by (cf.Kupradze et al. (1979))
Wu = (A 2u)kp(w.2)E + pks(u — (v.2)2),

and the boundary conditions (8) is either the Dirichlet (Bu = wu, scattering
by inclusions) or the Neumann one (Bu = o(u).n, cavities problems).

The problem is well-posed and a simple application of Green’s formula
allows us to show that u can be extended to a distribution o of R3, null in
D, verifying

.Aw‘u.o = Tp(’u) (10)

where Tr(u) is a distribution with support on I" defined by Maxwell-Betti’s
formula

< Tr(w), ¢ >= /P (o(¢)nu — o(u)n.¢) ds, Ve € DRSS, (11)

It is well-known that the elastic scattered wave has the following asymp-
totic behaviour at infinity:

ein,lwl i, |z
|| ||

where the elastic far field patterns FF¥ (9) and F5(8) are respectively a vector
parallel and a vector orthogonal to 6. More precisely, using (10) and applying
the classical decomposition of elastic waves to the fundamental tensor of
Navier equation (7), it was proved in Alves and Ha Duong (1996) that the
elastic scattered wave can be recovered from the far-field patterns by the
following Atkinson-Wilcox expansion formula

ein,r IFP (1‘) m,r Fs(i‘)

€

u(z) = FP(2)+ ——F5(s) +0(l |2) (12)

where the series converge absolutely and uniformly as for the expansion (4),
and where the IFY (n > 1) can be obtained by recurrence from F}¥ =
FY (W = P,S) by the formula:

2ikw oy, = niFy + %HA*F:V ¥n >0, W=P,8 (14)
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This first order recurrence is the same as in the acoustic Atkinson-Wilcox
expansion, while in Dassios (1988), only second order {and much more com-
plicated) recurrence formulas were obtained.

In the following, we will note by F¥ (,; 3, a) the far-field patterns of the
scattered wave under an incident plane wave u!(x; 3, a) = Be***? with a as
the incidence direction and 3 as the polarization direction, which satisfy the
condition

B=aifk=kpand 8 Laif kK =kg (15)

Also, the subscript I' will be added to F¥ when needed. Now, from the
isotropy of the medium, one has

F3(Q6;Q8,Qa) = QFF (6; 8, ),
VQ € Up V0 € S?, and V B, a satisfying (15)

where Uj is the orthogonal group. Then, if the scatterer is invariant with
respect to a subgroup U of Uy, one gets

FY(Q6;Q8,Qa) = QF Y (6; 8,) (16)

YQ e U V8 € S?%, and V 3, « satisfying (15)

Naturally, we want to prove the converse of that. Let us begin with the
simpler case of a P-incident wave.

4 The P-invariance theorem

Theorem 2 If for all P-wave incidence, the far-field patterns F¥ and FS
are tnvariant with respect to the orthogonal group, then I' is a sphere.

Proof
Let u!*® be a superposition of the plane incident P-waves, defined by

ul'P () =/ ul(z;a,a)ds(a) = / et P ds(a) (17
52 52
Using spherical coordinates to calculate the last integral, one gets the follow-

ing formula, just like the Funk-Hecke formula

ML inkplz| — p|zlcoskp|z]) (18)

I,P
u® =

On the other hand, by the invariance hypothesis, one gets with W = P, S

QFYFP(2) = FYP(Qz) vQ e Uy Vi € 52 (19)
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Now, since FFP(£) = C(%)#, where C is a scalar function, (19) implies that
C(z) = C(Q2) VQ € Uy Vi € 82,

which means that C must be a constant. While since F'*:¥ (%) is orthogonal
to &, it must be null. Indeed, if we take two different Q transforming one
fixed zo to a same xz, a rotation around a line passing by O and a symmetry
with respect to a plane, we obtain from F5 (&) two opposite images for
F5P(%). So that, using the Atkinson-Wilcox expansion, one sees that the
scattered wave is of the form

ixplz
b (20)

we) =0

Writing the homogeneous boundary condition for u!*P 4 u, one finds an
equation for |z| to satisfy on I'. This is obvious for the Dirichlet condition.
For the Neumann one, we can write

v(z) = ulP(2) + u(z) = ¢(|z|)z
and after some calculations,
o (v).n(z) = 2u2¢’ (l2]) + n(z){(3X + 2p)e(|2|) + Alz|e'(|2()

And the same conclusion follows.

Remarks

1/ Incidentally, one sees how to create an incident wave such that the
scattered wave (by a sphere) is a pure pressure wave. The author don’t know
if this result was known, neither if it is possible to do that for other geometry
of the scatterer. The question of generating a pure pressure or shear outgoing
wave is much easier if we were working with elastic waves created by sources
rather than with scattering by obstacles, that is, if we consider the solutions
of Navier equation with a right hand side and no boundary conditions in all
space. See (Alves and Ha Duong (1996)).

2/ We could use the same method in section 2 to prove an invariance
theorem for axisymmetric scatterer. However, one can see later that such an
invariance theorem will be introduced naturally in the S-incidence case, so
that, to avoid repetition, we reserve the treatment of axisymmetric scatterer
for this case.

3/ It is clear from the proof that our theorem concerns the invariant
property for incident waves with a fixed frequency.

5 The S-invariance theorem

Theorem 3 If for all S-wave incidence, the far-field patterns F¥ and F*
are invariant with respect to the orthogonal group, then I' is a sphere.
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Proof

1/ We first note that it is NOT possible to use the superposition of all S-
incident plane waves

ul(z; B8, a) = Be'5*® with B 1L a

because when one integrates this uw!(z;3,a) on {(a, 8) € S? x $%;8 L a},
the result is null ! We chose indeed the following S-incident plane waves

ul(z;0) = (B A )eie"

where (3; is a fixed unit vector. The vector product By A o is no more an unit
vector, but clearly u’(.; a) remains a shear plane wave. Now, the superposi-
tion of u(.; &) gives the following incident wave

ulS(z) = / Bo A aet*s*® ds(a)
S2
and as in (17 and 18), one gets
ulS(z) = g(|al) fo A &
where

o(lzl) = 2| l2(smf~sslxl rs|z|coskslxl|)

2/ Now, what about the invariance of the far field patterns with these incident
waves 7 We note that since

Y (3) = / F¥ (3:.0, Bo A o) ds(c)
52
then
QFY (%) = /S ] F¥(Q%;Qa, Q(Bo A @) ds(a)
From an elementary algebra result :

Q(Bo A a) = (detQ)(QPBo A Qa)

Thus, we have only the following invariance property
QFY (2) = F¥(Q2) Vi € 8%, VQ € U (W = PorS)

where U designates the set of orthogonal transformations Q which leave in-
variant the vector fy, and with det@ = 1, i.e. for the subgroup of rotations
around Bo. This is why we have to deal with the axisymmetric case here !

3/ Let’s consider a system of axis with By as the 3rd vector of the basis.
Then, from the invariance property (16), the P-far field pattern is of the form
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FP(z) = C(x3)& where C is a scalar function. Using spherical coordinates,

one can write
sinfcosyp
FP(2) = X8) [ sindsing |,

cosf
and a simple calculation yields
A (FP)(&) = M(0)2 + fi1(0)es

From this and the recurrence formula (14), it follows easily that the P-
coefficients of the Atkinson-Wilcox expansion can be written as

FP(#) = An(23)2 + pn(z3)es.
So that the P-part of the scattered wave is of the form
uP(z) = p1(le'|, 23)2 + p(|z'], z3)es

(first, out of a sphere containing the scatterer by the Atkinson-Wilcox expan-
sion, then out of the scatterer itself, by an analytical continuation argument
as in theorem 1).

Now, if one writes the S-far field pattern as

FOl(oa <P)
F3(z) = | Foa(8,9) |,
Fos(8,¢)
then, from the invariance property

Fy1(8, ) = cospFo1(8,0) — sinpFoa(8, 0) = cospA(8) — sinppu(6)
Fo3(8, ) = sinpFo1(0,0) + cospFoa(8,0) = sirkpA(8) + cospu(6)
Fo3(8, p) = Fo3(6,0) = 7(9),

(where the functions A and p satisfy
sinfA(0) + cosbvy(0) =0

because of the orthogonality of F°(#) with %, but this relation shall not be
used in the following). Consequently, one gets

A*(F5S)(&) = cospX1(0) + sing¥1(0) 4 Z1(0)

where X1,Y] are orthogonal vectors in the {e;,es} plan and Z; is propor-
tionnal to the vector es. Using again the recurrence formula (14), one sees
that the S-coefficients of the Atkinson-Wilcox expansion can be written as

F3(2) = cospXy,(0) + sinpY,(0) + Z,(0)
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where X,,Y, are now two vectors no more necessaryly orthogonal in the
{e1, €2} plan and Z, is proportionnal to the vector es. We obtain finally the
S-part of the scattered wave as

uw3(z) = 21x1(|2'], 23) + Taxa(|x'], 3) + x3([2'], 23)es

where x1 and x3 are vectors in the {ej, es} plan, and x3 a scalar function.

We conclude as in theorem 1 that the scatterer is invariant with respect
to the subgroup U of rotations around Gy. (As for the P-incidence case, it is
obvious for the Dirichlet boundary condition, while the calculations are more
involved in the Neumann case). Since the vector By is given arbitrarily, the
theorem is proved.

Remarks
1/ As it was already noted, the above proof yields the following theorem for

axisymmetric scatterer :

Theorem 4 :

Let e be any unit vector in R® and U the subgroup of orthogonal transforma-
tions leaving invariant e. The scatterer D is U-invariant if and only if the
far-field patterns FP and FS are, for S-incident plane waves Be'*S*% with
one frequency & and all (a,3) such that 8 L a.

A similar theorem can be formulated for P-incident waves.

2/ It is also worth noting that we have only to suppose the invariance hy-
pothesis for one type of plane incident waves (either P or S waves), while in
Martin and Dassios (1993), the authors obtained their conclusion with the
invariance hypothesis for both types of plane incident waves.

3/ Finally, it appears clearly in the proof that it cannot be generalized to
lesser symmetric scatterers. In this case, a different approach, like the one in
Ha Duong (1996) for acoustic scattering problems, should be adopted.
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Abstract. Radar identification is often based on the study of the so-called reso-
nant frequencies. But no inverse problem can emerge from this since the resonant
frequencies do not uniquely determine the obstacle. We propose to consider also the
eigenfunctions associated with the resonant frequencies. We first show the unique-
ness of our inverse problem : the resonant frequencies and the associated eigenfunc-
tions uniquely determine the obstacle. Then the stability of this problem is shown.
Finally some numerical examples of the inversion are given.

1 Introduction

The problem we shall consider here is the identification of remote targets
via radars. Classically, target detection is based on the Radar Cross Section
(RCS) which indicates how much a target radiates in a given solid angle.
The RCS of an object depends on both the altitude of the object and the
orientation of the object. Accordingly, it is almost impossible to interpret the
RCS for the identification of targets.

An alternative approach has been developed in the early 1970s, namely
the Singularity Expansion Method (SEM) [Baum 1976). It consists in com-
puting the resonant frequencies of a target from the transient response. The
scattered field measured on the antennas is composed of two parts: first we
have the direct reflection of the incident field on the obstacle. After this di-
rect reflection, some waves are sticking around the obstacle. These are the
so-called “creeping waves” and correspond to the second part of the signal:
the scattered field has then an exponential decay with respect to the time.
The rate of the decay in time can be interpreted by some complex num-
bers called “resonant frequencies”. It turns out that the resonant frequencies
(or poles) do not depend neither on the altitude of the target nor on the
orientation of the target. Henceforth, poles appear as a powerful tool of char-
acterization of a target. Unfortunately, from a theoretical point of view, there

* This work has been carried out while the author was visiting the University of
Delaware, USA.
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is no uniqueness result on the reconstruction of an obstacle from its poles.
In fact, it is quite clear that the poles of an obstacle do not uniquely deter-
mine the shape of this obstacle. Thus the use of resonant frequencies for the
inverse obstacle problem does not seem to be attractive any more. However,
engineers are using poles for identification in the following way: if the tar-
get is assumed to belong to a restricted class (or catalog) of scatterers (for
instance the class of all airplanes), then one can identify the target just by
comparing the poles of the target with that of all the objects of the class.
The main limitation of this method lies in the fact that it cannot be applied
to squadrons of airplanes. The resonant frequencies of a cluster of different
obstacles depend on the shape of each obstacle as well as on the relative lo-
cations of the obstacles. Since these relative locations are arbitrary, the case
of multiple-targets cannot be taken into account in a catalog.

The problem of the identification of a target can be viewed as an inverse
problem using the transient response. Basically, there is only one shape re-
construction technique in the time domain: the tomography. The frequencies
used in remote radar detection typically belong to the slab [100 MHz, 400
MHz]. Hence the resolution of the signal in term of tomography is bracketed
between 0.75 m and 3 m. Clearly, this is not enough for the reconstruction
of missiles or airplanes of medium size.

Instead of studying the whole transient response, we propose here to focus
directly on some particular creeping waves. More precisely, the idea of this
work is to consider one resonant frequency & and one associated eigenfunction
(e.g. the field scattered by a special creeping wave). This eigenfunction is
solution to the Helmholtz equation at the frequency k. The use of resonant
frequencies enables us to transform the inverse problem in the time domain
into an inverse problem in the frequency domain. In the frequency domain,
there exist some numerical methods that reconstruct the obstacle when the
frequency belongs to the resonant region of the obstacle. By adapting one
of these methods to our problem, we will be able to reconstruct (and thus
identify) the target.

In section 2, we define the notion of resonant frequency and eigenfunc-
tion. We justify how these two quantities can be deduced from the transient
response in Section 3. In addition, we review the theoretical results on the
repartition of resonant frequencies that can be useful for our inverse problem.
Then the inverse problem is stated in section 4. To justify the introduction
of this inverse problem, we first show its uniqueness: one resonant frequency
plus one associated eigenfunction uniquely determine the obstacle. The fol-
lowing section is devoted to showing the stability of this inverse problem. The
method we use can be carried over almost unchanged to the classical inverse
obstacle problem referred in [Colton et al. 1992]. In particular, we improve
the stability estimate obtained in [Isakov 1994]. Finally, we show in section 6
how to use the method described in [Angell et al. 1995] to our case. We give
some numerical examples that indicates the potentiality of this method for
radar identifications.
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2 Definition of the Resonant Frequencies

Let £2;, be an open bounded domain and {2 its complement in RY. The
outward normal to I" = 0§2; is denoted by n. We assume that I is twice
differentiable.

Let w(t,x) be the acoustic field at the time ¢ and the location x € R".
Then w satisfies the wave equation in the open space {2 :

621g—iiﬁz—Aw(t,x):O, in RY x 2

w(t,x) =0, on Rt xTI (1)
w(0,x) = fo(x) in 2

@%ot,_xl =fi(x)in 2 .

fo

f= ( f ) is the initial value for this Cauchy problem. Here we have consid-
i

ered the Dirichlet boundary condition on I'.

After the incident wave has been reflected on a non-trapping obstacle, the
energy around the obstacle as a function of the time decays exponentially
when the dimension N is odd. More precisely, in each compact set B ¢ RY
(N odd), we have [Lax et al. 1967]

2

/ w(t, x) — Ze'”‘"" uj(x)] dx < C(J) e>tu+1)t (2)
B

Jj=1
where k; are the resonant frequencies and u; are non-trivial solutions to

Au; + kauj =0, in 2
u;=0,onl (3)
u; outgoing

There are a countable number of poles. Moreover, their imaginary part is
negative. In (2), we have assumed that the poles are numbered in such a way
that

0<C\\§(k'1) S%(k@) < v - =,

Note that this is possible at least when the obstacle is non-trapping [Lax et
al. 1967]. From the exponential decay of w and the Huygens’ principle, u; is
shown to have an exponential growth

elkj|X|

P uFRE) X =

uj(x) "~ F(T(N__Wz 3 ) (4)

1|

where u$° is called the far field of u;. In (3), the requirement that w; is
“outgoing” corresponds to the fact that the creeping waves are leaving the
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obstacle. We now make this more explicit. To this end, let us consider for
(k) > 0 the following problem

Au+k*u =0, in H} (02)

w =g, in H'/*(I) (5)
lim, o r 7 (3% — 1ku) =0

It is readily seen that this problem has a unique solution whenever (k) > 0
[Colton et al. 1992]. Hence the mapping g — u defines an operator R(k).
This operator is holomorphic in ${k) > 0 and has a meromorphic extension
to ¥(k) < 0 [Poisson 1992]. Using integral equations [Colton et al. 1983], one
can explicit the extension of R(k). The operator R(k) has at most a count-
able number of poles (resonant frequencies) in I(k) < 0. Consequently, the
resonant frequencies are the complex numbers k; for which the problem (3)
has non-trivial solutions. In problem (3), by “outgoing” is meant an extended
solution defined by R(k).

The relation (2) which states that one can expand the solution for large
time in term of the singularities of the problem is quite classical in physics.

3 Repartition of the Resonant Frequencies

Assume that the field w(t,y) is measured by only one radar (located at the
point y) in a fixed range of time t € [Tp,Ty]. By virtue of (2), only the
resonant frequencies can be computed. The factors u;(y) alone do not give
further information. The number J of poles one can estimate depends on the
quality of the measurements (level of noise, --+). k1, - - -, kj are computed by
minimizing the defect

2
Ty J
/ w(t,y) — che"“"f‘ dt .
=1

To

If the field w(t,y) is known without error for all ¢ > T then one can clearly
compute all the resonant frequencies.

As already seen in the introduction, we cannot reconstruct an obstacle
from its resonant frequencies (see [Zworsky 1994] for some hints on this point).
Nevertheless, since the creeping waves are traveling around the obstacle, we
expect that the resonant frequencies characterize some geometrical quantities
of the obstacle. Many researches have been carried out on the repartition of
the poles (see [Melrose 1995] for an overview). We give two lemmas that
state a relation between the repartition of the poles and some geometrical
quantities of the obstacle.
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Lemma1l (Theorem 5.5 in [Lax et al. 1969]).
The counting function on the purely imaginary azis is defined by

Ni(o) = #{k pole, k € R and |k| < o} .

In odd space dimensions, there are infinitely many poles on the purely imag-
inary aris, and more precisely

NI(O) 1 Rl N-1
bl 28T 2 W=D\

where Ry is the radius of the largest sphere contained in §2;, Ry is the radius
of the smallest sphere containing £2;, and Yo is ¢ known constant. Moreover,
if 12; is star-shaped, then

N-1
lim sup Ni(o) < L (1_23)
Yo

smco. 0N = (N —1)!

Lemma 2 (Theorem 2.4 in [Lax et al. 1971]).
Assume that Ry is the radius of the smallest sphere containing §2;. Then in
three dimensions, there is no pole in the disk of center —5%; and radius ﬁ;.

Let us assume that the following limit exists

Ni(o) T
py

Rr=v|(N-1)! lim

Then Lemma 1 shows that Ry < Ry < R,. For a given repartition of the
poles, let p be the smallest number such that there is no pole in the disk of
center _ﬁ and radius & 3 Then Lemma 2 yields Ry > p. Hence from Ry and
p, one cannot directly give an upper bound of R;. However, in practice, if we
are interested only in a restricted class of scatterers, R and p are expected
to give a good idea of the size of the obstacle. Furthermore, since the radar
provides the location of the object, we assume we can a priori bound the
object in a fixed sphere.

This will be very useful for the study of the inverse problem we consider
now: the reconstruction of the shape of an obstacle using several resonant
frequencies and associated eigenfunctions. In practice, if the scattered field is
measured on a sphere Speas for ¢t € [Ty, T1] then the poles kq,---,k; and the
value of the associated eigenfunctions w1, - -,y On Speqs are determined by
minimizing the functional

2

w(t, x) 3 e~Mit ui(x)| dtdx,
-2

meas ]=1
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where J is fixed in advance. In next section, we will show that only one res-
onant frequency and one associated eigenfunction are enough to reconstruct
the obstacle. Since the sphere Speas is supposed to be far away from the
target (for remote radar applications), u; on Smeas is almost equal to the
far field up to a multiplicative factor. Hence from now on, we assume that
we have measured one resonant frequency and the far field of one associated
eigenfunction.

4 Uniqueness of the Inverse Problem

There is a classical result about uniqueness, which states that for the Dirichlet
inverse obstacle scattering problem using plane waves, a finite number of
far fields for different frequency (where this finite number depends only on
the size of the obstacle) uniquely determine the scatterer. The first proof of
uniqueness in inverse obstacle scattering was due to Schiffer and had been
improved in [Colton et al. 1992]. This is the starting point for the proof of
the uniqueness in our case.

Theorem 3. Let k € C (with (k) < 0) and u™ € L*(S) with u™ # 0.
Assume that 91(1) and QEQ) are two sound-soft obstacles having the same
resonant frequency k and such that u® is the far field of two etgenfunctions
associated to k for the two obstacles .Qfl) and ng). This means that for

§ = 1,2 there ezists a function u; € HL . (RN\Q§j)) such that

Auj + k?u; =0, in RV\?
u; =0, on 3RV (6)

X|—o0 etk X|

u; outgoing with u;(x) X2 =77 u®(X) , Xx= T%
Then 2V = 2.

The space of all the eigenfunctions associated to a pole is a linear vectorial
space of finite dimension. We would like to make it clear that in last theorem
any non-zero eigen-far field «* provides the stated uniqueness.

Proof of Theorem 3: The proof is done by contradiction: we assume that
le) # ng). Let S be the unit sphere. Moreover, we set I; = 8(21(3). The

unbounded component of RY \(Qfl) U (21(2)) is denoted by 2*. We also set

2, = R¥\72%. Let (2 be a connected component of £2,\#2!"). The boundary
of 20i8 00 =T~ UT't where '™ =982y N 11, and I't =9 N I5.

Let u; be defined by (6). From Theorem 2.13 in [Colton et al. 1992],
the far field uniquely determines the field outside a big ball containing the
obstacles, and thus by analytic continuation the field in the exterior domain
([Colton et al. 1983]). Hence u; = us in £2*. The rest of the proof is organized
in three steps.
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— First suppose that Qfl) and !21(2) are disjoint. Let u be the restriction

of ug to 91(1)_ u is clearly a solution to the Helmholtz equation in (251).
Moreover, since 3 = up in £2*, we conclude that « = u; = 0 on I'}. Since
k is a resonant frequency, the imaginary part of k is strictly negative.
Hence, by Lax-Milgram’s lemma, the interior problem

Au+ku=0, in 2
=0, on I}

is well-posed, so that « = 0 in !21(1) . By analytic continuation, us vanishes
identically in R™ \052), which contradicts the fact that uv® # 0.

— Thus .Qfl) 092(2) # (). Here we assume that _Qfl) 0(252) # 0. Thus 2y # 0.
Let u be now the restriction of u; to f29. The function u satisfies the
Helmholtz equation in {25 and we have v = 0 on I'". In addition, u; is
equal to us in 2*. Consequently, since A2, NG2* =I't, u =uy =0 on
I't. Hence u is solution to the homogene Dirichlet problem in {2;. With
the same argument as before, we attain a contradiction.

—~ It remains to consider the last case when Ql(.l) and (252) are just tangent.
We again have the same contradiction by using the arguments of last step
to the domain (Zfl).

This concludes the proof. B

5 Stability of the Inverse Problem

Inverse obstacle scattering problems are ill-posed in the sense that a small
error in the measurement may imply a large error in the reconstruction. This
is contrary to the idea of continuity (i.e. stability). The numerical resolution
of a problem can be reasonably performed only if the problem is stable.
Otherwise, the combination of the initial error on the data and the roundoff
errors may overwhelm the final result, leading to something which has nothing
to do with the real solution.

In fact, by adding some a-priori information, the reconstruction becomes
stable. The first result on stability for inverse obstacle problems has been
shown by V. Isakov [Isakov 1992, Isakov 1994] who proved that stability
holds if we assume that the obstacle lies inside a fixed compact set.

In this section, we restrict ourself to the two dimensional case. We denote
by S the unit circle. We will write a point x € IR? using either its Cartesian
coordonates (x1,x3) or its polar coordonates (#,7). In the following, if 8 €
[0,27), we will denote by § the unit vector (cos8,sin8). We will show the
stability of our inverse problem among all the obstacles whose boundary
belongs to a reasonable class A of closed surfaces. Let us denote by A the
class of all analytic boundaries I" such that
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(i) I' is star-shaped with respect to the origin and is given by
I= {r(e)é , 9 ¢€lo, 27r]}
(it) the radius r satisfies Ry < 7(6) < Ra, V8 € [0, 27], and

= ! n <
Irllos o any = . 1r0) + max I'(6) + max " (®)] < C;

(iii) the curvature C(9) at the point r(6)d satisfies
0<C0) <Cpaz , YO E[0,27] .

In the following, C4 will stand for any constant which depends only on the
class 4, i.e. on the constants Ry, Ry, C; and Cpma.. More generally, we denote
by C a generic constant, and by #n a generic number satisfying 0 < 7 < 1. We
also introduce a compact fixed set = of C~ ={z € €, I(z) < 0}.

Remark that, as far as uniqueness is concerned, the restriction to the
class A implies that only the second case in the proof of Theorem 3 has to
be considered. We now give the stability theorem.

Theorem4. Let le) and (21(2) be two obstacles whose boundaries (denoted
by It and Iy respectively) belong to the class A. Let k; € Z be a resonant

frequency associated with Ql(j). Let u$® € L2(S) be such that there exists a
function u; solution to

Auj + kj*u; =0 in lRQ\ij)
U; = 0 on Fj

(7)

— ik 1 X
u; is outgoing , with u,(x) X[z o0 e—\/’—m—u}x’(i)
sl sy = 1

We denote by d(I1,I3) the Hausdorff distance supx, cr, infx,er, X1 — Xal.
Then there exists a constant C(ki,ui®, A, =) which depends only on ki, uj°,
A and Z, and a real number 0 < n(ky,u$®, A, =) < 1 depending only on ki,

u®, A and E, such that for any bounded domain QEZ) we have
A1, I3) < Clky,u®, A, 5) el A3 (8)

€:= [ky — ko + Jlug® — uSll 25y, and K(e) is given by

where for y and x real, the real number 1x,(z) is defined as the solution z of

G -
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One can easily show that the right hand side of (8) tends to zero when ¢
tends to zero. In [Isakov 1994], the following stability estimate for the inverse
obstacle problem described in [Colton et al. 1992] is shown
e

k(eMloge|
Our estimate is better since we get rid of the logarithm function. But on the
other hand, the constants we have in Theorem 4 depend on k; and u§°. This
is not a flaw and is enough in practice.

First we have to prove that (7) has a sense. The problem (7) corresponds to
(3) plus a normalization condition on u$°. The space of all the eigenfunctions
associated to a pole forms a vectorial space of finite dimension. The norm
of the eigenfunctions can be arbitrarily large or small. Hence, if k; is a pole
of I';, the set of all solutions to (7) is not empty. To have some stability, we
need to have a substantial grip on the norm of the eigenfunction u;. This is
why we have introduced the normalization condition on the far field u3°.

d(I1,I2) <

Lemma 5. For any domain ng) (with [} = &ng) € A) and any solution u;
to (7) (for some k; € =), we have the uniform bound

IlujIIC2+"‘(BR\ij)) < CR,A.S )
for some 0 <n <1 and R > Ry. Bg is the ball of center 0 and radius R.

The proof of this lemma is almost similar to that of Lemma 2 in [Isakov
1992] and thus is not reproduced here.

We use the same notation as in Section 4. Let {2y be the connected
component of Q*\Ql(l). We assume that the Hausdorff distance d(I'~,I'")
is attained in f25. 82 is composed of two parts: '~ := (8f2p N [}) and
I't :=(82% N I}). Since I} and I; belong to A, I'* are described by It =

{ri(e)é be [aa,abl} for some 6, and 6.

Lemma 6. We have

AT <, max (e (0) 7)) < (1+\/E = Rovson ”“‘“""“) ar=r*).
[ 2 R1

a vy

This lemma is a simple consequence of the definition of the Hausdorff
distance. Its proof is omitted.

Let us fix P > 2. We set p = d(I'~,I""). By the above lemma, it is clear
that the set 2p := {(6,7) € 20, r4(8) —r_(8) > %} is not empty. 2p is
probably not connected: 2p = U;{2p;, where {2p, is a closed and connected.
Among the sets £2p, there is one (labeled £2,,,) in which maxge, 0,)(7+(6) —

r_(8)) is attained. Hence {2, = {(G,T) €8, 0€ [éa,éb] }, for some 6, > 6,

and 6, < 8,. For the proof of Theorem 4, we need the following lemma.
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Lemma7. Assume that w € HA(20) N CH(12) satisfies Aw + ki*w = f in
20, with f € L2(f%). Then w € H%(§2,,) and

2 ({1 + 0 ) -

Proof : This result is essentially a classical regularity result on weak solutions
of elhptlc equations. Let P’ > 2P. We write £2,, = 25 U 2¢ | where we have
set RF = {x € N,,, dist (x,00%) > £} and 27, = Qm\.QP

lwll g2, <

— A bound of the H? norm of w in £2£ is provided by Theorem 8.8 in
[Gilbarg et al. 1977):

ollegagy < 2 (1Fllan +loluscan)

The factor QpA correspond the C1(§2y) norm of a cut-off function ¢ €
C1(f2) that is equal to 1 in 2Z. Since dist (25 ,802m) = &, such a
choice of £ is possible.

— We define a cover of 2, : 25, = U, (B(z1, &) N £2,), where the union
is finite and z; € 842, N 8f2. Each set B(z,, 2P,) N £2¢, is transformed
into a subset of R% = {(z1,22) € IR?, x5 > 0}. From Theorem 8.12 in
[Gilbarg et al. 1977], we have

Ca
ol gag) < (1P zagag +lwlin o) -

The factor %‘1 now comes from the fact that the radius of the ball is 531-%.
]

Lemma8. Let ['E .= I'* 0 802,,. For all u € H'({2), we have

Ca
Nullp2(ryy < \/—HUHHl(.Q,,.)

Proof : First consider v € C!(f2). For any positive function w € C*(12,,),
we have for r_(8) <r <r,(9)
r4.(0)
<o)+ |

/ Jw(8,1) uw(8,t) .,
r_(6) r-(9)

or
Multiplying this by /7_(8)? + r_(6)? and integrating over {2, we get

3
(_(8) = 7 (8)) w(8,7—(8))4/T—(8)2 + T'_(6)2d0

9(!.

6, pre(6) (6)2 7 (9)2
/ / w(f,r) T()+r_()rd0dr

(6) T

/e,, /u(e) 0 _r+(0))’8w(9’t)’ \/’Wtdedt

(6) or

Sw(6,t)
or

w(f,r_(0)) <w(b,r) + ’dt .
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Thus thanks to the definition of £2,, and to Lemma 6

2
ow
or

LZ(QW,)

P ”\/—“L?(n,,) < CA||\/_”L2 y T Cap

Let us apply this to w = |u|?. Since [Z[u]?| < |V|ul?| < |Vu|® + |u|?, the
stated inequality holds for w € C*(f2y). By Theorem 1.4.2.1 in [Grisvard
1985), C(f2) is dense in H'({2) without any assumption on 2. Thus this
relation is also true for u € H!({2y). ®

Lemma9. We have

meas (I'Y) > Cp/d(I'~,T+) .

This lemma is a consequence of a classical result giving the link between
the distance between two successive zeros of a function and the extremum of
the function in this slab.

Lemma 10. Let uy be a solution to (7) for j = 1. Then there exists a con-
stant Cy, > 0 and an integer M,, such that for any interval v C I}

0
= > C., meas (7)
on L2(v)

Proof : Assume that [ = {rl ), 8 €0, 27r]}

M., +% .

— The solution u, satisfies u; = 0 on . Therefore by the Cauchy-Kowalew-

ska theorem, ‘93“;1 cannot vamsh on vy C I3, with meas(y) > 0. Moreover

since %11 is analytlc on FI, “L vanishes (at most) at a finite number of

points. Set v(8) := n 10,7, (0)) the value of %—‘ﬁl on I7. The function v is
periodic and analytic on [0, 2x]. By periodicity, v is extended to [—2,0].
[v| has only a finite number p of local maximums (attained for § equal to
some values e1, - -, €,) on [0, 27]. We set eg = e, — 27 and I; :=[e;_1, &;].
Since v(e; 1) and v(e;) are two successive local maximums, the minimum
of |v| over I; is attained at a point 8; €]e;_1,e;[. Since v is analytic, the
Taylor expansion of v at the point 8; converges for all .

()
o) = Y T gy

n=M;

where M; is the smallest integer n < oo for which v{}(8;) # 0. Such an
integer exists since %ﬁl cannot vanish identically. Hence we conclude that
there exists C; > 0 such that for all § € I;

[v(8)| > Ci|6 — 6:™
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This comes from the fact that 6, is the minimum of |v| over I;. Let
M := max;ef1,... p} M;. Then there exists C' > 0 such that

Vie{l,---,p} VeI, [v()|>Cl0-6,]" . (9)
— We give without proof two intermediate results. For a fixed integer L,
and for some positive numbers zy, - -+, 1, we have
J

L 1 L
Sal 2 (Z 1:1> . (10)
=1 =1

For J € IN* and z > y > 0, we have

1
xJ_yJ > 2]_1 (x_y)J . (11)

— Let v ={r1(0)é , 0 € G} C I, where G is an interval of [eq, e,]. By (9),

14 P
v|?df = / lv|2dg > / C%6 - 6;,)*Mdp .
/G' ! ; GnI; 12:; GNI;

Let G; := G N I;. As the intersection of two intervals, G; is an interval,
say [a,b]. '

b
/ |28 z/ C2(6 — 6,2Mdf =

i

By (10) with L =2 and J = 2M + 1, and (11) with J =2M +1

CZ
2M +1

[(b _ ei)2M+1 __(a _ ei)2M+1] )

/ [v[2df > C? _meas (G
o, oM +1 2o

Summing over 7 and using (10} with L = p and J = 2M + 1, we get

/ w2ds > C? meas(G)?M+!
G T 2M+1 (2p)2M

Now we write

Ouy

Aan

Since meas (y) < Cameas (G), we have the stated inequality. B

2
R1C? meas (G)?M+!
dy>R 2dg >
v= 1/G|”| W2 omsi pp¥

Proof of Theorem 4: The proof is split into four parts. The first two steps
are similar to what is done in [Isakov 1994]. The rest of the proof is quite
different to [Isakov 1994].
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— Step 1: From the far field pattern to a sphere Sg.
From Lemma 5, u; and us can be uniformly bounded. In [Bushuyev
1996], the far field — middle field mapping is proved to be stable in
three dimensions. This work can be carried over to the two dimensional
case with complex frequencies. Thus from [Bushuyev 1996] we have for
R > 2R,

lur — uzll 25, < Croaz € (12)
— Step 2: From Sg onto 902*.
We denote by e; the right hand side of (12). One can estimate the error
of uy —uz on 82* by using the same arguments as in Lemma 5 in {Isakov
1994]. In particular, there exists 0 < < 1 such that

”UI - u2”00(39*) < CR AE 61 (13)

— Step 3: Upper bound of” e ”LZ(I,

We denote by ey the right hand 51de of (13). The Hausdorff distance

p := d(I1,I3) between I and I3 is attained in either one connected

component of £2, \Q(»l) or in one of £2, \0(2)

(i) Assume that it is attained on a connected component of 2, \Q(l)
say (2. u; is solution to the Helmholtz equation inside £2,. On 9£2
g = u1jpgn, satisfies g = 0 on I'” and g = u; —uz on I't. Since
I't C 802*, we have by (13) that ||gllgo(r+) < €2. The C° norm of a
function ¢ over a non-smooth boundary 8!%0 is defined by

o = min *Nrarsmy -
I91lc-(as0) 9vE€C*(20), 9% |00y =9 g™l {420)

In our case, we clearly have “9“20(300) <llgllgo(r+y < €2. This com-
bined with Lemma 5 and some interpolation inequalities (see The-
orem 1.1.1 in [Isakov 1991]) shows that there exists 0 < 7 < 1
such that [|gll¢2(p0,) < CR,a,z€2". From Theorem 1.1.1 in [Isakov
1991], one can extend g defined on 9123 to uj defined in {2y such that

luillcz(ag) < Cllgllgz(ano), where C is independent of the domain
{29. Hence

Hulllm((zg) CA“g“cz(ago) < Crasz & (14)

The function w := w3 — u} belongs to H}(§2,) and satisfies Aw +
k12w = f in £2, where f = —(A + ky%)u}. Hence for all v € H}(12),
we have a(w,v) = fﬂo {7, where a{w,v) := fQO(VurVE — ki 2w®).
Hence by Cauchy-Schwarz inequality

Cklllw”‘ill(ﬂo) < %(—ik_la(w,w)) < |k1[”f“L2(QO)“w“L2(.QO) )
where Cy, = |S(k:1)| min(1, |k1|?). Using (14), we find
lwll () < CzllfllL2ay) < Craz €” - (15)
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The function u; belongs to C?(§2y). So does w = uy —u}. Combining
Lemma 7 with (14) and (15), we have

62"
“’U’IHHZ(.Q,,,,) S CR,A,ET . (16)

We denote by I'T the surface I't N 842,,,. Furthermore, we set U :=
Vu;. Lemma 8 is now applied to each component of U. Using (16)
and the relation 1%{\ <|U{, we finally get

guy
dn

Ca €7
<WUlLe(rzy < —=lullgea,) £ Craz—5 - (17)
L2(rs) (o) VP (2) 03
(ii) Assume now that the Hausdorff distance is attained on a connected

component of (2*\(252), again denoted by 2. Then, switching the
indexes 1 and 2 (also + and —) in last point, one can show as for (17)

that
9 n
| o < Craz. (18)
on |l pry) p?

— Step 4: Lower bound of“%—% ”LZ(F,;) and conclusion of the proof.

By Lemma 10, that there exists a constant C,, > 0 and an integer M,
such that

ou
= > C,, meas (I'; )Mt
on |l pary)

By Lemma 9 and (17), (18)

2My +1 67)"(5)

futetod LA

Cuy Cad(Iy, I3) % < ou

— <C =
dn = YR4,

L) d(I, Iy)

We take R = 3Ry, so that Cr 4,z only depends on A and Z. Thus it is
labeled C . Therefore we have the require estimate with n(k,; ,u$,A4,5) =

I ]
2Mo +7°

6 Numerical Reconstruction of the Obstacle

Let u be a non-zero solution to (6) for the resonant frequency k and the far
field u*°. We wish to reconstruct I" from k and 4. The proof of uniqueness
by Schiffer is constructive and leads to the Kirsch-Kress method [Colton et
al. 1992]. The method is basically designed for the inverse obstacle scattering
problem using plane waves, and can be extended to our problem. This method
consists in two steps :
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— Step 1: Computation » from u>
The field v is sought in the form of a single layer potential on a fixed
artificial boundary 7:

u(x) = (V29) () = [ Glx,3)ly) dr(y) (19)
v

where the potential ¢ has to be determined and G is the outgoing fun-
damental solution of the Helmholtz equation. The closed surface v must

lie inside the obstacle {2; [Colton et al. 1992]. In two dimensions, we have
|X|— 00 &ikIX|

(728) () R < (Fy9) (%), whee

(R 60 = 551/ 37 [ Y s 1) (20)

Therefore ¢ is determined by solving the equation

Fyp=u> onS§. (21)

As pointed out in [Colton et al. 1992], since the kernel of F, is analytic,
this equation is severely ill-posed. This equation is solved by minimizing
the functional

(6 T,0) = [ By — s + allellagy) (22)

over all ¢ € L?(7y). We notice the Tikhonov regularization term “(p”i2 ()
— Step 2: Determination of I' from u.

The relation (19) now gives u in the unbounded component of IR?\y. The
Dirichlet boundary condition (i.e. v = 0 on I') enables us to characterize
I

r={xeR" [ u(x)=0} . (23)

From the uniqueness Theorem 3, there is only one closed curve on which

1 vanishes. This step is well-posed but non-linear, and is solved by mini-

mizing the defect

12(T50) —H w” Lo (24)
over all the closed curves 7. There is no regularization term in pg since this
step is well-posed.

The Angell-Jiang-Kleinman method [Angell et al. 1995] corresponds to
several iterations of the Kirsch-Kress method. In fact, the Angell-Jiang-
Kleinman method features an update of the reference curve v from the re-
construction 7" given by step 2. The idea is that the computation of the field
is more accurate if the reference curve v is parallel to the exact boundary

I'. Henceforth, after the computation of ¢ and T = {T(O)é, 6 € [0, 27r]}, the
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surface « is set to a curve parallel to T, say v = {%T(Q)é, f €0, 27r]}. Then

the two steps are done again with the new reference curve v, leading to new
values of ¢ and Y. The reference curve v is then updated. And so on.

In Figures 1 and 2, we show two examples of reconstructions. The use of an
adaptative interior curve y improves a lot the numerical results (compared to
the Kirsch-Kress method in which the interior curve is fixed). We also notice
the stability of the algorithm to some noise added on the data.

In many experimental devices, the measurement is available only in a
limited aperture. This is in particular the case of radar applications since
the antennas can be put only on the ground. We are here interested in half
aperture. We obtained good results in this case. For real frequencies and
incident plane waves, limited-aperture problems are very tough to solve. The
eigen-solutions associated with resonant frequencies correspond to creeping
waves which go around the obstacle. Consequently, even if the information
is obtained only in a limited-aperture, these waves contain the information
about the whole obstacle.

exact boundary —
reconstruction without naise -----
_._tecanglruction with noise -----

) " n L
“15 -1 -0.5 o 0.5 1 15

Fig. 1. The Rounded rectangle obstacle. We present the results obtained with the
resonant frequency k = 1.547 — 1.347i and the parameter a = 107* in pu1. 5%
of noise in both the resonant frequency and the far field is added for the second
reconstruction. The error in the first reconstruction is d(I,7) = 7.3%, and the error
in the second reconstruction is d(I',T) = 18.7%.
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Abstract. Various approaches to the solution of the inverse scattering problem are
discussed here, and illustrated by selected examples. Inverse scattering, having
originated with quantum mechanical scattering problems, has more recently become
of interest in acoustic and electromagnetic areas, in geophysics as well as in
oceanography. These topics will be described here both based on general approaches,
or more specifically as based on the use of target resonances, or of surface waves on
the target.

1 Introduction

The inverse scattering problem, i.e. the determination of the character of a scattering
object or medium when the incident signal is known and the scattered signal has been
measured, had its start in quantum mechanics and later on became of interest in
radar scattering*®, and in geophysical prospecting’- 8. In acoustic®2 and elastic-wave
scattering!3-¥ the interest in this problem is or more recent date. While the most
general solution of the inverse scattering problem has spawned a veritable subfield of
applied mathematics!'*>8 (this also extends to nondestructive testing!®, tomography?2?:
21 and imaging!® 22 23) often concerned with the solution of integral equations?425, it
has been found of advantage by us® !l 13. 2629 and by others® 12.14. 3036 t5 combine
purely mathematical approach with an application of well-identified physical
phenomena (the target resonances, in this case), and the use there of in order to make
additional headway towards the solution of the inverse problem, or even to provide
shortcuts for the latter??. The present discussion selects a number of representative
examples from both the general mathematical solutions of the problem (determination
of electromagnetic medium parameters, or acoustic identification of layers), and the
physically-oriented approach based on the Resonance Scattering Theory or RST37-4¢
(Derem's "acoustic resonance spectroscopy”*!, the Le Havre experiments!Z on
multilayer characterization by a combined observation of resonance spectra and pulse
returns; and Gérard's*? Generalized Debye Series approach allowing access to the
resonances of individual layers*3, of obvious importance for the geophysical

* Visiting Professor into 1 and 3
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problem). Finally, the application of acoustic surface waves on the target, being
intimately related to the resonances, is mentioned for a determination of material
parameters via a measurement of their dispersion curves** 43, or via time-frequency
analysis*®,

2 Non-resonant inversion techniques
2.1 Acoustic Scattering

The aim of the inverse scattering formalism is to reconstruct, from a measured set of
scattering data, as much information on the scattering object as possible, given a
limited amount of data (which may cause problems). In addition, the ill-posed nature
of the inverse problem can lead to great sensitivity of the solution to small changes of
the parameters, or to fluctuations in the measured data. Fourier expansions employed
will add to this sensitivity. We mention here two examples from acoustic scattering
illustrating, or trying to remedy, these problems.

Bonnet*” has considered the problem of reconstructing the given surface velocity of
a vibrating cylinder from theoretical scattering data obtained from (Green's) integral
equation using the boundary element method. Methods to stabilize the solution of an
ill-posed problem are, among others, the Tikhonov regularization*®, or stochastic
inversion?®. Bonnet employs the latter, in particular Gaussian inversion, treating the
data as random variables. Figure 1 shows the results of his inversion for the normal
surface velocity U vs. distance z in the axial direction: the inverted U, bracketed by
standard deviations, as compared to the exact value (heavy solid curve).

Tobocman®® has considered the effect of Fourier vs. wavelet expansion on the
reconstruction of an experimental ultrasonic pulse reflected from human tissue, from
its filtered Fourier transform or from a stripped wavelet analysis; the former
reconstructed pulse (dotted) is compared with the actual pulse (solid line) in Fig. 2.
For the case of wavelet analysis, however, the reconstruction is found to agree much
more closely with the actual pulse than the Fourier one. In addition, the wavelet
approach is shown to lead to great computational simplifications.

2.2 Tomography

Examples are presented here from the area of electromagnetics?!- 5153 although
similar techniques can also be employed in uitrasonics®!. The problem here is the
reconstruction of e.g. the permittivity and conductivity profiles of a dielectric slab
from measured transmission and reflection data. He and Strdm3! consider a point
source above an inhomogeneous dissipative slab, and reconstruct its one-dimensional
permittivity (€) and conductivity (o) prof' les mainly from two-sided reflection data.
Fields are split into downgoing and upgoing waves represented by time integrals, and
for each the incident are reflected fields are expressed in terms of reflection and
transmission kernels, either for the entire slab or for subregions of the same
("invariant imbedding"). The imbedding equations can be solved for € and 6 in terms
of the scattering data by iteration. Figure 3 shows the assumed e-profile of the slab
(solid), reconstructed from clean data (dotted), after smoothing noisy data (dashed),
and after exempting peaks in the kernels from smoothing (circles). It is seen that
tomography of dielectric objects is well under control, at least in one dimension.
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L5 : U exact
: U

: U -sigma
: U+ sigma
1.0 -

-0.5 T T Y T T T T T 1 ¥
-3.0 0.0 3.0
Fig. 1. Surface velocity U of vibrating cylinder: exact and reconstructed values (with bounds).
From Ref. 47.
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Fig. 2. Reflected ultrasound pulse (solid) and filtered Fourier transform reconstruction
(dotted). From Ref. 50.
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Fig. 3. Permittivity profile of dielectric slab: exact (solid), and reconstructed. From Ref. 51.
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Fig. 4. Acoustic transmission coefficient for PVF2 film on glass, measured (dots) and

recovered (solid).

From Ref. 54,



190

2.3 The Inverse Problem of Layered Structures

Layers have been analyzed acoustically both in the laboratory>*-%6, and by using field
data concerning layered ocean floor sediments’?. In the mentioned laboratory
experiments, the acoustic parameters of a polyvinylidene fluoride (PVF2) film, which
is used in the assembly of surface acoustic wave transducers, are determined from
transmission coefficient (T) measurements. The PVF2 film is pasted on a glass
substrate, with all this being immersed in water. Seven film parameters must be
determined: its thickness, density, compressional and shear speed, two components of
the stiffness tensor, and the power of the latters' frequency dependence. The
calculated and measured values of T can be brought into agreement by least-square
minimization, which can be done in several steps: at normal incidence, the reflection
coefficient R is independent of absorption, which permits a termination of three
parameters (thickness, density, and compressional speed) only from measurements of
T. Subsequently, a measurement at non-normal incidence is performed obtaining the
remaining parameters, with an adjustment of the three preceding ones. Figure 4 shows
T as a function of frequency as calculated using the final values of the parameters
(solid curve), and as measured (points), with a precision of a few percent of
agreement.

Layers on the seafloor can be identified by acoustic means®’. 58, Reference 57 has
developed two approaches measuring wide-band reflected signals at normal incidence
on a multilayered seabottom at various frequencies. Normal incidence causes the
dependence on shear waves to cease, so that only (complex) compressional speeds in
each layer, and the layer thicknesses can be determined. Multiply reflected pulses
occur in addition to those corresponding to direct time-of-arrival. Their first approach,
based on the Simplex scheme’®, compares in a least-square sense experimental data to
a set of numerical ones and modifies the parameters of the theoretical model until a
good fit between experiment and theory is obtained. No parameters need to be known
a priori, but the time of flight obtained for an echo pulse is used as an input parameter
for the iteration. Their second algorithm, termed "Bottom-3", requires eight measured
(complex) reflection coefficients at eight different frequencies, with which the
analytic expressions for the (normal incidence) reflection coefficients can be reduced
to one nonlinear equation for one layer thickness divided by its complex sound speed.
The many possible solutions (due to the ill-posedness of the problem) must be
reduced here by imposing bounds on the bottom parameter values dictated by
physical reasonableness. Laboratory data were obtained for a bottom model with one
sediment and one subbottom halfspace. Figure 5a shows the measured echo signal
sequence indicating reflections from the water-sediment and sediment-subbottom
interfaces, plus two multiple reflection echoes. The inverse algorithms led to the
reflection coefficients vs. frequency in Fig. 5b: dotted: Bottom-3; dashed: Simplex
results, as compared to the measured reflection coefficient (solid curve).

3 Resonant Inversion Techniques
3.1 Acoustic Reflection from Layers
While the preceding chapter has presented results of inverse methods not specifically

based on any physical features expected in the results, such features - the resonances -
will now be discussed as a means for facilitating solutions of the inverse scattering
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Fig. 5a. Measured signal, reflected from a seafloor model in a tank. From Ref. 57.
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Fig. 5b. Reflection coefticient of seafloor model: measured (solid) and recovered. From Ref.
57.
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problem. In radar scattering, the "Singularity Expansion Method" (SEM)? is based on
the observation that the excitation of the normal modes of a scatterer generates
sinusoidally decaying transient signals (i.e. complex exponentials); the general signal
thus consists of a series of complex exponentials known as a Prony series®®. The same
is the case for acoustic scattering. Use of the eigenmode resonances for a solution of
the inverse problem was first proposed in radar scattering by Moffat and Mains®. In
acoustics, we have advocated such a use for various purposes?’, with results detailed
in Reference 28. One relevant case is, as in the preceding example, the inverse
solution for a (fluid) sediment layer on a subbottom which was solved analytically
both for the steady-state'? and the transient case®!, using both normal and oblique
incidence.

Short-pulse laboratory experiments solving the inverse scattering problem of a
structure with several layers have been carried out at the University of Le Havre!2 62,
based in part on the layer resonances. The structure, all immersed in water, consisted
of a polystyrene plastic layer and an aluminum layer separated from each other by a
thin water layer. Due to its strong impedance contrast, the latter only played the role
of a connector, while the resonances in the two other layers’ reflection coefficients
(each apparently quite unaffected by the other layer, as were the resonances) were
very prominent in the echoes. They were caused by the excitation of guided Lamb
waves in the two layers. The inverse procedure consisted in several steps: First, the
longitudinal phase velocities in the two solids were determined by a bistatic
measurement of the individual plate reflection coefficients out to the critical angles.
The thicknesses of the plates were determined from the spectra of the pulse echoes
reflected by the individual solid layers, which showed the resonances of various
Lamb modes. Their frequencies led to the layer thicknesses via a standing wave
argument. The shear wave phase speeds for the plates resulted from a similar
standing-wave consideration after separating the two plate wave propagations by their
different decay constants. Finally, the plate densities were obtained from the absolute
values of the two plate reflection coefficients at normal incidence. Figure 6 shows the
guided-wave resonance spectrum at oblique incidence (5°) in which Lamb wave
resonances in plastic (Ajp, Sip, i = 1,2,..) and in aluminum (A;A,S;a) are identified.

3.2 Geophysical Layer Resonances

Just as in the case of acoustics of the ocean floor where resonances are prominent in
bottom reflection'® ¢! and even in the propagation loss (including shear wave
resonances®3), the same is the case in geophysical subsurface-structure propagation'®
although the corresponding resonance phenomena there apparently have not yet
received all the attention they deserve. Remote sensing of underground layers is of
importance for prospecting purposes. The usual Thomson-Haskell approach® would
in general not be very useful for solving the inverse problem (except in the special
case of normal incidence’?), since a multiplicity of parameters would have to be
adjusted to get a fit to measured reflection data. Gérard has developed a multilayer
reflection/transmission approach*? 65, valid for any separable geometry, which via a
study of layer resonances, furnishes access to the remote sensing problem?*3, while
simultaneously providing physical insight via the individual reflection/transmission
coefficients at layer interfaces. Details of this approach are described in Ref. 43;
suffice it to say here that the individual resonances of the mth layer are obtained as
the solutions of the equation
det (1-Rm,m+1Sm) =0
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where Sy, is the (diagonal) matrix of outgoing P and SV wave amplitudes, and R the
reflection matrix between the mth and the (m + 1) st layer. It is seen that this equation
furnishes the resonances of each individual layer (of course modified from those of a
free layer by layer coupling) separately, and these can be separately identified in the
overall backscattered signal amplitude (such as shown in the preceding discussion of
the experiments of Refs. 12 and 62) for purposes of layer identification. If the
multiply-reflected amplitudes are desired, one may expand using the Cayley-
Hamilton theorem,

“+ oo
(I‘Rm.mHSm)-) = Z (Rm,m+lsm)p-l .
p=1

This is the generalized Debye series®, which leads to a representation of the solution
in the half-space overlying the layered structure, in terms of the various reflection and
transmission coefficients at the interfaces of the multilayer system. While the
preceding discussion concerns resonances in layers only, the resonances in the
scattering from other geophysical inhomogeneities have been discussed by
Dubrobskii and Morochnik*.

3.3 Surface-Wave and Time-Frequency Analysis

It is well known that families of resonances (such as shown e.g. in Fig. 6) are caused
by the resonant reinforcement of multiply self-overlapping, phase-matching internal
waves. In the case of plates (Fig. 6), these are waves that repeatedly bounce between
the plate faces, thereby generating the Lamb waves and (at the resonant frequencies),
their resonances®!. In the case of finite-size scattering objects, they are (dispersive)
surface waves that peripherally encircle the object over its surface, mainly in its
interior. Phase matching of surface waves was first shown in Ref. 66 to generate the
resonances, at resonance frequencies identical with the "natural frequencies" of its
normal vibrations.

Ultrasonic waves encircling cylinders ("surface acoustic”, or SAW waves) have
been employed for the characterization and nondestructive testing of cylindrical
objects®”- %8, In a recent experimental study*’, the wear on the cladding of a nuclear
fuel rod has been tested using circumferentially propagating ultrasonic pulses and
their echo returns, as well as their resonance spectra. The latter are shown in Fig. 7,
(a) near the end of the rod, and (b) towards the middle, indicating larger wear there.
The larger attenuation of higher-order return pulses also indicated the amount of
wear.,

A series of studies were carried out measuring the dispersion curves of Rayleigh
wave phase speeds in a chromium-plated steel layer®®, and of Scholte-Stoneley wave
speeds in a polyvinyl chloride (PVC) layer glued to an aluminum plate™ 7!  all
immersed in water. The experimental model, in the latter case, consisted of a 10mm
thick PVC layer which had been prepared in such a way that the velocity profiles of
its compressional and its shear bulk waves varied linearly from one face to the other,
thereby simulating a consolidated ocean-floor sediment layer which had these
properties. A numerical inverse-scattering model was developed, based on the
conjugate-gradient formalism, in order to recover these velocity profiles (the other
properties of PVC being assumed known) from measurements of the Scholte-Stoneley
wave dispersion curve on the structure. Scholte-Stoneley waves on plates are
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described in detail in Ref. 43; a calculated dispersion curve of their phase speed Cg
for the present experimental model is shown in Fig. 8. A least-square adjustment
criterion between experimental values of Cg and those calculated assuming linear
bulk speeds in PVC served to determine the bulk speeds to 4% or better.

It is interesting to note that a model similar to the one just described has also been
studied experimentally by Ref. 72 using short pulses, and employing for its analysis
and inversion the Wigner-Ville distribution. For a time signal x(t), its Wigner-Ville
distribution is given by

+ oo

Wet9) = | x(t+1/2) x*(t - T/2)exp(- 2indt) dt

-0

having the property that the frequency content of an echo pulse can be obtained, and
hence the dispersion relations of its different components can be found, from a single
measurement using one echo pulse. This leads, e.g., to the dispersive time-frequency
curve for Wy, for the sediment model mentioned above, shown in Fig. 9. With the
group delay time

+o0 + oo

To(D) = t Wi(t,9)dt/]  W,(t,8)dt,

orsy - oo

a (group) dispersion curve for the Scholte-Stoneley wave may then be obtained from
Fig. 9, and used for the inversion (determination of the linearly increasing velocity
profiles in PVC) of the model.

The Wigner-Ville distribution was earlier used for analyzing acoustic scattering,
e.g. from a thin spherical elastic (10% thick brass) shell*®-73, Figure 10 shows a
corresponding time-frequency plot for the Scholte-Stoneley wave echo; the ridges in
Wy are clearly frequency dependent and their spacing, at a given frequency,
immediate leads via tg to the peripheral-wave dispersion curves. In the study of
Ref.73, the Wigner-Ville plots for scattering by the swim bladder of isolated fish have
also been obtained, and may be used for species classification.

3.4 Uncertainties in Inversion Procedures

The above-mentioned radar scattering response, consisting of a series of decaying
sinusoids, naturally represents a Prony-series expansion. The identification of a radar
target by the location pattern of its complex-frequency SEM poles is then attempted
by expanding the measured time response of a target into a Prony series whose
complex exponents represent this pole pattern. This approach is described by
Dudley?*, who cautions, however, against the numerical uncertainties involved in the
Prony inversion, especially when the data are noisy. Figure 11a shows, here for the
example of acoustic scattering from a rigid sphere’, the pole pattern in the Laplace-s
plane (s = iw), calculated exactly (A), and recovered from Prony analysis of synthetic
data of calculated echo pulses (other symbols, keeping different number of terms N in
the series). The mere fact of time limitations imposed on the synthetic time series
(since all real data are time limited) leads to a deteriorated pole identification (Fig.
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11b). If even a small amount of Gaussian noise is added to the data, the deterioration
becomes much worse?. In view of this, Goodman and Dudley have embarked on
constructing better inversion algorithms’>: the Prony series, although mathematically
correct, is inefficient and requires an inordinate number of terms for convergence.
Another alternative for improving identification beyond the Prony series is due to
Sabio’, in which a "synthetic echo response" is compiled from the data, and Fourier
(or wavelet) analyzed to create a set of spectral coefficients ("spectral template"). The
spectral coefficients from other data are correlated with the template, and a "target-
declaration threshold" is chosen for the correlation coefficient. This method was
successfully applied to the target recognition of a set of dipoles, and of a utility truck.

4 Conclusions

Inverse scattering methods, and inverse methods in general, have for their purpose the
recognition of targets, and more so, their identification and characterization by remote
means. We have reviewed here the applications of this approach in a variety of fields:
acoustics and elastodynamics, electromagnetic scattering and tomography,
geophysics, and oceanography, in a series of examples chosen from recent research
which show that the field of inverse scattering has progressed well into applications
of more and more practical nature. Inverse scattering approaches that make use of the
target resonances have been specially stressed here, since they were introduced into
the field of acoustics by some of the present authors; but more of the related work of
ours, not specially discussed here, can be found described in Ref. 28.
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Abstract. The inverse three-dimensional time-harmonic scattering problem of recon-
structing the starlike and smooth boundary A of an impenetrable obstacle from its far
field scattering data, for both, the acoustic and electromagnetic case, is considered. An
approach, based on a method proposed by Kirsch and Kress [2], that employs weak a
priori knowledge by choosing an auxiliary curve I inside the searched boundary A is
used. Initial reconstructions are improved using an iteration scheme to adapt the inter-
nal surface I" by exploiting information on the reconstruction A of the previous step.
The adaptation algorithm yields significant improvements on A, provided a reasonable
first reconstruction may be obtained.

1 Introduction

In mathematical physics, scattering of a time-harmonic incident wave from an
impenetrable obstacle constitutes an exterior boundary value problem for the
Helmholtz equation. Let D_ denote the interior of a simply connected obsta-
cle, A = dD_ its smooth boundary, and D = IR® / D_ the region outside the
obstacle. All time dependencies are given by the factor exp(—iwt) with angular
frequency w, which, for simplicity, is ecmitted in the sequel. We assume that the
origin of the coordinate system is contained in D_ and that there is a homoge-
neous, isotropic and non-absorbing medium in D, . Throughout the paper, the
unit normal vector n to any closed surface is always directed outward into the
exterior domain of the surface.

In the acoustic case, we may choose a scalar velocity potential u to fully
describe all scattering quantities. Let k denote the wave number and A the
scalar Laplace operator. Then, under suitable assumptions [2], the (linearized)
acoustic scattering problem is defined by

(A+k)u)=0, reD, , )

where the total field u is given by superposition of the known incident field and
the scattered field,

u(r) = u™°(r) + u*(r), re Dy . (2)

The scattered field uv® has to comply with the Sommerfeld radiation condition
for all directions & = r/|r| € £2, 2 denoting the unit sphere,

nmr{a—“;:—r)—ikm(r)}:o, r=lr| , (3)
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in order to represent a radiating solution. The interaction between wave and
surface of the obstacle is modeled by a boundary condition. A perfectly soft
surface leads to a Dirichlet problem with homogeneous boundary condition

u(r)=0, re4a, (4)

whereas a perfectly hard surface leads to a Neumann problem with homoge-
neous boundary condition since the obstacle’s rigidity implies a vanishing normal
derivative of the total field,

du(r)
on
In the electromagnetic case, we choose the electric field E as the quantity

of special interest. Since in D, we have neither currents nor charges, from the
time-harmonic Maxwell equations

=0, red. (5)

curl H(r) = —iweE(r)
curl E(r) = —+—iw/1,H(r) } , TE D+ (6)

with electric permittivity & and magnetic permeability p [6], we arrive at the
homogeneous vector Helmholtz equation for divergence free solutions E,

(A +k)E(r)=0, divE(r)=0, reD, . (7

Again, the total field may be seen to be a superposition of the incident and the
scattered field, v
E(x) =E™(r) +E(r), re Dy . (8)

Let n = y/u/e denote the wave impedance, and ¥ = r/|r|. Then, similar as in
the acoustic case, the Silver-Miiller radiation condition,
lim r(H(r) xt —E*(r)/n) =0 Vi€, r=]r|, (9)
T—00
ensures the solution to be a radiating one. Since the obstacle is assumed to be

infinitely conductive the tangential component n x E of the total electric field
needs to vanish on the surface A,

nxE=0 on4. (10)

Qur scattering data for inversion were simulated by numerically solving the
respective forward problems. All boundary integral equations were evaluated by
using the boundary element method (BEM). We did not take any special measure
to handle the case of internal resonances, but in practice we never encountered
any problems referring thereto.

In order to rule out so called ”inverse crimes” [2], we used different basic
equations and/or numerical procedures for direct and inverse problems.

The direct electromagnetic problems were solved using so called vectorial cur-
rent basis functions (CBFs) [8] for linear triangular elements to model the surface
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current density and by applying the Galerkin method to equation (18), s. sec-
tion 3, whereas for the inverse electromagnetic problem we used nodal quadratic
elements and the collocation method.

In the acoustic case we used the double-layer equation (12) for the direct
sound-soft problem and the single-layer equation (15) for the direct sound-hard
problem. Both types of acoustic inverse problems were solved using the single-
layer approach, i.e. only for the sound-hard problems we used the same basic
equation and numerical procedure for the forward and inverse problem, however,
and this is true for all of our examples, we used much finer meshes for the direct
calculations than for the inverse ones.

The relative error in percent, used to specify the deviation of a disturbed
function f from its original f, is defined by e := ||f = fllz2 /|| fllz2 * 100.

To solve the inverse problem of finding the obstacle’s boundary from its
known boundary condition type and its far field scattering data, we used an
iterative reconstruction technique that is based on a method proposed by Kirsch
and Kress [2]. In an earlier paper [3], we worked out the details and demon-
strated the applicability of the method for two-dimensional problems, where no
distinction between acoustic and electromagnetic case is necessary. The present
paper deals with the extension to three dimensions.

In the following two sections we briefly describe the approaches to solve the
direct obstacle scattering problems for both the acoustic and electromagnetic
case. Since the problems under consideration are defined in the outer region D,
which is infinitely extended, integral equation formulations are most suitable
since they allow not only theoretical considerations but also serve as a base for
numerical solution schemes. Section 4 gives some aspects of the reconstruction
method and in section 5 we comment on the regularization technique used and
the problem of finding reasonable regularization parameters. Section 6 follows
with details to the adaptation technique. Finally, section 7 closes with numerical
examples.

2 Acoustic Scattering from Impenetrable Obstacles

Mathematically, the solution to both, the Dirichlet- and the Neumann problem
could be given either as the field of a single-layer on A, or, alternatively, as
the field of a double-layer on A [1]. Since, for numerical reasons, we preferred
to have integral equations of the second kind rather than equations of the first
kind, we chose to use a double-layer representation for the Dirichlet problem and
a single-layer representation for the Neumann problem.

The fer field pattern uS, we used for inversion is defined on the unit sphere
2 as in [2] by the asymptotic behavior of the scattering solution,

us(r) = e"p—f’”—) {uio(f') +0 (%)} . T 00 . (11)

This means that far from the scatterer, locally, the scattered wave behaves like
a plane wave with decay 1/r, propagating in direction f.
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Due to the jump relation of the double-layer potential the second kind integral
equation

(T+K)7r:=7()+ 2/ T(r')M ds' =2u5(r), re4d (12)

A 671’
holds for the double-layer density 7, where the fundamental solution @ of the
scalar Helmholtz equation is given by ¢ = 1/(4x)exp(ik|r — r'|)/|r — r'| and
where uf, denotes the outer limit of the scattered field »® towards the surface A.
According to (2) and (4), uS. = —u!"(r) for r € A has to be chosen. After having
solved (12) the scattered field at any point in D, for a sound-soft obstacle is
given by

i
w(r) = Wr = / ?_(r,)a_égz,}r_) ds', reD; , (13)
A on
and the corresponding far field pattern with @, = 1/(47) exp(—ik#r’') by
W (F) = Fr = / LI (14)
A on

Due to the jump relation for the normal derivative of the single-layer poten-
tial, the Neumann problem leads to the second kind integral equation

) 0%(r,r') 0
(T - Ko = o(r) Q/Aa(r')—an— ds' = —22u4(r), red  (15)
for the single-layer density o where according to (2) and (5) again u$, = —u'™(r)

for r € A has to be chosen. After having solved (15) the scattered field at any
point in D for a sound-hard obstacle is given by

u*(r) = Vo := /Aa(r')eﬁ(r,r') ds', reD, , (16)

and the corresponding far field pattern by

wo(f) = Fo ::/a(r')qﬁm(f,r') ds', fe0 . (17)
A

3 Electromagnetic Scattering from Perfectly Conductive
Obstacles

The electromagnetic scattered field can be given either in terms of electric sur-
face currents, or in terms of magnetic surface currents, which are equivalent to
a double-layer of electric currents, on A. Since the obstacle is thought to be
electrically infinitely conductive, electric surface currents represent the physical
sources of the field, while the alternative of assuming magnetic surface currents
is of a purely formal nature. Determining the electric surface currents from the
tangential component of the electric field E°(r) on A leads to a boundary inte-
gral equation of the first kind [1], whereas the latter variant leads to an integral
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equation of the second kind due to the jump relation for the electric field E*(r)
at a magnetic surface current. Again, for numerical reasons, we preferred the
second kind integral equation. Thus, for the magnetic surface current density
m, there holds

m(r) + 2/ n, x curl {&(r,r')m(r')}ds' = —2n, xES (r), red, (18)
A

where E% denotes the outer limit of the scattered electric field E® towards the
surface A. Knowing the layer m, the scattered field is given by

E*(r) = Em := —curl / &(r,r')m(r')ds’, re Dy , (19)
A
and the corresponding far field ES_, defined in complete analogy to (11), reads
E! (f) = Fnm := —F x ik/ S (F,r')m(r')ds’, fe . (20)
A

4 The Reconstruction Method

According to a method described in [2], an auxiliary closed surface I” inside A
is chosen, s. Fig. 1. This initial choice of I" requires some a priori information
about the size and the location of the obstacle.

In the acoustic case, given the far field uS_(¥), we seek to represent the
scattered field by a single-layer on the interior curve I" by taking (17) as integral
equation for the single-layer density o on I,

/Fqsoo(f,r')a(r')ds' (), Fef . (21)

Having computed o, the near field u*(r) is given by (16), A being replaced by I,
and the total field by superposing incident and scattered field. The boundary A
is now found by searching a closed curve A along which the boundary condition
is matched in a minimal residual norm sense, i.e. for the sound-soft obstacle A
outside I is searched such that

= ||B1||iz(,1) B min, Bi(r)= (VU —+ uinc) (r), reAa, (22)

whereas the sound-hard obstacle requires the normal derivative of the total field
to vanish, i.e. for A outside I"

Eo 0 i
Fy = ||Bs| 724 =min, By(r) = (% (Vo + umc)) (r), redA. (23)
Given the electromagnetic far field E3_(f), in analogy to the acoustic case,
a far field to near field transformation is performed by taking (20) as integral

equation for m on I,

—#xik / oo (i, 0 )m(r') ds' = ES. (), fe, (24)
r
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to represent the reconstructed field by magnetic surface currents on I'. The
obstacle’s boundary is now found by requiring that, for A outside I',

Fy =||Bs|32 sy = min, Bs(r)=|nx (Em+E™)|(x), red. (25

Since only starlike boundaries are considered, A may be represented by a
radial function of the usual polar coordinates 8 and ¢ in the form

A :r(f,0) = f'(ﬁ,cp)rA(H,go) =1fra(k) . (26)

As the authors in [2], we used a truncated Fourier series of spherical harmonics
for0<f<mand 0< p < 27,

N n
ra(0,0) = Z Z P (cos 0) {anm cos{(mp) + bpm sin(mp)} (27)

n=0m=0

to represent a finite dimensional set of starlike surfaces. To numerically minimize
the functionals in (22), (23) and (25), a discrete set of collocation points on A
is necessary. We used points on A in predefined directions #;,/ = 1,..., M such
that they were about equally distributed on the unit sphere. After discretization,
for j = 1,2, 3, the functionals (22), (23) and (25) read

M
Fj(a00,- -, ann:boos - -, bNN) = D |Bj (Bir4(61, 1)) = min . (28)
=1

The F; are nonlinear functionals of (N + 1)? unknown coefficients (bno = 0).
We used a modified Levenberg-Marquardt algorithm (routine LMDIF1 from
MINPACK, jacobian approximated by finite differences) for the numerical min-
imization of the Fj.

5 Regularization and Parameter Choice

The discretization of the ill-posed integral equations (21) and (24) leads to ill-
conditioned linear systems. We compared conjugate gradients stopped after a
suitable number of iterations [4], truncated SVD (singular value decomposition),
and Tikhonov regularization to obtain regularized solutions. The results did not
depend very much on the method used.

In contrast, it is crucial to find reasonable regularization parameters. For all
of our examples presented in section 7, we used the CGLS-algorithm (conjugate
gradients least squares) from [9] to solve the overdetermined linear systems. Our
parameter choice strategy was twofold, depending on whether we had "rather
exact” far fleld data (as good as our forward solvers could simulate them) or
whether they were contaminated by some (artificial) noise. We were led to do so
by L-curve plots [5] for various examples and adaptation steps, showing logarith-
mically the relation between the norms of the layer densities ||o|| and ||m]| versus
the norms of the corresponding discrepancies ||Fo — «S || and || Fnm — E ||,
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Fig. 1. unit circle £2, inner auxiliary Fig. 2. Modification process to get a
surface I", and reconstruction A new auxiliary curve I'**! from !

respectively, as a function of the regularization parameter, i.e. in our case for
different CG-iteration steps.

With ”exact” far field data, we never reached the ” corner” of the L-curve with
a reasonable number (< 8000) of CG-iteration steps. Since we got stable solutions
for any feasible number of iterations, we used a simple predefined sequence J (®)
of CG-iteration steps ((9) denoting the adaptation index), depending on the
adaptation step i of the auxiliary curve I'* by

JO = JO . 9i ;=0 1,2....I-1 and JO =gU-b (29)

that means, we doubled the number of CG iterations with every adaptation
step, except for the final one. It seems reasonable to allow larger residual norms
1B —us,| and ||Fmm — E2_||, i.e. to heavier regularize the solutions, during
initial adaptation steps and to decrease it with increasing adaptation steps, since
for the initial internal curves a good reconstruction of A cannot be obtained
anyhow. Of course, the arbitrarily chosen exponential increase of iteration steps
according to (29) is just one of many possibilities and by no means crucial for
the final result. First of all, it saves computation time, compared with the case
of a constant number of CG-iterations, since our CGLS-procedure accounts for
most of the CPU-time of the total reconstruction.

In the case of erroneous far field data, we used the L-curve criterion {5]. For
every adaptation step, we performed 800 CG-iterations to have enough points
representing the L-curve. Then we chose the CG-iteration number belonging to
the ”corner” of the L-curve.

6 The Adaptation Algorithm

After having computed a reconstruction A® with interior curve I'*, an improved
reconstruction A**! may be obtained with a more suitable interior curve "1,
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To obtain I'*t!, we first define
Tl =t By —rr), 0<B<1 (30)

with adaptation factor 8. Of course, to leave open the possibility for rﬁ“ () to
decrease in the following step ¢ + 1, a distance d between I''*! and A* must be
kept. Therefore, after having evaluated (30), we take

7+1(#,) = min (f#l(fl) i1 (f,)) forall#,, I(=1,...,M (31)

? 7‘I“,maLx

i+l
I''max
to Fig. 2 a distance d normal to A* remains between I'"*! and A’. Since the
set {f}“(i‘l)} obtained from (31), in general, does not belong to the surface
space defined in (27), it is subsequently smoothed out by interpolation using
representation (27) for I'. To this end, coeflicients @, b, are determined by
overdetermined collocation such that with rp(¥;) according to (27) and 71 (%))
from (31)

as new auxiliary curve. r is determined in direction #; such that according

M
STrr(#®) ~ 7r(#))? = min (32)
=1
The final set {r&! (£} is computed with coefficients from (32). Of course, this
interpolation procedure may slightly vary the adjusted minimal distance d be-
tween A® and I'*t! again.

From a theoretical point of view, there might be an objection against this
adaptation technique. Indeed, it cannot be guaranteed that our basic assump-
tion, namely I'* being inside the original obstacle, is valid throughout all adapta-
tion steps. But we found in practice that this lack does not affect reconstructions
negatively.

7 Examples

In order to simplify comparisons between different methods from different au-
thors, we used examples from [2], that were used by other authors as well, e.g.
[7]. Our goal was first to compare electromagnetic and acoustic reconstructions,
and second to achieve best possible results from ”exact” far field data with a
minimum of probing cost, i.e. with one incident wave only. Of course it’s unre-
alistic to use exact data in view of practical applications, but nevertheless one
has to know what can be achieved with highly accurate data.

All of our reconstructions were performed using one incident plane wave of
the form

uinC(r) = ug exp(ikr) or EinC(r) = Ej exp(ikr), re€ R? (33)

for the acoustic and electromagnetic case, respectively, with k& = [k| = 2. All far
field data were given at 1148 different directions, about equally spaced on 2, and



212

M = 128 collocation points on A were used to minimize the functionals (22), (23)
and (25). The degree of the series (27) was always N = 6, the minimal distance
d was d = 0.25, the initial guess for I'? was a sphere with radius R = 0.4 and the
adaptation factor 3 was chosen to be 8 = 0.6. The number of adaptation steps
was 6 in the case of "exact” data and 10 for contaminated data to see whether
a stable reconstruction was obtained. The reconstruction error is denoted with
erec in the figures.

Although all of our examples were rotationally symmetric, we did not exploit
this property to simplify and improve reconstructions.

T T T T T T 7

Fig. 3. Initial reconstruction compared Fig.4. Reconstruction compared to
to the original and auxiliary curve, the original after 1 adaptation step,
erec = 20.2% . erec = 16.0% .

T

~ ireconstr.
;onginal  -3--

“ranx. gur =

Fig. 5. Reconstruction compared to Fig. 6. Final Reconstruction, original
the original after 2 adaptation steps, and auxiliary curve after 6 adaptation
erec = 1.6%. steps, erec = 1.4%.
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Fig. 7. Acoustic sound-soft and elec- Fig.8. ||m|| and ||o|| (ordinate) ver-
tromagnetic reconstruction error in % sus the residual norms ||F.m — E ||
versus the adaptation step. and ||Bo — ud.| (abscissa) for all

CG-iteration steps.

7.1 Reconstruction of an ”"Acorn” from Exact Far Field Data

In our first example we reconstruct an acorn as it is mentioned in [2], given by

1 3
r:§<£+2cos(3a)) , 0<a<nw, (34)

{a denoting the angle between r and the z-axis) from both acoustic sound-soft,
acoustic sound-hard and electromagnetic scattering data with k = {0,0,2}7 and
Eo = {1,0,0}7.

Fig. 3 to 6 show the same sectional view (zy-plane) of the reconstruction from
electromagnetic data for different adaptation steps. The results from acoustic
data, which are not shown, were better throughout all adaptation steps, s. Fig. 7.
Fig. 8 shows parts of the L-curves, which did not yet reach their ”corners” for
I = 3200 and J'¥ = 6400 CG-steps (J,, J.: number of CG-iteration steps for
acoustic and electromagnetic reconstructions, respectively).

For acoustic sound-soft data we got a final error of e = 0.24% , for sound-
hard data of e, = 1.1%, and for the electromagnetic reconstruction we had
€rec = 1.4% .

7.2 Reconstruction of the ” Acorn” from Erroneous Far Field Data

Fig. 9 and 10 show the initial and final reconstruction from electromagnetic
data with 1% noise added. Especially concave parts of the obstacle suffer from
less accurate data, as can be seen by a comparison of Fig. 6 with Fig. 10. For
acoustic sound-soft data we got a final error of e.oc = 6.0%, for sound-hard data
of erec = 3.2%, and for the electromagnetic reconstruction we had e.ec = 3.9% .
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Fig. 9. Initial reconstruction, error of Fig. 10. Final reconstruction after 10
reconstruction is erec = 20.4% . adaptation steps, error diminished to
erec = 3.9%.

7.3 Reconstruction of a "Peanut” from Exact Far Field Data

Fig. 11 and 12 show the initial and final reconstruction of a peanut from elec-
tromagnetic data, as it is used in [2] and [7), given by

1
r:§(1—§sin2a)§ 0<a<m. (35)
2 4 ’ - -

Again, we used k = {0,0,2}7 and Eq = {1,0,0}. The result is even better as
for the acorn in section 7.1 what is probably due to a higher symmetry of the
peanut and less concave parts. For acoustic sound-soft data we got a final error of
erec = 0.37% , for sound-hard data of e..c = 0.27%, and for the electromagnetic
reconstruction we had e;ec = 0.62% .

riginal
ux: gur.

- [

45 4 05 0 05 1 15 2 145 -1 05 0 05 1 15 2
Fig. 11. Initial reconstruction, error of Fig.12. Final reconstruction after 6
reconstruction is ecec = 15.7% . adaptation steps, error diminished to

erec = 0.62% .
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8 Conclusions

An iteration scheme has been presented to reconstruct impenetrable 3D scatter-
ers with smooth and starlike boundaries from their far field scattering data.

The examples show that in both the acoustic and electromagnetic case the
adaptation technique does much improve reconstructions, compared to the case
of not adapting the internal surface, even when reconstructions from erroneous
data are performed.

The fact that, for data "free” of errors, the acoustic reconstructions consis-
tently turn out somewhat better than the electromagnetic ones is probably, at
least partly, due to the fact that the acoustic far field data are more precise than
the electromagnetic data.

The adaptation algorithm allows to start the reconstruction process with a
rather poor initial guess of the obstacle’s shape, i.e. a small sphere, in general,
will be sufficient.
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Abstract: Ultrasound tomography is modeled by the inverse problem of o
3D Helmholtz equation at fized frequency with plane wave irradiation. It is
assumed that the field is measured outside the support of the unknown po-
tential f for finitely many incident waves. Starting out from an initial guess
f° for f we propagate the measured field through the object f° to yield a
computed field whose difference to the measurements is in turn backprop-
agated. The backpropagated field is used to update f°. The propagation as
well as the backpropagation are done by o finite difference marching scheme.
The whole process is carried out in a single step fashion, i.e. the updating is
done immediately after backpropagating a single wave. It is very similar to
the well known ART method in X-ray tomography, with the projection and
backprojection step replaced by propagation and backpropagation. Numerical
experiments with a 3D breast phantom on a 65X 65x 65 grid are presented.

1 Introduction

We consider the inverse problem for the 3D Helmholtz equation
A + K2 (14 f)ui =0
(1.1)

u =ul +7,

where ul, j = 1,...,p are the incoming waves, v/ satisfies the Sommerfeld
radiation condition and the function f vanishes outside the ball of radius p.
We want to recover f numerically from knowing 4/ = g’ on the sphere of
radius p for j = 1,...,p and a fixed frequency k.

This is a model for ultrasonic tomography [6]. However we point out that
in a real ultrasonic scanner the irradiating waves are no longer plane waves
but standing waves in a finite container.

We start with a short survey on the extensive literature on numerical
methods. With the exception of methods which use the Born or Rytov ap-
proximation [4], it seems that the only method which actually has been tested
numerically in 3D is the Newton method combined with a finite Fourier ex-
pansion of f [5]. The other methods have been used in 2D only, even though
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an extension to 3D is possible in principle. The dual space method [2] reduces
the problem from the whole space R?® with the far field (which we do not use)
as data to an overposed boundary value problem in a finite volume which in
turn is solved by optimization.

Of course we can always try to compute the Born series [3]. For this
purpose we write (1.1) as an integral equation

w(e) =ul(@) - K [ Gl S W)y (1.2

Here, G is the Green’s function of A 4+ k? with the radiation condition at co.
The Born series (f¢) is now obtained by solving

#@) =@~ K [ Centwuiwiy, lel=p, j=1...p

for fy, where ug = u{ and
Aulyy + k(L + fo)ul,, =0

with u) = uf + a function satisfying the radiation condition.

The generalized SOR-method of 7] also starts out from the integral equa-
tion (1.2). Writing for the integral operator in (1.2} simply G, this method
minimizes the functional

P
> {lle +ud + B2 G IR, a1y + M — ] + KGR, ey} (13)
=1

with some weight factor 4. The minimization is done by
ugﬂ = ui + ae?"f s Jerr = fo+ Bede

where ri , d¢ are update directions and ay, (B are chosen so as to minimize
(1.3).

A non iterative method has been suggested in [15]. With Gy the Green’s
function of A + k%(1 + f), we can rewrite (1.1) as

'Uj(m) = —k? /Gf(w,y)f(x)uf(y)dy . (1.4)

Now form a linear combination of the incoming waves such that the resulting
field peaks at z, i.e.

Za,.(z)ug'(x) ~ 8z —2).

Then, from (1.4),

~KG(z,2)f(2) ~ Y _ aj(2)v(2) (1.5)

=1
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is approximately known on |z| = p. From the identity

Grla,y) = Gloy) = [ Gyla,1(IG(G)dy

lz|<p

we get an approximation to Gy(z,y) for |z| = p which together with (1.5)
determines f. The method still has to be tested.

A very efficient code has been given in [6]. It is very similar to ours
in that it uses initial value techniques and ignores in the Jacobian entries
which correspond to different incoming waves. The initial value technique is
based on factoring the Helmholtz equation into a product of two first order
differential operators.

The purpose of this note is to extend the method of [14] to 3D and to
conduct 3D numerical experiments. We illuminate the object by plane waves
ul = e**#'% where the unit vectors 0; are lying in a plane. We use an initial
value technique as in [6], but we do not rely on parabolic approximations [8]
of the Helmholtz equation.

2 The initial value method

Let £2; be the cube circumscribed to the reconstruction region |z| < p with
edges pa.rallel to the coordinate axes and ahgned with the direction 6; =
(cospj,sin g}, 0) of the j-th incoming wave. Let I’J be the face lying in the
plane z - 8; = 4p, and let I'; be the other faces of §2;. Rather than working
with the scattered fields v’ we use the scaled scattered fields w’ = e~ k=9I
which satisfy

Aw? 4+ 2ik0; - V! +K*(1+w!)f=0 in £2;. (2.1)

Note that we do not make the parabolic approximation [8], i.e. we do not
assume that the second derivative of w? in direction 6; is small compared to

kej . ij .
In [11] we haved analysed the stability of the initial value problem
, . _ Hw’ ~
w =¢" on I;UIT, W—h] on I (2.2)

for this elliptic differential equation. Let
, 1 ) ,
W (&, 8) = o / e" = wi(z)dz , €L
z-0;=s

be the 2D Fourier transform of w in the plane z - ; = s. We found that
(¢, s) depends in a perfectly stable way on the initial values for w’ on F
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for all frequencies |¢] < x where & is some number depending essentially on
k and, to a minor extent, on f. More precisely we have the following result
[11]:

Theorem 2.1 Let f € CY(R®) and f = fy + £ f» with f1, f2 real, and let
mg, My be constants such that

0
Sl<mi<ASMi, IgLISMi, 15l <M.

Let w be the solution of the initial value problem
Aw + 2ik0 -V + K*(14+w)f =0

w=g , a—w=h on z-0=0.
ov
Then, for k < k/1+my, we have onz -0 = s

llwel* < e**(JIAl* + K*(1 + My)lgll* + 2% f (w — wa)||*)

with || - || the Ly-norm in R?, w, the low-pass filtered version of w, i.e.
= [9(O), El <x,
w6 ={ " 5%
and

2M2 M1 K
a=1+T+T92— , 0=‘/1+m1—(£)2.

Practically the theorem means that we have stability for the initial value
problem provided that & is slightly smaller than k. In our examples we used
values of ¥ between 0.90k and 0.99%.

Thus we may define a nonlinear map R; : Lz(|z] < p) = Lo(I3") by
putting

Ry(f) = wilps (23)

The inverse scattering problem now calls for the solution of the nonlinear
system

Ri(f)=g9; , gj=9j|p]+a i=1...,p. (2.4)

Asin [12] this is done by an ART-type procedure. Starting out from an initial
approximation f°, we put fo = f® andfor j=1,...,p

fi = fi-1 — wR(f;=1)*C; *(Rj(fi-1) — g5) -

The first approximation f! is then defined to be f,. For C; we simply take
the operator 7I where < is chosen such that, in the limit & — oo, C; ~
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Ri(0)R(0)*, i.e. v = k?/p [10]. The evaluation of R}(f)*g for some g €
LZ(PJ+) can be done as follows: Solve the initial value problem

Az+2ik0; - Vz—K*fz=0 in £;
(2.5)
0z
— urt — +
z=0 on I;UI}, 5, =9 on .
Then, .
Rj(H)g = (1 + )z
where w? is the solution of (2.1) - (2.2). Of course the stability properties of
(2.5) are exactly as discussed above.

3 The finite difference method

The numerical solution of the initial value problems (2.1) - (2.2) and (2.5)
can efficiently and conveniently be done by a finite difference method. In view
of our stability result (see previous section) this suggestions itsself, but it has
been used already in [9]. We simply use the usual five point discretization
on the grid .Qh = {hef; + hmBJ‘ + hnes : £,m,n = —q,...,q} where 19L
(—sin@;, cos <p],0) and e3 = (0, 0 1) and h = p/q. Then, the finite difference
approximation to (2.1) - (2.2) reads (the superscript j is omitted)

Wetl,man + We—1,mn + Wemt1,n + Weym—1,n + Wemnt1 + Wem,n—1

—b6We,m,n + 1E(Wet1,mmn — We—1,mn) +2(1 + Wemn) femn =0,
Lmn=—q+1,...,q—1, (3.1)

Wemmn = ge,mn for |m|=gq or |n|]=q and for = —q,~q+1.

The boundary conditions in (3.1) assume that the field can be measured
everywhere on each of the faces of §2;. The values of gp.;mn = f j (hﬁel +Im02)
for £ = ¢ — 1 have to be computed from the field in |:1;| > p by numerlca.l
differentiation. (3.1) is solved in a recursive way, i.e. if w in known on the
levels £, £—1 we compute it for £+ 1 by (3.1). In order to preserve stability we
have to filter out the frequencies greater than « at each stage of this process.
This can be done by doing a 2D FFT on each matrix (we mn)mn=—q,..,q
as soon as it is computed, zeroing all the entries with vVm? +n? > 2px/x,
followed by a 2D inverse FFT. The total operator count for solving (2.1) -
(2.2) once is O(g®logg). For details see [16]. (2.5) is solved exactly in the
sarme way.
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4 Numerical experiments

In a first test we checked the initial value method for accuracy. We solved
the forward problem (1.1) for the function

f(z) = {0.2 , lz] <05 (4.1)

0 , otherwise

and k = 50 analytically and compared the exact solution with the approxi-
mate solution of the initial value method for A = 32. We found satisfactory
agreement.

In a second test we used the exact data for (4.1) and £ = 50 as input
to our reconstruction method with p = 25, ¢ = 32. As initial approximation
we chose (4.1) with 0.2 replaced by 0.1. After 3 sweeps of our algorithm we
obtained a reconstruction very similar to a low pass filtered version of f with
cut off 50.

Finally we created a 3D breastphantom, see Fig. 1. It consists of fat,
glandular tissue, a tumor and a cyst. The breast is suspended in a cube of
sidelength 12 cm which is filled with water. Fig. 1 shows on the left hand side
three vertical cross sections, taken at distances 3m apart. f is given by

f= 5(21 _ _i2a00
c? ke

(4.2)

with ¢y = 1500 m sec™! the speed of sound in water. The values of ¢ and «
(at 1MHz) are (k in units of m™1)

tissue dZ]la[2]] Ref| Imf
fat 1458 41 [ 0.058] —9.4/k
glandular tissue[ 1519 80 (—0.025|—-18.4/k
tumor 1564 | 118 {—0.080(—27.2/k
cyst 1568| 10 [—0.084| —2.3/k

Since the top face of the cube is not accessible, we have to modify the finite
difference method (3.1). We stipulate the boundary condition dw/8v = 0 on
the top face of §2;, i.e. we let » run from —q to g and put we m g+1 = Wem,g—1-
The boundary value problem (2.5) for z has to be changed accordingly. Of
course this procedure is questionable, but at the present state of our work we
just don’t know anything better.

We generated data for p = 32 equally spaced directions in [0, 27] using
our initial value method with ¢ = 32, i.e. h = 6cm/32 = 1.875mm. For
4 directions, the projections are displayed on the right hand side of Fig,.1.
The frequency of the iradiating waves was chosen to be 250 KHz, i.e. k =
10.47cm™1. This corresponds to a wavelength of 6mm. The smallest tumor
is at the resolution limit, i.e. his diameter coincides with the wavelength.
After three sweeps of our algorithm we obtained a reconstruction in which



Fig 1: Breast phantom and data. Left we see 3 vertical cross sections
through the suspended breast. Right we see the projections from 4

directions.



Fig 2: Breast phantom and reconstruction.

Top row: Original (same as in Fig. 1).

Middle row: Reconstructions

Bottom: Line plot of original and reconstruction along a horizontal

line hitting the smallest tumor in the central cross section



Fig 3: 3D semitransparent visualization of original (top) and reconstruction
{bottom). Real part left, imaginary part right. The two little tumors show up
¢learly in the real part but are invisible in the imaginary part. This
distinguishes them from the three cysts which can be seen both in the real

and the imaginary part.
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the cyst and the tumor where clearly visible and distinguishable. The results
are shown in Fig. 2. In the top row we see the cross sections of Fig. 1. In the
middle row we see the reconstructions of these cross sections. The bottom
row shows a line plot of the original and the reconstruction for the horizontal
line in the central cross section hitting the smallest tumor. The computing
time per sweep on a SPARC 20 was 10 minutes.
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Abstract. This work is devoted to determine appropriate domain and range of the
forward map from the coeflicients to the solutions of the multi-dimensional wave
equation for which the forward map attains certain regularity properties. The first
result concerns an explicit upper bound of its linearization or formal derivative and
the properties of the coefficients on which the bound depends. In view of results for
the smooth coefficient case, the estimate is optimal. We then present recent results
on continuity and differentiability of the forward map as well as continuity of the
linearized forward map. Information concerning regularity properties of the forward
map is indispensable in the study of the inverse problem via smooth optimization
methods. The usefulness of our results and some directions for future research are
also discussed.

1 Introduction

The linear acoustic wave equation governs many physical processes such as
seismic and acoustic wave propagation

1 8?
(c—zw—A—Va-V)u:f.

Here o = o(z) is the logarithm of the density, ¢ = c(z) is the sound speed of
the medium, and f = f(z,1) is the source term which introduces the energy to
the problem. If o, ¢ and f are given along with appropriate side conditions, the
forward (or direct) problem is to determine u = u(z,t), the excess pressure.
For appropriate choices of o, ¢, and f, u is determined uniquely by standard
linear hyperbolic theory of partial differential equations (p.d.e.). Thus the
problem stated above defines a map from the coefficients to the solution of
the wave equation. We are concerned with some aspects of the regularity
of this map, and especially of its composition with the trace on a time-like
hypersurface.

Throughout, we shall restrict ourselves to the special case of constant
velocity ¢. An extension of the ideas to more general problems will be briefly
discussed in Section 3.

To fix ideas, write z € R" as (2, z,), where &' € R" ! z, € R. We
assume that the problem is set in the whole space R™ and u = 0 in the
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past (t < 0). Take f(z,t) = d(z,t) as an ideal point source. Thus the excess
pressure u is the retarded fundamental solution:

Ou— Vo -Vu=¥§(t) (£,t)eR"xR,
u=0 t<0,

where O is defined to be 82 — A, and A is the Laplacian.

It is somewhat easier to understand the sensitivity of the solution to
distant perturbations of the coefficients. Thus we will assume that the density
o and its perturbations are supported in the half space {z,, > 0} and study
the solution near the boundary {z, = 0}.

Define the forward map F as:

F:o— (éu) |s,=0,

where ¢ € C$°(R™!) is supported inside the conoid {t > |z|} and near
{z, = 0}.

F is nonlinear even though the direct problem is linear. As a first step
toward understanding the regularity of F, we study the formal linearization
(or formal derivative) DF, with respect to the reference state (og, ug). The
first order perturbation theory gives, for a small change o, the following
problem for the resulting change du in u:

Oéu - Voo - Véu = Vio - Vug ,
du=0 t<0.

The formal derivative DF(og) with respect to the reference density oq is
defined by
DF(o9)do = (¢pdu) |z, =0 - (1)

Our first goal is to determine appropriate spaces of the domain and range of
F for which
the formal derivative DF is bounded.

We are also interested in establishing continuity and differentiability esti-
mates of F' and continuity estimates of DF'.

The study of the forward map is motivated by the inverse problem which
arises in reflection seismology, oil exploration, ground-penetrating radar, etc.
A highly over simplified version of the inverse problem is to determine the
coefficient o by knowing additional boundary value conditions of u. Since the
inverse problem is just to invert the functional relation F', we are naturally
interested in all the properties of this forward map.

To understand the problem, let us look at a simple exploration seismology
experiment: Near the surface of the earth, a seismic source is fired at some
point energy source. The seismic waves propagate into the earth. Since the
earth’s structure varies (as do its physical properties) part of the energy of
the wave will be reflected back to the surface and can be measured. The
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inverse problem is then to deduce the interior properties of the earth from
the recorded data.

A simple model of this reflection seismic inverse problem in this context
is: given data Fyueq(2’, ), find a coefficient o(z) so that

F(O‘) = Fdata

or perhaps minimizing the error (Fyatq — F(0)) in some suitable norm. An
overview of various issues on formulating and solving the optimization prob-
lem may be found in Santosa and Symes (1989). Two questions arise imme-
diately:

— Since the forward map F is nonlinear, one naturally considers its lin-
earization. So far, most progress has been made through the study of the
linearization. However, it seems that very little work has been done to
justify this commonly used procedure. Does the linearization of F' pro-
vide useful information in recovering the density?

— The large size of the typical data set demands fast means of solving
the minimization problem. A natural candidate would be some Gauss-
Newton like method. Under what conditions can one formulate such an
algorithm?

To answer either one of the above questions requires the understanding of
regularity of the forward map. In addition, local properties of the inverse
problem may be obtained by examining the differentiability of the forward
map. Also, continuity properties are crucial in the study of linearized forward
map with respect to a nonsmooth reference density.

Numerical solution of this inverse problem by means of Newton’s method
and its relatives, such as the quasi-Newton, conjugate gradient, and variable
metric methods, requires a choice of Banach space structure in the space of
models o and in the space of data F (o) in such a way that F' is regular.
This fact accounts for our reliance on the L2-based Sobolev spaces. Here,
we study the regularity properties of F': boundedness of DF', continuity and
differentiability of F, and continuity of DF. We believe that the ideas will
also allow investigation of coercive properties of DF, i.e., the stability of
linearized forward map, as is required by the theory of optimization.

When the spatial dimension is one or ¢ and ¢ depend only on z, (layered
problem) there is a large literature available. For a similar problem in which
the medium was assumed to be excited by an impulsive load on the surface
{z, = 0} instead of point sources, the properties of the forward map have
been studied fairly satisfactorily by Symes and others (see Symes (1986a) for
references). It was shown by Symes that, in the constant wave speed case,
the forward map defines a C!—diffeomorphism between open sets in certain
Hilbert spaces by applying the method of geometrical optics together with
energy estimates.
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When the spatial dimension n > 1 and ¢, o depend on all space vari-
ables (nonlayered problem), very little is known in mathematics. See Symes
(1983b), Symes (1986b), Sacks and Symes (1985), and Rakesh (1988), Bao
and Symes (1996), and Bao (1996) for some partial results. The difficulties
are essentially due to the ill-posed nature of the timelike hyperbolic Cauchy
problem and the presence of nonsmooth coefficients. For the one dimensional
wave equation, both coordinate directions are spacelike, which indicates that
the problem is hyperbolic with respect to both directions. Apparently, this
is not the case when the spatial dimension is larger than one. Recently, in
the study of this class of inverse problems and other close related problems
Bao and Symes (1993, 1995, 1996), we have employed nonsmooth microlocal
analysis techniques of Beals and Reed (1982) to obtain the optimal timelike
trace regularity under weaker hypotheses on the coefficients. Using these mi-
crolocal analysis techniques, we establish new estimates on the regularity of
the forward map and the continuity of its linearization.

Rakesh (1988) studied a related linearized velocity inversion problem with
constant density and point sources. Assuming smooth background velocity,
he obtained both upper and lower bounds for the linearized forward map.
The essential observation in Rakesh’s work is that DF is a Fourier integral
operator. The calculus of Fourier integral operators employed in Rakesh’s
work is not applicable to the nonsmooth reference velocity case since the
linearized forward map is a Fourier integral operator only when the reference
velocity is smooth. The approach does not lead to any regularity result for
the forward map F. Nonetheless, for integer ! + (n — 1)/2, the regularity
estimate for DF in Theorem 2.1 (loss of (n — 1)/2 derivatives) is exactly the
same as that proved in Rakesh (1988), and is optimal.

Symes (1983a) gave a pair of examples, based on the geometric optics con-
struction, which show that both DF(1) and DF(1)~! are unbounded for a
slightly different problem. As the examples show, within the Sobolev scales no
strengthening or weakening of topologies of the domain and range can make
both DF and DF~! bounded. This fact also implies a strategy of regulariza-
tion: Change the topology in the domain so that DF becomes bounded, then
ask for optimal regularization of DF~! in the sense of best possible lower
bound estimate for DF. In both examples of Symes, the unboundedness was
caused by rapid oscillation of o in the z’-direction or the tangential direc-
tions, hence the problem is actually “partially well-posed”, i.e., only more
smoothness of the coefficients in tangential directions (essentially grazing ray
directions) will be required to cure the difficulty. For this reason, the results
of Sacks and Symes (1985) were formulated using the anisotropic Sobolev
spaces.

In Theorem 4.1 of Sacks and Symes (1985), they showed by using the
method of sideways energy estimates that for a linearized density determina-
tion problem with constant velocity and plane wave sources, DF is bounded
from H1! to H!, provided that the reference coefficient is in H':* for some



230

s > n + 2. They also proved the injectivity of DF. An extension of their
reasoning shows that DF is bounded from H'! to H' provided that o is in
H"* for s > n + 2. Since H»* C H'** and H"* ¢ HY for ¢ < | + s, the reg-
ularity condition on ¢ in Theorem 2.1 is compatible with that of Sacks and
Symes (1985). The bounds on DF are compatible as well, allowing for the
difference between plane wave and point sources. We point out that in this
setting several regularity results of F' were also established in Symes (1983b),
Symes (1986b). Our method is completely different from theirs. In particular,
we believe that our method could be extended to study the velocity inversion
problem, i.e., to determine ¢(z) when the density is fixed.

2 Results

For a real number o, denote [a] the smallest integer such that o < [a].
We obtain the following up-bound estimate for DF'.

Theorem 2.1 Assume [l + (n — 1)/2] > 1+ n/2, and that s > [l + (n —
1)/2) 4+ [(n — 1)/2] + n/2+ 2. Then for o9, o € C§°({zn > 0}),

IDF(e0)éalli < Clléollyy azsy (2)

where the constant C depends on the ||oo||s and the support of ¢, but is
independent of §o.

The proof is given in Bao and Symes (1996). Our proof is based on the
method of nonsmooth microlocal analysis. Here we sketch the general proce-
dure of our method:

First, our time-like trace regularity theorem in Bao and Symes (1993)
indicates that du|; -0 can be as regular as du itself, provided that microlocal
restrictions against the tangential oscillations of the coefficient ¢¢. In addi-
tion, an explicit estimate is available via the method of microlocal energy
estimates. Thus the problem may be reduced to estimating ||¢du||j4(n—1)/2)-
A dual problem may be introduced next, which is a time-reversed wave equa-
tion with a smooth right hand side compactly supported near {z, = 0} and
inside the characteristic “cone”. This right hand side can be used as a test
function to estimate the local norm of §u. Observe that the original differ-
ential equation for §u has a singular right side since ug is the fundamental
solution.

The crucial part is to analyze the smoothness of ug and the solution
to the dual problem microlocally. A microlocal cut-off technique is used to
decompose the problem into three parts and analyze each part separately.
Near a null bicharacteristic, the solution of the dual problem can be analyzed
by the propagation of singularity theorem with an estimate. In the region
inside the light cone, the problem requires the regularity of the fundamental
solution ug. To serve this purpose, the method of progressing wave expansions
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or the method of geometrical optics is employed. An important step is to
analyze the solution regularity through a regularity study of the resulting
transport equations. Finally, conormal properties of the wave operator are
developed to estimate the remaining part.

We next examine the continuity and differentiability properties of the
forward map.

Let o1 and og be the densities corresponding to the excess pressure u;
and ug respectively, we have from the model equation that

(@ =Vo, V)i=Véo-Vug,

i=0 t<0, 3)

where O = 82 — A, % = u; — ug, and 60 = 01 — 0g. Moreover
t 3 3 ]

(#1)|e,=0 = (¢v1)|z.=0 — ($%0)|z,=0 ,

where ¢ € C§° supported inside {¢t > |z|} and near {z, = 0}.
In the following statements of theorems, we always assume that

{+(n-1)/2]>1+n/2and 7> [+ (n—-1)/2]+[(n—-1)/2)+n/2+2.
Let M, > 0 and define
M = {o € C{z. > 0}, |lo]l- < M;}.

We also assume that the density and its perturbations are supported in
the half space {z, > 0}.

Theorem 2.2 There exists a constant C depending on M, and the support
of ¢ so that for 1 and og € M,

l1F(e1) — F(oo)lli < Clloa — oollpyzzay -

The following results concern the differentiability of the forward map. The
formal linearization DF of the forward map F', with respect to the reference
state (00, ug), is defined by the linearized problem

(O =V V)du=Viéo-Vug,
du=0 t<0
and
DF(og)d0 = (¢du)|g,=0 -
Recall that @ solves (3) and

F(01) — F(oo) = (¢t)|z,=0 ,

then
F(o1) — F(oo) — DF(09)d0 = (¢t — duj}|z, =0 ,

where
(0= Vo, - V)& —du) = Véo - Viu ,

t—du=0 t<0.
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Theorem 2.3 There exists a constant C depending on M, and the support
of ¢ so that for o1 and o9 € M,
\IF(1) = F(o0) = DF(0)doll: < Clldolleslldollyyass; -

Theorem 2.4 There exists a constant C depending on M;,1 and the support
of ¢ so that for o1 and o¢g € M, 41,

1F(01) = P(e0) = DF(00)dolli < Clloall 67l ezt -

Note that the results of Theorem 2.3 and Theorem 2.4 do not imply that of
Theorem 2.2 since the estimates depend on higher norms of the coefficients.

Finally, we present a continuity estimate for the linearized forward map.
We assume that

l+(n-1)/2]>1+n/2and 7> [+ (n—-1)/2}+[(n—1)/2]+n/2+3.
Let M > 0 and define
My ={o € C?{zn > 0}, |lo|l- < M}.

We once again assume that the density and its perturbations are sup-
ported in the half space {z, > 0}.

Theorem 2.5 (Bao (1996)) There exists a constant C depending on M and
the support of ¢ so that for o1 and 09 € M,. Then for n € C°{z, > 0}

IDF(e1)n—DF(oo)nlli < Clllor—oollyy 2zay [nll-+1Imlly 422y llos—ooll-] -

2

In particular, DF extends to a Lipschitz continuous map:
o — DF(0)
H{pp (R ™1 X [0,00)) = L{H oy (R ™" x [0, 00)), H'(R" ™" x [0, 00)).

The proofs of the above regularity results follow essentially the general
ideas of Bao and Symes (1996) with some necessary modifications. Particu-
larly, the regularity study of transport equations becomes more complicated
and technically involved.

3 Discussions

It is known that the method of nonsmooth microlocal analysis can only deal
with relatively weak singularities and the coefficients should be at least con-
tinuous. However, an earlier result of Bamberger et al (1979) on the one
dimensional inverse problem with regular source terms allows the coefficients
to be discontinuous or even bounded measurable. A similar multi-dimensional
inverse problem with rough coefficients was recently studied by Fernandez et
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al (1993). Their general approach may be viewed as variational. The method
in the several dimensional case was based on elliptic type energy estimates
together with compactness arguments. However, no geometric property of the
wave operator was used due to the rough coefficients. This presents a clear
contrast to our model. Our model involves a singular right hand side but rel-
atively regular coefficients {see the assumptions of the above theorems). Also,
our approach relies heavily on the geometric properties of the wave operator.
Therefore, a natural question arises: What happens when the coefficients are
in the regime in between those of the two models? It remains to see whether
the inverse problem in the regime could be studied by combining these two
different methods — perhaps an interpolation technique.

Up to now, we only study the density determination problem. A more
interesting problem is to study the dependence of the boundary values of
the pressure field on the velocity c. At present, no regularity result for the
multi-dimensional velocity inversion problem is available.

Denote do(z) = ¢ (), where co(x) is the reference velocity. Further we
assume that 0 < C) < dp(2) < C; with fixed constants C; and Cy. Consider
the linearization of the model with respect to the reference state (do, uo):

do(z)026u(z,t) — Adu(z,t) = —dd(z)02ue(,t) ,
dJu=0 t<0.

With a smooth reference velocity, Rakesh (1988) showed that for éu € R =
E{z e R"; &, > €},

DF(do) : Hi}=Y/?  H}, is bounded , (4)

and further, under certain geometric conditions, there exist a properly sup-
ported pseudo-differential operator @ of order 0 and a function ¢ € C§°(R2),
such that

1Qéd|? < C{ll¢DF (do)dd]|3_ (- 1)/2 + ll8dlli} (5)

for all 6d € C§°(K), where K is a compact set of R?, || -||; denotes the norm
of the Sobolev space H7, and I, s are real numbers. His proof was based on
an important observation:

DF(dy) is a Fourier Integral Operator (FIO) for smooth dp ,

together with the full machinery of calculus of FIO. Unfortunately, the tech-
nique is no longer available with the appearance of the nonsmooth reference
velocity since in this case the linearized forward map is not a FIO. The diffi-
culties seem clear: nonsmooth principal symbols, more complex ray geometry,
and possible appearance of caustics. A challenging open problem is to deter-
mine the amount of smoothness of dy for which the results (4) and (5) remain
valid. On this problem, we have made some progress recently. The time like
trace regularity result, the calculus of nonsmooth symbols, and our theorem
on propagation of singularity for pseudo-differential operator equations with
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nonsmooth principal parts in Bao and Symes (1995) are expected to be use-
ful for solving the velocity inversion problem. Note that our symbol calculus
generalizes the one of Beals and Reed (1984), in the sense that it is more
suitable for the study of linear partial differential equations.

The reader is referred to Lewis and Symes (1991) for regularity results
of the velocity coefficients to solution map and its linearization in the one
dimensional case.
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Developments in Numerical Methods
for Transient Scattering Problems

Patrick Joly!

INRIA, Domaine de Voluceau, Rocquencourt, 78153, Le Chesnay Cedex, France

1 Introduction

In recent years, solving time dependent problems of scattering by an obstacle
has received considerable attention. Some facts are now commonly admitted:

— The time discretization must lead to schemes which are explicit. Indeed,
although one has now at our disposal efficient iterative methods for the
solution of linear systems, the inversion of a matrix at each time step
must be prohibited, in particular because of the very huge size of the
problems one generally has to deal with, especially in dimension 3.

— For a lot of applications, the usual second order methods are considered
as insufficently accurate because of the numerical dispersion they induce.

In this talk, we shall discuss some methods for the space discretization of
the equations of the problem which lead to explicit and possibly higher order
methods. Among the various techniques that have been used and studied
in the past, the finite difference method is one of the most attractive. This
method uses a regular grid and hence is very eflicient from the computational
point of view. However, its great disadvantage is that it creates numerical
diffraction when the obstacle boundary does not fit the grid mesh (see Fig.
1), which will necessary be the case as soon as the obtacle has a complex
geometry (i.e. as soon as it is not a reunion of rectangles in 2D).

A possible solution to this drawback is the use of a finite element method.
The finite element mesh can follow precisely the boundary of the object (see
Fig. 2).

Nevertheless, some drawbacks are introduced. In particular, to obtain an
explicit scheme, it appears necessary to use mass lumping which is still
difficult to do in the case of higher order finite element methods, especially
for Maxwell’s equations. The objective of this presentation is to give an
overview of two researches devoted to the solution of the difficulties related
to each of the two approaches :
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Fig. 1. Staircase approximation of the obstacle
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Fig. 2. Example of the conforming finite element mesh in 2D

1 New higher order finite element spaces for mass lumping.(Section
2) The case of Lagrange elements has been the object of a joint work with
G. Cohen and N. Tordjman (Tordjman (1995)). We shall emphasize here
the case of edge elements, which is a joint work with A. Elmkies ( Elmkies
and Joly (1996)).

2 Fictitious domain methods for time dependent wave propaga-
tion problems.(Section 3) Such methods intend to preserve the main
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advantages of finite difference methods while ensuring a better respect of
the geometry. The one I present here is the result of a joint work with F.
Collino, S. Garces and F. Millot (Collino and Joly and Millot (1996)).

2 Edge finite elements and mass lumping for Maxwell’s
equations

2.1 Introduction

Edge finite elements such as they were introduced by Nédélec (1980) (see also
Nédélec (1986)) are well known for providing natural methods for solving
Maxwell’s equations. Indeed, from a mathematical point of vue, they give
spaces which are conforming approximations of the space H(rot, £2) which
naturally appears in the variational formulation of these equations. On the
other hand, from a physical and practical point of vue, they allow to take in
account boundary conditions as well as discontinuities of the electromagnetic
fields at material interfaces. Moreover, one can then model complex geome-
tries with the help of triangular (2D) or tetrahedric (3D) meshes. However,
for such methods, the problem of mass lumping has not received, for the
moment, a satisfactory solution. The aim of this work is to construct new
edge finite element spaces which will solve this problem, including the case of
anisotropic media. For simplicity we shall restrict ourselves to the 2D case.
Let us consider Maxwell’s equations in a homogeneous bidimensional medium
{2 written as a second order system:
8%u
F +rot(rotu) =0 z€2,t>0 (1)
If V, is a finite element space, The space discretization of (1) by a finite
element method in some space Vi, C H(rot,{2) results in a second order
differential system:
d?Uy
MhW + AU =0 (2)
where M, is the so called mass matrix whose entries are the L?({2) inner
products between basis functions of V. Mass lumping consists in approxi-
mating M), by a diagonal matrix in a suitable basis of V}. In such a case,
the numerical scheme obtained after time discretization is fully explicit, which
ensures the efficiency of the method, at least if the approximation of the mass
matrix is sufficiently accurate to preserve the order of the method. In the
case of the approximation of the scalar wave equation by Lagrange elements,
this is obtained by calculating the integrals in the terms of M}, by a suitable
quadrature formula. The quadrature points must coincide with the degrees
of freedom of the finite element (cf. Tordjman (1995)). In the case of the edge
finite elements built on squares, the specificity of the basis functions (which
are actually tensor products) allow to use one dimensional quadrature rules
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and the method can be generalized to higher order elements (cf. Cohen and
Monk {1995)). Nevertheless, in the case of triangular edge elements, such a
strategy is unsuccessfull even for the first order element. Indeed, if K is a tri-
angle, the space considered is R1 = {{a3, a2)* + B(z2, —21), o1, 2,3 € R}.
To each edge is associated one degree of freedom which is the constant value
of the tangential component of the vector fields along this edge (cf. figure 3).
If u and v are two basis functions, fK u.vdz is computed exactly using the

S,
M; K M,
S, M, S,

Fig. 3. Reference edge finite element of first order.

following quadrature rule:

_ mes(K) 2 ' .
/K uvde = ——= \;1 u(M;).v(M;) (3)

Let us make appear the tangential and the normal components of u et v on
each edge:

3 3
[ wvie =2 S g, 00+ 25BN Y v nyn o) @
i=1 =1

If u # v, u(M;)v-(M;) = 0 because of the definition of the degrees of
freedom but in general, u, (M;)v, (M;) # 0. Thus, the failure of mass lumping
can be attributed to the fact that only the tangential components of the vector
field are degrees of freedom.

2.2 New triangular finite element

The problem of mass lumping for edge elements has been recently approached
by Haugazeau and Lacoste (Lacoste (1994)). However, their approach is not
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completely satisactory since their applicability depends on the nature of the
mesh and is restricted to lower order elements. In this work, we choose a
completely different procedure based on the ideas of Tordjman (1995) for
Lagrange elements. It consists in incorporating the normal components
in the set of the degrees of freedom. We are led to enrich the R, space and
to introduce Ry = R & [w1, Wa, W3] where the w,; are P, vector fields whose
tangential component vanishes on 0K, in order to keep the conformity in
H(rot) (cf. figure 4). More precisely, if (, j, k) is a permutation of (1,2, 3),

W,; = /\])\kV)\z

That is also for this purpose that, for the construction of the new finite
element space, we do not enforce the continuity of the normal com-
ponent of the field across the edges and we define the new approximation
space:

‘7}1 = {Vh c H(rot,ﬁ)/ VK S Th7vh|}< € 7’§’1(1<)}

Therefore we have three degrees of freedom per edge, one tangential com-

S,
M, © M,
S, M, S,

Fig. 4. 2D new finite element (first order).

ponent and two normal components (see Fig. 5). Let us emphasize the fact
that, in an anisotropic medium, mass lumping is “almost” realized since one
is reduced to the inversion of local 3 x 3 linear systems.The procedure can
be generalized to higher order elements. The degrees of freedom which are
moments on edges or triangles must be replaced by points values at some spe-
cific locations which will coincide with quadrature points. The new difficulty
is thus to find a quadrature formula so that one does not lose any accuracy.
In order to get this property , we can play on the weights of the quadrature
fomula but also on the location of the interpolation points. Let us describe
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@

a )

Fig. 5. basis function w; (left) and triangular mesh for Ry (right}.

how we proceed for second order and third order elements (see also Figure 6).

Second order element: the usual Nédélec space Ro C (F2)? is increased
by 6 cubic vector fields and the location of the new interpolation points are
given by

N
w

Mi]’ =aS; + (1 - a)Sj with o =
G barycenter of K.

N | k=

(5)
and we use the following quadrature formula, exact on Pj:
/K fdz ~ mes(K) {wm Y _f(M;;) +wyf(G)}
43
9
40
Third order element: the usual Nédélec space R3 C (P3)? is increased

by 9 quadric vector fields and the location of the new interpolation points
are given by

. 11
with w,, = 240 and wy =

1 1785+ 168V7
2 126 :
1 27
3t o1

M@‘j =aS; + (1 - Q’)Sj and o =

-8
2

Gi255i+1 Sj+1—2-65kwithﬁ:

and we use the following quadrature formula, exact on P;:

/K fdz ~ mes(K) {mef(Mi,j) + waZf(Mi) + ngf(Gi) }

7(1246 — 197 /7) _ 4(49 V7 - 50) do — 7(14 — /7)

361440 T T 11205 M4 W 720

with w,, =
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Fig. 6. New 2D triangular finite elements: second order (left) and third order
(right).

Let us also mention that, with the same method, we can construct new edge
finite elements on quadrangular meshes which are an alternative solution to
the mass lumping problem to those of Cohen and Monk (cf. Cohen and Monk
(1995)), with the advantage of succeeding to lumping the mass matrix in the
case of anisotropic media.

2.3 Dispersion analysis

As we said previously, one of the main important features in the analysis of
numerical methods for linear wave propagation is the study of their numeri-
cal dispersion on a regular mesh. We have considered below a uniform mesh
made of rectangle triangles. On figure 7, we plot the variations of the adimen-
sional phase velocity of a numerical plane wave (i.e. the ratio between the
numerical phase velocity and the exact one) as a function of the inverse ot the
number of meshpoints per wavelength. The different curves on each picture
correspond to various propagation direction: this illustrates the anisotropy of
the schemes. It turns out that in the case of the triangular finite elements of
first and second order, we get a dispersion error which is O(h?) and O(h?)
respectively. For the first order quadrangular element, we get a dispersion
error which is O(h?) and appears to be smaller than the one obtained with
the Cohen-Monk’s method.
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Fig. 7. Dispersion curves - Triangles: first order (top-left), second order (top-right),
squares: first order (bottom)

3 A fictitious domain method for time dependent
scattering problems

3.1 Introduction

Even when one can lump the mass matrix, one may prefer to use finite dif-
ference type meshes for various reasons (ease of implementation, bad sta-
bility condition induced by small elements in unstructured meshes,...). The
fictitious domain method appears as an alternative method to finite ele-
ment methods for solving time-dependent scattering problems. Such methods
have been shown recently to have interesting potential for solving compli-
cated problems (Astrakmantev (1978), Atamian and Glowinski and Periaux
and Steve and Terrason (1989), Atamian and Joly (1993), Kuznetsov and
Marchuk and Matsokin (1986), Finogenov and Kuznetsov (1988) Glowinski
and Pan and Periaux (1994)), particularly in the stationary case.
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The fictitious domain method, also called domain embedding method,
consists in extending artificially the solution inside the obstacle so that the
new domain of computation has a very simple shape (typically a rectangle
in 2D). This extension requires the introduction of a new variable defined
only at the boundary of the obstacle. This auxiliary variable allows
one to take into account the boundary condition. It can be related to
a singularity across the boundary of the obstacle of the extended function.
This idea will be developed in section 3.2. The main point is that the mesh
for the solution on the enlarged domain can be chosen independently
of the geometry of the obstacle. In particular, the use of regular grids or
structured meshes allows for simple and efficient computations.

Of course, we have to pay for this advantage in terms of some additional
computational cost due to the determination of the new boundary unknown.
However, the final numerical scheme appears to be a slight perturbation of
the scheme for the problem without obstacle so that this cost may be
considered as marginal. From the theoretical point of view, the conver-
gence of the method is linked to the obtention of a uniform inf-sup condition
which leads to a compatibility condition between the boundary mesh and
the uniform mesh (see Girault and Glowinski (1994)). Theoretically, it im-
plies that the two mesh grids can not be chosen completely independently,
but in practice this is not a real constraint. Another important point is that
the stability condition of the resulting scheme is the same as the one of the
finite difference scheme. For simplicity, we have chosen to reduce our presen-
tation to the scalar wave equation but the extension to Maxwell’s equations
is straightforward.

3.2 Presentation of the method

We consider first the scattering of a wave by an obstacle O, © C R? with
d = 2 or d = 3. The solution is governed by the wave equation in D, the open
complement of the obstacle with a Dirichlet condition on the boundary (see
Fig. 8):

8%u .
W—Au—OlnD (7)
u=0 on vy =0D.

The incident wave is generated by initial conditions at time ¢ = 0 given
by

u(z,0) = uo(z) € H'(D), g—?(a:,O) = uy(z,0) € L*(D). (8)

For the sake of simplicity, a Dirichlet condition is assumed on the exterior
boundary as well. For our purpose, we choose the geometry of the external
boundary to be rectangular. We denote by 2 this bounded domain and by
C the rectangle 21O (see Fig. 8). We want to solve the simple problem
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Fig. 8. Geometry of the problem

described by equation (7) by the fictitious domain method. Note that this
method can be used also for more complicated problems as the scattering of
an acoustic or electromagnetic wave in a heterogeneous medium.

The main idea of the fictitious domain method is to extend u from {2 to
the enlarged domain C to a function (still denoted by u for simplicity) with
H'(C) regularity. More precisely, we look for u in the space

ueV={veHYC); v=0 on ~}, (9)
and we define u as the first argument of {u, ) the solution of the following
variational evolution problem

d2
—(u,v) + a(u,v) =blv,\) Vv € X
) + afu, ) = b(v, ) 0
blu,p) =0 Yu € M,

where X = H}(C), M = H-/?(y), H = L*(C) and:

(u,v):/ wv dx (11)
c

a(u,v):/CVvVuda: (12)

The bilinear form b(u, ) denotes the duality pairing between H~1/2(v) and
H1/2(y) and is equal to

bu, u) = (p, u)y. (13)

In its principle, the fictitious domain method consists in extending the solu-
tion in the enlarged computational domain and to introduce a new unknown
at the boundary. The main difference with a standard conforming finite el-
ement approach lies in the fact that the Dirichlet condition is taken into
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account in a weak sense. This method has also some relationship with the in-
tegral equation method in the sense that the additional unknown A is nothing
but that the jump of the normal derivative of u across ~.
To understand (10), we can for instance consider the time t as a parameter
2

and the function f = ~ 37

as a data. We have to solve now the following

problem
{—Au:fm(l (14)

u=20 on 7.

It is equivalent to minimizing the functional
1 2
J) = [ (3|Vv)® = fv) dw
c 2

over the space V of functions of H'(§2) satisfying the constraint v = 0 on 7,
which can be seen as the restrictions to {2 of functions of V. It is natural to
consider the enlarged minimization problem defined by

min J(7) :/C(%l\'h?lz ~ fo)dzx (15)

eV

where f has been extended to C. It is easy to verify that the restriction
of the solution of problem (15) to {2 is exactly the solution of the problem
(10). Problem (15) is a minimization problem with an equality constraint.
Its solution is the first argument of the saddle point of the Lagrangian func-
tional defined by L(v, p) = J(v) — b(v, ). Writing that the derivative of this
Lagrangian is equal to zero at the optimum (u, A), we obtain:

a(u,v) = b(v,\) + (f,v) Vv e X
(16)
b(u,u) =0 YueM

2
which gives exactly the equations of (10) if we have written f = —%Tg.

3.3 Finite element approximation

Let X, (resp M) be a finite dimensional subspace of X (resp M). We ap-
proximate the variational problem (10) by

Find un € X5, Ap € My such that
2

d
ﬁ(uh,vh) + alun,vy) = b(vp, An) Vo € Xp (17)

b(un, pn) =0 Yun € My,
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More precisely, X, will be a finite element space based on a regular mesh
in C (for example squares in 2D). On the other hand, M, is directly re-
lated to the geometry of v which can be, for instance, discretized into seg-
ments for 2D problems (see Fig 4). For instance we can take (J; elements
for constructing X, and piecewise constant functions for M;. Let us intro-
duce {v;, 1 <j<p=dim X} and {w,, 1 <{ < g =dim M,} two bases for
the spaces X, and M) respectively. Indeed , we shall have respectively, if A
denotes the step size of the meshes

p:O(i) andq:O(l) ifd =2

h? h

1 1 (18)
p:O(ﬁ) andq:O(ﬁ)ifd=3

Let us define

— My € L(Xn, Xr) = the p x p matrix associated to (up,vs)
— Ap € L(Xn, Xn) = the p X p matrix associated to a(up,vy)
— Bh € L(My, Xp)= the p X ¢ matrix associated to b(up, ur)

If Uy (resp Ap) is the vector of the coordinates of u, (resp. A, ) in the
basis {v;} (resp. {w} ), we have
d*U,
My—3" + AnUn = By
dt (19)
BLU, =0

where B} is the transpose of Bj,. If M, and A, can be interpreted respec-
tively as approximations of the identity and Laplace operators, B can be
seen as a discrete trace operator from X, to M. Note that problem (19)
appears as a system of ordinary differential equations with an algebraic con-
straint. This establishes an analogy with problems of fluid dynamics in the
incompressible case where the free divergence is the constrain. Of course, we
apply mass lumping (which is very simple in quadrangular meshes) so that
M, is diagonal.

3.4 Time discretization

For time discretization, we consider a time step At and use a three time
step finite difference explicit scheme, which leads to:

Uttt —2Up + Up™t = A M7 AU + AR M7 By A7 (1)
(20)
BZU}? =0. (2)
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To compute the solution explicitly, an apparent difficulty appears with the
condition B*U = 0. In fact, for practical computations, this condition is
replaced by an equivalent equation which results from multiplying the first
equation by Bj}. More precisely, (20) can be shown to be equivalent to:

UPtl = 2Up — Up™' — (At)° MY ARUR + (At M7 By AR
(21)
B M, 'B,A} = Bt M P AU

Finally, let us assume (U}?_l, UP) to be known, U,?‘H is computed by the
following procedure:

— solve B! M 'BA? = B! M ' A,UJ to compute A},
— compute U via ((21)-(1)).

Therefore, our method appears as a slight modification of the explicit fi-
nite difference scheme one would solve in the absence of the obstacle (which
corresponds to the second step above). The additional cost is due to the
computation of the Lagrange multiplier, for which we must invert the matrix
@ = B} M, " B, which obviously satisfies:

— @Q is symmetric and positive.
- The size of Q,(g x ¢) is very small compared to the size A, since ¢ << p.
— ( is a sparse matrix with narrow bandwidth.

Thus, if Q! exists, the inversion of Q can be performed by a Cholesky
factorization or by a conjugate gradient algorithm. There remains the crucial
question of the existence of this inverse which is linked to the uniform discrete
inf-sup condition,

3C, independent of & such that inf  sup b(v—,)\)
(M) (wex,) 1Al llvllx

=C>0.
(22)
This condition requires a compatibility relation between the two meshes. It
imposes a condition between the dimensions of the two spaces X, and M.
Such a condition can be found in Girault and Glowinski (1994). In practice
the space step used for the boundary mesh must be larger than the one used
for the mesh of {2. Finally, let us that one can show that our procedure pre-
serves the conservation of some discrete energy. An important consequence is
that our scheme is stable under the same stability condition than the usual

finite difference scheme.

Actual numerical computations of scattering experiments show the real
superiority in term of accuracy of the fictitious domain method with respect
to a staircase approximation of the obstacle. This gain of precision can also
be analyzed on a simple 1D problem. We refer the reader to Collino and Joly
and Millot (1996) for more details.
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Abstract. The retrieval of the shape of a cylindrical defect of low conductivity
buried in a conductive half-space is investigated from aspect-limited, frequency-
diverse data. The sources of the interrogative fields and the receivers of the scattered
(anomalous) fields are both placed on the same side of a particular interface. The
defect is embedded on the other side. We derive an iterative process based on level-
set methods. This level-set approach has been shown to be effective in treating
problems with propagating fronts and is based on the ideas developed by Osher
and Sethian. An iterative process is implemented: at each iteration, the boundary
of the defect is moving with a speed term which minimizes the residual in the
data fit. The resulting equation of motion is solved by employing entropy-satisfying
upwind finite-differences schemes.

Introduction

In the well-known problem of electromagnetic inversion of objects in stratified
environments, one is interested in reconstructing unkown hidden obstacles in
known stratified media, see Lesselier and Duchéne (1996) for more references.
Here we are concerned with a nondestructive evaluation of cracks in metallic
structures from aspect-limited frequency-diverse data. A typical application
is the eddy current probing of an air void or of an inclusion of low conductivity
in a metal block of high conductivity, but other materials and frequency bands
can be considered likewise.

The defects are modeled as infinitely long inhomogeneities with bounded
cross-section embedded in a semi-infinite, isotropic metal block of known con-
ductivity, with air above. The probing of the defect by a known interrogative
field gives rise to an anomalous field. Data are values of this field which is
radiated by Huygens-type sources whose support is the defect only. In the
Born approximation, a first-kind integral equation links this field to the ob-
ject function, here the contrast between the conductivity at a given point and
the conductivity of the embedding. This object function is real-valued.

As source and receivers are both located in air, only reflection mode data
are available. This aspect-limited configuration enhances the ill-posedness of
the problem. To compensate, several frequencies are used. Furthermore, the
defect is assumed to be homogeneous. The contrast of conductivity takes only
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two values: 0 outside the defect, and a prescribed value inside. The inverse
problem simplifies: only the shape and location of the defect are sought. One
major difficulty remains the lack of a priori topological information on the
defects. Thus, the level-set modeling technique seems appropriate for such
problems.

Indeed, since its introduction by Osher and Sethian (1988), the level-
set approach has been widely used when moving interfaces are dealt with:
crystal growth (Sethian and Strain 1992), shape modeling (Malladi et al.
1995) (Caselles et al. 1993). Santosa (1996) has shown the feasibility of such
an approach in the case of inverse problems involving obstacles such as the
reconstruction of a diffraction screen.

What we aim at is to start from an initial contour and find a suitable
deformation which moves the contour closer to the actual shape of the defect.
Kass et al. (1988) have proposed a modeling technique for active contours
using a Lagrangian representation of the front. But this snake model does
not permit, due to the parametrization of the curves, the treatment of several
contours simultaneously and also suffers from instability (Caselles et al. 1993).

The modeling technique of Osher and Sethian uses an Eulerian represen-
tation of the front. The (V —1)-dimensional surface is embedded in a level-set
function of N space dimensions. The contour of the defect is defined as the
level-set 0. The hypersurface is then made to flow along its normal direction.
This evolution is described by the evolution equation. Such a representa-
tion will handle naturally the splitting of the fronts. Furthermore, Osher and
Sethian have derived a stable numerical scheme borrowed from hyperbolic
conservation laws to solve the Hamilton-Jacobi type equation. The speed of
the moving front is synthetized from the minimization of the residual in the
data fit. The procedure stops when the front is close enough to the actual
shape of the defect.

1 Wavefield formulation

1.1 Model

The model is the following (de Oliveira Bohbot et al. 1996): a z-orientated
cylindrical object is embedded in a two half-space configuration, as depicted
in Fig. 1. The upper half-space Dy, (z < 0), is lossless and homogeneous, with
permittivity €; and permeability y;. The lower half-space is lossy with the
same permittivity ¢; and permeability p;, and a non-zero conductivity os.
The defect located inside D, is of limited cross-section D in the (z,y) plane.
It is penetrable with permittivity ¢; and permeability p;, and a constant
conductivity op.

A source at low angular frequency w (time-dependence exp(—jwt)) placed
in D, radiates a known interrogative wave taken for simplicity as a E-
polarized plane wave (the field has a unique non-zero component along the
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N Ym D (g1,11,0) y

Fig. 1. Configuration

z axis) with normal incidence upon the air/metal interface. In the absence
of defect D, the interrogative wave creates a known éncident field Ey. In its
presence, the anomalous field E,4 is measured on a probing line L situated in
D; at height | xo | at different frequencies wy, f = 1,---, Freq and receivers
Ym, m=1,---, Mes.

In the Born approximation framework, the two integral equations ob-
tained by application of the Green’s theorem to the Helmholtz equations
with appropriate boundary conditions, are reduced to a single observation
equation. This integral equation relates the anomalous field E4 and the
object function of the defect, i.e. the contrast of conductivity x{(z,y) =
o(z,y) /o2 — 1, defined in Dy, null outside D and valued to op/o2 — 1 inside:

9
3%‘/ GlZ(anmaymayawf) Eﬂ(zayawf) X($7y) dzdy:EA@oayman) (1)
D
m=1,---,Mes, f=1,---,Freq

j /+°° exp [j{Baz — Bi%0)] exp K (ym — )] dK

27 J oo B+ B2

Br =1/k: — K2, S(Bn) >0, h=1,2.

The Green’s function G2 represents the field observed at (zo,ym) in Dy
when a line source is located at (z,y) in Ds. k1 (resp. k2) is the wavenumber
of Dy (resp. D7) and § = /2/wyu102 corresponds to the skin depth.

A plane wave under normal incidence gives an incident wave of the follow-
ing form Eg(z,y,wys) = T exp(jkex) in Dy, T = 2k1 /(k1 + k2) is the Fresnel
transmission coefficient.

GIZ(mO;zayM)y,wf) =
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1.2 Direct problem

We look for the anomalous field on the probing line induced by a known em-
bedded defect illuminated by a known interrogative plane wave. Calculations
are performed by a method of moments with pulse-basis functions and Dirac
delta weight functions (de Oliveira Bohbot et al. 1996).

The defect D is divided into Mz x My square cells: £2,, = A, x A,
p=1--,Mz,g=1,---,My with A, = [z, — Az /2,2, + Az/2] and A, =
[vg — Ay/2,5¢ + Ay /2). In each cell, at a given frequency wy, the contrast
and the field are assumed to be constant and take values x(zp,y,) and
Eo(zp,yq,wy). The anomalous field is then a simple sum of Mz x My terms:

EA(z07y7n7wf):ZX(xpqu)EO(zp’yq7wf)/GIZ(x0)$7ym7y7wf)d'Q(2)

p.q 25,4

m=1,---,Mes,f=1,---,Freq

2 Definition of the cost function

In this specific inverse problem, the object function y of the defect is constant
but of unknown support. What we aim at is to find the shape and location of
the defect, i.e. the object function x, knowing the electrical properties as well
as the incident field and the values on the probing line L of the anomalous field
E 4 at several frequencies. In the Born approximation, this problem is linear
but still very ill-posed. Tll-posedness is taken into account by introducing in
the inversion procedure a priori information about the defect we look for.
For instance, the contrast of conductivity is purely real-valued. We separate
(1) into two related real-valued integrals which are defined on D,, the whole
domain of definition of x. In the following, the function G(z,ym,y,wy) will
correspond to the product %& G12(%0, T, Ym, ¥, ws) Eo(Zo,ym,wy), 2o being
implied. We have:

/D RG(@, Y, 4> w5) X(@y) dedy = REA (g, ws) 3)

/ SG(x,Ym, ¥, wy) x(z,y) dzdy = SE4(ym,ws) (4)
D
m=1,---,Mes, f=1,---,Freq

Let us define the set £ = IR2*FreaxMes 1p the following, we keep the
notation & and < for the real and imaginary part of vectors belonging to £
such as E 4, and we denote by Ay the integral operator described in both (3)
and (4). As the number of data differs from the number of unknowns, we look
for a solution y in the least-square sense, i.e. which minimizes the following
cost function:

700 =5 Il Ax~ Ea I )
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The weighted scalar product on £ is

Freq Mes
<u,v>g= Z ay Z Ru(Ym, ws) Ro(Ym,ws) + Su(ym,ws) Sv(Ym,wy)
f m

1 Mes
— =" | Ea(ym,wy) I*
Qar ooy

3 Level-set formulation

We propose to solve the inverse problem by introducing a level-set description
of the defect D and by following the evolution of this level-set along the
iterations (Santosa 1996). This geometric description is an intrinsic one, i.e.
the evolution of the curves does not depend on its particular parametrization.
A fix grid can then be used along the iterations. Moreover, the changes such
as expanding, shrinking, breaking of the fronts will be handled naturally by
the hypersurface. This hypersurface ¢(z,y,t) is defined everywhere on D,:

0D; = {(x’y) : ¢(.’l),y,t) = 0} (6)

The inverse problem consists in following the evolution of ¢, given a initial
surface Dy such that the surface D; "tends” to the actual surface of the
defect. This inverse problem becomes nonlinear. Indeed, there is a nonlinear
dependence of x(z,y,t) on ¢(z,y,t):

_ Xin=0D/02—1 {¢($’y7t) <0}=Dt
R @y >0)=D\D, 7
Once the initial surface Dy is given, we have to find the evolution equation
of the function ¢. Two constraints are to be satisfied. First, each evolution
should see the front getting closer to the actual defect boundaries, i.e. the
cost function of (5) should decrease as time ¢ increases. Second, this level-set
function can only flow along its normal direction.

3.1 Derivation of the cost function

Let us look at the derivative according to ¢ of the term of the cost function
defined in (5) which only involves the real part of (Ax(t) — E4). Let us denote
this term by RJ(t) and by $J(t) the other part of the cost function. If we
assume that the functions under the integrals are regular enough, we have
from Continuum Mechanics (Cea 1976):

Freq Mes
d%;:(t) = Z af Z [RAx(t) — REA] (ym,wy)
f

m

/ Xin %G(.’D, y'm,y>wf) (vt . nt) do
8D,
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where v, is the velocity of the points on the boundary 8D; and n; the outward
normal to this boundary at time . Thus, the derivative of the cost function
is such that:

@% = /wt Xin A" [Ax(t) — Ea](z,y) (V¢ - 1) do(z,y) (®)

where the adjoint operator A* is A*u(z,y) =< G(z,-,y,),u >¢.

3.2 Evolution equation of ¢

Following the idea of Osher and Sethian (1988), we look at the motion of the
level-set 0D, = {¢(z,y,t) = 0}. Let (x(t), y(t)) be the trajectory of a particle
located on this level-set. As the points on the boundary of D; are assumed
to be only moving along its normal direction, their velocity is v(z,y,t) =
V(z,y,t) n;. The normal vector n; is equal to Vo(z,y,t)/ | V¢ |. By the
chain rule and substitution,

%2 a0.6) + V(@9 0)- Vo(a,0,6) = 0
& 1) + Vw9,0) | V4 |= 0 ©)

This equation yields the motion of 8D; with normal velocity V' on the
level-set {¢(z,y,t) = 0}. It is referred as a Hamilton-Jacobi type equation.

3.3 Choice of the speed

We have to define a speed function V' (z,y,t). This speed function must be
such that the cost function decreases as time increases, i.e. such that the
derivative given in (8) is negative. Santosa (1996) gave two possibilities for
the speed. One is referred as the evolution approach with a velocity:

V(z,y,t) = —xin A" [AX(t) — Ea] (z,9) (z,y) € OD; (10)

The other is called the approzimation approach and is inspired from the
Gauss-Newton algorithm:

A*AV(z,y,8) = —Xin A" [AX(¢) — Ea](z,y)  (z,9) €0D, (11)

But, the velocity is not defined for all the points of the domain D,. For
numerical reasons, we have to extend it to the whole domain. Following (10),
we arrive at:

V(:c,y, t) = —Xin A* [AX(t) - EA] ("B’ y) V(m’y) € D, (12)

A similar extension can be made in the approximation scheme.
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3.4 Hamilton-Jacobi equation and hyperbolic conservation laws

If the velocity V(z,y,t) is assumed to be a constant V', independent of time,
(9) is a first-order Hamilton-Jacobi equation (Kimia et al. 1995). Let us call a
generalized solution, a solution which is locally Lipschitz and which satisfies
this equation almost everywhere. There are many generalized solutions. The
problem is to pick up the right one, called the viscosity solution. Barles
(1985) has shown that the entropy solution of an hyperbolic conservation law
equation is equivalent to the viscosity solution of the corresponding Hamilton-
Jacobi equation. Sethian has expressed this entropy condition by: Once a
particle is burnt, it stays burnt, if the boundary is viewed as a burning flame.
This equivalence is the key of the numerical algorithm presented by Osher
and Sethian and which chooses the correct viscosity solution.

The simplest numerical scheme is to replace the spatial derivatives by
central differences and the time derivative by a forward difference. A selected
part of the domain D5 in which the defect is assumed to be found, is divided
into Nz x Ny elementary cells 4; ;,i=1,---,Nz, j =1,---, Ny where the
contrast, the field and the level-set function are constant. We denote by At
the time step, by Az and Ay the grid step in z and y. Unfortunately, this
algorithm fails because it ignores the entropy condition. Osher and Sethian
keep a forward difference for the time derivative:

¢(xi’yja tk+1) = ¢(xi7yj> tk) - AtH(¢)
but with a numerical Hamiltonian H(¢) = V(D¢)? such that: if V z 0

min

min (
max

min (D} $,0)?

_ max ., _ 2 + 2  max . _ 2
Dy =T (D; 4,0 + " (DF¢,0)2 + T (D 9,0)? +

The standard definitions of the forward and backward difference operators
are used:

(@i, yj,tr) — (@i, Y, tr)

Dz_¢(x1ay],tk) = Az
Tit1,Yjr tk) — P\Zi, Y5 t
D:¢($z,yg,tk) = ¢( +1,Yj k)Am ¢( j k)

This conservative monotone scheme is an upwind method: the deriva-
tives are calculated in the direction of the outward flowing normals. Thus,
boundary conditions for the test domain do not flow backwards and do not
create spurious solutions. This algorithm gives the correct entropy-satisfying
weak solution to the moving boundary problem defined by (9) with constant
velocity and for a given initial hypersurface ¢(z,y,0).
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4 Algorithm

Once an initial shape Dy is given, we initialize ¢(z,y,0) by the distance
function *dist((z,y),dDq), where the minus (plus) sign is chosen if (z,y) is
inside (outside) the initial boundary. Due to the discretization of the domain
D,, the integral operator A is considered in its discrete form:
Nz,N
Zi,jw v X(zia Yis t) fAi‘j %G(za Ym, Y, wf) d.z'dy

AX(yma wf) = ZN?:,Ny

13)
i X(@iyist) [4, SG(,ym,y, wy) dzdy (

Suppose now that we are at step ¢ = ;. We know the values of x(z;, y;, tx),
&(xi,j,tx) (as well as of the anomalous field induced by x(z;,y;,tx)) and
we want to update those functions. The algorithm is the following:

1. At each node (z;,y;), compute the extended speed function V (x;,y;, tx)
from (12).

2. Solve (9) to find the update for ¢. Use the numerical algorithm of Osher
and Sethian as described in Sect. 3.4.

3. Find the new defect Dy, ,, by constructing the level set ¢ = 0. Deduce
the values of the contrast at each grid node from (7).

4. Calculate the anomalous field from this defect following (2). Compare to
the measured field. If the error is negligible, stop. Otherwise £k = k + 1
and go back to Step 1.

In this algorithm, the velocity is evolving with time. This implies that, from
one iteration to the next, the front can go back to positions it already occu-
pied. This explains the ups and downs of the cost function along the itera-
tions. No theoretical proof has been found concerning the convergence and
the type of solution retrieved of such algorithm.

5 Numerical results

A material defect of known conductivity (op = 10 o3) affects a highly con-
ductive metal half-space (g2 = 107 Sm~1). The upper half-space is air. A
20 mm long probing line is placed at ¢ = 1.5 mm above the metal with 64
samples taken every 0.4 mm. A limited number of probing frequencies is cho-
sen on an almost log scale in between 10 and 500 kHz (12, 18, 26, 39, 58,
86, 127, 188, 278, 411 kHz). The test domain in which the defect is assumed
to be found is a 2 mm-sided square centered at 1 mm depth from the inter-
face. This square is divided into 20 x 20 square pixels. The defect is itself a
0.8 mm-sided square centered at 1 mm depth in the fest domain, as shown
in Fig. 2. The time step At is here equal to 0.001.

Three different velocities are considered. The first one corresponds to the
evolution approach, as described in (10). The second one corresponds to the
approximation approach, as described in (11). The last one is similar to the
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Fig. 2. Exact defect

approximation approach, but a weighting function is introduced in order to
take into account the attenuation effect with depth (Litman et al. 1995); the
velocity takes the form

B
V@0 =QEV' (@ent) Q) = fos (i) exp(—pba)

@ is a gamma distribution and we choose somewhat arbitrarily § = 1.5 and
= 0.1. Thus, the velocity is solution of:

AQ*AQ V'(z,y,t) = —xim AQ™ [AX(t) — Ea](z,y)  (z,y) € 0D, (14)

where AQ) is the operator defined in (13) multiplied by the @Q function, and
AQ* its adjoint.

In each case, the initial contrast corrresponds to the ”backpropagated”
solution which has been reduced to binary values:

_ [ xin if A*Ex(z,y) 20
x(x,y,()) - {Xout if A*EA(zvy) <0

Figure 3 shows the resulting initial domain as well as the associated level-
set function.

0.07

.
Y

/
SRS lll“‘“‘“‘\‘\‘\‘\‘\\ 3

(a) x(x,y), it=0 (b) —¢(z,y), it=0

Fig. 3. Initial estimates of the contrast and of the level-set
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The algorithm stops when the residual is lower than a prescribed value,
here 10~3, or when the number of iterations reaches 500. The residuals in the
data fit, as shown in Fig. 4, are not decreasing at each iteration as expected.

10000 T T T T T T LN T
Evolution e
Approximation
Weighted
100 | i
©
=
D
g 1 §
0.01 1 1 1 | A
1 1 1

0 50 100 150 200 250 300 350 400 450 500
iterations

Fig. 4. Variation of the residual J along the iterations

We observe that the evolution method provides us with a high residual
and a shape which is very different from the exact one (cf Fig.5.(a)). The
residual obtained by the approximation method is 100 times lower than the
previous residual. Still, the solution differs perceptibly from the exact one (cf
Fig.5.(b)). Finally, the weighted approach gives us a very low residual and a
shape very similar to the true one (cf Fig.5.(c)). Figure 6 gives an idea of the
evolution of the level-set, the velocity and the map of the defect at various
steps in the weighted approach.

(a) Evolution it=500 (b) Approx. it=500 (c) Weighted it=255

Fig. 5. Defect found for the different velocities
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Fig. 6. Evolution of the contrast (top), level-set (median) and velocities (bottom)
for the weighted approach

We have presented here preliminary results of a level-set approach applied to
the eddy current nondestructive evaluation of defects in a stratified medium.
Three computational schemes are considered. They only differ by the choice
of the velocity for the level-set function. Santosa (1996) has successfully used
the first two (evolution and approximation methods) for the deconvolution
problem and the diffraction screen reconstruction problem, but they do not
appear to work here. The third scheme takes into account the fact that the
attenuation in the embedding space is very strong and shadows the deep
parts of the defect. This scheme provides good results here. Notice that we
have also implemented this level-set method in a similar acoustic case with



261

no losses involved. In that case, the approximation method gives much better
results than the evolution one, while the weighted scheme is obviously not
useful anymore.

Thus, the choice of the velocity appears to be crucial to the success of
the inversion algorithm. Also, the continuous extension of this velocity to
the whole test domain is a key component of the algorithm. This should be
one of the points to focus on in the future. There are also other pertinent
questions: (i) The linearized Born approximation has been used here to reduce
the complexity of the problem. It is necessary to consider the full (nonlinear)
inverse problem in order to generalize the scope of the method. (ii) The value
of the contrast of the defect with respect to its embedding is assumed to be
known. In a more realistic case, this value is itself part of the problem. It
should be seen whether a level-set description can yield both the shape and
the contrast of the defect.
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Abstract. Let D = {(z,y) € R*|z > 0, y € IR} and u(z,y,t) be the solution
of an initial-boundary value problem for the two-dimensional wave equation in
the half plane D. The half plane D carries a velocity stratification given by flat
layers parallel to the boundary of the half plane characterized by a thickness and a
constant velocity. We consider the following inverse problem: given the initial data,
from the knowledge of u(0,0,¢}, t > 0, reconstruct the stratification. We give an
algorithm to solve this problem based on an explicit formula for u(0,0,t) and we
report some numerical experience.

1 Introduction

Let IR be the set of the real numbers, k be a positive integer and R* be the
k dimensional real euclidean space. Let D = {(z,y) € R2|z>0, ye R} C
IR>. Let n be a non negative integer, let ;.1 >0 ,¢; >0, =1,2,... . n+1,
be given constants, such that¢; # ¢j41, 221 < zj,j=1,2,...,nand zg = 0.
For every x > 0 we consider the following piecewise constant function:

T i <xr<zj, 3=1,2,...,n,

C(x) - {cn+1v L _>_, Ty, (1)
that we call n—jump function. Let &, be the set of the n—jump functions
and £ = U En.

n>0

Let n > 0, c € &, we denote with u, the unique solution of the following
initial-boundary value problem:

2
%%z(fc,y,t) = div(C(w)Vun(-v,y,t)) , (z,y)€D, t>0, (2)
%1;"(0,31,5):0, yelR. t>0, (3)
un(:c,y,O):5(z,y) bl (fL‘y) ED! (4)

Bua
SE@00=0, (zy)eD, (5)
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where div and V denote respectively the divergence operator and the gradient

operator respect to the variables z, y, moreover §(z, y) is the Dirac delta and

the solution of (2), (3), (4), (5) must be interpreted as the limit for ¢ — 0% of

the solution of the same problem with d(z — ¢, y} in (4) as initial condition.
In this paper we consider the following two problems:

Problem 1.1 (Direct problem) Given n > 0, ¢ € &,, find the solution
un(z,y,t) for (z,y) € D, t > 0, of the initial-boundary value problem (2),

(3), (4), (3).

Problem 1.2 (Inverse problem) Given F(t), ¢ > 0 find n > 0 and ¢ € &,
such that F(t) = u,(0,0,t) fort > 0, where up(x,y,t) for (z,y) € D, t >0
is the solution of problem (2), (3), (1), (5).

These problems can be regarded as model problems of some interesting
questions in several application fields such as: geological prospecting, civil
engineering, materials technology.

We note that Problem 1.2 for a general coefficient ¢ is an ill posed problem,
here it is “stabilized” with the a priori assumption ¢ € &,, for some n.
Moreover Problem 1.2 with the assumption ¢ € &,, is ill conditioned and
must be solved with a special algorithm. We present an algorithm to solve
Problem 1.2 based on a formula that gives u,(0, 0,1), the solution of (2), (3),
(4), (5) in the n-jump case evaluated at the origin, in terms of the parameters
zj-1, ¢j, j = 1,2,...,n+ 1 that define the function ¢. That is u,(0,0,t) is
given by the following recurrence relation:

U (0,0,1) = up—1(0,0,8) +

tmam T3 Vot m
4m 9 o Ve 7 km) (Am) I—I Cl‘TkT

+g§t— Z Z Z m—1 N JETTt e )2ﬂ£m-

—lkm =1 km"'l MALTLA
II_JI ( T MY (3
kel
m

Cmtm,E'H - cm+1[cm+]t,,, A =+ (Cm — Cm+1) m(km)]

Cmtm,g"‘ + Cm+1[Cm+1fm & + (Cm - c771+1) m (l‘m )]

H (t —,"i n(k{"))

=1

m
(k™)
D Vern tlz,lc_"‘ _ le("lm)

ti em

t>0, m=1,2,...,n, (6)

where
1L dH{t) 11
w(0,0)=—g—"="7 >0 (7)
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H{(-) is the Heaviside function, ¥ = (A7, kP',.. . k?), m=1,2,...,n,is a
multi-index,
o
_ mi(k)

k=12, (8)

)

]
€1t g

Jm=1m)j(m-2m) j(1,m)
Bem = Z Z Z (= 1) HAT+ him s +R Dy

Jm-1=1 jm-2=1 Jri=1
m m g
m—1 Veryttizr,km \/C—lt,,-k_m kR~ 20
) H km-l + k,m ] I‘Inll -1 T+ (k) T (k™)
kln-:-l g-1 VaFiti1am + Vit em
i1 (k%) (k™)

EPLRT .k =1,2,..., m=2,3,...,n, (9)
Jd,m) = min{k™, £}, (=1.2,....m—-1, m=12...n, (10)

=1

1+1
T - -
n(k,’"):?k,’"l—\/_—’—l— , I=12,....om m=12...,n (11)
)
Moreover the functions t;gm = t;,m(t), k7K, ... kF = 1,2,.., 1 =

m

L,2,...,m;,m = 1,2,...,n, fort > Zn(k,m), are defined by the follow-

=1
ing equalities-inequalities system:
tgm >n(k), 1=1,2,...0m, m=1,2...n, (12)
1 [ t3m 1 { t3m 1 12 im
ol G R ol = 7 R SRSl e e g N CE)
51 Tl ("1 ) cz T_-(]‘..’,’ ) Cm T:;z(km)
tl,&m +t2v£m + ~..+t7n‘£m =t. (14)
The functions ¢ g (t), k7" kY, ... k3 = 1,2,.., 1 = 1,2,...,m, m = 1,
m
2,...,nfort< Z n(k]"), can be defined as arbitrary constants since they
=1

are multiplied by zero in (6). Finally in formulas (6), (9) and in the following
when in a product such as H the lower index is greater than the upper

iy
one the product must be understood equal to one. Formula (6) must be
interpreted in distribution sense and has been obtained in Maponi et al.
using the spectral theory of self-adjoint operators on Hilbert spaces and some
explicit formulas for the spectral measure associated to the right hand side
of (2} with the boundary coundition (3). Inverse problems analogous to the
one considered here for the one dimensional wave and diffusion equations
have been considered in Bartoloni et al. and Giordana et al.. The case of two
dimensional diffusion equations has been considered in Mochi et al..

In section 2 we analyse the structure of the signal u,(0,0,t) given by (6)
and we exploit this structure to develop an algorithm to solve Problem 1.2.
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In section 3 we report some numerical experience obtained with synthetic
data using the algorithm of section 2.

2 An algorithm to solve the inverse problem

Let us analyse the structure of u,(0,0,¢) given by (6).

We note that for n = 0 we have the well known solution of the two-
dimensional wave equation in an homogeneous half plane. In order to fix the
ideas we take n = 1, we can rewrite {6) as follows:

u1(0,0,8) = So(t) + Rolt) +E[Sk, +Rk1()], t>0, (15)

kl=1
where:
1
Soy=-=2W_4 ;5o (16)
mey i
1 H(t) 11 ,
=—— =
Ro(t) = ——— s >0 (17)
ky
s (t 9 J(t—TIUC%)) lel £ —\/C') Cﬁti‘Ll + Cl"’CQ)Tl (l»ll)}
gpt)=— )
k mey t?,k‘ — (k) \ ety o + \/c;»[c:fl o (a1 —ca) (k)]
t>0, ki=12..., (18)
2
Rp (1) _r-rc—lH (t — 1 (k1))
5 ki
) 1 c1ty g1 — ca[czt;’!ﬁ, + (c1 ~ ea) (k1))
ot tikx - i (k1) ety o + C'—’[C'Jt%,ﬁl + (€1~ e2) T (kD))

z
where 71 (k]) = Zk}ﬁ, and ty 41(t) =t for t > ry (k).
In (15) we have used formulas such as:

dH(t—a) d(t-a) 2 1
<z - +H(t-a)m e, a>0, t>0. (20
& —al il ’ 20

ot /|t - af

We note that the left hand side of (20) is a legitimate distribution while the
two addenda on the right hand side are only formal expressions.

The signal u;(0,0,t) corresponding to ¢ € &; is singular for ¢ = 0 and for

z z;
t = k1T, where T} = '2—1-, and k] =1.2,.... We note that T} = 2L s
C1 Vel

the first travel time of our medium, that is the time necessary to the initial
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pulse travelling at speed ,/c; to reach the discontinuity of the medium located
at z = z; and to come back to the origin. When the pulse, leaving the origin
at ¢ = 0, reaches the discontinuity at 2 = z; it is splitted in two waves:
the first one is transmited through the discontinuity of the medium in the
second layer and the second one is reflected by the discontinuity. This second
wave comes back toward the origin and when arrives at the origin at time
t = T} we have a singularity in u;(0,0,1). The reflected wave that comes
back toward the origin is reflected by the boundary z = 0 and goes back
toward the discontinuity located at z = z1, where the phenomenon described
above takes place again and so on. That is the term S (t) + Rui(t) at
t = kITy, k} = 1,2,... can be interpreted as the k'-echo coming from the
first discontinuity in the medium, see Figure 1.

u,(0.0.1)

05t

Fig. 1. Finite diflerence approximation of u;{0,0,t) when ¢y =9, ¢ =25, ; = 1

Morever u;(0,0,t) for t # kiTy, k} = 0,1,..., is a smooth function of ¢,
and for k} = 1,2, ... the following relations hold:

1 . 3
-c: = QE;%L (—h't Rg(t)) ) (21)
3
1 2 20 2
NG LI C P a))
e = im - — Ruaft).  (22)
+/c1 + /c¢2 ts7y(k1)+ 2 t
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Litis easy to reconstruct the

From (21), (22) and the fact that 2, = 621

velocity profile ¢ € &, that is 21, ¢, 2. Finally we note that Rp{t) = O (;1»;),
Rkl 0(-7) asf—-—>+oofork}:l,2,

The analysis of u,{0,0,t), for n > 1, needs a preliminary investigation
of the solutions t = (t), for t > n(k(*) + -+ T(k}), I = 1,2,...,m,
m=1,2,...,n of the equalities-inequalities system (12}, (13}, (14).

Lemma 2.1 Let m be an integer, with 1 < m < n, given a multi inder k™ =
(k7 k3, .. L”‘) let i (k7), T2 (RDY), ..., T (k) > O be defined by (11), then

’m

for every t > Z Ti(k]') there exists a unique solution tpm = t;,m(t), | =

j=1
dt) gm
1,2,...,m, of the system (12), (13), (14). Moreover, let 1} ;. (t) = —-—;—’f—(t),

1=1,2,...,m, then we have:
(k")

1 m
t m
t;'!:m(t) —H——“—(-)—'— ) t > E g(k}n) 5 1 = 1,2, S (23)

]\m
Z J{J( )?

s (1)

Proof Introducing the parameter s > (0 equations (13) can be rewritten as

1 tgm
== 1], [=12,...,m. 24
s cl (r""(k;”‘) ) " 24)
We note that when s = 0 we have f;ym = n(kf"), { = 1,2,...,m and
m
t = Ztum == Zn(km) and when s > 0 we have ;= > 7 (k) for
=1 =1

m
1=1,2,...,m,and t > En(k’“ Let tygm(s), s >0,1=1,2,...,m, be the
l..
non negative functions defined implicitely by (24).
Let:

m

T(s) =ty pm(s) +lapm(s) 4+ + tmum(s) = Z n(k"Weas+1, s>0,

I=1
(25)

then the equation:
t=T(s), (26)

defines implicitely a unique function s = s(t) for every t > er(k;—"), in fact

J=1
m

we have: T(0) = Jz:;q(k;") <, lims e T{s) = +00 and % >0 for s > 0.
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Thus with abuse of notation we denote with #; x= (1) = t;xm(5(t)), I =
1,2,...,m the unique solutions of (12), (13), (14). Moreover we have:

_nl)  ds

) om(t) = [=1,2,...,m. 27
Lk ( ) 2m di ! ( )
Finally, from (13), (14) we obtain:
”ny
Zzﬂm(i =1 for t> ij(a ), (28)
_]_._tl,_lg"' (t)tll,ﬁ’" (t) _ itz,g ( ) ”k"‘( ) . _l—tm k""(t) :-nkM(t) (29)
cy T2 (kT) T e T3 (kT) T T em T2 (k™) ’

From (27), (28}, {29) we have (23}. This concludes the proof.
When n > 1 we can rewrite u,(0,0.¢) as follows:

7 feed oo o0
un(0,0,8) = So(t) + Ro(t) + ) _ Y Sty + Ra(t) }, >0,
=1 [ki=1  Ei=1&l=1
(30)
where Sy, Ro are given by formulas (16), (17), k= (K kS, .. k) and Skt
R for k4 kL, o kb= 1,2,.., 1= 1,2,...,n, can be easily identified from

(6), in analogy w;th the prev 1ousl\ mhoduced S (t), Ra(2).

We note that the structure of the signal u,(0,0,t) is considerably more
complicated than the structure of u; (0, 0, t). This is due to the fact that every
discontinuity between two layers splits a wave propagating in the medium
that meets the discontinuity in two different parts: the trasmitted wave
and the reflected wave. Thus u,(0,0,7) is the result of the action on the
initial pulse of the n discontinuities in the medium, that is given ! and
K o= (k,..., k), the terms S, Ry in (30) represent the contribution
to u,(0,0,t) coming from the medium made of the first ! + 1 layers of
cn(z) from the part of the initial pulse that has traveled k! times back

and forth in the i-th layer of the medium, i = 1,2,...,l. We note that
!

Z m(k}), 1 = 1,2,...,n is the travel time for such a path. The signal
i=1
u,(0,0,1) is singular for t = 73 (k})+- - -+ 7 (k{) and the term S (1) + Ry (1),
t> (k) + -+ n(kl) is named the k'-echo, see Figure 2.

From Lemma 2.1 we have:

(V& + v&q1)”

lim —
t=r(ri (k)b (k) 4

(f—ﬁ) _

Ve + /e 1-1
\/c—lHCs

sz=2
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1,(0,0,1)

05t

t

2

Niw

Fig. 2. Finite difference approximation of u>(0,0,t) when ¢y =4, c2 =9, ¢z = 16,
]
2 211
(See -]

r1=2z,=3
. (q:l )g s=1 R&l(t),

o)

where:

J=-1,050=-20 Q)

Yt = z Z }:(_1).il+k‘,+--«+j,_,+k,’_,.

Jie1=1 jica=1 Ji=1

1o
H (1”[4-1 + kb~ . )(ki+l ) <\/CT«:_1 \/_> Kot =2
=1 oy Je—1 V1 + \/Cs ’

Kok, k=1,2,...,1=1,...,n, (33)

and ﬁnal]y Ru(t) =0 (%), when £ — 400, for kK, .. K =1,2,..., 1=
1,2,.
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The following algorithm to solve Problem 1.2 is based on the previous
analysis of the structure of u,({0,0,t), t > 0. The purpose of this algorithm
is to find the function ¢ with the smallest number of jumps that fits the data

F(t),t > 0 to a given accuracy.

Algorithm 2.2 Given F(t) for 0 <t < Tp, given three real positive param-
eters Ag, Tolg, Fr, perform the following steps:

1. Compute &, (see formula (21)) as follows:

1
=l e
° et mt2F (1) (34)

2 Set:n=0,%=0, &x)=¢, 2> &, To = AEg.

8. Inspect the signal F(t), for Tp <t <TF, to find Tg, the first echo in the
interval (Ty, Tr) that does not come from multiple veflections due to the
structure &(z) already reconstructed. We recognize Tg as an echo if the
Jollowing condition holds:
|F(t1)| > |F(t2)| > Fr for everyty, ta such that Tg < t; < t2 < Tg+Ag.

(35)

{. If F(t), for Tp <t < Tf, has no echoes of the type described in step 3

then go to step 7.
5. Let Tg be the echo found in step 3, increase the counter n by 1 and define

(see formulas (31), (32), (33)):
Ve

TTE , n=1,
Tpn =2Zn-1+ = n-1 . o (36)
ﬂ TE—ZZM—'—I , n>1,
2 j=1 \/C_J
. . (1—Lg\®
Cnt1 = Cp (m) ; (37)
~ .y _ | ¢, i<z <¥, j=12,...,n,
C(:E) - {En+1» T Z i"n: (38)
where
n-1 o n 2
) I1 (\/CT‘I_-F 6I+1) (Z 5:‘71(1)>
. 27 =1 =1
Lg = | _zz
Bt a4 _n-l n H
Ve 14 (Z a,;,m))
=2 =1
3
n n 2
(8- o)
=1 =1 F@), (39)
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f(l) = 2———, I=1,2.....n, (40)
i
1
e 1 = — 41
e (41)
;)71" = Iv (42)

where 1114 (1), | = 1,2,...,n are the solutions of (12), (13), (14) when
B=1,01=1,2,...,n, thatis 1" = (1,1,...,1) € R".

6. Set To =Tg + Tolg and go to step 3.

7. Stop.

We note that Algorithm 2.2 reconstructs the function ¢ calculating the
pairs ¢j, zj—1, J = 1,2,...,n + 1, one at the time. This is useful to deal
with ill conditioned character of Problem 1.2. The reconstruction is done
analysing the echoes in the signal F(t). The parameters Ag, Tolg and Fr
play important rules in Algorithm 2.2. In particular Ag and Fr control the
recognition of the echoes in the signal F(t) and Tolg is the tolerance in
the recognition of echoes in the signal F(t) that comes from new structure
and echoes that comes from the coefficient function ¢é reconstructed from
the signal F(t), t < Tp. Finally in Algorithm 2.2 we have not considered
the degenerate case, where the first echo in F(t) related to new structure
in ¢ is superimposed with an echo in F(f) due to multiple reflections on the
structure already reconstructed. In such cases some extra care must be used
in the reconstruction.

3 The numerical experience

In Table 1 we present some numerical results obtained with an implementa-
tion of Algorithm 2.2 in a FORTRAN 77 code.

We have computed F(1) solving Problem 1.1 by a finite difference scheme
on a rectangle R with side lengths L,,2L,, that is R = (0, L;) x (=Ly, Ly).
The finite diflerence scheme uses h, as spatial mesh size and h; as temporal
mesh size. We have considered a simple form of absorbing boundary con-
ditions, see Reynolds, to simulate the halfplane D. Finally, the Dirac delta
appearing in condition (4) 1s approximated by the following function:

= 1 ==ha)®4y?

ez, y; hs) = € Zhs . (z,y) € R (43)
27h

The data F(t), 0 < t < Tp are obtained as follows: given a positive integer
Jrp let Tp = Jph, | t; = Jhe, 3 =1,2,...,JF, F(tj) = Fj, j=12,...,Jr
where Fj is the finite difference approximation of v, (0,0,¢;),7 =1,2,..., Jp.
In Example 3.1 we have chosen L, =5, L, = 2.5, h, ~ 1.11-1072, h, ~
8.73 - 10~* and values of the same order of magnitude have been chosen for
these parameters in the remaining examples.
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Table 1. Numerical experience

Originals| Reconstructions
Example 3.1} ¢; =81 ¢ = 81.19
c2 =16 ¢r = 16.27
ry =35 T = 3.48
Example 3.2 ¢, =9 & = 10.25
c2 =125 é =19.9
ry1 =1 £y = 0.98
Example 3.3| ¢c1 =4 &, = 3.84

c2=9 2 = 9.22
c3 =16 &3 = 18.32
T2 =3 Iy = 2.94
Example 34| ¢1 =6 é; =6.12
C2 = 3 5‘2 = 2.25
c3 = b 63 = 6.67
)y =2 Z; = 1.98
Ty = 3 5.72 = 2.84

Example 3.5| ¢; =4 é =3.99
Cy = 9 62 = 9.57
c3 =4 é3 = 3.52
Cq4 = 9 54 = 9.92
r =2 xy = 1.95

ro =3 I, = 2.98
Tz = 4 i3 = 3.91
Example 3.6 ¢; =« é =4.1
cp =8 & =T.282
ca =24 éz = 23.95
cqg = 30 ¢4 = 38.66
) =2 & = 1.97
rp =3 Ip = 2.96
ra = 4 I3 = 3.99

The results reported in Table 1 are obtained using Algorithm 2.2 on the
synthetic data described above. We note that the computation of the limits
(34), (39) in Algorithm 2.2 must be handled with care since only a signal
F(t) of low quality can be expected near t == Tg, a travel time.

The results given in Table 1 are obtained with the following values of the
parameters of Algorithm 2.2: Tolg = 0.2, Ag = 0.05, Fr = 0.005.

These results are relative to one, two and three jumps functions. Table 1
shows accurate reconstructions. Similar results can be obtained with slight
more complicated structures, but reconstructions of coefficient function ¢ with
many more jumps heeds more sophisticated algorithms than Algorithm 2.2.
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In fact the echoes coming from complicated structures are misunderstood by
the simple recognition procedure of Algorithm 2.2.
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Abstract. The starting point of this work is the inversion of vertical seismic profil-
ing (VSP) data. The usual processing of VSP data by inverse techniques is restricted
to 1D propagation model. In this case, the parameters to identify are the acoustic
impedance as function of travel time and the seismic source so that we have as
unknowns two functions of one variable and as data a function of two variables,
the time and the depth positions of geophones. The problem is thus largely overde-
termined and an elementary mathematical analysis can be made. The source is
modelled as a boundary condition at the top of the geophones zone. So this bound-
ary condition replaces the true source function and the medium parameters above
the geophones zone. The question asked by V. Richard from IFP was the “manage-
ment” of this unknown source when 3D propagation effects are taken into account
in horizontally layered medium where the propagation equations are parametrized
by the k parameter of the Hankel transform. Now we think that the answer is
that it is impossible to work round the fact that there are at least two unknown
functions, the source and the medium parameters above the geophones zone. Dur-
ing this study, we have searched for some non local boundary conditions and this
was the opportunity to obtain some results on exact transparent conditions for 3D
propagation in 1D media (preliminary communication was made by Petit and Cuer
(1994)) and on the discretization of such conditions in the acoustic case (prelimi-
nary communication was made by Cuer and Petit (1995)). This is the mathematical
substance of this work in which the Poisson summation formula is used to prove
the stability of a discrete non local boundary condition.

1 Introduction

During recent years, there has been increasing interest in full-waveform model-
based inversion algorithms for multioffset seismic data. Without pretence to
completeness, we refer to the papers of Jurado et al. (1995a,b) for some
bibliographical references. The first of these articles contains a numerical
method for solving the direct elastodynamic problem for 3D propagation in
1D media. This method is based on the Candel algorithm (Candel 1981) for
the numerical computation of Hankel transforms and on a finite difference
scheme on a staggered grid in depth and time as used by Virieux (1986)
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and Madariaga (1976). The choice of these algorithms results only from sim-
plicity considerations and other more common techniques such as reflectivity
or characteristics methods or more sophisticated schemes of high orders or
spectral methods should be included in an ideal computing library. The sec-
ond article contains numerical experiments on the inverse problem based on
the least squares approach, the gradient of the misfit functional being com-
puted by the adjoint state technique (see Lions 1968, Chavent 1974). When
the misfit functional is displayed as function of the P-wave velocity vp or as
function of the bottom depth of a particular layer in a layer-cake model, we
observe local minima which can prevent descent methods to work. When the
earth model is parametrized with the travel time 7(2) = foz 573({5_) to mea-
sure the depth (here z is the vertical coordinate)}, the behaviour of the misfit
functional is improved. More precisely, as function of the velocity expressed
in travel-time depth, the misfit functional tends to a quasi-quadratic form.
As function of the depth interface the problem is the same but the picking
is more easy since then the depths of interfaces are directly accessible on the
seismograms. Thus an inversion procedure with manual picking of interfaces
is possible and an automatic one probably requires a combination of some
kind of layer stripping as the ones proposed by Yagle and Levy (1985) or
Carazzone (1986) with the usual least-squares formulation. In the hope to
perform processing of field data that are of immediate interest in practice,
we have then studied an inverse problem for borehole data.

The VSP technique is a borehole seismic survey technique in which the
seismic source is near the surface of the earth and the geophones are located
at various depths in the well. This technique gives more accurate depth cali-
bration than that is obtained by using velocities deduced from surface seismic
data. Besides the signal bandwidth is closer to the ordinary seismic data than
do the sonic logs so that the comparison with seismic surface data is more
easy. With such data, the wave field along the well is measured and the dis-
tinction between downgoing and upgoing waves and the estimation of seismic
velocities are not very difficult. The basic steps of a conventional processing
are traces editing, separation of the downgoing waves from the upgoing waves
(with, for example, an f-k dip filter), static correction, deconvolution and fil-
tering and stacking. This gives a “corridor stacking” that is an alternative
to zero offset “synthetic seismogram” derived from the sonic log: it can be
compared with the CMP stack of surface seismic data at the well location
(see Yilmaz (1987) and Mari and Coppens (1989) and the cited references
for more information).

Inverse techniques have been proposed by Macé and Lailly (1986) and
used for example by Lefebvre (1985) to obtain the acoustic impedance (or
reflection coefficients) from the VSP data (the conventional processing does
not produce this information). In these works the propagation model is 1.D
and formulated in the travel-time variable 7(z) = f:m,»,, fg—) (e(¢) = vp(E)
for longitudinal waves). The problem solved by least squares minimization,
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the gradient being computed by the adjoint-state technique, is the following:
determine the acoustic impedance o(7) (= p(2(7))c(2(7)) where p is the
density and ¢ the sound velocity) as function of the travel time = and the
seismic pulse g(¢) from the data G;u(r,t) for 0 < 7 < 7™ 0 <t <{™%" the
vertical displacement u being solution of the 1D wave equation:

o(7)0uu(z,t) — 0r(o(1)0; u(r,t)) =0 (1)
for 0 <7 <78 (<t <M,
a(0)d7u(0,t) = g(t) (2)
Oeu(T™% 1) + Oru(T™¥ 1) = 0 3)
for 0 <t <tmer,
u(r,0) = Jyu(r,0) =0 (4)

for 0 < 7 < 7™2%, The second boundary condition (3) for v = 7% (which is
an exact transparent condition) is included here only for convenience: nothing
essential is lost if 7™%" = oo (without boundary condition at co). In this
inverse problem, if a couple (o, g) is a solution, then (g, ag) is also a solution
for any constant «. In practice this is not a drawback because ¢(0) can always
be fixed. Macé and Lailly (1986) have reported an excellent reliability of the
inversion even when dyu(r,t) is given only for 0 < 7 < 77"*" < 7™, Note
that the unknown function g¢(¢) is not necessarily the true source
since the source can be located in the region 7 << 0: ¢(t) is the
trace of 00, u at the first depth of investigation. This is an advantage
of the technique: the zone to invert can be chosen. Note also that on the
elementary mathematical side, these results are “natural” since the velocity
v(z,t) = dyu(z,t) in the original depth variable z being solution of:

§(2)Bur(5,1) — 8s (p(2)e(2)20,0(z, 1)) = 0 (5)
writing:
0. (p(2)e(2)?0,0(2,1)) =
8. (p(2)e(2))e(2)0: v(z, t) + p(2)e(2)0:(c(2)8: v(z, 1)) (6)
we obtain, if ¢(z) is known, the formula giving the acoutic impedance (if
p(2™™)e(2™™) is known):
p(z)e(z) =

: : P 0uv(Ct) — o(€)?F¢cv($st)) _ Fceld)
2™ e(2™") exp / — ¢y . (7
The deduction of ¢(z) from the data, a work made by the conventional pro-
cessing, is also an elementary mathematical result since writing that the time
derivative of the expression under the integral sign in (7) is zero, we obtain:

2 (0:9)0111v — (014v)0s2v
C(Z) B (azv)azztv - (0“1))6“1) ’ (8)
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The fact that when 0;u(r,t) is given only for 0 < 7 < 7{**® < ™% g(7) can
be also identified follows from the ordinary results on the 1D inverse problem
(see for example Bamberger et al. (1979) and Bube and Burridge (1983)).

The starting point of this study is thus the extension of this inversion tech-
nique when 3D propagation effects are taken into account, the characteristic
of the media being only z dependent. This contribution is now divided into
three sections. In the next section 2, some problems found in formulating the
inversion of VSP data with 3D propagation effects are presented. The section
3 is devoted to a related question of exact transparent boundary conditions.
The section 4 is devoted to the stability of the discretization of this boundary
condition in the acoustic case.

2 Formulating the Problem of Inversion of VSP Data
with 3D Propagation Effects in Layered Media

Let us consider the axisymmetric acoustic case in which the equations of
motion in cylindrical coordinates (r, 8, z) are:

p(2)0v" (v, 2,t) = O, p(r, 2,1) (9)
p(2)0:v% (v, 2,t) = O,p(r, 2, ) (10)
1
peCy Y =
O v (r, 2, t) + ﬂL;ﬂ +0,v°(r, 2, ) + 6(;33:(;);(83;]2(0 (11)

with null initial condition and the boundary conditions ((12) is a “natural”
boundary condition, (13) results from the axisymmetry and (14) is an ab-
sorbing condition introduced for convenience):

p(r,z2=10,t)=0 (12)
V' (r=0,2,8) =02 (r=0,2,t)=0,p(r=0,2,t)=0 (13)
(p+ pev®)(r, 2™, t) =0 . (14)

Here p(z) and ¢(z) are respectively the density and the sound velocity, v"
and v® are respectively the radial and vertical components of the velocity,
p is the pressure with a change of sign to keep the elasticity convention
(opposed to the fluid mechanic one) and g(t) is the source function (g(t) =0
for t < 0). Clearly the terms d,v"(r, z,t) + ﬂ"r’L’Q prevent the analysis of
the 1D case. However results of Romanov presented in a book of Lavrent’ev,
Reznitskaya and Yakhno (1986) (pages 52 — 58) show that if p is constant
and c is known for 0 < z < z, (where z, < z,), then when the source function
g(t) is known, the measurement of v*(0, z,4,t) for ¢ > 0 suffices to obtain c(z)
for z > z,. The proof exploits the support properties of Green functions of
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general acoustic media, well known properties of Volterra integral equation
and some non trivial geometrical properties of wave fronts (in the geometrical
optic sense). We do not have made a more detailled analysis of this point:
note only that when z >> z; the plane wave approximation works so that
Opv"(r,2,t) + ﬂrr—z—tl ~,>>zs 0 and the 1D analysis is probably a good
approximation.

In an attempt to find a boundary condition at z = z™" with z, < z™"
(the measurement being made at depths z > 2™ we have considered the
second order wave propagation equation satisfied by the pressure p (with

xs = (0,0, 2,)):

et — div(— gead px, 1) = 2X =X D)
p@eey o Gy grad e = e (19

and the equation satisfied by the Green’s function G(x,t;y) corresponding
to a density function j(x) and a sound velocity é(x) (with the usual initial
and boundary conditions):

o OnG(x, ty) — div(s—= ( grad G(x,t;y)) = 8(x —y)é(t) (16)

(X) c(x)? x)
all the spacial derivative being made with respect to x = (z,y,2) = (r, 6, z).
Using a convolution in ¢ and the Green formula in 2 = {x = (z,y,2) : 0 <
z < 2™}, it follows from (15) and (16) that if 5 = p and & = ¢ in §2, then
fory € §2:
Jy G(x,,t—755)g'(7)dr

)t =
Py 1) (2 )e(z:)?
(x T) 0G(x,t —T1;y)
—— 1= d
[ Gt -rin D, 2T o par 1)
where % = nTgrad is the derivative along the unit normal exterior to

9§2 and da(y) is the area element on J£2. Taking the limit y — 012 we
obtain a possible way to find a boundary condition at z = ™",
But this formula depends on the unknown function G and even in the simple
case where p and c are constant in {2 so that we can choose as G the Green
function of the homogeneous half space z > 0:

p Si=llx—yll/o) _sCt—lix=y'l| /C)) (18)

G5 = oy Tx=v1

(where y’ is obtained from y by orthogonal symmetry across the plane z = 0)
one finds the formula, ['min being the plane z = 2™":

gli=llx -yl /o) ¢ lIx -yl /C))

= =y i s =yl

p(y,t) = 2mz(

1

1
+—/ = (0:p(x, 1 || u —y || /¢))u=xdo(x
oo A P U RN PG
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1 /
5 [ (ra=grpeatet=lu=y' 11 /9

I'mia

+%az(1n(|| x—y' [)dep(x,t— || w—y" || /)

1 !
—O (Pt e =y /)uzxdo(x) (19)

which after the Hankel transform is (we denote by ¢, (k) = [,° J, (lc'f)go('r)rdr
the direct Hankel transform of order v of a function ¢ where J, is the Bessel
function of order v):

Po(k, 2™, 1) =

27rc(Y(t_ zs)/mm - JO(’“C\/ — (g - s)ds

=T [ otk - R -

¢
+petd (k, 2™ 1) — kpc2/ J1(kes))oi (k, 2™t — s)ds
0

zmzn + Zs . 2zmzn

-Y(t- YWpetg(k, 2™t —

—)

t min .
+pc/ | 8,J0(kq/sz—(2zc )2))93 (k, 2™t — s)ds
t - R
2 min 2 maiin .
+ / min Jo(’ccm))( —— ok, ™"t - 5)

2zmz‘n

+
cs?

po(k, 2™t — s))ds) (20)

where Y is the Heaviside function. The formula (20) can be deduced from
(19) by the technique of the next section. From the complexity of this partial
result, we conclude that when 3D propagation effects are taken into account,
there is no sxmple way to introduce a boundary condition allowing a choice
of the zone to invert. Practically it is necessary to discretize all the borehole,
partially with macro layers if necessary (thus carrying out some kind of ho-
mogeneization if necessary). Besides the results of Romanov is probably a

convenient starting point for a theoretical analysis of the inverse problem of
VSP data.
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3 Exact Transparent Boundary Conditions for the
Axisymmetric Problem after Hankel Transform

The computation made for (17) can be modified to write the exact trans-
parent condition for z = 2™%" if p and ¢ are constant for z > 2™%". More

precisely if one chooses G(x,t;y) = -”;J’—_“‘,:‘L“;'HMQ the Green function in

IR3 in the homogeneous case, and 2 = {x = (z,y, z) : z > 2™}, then using
a convolution in ¢ and the Green formula in §2, it follows from (15) and (16)
that for y € §2:

_ [ L X, t—7; Op(x,7) Ta—c—;(it—-——) x))dr
p(y,t)—/0<[99p(z)<a< ) 2T, ) =T )

(lx y”a Lx,t—lu—y| /e
+z%an Ix—y nm(x,t— fu—yil/e)

0 1
——(———)p(x,t— || u ~y || /¢))u=xdo(x 21
an(“x_y”)( I | /¢))u=xde(x) (21)
which is the Kirchhoff formula (which can also be obtained from a particular
property of the Laplacian in IR*: see Smirnov (1964)).
Taking the limit y — 342, the exact transparent boundary condition is
obtained. In our case 942 is the plane z = 2™%* and the result is that for

y — (x,y’ zmax):
P =55 [ (g an = =y 1 /umsdel) - (22)

Computing the integral in (22) in polar coordinates centered at y and using
the axisymmetry of the problem and the causal nature of p, we first obtain:

p(r’ Zma:l:’ t) —

ct 2r
1
_L / ‘rdr/ (=8, p((r® + 1% + 2rr cos p)'/2, 2™ t — 7/c))dp  (23)
27 J, o T
for r > 0,1 > 0. Then using the inverse Hankel transform:
8.p((r? + 72 + 2rr cos )2, 2Tt — 7 /c) =
/ Jo(k(r? + 72 4 277 cos )/ 2)d, po(k, 2%t — T/c)kdk (24)
0

and an addition formula of Bessel functions (Watson (1922), p 358-361):

Jo(k(r? 4+ 72 + 2rrcos9)/2) = Y (1) T (kr)Jm(kT)e ™ (25)
meZ
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we find:
ct
Polk, 2™ 1) = —/ 0,po(k, 2™t — 7/c)Jo(kT)dT (26)
0

for k > 0, ¢ > 0 that is to say, since 0.po(k, 2,t) = p(2)0:95(k, z,t) and after
an integration by parts in 7 (Jy(z) = —J1(z), Jo(0) = 1 are used and in (27),
p and ¢ are taken for z = 2™**):

po(k, 2™ 1) + pet§(k, 2™, 1)

¢
-kpc2/ Ji(ke(t — s)0g(k, 2™, s)ds =0 . (27)
0

This is the exact transparent boundary condition after the Hankel transform
in the acoustic case adapted to the following equations of propagation written
as first order hyperbolic systems:

o(2)0087 (k, 2, 1) = —kpo(k, 2, ) (28)

p(2)0: 03 (k, z,t) = 0,po(k, 2,1) (29)
8(z — z)

a0

po(k,z=0,) =0 (31)

po(k,z,0) = 97 (k,2,0) = 05(k,2,0)=0 . (32)

In the isotropic elastodynamic case, the wave operator is replaced by the
operator u — pOyu; — O1(61; Adrpur + (954 + Oru;)) and the fundamental
solution, for p, A, 4 constant (with the right hand side 6(x)6(t)6;;) is the
matrix G with coefficients:

1 ~
p(2)e (= )8tpo(k z,t) = kd](k, z,t) + 0,05 (k, z,t) +

Gij(x t) =

1 3yiy; — by _ H x| || x ||
T Y (= ) < Y (= 5 )

1 7i7j|6(t_ || x “)_ 1 vy — 6y 8(t — HXH) (33)

Trpa? [ x| Tl x|
where Y is the Heaviside function, a = )‘—”’;2“—‘ =vp, f = \/E = vg and
vi = ” R Similar computations as the previous ones where the Green formula

is replaced by the Betti formula, allow to obtain exact transparent condition
in the elastic case. Using polar coordinates as in (23), using (25) and:

cos 1
(sin19> Ji(k(r? 4 7% + 277 cos ) '/?) =

2 Tmt1(kr)Jm (kT) (((_—S)ﬂf(;fﬂ)ﬂfp) (34)

meEZ
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where cos ¥ = —=—LETE8P ___ ging = -—M— the obtained exact
24724277 cos A/r2472427r costp

transparent conditions are:

t
&7 (k, 29 £) + pBi (k, 2% 1) — kg / (J1(ka(t — s)
0

ka(t—s) Jl('f) s maz o
+/kﬁ(t_s) 54051 (k, 2T, s)ds— kA /Jo(ka(t—s)) 2(k, 2% 5)ds

t ka(t—3s) J (5)
2 _ 4] ~z mawx _
+2k uﬁ/o ((t-s) ‘/kﬂ(t_s) ¢ —==dE)og(k, 2™, s)ds = 0 (35)

1
G5" (k, 2™, 1) + padi(k, 27, 1) — kafo (1 (kB(t - 5))—

ka(t—s)
[ 2 agegh, 2, s
k(t-s) &

Ji(ka(t - 5)) — 28T, (kB(t — 5))

t—s

/(ﬁ2 Jilka(t —5) 3kﬁ2

Fe 19

—3k%6%(t — 5)
kp(t-s) &

—22d€)o7 (k, 2% s)ds = 0 (36)
for the longitudinal (or P — SV') waves, and:

697 (k, 2% 1) + pBof (k, 2™ 1)

¢
—Ic,B/O J1(kB(t — $))697 (k, 2™, 5)ds = 0 (37)

for the torsional (or SH) waves.

Remark 1. This process giving (21) can be generalized: for example, if the
original problem is in the half space z > 0 with the natural boundary
condition p = 0 for z = 0 and if £2 is the exterior of the half sphere
{x = (z,y,2) : 22 + y? + 22 >Const, z > 0}, the limit of the first for-
mula in (20) when y — 042 gives the exact transparent condition on I', =
{x = (z,y,2) : 22 + y® + 22 =Const, z > 0} if (18) is chosen for G(x,;y).
This could be applied to the so called corner problem. In elastodynamics such
a process is complicated because the Green function of the half space is non
trivial (the Rayleigh surface wave must be taken into account).
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Remark 2. To construct exact transparent conditions, instead of the limit
of (21), we can use the formula obtained by applying —a-f;— to the two sides
of (21). Using results on layer potentials which can be found in the book of

Colton and Kress (1983), the obtained result is that for y € 002,if G(x,t;y) =
£ 80=lx=yll/) 5 he chosen:

ar  Jix=yl
6p 1 Op
(9ny ’ 27"/3.0(3"1/(”?( y“)a ( )t_ ”u_y”/c)

o (g P (0 medgead, (= ) (Gradepto = 1wy /0

x —
+wGradx(6—p(x,t* ” u—-y ” /C))

llxc Yl Grad, (| x - y“)(w(xt la=yll/c)
1 Ollx—yll 1 &%

“Tx=yl ony  \catam, ot lu-vll/e
0 182
_IlgTy“ 2 atf(x t—{lu~y |l /¢)))u=xdo(x) (38)

where grad is the 3D-gradient and Grad the surfacic gradient.

Remark 3. Some very simple approximations of (22) and (38) give the Engquist-
Majda formula (1977, 1979) of first and second orders. More precisely, if {2
is the half space z > 0 (the computational domain is thus £ < 0) and if p
is independent of the variable z (two dimensional problem) then (22) can be
written:

1 [ 8
p(w:O,y,t):—ﬂ/ d@/ 5—?—(0,y+pcos0,t—p/c)dp (39)

and the approximation —1’-(0 y+pcosb,t—pfc) = 81‘ 22(0,y,t — p/c) gives the
first order condition:

1 6p dp
In the same way (38) can be written:
8 2 00
3p / / (coj p(O y+pcosd,t —p/e)

1 8% 1 6%p
+cos0——at8 (0,y+ pcos@,t —pfec) — 23t2(0 y+ pceosb,t — p/c))dp =

2m
— dt9/ (sin? 6 (0 y+ pcosb,t —p/e)+
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2

1 0%
cos0— (0 y+pcosl,t—p/c) ~ (0 y+pcosf,t—p/e))dp (41)

1 0%
2 6t2
and the same approximation (¢(0,y+pcos8,t—p/c) = o(0,y,t—p/c)) gives
the second order condition:

1 8% _13% &*p
Zataw(ojy)t) - 56_y2(0)y1 )_ C—QW(anat) .

(42)

Note also that, for ¢ = 1, (41) is an other form of the initial equation used
by Engquist-Majda:

Z_;’(o,y,t): / € )uz €OV 50 ¢ WVdEdw  (43)

where the chosen square root is (1 — ‘%’—2)1/2 =1- ‘6"—22 [1/2 (=i sgn(€)) for
w? > ¢2? and p is the (y,t)-Fourier transform of p:

e, & w) = o )2/ eI p (g, y, £ dydt (44)

Writing also (39) in this way, we find the identities (which can also be ob-
tained by direct calculus — in the distributions sense):

% /07r df /0 oo(sin2 B(iw)? + cos B(i€)(iw) — (i€)?)eHrtiwpcosty, —
- |w2—fz ll/z; (45)

1 T oo . . 1
_ - dé —i€ptiwp Cos()d - _ .
] e = g 9

Note finally that when §2 is the exterior of a vertical cylinder of radius r™®
and p is independent of the angular variable 6 in cylindrical coordinates, we
can also obtained the first order condition:

10p mas maz p(r™, z,t) _
LB qmas 2 ) 4 L(pmer 1) 4 P2 (47)
and the second order one:
1 6% 1 8% 18%
ma:b‘ max t mar t
cata( H0F G At - 550", 51
1 Jp p(r™e®, 2, 1)
pnox t) —m — L = . 4
2crma:v 6t( » %5 ) 8(,r.maa:)2 0 ( 8)

Remark 4. The right hand side of {27) can be interpreted as a “nupgoing
wave”. This kind of waves splitting appears in numerous studies on inverse
problems of wave propagation in 1D media and is used in the work of He
(1991) and He and Karlsson (1993) as an alternative of invariant imbedding
technique used for example by He and Strém (1992).
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4 Stability of the Discretizations of the Exact
Transparent Boundary Condition (for the Axisymmetric
Problem after Hankel Transform) in the Acoustic Case

The problem (28)—(32),(27) is clearly well-posed since it is equivalent to a well
posed problem in the half-space 2 > 0. But this result can be proved directly

using the properties of the Fourier transforms of Bessel functions. Briefly, in

the case where the source terms in (30) is replaced by a function pﬂ(zk):c_z(zL) such

ax

that [;°(fy " %&%d )1/2dt < 0o, making the product of (28), (29), (30)

by 97, 0§, Po respectively, we find by summation and integration in z:

dEEl'”) a(k,t) < /2E(k, 1)S(k, 1) (49)
where: .
e G Ay IR (T
+o(2) | 550k, 2,) )z (50)
is the acoustic energy,
S O

and:
alk, 1) = (2™ )e(z™9%) | w5 (k, 2702, 1) |2

4
—kp(2™) (2™ YiE (k, 2™ ) / To(ke(t — )62 (k, ™9 ¢)dt' . (52)
0

(We think that when s(¢) in (30) is sufficiently regular this study allows to
obtain convergence results because error terms in finite differences discreti-
sation are function of the same kind as §).

When the exact transparent condition (27) is replaced by the absorbing
one (approximation of first order):

po(k, 2™ t) + petf (k, 2™, 1) =0 (53)

the integral in (52) disappears and from a(k,t) > 0 it follows the a priori
inequality {giving the wellposedness):

1 t
VEED < 2 /0 S(k,rydr . (54)

In the case of the boundary condition (27) the same inequality can be deduced
from the fact that:

X() = /0 Ca(k, r)dr > 0 (55)
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(since then E(k,t) < [, v2S(k, 7)\/E(k, Tydr = W (k,1) so that W'(k,t) <
V2S(k,t)/W(k,1) and \/E(k,7) < /W(k,?) < J5 [y S(k, T)dr QED).

Introducing the Fourier transform:

> — _1__ —iws o zmaw s)ds
fulw) = == / 5 (k, 2™, 5)d (56)

and using (with the square root determination vk?c? 4 52 =, 5):

1 it 1 i
- w k — —_
T, a0 ) )

we find:

Jw]?
XO=pe | Torm | o) P do (58)

and (55) and (54) follows.

We now obtain an analog result for the discretization of (28)-(32),(27), by
elementary finite differences. The unknowns py, 03, 9] are sampled at nodes
(7J+1/2)Az or jAz, 0< j < J —1 (with JAz = 2™%") and at times nAt or
(n+1/2)At. Here j and n are integers, and Az and At are the steps in space
and time, respectively. So, we introduce as unknowns of the (direct) problem
the three sequences of vectors:

. A - 1 ~z,n+1/2
= (Pg,l/z) - -,PS,J—1/2)T’VZn+1/2 ( 0 n+ . S,TJL+ / )T
~rntl ~rn+1/2\T
n+1/2 (,Ur‘n/2 ey 'U;:;_ll/z) (59)

where 3 . 1/ = Po((J +1/2)Az, nAt) for example.

The discrete form of (28)-(32),(27) are then the following recursive equa-~
tions (the term ta™(vz) which follows from the transparent boundary condi-
tion will be defined later in (65) and (66)):

+1_
p" P” — kventl/2 _ KT ygnt1/2 + gnt1/2 (60)

M
3T A

vrn+3/2 — yrntl/2

_ n+1
oy kp (61)

1

vzn+3/2 _ vzn+1/2

1
2 v, = Kp"t! — EA(vz""’?’/2 +vz" %) 1 ta"(vz) (62)

for n > 0, with p® = 0, vrl/2 = 0, vz!/2 = 0. The discretization of the source
term is s. The matrices M1, M2, M3, K and A of order J xJ, (J+1)x(J+1),
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JxJ,(J+1)xJ and (J + 1) x (J + 1) respectively are easy to construct
from (28)—-(32),(27), for example:

1 .
1/2Po -11
£1 1 —1.
M, = K=7 B K
pPI-1 11
1/2ps 1
0
p(zma:l:)c(zmax) 0 .
A=—-—— -
Az 0 (63)
0.01

where p; = p(jAz).

When the boundary condition is (53), the term ta™(vz) in (62) is zero
and it is easy to show that the stability condition is of the form (this is the
CFL condition in the homogeneous case; for the general case see for example
Jurado et al. (1995a)):

Az
t < .
vpy/1 + (k™92)2Az2 /4

In the following we are interested in the two “natural” discrete forms of the
convolution term of the exact transparent boundary condition (27):

A

(64)

ta"(vz) = keAt > Jy(ke(n + 1/2 = At)Avz' /2 (65)
=0

(corresponding to the midpoint rule) and:

ta"(vz) = keAt Y Ji(ke(n+ 1~ DA A(vat? 4 va!~12) (66)
=0
which corresponds to the trapezoidal formula. Multipying (60) by (p"*! +
p™)T, (61) by (ven+3/2 — vr*t1/2)T and (62) by (va"+3/2 — vzt we
find that the discrete analogue of X in (55) is with u"+1/2 = vz'}“l 2,

N+1 1
X = pedt Yo (bt ey

n=0

_chAt (P12 4 = 1/2) Z Ji(ke(n — 1+ 1/2) Atyu!=1/%) (67)
=0
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in the midpoint case (65) and:

N+1
pcAt Z( n+1/2 + un—l/?)z

k‘CAt( n+1/2 + un—l/Z) Ejl(kc(n _ I)At)(ul—l/Z + UI+1/2)/2) (68)

=0

in the trapezoidal case (66). Introducing U/(z) = A;’r N_'_'"Ol w2 =

uN+3/2_ it follows that in the midpoint case (65) we have:

X= ffci _ﬂ ((cos?(6/2) — cos(8/2) Re(v/2mkee’® 2 I, (%)) | U(e™?) |2

+Re(e W8 (1 — /2mked 4 (e7°))U (9)b) + b2)dO (69)
with:
Jo(2) = \/. -1/2;11(kc(n+ 1/2) At)z" 42 (70)

Similarly, if W(z) = At ENH(U" 12 4 7+1/2)/22™  in the trapezoidal
case (66) we have:

X = At (1 —V27kedy (%)) | W(e) |2 db (71)
with: -
Jo(z) = \/A;;—r Z Ji(kenAt)" . (72)

Using finally the following particular case of the Poisson summation formula
(see for example Henrici (1977)) for Re(s) > 0:

kcAt Z e (MECAtT) I (ke At + 1) =

n€EZnkcAt+1>0
o0 . .
2imn 2irnT
n;@ fe+ oa) = Gear) ()

with:

o —st 1

we find that in the midpoint case (65) (here 7 = 1/2 in (73)):

=L /_ " ((cos2(9/2) — cos(8/2)
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o0 (_1)n+1
1+ > )
n="ooma0 /(EEEE) — 16,/ (§2587 ~ 1+ 1)
| U(e®) |2 + terms in b and b?)dd (75)
which can be < 0 for b = 0, and in the trapezoidal case (66) (here 7 = 0 in

(73)):

X =

T 1
At —7 ( Tn—0\2 -1 2rn—0\2 -1 1
n=—o00,n#0 Feat ) (V) +1)
which is always > 0 as In the continuous case. So the trapezoidal rule is
stable. For the midpoint rule we cannot conclude by the present analysis,
but an expertment made by Petit and reported in Fig. 1 shows that good
results can be obtained. The computation is made with an homogeneous
model of depth z™%" = 500m, with p = 1g/em?, vp = 1500m/s, the source
is located at z, = 400m, the source wavelet being s(t) = (g—Ze‘o‘("t")z, with
o = 72f2 and f = 30Hz, ty = 53.39ms. The depth of geophones is 350m

and the intertrace 100m. The parameters of the numerical computation are
kme® = 1.86m~L, Ak = 0.0018m~!, Az = 1.25m, At = 0.5ms.

| W(e) | a8 (76)

5 Conclusions and Acknowledgements

We are aware of that we have only sticked pins into the true inverse seismic
problem in the framework of horizontally layered media. However we can
conclude into two points.

The first is that the usual least-squares formulation of the inverse seismic
problem for classic acquisition data (surface or marine data) is insufficient,
although the choice of the P-wave travel time to measure the depth, im-
proves the situation in a manual picking procedure. An automatic procedure
probably requires a combination of some kind of layer stripping with these
least-squares techniques. Note also that the results of Petit in an other work
show that the usual least-squares work for VSP data.

The second conclusion is that the 3D formulation of the inversion of VSP
data is a true inverse problem. A starting point of its theoretical analysis
could be the work by Romanov. As subsidiary study to this problem, we have
obtained, using essentially the Green formula and the summation formula
of Bessel functions, the exact transparent boundary conditions in the time
domain adapted to 1D medium with 3D propagation. Using the Poisson
summation formula we have then shown the stability of a discretization of
one of these conditions.

We thank D. Macé, F. Jurado, D. Lebrun and V. Richard from the Insti-
tut Francais du Pétrole and the organizers of the congress in particular G.
Chavent and P.C. Sabatier.
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intertrace : 100m
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Fig. 1. This is a result obtained in an homogeneous domain with the first order
absorbing condition (top left), with the discretized exact transparent condition {65)
(top right) and using a sufficiently large domain (bottom)
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Scattering of Guided Waves in Laterally
Varying Layered Media

Fabian Ernst and Gérard Herman

Department of Applied Mathematics, Delft University of Technology, Mekelweg 4,
2628 CD Delft, The Netherlands

Abstract. A major part of the unwanted signals in seismic data consists of waves
which are scattered at heterogeneities near the surface of the earth. In the present
paper we present a method to remove these waves. We formulate the scattering pro-
cess within the distorted Born approximation in a background medium consisting
of thin, laterally varying, layers. It is vital to be able to compute the propagation
in the background medium in an efficient way. To this extent a modal approach
is used, where the Green’s functions consist of vertical modes and horizontal rays.
The formulation for the scattered field then consists of factors accounting for lateral
propagation, and a factor representing mode-to-mode scattering.

1 Introduction

In geophysical exploration, one tries to obtain an image of the structure of
the deeper parts of the Earth in order to assess the probability of hydro-
carbons being present. For this purpose seismic reflection methods are being
used, where a source at the surface generates a wavefield which is scattered
by the Earth and recorded by receivers located at the Earth’s surface. Unfor-
tunately, the strongest signals in these data are often caused by scattering of
the wavefield at heterogeneities in the near-surface region. This part of the
signal contains no information on the deeper layers and can therefore be con-
sidered as “coherent noise”. In order to remove this type of noise, methods
like “statics” or “f-k-filtering” (Yilmaz, 1987) are currently being employed.
These methods have been very successful in some areas, however, they fail in
regions with a rather complex near-surface structure.

Recently a theory for removing this type of scattering in a laterally in-
variant medium has been developed which was based on wave theory (Blonk
and Herman, 1994). This method has been applied succesfuily to seismic field
data (Blonk et al., 1995). In the present paper, this method is extended to
the case where the assumption of lateral invariance is no longer valid. We
assume that lateral variations in the background medium occur on a length
scale which is large compared to the dominant wavelength. In the vertical
direction we assume that the near surface consists of thin layers, i.e., the
thickness of the layers is of the same order of magnitude as the dominant
wavelength.

The method we use consists of four basic steps (Ernst and Herman, 1995):
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1. Estimate certain characteristics of the source wavelet and the background
medium.

2. Estimate a scatterer distribution in the near surface which is consistent
with the data.

3. Compute the scattered field arising from this near surface scatterer dis-
tribution.

4. Remove the computed scattered field from the seismic data.

In each of the first two steps we have to solve an inverse problem. Espe-
cially the inverse problem in step 2 is ill-posed, in the sense that solutions
are non-unique. However, we are not interested in recovering the actual dis-
tribution, but merely in finding a distribution which is consistent with the
data, in order to be able to compute the scattered field in step 3 and remove
1t from our data in step 4.

We formulate the inverse problem within the distorted Born approxima-
tion. In order to be able to compute the scattered field it is vital to be able to
compute the relevant Green’s functions of the background medium in an ef-
ficient manner. To this extent, a formulation is used for the Green’s function
in laterally varying media that is based on a modal expansion. The accuracy
of this approximation is investigated by means of reciprocity. Finally, the full
expression for the scattered field is derived, consisting of factors accounting
for lateral propagation and mode-to-mode scattering.

2 Formulation of the Scattering Problem

2.1 The Forward Problem

The key step in our method is to find a scatterer distribution which can
explain (the near-surface scattered part of) our data. To this extent, we use
a data fitting approach which uses all data available. The method is derived
for the acoustic case, however, the derivation for the elastodynamic case is
analoguous.

We suppose that the acoustic velocity in the medium can be split into a
long-wavelength (background) part ¢o and a short-wavelength part éc. The
total pressure field pyo; can then be written as the sum of an incident field
Dinc, arising from the action of the point source on the background medium,
and a scattered field ps. due to the interaction with dc. Both incident and
total pressure field are solutions of the Helmholtz equation in a halfspace:

2
w"

Ap + =P = —W{w)é(x — x4), (1)
where ¢ = ¢ for the incident field pinc and ¢ = ¢g + 8¢ for the total field pyor,
6(x) denotes the Dirac delta function, and W(w) is the frequency-domain
representation of the source waveform. Together with appropriate boundary

conditions at the pressure-free surface and at infinity, and with continuity
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conditions of pressure and velocity at interfaces, we have a unique solution
P

2.2 The Inverse Problem

Denoting P:ft(r,t,s) as the scattered field at time ¢ arising from the action
of a source located at s acting on the near-surface scatterer distribution £t
and recorded at receiver r, and P25 (r,t,s) as our field data, our aim is to
minimize the error functional:

P ST [ HOEEEL) - P @

where H(t) is a weight function which can be used to suppress parts of the

data which contain no near-surface scattered field and/or as a preconditioner.
In the frequency domain equation (2) can be written as follows:

mia ST [ ol b () - D 0
where the * denotes convolution and the lowercase variables are the Fourier
transforms of their uppercase equivalents.

2.3 An Integral Representation for the Scattered Field

An integral representation for the scattered field psc = prot — pinc has been
given by many authors (see for instance Clayton and Stolt (1981)) and is
given by:
Psc(r,w,s) = —w2/ dzGo(r,w, s)prot(x, w, s)dm(x), (4)
D

where 1 | 5
(co+8c)? & '
n (4), D is the (finite) domain containing the scatterers, and Gy is the
Green’s function of the layered background medium.

On the assumption that the scatterers are limited in strength, we can

linearize the total field around the incident field. Retaining only the zeroth-
order term leads to the distorted Born approximation:

dm =

Psc(r,w,s) = —wEW(w)/D dxGo(r,w,x)Go(x,w, s)dm(x), (6)

where we have written pinc(r,w,s) = W(w)Go(r,w,s). The integral represen-
tation for the scattered field is now reduced to a readily solvable integral,
provided we can compute the Green’s function of the background medium.

The remainder of this paper is devoted to an efficient way of computing
this Green’s function of a laterally varying background medium, consisting
of thin layers.
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3 Computation of the Green’s Function

In this section we derive an expression for the Green’s function of a laterally
varying medium, where the length scales of the lateral variations are large
compared to the dominant wavelength.

3.1 The Modal Approach

Our derivation is based on a modal approach, and can as such be considered
similar to the approaches which have been used in integrated optics (Mar-
cuse, 1974), underwater acoustics (Weinberg and Burridge, 1974), and global
seismology (Woodhouse, 1974) for many years.

The essence of the modal approach is a splitting of the wave field in lateral
and vertical components. Therefore we will make the following “ansatz” for
the wavefield away from the source region:

G() X w, S ZLm(xhaw Sh)(]ﬁm( W,Xh). (7)

This formulation is the concept of “local modes” (see also (Marcuse, 1974)),
i.e., modes which satisfy a local eigenproblem, but are no solution of the total
Helmboltz equation. The subscript 2 denotes the two lateral components of
the vector, and the subscript z denotes the vertical component. Effects of the
source are accounted for in initial values for L,,; this is discussed later in this
paper. Note that we have here a summation over all existing modes.

3.2 High-frequency Approximation

Under the assumption that the characteristic length scale L of the lateral
variations is small compared to the dominant wavelength, we may assume
that the lateral part of the Green’s function L,, can be written in its high-
frequency asymptotic form (see also Blok (1979)):

Ly (xn,w,sn) = e‘(p(—z m(xh,w sh))Z < ) Amp(xn,w,sn), (8)

where 0, is the phase function, 4., are the p-th order amplitudes, and ¢°
a reference velocity of the same order of magnitude as the velocities occurring
in the actual medium. We assume that the 8, and A,,, vary slowly in lateral
direction, Le., Vb, = O(Zr) and ViAm, = O(ZF).

We can now derive expressions for the various parts of the far-field Green’s
function by substituting expressions (7) and (8) into (1).



298

3.3 Local Normal Modes

Consider first the solutions ém, (., w,xn) of the local eigenvalue problem:

d2¢m w2 )
12 +{¥—fcm}¢m..0, Ym, (9)

together with appropriate boundary conditions at z = 0 and z = oco. The
eigenvalue k,, can be interpreted as the horizontal wavenumber, and the
eigenfunction ¢.,(z;,w,xn) can be considered as the shape of the mode. 1t
can be shown that the modes are orthogonal with respect to the inner product
(bm, bn) = f0°° ¢m(z,,w,Xn)on(T,,w,xy)dz,, and they can be normalized
to unit energy, so that we have

/ d:m(zcz,w,xh)¢n(xz,w,xh)dzz = mn. (10)
0

3.4 Lateral Propagation

To find an expression for the lateral propagation L,, of the modes, we sub-
stitute (7) in the Helmholtz equation, and use the definition of the local
normal modes (9). After multiplication by ¢,,(z,,w, xy,), integration over the
z,-coordinate and with the aid of the orthogonality relation (10), we arrive
at

Ath(xllyw)Sh)+ K:ZLn(xh,w,Sh) = (ll)
_Z/ dl‘z {2thm(xhawa Sh) ° ¢n(£3,w,Xh)Vh¢m(IL‘z,UJ,Xh)
m ]
+ Lm(xhawySh)‘ﬁn(xmwaxll)Ah¢m($Z)w;xh)}~

The left hand side of this equation has the standard form for propagation
of a single mode in a medium, whereas the right hand side accounts for the
coupling of the modes. The equations for the phase #, and the zeroth-order
amplitude A, can now be derived by substituting equation (8) into (11) and
collecting terms of lowest order in ;”—OE For terms of O(1) this leads an eikonal
equation for the phase 8,,:

” wl
K2 — (F)-vhen)z =0, (12)

so we see that the coupling of the modes has no influence on the phase
of the modes, and the eigenvalue x, can be interpreted as the horizontal
wavenumber for the n’th mode.
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<
wl

Collecting terms of O(
order amplitude A,g:

) leads to an amplitude equation for the zeroth-

2VhAno - Vil + Apodpbn = “2/ dmz¢n(w2swyxh) X (13)
0

iw L
Z (vhem . vh‘bm(xz:w; Xh) exP("%’(Bm - 9”))Am0) .

m

If we neglect the effects of mode coupling, which will be investigated
later on, and note that the right-hand side vanishes for m = n due to our
choice of normalization, equation (13) reduces to the conventional ray-tracing
amplitude equation

2VhAno - Vubn 4+ Anodpb, = 0. (14)

The resulting first order approximation for the Green’s function of a lat-
erally varying medium can be written as:

Go = Amo exp(—ibm )ém, (15)

which implies that we have normalized modes in vertical direction, and an
amplitude and phase factor which can be computed by conventional ray trac-
ing methods (see for example (Cerveny et al.. 1988)) in lateral directions.

3.5 Accounting for the Source Strength

Now that we have the three basic equations (9), (12) and (14) we can compute
the Green’s function. However, for a complete expression we need initial val-
ues for the amplitude and the phase. These initial values can be derived from
the presence of the source by means of the method of matched asymptotic
expansions (Kevorkian and Cole, 1981). The expressions to be matched are
the outer ezpansion based on equation (15) and the expression for the field
due to a point source in a homogeneous medium; this inner ezpansion has
the following standard form (Aki and Richards, 1980), (Ernst and Herman,
1995):

dD

| -1
Gionner = Efn:iHéz)(Kmr)Km¢m(m3)w)xh)d)m(szjw’Sh) (E> K=Km (16)

1
+ L / RHP (5r)g 52, 32, 1) d.
me B

From the zeroth-order and first-order matching conditions we find the
initial values for the phase function #,, and zeroth-order amplitude A,,o:

Bm(sh)wvsh) = 0) (17)
lim v H Xh — Sh Amo(xh,w‘ Sh) = am0¢m(5::7wu Sh)a (18)

Xy —+Sh
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where a0 is given by

_ [Em (371' ) dD\ !
4mo = or P 1" \drn

(19)

K=Kum

3.6 Example

In order to verify the assumption concerning mode coupling underlying the
step from equation (13) to (14) we have carried out some numerical tests.
This verification 1s done by means of reciprocity. For a given structure of the
background model, we have the reciprocity relation

p(r,w,s) = p(s,w,r) (20)

for the total pressure field, 1.e., summed over all modes and without neglecting
mode-coupling. We have computed the pressure field for three cases with a
homogeneous layer over an homogeneous halfspace. We put our source and
receiver at z4 = (0,0,2) and zg = (1000, 0, 4).

The choice for the parameters in this background model are:

Model A: Layer thickness A varying linearly from 40 m at the source position
to 20 m at the receiver position. Acoustic velocities in upper and lower layer
are constant at 750 m/s and 1600 m/s, respectively.

Model B: Constant layer thickness of A = 40 m. The acoustic velocity in the
upper layer varies linearly from 750 m/s at the source to 1200 m/s at the
receiver. In the lower layer the acoustic velocity is constant at 1600 m/s.
Model C: Constant layer thickness of h = 40 m. The acoustic velocity in
the upper layer is constant at 750 m/s, whereas in the lower layer it varies
linearly from 1600 m/s at the source to 900 m/s at the receiver.

These variations have a characteristic order of magnitude for the problems
we are interested in.

The source wavelet is a bandlimited wavelet with unit strength between
10 and 25 Hz, and tapered smoothly towards zero at the edges by means of
a cos’-function.

In figure 1 the responses for model A, B, and C are shown. The solid
line denotes the response of the receiver at zg for the source at x4, and the
dashed line denotes the response for the opposite case. From these figures
it becomes clear that our formulation (without mode coupling) satisfies the
reciprocity relation quite well.

4 Computation of the Scattered Field

The total expression for the scattered field in the Born approximation now
follows from expressions (6) and (15):
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Fig.1. Reciprocity tests for three laterally varying models. In model A we have
variation of layer thickness, in model B variation of acoustic velocity in the upper
layer and in model C variation of acoustic velocity in the lower layer. It is seen
that our first order approximation without mode coupling is accurate enough for
the models of interest.

Pse(r,w,s) = —wQW(w)/D dxém(x) (21)

X Z ¢m(zz1 w, xh)AmG(th w, Sh)e<iwrm(x‘\ ,w,sh)¢m(sz s Wy Sh)

m
X Z ¢n(r: ) & l'h)AnO(rh» W, Xh)eo‘iwrn(rh’w’x“‘ﬁn(xz y W Xlx)
n

For numerical computations, we need to discretize the scatterer distribu-
tion. Assume therefore that we have

dm(x) = émy, £ € Dy X Dy, ; (22)
with

D =| J(Dni x Da, ), (23)
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Substituting this expression in (22) we arrive at
Pse(r,w,s) = —w2W(w) Z/ dxpém; (24)
: YDnro,

X Z Amo(Xn, w, sp)e T Xnwstg (5w sy)
m

X Z AnO(rhy W, Xh)e—iw‘rn(rh'w’xh)én(rz y &,y rh)

n

X an,i(W,Xh),

where

an,i(wvxh) = / (bm(iL'z,CU,Xh)(ﬁn(:L'z,W,Xh)dl‘z (25)
Dz, s
1s the scattering pattern from mode m to mode n due to a unit scatterer at
lateral position xy,, which has the form of an inproduct of modes weighed by
the vertical extension of the scatterer domain.

Introducing the matrices M;, G° and G”, and the vectors S and R as
follows:

lwmn,i = mn,i(“ﬁ xh) (26)
anP = AmO (Xh, wv Sh) exp(—iwrm (Xh, w) Sh)émp (27)
Gry = Ano(rn, w, Xn) exp(—iwT, (rh, W, Xn)0n, (28)
S, = ¢m(33,%’,5h) (29)
R, = ¢m(rza(-‘-’)rh) (30)

we can write the scattered field in compact notation as:
Pse(r,w,s) = —wZW(w)Zémi/ ST(GHT - M; - G"Rdxy,  (31)
1 Dh,t

where T denotes the transpose of a matrix.

5 Application to Simulated Data

We now illustrate our method by applying it to simulated data resembling
real seismic data. The model considered consists of a layer with a thickness
of 30 meters overlying a homogeneous halfspace with an acoustic velocity of
1600 m/s. The acoustic velocity in is 600 m/s in the southwestern corner and
increases linearly to 900 m/s in the northwestern corner.

The acquisition geometry consists of a source line in east-west direction
and a receiver line in north-south direction. The sources are located 300 m
and 750 m respectively from the middle of the receiver line. The spacing
between the receiver line is 15 m.
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The scattering area is 500 m by 500 m, and is discretized into blocks of
20 m by 20 m. The distance from the scattering area is 200 m to both the
source line and the receiver line. A top view of this geometry is depicted in
figure 2.

5000
4800t
4600}
E44007* *
4200t
4000t 1
3800f
3600

2500 3000 3500 4000
m

Fig.2. A top view of the acquisition geometry. The scatterers are located in the
shaded area in the northwestern part of the region. A * denotes a source; a + a
receiver.

y-coordinate
4500 5000

= “’,{{}nl:uum|11’(‘7l2‘5_i_‘(({{!!! T

2 5L

Fig.3. Input data, shot 2. Note the dispersive character of the incoming as well
as of the scattered waves. Reflection from deeper layers, if present, would not be
visible in the right-hand part of the figure due to the strong scattered waves.
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Fig.4. Resulting data after application of our method. Although the direct wave
was present in the inversion step, it has hardly been affected, whereas the scattered
waves have been severely attenunated.
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The simulated data are depicted in figure 3. Note the dispersive charac-
ter of the incident and scattered wave, as well as the complex interference
pattern. After estimating an optimal scatterer distribution and subtracting
the scattered waves, we arrive at figure 4. Although the direct wave was still
present in the inversion step, we see that the scattered waves have been
strongly attenuated without affecting the direct wave.

6 Discussion

In this paper a method is discussed for the removal of scattered guided waves
from seismic data by means of a data fitting procedure.

An important aspect of this method is an accurate and efficient compu-
tation of Green’s function for laterally varying media. This computation is
performed by means of an expansion in local normal modes, where propaga-
tion in lateral directions can be described by high-frequency asymptotics, 1.e.,
a standard ray-tracing approach. Suitable initial conditions can be derived
from the presence of the point source. By numerically verifying a reciprocity
relation, we have found that neglecting mode coupling is accurate enough for
our purposes.

This formulation for the forward problem gives then rise to a formulation
for the scattered field in the distorted Born approximation which consists of
factors accounting for lateral propagation in the background medium and a
factor accounting for mode-to-mode scattering.

Acknowledgement

This research was carried out with financial support from the Dutch Tech-
nology Foundation STW and Shell.

References

Aki, K. and Richards, P. (1980). Quantitative Seismology, Theory and Methods.
W.H. Freeman, San Francisco.

Blok, H. (1979). Ray theory of electromagnetic surface-wave modes in integrated
optical systems. Radio Science, 14, 333-339.

Blonk. B. and Herman, G. (1994). Inverse scattering of surface waves: A new look
at surface consistency. Geophysics, 59, 963-972.

Blonk, B., Herman, G., and Drijkoningen, G. (1995). An elastodynamic inverse
scattering method for removing scattered surface waves from field data. Geo-
physics, 60, 1897-1905.

Cerveny, V., Klimes, L., and Psencik, I. (1988). Complete seismic-ray tracing in
three-dimensional structures. In Doornbos, D., editor, Seismological Algorithms,
chapter II-1, pages 89-168. Academic, London.

Clayton, R. and Stolt, R. (1981). A Born-WKBJ inversion method for acoustic
reflection data. Geophysics, 46, 1559-1567.



305

Ernst, F. and Herman, G. (1995). Computation of Green’s function of laterally
varying media by means of a modal expansion. In 65th Ann. Int. Mtg. Soc. Ezpl.
Geoph., Ezpanded Abstracts, pages 623-626. SEG.

Kevorkian, J. and Cole, J. (1981). Perturbation methods in applied mathematics.
Springer, New York.

Marcuse, D. (1974). Theory of Dielectric Optical Waveguides. Academic, New York.

Weinberg, H. and Burridge, R. (1974). Horizontal ray theory for ocean acoustics.
J. Acoust. Soc. Am.. 55, 63-79.

Woodhouse, J. (1974). Surface waves in a laterally varying layered structure. Geo-
phys. J. R. Astr. Soc., 37, 461~490.

Yilmaz, O. (1987). Seismic Data Processing. SEG, Tulsa.



Born Inversion in Realistic Backgrounds
by Means of Recursive Green’s Functions

1

T.J. Moser 1", M. Biryulina!, and G. Ryzhikov'

1 Institute of Solid Earth Physics, University of Bergen, Norway
now Alexander-von-Humboldt fellow at: Geophysikalisches Institut, Karlsruhe,
Germany

Abstract. The commonly applied methods for seismic inversion are based on some
drastic assumptions regarding the known background or macro-velocity model and
the data acquisition, that limit their applicability in geologies of realistic complexity
or to realistic, noisy and incomplete, data sets. The background is usually assumed
smooth, often to such a degree that the wave field can be described by simple ray
theory without caustics or multipathing; the data are assumed to be complete and
noise-free. Correspondingly, the algorithms for ray-based Green’s functions are,
until now, mostly developed for smooth media. To be able to image in realistic
backgrounds and with realistic data sets, the assumptions have to be weakened. This
must be done on two fronts: the imaging formula and the Green’s functions. A new,
generalized, imaging formula has been developed that takes into account that real
data are incomplete, noisy and have a limited frequency band. A new approach for
Green’s functions allows the backgrounds in the inversion to be non-smooth, and
accounts for reflected and transmitted ray fields by organizing the ray tracing
recursively. Combined, the two approaches allow a systematical target-oriented
inversion, in which upper parts of the Earth model are assumed known and fixed,
and the attention is concentrated on important details below. The new imaging
formula, together with the realistic Green’s functions, has been successfully applied
on the imaging of a complicated horst structure from the North sea.

Keywords. Bomn inversion, raytracing, Green’s functions
1 Introduction

A seismic inversion in a realistic background remains a challenge even for 2D
problems, because of the absence of any a priori symmetry. An advanced inversion
formula, reducing inversion to a sort of migration, has been suggested by Beylkin
([2], [3]), and applied with relative success ([7], and others). Nevertheless, this
formula has a limited applicability in areas with a realistic complexity, or for
realistic seismic data acquisitions. The inversion is based on the generalized Radon
transform, which supposes that for a given background and a given source/receiver
acquisition, there exists a one-to-one correspondence between a record sample and
the parameters of an isochron crossing a background point. Even in a layered
background this supposition fails due to existence of up- and downgoing rays,
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crossing the background point. Besides, the inversion formula is not valid for
incomplete data (for instance, reflection data from a narrow aperture acquisition),
also it is hard to adapt the formula for data from a few source/receiver pairs, noisy
data, narrow frequency band signal, etc. Also, its validity depends strictly on the
validity of ray theory, which, despite the computational speed of ray tracing, is rather
limited. That is why it is preferable to deal with an inversion based on a general
wave field evaluation, rather than explicitly on ray theory. The inversion formula
suggested by Ryzhikov and Troyan ([12], [13], [14]) allows to perform "wave field +
Born" -, or "wave field + linearized response”- inversion. A detailed derivation is
included in the appendix.

Based on this more generalized inversion scheme, this paper presents an attempt to
image a complicated horst structure in the North Sea. The background, or the
macro-velocity model, is allowed to be non-smooth in this numerical experiment.
The Green’s functions are provided by the recursive seismic ray modeling scheme
([9], [10], [11]), which is summarized below. To show the viability of the proposed
imaging scheme, the inversion of a synthetic data set is presented in this paper; real
data are inverted by the same scheme in [10].

2 Inversion

Let us try to summarize why so elegant a concept on the interpretation of dynamical
seismic data as the generalized Radon transform fails, when it is applied to raw real
data. Mathematically, this is caused first of all by the background’s Green’s
function, appearing in the Lippmann-Schwinger equation. To deal with data in
terms of the first Born approximation (’linear’/’single-scattering’/’single-
diffracting’), we have to start from the background’s Green’s function being far from
the ray-theoretical one, otherwise we have to include many, or even an infinite
number, of terms in the Born series (e.g. a perturbation like a full layer can be
represented only by an infinite number of terms). If we want to maintain the concept
of an inversion of the generalized Radon transform, then the 2x2 Jacobian of the
mapping from local parameters describing an isochron to a generic source/receiver
location should exist. Apart from that, there should be a one-to-one correspondence
between the pair sample of a source-receiver pair record’ - ’location + orientation of
isochron’ (for a 3D problem these are 3 parameters of a plane, tangent to an
isochron). These requirements have quite drastic consequences for the inversion.
Namely, they imply that:

a) the reference medium should be fairly simple: a signal propagation just in terms
of rays (every sample has its own ’travel time’; every unit volume element of the
medium provides a piece of information that, for a given source-receiver pair record,
is associated just with the pair of rays ’source - medium point - receiver’), no
caustics, no shadow zones, locally plane isochrons, etc. (which is not valid even for a
stratified reference medium or a medium with a constant velocity gradient). Note
that the representation of a (generally curved) isochron by a plane is only locally
valid, in a vicinity of the touching point of the tangent plane to the isochron (e.g. for
a small object in a far field zone of a near to homogeneous reference medium);
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b) the effect of the reference medium perturbation should be linear, which
corresponds to a weak and single scattering/diffraction;

c) for a given source the spatial parameters of the receiver should run over the full
sphere surrounding the target of the imaging. This may be realizable in technical
devices (e.g. tomograph), but it is unfeasible for lots of remote sensing, geophysical,
and technical problems, that naturally suffer from a finite aperture. Any attempt to
complete the data by an interpolation/extrapolation in data space indirectly induces
an a priori representation of reconstructed medium parameters (e.g. a smoothing of
data is associated with a corresponding smoothing of unknown media parameters -
hard to analyze).

Mathematical problems arise already when the ray-theoretical representation is fairly
good, but apart from that, we have to:

1. introduce a non-smooth reference model (e.g. layered medium);

2. use a sounding signal of a finite frequency band, i.e. a signal of finite time
duration, not a delta impulse;

3. deal with data from acquisition involving a few sources: it is hard to avoid
overlapping of data;

4. interprete data from a realistic experiment design.

Besides, as a rule real data are incomplete: they are not given in continuous-, but in
digital form, and the set of receiver positions is finite, sparse or even random. Also
the data are noisy, due to variety of known and unknown sources; this makes
regularization difficult. But, of course, the main problems are generated by wave
phenomena, which depend upon medium supposed to be known a priori and upon
the ratios ’dominant wave length/perturbation size/source-object-receiver distances’.
Very often such phenomena can not be described properly in terms of the ray theory;
the latter is the base to treat dynamical data in terms of integrals over isochrons.

Therefore we follow another way, which is not so strongly associated with the
kinematics of first arrivals. We start from realistic assumptions about the data,
taking into account their strong incompleteness, i.e., their inadequacy to determine
the unknown medium parameters. For example, for seismic exploration the data are
represented by unstacked digitized finite-band noisy seismograms, recorded by a
sparse and probably random net of sources and receivers. The strategy of our
approach is tied to dealing with such segments of data, which can be decoded
properly. It means that these segments should be described by a linearized forward
model with an accuracy induced by the value of data noise, - the latter is caused by
the physical registration channel and unidentified sources. The proper input for the
inversion are data residuals: observed data reduced with the wave field evaluated for
unperturbed background. Note here, that such a reduced data set can be easily
obtained directly in a problem of reconstruction of inclusions in a laterally uniform
background or in a problem of seismic monitoring: these are just differential data.
The inverse problem is posed as an optimization one: to find the perturbation of a
background, that provides the best fitting of corresponding synthetic (linear)
responses with input data for all source-receiver pairs. The linear response, caused
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by a volume unit perturbation consists of: evaluation of the wave field in a
background generated by a source (incoming wave field); application of an operator
of interaction - the result can be interpreted as a secondary source; evaluation of the
wave field (in the background), generated by the secondary source (outgoing wave
field). The operator of interaction consists of a Fréchet-derivative of a wave operator
with respect to medium parameters; e.g. for the acoustic wave equation this operator
is the well-known second time derivative, other examples of Fréchet
derivatives/operators of interaction for an arbitrary background are given in [12].
The actual inversion formula is the result of a simplified solution of the optimization
problem, and provides the local inversion, just as Beylkin’s formula does: to get the
result of inversion in a given volume, we need to collect just linear responses of data,
induced by unit perturbation in this volume only. It allows to parallelize the inverse
problem very efficiently. The formula can be interpreted as follows: to reconstruct
the value of perturbation in a given volume, it is necessary to evaluate a correlation
coefficient between data residuals for all (relevant) source-receiver pairs and all
linear responses induced by a unit perturbation in the given volume element. This
correlation coefficient contains a factor, being a ratio of an average amplitude of data
residuals and average amplitude of linear responses.

A short summary of our approach is following (a detailed derivation is given in the
appendix):

1. No need to deal with ray/isochron representation: the inversion is expressed in
terms of in- and outgoing wave fields in a reference medium, no matter how they are
evaluated (e.g. by finite differences). This allows an essential reduction of errors,
that is to be accounted for by a proper forward model, being a base for inversion.
When the approximation ray + Born is adequate to real phenomena, our forward
model is the same as the conventional one, except that we take into account directly
the effect of registration channel (to be realized a channel should have a finite
frequency band).

2. The algebraization/discretization of the problem is straightforward - it
corresponds to finite number of records with digital data.

3. The problem is then reduced to an optimization one, that allows to treat ill-posed
problems properly.

1t is evident that strong perturbations generally can not be expressed in terms of the
Born/generalized Born finite series. For example, if the perturbation of a stratified
reference medium is represented by a thick layer, it leads to a phase shift with
respect to the propagation in the reference medium. This shift can not be described
properly by the first term of the Born series, nor by any finite number of terms.
However, there are data segments that can be represented well as linear response.
For example, when an overburden is known and our problem is to reconstruct an
unknown interface of a bedrock. Although the linear response is not valid for the
transmitted data, it is then still a good approximation for the short-offset reflected
data. In our numerical experiments we supposed that these data can be simulated
with the Born-diffractors located in a vicinity of the interface [4]. The solution of a
more general 3D nonlinear inverse problem was shown in [14].
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3 Recursive construction of Green’s functions

Like the one presented in this paper, most inversion schemes heavily rely on the
possibility of a computationally fast forward modeling of the wave propagation, or
the availability of Green’s functions for the wave equation, in a presumed known
Earth model (i.e. reference- or background model, see appendix equations [A4] and
[A5]). Although the proposed inversion procedure is valid for any type of forward
modeling, ray theory still provides by far the fastest algorithms. The ray-theoretical
representation of the Green’s function is G(x, y, @) =3, Ay (x, y)expioT(x, y),
k

where T(x, y) is the traveltime between two locations x and y, Ai(x, y) the
corresponding (possibly complex-valued) amplitude and the summation over k
accounts for multipathing. In recent years, schemes have been developed for ray-
based isochron- or wavefront tracing in smooth media without reflecting interfaces
({51, [6], [15], [16], [17]). They construct the Green’s function for one fixed point y
(for instance a source or receiver point) and for x running over the model, by
propagating a set of rays from y and resample the rays at each computed new
isochron, in order to achieve a uniform coverage of the model by rays. In such a
way receiver captures are easily detected and each time the wavefront passes a
receiver point the ray quantities necessary for a local evaluation of the wave field
(arrival time, amplitude, phase shift) can be easily assessed by a simple interpolation
from neighboring rays. By allowing the wave front to fold over itself at caustics, the
algorithms properly take multivaluedness into account. The two-point raytracing
problem is thereby eliminated, and the whole model is filled with (possibly
multivalued) ray arrivals.

The Born approximation for scattering by an obstacle is valid under the condition
that the magnitude of the scattered wave, measured in some norm, is much smaller
than that of the incoming- or reference wave. This implies that it is a weak-
scattering- and low-frequency approximation (refer to appendix equation [A10]),
contrary to the ray-based Green’s functions, which are high-frequent approximate.
A successful application of Green’s functions in Born inversion therefore depends
on how small the scatterer is, in other words, the allowed degree of complexity of
the background; the more realistic the background, the smaller is the unknown
scatterer and the better is the image. Ray-based Green’s functions in smooth media
impose severe restrictions in this respect, for a variety of reasons. When a smooth
background is to be improved in order to approach a non-smooth reality (according
to criteria not discussed in this paper), the ray fields become more and more
multivalued. As a result, this implies that the computation time, for the Green’s
functions as well as for the imaging, increases accordingly. Also, along the caustics
the ray-amplitude is infinite, so that the image quality is distorted (often only thanks
to numerical inaccuracies a complete break-down is prevented). Next, for a
sufficient accuracy the integration step-size along the rays has to decrease,
increasing again the CPU. Finally, ray theory is not valid any more in smooth, but
rapidly varying media, and does not represent any more the actual (finite-frequency)
wave field. The effects of such fields on the image quality is shown in the section 4.
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All these considerations motivate the introduction of discontinuities in the
background and modify the smooth medium’s Green’s functions algorithms to
include reflections and transmissions. One disadvantage of non-smoothness is that,
unless diffractions are taken into account (which is expensive), it can introduce
shadow zones in the Green’s functions. However, we think that, as long as the
Green’s functions from all data points together provide a sufficient coverage of the
target region, imaging with shadow zones, i.e. zero amplitudes, is to be preferred to
imaging with caustics, i.e. infinite amplitudes. Apart from diffractions, the ray- and
wave field is already considerably more complicated in presence of discontinuities
than in smooth models, due to multiple reflections, which themselves may be
multivalued again, not only because of smooth model variations, but also because of
possible curvature of the discontinuities. The organization and storage of all these
different phases can cause formidable difficulties.

Table 1. Synthetic velocity model Table 2. Brage velocity model

Layer Velocity (km/s) Layer Name Velocity (km/s)

1 1.5 1 water 1.478

2 2.2 2 upper sediments 1.900

3 29 3 Tertiary I 2.020

4 2.4 4 Tertiary 11 1.815

5 2.9 5 Cretacious 2.680

6 34 6 Balder 2.350

7 42 7 Shetland 2.950

8 Draupne 2.900

9 Fensfjord 3.464

10 Brent 3.100

11 fault zone 2.800

12 Shetland 3,100

13 Statfjord 3.500

distance (km)
0 1 2 3 4 5 6 7 8 g9 10

Fig. 1. Synthetic velocity model. The labels correspond to layers tabulated in Table 1. The gray scale
represents velocities. The box bounds the target region. The dots along the surface denote the

shot/receiver locations.
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distance (km)
6 7 8 9 10

Fig. 2. Recursive raytracing of one ray cell in the synthetic model. Transmissions and first order
reflections are shown.

LAiBd |

time (s) S

o 1 2 3 4 5 6 7 8 9 10
distance (km)

Fig. 3. Synthtic section for a shot at 1.0km in the synthetic model, computed by recursive raytracing.

Only first order reflections are shown. The labels refer to the layer in which the reflection occurred. The
arrivals labeled 5 and 6 are used for the images in Figures 4 to 7. Wavelet: 10 Hz Gabor.

A recursive treatment ([9], [10], [11]) solves these problems by reversing the order
of the computations; instead of operating with wave fronts and isochrons, it works
with only one ray cell at a time, defined by two (in 2D) and three (in 3D)
neighboring rays and two successive isochrons. This ray cell is originated at a
source point or at an initial surface, and propagated all the way through the medium
until it meets some termination criterion. At interfaces, the ray cell splits into a
reflected and a transmitted cell, that both continue their own way, independently
from each other. Both cells possibly hit new interfaces, each time generating new
offsprings, that behave similarly to the original cell. The tree structure of ray
segments, that thus appears, is conveniently handled by recursion. The storage
requirement for the tree is negligible, because it depends only logarithmically on the
number of subdivisions in the family of one initial cell. One particular advantage of
recursion is that all relevant phases on a seismic section are generated automatically,
without human interaction, together with all information necessary to analyze or
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select them; this advantage has been exploited in phase identification in vertical
seismic profiling [10]. A detailed description and evaluation of the recursion
algorithm is given in [10], both in 2D and 3D. Also in [10], an approach to include
edge diffractions in the recursion is presented; diffractions fill in shadow zones, but
may be expensive.

4 Numerical tests

The numerical tests have been performed on two models, a synthetic model, to
illustrate the statements in the previous sections, and a real model, the Brage oil field
from the Northern part of the North Sea, which is in production by Norsk Hydro. In
both cases synthetic data are used, in the synthetic model provided by raytracing, in
order to isolate possible imaging artefacts, in the Brage model provided by a finite-
difference solution of the wave equation, in order to test the viability of the imaging
formula, without interference of typical problems of real data (like noise, multiples,
3D effects, elastic effects, or inaccurate information on the overburden). Real Brage
data are inverted with the same imaging technique and with non-smooth medium’s
Green’s functions algorithms in [10].

The synthetic model is shown in Figure 1 and its velocities (constant per layer) are
tabulated in Table 1. Special attention is given to the ’channel’ structures, labeled
’6’ is Figure 1. Figure 2 illustrates the recursive raytracing of one cell in the

distance (km)
0 1 0

2 3 4 5 6 7 8 9 1
(0]
J/g
21— @
depth (km)
3
4
5‘£_® /

distance (km)
1 1.5 2 25 3 35 4 45 5

depth (km) 4

Fig. 4. Isochrons of the Green’s function in a constant background (above). Rays are not shown. The
reconstructed image in the target region is shown below (gray scale: perturbation of squared slowness on

original model, thin lines: original interfaces).
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Fig. 6. Isochrons of the Green’s function in a rapidly varying background (above) and image belonging to
it (below).
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distance (km)
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distance (km)
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Fig. 7. Isochrons of the Green’s function in a non-smooth background (above) and image belonging to it
(below).

synthetic model. For a complete coverage of the model, and to obtain the shot
record in Figure 3, ray cells are initiated in al directions from the source point. In
Figure 2, one sees how, already from one initial cell, a quite complicated tree of ray
segments, reflected and transmitted, emanates. Thanks to the recursive organization,
it is possible to accumulate the ray history along the ray and to distinguish the
phases in Figure 3 by the layer in which they were reflected. 46 locations act as
sources and receivers in the synthetic model, from where Green’s functions into the
model are calcutated. 32 receiver locations symmetrically around each source point
are involved in the imaging. Figures 4 to 7 show the imaging with the formula
[A19] (appendix), for a sequence of reference models that are increasingly complex
and close to the actual model. In Figures 4 to 6, the reference models are smooth, It
is clearly visible how the Green’s functions become more and more multivalued,
developing caustics and finally distorting the image quality (Figure 6). Figure 7
shows the imaging with a non-smooth reference field. Shadow zones appear, but the
Green’s functions are much less multivalued and therefore realistic, and the image is
correspondingly better (and cheaper to compute).

An interpreted depth section of the Brage model is shown in Figure 8 and its
velocities are tabulated in Table 2. It contains lots of diffracting edges, so that the
ray field is disconnected and exhibits shadow zones (Figure 9, for one initial cell,
and Figure 10 a shot record). Yet, a comparison with finite-differences, which is
supposed to provide the complete wave field (at the expense of a much higher CPU)
shows agreement to a high degree in arrival times, amplitudes and phase shifts
(Figure 10 against 11). The data acquisition used for the imaging is tabulated in
Table 3. The non-smooth reference model has been chosen equal to the velocity
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Table 3. Data acquisition in Brage

Number of shots 400
Number of receivers/shot 120

First shot location (km) -10.0
Shot location increment (km) +0.0375
First receiver offset (km) +0.1375

Receiver offset increment (km) +0.025
Chatleansivor danth II,m_\ 1N NNQ
distance (km)

-4 -35 -3-25-2-15-1-050 05 1 15

Fig. 8. The distance (km) ed in Table 2.
The gray sc.
-4 -35 -3 -25 -2 -1.5 -1 -05 0 05 1 1.5

Fig. 9. Recursive raytracing of one ray cell in the Brage model. Transmissions and first order reflections.
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Fig. 10. Synthetic section for a shot in the Brage model at -3.9km, comguted by recursive raytracing. The
labels refer to reflections on the bottom of layers in Figure 8. Wavelet: 30 Hz Gabor.
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Fig. 11. Finite-difference section for a shot in the Brage model at -3.9km. The labels are taken from

Figure 10. The arrivals labeled 12 are used in the inversion to obtain the image of Figure 13. Wavelet: 30
Hz zero-phase Ricker.
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Fig. 12. Non-smooth reference model for inversion. The target is bounded by the rectangular box. The
g;agy lscale represents velocities. The thin lines denote the isochrons of the Green’s function for a source at
-39 km.
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distance (km)
1 -3.75 -35 -325 -3 -2.75

depth (km) 2.35

26

Fig. 13. Image of the horst interior. The grey scale denotes the reconstructed perturbation of the squared
slowness on the reference model given in Figure 12. The thin lines represent the geometry of the Brage-

model, in which the (finite-difference) synthetic data have been generated (see Figure 11).

model from the interpreted depth section (Figure 8), as far as the overburden is
concerned (indicated by indices 1 to 6), and chosen equal to a constant
representative velocity in the lower part of the model. The target zone is bounded by
the rectangular box in Figure 12 and contains the most important, interior, part of the
horst. Also shown are the isochrons of the Green’s functions for an exemplary
source point at -3.9km. The image derived from the finite-difference data is
displayed in Figure 13. The geometry of the interfaces is very accurately
reconstructed. Dynamical information is available as well, in the form of a
reflectivity measure; the right fault has a sharp contrast, the fault on the left almost
no contrast.
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Appendix - Imaging formula

Scattering phenomena for the scalar wave equation

2
Ad(x, 1) - ul(x )a ¢(x D - s5(x, 1) [A1]

can be analyzed by separating the squared slowness u2(x) in a reference field and a
perturbation on it:
u(x) = ud(x) + eud(x), [A2)

and expanding the wave field ¢(x, ¢) in a Born series
#(x, )= 3 £"¢,(x, 1) [A3]
n=0

Inserting [A2] and [A3] in [Al] and collecting the £% terms gives the wave
propagation in the reference model:

A¢O(x t) - uO( ) M = S(x: t) s [A4]

which is formally solved by the Green’s function G(x, y, ¢, 7):

do(x, 1) = j J' G(x, y, t, )S(y, 7) dy dr . [AS]

M ~co

In [AS], M denotes the spatial support of the integrand; the time integration extends
from - oo to + oo, but in practice over the length of a seismic trace. In [Al], [A4],
and [AS5], S(x, ) denotes the source density. For a point source, located at x,,

S(x, t)=d(x — x,)s(t) [A6]

and

Polx, x5, 1) = J G(x, x,, t, T)s(r) dr . [AT}

- o0
Collecting the £! terms results in the equation for the first-order scattering:

¢zla——(,f ZBE )82¢°(x 25 [A8]

which is again formally solved by the Green’s function

Agi(x, 1) — ud(x)

¢0(y) T)

o1(x 0= | j G, y. 1, D) dy dr . [A9]

M — oo

The frequency domain expression for [A9] reads
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#i(x, @) = - 0 [Gx, y, @F»0(x, @) dy . [A10]
M

For a reference wave excited by a point source (see [A7])

¢o(y, xs, 7)

81(x, %, 1)= j j G, 3. 1, D) dydr.  [A11]

The image is derived from the least-square misfit between the first-order scattered
wave and the observed wave ¢°>:

Flu?] = %Z J (#o(x,, x5, t) + ¢1(x,, x, Hu*] - ¢"b5(x,, x,, t))2 dr .[A12]

In [A12], the summation is over all sources x; and receivers x, available in the data
acquisition. Here, and in what follows, we put £ = 1. F[4*] is a functional, that
assigns a real number to each squared slowness distribution u?(x); the dependence
on u? is denoted by square brackets. Its gradient with respect to u2, Vo F [4%],is a
function of a spatial location y. In the first Born approximation, the scattered wave
¢, depends linearly on u?, and F[4?] has one minimum, which follows from

V. Flu®}(y)=0. [A13]
An expression for V. F [#?%] is obtained by differentiating [A12]:

VuzF[MZ]()’) = Z j (Bo(x,, x5, 1) + B1(x,, xg, t)[uzl (Al4]

= ¢ (x,, x5, V201 (x,, x5, DPN(Y) dr
In [A14], V,:0:(x,, x,, t)[uz]( ¥) is a function denoting the gradient of the scattered
wave with respect to the squared slowness perturbation. It can be expressed with
help of [A11]:
I(x,, %, y, 1) = Vagi(x,, x;, OW’1(y) =

= Y [A15]
= [ 6yt ©) 3 6000, X, 7) dr .

-0

The solution to [A13] can be found by expanding V. F{u?}] around the reference
field u3:

Vo F[u?1(y) = V2 Flud](y) + JvuzvuzF[u%]( ¥, DWH2) — uj(2)) dz . [716)
M

The Hessian operator of F[u*] is represented by the integral kernel
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+ oo
VaVaFidiy, =3 [ 166, %0 3, DIG, 3, 2,0 de . [AL7)
r,s e
Following [1], we approximate the Hessian by replacing it by its diagonal:
+ oo
V,,zV“zF[u(Z,](y, )~y j I(x,, x5, y, )I(x,, x5, z, )6(y —z)dr . [A18]
The image follows then from [A13] and [A16]:

ul(y) = u*(y) - ud(y) =

+ oo
Z j (¢0(xr: Xss t) - ¢0bs(xr’ X, t))l(xr’ X5 Y, t) dt
=y [A19]

+ 00
T [ 16 2y 02t
r,s S

The enumerator of [A19] is proportional to the data misfit and vanishes for a
background equal to the real model. The denominator is referred to as information
sensitivity and quantifies the possibility to reconstruct the image, given a certain data
acquisition. The implementation of [A19] requires Green’s functions to be
calculated for all source and receiver locations towards the target region.
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Abstract. We present a non-linear inversion scheme in order to recover the shape
of seismic reflectors using reflection traveltime data without need of traveltime
picking. The use of fully non-linear approach such as simulated annealing tech-
nique reduces the importance of a-priori assumptions on model parameters but
requires many computations of the forward problem. We have implemented a par-
allel ray tracing (PRT) code based on PVM message-passing library which speeds
up 2D two-point ray tracing and runs on general purpose multi-computers or on
massively parallel machines such as Cray T3D and Connection Machine CM-5.
For 30 sources and 96 receivers per source, we are able for the investigation of
the shape of an interface beneath an heterogeneous layer in approximatively 600
forward modelings and less than 4 hours on 8-node T3D partition. We find that
simulated annealing method permits us to minimize the objective function based
on semblance for synthetic data of complex Earth models.

1 Introduction

Truly non-linear muiti-parameter optimization in seismology has not been
widely developed in spite of pioneer work of Press (1968) because the compu-
tation of the associated forward problem turns out to be too time-consuming
for most cases. Only specific problems as static estimation (Rothman (1985),
Rothman (1986)) or velocity analysis (Landa et al. (1989), Jin and Madariaga
(1993)) in seismic exploration, earthquake location (Sambridge and Gallagher
(1993)), focal mechanism (Kobayashi and Nakanishi (1994)) or simple seismic
waveform inversion (Sen and Stoffa (1991), Sen and Stoffa (1992), Sambridge
and Drijkoningen {1992)) have been tackled using non-linear inversions. The
main characteristic of these approaches is a relatively simple estimation of
the forward problem used in the optimization.

Many geophysical inverse problems have misfit functions which are non-
quadratic and which present local minima. We shall be interested in the
seismic reflection inversion which is one of these non-linear problems. Travel-
times for reflected waves depend on ray paths which locate velocity anomalies
of the different media as well as reflection points on the unknown interfaces.
The solution of this problem is based on linearized approaches (Farra and
Madariaga (1988), Ivansson {1986)) where one starts from an initial model
and tries to determine locally a better model which makes the misfit function
decrease. A good strategy to find an improved model is based on the gradient
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of the misfit function but a step procedure as the simplex method (Nelder
and Mead (1965)) is an alternative which prevents the relatively unstable
gradient estimation.

Global methods as grid search or Monte-Carlo approach will still be too
time-consuming for such problem where the most important step is the ray
tracing forward modeling in order to compute synthetic traveltimes. Interme-
diate methods named semi-global searches as simulated annealing algorithms
or genetic algorithms are worth investigating alternatives to linearized ap-
proaches. We suggest such analysis in this article where we shall focus our
attention in efficient ray tracing tool. A brief presentation of a parallel ray
tracing strategy will be given. Using such fast formulation of the forward
problem, we shall analyze inversion approaches which mix local features as
well as semi-global attempts and we shall show that, indeed, semi-global
search is feasible for the seismic reflection inversion.

2 Forward modeling of traveltimes

2.1 Ray tracing for seismic wave interpretation

The forward problem is the computation of traveltimes from a source point at
each observer and, for such purpose, one may perform ray tracing between the
source and the receiver. Tracing rays inside a medium is a powerful tool for ex-
tracting information, because the computed quantities (traveltime, slowness
vector, polarization vectors and amplitude) are related to simple quantities
in a seismogram and are perfectly associated with different features of the
medium (Cerveny et al. (1977), Chapman (1985), Virieux and Farra (1991)).
Ray tracing method is a too time-consuming algorithm which cannot be used
as it is for semi-global inversion. An intrinsic property is very appealing for
speeding up the forward computation: each ray can be traced independently
from the others. This feature can be exploited in parallel computing where
different rays are computed on different machines.

2.2 Parallel Ray Tracing method (PRT)

Whereas, in a sequential algorithm, rays are computed one after the other, in
the parallel ray tracing, rays are computed on different processors at the same
time leading to major speed up in term of computation time. This approach,
namely ray distribution, is opposed to a data distribution strategy where
the medium is split into sub-media among processors and where rays are
passed from processor to processor during their propagation as they cross sub-
medium boundaries. The ray distribution approach requires the knowledge of
the entire medium at each processor. As soon as the technology has provided
enough memory for each individual processor, this ray distribution approach
has been a worth investigated strategy and turns out to be simpler than the
data distribution approach.
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3 Inversion

Our fast forward problem allows us to investigate non-linear strategy for
inversion of reflection traveltime data to recover reflector shape. We define
the model space and the semi-global strategy of inversion.

3.1 Parametrization

We will represent model parameter by a vector m given by

T
m=[my,ma,...,mpy]|

while data d is a set of seismic traces for different source-receiver pairs
d = {Ui;}

where 7 denotes sources and j receivers. We are interested in seismic re-
flectors which delimit 2 layers of different acoustical impedances. Different
parametrizations are possible to describe such an Earth model, but we choose
in order to allow for complicated shapes to parametrize reflector by B-splines
(Virieux and Farra (1991)). B-splines are parametric curves approximation
of control point positions. For 2D geometry, each control point Ci(z, z) has
2 components, the offset position x and the depth z. The index i denotes
point position in the ordered list of control points. It is hard to solve both
z and z at the same time because this can lead to unphysical solution for
example with splines that intersect. We choose for all the control points to
set the z coordinate and to look only for the z coordinate. Thus, each model
parameter m; is the vertical location of a control point which defines part of
the searched reflector.

If we assume that each parameter takes its value in a finite dimensional
discrete set of size P, the size of model parameter space for N parameters
is then PV (actually the total number of possible models). Increasing in
size of the parameter space is exponential with number of parameters. If
we link inversion problem size with parameter space size, we can state that
complexity of the inversion grows in O(N!) which denotes a NP-complete
problem, that is a problem which cannot be solved in a time polynomial
function of the number of parameters. We shall discuss later on how to solve
NP-complete problems.

We see the importance to consider a restricted set of parameters to re-
duce inversion problem size. But there is a tradeoff between the number of
parameters (number of control points) of the inversion and the complexity
of the solution (complexity of the reflector shape). Another problem which
prevents from taking into account only a small number of points is the fact
that they are not completely independent. If they were, we could consider the
inversion of one point at a time. Nevertheless, by definition, B-spline control
points have a local control on the shape of reflector. Therefore 1t is possible
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to split the inversion of a long reflector into inversion of shorter parts with
possible overlap, which must be found empirically.

Because of acquisition geometry, we cannot invert seismic reflection data
for both velocity and reflector shape at the same time. Even if the veloc-
ity information is present in the large offset traces of reflection data, trying
to recover both shape and depth of reflector and velocity above leads to
non-unique solutions. Thus, let us assume the possibly heterogeneous veloc-
ity above the searched reflector to be known, determined by some velocity
analysis techniques or any a priori information we can have.

3.2 Error function

For a given model m, the ray tracing forward modeling operator g permits
to compute traveltimes r which can be multivalued.

g(m) = 7ijs(m)

where b denotes different branches with different arrival times.

We define the error function E{m) as the opposite of measure of trace co-
herency or semblance within a given time window from computed traveltime,
thus following the notation of Landa et al. (1995) :

. Z Usj [kdt + 7ij0(m))
—E(m) = Z Z Z ! 5
b k=0 {Uij[k5t+Tijb(m)]}

J

were 6t denotes the sample interval and Két the time window for sem-
blance calculation.

3.3 Optimization by simulated annealing

Inversion process is recast into minimization of the error function. Because
relation between data and mode] is non-linear we expect the error function
to have several local minima and we need a fully non-linear approach to solve
the problem. The NP-complete nature of the problem prevents from applying
grid search enumeration method, thus some heuristic as to be employed. We
shall now discuss the simulated annealing (SA) strategy.

SA is a stochastic method derived from Monte-Carlo. Pure Monte-Carlo
is a random search in the model space that possibly spends time sampling
regions of low interest where error function is high. SA and genetic algorithms
(GA) permit to restrict investigation around regions of high interest where
the error function is low. Let us describe one of the basics SA algorithm
called Metropolis (Metropolis et al. (1953)) : given a current model m; with
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error function E(m;) do a perturbation of m; into m;,; and compute the
new error function F{m;41). Let AE be the difference in the error function
between m; and m;y le. :

AFE = E(m,-.H) - E(m,)

If AE < 0 replace m; with m;4q, if AE > 0 do the replacement with the
probability
p_ AE
= czp(~ )
where T is a parameter called temperature. The perturbation-acceptance
test is repeated for a large number of iterations at a fixed temperature before
temperature is lowered, following a cooling schedule. We shall address the
following issues : choice of initial temperature, choice of cooling schedule, law
of perturbation of the models, and stopping criterion.

3.4 Very fast simulated reannealing (VFSR)

The VFSR algorithm proposed by Ingber (1989) uses a probability distribu-
tion for model parameter generation such that a slow cooling of temperature
is no longer required (Sen and Stoffa (1995)). Let m# be the i*" model pa-
rameter at iteration k such that

< mk < e

max
1

where m™" and m are minimum and maximum values of the model

parameter m; and mf *1 the model parameter at next iteration such that
mf-%—l — m:c +yi (m:nax _ m;m'n)

where y; is a random number in the range [0, 1] from Ingber proposed distri-
bution. A random number u drawn from uniform distribution U[0, 1] can be
mapped into Ingber distribution using the following relation

1 1 12u — 1}
(o) ()

where sgn() is a function that returns the sign of its argument and T; is
current temperature. From this distribution, global minimum can statistically
be obtained by using the following cooling schedule

T; (k) =Tp ezxp <—c,~ kl/M)

Where k is the annealing step, Tp the initial temperature and c; a decay factor
that permits tuning the cooling schedule for specific problems, we choose
¢; = 1. The acceptance test remains Metropolis. There is also possibility
with VFSR to control each parameter with different temperature this can be
interesting when dealing with parameters of different nature. A strategy for
reannealing (increase of the temperature) is also proposed.
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3.5 Uncertainty estimation

The best fit model parameters obtained during first step is one element of the
solution of an inverse problem. A second step which shall permit to quantify
uncertainties is necessary to deliver the complete solution. We propose to
perform an importance sampling around the solution obtained by VFSR for
different temperatures and apply a technique from multidimensional statis-
tical description of numerical data.

From the total number of tested models n during this second step, we can
build matrix of observations M such that

1 1
mib . .My
M=
n n
m Mg
The j'* model m/ = [m],...,m},] has an error function E(m?) which

mesure the fit of the model with data. From this error function, we express
probability distribution for model m’ by

exp(—(B(mi) + 0))
S~ exp(~(E(m?) + C))

J

P(m!) =

where C is a constant which aim is to make the error function positive. We
choose C = —min(E(m?)). For a given parameter p and for every tested
models ] we represent function

x:mg, y:’P(mj)

(see Fig. 3).
We group these probabilities into a diagonal matrix
P(m?) 0
D= P(m)
0 P(m™)
We derive mean model
g=MTD1

where 1 is a vector from R" with all its components set to 1. And finally
variance-covariance matrix

V= MTDM — gg7

Standard deviation represents square root of diagonal élements from V.
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4 Synthetic example

The aim is to investigate the inversion procedure to recover a given interface
from synthetic reflection data. We shall discuss model parameters, misfit
function for the inversion kernel, influence of noise and uncertainties in the
shape of the interface.

The model we build is one reflector with complex shape which develops
multivalued traveltimes (Fig. 1). In order to generate synthetic data we choose
a geometry of acquisition which is typical in marine seismic exploration with
96 traces, 100 shots located at the surface, 25 m between traces, 300 m near
offset, and 50 m between shots. An sample of the synthetic data is shown
Fig. 2.

Distance (km)

Shed poing 820

Depth (km)

Fig. 1. Ray tracing from shot point number 20 in the subsurface model built for
validation of inversion method by VEFSR. Crosses denote B-spline control points
defining the reflector shape. Notice the focusing/defocusing effect due to the syn-
cline shape of the reflector.

Searched reflector is parametrized by a set of 24 control points 1 km
spaced in z in the range [—3, 20] km. On the edges of the model at position
-3 km and 20 km three superimposed control points delimit the reflector
extend, the effect of these hard bounds is to bias obtained solution on the
edges (see Fig. 3). The search space for z coordinate is the interval [0.8, 2.5]
km. Model parameters are a subset of the 24 points which correspond to
the points that are actually resolved by the data in the following way : we
consider a set of shot points, the traced rays from these shots that reflect
on the interface we want to image hit a piece of this interface at a given
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Time (s)
(=]
i

- File PT-20-VR : 0 - Gain/Dist : 0 -

Fig. 2. Synthetic data for shot point number 20 located at 1 km offset at the surface.
The thin line represents traveltimes obtained by forward modeling applied to the
solution of the inversion by VFSR. Notice that the shape of the reflector gives rise
to multivalued traveltime which are recovered.

location, it is easy from hit point to derive which control points influence
area around hit point. These control points are added to the set of model
parameters. Thus, model parameters are not determined prior but deduced
from which data 1s used for inversion. If we invert only one shot, parameter
set will be smaller than if we invert for 10 shots because rays from the 10
shots illuminate a larger portion of the reflector. Number of shots determines
number of model parameters. If we take few shots, few model parameters are
mvolved, thus dimension of model space is small and inversion can be fast,
but it is possible that we do not have enough data to uniquely determine the
solution. If we take a lot of shots, model parameter space dimension is larger
and inversion longer and solution may become instable. The VFSR algorithm
gives good results very fast (less than 3 hours on a Cray T3D) for a number
of parameter around 10. We choose to consider inversion of 30 shot point
data, given current geometry these 30 shots illuminate 7 control points. As
we want to image all the reflector, after a VFSR result has been found, we
shift the 30 shot points to recover next piece of reflector. Solution with 100
shots is shown Fig. 3.
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Distance (km)
SO

Depth (km)

9 10

Fig. 3. Solid lines are the result of the inversion by VFSR of synthetic reflection
data for 100 shots and 96 receivers for each shot. Dash line is the original reflector.
This solution for 100 shots has been constructed from several pieces of solution
from the inversion of 30 shot sliding windows. The retained control points in the
final solution are those that have the maximum hit count. The solution is not good
around point 2 and 3 due to low hit count in this area and to the fact that limit
of this edge is fixed by 3 superimposed control points at the same position. It is
not the case on the other edge where limit is not hard fixed. The gray area figures
uncertainties calculated by Gibbs importance sampling 200 m around the result of
the inversion by VFSR. The absolute value of these uncertainties has no meaning,
the interest resides in the relativity of the measure when considering different areas
of the reflector.

5 Conclusions and perspectives

Thanks to parallel formulation of forward problem we can trace rays very
efficiently in an heterogeneous medium. Therefore, we are able to apply fully
non-linear technique to solve traveltime inversion problem by stochastic ex-
ploration of model parameter space. Monte-Carlo techniques are powerfull for
such exploration but are still to expensive. Sophisticated Monte-Carlo proce-
dures such as VFSR permit to rapidly find a relative good solution avoiding
to get trapped into local minima of error function. They also permit to char-
acterize uncertainties, thus solving the inverse problem. Coherency function
can be used in the framework of seismic reflection inversion in order not to
have to perform traveltime picking. Plans are to invert real data set and to
study behaviour in presence of many refiectors and noise.
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Asymptotic Theory for Imaging
the Attenuation Factors Qp and Qg
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Abstract. Linearized inverse scattering problem in anelasticity is solved for per-
turbations in different parameters treating P-to-P, P-to-S,S-to-P and S-to-S data.
Three steps are required for finding the material parameters of the medium, i.e. the
density and the complex relaxation functions. In a given smooth reference medium,
an high-frequency Green function is expressed as a function of traveltime, ampli-
tude and attenuation factors. For a slightly different medium, the perturbation of
the asymptotic Green function is expressed as a linear integral over the diffracting
region containing the model perturbations using the first-order Born approxima-
tion. The inversion scheme is developed in the frequency domain where we were
enable to set up an analytical kernel for the Born approximation of asymptotic
anelastic solutions used for the forward problem and an approximate analytical
kernel for the linearized inversion. Radiation patterns are analysed to show that
the simultaneous multiparameter inversion is possible when one takes into account
the parameters related to attenuation. The iterative asymptotic inversion might
resolve the difference between the elastic parameters and the attenuation factors.

Introduction

Many practical problems of nondestructive testing, medical imaging, seismic
exploration, consist in finding variations of material parameters.

Many workers have tried to elaborate algorithms for the reconstruction
of elastic parameters (Bleistein (1987), Beydoun and Mendes (1989), Crase et
al.(1990), Beylkin and Burridge (1990}, Jin et al.(1991), Lambaré et al.(1992))
using different approximations and approaches. Few have tried to elabo-
rate algorithms using the complete seismogram for recovering the attenu-
ation (Tarantola (1988)). In this paper we present an asymptotic method for
imaging the attenuation factors @p and Qs for P and S waves, following
the methods developed for the reconstruction of elastic parameters (Jin et
al.(1991), Lambaré et al.(1992)).

Jin et al.(1991) have proposed a new procedure for finding the Earth’s
structure from seismic data. The inversion method follows the optimization
approach but uses specific features of the selected asymptotic operator relat-
ing parameters and seismograms in order to express the inversion through
analytical expressions. This approach is fast and allows different data acqui-
sition geometries (Lambaré et al.(1992)). This method has been extended to
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diffusive electromagnetic phenomena by Virieux et al.(1994) and in viscoa-
coustic media by Ribodetti et al.(1995). In viscoelastic media description of
wave propagation requires several different scattering modes, such as P-to-P,
P-to-S, S-to-P and S-to-S, which are developed in this paper.

We present an high-frequency approximation with attenuation in a smooth
reference medium. The attenuation feature of the propagation is represented
by a complex Lamé coefficients A and jt while the density may also vary
spatially in this smooth reference medium.

Linearization of the inverse scattering problem is achieved by considering
the actual medium as a perturbation of (a spatially varying) background
medium. Then by using the single scattering (Born) approximation, we obtain
a linear relation between model perturbation parameters and seismogram
perturbations. This linear relation is asymptotically inverted in the frequency
domain using an iterative quasi-Newtonian inversion based on a least-squares
criterion.

The radiation patterns analysis shows that the simultaneous inversion
for the elastic and anelastic parameters is possible and the attenuation does
not change the elastic radiation pattern components. A good description of
the model parameters is studied. In this paper mathematical analysis of the
linearized inverse scattering problem for anelastic medium is proposed.

1 Wave propagation and Born approximation

1.1 Modeling anelastic attenuation

Seismic attenuation is a potentially useful parameter for characterizing and
monitoring hydrocarbon reservoirs in conjunction with seismic velocity. The
most common measures of attenuation are the dimensionless quality factor
Q and its inverse @~ '. As an intrinsic property of rock, @ is a ratio of
stored energy to dissipated energy. O’Connel and Budiansky (1978) discussed
various definitions of () and their relationships to the viscoelastic constitutive
equations for a given material.

The amount of intrinsic attenuation present in seismic waves 1s not ac-
curately known and the additional contribution of local scattering to the @
factor increases the complexity of the analysis (Hatzidimitriou (1995)). We
assume that the @ factor, sometimes called apparent ) factor, incorporates
effects which modify locally the amplitude of the wave during propagation.
The attenuative properties of rocks can be estimated by a wide range of
measures. For low-loss linear solids, a definition of  may be found through
extented stress-strain relations. In these anelastic media, the correspondence
principle (White (1965), Eringen (1980), Ferry (1961)) allows one to replace in
the frequency domain the elastics moduli A and p by a complex A= Ar+ils
and 1 = ur + ¢ pr. In this model, the parameters Ag, pur and the density p
controle wave velocity, and the imaginary moduli zA; and iy govern energy
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damping. A linear model for attenuation of waves is presented, with @, or the
portion of energy lost during each cycle or wavelength, exactly independent of
frequency (Kjartansson (1979), Aki and Richards (1980)). If the attenuation
is small, then the velocities and attenuations coefficients can be expressed
convenientely (Mavko and Nur (1978)). For compressional waves,

D)
cp = ——-R 4-p2/lR, (1)

L Art2pr (2)
Qp Ar+2ur’
where Agp = kr — 2/3uR, kg is the real part of the complex bulk modulus.
For shear waves

and

ER
€5 =,/ —, 3
P (3)
and
1 2
Qs pR “

In the following, we will consider an anelastic model characterized by a
density p and complex relaxation functions

/\(x) = A(x) + 1A(x), (5)

px) = p(x) +iv(x), (6)

where A(x) and p(x) are the elastic parts and the factors A(x) and v(x) are
the terms related to specific attenuation.

1.2 Ray theory

We study the propagation with attenuation and we shall introduce the corre-
sponding high frequency approximation. For a source position s = (s1, 52, 83),
let G(s, x,w) be the displacement field at the point x which satisfies the elas-
todynamic equation of motion,

pw’ G + (YimpqGiip,g) m = —F16(x — 8), (7)

where, for an isotropic medium, we have the following expression for the
elastic parameters

Gimpq(X) = A(X)8m Ipg + (%) (J1p g + S1g0mp)- (8)
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The solution Gji(s,x,w) is the jth component of displacement at the point
x due to a point force in the I—direction applied at the source s. The density
is denoted by p and the kronecker’s symbol d;;. For convenience in writing,
we have omitted the dependence of G;; on parameters (s, x,w).

Through the correspondence principle, the attenuation is described by
changing the Lamé constants A and p by their complex equivalent expression
A and /i and the expression (9)

pw? Gt + (GimpgGip.g),m = —8j18(x —s), 9)

expresses the propagation with attenuation.

We change from component notation to intrinsic notation by letting G; =
(Gj1,Gj2,Gj3), 7 = 1,2,3 and I; the vector having 1 at the place j and 0
elsewhere . The equation (9) becomes

pw?G;+V - (§(VG; + VG,T)) = —L;6(x — s), (10)
which can be modified into
plG; 4+ Vi(VG; + VG,;T) +§[V(V - G)j + AG;] = —L;8(x —s). (11)

For a smooth heterogeneous medium, the asymptotic time-harmonic expres-
ston for the 3D Green function is

Go(s,x,w) = Ao(s,x,w)ein(S'x) (12)

for a point source located at s; Ag = (4j01, 4502, 4j03), 7 = 1,2,3 . The
traveltime T is the integration along the ray of the slowness

TP(s,%) = VP(€)/(A(E) +2p(8)) dE (13)

and

o(x)
T3 = [ Ve de (14)
gois

where ¢ is the arclength along the ray between the source s and the point x;
the superimposed P and S indicate P-wave and S-wave. The amplitude Ag,
the first term of the serie Z::B Ay (s, x,w)/(iw)*, has a frequency dependence
related to our selected dependence of the attenuation. The amplitude follows
from the transport equation obtained with some calculation following the
same procedure as Cerveny and Hron (1980) and as Caviglia et al.(1990):

J)(o0(s))
AP (s, x,w) = L Ao(oo(s)) |
0( ) (pCPJ)(O'(X)) | 0( ( ))
(¥
oSS (AEOF2HO) 2erO(E+2u(6)) de (15)
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and

Ss x. o) = o esDlools) ) —w 708 v©) 2es(O)ne) de
AO( ) )_ (pCSJ)(O'(X)) IAO( 0( (16)

where cp = /(A + 2u)/p for P-wave and c¢s = /u/p for S-wave are the

phase velocities and J is the Jacobian of the mapping via rays. The first
term is the geometrical spreading due to wavefront expansion and the initial
value Ag(og(s)) turns out to be 1/47 by matching the high-frequency solution
and the complete solution for an homogeneous medium. Of course, we may
deduce the expression for a non-attenuating medium by letting A and v to be
zero. The attenuation effect resulis in an exponential decay of the amplitude
along the rays. We define

P (s, %) = ¢ f (€)+20(6))/ 262 (O)(ME)+20(E)) % (17)

and R

o5 (s, x) = Pt v(€)/2es(E)n(€) dﬁ‘ (18)
These terms can be interpreted as the imaginary part of a complex traveltime
T+ ior. Whatever is the selected notation, it represents the attenuation along
the raypath between source at s and diffracting-point at x.

The effects of attenuation on seismograms are analysed in Figure 1 a) in a
medium with constant velocity field (cp = 2000 m s™!) and constant quality
factor (Qp = 10). The amplitude, traveltime and attenuation are obtained in
Figure 2 using the algorithm presented by Lambaré et al.(1996). The atten-
uated seismogram are superimposed with non-attenuated seismogram. The
attenuation effects decrease when the quality factor increases. In Figure 1 b)
we have considered a medium with constant Qp = 100.

1.3 Born approximation

Following the same procedure proposed by Beylkin and Burridge (1990) for
acoustic and elastic media, we present an extension for an anelastic isotropic
3D medium. We assume that the medium can be separated in two parts: a
smooth reference medium for which the Green function may be computed by
ray theory and an unknown weak local perturbation of medium parameters.
For developing wave equation theory perturbation, we choose the density
p(x) and the relaxations functions for P and S waves A(x) and fi(x), because
it makes expressions simpler.
The parameters of the global medium can be written

p po(x) + dp(x)
A(x) = Ao(x) + 6A(x)
fu(x) = fio(x) + 1(x) (19)
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Fig. 1. Seismograms obtained from the traveltime, amplitude and attenuation given
by ray tracing, in Figure 2. On the top anelastic-seismograms (@p = 10, ¢cp = 2000
m s~') are compared with elastic seismograms (cp = 2000 m s~'). On the bottom
anclastic-seismograms (@p = 100, cp = 200 m s™') are compared with elastic
seismograms (cp = 2000 m s™!). The source signature is s(t)= sinc(t). The receivers
are located along a vertical line; the first receiver is in z = 700 m from the origin
and at z = 10 m and the receivers sampling step is 10 m.

where dp, 6A and § /i are corresponding perturbations of the density and of
the relaxation functions. The perturbation area, as for the reference medium,
has an attenuation which is complex. Then from (6) we have

A(x) = Ao (x) + SA(X) + i(Ag(x) + dA(x)),
fu(x) = po(x) + 6pu(x) + i(vo(x) + dv(x)), (20)
in which we distinguish between the elastic part and the part related to
dissipation.

The complete Green function G will be split into the known Green func-
tion Gq and the unknown perturbation dG due to the scattering from the
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Fig.2. Ray field and maps for time and attenuation by algorithm of Lambaré et
al. (1996). The source is at origin.

perturbations of model parameters. The local equation at r = (rq, r2,r3)
pw?G(s,r,w) + V- (§(r)V)G(s,r,w) = =5(r — s), (21)

for an arbitrary point x of the medium, can be expanded into the following
form

po(x) W2 G(s,x,w) + V - (§o(x)V)SG (s, x,w) =
- (W?p(x)G(s,x,w) + V - (§3(x)V)G(s, x,w)). (22)
The solution of equation (22) can be written as a convolution over the domain
M of diffracting points of the Green function Go(x,r,w), solution of the

equation (21) for the reference medium, with the source term w?épG + V -
(6§V)G which yields

G (s,r,w) = / Go(x,r,w)[6p(x)w?G(s, x,w)
M
+ V- (63(x)V)G(s, x,w)]dx. (23)
The first-order Born approximation is obtained by replacing the total field G

by the incident field Gg in the integral (23), leading to the following linear
operator between dp, §§ and G
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IG(s,r,w) = /M Go(x,r,w)[0p(x)w?Go(s, x, w)
+ V- (63(x)V)Go(s, x,w)]dx. (24)

Integrating the second term on the right hand by parts and noticing that
the boundary term vanishes since perturbations dp and §§ are zero on the
boundary dM of the domain M, we obtain the linear relation

§G(s,r,w) = /M [Go(x, 1, w)Go(s, x,w)dp(x)w?

— (89(x)V)Go(x,r,w) - VGo(s, x,w)]dx. (25)

Let us remark that the Born approximation requires the scattering zone to
have a weak amplitude and a small extension (Wu {1989)). For an isotropic
medium, the leading singular term of the Green functions in equation (25)
can be written in the form

Go(s, x,w) = GE (s, x,w) + G& (s, x,w) (26)
and
Go(x,r,w) = GP(x,1,w) + G (x,r,w) (27)
where
GOP(S, X,w) = A{,)(s,x)einP(s’x)e_w“P(s'x), (28)
G (s, x,w) = Af (s, x)ei‘”TS(S'x)e“”as(s’x), (29)
. P P
Gl (x,r,w) = AP (x,r)elwT (xr)gmwa” (xr) (30)
Gg(x,r,w) = Ag(x, r)ei“’TS(x’”)e_“’“S(x'r). (31)

The leading singular terms of the spatial derivatives of the Green functions
are as follows

VGE (s, x,w) = iw(VTF (s,x) + iVaP(s,x))Ag(s,x)ei“’TP(s'x)e“‘“o‘P(s'x),
(32)

VG3 (s, x,w) = w (VT (s, x) + iV’ (s, x)) A (s, x)ei‘”TS(s’x)e_“’o‘s(s’x),
(33)

VGé’(x, rw) = iw(VTP(x,r) + iVaP(x,r))A{;(x,r)einP(xyr)e—waP(x,r)’
(34)

VG (x,1,0) = w(VT¥(x,r) +iVa® (x,1))AS (x, r)ei“’TS(x’”)e_“’“S(x’r).
(35)
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The scattered field might be split into scattering modes, thanks to the asymp-
totic hypothesis We have the following scattering modes and therefore the
scattered field are

§G(s,r,w) = 6GFF (s, r,w) + §GF(s,r,w) + 6G5F (s,r,w) + §G55(s,r,w).

(36)
The SS notation includes §GVSY and §GSH#5H related to two independent
polarizations of S wave, i.e. SVSV and SHSH modes of propagation. We
define the total effect of the propagation with the matrix

E= (EPP EPS ESP ESVSV ESHSH)

EPP — w2Aé’P(S’X)Aé’P(X?r)eiw(TPP(s,x)+TPP(x,r))e—w(aPP(s,x)Jf-aPP(x,r))

3

EFS — szgs(S,x)APs (x, r)eiw(TPS(s,x)+Tps(x,r))e-w(aPS(s,x)+ozps(x,r))’
ESP — WZAOSP(S’x)AgP(X’r)eiw(TSP(s,x)+T5P(x,r))e—w(asp(s,x)+asp(x,r))7

ES — UJZAEJS(S)X)Ag()gr)eiw(TS(s,x)+TS(x,r))e—w(as(s,x)—{»as(x,r))‘

In the last expression, S is respectively for the SV SV and SHSH modes of
propagation.

Using asymptotic Green functions given by equation (12) and, by prop-
erties of the perturbation area, we found the most singular ! term of the
scattered integral

0G(s,r,w) = /M E(s,x,r,w) W(s,x,r) Kf(x) dx. (37)

K = diag (1, 1,1, 4, z)

is deduced from the specific theology of the medium (the imaginary terms
are related to complex relaxation functions we have assumed). The Ray-
Born scattering matrix W can be written under a mode-to-mode conversion
of waves

The diagonal matrix

wEP o 0 0 0
WPP WPS WSP WSVSV WSHSH
WPP WPS WSP WSVSV WSHSH
W 0 0 0 0
WPP WJ)S W,}SP Wl./SVSV WfHSH

and f(x) = (0A(x),dpu(x),dp(x),6A(x), dv(x)) is the perturbation parameters
vector. The complex terms of this matrix are described in the Appendix. In

3

! We shall consider the most singular term of the integral representations of the
single scattered fields. Following the same procedure of Beylkin and Burridge
(1990), we used the most singular part of the Green’s functions and its derivatives
(in the high frequency approximation).
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Fig.3. Diffraction geometry where the source and the receiver are connected
through a diffracting point with specific hitting angles of rays which control the
recovered amplitude of the anomaly. The vector VT is the gradient of the two-way
traveltime and is the sum of the local traveltime of these two rays. The vector
Va, related to dissipation, is the sum of the vector in the direction of maximal
spatial attenuation between the source and the diffracting point and the vector in
the direction of maximum spatial attenuation between the diffracting point and the
receiver. The slowness vector p is the sum of V71" and Va.

the equation (37), we obtained integral equations relating the singly scattered
field linearly to the unknown parameters.

The physical interpretation of equation (37) can be described in the fol-
lowing way. A diffracting point x reacts at the wave arriving from the source
and emits a diffracted wave. This diffracted field recorded at the receiver
(Figure 3) is proportional to the amplitude of perturbations of the medium
parameters through the equation (37).

The scattering matrix, for a given position xq of the scattering point
depends only on the geometry between incident and scattered ray, as shown
in Figure 3. The element VT'(s, xg, r} is in the direction of phase propagation,
i.e., it is perpendicular to the planes (or surfaces) of constant phase 1" =
const; Va(s,Xo,r) is in the direction of maximum spatial attenuation, i.e.,
it is perpendicular to the planes (or surfaces) of constant amplitude (Hearn
and Krebes (1990b)). For an attenuating medium the total complex slowness
vector has the form p(s, xo,r) = V1'(s, xg,r)+iVa(s, X0, r). The initial value
of the attenuation angle can be determined by Fermat’s principle (Hearn and
Krebes (1990a)).

The scattering matrix W is analysed for an anelastic medium having
Qos = 20, cos = 800 m s™, Qop = 2.25 X Qog, Cop = V3cog; 61 = 0.52
rad, v; = 1.05, 2 = 0.52 rad. The elements of the matrix W are plotted in
Figure 4 and Figure 5.
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Anelastic radiation patterns
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Fig. 4. The radiation patterns for A and du are presented for each mode of wave
propagation. On the left of the panel the real part of the scattering matrix are
compared with imaginary part for each perturbation parameters. On the right, a
zoom of the imaginary parts are represented. The real part of W{F is plotted a),
and the imaginary part of Wi ¥ using a multiplier factor of 100; the real part of
Wf P is displayed b), and the imaginary part of W,f P using a multiplier factor of
50; c) on the left the real part of WfS is plotted, on the right the imaginary part
of Wf % using a multiplier factor of 150.

We represent in Figure 6 the radiation patterns for the pure elastic param-
eters inversion; the same results for the elastic case are presented by Forgues
(1996).

The attenuation does not change the scattering diagrams of the elas-
tic perturbation parameters. The real part of the radiation-anelastic-pattern
of 8, plotted in green color in Figure 4 a) on the top-left, is identical to
radiation-elastic-pattern plotted in Figure 6 a). The real part of the radiation-
anelastic-patterns of Ju, in red color (Figure 4 and Figure 5) are identical to
pure elastic-patterns of du (Figure 6 in red color). The imaginary parts rep-
resented in Figure 4 and in Figure 5 are more small that the correspondent
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Fig.5. a) on the left the real part of Wip is plotted, on the right the imaginary
part of VVNS‘p using a multiplier factor of 150; b) on the left the real part of Wﬂsvsv
is plotted, on the right the imaginary part of WEVSV using a multiplier factor of
50; c) on the left the real part of WEHSH is plotted, on the right the imaginary

part of WEHSH using a multiplier factor of 20.

real parts. For the representation we use a specific multiplier factor. This im-
portant result shows that it is possible to extract more informations by the
complete seismogram when the attenuation effects are taken into account and
the other parameter are not effected. We remark a similar behaviour between
the imaginary diagrams of § A for P P mode of propagation and the imaginary
part of i for SHSH mode of propagation. The same behaviour is evident
for the imaginary parts for PS and SP mode of propagation.
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Elastic radiation patterns
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Fig. 6. The radiation patterns for elastic parameters dA,6u and §p are plotted. a)
The elements of the scattering matrix associated to X In green, to du in red and
to 6p in blue for PP diffraction are displayed; b) the radiation pattern related to
dp in red and dp in blue for PS diffraction are represented; c¢) the diagrams for éu
and ép for SP diffraction are shown; d) the elements associated to du and ép for
SV SV diffraction are plotted; c) the diagrams for §u and du are shown for SH SH
mode of wave propagation.

2 Asymptotic inversion theory

2.1 General approach to inversion

Let us define both model and data spaces with associated metrics and opera-
tors between these two spaces. The model space M is the space of all possible
perturbations of the density p(x), the complex relaxation functions A(x) and
f(x) in which we distinguish between the elastic parts A(x) and p(x) and
the factors related to attenuation A(x) and v(x). It will be denoted by the
vector £ = (6A,du,dp,84,9v) depending on the position x.
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The data space D consists of the entire set of perturbed seismograms §G
which will be denoted u recorded at the free surface. The data acquisition
system depends on source and receiver positions at s and at r, respectively,
and on the angular frequency w.

We may write the linear forward problem (37) in the compact operator
form

up = g fM: (38)
where G : M — D is the integral operator on the right hand side of (37).

The solution of the linearized inverse problem consists in finding the inverse
operator of § applied on seismograms u in order to recover the model f.

2.2 Inversion by the least-squares method

The inverse solution of the equation (37) is obtained through the optimiza-
tion method for which a misfit function between observed and calculated
seismograms has to be minimized. We adopt the least-squares norm L2 of
the difference between observed and predicted seismograms.

Following the same approach as Jin et al.(1991), we introduce the follow-
ing definition of the inner product in the data space

(ulv)p = Z/ndwu;r(s,r,w)QlTk(s,xo,r,w)

s,r,l

x Qki(s, Xo,r,w)vi(s,r,w) (39)

where u and v are two sets of seismograms and { denotes the complex con-
jugate. The index [ from 1 to 5 denotes the scattering modes PP, PS, SP,
SVSV, SHSH, | = 1 indicates the PP mode, | = 2 the PS mode, etc..
The sum in the equation (39) extends over the data space of seismograms.
The matrix Q is the covariance matrix of the stochastic inversion (Tarantola
(1986)) and will be designed such that the first iteration of the inversion
provides an approximate inverse solution. As proposed by Jin et al.(1991},
at the point x¢ of the diffracted domain M when we want to recover model
values, the matrix @ has the form

@Qroro O 0 0 0
Qlloﬂo 0 0 0
0 0 Quopo O 0
0 0 0 Qaua O
0 0 0 0 Quovo

<

(40)

where the terms are defined with ray quantities by
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| VT(s, x0,r) +iVal(s, xq, 1) |
21V 2w A, (8, X0, 1)e 2! (8 %0 rw)
| VT!(s,x0,1) + iVal(s, xg,1) |
27 /27 i wAg, (8, X, T)e~ 2% (8:x0rw)’

Ql)\o/\o (S) Xo, I, (.U) =

QlAUAO(S,XQ,I‘,OJ) = (41)

where | VT'(s, xo,r) + iVe!(s, xq,T) | is the complex module of the slowness
vector; Q) =0, =0 \ and Q) , = QY 4

We must underline that the preconditioning associated to the matrix Q
varies with the current position x¢ of the diffracted domain. The particular
form of the covariance matrix @ corrects for geometrical spreading, for oblig-
uities of rays, as well as for the spectral contents of the Green function. We
remark that Ql/lo/lo and QLWO are designed to correct also for the complex
dependence of the medium rheology.

For the inverse problem, we also need a definition of the inner product
between any two functions f(x) and I(x) in the model space M:

(£(x) | 1())m = /M S Al (x) dx, (42)

where k stands for a discrete summation over components in the model space
while a continuous integration is performed over the diffracted domain. From
the equation (39), we obtain the £2? misfit function

SE)=1/2(u—G f|u—G f)p (43)

where u = §G°% are observed data and G f are synthetic seismograms es-
timated through the equation (37). With these definitions, we formulate the
inversion problem such as

find f which  minimizes S{f). (44)

This formulation leads to the classical “system” of normal equations written
as

GG f =Gtu (45)

where G1 is the adjoint function of the Green function G. This adjoint operator
is defined by the classical relationship

(u| G f)p = (GTu|f)um, (46)

which enables us to construct the kernel K of this adjoint operator Gt through
the integral definition

Glu=-— Z/n dwlC}l(s,x,r,w)ul(S,I‘,w), (47)

s,r,l
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where
K}l(s,x,r,w) = WJJ»(X)QLJ.(S,xo,r,w)qu(s,xo,r,w)K;,
% Ao(S,X,I‘) w26—inl(s,x,r)e—wa'(s,x,r). (48)
The matrix W1 and K are respectively the transposed of W and K.

This definition of operators is the last definition needed for the gradient
definition and the Hessian reconstruction associated to the linear system (45).

3 Gradient estimation and Hessian approximation

Following the same approach proposed by Jin et al.{1991), we found that the
formal inverse at the diffracting point xg can be written

JA(XO)
dp(xo)

f(Xo) = ((Xo)) =H~ (Xo, ) (X), (49)
(SV(X())

with an explicit expression of the gradient at the point 2 when one wants the
image at the point xq

2
o]

»

'IQO § O‘;QO#O >
o o o o (=]
CICCICIC)
1l
|
& _
S~
Q.
>
2
—
‘w
j&'
L]
=

~ | VTI(S,Xo,I‘) + iVOfl(S,XU,I‘) l2 e—in'(s,x,r)ewa'(s,x,r)
x K}tl X WIL x ul(S,I‘,u)), (50)

where KT = diag (1, 1,1, —1, —i). The operator H™! in the equation (49)

is the formal inverse of
928
=gtg = o
of
where the function S is the misfit function over frequencies. The inverse of
the Hessian cannot be calculated analytically. Observing that the diagonal
terms are dominant, we obtain an Hessian approximated by the following
relationship

(51)

H(x,%o) ~ Mer W x W . §(x — x0) (52)

where, for a discrete distribution of sources and receivers, Jin et al.(1991) and
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Lambaré et al.(1992) found that equation (51) must be normalized by Mg, =
0.5- Ng/Ar, where Ny is the number of sources and Ar is the interval between
receivers when they are regularly spaced. Because the Hessian expression in
equation (52) is only an approximation, we proceed iterativaly to obtain the
best solution using a quasi-Newtonian approach.

4 Pertinent choice of adapted parameters for the
model description

For a good description of the medium rheology, it is possible to recover the
global velocities cp and cs as well as the global quality factors Qp Qg ac-
cording to

cpgxog pEXO% + gCP((Xo))
cs(xo s(Xo) + 0cs(Xp
f2(x0) = Qi(x()) p(X0)+5QSP(X0) (53)
Q@s(x0) Qos(%0) +6Qs(x0)

where

cor(%0) = v/(Ao(x0) + 240 (x0))/po(x0)

cog(X0) = Vio(x0)/po(x0)

Qop(x0) = (No(%a) + 210(x0))/(Ao(x0) + 2v0(x0))
Qos (%0) = po(x0)/v0(x0) (54)

are the background quantities and §c¢ and §Q indicate the (first order) per-
turbations of the velocities and the quality factors following the relationship:

21 po(Xo) §A(x0) + 281(x0)
derlxo) = zﬁmmm(xm[ o)

_ (A(x0) + 2p0(x0))dp(x0)
p(%o)

Ses(xo) = 1 /po(x0) | dp(x0) _ po(x0)dp(x0)
2\ po(xo0) | po(x0) P (x0)
5Q (X ) _ (5/\(){0) + 2(5/1()(0) -~ ()\0()(0) + 2#0()(0))((5/1()(0) + QJIJ(XO))
PR Ao (x0) + 2wo(xo) (Ao(x0) + 2v6(x0))* ’
5Qs (x0) = Sp(x0) _ po(x0)dv(xo) (55)

vo(Xo) vg(x0)
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recovered in each point xp of the diffracted domain M. It is an equivalent
way to work with different parametrisations because it is possible to change
the parameters by simple linear transformation

f = Mf,, (56)

where the matrix M is independent on the diffraction angle 6 (see the Ap-
pendix). This matrix M for the transformation (55) turns out to be well
conditioned for usual values of the model parameters.

Conclusion

We have developed a fast inversion technique based on both the Born approx-
imation and the asymptotic Green functions for recovering both elastic and
attenuation parameters of a medium where waves are recorded along the free
surface. We solve the linearized inverse scattering problem for perturbations
in different parameters treating separately the propagation modes. We haved
a closed form of diffraction kernels under the assumptions of asymptotic so-
lutions. We have derived an anelastic numerical algorithm in the frequency
domain in contrast to other approaches which have developed elastic algo-
rithms in the time domain. The separation of the propagation and attenuation
parameters 1s possible from wave fitting. Extension to real data is the purpose
of future work.
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Appendix : The Ray-Born scattering matrix

We define 6y to be the angle at diffacting point at x that the slowness vector
ps(s,x) makes with the vertical (parallel to z direction); 6> the angle at
diffacting point at x that the slowness vector p,(x, r) makes with the vertical;
71 the angle that the attenuation vector ag(s, x) makes with the vertical and
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72 the angle that the attenuation vector a,(x,r) makes with the vertical.
Then we define the total angles

0 =0, + 6, (57)

and
T=7 472 (58)

Then we can write the complex components of the Ray-Born scattering ma-
trix in term of these angles

e :LO_costP i(cos(ﬂf"’—vé””)+cos(6£”’—vf’}’)>>’

C(Z)P 4.Q(2)P 2Q0p 2Q0P
' P
WPP = —g—cosﬁpp<cost9PP — C0872 +
Cop 4Q5,
NECR UGG ) )
2Q0P 2Q0p
2 . cos7
wks = _ smHPS(cosOPS
g C0pCos 4Qoonq
_H,(cos(HlPS ~F5) n cos(0FS — 4P ))
QQOS 2Q0P
2 . cos'y
wiP = smHSP(cosBSP +
‘ C0pCos 4@0}:@0:
gSP _ SP QSP
_H,<cos( : 3 5) N cos( ))
2QOP 2Q0<
1 cos
Svsv _ ss 58 ’Y
W _%—;cosﬁ (cosﬂ ——@g—q—+
(cos (675 —~5%) N cos(95% ~ 3 )))
QQOS 2Q05
1 : 5SS
(T sin 6°° (sin 05 — Sm—'g—
Cos 4Q05
<sm (675 —~5%) N sin(63° «7155))>
2Q05 2Q05 ’
ss
WSHSH . gSS _ cosy
C%S cos 4Q%S +
+i(008(9155 —73%) | cos(63° ~ 7135))))
QQOS 2Q05
WEP = cos PP, WS = —singP%, WiP = singF, WiV5V = cos 6%,

WSVSV — COSGSS W:‘HSH _ 1wPP — WPP WPP — W}LPP’ WJDS —
WPS WSP WSP WSVSV WSVSV VVSHSH WSHSH where Cop and
cos are the bulk and shear veloc1t1es n the propagation medlum and (g, and
Qo the quality factors. We remark that when Qp — oo and Qs — oo, i.e.
in the elastic case, we find the classical elastic Ray-Born scattering matrix

(Forgues (1996)).
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Abstract. The aim of an inverse scattering electromagnetism problem is to deter-
mine physical properties of an object or configuration, from the known scattered
near-fields or far fields.

In this paper, the involved parameters (permittivity and conductivity profile, impedance
operator) should be reconstructed from the knowledge of time domain datas (grat-
ing mode, reflection coefficient, far-field ...).

The problem is treated as an optimal control problem where the norm of the differ-
ence between measured and computed data is minimized, constrained to the state
equation governing the system.

The original constrained optimisation problem is reduced to the stationnary point
evaluation of an augmented functional, which is obtained by the method of ”La-
grangian multipliers”.

Profile reconstruction is carried out by a descent method (Quasi-Newton method).
At each iteration, the state and adjoint state are solved by a Finite Difference Time
Domain (FDTD) method. New estimates for the permittivity are obtained by a one
dimensional search in a suitable descent direction.

1 Introduction

The problem of a lossless one-dimensional slab in time domain, was first theo-
retically treated by Kay, Sabatier, Gelfand and Levitan (1955). They reduced
it to an equivalent, uniquely solvable, quantum-mechanical scattering prob-
lem with an integro-differential approach.

Concerning inverse problems for the wave equations, we refer to the geophys-
ical litterature where different approaches and models have been studied ex-
tensively. The earth is modelled as a stratified elastic medium whose density
and shear modulus vary as a function of depth. Under certain assumptions,
available theoretical results about uniqueness, global and local stability esti-
mates are obtained by Symes.

For electromagnetic medium, one has to mention the integral relation meth-
ods developped by Tabbara (1979), Lesselier (1982) and Tijhuis (1981) using
Born approximation. Some other authors (Kristensson and al.,1986) have ex-
amined the numerical practicability of an integro-differential approach, and,
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a more accessible procedure for arriving at the scattering kernels by using
invariant embedding equations.

In higher dimensions, some interesting papers (see Colton, Kress (1993), and
Kirsch (1995) ) proved uniqueness and stability results in frequential domain,
the time domain approach being not so investigated.

The approach used in this work is analogous to the gradient method devel-
opped by Bamberger, Chavent and Lailly (1977) in identification problems
for geophysical explorations.

1.1 Mathematical introduction to the inverse problem

The admissible set of parameters will be denoted C,g4.,,. Most of the elec-
tromagnetic characterization problems are usually considered to be ”open
problems” where the domain of the computed field is ideally unbounded.
Clearly, no computer can store an unlimited amount of datas, and therefore
the field computation zone must be limited in size.

The computation zone must be large enough to enclose the structure of inter-
est (the slab), and a suitable boundary condition (Absorbing or Impedance
Boundary Condition) on the computation zone board must be used to simu-
late the extension to infinity.

For theoretical results, we refer to Collino (1992),and Joly (1987) papers. In
the following part of the paper, all the variables will be splitted into two
components : the one pertaining to the volume object, the other relative to
the boundary object. We define the parameter p or control variable

7= ()
v-(3)

which is here a component of the electromagnetic field.

We note y = Upjps the measurement data, M the Maxwell differential operator
(in the volume) , B the Boundary differential operator, S;,. the incident
excitation (plane wave).

Denote by A: p —» y = A(p) the application (linear or non linear forward
map ) from the space of solutions X into the space of datas Y. One also
refers to the data y as the image and to the solution p as the object or profile
function.

The inverse problem consists in solving the operator equation y = A(p),
from the knowledge of y . According to the usual definition, inverse problem
is well-posed if the three following requirements are fullfilled :

and
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— for every y € Y, a solution p exists.
— the application A is one to one (uniqueness when existence is assumed)

— When p exists then p = A~'y and A~! is a bounded operator (stability
of the solutions when observations datas vary)

Those properties are often obtained locally (by linearization) : Therefore,
Newton methods can be employed with guarantees about convergence.

1.2 Least square solutions

A well-kown way to find p uses a minimization procedure (non linear least
square inversion, (see Tarantola, 1984).

Introduction of variables Denote by Res(U) the residual (difference
between measurement datas Usss and the computed value U ) :

Res(U) = (Z¥Z) F(U = Uobs) (Scapt(hy)

where N is the number of measurement points and dcape(x) is the abscissa
of the point number k. F' = Id, for near field measurement and F' is the near
field-far field mapping if far field measurements are employed. Introducing a
space-time scalar product on an adapted Hilbert Space, the cost function is
writter

. 1
ilp) = J({U(p)) = 3 < Res(U), Res(U) >
By the optimal control theory, finding po,: as
j(popt) = minj(p) Vp € Codm

under the state equation constraint

M{p)U;i=8uc(0sinc, t) in the volume
B(p)Up=0 on the boundary

is equivalent to search the saddle point of an associated Lagrangian defined
below (see Lions, 1968)).

Introduction of the associated Lagrangian Let ) be a costate variable
(dual variable). Then the Lagrangian, function of three variables (p,U, Q) is

L{p,U,Q) = J(U)+ < Qi, M(pi)U; — Sine >
+ < Qs, B(pp)Up >
= % < Res(U), Res(U) >
+ < Qi, M(pi)Us — Sine >
+ < Qb, B(ps)Us >
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Remark that p and U are completely independant here, the constraint being
added via the second term of Lagrangian .

Searching the saddle point of the Lagrangian is finding (popt, Uopt, Us,,;) Which
verifies

L(poptv Uopta Q) S L(popta Uopt) :pt) S L(p; U> U;pt)
Vpa U7 Q € Cadm,

If (Popt; Uopt, Ugye) is saddle point of the Lagrangian, then pop is the optimal
control searched.

Definition of the costate equation Let U* = (gﬁ) the corresponding
b
adjoint state to U. U* verifies the first Euler equation
6L, UU") _
ou B

then the adjoint {or dual) equations are performed by

M*(p;)U}=Res(U) in the volume
B*(py)Uy=0  on the boundary

Computation of the gradients If U and p are in relation with the state
equation, denote by I/ = U{p) the solution to

M(p;)Ui=Sinc(dsinc, t) in the volume
B(py)Up=0  on the boundary

The Lagrangian is then simplified in
L(p,U,U") = j(p)
Computing the gradients of j, for the parameter p, we have

oL oL
i(p)op = | =—4 — *
Vj(p)dp (ap p+ 35U 5p) (p,U,U")
Now, with the relation

OL(p,U,U*)

gy Y

gradient formulas are obtained
Vi 0
2 *
o @V

Vp
:<U*,8—M—U>
Op
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Therefore
Vi aM
= U
s < U/, Bp: >
Vi 0B

=< U, —Uy >
Vs b Opy b

The Optimisation processus With the initial guess pg, a sequence of
parameters, converging towards the optimal p,p; is built, with the properties

J(Pny1) <J(pn)  Vn
At each iteration, the algorithm needs :
— A descent direction d,, verifying

< VJI(pn),dn >< 0

— A positive A, solution to

An = min J(pn + Ady)

— the following parameter is computed by
Pnt1 = Pn + )\ndn

For a Quasi-Newton method, a choice for the descent direction d,, is
dn = ~H,VJ(pn)

where H,, is a definite positive matrix, approximation of the hessian of cost
function. The optimizor used for our numerical computations is M2QN1,
developped at INRIA Rocquencourt by Lemarechal (1976).

1.3 Parameters sensibility study

This part is devoted to the stability analysis for the non linear least square
solution. The rate of convergence for Newton method is linked with the lin-
earized operator boundedness. Thus, supposing that yo = Apg, and lineariz-
ing around py, one gets

p=po+0p
Y'=yo+dy
A(p) = A(po) + Ao (po)dp
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We obtain the associated linearized minimization problem

71(6p) = min j(g) = | Ao(q) — Syl (1)

where K is a subset of X

Let A;)* the adjoint operator of A, then
H(po) = 4g Aé)

is a linear, compact, self-adjoint operator.

Denote by dp = (A™)dy the solution to (1). At is called the pseudo-generalized
inverse operator. The operator A™ is not in general bounded and by hessian
singular values analysis the problem can be ill-conditionned if the condition
number x(4p) = Amez js much more greater than one.

Therefore, regularlzatlon method have to be applied for stability problems,
and a priori information is incorporated in the cost function. Let R, be the
Tichonov bounded regularization operator of AT

Ro = (A Ay +ald)™ Ay

The best choice of the a parameter must realize a compromise between sta-
bility and precision and regularization techniques have to be understood in
connection with stochastic links and a priori information.

2 Application to a monodimensional electromagnetic
problem

2.1 Theoretical problem

Non dispersive medium The governing time domain Maxwell equations
for electromagnetic fields are

4+ 8H _
(O e =4

o +5 =0
with initial conditions for F and H, and with plane wave excitation.
In the way to have a well-posed inverse electromagnetic problem similar geo-
physics, it is better to change the depth Z variable into the traveltime variable
z(z), such z(z) = [; mdz = [Z(en(2)) 2 d.

kS

The impedance 7(z) is defined by n(z) = (£(z))? and the reflectivity by
r(x) — 1 6lnsugz! .
We refer to Symes (1983,1986) for the homeomorphism property of the for-

ward map concerning %(z) parameter, and also diffeomorphism property of
the forward map concerning r(z), for a Dirac excitation f(t) = §(t), and for
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the consequences about the inverse problem.

Concerning reflectivity equation, some analytical methods (Invariant Embed-
ding equations) are used by Kristensson (1986) to find r(z) and for lossy elec-
tromagnetic medium, we refer to Chaderjian and Bube (1993), and Marechal
papers (1986), where one of the parameter is fixed (for exemple the lossy
term o(z)), and the other (impedance) is the reconstructed parameter.

Linear dispersive medium For a linear polarizable medium, we have the
splitting D(z,w) = £(2) E(z,w)+ P(z,w) with P being the polarization vector

P="P(z,w) = _QB%%E

and @ et R are two polynomials z dependant coefficients in iw. With respect
to time domain formulation, the general formulas that link Partial Differential
Equations (PDE) with Ordinary Differential Equation (ODE) can be written

GGG 0
o te: = 0
R(z,01) = Q(z,0t)E

In the litterature, inverse problems for dispersive medium are treated by
Weston (1972) with the Invariant Embedding equations model, but stability
results have to be proved. Particular linear dispersive medium are Debye law
for atomic dipolair relaxation, Lorentz law and Drude law.

2.2 Optimal control algorithm for a non dispersive medium

Using the previous notations, and assuming that p = 1, we define:

The control parameter p = (¢,0), the state variable (direct variable U =
(E, H)), the adjoint variable (dual variable U, = (E,, H,), the incident ex-
citation source at point dgipne, at time t Sinc(8sine,t) = (—Jjs, jm) and the
Maxwell differential operator

We also use this formalism for dispersive medium, and gradient formulas will
be given.

2.3 Numerical validation

To illustrate an exemple of reconstruction with real datas, a numerical ap-
plication with a lossless three-layers dielectric ( Keviar (¢ = 3.5), Polystyren
(e = 1.01) and Lecoflex (¢ = 2.9)) is presented. The lenght of each layer is

fixed.
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Measurements are done in the anechoic chamber with a Radar covered range
frequency band from 2 Ghz to 18 Ghz. A frequential reflection coefficient
versus frequency is then constructed in phase and a discrete inverse Fourier
transform is carried out to produce real impulsionnal datas (the frequential
window is enlarged to respect Shannon’s sampling theorem for the time do-
main datas, then a conjugation and a smoothing procedure are employed) .
At the end of minimization procedure (15 iterations), synthetic impulsionnal
datas have a good agreement with experimental datas and the three param-
eters g1, €2,€3 are well reconstructed.

Sensibility results for parameters will be shown and the linear locally com-
portment of U(p) (see Alestra, 1994) will be presented. Furthermore, the
optimal control approach is used to determine the material parameters of
the dispersive slab’s layers that minimize the reflection coefficient (optimiza-
tion) over a specified range of frequencies and given the total thickness of the
layers.

3 Application to a bidimensional electromagnetic
problem

3.1 Theoretical problem

Maxwell’s equation General Maxwell equations are :

6:H +rotE = —Jm
—eE+rotH = J, = J; + J,

Initial and boundary conditions are added to close the system. Furthermore,
Jm 1s the fictive magnetic current, J. Js the fictive eletric current, J; the
source current and J, the conduction current.

Near field-Far field mapping Of particular interest in electromagnetism
are far fields measurements. Far fields are given from the knowledge of near
fields by an integral representation: Stratton-Chu formulas. Electric currents
Je = n A H and magnetic ones are computed by the FDTD code on a equiva-
lent Huyghens surface S. Then we denote by Mo (zo, Yo, 2¢) the source point
on S, and M the observation point. Then the 3D far field representation is

B(M,t) = / £(Mo, ¢*)dMo
with the 3D retarded potential function f given by

1 1 d
47fRf(M0,t) = —ad’i’l)(]e(Mo,t) + '511 A ‘d—tJm(Mo,t)
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where u is the unitary vector in the direction MMjg.
The frequential relation

2me
ET‘ = ET‘
2D <“‘“‘j o ) 3D

based on Green’s kernel and available for R >> 1 where R = d(Mp, M) will
be used to compute quickly the 2D far field.

3.2 2D optimal control algorithm

State variable and adjoint one are the same as 1D case, while Maxwell Dif-
ferential operator is slightly modified

M= E% + 0o —got
rot 5t

. With the notations of part 1.1, F'is the near field-far field integro-differential
mapping . Its corresponding adjoint operator F* (far field-near field integro-
differential mapping) will be introduced.

3.3 Numerical validation

An explicit and order two leapfrog scheme is employed in the FDTD code
(see Yee (1966) and Taflove (1992)). For numerical dispersion and stability
and moreover for Absorbing Boundary conditions, we refer to Joly (1987)
and Collino (1992). Those conditions are in fact expressed by a ”Dirichlet-
to Neumann” T' operator, described by the relation 8,u + Tu = 0 on the
boundary.

A numerical illustration of the method is the case of an absorbing medium
reconstruction fixed on a perfectly metallic 2D profile. The code (see Duceau,
1993 and 1996) was implemented on a parallel computer.

4 Application to an electromagnetic doubly-periodic
problem

4.1 Theoretical problem

By assuming periodicity, a group of well-defined difficulties must be solved .
In fact, the diffraction due to the periodic system must be taken into account
(see Petit, 1980). This effect causes the appearance of waves propagating
in preferential directions and apparition of evanescent modes determined by
the elementary cell size and by the incident wave frequency. The problem
is studied on a elementary cell and periodicity conditions are employed to
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simulate the whole structure periodicity (see Delort et Duceau, 1993).
For a pseudo-periodic incident field, such

Einelz,y +di,z+do) = eik“d‘eik‘d2E,-m(z,y, z)

with d = (di1,d2) y et z being the grating steps and k = (k;, ky, k.) the wave
number, the scattered field is pseudo-periodic (with the same pseudoperiod-
icity) and Rayleigh expansion can be obtained on a tranverse plane (parallel
to the grating plane) ¢ = z,

x 2im(p F+qF&)
t+—) = t d
E(zx, c) E Epq(z,t)e 1793

p,q

and Fourier coefficients are given by

-t —2in(pd+a )
Epq(z,t) = didy /d1 '/d2 (6 1142 )dydz

. Normal incidence will be used in the FDTD code.

4.2 Numerical validation

Reconstruction results of dielectric inclusions in substrate for doubly periodic
grating will be given, for Mode 00 observation datas. Then, informations
about other modes will be progressively incorporated.

5 Application to an equivalent impedance operator
reconstruction

5.1 Theoretical problem

We consider two electromagnetic mediums. The aim of the problem is to
modelize the 2nd medium by an equivalent surface condition (impedance
condition). The 2nd medium is not described in the volume. Moreover, for
complex medium, those conditions are used as equivalent classes (in an elec-
tromagnetic equivalent reflection sense) for complex materials. On the in-
terface between the two medium, we have the exact frequential condition,
linking the traces F and H.

[A]E¢an + [BIn AHean = 0

A and B are two frequential operators depending on €,w, k.

In time domain, this condition is described by a Dirichlet to Neumann map
linking the tangential traces of £ and H, with the non local space time Z
operator.
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In a practical standpoint, as for the CLA, the exact Z operator is approxi-
mated for high frequencies, by Z,p, in the way to have a maniable numerical
condition. Impedance operator issued from Padé developpment are obtained,
and Kreiss techniques are used to prove stability.

5.2 Numerical validation

An equivalent impedance condition is searched for a grating periodic medium
with dielectric and conductive inclusions. The first mode 00 (specular mode)
is observed. The reflection coefficient depends on the frequency range of eigen-
modes. Therefore, for each frequency range, an infinite equivalent medium is
searched and results of reconstruction will be detailed.

6 Conclusion

In this paper, we showed a generic optimization technique applied to different
electromagnetic problems. Flrst, in 1D, we have systematically studied the
models and analyzed the measurements, as well as the parameters sensibilitty
and regularization techniques.

Therefore, ”real reconstructions” are available from the knowledge of impul-
sive datas, after filtering and treating the frequential experimental measure-
ments.

Then the 2D problem was overviewed. The classical measurement datas were
specified (Far field) and therefore the inverse problem goes on. Preliminar
results on parallel computers showed good efficiency for the algorithm.

Next section, periodic grating problem was studied, and almost, classical ob-
servation datas (propagative eigenmodes). Reconstruction for dielectric and
conductive inclusions for periodic gratings are simulated.

The last section concerned the equivalent impedance reconstruction for a
complex medium (an approximation of the exact impedance operator). After
the mathematical model choice, we established that a reflection coefficient
piecewise evaluation was possible, for a periodic grating.
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Shape Reconstruction of a Penetrable
Homogeneous 3D Scattering Body
via the ICBA

T. Scotti!, A. Wirgin?

Laboratoire de Mécanique et d’Acoustique, 31 chemin Joseph Aiguier, 13402 Mar-
seille cedex 09, France

Abstract. This work deals with the inverse problem of the determination of the
shape of a generally non-spherical penetrable 3D body from the way it scatters
incident sonic plane waves. The measurements of the diffracted field are matched
to a partial wave representation involving unknown coeflicients. Rather than solve
for these coefficients (i.e., forward problem) by invoking the transmission condi-
tions, it is supposed that they are locally those of the penetrable sphere of the
same composition (as that of the given body) which intersects the given body at its
boundary (this is the so-called ICBA, i.e., Intersecting Canonical Body Approxima-
tion). These coefficients are known explicitly to within a single parameter which is
none other than the length of the position vector joining the origin of the laboratory
system to the given point on the boundary of the body. By varying the locations of
the measurement point and corresponding boundary point, one generates a discrete
form of the parametric equation of the boundary.

1 Problem ingredients

The measured (not necessarily far) field is known in both phase and am-
plitude, on a part or on the totality of a sphere completely enclosing the
body. The scattering surface is acoustically penetrable. The space 25 (£21)
surrounding (within) the body is filled with a linear, homogeneous, isotropic,
non-absorbing (non-absorbing) material. The incident monochromatic field
is that of a plane longitudinal wave. The unknown body is bounded by the
surface I'. The (Ozyz) cartesian coordinate system and the (r, 9, ¢) spherical
coordinates (where O is assumed, for convenience, to be located within I')
will be used. The e~*! time dependence is omitted. ¥ will represent the
incident plane wave field, ¥¢ = W' 4+ ¥? (¥¢ the diffracted field) and ¥*
the total fields respectively in 2, and £2;. ¥° and ¥ :1) are locally square
integrable in {2, and 2, 2) are governed by the Helmholtz equations :

(A+k)¥ =0 in2; j=0,1, (1)

with k; the (known) wave number in 2;, 3) satisfy the outgoing wave con-
dition at infinity (as concerns ¥%) and 4) obey the transmission boundary

conditions on I':
aoWO/p = alg’l/[' (2)
ﬁoa‘uwo/[‘ —':,Blan!pl/l1 )
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Qo )

Q

Fig. 1. scattering configuration

with ao , Bo , @1 , 81 known constants. For the inverse problem, ¥° is supposed
to be known (i.e., measured or simulated) at given points on a spherical sur-
face I'y (whose radiusis rp > 7 = Maz [ p(9,¢) ; 0<d9< 7 ; 0< ¢ < 27,
with p(3, ¢) the parametric equation description of I' } enclosing the body.
Thus, given ¥° on I}, ¥, ¢, (incident angles), kj, aj, Bj; j = 0,1, the
objective is to fully or partially, determine the bounding curve I'" of the body.

2 Field representation

It can be shown (Jones and Mao [1]), regardless of the shape of the scattering
body, that the total velocity potential is expressible in
F={r>7; 0<9<m; 0<I<2r}by:

vO(r, 9, ¢) = ¥ (r,9,¢) + ...
+ Z E [Anm cos(m@) + Bnm sin(me)] Py (cos 9)hn(kor) (3)

with

vi(r,9,4) = i(2n+ 1)i"...

Z m( — )'cos(m(d; ¢%))P™ (cos 9) P™(cos 9)jn (kor)
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where j, and h, are the n-th order spherical Bessel and Hankel functions
of the first kind respectively, P* the Legendre polynomial, €, = 1 for m =
0 ; = 2 for other m. Similarly in

20 ={r<r=Min[p(4,4);0<F<m0< $<27];0< I < m;0< ¢ <27}

T, 0,4) = Y Y [Cum cos(m@) + Dum sin(mg)] P (cos 8)jn(krr) (4)

n=0m=0

3 Preliminary direct problem

3.1 Particular case of a sphere with center at the origin

Let the body be a sphere of radius a. Introducing Eq.(3) and Eq.(4) into
Eqs.(2), projecting successively on {cos(u¢)P#(cos ) sin 9} and on
{sin{pop) Pt (cos 9)sin ¥} , with v = 0..N, p = 0...v, gives :

TOr,9,4) = T (r,8,8)+ Y D Enm(a) cos(m( — ¢*)) P (cos B)hn(kor) |,

n=0m=0 (5)

(6)

Bam(a) = o Boaikojn(k1a)jy (koa) — Braokijy (k1a)jn(koa)
e "™ aof1 k1], (k1a)ha(koa) — a1Bokohl, (koa)jn(k1a)

—E:—;—;Z;%P;"(cos 9 (7)

where j;,(z) = dj,/dz, k], = dh,/dz.

Qb = (204 1)i"em

3.2 General case of a 3D body of arbitrary shape

The process is much the same as above, except that now the solution of the
forward problem (i.e. Anm and Basm) is not known. The following approxima-
tion is made (Scotti and Wirgin [2]) : if the body is not much different from
a sphere, it is assumed that, in any scattering direction 99, ¢?, the field can
be approximated by Eq.(5) wherein E,,, is that of an "equivalent" sphere
with center at the origin and radius 1 equal to the local radius of the body :
(99, 7). The exact expression Eq.(3) is now replaced by the approximation :

O (r, 87, ¢F) = ¥ (r, 9%, ¢7) + ...
e £ 303 Bam(p(87,¢7)) cos m(¢' — ¢7) P (cos9N)hn(kr) ,  (8)
n=0m=0

where the E,n,(p(97, #7)) are given by Eq.(6) with a replaced by p(97, ¢7).
This procedure is called the "Intersecting Canonical Body Approximation"
(ICBA, Scotti and Wirgin [2]).
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4 Inversion scheme

For any particular scattering direction, the expression of ¥° given by Eq.(3)
(in which the infinite series has been reduced to a finite series for computa-
tional purposes) is matched to the “given” data ¥° :

WO (1‘1,, 194, ¢p) - [!Pi(rb, 19q, ¢p) +

N =n
oo DD Bu(179) cos m(¢* — ¢7) P (cos9?)hn (kors)] 2 0. (9)

n=0m=0

Epm is known analytically from Eq.(6) to within one parameter, n*9 = a, so
that Eq.(9) (non linear in term of #79) enables one to determine 1?9, There-
fore the inverse problem reduces to : 1) determining, for each scattered direc-
tion (97, %), the radius 7 of a sphere which gives the same diffracted field as
the measured field and 2) identifying n with the local radius 777 = p(94, ¢?)
of the body. If this is done for a set of measurements in an angular sector (or
all around the body) then the discretised form of the shape function p(94, ¢*)
is thereby partially (or totally) obtained.

Remarks

1) If L measured samples of the diffracted field are taken at angles (199, ¢7), a
system of L uncoupled non-linear equations in L unknowns (one equation and
one "radius" 7?7 for each scattered direction) must be solved; 2) n™¢ should
be real, but, because of errors in using the local canonical body approximation
and limiting the series to a finite number of terms, the solution 7”7 of Eq.(9)
is, in fact, complex; 3) only the real part of 5 is kept to test the results; 4)
for each equation, the solution is not unique so one profile among many has
to be chosen.

5 Post processing

We first reconstructed the most regular profiles, i.e., the ones for which the 9
and ¢ derivatives are small, then eliminated profiles for which the real part
of nP? is negative or larger than 74, and finally chose the one corresponding

to the smallest imaginary part of [ [ p(9, $)ddd¢/ [ [ ddd¢.

6 Numerical computation, results and conclusion

6.1 Subroutines

The spherical Bessel and Hankel functions were computed by means of the
IMSL (IMSL [3]) subroutines DBSJS and DBSYS. The non linear equations
(Eq.(9)) were solved by means of the IMSL subroutine DZANLY. The latter
computes the complex zeros of a complex function by the Miiller method.
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Fig.2. Cross sections for various ¥ of an ellipsoid of semi axis
(az = 1.2,ay = 1,0, = 1).
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6.2 Parameter choices and results

We chose : kg = 1, ky = 0.5, ag = a1 = 1, Bp = 81 = 1.5, measurements in
the near field (75 = 2,200 uniformly distributed scattered directions around
the body), N = 7, and 9 = ¢* = 7/3. The body is an ellipsoide of semi axis
a; = 1.2, ay = 1, a, = 1. An example of the results of the computations are
given in Figs.(2).

The computations took : for the direct problem, 8h 33mn; for the inverse
problem, 16s. The direct problem was solved (to compute ¥° on I';) by means
of the Rayleigh-Fourier method (Bolomey and Wirgin [4]).

6.3 Conclusion

The local canonical body approximation for the forward problem easily en-
ables the location and reconstruction of the shape of 3D bodies at low cost
with reasonable accuracy, even for bodies whose shape is quite different from
that of a sphere.
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Universitit, Géttingen, Germany)

A Quasi-tomography of a Comet Nucleus: the CONSERT Experiment. J.P.
Barriot (GRGS-GTP, Toulouse, France), W. Kofman (Centre d’Etudes des
Phénomenes Alétoires et Géophysiques, St. Martin d’Heéres, France)

T. Hagfors (Max Plank Institut fiir Aeronomie, Katlenburg-Lindau, Ger-
many,) G. Picardi (INFOCOM, Roma, Italy), J. Van Zyl (Jet Propulsion
Laboratory, Pasadena, USA)

A Level-Set Approach for Eddy Current Imaging of Defects in a Conductive
Half-Space. A. Litman, D. Lesselier (CNRS-Supelec, Gif-sur-Uvette, France),
F. Santosa, (University of Minnesota, Minneapolis, USA)

Chairman: E.R. Pike
Spectral Analysis of Surface Waves: an Automated Inversion Technique Based
on a Gauss-Newton Inversion Algorithm. W. Dewulf, G. Degrande, G. De
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Roeck (Katholieke Universiteit te Leuven, Heverlee, Belgium)

Non-linear Inversion of Synthetic Seismic Reflection Data by Simulated An-
nealing. P. Amand, J. Virieux (IGSA, Valbonne, France)

Asymptotic Theory for Imaging the Attenuation Factor Q. A. Ribodetti,
(ICSA, Valbonne et GEMCO, Villefranche sur Mer, France)
J. Virieux(IGSA, Valbonne, France)

Determination of Dopant Concentrations using Grazing-Emission X-Ray Flu-
orescence Spectrometry. H.P. Urbach (Philips Research Laboratories, Eind-
hoven, The Netherlands)



