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Preface

These notes arose from a series of introductory seminars on noncommutative
geometry I gave at the University of Trieste in September 1995 during the X
Workshop on Differential Geometric Methods in Classical Mechanics. It was
Beppe Marmo’s suggestion that I wrote notes for the lectures.

The notes are mainly an introduction to Connes’ noncommutative geome-
try. They could serve as a ‘first aid kit’ before one ventures into the beautiful
but bewildering landscape of Connes’ theory. The main difference from other
available introductions to Connes’ work, is the emphasis on noncommutative
spaces seen as concrete spaces.

Important examples of noncommutative spaces are provided by noncom-
mutative lattices. The latter are the subject of intense work I am doing in
collaboration with A.P. Balachandran, Giuseppe Bimonte, Elisa Ercolessi,
Fedele Lizzi, Gianni Sparano and Paulo Teotonio-Sobrinho. These notes are
also meant to be an introduction to this research. There is still a lot of work
in progress and by no means can these notes be considered as a review of ev-
erything we have achieved so far. Rather, I hope they will show the relevance
and potentiality for physical theories of noncommutative lattices.

Cambridge, October 1997.



Preface to the Online Edition

Since this monograph first appeared in October 1997, there has been a host
of important developments in the subject. My personal taste would select
the following three lines of research but there is much more which I am not
mentioning here for lack of space(-time).

1. Applications of noncommutative geometry to string theories.

The number of papers in the subjects is by now overwhelming. I only mentions
the ones that are at the origin of this activity. In [43] toroidal compactifica-
tions of Matrix theory were extended to compactifications on the noncom-
mutative torus and classified by methods of noncommutative geometry. In
[138] a limit was identified in which the entire string dynamics is described
by a gauge theory on a noncommutative space. The analysis there led to an
unexpected equivalence between ordinary gauge fields and noncommutative
gauge fields which is realized by an explicitly described change of variables.
It is also important to mention the paper [125] where Yang-Mills theory on
a noncommutative R* provides an understanding of the desingularization of
the moduli space of ‘commutative’ Yang-Mills instantons.

2. Hopf algebras of renormalization.

In [105] the combinatorics of perturbative renormalization of quantum field
theories were related to a Hopf algebra whose antipode gives a conceptual
understanding of the subtraction procedure. In a series of paper [45] this Hopf
algebra has been related to the Hopf algebra introduced via noncommutative
geometry computation of the transverse index theory of foliations [48] and
to a Riemann-Hilbert problem of a suitable group of loops on the dual of the
Hopf algebra. Again, intense activity is registered in this area of research.

3. New examples of noncommutative manifolds.

Quite recently, new examples of noncommutative manifolds, notably noncom-
mutative 4-spheres Sj which are deformation of the commutative 4-spheres
S4, have been constructed [46]. These example arise naturally from basic
considerations of noncommutative differential geometry and have non triv-
ial global features. The noncommutative spheres are then endowed with the
structure of a noncommutative spin geometry via a suitable spectral triples
which realizes them as isospectral deformations (all spectral data, including
the classical dimension, four, of the geometry are unchanged). Some general-
izations are to be found in [151, 140, 44, 5]; related work is in [52, 53].



X Preface to the Online Edition

In the present online edition we have corrected misprints, updated the
reference list and clarified several points throughout the text. We strongly feel
that these notes will continue to be a useful introduction to noncommutative
geometry and its use.

Trieste, March 2002.
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1 Introduction

In the last fifteen years, there has been an increasing interest in noncommu-
tative (and/or quantum) geometry both in mathematics and in physics.

In A. Connes’ functional analytic approach [34], noncommutative C*-
algebras are the ‘dual’ arena for noncommutative topology. The (commuta-
tive) Gel'fand-Naimark theorem (see for instance [76]) states that there is
a complete equivalence between the category of (locally) compact Hausdorff
spaces and (proper and) continuous maps and the category of commutative
(not necessarily) unital! C*-algebras and *-homomorphisms. Any commuta-
tive C*-algebra can be realized as the C*-algebra of complex valued functions
over a (locally) compact Hausdorff space. A noncommutative C*-algebra will
now be thought of as the algebra of continuous functions on some ‘virtual
noncommutative space’. The attention will be switched from spaces, which
in general do not even exist ‘concretely’, to algebras of functions.

Connes has also developed a new calculus, which replaces the usual differ-
ential calculus. It is based on the notion of a real spectral triple (A, H, D, J)
where A is a noncommutative *-algebra (indeed, in general not necessarily
a C*-algebra), H is a Hilbert space on which A is realized as an algebra
of bounded operators, and D is an operator on H with suitable properties
and which contains (almost all) the ‘geometric’ information. The antilinear
isometry J on ‘H will provide a real structure on the triple. With any closed
n-dimensional Riemannian spin manifold M there is associated a canonical
spectral triple with A = C'*° (M), the algebra of complex valued smooth func-
tions on M; H = L?*(M, S), the Hilbert space of square integrable sections of
the irreducible spinor bundle over M; and D the Dirac operator associated
with the Levi-Civita connection. For this triple Connes’ construction gives
back the usual differential calculus on M. In this case J is the composition
of the charge conjugation operator with usual complex conjugation.

Yang-Mills and gravity theories stem from the notion of connection (gauge
or linear) on vector bundles. The possibility of extending these notions to the
realm of noncommutative geometry relies on another classical duality. The
Serre-Swan theorem [143] states that there is a complete equivalence between
the category of (smooth) vector bundles over a (smooth) compact space and
bundle maps and the category of projective modules of finite type over com-

1A unital C*-algebras is a C*-algebras which has a unit, see Sect. 2.1.

G. Landi: LNPm 51, pp. 1-5, 2002.
© Springer-Verlag Berlin Heidelberg 2002



2 1 Introduction

mutative algebras and module morphisms. The space I'(E) of (smooth) sec-
tions of a vector bundle F over a compact space is a projective module of
finite type over the algebra C(M) of (smooth) functions over M and any
finite projective C'(M)-module can be realized as the module of sections of
some bundle over M.

With a noncommutative algebra A as the starting ingredient, the (ana-
logue of) vector bundles will be projective modules of finite type over A.2
One then develops a full theory of connections which culminates in the def-
inition of a Yang-Mills action. Needless to say, starting with the canonical
triple associated with an ordinary manifold one recovers the usual gauge the-
ory. But now, one has a much more general setting. In [47] Connes and Lott
computed the Yang-Mills action for a space M x Y which is the product of
a Riemannian spin manifold M by a ‘discrete’ internal space Y consisting
of two points. The result is a Lagrangian which reproduces the Standard
Model with its Higgs sector with quartic symmetry breaking self-interaction
and the parity violating Yukawa coupling with fermions. A nice feature of
the model is a geometric interpretation of the Higgs field which appears as
the component of the gauge field in the internal direction. Geometrically, the
space M x Y consists of two sheets which are at a distance of the order of the
inverse of the mass scale of the theory. Differentiation on M x Y consists of
differentiation on each copy of M together with a finite difference operation
in the Y direction. A gauge potential A decomposes as a sum of an ordinary
differential part A9 and a finite difference part A(®1) which gives the Higgs
field.

Quite recently Connes [38] has proposed a pure ‘geometrical’ action
which, for a suitable noncommutative algebra A (noncommutative geom-
etry of the Standard Model), yields the Standard Model Lagrangian cou-
pled with Einstein gravity. The group Aut(A) of automorphisms of the al-
gebra plays the role of the diffeomorphism group while the normal subgroup
Inn(A) C Aut(A) of inner automorphisms gives the gauge transformations.
Internal fluctuations of the geometry, produced by the action of inner auto-
morphisms, give the gauge degrees of freedom.

A theory of linear connections and Riemannian geometry, culminating
in the analogue of the Hilbert-Einstein action in the context of noncommu-
tative geometry has been proposed in [27]. Again, for the canonical triple
one recovers the usual Einstein gravity. When computed for a Connes-Lott
space M x Y as in [27], the action produces a Kaluza-Klein model which
contains the usual integral of the scalar curvature of the metric on M, a
minimal coupling for the scalar field to such a metric, and a kinetic term
for the scalar field. A somewhat different model of geometry on the space
M x'Y produces an action which is just the Kaluza-Klein action of unified

2 In fact, the generalization is not so straightforward, see Chapter 4 for a better
discussion.
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gravity-electromagnetism consisting of the usual gravity term, a kinetic term
for a minimally coupled scalar field and an electromagnetic term [110].

Algebraic K-theory of an algebra A, as the study of equivalence classes of
projective modules of finite type over A, provides analogues of topological in-
variants of the ‘corresponding virtual spaces’. On the other hand, cyclic coho-
mology provides analogues of differential geometric invariants. K-theory and
cohomology are connected by the Chern character. This has found a beautiful
application by Bellissard [10] to the quantum Hall effect. He has constructed
a natural cyclic 2-cocycle on the noncommutative algebra of function on the
Brillouin zone. The Hall conductivity is just the pairing between this cyclic
2-cocycle and an idempotent in the algebra: the spectral projection of the
Hamiltonian. A crucial role in this analysis is played by the noncommutative
torus [133].

In these notes we give a self-contained introduction to a limited part of
Connes’ noncommutative theory, without even trying to cover all its aspects.
Our main objective is to present some of the physical applications of non-
commutative geometry.

In Chapter 2, we introduce C*-algebras and the (commutative) Gel’fand-
Naimark theorem. We then move to structure spaces of noncommutative C*-
algebras. We describe to some extent the space Prim.A of an algebra A with
its natural Jacobson topology. Examples of such spaces turn out to be relevant
in an approximation scheme to ‘continuum’ topological spaces by means of
projective systems of lattices with a nontrivial Ty topology [141]. Such lattices
are truly noncommutative lattices since their algebras of continuous functions
are noncommutative C*-algebras of operator valued functions. Techniques
from noncommutative geometry have been used to construct models of gauge
theory on these noncommutative lattices [7, 8]. Noncommutative lattices are
described at length in Chapter 3.

In Chapter 4 we describe the theory of projective modules and the Serre-
Swan theorem. Then we develop the notion of Hermitian structure, an al-
gebraic counterpart of a metric. We also mention other relevant categories
of (bi)modules such as central and diagonal bimodules. Following this, in
Section 5 we provide a few fundamentals of K-theory. As an example, we
describe at length the K-theory of the algebra of the Penrose tiling of the
plane.

Chapter 6 is devoted to the theory of infinitesimals and the spectral cal-
culus. We first describe the Dixmier trace which plays a fundamental role in
the theory of integration. Then the notion of a spectral triple is introduced
with the associated definition of distance and integral on a ‘noncommutative
space’. We work out in detail the example of the canonical triple associated
with any Riemannian spin manifold. Noncommutative forms are then intro-
duced in Chapter 7. Again, we show in detail how to recover the usual exterior
calculus of forms.
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In the first part of Chapter 8, we describe abelian gauge theories in or-
der to get some feeling for the structures. We then develop the theory of
connections, compatible connections, and gauge transformations.

In Chapters 9 and 10 we describe field theories on modules. In particular,
in Chapter 9 we show how to construct Yang-Mills and fermionic models.
Gravity models are treated in Chapter 10. In Chapter 11 we describe a simple
quantum mechanical system on a noncommutative lattice, namely the 6-
quantization of a particle on a noncommutative lattice approximating the
circle.

We feel we should warn the interested reader that we shall not give any
detailed account of the construction of the standard model in noncommu-
tative geometry nor of the use of the latter for model building in particle
physics. We shall limit ourselves to a very sketchy overview while referring
to the existing and rather useful literature on the subject.

The appendices contain material related to the ideas developed in the
text.

As alluded to before, the territory of noncommutative and quantum ge-
ometry is so vast and new regions are discovered at such a high speed that
the number of relevant papers is overwhelming. It is impossible to even think
of covering ‘everything’. We just finish this introduction with a partial list
of references for ‘further reading’. The generalization from classical (differ-
ential) geometry to noncommutative (differential) geometry is not unique.
This is a consequence of the existence of several types of noncommutative
algebras. A direct noncommutative generalization of the algebraic approach
of Koszul [102] to differential geometry is given by the so-called ‘derivation-
based calculus’ proposed in [59]. Given a noncommutative algebra A one
takes as the analogue of vector fields the Lie algebra DerA of derivations of
A. Besides the fact that, due to noncommutativity, DerA is a module only
over the center of A, there are several algebras which admit only few deriva-
tions. However, if we think of A as replacing the algebra of smooth functions
on a manifold, the derivation based calculus is ‘natural’ in the sense that it
depends only on .4 and does not require additional structures (although, in a
sense, one is fixing ‘a priori’ a smooth structure). We refer to [62, 116] for the
details and several applications to Yang-Mills models and gravity theories.
Here we only mention that this approach fits well with quantum mechanics
[60, 61]: since derivations are infinitesimal algebra automorphisms, they are
natural candidates for differential evolution equations and noncommutative
dynamical systems, notably classical and quantum mechanical systems. In
[30, 49, 134, 42] a calculus, with derivations related to a group action in the
framework of C*-dynamical systems, has been used to construct a noncom-
mutative Yang-Mills theory on noncommutative tori [133]. In [106, 107] (see
also references therein) a calculus, with derivations for commutative algebras,
together with extensions of Lie algebras of derivations, has been used to con-
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struct algebraic gauge theories. Furthermore, algebraic gravity models have
been constructed by generalizing the notion of Einstein algebras [82].

In [155] noncommutative geometry was used to formulate the classical
field theory of strings (see also [88]). For Hopf algebras and quantum groups
and their applications to quantum field theory we refer to [58, 80, 91, 97, 115,
128, 144]. Twisted (or pseudo) groups have been proposed in [157]. For other
interesting quantum spaces such as the quantum plane we refer to [117] and
[154]. Very interesting work on the structure of space-time has been done in
[57, 63]. We also mention the work on infrared and ultraviolet regularizations
in [101].

The reference for Connes’ noncommutative geometry is ‘par excellence’
his book [34]. The paper [152] which has been very helpful has meanwhile
evolved in the (very useful) book [85]. Recent reviews of the state of the art
of several lines of research in noncommutative geometry are in [40, 41].



2 Noncommutative Spaces
and Algebras of Functions

The starting idea of noncommutative geometry is the shift from spaces to
algebras of functions defined on them. In general, one has only the algebra
and there is no analogue of space whatsoever. In this Chapter we shall give
some general facts about algebras of (continuous) functions on (topological)
spaces. In particular we shall try to make some sense of the notion of a
‘noncommutative space’.

2.1 Algebras

Here we present mainly the objects that we shall need later on while referring
to [20, 55, 127] for details. In the sequel, any algebra A will be an algebra
over the field of complex numbers C. This means that A is a vector space
over C so that objects like aa + b with a,b € A and «a, § € C, make sense.
Also, there is a product A x 4 — A, A x A > (a,b) — ab € A, which is
distributive over addition,

alb+c)=ab+ac, (a+bc=ac+bc, VabceA. (2.1)
In general, the product is not commutative so that
ab # ba . (2.2)
We shall assume that A4 has a unit, namely an element I such that
al=Ia, VacA. (2.3)

On occasion we shall comment on the situations for which this is not the
case. An algebra with a unit will also be called a unital algebra.

The algebra A is called a *-algebra if it admits an (antilinear) involution
*: A — A with the properties,

CL**:G,

(ab)* =b*a™
(aa + Bb)* = @a* + Bb* (2.4)

G. Landi: LNPm 51, pp. 7-20, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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for any a,b € A and «a, 5 € C and bar denotes usual complex conjugation.

A normed algebra A is an algebra with a norm || - || : A — R which has the
properties,

lal[ >0, la][=0 & a=0,

|laal| = |af [lall,

lla+0l| < [lal| +[[o]],

[ladl| < lall [0], (2.5)

for any a,b € A and « € C. The third condition is called the triangle inequal-
ity while the last one is called the product inequality. The topology defined
by the norm is called the norm or uniform topology. The corresponding neigh-
borhoods of any a € A are given by

U(a,e)={be A|l|la—b|]|<e}, €>0. (2.6)

A Banach algebra is a normed algebra which is complete in the uniform
topology.
A Banach *-algebra is a normed *-algebra which is complete and such that

la*|| = llal], VaeA. (2.7)

A C*-algebra A is a Banach *-algebra whose norm satisfies the additional
identity

lla*all =1lall*, VaeA. (2.8)
In fact, this property, together with the product inequality yields (2.7) au-
tomatically. Indeed, ||a||* = ||a*a|| < ||a*]| ||a|| from which ||a|| < ||a*||. By

interchanging a with a* one gets ||a*|| < ||a|| and in turn (2.7).

Example 1. The commutative algebra C(M) of continuous functions on a
compact Hausdorff topological space M, with * denoting complex conjugation
and the norm given by the supremum norm,

flloe = sup [f(z)], (2.9)
reM

is an example of commutative C*-algebra. If M is not compact but only locally
compact, then one should take the algebra Co(M) of continuous functions
vanishing at infinity; this algebra has no unit. Clearly C(M) = Co(M) if M is
compact. One can prove that Co(M) (and a fortiori C(M) if M is compact)
is complete in the supremum norm.

! We recall that a function f : M — C on a locally compact Hausdorff space is said
to vanish at infinity if for every e > 0 there exists a compact set K C M such
that |f(z)| < e for all z ¢ K. As mentioned in App. A.1, the algebra Co(M) is the
closure in the norm (2.9) of the algebra of functions with compact support. The
function f is said to have compact support if the space Ky =: {x € M | f(x) # 0}
is compact [136].
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Example 2. The noncommutative algebra B(H) of bounded linear operators
on an infinite dimensional Hilbert space H with involution * given by the
adjoint and the norm given by the operator norm,

1BIl = sup{[|Bx|| : x € H,[Ix| < 1} , (2.10)

gives a noncommutative C*-algebra.

Example 3. As a particular case of the previous, consider the noncommuta-
tive algebra M,,(C) of n x n matrices T with complex entries, with T* given
by the Hermitian conjugate of T. The norm (2.10) can also be equivalently
written as

|IT|| = the positive square root of the largest eigenvalue of T*T . (2.11)
On the algebra M, (C) one could also define a different norm,
17" = sup{T3;} , T =(Ty) - (2.12)

One can easily realize that this norm is not a C*-norm, the property (2.8)
not being fulfilled. It is worth noticing though, that the two norms (2.11) and
(2.12) are equivalent as Banach norms in the sense that they define the same
topology on M., (C): any ball in the topology of the norm (2.11) is contained
in a ball in the topology of the norm (2.12) and viceversa.

A (proper, norm closed) subspace Z of the algebra A is a left ideal (re-
spectively a right ideal) if a € A and b € Z imply that ab € T (respectively
ba € I). A two-sided ideal is a subspace which is both a left and a right ideal.
The ideal Z (left, right or two-sided) is called mazimal if there exists no other
ideal of the same kind in which Z is contained. Each ideal is automatically
an algebra. If the algebra A has an involution, any *-ideal (namely an ideal
which contains the * of any of its elements) is automatically two-sided. If A
is a Banach *-algebra and 7 is a two-sided *-ideal which is also closed (in the
norm topology), then the quotient .A/Z can be made into a Banach *-algebra.
Furthermore, if A is a C*-algebra, then the quotient A/7 is also a C*-algebra.
The C*-algebra A is called simple if it has no nontrivial two-sided ideals. A
two-sided ideal Z in the C*-algebra A is called essential in A if any other
non-zero ideal in 4 has a non-zero intersection with it.

If A is any algebra, the resolvent set r(a) of an element a € A is the
subset of complex numbers given by

r(a) ={A € C | a— Al is invertible} . (2.13)

For any A € r(a), the inverse (a — AI)~! is called the resolvent of a at .
The complement of r(a) in C is called the spectrum o(a) of a. While for a
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general algebra, the spectra of its elements may be rather complicated, for
C*-algebras they are quite nice. If A is a C*-algebra, it turns out that the
spectrum of any of its element a is a nonempty compact subset of C. The
spectral radius p(a) of a € A is given by

pla) = sup{|A| , A €ca(a)} (2.14)
and, A being a C*-algebra, it turns out that
llal|* = p(a*a) =: sup{|A| | a*a — A not invertible } , Vae A. (2.15)

A C*-algebra is really such for a unique norm given by the spectral radius as
in (2.15): the norm is uniquely determined by the algebraic structure.

An element a € A is called self-adjoint if a = a*. The spectrum of any
such element is real and o(a) C [ — ||al], ||al| ], o(a2) C [0, ||a||*]. An element
a € A is called positive if it is self-adjoint and its spectrum is a subset of the
positive half-line. It turns out that the element a is positive if and only if
a = b*b for some b € A. If a # 0 is positive, one also writes a > 0.

A *-morphism between two C*-algebras A and B is any C-linear map
m : A — B which in addition is a homomorphism of algebras, namely, it
satisfies the multiplicative condition,

m(ab) = w(a)r(b), VabeA. (2.16)

and is *-preserving,
m(a*) =7(a)", VaecA. (2.17)

These conditions automatically imply that 7 is positive, w(a) > 0 if a > 0.
Indeed, if @ > 0, then a = b*b for some b € A; as a consequence, 7(a) =
w(b*b) = w(b)*m(b) > 0. It also turns out that 7 is automatically continuous,
norm decreasing,

Im(a)llg < llalla, VaecA, (2.18)

and the image 7(A) is a C*-subalgebra of B. A *-morphism 7 which is also
bijective as a map, is called a *-isomorphism (the inverse map 7~ is auto-
matically a *-morphism).

A representation of a C*-algebra A is a pair (H, ) where H is a Hilbert
space and 7 is a *-morphism

m: A— B(H), (2.19)

with B(#H) the C*-algebra of bounded operators on H.

The representation (H, ) is called faithful if ker(mw) = {0}, so that 7 is a
*-isomorphism between A and m(A). One can prove that a representation is
faithful if and only if || (a)|| = ||a|| for any a € A or 7(a) > 0 for all a > 0.
The representation (H,7) is called irreducible if the only closed subspaces
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of H which are invariant under the action of 7(A) are the trivial subspaces
{0} and H. One proves that a representation is irreducible if and only if the
commutant w(A)’ of 7(A), i.e. the set of of elements in B(?) which commute
with each element in 7(A), consists of multiples of the identity operator.
Two representations (H1,71) and (Hz,m2) are said to be equivalent (or more
precisely, unitary equivalent) if there exists a unitary operator U : H1 — Ha,
such that

mi(a) =U*me(a)U, VaeA. (2.20)

In App. A.2 we describe the notion of states of a C*-algebra and the represen-
tations associated with them via the Gel’fand-Naimark-Segal construction.

A subspace Z of the C*-algebra A is called a primitive ideal if it is the ker-
nel of an irreducible representation, namely Z = ker () for some irreducible
representation (H, ) of A. Notice that Z is automatically a two-sided ideal
which is also closed. If A has a faithful irreducible representation on some
Hilbert space so that the set {0} is a primitive ideal, it is called a primitive
C*-algebra. The set Prim.A of all primitive ideals of the C*-algebra A will
play a crucial role in following Chapters.

2.2 Commutative Spaces

The content of the commutative Gel’fand-Naimark theorem is precisely the
fact that given any commutative C'*-algebra C, one can reconstruct a Haus-
dorff? topological space M such that C is isometrically *-isomorphic to the
algebra of (complex valued) continuous functions C(M) [55, 76].

In this Section C denotes a fixed commutative C*-algebra with unit. Given
such a C, we let C denote the structure space of C, namely the space of equiv-
alence classes of irreducible representations of C. The trivial representation,
given by C — {0}, is not included in C. The C*-algebra C being commuta-
tive, every irreducible representation is one-dimensional. It is then a (non-
zero) *-linear functional ¢ : C — C which is multiplicative, i.e. it satisfies
¢(ab) = ¢(a)p(b) for any a,b € C. It follows that ¢(I) =1, V ¢ € C. Any such
multiplicative functional is also called a character of C. Then, the space Cis
also the space of all characters of C.

The space C is made into a topological space, called the Gel’fand space
of C, by endowing it with the Gel’fand topology, namely the topology of
pointwise convergence on C. A sequence {dr}rea (A is any directed set) of
elements of C converges to ¢ € C if and only if for any ¢ € C, the sequence
{odr(c)}ren converges to ¢(c) in the topology of C. The algebra C having
a unit implies Cis a compact Hausdorff space. The space C is only locally
compact if C is without a unit.

2 We recall that a topological space is called Hausdorff if for any two points of
the space there are two open disjoint neighborhoods each containing one of the
points [71].
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Equivalently, C could be taken to be the space of maximal ideals (auto-
matically two-sided) of C instead of the space of irreducible representations.?
Since the C*-algebra C is commutative these two constructions agree be-
cause, on one side, kernels of (one-dimensional) irreducible representations
are maximal ideals, and, on the other side, any maximal ideal is the kernel
of an irreducible representation [76]. Indeed, consider ¢ € C. Then, since
C = Ker(¢) ®C, the ideal Ker(¢) is of codimension one and so it is a max-
imal ideal of C. Conversely, suppose that Z is a maximal ideal of C. Then,
the natural representation of C on C/Z is irreducible, hence one-dimensional.
It follows that C/Z = C, so that the quotient homomorphism C — C/Z can
be identified with an element ¢ € C. Clearly, Z = Ker(¢). When thought of
as a space of maximal ideals, Cis given the Jacobson topology (or hull kernel
topology) producing a space which is homeomorphic to the one constructed
by means of the Gel’fand topology. We shall describe the Jacobson topology
in detail later .

Example 4. Let us suppose that the algebra C is generated by N commuting
self-adjoint elements x1,...,xn. Then the structure space C can be identified
with a compact subset of RN by the map [35],

d)eé\ — (¢($1),,¢($N)) GRN ) (221)

and the range of this map is the joint spectrum of x1,...,x N, namely the set
of all N-tuples of eigenvalues corresponding to common eigenvectors.

In general, if ¢ € C, its Gel’fand transform ¢ is the complex-valued function
onC, ¢:C — C, given by

o) =0¢(c), VoecC. (2.22)

It is clear that ¢ is continuous for each c. We thus get the interpretation of
elements in C as C-valued continuous functions on C. The Gel'fand-Naimark
theorem states that all continuous functions on C are of the form (2.22) for
some ¢ € C [55, 76].

Proposition 1. Let C be a commutative C*-algebra. Then, the Gel’fand
transform ¢ — ¢ is an isometric x-isomorphism of C onto C(C); isomelric
meaning that

lélloo = lell, Veel, (2.23)

~

with || - || the supremum norm on C(C) as in (2.9).

3 If there is no unit, one needs to consider ideals which are regular (also called
modular) as well. An ideal Z of a general algebra A being called regular if there
is a unit in A modulo Z, namely an element u € A such that a —au and a—ua are
in Z for all a € A [76]. If A has a unit, then any ideal is automatically regular.
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Suppose now that M is a (locally) compact topological space. As we have
seen in Example 1 of Sect. 2.1, we have a natural C*-algebra C(M). It is

natural to ask what is the relationship between the Gel’fand space C(M) and
M itself. It turns out that these two spaces can be identified both setwise
and topologically. First of all, each m € M gives a complex homomorphism

¢m € C(M) through the evaluation map,
$m C(M) = C, om(f) = f(m). (2.24)

Let Z,,, denote the kernel of ¢,,, that is the maximal ideal of C(M) consisting
of all functions vanishing at m. We have the following [55, 76],

—

Proposition 2. The map ¢ of (2.24) is a homeomorphism of M onto C(M).
Equivalently, every mazimal ideal of C(M) is of the form I, for somem € M.

The previous two theorems set up a one-to-one correspondence between the
*-isomorphism classes of commutative C*-algebras and the homeomorphism
classes of locally compact Hausdorff spaces. Commutative C*-algebras with
unit correspond to compact Hausdorff spaces. In fact, this correspondence is a
complete duality between the category of (locally) compact Hausdorff spaces
and (proper? and) continuous maps and the category of commutative (not
necessarily) unital C*-algebras and *-homomorphisms. Any commutative C*-
algebra can be realized as the C*-algebra of complex valued functions over a
(locally) compact Hausdorff space. Finally, we mention that the space M is
metrizable, its topology comes from a metric, if and only if the C*-algebra
is norm separable, meaning that it admits a dense (in the norm) countable
subset. Also it is connected if the corresponding algebra has no projectors,
i.e. self-adjoint, p* = p, idempotents, p? = p; this is a consequence of the fact
that projectors in a commutative C*-algebra C correspond to open-closed
subsets in its structure space C [33].

2.3 Noncommutative Spaces

The scheme described in the previous Section cannot be directly generalized
to a noncommutative C*-algebra. To show some of the features of the general
case, let us consider the simple example (taken from [35]) of the algebra

a a
M;(C) = {L; a;ﬂ , a;; € C}. (2.25)

The commutative subalgebra of diagonal matrices

4 We recall that a continuous map between two locally compact Hausdorff spaces
f: X — Y is called proper if f~'(K) is a compact subset of X when K is a
compact subset of Y.
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A0
has a structure space consisting of two points given by the characters
A0 A0

These two characters extend as pure states (see App. A.2) to the full algebra
M (C) as follows,

¢i :My(C) —C, i=1,2,
gl([an au]) =al1 , §$2(|:a11 a12:|) = a9y . (2.28)

a21 22 a21 22

But now, noncommutativity implies the equivalence of the irreducible repre-
sentations of My (C) associated, via the Gel’fand-Naimark-Segal construction,
with the pure states 51 and 52. In fact, up to equivalence, the algebra Ms(C)
has only one irreducible representation, i.e. the defining two dimensional one.®
We show this in App. A.2.

For a noncommutative C*-algebra, there is more than one candidate for
the analogue of the topological space M. We shall consider the following ones:

1. The structure space of A or space of all unitary equivalence classes of
irreducible *-representations. Such a space is denoted by A.

2. The primitive spectrum of A or the space of kernels of irreducible *-
representations. Such a space is denoted by Prim.A. Any element of
PrimA is automatically a two-sided *-ideal of A.

While for a commutative C*-algebra these two spaces agree, this is no longer
true for a general C*-algebra A, not even setwise. For instance, A may be very
complicated while Prim.A consists of a single point. One can define natural
topologies on A and Prim.A. We shall describe them in the next Section.

2.3.1 The Jacobson (or Hull-Kernel) Topology

The topology on PrimA is given by means of a closure operation. Given
any subset W of Prim.A, the closure W of W is by definition the set of all
elements in Prim.A containing the intersection (W of the elements of W,
namely

W =:{Z € PrimA:(\W CI}. (2.29)
For any C*-algebra A we have the following,
5 As we mention in App. A.4, My (C) is strongly Morita equivalent to C. In that

Appendix we shall also see that two strongly Morita equivalent C*-algebras have
the same space of classes of irreducible representations.
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Proposition 3. The closure operation (2.29) satisfies the Kuratowski axioms

Ki0=0;

KyWCW, VWeEPrimA ;

KsW=W, VWEe€PrimA;

Ky W1UW2:W1UW2, VW1,W2€PTimA.

Proof. Property K is immediate since (] ‘does not exist’. By construction,

also Ky is immediate. Furthermore, (YW = (| W from which W =W, namely
K3. To prove K4, first observe that

VW = (VM 2((\W) = VCw. (2.30)

From this it follows that W,; C W, UWs, i =1,2 and in turn
WiUW, CWUW,; . (2.31)

To obtain the opposite inclusion, consider a primitive ideal Z not belonging
to Wi |UWy,. This means that Wy ¢ Z and Wo ¢ Z. Thus, if 7 is a
representation of A with Z = Ker(w), there are elements a € (W7 and b €
() W3 such that 7(a) # 0 and 7(b) # 0. If £ is any vector in the representation
space H, such that 7(a) # 0 then, 7 being irreducible, 7(a)¢ is a cyclic
vector for m (see App. A.2). This, together with the fact that w(b) # 0,
ensures that there is an element ¢ € A such that 7(b)(w(c)m(a))¢ # 0 which
implies that bca # Ker(m) = Z. But bea € ((W1) N (N W2) = (W1 U Wa).
Therefore (\(Wy U Ws) ¢ T; whence T ¢ W1 UW,. What we have proven is
that Z ¢ Wi UWso = I & W, |JW,, which gives the inclusion opposite to
(2.31). So K, follows.

It also follows that the closure operation (2.29) defines a topology on Prim.A,
(see App. A.1) which is called Jacobson topology or hull-kernel topology. The
reason for the second name is that (W is also called the kernel of W and
then W is the hull of W [76, 55].

To illustrate this topology, we shall give a simple example. Consider the
algebra C(I) of complex-valued continuous functions on an interval I. As we

have seen, its structure space C/(\I) can be identified with the interval I. For
any a,b € I, let W be the subset of C(I) given by

W= {IT y T E ]a7b[ } ’ (232)

where Z, is the maximal ideal of C(I) consisting of all functions vanishing at
the point z,
L, ={fcc) | f(z) =0} . (2.33)

The ideal Z, is the kernel of the evaluation homomorphism as in (2.24). Then

(W= (] Z={fec)| flx)=0,Vae Jab] }, (2.34)

z€]a,b|
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and, the functions being continuous,
W={TeC| (W cI}

=W U {Z.,1,}
={Z,, € la,b] }, (2.35)

which can be identified with the closure of the interval ]a, b].

In general, the space Prim.A has a few properties which are easy to prove.
So we simply state them here as propositions [55].

Proposition 4. Let W be a subset of PrimA. Then W is closed if and only
if W is exactly the set of primitive ideals containing some subset of A.

Proof. If W is closed then W = W and by the very definition (2.29), W is the
set of primitive ideals containing (| W. Conversely, let V' C A. If W is the set
of primitive ideals of A containing V, then V' C (W from which W c W,
and, in turn, W = W.

Proposition 5. There is a bijective correspondence between closed subsets W
of PrimA and (norm-closed two sided) ideals Jw of A. The correspondence
s given by

W ={Z € PrimA | Jw CTI} . (2.36)

Proof. If W is closed then W = W and by the definition (2.29), Jy is just
the ideal (. Conversely, from the previous proposition, W defined as in
(2.36) is closed.

Proposition 6. Let W be a subset of PrimA. Then W is closed if and only
fZeW andI CJ = JecW.

Proof. If W is closed then W = W and by the definition (2.29), Z € W and
7 C J implies that J € W. The converse implication is also evident by the
previous Proposition.

Proposition 7. The space PrimA is a Ty-space.b

Proof. Suppose Z; and Zy are two distinct points of Prim.A so that, say,
71 ¢ Zy. Then the set W of those Z € Prim.A which contain Z; is a closed
subset (by 4), such that Z; € W and Zy ¢ W. The complement W€ of W is
an open set containing Z> and not Z;.

6 We recall that a topological space is called Ty if for any two distinct points of the
space there is an open neighborhood of one of the points which does not contain
the other [71].
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Proposition 8. Let T € PrimA. Then the point {Z} is closed in PrimA if
and only if Z is mazimal among primitive ideals.

Proof. Indeed, the closure of {Z} is just the set of primitive ideals of A
containing 7.

In general, Prim.A is not a Tj-space’ and will be so if and only if all
primitive ideals in A are also maximal. The notion of primitive ideal is more
general than the one of maximal ideal. For a commutative C*-algebra an
ideal is primitive if and only if it is maximal. For a general A (with unit),
while a maximal ideal is primitive, the converse need not be true [55].

Let us now consider the structure space A. Now, there is a canonical
surjection

A— PrimA, w ker(x) . (2.37)

The inverse image under this map, of the Jacobson topology on PrimA is a
topology for A. In this topology, a subset S C A is open if and only if it is
of the form {7 € A | ker(r) € W} for some subset W C Prim.A which is
open in the (Jacobson) topology of Prim.A. The resulting topological space
is still called the structure space. There is another natural topology on the
space A called the regional topology. For a C*-algebra A, the regional and
the pullback of the Jacobson topology on A coincide, [76, page 563].

Proposition 9. Let A be a C*-algebra. The following conditions are equiva-
lent

(i) Ais a Ty space;
(#i) Two irreducible representations of A with the same kernel are equivalent;
(i1i) The canonical map A — Prim.A is a homeomorphism.

Proof. By construction, a subset S € A will be closed if and only if it is of the
form {m € A: ker(m) € W} for some W closed in Prim.A. As a consequence,
given any two (classes of) representations my, 7wy € ./Z, the representation m;
will be in the closure of 7y if and only if ker(m) is in the closure of ker(ms),
or, by Prop.4 if and only if ker(me) C ker(m). In turn, m; and o agree in
the closure of the other if and only if ker(ms) = ker(m). Therefore, m; and
m will not be distinguished by the topology of A if and only if they have the
same kernel. On the other side, if A is Ty one is able to distinguish points. It
follows that (z) implies that two representations with the same kernel must
be equivalent so as to correspond to the same point of .Z, namely (i7). The
other implications are obvious.

7 We recall that a topological space is called Ty if any point of the space is closed
[71].
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We recall that a (not necessarily Hausdorfl) topological space S is called
locally compact if any point of S has at least one compact neighborhood.
A compact space is automatically locally compact. If S is a locally compact
space which is also Hausdorff, then the family of closed compact neighbor-
hoods of any point is a base for its neighborhood system. With respect to
compactness, the structure space of a noncommutative C*-algebra behaves
as in the commutative situation [76, page 576]; we have

Proposition 10. If A is a C*-algebra, then A is locally compact. Likewise,
PrimA is locally compact. If A has a unit, then both A and PrimA are
compact.

Notice that in general, A being compact does not imply that A has a unit. For
instance, the algebra KC(H) of compact operators on an infinite dimensional
Hilbert space H has no unit but its structure space has only one point (see
the next Section).

2.4 Compact Operators

We recall [135] that an operator on the Hilbert space H is said to be of finite
rank if the orthogonal complement of its null space is finite dimensional.
Essentially, we may think of such an operator as a finite dimensional matrix
even if the Hilbert space is infinite dimensional.

Definition 1. An operator T' on H is said to be compact if it can be approz-
imated in norm by finite rank operators.

An equivalent way to characterize a compact operator T is by stating that
Ve>0, 3 afinite dimensional subspace F CH | ||T|g1]| <e. (2.38)

Here the orthogonal subspace E+ is of finite codimension in . The set K(H)
of all compact operators T" on the Hilbert space H is the largest two-sided
ideal in the C*-algebra B(H) of all bounded operators. In fact, it is the only
norm closed and two-sided ideal when H is separable; and it is essential [76].
It is also a C*-algebra without a unit, since the operator I on an infinite
dimensional Hilbert space is not compact. The defining representation of
K(H) by itself is irreducible [76] and it is the only irreducible representation
of K(H) up to equivalence.®

There is a special class of C*-algebras which have been used in a scheme of
approximation by means of topological lattices [7, 8, 12]; they are postliminal

8 If H is finite dimensional, H = C" say, then B(C") = K(C") = M, (C), the
algebra of n X n matrices with complex entries. Such an algebra has only one
irreducible representation (as an algebra), namely the defining one.
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algebras. For these algebras, a relevant role is again played by the compact
operators. Before we give the appropriate definitions, we state another result
which shows the relevance of compact operators in the analysis of irreducibil-
ity of representations of a general C*-algebra and which is a consequence of
the fact that K(#) is the largest two-sided ideal in B(#) [124].

Proposition 11. Let A be a C*-algebra acting irreducibly on a Hilbert space
H and having non-zero intersection with IKC(H). Then K(H) C A.

Definition 2. A C*-algebra A is said to be liminal if for every irreducible
representation (H,m) of A one has that w(A) = K(H) (or equivalently, from
Prop. 11, 7(A) C K(H)).

So, the algebra A is liminal if it is mapped to the algebra of compact operators
under any irreducible representation. Furthermore, if A is a liminal algebra,
then one can prove that each primitive ideal of A is automatically a maximal
closed two-sided ideal of A. As a consequence, all points of Prim.A are closed
and PrimA is a 17 space. In particular, every commutative C*-algebra is
liminal [124, 55].

Definition 3. A C*-algebra A is said to be postliminal if for every irreducible
representation (H,m) of A one has that K(H) C w(A) (or equivalently, from
Prop. 11, 1(A)NK(H) #0).

Every liminal C*-algebra is postliminal but the converse is not true. Postlim-
inal algebras have the remarkable property that their irreducible represen-
tations are completely characterized by the kernels: if (H1,71) and (Ha, m2)
are two irreducible representations with the same kAernel, then 7y and 9
are equivalent [124, 55]. From Prop. (9), the spaces A and Prim.A are then
homeomorphic.

2.5 Real Algebras and Jordan Algebras

From what we have said up to now, it should be clear that a (complex)
C*-algebra replaces the algebra of complex valued continuous functions on
a topological space. It is natural then, to look for suitable replacements of
the algebra of real valued functions. Well, it has been suggested (see for
instance [61]) that rather than an associative real algebra, in the spirit of
quantum mechanics, one should consider the Jordan algebra A%% of self-
adjoint elements of a complex C*-algebra A,

A = {a€ A|a" =a}. (2.39)

Now, A% has a natural product
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1
aob::i(ab—kba) , Va,be A%, (2.40)

which is commutative but non associative, as can be easily checked. Instead,
commutativity gives a weak form of associativity which goes under the name
of the Jordan algebra identity,

a’o(aob)=ao(a’ob), Vabec A*. (2.41)

The product (2.40) is the only one which preserves .42,
We refer to [149] for an introduction to Jordan algebras.



3 Projective Systems
of Noncommutative Lattices

The idea of a ‘discrete substratum’ underpinning the ‘continuum’ is somewhat
spread among physicists. With particular emphasis this idea has been pushed
by R. Sorkin who, in [141], assumes that the substratum be a finitary (see
later) topological space which maintains some of the topological information
of the continuum. It turns out that the finitary topology can be equivalently
described in terms of a partial order. This partial order has been alternatively
interpreted as determining the causal structure in the approach to quantum
gravity of [15]. Recently, finitary topological spaces have been interpreted
as noncommutative lattices and noncommutative geometry has been used to
construct quantum mechanical and field theoretical models, notably lattice
field theory models, on them [7, 8].

Given a suitable covering of a topological space M, by identifying any two
points of M which cannot be ‘distinguished’ by the sets in the covering, one
constructs a lattice with a finite (or in general a countable) number of points.
Such a lattice, with the quotient topology, becomes a Ty-space which turns
out to be the structure space (or equivalently, the space of primitive ideals) of
a postliminar approximately finite dimensional (AF) algebra. Therefore the
lattice is truly a noncommutative space. In this Chapter we shall describe
noncommutative lattices in some detail while in Chap. 11 we shall illustrate
some of their applications in physics.

3.1 The Topological Approximation

The approximation scheme we are going to describe has really a deep physical
flavour. To get a taste of the general situation, let us consider the following
simple example. Let us suppose we are about to measure the position of a par-
ticle which moves on a circle, of radius one say, S* = {0 < ¢ < 27, mod 27}.
Our ‘detectors’ will be taken to be (possibly overlapping) open subsets of St
with some mechanism which switches on the detector when the particle is in
the corresponding open set. The number of detectors must be clearly limited
and we take them to consist of the following three open subsets whose union
covers S1,

G. Landi: LNPm 51, pp. 21-58, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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_ 1 2
Up ={-3m <p < 3m},
U= {ir <p < in}, (3.1)

Us ={m < ¢ < 27}.

Now, if two detectors, U; and U; say, are on, we will know that the particle is
in the intersection U; N Us although we will be unable to distinguish any two
points in this intersection. The same will be true for the other two intersec-
tions. Furthermore, if only one detector, U; say, is on, we can infer the pres-
ence of the particle in the closed subset of St given by U1 \{U;NUz |JU1NU3}
but again we will be unable to distinguish any two points in this closed set.
The same will be true for the other two closed sets of similar type. Summing
up, if we have only the three detectors (3.1), we are forced to identify the
points which cannot be distinguished and S' will be represented by a col-
lection of six points P = {«, 5,7, a, b, c} which correspond to the following
identifications

U1ﬂU3:{%7T<<,0<27T} — Q,
Ulﬂng{%ﬂ‘<<p<%7T} — 0,
UsNUs ={r << i} -,

U N\{UNUUU1NUs} ={0<p < in} —a,
UQ\{U20U1UUQQU3}:{%7T§QDSTF} %b,
Ug\{UgﬂUQUUgmUl}:{%’]TSQDS%W}—)C.

We can push things a bit further and keep track of the kind of set from which
a point in P comes by declaring the point to be open (respectively closed)
if the subset of S! from which it comes is open (respectively closed). This
is equivalently achieved by endowing the space P with a topology a basis of
which is given by the following open (by definition) sets,

{a}, 18}, {7}
{o,a, 8}, {8,579}, {a,e7}. (3.3)

The corresponding topology on the quotient space P is nothing but the quo-
tient topology of the one on S' generated by the three open sets Uy, Us, Us,
by the quotient map (3.2).

In general, let us suppose that we have a topological space M together
with an open covering U = {U,} which is also a topology for M, so that U
is closed under arbitrary unions and finite intersections (see App. A.1). We
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define an equivalence relation among points of M by declaring that any two
points x,y € M are equivalent if every open set Uy containing either = or y
contains the other too,

x~y ifandonlyif zeUy<syeclUs, V Uyel. (3.4)

Thus, two points of M are identified if they cannot be distinguished by any
‘detector’ in the collection U.

The space Py (M) =: M/~ of equivalence classes is then given the quotient
topology. If m : M — Py (M) is the natural projection, a set U C Py (M)
is declared to be open if and only if 771(U) is open in the topology of M
given by U. The quotient topology is the finest one making 7 continuous.
When M is compact, the covering U can be taken to be finite so that Py (M)
will consist of a finite number of points. If M is only locally compact the
covering can be taken to be locally finite and each point has a neighborhood
intersected by only finitely many Uy’ s. Then the space Py (M) will consist
of a countable number of points; in the terminology of [141] Py (M) would be
a finitary approximation of M. If P,;(M) has N points we shall also denote
it by Py (M).! For example, the finite space given by (3.2) is Ps(S!).

In general, P (M) is not Hausdorff: from (3.3) it is evident that in Ps(S?),
for instance, we cannot isolate the point a from « by using open sets. It is
not even a Tij-space; again, in Ps(S') only the points a, b and ¢ are closed
while the points «, 0 and « are open. In general there will be points which
are neither closed nor open. It can be shown, however, that P, (M) is always
a Ty-space, being, indeed, the Ty-quotient of M with respect to the topology
U [141].

3.2 Order and Topology

What we shall show next is how the topology of any finitary Ty topological
space P can be given equivalently by means of a partial order which makes P
a partially ordered set (or poset for short) [141]. Consider first the case when
P is finite. Then, the collection 7 of open sets (the topology on P) will be
closed under arbitrary unions and arbitrary intersections. As a consequence,
for any point z € P, the intersection of all open sets containing it,

Aa)= (U er|zeU}, (3.5)

will be the smallest open neighborhood containing the point. A relation < is
then defined on P by

=3y & Alx)CAly), Va,yeP. (3.6)

! In fact, this notation is incomplete since it does not keep track of the finite topol-
ogy given on the set of N points. However, at least for the examples considered
in these notes, the topology will always be given explicitly.
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Now, x € A(x) always, so that the previous definition is equivalent to
x =y & e Aly), (3.7
which can also be stated as saying that
x Xy & every open set containing y also contains x (3.8)

or, in turn, that L
r=<y & ye{z}, (3.9)

with {z} the closure of the one point set {2}.2
From (3.6) it is clear that the relation =< is reflexive and transitive,

r 2z,

ry,y=z => r=xXz. (3.10)

Furthermore, since P is a Ty-space, for any two distinct points z,y € P, there
is at least one open set containing x, say, and not y. This, together with (3.8),
implies that the relation < is symmetric as well,

Ty, Yy => x=y. (3.11)

Summing up, we see that a T topology on a finite space P determines a
reflexive, antisymmetric and transitive relation, namely a partial order on P
which makes the latter a partially ordered set (poset). Conversely, given a
partial order < on the set P, one produces a topology on P by taking as a
basis for it the finite collection of ‘open’ sets defined by

Alx)={yePly=<z}, VzeP. (3.12)

Thus, a subset W C P will be open if and only if it is the union of sets of
the form (3.12), that is, if and only if x € W and y <z = y € W. Indeed,
the smallest open set containing W is given by

AW) = | A) | (3.13)
zeW
and W is open if and only if W = A(W).
The resulting topological space is clearly Tj by the antisymmetry of the order
relation.
It is easy to express the closure operation in terms of the partial order.
From (3.9), the closure V(z) = {x}, of the one point set {x} is given by

V(iz)={yeP|lz=<y}, YVexeP. (3.14)

2 Another equivalent definition can be given by saying that « < y if and only if
the constant sequence (z,z,x,---) converges to y. It is worth noticing that in a
To-space the limit of a sequence need not be unique so that the constant sequence
(z,z,z,---) may converge to more than one point.
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A subset W C P will be closed if and only if t € W and z <y = ye W.
Indeed, the closure of W is given by

viw) = |J V), (3.15)
zeW
and W is closed if and only if W = V().

If one relaxes the condition of finiteness of the space P, there is still
an equivalence between topology and partial order for any Ty topological
space which has the additional property that every intersection of open sets
is an open set (or equivalently, that every union of closed sets is a closed
set), so that the sets (3.5) are all open and provide a basis for the topology
[4, 22]. This would be the case if P were a finitary approximation of a (locally
compact) topological space M, obtained then from a locally finite covering
of M3

Given two posets P, @, it is clear that a map f : P — @ will be contin-
uous if and only if it is order preserving, i.e., if and only if from x <p y it
follows that f(x) <o f(y); indeed, f is continuous if and only if it preserves
convergence of sequences.

In the sequel, x < y will indicate that = precedes y while x # y.

A pictorial representation of the topology of a poset is obtained by con-
structing the associated Hasse diagram: one arranges the points of the poset
at different levels and connects them by using the following rules :

1. if x < y, then z is at a lower level than y;
2. if x < y and there is no z such that * < z < gy, then z is at the level
immediately below y and these two points are connected by a link.

Figure 3.1 shows the Hasse diagram for Ps(S') whose basis of open sets

is in (3.3) and for P4(S'). For the former, the partial order reads o < a, « <
¢, B <a, B <0b v=<b, v =< c The latter is a four point approximation
of S! obtained from a covering consisting of two intersecting open sets. The
partial order reads x1 < x3, 1 < X4, T2 < X3, T2 < X4 .
In Fig. 3.1, (and in general, in any Hasse diagram) the smallest open set
containing any point x consists of all points which are below the given one,
x, and can be connected to it by a series of links. For instance, for Py(S!),
we get the following collection for the minimal open sets,

A(l‘l) = {331} 5 A(l‘g) = {1‘2} 5
(3.16)
A(ws) = {z1, 22, 23} , A(wa) = {21, 72,24} ,

which are a basis for the topology of P,(S%).

3 In fact, Sorkin [141] regards as finitary only those posets P for which the sets
A(z) and V() defined in (3.13) and (3.14) respectively, are all finite. This would
be the case if the poset were derived from a locally compact topological space
with a locally finite covering consisting of bounded open sets.
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« B 0 1 T2

Fig. 3.1. The Hasse diagrams for Ps(S") and for Py(S')

Uifl Ui+1

Yi—2 Yi—1 Yi Yit+1

Ti—2 Ti—1 T; Tit1 Tit2

Fig. 3.2. The finitary poset of the line R

The generic finitary poset P(R) associated with the real line R is shown in
Fig. 3.2. The corresponding projection 7 : R — P(R) is given by

UiﬂUi_,_l —x;, 1E€Z,

. 3.17
Uit \{UiN Ui YUir1 NUiy2} — yi, 1€7Z. (8:17)

A basis for the quotient topology is provided by the collection of all open sets
of the form

Axi) ={xi} , Ayi) = {zi,yi,Tit1}, 1€Z. (3.18)

Figure 3.3 shows the Hasse diagram for the six-point poset Ps(S?) of the two
dimensional sphere, coming from a covering with four open sets, which was
derived in [141]. A basis for its topology is given by
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s L6
T3 T4
1 X2

Fig. 3.3. The Hasse diagram for the poset Ps(S?)

A(z1) = {z1} , A(x2) = {z2},
A(z3) = {x1, 22,23}, A(zy) = {z1, 22,24} , (3.19)

A(xs) = {x1, 22,23, 24,25} , A(x6) = {71, 22,23, 24,76} .

Now, the top two points are closed, the bottom two points are open and the
intermediate ones are neither closed nor open.

As alluded to before, posets retain some of the topological information
of the space they approximate. For example, one can prove that for the first
homotopy group, m1(Py(S')) = Z = 7(S') whenever N > 4 [141]. Consider
the case N = 4. Elements of 71 (P4(S')) are homotopy classes of continuous
maps o : [0,1] — Py4(S?), such that 0(0) = o(1). With a any real number in
the open interval |0, 1], consider the map

.L“giftzo
zoif 0<t<a
ot) =R mift=a . (3.20)
rrifa<t<l1
Z’giftzl

Figure 3.4 shows this map for a = 1/2; the map can be seen to ‘wind once
around’ P;(S'). Furthermore, the map o in (3.20) is manifestly continuous,
being constructed in such a way that closed (respectively open) points of
Py(S') are the images of closed (respectively open) sets of the interval [0, 1].
Hence it is automatic that the inverse image of an open set in Py(S!) is
open in [0,1]. A bit of extra analysis shows that o is not contractible to the
constant map: Any such contractible map being one that skips at least one
of the points of P;(S1), like the following one
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0,1

N

0,1

Fig. 3.4. A representative of the generator of the homotopy group i (Ps(S*))

$3ift:0
rif0<t<a

oo(t) =< xzaift=a . (3.21)
xoifa<t<l

This is shown in Fig. 3.5 for the value a = 1/2. Indeed, the not contractible
map in (3.20) is a generator of the group 1 (P4(S')) which can, therefore, be
identified with the group of integers Z.

Finally, we mention the notion of a Cartesian product of posets. If P
and @ are posets, their Cartesian product is the poset P x () on the set
{(z,y) | z € P, y € Q} such that (z,y) < («/,y) in PxQ if z <2’ in P and
y 23 in Q. To draw the Hasse diagram of P x @, one draws the diagram of P,
replaces each element x of P with a copy @, of () and connects corresponding
elements of @, and @, (by identifying Q, ~ Q,) if x and y are connected in
the diagram of P. Figure 3.6 shows the Hasse diagram of a poset Pyg(S* x St)
obtained as Py(St) x P,(S?1).

0,1

=

0,1

Fig. 3.5. A representative of the trivial class in the homotopy group 71 (Ps(S"))
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3.3 How to Recover the Space Being Approximated

We shall now briefly describe how the topological space being approximated
can be recovered ‘in the limit’ by considering a sequence of finer and finer
coverings, the appropriate framework being that of projective (or inverse)
systems of topological spaces [141].

Well, let us suppose we have a topological space M together with a se-
quence {Up tnen of finer and finer coverings, that is of coverings such that

Z/li Q T(Z/fi_;,_l) , (322)

where 7(U) is the topology generated by the covering U.* Here we are re-
laxing the harmless assumption made in Sect. 3.1 that each U is already a
subtopology, namely that U = 7(U).

In Sect. 3.1 we have associated with each covering U; a Ty-topological
space P; and a continuous surjection

mi M — P . (3.23)

We now construct a projective system of spaces P; together with continuous
maps
WijIPj—>Pi, (324)

defined whenever ¢ < j and such that
T = T4 OTy . (325)

These maps are uniquely defined by the fact that the spaces P;’s are T and
that the map 7; is continuous with respect to 7(U;) whenever ¢ < j. Indeed,
if U is open in P;, then ﬂgfl)(U) is open in the U;-topology by definition,
thus it is also open in the finer U;-topology and ; is continuous in 7 ().
Furthermore, uniqueness also implies the compatibility conditions

Tij O ik = Tik (3.26)

whenever i < j < k.5 Notice that from the surjectivity of the maps m;’s and
the relation (3.25), it follows that all maps m;; are surjective.
The projective system of topological spaces together with continuous maps

4 For more general situations, such as the system of all finite open covers of M, this
is not enough and one needs to consider a directed collection {U; }ica of open
covers of M. Here directed just means that for any two coverings U; and Uo,
there exists a third cover Us such that Us,Us C 7(Us). The construction of the
remaining part of this Section applies to this more general situation if one defines
a partial order on the ‘set of indices’ A by declaring that i < k < U; C 7(U;)
for any j, k € A.

Indeed, the map 7;; is the solution (by definition it is then unique) of a universal
mapping problem for maps relating To-spaces [141].
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{P;, mij}i jen has a unique projective limit, namely a topological space P,
together with continuous maps

Tico : Poo — P s (327)

such that
Tij © Tjoo = Tico (328)

whenever ¢ < j. The space P and the maps m;; can be constructed explicitly.
An element x € P, is an arbitrary coherent sequence of elements x; € P;,

T = (xi)iEN , x; € B ‘ ANy st. xz; = 7Ti,i+1(xi+1) s Vi>Ng. (329)
As for the map 7;o0, it is simply defined by

The space P, is made into a T topological space by endowing it with the
weakest topology making all maps ;. continuous: a basis for it is given by
the sets ﬂz(gol)(U), for all open sets U C P;. The projective system and its
limit are depicted in Fig. 3.7.

It turns out that the limit space P, is bigger than the starting space M
and that the latter is contained as a dense subspace. Furthermore, M can be
characterized as the set of all closed points of P;,. Let us first observe that
we also get a unique (by universality) continuous map

Too : M — Py (3.31)

which satisfies
T = Mioo O Moo , ViEN. (3.32)

The map 7y is the ‘limit’ of the maps ;. However, while the latter are
surjective, under mild hypothesis the former turns out to be injective. We
have, indeed, the following two propositions [141].

Proposition 12. The image moo (M) is dense in Ps.

Proof. If U C P4 is any nonempty open set, by the definition of the topology
of P, U is the union of sets of the form ﬂg;l) (U;), with U; open in P;. Choose
x; € U;. Since m; is surjective, there is at least a point m € M, for which
mi(m) = x; and let moo (M) = x. Then 00 () = Moo (Too ) (M) = (M) = 25,
from which = € Wg;l)(xi) - 7T§O_Ol)(U1') C U. This proves that mo (M)NU # 0,

which establishes that 7w (M) is dense.

Proposition 13. Let M be Ty and the collection {U;} of coverings be such
that for every m € M and every neighborhood N > m, there exists an index
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Too

P;

Fig. 3.7. The projective system of topological spaces with continuous maps which
approximates the space M

i and an element U € 7(U;) such that m € U C N. Then, the map oo is
injective.

Proof. If my, mo are two distinct points of M, since the latter is Tp, there
is an open set V' containing m; (say) and not msg. By hypothesis, there
exists an index ¢ and an open U € 7(U;) such that m; € U C V. There-
fore T(U;) distinguishes my from mo. Since P; is the corresponding Ty quo-
tient, m;(mq) # mi(ma). Then oo (Moo (1)) # Mico(Too(m2)), and in turn
Too(M1) # Too(Ma2).

We remark that, in a sense, the second condition in the previous proposition
just says that the covering U; contains ‘enough small open sets’, a condition
one would expect in the process of recovering M by a refinement of the
coverings.

As alluded to before, there is a nice characterization of the points of M
(or better still of mo(M)) as the set of all closed points of P,,. We have
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TN+1 TN+2 TN+3 L2N

T1 X2 €3 TN

Fig. 3.8. The Hasse diagram for Poy(S*)

indeed a further Proposition; for the easy but long proof one is referred to
[141],

Proposition 14. Let M be Ty and let the collection {U;} of coverings fulfill
the ‘fineness’ condition of Proposition 13. Let each covering U; consist only of
sets which are bounded (have compact closure). Then 7o : M — P, embeds
M in Py, as the subspace of closed points.

We remark that the additional requirement on the element of each covering
is automatically fulfilled if M is compact.

As for the extra points of P, one can prove that for any extra y € P,
there exists an © € 7y, (M) to which y is ‘infinitely close’. Indeed, P, can be
turned into a poset by defining a partial order relation as follows

=y & x; 3y, Vi, (3.33)

where the coherent sequences = (z;) and y = (y;) are any two elements
of P,,.% Then one can characterize 7o, (M) as the set of mazimal elements
of P, with respect to the order <. Given any such maximal element z,
the points of P, which are infinitely close to x are all (non maximal) points
which converge to x, namely all (not maximal) y € Py such that y < z.
In P, these points y cannot be separated from the corresponding x. By
identifying points in P, which cannot be separated one recovers M. The
interpretation that emerges is that the top points of a poset P(M) (which
are always closed) approximate the points of M and give all of M in the
limit. The role of the remaining points is to ‘glue’ the top points together so
as to produce a topologically nontrivial approximation to M. They also give
the extra points in the limit. Figure 3.8 shows the 2/N-poset approximation
to S! obtained with a covering consisting of IV open sets. In Fig. 3.9 we have
the associated projective system of posets. As seen in that Figure, by going

5 In fact, one could directly construct Ps, as the projective limit of a projective
system of posets by defining a partial order on the coherent sequences as in
(3.33).
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1o 3 20 4
12 11 21 22
23
3 20 4
1 27 29
12
3 4
1 2

Fig. 3.9. The projective system of posets for S*

from one level to the next one, only one of the bottom points x is ‘split’ in
three {xg,x1,x1} while the others are not changed. The projection from one
level to the previous one is the map which sends the triple {zg, 21,21} to the
parent x while acting as the identity on the remaining points. The projection
is easily seen to be order preserving (and then continuous). As in the general
case, the limit space P, consists of S' together with extra points. These
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extra points come in couples anyone of which is ‘glued’ (in the sense of being
infinitely close) to a point in a numerable collection of points. This collection
is dense in S! and could be taken as the collection of all points of the form
{m/2™ | m,n € N} of the interval [0, 1] with endpoints identified.

In [12] a somewhat different interpretation of the approximation and of the
limiting procedure in terms of simplicial decompositions has been proposed.

3.4 Noncommutative Lattices

It turns out that any (finite) poset P is the structure space A (the space of
irreducible representations, see Sect. 2.3) of a noncommutative C*-algebra
A of operator valued functions which then plays the role of the algebra of
continuous functions on P.” Indeed, there is a complete classification of all
separable® C*-algebras with a finite dual [9]. Given any finite Ty-space P,
it is possible to construct a C*-algebra A(P,d) of operators on a separable?

Hilbert space H(P,d) which satisfies .ATP,\d) = P. Here d is a function on
P with values in N U oo which is called a defector. Thus there is more than
one algebra with the same structure space. We refer to [9, 73] for the actual
construction of the algebras together with extensions to countable posets.
Here, we shall instead describe a more general class of algebras, namely ap-
proximately finite dimensional ones, a subclass of which is associated with
posets. As the name suggests, these algebras can be approximated by finite
dimensional algebras, a fact which has been used in the construction of phys-
ical models on posets as we shall describe in Chap. 11. They are also useful
in the analysis of the K-theory of posets as we shall see in Chap. 5.

Before we proceed, we mention that if a separable C*-algebra has a finite
dual than it is postliminal [9]. From Sect. 2.4 we know that for any such
algebra A, irreducible representations are completely characterized by their
kernels so that the structure space A is homeomorphic with the space Prim.A
of primitive ideals. As we shall see momentarily, the Jacobson topology on
PrimA is equivalent to the partial order defined by the inclusion of ideals.
This fact in a sense ‘closes the circle’ making any poset, when thought of
as the Prim.A space of a noncommutative algebra, a truly noncommutative
space or, rather, a noncommutative lattice.

7 It is worth noticing that, a poset P being non Hausdorff, there cannot be ‘enough’
C-valued continuous functions on P since the latter separate points. For instance,
on the poset of Fig. 3.1 or Fig. 3.3 the only C-valued continuous functions are
the constant ones. In fact, the previous statement is true for each connected
component of any poset.

8 We recall that a C*-algebra A is called separable if it admits a countable subset
which is dense in the norm topology of A.

9 Much as in the previous footnote, a Hilbert space H is called separable if it
admits a countable basis.
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3.4.1 The Space Prim.A as a Poset

We recall that in Sect. 2.3.1 we introduced the natural Ty-topology (the
Jacobson topology) on the space Prim.A of primitive ideals of a noncommu-
tative C*-algebra A. In particular, from Prop. 6, we have that, given any
subset W of PrimA,

W isclosed & Ze€eW and TCJ =JeW. (3.34)
Now, a partial order < is naturally introduced on Prim.A by inclusion,
=1L, & 11CIy,, V11,1 € PrimA . (335)

From what we said after (3.14), given any subset W of the topological space
(PrimA, <),

W isclosed & ZeW and IXJ =JeW, (3.36)

which is just the partial order reading of (3.34). We infer that on Prim.A the
Jacobson topology and the partial order topology can be identified.

3.4.2 AF-Algebras

In this Section we shall describe approximately finite dimensional algebras
following [17]. A general algebra of this sort may have a rather complicated
ideal structure and a complicated primitive ideal structure. As mentioned
before, for applications to posets only a special subclass is selected.

Definition 4. A C*-algebra A is said to be approrimately finite dimensional
(AF) if there exists an increasing sequence

In—1 I,

Ao A BB 5,8 (3.37)

of finite dimensional C*-subalgebras of A, such that A is the norm closure of
U, An » A=U,, An. The maps I,, are injective *-morphisms.

The algebra A is the inductive (or direct) limit of the inductive (or direct)
system { Ay, I, }nen of algebras [124, 153]. As a set, | J,, Ay, is made of coherent
sequences,

UA ={a = (an)nen »an € Ay | ING yans1 = L(a,) ,¥ n > No}. (3.38)

Now the sequence (||an|| 4, )nen is eventually decreasing since ||an+1|| < ||an]]
(the maps I,, are norm decreasing) and therefore convergent. One writes for
the norm on A,
(an)nenll = lim |lana, - (3.39)
n—oo
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Since the maps I,, are injective, the expression (3.39) gives a true norm
directly and not simply a seminorm and there is no need to quotient out the
zero norm elements.

We shall assume that the algebra A has a unit I. If A and A,, are as before,
then A,, +CI is clearly a finite dimensional C*-subalgebra of A and moreover,
A, C A, +CI C A, 11+ CI. We may thus assume that each A,, contains the
unit I of A and that the maps I,, are unital.

Example 5. Let H be an infinite dimensional (separable) Hilbert space. The
algebra

A=K(H)+Cly (3.40)

with KK(H) the algebra of compact operators, is an AF-algebra [17]. The ap-
proximating algebras are given by

A, =M, (C)aC, n>0, (3.41)
with embedding
A0
M, (C)eC > (A, \) — 0\ A €M, (C)aC. (3.42)

Indeed, let {&, }nen be an orthonormal basis in H and let H,, be the subspace
generated by the first n basis elements, {&1,---,&,}. With Py, the orthogonal
projection onto H,,, define

Ay ={T € BH) | T(L—P,) = (I—P,)T € CI - P,)}

~ B(H,)®C ~M,(C)&C . (3.43)

Then A, embeds in Any1 as in (3.42). Since each T € A, is a sum of a

finite rank operator and a multiple of the identity, one has that A, C A =

K(H) + Cly and, in turn, |, A, € A = K(H) + Cly. Conversely, since

finite rank operators are norm dense in IC(H), and finite linear combinations

of strings {&1,-- -, &} are dense in H, one gets that IK(H) + Cly C U, An.
The algebra (3.40) has only two irreducible representations [9)],

T A— B(H), a = (k+ M) — m1(a)

i A—B(C)~C ,a=(k+ Ny)— m(a) =\, (3.44)
with A1, A2 € C and k € K(H); the corresponding kernels being
T, =: ker(m) = {0}, 3.45)

The partial order given by the inclusions Ty C Iy produces the two point poset
shown in Fig. 3.10. As we shall see, this space is really the fundamental build-
ing block for all posets. A comparison with the poset of the line in Fig. 3.2,
shows that it can be thought of as a two point approximation of an interval.
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I

VAl

Fig. 3.10. The two point poset of the interval

In general, each subalgebra A, being a finite dimensional C*-algebra, is
a direct sum of matrix algebras,

kn
A, = @Mdim(((:) , (3.46)
k=1

where M(C) is the algebra of d x d matrices with complex coefficients. In

order to study the embedding A; — As of any two such algebras A; =

@;L;l M,y (C) and Ay = @2, M2 (C), the following proposition [68, 153]
J k

is useful.

Proposition 15. Let A and B be the direct sum of two matrixz algebras,
A= MPl ((C) @ MPZ ((C) , B= th (C) ® Mth ((C) . (347)

Then, any (unital) morphism « : A — B can be written as the direct sum of
the representations o : A — Mg, (C) ~ B(C%),j = 1,2. If mj; is the unique
irreducible representation of My, (C) in B(C%), then «; splits into a direct
sum of the mj;’s with multiplicity Nj;, the latter being nonnegative integers.
Proof. This proposition just says that, by suppressing the symbols m;;, and
modulo a change of basis, the morphism « : A — B is of the form

A@PB—A®---®AoBo---0BPAG---0AeB®-- 0B,
Ny, Ni2 N2y Nao

(3.48)
with A@ B € A. Moreover, the dimensions (p1,p2) and (g1, ¢2) are related
by

Nupr + Nizp2 = qu
3.49
Noip1 + Naapaz = qo - (3.49)
Given a unital embedding A; < A5 of the algebras A; = @;11 M, (©)
and Ay = @2, M2 (C), by making use of Proposition 15 one can always
k

choose suitable bases in A; and As in such a way as to identify A; with a
subalgebra of A5 having the following form



3.4 Noncommutative Lattices 39

g@ @Nkj d(l) . (3.50)
k=1

Here, with any two nonnegative integers p, ¢, the symbol pM,(C) stands for
pM,(C) ~ M, (C) ®c I, , (3.51)

and one identifies @;1;1 NijM,o) (C) with a subalgebra of M) (C). The
5 k

nonnegative integers Ny; satisfy the condition

Z Nijd" = df) . (3.52)

One says that the algebra M ) (C) is partially embedded in M ) (C) with
j k

multiplicity Ni;. A useful wayjof representing the algebras A;, Ay and the
embedding A; — As is by means of a diagram, the so called Bratteli diagram

Ly

[17], which can be constructed out of the dimensions dg- ,7=1,...,n1 and

d,(f) , k=1,...,ns, of the diagonal blocks of the two algebras and out of the
numbers Ny; that describe the partial embeddings. One draws two horizontal
rows of vertices, the top (bottom) one representing A; (As) and consisting
of ny (n2) vertices, one for each block which are labeled by the corresponding

dimensions dgl),...7d§}1) (d§2), . d( )) Then, for each 7 = 1,...,n; and
k = 1,...,n9, one has a relation djl) N Ve d,(f to denote the fact that

Md(1> ((C) is embedded in Md(z) (C) with multiplicity N;.

For any AF-algebra A one repeats the procedure for each level, and in this
way one obtains a semi-infinite diagram, denoted by D(A) which completely
defines A up to isomorphism. The diagram D(A) depends not only on the
collection of A’s but also on the particular sequence {A,, },en which generates
A. However, one can obtain an algorithm which allows one to construct from
a given diagram all diagrams which define AF-algebras which are isomorphic
with the original one [17]. The problem of identifying the limit algebra or
of determining whether or not two such limits are isomorphic can be very
subtle. Elliot [70] has devised an invariant for AF-algebras in terms of the
corresponding K theory which completely distinguishes among them (see
also [68]). We shall elaborate a bit on this in Chap. 5. It is worth remarking
that the isomorphism class of an AF-algebra | J,, A, depends not only on the
collection of algebras 4,,’s but also on the way they are embedded into each
other.

Any AF-algebra is clearly separable but the converse is not true. Indeed,
one can prove that a separable C*-algebra A is an AF-algebra if and only if it
has the following approximation property: for each finite set {ay,...,a,} of
elements of A and ¢ > 0, there exists a finite dimensional C*-algebra B C A
and elements by, ...,b, € B such that ||ay —bi|| <&, k=1,...,n
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Given a set D of ordered pairs (n,k),k =1,--+,k, , n =0,1,---, with
ko = 1, and a sequence {\P}p=0,1,... of relations on D, the latter is the
diagram D(A) of an AF-algebras when the following conditions are satisfied,

(i) If (n,k),(m,q) € D and m = n + 1, there exists one and only one
nonnegative (or equivalently, at most a positive) integer p such that
(n, k) NP (n+1,q).

(ii) If m # n + 1, no such integer exists.

(iii) If (n, k) € D, there exists ¢ € {1,---,np4+1} and a nonnegative integer p
such that (n, k) \? (n+1,q).

(iv) If (n,k) € D and n > 0, there exists ¢ € {1,---,n,_1} and a nonnegative
integer p such that (n — 1,¢) \/* (n, k).

It is easy to see that the diagram of a given AF-algebra satisfies the
previous conditions. Conversely, if the set D of ordered pairs satisfies these
properties, one constructs by induction a sequence of finite dimensional C*-
algebras {A;,}nen and of injective morphisms I, : A, — A,y in such a
manner so that the inductive limit {A,, I, }neny will have D as its diagram.
Explicitly, one defines

kn
A= P M, (C) = @Mdim (C), (3.53)
k=1

k;(n,k)€D

and morphisms

I : @;7;1 Md;")( ) - @kn-H d(n+1)((c) )

A @ @A, = (B NyA) @D - D@ Ni,y1545)
(3.54)
where the integers Ny; are such that (n,j) \[* (n+1,k) and we have used

the notation (3.51). Notice that the dimension dim_l) of the factor M n+1)(C)
k
is not arbitrary but it is determined by a relation like (3.52),

d"th = ZN i (3.55)

Example 6. An AF-algebra A is commutative if and only if all the factors
Md(n) (C) are one dimensional, Md<n) (C) ~ C. Thus the corresponding dia-

gram D has the property that for each (n,k) € D,n > 0, there is exactly one
(n—1,7) € D such that (n —1,5) \}' (n, k).
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There is a very nice characterization of commutative AF-algebras and of their
primitive spectra [18],

Proposition 16. Let A be a commutative C*-algebra with unit 1. Then the
following statements are equivalent.

(i) The algebra A is AF.

(i) The algebra A is generated in the norm topology by a sequence of projec-
tors {P;}, with Py =L

(iii) The space PrimA is a second-countable, totally disconnected, compact
Hausdorff space.'©

Proof. The equivalence of (i) and (ii) is clear. To prove that (ii¢) implies
(7i), let X be a second-countable, totally disconnected, compact Hausdorff
space. Then X has a countable basis {X,,} of open-closed sets. Let P,, be the
characteristic function of X,,. The *-algebra generated by the projector {P,}
is dense in C'(X): since PrimC(X) = X, (ii1) implies (éi). The converse, that
(#4) implies (i), follows from the fact that projectors in a commutative C*-
algebra A correspond to open-closed subsets in its primitive space Prim.A.

Example 7. Let us consider the subalgebra A of the algebra B(H) of bounded
operators on an infinite dimensional (separable) Hilbert space H = Hy & Ha,
given in the following manner. Let P; be the projection operators on H;, j =
1,2, and K(H) the algebra of compact operators on H. Then, the algebra A
18

Ay =CP1 +K(H) +CP; . (3.56)
The use of the symbol Ay is due to the fact that, as we shall see below, this
algebra is associated with any part of the poset of the line in Fig. 3.2, of the
form

\/ ={yi—1, %, ¥i} , (3.57)

in the sense that this poset is identified with the space of primitive ideals
of Ay. The C*-algebra (3.56) can be obtained as the inductive limit of the
following sequence of finite dimensional algebras:

Ao—Ml(C),
M, (C) @ My (C)
E %@MQ( yeM;(C) ,

A3—M1 ® My (C) @ M;(C)

(3.58)

An' — M (C) @ May_»(C) @ M, (C) ,

10 We recall that a topological space is called totally disconnected if the connected
component of each point consists only of the point itself. Also, a topological
space is called second-countable if it admits a countable basis of open sets.
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1
11
1 1
1 1
1 6 1

Fig. 3.11. The Bratteli diagram of the algebra Ay; the labels indicate the dimen-
sion of the corresponding matrix algebras

where, forn > 1, A, is embedded in A1 as follows

M ((C) @ M, _o ((C) @ M, ((C) —

A 0000
A 00 0AMOO O
0BO| +— |00BOO]|, (3.59)
00 A 000X0
0000 A

for any A1, 2 € M;(C) and any B € My,,—2(C). The corresponding Brat-
teli diagram is shown in Fig. 3.11. The algebra (3.56) has three irreducible
representations,

w1 Ay — B(H)
m : Ay — B(C)
73 : Ay — B(C)

d k

with A1, Ao € C an

R a:()\17)1+k:+)\2732)»—>771(a):a,
~C ,a = (/\1731 + k‘—i—)\gpg) — 7T2(CL) =)\ s (360)
Z(C,CLZ(/\17D1+k+)\2732)'—>ﬂ'3(a)=)\2,

€ K(H). The corresponding kernels are
7, = {0},
Io=K(H)+CP, (3.61)
I3=CP1 + K(H) .

The partial order given by the inclusions Iy C Iy and Iy C Zs (which, as

shown in Sect. 3.4.1 is an equivalent way to provide the Jacobson topology)
produces a topological space Prim Ay which is just the \/ poset in (3.57).
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3.4.3 From Bratteli Diagrams to Noncommutative Lattices

From the Bratteli diagram of an AF-algebra A one can also obtain the (norm
closed two-sided) ideals of the latter and determine which ones are primitive.
On the set of such ideals the topology is then given by constructing a poset
whose partial order is provided by the inclusion of ideals. Therefore, both
Prim(A) and its topology can be determined from the Bratteli diagram of
A. This is possible thanks to the following results of Bratteli [17].

Proposition 17. Let A =J, U, be any AF-algebra with associated Bratteli
diagram D(A). Let T be an ideal of A. Then T has the form

7= @ummens My (€) (3.62)

n=1
with the subset Az C D(A) satisfying the following two properties:

i)if (n,k) € Az and (n, k) \P (n+1,7) ,p > 0, then (n + 1,7) belongs to
AI;

it) if all factors (n+1,7) ,j = 1,...,npy1, n which (n, k) is partially em-
bedded belong to Az, then (n,k) belongs to Az.

Conversely, if A C D(A) satisfies properties (i) and (ii) above, then the subset
Za of A defined by (3.62) (with A substituted for Az) is an ideal in A such

that TN A, = Dk;(n,k)eAr Md;n) (©).

Proposition 18. Let A= J, Uy, let T be an ideal of A and let Az C D(A)
be the associated subdiagram. Then the following three conditions are equiv-
alent.!!

(i) The ideal T is primitive.

(#i) There do not exist two ideals T1,To € A such that Ty # T # Io and
I=T,NT.

(iii) If (n,k),(m,q) ¢ Az, there exists an integer p > n, p > m, and a
couple (p,r) ¢ Az such that Md?)((C) and Mdgm) (C) are both partially
embedded in I\\/Jldgm (©) (equivalenily, there are two sequences along the
diagram D(A) starting at the points (n,k) and (m, q) with both ending at
the same point (p,r)).

We recall that the whole of A is an ideal which, by definition, is not primitive
since the trivial representation A — 0 is not irreducible. Furthermore, the
ideal {0} C A is primitive if and only if A is primitive, which means that
it has an irreducible faithful representation. This fact can also be inferred

' Tn fact, the equivalence of (i) and (i4) is true for any separable C*-algebra [55].
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IQ Ig I}C

(a) (0) (c)

Fig. 3.12. The three ideals of the algebra Ay

from the Bratteli diagram. Now, the ideal {0}, being represented at each
level by the element 0 € A,'2, is not associated with any subdiagram of
D(A). Therefore, to check if {0} is primitive, we have the following corollary
of Proposition 18.

Proposition 19. Let A = J,, U,. Then the following conditions are equiva-
lent.

(i) The algebra A is primitive (the ideal {0} is primitive).

(#i) There do not exist two ideals in A different from {0} whose intersection
is {0}.

(iii) If (n, k), (m,q) € D(A), there exists an integer p > n, p > m, and a
couple (p,r) € D(A) such that M ) (C) and M ;i) (C) are both partially

k q

embedded in M) (C) (equivalently, any two points of the diagram D(A)
can be connected to a single point at a lower level of the diagram).

For instance, from the diagram of Fig. 3.11 we infer that the corresponding
algebra is primitive, meaning that the ideal {0} is primitive.

Example 8. As a simple example, consider the diagram of Fig. 8.11. The
corresponding AF-algebra Ay in (3.56) contains only three nontrivial ideals
whose diagrammatic representation is in Fig. 3.12.

In these pictures the points belonging to the same ideal are marked with a
“eo”. It is mot difficult to check that only Io and I3 are primitive ideals, since

12 In fact one could think of Ajoy as being the empty set.
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TIx does not satisfy the property (iii) above. Now Iy = {0} is an ideal which
clearly belongs to both Iy and Zs so that Prim(A) is any \/ part of Fig. 3.2 of
the form \/ = {yi—1, i, y; }. From the diagram of Fig. 3.12 one immediately

obtains
7, =Cly +K(H) ,
H being an infinite dimensional Hilbert space. Thus, Iy and Zs can be iden-

tified with the corresponding ideals of Ay given in (3.61). As for Ik, from
Fig. 3.12 one gets Ixx = K(H) which is not a primitive ideal of Ay .

(3.63)

3.4.4 From Noncommutative Lattices to Bratteli Diagrams

There is also a reverse procedure which allows one to construct an AF-algebra
(or rather its Bratteli diagram D(.A)) whose primitive ideal space is a given
(finitary, noncommutative) lattice P [18, 19]. We shall briefly describe this
procedure while referring to [72, 73] for more details and several examples.

Proposition 20. Let P be a topological space with the following properties,

(i) The space P is Tp;

(is) If F C P is a closed set which is not the union of two proper closed
subsets, then F' is the closure of a one-point set;

(#ii) The space P contains at most a countable number of closed sets;

() If {Fn}n is a decreasing (Fny1 C Fy,) sequence of closed subsets of P,
then (N, Frn is an element in {F),},.

Then, there exists an AF algebra A whose primitive space PrimA is home-
omorphic to P.

Proof. The proof consists in constructing explicitly the Bratteli diagram D(.A)
of the algebra A. We shall sketch the main steps while referring to [18, 19]
for more details.

o Let {Ky, K1, Ka,...} be the collection of all closed sets in the lattice P,
with Ko = P.

e Consider the subcollection K, = {Ky, K1, ..., K,} and let K/, be the small-
est collection of (closed) sets in P containing /C,, which is closed under
union and intersection.

e Consider the algebra of sets'® generated by the collection /C,,. Then, the
minimal sets YV, = {Y,,(1), Yn(2),...,Ys(ky,)} of this algebra form a par-
tition of P.

13 We recall that a non empty collection R of subsets of a set X is called an algebra
of sets if R is closed under the operations of union, i.e. E,FF€e R=FUF € R,
and of complement, i.e. E€ R= E°=: X\ E € R.
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e Let F,(j) be the smallest set in the subcollection K], which contains Y,,(5).
Define F,, = {F, (1), F\(2), ..., Fi(ky)}.

e As a consequence of the assumptions in the Proposition one has that

Y, (k) C Fo(k) , (3.64)
Uvatk) =P, (3.65)
OFn(k) =P, (3.66)
;n(k) = Fu(k)\ %{F”(p) | Fn(p) € Fu(k)} (3.67)
1%%)LMEHZMPhH@)gFMM}, (3.68)

If FCP isclosed, 3n>0, s.t.
Fuo(k) = J{Fulp) | Fa(p) S F} . (3.69)
P

e The diagram D(A) is constructed as follows.

(1.) The n-th level of D(A) has k,, points, one for each set Yy, (k),
wherek =1,--- k.

Thus D(A) is the set of all ordered pairs (n, k),
k=1,...kn, n=0,1,....

(2.) The point corresponding to Y, (k) at level n of the diagram is linked
to the point corresponding to Y,11(j) at level n + 1, if and only if
Yo.(k)N F,y1(3) # 0. The multiplicity of the embedding is always 1.
Thus, the partial embeddings of the diagram are given by

(n, k) \P (n+1,7), with
p=1if Y;L(kl)m Fn+1(j)7é®a (370)
p =0 otherwise .

That the diagram D(A) is really the diagram of an AF algebra A, namely
that conditions (i) — (iv) of page 40 are satisfied, follows from the conditions
(3.64)-(3.69) above.

Before we proceed, recall from Proposition (5) that there is a bijective cor-
respondence between ideals in a C*-algebra and closed sets in Prim.A, the
correspondence being given by (2.36). We shall construct a similar correspon-
dence between closed subsets F' C P and the ideals Zr in the AF-algebra A
with subdiagram Ap C D(A). Given then, a closed subset F' C P, from
(3.69), there exists an m such that F' C K/ . Define

(Ap)p ={(n,k) [ n>m, Y, (k)N F =0} . (3.71)
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By using (3.67) one proves that conditions (7) and (i7) of Proposition 17 are
satisfied. As a consequence, if Ap is the smallest subdiagram corresponding
to an ideal Zp, namely the smallest subdiagram satisfying conditions () and
(1) of Proposition 17, which also contains (Ag),, one has that

(AF)n = Ap [ Y{(n,k) | (n,k) € D(A), n>m} (3.72)

which, in turn, implies that the mapping F — Ap <> Zp is injective.
To show surjectivity, let Z be an ideal in A with associated subdiagram Az.
For n =0,1,..., define

Fo=P\ [ J{Va(k) | 3(n—1,p) € Az, (n—1,p) \\! (n, k) € Az} . (3.73)
k

Then {F,}, is a decreasing sequence of closed sets in P. By assumption (iv),
there exists an m such that F,,, = (1, F,. By defining F' = F,,, one has
F,, = F for n > m and

Az (W, k) | n > m} = (Ap)m - (3.74)

Thus, Az = Ap and the mapping F' +— Zp is surjective.
Finally, from the definition it follows that

FICF — IFl QIFg . (375)

For any point x € P, the closure m is not the union of two proper closed
subsets. From (3.75), the corresponding ideal Im is not the intersection
of two ideals different from itself, thus it is primitive (see Proposition 18).
Conversely, if 7 is primitive, it is not the intersection of two ideals different
from itself, thus from (3.75) F' is not the union of two proper closed subsets,
and from assumption (i%), it is the closure of a one-point set. We have then
proven that the ideal Zp is primitive if and only if F' is the closure of a one-
point set.

By taking into account the bijection between closed sets of the space P and
ideals of the algebra A and the corresponding bijection between closed sets
of the space Prim.A and ideals of the algebra A, we see that the bijection
between P and Prim.A which associates the corresponding primitive ideal to
any point of P, is a homeomorphism.

We know that different algebras could yield the same space of primitive ideals
(see the notion of strong Morita equivalence in App. A.4). It may happen
that by changing the order in which the closed sets of P are taken in the
construction of the previous proposition, one produces different algebras, all
having the same space of primitive ideals though, and so all producing spaces
which are homeomorphic to the starting P (any two of these spaces being, a
fortiori, homeomorphic).
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Example 9. As a simple example, consider again the lattice,

\/ ={yi-1,%i,yi} = {w2, 71,73} . (3.76)
This topological space contains four closed sets:

KO = {1172,261,.%3} ,Kl = {IQ} 7K2 = {Ig} ,Kg = {IQ,{E3} = Kl UK2 .

(3.77)
Thus, with the notation of Proposition 20, it is not difficult to check that:
Ko ={Ko} , o ={Ko} ,
KIZ{KO7K1} 5 IC/lz{K()?Kl} 3

IC2 = {KO,Kl’K2} 3 Ké = {KO,K17K2’K3} 5
Ks = {Ko, K1, Ky, K3} , Ky = {Ko, K1, K>, K3},

Yo(1) = {x1, 22,23} , F(1) = Ky ,

Y1(1>:{£E2} , Y1(2):{I17I3} ) Fl(l):Kl y F1(2):K0 ,

Ya(1) = {z2} ,  Y2(2) ={m}, B(1)=K, FR(2)=K,
Y2(3) = {ws} , F(3) =K,
Ya(1) = {z2} ,  Y3(2) ={z1}, F3(1)=K,, F3(2)=Ko,
Y3(3) = {xs} , F3(2) = K ,

(3.78)

Since \/ has only a finite number of points (three), and hence a finite number
of closed sets (four), the partition of \/ repeats itself after the third level.
Figure 3.13 shows the corresponding diagram, obtained through rules (1.)
and (2.) in Proposition 20 above (on page 46). By using the fact that the first
matrix algebra Ay is C and the fact that all the embeddings have multiplicity
one, the diagram of Fig. 3.13 is seen to coincide with the diagram of Fig. 3.11.
As we have previously said, the latter corresponds to the AF-algebra

A, =CP; + ’C(H) +CPy, H=H1 ®Hs . (3.79)

Example 10. Another interesting exzample is provided by the lattice Py(S*)
for the one-dimensional sphere in Fig. 3.1. This topological space contains
six closed sets:

Ko ={z1,20, 23,24} , K1 ={x1, 23,24} , Ky ={x3}, K3 ={x4},
Ky ={xo, 23,24} , K5 = {23,024} = Ko UK3 .
(3.80)
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Fig. 3.13. The Bratteli diagram associated with the poset \/; the label nk stands

for Y, (k)

Thus, with the notation of Proposition 20, one finds,

Ko = {Ko} ,

K1 ={Ko, K1} ,
,CQ = {KOaKhKZ} 5
Ks ={Ko, K1, K2, K3},

Ky ={Ko, K1, Kz, K3,K4} ,
Ks = {Ko, K1, K2, K3, K4, K5} ,

Yo(1) = {

Yi(1) ={

Y2(1) = {1‘3} )
Y2(3) ={

Y3(1) = {z3} ,
Y3(3) = {21},
Ya(1) = {3},
Ya(3) = {z1},
Y5(1) = {zs} ,
Y5(3) = {1},

Y (2) - {x2} )
Y2(2) = {z2} ,
Y3(2) = {z2} ,
Y3(4) = {4},
Yi(2) = {2},
Yi(4) = {z4} ,
Y5(2) = {z2} ,
Y5(4) = {4},

Ko = {Ko} ,

Ki ={Ko, K1},

,2 = {KO,KlzKZ} 5
iI% = {KOaKvi%KSaKE)} 3

K} ={Ko, K1, K, K3, K4, K5} ,
5 = {Ko, K1,Ky, K3, K4, K5} ,

Fy(1) = Ko
Fi (1) =K,
Fy (1) = K,
F(3) = K,
F3(1) = Ky
F5(3) = K,
Fy(1) = Ky
Fy(3) = Ky
F5(1) = Ky
F5(3) = K,
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Fig. 3.14. The Bratteli diagram for the circle poset Ps(S")

Since there are a finite number of points (four), and hence a finite number of
closed sets (siz), the partition of Py(S') repeats itself after the fourth level.
The corresponding Bratteli diagram is exhibited in Fig. 3.14. The ideal {0}

is not primitive. The algebra is given by

Ao =M;(C) ,

A =M (C) & My (C)

Az = M (C) @ M(C) & M, (C) ,

As = M;(C) & M4(C) & M»(C) & M; (C) ,
(C) & M(C) & M4(C) & My (C)

where, forn > 2, A, is embedded in A, 1 as follows

At
A 00
A1 0BO
00X

[t

&)

0
A2 0C
00

(3.82)

(3.83)
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with A1, A2 € M1(C), B € My,,_2(C) and C € My,,_4(C); elements which
are not shown are equal to zero. The algebra limit Ap, g1y can be realized
explicitly as a subalgebra of bounded operators on an infinite dimensional
Hilbert space H naturally associated with the poset Py(SY). Firstly, to any
link (x;,x;),x; = x;, of the poset one associates a Hilbert space H;;; for the
case at hand, one has four Hilbert spaces, Hz1, Haz, Ha1, Haz. Then, since all
links are at the same level, H is just given by the direct sum

H =H31 & H3o ® Ha1 © Hao - (3.84)
The algebra Ap,s1y is given by [73],

AP4(SI) = CPHSl@Hsz + ]C7'[31@H41 + ICH32€9'H42 + (CPH41@H42 . (385)

Here IC denotes compact operators and P orthogonal projection. The algebra
(3.85) has four irreducible representations. Any element a € Ap,(s1y is of the
form

a = APs 12 + ksa1 + ksa2 + P2 (3.86)

with A\, 11 € C, ksa1 € Kygyona, and kzao € Kygyom,,- The representations
are the following ones,

(a) = AP312 + ksaq + pPai2 ,
a v mo(a) = APs 12 + ksao + P12,
(a)
(a)

T :.Ap4(51) — B A
A
=A
n

(
o ! Ap4(51) — B(
T3 ! .Ap4(51) — B( (387)
(

Tyt Ap4(51) — B
The corresponding kernels are

I, = ICH32®H42 )

I = ICH31®H41 s (3 88)
I3 = ,C'H31€B7'l41 + ’CH32@H42 + CPH41®H42 ’ .
Iy = CPH31€BH32 + K:H31®H41 + ’CH32€B7{42 .

The partial order given by the inclusions Ty C Zs, 7y C Iy and Iy C I3,
I, C I, produces a topological space PrimAp,s1)y which is just the circle
poset in Fig. 3.1.

Example 11. We shall now give an example of a three-level poset. It cor-
responds to an approzimation of a two dimensional topological space (or a
portion thereof).

This topological space, shown in Fig. 8.15, contains five closed sets:

Ko = {1} = {21,220, 23,24} , K1 = {22} = {22, 23,24},
Ky ={x3} ={x3}, Ksz={x4}={zs}, (3.89)
K4 = {.’E3,$4} = KQ UK3 .
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T3 T4

Z2

x1

Fig. 3.15. A poset approximating a two dimensional space

Thus, still with the notations of Proposition 20, one finds,

Ko ={Ko} 0 =1{Ko},

K1 ={Ko, K1}, Ky ={Ko, K1},
IC2={K0,K1,K2} s K’QZ{KO’Kl,KQ} ,

Ks = {Ko, K1, K, K3} 3 = {Ko, K1, Ky, K3, K4}

Ky ={Ko, Ki,Ks, K3, K4} , Kj={Ko, K1,Ks, K3, K4},

Yo(1) = {z1, 22, 23,24} , Fo(1) = Ko ,
Yi(1) = {z2, x3, 24} ,

Yi(2) = {z1} , Fi(1) =K, Fi(2) =Ky,
Y2(1) ={z3}, Y2(2) ={m}, (1) =Ky, F(2)=Ko,
Y2(3) = {2, 24} , F(3) =Ky,
Y3(1):{x3} ) }%(Q)Z{xl} 3 FS(]-):KQ ) F3(2):K0 )
Y3(3) = {z2},  Y3(4) ={m4}, BB)=K , F4)=K;,
Ya(l) =A{zs},  Ya(2) ={m}, Fy(1) =Ky,  Fi(2) =Ko,
Ya(3) = {z2},  Yi(4) ={za}, Fy(3) =K1, Fi(4) =Kz,

(3.90)

Since there are a finite number of points (four), and hence a finite number
of closed sets (five), the partition of the poset repeats after the fourth level.
The corresponding Bratteli diagram is shows in Fig. 8.16. The ideal {0} is
primitive. The corresponding algebra is given by
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Fig. 3.16. The Bratteli diagram for the poset Y of previous Figure

Ao =M;(C) ,

A =M;(C) & M (C) ,

Az =M, (C) & My (C) & M, (C) ,

Az = M; (C) © My(C) @ M(C) @ M, (C) ,

A4 = M (C) @ Ms(C) & My(C) & M, (C) | (3.91)

where, for n > 2, A, is embedded in A, 1 as follows

A1

>
it
o O O

A1

co o
o Qoo

o O O
>
S

7 (3.92)

>
=

A2

o O

00
co
0 A

[

- Az_
with A1, A2 € M1 (C), B € M,,2_3,14(C) and C € Ma,,_4(C); elements which
are not shown are equal to zero. Again, the algebra limit Ay can be given as
a subalgebra of bounded operators on a Hilbert space H. The Hilbert spaces
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associated with the links of the poset will be Hzo, Hao, Ho1. The difference
with the previous example is that now there are links at different levels. On
passing from one level to the next (or previous one) one introduces tensor
products. The Hilbert space H is given by

H =Hzo @ Hor D Hao @ Hor = (7‘[32 D 7'[42) ® Hoy . (3.93)
The algebra Ay is then given by [73],

AY = (CPH32®H21 +ICH32€9H42 ®,P'Hzl +’C(7{32€BH42)®H21 +CPH42®H21 . (394)

Here IC denotes compact operators and P orthogonal projection. This algebra
has four irreducible representations. Any element of it is of the form

a = AP321 + k34,2 @ Pa1 + k3q.01 + pPa21 (3.95)

with A, € C, k3a2 € Kypyoms, and kza21 € K(pppanas)om., - The represen-
tations are the following ones,

m Ay — B(H) , a— m(a) = APs21 + ksa 2 ® Po1 + kzao1 + pPa2i
m : Ay — B(H) , a— 7r2(a) = AP321 + k342 ® Po1 + (Pa21
m3: Ay — B(C)~C, a— m3(a) =\,
m: Ay — B(C)~C, arrmyla)=p .
(3.96)

The corresponding kernels are

Il = {0} )

1 = K(H32®H42)®7{21 ) (397)

I3 = ’CH32€9H42 ® PH21 + ’C(H32€9H42)®H21 + CPH42®H21 )
Iy = CPH32®H21 + ICHaz@Hu ® PHzl + ’C(H32€B'H42)®H21 :

The partial order given by the inclusions Iy C Io C I3 and Iy C s C 14
produces a topological space PrimAy which is just the poset of Fig. (3.15).

In fact, by looking at the previous examples a bit more carefully one
can infer the algorithm by which one goes from a (finite) poset P to the
corresponding Bratteli diagram D(Ap). Let (z1,---,zy) be the points of P
and for k = 1,---,N, let S =: {xx} be the smallest closed subset of P
containing the point z;. Then, the Bratteli diagram repeats itself after level
N and the partition Y, (k) of Proposition 20 is just given by

Yo(k) = Vyia(k) = {ax} ., k=1,....N, ¥Yn>N. (3.98)

As for the associated F,,(k) of the same Proposition, from level N + 1 on,
they are given by the Sg,

Fo(k) = Fpsr(k)=Sp , k=1,....N, ¥Yn>N+1. (3.99)
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In the diagram D(Ap), for any n > N, (n,k) \, (n + 1,7) if and only if
{zx} N S; # 0, that is if and only if , € S;.

We also sketch the algorithm used to construct the algebra limit Ap de-
termined by the Bratteli diagram D(Ap)'* [9, 73]. The idea is to associate
to the poset P an infinite dimensional separable Hilbert space H(P) out of
tensor products and direct sums of infinite dimensional (separable) Hilbert
spaces H;; associated with each link (z;,z;),2; > x;, in the poset.'® Then
for each point z € P there is a subspace H(z) C H(P) and an algebra B(z)
of bounded operators acting on H(z). The algebra Ap is the one generated
by all the B(x) as x varies in P. In fact, the algebra B(z) can be made to act
on the whole of H(P) by defining its action on the complement of H(z) to be
zero. Consider any mazimal chain Cy in P: Cy = {2q, ..., 22,21 | &; > Tj-1}
for any maximal point z, € P. To this chain one associates the Hilbert space

H(Ca) = 'Ha,a71 R 7‘[32 (39 7‘[2,1 . (3.100)

By taking the direct sum over all maximal chains, one gets the Hilbert space
H(P),

H(P)=EPH(C) - (3.101)

The subspace H(z) C H(P) associated with any point z € P is constructed
in a similar way by restricting the sum to all maximal chains containing the
point x. It can be split into two parts,

H(z) = H(z)" @ H(x)?, (3.102)

with,
H(x)" =H(Py), Pr={yePly=ux},
H(x)!=H(PY), Pi={yeP|y=a}.

Here H(PY) and H(PY) are constructed as in (3.101); also, H(x)* = C if x
is a maximal point and H(x)? = C if x is a minimal point. Consider now the
algebra B(z) of bounded operators on H(x) given by

(3.103)

B(z) = K(H(z)") ® CP(H(2)?) ~ K(H(2)") @ P(H(x)?) . (3.104)

As before, K denotes compact operators and P orthogonal projection. We see
that B(x) acts by compact operators on the Hilbert space H(x)* determined
by the points which follow x and by multiples of the identity on the Hilbert
space H(x)? determined by the points which precede x. These algebras satisfy
the rules: B(x)B(y) C B(z) if + < y and B(z)B(y) = 0 if = and y are not
comparable. As already mentioned, the algebra A(P) of the poset P is the
algebra of bounded operators on H(P) generated by all B(z) as = varies

14 This algebra is really defined only modulo Morita equivalence.
5 The Hilbert spaces could all be taken to be the same. The label is there just to
distinguish among them.
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over P. It can be shown that A(P) has a space of primitive ideals which
is homeomorphic to the poset P [9, 73]. We refer to [72, 73] for additional
details and examples.

3.5 How to Recover the Algebra Being Approximated

In Sect. 3.3 we have described how to recover a topological space M in
the limit, by considering a sequence of finer and finer coverings of M. We
constructed a projective system of finitary topological spaces and continu-
ous maps {P;, m;;}i jen associated with the coverings; the maps m;; : P; —
P; , j > 1, being continuous surjections. The limit of the system is a topo-
logical space P, in which M is embedded as the subspace of closed points.
On each point m of (the image of) M there is a fiber of ‘extra points’; the
latter are all points of P,, which ‘cannot be separated’ by m.

Well, from a dual point of view we get a inductive system of algebras and
homomorphisms {A;, ¢ij}i jen; the maps ¢;; : A; — A; , j > i, being in-
jective homeomorphisms. The system has a unique inductive limit A>. Each
algebra A; is such that A; = P; and is associated with P; as described previ-
ously, A; = A(P;). The map ¢;; is a ‘suitable pullback’ of the corresponding
surjection 7;;. The limit space Py is the structure space of the limit algebra
A® Py = A And, finally the algebra C(M) of continuous functions on
M can be identified with the center of A°.

We also get a inductive system of Hilbert spaces together with isometries
{Hi,7ij}ijen; the maps 735 : Hy — H; , j > i, being injective isometries onto
the image. The system has a unique inductive limit H°°. Each Hilbert space
H; is associated with the space P; as in (3.101), H; = H(F;), the algebra
A; being the corresponding subalgebra of bounded operators. The maps 7;;
are constructed out of the corresponding ¢;;. The limit Hilbert space H* is
associated with the space Py, as in (3.101), H* = H (P ), the algebra A>
again being the corresponding subalgebra of bounded operators. And, finally,
the Hilbert space L?(M) of square integrable functions is ‘contained’ in H°
: H® = L?(M) ®, Ha, the sum being on the ‘extra points’ in P..

All of the previous is described in great details in [12]. Here we only make
a few additional remarks. By improving the approximation (by increasing
the number of ‘detectors’) one gets a noncommutative lattice whose Hasse
diagram has a bigger number of points and links. The associated Hilbert
space gets ‘more refined’ : one may think of a unique (and the same) Hilbert
space which is being refined while being split by means of tensor products
and direct sums. In the limit the information is enough to recover completely
the Hilbert space (in fact, to recover more than it). Further considerations
along these lines and possible applications to quantum mechanics will have
to await another occasion.
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3.6 Operator Valued Functions
on Noncommutative Lattices

Much in the same way as it happens for the commutative algebras described
in Sect. 2.2, elements of a noncommutative C*-algebra whose primitive spec-
trum Prim.A is a noncommutative lattice can be realized as operator-valued
functions on Prim.A. The value of a € A at the ‘point’ Z € PrimA is just
the image of a under the representation 7wz associated with Z and such that
ker(nz) =Z,

a(Z)=mnz(a) ~a/T, VYaecA TePrimA. (3.105)

All this is shown pictorially in Figs. 3.17, 3.18 and 3.19 for the \/ lattice,

a=AP1+kiz + X2Po

)\1 )\2

AP+ k12 + A2P2

Fig. 3.17. A function over the lattice \/

a = AP3,12 + k3a,1 + Kkza2 + P12

A %

AP3 12 + k34,1 + pPa12 APs3.12 + ksa2 + P12

Fig. 3.18. A function over the lattice Py(S")

a circle lattice and the lattice Y of Fig. 3.15, respectively. As it is evident in
those Figures, the values of a function at points which cannot be separated
by the topology differ by a compact operator. This is an illustration of the
fact that compact operators play the role of ‘infinitesimals’ as we shall discuss
at length in Sect. 6.1. Furthermore, while in Figs. 3.17 and 3.18 we have only
‘infinitesimals of first order’, for the three level lattice of Fig. 3.19 we have
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a = A\P321 + k34,2 @ Po1 + k3a21 + pPa21

A jz

AP321 + kza,2 @ Pa1 + pPa2i

AP321 + k34,2 @ Po1 + kza21 + pPao1

Fig. 3.19. A function over the lattice Y

both infinitesimals of first order, like k34 2, and infinitesimals of second order,
like k34’21.

In fact, as we shall see in Sect. 4.2, the correct way of thinking of any
noncommutative C*-algebra A is as the module of sections of the ‘rank one
trivial vector bundle’ over the associated noncommutative space. For the kind
of noncommutative lattices we are interested in, it is possible to explicitly
construct the bundle over the lattice. Such bundles are examples of bundles
of C*-algebras [67], the fiber over any point Z € Prim.A being just the
algebra of bounded operators wz(A) C B(Hz), with Hz the representation
space. The Hilbert space and the algebra are given explicitly by the Hilbert
space in (3.102) and the algebra in (3.104) respectively, by taking for x the
point Z.'6 Tt is also possible to endow the total space with a topology in such
a manner that elements of A are realized as continuous sections. Figure 3.20
shows the trivial bundle over the lattice Py(S?).

B(C)~C B(C) ~C

(CPHSI@HSQ @ K:H31®7'¢41 @ CPH41®H42
CPH31®H32 S ’CH31 ot D CPqu DHaz

Fig. 3.20. The fibers of the trivial bundle over the lattice Ps(S*)

16 At the same time, one is also constructing a bundle of Hilbert spaces.
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The algebraic analogue of vector bundles has its origin in the fact that a
vector bundle E — M over a manifold M is completely characterized by
the space & = I'(E, M) of its smooth sections. In this context, the space
of sections is thought of as a (right) module over the algebra C°°(M) of
smooth functions over M. Indeed, by the Serre-Swan theorem [143], locally
trivial, finite-dimensional complex vector bundles over a compact Hausdorff
space M correspond canonically to finite projective modules over the algebra
A = C>®(M).! To the vector bundle E one associates the C°°(M)-module
& =TI'(M, E) of smooth sections of E. Conversely, if £ is a finite projective
module over C*°(M), the fiber F,, of the associated bundle E over the point
me M is

E.,=¢/ET,, , (4.1)

where the ideal Z,,, € C(M), corresponding to the point m € M, is given by

I = ker{Xp, : C%(M) = C | X (f) = f(m)}
={fec=M) | f(m)=0}. (4.2)

However, given a noncommutative algebra A, playing the réle of the alge-
bra of smooth functions on some noncommutative space, one has more than
one possibility for the analogue of a vector bundle. The possible relevant
categories seem to be the following ones [61],

1. left or right .A-modules;
2. A-bimodules of a particular kind (see later);
3. modules over the center Z(A) of A.

We shall start by describing right (and left) projective modules of finite type
(or finite projective modules) over A. These classes of modules provide suit-
able substitutes for the analogue of complex vector bundles, although one
has to introduce additional structures in order to consider tensor products.
Hermitian vector bundles, namely bundles with a Hermitian structure, cor-
respond to projective modules of finite type £ endowed with an A-valued

! In fact, in [143] the correspondence is stated in the continuous category, meaning
for functions and sections which are continuous. However, it can be extended to
the smooth case, see [33].

G. Landi: LNPm 51, pp. 59-68, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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sesquilinear form. For A a C*-algebra, the appropriate notion is that of
Hilbert module that we describe at length in App. A.3.

We start with some machinery from the theory of modules which we take
mainly from [21].

4.1 Modules

Definition 5. Suppose we are given an algebra A over (say) the complex
numbers C. A wvector space £ over C is also a right module over A if it
carries a right representation of A,

ExA>(n,a)—naef, nlab) =(na)b,
n(a+0b) =mna+nb,
(n+8&a=na+&a, (4.3)

for anyn,§ € € and a,be A .

Definition 6. Given two right A-modules £ and F, a morphism of £ into F
is any linear map p : € — F which in addition is A-linear,

pna)=pn)a, Vne& acA. (4.4)

A left module and a morphism of left modules are defined in a similar way.
In general, a right module structure and a left module one should be taken
to be distinct.

A bimodule over the algebra A is a vector space £ which carries both
a left and a right A-module structure. Furthermore, the two structures are
required to be compatible, namely

(an)b=a(nb), Vne&, abeA. (4.5)

Given a right A-module &, its dual £ is defined as the collection of all
morphisms from &£ into A,

E'"=Homu(E,A)=:{¢p:E = A| p(na)=d(n)a, ne&, ac A} . (4.6)

By using the canonical bimodule structure of A, the collection £’ is endowed
with a natural left A-module structure,

AxE S (a,¢) ~a-¢e&, a- o(n) = ale(n)), (4.7)

forae A, g €&, ne . Left analogues of the requirements (4.3) are easily
proven.
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For any algebra A, the opposite algebra A° has elements a° in bijective
correspondence with the elements a € A while multiplication is given by
a®b® = (ba)°. Any right (respectively left) A-module £ can be regarded as a
left (respectively right) A°-module by setting a®np = na (respectively an =
na°), for any n € £, a € A. The algebra A°¢ =: A®c.A° is called the enveloping
algebra of A. Any A-bimodule £ can be regarded as a right A°-module by
setting n(a ® b°) = bna, for any n € £,a € A,b° € A°. One can also regard £
as a left A°-module by setting (a®b°)n = anb, for any n € £,a € A,b° € A°.

If Z(A) is the center of A, one can define module structures exactly as
before with the réle of A taken over by the commutative algebra Z(A). An
A-module structure produces a similar one over Z(.A), but the converse is
clearly not true. Also, one should notice that in spite of the commutativity
of Z(A), a right Z(A)-module structure and a left Z(A)-module structure
should again be taken to be distinct.

A family (ex)rea, with A any (finite or infinite) directed set, is called a
generating family for the right module £ if any element of £ can be written
(possibly in more than one way) as a combination ), , exax, with ay € A
and such that only a finite number of terms in the sum are different from
zero. The family (ey)ac4 is called free if it is made up of linearly independent
elements (over A), and it is a basis for the module £ if it is a free gener-
ating family, so that any n € £ can be written uniquely as a combination
Z/\eA exay, with a) € A. The module is called free if it admits a basis.

The module £ is said to be of finite type if it is finitely generated, namely if
it admits a generating family of finite cardinality.

Consider now the module CV ®@¢ A =: AV. Any of its elements 1 can be
thought of as an N-dimensional vector with entries in A and can be written
uniquely as a linear combination n = Zjvzl eja;, with a; € A and the ba-
sis {ej, j =1,..., N} being identified with the canonical basis of CV. This
module is clearly both free and of finite type.

A general free module (of finite type) might admit bases of different cardi-
nality and so it does not make sense to talk of dimension. If the free module
is such that any two bases have the same cardinality, the latter is called the
dimension of the module.?

However, if the module £ is of finite type there is always an integer N
and a (module) surjection p : AN — €. In this case one can find a ba-
sis {¢j, j = 1,...,N} which is just the image of the free basis of AV,
e;j = plej), j=1,...,N. Notice that in general it is not possible to solve the
constraints among the basis elements so as to get a free basis. For example,
consider the algebra C°°(S?) of smooth functions on the two-dimensional
sphere S? and the Lie algebra X (S?) of smooth vector fields on S2. Then,

2 A sufficient condition for this to happen is the existence of a (ring) homomor-
phism p : A — D, with D any field. This is, for instance, the case if A is
commutative (since then A admits at least a maximal ideal M and A/M is a
field) or if A may be written as a (ring) direct sum A = C @ A [22].
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X (S?) is a module of finite type over C°°(S?), a basis of three elements be-
ing given by {Y; = Zf b1 eijkxk% ,i = 1,2,3} with z1, 22, z3, such that

Z? (z;)? = 1 (the z;’s are just the natural coordinates of S?). The basis is

not free, since Z?Zl x;Y; = 0; there do not exist two globally defined vector
fields on S? which could serve as a basis of X (S?). Of course this is nothing
but the statement that the tangent bundle T'S? over S? is non-trivial.

4.2 Projective Modules of Finite Type

Definition 7. A right A-module &€ is said to be projective if it satisfies one
of the following equivalent properties:

(1.) (Lifting property.) Given a surjective homomorphism p : M — N of right
A-modules, any homomorphism X : £ — N can be lifted to a homomor-
phism A : € — M such that po A = A,

id: M — M

Xt lp
At E — N, por=2A. (4.8)

!

0

(2.) Every surjective module morphism p : M — £ splits, namely there exists
a module morphism s : £ — M such that po s = idg.

(3.) The module & is a direct summand of a free module, that is there exists
a free module F and a module £ (which will then be projective as well),
such that

F=EaE . (4.9)

To prove that (1.) implies (2.) it is enough to apply (1.) to the case N' = &,
A = idg, and identify X with the splitting map s. To prove that (2.) implies
(3.) one first observes that (2.) implies that £ is a direct summand of M
through s, M = s(€) @ kerp. Also, as mentioned before, for any module £
it is possible to construct a surjection from a free module F, p : F — £ (in
fact F = AN for some N ). One then applies (2.) to this surjection. To prove
that (3.) implies (1.) one observes that a free module is projective and that
a direct sum of modules is projective if and only if any summand is.

Suppose now that £ is both projective and of finite type with surjection
p: AJYV — &. Then, the projective properties of Definition 7 allow one to find
a lift A\ : & — AN such that po \ = idg,
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id: AN «— AN

A1 lp , poi=ide. (4.10)
id: € — &

We can then construct an idempotent p € End 4AY ~ My (A), My (A) being
the algebra of N x N matrices with entries in A, given by

p:Xop. (4.11)

Indeed, from (4.10), p? = Ao po Ao p= Ao p = p. The idempotent p allows
one to decompose the free module A" as a direct sum of submodules,

AN = pAN @ (1 - p)AY (4.12)

and in this way p and X are isomorphisms (one the inverse of the other)
between £ and p.AYN. The module & is then projective of finite type over A
if and only if there exits an idempotent p € My (A), p? = p , such that
£ = pAN. We may think of elements of £ as N-dimensional column vectors
whose elements are in A, the collection of which are invariant under the action
of p,

E={{=(&, ... &n) s G €A, pE=¢}. (4.13)
In the what follows, we shall use the term finite projective to mean projective
of finite type.

The crucial link between finite projective modules and vector bundles
is provided by the following central result which is named after Serre and
Swan [143] (see also [152]). As mentioned before, the Serre-Swan theorem was
established for functions and sections which are continuous; it can however,
be extended to the smooth case [33].

Proposition 21. Let M be a compact finite dimensional manifold. A
C>®(M)-module £ is isomorphic to a module I'(E, M) of smooth sections
of a bundle E — M, if and only if it is finite projective.

Proof. We first prove that a module I'(E, M) of sections is finite projective.
If E ~ M x CF is the rank k trivial vector bundle, then I'(E, M) is just
the free module A*, A being the algebra C°°(M). In general, from what was
said before, one has to construct two maps A : I'(E, M) — AN (this was
called X before), and p : AN — I'(E, M), N being a suitable integer, such
that po A = idp(g,ar). Then I'(E, M) = pAYN | with the idempotent p given
by p = Ao p. Let {U;,i =1,---,q} be an open covering of M. Any element
s € I'(E, M) can be represented by ¢ smooth maps s; = sy, : Uy — Ck,
which satisfy the compatibility conditions

sj(m) =Y g;i(m)si(m) , m € V;NU; , (4.14)
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with gj; : U;NU; — GL(k, C) the transition functions of the bundle. Consider
now a partition of unity {h;,,i =1,---, ¢} subordinate to the covering {U;}.
By a suitable rescaling we can always assume that h? + - - - + hg =1 so that
h? is a partition of unity subordinate to {U;} as well. Now set N = kq, write
CN =CF@®-- @ C* (¢ summands), and define

N:T(E,M) — AN |
A(s1,+ 05 8¢) =: (h1s1, -+, hgsq)

p: AN = (B, M) ;
p(tl,-"7tq) = (%vl,“-,’tvq) y ’tvl = Zgijhjtj . (415)
J

Then
poA(si, -+, 8q) = (51,+,5) , 5= gijhis; (4.16)
J

which, since {h?} is a partition of unity, amounts to po A = idp(g -

Conversely, suppose that £ is a finite projective C°°(M)-module. Then,
with A = C*°(M), one can find an integer N and an idempotent p € My (A),
such that & = pAYN. Now, AV can be identified with the module of sections
of the trivial bundle M x CN, AN ~ I'(M x C¥). Since p is a module map,
one has that p(sf) = p(s)f, f € C°(M). If m € M and Z,, is the ideal
I = {f € C®(M) | f(m) = 0}, then p preserves the submodule ANZ,,.
Since s — s(m) induces a linear isomorphism of AY/ANZ,, onto the fiber
(M xCN),,, we have that p(s)(m) € (M xCY),, for all s € AN. Then the map
m: M xCN — M xCY, s(m)+— p(s)(m), defines a bundle homomorphism
satisfying p(s) = 7 o s. Since p? = p, one has that 72 = 7. Suppose now
that dim 7((M x CN),,) = k. Then one can find k linearly independent
smooth local sections s; € AN j =1, .-k, near m € M, such that
mosj(m) = s;(m). Then, mos;, j =1, -,k are linearly independent in a
neighborhood U of m, so that dim n((M x CV),./) > k, for any m’ € U.
Similarly, by considering the idempotent (1 — ) : M x CN — M x CV, one
gets that dim (1 — w)((M x CN),,/) > N — k, for any m’ € U. The integer
N being constant, one infers that dim 7((M x CV),,) is (locally) constant,
so that (M x CV) is the total space of a vector bundle £ — M which is
such that M x CN = E @ ker 7. From the way the bundle E is constructed,
the module of its sections is given by I'(E, M) = {mros | s € I'(M xCN)} =
Im{p: AN — AN} = €.

If E is a (complex) vector bundle over a compact manifold M of dimension
n, there exists a finite cover {U; , i =1,---,n} of M such that By, is trivial
[95]. Thus, the integer N which determines the rank of the trivial bundle,
from whose sections one projects onto the sections of the bundle £ — M, is
determined by the equality N = kn where k is the rank of the bundle £ — M
and n is the dimension of M.
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4.3 Hermitian Structures over Projective Modules

Suppose the vector bundle £ — M is also endowed with a Hermitian struc-
ture. Then, the Hermitian inner product (-, ), on each fiber E,, of the bundle
gives a C°°(M)-valued sesquilinear map on the module I'(E, M) of smooth
sections,

() EXE—C®(M),
(1, m2) (m) =: (m(m),n2(m)),, » Vmu,me € I'(E,M) .  (4.17)

For any n1,m2 € I'(E, M) and a,b € C*°(M), the map (4.17) is easily seen
to satisfy the following properties,

<n1aa 772b> =a" <7717772> b ) (418)
(m1,m2)" = (n2om) (4.19)
(mm) =20, () =0« n=0. (4.20)

Suppose now that we have a (finite projective right) module £ over an
algebra A with involution *. Then, equations (4.19)-(4.20) are just the defi-
nition of a Hermitian structure over £, a module being called Hermitian if it
admits a Hermitian structure. We recall that an element a € A is said to be
positive if it can be written in the form a = b*b for some b € A.

A condition for non degeneracy of a Hermitian structure is expressed in terms
of the dual module

&={¢p: €A | d(na)=¢ma, ne& ac A}, (4.21)
to which, A being a *-algebra, we give a right A-module structure as follows,

Ex A3 (pa) ¢ a=a"-9e&, (¢ a)n)=1a"(¢(n), (422)

forae A, ¢ € &, n e & Notice that the previous structure is different
from the left structure we have defined on £’ in (4.7) (we should indeed use
distinct notations, but in what follows we shall use only this right structure
over £’l). A condition for non degeneracy could equivalently be defined in
terms of the left structure on &’.

We have the following definition.

Definition 8. The Hermitian structure {-,-) on the (right, finite projective)
A-module € is called non degenerate if the map

E—=¢E ’ n— <771 > ’ (423)

is an isomorphism.
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On the free module A" there is a canonical Hermitian structure given by
N
& => m¢&, (4.24)
j=1

where n = (11,---,nn) and & = (£1,---,&x) are any two elements of AV,

Under suitable regularity conditions on the algebra A all Hermitian structures
on a given finite projective module £ over A are isomorphic to each other and
are obtained from the canonical structure (4.24) on AN by restriction. We
refer to [34] for additional considerations and details on this point. Moreover,
if £ = pAYN, then p is self-adjoint.? Indeed we have the following proposition

Proposition 22. Hermitian finite projective modules are of the form pAN
with p a self-adjoint idempotent, p* = p, the * operation being the composition
of the * operation in the algebra A with the usual matriz transposition.

Proof. With respect to the canonical structure (4.24), one easily finds that
(p*&,m) = (&,pn) for any matrix p € My (A). Now suppose that p is an
idempotent and consider the module & = pAY. The orthogonal space

Er={uc AN | (u,n)=0,Vne&} (4.25)

is again a right A-module since (ua,n) = a* (u,n). If u € AN and n € &,
then ((1 — p*)u,n) = (u, (1 —p)n) = 0 which states that £+ = (1 — p*)AN.
On the other hand, since AY = p AN @ (1 — p) A", the pairing (-,-) on AV
gives a Hermitian structure on & = p A" if and only if this is an orthogonal
direct sum, that is, if and only if (1 — p*) = (1 — p) or p = p*.

4.4 The Algebra of Endomorphisms of a Module

Suppose we are given a Hermitian finite projective A-module € = pAN. The
algebra of endomorphisms of £ is defined by

End (&) ={¢p:E—=E | dna)=9¢(n)a,ne&, ac A} . (4.26)

It is clearly an algebra under composition. It also admits a natural involution
*: Enda(€) — End4(€) determined by*

(T7n,&) = (n,T) , VT €Endys&), nEck. (4.27)

3 Self-adjoint idempotents are also called projectors.

4 We are being a bit sloppy here. An endomorphism of a module need not admit
an adjoint. For a detailed discussion we refer to App. A.3 and in particular to
Definition 29. In fact, one considers only endomorphisms admitting an adjoint
and End4(€) denotes the algebra of all such endomorphisms.
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With this involution, there is an isomorphism
End(€) ~ pMy(A)p , (4.28)

so that, elements of End 4(&) are matrices m € My (A) which commute with
the idempotent p, pm = mp.

The group U(E) of unitary endomorphisms of € is the subgroup of
End(€) given by

UE)={ue Ends(&) | wu* =u*u =1} . (4.29)

In particular, Uy (A) =: U(AY) = {u € My (A) | vu* = u*u = I} . Also,
there is an isomorphism Uy (C*®(M)) ~ C>°(M,U(N)), with M a smooth
manifold and U(N) the usual N-dimensional unitary group. In general, if
& = pAYN with p* = p, one finds that U(E) = pUd(AN)p.

4.5 More Bimodules of Various Kinds

As alluded to before, there are situations in which one needs more than right
(or left) modules. We mention in particular the study of ‘linear connections’,
namely connections on the module of one-forms. As we shall see, the latter
carries a natural bimodule structure.

Here we briefly describe two relevant constructions which have been pro-
posed in [65]

Definition 9. Let £ be a bimodule over the algebra A, with Z(A) denoting
the center of the latter. Then, £ is called a central bimodule if it happens
that

mm=nz, VzeZ(A),nek. (4.30)

The previous definition just says that the inherited structure of a bimodule
over the center Z(A) is induced by a structure of Z(A)-module. Indeed, if
F is a right (say) module over a commutative algebra C, one can induce a
C-bimodule structure over F by defining a left action of C simply by

ecn=inc, Yecel,neF. (4.31)

The commutativity of C implies that the requirement for a left structure is
met. Thus, a central bimodule over a commutative algebra, is just a module
with the induced bimodule structure. The category of central bimodules over
an algebra A is stable under the operation of taking tensor products over
Z(A) and a fortiori also over A.

Definition 10. Let £ be a bimodule over the algebra A. Then, € is called
a diagonal bimodule if € is isomorphic (as a bimodule) to a sub-bimodule
of AL, with I = I(£) any set and A is equipped with its canonical bimodule
structure.
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A diagonal bimodule is central but the converse need not be true. A motiva-
tion for the previous definition is that if A4 is commutative, then a diagonal
bimodule is an A-module (with the induced bimodule structure) such that
the canonical map from & to its bi-dual £” is injective. The category of di-
agonal bimodules over an algebra A is stable under the operation of taking
tensor products over A; indeed, if € C Al and F C A7, then E@ 4 F < AXY.

Another situation where one needs to go beyond ‘bare’ modules is when
analyzing ‘real sections of a vector bundle’. A noncommutative analogue of
complexified vector bundles is provided by *-bimodules [66]

Definition 11. Let £ be a bimodule over the *-algebra A. Then, £ is a *-
bimodule if it has an antilinear involution € > n+— n* € £, such that

(anb)* =b"n*a*, abe A, nef. (4.32)

Given a *-bimodule &£, the analogues of real sections are the *-invariant ele-
ments of &,
E={ne&|n =n}. (4.33)

We refer to [61, 65, 66] for additional details and further discussions.
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We have seen in the previous Section that the algebraic substitutes for bun-
dles (of a particular kind, at least) are projective modules of finite type over
an algebra 4. The (algebraic) K-theory of A is the natural framework for
the analogue of bundle invariants. Indeed, both the notions of isomorphism
and of stable isomorphism have a meaning in the context of finite projective
(right) modules. The group Ky(.A) will be the group of (stable) isomorphism
classes of such modules.

In this Section we shall review some of the fundamentals of the K-theory
of C*-algebras while referring to [153, 13] for more details. In particular, we
shall have AF algebras in mind.

5.1 The Group K,

Given a unital C*-algebra A we denote by My (A) ~ My (C) ®¢ A the C*-
algebra of N x N matrices with entries in A. Two projectors p,q € My (A)
are said to be equivalent (in the sense of Murray-von Neumann) if there exists
a matrix (a partial isometry') u € My (A) such that p = u*u and q = uu*.
In order to be able to ‘add’ equivalence classes of projectors, one considers
all finite matrix algebras over A at the same time by considering M, (A)
which is the non complete *-algebra obtained as the inductive limit of finite

matrices?,

é : Mp(A) = Mps1(A) , a— dla) = {88} . (5.1)

Now, two projectors p,q € My (A) are said to be equivalent, p ~ ¢, when
there exists a u € M (A) such that p = u*u and ¢ = uu*. The set V(A) of

! An element u in a *-algebra B is called a partial isometry if u*u is a projector
(called the support projector). Then automatically uu* is a projector [153] (called
the range projector). If B is unital and v*u =1, then w is called an isometry.

2 The completion of My, (A) is K® A, with K the algebra of compact operators
on the Hilbert space l2. The algebra K ® A is also called the stabilization of A.

G. Landi: LNPm 51, pp. 69-81, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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equivalence classes [ - ] is made into an abelian semigroup by defining an
addition,

A+ = ({50 Vbl e v, 62)

The additive identity is just 0 =: [0].

The group Ky(.A) is the universal canonical group (also called the enveloping
or Grothendieck group) associated with the abelian semigroup V(A). It may
be defined as a collection of equivalence classes,

Ko(A) = V(A) x V(A)/ ~

([p], la)) ~ ([P, ld'])
& A eV(A) st [pl+[gT+ =P+ +]. (5:3)

It is straightforward to check reflexivity, symmetry and transitivity, the ex-
tra [r] in (5.3) being inserted just to get the latter property. Thus ~ is an
equivalence relation. The presence of the extra [r] is the reason why one is
only classifying stable classes.

The addition in Ky(.A) is defined by

[([p], (D] + (1], [a'D] == [([p] + [P [a] + [a'D)] (5-4)

for any [([p], [a])], [([P], [d'])] € Ko(A), and does not depend on the represen-
tatives. As for the neutral element, it is given by the class

0= [([p], [pD] , (5.5)

for any [p] € V(A). Indeed, all such elements are equivalent. Finally, the
inverse —[([p], [g])] of the class [([p], [q])] is given by the class

=[([p); [aD)]) = [(lg], [PD)] (5.6)
[([p] [aD] + (=[([p] [aD]) = [(Ip], [a)] + ([((g], [PD]) = [([p] + lal, [p] + [g])] (=507)

From all that has been previously said, it is clear that it is useful to think of
the class [([p], [¢])] € Ko(A) as a formal difference [p] — [q].
There is a natural homomorphism

ra:V(A) = Ko(A) . rallpl) =: ([p], [0]) = [p] = [0] . (5:8)

However, this map is injective if and only if the addition in V(A) has cancel-
lations, namely if and only if [p]+[r] = [¢] +[r] = [p] = [¢]- Independently of
the fact that V' (A) has cancellations, any k4([p]), [p] € V(A), has an inverse
in Ko(A) and any element of the latter group can be written as a difference

ra(lp]) — ra(lg]), with [p], [g] € V(A).
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While for a generic A, the semigroup V(.A) has no cancellations, for AF
algebras this happens to be the case. By defining

Koy (A) = ka(V(A)), (5.9)

the couple (K¢(A), Ko+ (A)) becomes, for an AF algebra A, an ordered group
with Koy (A) the positive cone, namely one has that

K0+(A) 50,
Kot (A) — Kot (A) = Ko(A) ,
Ko (A) N (=Ko (A) =0. (5.10)

For a generic algebra the last property is not true and, as a consequence, the
couple (Ko(A), Kot (A)) is not an ordered group.

Example 12. The group Ko(A) for A=C, A=M(C), keN
and A =My (C) & M/ (C), k, k" € N.
If A = C, any element in V(A) is a class of equivalent projectors in some
M., (C). Now, projectors in M,,(C) are equivalent precisely when their ranges,
which are subspaces of C™, have the same dimension. Therefore we can make
the identification

V(C) =N, (5.11)

with N =1{0,1,2,---} the semigroup of natural numbers.
As M, (M(C)) ~ M, (C), the same argument gives
V(Mg(C)) 2N . (5.12)

The canonical group associated with the semigroup N is just the group Z of
integers, and we have

Ko(C) =17, Ko (C) =N,

Ko(My(C)) =Z , Koy (Mg(C)) =N, VkeN, (5.13)

For A = My (C) & My (C), the same argument for each of the two terms in
the direct sum will give

Ko(Mk((C) D Mk/(C)) =7Zd7Z, (514)
Ko+ (My(C) My (C)) =NeN, Vkk eN. (5.15)

In general, the group K has a few interesting properties, notably universality.
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Proposition 23. Let G be an abelian group and @ : V(A) — G be a homo-
morphism of semigroups such that &(V(A)) is invertible in G.
Then, @ extends uniquely to a homomorphism ¥ : Ko(A) = G,

$: VA — G
K_Ai T![/ y WOHA:@. (5.16)
id: Ko(A) +— Ko(A)

Proof. First uniqueness.
If 1,9, : Ko(A) — G both extend @, then ¥1([([p], [¢])]
G ([([p), |

Vi (ra([p])) = Vi(ralla))) = @(p) — 2(la]) = o ([([p),
Th(?n existénce.

Define ¥ : Ko(A) — G by (o} [d)]) = (p]) — &([g]). This map
is well defined because ®([¢]) has an inverse in G and because ([p],[q]) ~

([Pl [¢") & 3 r] € V(A) such that [p] +[¢'] + [r] = ['] +[g] + [r], and this

inturn, implies ¥([([p], [¢])]) = ¥ ([([¢]; [¢'])]). Finally, ¥ is a homomorphism
and ¥ (ka([p]) = @ ([([pl; [0)]) = @([p]), L.e. Wora = .

The group Ky is well behaved with respect to homomorphisms.

U ([p] - l9) =

) =
q])]), which proves

3

Proposition 24. If o : A — B is a homomorphism of C*-algebras, then the
induced map

a.:V(A) = V(B), aullay]) = [alay)] (5.17)

s a well defined homomorphism of semigroups. Moreover, from universality,
o extends to a group homomorphism (denoted by the same symbol)

Proof. If the matrix (a;;) € Moo (A) is a projector, the matrix a(a;;) will

clearly be a projector in M, (B) since « is a homomorphism. Furthermore,
if (a;5) is equivalent to (b;;), then, since « is multiplicative and *-preserving,
a(a;;) will be equivalent to a(b;;). Thus ay : V(A) — V(B) is well defined
and clearly a homomorphism. The last statement follows from Proposition 23
with the identification @ = kg o i, : V(A) = Ko(B) so as to get for ¥ the
map ¥ = «a, : Ko(A) = Ko(B).

The group Ky is also well behaved with respect to the process of taking
inductive limits of C*-algebras, as stated in the following proposition which
is proven in [153] and which is crucial for the calculation of the group Ky of
AF algebras.

3 In a more sophisticated parlance, Ky is a covariant functor from the category of
C™-algebras to the category of abelian groups.
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Proposition 25. If the C*-algebra A is the inductive limit of an inductive
system {A;, @;j}i jen of C*-algebras®, then {Ko(A;), Pij« }ijen is an induc-
tive system of groups and one can exchange the limits,

Ko(A) = Ko(lim A;) = lim Ko(A;) - (5.19)

Moreover, if A is an AF algebra, then Ko(A) is an ordered group with the
positive cone given by the limit of an inductive system of semigroups

Ko (A) = K0+(li£nAi) = liglKoJr(Ai) . (5.20)
One has that as sets,

KO(A) = {(kn)neN 7kn € KO(An) | EI]\/vO :knJrl = Tn(kn) , > NO} ’
(5.21)

KO+('A) = {(kn)neN 7kn S KO-i—(-An) | EUVO ak;n-l-l - Tn(kn) , n > No} s
(5.22)

while the (abelian) group/semigroup structure is inherited pointwise from the
addition in the groups/semigroups in the sequences (5.21), (5.22) respectively.

5.2 The K-Theory of the Penrose Tiling

The algebra Apr of the Penrose Tiling is an AF algebra which is quite far
from being postliminal, since there are an infinite number of non equivalent
irreducible representations which are faithful. These have the same kernel,
namely {0}, which is the only primitive ideal (the algebra Apr is indeed
simple). The construction of its K-theory is rather straightforward and quite
illuminating. The corresponding Bratteli diagram is shown in Fig. 5.1 [34].
From Props. (17) and (18) it is clear that {0} is the only primitive ideal.

At each level, the algebra is given by

A, =My, ©)a Md% ©, n>1, (5.23)
with inclusion
A0 A0O
I, Ay — Apyq {OB}»—) 0BO , (5.24)
00A

for any A € My, (C), B € My (C). This gives for the dimensions the follow-
ing recursive relations,

4 In fact, one could substitute N with any directed set A.
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1
1 1
2 1
3 2
5 3
8 5

Fig. 5.1. The Bratteli diagram for the algebra Apr of the Penrose tiling

dn+1 - dn +d/n 5

d,,, = dy nzl, d=d=1. (5.25)

From what we said in Example 12, after the second level, the K-groups
are given by

Ko(.An) =7®7, K0+(.An) =NéeN, n>1. (526)

The group (Ko(A), Ko+ (A)) is obtained, by Proposition 25, as the induc-
tive limit of the sequence of groups/semigroups

Ko(A1) = Ko(A2) = Ko(Az) = - (5.27)
K0+(A1) — K(H_(AQ) — K0+(A3) .- (528)

The inclusions
Tn : Ko(An) — Ko(An+1) s Tn : K0+(.An) — K0+(An+1) s (5.29)

are easily obtained from the inclusions I,, in (5.24), being indeed the corre-
sponding induced maps as in (5.18) T;, = I,,.. To construct the maps T, we
need the following proposition, the first part of which is just Proposition 15
which we repeat here for clarity.

Proposition 26. Let A and B be the direct sum of two matrixz algebras,

'A = MPl ((C) @ Mpz ((C) ’ B = MQ1 ((C> @ ML]2 ((C) . (530)
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Then, any (unital) homomorphism a : A — B can be written as the direct
sum of the representations o; : A — My, (C) ~ B(C%), j = 1,2. If mj;
is the unique irreducible representation of M,,(C) in B(C%), then «; breaks
into a direct sum of the m;;. Furthermore, let Nj; be the non-negative integers
denoting the multiplicity of m;; in this sum. Then the induced homomorphism,
a, = Ko(A) — Ko(B), is given by the 2 x 2 matriz (N;;).

Proof. For the first part just refer to Proposition 15.

Furthermore, given a rank k projector in M, (C), the representation «; sends
it to a rank Nj;k projector in M, (C). This proves the final statement of the
proposition.

For the inclusion (26), Proposition 26 gives immediately that the maps
(5.29) are both represented by the integer valued matrix

T_{i(l)}, (5.31)

for any level n. The action of the matrix (5.31) can be represented pictorially
as in Fig. 5.2 where the couples (a,b), (a’,b’) are both in Z® Z or N@® N.

a b

a =a+b
> - i
a b

Fig. 5.2. The action of the inclusion T’

Finally, we can construct the Ky group.

Proposition 27. The group (Ko(Apr), Kot (Apr)) for the C*-algebra Apr
of the Penrose tiling is given by

Ko(Apr)=Z&Z, (5.32)

1+
2

=

K0+(APT) = {(CL, b) SWASY/BE

a+b>0}. (5.33)

Proof. The result (5.32) follows immediately from the fact that the matrix T’

in (5.31) is invertible over the integers, its inverse being

7! = {(1) 11} : (5.34)
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Now, from the definition of inductive limit we have that,

KO(-APT) = {(kn)neN ,kn S Ko(.An) | dNy 7kn+1 = T(k‘n) , n> No}.
(5.35)
Since T is a bijection, for any k,+1 € Ko(A,+1), there exists a unique
kn € Ko(Ay) such that kny1 = Tky,. Thus, Ko(Apr) = Ko(A,) =Z & Z.

As for (5.33), since T is not invertible over N, Koy (Apr) # N @ N. To
construct Koo (Apr), we study the image T(Ko+(Ay)) in Koy (Apt1). It is
easily found to be

T(Kot(An)) = {(@nt1,bn41) ENON :any1 > bygr}
# Kot (An+1) - (5.36)

Now, T being injective, T'(Ko+(Ayn)) = T(N® N) ~ N@ N. The inclusion of
T (Kot (Ap)) into Kot (Ap+1) is shown in Fig. 5.3. By identifying the subset
T(Kos(Ay)) C Koy (Any1) with Koy (A,,), we can think of 77 (Koy (Any1))
as a subset of Z®Z and of T~ (Ko (A,)) as the standard positive cone N®N.
The result is shown in Fig. 5.4. The next iteration, namely T~2(Ko, (A,)) is
shown in Fig. 5.5. From definition (5.22), by going to the limit we shall have
Kot (Apr) = limy, 0o T-™(N @ N) and the limit will be a subset of Z & Z
since T is invertible only over Z. The limit can be easily found. From the
defining relation

Fi1 = Foo 4 Frpet, m>1, (5.37)

for the Fibonacci numbers, with Fy = 0, F; = 1, it follows that

—-m m me _Fm
=01 { —le Fm+1} '

Therefore, T—™ takes the positive axis {(a,0) : @ > 0} to a half-line of slope
—Fy/F—1, and the positive axis {(0,b) : b > 0} to a half-line of slope
—Fyt1/Fy. Thus the positive cone N @ N opens into a fan-shaped wedge
which is bordered by these two half-lines. Any integer coordinate point within
the wedge comes from an integer coordinate point in the original positive

cone. Since limy, o0 Frny1/Fm = 1_5_2\/5’ the limit cone is just the half-space

{(a,b) € ZDZ : H’T‘/ga—i—b > 0} . Every integer coordinate point in it belongs
to some intermediate wedge and so it lies in Koy (Apr). The latter is shown
in Fig. 5.6.

(5.38)

We refer to [72] for an extensive study of the K-theory of noncommutative
lattices and for several examples of K-groups.
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an

bn+1

An41 = bn

Fig. 5.3. The image of N& N under T
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[

bn+1

/T An+1

Fig. 5.4. The image of N@ N under 77}
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Fig. 5.5. The image of N & N under 72
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X X X
X X

X X

X

X

1+2\/5a+b20

Fig. 5.6. The semigroup Ko+ (Apr) for the algebra of the Penrose tiling

5.3 Higher-Order K-Groups

In order to define higher order groups, one needs to introduce the notion of
suspension of a C*-algebra A: it is the C*-algebra

SA=1A ® Co(R) ~Cp(R — A), (5.39)

where Cj indicates continuous functions vanishing at infinity. Also, in the
second object, sum and product are defined pointwise, adjoint is the adjoint
in A and the norm is the supremum norm |[|f||g 4 = sup,eg |[f(2)]| 4-

The K-group of order n of A is defined to be

Ko(A) = Ko(S"A), neN. (5.40)

However, the Bott periodicity theorem asserts that all K-groups are isomor-
phic to either Ky or K7, so that there are really only two such groups. There
are indeed the following isomorphisms [153]
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Kgn(A) ~ Ko(.A) 5
K2n+1(./4) ~ Kl(.A) s VneN. (541)

Again, AF algebras show characteristic features. Indeed, for them K;
vanishes identically.

While K-theory provides analogues of topological invariants for algebras,
cyclic cohomology provides analogues of differential geometric invariants. K-
theory and cohomology are connected by the noncommutative Chern char-
acter in a beautiful generalization of the usual (commutative) situation [34].
We regret that all this goes beyond the scope of the present notes.

As mentioned in Sect. 3.4.2, K-theory has been proven [70] to be a com-
plete invariant which distinguishes among AF algebras if one add to the
ordered group (Ko(A), Kot (A)) the notion of scale, the latter being defined
for any C*-algebra A as

YA =:{[p], p aprojector in A} . (5.42)

AF algebras are completely determined, up to isomorphism, by their scaled
ordered groups, namely by the triples (Ko, Ko+, X). The key to this is the fact
that scale preserving isomorphisms between the ordered groups (Ko, Ko, X)
of two AF algebras are nothing but K-theoretically induced maps (5.18) of
isomorphisms between the AF algebras themselves.



6 The Spectral Calculus

In this section we shall introduce the machinery of spectral calculus which is
the noncommutative generalization of the usual calculus on a manifold. As
we shall see, a crucial réle is played by the Dixmier trace.

6.1 Infinitesimals

Before we proceed to illustrate Connes’ theory of infinitesimals, we need a
few additional facts about compact operators which we take from [135, 139]
and state as propositions. The algebra of compact operators on the Hilbert
space H will be denoted by K(#) while B(H) will be the algebra of bounded
operators.

Proposition 28. Let T be a compact operator on H. Then, its spectrum o(T')
is a discrete set having mo limit points except perhaps X = 0. Furthermore,
any nonzero A € o(T) is an eigenvalue of finite multiplicity.

Notice that a generic compact operator needs not admit any nonzero eigen-
value.

Proposition 29. Let T be a self-adjoint compact operator on H. Then, there
is a complete orthonormal basis, {¢n}nen, for H of eigenvectors, so that
To, = Aoy and A\, — 0 as n — oo.

Proposition 30. Let T be a compact operator on H. Then, it has a uniformly
convergent (i.e. convergent in norm) exrpansion

T = pa(T)[tn) (bl (6.1)

n>0

where, 0 < w1 < pj, and {ntnen, {@ntnen are (not necessarily complete)
orthonormal sets.

G. Landi: LNPm 51, pp. 83-103, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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In this proposition one writes the polar decomposition T' = U|T|, with |T| =
VIT*T. Then, {pn(T), ptr, — 0 as n — oo} are the non vanishing eigenvalues of
the (compact self-adjoint) operator |T'| arranged with repeated multiplicity;
{¢n} are the corresponding eigenvectors and ¢, = Ud¢,. The eigenvalues
{pn(T)} are called the characteristic values of T. One has that uo(T) = ||T],
the norm of T'.

Due to condition (2.38), compact operators are in a sense ‘small’; they
play the role of infinitesimals. The size of the infinitesimal T € K(H) is
governed by the rate of decay of the sequence {u,(T)} as n — oo.

Definition 12. For any o € R™, the infinitesimals of order a are all T €
K(H) such that

n(T)=0(n"%), asn — o0,
te. 3C0<00 @ up(T)<Cn™ @, ¥m2>1. (6.2)
Given any two compact operators 77 and 75, there is a submultiplicative

property [139]
,U/n+m(T1T2) S /J/n(Tl)/in(T2) 9 (63)

which, in turn, implies that the orders of infinitesimals behave well,
T; of order a5 = TiTo of order < og+ oy . (6.4)

Also, infinitesimals of order « form a (not closed) two-sided ideal in B(H),
since for any T € K(#H) and B € B(H), one has that [139],

pin(TB) < ||BI| pn(T) ,
pin(BT) < ||BI| pn(T) - (6.5)

6.2 The Dixmier Trace

As in ordinary differential calculus one looks for an ‘integral’ which neglects
all infinitesimals of order > 1. This is achieved here with the Dixmier trace
which is constructed in such a way that

1. Infinitesimals of order 1 are in the domain of the trace.
2. Infinitesimals of order higher than 1 have vanishing trace.

The usual trace is not appropriate. Its domain is the two-sided ideal £ of
trace class operators. For any T € £!, the trace, defined as

tr T = (T&, &) (6.6)

is independent of the orthonormal basis {&, }nen of H and is, indeed, the sum
of eigenvalues of T. When the latter is positive and compact, one has that
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tr T =: Z,un(T) . (6.7)
0

In general, an infinitesimal of order 1 is not in £!, since the only control
on its characteristic values is that u,(T) < C % , for some positive constant
C. Moreover, £! contains infinitesimals of order higher than 1. However, for
(positive) infinitesimals of order 1, the usual trace (6.7) is at most logarith-

mically divergent since
N—-1

> pn(T) <ClnN . (6.8)
0

The Dixmier trace is just a way to extract the coefficient of the logarithmic
divergence. It is somewhat surprising that this coefficient behaves as a trace
[56].

We shall indicate with £(1:°) the ideal of compact operators which are
infinitesimal of order 1. If T € £(1:>) is positive, one tries to define a positive
functional by taking the limit of the cut-off sums,

1 N—-1
Jim ; pin(T) (6.9)

There are two problems with the previous formula: its linearity and its con-
vergence. For any compact operator T, consider the sums,

S on(7)
N
on(T) = pn(T), ()= N (6.10)
5 n
They satisfy [34],
on(T1 +T2) <on(Th) +on(To) , ¥V T1,Ty
UQN(Tl +T2) ZO’N(Tl)—l—O'N(TQ) , ¥V T1,T, > 0. (611)
In turn, for any two positive operators 77 and T5,
In2
(T +T2) < (D) +yn(T2) < voen (T + To) (L + ) - (6.12)

From this, we see that linearity would follow from convergence. In general,
however, the sequence {yx}, although bounded, is not convergent. Notice
that, since the eigenvalues p,(7) are unitary invariant, so is the sequence
{yn}. Therefore, one gets a unitary invariant positive trace on the positive
part of £(1:°°) for each linear form lim, on the space ¢*(N) of bounded
sequences, satisfying the following conditions:

1. lim,{yn} >0, ifyy>0.
2. lim,{yn} =lim{yn}, if {yn} is convergent, with lim the usual limit.
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3. limw{717 V1,772,572, 73,73 } = hmw{’}/N}
3. limy,{yon} =lim,{yn}. Scale invariance.

Dixmier proved that there exists an infinity of such scale invariant forms
[56, 34]. Associated with any one of them there is a trace, the Dizmier trace

N—
1
tro(T) = i DTN VT >0, Te >, 6.13
ro(T) = lim NZO: ; >0, Te (6.13)

From (6.12), it also follows that ¢r,, is additive on positive operators,
tro(Ty +Ty) = tro(Th) + tro,(Ty) , VT1,Ty >0, T, Ty € L5 | (6.14)

This, together with the fact that £(1:°) is generated by its positive part (see
below), implies that tr,, extends by linearity to the entire £(1:>°) with the
properties,

1. tr,(T) >0 ifT>0.

2. tT‘w()\lTl + )\2T2> = Altrw(Tl) + )\Qt’rw(TQ).
3 tro(BT) = tro(TB) , ¥ B ¢ B(H).

4. tr,(T) =0, if T is of order higher than 1.

Property 3. follows from (6.5). The last property follows from the fact that
the space of all infinitesimals of order higher than 1 forms a two-sided ideal
whose elements satisfy

wn(T) = 0(%) , de. nup(T)—0, asn—oo. (6.15)
As a consequence, the corresponding sequence {yy} is convergent and con-
verges to zero. Therefore, for such operators the Dixmier trace vanishes.

To prove that £(1:°) is generated by its positive part one can use a polar
decomposition and the fact that £(1:°°) is an ideal. If T € £} by consid-
ering the self-adjoint and anti self-adjoint parts separately one can suppose
that T is self-adjoint. Then, T' = U|T| with |T| = vT? and U is a sign op-
erator, U? = U; from this |T| = UT and |T| € £1°°). Furthermore, one has
the decomposition U = U, — U_ with Uy = %(H + U) its spectral projec-
tors (projectors on the eigenspaces with eigenvalue +1 and —1 respectively).
Therefore, T = U|T| =U|T| - U_|T| =UL|T|U; —U_|T|U- is a difference
of two positive elements in £1:).

In many examples of interest in physics, like Yang-Mills and gravity the-
ories, the sequence {yy} itself converges. In these cases, the limit is given by
(6.9) and does not depends on w.

The following examples are mainly taken from [152].
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Example 13. Powers of the Laplacian on the n-dimensional flat torus T™.
The operator

0? 0?
(8795% +oo ﬁ) ;

n

A=— (6.16)
has eigenvalues ||lj||2 where the 1;’s are all points of the lattice Z™ taken with
multiplicity one. Thus, |A|* will have eigenvalues ||lj||2s. For the correspond-

ing Dizmier trace, one needs to estimate (logN)~1 Zf[ ||lj||25 as N — oo.
Let Ng be the number of lattice points in the ball of radius R centered at the
origin of R™. Then Ng ~ vol{z | ||z|| < R} and N,_g4r — N, ~ 2,7 dr.
Here £2,, = 21"/?/I'(n/2) is the area of the unit sphere S™~1. Thus,

o0
SN ~ [ W = )
<R
= Qn/ r2stn=lgy (6.17)
1

On the other side, logNg ~ nlogR. As R — oo, we have to distinguish three
cases.

For s > —n/2,
(logNg)™" > |lII** — oo . (6.18)
<R
For s < —n/2,
(logNg)™" > |lII** = 0. (6.19)
<R
For s = —n/2,
—n 2n,logR (2,
(logNg)~™ WXQRUH ~ gk = m (6.20)

Therefore, the sequence {yn(|A|*)} diverges for s > —n/2, vanishes for s <
—n/2 and converges for s = —n/2. Thus A~"/? is an infinitesimal of order
1, its trace being given by

) 27"/ 2
ATy == 21
fr( ) n nl'(n/2) (6:21)

Example 14. Powers of the Laplacian on the n-dimensional sphere S™.
The Laplacian operator A on S™ has eigenvalues [(I+n— 1) with multiplicity

my = (“7;”) _ (l+z—2> _ U(Zill)!;)! (<2ll++:_11)) 7 (6.22)




88 6 The Spectral Calculus

where | € N; in particular mg = 1,m; = n+ 1. One needs to estimate, as
N — o0, the following sums

N N
lomel , Zml[l(l+n— 172 . (6.23)
1=0 1=0

One finds that
Al <N+n> <M+n—1>
So= (Vi) +
— n n

%(N—l—n—1)(N+n—2)---(N+1)(2N+n)

2N™
~ (6.24)
from which,
N
log Z my ~ logN™ + log2 — logn! ~ nlogN . (6.25)
1=0
Furthermore,
N N
_ 1 (l+n-1)! 2l+n-1)
I(l+n—1)]""2%=
;ml[( +n-1) (nfl)!;l![l(l—i—n—l)]”ﬂ (+n—1)

lnfl

2 N
T (- 1) 2 [(1+n—1)"/2

ln—l

D) N
e T

2 N n—1._,
N(n—l)!z(l+ 5 )

2

By putting the numerator and the denominator together we finally get,

N N
try,(AT"/?) = limNHOO(Z m[l(l4+n —1)]7"2/log Z my)
1=0 =0
2logN/(n —1)! 2

nlogN Tl (6.27)

If one replaces the exponent —n/2 by a smaller s, the series in (6.26) becomes
convergent and the Dizmier trace vanishes. On the other end, if s > n/2, this
series diverges faster than the one in the denominator and the corresponding
quotient diverges.
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Example 15. The inverse of the harmonic oscillator.

The Hamiltonian of the one dimensional harmonic oscillator is given (in
‘momentum space’) by H = %(52 + 22). It is well known that on the Hilbert
space L*(R) its eigenvalues are pn(H) = n + % , n=0,1,..., while its
inverse H= = 2(€2 +2%)~! has eigenvalues p,(H™ ') = %Qﬁ . The sequence
{yn(H™Y)} converges and the corresponding Dizmier trace is given by (6.9),

=1. (6.28)

N-—1

1

tro(H™) = Jim 75 > pn(H™) = Jim
0

6.3 Wodzicki Residue and Connes’ Trace Theorem

The Wodzicki(-Adler-Manin-Guillemin) residue [156] is the unique trace on
the algebra of pseudodifferential operators of any order which, on operators
of order at most —n coincides with the corresponding Dixmier trace. Pseudo-
differential operators are briefly described in App. A.6. In this section we
shall introduce the residue and the theorem by Connes [32] which establishes
its connection with the Dixmier trace.

Definition 13. Let M be an n-dimensional compact Riemannian manifold.
Let T be a pseudodifferential operator of order —n acting on sections of a
complex vector bundle E — M. Its Wodzicki residue is defined by

1
RBSWT =: W /*Mt'I"E a_n(T)du . (629)

Here, 0_,(T) is the principal symbol: a matrix-valued function on 7* M which
is homogeneous of degree —n in the fibre coordinates (see App. A.6). The
integral is taken over the unit co-sphere

S M ={(2,) e T*M | |l¢]l =1} c "M, (6.30)

with measure duy = dxdf. The trace trg is a matrix trace over ‘internal

indices’.!

Example 16. Powers of the Laplacian on the n-dimensional flat torus T™.
The Laplacian A is a second order operator. Then, the operator A~™/? is of
order —n with principal symbol o_,(A™"/2) = ||€||™" (see App. A.6), which
is the constant function 1 on S*T™. As a consequence,

! It may be worth mentioning that most authors do not include the factor % in
the definition of the residue (6.29).



90 6 The Spectral Calculus

Resy A™"/? = 1 / dzdg
n(27r)" S*Tn

1
= 7(2”/ dx
n(2m)" n

27Tn/2
=T (6.31)

The result coincides with the one given by the Dixmier trace in FExample 13.
Example 17. Powers of the Laplacian on the n-dimensional sphere S™.

Again the operator A~™/2 is of order —n with principal symbol the constant
function 1 on S*S™. Thus,

Resyw A™"/? = 1 / dzdg
n(2m)" Jgugn
1
= —— 0, / da
n(2m)” n
~ op(2mn
2m"/2 2
= == 6.32
nl'(n/2) n!’ (6:32)

where we have used the formula I'(2)1(%EL) = 27" F1xl/2(n — 1), Again we
see that the result coincides with the one in Example 14 obtained by taking
the Dixmier trace.

Example 18. The inverse of the one dimensional harmonic oscillator.

The Hamiltonian is given by H = %(52 + 22). Let us forget for the moment
the fact that the manifold we are considering, M = R, is not compact. We
would like to still make sense of the (Wodzicki) residue of a suitable negative
power of H. Since H is of order 2, the first candidate would be H=/2. From
(A.84) its principal symbol is the function £~1. Formula (6.29) would give
Resy H™'/2 = 00, a manifestation of the fact that R is not compact. On the
other hand, Example 15 would suggest we try H=1. But from (A.84) we see
that the symbol of H~' has no term of order —1 ! It is somewhat surprising
that the integral of the full symbol of H=' gives an answer which coincides
(up to a factor 2) with tr,(H ™) evaluated in Example 15,

1 1 2
idue(H ') = — H‘lzf/id:l .
Residue( ) 5 /S*RU( ) ) A x (6.33)

For an explanation of the previous fact we refer to [74].
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As we have already mentioned, Wodzicki [156] has extended the formula
(6.29) to a unique trace on the algebra of pseudodifferential operator of any
order. The trace of any operator T is given by the right hand side of formula
(6.29), with o_,(T) the symbol of order —n of T. In particular, one puts
Resy T = 0 if the order of T is less than —n. For additional material we refer
to [98, 75].

In the examples worked out above we have explicitly seen that the Dixmier
trace of an operator of a suitable type coincides with the Wodzicki residue
of the operator. That the residue coincides with the Dixmier trace for any
pseudodifferential operators of order less or equal that —n has been shown
by Connes [32, 34] (see also [152]).

Proposition 31. Let M be an n dimensional compact Riemannian manifold.
Let T be a pseudodifferential operator of order —n acting on sections of a
complex vector bundle E — M.

Then,

1. The corresponding operator T on the Hilbert space H = L?*(M,E) of
square integrable sections, belongs to £(1),
2. The trace tr,T does not depend on w and coincides with the residue,

1
tr,T = ReswT =: 7/ trg(o_n(T))dy . (6.34)
n(2m)™ Js«ur

3. The trace depends only on the conformal class of the metric on M.

Proof. The Hilbert space on which T acts is just H = L?(M, E), the space
of square-integrable sections obtained as the completion of I'(M, F) with re-
spect to the scalar product (u1,uz) = [}, ujuadu(g) , du(g) being the mea-
sure associated with the Riemannian metric on M. If H1,Ho are obtained
from two conformally related metrics, the identity operator on I'(M, E) ex-
tends to a linear map U : Hq — Ho which is bounded with bounded inverse
and which transforms T into UTU ~!. Since tr,(UTU ') = tr,(T), we get
L322 (H,) ~ £32)(H,) and the Dixmier trace does not change. On the
other side, the cosphere bundle S*M is constructed by using a metric. But
since o_,,(T') is homogeneous of degree —n in the fibre variable £, the multi-
plicative term obtained by changing variables just compensates the Jacobian
of the transformation. Thus the integral in the definition of the Wodzicki
residue remains the same in each conformal class.

Now, as we shall see in App. A.6, any operator T' can be written as a finite
sum of operators of the form u — ¢Tv, with ¢, ¥ belonging to a partition of
unity of M. Since multiplication operators are bounded on the Hilbert space
#H, the operator T' will be in £1:°°) if and only if all operators ¢T) are.
Thus one can assume that E is the trivial bundle and M can be taken to
be a given n-dimensional compact manifold, M = S™ for simplicity. Now, it
turns out that the operator T' can be written as T' = S(1 4+ A)~"/2, with A



92 6 The Spectral Calculus

the Laplacian and S a bounded operator. From Example 14, we know that
(1+ A)="/2 € £(:>) | (the presence of the identity is irrelevant since it pro-
duces only terms of lower degree), and this implies that T € £1:°°) From
that example, we also have that for s < —n/2, the Dixmier trace of (1 + A)?
vanishes and this implies that any pseudodifferential operator on M of order
s < —n/2 has vanishing Dixmier trace. In particular, the operator of order
(—n — 1) whose symbol is o(x, &) — o_,(x, ) has vanishing Dixmier trace; as
a consequence, the Dixmier trace of T depends only on the principal symbol
of T.

Now, the space of all trg(c_,(T)) can be identified with C°°(S*M). Further-
more, the map trg(o_,(T)) — tr,(T) is a continuous linear form, namely
a distribution, on the compact manifold S*M. This distribution is positive
due to the fact that the Dixmier trace is a positive linear functional and non-
negative principal symbols correspond to positive operators. Since a positive
distribution is a measure dm, we can write try(T) = [q.,, 0—n(T)dm(z,§).

Now, an isometry ¢ : S™ — S™ will transform the symbol o_, (T)(z, &) to
o_n(T)(@(x),d*E), ¢* being the transpose of the Jacobian of ¢, and deter-
mines a unitary operator Uy on H which transforms 7" to U¢TU(;1. Since

tr,T = trw(U¢TU (; 1), the measure dm determined by tr,, is invariant under
all isometries of S™. In particular one can take ¢ € SO(n+1). But S*S™ is a
homogeneous space for the action of SO(n+ 1) and any SO(n + 1)-invariant
measure is proportional to the volume form on S*S™. Thus

1

troT ~ ———
" n(2r)n

/ trp(o o (T))dzde = ReswT . (6.35)
M

From Examples 14 and 17 we see that the proportionally constant is just 1.
This ends the proof of the proposition.

Finally, we mention that in general there is a class M of elements of £(1:°°)
for which the Dixmier trace does not depend on the functional w. Such oper-
ators are called measurable and in all the relevant cases in noncommutative
geometry one deals with measurable operators. We refer to [34] for a charac-
terization of M. We only mention that in such situations, the Dixmier trace
can again be written as a residue. If T' is a positive element in £(1°)its com-
plex power 7% s € C, Re s > 1, makes sense and is a trace class operator.
Its trace

((s) =tr T° = Zun : (6.36)

is a holomorphic function on the half plane Re s > 1. Connes has proven that
for T a positive element in £(1°), the limit lim,_,;+ (s — 1)((s) = L exists
if and only if

troT =: lim th Z“n =L. (6.37)

N—o0
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We see that if {(s) has a simple pole at s = 1 then, the corresponding residue
coincides with the Dixmier trace. This equality gives back Proposition 31 for
pseudodifferential operators of order at most —n on a compact manifold of
dimension n.

In Sect. 10.1 we shall describe the use of such general Wodzicki residues
in the construction of gravity theories in the framework of noncommutative
geometry. Here we only mention that the residue has found other applications
in physics. In [120] it has been used to compute the Schwinger terms for
current algebras, while in [69], in the context of zeta-function regularization,
it has been used to evaluate all residues of zeta functions ((s) and to evaluate
the multiplicative anomaly of regularized determinants of products of pseudo
differential operators.

6.4 Spectral Triples

We shall now illustrate the basic ingredient introduced by Connes to develop
the analogue of differential calculus for noncommutative algebras.

Definition 14. A spectral triple (A, H, D)? is given by an involutive algebra
A of bounded operators on the Hilbert space H, together with a self-adjoint
operator D = D* on H with the following properties.

1. The resolvent (D — X\)~1, X\ € R, is a compact operator on H. ;
2.[D,a] =: Da —aD € B(H), for any a € A.

The triple is said to be even if there is a Zo grading of H, namely an operator

I'onH, I =I*,I'? =1, such that

I'D+DIr =0,
I'a—al’'=0, VacA. (6.38)

If such a grading does not exist, the triple is said to be odd.

By the assumptions in Definition 14, the self-adjoint operator D has a real
discrete spectrum made of eigenvalues, i.e. the collection {\,, } forms a discrete
subset of R, and each eigenvalue has finite multiplicity. Furthermore, |\, | —
oo as n — oo. Indeed, (D — \)~! being compact, has characteristic values
pn((D —A)~™1) — 0, from which |\,| = pn(|D]) = oo.

In general, one could ask that condition 2. of Definition 14 be satisfied
only for a dense subalgebra of A.
Various degrees of regularity of elements of A4 are defined using D and |D|.
The reason for the corresponding names will be evident in the next subsec-
tion where we shall consider the canonical triple associated with an ordinary

2 The couple (H, D) is also called a K -cycle over A.
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manifold. To start with, a € A will be said to be Lipschitz if and only if the
commutator [D, a] is bounded. As mentioned before, in general this condition
selects a dense subalgebra of .A. We recall that, if D C H denotes the (dense)
domain of D, the condition [D,a] € B(H) can be expressed in one of the
following equivalent ways [20]:

1. The element a is in the domain of the derivation [D, - | of B(#), which
is the generator of the 1-parameter group o, of automorphism of B(H)
given by

0s(T) = e*PTe P T cBH) . (6.39)

2. For any ¢, ¥ € D, the sesquilinear form

C](%w) =: (D(P,G/(/J)’H - (G,*(p, Dw)ﬂ ) (640)

is bounded on D x D.
3. For any ¢ € D one has that ap € D and the commutator [D, a] is norm
bounded on D.

Furthermore, consider the derivation § on B(H) defined by
o(T)=[ID,T], TeB(H). (6.41)

It is the generator of the l-parameter group «, of automorphism of B(H)
given by 4 »
ay(T) = eIPITeisIDl (6.42)

Given the derivation &, one defines the subalgebra A* C A, with k > 2, as
the one generated by elements a € A such that both a and [D, a] are in the
domain of 6*~1. One could also think of A° as being just A and of A' as
consisting of the Lipschitz elements. The element a € A is said to be of class
C® if it belongs to (,cn A

It is worth mentioning that higher order commutators with D cannot be
used to express higher order regularity conditions. As we shall see in the
next Section, in the commutative situation, while [D, f] is a multiplicative
operator and therefore is bounded, [D,[D, f]] is the sum of a multiplicative
operator and of a differential operator (see footnote on page 97) and therefore
it is not bounded. On the other hand, in the commutative framework 6% is
bounded on both C*° functions and forms.

In Sect. 7.3 the subalgebra A? will play a crucial role in the definition of
a scalar product on noncommutative forms.

We end this Section by mentioning that, as will be evident from the next
Section, the spectral triples we are considering are really ‘Euclidean’ ones.
There are some attempts to construct spectral triples with ‘Minkowskian
signature’ [94, 86, 103]. We shall not use them in these notes.
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6.5 The Canonical Triple over a Manifold

The basic example of spectral triple is constructed by means of the Dirac
operator on a closed n-dimensional Riemannian spin® manifold (M, g). The
corresponding spectral triple (A, H, D) will be called the canonical triple over
the manifold M. For its constituents one takes:

1. A= F(M) is the algebra of complex valued smooth functions on M.

2. H = L*(M,S) is the Hilbert space of square integrable sections of the
irreducible spinor bundle over M; its rank being equal to 2["/21.4 The
scalar product in L?(M, S) is the usual one of the measure dyu(g) associ-
ated with the metric g,

(4, ¢) = / dp(9) @6 (x), (6.43)

with bar indicating complex conjugation and scalar product in the spinor

. . [n/2]
space being the natural one in C2""".

3. D is the Dirac operator associated with the Levi-Civita connection w =
dz*w,, of the metric g.b

First of all, notice that the elements of the algebra A act as multiplicative
operators on H,

(fY)(x) = f(x)v(x), YfeAYeH. (6.44)
Next, let (eq,a =1,...,n) be an orthonormal basis of vector fields which
is related to the natural basis (0, = 1,...,n) via the n-beins, with com-

ponents e”, so that the components {g"*} and {1} of the curved and the
flat metrics respectively, are related by,

g =etedn™ | na = elel g - (6.45)
From now on, the curved indices {u} and the flat ones {a} will run from
1 to n and as usual we sum over repeated indices. Curved indices will be
lowered and raised by the curved metric g, while flat indices will be lowered
and raised by the flat metric 7.

3 For much of what follows one could consider spin® manifolds. The obstruction for
a manifold to have a spin® structure is rather mild and much weaker than the ob-
struction to having a spin structure. For instance, any orientable four dimensional
manifold admits such a spin® structure [6]. Then, one should accordingly modify
the Dirac operator in (6.52) by adding a U(1) gauge connection A = dz*A,.
The corresponding Hilbert space H has a beautiful interpretation as the space
of square integrable Pauli-Dirac spinors [78].

* The symbol [k] indicates the integer part in k.

5 To simplify matters, the kernel of the Dirac operator D is assumed to be trivial.
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b

na

The coefficients (w,,;) of the Levi-Civita (metric and torsion-free) connection

of the metric g, defined by V e, = waeb, are the solutions of the equations
ouey, — Oyey, — w“b‘lel; + wybaez =0. (6.46)

Also, let C'(M) be the Clifford bundle over M whose fiber at € M is
just the complexified Clifford algebra Clif fo(T M) and I'(M, C(M)) be the
module of corresponding sections. We have an algebra morphism

~v:T'(M,C(M)) — B(H) , (6.47)

defined by
y(dat) = yF(x) =%, pu=1,...,n, (6.48)

and extended as an algebra map and by requiring A-linearity.
The curved and flat gamma matrices {v*(z)} and {y*}, which we take to be
Hermitian, obey the relations

’Y#(x)fyu(z) +Vu(x)’yu(l’) = 729(dxﬂ,dx") = 729;141/ y V= 1a ceey T
Al Aty = —2p®  ab=1,....n. (6.49)

The lift V¥ of the Levi-Civita connection to the bundle of spinors is then

1
Vf =0, + wf =0, + Zwlmw“’yb . (6.50)

The Dirac operator, defined by
D=~0oV", (6.51)
can be written locally as
D = ~(da")Vy = y"(2)(0y +wy)) = el (0 + w)) - (6.52)

Finally, we mention the Lichnérowicz formula for the square of the Dirac
operator [11],

1
D? = A5 4 iR (6.53)

Here R is the scalar curvature of the metric and A® is the Laplacian operator
lifted to the bundle of spinors,

A% = —gh (VO - T4, V5) (6.54)

with I'f, the Christoffel symbols of the connection.
If the dimension n of M is even, the previous spectral triple is even. For
the grading operator one just takes the product of all flat gamma matrices,

=~ = Z‘”/Q’yl ceey™ (6.55)
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which, since n is even, anticommutes with the Dirac operator,

I'D+DI=0. (6.56)

n/2

Furthermore, the factor i"/“ ensures that

?’=1, 1r*=r. (6.57)

Proposition 32. Let (A, H, D) be the canonical triple over the manifold M
as defined above. Then

1. The space M is the structure space of the algebra A of continuous func-
tions on M, which is the norm closure of A.
2. The geodesic distance between any two points on M is given by

d(p,q) = ;gg{lf(p) —f@ D All<1}, VpgeM.  (6.58)
3. The Riemannian measure on M is given by

/Mf — c(n) tro(/IDI™), VfEA,
c(n) = 2(”7["/2]71)7r”/2nf(g) . (6.59)
Proof. Statement 1. is just the Gel'fand-Naimark theorem illustrated in

Sect. 2.2. As for Statement 2., from the action (6.44) of A as multiplica-
tive operators on H, one finds that

(D, flb = ouf)e, VfeA, (6.60)

and the commutator [D, f] is a multiplicative operator as well® |

(D, fl=~"0uf =~(df) , VfeA. (6.61)

As a consequence, its norm is

11D, 11l = sup| (78, f) (v 0 )7 | = suply™ O foL f1'* . (6.62)

Now, the right-hand side of (6.62) coincides with the Lipschitz norm of f [34]
which is given by
|f(z) = f(W)

d’Y (iL’, y) ’
6 One readily finds that [D, [D, f]] = 78, (v* 8, f) + ("4 —4"¥*) (0, f)8, which,
being a sum of a multiplicative operator and a differential operator cannot be
bounded. This is the reason why higher commutators are not used for defining
higher order regularity conditions for functions (see Sect. 6.4).

i = sup (6.63)
TFY
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with d, the usual geodesic distance on M, given by the usual formula,
d~(z,y) = inf,{ length of paths v from z toy } . (6.64)

Therefore, we have that

1D, f]|| = sup LB =T W

(6.65)
r#y d’Y (l‘, y)
Now, the condition ||[D, f]|| <1 in (6.58), automatically gives

d(p,q) < dy(p,q) - (6.66)

To invert the inequality sign, fix the point ¢ and consider the function
Fral@) = dy (@,q). Then [|[D. £,.4]]| < 1, and in (6.58) this gives

d(p,q) = [fy.4(p) = fra(@)| = dy(p,q) (6.67)
which, together with (6.66) proves Statement 2. As a very simple example,
consider M = R and D = -£. Then, the condition ||[D, f]|| < 1 is just

sup| ~| < 1 and the sup is Saturated by the functions f(x) = %z + cost
Wthh give the usual distance.

The proof of Statement 3. starts with the observation that the principal
symbol of the Dirac operator is (), left multiplication by v(£) on spinor
fields, and so D is a first-order elliptic operator (see App. A.6). Since any
f € A acts as a bounded multiplicative operator, the operator f|D|™" is
pseudodifferential of order —n. Its principal symbol is o_,(z,€) = f(z)||¢]| ™"
which, on the co-sphere bundle ||¢|| = 1, reduces to the matrix f(a)lym /2,
2[n/2) = dimsS,, S, being the fibre of S. From the trace theorem, Prop 31,
we get

1

tro,(fID|™") = W/ Mtr(f(:v)ﬂ2[n/z])dxd§

o [ 1
:% / f. (6.68)

Here, [q. ,d¢ = 27"/2/I'(n/2) is the area of the unit sphere S"~'. This
gives ¢(n) = 200=["/2=V /2 (1, /2) and Statement 3. is proven.

It is worth mentioning that the geodesic distance (6.58) can also be recov-
ered from the Laplace operator V, associated with the Riemannian metric g
on M [77, 78]. One has that

dlp.0) = sl £0) — F@)] | IFVF = SO+ P9, <1 (669)

L2(M)
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where L?(M) is the Hilbert space of square integrable functions on M. In-
deed, the operator fVf — %(Vf2 + f2V) is just the multiplicative operator
9" 0, f0, f. Thus, much of the usual differential geometry can be recovered
from the triple (C*°(M), L*(M), V), although it is technically much more
involved.

6.6 Distance and Integral for a Spectral Triple

Given a general spectral triple (A, H, D), there is an analogue of formula
(6.58) which gives a natural distance function on the space S(A) of states on
the C*-algebra A (the norm closure of A). A state on A is any linear map
¢ : A — C which is positive, i.e. ¢(a*a) > 0, and normalized, i.e. ¢(I) = 1

(see also App. A.2). The distance function on S(.A) is defined by

d(é, X) =: 21613{|¢(a) —X(@)| [ I[D;alll <1}, Vo, xeS(A) . (6.70)

In order to define the analogue of the measure integral, one needs the addi-
tional notion of the dimension of a spectral triple.

Definition 15. A spectral triple (A, H, D) is said to be of dimension n > 0
(or n summable) if |D|™1 is an infinitesimal (in the sense of Definition 12)
of order % or, equivalently, if |D|™™ is an infinitesimal or order 1.

Having such a n-dimensional spectral triple, the integral of any a € A is
defined by

1
/a =: Vtrwa|D|_" ) (6.71)

where the constant V' is determined by the behavior of the characteristic
values of |D|™", namely, p; < Vj~! for j — co. We see that the role of
the operator |D|~™ is just to bring the bounded operator a into L£1:2°) 50
that the Dixmier trace makes sense. By construction, the integral in (6.71)
is normalized,
1 1 N—-1 N-1,

/11 = tre| D7 =5 Jim Zl p;(|D|™™) = lim = 1. (6.72)
J:

N—o0 4
Jj=1

The operator |D|~" is the analogue of the volume of the space.
In Sect. 7.3 it will be shown that the integral (6.71) is a non-negative (nor-
malized) trace on A, satisfying the following relations,

/ab:/ba, Vabe A,

/a*aZO, VaeA. (6.73)
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For the canonical spectral triple over a manifold M, its dimension coin-
cides with the dimension of M. Indeed, the Weyl formula for the eigenvalues
gives for large j [83],

n n n
wi(|D]) ~ QW(m)l/ gt (6.74)

n being the dimension of M.

6.7 A Two-Point Space

Consider a space made of two points Y = {1, 2}. The algebra A of continuous
functions is the direct sum A = C & C and any element f € A is a couple
of complex numbers (f1, f2), with f; = f(i) the value of f at the point i. A
0-dimensional even spectral triple (A, H, D, I") is constructed as follows. The
finite dimensional Hilbert space H is a direct sum H = H; @ Ho and elements
of A act as diagonal matrices

.ABf'—) |:f1HdimH1 0

0 leldimHJ € B(H) . (6.75)

We shall identify every element of A with its matrix representation.
The operator D can be taken as a 2 x 2 off-diagonal matrix, since any diagonal
element would drop out of commutators with elements of A,

0 M* .
D= {M 0 ] . M € Lin(H1, ") . (6.76)

Finally, the grading operator I" is given by

HdimH 0
I = ! . 6.77
[ 0 —Taimm, } (6.77)

With f € A, one finds for the commutator

0 M*
and, in turn, for its norm, ||[D, f]|| = | fe— f1|A with X the largest eigenvalue of

the matrix |M| = v M M*. Therefore, the noncommutative distance between
the two points of the space is found to be

a(1,2) = supflfz — fil |IID Al <1p =15 - (679

For the previous triple the Dixmier trace is just (a multiple of the) usual
matrix trace.
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6.8 Real Spectral Triples

In fact, one needs to introduce an additional notion: the real structure one.
The latter is essential to introduce Poincaré duality and plays a crucial role
in the derivation of the Lagrangian of the Standard Model [35, 38, 37]. This
real structure may be thought of as a generalized CPT operator (in fact only
CP, since we are taking Euclidean signature).

Definition 16. Let (A, H,D) be a spectral triple of dimension n. A real
structure is an antilinear isometry J : H — H, with the properties

la. J?> =¢(n)l,

1b. JD =€ (n)DJ ,

le. JI=@@)"IJ ; ifn is even with I' the Zs-grading.
2a. [a,b°] =0,

2b. [[D,a],b’] =0, b°=Jb*J*, foranya,be A.

The mod 8 periodic functions e(n) and &’(n) are given by [35]

E(n) = (17 1a _17 _L _17 _1a 17 1) )
e(n) =(1,-1,1,1,1,-1,1,1) (6.80)

n being the dimension of the triple. The previous periodicity is a manifesta-
tion of the so called ‘spinorial chessboard’ [24].

A full analysis of the previous conditions goes beyond the scope of these
notes. We only mention that 2a. is used by Connes to formulate Poincaré
duality and to define noncommutative manifolds. The map J is related to
the Tomita(-Takesaki) involution. The Tomita theorem states that for any
weakly closed” *-algebra of operators M on a Hilbert space H which admits
a cyclic and separating vector®, there exists a canonical antilinear isometric
involution J : H — H which conjugates M to its commutant

M ={TeBH)|Ta=aT, Yaec M}, (6.81)

ie. JMJ* = M’. As a consequence, M is anti-isomorphic to M’, the anti-
isomorphism being given by the map M > a — Ja*J* € M’. The existence
of the map J satisfying condition 2a. also turns the Hilbert space H into a
bimodule over A, the bimodule structure being given by

afb=1aJb*J €, VabecA. (6.82)

7 We recall that the sequence {Tx}rea is said to converge weakly to T', T — T, if
and only if, for any £,n € H, (T —T)¢,n) — 0.

8 If M is an involutive subalgebra of B(H), a vector ¢ € H is called cyclic for M if
ME is dense in H. It is called separating for M if for any T € M, T¢ = 0 implies
T = 0. One finds that a cyclic vector for M is separating for the commutant M’.
If M is a von Neumann algebra (M = M"), the converse is also true, namely a
cyclic vector for M’ is separating for M [55].
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As for condition 2b., for the time being, it may be thought of as the statement
that D is a ‘generalized differential operator’ of order 1. As we shall see, it
will play a crucial role in the spectral geometry described in Sect. 9.3. It is
worth stressing that, since a and ° commute by condition 2a., condition 2b.
is symmetric, namely it is equivalent to the condition [[D, b°],a] = 0, for any
a,be A

If a € A acts on H as a left multiplication operator, then Ja*J* is the cor-
responding right multiplication operator. For commutative algebras, these
actions can be identified and one simply writes a = Ja*J*. Then, condition
2b. reads [[D,a],b] = 0, for any a,b € A, which is just the statement that D
is a differential operator of order 1.

The canonical triple associated with any (Riemannian spin) manifold in
Sect. 6.5, has a canonical real structure in the sense of Definition 16, the
antilinear isometry J being given by

Jh=Co, Ve, (6.83)

where C' is the charge conjugation operator and the bar indicates complex
conjugation [24]. One verifies that all defining properties of J hold true.

It turns out [84] that for the two point space described in Sect. 6.7, and
for more general discrete spaces as well, it is not possible to introduce a real
structure which fulfills all the requirements of Definition 16. More precisely,
it seems that it is not possible to satisfy the first order condition 2b. in the
definition.

6.9 Products and Equivalence of Spectral Triples

We shall briefly mention two additional concepts which are useful in general
and in particular in the description of the Standard Model. These are the
notions of product and equivalence of triples.

Suppose we have two spectral triples (Ay,H1, D1, 1) and (Az, Ha, D)
the first one taken to be even with Zs-grading I'7 on H;. The product triple
is the triple (A, H, D) given by

A=A ®c Az ,
H=:Hi & Ha,
D =: D1 ®(CH+F1 ®C D2 . (684)

From the definition of D and the fact that D; anticommutes with I it follows
that
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D?* = 1{D D}
=5{D,

1
= (D1)* ®c I+ (IN)* ®c (D2)* + §{D1, I} ®c Do
= (D))’ @cl+1I®c (D). (6.85)

Thus, the dimensions sum up, namely, if D; is of dimension n;, that is |D;| !
is an infinitesimal of order 1/n;, j = 1,2, then D is of dimension nq + na,
that is |[D|~! is an infinitesimal of order 1/(n1 + ng). Furthermore, once the
limiting procedure Lim,, is fixed, one has also that [34],

I'(n/2+1)
I'(n1/24+ 1) (n2/2 +1)

tr,(Th @ To|D|™) = tr,, (Th|D|™ )tr, (T2|D|™?) ,

(6.86)
for any T; € B(#;). For the particular case in which one of the triples, the
second one, say, is zero dimensional so that the Dixmier trace is the ordinary
trace, the corresponding formula reads

t’f‘w(Tl (4 T2|D‘n) = tT’w(T1|D|nl)t’l”(T2) . (687)

The product of real structures J; and .J> needs some care. If the second
triple is of dimension 0 mod 8 one takes [35],

J=1J1 ®cJy . (688)

This is used, for instance, for the spectral triple of the standard model as
we shall discuss in Sect.9.2. If one of the triples is even, then definition 6.88
works in most cases; some caveats were pointed out in [150].

The notion of equivalence of triples is the expected one. Suppose we are
given two spectral triples (A1, H1, D1) and (A, Ha, D), with the associated
representations w; : A; — B(H;) , j = 1,2. Then, the triples are said to
be equivalent if there exists a unitary operator U : Hi; — Hs such that
Un(a)U* = ma(a) for any a € Ay, and UD,U* = Ds. If the two triples are
even with grading operators I} and I% respectively, one requires also that
UINU* = Iy. And if the two triples are real with real structure J; and Jo
respectively, one requires also that UJ;U* = Js.
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We shall now describe how to construct a differential algebra of forms out
of a spectral triple (A, H, D). It turns out to be useful to first introduce a
universal graded differential algebra which is associated with any algebra A.

7.1 Universal Differential Forms

Let A be an associative algebra with unit (for simplicity) over the field of
numbers C (say). The universal differential algebra of forms QA = @p 0rA
is a graded algebra defined as follows. In degree 0 it is equal to A, 2°4 = A.
The space £2' A of one-forms is generated, as a left .A-module, by symbols of
degree da, for a € A, with relations

0(ab) = (ba)b+adb, VYa,be A. (7.1)
d(aa + Bb) = ada+ péb, Va,be A, a,feC. (7.2)
We shall assume that the element 1 € C coincides with the unit of A (so that
C C A) and that 1 is also the unit of the whole of 2A. Then, the relation
(7.1) automatically gives d1 = 0, since 61 = 6(1-1) = (d1)-1+1-(61) = 2(41)
from which it follows that 61 = 0. In turn this implies that §C = 0.
A generic element w € 21 A is a finite sum of the form

w=> a;ob;, aib€A. (7.3)

The left A-module £2'A can also be endowed with a structure of a right
A-module by

(Z ai(Sbi)c =: Zal(ébz)c = Zazé(blc) - Z aibiéc s (74)

where, in the second equality, we have used (7.1). The relation (7.1) is just
the Leibniz rule for the map

§: A=A, (7.5)

G. Landi: LNPm 51, pp. 105-121, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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which can therefore be considered as a derivation of A with values in the
bimodule 2! A. The pair (6, 2!.A) is characterized by the following universal
property [21, 25],

Proposition 33. Let M be any A-bimodule and A : A — M any derivation,

namely any map which satisfies the rule (7.1). Then, there exists a unique
bimodule morphism pa : £2' A = M such that A = pa o4,

id: QA +—— A
o1 pa prod=A. (7.6)

A A — M

Proof. Notice, first of all, that for any bimodule morphism p : 2! A — M the
composition pod is a derivation with values in M. Conversely, let A : A — M
be a derivation; then, if there exists a bimodule morphism pa : 2'A — M
such that A = pa o4, it is unique. Indeed, the definition of § gives

pa(da) =Aa), Vae A, (7.7)

and the uniqueness follows from the fact that the image of § generates £2*A
as a left A-module, if one extends the previous map by

pa(d>_aidb) = a;Ab;, Vaibi€A. (7.8)

It remains to prove that pa as defined in (7.8) is a bimodule morphism. Now,
with a;, by, f,g € A, by using the fact that both § and A are derivations, one
has that

pa(F(X aidbi)g) = pa(} fas(6bi)g)
Z - pA(i faid(big) = 3 faibidg)
= Z f;iA(big) - Z ;aibiﬂg
= i fai(Ab;)g l
= fZ(Z faiAbi)g
- f(i a; Ab;)g ; (7.9)

and this ends the proof of the proposition.
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Let us go back to universal forms. The space 2P A is defined as

PA= DPADPA- QPAA (7.10)

p—times

with the product of any two one-forms defined by ‘juxtaposition’,

(aoéal)(bodbl) =: ao(éal)boébl
= agé(albo)&)l — a0a15b0561 y
Y ag, a1, by, b1 eA. (711)

Again we have used the rule (7.1). Thus, elements of 2P A are finite linear
combinations of monomials of the form

w = agdaidag---da, , ar € A. (7.12)

The product : 2°P A x 294 — 2PT4 A of any p-form with any g-form produces
a p+q form and is again defined by ‘juxtaposition’ and rearranging the result
by using the relation (7.1),
(agday -~ dap)(ap1dapio - 0aptq) =
= agday - -+ (0ap)ap10apyz - 0apiq

= (—1)Pagaidas - - - dapq

p
+ Z(—l)pﬂ'ao&zl tee 5&1_15(6%(17;4_1)5(17;4_2 te 5ap+q . (713)
=1

The algebra 2P A is a left A-module by construction. It is also a right A-
module, the right structure being given by

(apday - - - day)b =: apday - - - (dap)b
= (—1)Papaidas - - - 6apddb

p—1
+ Z(—l)pﬂ'aoéal e §a,;_15(a7;a,;+1)5a,;+2 tee 5ap5b
i=1

+apdai - --dap_16(aph) , Ya;,be A. (7.14)

Next, one makes the algebra (24 a differential algebra by ‘extending’ the
differential § to an operator : 2P A — 2PT' A as a linear operator, unam-
biguously by

0(apday - - - day,) =: dagday - - - day, . (7.15)

It is then easily seen to satisfy the basic relations

2 =0, (7.16)
5(L¢J1WQ) = (5(&11)&]2 + (—1)pW15WQ , w1 € P A , Wy € NA . (717)
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Notice that there is nothing like graded commutativity of forms, that is
there are no relationships of the type wi,w(q) = (=1)Pwg)w(py, With wy €
A

The graded differential algebra (2.4, ) is characterized by the following
universal property [31, 96],

Proposition 34. Let (I, A) be a graded differential algebra, I' = &,I'?, and
let p: A —= I'° be a morphism of unital algebras. Then, there exists an
extension of p to a morphism of graded differential algebras p : 2A — T,
and this extension is unique,

p: PA — IP
dl A pod=Aop. (7.18)

p:PTIA — P

Proof. Given the morphism p : A — I'?, one defines p : 2P.A — I'P by

plagday - - -bap) =: p(ag) A(p(ar)) - - Alp(ap)) - (7.19)

This map is uniquely defined by p since 2P 4 is spanned as a left .A-module
by monomials agday - - - da,. Next, the identity (7.13) and its counterpart for
the elements p(a;) and the derivation A ensure that products are sent to
products. Finally, by using (7.15) and the fact that A is a derivation, one has

(pod)(agdas - --dap) = p(dapday - - - day)
= Ap(ao)A(p(ar)) - -- Alp(ap))

= A((p(ao))A(p(ar)) - -~ Alp(ap))
= (Ao p)(agday - --dayp) , (7.20)

which proves the commutativity of the diagram (7.18): pod = Ao p.

The universal algebra {24 is not very interesting from the cohomological
point of view. From the very definition of ¢ in (7.15), it follows that all coho-
mology spaces HP (2A) =: Ker(§ : Q2P A — QPTLA)/Im(5: QP71 A — QP A)
vanish, except in degree zero where H°(2A) = C.

We shall now explicitly construct the algebra (24 in terms of tensor prod-
ucts. Firstly, consider the submodule of A ®¢ A given by

ker(m: A®c A— A), m(a®cb) =ab. (7.21)

This submodule is generated by elements of the form 1 ®c a — a ®c 1 with
a € A. Indeed, if > a;b; = m(>_ a; ®c b;) = 0, then one gets > a; ®c b; =
> a;(1®cb; —b; ®c 1). Furthermore, the map A : A — ker(m : A®c A — A)
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defined by Aa =: 1 ®c a — a ®c 1, satisfies the analogue of (7.1), A(ab) =
(Aa)b + aAb. There is an isomorphism of bimodules

DA~ ker(m: Aoc A— A),
ba+>1®ca—a®cl,

or Zaiébi YRS Zai(l ®cb;, —b;®cl) . (7.22)

By identifying 2'.A with the space ker(m : A ®c A — A) the differential is
given by
A=A, Sa=1®ca—a®cl . (7.23)

As for forms of higher degree one has, then,

QPA> N AR - D4 A C ARc--Qc A,

p—times (p+1)—times
a05a15a2~o5ap — a()(l XRc a1 — a1 Q¢ 1) RA QA (1 ®c ap — ap ®c 1) s
Va,eA.

(7.24)
For instance, the image of the two form agda;das is given by

a)(1®c a1 —a1 ®c 1) ®4 (1 ®c az —az @c 1)
= ag ®c a1 Q¢ a2 — ag V¢ araz Q¢ 1
—apa1 ®c 1 ®c az + apa1 @cas ®@cl) C A®c A®c A. (7.25)

The multiplication and the bimodule structures are given by,

(wl ®A"'®Awp)'(wp+1 ®A"'®Awp+q) =W QY QA Wptyq s

a- (w1 @4 Qawp) =: (aw1) @A Qawp ,

(W1 @4 QAawp) - a=1wi R4 Q4 (wpa) ,

Vw e 2'A,ac A. (7.26)

The realization of the differential ¢ is also easily found. Firstly, consider any
one-form w = > a; ®c b; = Y. a;(1 ®c b; — b; ®c 1) (since > a;b; = 0). Its
differential dw € N1 A ® 4 21 A is given by

ow =: Z(l@@&i—ai(@c 1)®A(1®Cbi—bi®c 1)
=Y 1®cai®@cb —a;®c1®cbh +a;@ch®cl. (7.27)

Then J is extended by using the Leibniz rule with respect to the product ® 4,

P
0(wi1®u - @awp) =: Z(*l)i+1wl®_,4' CRAW®A O Awp, Twj € 'A.
i=1

(7.28)
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Finally, we mention that if 4 has an involution *, the algebra 24 is also
made into an involutive algebra by defining

(6a)" = —0a™, Vaec A (7.29)
(apdaq - - dap)* =: (bap)™ - -- (da1)"ag
= apda, ;- dag
p—1
+ 3 (—1)PTsaz - 8(ayyaf) - dag . (7.30)
i=0

7.1.1 The Universal Algebra of Ordinary Functions

Take A = F(M), with F(M) the algebra of complex valued, continuous
functions on a topological space M, or of smooth functions on a manifold M
(or some other algebra of functions). Then, identify (a suitable completion
of) A®c -+ ®c A with F(M x --- x M). If f € A, then

0f(21,m2) = (1®c [ — f ®c 1)(x1,22) = f(22) — f(21) - (7.31)

Therefore, £2' A can be identified with the space of functions of two variables
vanishing on the diagonal. In turn, 2P A is identified with the set of functions
f of p+ 1 variables vanishing on contiguous diagonals,

flx1, - Tp—1, 2, &, Thyo, -, Tpp1) =0 . (7.32)

The differential is given by,

p+1

(Sf(ivlv o 'xp+1) = Z(_l)k_lf(xla oy Tk—1, Th41, " 7xp+1) . (733)
k=1

The A-bimodule structure is given by

(9f) (w1, 2pia) = gl@n) f(z1, - p1a)
(fo)(@1,- - xpi1) = fz1, - 2pr1)g(Tpin) (7.34)
and extends to the product of a p-form with a g-form as follows,
(fR) (@1, Tprg) =t f(@1, - Tpr) R (Tpr1, Tpig) (7.35)
Finally, the involution is simply given by
fr@r, o ppr) = (flzr, - 2p41))” (7.36)

Notice that even if the algebra is commutative fh and hf are different with
no relations among them (there is nothing like graded commutativity).
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7.2 Connes’ Differential Forms

Given a spectral triple (A, H, D), one constructs an exterior algebra of forms
by means of a suitable representation of the universal algebra 24 in the
algebra of bounded operators on . The map

m: RA— B(H),
m(agday - - - da,) =: ap[D,a1]---[D,a,], a; €A, (7.37)

is clearly a homomorphism of algebras since both § and [D, -] are derivations
on A. Furthermore, from [D,a]* = —[D, a*], one finds that 7(w)* = 7(w*)
for any form w € 24 and so 7 is a *~homomorphism.

One might think of defining the space of forms as the image 7w(f2.4). This
is not possible, since in general, m(w) = 0 does not imply that 7 (dw) = 0.
Such unpleasant forms w, for which 7(w) = 0 while 7(dw) # 0, are called junk
forms. They have to be disposed of in order to construct a true differential
algebra and make 7 into a homomorphism of differential algebras.

Proposition 35. Let Jy =: ©,J§ be the graded two-sided ideal of QA given
by

JE={we PA 7(w)=0}. (7.38)
Then, J = Jo + 8Jy is a graded differential two-sided ideal of 2.A.
Proof. Tt is enough to show that J is a two-sided ideal, the property 62 = 0
implying that it is differential. Take w = wy + dwe € JP, with w; € J§
and wy € Jé’fl. If n € 29A, then wn = win + (dwa2)n = win + d(wan) —
(—=1)P7twedn = (w1 — (—=1)P"1wadn) + d(wan) € JPT9. Analogously, one
finds that nw € JP¥a.

Definition 17. The graded differential algebra of Connes’ forms over the
algebra A is defined by

QpA=: QAJJ ~ 7(QA)/x(6]0) - (7.39)

It is naturally graded by the degrees of 24 and J, the space of p-forms being
given by
VA =0PA) TP . (7.40)

Since J is a differential ideal, the exterior differential § defines a differential
on 2pA,

d: QA — QPP A
dw] =: [ow] =~ [r(0w)] , (7.41)

with w € 27 A and [w] the corresponding class in 27, A.
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Let us see the structure of the forms more explicitly.

o (-forms.
Since we take A to be a subalgebra of B(H), we have that J N 2°A =
Jo N A = {0}. Thus

VA~ A (7.42)
e 1-forms.
We have JN2' A= JoN2'A+ Jy N 2°A = Jy N 21 A. Thus,
LA~ m(2YA) (7.43)

and this space coincides with the A-bimodule of bounded operators on ‘H
of the form

w1 = Zag[D,a{] , aleA. (7.44)
J
e 2-forms.
We have J N 22A = Jo N 2°A+ Jy N 21 A. Thus,
Q3 A~ m(22A)/7(5(Jo N 2LA)) . (7.45)

Therefore, the A-bimodule 2%A of 2-forms is made up of classes of ele-
ments of the kind

wo = Zaé[D,a{][D,ag] , aleA, (7.46)
J

modulo the sub-bimodule of operators

{ D D.ID.b] o] €A, > BID.K] =0 }. (7.47)
J J
e p-forms.
In general, the A-bimodule 2% A of p-forms is given by
DA~ (Q2PA)/7(5(Jo N 2P7TA)) (7.48)

and is made of classes of operators of the form
wp:ZG%[D,G,{HD,GQ-~-[D,ai], a{eA, (749)
J
modulo the sub-bimodule of operators
> -

’ (7.50)

As for the exterior differential (7.41), it is given by

d Za’g)[Dva’JlHDvag)}[Dva’g)] = Z[D7a€)“Dva]1][Dva%][D7a%]

’ (7.51)



7.2 Connes’ Differential Forms 113
7.2.1 The Usual Exterior Algebra

The methods described in the previous Section, when applied to the canon-
ical triple over an ordinary manifold, reproduce the usual exterior algebra
over that manifold. Consider the canonical triple (A, H, D) on a closed n-
dimensional Riemannian manifold M as described in Sect. 6.5. We recall
that A = F(M) is the algebra of smooth functions on M; H = L?(M, S) is
the Hilbert space of square integrable spinor fields over M; D is the Dirac
operator of the Levi-Civita connection as given by (6.52). We immediately
see that, for any f € A,

m(6f) =D, fl = v"(2)0uf = v(dm [) , (7.52)

where v : I'(M,C(M)) — B(H) is the algebra morphism defined in (6.48)
and dps denotes the usual exterior derivative on M. In general, for f; € A,

7r(f0(5f1 e 5fp) = fo [D, fl] - [D, fp] = ’Y(deIWfl LR dep) 5 (753)

where the differentials djsf; are now regarded as sections of the Clifford
bundle C (M) (while the functions f; can be thought of as sections of Cy(M))
and the dot - denotes the Clifford product in the fibers of C(M) = @&, Cr(M).
It is worth noticing that the image of the map 7 is made up of multiplicative
operators on the Hilbert space H. _ ,

Since a generic differential 1-form on M can be written as Y, fidm f7,

with fg, ff € A, using (7.52) we can identify Connes’ 1-forms 5.4 with the
usual differential 1-forms A*(M),

QLA ~ AN M) . (7.54)

To be more precise, we are really identifying the space 2},.4 with the image
in B(H), through the morphism =, of the space A*(M).

Next, we analyze the junk 2-forms. For any f € A, consider the universal
forms

o= ([~ (6111 #0.

oo =408f0f . (7.55)
One easily finds that
w(a) = 57" (f0uf — (Ouf)f) = 0.

77(504) = 7#7V8uf8Vf
1 1
= §(W“v” +97*)0.f0u f + g(v“v” — YY) fouf
= (_guya,ufauf)]lz[n/?] #0. (7.56)
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Here we have used (6.49), g*” being the components of the metric. We con-
clude that the form d« is a junk 2-form. A generic junk 2-form is a combina-
tion (with coefficients in A) of forms like the one in (7.55). As a consequence,
we infer from expression (7.56) that m(§(Jo N 21.A)) is generated as an A-
module by the matrix Igm/2;. On the other hand, if f1, fo € A, from (7.53)
we have that

m(0f16f2) = v(da f1 - dar fa)

=YY 0, f10, f2
1 1
= 5(7"7“ —¥'Y*)0uf10, f2 + Q(v“v” +4"y")0,u [0, f
= y(dpf1 Ndar f2) — g(darfi, dag f2)lomsa - (7.57)

Therefore, since a generic differential 2-form on M can be written as a sum
>0 fodu fi Ndarf3, with f3, f1, f3 € A, by using (7.56) and (7.57) to elim-
inate junk forms, we can identify Connes’ 2-forms £2%.A with the image
through ~ of the usual differential 2-forms A%(M),

NHA~ A2(M) . (7.58)

The previous identifications can be generalized and one can identify (through
the map 7)
QPA~ AP(M) . (7.59)
In particular, 29 A =0 if p > dimM.
To establish the identification (7.59) we need some additional facts from
Clifford bundle theory which we take from [11].
For each m € M, the Clifford algebra C,,(M) has a natural filtration,

Cn(M) = UCf,f), where Cy(ff) is spanned by products &1 - &g - ... &, with
kE <pand¢&; €T M. There is a natural graded algebra

grC,, =: ZgrpCm . grpCny, = CT(,f)/C’,(qf_l) , (7.60)
P

with a natural projection, the symbol map,
op: CP) — gr,Chy (7.61)

The graded algebra (7.60) is canonically isomorphic to the complexified ex-
terior algebra Ac (75, M), the isomorphism being given by

ATy M) &G AN N —0p(&r-&a- .. v &) € grpCry . (7.62)

m

Now, the Clifford algebra C,, also has a natural Z; grading given by the
parity of the number of terms &;, &; € T}, in a typical product &1 -&a-. .. .

If C?, is the subspace of C,(,f ) made up of elements with the same parity as p,
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then the kernel of the symbol map o,,, when restricted to C?, coincides with
CP~2 and we have the identification®

AR(T2 M) ~CP, ) CP2 (7.63)

By considering the union over all points m € M, one constructs the corre-
sponding bundles over M. We shall still denote by o, the symbol map

op: [(CP)) — [(gr,C) . (7.64)

But to avoid confusion we shall indicate by s, its restriction to I'(C?). We
stress that
kers, ~ I'(CP~2) . (7.65)

Proposition 36. Let (A, H, D) be the canonical triple over the manifold M.
Then,
7(8(Jo N 2P~ A)) = y(kers,) , p>2. (7.66)

)
Proof. Consider the universal (p— 1)-form w = %(foéfo —6fofo)df1...0fp—2.

Then m(w) = 0 and 7(6w) = v(—||das fol Pdasfr - ... - darfp—2). Since terms
of the type ||de0||2de1 - ... dp fp—2 generate I'(CP~2) as an A-module,
one can find a universal form w’ € 2P~1 A with 7(w’) = 0 and 7(6w’) = v(p)
where p is any given element of I'(CP~2). By using (7.65), this proves the
inclusion y(kers,) C m(8(Jo N 2P~1A)).

Conversely, with w =3 fgéff . 5fg_1 a generic universal (p — 1) form,
the condition

m(w) =AMyttt ng@ulff .. .8Hp71f5_1 =0, (7.67)
J

implies, in particular, that

SOt O, i =0, (7.68)
J

with the square brackets indicating complete anti-symmetrization of the en-
closed indices. This condition readily yields the vanishing of the top compo-
nent of

m(Bw) = Oy AN "By [0 L Oy S (7.69)
J

! By using the canonical inner product given by the trace in the spinor represen-
tation, AR (T, M) can be identified with the orthogonal complement of the space
eV in ¢ or equivalently, with the orthogonal complement of the space
C2~2 in the space C%,.
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Indeed,

Za[mfoamfl Opuy ) F11 = O ( Zféamfl 0y 1 f1_1)

_Zfo uoamfl #p 1]fp 1
=0. (7.70)

It follows that 7(dw) € v(I'(CP~2) ~ ~y(kers,), and this proves the inclusion
m(8(Jo N 2P~ A)) C y(kers,).

Proposition 37. Let (A, H, D) be the canonical triple over the manifold M.
Then, a pair Ty and Ty of operators on the Hilbert space H is of the form
T = w(w), To = 7(dw) for some universal form w € QP A, if and only if
there are sections py of CP and py of CPTY, such that

Ty =~(pj), j=12,
drop(p1) = opi1(p2) - (7.71)

Proof. If w = fodf1...0fp, the identities Ty = m(w) = v(fodf1...dfp) and

Ty = m(w) = (6 fod f1...0fp) will imply that p1 = fodm fi-...-dufp, p2 =
dafo-dafr-. . -dur fp, andin turn o, (p1) = fodm .. Adufp , opii1(p2) =
dyfoNdyfiN.. A dep, and finally dMUp(p1> = 0'p+1(p2).

Conversely, if p; € I'(CP) and py € I'(CP*!) are such that dpro,(p1) =
op+1(p2), then py is determined by p; up to an ambiguity in I'(CP~1). Sup-
pose first that py € I'(CP™') ~ kers,1; we can then take p; = 0. So one
needs a universal form w € 2P A such that m(w) = 0,7(0w) = ~(p2). The
existence of w follows from the previous Proposition (for p + 1).
Furthermore, if po has components only in I'(CPT) o I’ (Cp 1), we can take

=2, R fl .. dufl, p2 = > dm [ darf] ...~ dafj. Then, the
universal w€E Q”A is just w = ZJ fgéfl 5f13,.

Proposition 38. Let (A, H, D) be the canonical triple over the manifold M.
Then, the symbol map s, gives an isomorphism

sp: QLA — T(ART*M) (7.72)

which commutes with the differential.

Proof. Firstly, one identifies 7(£2?.A) with I'(C?) through ~. Then, Proposi-
tion 36 shows that m(5(Jo N 2P~1A)) = kers,. The commutativity with the
differential follows from Proposition 37. Finally, one observes that from the
definition of the symbol map, if p; € I'(C?7), j = 1,2, then
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Sprpa (P192) = 8p, (p1) A 5y (p2) € T(ARTPTM) . (7.73)

As a consequence, the symbol maps s, combine to yield an isomorphism of
graded differential algebras

51 Qp(C®(M)) — D(AcT*M) (7.74)

which is also an isomorphism of C* (M )-modules.

7.2.2 The Two-Point Space Again

As a very simple example, we shall now construct Connes’ exterior algebra
on the two-point space Y = {1,2} with the 0-dimensional even spectral
triple (A, H, D) constructed in Sect. 6.7. We already know that the associated
algebra A of continuous function is the direct sum A = C®C and any element
f € Ais a couple of complex numbers (f1, f2), with f; = f(¢) the value of f
at the point 1.

As we saw in Sect. 7.1.1, the space £2'A of universal 1-forms can be
identified with the space of functions on Y x Y which vanish on the diagonal.
Since the complement of the diagonal in Y X Y is made of two points, namely
the couples (1,2) and (2,1), the space 2'.A is 2-dimensional and a basis is
constructed as follows. Consider the function e defined by e(1) = 1,e(2) = 0;
clearly, (1—e)(1) =0, (1 —e¢)(2) = 1. A possible basis for the 1-forms is then
given by

ede, (1—e)d(l—e). (7.75)

Their values are given by

(ede)(1,2) = -1, ((1—e)d(1—e))(1,2) =0
(ede)(2,1) =0, ((1—e)d(1—e))(2,1)=—1. (7.76)

Any universal 1-form « € 21 A can be written as a = Aede+ u(1—e)d(1—e),
with A, u € C. As for the differential, § : A — 2'A, it is essentially a finite
difference operator. For any f € A one finds that

of = (f1— fa)ede — (f1 — f2)(1 —€)d(1 —e) = (f1 — f2)de . (7.77)

As for the space 2P A of universal p-forms, it can be identified with the
space of functions of p + 1 variables which vanish on contiguous diagonals.
Since there are only two possible strings giving nonvanishing results, namely
(1,2,1,2,---) and (2,1,2,1,---) the space 2P A is two dimensional as well
and one possible basis is given by

e(de)? , (1—e)(6(1 —e))? . (7.78)
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The values taken by the first basis element are

(e(de)?)(1,2,1,2,---) = £1, (7.79)
(e(de)?)(2,1,2,1,---) =0 (7.80)

and in (7.79) the plus (minus) sign occurs if the number of contiguous couples
(1,2) is even (odd). As for the second basis element we have

(1—e)(6(1 —e))P)(1,2,1,2,---) =0, (7.81)
(1=e)(d(1-e)P)(2,1,2,1,---) =£1, (7.82)

where, in (7.82), the plus (minus) sign occurs if the number of contiguous
couples (2,1) is even (odd).

We now move to Connes’ forms. We recall that the finite dimensional
Hilbert space H is a direct sum H = H; ¢ Ho; elements of A act as diagonal
matrices A 3 f — diag(f1laimm, , folaimm,); and D is an off diagonal operator
[ﬁfﬂg*],M S Lin(HhHg) .

One immediately finds that

n(ede) = e[D,e] = {8 ‘](;4] ,

A(1=e)5(1—e)) = (1—e)[D,1—¢] = [_(])M 8} . (7.83)

and the representation of a generic 1-form a = Aede + u(1 — e)d(1 — e) is
given by

0 AM*
m(a) = — {HM 0 ] (7.84)
As for the representation of 2-forms one gets
w(edede) =: e[D,e][D,e] = [_]\{) M 8] )
m((L—e)d(l —e)é(l —e)) =: (1 —e)[D,1 —¢€][D,1—¢]
0 o0
_{O—MM*] . (7.85)
In particular the operator 7(da) is readily found to be
M*M 0
o) =+ | MM (7.6

from which we infer that there are no junk 1-forms. In fact, there are no junk
forms whatsoever. Even forms are represented by diagonal operators while
odd forms are represented by off diagonal ones.
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7.3 Scalar Product for Forms

In order to define a scalar product for forms, we need another result which
has been proven in [29]

Proposition 39. Let (A, H,D) be an n-dimensional spectral triple. Then,
the state ¢ on A defined by

o(a) =:try,(n(a)|D|™"), VaeA, (7.87)
with tr,, denoting the Dixmier trace, is a trace state, i.e.
¢(ab) = p(ba) , VaeA. (7.88)

Thus, we get a positive trace on A as was alluded to at the end of Sect. 6.6.

In fact, one needs to extend the previous result to all of 7w ({2.4). Now,
this is not possible in general and (rather mild, indeed) regularity conditions
on the algebra are required. Let us recall from Sect. 6.4, that the subalgebra
A? of A was generated by elements a € A such that both a and [D, a] are in
the domain of the derivation ¢ defined in (6.41). In [29] it is proven that the
state ¢ on 7(£2A) defined by

o(T) =:tr,(T|D|™™), VTen(24), (7.89)
is a trace state,
H(ST) = ¢(TS), Y 8,T € n(RA), (7.90)

provided that A% = A (or that A? is a large enough subalgebra). We refer to
[29] for the proofs of the previous statements. Here we only remark that, by
using the cyclic property of tr,,, the condition (7.90) is equivalent to one of
the following,

tro(IT,|D|""]) = 0, VT e n(RA),

tro (ST|D|™™) = tro(S|D|™"T) ,V S,T € m(2A) . (7.91)

Property (7.90) (together with the cyclic property of tr,) implies that the
following three traces coincide and can be taken as a definition of an inner
product on m(£2PA),?

(T, Ty), = tro(TyTo|D|™)

= tro(T7|D|"T3)
tro(T|D["T) . ¥ T1, Ty € n(PA) . (7.92)
2 An alternative definition of the integral and of the inner product for forms which
is based on the heat kernel expansion and uses the heat operator exp(—eD?)

has been devised in [78]. When applied to the canonical triple over a manifold it
gives the usual results.
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Forms of different degree are defined to be orthogonal.
Now let #, be the corresponding completion of 7(£2?.A). With a € A and
T1,T5 € w(2P A), we obtain

(aTh,aTs), = try(T7a”|D["aly) = try, (12| D" T a"a) , (7.93)
(Tha, Tza), = try,(a* 17 |D|"Tra) = try,(a*aly |D|"Ts) . (7.94)

As a consequence, the unitary group U(A) of A,
UA) ={uveA|uu=uu" =1}, (7.95)

has two commuting unitary representations, L and R, on ﬁp given by left and
right multiplications. Now, as 7(6(Jo N 2P~ A) is a submodule of 7(£2P.A),
its closure in H,, is left invariant by these two representations. Let P, be
the orthogonal projection of ﬁp, with respect to the inner product (7.92),
which projects onto the orthogonal complement of 7(§(Jo N 2P~ A)). Then
P, commutes with L(a) and R(a), if a € U(A) and so for any a € A. Define
H, = Ppﬁp; this space also coincides with the completion of the Connes’
forms 2% A. The left and right representations of A on ’;qp reduce to algebra
representations on H, which extend the left and right module action of A on
27 A.

As an example, consider again the algebra A = C°°(M) and the associated
canonical triple (A, H, D) over a manifold M of dimension n = dimM. Then,
the trace requirement (7.90) is satisfied.®> Furthermore,

Proposition 40. With the canonical isomorphism between 2pA and
I'(AcT*M) described in Sec. 7.2.1, the inner product on 2% A is propor-
tional to the Riemannian inner product on p-forms,

wrw), = (- [anne
By = W2 e

A wi,ws € .QpD.A ~ F(A(cT*M) . (796)

Proof. f T € 2? A and p € I'(C?), with 7(T") = y(p), we have that P,w(T) =
Y(w) € H,, with w the component of p in I'(C? & CP~!). Using the trace
theorem 31, we get

3 In fact, in the commutative situation, the regularity condition does not play
a crucial role. On a manifold of dimension n, the pseudo-differential operator
[T,|D|~"], with T the image of a section of the Clifford bundle, is of order n — 1
and its Dixmier trace vanishes (see Sect. 6.3). As a consequence, the first of
(7.91) and then (7.90) are automatically satisfied.
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(Y(@1);7(w2)), = tro(wiws| D|")

1 * B
- n(2m)» /S*Mtra—n(’Y(wl) ~Y(w2)|D|™™)
! *
- "(27T)"(/sn,1 dg) /M tr(y(wi)™y(we)dz
21—7L7r—n/2

) p2[n/2]+17n7r7n/2 .
=R

The last equality follows from the explicit (partially normalized) trace in the
spin representation. Indeed,

wj = ﬁwﬁjl)...updm”l A---Ndxte, =12, =
1 j 1 j Iz
’Y(wj) _ le(ljl)"‘up’yul A A ryﬂp — le(t]1)"~/tp€gll . €a£’7a1 A---A ,yap7 =

tr(y(w1) y(wa)) = (~1)P2EIwi)n, Wil et - -elmept - eprpabs et

— (_1)p2[%]w;(,bl1)'fu/pw£?)~uljpgulul . gHPUP ,

(7.97)
from which one finds t7(y(w1)*y(w2))dz = (=1)P2*/ 2w A* ws .
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As an example of the general situation, we shall start by describing the ana-
logue of ‘electromagnetism’, namely the algebraic theory of connections (vec-
tor potentials) on a rank one trivial bundle (with fixed trivialization).

8.1 Abelian Gauge Connections

Suppose we are given a spectral triple (A, H, D) from which we construct the
algebra 2pA = @, 27 A of forms. We also take it to be of dimension n.

Definition 18. A vector potential V is a self-adjoint element of 2L.A. The
corresponding field strength is the two-form 0 € 2% A defined by

O=dvV+V?. (8.1)

Thus, V' is of the form V' = > a;[D,b;], a;,b; € A with V self-adjoint,
V* = V. Notice that, although V can be written in several ways as a sum,
its exterior derivative dV € 2% A is defined unambiguously. It can though be
written in several ways as a sum, dV' = 3 ;[D, ;][D, b;], modulo junk. The

curvature  is self-adjoint as well. It is evident that V2 is self-adjoint if V is.
As for dV, we have,

dV — (dV)* = [D,a;][D,b;] = Y _[D,b}][D, a}] . (8.2)

J J

Since V* = =3 .[D,bjlaj = =3 _;[D,bjaj] + 32, bj[D,aj] and V — V* =0,

G705 %
we get that the following is a junk 2-form,

j j
But jy is just the right-hand side of (8.2), and we infer that, modulo junk
forms, dV = (dV)*.
Since the algebra A is taken to be a unital *-algebra, it makes sense to
consider the group U(A) of unitary elements of A,

G. Landi: LNPm 51, pp. 123-132, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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UA) ={ue A|uu" =uv'u=1}. (8.4)

This group provides the (infinite dimensional group of) gauge transforma-
tions.

Definition 19. The unitary group U(A) acts on the vector potential V' with
the usual affine action

(Viu) — V¥ = uVu* +ulD,u*], ueld(A). (8.5)
The field strength 6 will then transform with the adjoint action,
0" = dV*" + (V*)?
= duVu* +udVu* —uVdu* + du[D,u*] + uVu* +
+uVI[D,u"] + u[D,u*luVu* + u[D,u"u[D, u]
= u(dV +V*u* (8.6)

where we have used the relations du = [D,u] and udu* + (du)u* = 0; the
latter follows from u*u = 1. Thus,

0,u) — 0“ =ubu™ , ueld(A) . (8.7)
We can now introduce the analogue of the Yang-Mills functional.

Proposition 41. 1.  The functional

YM(V)=:{dV +V?dV +V?), | (8.8)
1s positive, quartic and invariant under gauge transformations

V—V"=uVu" +u[D,u*], uel(A). (8.9)

2. The functional

I(a) =: try,(7(da + ?))?|D|™™) (8.10)

is positive, quartic and invariant on the space {a € N A | a = a*}, under
gauge transformations

a — ¥ =t uou” +udu”, uel(A). (8.11)

YM(V)=inf {I(a) | 7(a) =V} . (8.12)

Proof. Statements 1. and 2. are consequences of properties of the Dixmier
trace and of the fact that both dV + V2 and da + o? transform ‘covariantly’
under gauge transformations. As for statement 3., it follows from the nearest-
point property of an orthogonal projector: as an element of Hs, dV + V2 is
equal to P(m(da + a?)) for any o € £2' A such that (o) = V. Since the
ambiguity in 7(da) is exactly m(86(Jo N 21.A), one has established 3.
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Point 3. of Prop. 41 just states that the ambiguity in the definition of the
curvature § = dV + V2 can be ignored by taking the infimum Y M (V) =
Inf {tr,6?|D|~"} over all possibilities for § = dV+V?, the exterior derivative
dV = 3",[D, ap][D, ai] being ambiguous.

As already mentioned, the module £ = A is just the analogue of a rank
one trivial bundle with fixed trivialization so that one can identify the module
of sections of the bundle with the complex-valued functions on the base.

8.1.1 Usual Electromagnetism

For the canonical triple (A,H, D) over the manifold M, consider a 1-form
V € AY(M) and a universal 1-form o € 2'A such that o;(7(a)) = V.
Then o3(m(dc)) = dpV. From proposition 37, for any two such a’s, the
corresponding operators 7 (8« differ by an element of 7(§(JoNN2LA) = keros.
Then, by using (7.96)

YM(V) = inf {I(a) | 7(a) =V} = (daV,dasV)y
n/2]+1 ngp—n
T2 /HdMVH dx | (8.13)

which is (proportional to) the usual abelian gauge action.

8.2 Universal Connections

We now introduce the notion of a connection on a (finite projective) mod-
ule. We shall do it with respect to the universal calculus 24 introduced
in Sect. 7.1 as this is the prototype for any calculus. So, to be precise, by
a connection we really mean an universal connection although we drop the
adjective universal whenever there is no risk of confusion.

Definition 20. A (universal) connection on the right A-module £ is a C-
linear map
V:EQuRPA—ER4 2PTA (8.14)

defined for any p > 0, and satisfying the Leibniz rule
V(wp) = (Vw)p+ (=1)Pwdp , YVweERQNPPA, pe NA. (8.15)

In this definition, the adjective universal refers to the use of the universal
forms and to the fact that a connection constructed for any calculus can be
obtained from a universal one via a projection much in the same way as any
calculus can be obtained from the universal one. In Proposition 45 we shall
explicitly construct the projection for the Connes’ calculus.
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A connection is completely determined by its restriction V : £ = £ @4 21 A,
which satisfies

V(na) = (Vn)a+n®4da, Yne&,acA. (8.16)

This is then extended by using the Leibniz rule (8.15).

Proposition 42. The composition,
VZ2=VoV:E@4PA— E@ NPT2A (8.17)

is 2A-linear.
Proof. By condition (8.15) one has

V2(wp) = V (Ve)p + (~1)Pwp)
= (V2W)p + (=1)PT(Vw)dp + (=1)P(Vw)dp + wd’p
= (Viw)p . (8.18)

The restriction of V2 to & is the curvature
0:£ 5 E@42°A, (8.19)

of the connection. By (8.15) it is A-linear, §(na) = 0(n)a for any n € £,a € A,
and satisfies
Vin@ap)=0mp, Vne&, pecNA. (8.20)

When the algebra A is commutative one can make sense of a Bianchi
identity [114]. If A is commutative the space End4€& can be given a right
A-module structure and one introduces the module End4&€ ® 4 2A . Then,
since £ is projective, any A-linear map : &€ — £ ®4 24 can be thought
of as a matrix with entries in 24 or as an element in End € ® 4 2A. In
particular, the curvature # can be thought of as an element of End4€® 422 A.
Furthermore, by viewing any element of End 4 € ® 4 {24 as a map from & into

E®4 A, the connection V on £ determines a connection [V, - | on Enda€&
by

[V, - ]: Enda€ @4 PA — Enda & @4 2PTTA

[V,a] =:Voa—aoV, VacEndsf @4 PA (8.21)

Proposition 43. With the algebra A commutative, the curvature 0 satisfies
the following Bianchi identity,

[V,0]=0. (8.22)

Proof. Since 0 : £ — 22 A, the map [V, 0] makes sense. Furthermore,

V,0] =VoV?-V2oV=V-V?’=0. (8.23)
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Connections always exist on a projective module. To start with, let us
consider the case of a free module £ = CV ®¢ A ~ AN. Forms with values
in CV ®c A can be identified canonically with

CVN e RA=(CN@cA) @4 A ~ (QAN . (8.24)
Then, a connection is given by the operator
Vo=1®6:CN @c PA— CN oc2P1A. (8.25)

If we think of Vj as acting on (£24)" we can represent it as the operator
Vo=1(9,6,---,9) (N-times).

Consider a generic projective module &, and let p : CN ®@¢c A — &£ and
X : & = CN ®c A be the corresponding projection and inclusion maps as in
Sect. 4.2. On & there is a connection Vg given by the composition

ERaPA 2 CNecPA 122 Ve rttA 25 £@4 0P A, (8.26)

where we use the same symbol to denote the natural extension of the maps
A and p to E-valued forms. The connection defined in (8.26) is called the
Grassmann connection and is explicitly given by

Vo=po(I®doA. (8.27)
In what follows, we shall simply indicate it by
Vo = pd. (8.28)
In fact, it turns out that the existence of a connection on the module £ is
completely equivalent to its being projective [50].
Proposition 44. A right module has a connection if and only if it is projec-
tive.

Proof. Consider the exact sequence of right .A-modules

0— @A L E0cA 2 £€—0, (8.29)

where j(nda) = n®a—na® 1 and m(n ® a) = na; both of these maps are
(right) A-linear. Now, as a sequence of vector spaces, (8.29) admits a splitting
given by the section sg(n) = n® 1 of m, m o sg = idg. Furthermore, all such
splittings form an affine space which is modeled over the space of linear maps
from the base space £ to the subspace j(€ ®4 £2*A). This means that there
is a one to one correspondence between linear sections s : € — £ Q¢ A of m
(mos=idg ) and linear maps V : £ — £ @4 2 A given by

s=so+joV, s(n)=nx1+jVn), Vnek. (8.30)
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Since
s(na) —s(n)a=na®1—-n®a+ j(V(na)) — j(V(n))a
= j(V(na) — V(n)a —nda) , (8.31)

and as j is injective, we see that V is a connection if and only if s is a right
A-module map,

V(na) = V(n)a—néa=0 < sna)—sn)a=0. (8.32)

But such module maps exist if and only if £ is projective: any right module
map s : & = £ ®c A such that mo s = I¢ identifies £ with a direct summand
of the free module £ ®¢ A, where the corresponding idempotent is p = som.

The previous proposition also says that the space CC(E) of all universal
connections on £ is an affine space modeled on End4& ®4 2' A. Indeed, if
V1, Vs are two connections on &, their difference is A-linear,

(Vi=Va)(na)=(Vi—=V2)(n)a, Vnel,acA, (8.33)

so that Vi — V3 € End 4 ® 4 21 A. By using (8.28) and (4.28) any connection
can be written as
V=pi+a, (8.34)

where « is any element in End € ®4 2'A ~ My (A) @4 2'A such that
a = ap = pa = pap; here p is the idempotent which identifies £ as € = pAY.
The matrix of 1-forms « as in (8.34) is called the gauge potential of the
connection V. For the corresponding curvature 6 of V we have

0 = pda + a® + pdpdp . (8.35)
Indeed,
0(n) = V*(n) = (pd + ) (pén + an)
= pd(pdn) + pd(an) + apén + o’n

= pd(pdn) + pdam + o’
= (pdpdp + pda + ) (n) (8.36)

since, by using pn = p and p? = p, one has that

pd(pdn) = pd(pd(pn))

= pd(pdpn + pon)
= pdpdpn — pdpdn + pdpon
= pdpdpn . (8.37)

With any connection V on the module £ there is associated a dual con-
nection V' on the dual module £’. Notice first, that there is a pairing
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('7 ) & xE— A ) (¢777) = ¢(77) ) (838)

which, due to (4.22), with respect to the right-module structure on £’ (and
taking A to be a *-algebra) has the following property

(p-a,n-b)=a*(¢p,nb, Voe& ne&abeA. (8.39)
Therefore, it can be extended to maps
(’7’):5/®A0AX€HA7 (¢'aa77):a*(¢777),

for any ¢ € £';n € &; and a, § € NA.
Let us suppose now that we have a connection V on £. The dual connec-
tion
V& &8 @42 A, (8.41)

is defined by

5(,m) = —(V'é,n) + (¢, V'), Voe& , nek. (8.42)
It is easy to check the right-Leibniz rule

Vip-a)=(V'dlatp®@ada, YVoel& ,acA. (8.43)

Indeed, for any ¢ € £',a € A, and n € &, by using (8.39), (8.42), (7.29) and
(8.40) respectively, we have

5(¢-a,m) = —(V'(¢-a),n) + (¢-a,V'n)
oa*(¢,m) +a*6(s,m) = —(V'(¢-a),n) +a* (¢, V'n)
sa*(¢,n) —a*6(V'¢,n) = —(V'(¢ - a),n)
—(0a)* (o, )—a*é(V ¢,m) =—(V'(¢-a),n)
(¢ ®@ada,n)+((V'9)-a,n) = (V'(d-a)n), (8.44)

from which (8.43) follows.

8.3 Connections Compatible with Hermitian Structures

Suppose now that we have a Hermitian structure (-,-) on the module £ as
defined in Sect. 4.3. A connection V on £ is said to be compatible with the
Hermitian structure if the following condition is satisfied [34],

- <V77a§> + <777 v€> =46 <777£> , v 7775 ec. (845)

Here the Hermitian structure is extended to linear maps (denoted with the
same symbol) : ERqNAXE = N Aand: PPARLE xE — 2P Aby
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<77®va€> =w" <na§> y
ME@aw) = Mw, Vnéef,we'A. (8.46)

Also, the minus sign on the left hand side of eq. (8.45) is due to the choice
(6a)* = —da* which we have made in (7.29).

Compatible connections always exist. As explained in Sect. 4.3, any Her-
mitian structure on & = pAY can be written as (n,£) = Z;VZI n;&; with
n=pn = (N, -,nn) and the same for £. Then the Grassman connection
(8.28) is compatible, since

N
5(277;&')

N N N
= on; &+ an 865 ==Y (0n;)" &+ D>} 0§
j=1 j=1 j=1 j=1
= — (n, p&) + (pn, 6§)
= — (pdn, &) + (n, pé§)
= —(Von, &) + (n, Vo&) . (8.47)

For a general connection (8.34), the compatibility with the Hermitian struc-
ture reduces to

<Oé77af> - <7Ia04§> =0, V Uaf ec, (848)

which just says that the gauge potential is Hermitian,
af=a. (8.49)

We still use the symbol CC(€) to denote the space of compatible universal
connections on £.

8.4 The Action of the Gauge Group

The group U(E) of unitary automorphisms of the module &, defined in (4.29)
plays the role of the infinite dimensional group of gauge transformations.
Indeed, there is a natural action of such a group on the space CC(E) of
universal compatible connections on £. It is given by

(u,V) — V¥ =1uVu* , Yuel), VeCC(E). (8.50)

It is then straightforward to check that the curvature transforms in a covari-
ant way

(u,0) — 0 =: ubu™ , (8.51)
since, evidently, 8" = (V*)? = uVu*uVu* = uV2u* = ubu*.
As for the gauge potential, one has the usual affine transformation
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(u, ) — o™ =: updu* + uau™ . (8.52)
Indeed, for any n € &,

V*(n) = u(pd + a)u™n = upd(un) + uau™n
= pu(u*on) + up(du™ n) + vau® using up = pu
= pdn + (updu™ + uau®)n
= (pd +a*)n, (8.53)

which yields (8.52) for the transformed potential.

8.5 Connections on Bimodules

In constructing gravity theories one needs to introduce the analogues of linear
connections. These are connections defined on the bimodule of 1-forms which
plays the role of the cotangent bundle. Since this module is in fact a bimodule,
it seems natural to exploit both left and right module structures. In fact, to
discuss reality conditions and curvature invariants the bimodule structure is
crucial.

We refer to [66] for a theory of connection on central bimodules. An
alternative idea which has been proposed (in [123] for linear connections and
in [64] for the general case) is that of a ‘braiding’ which, by generalizing the
permutation of forms, flips two elements of a tensor product so as to make
possible a left Leibniz rule once a right Leibniz rule is satisfied.

Let € be an A-bimodule which is left and right projective, and endowed
with a right connection, i.e. a linear map V : £ — £ ®4 2' A which obeys
the right Leibniz rule (8.16).

Definition 21. Given a bimodule isomorphism,
o VARUE — ER4 A, (8.54)

the couple (V,0) is said to be compatible if and only if a left Leibniz rule of
the form

Vian) =a(Vn)+o(da®@sn), VYaeA, nef. (8.55)

1s satisfied.

We see that the role of the map o is to bring the one form da to the ‘right
place’. Notice that in general ¢ needs not square to the identity, o o o # I
In [64] o is identified as the symbol of the connection.

To get a bigger space of connections a weaker condition has been proposed
in [51] where the compatibility condition has been required to be satisfied only
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on the center of the bimodule. We recall, first of all, that the center Z(&) of
a bimodule £ is the bimodule defined by

ZE&)={ne&|an=na, Yaec A} . (8.56)

Now, let VL be a left connection, namely a linear map : & — 2'A®4 &
satisfying the left Leibniz rule

VEi(an) =aVEin+da@an, YacA nekFE. (8.57)

Likewise let VZ be a right connection, i.e. a linear map : £ — £ @4 2'A
satisfying the right Leibniz rule

VE(ma) = (VEn)a+n®ada, VacA, neE. (8.58)

Definition 22. With o a bimodule isomorphism as in (8.54), a pair (VE, V1)
is said to be o-compatible if and only if

VEy=(coVE)yy, VneZzE). (8.59)

By requiring that the condition V# = ¢ o V¥ be satisfied on the whole bi-
module &, one can equivalently think of a pair (V% VR) as a right connection
V% fulfilling the additional left Leibniz rule (8.55) and so reproducing the
previously described situation.®

It should be mentioned that whereas Definition 21 is compatible with
tensor products over the algebra, Definition 22 does not enjoy this property.

Several examples of gravity and Kaluza-Klein theories which use the bi-
module structure of £ = 2'A have been constructed: see [116, 119] and
references therein.

In Chap. 10, we shall describe gravity theories which use only one struc-
ture (the right one, although it would be completely equivalent to use the
left one). In this context, the usual Einstein gravity has been obtained as a
particular case.

! In [50] a connection on a bimodule is also defined as a pair consisting of a left
and right connection. There, however, there is no o-compatibility condition while
the additional conditions of V¥ being a right A-homomorphism and VT being a
left A-homomorphism are imposed. These latter conditions, are not satisfied in
the classical commutative case where Z(£) = £ = 2'(M).
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In this section we shall describe how to construct field theoretical models in
the algebraic noncommutative framework developed by Connes. Throughout
this Section, the basic ingredient will be a spectral triple (A, H, D) of dimen-
sion n. Associated with it there is the algebra 2pA = @,27, A of forms, with
exterior differential d, as constructed in Sect. 7.2.

9.1 Yang-Mills Models

The theory of connections on any (finite projective) A-module &, with respect
to the differential calculus (£2p.A, d) is, mutatis mutandis, formally the same
as the theory of universal connections developed in Sect. 8.2.

Definition 23. A connection on the A-module £ is a C-linear map
V:E@ A —E A, (9.1)
satisfying the Leibniz rule
V(wp) = (Vw)p+ (—1)Pwdp , YweER4 DA, pe2pA. (9.2)

The composition V2 = VoV : E@4 22 A — E@4 2% A s 2pA-linear and
its restriction to & is the curvature F : € — € @4 23 A of the connection.
The curvature is A linear, F'(na) = F(n)a, for any n € £, and a € A, and
satisfies,

Vinoap)=Fm)p, YVne&, pepA. (9.3)

As was mentioned before, connections always exist on a projective module.
If £ = pAY, it is possible to write any connection as

V=pd+A, (9.4)

where A is any element in End € ®4 25A ~ M4(A) @4 2}A such that
A = Ap = pA = pAp. The matrix of 1-forms A is called the gauge potential
of the connection V. For the corresponding curvature F' we have

F = pdA + A% + pdpdp . (9.5)

G. Landi: LNPm 51, pp. 133-150, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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The space C(€) of all connections on £ is an affine space modelled on the
space End € ® 4 2L .A.

The compatibility of the connection V with respect to a Hermitian struc-
ture on £ is expressed exactly as in Sect. 8.3,

—(Vn, &)+, Ve =dn,&) , VnEel. (9.6)

As before, the Hermitian structure is extended to linear maps

8®A ‘Q})'A x&— ‘QlD-A ) <77®va£> =w" <77>€> ;
“Qll)A@)Ag X &= “QlD“4 ) <777§®Aw> = (n,x)w )
V€& weNHA. (9.7
The connection (9.4) is compatible with the Hermitian structure (n,&) =

Zj‘vﬂ n;&jon & = pAN (9= (m,---,nn) = pn and the same for &), provided
the gauge potential is Hermitian,

A=A (9.8)

The action of the group U(E) of unitary automorphisms of the module £
on the space C(€) of compatible connections on £ is given by

(u, V) — V¥ =uVu*, Yuel(), VelC(¢). (9.9)

Hence, the gauge potential and the curvature transform in the usual way
(u, A) — A" = u[pd + AJu* , (9.10)
(u, F) — F* =t uFu*, Yuel(f). (9.11)

The following proposition clarifies in which sense the connections defined
in 20 are universal.

Proposition 45. The representation m in (7.37) can be extended to a sur-
jective map
I@m:CCE)— CE); (9.12)

consequently, any compatible connection is the composition of m with a uni-
versal compatible connection.

Proof. By construction, 7 is a surjection from 2' A to w(2' A) ~ 2} A. Then,
we get a surjection I@7 : End €@ 4 21 A — End €@ 4 2} .A. Finally, define
I®@n(pod)=pod to get the desired surjection : CC(E) — C(&).

By using the Hermitian structure on & together with an ordinary matrix
trace over ‘internal indices’, one can construct an inner product on End4€.
By combining this product with the inner product on %A given in (7.92),
one then obtains a natural inner product ( , ), on the space End € ® 4 2% A.
Since the curvature F' is an element of such a space, the following definition
makes sense.
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Definition 24. The Yang-Mills action for the connection V with curvature
F' is given by
YM(V)=(F,F), . (9.13)

By its very construction it is invariant under the gauge transformations of
(9.10) and (9.11).

Consider now the tensor product £ ® 4 H. This space can be promoted to
a Hilbert space by combining the Hermitian structure on £ with the scalar
product on H,

(M @at1,2@ate) =: (Y1, (m,n2)2) , Vm,me €&, vr,92 € 1. (9.14)
By using the projection (7.37) we get a projection
le@m:EQ4N2pA — B(E®RAH) , (9.15)
and an inner product on (I ® 7)(€ ®4 2P A) given by
(T4, Ty), = tro Ty Tolle @ D", (9.16)

which is the analogue of the inner product (7.92). The corresponding orthog-
onal projector P has a range which can be identified with £ ® 4 2 A.

If Vun € CC(E) is any universal connection with curvature 6, one
defines a pre-Yang-Mills action (V) by,

I(Vun) = trym(0un)*I® D] ™" . (9.17)
One has the analogue of proposition (41).

Proposition 46. For any compatible connection V € C(£), one has that
YM(V)=inf{I(Vun) | 7(Vun) =V}. (9.18)

Proof. The proof is analogous to that of Proposition 41.

It is also possible to define a topological action and extend the usual
inequality between Chern classes of vector bundles and the value of the Yang-
Mill action on an arbitrary connection on the bundle. First observe that, from
definition (9.13) of the Yang-Mills action functional, if D is replaced by AD,
then Y M (V) is replaced by |[A|#="Y M (V). Therefore, it has a chance of being
related to ‘topological invariants’ of finite projective modules only if n = 4.
Let us then assume that our spectral triple is four dimensional. We also need
it to be even with a Zy grading I'. With these ingredients, one defines two
traces on the algebra 24 A,

T(agday - - - dayg) = try(ao[D,a1] - [D,a1]|D|™%) , a; € A
®(agday - --day) = try(Lag[D, a1] - -~ [D,a1]|D|™4) , a; € A. (9.19)
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By using the projection (9.15) and an ‘ordinary trace over internal indices’
and by substituting I’ with I¢ ® I and |D|~* with I¢ ® |D|~%, the previous
traces can be extended to traces 7 and @ on End A& @4 2*A. Then, by the
definition (9.17), one has that

I(Vun) =7(0%,), Y Vun €CC(E), (9.20)

with 6, the curvature of V,,. Furthermore, since the operator I¢ + I" is
positive and anticommutes with 7(£2%A),! one can establish an inequality
34]

7(0%,) > 18(62,)], ¥V Vun € CC(E) . (9.21)

In turn, by using (9.20) and (46), one gets the inequality

un

YM(V) > [8(02,)], 7(Vun) =V . (9.22)

It turns out that 5(973”) is a closed cyclic cocycle and its topological
interpretation in terms of topological invariants of finite projective modules
follows from the pairing between K-theory and cyclic cohomology. Indeed,
the value of @ does not depend on the particular connection and one could
evaluate it on the curvature 8y = pdpdp of the Grassmannian connection.
Moreover, it depends only on the stable isomorphism class [p] € Ko(A).
We refer to [34] for details. In the next section, we shall show that for the
canonical triple over an ordinary four dimensional manifold, the term 5(612“1)
reduces to the usual topological action.

9.1.1 Usual Gauge Theory

For simplicity we shall consider the case when n = 4. For the canonical
triple (A, H, D, I") over the (four dimensional) manifold M, as described in
Sect. 6.5, consider a matrix A of usual 1-forms and a universal connection
V = pd + a such that o1(m(a)) = v(A). Then P(w(0)) = P(r(da + a?)) =
~v(F) with F = dpy A+ AN A. On making use of eq. (7.96), with an additional
matrix trace over the ‘internal indices’, we get

YM(A) =inf{l(a) | m(a) = A}
- o 2/ I1F|[2da . (9.23)

This is the usual Yang-Mills action for the gauge potential A.
More explicitly, let a = >~ f;0g;. Then, we have

W(Oé):"}/ B H*ij u9j »

v v 1 v v
P(r(0a+a®) =" Fu , A" =50 =9"") . (9:24)

! 'We recall that I" commutes with elements of A and anticommutes with D.
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By using the trace theorem 31 again, (with an additional matrix trace T'r
over the ‘internal indices’) one gets

VM) = gz [ ) T (B Py
1 oV
=g Mg“ §"PTr(FuFpo)dx
1

With the same token, we get for the topological action

Top(4) =t oz [ (T4 )Tr(F o)

82
. 1 prpo
=g ME Tr(FFpo)dz
1
=g [, THEAF) (9.26)

which is the usual topological action.
Here we have used the following (normalized) traces of gamma matrices

tr(¥'9"~"v7) = (99”7 — 9"79"7 + 9" 9"") (9.27)
tr(CAHy7yPy7) = —etPo . (9.28)

9.1.2 Yang-Mills on a Two-Point Space

We shall first study all modules on the two-point space Y = {1, 2} described
in Sect. 6.7. The associated algebra is A = C @ C. The generic module £
will be of the form & = pA™, with n, a positive integer, and p a ny X ny
idempotent matrix with entries in A. The most general such idempotent can
be written as a diagonal matrix of the form

p = diag[(1,1),---,(1,1),(1,0),---,(1,0)], (9.29)

ni ny—n2

with ny < nj. Therefore, the module £ can be thought of as n, copies of C
on the point 1 and ns copies of C on the point 2,

E=Cm@C™ . (9.30)

The module is trivial if and only if ny = ny. There is a topological number
which measures the triviality of the module and that, in this case, turns out to
be proportional to n; —ng. From eq. (9.5), the curvature of the Grassmannian
connection on £ is just Fy = pdpdp. The aforementioned topological number
is then
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c(€) =: tr'F? = tr[(pdpdp)? = tr['p(dp)* . (9.31)

Here I' is the grading matrix given by (6.77) and, as the spectral triple is
0-dimensional, the Dixmier trace reduces to an ordinary trace.? This is really
the same as the topological action @(62,) encountered in Sect. 9.1. It takes
a little algebra to find that, for a module of the form (9.30), one has

c(&) = tr(M*M)*(ny —ns) , (9.32)

where M is the matrix appearing in the corresponding operator D as in
(6.76).

Let us now turn to gauge theories. First recall that from the analysis of
Sect. 7.2.2 there are no junk forms and that Connes’ forms are the images
of universal forms through =, 2pA = w(2A4) with 7 injective. We shall
consider the simple case of a ‘trivial 1-dimensional bundle’ over Y, namely
we shall take as the module of sections just £ = A. A vector potential is then
a self-adjoint element A € £25A and is determined by a complex number

P eC, -
A= {@?\4 @(‘f*] . (9.33)
If « is the universal form such that w(a) = A, then
a=—Pefe —P(1 —e)d(1—e), (9.34)
and its curvature is
Sa+a? = —(®+ D+ |®|?)dede . (9.35)

Finally, the Yang-Mills curvature turns out to be
YM(A) =: trr(da + a?)? = 2tr(M*M)? (| + 11> —1)2 . (9.36)

The gauge group U(€) is the group of unitary elements of A, namely the group
UE) = U(1) x U(1). Its elements can be represented as diagonal matrices.
Indeed, for u € U(1) x U(1),

_|wu 0 2 _ 2 _
u-{o UJ , Julf=1, |u=1. (9.37)

Its action, A" = vAu* +udu*, on the gauge potential results in multiplication
by ujus on the variable @ + 1,

@+ 1" =(P+ Dujus , (9.38)

and the action (9.36) is gauge invariant.

2 In fact, in (9.31), " is really I® I".
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We see that in this example the action, Y M (A), reproduces the usual situa-
tion of broken symmetry for the ‘Higgs field” @ + 1 : there is a S'-worth of
minima which are acted upon nontrivially by the gauge group. This fact has
been used in [47] in a reconstruction of the Standard Model. The Higgs field
has a geometrical interpretation: it is the component of a gauge connection
along an ‘internal’ discrete direction made up of two points.?

9.2 The Bosonic Part of the Standard Model

There are excellent review papers on the derivation of the Standard Model
using noncommutative geometry. In particular one should consult [152, 118]
and [99] and we do not feel the need to add more to these. Rather we shall
only give an overview of the main features. Here we limit ourselves to the
bosonic content of the model while postponing to the following sections the
description of the fermionic part.

In [47], Connes and Lott computed the Yang-Mills action Y M (V) for a
space which is the product of a Riemannian spin manifold M by a ‘discrete’
internal space Y consisting of two points. One constructs the product, as
described in Sect. 6.9, of the canonical triple (C*°(M), L*(M, S), Dg, I's) on
a Riemannian four dimensional spin manifold with the finite zero dimensional
triple (C @ C,H; @ Ho, Dp) described in Sects. 6.7 and 9.1.2. The product
triple is then given by

A=C®M)@(CaC)=C*(M)dC*(M),
H=:L*(M,S)® (H1 ® Ha) ~ L*(M,S) @ H1 & L*(M,S) @ Hs ,
D=:Ds®I+1Is® Dp . (9.39)

A nice feature of the model is that one has a geometric interpretation of the
Higgs field which appears as the component of the gauge field in the internal
direction. Geometrically one has a space M x Y with two sheets which are at
a distance of the order of the inverse of the mass scale of the theory (which
appears in the operator Dp for the finite part as the parameter M). The
differentiation in the space M x Y consists of differentiation on each copy
of M together with a finite difference operation in the Y direction. A gauge
potential A decomposes as a sum of an ordinary differential part A9 and
a finite difference part A1) which turns out to be the Higgs field.
To get the full bosonic standard model one has to take for the finite part
the algebra [35]
Ar=CoHe M;3(C) , (9.40)

3 One should mention that the first noncommutative extension of classical gauge
theories in which the Higgs fields appear as components of the gauge connec-
tion in the ‘noncommutative directions’ was produced in the framework of the
derivation based calculus [62].
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where H is the algebra of quaternions. The unitary elements of this algebra
form the group U(1) x SU(2) x U(3). The finite Hilbert space Hp is the
fermion space of leptons, quarks and their antiparticles Hp = HJI,C OHp =
’HZ @ 7—[,‘; &) HE_ ®H;. As for the finite Dirac operator Dy is given by

YO0
with Y an off-diagonal matrix which contains the Yukawa couplings. The real
structure Jp defined by

T (g) - (g) LV (En) e HE O H (9.42)
exchanges fermions with antifermions and it is such that
Jp=1,
IrJp+Jplr =0,
DpJp —JpDp =0. (9.43)

Next, one defines an action of the algebra (9.40) so as to meet the other
requirements in the Definition 16 of a real structure. For the details on this
we refer to [35, 118] as well as for the details on the construction of the full
bosonic Standard Model action starting from the Yang-Mills action Y M (V)
on a ‘rank one trivial’ module associated with the product geometry

A= C®(M)® Ar ,
H=:L*(M,S)@Hp ,
D= Ds®I+Is® Dp . (9.44)

The product triple has a real structure given by
J=C® Jp, (9.45)

with C' the charge-conjugation operation on L?(M, S) and Jr the real struc-
ture of the finite geometry.

The final model has problems, notably unrealistic mass relations [118] and a
disturbing fermion doubling [113]. It is worth mentioning that while the stan-
dard model can be obtained from noncommutative geometry, most models of
the Yang-Mills-Higgs type cannot [145, 90, 112].

9.3 The Bosonic Spectral Action

Recently, in [38, 37], Connes has proposed a new interpretation of gauge
degrees of freedom as the ‘inner fluctuations’ of a noncommutative geom-
etry. These fluctuations replace the operator D, which gives the ‘external



9.3 The Bosonic Spectral Action 141

geometry’, by D + A+ JAJ*, where A is the gauge potential and J is the
real structure. In fact, there is also a purely geometrical (spectral) action,
depending only on the spectrum of the operator D, which, for a suitable al-
gebra (noncommutative geometry of the Standard Model) gives the Standard
Model Lagrangian coupled to gravity.

Firstly, we recall that if M is a smooth (paracompact) manifold, then
the group Dif f(M) of diffeomorphisms of M, is isomorphic with the group
Aut(C>°(M)) of (*-preserving) automorphisms of the algebra C°°(M) [1].
Here Aut(C*°(M)) is the collection of all invertible, linear maps « from
C> (M) into itself such that a(fg) = a(f)a(g) and a(f*) = (a(f))*, for
any f,g € C®°(M); Aut(C>*(M)) is a group under map composition. The
relation between a diffeomorphism ¢ € Diff(M) and the corresponding
automorphism «a, € Aut(C*(M)) is via pull-back

ap(f)(@) = fle™ (x)), YV feCX(M), zeM. (9.46)

If A is any noncommutative algebra (with unit) one defines the group
Aut(A) exactly as before and ¢(I) = I, for any ¢ € Aut(A). This group is
the analogue of the group of diffeomorphism of the (virtual) noncommutative
space associated with A. Now, with any element u of the unitary group U (.A)
of A, U(A) = {u € A, uu* = u*u = [}, there is an inner automorphism
oy, € Aut(A) defined by

ay(a) =uau™, VaeA. (9.47)

One can easily convince omeself that - o ay = o 0 Ay = Taua),
for any u € U(A). The subgroup Inn(A) C Aut(A) of all inner auto-
morphisms is a normal subgroup. First of all, any automorphism will pre-
serve the group of unitaries in A. If u € U(A) and ¢ € Aut(A), then

p(u)(p(u))” = p(u)p(u) = p(uu”) = ¢(I) = I; analogously ((u))*¢(u) =1
and ¢(u) € U(A). Furthermore,

Qpy =poayop  €Inn(A), V€ Aut(A), oy, € Inn(A) . (9.48)
Indeed, with a € A, for any ¢ € Aut(A) and o, € Inn(A) one finds

() (@) = p(u)ap(u”)

p(u)p(p™ " (a)p(u*)

p(up™ (a)u*)

= (poayop Ha), (9.49)

from which one gets (9.48).
We denote by Out(A) =: Aut(A)/Inn(A) the outer automorphisms. There
is a short exact sequence of groups

HAut(.A) — Inn(A) — Aut(A) — Out(A) — ]IAut(.A)~ (9.50)
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For any commutative A (in particular for A = C°°(M)) there are no non-
trivial inner automorphisms and Aut(A) = Out(A) (in particular Aut(A) =
Out(A) ~ Dif f(M)).

The interpretation that emerges is that the group Inn(A) will give ‘in-
ternal’ gauge transformations while the group Out(.A) will provide ‘external’
diffeomorphisms. In fact, gauge degrees of freedom are the ‘inner fluctuations’
of the noncommutative geometry. This is due to the following beautiful fact.
Consider the real triple (A, H,w, D), where we have explicitly indicated the
representation 7 of the algebra A on the Hilbert space H. The real structure
is provided by the antilinear isometry J with properties as in Definition 16.
Any inner automorphism «, € Inn(A) will produce a new representation
Ty =: T 0y, of A in H. It turns out that the replacement of the representa-
tion is equivalent to the replacement of the operator D by

D,=D+ A+ JAT" (9.51)

where A = u[D,u*] and ¢’ = 1 from (6.80) according to the dimension of
the triple. If the dimension is four, then ¢’ = 1; in what follows we shall limit
ourselves to this case, the generalization being straightforward.

This result is so important and beautiful that we shall restate it as a Propo-
sition.

Proposition 47. For any inner automorphism o, € Inn(A), with v unitary,
the triples (A, H,m,D,J) and (A, H,m o oy, D + u[D,u*] + Ju[D,u*]J*, J)

are equivalent, the intertwining unitary operator being given by

U=uJuJ" . (9.52)
Proof. Note first that

vju*=J. (9.53)

Indeed, by using the properties, from the Definition 16, of a real structure,
we have,

UJju* =uJuJ*JJu*J*u*
= tuJuJ uw* J u*
= +JuJ uu* J*u*
=J. (9.54)
Furthermore, by dropping again the symbol 7, we have to check that

UaU* = aya), YaceA, (9.55)
UDU* = D, . (9.56)
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As for (9.55), for any a € A we have,

UaU* = uJuJ aJu* J u*
=uJuJ  Ju*J*au® by 2a. in Definition 16
= uau®

= ayla) , (9.57)

which proves (9.55). Next, by using properties 1b. and 2a., 2b. of Definition 16
(and their analogues with J and J* exchanged) the left hand side of (9.56)
is given by

UDU* = uJuJ*DJu* J*u*

uJuDu* J*u*

= uJu(u"D + [D,u"])J " u*

=uJDJ " u* +uJu[D,u"]J u*

uDu* + JJ*uJu[D,u*]J* u*

=w(u*D + [D,u"]) + JuJ uJ[D,u*|J u*
= D+ u[D,u*] + Ju[D,u*|J*uJ J*u*

= D+ u[D,u"] + Ju[D,u*]J" ,

(9.58)

and (9.56) is proven.

The operator D, is interpreted as the product of the perturbation of the
‘geometry’ given by the operator D, by ‘internal gauge degrees of freedom’
given by the gauge potential A = u*[D,u]. A general internal perturbation of
the geometry is provided by

D+ Dy=D+A+JAJ", (9.59)

where A is an arbitrary gauge potential, namely an arbitrary Hermitian op-
erator, A* = A, of the form

A=3"ai[D,b], a;b; €A. (9.60)
J

Before proceeding, let us observe that for commutative algebras, the in-
ternal perturbation A+ JAJ* of the metric in (9.59) vanishes. From what we
said after Definition 16, for commutative algebras one can write a = Ja*J*
for any a € A, which amounts to identifying the left multiplicative action by a
with the right multiplicative action by Ja*J* (always possible if A is commu-
tative). Furthermore, D is a differential operator of order 1, i.e. [[D, al,b]] = 0
for any a,b € A. Then, with A = Zj a;[D,b;], A* = A, we get



144 9 Field Theories on Modules

JAT* = ZJaJ [D,b;]0* = Ja;J.J*[D,b;]J*
J

7ZaJDb =Y a;[D, Jb;J"]

J
= Za [D,b3] =D, b}]a;
j
= *(aj Y D)) =47, (9.61)
J
and, in turn,

A+ JAT* =A—A*=0. (9.62)

The dynamics of the coupled gravitational and gauge degrees of freedom is
governed by a spectral action principle. The action is a ‘purely geometric’ one
depending only on the spectrum of the self-adjoint operator Dy4 [38, 37, 26],

2

Sp(D,A) = trH(X(%)) . (9.63)
Here try is the usual trace in the Hilbert space H, A is a ‘cut off parameter’
and X is a suitable function which cuts off all eigenvalues of D% larger than
A2,

The computation of the action (9.63) is conceptually simple although
technically it may be involved. One has just to compute the square of the
Dirac operator with Lichnérowicz’ formula [11] and the trace with a suitable
heat kernel expansion [83], to get an expansion in terms of powers of the
parameter A. The action (9.63) is interpreted in the framework of Wilson’s
renormalization group approach to field theory: it gives the bare action with
bare coupling constants. There exists a cut off scale Ap which regularizes the
action and where the theory is geometric. The renormalized action will have
the same form as the bare one with bare parameters replaced by physical
parameters [26].

In fact, a full analysis is rather complicated and there are several caveats [74].

In Chap. 10 we shall work out in detail the action for the usual gravi-
tational sector while here we shall indicate how to work it out for a generic
gauge field and in particular for the bosonic sector of the standard model.
We first proceed with the ‘mathematical aspects’.

Proposition 48. The spectral action (9.63) is invariant under the gauge ac-
tion of the inner automorphisms given by

A A" =t wAu* +u[D,u*], Yuelnn(A) . (9.64)
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Proof. The proof amounts to showing that
Dawe =UDAU™ | (9.65)

with U the unitary operator in (9.52), U = uJuJ*. Now, given (9.64), it
turns out that

Dpuw =: D+ A" + JA*J*
= D+ u[D,u*] + J[D,u*]J* + vAu* + JuAu* J*
= D, + uAu* + JuAu*J*. (9.66)
In Proposition 47 we have already proven that D, = UDU*, eq.( 9.56).
To prove the rest, remember that A is of the form A = 7. a;[D,b;] with
aj,b; € A. But, from properties 2a. and 2b. of Definition 16, it follows that

[A, Je*J*] = 0, for any ¢ € A. By using this fact and properties 2a. and 2b. of
Definition 16 (and their analogues with J and J* exchanged) we have that,

UAU* = uJuJ*AJu* J*u*
= uJuJ  Ju* J* Au*
= uAu* . (9.67)

U(JAT)U™ = uJuJ* JAT* Ju* J*u*
= uJuAu*J u* JJ*
= uJuAJ v Ju*J*
= uJuJ v JAu*J*
= JuJ uu* JAu* J*
= JuAu*J* . (9.68)

The two previous results together with ( 9.56) prove eq. (9.65) and, in turn,
the proposition.

We spend a few words on the role of the outer automorphisms. It turns
out that the spectral action (9.63) is not invariant under the full Out(.A) but
rather only under the subgroup Out(A)T of ‘unitarily implementable’ ele-
ments of Out(.A) [39]. Indeed, given any element @ € Out(A), by composition
with the representation m of A in H, one gets an associated representation

T ="moa: A— B(H). (9.69)

The group Out(A)* is made of elements o € Out(A) for which there exists
a unitary operator U, on H such that,

To = UamUL . (9.70)

For the canonical triple on a manifold M, the group Out(A)* can be
identified with Dif f(M). We have already mentioned that for A = C*°(M)
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one has that Aut(A) = Out(A) ~ Dif f(M), the last identification being
given by pull-back, as in (9.46). We recall now that # is the Hilbert space
H = L?(M, S;du(g)) of square integrable spinors, the measure du(g) being
the canonical Riemannian one associated with the metric g on M. Given an
element ¢ € Dif f(M), one defines a unitary operator U, on H by [79],

Cdplg@1*
S e veen. o)

The unitarity of U, follows from the invertibility of ¢ and the quasi-invariance
of the measure du(g) under diffeomorphisms. For any f € C°°(M) it is
straightforward to check that (by dropping the symbol 7)

Uy fU; = fop t=ta,(f), (9.72)

i.e. one reproduces (9.70).

U)o = |

In the usual approach to gauge theories, one constructs connections on a
principal bundle P — M with a finite dimensional Lie group G as structure
group. Associated with this bundle there is a sequence of infinite dimensional
(Hilbert-Lie) groups which looks remarkably similar to the sequence (9.50)
[14, 148],

I — G — Aut(P) — Diff(M) — 1T. (9.73)

Here Aut(P) is the group of automorphisms of the total space P, namely
diffeomorphisms of P which commute with the action of G, and G is the
subgroup of vertical automorphisms, identifiable with the group of gauge
transformations, G ~ C*(M, G).

Thus, here is the recipe to construct a spectral gauge theory corresponding
to the structure group G or equivalently to the gauge group G [26]:

1. look for an algebra A such that Inn(A) ~ G;
2. construct a suitable spectral triple ‘over’ A;
3. compute the spectral action (9.63).

The result will be a gauge theory of the group G coupled with the gravity of
the diffeomorphism group Out(A) (with additional extra terms).

For the standard model we have G = U(1) x SU(2) x SU(3). It turns out
that the relevant spectral triple is the one given in (9.44), (9.45). In fact, as
already mentioned in Sect. 9.2, for this triple the structure group would be
U(1) x SU(2) x U(3); however the computation of A+ JAJ* removes the
extra U(1) part from the gauge fields. The associated spectral action has been
computed in [26] and in full detail in [89]. The result is the Yang-Mill-Higgs
part of the standard model coupled with Einstein gravity plus a cosmological
term, a Weyl gravity term and a topological term. Unfortunately the model
still suffers from the problems alluded to at the end of Sect. 9.2: namely
unrealistic mass relations and an unphysical fermion doubling.
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It is also possible to construct the analogue of a gauged Dirac operator by a
‘minimal coupling’ recipe and to produce an associated action.

If we have a gauge theory on the trivial module £ = A, as in Sec. 8.1, then
a gauge potential is just a self-adjoint element A € 25.A which transforms
under the unitary group U(A) by (8.5),

(Aju) — A* =vAu” +ulD,u*], Yuel(A). (9.74)
The following expression is gauge invariant,
Ipir(A, ) =: (¥, (D+ A)) , Vi€ Dom(D)CH, Ac2pA, (9.75)

where the action of the group U(A) on H is by restriction of the action of A.
Indeed, for any ¢ € H, one has that

(D + A" Yuyp = (D 4 u[D,u”] + vAu™)urp

= D(uv) + u(Du* — u* D) (u)) + uAy

= uDu* (u) + uAy

=u(D+ A, (9.76)
from which the invariance of (9.75) follows.

The generalization to any finite projective module £ over A endowed with

a Hermitian structure, needs extra care but it is straightforward. In this case
one considers the Hilbert space £ ® 4 H of ‘gauged spinors’ introduced in the

previous section with the scalar product given in (9.14). The action of the
group End4(€) of endomorphisms of £ extends to an action on £ ® 4 H by

PR Y) =1¢n) @Y, VoEEnda(€), n@YpeEERAH . (9.77)
In particular, the unitary group U(€) yields a unitary action on £ ® 4 H,
un@Y) ="u(n) @Y, veldl), NnVYeERALH, (9.78)
since

(u(m @ 1), u(ne @ ¥2)) = (Y1, (u(n), w(ne)) ¥2)
= (1, (M1, m2) V2)
= (m @ Y1,m2 @1h2) ,

Vueldl), ni@, eEQq4H , i=1,2. (9.79)

IfV:E— ExaNHA s a compatible connection on £, the associated
‘gauged Dirac operator’ Dy on the Hilbert space £ ® 4 H is defined by

Dy(n@y)=n@ DY+ ([@m)Vuun)y, nel, veH,  (9.80)

where V,, is any universal connection on £ which projects onto V.
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If £ = pAYN, and V,, = pd + a, then the operator in (9.80) can be written
as
Dy =pD +n(a), (9.81)

with D acting component-wise on AN @ H. Since 7(«) is a self-adjoint oper-
ator, from (9.81), we see that Dy is a self-adjoint operator on £ ® 4 H with
domain £ ® 4 DomD. Furthermore, since any two universal connections pro-
jecting on V differ by oy — ag € kerm, the right-hand side of (9.80) depends
only on V. Notice that one cannot directly write (V7)) since V7 is not an
operator on £ ® 4 H.

Proposition 49. The gauged Dirac action
Ipir(V, W)= (,Dy¥) , V¥ ecEQRs4DomD, VeC&), (9.82)

is invariant under the action (9.78) of the unitary group U(E).

Proof. The proof goes along the same lines of that of (9.76).
For any ¥ € £ ® 4 H, one has that

(pD + w(a"))u¥ = (pD + 7(udu™ + uou™))ul¥
= pD(u¥) + u(Du* — u*D)(u¥) + un(a)¥
= pD(u¥) + pu(Du* — uw*D)(u¥) + un(a)¥
= puDu* (u?) 4+ umr(a)¥
= upDu* (u?) + urn(a)¥
= u(pD + 7(a))¥ , (9.83)

which implies the invariance of (9.82).

9.4.1 Fermionic Models on a Two-Point Space

As a very simple example, we shall construct the fermionic Lagrangian (9.75)
on the two-point space Y studied in Sects. 6.7 and 9.1.2,

IDiT(Avw) = <'(/J7 (D + A)?@ ) v w € Dom(D) CH ) A € ‘Q})A . (984)
As we have seen in Sect. 6.7, the finite dimensional Hilbert space H is a direct

sum H = H; ® Ho and the operator D is an off-diagonal matrix

0 M* .
D= {M 0 ] , M e Lin(H1,Ha) - (9.85)
In this simple example Dom(D) = H. On the other hand, a generic gauge
potential on the trivial module £ = A is given by (9.33),

A:{o M

oM 0 ] PeC. (9.86)
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Summing up, the gauged Dirac operator is the matrix

0  (1+d)M*

Drad=luieom o :

(9.87)
which gives for the action Ip;-(A4, 1) a Yukawa-type term coupling the fields
(14 @) and . This action is invariant under the gauge group U(€) = U(1) x
U(1).

9.4.2 The Standard Model

Let us now put together the Yang-Mills action (9.13) with the fermionic one
in (9.82),

= (Fy,Fy), +(¥,Dy¥) , V VeC(E), (9.88)
Ve ®yDomD .

Consider the canonical triple (A, H, D) on a Riemannian spin manifold.
By taking £ = A, the action (9.88) is just the Euclidean action of massless
quantum electrodynamics. If £ = AN, the action (9.88) is the Yang-Mills
action for U(NN) coupled with a massless fermion in the fundamental repre-
sentation of the gauge group U(N) [35].

In [47], the action (9.88) was computed for a product space of a Rieman-
nian spin manifold M with a ‘discrete’ internal space Y consisting of two
points. The result is the full Lagrangian of the standard model. An improved
version which uses a real spectral triple and obtained by means of a spectral
action along the lines of Sect. 9.3 will be briefly described in the next Section.

9.5 The Fermionic Spectral Action

Consider a real spectral triple (A, H, D, J). Recall from Sect. 9.3 the interpre-
tation of gauge degrees of freedom as ‘inner fluctuations’ of a noncommutative
geometry, fluctuations which replace the operator D by D+ A+ JAJ*, where
A is the gauge potential.

The fermionic spectral action is just given by

Se(, A, J) = (¥, Dayy) = (b, D+ A+ JAT")) (9.89)

with ¢ € H. The previous action again depends only on the spectral proper-
ties of the triple.

By using the A-bimodule structure on H in (6.82), we get an ‘adjoint repre-
sentation’ of the unitary group U(.A) by unitary operators on H,

HxUA) D (Y,u) 2" =uu =uJuJ Y €H . (9.90)

That this action preserves the scalar product, namely (Y% ¢*) = (1, ),
follows from the fact that both v and J act as isometries.
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Proposition 50. The spectral action (9.89) is invariant under the gauge ac-
tion of the inner automorphisms given by (9.90) and (9.64),

Proof. By using the result (9.65) D v = UDU*, with U = uJuJ*, we find
SF(/wu? Au7 J) = <ql)u7 DAH¢U>

= (YJu* T u, UD U ) uJuJ* )

= (YpJu* T u, uJuJ* DaJu* T uuJuJ* 1)

<¢7 DA'(/)>
Sr(¥,A,J) . (9.92)

For the spectral triple of the standard model in (9.44), (9.45), (9.40),
(9.41), the action (9.89) gives the fermionic sector of the standard model
[35, 118]. It is worth stressing that although the noncommutative fermionic
multiplet ¢ transforms in the adjoint representation (9.90) of the gauge group,
the physical fermion fields will transform in the fundamental representation

(N) while the antifermions will transform in the conjugate (N).
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We shall describe three possible approaches! to the construction of gravity
models in noncommutative geometry which, while agreeing for the canonical
triple associated with an ordinary manifold (and reproducing the usual Ein-
stein theory), seem to give different answers for more general examples.

As a general remark, we should like to mention that a noncommutative recipe
to construct gravity theories (at least the usual Einstein one) has to include
the metric as a dynamical variable which is not a priori given. In particular,
one should not start with the Hilbert space H = L?(M,S) of spinor fields
whose scalar product uses a metric on M which, therefore, would play the
role of a background metric. The beautiful result by Connes [35] which we
recall in the following Section goes exactly in the direction of deriving all
geometry a posteriori.

10.1 Gravity a la Connes-Dixmier-Wodzicki

The first scheme which we use to construct gravity models in noncommutative
geometry, and in fact to reconstruct the full geometry out of the algebra
C*(M), is based on the Dixmier trace and the Wodzicki residue [38, 37],
which we have studied at length in Sects. 6.2 and 6.3.

Proposition 51. Suppose we have a smooth compact manifold M without
boundary and of dimension n. Let A= C*(M) and D is just a ‘symbol’ for
the time being. Let (Ar, D) be a unitary representation of the couple (A, D)
as operators on a Hilbert space H, endowed with an operator J,, such that
the ‘triple’ (Ap, Dn, Hr, Jr) satisfies all the axioms of a real spectral triple
given in Sect. 6.4.

Then,

a) There ezists a unique Riemannian metric g, on M such that the geodesic
distance between any two points on M is given by

d(p,q) = zgg{la(p) —a(Q)] [ I[Pz 7(@)]llpz,y <1}, Vpge M.
(10.1)

! Two approaches, in fact, since as we shall see the first two are really the same.

G. Landi: LNPm 51, pp. 151-163, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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b) The metric g, depends only on the unitary equivalence class of the rep-
resentation w. The fibers of the map m™ +— g, from unitary equivalence
classes of representations to metrics form a finite collection of affine
spaces A, parameterized by the spin structures o on M.

¢) The action functional given by the Dizmier trace

G(D) = tr,(D*™™) , (10.2)

is a positive quadratic form with a unique minimum w, on each A,.

d) The minimum 7, is the representation of (A, D) on the Hilbert space of
square integrable spinors L*(M, S, ); Ay acts by multiplicative operators
and D, is the Dirac operator of the Levi-Civita connection.

e) At the minimum m,, the value of G(D) coincides with the Wodzicki residue
of D2=™ and is proportional to the Einstein-Hilbert action of general rel-
ativity

G(Dy) = Resw (D>™™)
1
=: ﬁ/S*MtT(Ufn(%f))diﬂdf

(2m)
= cn/ Rdx
M

(2 —n) 222y

12 (27-‘-)n/2 F(§ + 1)_1 . (103)

Cp =

Here,
0_n(x, &) = part of order — n of the total symbol of D2™™ | (10.4)

R is the scalar curvature of the metric of M and tr is a normalized
Clifford trace.

f) If there is no real structure J, one has to replace spin above by spin®. The
uniqueness of point c) is lost and the minimum of the functional G(D)
is reached on a linear subspace of A, with o a fized spin® structure. This
subspace is parameterized by the U(1) gauge potentials entering in the
spin® Dirac operator. Point d) and c) still hold. In particular the extra
terms coming from the U(1) gauge potential drop out of the gravitational
action G(D,).

Proof. For a proof of this theorem we refer to [130, 85]. For n = 4 the equality
(10.3) was proven by ‘brute force’ in [100] by means of symbol calculus of
pseudodifferential operators. There it was also proven that the results do not
depend upon the extra contributions coming from the U(1) gauge potential.
In [93], the equality (10.3) was proven in any dimension by realizing that
Resw (D27") is (proportional) to the integral of the second coefficient of the
heat kernel expansion of D2 (see also [2]). It is this fact that relates the
previous theorem to the spectral action for gravity as we shall see in the next
section.
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Finally, the fact that A is the algebra of smooth functions on a manifold
can be recovered a posteriori as well. Connes’ axioms allow one to recover
the spectrum of A as a smooth manifold (a smooth submanifold of RV for a
suitable N) [35].

10.2 Spectral Gravity

In this section we shall compute the spectral action (9.63) described in
Sect. 9.3, for the purely gravitational sector. We shall get a sort of ‘induced
gravity without fermions’ together with the corrected sign for the gravita-
tional constant [137, 3].

Consider the canonical triple (A, H, D) on a closed n-dimensional Rie-
mannian spin manifold (M, g) which we have described in Sect. 6.5. We re-
call that A = C°°(M) is the algebra of complex valued smooth functions
on M; H = L?(M,S) is the Hilbert space of square integrable sections of
the irreducible, rank 2["/2 spinor bundle over M; and finally, D is the Dirac
operator of the Levi-Civita spin connection.

The action we need to compute is

2

Sa(D, A) = tra (X( (10.5)

=)
Here try, is the usual trace in the Hilbert space H = L?(M, S), A is a cutoff
parameter and X is a suitable cutoff function which cuts off all the eigenvalues
of D? which are larger than A2. The parameter A has dimension of an inverse
length and, as we shall see, determines the scale at which the gravitational
action (10.5) departs from the action of general relativity.

As already mentioned, the action (10.5) depends only on the spectrum
of D. Before we proceed let us spend some words on the problem of spec-
tral invariance versus diffeomorphism invariance. We denote by spec(M, D)
the spectrum of the Dirac operator with each eigenvalue repeated accord-
ing to its multiplicity. Two manifolds M and M’ are called isospectral if
spec(M, D) = spec(M’, D).? From what has been said, the action (10.5) is
a spectral invariant. Now, it is well known that one cannot hear the shape
of a drum [92, 121] (see also [83, 81] and references therein), namely there
are manifolds which are isospectral without being isometric (the converse is
obviously true). Thus, spectral invariance is stronger than diffeomorphism
invariance.

The Lichnérowicz formula (6.53) gives the square of the Dirac operator
as L

D?=vV9 4+ ik (10.6)

2 In fact, one usually takes the Laplacian instead of the Dirac operator.
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with R the scalar curvature of the metric, and V¥ the Laplacian operator
lifted to the bundle of spinors,

VS = —g"(VEV - T8, V5) (10.7)

pv

and I}, are the Christoffel symbols of the connection.

In the rest of this section we shall limit ourself to the case in which the
manifold M is four-dimensional, while for the general situation we refer to
[104]. Then, the heat kernel expansion [83, 26|, allows one to express the
action (10.5) as an expansion

Sa(D,A) = frax(D?/A%) (10.8)

k>0

where the coefficients fj are given by
fo= [ Xuudu
0
fo= [ (.
0

Jo(nyo) = (—)™x™(0), n>0, (10.9)

and X(™ denotes the n-th derivative of the function X with respect to its
argument.

The Seeley-de Witt coefficients ay(D?/A?) vanish for odd values of k. The
even ones are given as integrals

ar(D?/A?) :/ ar(z; D*/A%)\/gdz . (10.10)
M
The first three coefficients, for even k, are,
1
P2/ A2)  (A2)2
ao(z; D/ A7) = (A7) An2
ag(x; D?/A?) = (A%)! L (,E +E)
2\ 4Ly 471_2 6 )
1 1
S P2/ A2) — (A2)0 2 v
7
= 1 Ruvpo R*77 = GORE + 180E2 + 60E. ] .

(10.11)

Here R, - are the components of the Riemann tensor, R, the components
of the Ricci tensor and R is the scalar curvature. As for E, it is given by
E=D>-V°= iR. By substituting back into (10.10) and on integrating
we obtain
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1
2 2\ 2\2
ag(D*/A%) = (A7) yoes /M\/gd:c,
11
2 2\ _ 231
ar(D*/A%) = (4! = 5 M\/§dx R,
11 5
2/ 42Y — (420 v 2 p2
ay(D?/A%) = (A?) 7 360 M\/§dm [SR;#+4R

7
— 2Ry R — T Rupa R
(10.12)

Then, the action (10.5) turns out to be

2

D
Sa(D,A) = tTH(X(F))
1
— A2 2 - /
(A%)"fo 12 M\/§d$
)= L [ Ga R
arz 12 Jy,
+ (AH°f. RIS Vgdz [3R.} + O pe
Y 4n? 360 Jy, oy
v 7 vpo
— 2Ry R* — T Ryupa R
+0((A*)7Y) . (10.13)

Thus we get an action consisting of the Einstein-Hilbert action with a cos-
mological constant, plus lower order terms in A. To get the correct Newton
constant in front of the Einstein-Hilbert term, one has to fix the parameter
A in such a way that 1/4 is of the order of the Planck length Lo ~ 10~33¢m.
In turn, this value of A produces a huge cosmological constant which is a
problem for the physical interpretation of the theory if one interprets (10.5)
as an approximated gravitational action for slowly varying metrics with small
curvature (with respect to the scale A). Indeed, the solutions of the equations
of motion would have Plank-scale Ricci scalar and, therefore, they would be
out of the regime for which the approximation is valid. As we shall see, the
cosmological term can be cancelled out.

First of all, we take the function X to be the characteristic value of the
interval [0, 1],

1 for u<1,
X(U)—{0 for u>1. (10.14)

possibly ‘smoothed out’ at u = 1. For this choice we get,

f0:1/2af2:1,
f4:17 ,](‘2(77,_;,_2):07 nZly (1015)
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and the action (10.13) becomes
Sa(D,A) = / Vadz

1
487r2 / Vgdr R

/12 n 2
+( )47T2360/fdx B3RS + R

7
~ 2Ry R — 2 Rupa R
(10.16)

+ (A?)

In [108, 109] the following trick was suggested in order to eliminate the cos-
mological term: replace the function X by X defined as

X(u) = X(u) — aX(bu) , (10.17)

with a,b any two numbers such that a = b% and b > 0,b # 1. Indeed, one
easily finds that,

fo = /Ooo%(u)udu(lbz)fo(),
E:A ﬂmmz(—%ﬁ,

Famizy = (=1)"X™(0) = (=1)"(1 — ab™)X™(0) , n>0.

The action (10.5) becomes

Sa(D) = () (1= [ Vade R +0((0). (1019

487r2
Low curvature geometries, for which the heat-kernel expansion is valid, are
now solutions of the theory.

Summing up, we obtain a theory that approximates pure general relativity
at scales which are large when compared with 1/A.

We end by mentioning that in [108, 109], in the spirit of spectral grav-
ity, the eigenvalues of the Dirac operator, which are diffeomorphic invariant
functions of the geometry® and therefore true observables in general relativ-
ity, have been taken as a set of variables for an invariant description of the
dynamics of the gravitational field. The Poisson brackets of the eigenvalues

3 In fact, the eigenvalues of the Dirac operator are only invariant under the action
of diffeomorphisms which preserve the spin structure [16].
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were computed and determined in terms of the energy-momentum of the
eigenspinors and of the propagator of the linearized Einstein equations. The
eigenspinors energy-momenta form the Jacobian of the transformation of co-
ordinates from the metric to the eigenvalues, while the propagator appears
as the integral kernel giving the Poisson structure. The equations of motion
of the modified action (10.19) are satisfied if the trans Planckian eigenspinors
scale linearly with the eigenvalues: this requirement give approximate Ein-
stein equations.

As already mentioned, there exist isospectral manifolds which fail to be
isometric. Thus, the eigenvalues of the Dirac operator cannot be used to
distinguish among such manifolds (should one really do that from a physical
point of view?). A complete analysis of this problem and of its consequences
must await another occasion.

10.3 Linear Connections

A different approach to gravity theory, developed in [27, 28], is based on
a theory of linear comnections on an analogue of the cotangent bundle in
the noncommutative setting. It turns out that the analogue of the cotangent
bundle is more appropriate than the analogue of the tangent bundle. One
could define the (analogue) of ‘the space of sections of the tangent bundle’
as the space of derivations Der(.A) of the algebra A. However, in many cases
this is not a very useful notion since there are algebras with far too few
derivations. Moreover, Der(A) is not an .A-module but a module only over
the center of \A. For models constructed along these lines we refer to [116].

We shall now briefly describe the notion of a linear connection. There are
several tricky technical points, mainly related to the Hilbert space closure of
space of forms. We ignore them here while referring to [27, 28] for further
details.

Suppose then, we have a spectral triple (A, H, D) with associated differ-
ential calculus (£2pA,d). The space 25,4 is the analogue of the ‘space of
sections of the cotangent bundle’. It is naturally a right A-module and we
furthermore assume that it is also projective of finite type.

In order to develop ‘Riemannian geometry’, one needs the ‘analogue’ of
a metric on 25 A. Now, there is a canonical Hermitian structure (-,-), :
2HA x 25 A — A which is uniquely determined by the triple (A, H, D). It
is given by,

(a,B)p =1 P(a"B)e A, «,f¢€ LA, (10.20)

where Py is the orthogonal projector onto A4 determined by the scalar product
(7.92) as in Sect. 7.3.* The map (10.20) satisfies properties (4.19-4.20) which
characterize a Hermitian structure. It is also weakly nondegenerate, namely
(a,)p =0 for all @ € 2}A implies that 3 = 0. It does not, in general,

* In fact the left hand side of (10.20) is in the completion of A.
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satisfy the strong nondegeneracy condition expressed in terms of the dual
module (£2}.4)" as in Sect. 4.3. Such a property is assumed to hold. Therefore,
if (25.A)" is the dual module, we assume that the Riemannian structure in
(10.20) determines an isomorphism of right A-modules,

QpA — (2pA) , aw (o) - (10.21)

We are now ready to define a linear connection. It is formally the same
as in the definition 23 by taking £ = 25 .A.

Definition 25. A linear connection on 2hA is a C-linear map
V:0pA— QhA®4 QA , (10.22)
satisfying the Leibniz rule
V(aa) = (Va)a+ada, VaeNhA, ac A. (10.23)

Again, one can extend it to a map V : 2hbA®4 20A — QLA®4 257 A
and the Riemannian curvature of V is then the A-linear map given by

Ry =:V? : QLA QLA ©4 NHA. (10.24)

The connection V is said to be metric if it is compatible with the Riemannian
structure (-,-), on 254, namely if it satisfies the relation,

—(Va,B)p + (,VB), =d{a,B), , Ya,B€ 2LHA. (10.25)
Next, one defines the torsion of the connection V as the map

Ty : .QlD.A — .Q%A s
Ty =:d—moV, (10.26)

where m : QL A®4 QLA — 0% A is just multiplication, m(a ®4 3) = af.
One easily checks (right) A-linearity so that T% is a ‘tensor’. For an ordinary
manifold with linear connection, the definition(10.26) yields the dual (i.e. the
cotangent space version) of the usual definition of torsion.

A connection V on 25A is a Levi-Civita connection if it is compatible with
the Riemannian structure (-, -) , on £2},.4 and its torsion vanishes. Contrary to
what happens in the ordinary differential geometry, a Levi-Civita connection
need not exist for a generic spectral triple or there may exist more than one
such connections.

Next, we derive the Cartan structure equations. For simplicity, we shall
suppose that 25.A is a free module with a basis {E4, A = 1,--- N} so that
any element a € 25 A can be written as a = E4a 4 with as € A. The basis
is taken to be orthonormal with respect to the Riemannian structure (-, -) 5,

(EAEP), =n"P, 9P =diag(1,---,1), AB=1,--- N . (10.27)
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A connection V on 2} A is completely determined by the connection
1-forms 02,7 € 2}, A which are defined by,

VEA=EPo0z4, A=1,...,N. (10.28)

The components of the torsion T4 € 2% A and the curvature R, 5 € 0%A
are defined by

Ry(EY=EP@Rpg*, A=1,...,N. (10.29)

By making use of the definitions (10.26) and (10.24) one gets the structure
equations,

T4 =dE* -~ EBg*, A=1,...,N, (10.30)
R, =dn, 2 +02,°0.%, A B=1,...,N. (10.31)

The metricity condition (10.25), for the connection 1-forms now reads,
~ 24P A0 B =0. (10.32)

As mentioned before, metricity and the vanishing of the torsion do not
uniquely fix the connection. Sometimes, one imposes additional constraints
by requiring that the connection 1-forms are Hermitian,

2,8 =0,8. (10.33)

The components of a connection, its torsion and its Riemannian curvature
transform in the ‘usual’ way under a change of orthonormal basis for £2},.A.
Consider then a new basis {E4, A = 1,---N} of 25A. The relationship
between the two bases is given by

EA=EB (MY, EA=FEPMp", (10.34)
with the obvious identities,

MM YHP =), M, B =68, (10.35)
which just say that the matrix M = (Mz?) € My(A) is invertible with

inverse given by M~! = ((M~1')z?) . By requiring that the new basis be
orthonormal with respect to (-, ), we get,

MpA)ynPeMy P . (10.36)
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From this and (10.35) we obtain the identity

(M) 4" = naq(Mp ) 0", (10.37)
or M* = M~ From (10.35), we infer that M is a unitary matrix, M M* =
M*M = 1, i.e. it is an element in Uy (A).

It is now straightforward to find the transformed components of the connec-
tion, of its curvature and of its torsion

2,8 =M, P20 P+ M PA(MTY P (10.38)
R,% =M, "R,O(M) ", (10.39)
TA =TB(M Yt . (10.40)

Consider the basis {e4, 4 =1,---, N} of (£25.4)’, dual to the basis { E4},
eA(EB) =68 . (10.41)

By using the isomorphism (10.21) for the element € 4, there is an £4 € 254
determined by

eala) = Ea,a)p, YaepA, A=1,...,N. (10.42)

One finds that
Ea=FEBjga, A=1,...,N, (10.43)

and, under a change of basis as in (10.34), they transform as
Ea=ep(M,P), A=1,...,N. (10.44)
The Ricci 1-forms of the connection V are defined by
RY = P/(R,B(EB)*) € NHhA, A=1,--- N. (10.45)
As for the scalar curvature, it is defined by
ry = Py(EARY) = Py(EAP,(R,Bep)*) € A. (10.46)

The projectors Py and P; are again the orthogonal projectors on the space
of zero and 1-forms determined by the scalar product (7.92). It is straight-
forward to check that the scalar curvature does not depend on the particular
orthonormal basis of 2}.A. Finally, the Einstein-Hilbert action is given by

Inp(V) = tryr|D|™™ = tr, EAR BE%|D|™" . (10.47)
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10.3.1 Usual Einstein Gravity

Let us consider the canonical triple (A, H, D) on a closed n-dimensional Rie-
mannian spin manifold (M, g) which we have described in Sect. 6.5. We recall
that A = C*°(M) is the algebra of complex valued smooth functions on M;
H = L?*(M, S) is the Hilbert space of square integrable sections of the irre-
ducible spinor bundle over M; and D is the Dirac operator of the Levi-Civita
spin connection, which can be written locally as

D = ~+"(x)0, + lower order terms
=%/ 0,, + lower order terms . (10.48)

The ‘curved’ and ‘flat’ Dirac matrices are related by
Y(x) =~ pu=1,...,n, (10.49)
and obey the relations

() (x) + 97 () (x) = =29, pv=1,...,n,
Y+ = =22, ab=1,...,n. (10.50)

We shall take the matrices v* to be hermitian.
The n-beins e relate the components of the curved and flat metric, as usual,
by

ehguey =N , ehnley = g" . (10.51)
Finally, we recall that, from the analysis of Sect. 7.2.1, generic elements « €
QhA and 8 € 23 A can be written as

o= ’-YaOZ(L — FYHO[/J. , Qg = elaj’oélt ,
1 1
8= §’Yabﬁab — 57#1/6“1/ . Bab =ebe B, (10.52)

with 7% = 2(7%9% — 4%y*) and v = L(y#4” — 4“~4"). The module 2}, A is
projective of finite type and we can take as an orthonormal basis

E* =~%, <E“,Eb> =try"y =n® | ab=1,...,n, (10.53)

with ¢r a normalized Clifford trace. Then, the dual basis {e,} of (£25.4)" is
given by,
gqla) =, = ehay, , (10.54)

and the associated 1-forms &, are found to be
Ea =7 Nap - (10.55)
Hermitian connection 1-forms are of the form

20 =7w,r = v“w#ab . (10.56)



162 10 Gravity Models
Metricity and the vanishing of torsion read, respectively,

P (W™ +n*w,’) =0, (10.57)
Y (O, en — eZwub“) =0. (10.58)

As the sets of matrices {vy*} and {y"} are independent, the conditions
(10.57) and (10.58) require the vanishing of the terms in parenthesis and,
in turn, these just say that the coefficients wa (or equivalently w,’) deter-
mine the Levi-Civita connection of the metric g"* [147].

The curvature 2-forms can then be written as

1
Ra b= §VCdRcdab ’ (1059)

b

a *

with R_,;?2 the components of the Riemannian tensor of the connection w,

As for the Ricci 1-forms, they are given by

1
R, =P (Ra bé:) = §VCdeRcdabnfb . (1060)

It takes a little algebra to find
1 c b
R, = —57 R, - (10.61)
The scalar curvature is found to be

cba >

1
r= Po(y"Ra) = =5 Po(y"Y) Reps’ = 11" Rep (10.62)

which is just the usual scalar curvature [147].

10.4 Other Gravity Models

In [27, 28], the action (10.47) was computed for a Connes-Lott space M x Y,
i.e. a product of a Riemannian, four-dimensional, spin manifold M with a
discrete internal space Y consisting of two points. The Levi-Civita connec-
tion on the module of 1-forms depends on a Riemannian metric on M and a
real scalar field which determines the distance between the two-sheets. The
action (10.47) contains the usual integral of the scalar curvature of the metric
on M, a minimal coupling for the scalar field to such a metric, and a kinetic
term for the scalar field.

The Wodzicki residue method applied to the same space yields an Einstein-
Hilbert action which is the sum of the usual term for the metric of M together
with a term proportional to the square of the scalar field. There is no kinetic
term for the latter [93].
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A somewhat different model of geometry on the Connes-Lott space M xY was
presented in [110]. The final action is just the Kaluza-Klein action of unified
gravity-electromagnetism and consists of the usual gravity term, a kinetic
term for a minimally coupled scalar field and an electromagnetic term.

Several examples of gravity and Kaluza-Klein theories have been con-
structed by using the bimodule structure of & = 2' A (see [116, 119] and
references therein).



11 Quantum Mechanical Models
on Noncommutative Lattices

As a very simple example of a quantum mechanical system which can be
studied with the techniques of noncommutative geometry on noncommutative
lattices, we shall construct the #-quantization of a particle on a lattice for
the circle. We shall do so by constructing an appropriate ‘line bundle’ with
a connection. We refer to [7] and [8] for more details and additional field
theoretical examples. In particular, in [8] we derived Wilson’s actions for
gauge and fermionic fields and analogues of topological and Chern-Simons
actions.

The real line R! is the universal covering space of the circle S', and the
fundamental group 71 (S!) = Z acts on R! by translation

Rlsz—s2+N,NecZ. (11.1)

The quotient space of this action is S' and the projection : R* — S! is given
by R! 5 2 — €27 ¢ §1,

Now, the domain of a typical Hamiltonian for a particle on S* need not
consist of functions on S!. Rather it can be obtained from functions 1y on
R! transforming under an irreducible representation of 7(S!) = Z,

po: N — eN? (11.2)
according to _
Yo(z + N) = N4 (x) . (11.3)

The domain Dy(H) for a typical Hamiltonian H then consists of these 1)y
restricted to a fundamental domain 0 < x < 1 for the action of Z, and subject
to a differentiability requirement:

Dy(H) = {1bo : Yo(1) = eiau)g(o) ; dibe(1) — it dipe(0)

. 114
dx dx } ( )
In addition, Hp must be square integrable for the measure on S* used to
define the scalar product of wave functions.
One obtains a distinct quantization, called #-quantization, for each choice of
e'?.

Equivalently, wave functions can be taken to be single-valued functions
on S! while adding a ‘gauge potential’ term to the Hamiltonian. To be more

G. Landi: LNPm 51, pp. 165-169, 2002.
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precise, one constructs a line bundle over S' with a connection one-form
given by ifdx. If the Hamiltonian with the domain (11.4) is —d?/dx?, then
the Hamiltonian with the domain Dy(h) consisting of single valued wave
functions is —(d/dx + i0)2.

There are similar quantization possibilities for a noncommutative lattice
for the circle as well [7]. One constructs the algebraic analogue of the trivial
bundle on the lattice endowed with a gauge connection which is such that
the corresponding Laplacian has an approximate spectrum reproducing the
‘continuum’ one in the limit.

As we have seen in Chap. 3, the algebra A associated with any non-
commutative lattice of the circle is rather complicated and involves infinite
dimensional operators on direct sums of infinite dimensional Hilbert spaces.
In turn, this algebra A, as it is AF (approximately finite dimensional), can
indeed be approximated by algebras of matrices. The simplest approximation
is just a commutative algebra C(A) of the form

C(A) ~CN ={c=(A1,Aa, -+, An) , N €C). (11.5)

The algebra (11.5) can produce a noncommutative lattice with 2N points by
considering a particular class of not necessarily irreducible representations as
in Fig. 11.1. In that Figure, the top points correspond to the irreducible one
dimensional representations

FZC(A)—)(C, C*—)ﬂ'i(C):)\i7 221,,N (116)

As for the bottom points, they correspond to the reducible two dimensional
representations

Il
=

A O .
miyN : C(A) = M2(C) , ¢ mipn(c) = (0 )\'+1) > 2

A O A2 0 Az O An O
0 A2 0 A3 0 M\ 0 X\

Fig. 11.1. Pan(S?) for the approximate algebra C(A)
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with the additional condition that N 4+ 1 = 1. The partial order, or equiv-
alently the topology, is determined by the inclusion of the corresponding
kernels as in Chap. 3.

By comparing Fig. 11.1 with the corresponding Fig. 3.18, we see that by
trading A with C(.A), all compact operators have been put to zero. A better
approximation is obtained by approximating compact operators with finite
dimensional matrices of increasing rank.

The finite projective module of sections £ associated with the ‘trivial line
bundle’ is just C(A) itself:

E=CN ={n=(p,p2 - pun) i €C}. (11.8)
The action of C(A) on £ is simply given by
EXCA) =&, (me)—=ne=(mA,mAe - NAN) - (11.9)
On & there is a C(A)-valued Hermitian structure (-, -,

(',n) = (", w52, - - nwnn) € C(A) . (11.10)

Next, we need a K-cycle (H, D) over C(A). We take CV for H on which
we represent elements of C(A) as diagonal matrices

C(A) 3 ¢ diag(A1, A2, ... Ay) € B(CY) ~ My/(C) . (11.11)
Elements of £ will be realized in the same manner,

£ > 0w diag(ni, m2,...nn) € B(CY) ~ My(C) . (11.12)

Since our triple (C(A),H, D) will be zero dimensional, the (C-valued) scalar
product associated with the Hermitian structure (11.10) will be taken to be

N

'm) =D _mmy =tr(n',n), Vo'neE. (11.13)
j=1

By identifying N + j with j, we take for the operator D, the N x N
self-adjoint matrix with elements

1 . .
Dij = ﬁ(m div1,5 +mbiji1) , =1, N, (11.14)
where m is any complex number of modulus one: mm™* = 1.
As for the connection 1-form p on the bundle £, we take it to be the
hermitian matrix with elements

1 * *
pij = E(U m §i+1,j +0m(5i’j+1) s

o= W/N_1q

. d,j=1,--,N. (11.15)
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One checks that, modulo junk forms, the curvature of p vanishes,
dp+p°>=0. (11.16)

It is also possible to prove that p is a ‘pure gauge’ for 0 = 2nk, with
k any integer, that is that there exists a ¢ € C(A) such that p = ¢ !de.
If ¢ = diag(\1, A2, ..., An), then any such ¢ will be given by A\ = A, A\ =
e2TRINN L N = e2mRUD/NN L Ay = e?2TRIVED/N ) with A not equal
to 0 (these properties are the analogues of the properties of the connection
ifdx in the ‘continuum’ limit).
The covariant derivative Vg on &, Vg : € = € Qc(a) 2*(C(A)) is then
given by
Von=[D,n]+pn, VYnef&. (11.17)

In order to define the Laplacian Ag one first introduces a ‘dual’ operator Vj
via

(Von',Ven) = (n',VyVen), Vn',necf. (11.18)
The Laplacian Ag on £, Ay : £ — &£, can then be defined by
Agn=—q(Vg)*Von, Vnee&, (11.19)

where ¢ is the orthogonal projector on £ for the scalar product (-, -) in (11.13).
This projection operator is readily seen to be given by

(gM);; = M;;6,; , no summation on i , (11.20)

with M any element in My (C). Hence, the action of Ay on the element
n=(m, -,nN) , IN+1 = N1, is explicitly given by

(Aem)ij = —(VeVen)iidij
~(ViVen)i = {~[D,[D,n]] = 2p[D, 0] - p*n},,

1, - .
== [e_ze/qu —2n; + 619/N77i+1] ;o 1=1,2,--- N .

(11.21)
The associated eigenvalue problem
Agn = A, (11.22)
has solutions
A=) = % [cos(k + i) - 1} ) (11.23)
€ N

. k k k 27
ﬂ=’7(k)=dlag(’7§ )7775 )7"'777](V))’ k:mﬁ »m =12, N,

(11.24)
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with each component nék) having an expression of the form
) = AW eiki . pRe=iki - Ak M) ¢ C . (11.25)

We see that the eigenvalues (11.23) are an approximation to the continuum
answers —4k? |, k € R.



A Appendices

A.1 Basic Notions of Topology

In this appendix we gather together a few fundamental notions of topology
and topological spaces while referring to [87, 71] for a more detailed account.

A topological space is a set S together with a collection 7 = {O4} of
subsets of S, called open sets, which satisfy the following axioms

O  The union of any number of open sets is an open set.
O,  The intersection of a finite number of open sets is an open set.
O3  Both S and the empty set () are open.

Having a topology it is possible to define the notion of a continuous map. A
map f : (S1,71) — (S2,72) between two topological spaces is defined to be
continuous if the inverse image f~1(0) is open in S; for any open O in Ss.
A continuous map f which is a bijection and such that f~! is continuous as
well is called a homeomorphism.

Given a topology on a space, one can define the notion of limit point
of a subset. A point p is a limit point of a subset X of S if every open set
containing p contains at least another point of X distinct from p.

A subset X of a topological space S is called closed if the complement S\ X
is open. It turns out that the subset X is closed if and only if it contains all
its limit points.

The collection {C,} of all closed subsets of a topological space S, satisfy
properties which are dual to the corresponding ones for the open sets.

C1  The intersection of any number of closed sets is a closed set.
Cy  The union of a finite number of closed sets is a closed set.
Cs Both S and the empty set () are closed.

One can, then, put a topology on a space by giving a collection of closed sets.

The closure X of a subset X of a topological space (S, ) is the intersection
of all closed sets containing X. It is evident that X is the smallest closed set
containing X and that X is closed if and only if X = X. It turns out that a
topology on a set S can be given by means of a closure operation. Such an
operation is an assignment of a subset X of S to any subset X of S, in such
a manner that the following Kuratowski closure axioms are true,

G. Landi: LNPm 51, pp. 171-192, 2002.
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K @:V)i
K, XcX.
Ky X=X.

K, XUy=XxUY.

If o is the family of all subsets X of S for which X = X and 7 is the family
of all complements of members of &, then 7 is a topology for S, and X is the
T-closure of X for any subset of S. Clearly, ¢ is the family of closed sets.

A topological space S is said to be a Ty-space if: given any two points of
S, at least one of them is contained in an open set not containing the other.
This can also be stated by saying that for any pair of points, at least one of
the points is not a limit point of the other. In such a space, there may be sets
consisting of a single point which are not closed.

A topological space S is said to be a Tj-space if: given any two points of
S, each of them lies in an open set not containing the other. This requirement
implies that each point (and then, by Cy above, every finite set) is closed.
This is often taken as a definition of a T7-space.

A topological space S is said to be a Ts-space or a Hausdorff space if:
given any two points of S, there are disjoint open sets each containing one of
the two points but not both.

It is clear that the previous conditions are in an increasing order of strength
in the sense that being T5 implies being 77 and being 7 implies being Tj (a
space which is T is 77 and a space which is T} is Tp.).

A family U of sets is a cover of a (topological) space if S = |J{X, X € U}.

The family is an open cover of S if every member of U is an open set. The
family is a finite cover if the number of members of U is finite. It is a locally
finite cover if and only if every « € S has a neighborhood that intersects only
a finite number of members of the family.
A topological space S is called compact if every open cover of S has a finite
subcover of S. A topological space S is called locally compact if any point of
S has at least one compact neighborhood. A compact space is automatically
locally compact. If S is a locally compact space which is also Hausdorff, then
the family of closed compact neighborhoods of any point is a basis for its
neighborhood system.

The support of a real or complex valued function f on a topological space

S is the closure of the set Ky = {x € S | f(z) # 0}. The function f is said
to have compact support if Ky is compact. The collection of all continuous
functions on S whose support is compact is denoted by C..(5).
A real or complex valued function f on a locally compact Hausdorff space S
is said to vanish at infinity if for every € > 0 there exists a compact set K C S
such that |f(x)| < € for all z ¢ K. The collection of all continuous functions
on S which vanish at infinity is denoted by Cy(S). Clearly C.(S) C Co(S),
and the two classes coincide if S is compact. Furthermore, one can prove
that Cy(S) is the completion of C.(S) relative to the supremum norm (2.9)
described in Example 1 [136].
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A continuous map between two locally compact Hausdorff spaces f : S; —
S is called proper if and only if for any compact subset K of Sy, the inverse
image f~!(K) is a compact subset of Sj.

A space which contains a dense subset is called separable. A topological
space which has a countable basis of open sets is called second-countable (or
completely separable).

A topological space S is called connected if it is not the union of two
disjoint, nonempty open sets. Equivalently, if the only sets in S that are
both open and closed are S and the empty set then S is connected. A subset
C of the topological space S is called a component of S, provided that C is
connected and maximal, namely it is not a proper subset of another connected
set in S. One can prove that any point of S lies in a component. A topological
space is called totally disconnected if the (connected) component of each point
consists only of the point itself. The Cantor setis a totally disconnected space.
In fact, any totally disconnected, second countable, compact Hausdorff space
is homeomorphic to a subset of the Cantor set.

If 71 and 7 are two topologies on the space S, one says that 7 is coarser
than 7o (or that 75 is finer than 71) if and only if 71 C 7o, namely if and
only if every subset of S which is open in 7; is also open in 75. Given two
topologies on the space S it may happen that neither of them is coarser (or
finer) than the other. The set of all possible topologies on the same space is a
partially ordered set whose coarsest element is the topology in which only
and S are open, while the finest element is the topology in which all subsets
of S are open (this topology is called the discrete topology).
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A.2 The Gel’fand-Naimark-Segal Construction

A state on the C*-algebra A is a linear functional
p: A—C, (A.1)
which is positive and of norm one, i.e.

$(a*a) >0, Vac A,
lloll =1. (A.2)

Here the norm of ¢ is defined as usual by ||¢|| = sup{|¢(a)| | ||a|| < 1}. If A
has a unit (we always assume this is the case), positivity implies that

|8l =o(I)=1. (A.3)

The set S(A) of all states of A is clearly a convex space, since the convex
combination A¢; + (1 — X)¢pa € S(A), for any ¢1,¢p2 € S(A) and 0 < X\ < 1.
Elements at the boundary of S(A) are called pure states, namely, a state
¢ is called pure if it cannot be written as the convex combination of (two)
other states. The space of pure states is denoted by PS(A). If the algebra A
is abelian, a pure state is the same as a character and the space PS(A) is
just the space A of characters of A which, when endowed with the Gel’fand
topology, is a Hausdorff (locally compact) topological space.

With each state ¢ € S(A) there is associated a representation (H, mg) of
A, called the Gel’fand-Naimark-Segal (GNS) representation. The procedure
to construct such a representation is also called the GNS construction which
we shall now briefly describe [55, 124].

Suppose then that we are given a state ¢ € S(A) and consider the space

Ny ={aec Al ¢(a*a) =0} . (A.4)

By using the fact that ¢(a*b*ba) < ||b||*¢(a*a), one infers that Ny is a closed
(left) ideal of A. The space A/Ny of equivalence classes is made into a pre-
Hilbert space by defining a scalar product by

ANy x AJNy — C . (a+ Ny, b+ Ny) = ¢(a™d) . (A.5)

This scalar product is clearly independent of the representatives in the equiv-
alence classes.

The Hilbert space H, completion of A/N; is the space of the representation.
Then, to any a € A one associates an operator 7(a) € B(A/Ny) by

m(a)(b+ Np) =:ab+ Ny . (A.6)

Again, this action does not depend on the representative. By using the fact
that ||w(@)(b+No)|P = @(b*a*ab) < [al*6(5°b) = ||b+ N[, one gets
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||m(a)|| <|la|| and in turn, that 7(a) € B(A/Ny). There is a unique extension
of m(a) to an operator my(a) € B(H4). Finally, one easily checks the algebraic
properties my(a1a2) = mp(a1)mg(az) and my(a*) = (m4(a))* and one obtains
a *-morphism (a representation)

Ty A—B(Hg), ar— my(a). (A.7)

It turns out that any state ¢ is a vector state. This means that there exists
a vector £, € Hg with the property,

(€, mg(a)ép) = d(a) ,VaeA. (A.8)

Such a vector is defined by
fqg =: [H] = H+N¢ R (A9)

and is readily seen to verify (A.8). Furthermore, the set {m4(a)és | a € A}
is just the dense set A/N of equivalence classes. This fact is stated by
saying that the vector £, is a cyclic vector for the representation (He, 74). By
construction, and by (A.3), a cyclic vector is of norm one, \|§¢||2 =||¢|| = 1.
The cyclic representation (Hg, 74, &e) is unique up to unitary equivalence.
If (Hy, 7, €4) is another cyclic representation such that (€5, 7, (a)¢}) = ¢(a),
for all a € A, then there exists a unitary operator U : Hy — ’H;S such that

U 'rl(a)U =myla) , Vae A,
Uty =€, . (A.10)

The operator U is defined by Umy(a)éy = my(a)éy for any a € A. Then, the
properties of the state ¢ ensure that U is well defined and preserves the scalar
product.

It is easy to see that the representation (Hg, £4) is irreducible if and only if
every non zero vector { € Hy is cyclic so that there are no nontrivial invariant
subspaces. It is somewhat surprising that this happens exactly when the state
¢ is pure [55].

Proposition 52. Let A be a C*-algebra. Then,

1. A state ¢ on A is pure if and only if the associated GNS representation
(R, my) is irreducible.

2. Given a pure state ¢ on A there is a canonical bijection between rays in
the associated Hilbert Hy and the equivalence class of ¢,

Cy = {¢p pure state on A | 7y equivalent to w4} .

The bijection of point 2. of the previous preposition is explicitly given by
associating with any £ € H, , ||]| = 1, the state on A given by

Pla) = (& mp(a)) , VacA, (A.11)
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which is seen to be pure. As was previously noted, the representation (Hg, my)
is irreducible and each vector of H4 is cyclic. This, in turn, implies that the
representation associated with the state v is equivalent to (Hg, 74).

As a simple example, we consider the algebra My(C) with the two pure
states constructed in Sect. 2.3,

¢1([a11 am}) = a1, ¢2({a11 am}) =a . (A.12)

a1 a22 a1 a22

As we mentioned before, the corresponding representations are equivalent.
We shall show that they are both equivalent to the defining two dimensional
one.

The ideals of elements of ‘vanishing norm’ of the states ¢1, ¢2 are, respec-

tively,
o 0 ai2 o ail 0
/\/1_{{0@22]} : Ng_{[am()” . (A.13)

The associated Hilbert spaces are then found to be

o)) 2 e={=(0)})

(X, X') = zix] +x5z), .

0y 2 Y1
7—[ = ~ C = X = s
={lon]} = === (1))
YY) = yiv) + 935 - (A.14)
As for the action of any element A € My(C) on H; and Ha, we get

T 0 _ a11$1+a12$20 — T
ﬂ—l(A) |:£E2 0:| - |:a21.1’1 —+ ag9x9o 0:| =4 (172) ’

m5(A) [0 yl} - {0 iy *“1292] =4 <yl) . (A.15)

X

0 y2 0 a21y1 + a22y2 Yo

The two cyclic vectors are given by

£ = ((1)) 6= (‘1)) . (A.16)

The equivalence of the two representations is provided by the off-diagonal
matrix

10

which interchanges 1 and 2 , U&; = &. Indeed, by using the fact that for an
irreducible representation any non vanishing vector is cyclic, from (A.15) we
see that the two representations can indeed be identified.

U= {O 1} , (A.17)
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A.3 Hilbert Modules

The theory of Hilbert modules is a generalization of the theory of Hilbert
spaces and it is the natural framework for the study of modules over a C*-
algebra A endowed with a Hermitian A-valued inner product. Hilbert mod-
ules have been (and are) used in a variety of applications, notably for the
study of strong Morita equivalence. The subject started with the works [131]
and [126]. We refer to [153] for a very nice introduction while here we sim-
ply report on the fundamentals of the theory. Throughout this appendix, A
will be a C*-algebra (almost always with unit) and its norm will be denoted
simply by || - ||.

Definition 26. A right pre-Hilbert module over A is a right A-module &
endowed with an A-valued Hermitian structure, namely a sesquilinear form
(, )4 :ExE—= A, which is conjugate linear in the first variable and such
that

(i, m2a) 4, = (M, m2) 40, (A.18)
(m,m2) o = (m2,m) 4 (A.19)
Mma=>0, my=0 n=0, (A.20)

for allm,ne,me &, a € A

By the property (A.20) in the previous definition the element (1, 7) 4 is self-
adjoint. As in ordinary Hilbert spaces, the property (A.20) provides a gener-
alized Cauchy-Schwartz inequality

which in turns, implies
10,6 4 1I” <[4 €Al VY éeE, (A.22)
By using these properties and the norm || - || in A one defines a norm in £.

Definition 27. The norm of any element n € £ is defined by

[nlla = VI {mm |- (A.23)

One can prove that || - || 4 satisfies all the properties (2.5) of a norm.
Definition 28. A right Hilbert module over A is a right pre-Hilbert module
& which is complete with respect to the norm || - || 4.

By completion any right pre-Hilbert module will give a right Hilbert module.
It is clear that Hilbert modules over C are ordinary Hilbert spaces.
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A left (pre-)Hilbert module structure on a left A-module £ is provided by
an A-valued Hermitian structure { , ) , on & which is conjugate linear in the
second variable and with condition (A.18) replaced by

<a771’772>,,4:a<7717772>,4 ; Vﬂlﬂ?%ega acA. (A24)

In what follows, unless otherwise stated, by a Hilbert module we shall
mean a right one. It is straightforward to pass to equivalent statements con-
cerning left modules.

Given any Hilbert module £ over A, the closure of the linear span of

{{m,m2) 4 > m,m2 € £} is an ideal in A. If this ideal is the whole of A the
module £ is called a full Hilbert module.!
It is worth noticing that, contrary to what happens in an ordinary Hilbert
space, the Pythagoras equality is not valid in a generic Hilbert module £. If
n1 and 7, are any two orthogonal elements in A, i.e. (n1,72) 4, = 0, in general
one has that || + 772||f4 # ||7)1||J24 + ||n2|\?4 Indeed, properties of the norm
only guarantee that ||ny + n2|[% < [Im % + [In2ll%-

An ‘operator’ on a Hilbert module need not admit an adjoint.

Definition 29. Let £ be a Hilbert module over the C*-algebra A. A contin-
wous A-linear map T : £€ — £ is said to be adjointable if there exists a map
T : & — & such that

(T*n,m2) 4 = (MTna) g » V,meE . (A.25)

The map T* is called the adjoint of T. We shall denote by Enda(E) the
collection of all continuous A-linear adjointable maps. Elements of End4(E)
will also be called endomorphisms of £.

One can prove that if T € End4(£), then also its adjoint T* € End4(€)
with (T*)* = T. If both T and S are in End4(€), then T'S € End4(€) with
(T'S)* = S*T*. Finally, the space End4(£), endowed with this involution
and with the operator norm

T =: sup{l|Tnll 4 | [Inll4 <1}, (A.26)

becomes a C*-algebra of bounded operators due to the inequality (T'n, Tn) 4, <
1T (n,m) 4. Indeed, End4(A) is complete if £ is.

There are also the analogues of compact endomorphisms which are ob-
tained as usual from ‘endomorphisms of finite rank’. For any 1,72 € £ an
endomorphism |7;) (12| is defined by

) (2] (§) =21 (2, &) 4, VEEE. (A.27)

! Rieffel [131] calls it an A-rigged space.
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Its adjoint is just given by

(Im) ()™ = [n2) (|, Vm,m e . (A.28)

One can check that

() (2l H]a < Mlmllallnella o VESE. (A.29)

Furthermore, for any T' € End4(€) and any 1n1,1m2,&1,& € £, one has the
expected composition rules

T o |nu) (n2l = [Tm) (2] (A.30)
Im) (2| o T = 1) (T"na2| , (A.31)
Im) (mel o [€1) (€2l = |m (m2,&1) 4) (€2l = [m) {(m2, 1) 4 &2| - (A.32)

From these rules, we get that the linear span of the endomorphisms of the
form (A.27) is a self-adjoint two-sided ideal in End4(€). The norm closure
in End(&) of this two-sided ideal is denoted by End%(€); its elements are
called compact endomorphisms of £.

Example 19. The Hilbert module A.
The C*-algebra A can be made into a (full) Hilbert Module by considering it
as a right module over itself together with the following Hermitian structure

(,)g:E€ExE=A, (ab),=a"D, VabeA. (A.33)

The corresponding norm coincides with the norm of A since from the norm

property (2.8), llall 4 = /@ a4l = Vlawall = y/llal = [lall. Thus,
A is complete also as a Hilbert module. Furthermore, as the algebra A is
unital, one finds that Enda(A) ~ End%(A) ~ A, with the latter acting
as multiplicative operators on the left on itself. In particular, the isometric
isomorphism End%(A) ~ A is given by

End%(A) 3> Melar) (bl = Y Mearbi, VA €C, apbre A
k k

(A.34)

Example 20. The Hilbert module AV .
Let AN = Ax ---x A be the direct sum of N copies of A. It is promoted to a
full Hilbert module over A with module action and Hermitian product given

by

(a17"'aaN)a = ((110,7"‘,(1]\](1) ) (A35)

((a1,~-~,aN),(b1,---,bN))A ::Za’,;bk 5 (A36)
k=1
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for all a,ay, by, € A. The corresponding norm is
[(ar, - am)llg =11 ajaxl| - (A.37)
k=1

That AN is complete in this norm is a consequence of the completeness of
A with respect to its norm. Indeed, if (a$,---,a%)aen is a Cauchy sequence
in AN, then, for each component, (a)aen is a Cauchy sequence in A. The
limit of (a$t, -+ ,a%)aen in AN is just the collection of the limits from each
component.

Since A is taken to be unital, the unit vectors {ex} of CV form an or-
thonormal basis for AN and each element of AN can be written uniquely as

(a1, --,an) = fo:l exar giving an identification AN ~ CN @c A. As al-
ready mentioned, in spite of the orthogonality of the basis elements, one has
that ||(a1,- - an)|| 4 = || > pey ararl| # > op_q llafak||. Parallel to the sit-

uation of the previous example, since the algebra A is unital, one finds that
Enda(AN) ~ End%(AN) ~ M, (A). Here M, (A) is the algebra of n x n ma-
trices with entries in A; it acts on the left on AN . The isometric isomorphism
End%(AN) ~ M,,(A) is now given by

arby -+ a1by
Endy(A) 3 (a1, an)) (b1, -, by)| = : : ;
anby - anby
YV oag, by € A, (A.38)

which is then extended by linearity.

Example 21. The sections of a Hermitian complex vector bundle.

Let A= C(M) be the commutative C*-algebra of complez-valued continuous
functions on the locally compact Hausdorff space M. Here the norm is the
sup norm as in (2.9). Given a complex vector bundle E — M, the collection
I'(E, M) of its continuous sections is a C(M)-module. This module is made
into a Hilbert module if the bundle carries a Hermitian structure, namely a
Hermitian scalar product { >E,, : B, x E, = C on each fibre E,, which
varies continuously over M (as the space M is compact, this is always the
case, any such structure is constructed by standard arguments with a partition
of unit). The C(M)-valued Hermitian structure on I'(E, M) is then given by

(mm2) (P) = (m(p)sm2(p))p, » Ym,meel(E,M), pe M. (A39)

The module I'(E, M) is complete for the associated norm. It is also full since
the linear span of {(n1,m2) , m,n2 € I'(E, M)} is dense in C(M). Further-
more, as the module is projective of finite type, it follows from Proposition 53
(see later) that
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Endc)(I'(E, M)) ~ Endg ) (I'(E, M)) = I'(EndE, M) (A.40)

is the C*-algebra of continuous sections of the endomorphism bundle EndE —
M of E.

If M is only locally compact, one has to consider the algebra Co(M) of
complex-valued continuous functions vanishing at infinity and the correspond-
ing module I'y(E, M) of continuous sections vanishing at infinity which again
can be made into a full Hilbert module as before. But mow one finds that
Endey(Io(E, M)) = I'y(EndE, M), the algebra of bounded sections, while
EndOC(M)(FO(E,M)) = Iy (EndE, M), the algebra of sections vanishing at
infinity.

It is worth mentioning that not every Hilbert module over C'(M) arises in
the manner described in the previous example. From the Serre-Swan theorem
described in Sect. 4.2, one obtains only (and all) the projective modules of
finite type. Now, there is a beautiful characterization of projective modules
€ over a C*-algebra A in terms of the compact operators End® (&) [132, 122],

Proposition 53. Let A be a unital C*-algebra.

1. Let €& be a Hilbert module over A such that Ig¢ € End®(£) (so that
End(€) = End®(£)). Then, the underlying right A-module is projective
of finite type.

2. Let £ be a projective module of finite type over A. Then, there exist A-
valued Hermitian structures on £ for which £ becomes a Hilbert module
and one has that Ig € End®(E). Furthermore, given any two A-valued
non degenerate Hermitian structures (, ), and ( , )y, on &, there exists
an invertible endomorphism T of € such that

0,6 = (T, TE, , Vn,Ec& . (A.41)

Proof. To prove point 1., observe that by hypothesis there are two finite
strings {&;} and {(x} of elements of £ such that

Ie =) 1€k) (Gl - (A.42)
k

Then, for any n € £, one has that

n=1Ien= Z |€k) (Cklm = ka (Chsm) 4 (A.43)
2 %

and hence £ is finitely generated by the string {£x}. If N is the length of the
strings {£x} and {(x}, one can embed £ as a direct summand of A", proving
that £ is projective. The embedding and the surjection maps are defined,
respectively, by
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A:E%AN7 )‘(n):(<<1an>A7"'7<CN777>A)5
p: AN =&, p((ar,---,an)) = ngak . (A.44)
k

Then, for any n € &, poA(n) = p(((C1sm) 4+ (AN M) 4)) = 2o &k (G ) 4 =
>k l€k) (Cel () = Le(n), so that poX = I¢ as required. The projector p = Xop
identifies £ as pAYN.

To prove point 2., observe that, as the module £ is a direct summand of
the free module A" for some N, the restriction of the Hermitian structure
(A.36) on the latter to the submodule &£ gives it a Hilbert module structure.
Furthermore, if p : AN — £ is the surjection associated with £, the image
ex = pler),k = 1,... N, of the free basis {ey} of A" described in Example 20
is a (not free) basis of £. Then the identity I¢ can be written as

]Ig = Z |6k> <€k‘ y (A45)
k

and is an element of End’(E).
Finally, from Sect. 4.3, given two Hermitian structures { , )
there exist maps Q; : &€ = & =: Hom4 (€, A), defined by

Qz(ﬁ)(ﬁ) = <£’77>i ,i=12,V 6577 €. (A46)

One has that Q;(fa) = a*Q;(§), for any a € A (remember the right A-
module structure given to £ in (4.21)). The non degeneracy of the Hermitian
structures is equivalent to the invertibility of the two maps @;. Furthermore,
since the Hermitian structures are both positive (from (A.20)), the invertible

1=1,20n ¢,

7 0

endomorphism Ql_l 0 @y of £ admits a square root?, T' = \/Qfl 0 2. Then
for any £,n € &£, it follows that

(T¢,Tn), = (TTE,m), = Qu(T?¢)(n)
= Q1(Q7" 0 Q28)(n) = Q2(&)(n)

2 In fact, one needs a technical requirement, namely that C*-algebra A be stable
under holomorphic functional calculus. We recall that this means that for any a €
A and any function f which is holomorphic in a neighborhood of the spectrum
of a, one has that f(a) € A.
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A.4 Strong Morita Equivalence

In this Appendix, we describe the notion of strong Morita equivalence
[131, 132] between two C*-algebras. This really boils down to an equivalence
between the corresponding representation theories. We refer to Appendix A.3
for the fundamentals of Hilbert modules over a C*-algebra.

Definition 30. Let A and B be two C*-algebras. We say that they are
strongly Morita equivalent if there ezists a B-A equivalence Hilbert bimodule
&, namely a module £ which is at the same time a right Hilbert module over
A with A-valued Hermitian structure ( , ), as well as being a left Hilbert
module over B with B-valued Hermitian structure ( , )z such that

1. The module & is full both as a right and as a left Hilbert module;
2. The Hermitian structures are compatible,

8¢ =n04 s V0,&CEE (A.48)

*

3. The left representation of B on £ is a continuous *-representation by
operators which are bounded for ( , ) 4, i.e. (bn,bn) 4 < 1[6]|? (n,m) 4
The right representation of A on & is a continuous *-representation by
operators which are bounded for (| )z, namely (na,na)z < l|al? (n,mg-

Example 22. For any full Hilbert module £ over the C*-algebra A, the latter
is strongly Morita equivalent to the C*-algebra End%(E) of compact endo-
morphisms of €. If £ is projective of finite type, so that by Proposition 53
End%(€) = Enda(€), the algebra A is strongly Morita equivalent to the
whole of End4(&).
Consider then a full right Hilbert module € on the algebra A with A-valued
Hermitian structure (, ) 4. Now, & is a left module over the C*-algebra
End’%(€). A left Hilbert module structure is constructed by inverting defi-
nition (A.27) so as to produce an End%(E)-valued Hermitian structure on
87

(1,M2) gac () = Im) (2|, Vo, €€ (A.49)

It is straightforward to check that the previous structure satisfies all the prop-
erties of a left structure including conjugate linearity in the second variable.
From the definition of compact endomorphisms, the module £ is also full as a
module over End% (&) so that requirement 1. in the Definition 30 is satisfied.
Furthermore, from definition A.27 one has that for any ni,m2,€ € €,

(M15712) pnao, () € =2 Im) (n2] (§) = m (n2,€) 4 (A.50)

so that also requirement 2. is met. Finally, the left action of End%(E) on € as
an A-module is by bounded operators. And, finally, for any a € A, n,€ € &,
one has that
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(na) (na, &) 4 +&) 4
naa” (1,€) 4,8) 4
= (n,€) aa” (n,€) 4
< lall* (n, €)% (n.€) 4
<lall* (n (m,€) 4€) 4

< lalf? <<nan>End?4(5)§a€>A ) (A.51)

<<77a’77a>End°A(£) §a§>A =

o~ o~

from which we find

2
<77@a77a>End2‘(5) < llall <77777>End§(£) ) (A.52)
which is the last requirement of Definition 30.

Given any B-A equivalence Hilbert bimodule £ one can exchange the réle
of A and B by constructing the associated complex conjugate® A-B equiva-
lence Hilbert bimodule & with a right action of B and a left action of A. As
an additive group & is identified with £ and any element of it will be denoted
by 77, with n € £. Then one gives a conjugate action of A, B (and complex
numbers) with corresponding Hermitian structures. The left action by A and
the right action by B are defined by

a-f=na*, YacA,jek, (A.53)
T-b=1bn, VbeB,je€&, (A.54)

and are readily seen to satisfy the appropriate properties. As for the Hermi-
tian structures, they are given by

(N1,72) 4 =2 (N1,1M2) 4 > (A.55)
(MM = (Msm2)g > V1,12 €E. (A.56)

Again one readily checks that the appropriate properties, notably conjugate
linearity in the second and first variable respectively, are satisfied as well as
all the other requirements for an A-B equivalence Hilbert bimodule.

As already mentioned, two strongly Morita equivalent C*-algebras have
equivalent representation theories. We sketch this fact in the what follows
while referring to [131, 132] for more details.

Suppose then that we are given two strongly Morita equivalent C*-
algebras A and B with B-A equivalence bimodule &£. Let (H,74) be a rep-
resentation of A on the Hilbert space H. The algebra A acts with bounded
operators on the left on A via 7. This action can be used to construct another
Hilbert space

3 Not to be confused with the dual module introduced in eq. (4.21).
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H =ERQAH, na@sh—n@ams(a)p =0, VYacA ne& veH,
(A.57)
with scalar product

(771 ®A4 /(/)17772 ®.A 1/12) = (1/]17 <n13772>,A 1/}2)7{ ; v N,"2 € 57 ¢17¢2 eH.
(A.58)
A representation (H',mg) of the algebra B is constructed by

m(0)(n@a) =: (bn) @4, VbeB, n@aeH . (A.59)

This representation is unitary equivalent to the representation (H,m4). If
one starts with a representation of B, by using the conjugate A-B equivalence
bimodule £ one constructs an equivalent representation of A. Therefore, there
is an equivalence between the category of representations of the algebra .4
and the category of representations of the algebra B

As a consequence, strong Morita equivalent C*-algebras A and B have
the same space of classes of (unitary equivalent) irreducible representations.
Furthermore, there also exists an isomorphism between the lattice of two-
sided ideals of A and B and a homeomorphism between the spaces of primitive
ideals of A and B.

In particular, if a C*-algebra A is strongly Morita equivalent to some
commutative C*-algebra, from the results of Sect. 2.2, the latter is unique
and is the C*-algebra of continuous functions vanishing at infinity on the
space M of irreducible representations of A.

For any integer n, the algebra M, (C) ® Co(M) ~ M, (Co(M)) is strongly
Morita equivalent to the algebra Cy(M). In particular, the algebras M, (C)
and C are strongly Morita equivalent.

It is worth mentioning that if A and B are two separable C*-algebras and
K is the C*-algebra of compact operators on an infinite dimensional separable
Hilbert space, then one proves [23] that the algebras A and B are strongly
Morita equivalent if and only if A ® K is isomorphic to B ® K.

In [129], B-A equivalence Hilbert bimodules have been used to derive a
very nice formulation of spinor fields.

A.5 Partially Ordered Sets

Here we gather together some facts about partially ordered set. These are
mainly taken from [142].

Definition 31. A partially ordered set (or poset for short) P is a set endowed
with a binary relation = which satisfies the following axioms:

P, x=xz, foralxeP; (reflexivity)
Py =<y and yxr = x=y; (antisymmetry)
P x=y and y<z = x =<2z  (transitivity)
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The relation =< is called a partial order and the set P will be said to be
partially ordered. The relation x < y is also read ‘x precedes yy’. The obvious
notation z < y will mean x < y and « # y; © = y will mean y < z and
x = y will mean y < x. Two elements x and y of P are said to be comparable
if x <y or y < x; otherwise they are incomparable (or not comparable). A
subset @ of P is called a subposet of P if it is endowed with the induced
order, namely for any z,y € @ one has v <g vy in @ if and only if x <p y in
P.

An element = € P is called mazimal if there is no other y € P such that
z < y. An element x € P is called minimal if there is no other y € P such
that y < x. Notice that P may admit more that one maximal and/or minimal
point. One says that P admits a 0 if there exists an element 0 € P such that
0 <z forall z € P. Similarly, P admits a 1 if there exists an element 1 € P
such that x < 1 for all x € P.

Example 23. Any collection of sets can be partially ordered by inclusion.
In particular, throughout the paper we have considered the collection of all
primitive ideals of a C*-algebra at length.

Example 24. As mentioned in the previous Appendix, the set of all possible
topologies on the same space S is a partially ordered set. If 1y and T are two
topologies on the space S, one puts 71 X 7o if and only if 71 is coarser than
To. The corresponding poset has a 0, the coarsest topology, in which only O
and S are open, and a 1, the finest topology, in which all subsets of S are
open.

Two posets P and @ are isomorphic if there exists an order preserving
bijection ¢ : P — @, that is z < y in P if and only if ¢(z) < ¢(y) in @, whose
inverse is also order preserving.

For any relation < y in P, we get a (closed) interval defined by [z, y] =
{z € P |z =2z =<y} The poset P is called locally finite if every interval of
P is finite (it consists of a finite number of elements).

If x and y are in P, we say that y covers z if z < y and no element z € P
satisfies x < z < y. A locally finite poset is completely determined by its
cover relations.

The Hasse diagram of a (finite) poset P is a graph whose vertices are
the elements of P drawn in such a way that if x < y then y is ‘above’ z;
furthermore, the links are the cover relations, namely, if y covers x then a
link is drawn between x and y. One does not draw links which would be
implied by transitivity. In Chap. 3 a few Hasse diagrams were given.

A chain is a poset in which any two elements are comparable. A subset
C of a poset P is called a chain (of P) if C is a chain when regarded as a
subposet of P. The length ¢(C) of a finite chain is defined as £(C) = |C| — 1,
with |C| the number of elements in C. The length (or rank) of a finite poset
P is defined as ¢(P) =: max {{(C) | is a chain of P}. If every maximal chain
of P has the same length n, one says that P is graded of rank n. In this case
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there is a unique rank function p: P — {0,1,...,n} such that p(z) =0 if =
is a minimal element and p(y) = p(x) + 1, if y covers z. The point « € P is
said to be of rank i if p(x) = i.

If P and @ are posets, their cartesian product is the poset P x () on the
set {(z,y) | z € P,y € Q} such that (z,y) 2 (¢/,y') in Px Q if ¢ < 2’ in
P and y < ¢ in Q. To draw the Hasse diagram of P x @, one draws the
diagram of P, replaces each element z of P by a copy Q. of Q and connects
corresponding elements of @, and @, (by identifying @, ~ Q,) if  and y
are connected in the diagram of P.

Finally we mention that the dual of a poset P is the poset P* on the same
set as P, but such that z < y in P* if and only if y < z in P. If P and P*
are isomorphic, then P is called self-dual.

If x and y belong to a poset P, an upper bound of x and y is an element
z € P for which z < z and y < z. A least upper bound of x and y is an upper
bound z of x and y such that any other upper bound w of z and y satisfies
z X w. If a least upper bound of = and y exists, then it is unique and it is
denoted x \/ y, ‘z join y’. Dually one can define the greatest lower bound z
A vy, ‘¢ meet y’, when it exists. A lattice is a poset L for which every pair of
elements has a join and a meet. In a lattice the operations \/ and A satisfy
the following properties

1. they are associative, commutative and idempotent
(V=2 \z=uzx);

2.z AN(@Vy =z=zV (z ANy) (absorbation laws);

.z Ny=z & zz\Vy & r3y.

All finite lattices have the element 0 and the element 1.
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A.6 Pseudodifferential Operators

We shall give a very sketchy overview of some aspects of the theory of pseudo
differential operators while referring to [111, 146] for details.

Suppose we are given a rank k vector bundle £ — M with M a compact
manifold of dimension n. We shall denote by I'(E) the C*°(M)-module of
corresponding smooth sections.

A differential operator of rank m is a linear operator

P:I'M)—I'(M), (A.60)
which, in local coordinates x = (1, -+, x,) of M, is written as
gl gl gm e
P= Agl( lol —__ = —— 00— . A.61
Z Jz~’ Jz  Qx ore oz ( )
lor|<m
Here a = (v, -+, 0,),0 < a; < n, is a multi-index of cardinality |a| =

2?21 a;. Bach A, is a k x k matrix of smooth functions on M and A, # 0
for some «a with |a| =m

Consider now an element £ of the cotangent space Ty M, & = > ;&dx;.
The complete symbol of P is defined by the following polynomial function in
the components §;.

S @), Ph@e = Y Aw@)En,  (A62)
§=0

lo|=(m—j)

and the leading term is called the principal symbol

¥ (a,6) = pp(x,6) = Z Ao (A.63)

lee|=

here £~ = & -+ - €2 Hence, for each cotangent vector & € T M, the princi-
pal symbol gives a map
of(¢): B, — E, , (A.64)

where E, is the fibre of F over x. If 7 : T*M — M is the cotangent bundle
of M and 7*F the pullback of the bundle E to T*M, then, the principal
symbol o determines in an invariant manner a (fibre preserving) bundle
homomorphism of 7*F| namely an element of I'(7* EndE — T*M).

The differential operator P is called elliptic if its principal symbol o (¢) :
E, — E, is invertible for any non zero cotangent vector £ € T*M. If M
is a Riemannian manifold with metric g = (g"¥), since o' (¢) is polynomial
in &, being elliptic is equivalent to the fact that the linear transformation
o (&) : E, — E, is invertible on the cosphere bundle

={(z,§) €eT"M | g""¢,6 =1} . (A.65)
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Example 25. The Laplace-Beltrami operator A : C*(M) — C>®(M) of a
Riemannian metric g = (guv) on M, in local coordinates is written as

2
Af = — Zgl“’ axing + lower order terms . (A.66)
Nz

As for its principal symbol we have,

o2& = g™l =El* (A.67)
pv

which is clearly invertible for any non zero cotangent vector &. Therefore, the
Laplace-Beltrami operator is an elliptic second order differential operator.

Example 26. Suppose now that M is a Riemannian spin manifold as in
Sect. 6.5. The corresponding Dirac operator can be written locally as,

D = ~(dz*)0,, + lower order terms , (A.68)

were 7y is the algebra morphism defined in (6.48). Then, its principal symbol
is just the ‘Clifford multiplication’ by €,

(&) =~(¢) - (A.69)

By using (6.49) one has v(€)* = —||¢||*1d, and the symbol is certainly in-
vertible for € # 0. Therefore, the Dirac operator is an elliptic first order
differential operator.

By using its symbol, the action of the operator P on a local section u of
the bundle E can be written as a Fourier integral,

(Pu)(@) = Gy [ €60t it de
() = ﬁ / 67 y(2)da | (A.70)

with (€,2) = Y1, €.

One uses the formula (A.70) to define pseudodifferential operators, taking
p(z, €) to belong to a more general class of symbols. The problem is to control
the growth of powers in k. We shall suppose, for simplicity, that we have a
trivial vector bundle over R™ of rank k.

With m € R, one defines the symbol class Sym™ to consist of matrix-
valued smooth functions p(z,£) on R™ x R™, with the property that, for any
z-compact K C R™ and any multi-indices «, 3, there exists a constant C'x g
such that
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IDIDEP(z,€)| < Crap(L+ €)™, (A.71)

with D2 = (—4)!819181 /92 and Dg = (—i)lelglel /oge. Furthermore, the
function p(zx, &) has an ‘asymptotic expansion’ given by

p(xz,&) ~ me,j(ac,f) . (A.72)
=0

where p,,,—; are matrices of smooth functions on R"™ x R™, homogeneous in &
of degree (m — j),

i (@A) = A" Ip_i(0) 2L A=, (AT3)

The asymptotic condition (A.72) means that for any integer N, the difference
N

p(a,8) = pm—j(@,) = FN(x,¢) (A.74)
§=0

satisfies a regularity condition similar to (A.71): for any z-compact K € R"™
and any multi-indices o, 3 there exists a constant C'xog such that

IDEDEFN (2,€)] < Crap(1+ [¢[)m~NTD=lel (A.75)

Thus, FV € Sym™~N-1 for any integer N.

As we said before, any symbol p(z,£) € Sym™ defines a pseudodifferential
operator P of order m by formula (A.70) where now wu is a section of the
rank k trivial bundle over R™ and can therefore be identified with a CF-
valued smooth function on R™. The space of all such operators is denoted by
U DO,,. Let P € ¥DO,, with symbol p € Sym™. Then, the principal symbol
of P is the residue class of = [p] € Sym™/Sym™ 1. One can prove that
the principal symbol transforms under diffeomorphisms as a matrix-valued
function on the cotangent bundle of R”.

The class Sym ™ is defined by [, Sym™ and the corresponding oper-
ators are called smoothing operators, the space of all such operators being
denoted by YDO_,,. A smoothing operator S has an integral representa-
tion with a smooth kernel which means that its action on a section u can be
written as

(Pu)(x) = / K (. y)uly)dy (A.76)

where K(z,y) is a smooth function on R™ x R™ (with compact support).
One is really interested in equivalence classes of pseudodifferential operators,
where two operators P and P’ are declared equivalent if P— P’ is a smoothing
operator.

Given P € ¥ DO, and Q € ¥DO,, with symbols p(x, ) and ¢(z, £) respec-
tively, the composition R = P o @ € ¥DO,,4, has symbol with asymptotic
expansion
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ilel

r(@,§) ~ Y - DEp(x. §)Diq(a.) - (A7)

In particular, the leading term |a] = 0 in the previous expression shows
that the principal symbol of the composition is the product of the principal
symbols of the factors

of(x,€) = o"(2,£)0%(,8) . (A.78)
Given P € ¥ DO,,, its formal adjoint P* is defined by
(Pu,v)r2 = (u, P*)p2, (A.79)

for all sections u,v with compact support. Then, P* € ¥DO,, and, if P
has symbol p(x,&), the operator P* has symbol p*(z,€§) with asymptotic
expansion "
e
P'(@.6) ~ Y DED(p(a. )" (A.80)
o
with the operation * on the right-hand side denoting Hermitian matrix con-
jugation (p(x,€))* = p(z,€) t, t being matrix transposition. Again, by taking
the leading term || = 0, we see that the principal symbol o of P* is just the
Hermitian conjugate (o¥)* of the principal symbol of P. As a consequence,
the principal symbol of a positive pseudodifferential operator R = P*P is
nonnegative.

An operator P € ¥DO,, with symbol p(z,&) is said to be elliptic if
its principal symbol of € Sym™/Sym™~! has a representative which, as
a matrix-valued function on T*R" is pointwise invertible outside the zero
section £ = 0 in T*R"™. An elliptic (pseudo-)differential operator P € ¥ DO,,
admits an inverse modulo smoothing operators. This means that there exists
a pseudodifferential operator @Q € ¥ DO_,, such that

PQ-1=35,
QP-1=25,, (A.81)

with S; and S5 smoothing operators. The operator @ is called a paramatriz
for P.

The general situation of pseudodifferential operators acting on sections
of a nontrivial vector bundle £ — M, with M compact, is worked out with
suitable partitions of unity. An operator P acting on I'(E — M) is a pseu-
dodifferential operator of order m, if and only if the operator u — ¢P(¢u)
is a pseudodifferential operator of order m for any ¢, € C*° (M) which are
supported in trivializing charts for E. The operator P is then recovered from
its components via a partition of unity. Although the symbol of the opera-
tor P will depend on the charts, just as for ordinary differential operators,
its principal symbol ¢¥ has an invariant meaning as a mapping from T*M
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into endomorphisms of £ — M. Thus, ellipticity has an invariant meaning
and an operator P is called elliptic if its principal symbol o is pointwise
invertible off the zero section of T* M. Again, if M is a Riemannian manifold
with metric g = (g""), since o' (¢) is homogeneous in &, being elliptic means
that the linear transformation o (¢) : E, — E, is invertible on the cosphere
bundle S*M C T*M.

Example 27. Consider the one dimensional Hamiltonian given, in ‘momen-
tum space’ by
H(gx) =&+ V(x), (A.82)

with V(x) € C*(R). It is clearly a differential operator of order 2. The follow-
ing are associated pseudodifferential operators of order —2,1, —1 respectively

[54],

E+V) L= vetpovWed

v
Tg 2y,

3V
4

@+ V)V =gt et -

R e %E‘ﬂ €+, (A.83)

where V®) s the k-th derivative of V with respect to its argument.
In particular, for the one dimensional harmonic oscillator V(x) = x®. The
pseudodifferential operators in (A.83) become,

(E+a”) T =7 P a0
2
(52 +.T,2)1/2 _ { + %é‘*l _ 2572 —+ ...

3z

2
212 _ e T
(€2+2)12§1 2€3+2

. (A.84)
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— differential, of universal forms, 105,
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—— outer, 141

— Banach *—, 8

— Banach, 8

— enveloping, 61

— homomorphism, 10

— Jordan, 20

— normed, 8

— of sets, 45

— opposite, 61

— 7
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—— as gauge transformation, 142, 144
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Bianchi identity, 126

bimodule, 60
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— Hilbert, 183
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— over a commutative algebra, 67
- "—,68

bounded operator, 9

braiding map, 131
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bundle
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— of Hilbert spaces, 58
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Cartan structure equations, 158
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compact operators, 18-19, 83, 185

— as infinitesimals, 57
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— as a Wodzicki residue, 91
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