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Preface

This volume contains lectures presented at the Eleventh Chris Engelbrecht
Summer School held at the University of Cape Town during the first half of
February 1998.

The school gave lecturers the opportunity to present their fields of research
in great detail with four or five lectures devoted to a single topic.

The topic of the lectures included in this volume is the study of dense
hadronic matter in relativistic heavy ion collisions and in astrophysics.

In relativistic heavy ion collisions one can study the properties of highly
compressed nuclear matter, test models describing the creation of hadrons,
describe the evolution of hot hadronic matter and look for signals for the
phase transition from nuclear to quark matter.

The lectures included in this volume provide excellent introductions to the
fields of chiral symmetry at finite temperature, the use of light cone variables
and the use of statistical methods applied to relativistic heavy ion collisions.
The lectures also give a very thorough review of the experimental results at
the GSI/SIS accelerator and a detailed presentation of the methods used in
astrophysics for the theoretical study of dense stars.

We would like to take this opportunity to thank all the speakers for their
efforts and for making the school a most enjoyable experience.

We gratefully acknowledge the financial support of the Foundation for Re-
search Development (FRD, Pretoria) and the University Research Committee
of the University of Cape Town.

Cape Town, October 1998 Jean Cleymans
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Pion and Kaon Production as a Probe
for Hot and Dense Nuclear Matter

Helmut Oeschler?!

Institut fiir Kernphysik, Technische Universitat Darmstadt,
D - 64289 Darmstadt, Germany
for the KaoS Collaboration™

Abstract. The study of particle production in heavy ion reactions represents a
valuable tool to extract information on the properties of hot and dense nuclear
matter. Pions, kaons and protons were detected in mass-symmetric heavy ion reac-
tions from C+C to Au+Au at incident energies between 0.6 and 2.0 A-GeV with
the magnetic spectrometer KaoS installed at SIS, GIS. The study of K * mesons is
considered to represent an ideal tool to extract information on the nuclear equation
of state (EOS). First results indicate a soft EOS. The yield of K~ in Ni+Ni colli-
sions is higher than expected from NN collisions. A possible interpretation of this
observation is an in-medium mass modification. The center-of-mass pion spectra
deviate from a Boltzmann distribution. The results indicate that high-energy pions
are emitted at an early stage of the collision while low-energy pions can be emitted
also rather late. This is evidenced using (i) the centrality dependence of the pion
yield, (ii) a comparison of oppositely charged pion spectra and (iii) the shielding
by spectator matter in peripheral collisions.

1 Imtroduction

1.1 Heavy Ion Physics

Interactions between heavy ions at various incident energies exhibit specific
characteristics. Their study represents different research goals:

e Around 100 A-MeV incident energy the interpenetration is rather
small leading to an increase in density to less than 1.2 -pp (with py the
normal nuclear density). The reaction mechanism is strongly influenced
by the nuclear mean field. This is seen by attractive deflections and the
transition to repulsive deflections which is called at higher incident ener-
gies “directed flow”. Already a significant amount of the incident beam
energy can be converted into excitation of the nuclei leading to new and
interesting phenomena like e.g. multifragmentation.

e Around 1 A-GeV incident energy in central collisions the nuclei are
expected to be stopped leading to densities of (2 — 3) -pp. Excitation
energies of about ~ 100 — 200 MeV /nucleon are reached and part of
this energy is converted into collective motion, i.e. as radial expansion of
the compressed system. The phenomenon of “collective flow” is observed
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by studying the kinetic energies of the outgoing fragments which are
much higher than expected from Coulomb repulsion alone. The excitation
energies are sufficient to create new particles. It can be easily seen that
the number and species of produced particles represent a probe to test
the energy content in the collision zone. This subject is the main theme
of this work.

e Around 10 A-GeV incident energy still higher densities can be reached
(~8 -po). The observed “flow” phenomena are similar to those at some-
what lower energies, yet many more particles are produced. The energy
content (or energy density) is such that a condition might be reached
which is close to the expected transition of normal matter to the “quark-
gluon-plasma”.

¢ Around 100 A-GeV incident energy it is under debatte whether the col-
liding nuclei are stopped. This question refers to the question whether in
the collision zone mainly mesons are found (non-stopping) or also baryons
(stopping). In any case the energy content in this zone is very high and
one expects that conditions are reached in which a phase transition to
the “quark-gluon-plasma” might occur. However, a definite experimental
prove is still missing. The latter two aspects are covered by the talk of P.
Braun-Munzinger.

1.2 Particle Production Around 1 A-GeV

In central collisions of heavy ions at relativistic energies the colliding nuclei
are expected to be stopped leading to dense and highly excited nuclear mat-
ter in their collision zone. The investigation of particle production is a well
established method to explore the properties of this hot and excited dense
nuclear matter [1-3].

Around 1 A-GeV only the production of pions is possible in single NN
collisions while for other mesons the energy needed for the production has to
be accumulated from more than one elementary NN collision. Figure 1 shows
as arrows on the abscissa the thresholds in the center-of-mass frame for the
production of various mesons and the excitation of baryonic resonances. The
solid line gives the conversion into the laboratory system (ordinate) neglecting
Fermi motion. The dashed lines represent the inclusion of Fermi motion in
the two extremes, one corresponds to the Fermi motion towards the center of
mass reducing the threshold and one pointing away from the center of mass
increasing the threshold.

Pions are the most abundantly produced particles. They can easily be
produced in individual nucleon-nucleon collisions. Pions interact strongly
with nuclear matter by forming baryonic resonances e.g. via # + N = A.
These resonances decay again mostly by pion emission. Therefore, pions are
expected to leave the collision zone in a late stage of the collision when the
system has expanded and cooled down [4].
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The K+ production well below threshold was measured to occur pref-
erentially in central collisions [5]. This suggests that they are produced in
multi-step collisions where in a first step via NN — N A baryonic resonances
are excited. In a second step via NA - NAK™* (or via N collisions) kaons
can be produced. Due to these multi-step mechanisms the K+ yield is sensi-
tive to the available energy and thus to the nuclear equation of state (EOS).
The systematic study of the dependence of the measured cross sections on
centrality and beam energy is a promising too! to extract information on the
EOS.

K~ production is compared to K+ production at equivalent beam en-
ergies (at incident energies with equal values of /8 — /Strres Which com-
pensates the different production threshold in the NN system). It turns out
that the measured ratio K~ /K™ is much higher for Ni+Ni collisions than for
NN collisions {6]. A possible interpretation for this enhanced yield is a mass
reduction of K~ in the nuclear medium.

Of special interest is the origin of high-energy pions, i.e. pions with
a total energy above the available energy in free nucleon-nucleon collisions.
They can be called “subthreshold” particles. Their yields are compared to K+
production, as the total energy needed for the production is similar. Results
are presented indicating that high-energy pions are emitted at an early stage
of the collision. This is evidenced by studying (i) the centrality dependence
of the yield [7,8], (ii) a comparison of 7+ and n~ spectra [9,10] and (iii) the
shielding by spectator matter in peripheral collisions {9,11].
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2 The Experiment

The experiments are performed with the Kaon Spectrometer (KaoS) in-
stalled at the heavy ion synchrotron SIS at GSI, Darmstadt.

This spectrometer [12] (Fig. 2) was designed to identify kaons over a
wide range of momenta and angles in the presence of a high background of
protons and pions. It consists of a quadrupole and a dipole magnet. KaoS
combines a compact geometry to minimize the decay in flight, a large solid
angle (2 = 15 — 35 msr) and a broad momentum range (Pmaz/Pmin = 2
up to 1.7 GeV/c). The intrinsic momentum resolution without tracking is
dp/p ~3%. A time start detector (16 scintillator paddles) is located in be-
tween the quadrupole and dipole magnet. The stop detector consists of 50
plastic scintillator paddles along the focal plane of the spectrometer. This
arrangement allows for a very fast time-of-flight trigger which is indispens-
able for the efficient detection of rare particles. Three multi-wire proportional
chambers — one located between the quadrupole and dipole magnet, one at
the exit of the dipole and one close to the focal plane — are used for offline
tracking. The pions, kaons, protons and heavier particles are identified by
the time-of-flight and momentum information. A tracking analysis is used to
suppress background.

ToF Stop Wall

. Bl

Plexiglas & Watet — o 2
Cerenkov

22383,

Fig. 2: Layout of the double-focusing Kaon Spectrometer at SIS/GSI together with
the detector setup.

In the analysis mesons from central and peripheral collisions are sepa-
rated by means of the hit multiplicity of charged particles in the Large Angle
Hodoscope (LAH). This hodoscope consists of a 84-fold segmented detector
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close to the target at angles of 12-48 degrees. In this angular range par-
ticipating protons are the most abundant particles. The impact-parameter
selection has been controlled[13] by the correlation of this multiplicity with
the summed nuclear charge of projectile fragments observed in the Small An-
gle Hodoscope (SAH). This 380-fold segmented detector covers polar angles
between 0.5 and 11 degrees. It is located 7 m downstream of the target.

3 KT Production

Strangeness is produced by the creation of a s pair. The positively charged
kaon consists of § and u quarks. The u-quark originates from a nucleon and
the s-quark is build in the nucleon converting it into a lambda. The cor-
responding energy needed in the center-of-mass frame is 671 MeV plus the
kinetic energy of the Kt (see Fig. 1). Hence, the beam energy of 1 A-GeV is
not sufficient to produce K+ in NN collisions (neglecting the Fermi motion)
and the production is called ”subthreshold”. This fact causes a great sensi-
tivity of the K+ yield to collective effects, i.e. on the energetic condition and
it allows to extract information on the properties of the nuclear equation of
state (EOS)(3,14-17].

A key advantage of studying emitted K+ is that due to their property
“antistrangeness” they hardly interact with nuclear matter. This is illustrated
in Fig. 3 by the comparison of K+ and nt interaction with p. The cross
section for K+p are much smaller than for 7t p. Therefore, K+ constitute a
direct probe of the hot collision zone.

2 T LS L T T
E T p total

% 107 ) ]
©

Yy T
““* .;.Vw"‘

K'p total Fig. 3. Elementary cross sec-
tions for K*p and n*p inter-
actions (from [18]) evidenc-
0 025 05 075 1 125 ing the contrast between the
Ppap (GeVie) two species. Note the loga-

rithmic scale on the ordinate.

10

FUTTY SOV JUFTETTUTEY FNETUTEUTY FTUTEE L

The sensitivity on the EOS reduces with increasing incident energy, since
close or above threhold Kt can be produced via NN collisions. The sensi-
tivity is less for light systems than for heavier systems. This is due to the
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K* at ©=54°

sl
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=~ soft EOS
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d?0/(dpdQ (mb/(GeV/c sr))

Fig. 4. Measured K+
o spectrum for Au+Au
U0 0z 04 06 08 10 12 at 1 A-GeV [19] com-
PLay (GeV/c) pared with BUU cal-
culations (see text).

different densities reached in the collisions. Higher densities favour multi-
ple collisions and the collective production of K*. Consequently, the “best”
choice to extract information on the EOS is to study the K+ spectra of a
heavy system at energies around or even better below 1 A-GeV. These spec-
tra can then be compared with model calculations using different values for
the stiffness of the EOS. This is done in Fig. 4 for Au+Au collisions at 1
A-GeV using the BUU calculations of {20]. This figure indicates a soft EOS
(k¢ = 220 MeV). I would like to stress, however, that this conclusion is rather
premature. Present models contain several uncertainties e.g. elementary cross
sections. Therefore, models have to prove that they describe “insensitive” K+
production properly, like the K* production in light collision systems C+C.
Furthermore, they have to describe the measured pion spectra, too.

Another quantity, which according to model calculations exhibits a sensi-
tivity on the EOS is the variation of the K+ multiplicity with A, as shown
in Fig. 5 for the system Au+Au at 1 A-GeV. The figure shows an increase
of Mg+ [Apare as a function of Aye.¢. An emission proportional to the num-
ber of nucleons in the collisions zone would yield a constant value. Hence, in
central collisions more K+ per Ap,,: are produced than in peripheral reac-
tions. This rise can be parameterized with Mg+ oc A5, A soft EOS yields
according to [21] higher values of «, in agreement with the measured value

of a = 1.8 £ 0.2, than a stiff EOS.

This result i rather similar to the one obtained from studying the inclu-
sive K+ multiplicity per A for A+A collisions as shown in the upper part
of Fig. 6. This figure evidences the contrast to pion production given in the
lower part. M, /A decreases with A+A (see also [8]). Pion emission propor-
tional to the number of nucleons would yield a constant value. The decrease
might be due to absorption.
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4 K~ Production

The information which can be extracted from studying K~ production is
very different to that of K. The threshold for K~ is higher (987.4 MeV)
than for Kt since a pair of (K~, K*) has to be produced. Furthermore,
the interaction of K~ with nuclear matter is rather strong as K~ can be
“absorbed” by a nucleon forming a A.
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< L é % = 102 ,f =
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Fig. 7: Cross section for K+ and K~ production in Ni+Ni (left) [6] and pp collisions
(right) [22] at equivalent energies, i.e. same energy relative to the threshold.

Here, we compare K~ and K% production using Ni+Ni collisions. To
compensate for the different thresholds, the K~ spectrum obtained at 1.8
A-GeV is compared to the K* spectrum at 1.0 A-GeV in Fig. 7, left. In both
cases the incident energy is 230 MeV below the NN threshold. Nearly iden-
tical spectra are obtained. This result does not appear astonishing. However,
the elementary cross section for pp -+ K+ and - K~ at the same incident
energy with respect to the threshold (see Fig.7, right) exhibits a factor 10
difference in favour for K+ production (for NN collisions the enhancement,
factor is 7 due to isospin). Furthermore, as already mentioned, K~ are ex-
pected to be absorbed strongly in nuclear matter. This should further reduce
the yield of K~ in heavy ion collisions. In this respect, the nearly equal yields
of K~ and K% are astonishing.

Two explanations are discussed at present.:

(i) Hadrons in dense matter might change their properties [23,24]. For K~ a
significant reduction of the mass is expected when the density of the nuclear
environment increases, while for K+ a slight increase of the mass with density
is predicted.

(ii) If a thermal and chemical equilibrium is achieved, the individual cross
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section do no longer matter. In a first attempt [25] the measured ratio of
Kt to K~ at the incident energy of 1.8 A-GeV could be described within
a thermal concept. This approach does not necessarily contradict the mass
modifications as discussed in [26].

5 Pion Spectra

Pion spectra up to laboratory momenta of 1400 MeV/c have been measured
in mass symmetric systems from A = 12 to A = 197 and at incident energies
from 0.6 to 2.0 A-GeV. As a selection, Fig. 8 shows double differential cross
sections of positively and negatively charged pions in the Boltzmann repre-
sentation 1/(pE) d20/(dEdR) for various collision systems and at different
incident energies. The spectra are measured at laboratory angles correspond-
ing to a center-of-mass angular range within 90+30 degrees. Note that in
this representation thermal distributions exhibit straight lines. All spectra
in Fig. 8 exhibit a concave, non-thermal shape. Straight lines (Boltzmann
distributions) fitted to the high-energy tail, i.e. to kinetic energies above the
corresponding free NN kinematical limit, are shown. The variation of these
inverse slope parameters with the mass of the collision system is rather weak.
However, proton spectra measured close to midrapidity show a much stronger
increase of the inverse slope parameters with system mass. The inverse slope
parameters of the high-energy pions increase strongly with incident energy.
For details see Ref. [8].

It is of interest to study the variation of the slopes of the high-energy part
of the pion spectra with centrality, i.e. as a function of A,,.¢. Fig. 9 shows
that the inverse slope parameters increase with Ayq.4. All collision systems
follow a common line. Furthermore, the inverse slope parameters obtained
for positively charged kaons agree with this systematics. These findings to-
gether with the obtained slope parameters from participating protons fit into
a picture of a thermal, radially expanding source. Since the influence of flow
increases with the mass of the emitted particle, protons show higher “ap-
parent temperatures”. At incident energies around 1 A-GeV pions are either
“free” or “bound”in baryonic resonances. At freeze out the pion spectra are
then composed of a “thermal” component and another one governed by the
decay kinematics of the excited baryonic resonances. Indeed, the measured
shapes (Fig. 8) can be qualitatively understood by such a scenario. Recent
quantitative examples of such a decomposition are found e.g. in Ref. [27-29].

The arguments presented so far are pointing towards the interpretation
within a thermal concept. A recent attempt to understand the particle ratios
and spectra is given in Ref. [26]. Next, arguments are given that the assump-
tion of a unique freeze-out time for all particles and even for one particle
species of different kinetic energy, here pions, is highly questionable.
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6 The Time Evolution of Pion Emission

In this chapter three observations demonstrate that high-energy pions are
emitted during an early stage of the collision. The first one is based on a
comparison of the centrality dependence of high-energy pions with that of
positive kaons [8]. The second argument is based on a comparison of spectra
of positively and negatively charged pions. A third independent argument
for an early emission of high-energy pions is based on a detailed study of the
shapes of pion spectra under different geometrical conditions [11].

6.1 High-Energy Pions

Figure 10 (left top) shows the ratio (do,+/d2cnm) / (dop/dR2¢c ) (labeled
n+ /p) as a function of the average number of participating nucleons (experi-
mentally deduced see Ref. [8]) for the heavy mass systems at 0.8 and 1 A-GeV
beam energy. Parameterizing (do,+/df2cnm) / (dop/dRcay) A:a_ri (solid
lines in Fig. 10), an exponent o of 1.04 + 0.13 (1.05 £ 0.13) is obtained at
1.0 (0.8) A-GeV incident energy. This result demonstrates that the number
of pions at midrapidity, dominated by the low-energy part of the spectra, ex-
hibits a linear increase with the number of participating nucleons as already
reported in Refs. [7,8,30,31] using the assumption that the number of high-
energy protons emitted close to midrapidity (dop/df2c ) scales linearly with
Apart. Absorption is expected to play a minor role in these trends as only
the spatial distribution of the mass varies. That is the advantage of studying
the A,,r¢ dependence of one mass system only and not comparing different
mass systems.
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A different trend in o,+ /0o, (Fig. 10, right top) is observed when tak-
ing into account the high-energy part of the pion spectra alone. This ra-
tio increases with the size of the reaction zone resulting a = 1.63 + 0.19
(a = 1.86 £ 0.19) for 1.0 (0.8) A-GeV incident energy (lines in Fig. 10).
Here, only those pions are taken into account which have a total energy
above 671 MeV in the center-of-mass frame. This value has been chosen
to compare directly with the results from positive kaon production and it
represents the minimum energy needed for the production of positive kaons
(mk + (ma — my)), see below.

.0.08
.: EXn) > 140 Mev | EZn) > 671 Me\./+ Fig. 10. Upper part:
0.06 | ull; P The ratio «%/p
Hj‘* s for all (left) and
0.04 - i high-energy  (right)
Buaz2 pions from Au+Au
0.02 |~ /P <A™ -/ o (1 A-GeV) and
=1 . =1.6310.19 .

1082013 | 7 sert362019 Bi+Pb (0.8 A-GeV)
00700 200 3000 100 200 300 as a function of the
P> P> average number of
; 251 @0 n" K" AutAu, 1 AGeV participating nucle-
g 80 #°, K* Bi+Pb, 0.8 AGev ons. Lines represent
g Ll N, o <A a fit « A*~'. Lower
“ ) part: Exponent a for
15} positive pions and
* kaons as a function
1.+._* of the "average ad-
. >, sub—theshold ditional production

-200 —100 0 100 200 300 400 500

energy” (see text for

<additional energy for production> (MeV)
definition) [8].

In the lower part of Fig. 10 the dependence of pion production on the
beam energy and on the kinetic energy of the pions is combined: We study
the dependence of the exponent o on the energy which is available to pro-
duce a particle in a nucleon-nucleon collision, corrected for the kinematical
limit in free nucleon-nucleon collisions (Exin+Ethreshota-(v/SNN-2mn)). The
resulting quantity which is called “additional energy needed for production”,
is defined to be positive for subthreshold production.

Figure 10 (bottom) evidences an exponent a = 1 for particles produced
above threshold and a continuous increase of the exponent o with the energy
which is needed to produce a particle with a given kinetic energy. For positive
kaons a non-linear dependence of the yield with the number of participating
nucleons has been reported, too [5,19,32]. To include these results in Fig. 10
the corresponding full kaon spectra were integrated and the average kinetic
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energy was determined. To obtain the average energy needed for the pro-
duction of these kaons, the minimum energy to produce a positive kaon of
671 MeV was added. Within the error bars no significant difference between
particle species is observed in Fig. 10. This result evidences the similarity in
production characteristics of the positive kaons and the high-energy pions,
characterized by the exponent a, and can be understood by the fact that
the same total energy is needed for their production. As mentioned above,
a key in this representation is that absorption which is present in heavy ion
collisions, likely cancels and only the production properties are seen. The ob-
served trend suggests that the more energy is needed to produce a particle
the more secondary collisions during the course of the heavy ion reaction have
to take place to accumulate the energy needed for their production. For pos-
itive kaons such a suggestion has already been made from a theoretical point
of view [15,21,33]. Secondary collisions happen more frequently in central
collisions of heavy nuclei during the hot and dense stage of the reaction.

Our observations indicate that both kaons as well as high-energy pions are
produced and emitted at the same early stage of the reaction. The majority
of pions are emitted in a later stage.

6.2 Comparison of Positively and Negatively Charged Pions

In this section, we present a comparison of positively and negatively charged
pions emitted in 197 Au+1°7 Au collisions at 1.0 A-GeV incident kinetic energy.
The observed difference in the 7~ and #* spectra is attributed to the different
isospins and to the oppositely acting Coulomb field. At the incident energy
of 1 A-GeV the 7 production occurs essentially via the formation of the Ag3
resonance. Hence, the influence of the isospin can be calculated. Furthermore,
only the one-pion decay is relevant. For details see Ref. [9,10].

Figure 11 shows the n~ and =t cross section d?c/(dE*" df2,,,.) as a
function of the kinetic energy E¥i" in the center-of-mass frame for central
Au+Au reactions measured at a laboratory angle of (44 &+ 4) degrees which
corresponds to midrapidity. These central collisions represent (14 + 4) % of
the total reaction cross section. At low kinetic energies of the pions, the 7~
vield exceeds the mt yield and approaches it at higher kinetic energies.

The energy integrated 7~ /#* ratio R{%, = (do(w~)/d2)/(da(n)/dN2) is
determined by extrapolating the energy distribution to E,,. = 0 describing
the spectra with the sum of two Maxwell-Boltzmann distributions (see also
[7,8]). The experimental value of 1.9440.05 agrees well with the ratios derived
from an isospin decomposition using the parametrization given in Ref. [34]
(1.90) and with the nearly identical values using the isospin formulas corre-
sponding to a formation purely via the A3z resonance (1.95). This agreement
indicates that the 7~ /#x*-ratio reflects the N/Z asymmetry of the colliding
system and motivates the assumption that the observed energy dependence
is caused by the oppositely acting Coulomb field.
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Figure 12, left, shows the 7~ /= ratio for Au+Au collisions as a function
of the pion kinetic energy in the c.m.-system. The 7~ /n* ratio decreases from
2.8 at low pion energies to nearly a constant value of 1.1 for pion energies
above 0.4 GeV.

We assume that the =~ /=t ratio is independent of the pion energy if
Coulomb effects are disregarded. This assumption is supported by transport
model calculations [35,36] which find a constant 7~ /7% ratio of = 1.9 if the
Coulomb interaction is switched off. The Coulomb field affects the charged
pions directly by the proton phase-space distribution during the collision at
the instant of emission. Hence, it is intriguing to extract the strength of
the Coulomb force starting from a static approximation for the Coulomb
field. According to Ref. [37], the Coulomb force distorts the pion spectra by
modifying both the kinetic energies of the particles and the available phase
space. The solid line in Fig. 12, left, demonstrates that the =~ /nt ratio
can only above 0.6 MeV pion kinetic energy be described with a Coulomb
potential of 22 MeV. For lower pion energies a lower Coulomb potential is
required. The dashed line in Fig. 12 shows the 7~ /x* ratio for a V,oum of
10 MeV. It is clear that a constant Coulomb potential fails to describe the
measured results. A Coulomb potential varying with pion energy is needed
as shown in Fig. 13, see also [10].

For comparison, Fig. 12, right, shows the 7~ /#n* ratio for C+C at 2 A-GeV
[29]. The integrated »~ /7 ratio is one as expected for N = Z nuclei. The
rather weak influence of the Coulomb field is demonstrated by the three lines.
This figure evidences the precision of the data as 7~ and 7t are measured
in different magnetic field settings.

The extracted variation of V., can be interpreted that high-energy pions
are emitted early from a compact configuration while pions of lower energy
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leave the system at a more dilute stage. Hence, it is worthwhile to extract
the radii and densities of the pion emitting sources. For central collisions the
mean number of participating charges Z,,,: has been measured to 110+8. In
a simple assumption of an emission of pions from the surface of a charged
sphere, the Coulomb potential (Veout = Zahe/resys) yields an effective radius
of rozs ~ 7.2 fm for high-energy pions. This can be converted into an effective
density of pesr = (1.1 fg:g) - po- For pion around 0.2 GeV V,,y = 10 MeV is
extracted. The corresponding density is p.¢s = (0.1 & 0.03) - po.

We have observed that the Coulomb field which acts on low-energy pions,
is weaker than the field acting on high-energy pions. This corresponds to a
more dilute charge distribution at freeze-out for low-energy pions. Similar
conclusions were obtained from pion-correlation studies [38,39}.

6.3 Shielding by Spectator Matter — The Pion Camera

Direct experimental evidence for the time evolution of pion emission is pre-
sented based on the shadowing of spectator matter in certain space-time
regions. For this purpose we have chosen peripheral collisions of Au+Au at
1.0 A-GeV incident energy. The moving spectator matter acts like a shut-
ter of a camera shielding the pion, i.e. modifying the pion emission pattern
according to the spatial distribution of the spectator matter at the time of
the pion freeze out. The motion of the spectator serves as a calibrated clock
since the c.m.-velocity is well defined. A preferential emission perpendicu-
lar to the reaction plane has already been observed for this collision system
[43,44]. Recently, an enhanced in-plane emission of pions was observed [40].
This “antiflow” behaviour is found to be pronounced only in peripheral col-
lisions. In this work we reveal that the effects of “flow” and “antiflow” are
resulting from the interplay of the time evolution of pion emission with the
shadowing of the surrounding matter.

Figure 14 illustrates the emission in respect to the reaction plane. The
orientation of the reaction plane is determined using the recipe given by
Danielewicz {42].

In previous works [43,44] the observation of preferential emission of pions
perpendicular to the reaction plane has been reported. Here, we subdivide
the emission in plane, comparing the number of pions emitted to the same
side as the projectile remnants (projectile side) with the one on the opposite
side (target side). Assuming that the out-of-plane emission reflects the least
disturbed pion spectra, the in-plane spectra are divided by the out-of-plane
one for normalization purpose. As an example Fig. 15 shows these ratios
obtained at a laboratory angle of 84 degrees (0.01< y/¥pearn < 0.10). The
most interesting observation is the drastic drop for high-energy pions on
the “projectile side”, while on the “target side” the ratio is about one. For
low-energy pions one observes a slight reduction only on the “target side”.
The observations for 7~ and #t are nearly identical, demonstrating that
the effect is not caused by the opposite Coulomb force. To illustrate the
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reduction of high-energy pions on the “projectile side”, Fig. 16 shows the
geometrical situation just at the beginning of the collision. The projectile
spectator is just inbetween the fireball and the detector on the projectile
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Fig. 18. Sketch of the geometrical sit-
uation of the spectators at 6 fm/c after
the instant when the nuclei touch for
Au+Au collisions at 1 A-GeV.

side, thus shielding pions emitted at this instant. However, at this “early”
stage the target spectator is not shielding the emission to the “target side” as
can be observed in Fig. 15. Hence, high-energy pions are emitted at this early
stage (= 6fm/c) of the collision. The emission time interval is estimated to be
2 10 fm/c from the time of fly-by of the projectile residue. Low-energy pions
seem to be emitted during the whole collision as no pronounced suppression
is seen. The slight reduction on the target side indicates a preferred emission
at later times.

The results of the three methodes can be interpreted as follows: The
excited nuclear gystem is expanding and pion emission occurs during the
whole collision process. High-energy pions are emitted only during the early
phase of the collision. This is evidenced by the shadowing of spectator matter
and by the high Coulomb field acting on these pions. Lower pion energies do
not exhibit a pronounced shadowing, the repective Coulomb field are rather
low. This points to a rather long emission time interval at a late stage of
the collision. Microscopic calculation also state that high-energy pions are
emitted aerlier than pions of lower kinetic energy [45].

7 Summary

The study of particle production in heavy ion collisions offers a rich field to
explore nuclear matter at high densities and at high excitations.

The extraction of information on the nulear equation of state is one of
the main topics. It was demonstrated that the study of K+ production rep-
resents a favourite tool for this task. The present results indicate a soft (k =
220 MeV) compression modulus. A complete systematics, i.e. an excitation
function for Kt of a light and a heavy collision system are needed [46] to
compare with model prediction before this long-outstanding question can be
answered.
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The yield of K~ production in Ni+Ni is similar to the K+ cross section
when compared at equivalent energies (same c.m.-energy below the repective
thresholds). This is astonishing as the elementary cross section exhibits a
factor 7 larger yield for Kt than for K~ at the same energy above threshold.
A reduction of the K~ mass in the nuclear medium is discussed as interpre-
tation of these yields.

Pion energy spectra deviate from a pure Boltzmann shape. They show
a low energy enhancement which is interpreted as dominated by decaying
baryonic resonances. A comparison of the inverse slope parameters of pions,
Kt and p seem to favour an interpretation with a chemical and thermal
equilibrium. Also particle ratios seem to favour this concept [26]. In spite
of this success, detailed studies of the high-energy part of the pion spectra
exhibit that they are emitted only at an early stage of the collision while
low-energy pions seem to be emitted during the whole collision process. This
was evidenced by three independent analysing techniques.
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Fluid Dynamics
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Abstract. I give an introduction to the basic concepts of fluid dynamics as applied
to the dynamical description of relativistic nuclear collisions.

1 Introduction and Conclusions

Modelling the dynamic evolution of nuclear collisions in terms of fluid dy-
namics has a long-standing tradition in heavy-ion physics, for a review see
[1-3]. One of the main reasons is that one essentially does not need more
information to solve the equations of motion of ideal fluid dynamics than the
equilibrium equation of state of matter under consideration. Once the equa-
tion of state is known (and an initial condition is specified), the equations of
motion uniquely determine the dynamics of the collision. Knowledge about
microscopic reaction processes is not required. This becomes especially im-
portant when one wants to study the transition from hadron to quark and
gluon degrees of freedom, as predicted by lattice simulations of quantum
chromodynamics (QCD) [4]. The complicated deconfinement or hadroniza-
tion processes need not be known in microscopic detail, all that is necessary
is the thermodynamic equation of state as computed by e.g. lattice QCD.
This fact has renewed interest in fluid dynamics to study the effects of the
deconfinement and chiral symmetry restoration transition on the dynamics
of relativistic nuclear collisions. Such collisions are presently under intense
experimental investigation at CERN’s SPS and Brookhaven National Labo-
ratory’s AGS and (beginning Fall 1999) RHIC accelerators.

In this set of lectures I give an overview over the basic concepts and no-
tions of relativistic fluid dynamics as applied to the physics of heavy-ion col-
lisions. The aim is not to present a detailed and complete review of this field,
but to provide a foundation to understand the literature on current research
activities in this field. This has the consequence that the list of references is
far from complete, that I will not make any attempt to compare to actual
experimental data, and that some interesting, but more applied topics (such
as transverse collective flow) will not be discussed here. In Section 2, I discuss
the basic concepts of relativistic fluid dynamics. First, I present a derivation of
the fluid-dynamical equations of motion. A priori, there are more unknown
functions than there are equations, and one has to devise approximation
schemes in order to close the set of equations of motion. The most simple is
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the ideal fluid approximation, which simply discards some of the unknown
functions. Another one is the assumption of small deviations from local ther-
modynamical equilibrium, which leads to the equations of dissipative fluid
dynamics. A brief discussion of multi-fluid models concludes this section. In
Section 3 I discuss numerical aspects of solution schemes for ideal relativis-
tic fluid dynamics. Section 4 is devoted to a discussion of one-dimensional
solutions of ideal fluid dynamics. After presenting a classification of possible
wave patterns in one spatial dimension, for both thermodynamicall normal as
well as anomalous matter, I discuss the expansion of semi-infinite matter into
vacuum. This naturally leads to the discussion of the Landau model for the
one-dimensional expansion of a finite slab of matter. The Landau model is
historically the first fluid-dynamical model for relativistic nuclear collisions.
However, more realistic is, at least for ultrarelativistic collision energies, the
so-called the Bjorken model which is subsequently presented. The main result
of this section is the time delay in the expansion of the system due to the
softening of the equation of state in a phase transition region. This may have
potential experimental consequences for nuclear collisions at RHIC energies,
where one wants to study the transition from hadron to quark and gluon
degrees of freedom. Finally, Section 5 concludes this set of lectures with a
discussion on how to decouple particles from the fluid evolution in the so-
called “freeze-out” process and compute experimentally observable quantities
like single inclusive particle spectra.

Units are b = ¢ = kg = 1. The metric tensor is g¥¥ = diag(+, —, —, —).
Upper greek indices are contravariant, lower greek indices covariant. The
scalar product of two 4-vectors a*, b is denoted by a* g,., b = a* b, = a-b.
The latter notation is also used for the scalar product of two 3-vectors a, b,
a-b.

2 The Basics

In this section, I first derive the conservation equations of relativistic fluid
dynamics. If there are n conserved charges in the fluid, there are 4 + n con-
servation equations: 1 for the conservation of energy, 3 for the conservation
of 3-momentum, and n for the conservation of the respective charges. In the
general case, however, there are 10 + 4n independent variables: the 10 inde-
pendent components of the energy-momentum tensor (which is a symmetric
tensor of rank 2), and the 4 independent components of the 4-vectors of the n
charge currents. Thus, the system of fluid-dynamical equations is not closed,
and one requires an approximation in order to solve it.

The simplest approximation is the ideal fluid assumption which reduces
the number of unknown functions to 5 + n. The equation of state of the fluid
then provides the final equation to close the system of conservation equations
and to solve it uniquely. Another approximation is the assumption of small
deviations from an ideal fluid and leads to the equations of dissipative fluid
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dynamics. In this approximation one provides an additional set of 6 + 3n
equations to close the set of equations of motion. Finally, I also briefly discuss
multi-Auid-dynamical models.

2.1 The Conservation Equations

Fluid dynamics is equivalent to the conservation of energy, momentum, and
net charge number. Consider a single fluid characterized locally in space-time
by its energy-momentum tensor T¥(z) and by the n conserved net charge
currents Nf(z), i =1,...,n. (Conserved charges are for example the electric
charge, baryon number, strangeness, charm, etc.) Consider now an arbitrary
hypersurface X' in 4-dimensional space-time. The tangent 4-vector on this
surface is X#(z). The normal vector on a surface element dX of X is denoted
by dX,(z). By definition, dX'- ¥ = 0. The amount of net charge of type i and
of energy and momentum flowing through the surface element dX is given
by

dN,'EdE-N,', i:l,...,n, (1)
dP¥ =dX, T*, u=0,...,3 . (2)
Now consider an arbitrary space-time volume V; with a closed surface X.

If there are neither sources nor sinks of net charge and energy-momentum
inside X, one has

}{dZ‘-Nizo, i=1,...n, 3)
x
?{dzyTﬂ"so, p=0,...,3 . (4)
x

Gauss theorem then leads immediately to the global conservation of net
charge and energy-momentum:

d*z8,N¥ =0, i=1,...,n, (5)
Va

d*z8, 7" =0, u=0,...,3 . (6)
Va

For arbitrary V4, however, one has to require that the integrands in (5,6)
vanish, which leads to local conservation of net charge and energy-momentum:
GN=0,i=1,...,n, (7
8,T" =0, v=0,...,3 . (8)
These are the equations of motion of relativistic fluid dynamics [5]. Note

that there are 4 + n equations, but 10 + 4n independent unknown func-
tions T#¥(x), Nf(z). (T is a symmetric tensor of rank 2 and therefore
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has 10 independent components, the N} are 4-vectors with 4 independent
components.) Therefore, the system of fluid-dynamical equations is a priori
not closed and cannot be solved in complete generality. One requires addi-
tional assumptions to close the set of equations. One possibility is to reduce
the number of unknown functions, another is to provide 6 + 3 n additional
equations of motion which determine all unknown functions uniquely. Both
possibilities will be discussed in the following subsections.

2.2 Tensor Decomposition and Choice of Frame

Before discussing approximations to close the system of conservation equa-
tions, it is convenient to perform a tensor decomposition of N}, T#" with
respect to an arbitrary, time-like, normalized 4-vector u*, u - u = 1. The
projector onto the 3-space orthogonal to u* is denoted by

AW = gh — byt ARy, =0, ARAY = A )

Then the tensor decomposition reads:

NP =njub + 0, (10)
TH = eutu” — p A* + ¢*u” + ¢"u* + 7 (11)

where
n;=N;-u (12)

is the net density of charge of type i in the frame where u* = (1,0) (subse-
quently denoted as the local rest frame, LRF),

vl = AENY (13)
is the net flow of charge of type 1 in the LRF,

e=u,T"u, (14)
is the energy density in the LRF,

1

3T A (15)

pP=-
is the isotropic pressure in the LRF,
¢ = A TopuP (16)

is the flow of energy or heat flow in the LRF, and

™= B (ana; + asay) - %A#"Aaﬁ] T8 an
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is the stress tensor in the LRF. Note that the particular projection (17) is
trace-free. (The trace of the projection AXT A Aj is absorbed in the definition
of p.) The tensor decomposition replaces the original 10 + 4 n unknown func-
tions by an equal number of new unknown functions n; (n), v¥ (3n), €(1),
p(1), ¢* (3), and =¥ (5).

So far, u* is arbitrary. However, one can give it a physical meaning by
choosing it either to be

uh = (18)
or (which is an implicit definition)
Tuy

(19)

M
uf = = .
1 uTETpyuf

The first choice means that uj is the physical 4-velocity of the flow of net
charge i. The LRF is then the local rest frame of the flow of net charge i,
i.e., the frame where N} = (N?,0). In this frame, there is obviously no flow
of charge i, ¥/ = 0, and N? = n,. This LRF is called Eckart frame. Note,
however, that not all net charges need to flow with the same velocity, V;‘
might be # 0 for j # . The number of unknown functions is still 10 + 4n,
since the 3 previously unknown functions v}’ have been merely replaced by
the 3 independent components of uk (ug - ug = 1!), which now have to be
determined dynamically from the conservation equation for N}.

The second choice means that uf is the physical 4-velocity of the energy
flow. The LRF is the local rest frame of the energy flow. It is obvious that in
this frame ¢# = 0. This frame is called Landau frame. The number of unknown
functions is still 10 + 4 n, since the 3 previously unknown functions ¢g* have
been merely replaced by the 3 independent components of uf’ (ur, - u, = 11},
which now have to be determined dynamically from the conservation equation
for T#¥. Other choices of rest frames are also possible, for a discussion, see

[6].
2.3 Ideal Fluid Dynamics

Consider an ideal gas in local thermodynamical equilibrium. The single-parti-
cle phase space distribution for fermions or bosons then reads

__9 .
fo(k,z) = (27)% exp (k - u(z) — p(z))/T(x) £1 ° 0

where u#(z) is the local average 4-velocity of the particles, u(z) and T'(z) are
local chemical potential and temperature, and g counts internal degrees of
freedom (spin, isospin, color, etc.) of the particles. The chemical potential of
the particles is defined as p = Y"1, qip;, where y; are the chemical potentials
which control the net number of charge of type i, and ¢; is the individual
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charge of type ¢ carried by a particle. The chemical potential for antiparticles
is i = —p (in thermodynamical equilibrium). Let us define the single-particle
phase space distribution for antiparticles by fo(i) = fo(—p)-

The kinetic definitions of the net current of charge of type ¢ and of the
energy-momentum tensor are [6]

3
Ni@) = 0 [ R o) - Fo(kia)] (21)
(e = [ SRR [k, 2) + Fok,2)] (22

where E = vkZ + mZ is the on-shell energy of the particles and m their rest
mass. Inserting (20) one computes

NP =n;u* | (23)
TH = eutu” — pA*Y (24)

where
n; = gq,/ (2 E [n(E) - n(E)) (25)

is the thermodynamic net number density of charge of type i of an ideal gas,
and the Fermi-Dirac or Bose-Einstein distribution was denoted by n(F) =
1/(exp[(E - p)/T] £ 1), A(E) = 1/(exp[(E + u)/T] £ 1). Furthermore,

3
=g / % E [n(E) + A(E)] (26)

is the thermodynamic ideal gas energy density, and

3 2
p=3 [ o 155 0(E) + A(E)] (27)

is the thermodynamic ideal gas pressure. The form (23,24) implies that for
an ideal gas in local thermodynamical equilibrium the functions v} = ¢* =
wHY =, i.e., there is no flow of charge or heat with respect to the particle
flow velocity u#, and there are no stress forces. This implies furthermore (and
can be confirmed by an explicit calculation) that for an ideal gas in local
thermodynamical equilibrium ufg = u} = u#, ie., Eckart’s and Landau’s
choice of frame coincide with the local rest frame of particle flow.

This consideration of an ideal gas in local thermodynamical equilibrium
serves as a motivation for the so-called ideal fluid approzimation. In this ap-
proximation, one starts on the macroscopic level of fluid variables N}, T#¥
and a priori takes them to be of the form (23) and (24). The corresponding
fluid is referred to as an ideal fluid. Without any further assumption, how-
ever, the corresponding system of 4 + n equations of motion contains 5 + n
unknown functions, ¢, p, u#, and n;, 1 = 1,...,n. One therefore has to specify
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an equation of state for the fluid, for instance (and most commonly taken) of
the form p(e,n,...,n,). This closes the system of equations of motion.

The equation of state is the only place where information enters about the
nature of the particles in the fluid and the microscopic interactions between
them. Usually, the equation of state for the fluid is taken to be the ther-
modynamic equation of state, as computed for a system in thermodynamical
equilibrium. The process of closing the system of equations of motions by
assuming a thermodynamic equation of state therefore involves the implicit
assumption that the fluid s in local thermodynamical equilibrium. It is im-
portant to note, however, that the explicit form of the equation of state is
completely unrestricted, for instance it can have anomalies like phase transi-
tions.

The ideal fluid approximation therefore allows to consider a wider class of
systems than just an ideal gas in local thermodynamical equilibrium, which
served as a motivation for this approximation. An ideal gas has a very specific
equation of state without any anomalies and is given by (27) which defines
p(Ts 1, - - ., ) (which in turn allows to determine all other thermodynamic
functions from the first law and the fundamental relation of thermodynamics,
and thus to specify p(e, ny, ..., ny), see the following remarks).

I close this subsection with three remarks. The first concerns the notion of
an equation of state which is complete in the thermodynamic sense. Such an
equation of state allows (by definition) to determine, for given values of the
independent thermodynamic variables, all other thermodynamic functions
from the first law of thermodynamics (or one of its Legendre transforms)

ds=Lde-Y M 2
S—T 6—2;?7},', (8)
8 being the entropy density, and from the fundamental relation of thermody-
namics

n
e+p=Ts+Zu,—n,- . (29)

i=1
Obviously, for independent thermodynamic variables ¢, ny,..., n,, an equa-
tion of state of the form s(e,n1,...,ny) is complete in this sense, since partial

differentiation of this function yields, from (28), the functions 1/T, 4, /T, .. .,
tn/T. Then, the fundamental relation (29) yieids the last unknown thermo-
dynamic function, p.

Another example of a complete equation of state is p(T, y1,.. ., ), since
the (multiple) Legendre transform of (28) reads

n
dp=sdT + ) nidu; (30)

i=1

(which is also known as the Gibbs-Duhem relation), such that the thermody-
namic functions s, ny,..., n, can be determined from partial differentiation
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of p. The last unknown thermodynamic function, ¢, can then be determined
from (29).

The equation of state p(e, n1, ..., ny,) i8, however, not a complete equation
of state in the thermodynamic sense. Partial differentiation of this function
yields thermodynamic functions dp/de, 8p/8n;, i = 1,...,n, which in gen-
eral do not allow to infer the values of T, s, and u;,i=1,...,n.

The second remark concerns the assumption of local thermodynamical
equilibrium. In order to achieve local thermodynamical equilibrium, spatio-
temporal variations of the macroscopic fluid fields have to be small com-
pared to microscopic reaction rates which drive the system (locally) towards
thermodynamical equilibrium. A quantity that characterizes spatio-temporal
variations of the macroscopic fields is the so-called expansion scalar 8 = 8- u.
It determines the (local) rate of expansion of the fluid. Microscopic reaction
rates are essentially given by the product of cross section and local particle
density, I' ~ o n. The criterion for local thermodynamical equilibrium then
reads

I'>8, or 6>0/n . (31)

The third remark concerns entropy production. In ideal fluid dynamics,
the entropy current is defined as

Sk =su* . (32)

Taking the projection of energy-momentum conservation in the direction of
u, one derives

0=u, 0,T" =¢é+ (e+p)b , (33)

where @ = u - da is a comoving time derivative and where use has been made
of the fact that u# is normalized, i.e., 0, (u - u) = 0. With the first law of
thermodynamics (28) and the fundamental relation of thermodynamics (29)
one rewrites this as

T(.§+30)+Zn:u.~(h,-+n,-0):0 . (34)

=1

Finally, employing net charge conservation 8- N; = n; + n; 8 = 0 yields
$§+s80=0-5=0, (35)

i.e., the entropy current is conserved in ideal fluid dynamics. As we shall see in
one of the following section, however, this proof only holds where the partial
derivatives in these equations are well-defined, i.e., for continuous solutions of
ideal fluid dynamics. Discontinuous solutions will in fact be shown to produce
entropy.
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2.4 Dissipative Fluid Dynamics

In dissipative fluid dynamics one does not set v¥, g#, 7#" a priori to zero, but
specifies them through additional equations. There are two ways to obtain
the latter. The first is phenomenological and starts from the second law of
thermodynamics, i.e., the principle of non-decreasing entropy,

8-§>0. (36)

The second way resorts to kinetic theory to derive the respective equations. In
principle, both ways require the additional assumption that deviations from
local thermodynamical equilibrium are small. To make this statement more
concise, let us introduce the equslidbrium pressure peq = Peq(€, 111, - . ., ny), i€,
it is the pressure as computed from the equation of state for given values of
€ N1,--., Ny. In a general non-equilibrium (dissipative) situation, however,
Peq i8 different from the isotropic pressure p defined through (15). Denote the
difference by II = peq — p. Then, the requirement that deviations from local
thermodynamical equilibrium are small is equivalent to requiring v¥, g*, 74,
and II to be small compared to €, peq, and n;.

I first outline the phenomenological approach to derive the equations of
dissipative fluid dynamics. For the sake of definiteness, in the remainder of
this subsection let us consider a system of one particle species only and let us
assume that the total particle number of this species is conserved (implying
that no annihilation or creation processes take place, i.e., we do not consider
the corresponding antiparticles). The particle number current then replaces
the net charge current. We shall also work in the Eckart frame, where v* = 0.
Let us make an Ansatz for the entropy 4-current S¥. In the limit of vanishing
g#, ™, and II, the entropy 4-current should reduce to the one of ideal fluid
dynamics, S¥ — su*. The only non-vanishing 4-vector which can be formed
from the available tensors u¥, ¢*, and n** is G ¢#, where § is an arbitrary
coefficient (remember 7#¥u, = 0). Therefore,

St =su*+08q¢" . (37

With this Ansatz one computes with the help of 4,8, T =0and - N =
n+né=0:

TO-S=(TA-1)3-q+q-(i+TP) + 7" 8u, +10>0 .  (38)

The simplest way to ensure this inequality is to choose

B=1T, (39)
II=<¢e, (40)
¢ =T A" (8,InT -4,) , (41)

™ =2y [% (A';A;; + A;A;) - % A Aaﬁ] 8°uP | (42)
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where (, 7, and « are the (positive) bulk viscosity, shear viscosity and ther-
mal conductivity coefficients. Note that these equations define the dissipative
corrections as algebraic functions of gradients of the flow velocity u# and the
equilibrium temperature T'. With these choices,

n? gq-q mnr,

05=r T agT

(43)
which is obviously larger or equal to zero (remember that ¢-¢ < 0, which can
be most easily proven from ¢-u = 0 in the frame where u* = (1,0)). While
this ensures the second law of thermodynamics, it was shown (7] that the
resulting equations of motion are unstable under perturbations and support
acausal, i.e., superluminous propagation of information. They are therefore
not suitable as candidates for a relativistic theory of dissipative fluid dynam-
ics.

A solution to this dilemma was presented by Miiller [8], and Israel and
Stewart [9]. They observed that the Ansatz (37) for the entropy current
should not only contain first order terms in the dissipative corrections, but
also second order terms:

St =su' + 08¢+ Q" , (44)
where
Q*=acll¢* + a7 g, +u* (BoII*+ Prq-q+ a7 ma) (45)

is second order in the dissipative quantities II, ¢#, and 7#¥. Inserting this
into 8-S > 0 leads to differential equations for II, g#, and #*¥ which involve
the coefficients (, n, &, ag, a1, Bo, B1, B2- It can be shown that, for reason-
able values of these coefficents, the resulting 14 equations of motion (the 9
equations that determine II, ¢¥, and 7n#” and the 5 conservation equations
for N#, T#") are stable and causal.

In the phenomenological approach, the values of these coefficients are not
determined. In the second approach, however, based on kinetic theory, they
can be explicitly computed along with deriving the additional 9 equations of
motion for II, g#*, and n*#¥. This will be outlined in the following.

Let us start by writing the single-particle phase space distribution in local
equilibrium (20) as

folk,z) = lexp{yo(k,z)} + 1] , (46)

(2 (2m)?
where yo(k, z) = [k-u(z) — pu(z)]/T (). Now assume that the non-equilibrium
phase space distribution, written in the form

fk,z) = [exp{y(k,z)} £1]7" , (47)

(2 )
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deviates only slightly from the equilibrium distribution function fo(k,z), or
in other words:

y(k,z) =~ yo(k,x) + e1(z) + k - e2(z) + kukv €57 (2) (48)

where €:{z), €5 (z), and 4" are small compared to T(z), u(z). Then one can
expand f(k,z) around fo(k, z) to first order in these small quantities:

fwx).Mkm( [ (2”hww}mm@—mww0. (49)

Note that f(k,z) depends on the 14 variables p/T ~ &, u# /T + €4, and 4"
(€4 is a symmetric tensor of rank 2, and therefore naively has 10 independent
components. However, its trace can be absorbed in a redefinition of the first
variable /T — €1, therefore it actually has only 9 independent components.)

Inserting f(k,z) into the kinetic theory definition of N* and T#¥, (21)
and (22), (with f, replaced by f and, since we do not consider antiparticles,
discarding fp), one can establish relations between the 14 unknown macro-
scopic functions (in the Eckart frame) €, n, u#, II, ¢*, #*¥ and the 14 vari-
ables /T —e1, u# /T +€4, €5 This uniquely determines the non-equilibrium
single-particle phase space distribution f(k,z) in terms of the macroscopic,
i.e., fluid-dynamical variables. This identification involves one subtlety: as
in ideal fluid dynamics one still has to know the value of the (equilibrium)
pressure peq to determine all unknown quantities. The equilibrium pressure
Peq i8, however, only known as a function of the equilibrium energy density
€9 and the equilibrium particle number density no, but not as function of
the actual energy density ¢ and particle number density n. Two additional
assumptions are required, namely that

€ = u,T*u, = ¢ = u,T§ u, (50)
n=u-N=ny=u-Np , (51)

where T3 and N}’ are the (kinetic) energy-momentum tensor and parti-
cle number current computed with the equilibrium phase space distribution
Jo(k,z). Then peq(€,n) = peq(€o, no) and the value of the equilibrium pres-
SUre peq is also determined. On close inspection, these additional assump-
tions do not pose any further restriction on the set of 14 unknown functions,
but merely serve as definitions of (equilibrium) temperature T and chemical
potential p corresponding to a given energy density € and particle number
density n. Another way to say this is that the assumptions (50), (51) de-
termine a local equilibrium phase space distribution fo(k,z). However, in a
non-equilibrium context this distribution has no actual dynamical meaning,
and one is therefore free to choose it in a way which fulfills (50) and (51).

The next step consists of deriving the equations of motion for the 14
unknown functions ¢, n, u#, II, g*, m#¥. To this end, one takes the first three
moments of the Boltzmann equation for f(k,z),

k-0 f(k,2) = Clf] . (52)
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This results in

/E‘Efk ofthay=0-N= [ Lrcip=0, (53)
/ Lo, sk o, = [ LEici=o (54)

3
f dEk k“k"k* 8, f(k,z) = 8,8"* = / & kk"k"C[f] XA . (55)

Note that conservation of particle number, energy, and momentum leads to
vanishing right-hand sides for eqs. (53) and (54). The structure of the mi-
croscopic collision term C is such that these requirements are fulfilled (par-
ticle number and energy-momentum conservation in microscopic collisions
between particles) [6]. On the other hand, the right-hand side of Eq. (55)
does not vanish, since there is no corresponding microscopic conservation
law. Note that the trace of (55) is equivalent to m? times Eq. (53), such
that X, = 0. Therefore, only 9 out of the set of 10 equations (55) are in-
dependent. Together with the 5 equations (53) and (54), these 9 equations
determine the set of 14 unknown functions of dissipative fluid dynamics. The
9 independent equations (55) are equivalent to the 9 equations derived from
0 - S > 0 in the phenomenological approach. The unknown phenomenologi-
cal coefficents ¢, &, 1, ag, a1, Bo, b1, and B2 can now be explicitly identified
from suitable projections of X**. Israel and Stewart have shown [9] that the
resulting equations fulfill the requirements of hyperbolicity and causality.

This concludes the brief survey of dissipative fluid dynamics. So far, no
serious attempt has been made to apply relativistic dissipative fluid dynam-
ics towards the description of heavy-ion collisions. First steps were done by
Mornas and Ornik [10] who investigated the broadening of collisional shock
waves through dissipative effects in a simple one-dimensional geometry. Also,
Prakash et al. generalized the Israel-Stewart theory to a mixture of several
particle species [11].

2.5 Multi-fluid Dynamics

In multi-luid dynamics one considers not a single, but several fluids j =
1,...,M, characterized by the net charge currents N L (the net current of
conserved charge ¢ in fluid j) and energy-momentum tensors T“ There is
overall net charge and energy-momentum conservation,

8-N;=0, N“—Z L, (56)
j=1
M

8,T* =0, T" =Y T, (57)

=1
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but not for each fluid separately,
6 -Ni; =55 , 6,,1"‘;”’ =57 . (58)

The right-hand sides define the so-called source terms which according to

(56), (57) obey
M M
> Sii=0, > S¥=0. (59)
i=1 i=1

The source terms are parameters of a particular model and have to be spec-

ified e.g. from kinetic theory. Let us consider the Boltzmann equation for
particles from fluid j:

k-0 (k)= [cin - cir] - (60)

klm

The right-hand side involves the colhslon terms for the microscopic 2-particle
reactions Im — jk (the gain term C 'm) Where particles from fluid / and fluid
m (I and m not necessarily dxfferent) collide to produce particles of fluid j
and k (again, j and k not necessarily different), and jk — Im (the loss term
C where particles from fluid j and & collide to produce particles of fluid {
and m. Taking the zeroth and first moment of this equation yields

a3k a3k
0-Ny=a [ Fk-0fko) - “ / [t - cie] = 55, (61)
8 T“”—/—k"k"a fi(k, ) Z/—k" CJ’° —c;.;;'] =S¥ (62)

This defines the source terms through the microscopic collision rates.

Results of any specific multi-fluid model will not be discussed here, I
instead refer the reader to the literature on this subject [12]. I close with two
remarks: (a) a single fluid may consist of several different particle species
(for instance, w, K, N, A etc.), as long as it is reasonable to assume that
they stay in local thermodynamical equilibrium among each other. Then,
the only place where information enters about these different particle species
is the equation of state p(e,ny,...,ny,). (b) Different fluids may consist of
the same particle species (with the same equation of state p(e,ny, ..., ny)).
This situation occurs for instance in the initial stage of relativistic heavy-ion
collisions, where the single-particle phase space distributions of target and
projectile nucleons, while overlapping in space-time, are still well separated
in momentum space due to the high initial relative velocity between them.
This is a situation where there is local thermodynamical equilibrium in target
and projectile separately, but not between them. It therefore is reasonable to
treat target and projectile, although consisting of the same particle species,
as two separate fluids.
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3 Numerical Aspects

In this section, I discuss basic aspects of numerical solution schemes for rel-
ativistic ideal fluid dynamics. For the sake of simplicity, let us consider the
case of one conserved charge only. Define

R=Nl=nu’=ny, (63)

EsT®=(e+p*-», (64)
— [70i _ 2

M = {T }i:zm,z - (€+p)7 v, (65)

where u#* = 7(1,v) is the fluid 4-velocity, ¥ = (1 — v?)~!/2, With these
definitions, the conservation laws (7}, (8) take the form

0-N=6R+V-(Rv)=0, (66)
0, T =8,E+V-[(E+pv]=0, (67)
TH =M + V- (Mv)+3ip=0 . (68)

In this form, the conservation equations can be solved numerically with any
scheme that also solves the non-relativistic conservation equations. There is,
however, one fundamental difference between the non-relativistic equations
and the relativistic ones. In order to solve the latter for R, E, M, the net
charge density, energy density, and momentum density in the calculational
frame, one has to know the equation of state p(e,n) and v. The equation of
state, however, depends on n, ¢, the net charge density and energy density in
the rest frame of the fluid. One therefore has to locally transform from the
calculational frame to the rest frame of the fluid in order to extract n, €, v
from R, E, M. In the non-relativistic limit, there is no difference between n
and R, or € and F and the equation of state can be employed directly in the
conservation equations. Also, the momentum density of the fluid is related
to the fluid velocity by a simple expression. The transformation between rest
frame and calculational frame quantities is described explicitly in the next
subsection.

3.1 Transformation Between Calculation Frame
and Fluid Rest Frame

In principle, the transformation is explicitly given by equations (63) — (65),
i.e., by finding the roots of a set of 5 nonlinear equations (the non-linearity
enters through the equation of state p(e,n)). In numerical applications, how-
ever, this transformation has to be done several times in each time step and
each cell. It is therefore advisable to reduce the complexity of the transfor-
mation problem. This is done as follows [13].

First note that M and v are parallel, thus

M- v=Mv=(e+p)yVv’=(e+p)(V*-1)=E—-¢, (69)
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where M = |M|, v = |v|. Therefore,
e=E-Mv, n=Ry1-1?, (70)

where the second equation is a simple consequence of (63). With these equa-
tions € and n can be expressed in terms of R, E, M and v. The 5-dimensional
root search is therefore reduced to finding the modulus of v for given R, E,
and M, which is a simple one-dimensional problem. To solve this, use the
definition of M,

M= (c+pv=(E+p) . (71)

This equation can be rewritten as a fixed point equation for v for given
R, E, M:
o= M
E+p(E-Mu,RVI~12)
The fixed point yields the modulus of the fluid velocity, from which one can
reconstruct v = v M /M, and find € and n via (70). The equation of state
p(e,n) then yields the final unknown variable, the pressure p.

(72)

3.2 Operator Splitting Method

In general, to model a heavy-ion collision with ideal fluid dynamics requires
to solve the 5 conservation equations in three space dimensions. Since this is
in general a formidable numerical task, one usually resorts to the so-called
operator splitting method, i.e., the full 3-dimensional solution is constructed
by solving sequentially three one-dimensional problems. More explicitly, all
conservation equations are of the type

qU+ ) aFRU)=0, (73)

i=z,y,z

U being R, E, or M*. Such an equation is numerically solved on a space-time
grid, and time and space derivatives are replaced by finite differences:

Uit =Uf - AtG[UL,] (74)
where i, j, k are cell indices (the cell number in z, y, and z direction) and n
denotes the time step. At is the time step width. G [U 'J'k] is a suitable finite

1
difference form of the 3-divergence in (73).
It can be shown that in the continuum limit instead of solving (74) it is
equivalent to solve the following set of predictor-corrector equations

Uittt = up, - MG, [Ul]

i ijk
2)n+1
U@t =y - arg, [U'.(J.‘,Z "+1] , (75)

ijk ijk ijk

Urtt = p®@ntl _ Ay G, [ng)n+1] ’ (76)
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and that the solution converges towards the solution of (73). Here, the G;{U],
i = =,Y, 2, are finite difference forms of the partial derivatives 8; F;(U) (no

summation over ¢) in z, y, or z direction. U,(JI,Z n+1 ig the first prediction for
the full solution UJ%t!. It is generated by solving a finite difference form of
the one-dimensionai equation

U+8;F;(U)y=0, (77
where i = z. Subsequently, the first prediction U,.(jl,z "+1 is used to solve a
finite difference form of (77), where now i = y, to obtain the second predic-
tion Ui(]?,z "*1 for the full solution. (Uf;,z "*1 has been corrected to Ugg nH)
Finally, the full solution UJ}}" is obtained by using U,.(jz,z ntl
difference form of (77) with i = z. (Ui(]?,z "1 has been corrected to U .

In other words, the solution to the partial differential equation (73) in
three space dimensions is obtained by solving a sequence of partial differential
equations (77) in one space dimension. The 3-divergence operator in (73)
was split into a sequence of three partial derivative operators. Physically
speaking, in a given time step one first propagates the fields in z direction,
then in y direction, and then in 2 direction. In actual numerical applications
it is advisable to permutate the order zyz to minimize systematical errors.

The advantage of the operator splitting method is that there exists a
variety of numerical algorithms which solve evolution equations of the type
(77) in one space dimension (see, for instance, [14] and refs. therein). One of
them is discussed in the following subsection.

to solve a finite

3.3 The Relativistic Harten—Lax—van Leer—Einfeldt Algorithm

The relativistic Harten—Lax~van Leer—Einfeldt (HLLE) algorithm [14,15] sol-
ves equations of the type

U +8, FU) =0, (78)

i.e., propagation of a field U in one space dimension. For ideal relativistic
fluid dynamics, U = R, E, or M and F(U) = Rv, (E + p)v, or Mv + p. (For
one-dimensional propagation, it is sufficient to consider only the components
of the momentum density M and the fluid velocity v in the direction of
propagation. They are here denoted by M and v, respectively.)

The idea behind the relativistic HLLE scheme is the following. Consider
the initial distribution of the density U on a numerical grid. U is assumed
to be constant inside each cell, but different from cell to cell, i.e., the initial
distribution consists of a sequence of constant flow fields inside the cells
separated by discontinuities at the cell boundaries, cf. Fig. 1.
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Fig. 1: The initial distribution of the density U on the numerical grid.

In the further time evolution these discontinuities will decay, resulting in
the transport of U across the grid. The decay of a discontinuity between two
regions of constant flow is, however, a well-known problem in fluid dynamics,
the so-called Riemann problem. For simple equations of state it is even ana-
lytically solvable. Consider the discontinuity to be located at z = 0. Denote
the density in the region of constant flow to the left of the discontinuity by
[, and that to the right by U;. The initial condition at time ¢ = 0 then reads

U, z<0
U(:L‘,U):{U:, z>0 ’ (79)

cf. Fig. 2 (a). For the sake of definiteness, consider Uj > U,. For t > 0,
the solution looks qualitatively as in Fig. 2 (b). There is a rarefaction fan
propagating into the region of higher density (in this case to the left), and
a shock front into the region of lower density (in this case to the right).
Between fan and shock wave there are two regions of constant flow separated
by a contact discontinuity (a discontinuity where the pressure is equal on
both sides). It is evident that a numerical algorithm can be constructed which
solves the fluid dynamical equations simply by solving a sequence of Riemann
problems for the discontinuities at all cell boundaries in a given time step.
Such algorithms are called Godunov algorithms [16].

The relativistic HLLE is a so-called Godunov-type algorithm [16], i.e., it
does not employ the full solution of the Riemann problem but approximates
it by a region of constant flow between U; and U, cf. Fig. 2 (¢):

U, z<bht
U(:C,t)Z U, t<z<bt . (80)
Uy, z2>bt

Here, by < 0 and b, > 0 are the so-called signal velocities. They characterize
the velocities with which information about the decay of the discontinuity
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(a) U t=

N2
»

0

Ul rarefaction fan

contact discontinuity
shock front

(b) t>0

()

> X

Fig. 2: (a) The initial condition of the Riemann problem at ¢t = 0. (b) The solution
of the Riemann problem at t > 0. (¢) The approximate solution of a Godunov-type
algorithm.

travels to the left and right into the regions of constant flow. The value Uy,
in the region of constant flow between U} and U, is determined in accordance
with the conservation laws. To this end, integrate (78) over a fixed interval
[Zmins Tmax]y Tmin < D1 f;, Tmax > br t. One obtains:
b U, — b + F(Uy) ~ F(U)

by — by )
The value of the lux F(U};) corresponding to the density U), is determined
by integrating (78) over the fixed interval [0, Zmax] OF [Zmin,0]:
b F(U)) — by F(U;) + by b (Ur — Uh)

b — b )

Upon discretization, the differential operator 8, F(U) in the evolution equa-
tion for the density Uj; in cell i assumes the form [F(Ujy1/2) — F(Ui_12)]/ Az

U = (81)
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where Az is the cell size (grid spacing) and Ujs,/, are values of the den-
sity at the position of the right and left boundary of cell 5. These values are
taken after the decay of the respective discontinuities at the cell boundaries,
i.e., they are the corresponding values U), given by (81) and the respective
F(Uit,/2) are the corresponding values F(Uy) given by (82). This yields the
following explicit expressions for the relativistic HLLE scheme

Urtt = ur - _g_; [F( 3_1/2) -F (Ui"_l/z)] , (83)
F(0g) = 2T ORI BT qay

A reasonable estimate for the signal velocities is to take them as the rela-
tivistic addition (subtraction) of flow velocities and sound velocities in the
respective cells adjacent to the cell boundary:

vt +cl.
b, = max {0, 'l_jl%_—;’:i} , (85)
i+1 “8,i+1
. v —Cg;
= = 8. 86
b = min {O’I—U{'c;"i (86)

As described above, this scheme is accurate to first order in time. A scheme
which is accurate to second order can be obtained using half-step updated

values F (Ui’g’ll/zz), for more details see [17).

4 One-Dimensional Solutions

In this section I discuss solutions of ideal relativistic fluid dynamics in one
space dimension. I first introduce the notion of characteristic curves. Then, I
discuss possible one-dimensional wave patterns for thermodynamically nor-
mal and anomalous media. Choosing a representative equation of state which
features both thermodynamically normal and anomalous regions I then dis-
cuss the expansion of semi-infinite matter into the vacuum. The emerging
wave patterns will help us to understand the possible solutions of the Lan-
dau model, which was historically the first fluid-dynamical model for relativis-
tic heavy-ion collisions. Finally, also the Bjorken model for ultrarelativistic
heavy-ion collisions is discussed.

4.1 One-Dimensional Wave Patterns

For flow in one spatial dimension (say, in x direction) the two conservation
equations for energy and for momentum read:

6¢T°° + 6:; TzO =0 ) at TOz +6:: T°*=0. (87)
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A suitable linear combination of these equations leads to the equivalent set
of equations

vEe _
(6t + T:I:—vcsaz) Ri=0, (88)

where ¢ = Op/d¢l,/,, is the velocity of sound squared (s/n is the specific
entropy) and
Re=y—yot / e ) (89)
+ =YY . &+ p(e)
are the so-called Riemann invariants, y = Artanhv is the fluid rapidity. Equa-
tion (88) has the obvious interpretation that the Riemann invariants R are
constant along world lines z.4.(t) defined by
dz4(t) _ vt

a l+ve | (90)

These world lines are the so-called characteristic. curves or characteristics
C+(z,t). It is also obvious that these curves are the world lines of sonic pertur-
bations or sound waves on top of the fluid-dynamical wave pattern. C, (z,¢)
characterizes sound waves moving to the right (in positive z direction) while
C_(z,t) characterizes those moving to the left (in negative = direction). For
the simple example of constant flow, the characteristic curves are shown in
Fig. 3.

TOO

V=

2 X

Fig. 3: The characteristic curves for a constant flow pattern.

Let us now consider a so-called simple rarefaction wave moving to the
right, cf. Fig. 4. (For the definition of a simple wave, see [18], for our purposes
it is sufficient to remark that in one spatial dimension a simple wave is the only
possible wave that can connect two regions of constant flow. A rarefaction
wave denotes a wave where the energy density decreases in the direction
of propagation.) Then, one can prove that R4 = const. everywhere (for the
proof, see [18]; analogously, for simple waves moving to the left, R_ = const.).
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> X

Fig.4: A continuous simple wave between two regions of constant flow, moving to
the right.

It is therefore sufficient to consider the equation for the R invariants, or
the C_ characteristics, respectively. Let us consider how the slope of the C_
characteristics changes with z at constant ¢:

1 — o2) — a2
Sw_ _ ,_z'v(l 3y - v). (01)
or |, (1-ve)?
From R, = const. everywhere one infers
T _(1-0?) ¢ 92
vi=-(-vt) 2o 92)
while o2
o =1 =P (93)
2¢s Oe s/n
Therefore,
w' 1-wl o (94)
=X,
2¢(1-¢})
where
_ 9 21— cg
E:ﬁa/n'f‘zCs €+p . (95)

Equation (94) is an important qualitative result: Since the first factor is
always positive (w_ as well as ¢, are causal), and since the energy density
decreases with z for the rarefaction wave considered here, ¢ < 0, the sign
of w' is solely determined by the sign of X. The quantity %, however, is
solely determined by the equation of state of matter under consideration,
i.e., its sign {and absolute value) is an intrinsic property of the fluid. Matter
with X > 0 is called thermodynamically normal, while matter with ¥ < 0
is thermodynamically anomalous. More specifically, if X > 0, then w’_ > 0,
and if ¥ < 0, then w_. < 0. A positive w’_, however, means that the C_
characteristics “fan out” in the z — ¢ plane, while a negative w’_ indicates
that they converge and ultimately intersect at one point, cf. Fig. 5.
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@ r>0 w>0 () *<0 w<0

Fig. 5: For a simple wave moving to the right and (a) X > 0 the C_ characteristics
fan out, while for (b) X < 0 they converge and intersect.

Intersecting characteristics, however, signal the formation of shock waves.
Physically speaking, picture a sonic perturbation (travelling along a char-
acteristic) emitted at a point z,. This perturbation will eventually overtake
a perturbation emitted at zo > z; (namely when the corresponding char-
acteristics intersect). Thus, the two small perturbations add up to form a
larger one. Imagine this happening for other perturbations (emitted at differ-
ent points) as well. Eventually, a finite discontinuity (shock wave) is formed
from the superposition of a large number of infinitesimal sonic perturbations.
Shock waves are discontinuous solutions of ideal fluid dynamics and will be
discussed in more detail in the following subsection.

I conclude this subsection by collecting the above arguments in the fol-
lowing classification scheme of one-dimensional wave patterns. Continuous
rarefaction waves are stable in thermodynamically normal matter while they
are unstable in anomalous matter. On the other hand, rarefaction shock waves
are stable in thermodynamically anomalous matter while they are unstable in
thermodynamically normal matter. If we perform an analogous consideration
for a continuous compression wave we are led to the conclusion that such
waves are unstable in normal and stable in anomalous matter, while com-
pression shock waves are stable in normal and unstable in anomalous matter.
These results are summarized in Table 4.1. A “+” sign means “stable” while
a “—" sign indicates “unstable”.

Most matter is thermodynamically normal. In the presence of phase tran-
sitions, however, an equation of state can feature regions where matter is
thermodynamically anomalous. As will be seen in Subsections 4.4 and 4.5,
this will strongly influence the time evolution of the system in a qualitative
and quantitative way.



Fluid Dynamics 43

Table 1: Classification scheme for the stability of one-dimensional wave patterns.

Wave ‘Z‘ > OIS <0
Continuous rarefaction + -
Rarefaction shock - +
Continuous compression| - +
Compression shock + -

4.2 Shock Discontinuities

Shock waves represent discontinuous solutions of ideal fluid dynamics. While
the partial derivatives of N} and T#* appearing in the conservation equations
are ill-defined at the location of such discontinuities, there is still a simple
way solve the problem of charge and energy-momentum transport across a
shock discontinuity. To this end, let us consider the case of one conserved
charge only, and study such a discontinuity in its rest frame. Matter enters
the discontinuity with velocity vp in a thermodynamic state characterized by
the net charge density ng, the energy density €g, and the pressure pg (which
is of course determined by ¢, and ng through the equation of state). The task
is to determine the velocity v and the thermodynamic state of matter (n, ¢,
and p) emerging from the shock. Imagine a small volume V' which encloses
the discontinuity, cf. Fig. 6.

>V
EPpn

Fig.6: A shock discontinuity in its rest frame.

Let us now integrate the conservation equations (7) {for a single conserved
charge) and (8) for one-dimensional flow over V:

at/ d3mN°+/ d®zd, N* =0, (96)
v Vv
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;N / dzT™ + / a3z, T*° =0, (97)
\ 4 v
FiN / Bz T*° + / ddxd, T>* =0 . (98)
\ 4 Vv

In a steady-state situation (a stable, propagating shock discontinuity) the
total amount of charge, energy and momentum inside V' cannot change with
time, therefore, the first terms in these equations vanish. The other terms are
integrated by parts to yield the set of equations

noYovo = NYV , (99)
(e0 + po)1evo = (e +p) 7’ v, (100)
(€0 +Po)Yova +pPo = (e +p)V* VP +p . (101)

These are the conservation equations for net charge and energy-momentum
across a shock discontinuity. They are no longer partial differential equations,
but purely algebraic. For a given initial state ng, €, po, and velocity vg, they
determine the final state n, ¢, p, and the velocity v of compressed matter
emerging from the shock, if the equation of state p(e,n) is known.

One can eliminate the velocities from the set of equations (99) — (101) to
obtain the so-called Taub equation [19]

(e +p)X = (€0 + po)Xo = (p — po)(X + Xo) , (102)

where X = (e+p)/n? is the so-called generalized volume. Once p(e,n) is fixed,
the solution of the Taub equation defines the so-called Taub adiabat p(X),
cf. Fig. 7. For a given initial state (pg, Xo) (the so-called center of the adia-
bat) it represents all final states (p, X) for matter emerging from the shock,
which are in agreement with net charge and energy-momentum conservation.
The actual final state is then selected by specifying vy. This determines all
variables uniquely in the rest frame of the shock. The remaining unknown
is, however, the velocity of the shock in an arbitrary calculational frame. For
compressional shock waves, such as occur in the initial stage of heavy-ion col-
lisions (cf. [20] for a detailed discussion), this shock velocity can be uniquely
determined from the geometry of the collision. For rarefaction shock waves
this is not possible, and thus in principle there is a whole region of final states
on the Taub adiabat, which are in agreement with energy-momentum and net
charge conservation. It turns out, however, that the stationary situation is
always given by a rarefaction shock where matter emerges at the so-called
Chapman—Jouguet point, indicated by “CJ” in Fig. 7 (b) [5). This point is
defined as the point where a chord between the center (py, Xo) and a final
state on the adiabat is tangential to the adiabat. This then uniquely fixes
the state of matter emerging from the shock, as well as the velocity of the
shock in the calculational frame. Note that it is also possible to define a Taub
adiabat in the case that there is no conserved charge, see [17,21] for details.
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(b)

Fig. 7: (a) The Taub adiabat for a compressional shock wave. (po, Xo) is the center
of the adiabat, (p, X) is one final state on the adiabat which is selected by a choice of
vo. (b) The Taub adiabat for a rarefaction shock wave. “CJ” denotes the Chapman-—
Jouguet point.

To conclude this subsection, let us consider what happens to the entropy
flux across a shock discontinuity. Integrate the conservation equation (35) for
the entropy current over the volume V' which encloses the shock front in its
rest frame,

Bt/ dsa:s'y+/d3a:6,s'yv=0 , (103)
v v
and perform an integration by parts in the second term. This yields:
1
sYv=8mUw+—4& 59 , (104)
Ay

where A is the transverse area of the shock front and S = [, d®z s is the
total entropy inside the volume V. The second law of thermodynamics tells
us that the entropy cannot decrease, 8; S > 0. Consequently,

8YV 2 SoYovo - (105)

Dividing both sides by (99) one concludes

8

[~

22—, (106)

3l
3|

i.e., the specific entropy increases across a shock front. This result is re-
markable, since we know that the entropy current is conserved in ideal fluid
dynamics, Eq. (35). However, this equation holds strictly only for contin-
uous (differentiable) solutions. Shock discontinuities do not belong to this
class, and therefore can produce entropy. Physically speaking, microscopic
non-equilibrium processes take place inside a shock front which lead to this
increase of entropy.
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One could object that this conclusion is not stringent in the sense that
(106) also allows for the case where s/n = s¢/ng, i.e., where the entropy
does not increase across the shock front. However, by explicitly solving the
shock equations (99) — (101) with a given equation of state one finds that
this case occurs only for infinitesimal shock discontinuities (which then de-
generate into sonic perturbations, which in turn preserve entropy). For any
finite discontinuity one finds s/n > so/ne.

The Chapman—Jouguet point (cf. Fig. 7) is actually special in this respect:
it corresponds to that state of matter emerging from the shock, where en-
tropy production is maximized [5]. It is amusing to note that in selecting this
state as the final state of matter emerging from a rarefaction shock wave (cf.
discussion above), fluid dynamics not only automatically respects the second
law of thermodynamics, but even exploits it to the maximum extent.

4.3 Equation of State and Expansion into Vacuum

In this subsection I discuss possible wave patterns for the one-dimensional
expansion of semi-infinite matter into the vacuum. To be specific, let us first
choose an equation of state which bears relevance to relativistic heavy-ion
physics. At zero net baryon number, QCD lattice data [4] suggest the follow-
ing Ansatz for the entropy density as function of temperature:

— tanh[(T — T.)/AT] 4 eqqe Lt tanhl(T — T)/AT]

1
T) = eyT?
8(T)=cn 2 2

» (107)

where cq/cy is the ratio of degrees of freedom in the quark-gluon phase and
the hadronic phase, T; ~ 160 MeV is the (phase) transition temperature, and
AT is the width of the transition. Present lattice data are not yet sufficiently
precise to decide whether the transition is first (corresponding to AT = 0)
or higher order, or just a smooth cross-over transition, but they restrict AT
to be within the range 0 < AT £ 0.17T.. Note that for AT = 0 the equation
of state becomes that of the well-known MIT bag model [22] with a bag
constant B = (cq/cu — 1)p., where p, is the pressure at the phase transition
temperature T.

To cover the possible range of AT, we shall consider the limiting values
AT = 0 and AT = 0.17T in the following. Both cases will be compared to
results for an equation of state where there is no transition to the quark-gluon
phase, i.e., where

s(T) = su(T) = cuT? . (108)

Once s(T') is known one can compute other thermodynamic variables from
fundamental thermodynamic relations, for instance:

T
p:/ AT s(T") , e=Ts—p. (109)
[(]
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The three equations of state considered here are explicitly shown in Fig. 8.
The ratio of degrees of freedom cq/cy was chosen to be 37/3, corresponding
to an ultrarelativistic gas of u and d quarks and gluons in the quark-gluon
phase and a massless pion gas in the hadronic phase.

20 T T
—— AT=0 L
45 L AT-O.1T° (a) |
LM ---- ideal gas
I~
5 05 -
0.0 + + + t T

©® [ © e €

J i ’ 0 10°
T [T] e [Ts]

10

Fig.8: (a) The entropy density divided by T as a function of T. (b) The energy
density divided by T* as a function of T. (c) The pressure as a function of energy
density. {d} The velocity of sound squared as a function of energy density. cq/cH =
37/3. Units of energy are T¢, units of energy density are Tcs., where s. = (cq +
cn) TS /2. Solid line: AT = 0, dotted line: AT = 0.1 7T, dashed line: ideal hadron
gas.

Figs. 8 (a,b) show the entropy density divided by T and the energy
density divided by T* as functions of T. This representation of the equation
of state is commonly used by the lattice QCD community. On the other
hand, fluid dynamics requires the pressure as a function of energy density,
p(e), which is shown in Fig. 8 (c). The collective evolution of the fluid is,
however, controlled by pressure gradients. Figure 8 (d) shows the velocity of
sound squared ¢ = dp/de (if there are no conserved charges). This quantity
determines the pressure gradient dp for a given gradient in energy density
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de, i.e., it characterizes the capability of the fluid to perform mechanical
work, or in other words, it characterizes the expansion tendency. Thus, for
the equation of state with a first order phase transition, AT = 0, in the
mixed phase of quark-gluon and hadronic matter, ey < € < €eq, the system
does not perform mechanical work and therefore has no tendency to expand.
As will be seen in the following this will have profound influence on the time
evolution of the system.

For the equation of state with a smooth cross-over transition, AT = 0.1 T,
the expansion tendency is not zero, but still greatly reduced in the transition
region as compared to the ideal gas equation of state without any transition
(2 = 1/3 = const. for all values of €). The transition region ey < € S €q is
referred to as the “soft region” of the equation of state [23]. For an equation
of state with a first order transition, the point ¢ = eq is called the “softest
point” of the equation of state [24]. (This notion comes from considering the
function p(e)/e which has a minimum at €q.)

Another quantity of interest is X, which determines whether matter is
thermodynamically normal or anomalous. Figure 9 shows this quantity (times
T's) as computed from (95) for the three equations of state studied here. For
AT = 0, matter becomes anomalous in the mixed phase, the other two equa-
tions of state are thermodynamically normal everywhere. (Strictly speaking,
2’ = 0 only vanishes in the mixed phase, but does not become negative. This
is, however, sufficient for the formation of stable rarefaction shock waves.)

Let us now consider the one-dimensional expansion of semi-infinite matter
into the vacuum. Figure 10 shows temperature profiles for (a) the expansion of
an ideal gas and (b,c) for the expansion with the AT = 0 equation of state. In
(b) the initial energy density of semi-infinite matter is chosen to be well above
€Q, the phase boundary between the quark-gluon and the mixed phase, in (c)
the initial energy density is just below eq. The dotted line in (a) indicates
the initial temperature profile for all cases. The initial profile indicates a
discontinuity at = 0 which separates two regions of constant flow, the
semi-infinite slab of matter at rest to the left (2 < 0), and the vacuum to the
right (z > 0). This initial condition is in fact a special case of the Riemann
problem discussed in Subsection 3.3. From general arguments (see above) the
solution at ¢ > 0 can only be a simple wave, connecting these two regions of
constant flow. For the ideal hadron gas which is thermodynamically normal
matter, we have seen above that this simple wave must be a continuous
rarefaction wave, in this case moving to the right. As mentioned above, for
such a wave the Riemann invariant R4 = const. everywhere, cf. (89), from
which we deduce the relationship between the fluid rapidity y and the energy
density € on the rarefaction wave:

Cs €
= — In —
y(e) = -7 Ta g (110)
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Fig.9: The quantity X (times Ts) as a function of € for AT = 0 (solid line),
AT = 0.1T, {dotted line), and the ideal hadron gas equation of state (dashed line).

where we have used the fact that for the ideal hadron gas equation of state
p = c2e and that the initial fluid rapidity of the semi-infinite slab is zero, yo =
0. The fluid velocity on the rarefaction wave is then given by v(e) = tanh y(e).
Finally, the position at which one finds a given energy density € at time ¢ can
be deduced by integrating (90) for the non-trivial C_ characteristics:

v(e) — ¢

z(e) = mmt ) (111)
where we have used the fact that the initial position of the simple wave is
at 2 = 0 and that ¢; = const. for the ideal hadron gas equation of state (we
have assumed that the hadron gas consists of massless, i.e., ultrarelativistic
pions, for which ¢2 = 1/3). Equation (111) tells us that the rarefaction wave
moves with sound velocity into the semi-infinite slab of matter (to the left},
za = —cst, and with the velocity of light into the vacuum (to the right),
zp = t.

The expansion in the case of a first order phase transition, AT = 0, proceeds
similarly, with the exception that in the region of energy densities correspond-
ing to the mixed phase, matter is thermodynamically anomalous, cf. Fig. 9,
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Fig. 10: Temperature profiles for the expansion of semi-infinite matter into vacuum.
(a) Ideal hadron gas equation of state, the dotted line indicates the initial state,
the temperature is normalized to the initial temperature To. (b,c) Equation of state
with AT = 0, in (b) the initial energy density is well above eq, in (c) it is just below
€g- The temperature in (b,c) is normalized to the critical temperature 7.

such that from Table 4.1 we conclude that the stable wave pattern is not a
continuous rarefaction wave, but a rarefaction shock wave. Thus, as long as
matter is in the (thermodynamically normal) quark-gluon phase, the expan-
sion will proceed as a continuous rarefaction wave as in Fig. 10 (a), but upon
entering the mixed phase (energy density eq, temperature T;) a rarefaction
shock wave will form. The state of matter emerging from this shock wave is
determined from the shock equations as described in the previous subsection,
i.e., it corresponds to the Chapman-Jouguet point on the Taub adiabat with
center located at the phase boundary between quark-gluon and mixed phase
(for more details, see [17]). Then, also the velocity of the shock vs, in the
calculational frame is determined. In general v, and the velocity of matter
at the base of the continuous rarefaction wave are not equal. This leads to
the formation of a plateau of constant flow between g and zc. The state
of matter at the Chapman-Jouguet point corresponds to thermodynamically
normal hadronic matter, so that the further expansion has to proceed as a
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continuous rarefaction wave. The emerging wave pattern is shown in Fig. 10
(b).

The only difference between Fig. 10 (b) and (c) is that the initial energy
density in (c) is already below eq, i.e., in the region corresponding to mixed
phase. Therefore, the expansion starts out with a rarefaction shock wave,
from which matter emerges at the Chapman-Jouguet point of the respective
Taub adiabat with center corresponding to the initial state of matter. (Note
that this Taub adiabat differs from the one in (b}, since their centers are
different.) Further expansion proceeds as a continuous rarefaction wave in
hadronic matter.

This completes the discussion of the expansion of semi-infinite matter into
vacuum and prepares us to understand the Landau model which is subject
of the next subsection.

4.4 The Landau Moadel

The Landau model is historically the first case where fluid dynamics was ap-
plied to describe — at that time — hadron-hadron collisions [25]. Its main focus
of application nowadays is, of course, nucleus-nucleus collisions. The main
ideas are summarized in Fig. 11. Imagine two nuclei colliding at ultrarela-
tivistic velocities in their center of mass. The nuclei are Lorentz-contracted
to a “pancake-like” shape. In the moment of impact, nuclear matter becomes
highly excited (the detailed microscopic processes which happen during this
stage are of no concern for the following). In the limit that the velocities of
the nuclei v — 1, there will be no baryon stopping (due to the limited stop-
ping power of nuclear matter), i.e., the baryon charges will pass through each
other unscathed, leaving highly excited, net baryon-free matter in their wake.
Due to Lorentz contraction, the initial extension 2 L in z direction of this slab
of highly excited matter is much smaller than the transverse size of the slab,
such that the expansion will proceed mainly in the longitudinal direction and
is thus essentially one-dimensional. The Landau model assumes that the slab
has no initial collective velocity and that rapid thermalization takes place
which is completed at ¢ = 0. It is also assumed that the equation of state
has the simple ultrarelativistic form p = c%¢, ¢ = const., i.e., that matter
is thermodynamically normal for all €. {The original idea of Landau actually
was that the baryons are immediately stopped in the collision through com-
pressional shock waves. Data from heavy-ion experiments at BNL-AGS and
CERN-SPS prove that this picture is unrealistic, due to the aforementioned
finite stopping power of nuclear matter. However, since the collision is uil-
trarelativistic, the thermal energy in the highly excited slab is much larger
than the chemical energy associated with the conservation of baryon charge.
Therefore, to good approximation, up = ng = 0, and the further evolution
of the slab will be identical to what is discussed here.)
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Fig.11: The Landau model for nuclear collisions. See text for details.

For t > 0, the slab starts to expand. As in the expansion of semi-infinite
matter discussed in the previous subsection, rarefaction waves will form. For
thermodynamically normal matter, these are continuous (Riemann) rarefac-
tion waves which travel into the slab with sound velocity. Therefore, they
will meet at the center of the slab (here chosen to be the origin 2 = 0) at a
time L/cs. For times ¢t > L/cs, these waves overlap and the solution becomes
more complicated. In a region near the light cone, the solution will remain a
Riemann rarefaction wave, therefore we term this region the Riemann region.
In the center where the Riemann rarefaction waves overlap, however, the so-
lution is no longer a simple wave (indeed, only two regions of constant flow
have to be connected by a simple wave [18], for two simple waves no such
theorem exists). For ¢Z = const. the solution can still be given in closed ana-
lytic form [25], although the derivation is rather complicated. However, since
two of our equations of state do not have constant velocities of sound, we
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have to resort to numerical solution methods, such as the relativistic HLLE
discussed above. In principle, numerical algorithms can deal with arbitrary
(physically reasonable) equations of state, and are therefore well able to han-
dle this problem (although one should test them thoroughly for test cases
where analytical solutions are known [17,20]).
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Fig. 12: Expansion in the Landau model for AT = 0 (a,d), AT = 0.17T¢ (b,e), and
the ideal gas equation of state (c,f). (a—c) show temperature profiles for different
times, (d-f) show the corresponding isotherms in the £ — z plane (numbers are
temperatures in units of T.). The initial energy density is ¢¢ = 1.875T.s. in all
cases.

In Fig. 12 numerical solutions for the Landau model are presented for the
three different equations of state of Fig. 8. The initial energy density is g =
1.875T.s. which is slightly larger than eq. In Figs. 12 (a—) temperature
profiles are shown for different times ¢ and for the z > 0 half plane (the
solution in the other half plane is the respective mirror image). For AT =0,
Fig. 12 (a), one clearly observes the rarefaction shock wave which, for this
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initial energy density is almost stationary. Hadronic matter is expelled from
the shock until the energy in the interior of the slab decreases below ey and
the shock vanishes. For AT = 0.1 T, Fig. 12 (b), no shock is formed, although
the variation of the velocity of sound in the mixed phase, Fig. 8 (d), leads
to shapes for the continuous rarefaction waves which differ strongly from
those for a constant velocity of sound, Fig. 12 (c). Note the kink in the
temperature profiles in the latter case which indicate the position where the
Landau solution matches to the Riemann rarefaction wave. Note also the
difference in the initial temperatures for the three cases although the initial
energy density is the same. This is a consequence of the different number of
degrees of freedom for the three equations of state at high energy densities.

In Figs. 12 (d—f) corresponding isotherms are shown in the ¢ — 2z plane.
The most pronounced feature is that due to the small propagation velocity
of the rarefaction wave, the system stays hot for a much longer time span
for the AT = 0 equation of state, Fig. 12 (d), than for the ideal gas, Fig.
12 (f). This is in agreement with the general argument presented earlier that
the softening of the equation of state in the mixed phase region leads to a
reduced expansion tendency and thus to a “stalled” expansion of the system.
The softening of the equation of state is also the reason why the expansion for
the AT = 0.1 T, equation of state, Fig. 12 (e), is delayed in comparison to the
ideal gas case, although no rarefaction waves are formed. For a quantitative
analysis of the delayed expansion in the Landau model see [23].

4.5 The Bjorken Model

One of the main assumptions of Landau’s mode] is that the initial collective
velocity of the slab of excited matter vanishes. However, this cannot be quite
true on account of the following argument. In the limit v — 1, the size of
the nuclei in longitudinal direction goes to zero, and there is no scale in the
problem at all. In this case, the collective velocity of matter in the slab has
to be of the scaling form v = 2/t. The consequences of this special form for
the longitudinal fluid velocity were first investigated in [26,27], again with
respect to possible applications in hadron-hadron collisions. Bjorken [28] was
the first to discuss it in the framework of nuclear collisions.

The main ideas of the so-called Bjorken model are summarized in Fig.
13. As in the Landau model, two ultrarelativistic, Lorentz-contracted nuclei
collide at z = 0 and ¢t = 0 (the moment of complete overlap) in the center
of mass frame of the collision. Due to the limited amount of nuclear stop-
ping power, the baryon charges keep on moving along the light cone, while
microscopic collision processes (the nature of which is of no concern for the
following) lead to the formation of a region of highly excited, net charge free
matter in the wake of the nuclei. In contrast to the Landau model, however,
the collective velocity in this region is of the scaling form v = z/t. The region
of highly excited matter is supposed to rapidly equilibrate locally within a
time span 79 (which is of the order of a fm or less), and the further evolution
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of the system can be described in terms of ideal fluid dynamics. One impor-
tant point is that, due to the absence of a scale, physics has to be the same
for matter at different longitudinal coordinate z if compared at the same
proper time T = t/1 —v? = /t2 — 22. (Such curves of constant 7 describe
hyperbola in space-time.} Thus, the initial thermodynamic state of all fluid
elements is the same at the same proper time 7.
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v=z/t
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Fig. 13: The Bjorken model for nuclear collisions. See text for details.
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If the longitudinal velocity profile is enforced by the scaling argument, the
fluid-dynamical solution simplifies in fact considerably. To see this, change
the variables ¢, z in the conservation laws for one-dimensional longitudinal
motion in the absence of conserved charges,

BT® +8,T°=0, 8,T**+08,T**=0, (112)

to the variables 7 = /2 — 22, which is the proper time of a fluid element,
and n = Artanhv = Artanh[z/t], which is the rapidity of a fluid element.
Then, the coupled system of partial differential equations (112) decouples:

Oe| L2y, (113)
61,) T
dp
9 _y. 11
3. 0 (114)

The second equation (114) has the interesting consequence that there is no
pressure gradient between adjacent fluid elements (the one at 5 and the one at
7+ dn). At first glance this would seem to indicate that there is no expansion
of the fluid at all. This, however, is not true, since the fluid velocity is certainly
finite, v = 2z/t. The answer is that the new coordinates (r,7) already take
the scaling expansion into account: a fluid element at n with a width A7 in
fact “grows” in longitudinal direction by an amount dz = dt An during the
time span dt .

Another consequence of (114) is derived from the Gibbs-Duhem relation:

n

617\ orT du;

—| =8| + ) n; =0. (115
on|, on|, ; Yo, )
This equation means that for vanishing conserved charges n; = 0, ¢ =
1,...,n, the temperature has to be constant along curves of constant T,

i.e., along the space-time hyperbola shown in Fig. 13 (5 varies along these
curves). In the general case of non-zero net charges, however, only the par-
ticular combination of charge densities, entropy density, and derivatives of
T and the p; appearing in (115) has to vanish along curves of constant 7.
Equation (114) represents the principle of “boost invariance” commonly as-
sociated with the Bjorken model: at constant T the pressure is independent
of the longitudinal rapidity, i.e., it is the same in fluid elements with different
1, or in other words, it does not change if one performs a longitudinal boost
to a different reference frame. This is a consequence of the scaling form for
the longitudinal velocity.

Equation (113) also has an interesting consequence. With the first law of
thermodynamics, one derives as usual the conservation of the entropy current
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which now takes the form

Os 3
Eﬂ+;—0, (116)

which can be immediately integrated to give
8T = 8¢To = const. (117)

at constant 7. The constant may in principle differ for different 5, but since
the initial thermodynamic state along 79 was the same for all 7, that constant
will also be the same for all  at other 7 > 75. Equation (117) is interesting
because it tells us that the entropy density decreases inversely proportional
to 7 independent of the equation of state of the fluid. The time evolution for
energy density, pressure, or temperature might depend on the equation of
state, but not the one for the entropy density.

1
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Fig. 14: Proper time evolution for (a) energy density, (b) entropy density, (c) pres-
sure, and (d) temperature in the Bjorken model for nuclear collisions (longitudinal
expansion only). Solid line: AT = 0, dotted line: AT = 0.1T,, dashed line: ideal
gas equation of state. The initial energy density is eo = 10 Tse.
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This is confirmed in Fig. 14, where the evolution of (a) the energy density,
(b) the entropy density, (c) the pressure, and (d) the temperature is shown
as a function of proper time r for the three equations of state (AT = 0,
AT = 0.1T,, and the ideal hadron gas). Note that in the quark-gluon as well
as the hadron phase, where p ~ ¢ € with ¢Z = 1/3, Eq. (113) yields

e~T1 43, (118)

For the AT = 0 equation of state, p = p. = const. in the mixed phase, and
(113) yields the cooling law
e~1t . (119)

This is interpreted as follows. The longitudinal scaling expansion dilutes the
system ~ 77!, If no mechanical work is performed, like in the mixed phase
where dp = 0, only this geometrical dilution determines the (proper) time
evolution of the energy density. In the phase where dp = 2 de, however,
additional mechanical work is performed, and the system cools faster, € ~
7—(+¢) = r—4/3_ The faster cooling is confirmed studying the temperature
evolution, Fig. 14 (d). For p = cZ¢, ¢ = const., and vanishing net charges,
one deduces from dp = cZ2de = sdT = (e + p) dT/T = (1 + c2) edT/T, that
€ ~ T and consequently, in the hadron and quark-gluon phase

T ~713 (120)
while in the mixed phase one deduces from dp = sdT = 0 that
T = const. . (121)

This expectation is confirmed in Fig. 14 (d).

Of course, in reality the expansion of the system will not only be purely
longitudinal. The “Bjorken cylinder” will also expand transversally. The prin-
ciple of boost invariance allows us to focus on the transverse expansion at
z = n = 0 only, and reconstruct the fluid properties at a different n by per-
forming a longitudinal boost with boost rapidity 5. For the sake of simplicity,
let us assume that the system is cylindrically symmetric in the transverse di-
rection and that the initial energy density profile is of the form

e(r,m,n=0)=¢OR-|r|) , (122)

where R is the transverse radius of the Bjorken cylinder. In cylindrical coor-
dinates and at z = n = 0, the conservation equations read (T°° = E, T =
M, v, =v):

B +0, B+l == (2+3) E+n) , (123)

BtM+6,(Mv+p)=—(-:-+%)M. (124)
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Although these equations have no longer a simple analytical solution, the as-
sumption of cylindrical symmetry has reduced the originally three-dimensio-
nal problem to an effectively one-dimensional problem. Indeed, for vanishing
right-hand sides the solution of (123), (124) with the initial condition (122)
is identical to the one of the Landau model with the substitutions z — r and
L — R. The right-hand sides just lead to an additional reduction of E and
M from the cylindrical geometry, v/r, and from longitudinal scaling, 1/¢.

This observation, combined with the method of operator splitting dis-
cussed previously, suggests the following simple solution scheme (also known
as Sod’s method [16,29)): equations (123), (124) are of the type

U +8, FU) = -G(U) . (125)

The operator splitting method allows to construct the solution by first solving
the one-dimensional partial differential equation

&U +8, F(U) =0, (126)

(for instance with the relativistic HLLE scheme discussed above), which yields
a prediction U for the true solution U. In a second step one corrects this
prediction by solving the ordinary differential equation

dU
=60, (127)
which is numerically realized as [30]
U=U-AtG®O) . (128)

The transverse expansion of the Bjorken cylinder at z = 0 is shown in Fig.
15 for 79 = 0.1 R and ¢y = 18.75 T;.8.. One immediately recognizes the quali-
tative similarities with the Landau expansion, like the delay in the expansion
for the two equations of state with a (phase) transition as compared to the
expansion with an ideal hadron gas equation of state. The additional ge-
ometrical dilution, however, leads in general to a faster cooling overall and
quantitatively different shapes for the temperature profiles and the isotherms
in the t — r plane.

Let us further quantify the time delay in the expansion induced by the
transition in the equation of state. In general, the system will decouple into
free-streaming particles once the temperature drops below a certain “freeze-
out” temperature T},, see Section 5 below. From comparison with experimen-
tal data, this freeze-out temperature is estimated to be on the order of 100
MeV. Let us therefore define a “lifetime” of the system as the time when
the T = 0.7T, isotherm crosses the origin at r = 0 in Figs. 15 (d-f). This
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(a) aT=0 1 & AT=0.1T, ideal gas
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Fig. 15: Transverse expansion of the Bjorken cylinder for AT = 0 (a,d), AT = 0.1 T
(b,e), and the ideal gas equation of state (c,f). (a—c) show temperature profiles for
different times, (d—f) show the corresponding isotherms in the ¢ — r plane (numbers
are temperatures in units of T¢). The initial energy density is eo = 18.75 T s, in all
cases.

lifetime is shown in Figs. 16 (a,b) as function of the initial energy density
€o of the cylinder. One observes a maximum of the such defined lifetime at
initial energy densities around 40 Tcs. ~ 30 GeVfm™3. At these initial energy
densities, the prolongation of the lifetime over the respective ideal hadron
gas value is about a factor of 2 (for AT = 0.1T,) to 3 (for AT = 0).

The prolongation of the lifetime is due to the softening of the equation
of state in the phase transition region. It is, however, interesting that the
maximum in the lifetime does not occur around initial energy densities cor-
responding to eq (as is the case in the Landau model [23]), but at much larger
initial energy densities. The reason for this is the strong longitudinal dilution
of the system on account of the scaling profile v, = z/t. In order to see a large
effect of the softening of the equation of state in the phase transition region
on the expansion dynamics, the transverse (Landau-like) expansion has to be
the dominant cooling mechanism for the system. The Bjorkén scaling expan-
sion does not account for the reduced expansion tendency of the system in
the transition region, it enforces an expansion velocity v, = 2/t irrespective
of the equation of state. In order to have the transverse expansion dominate
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the cooling of the system, one has to start the expansion at higher initial en-
ergy densities such that the system spends enough time in the mixed phase
for the (slow) rarefaction shock to reach the origin. The initial energy density
in Fig. 15 was intentionally selected to maximize this effect.

Initial energy densities on the order of 10 — 30 GeVfm ™2 are expected
to be reached at the RHIC collider. In order to experimentally observe the
prolongation of the lifetime as seen in Figs. 16, one has to find a corresponding
experimental observable. An obvious candidate is the ratio of the “out” to
the “side” radius of two-particle correlation functions. The “out” radius is
proportional to the duration of particle emission from a source, while the
“gide” radius is proportional to the transverse dimension of the source (cf.
[31] for a very detailed, pedagogical discussion). Since the transverse radius
of the source is approximately the same in all cases, cf. Fig. 15 (a—), the ratio
Rout/Rsige seems to be a good generic measure for the lifetime. Moreover,
in forming the ratio the dependence on the overall (unknown) spatial size
of the source as well as effects from the collective expansion are expected
to cancel. The ratio Royt/Hside is plotted in Figs. 16 (c,d) for pions with
mean transverse momenta K, = 300 MeV. (Details on how to compute this
quantity can be found in [30,32].) As one observes, Rou:/Rsige nicely reflects
the excitation function of the lifetime of the system.

5 Freeze-Out

In this section I discuss an up to date unsolved problem in the application of
relativistic fluid dynamics to describe nuclear collisions, namely the so-called
“freeze-out” process. Given an initial condition, fluid dynamics describes the
evolution of the system in the whole forward lightcone, Fig. 17 (a). However,
as we have seen above, at all times near the boundary to the vacuum, as
well as everywhere in the late stage of the evolution, the energy density
becomes arbitrarily small, i.e., the system is rather cold and dilute. In this
space-time region the assumption of local thermodynamical equilibrium is
no longer justified, because the particle scattering cross section o is finite,
such that for small particle densities n the particle scattering rate, I' ~ on,
becomes on the order of the inverse system size, I' ~ R™!. At this point, the
scattering rate is too small to maintain local thermodynamical equilibrium
and the particles decouple from the fluid evolution. In this space-time region,
a kinetic description for the particle motion would be more appropriate. One
should therefore not solve fluid-dynamical equations in the whole forward
lightcone, but only.inside a space-time region of sufficiently large energy and
particle densities, while outside this region, the particle motion should be
described by kinetic theory, Fig. 17 (b).
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Fig. 16: Lifetime of the system as a function of ¢o for the Bjorken cylinder expansion,
190 = 0.1T.. (a) AT = 0 (solid) vs. ideal hadron gas (dashed), (b) AT = 0.1T
(dotted) vs. ideal hadron gas (dashed). (c,d) the corresponding ratio Rout/Rside-
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Fig. 17: (a) Conventional fluid-dynamical description in the whole forward lightcone.
(b) Fluid dynamics describes the evolution of the system inside Vi, while kinetic
theory describes the motion of the frozen-out particles outside Vj.
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The boundary X between the two regions is determined by a criterion
which compares local scattering rates with the system size, as discussed
above. The obvious difficulty with this more realistic description of the sys-
tem’s evolution is that this boundary has to be determined dynamically, i.e.,
not only has one to allow for particles decoupling from the fluid, but also
for the reverse process of particles entering the fluid from the kinetic region.
(This can happen since the particles still, albeit rarely, collide in the kinetic
region.) A consistent treatment of this problem is rather complicated, since
one has to solve kinetic in addition to the fluid-dynamical equations. No
serious attempt has been made so far.

Instead, the following approximate solution has been extensively em-
ployed:

1. One assumes that fluid dynamics gives a reasonable description for the
evolution of the system in the whole forward lightcone.

2. One determines the “decoupling” surface X' a posteriori, once the evolu-

tion of the fluid is known.

. The “thickness” of X' is assumed to be infinitesimal.

4. One assumes that particles crossing X have completely decoupled from
the system, they stream freely towards the detectors without any further
collisional interaction (“freeze-out”). This means that they do not change
their momentum and energy once they have crossed X.

w

A very popular argument in order to determine ¥ is the following. Since
n ~ T3, the scattering rate I' ~ T? (for constant cross section o), i.e., if
the temperature falls below a certain so-called “freeze-out” temperature T,
the criterion I' $ R is fulfilled, and particles decouple from the system. In
this case, X is just given by the isotherm T = T}, (use of this argument was
already made above in the discussion of the “lifetime” of the system).

Note that assumption 3. is a strong idealization and actually rather ques-
tionable, because in reality X is a space-time region of finite thickness, inside
which non-equilibrium, dissipative effects become gradually more and more
important (the more dilute the fluid becomes), until ultimately all interac-
tions between particles cease and, when leaving ', they stream freely towards
the detectors.

Nevertheless, with the above assumptions, one can readily compute the
single inclusive spectra of particles reaching the detector. Immediately before
the particles decouple from the fluid evolution, i.e., before they cross X,
they are still in local thermodynamical equilibrium such that their phase
space distribution is given by fo(k,z), Eq. (20). It is reasonable to assume
that this phase space distribution is not changed much when they move a
small distance along their worldlines, which carries them across X into the
region of free-streaming. In that region, however, there are no collisions which
could further change fo. Therefore, the phase space distribution of “frozen-
out” particles is (approximately) the same as in local equilibrium. The total
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number of particles crossing a small surface element dX of X is then given
by
d3k
Ny =dX, Nt = TdZ’-kfo(k,x) ) (129)

N# being the (kinetic) particle number 4-current. The invariant momentum
spectrum of particles crossing that surface element is consequently

dNsg

E—==d% -k folk,z) . 1

e folk,2) (130)
Finally, the invariant momentum spectrum (the single inclusive spectrum)
of particles crossing the complete “freeze-out” surface X' is

N dnN.
E%:/EEde=/}:d2-kfo(k,x). (131)
This equation is known as the Cooper—Frye formula [26], and is used in almost
all fluid-dynamical applications to heavy-ion collisions to compute the single
inclusive spectra of particles.

There is, however, a problem with this formula [33]. For time-like sur-
faces, i.e., where the normal vector dX,, is space-like, dX - k may either be
positive or negative, depending on the value and direction of k#. In other
words, the number of particles “freezing out” from a certain time-like surface
element d X' can become negative. This is clearly unphysical, since the number
of particles decoupling from the system must be positive definite. For space-
like surfaces (with a time-like normal vector) as well as for time-like surface
elements where dX - k > 0, the Cooper-Frye formula gives a physically rea-
sonable, positive definite result for the number of frozen-out particles. This is
illustrated in Fig. 18 which shows the rapidity distribution of particles (i.e.,
the invariant momentum spectrum integrated over all transverse momenta)
for massless particles decoupling from a freeze-out isotherm T;, = 0.4 T, in
the Landau model with a p = ¢/3 equation of state. One clearly notices the
negative particle numbers at midrapidity coming from the time-like parts of
the isotherm.

This contradiction is readily resolved noting that the Cooper-Frye formula
does not really determine the number of particles decoupling from the sys-
tem, but merely the number of particle worldlines crossing a surface element
dX (and then integrated over the whole surface X). For time-like surface
elements, there is of course the possibility that for certain k* the respective
worldlines cross dX’ in the “wrong” direction, i.e., the momenta of the par-
ticles point back into the region of fluid, cf. Fig. 19. In particular, for the
Tio = 0.4 Ty isotherm, which moves away from the t-axis in the ¢ — z plane,
those are particles with vanishing momentum component in z direction, be-
cause their worldlines are parallel to the t-axis. Particles with p* = 0, how-
ever, also have vanishing longitudinal rapidity y = 0, and that is the reason
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Fig. 18: The rapidity distribution for freeze-out along the Tj, = 0.4 To isotherm in
the Landau model. Solid: full distribution, dotted: particles from time-like parts of
the isotherm, dash-dotted: particles from space-like parts of the isotherm.

why these negative particle numbers appear at midrapidity in Fig. 18. While
this explains the negative contributions in the Cooper-Frye formula, it also
invalidates this formula as the correct prescription to calculate the spectra of
frozen-out particles, if parts of the decoupling surface are time-like.

One suggestion to circumvent this problem was to compute the final spec-
tra only from contribution of particles which cross the space-like parts of X.
Of course, as can be seen by comparing the dash-dotted with the solid line
in Fig. 18, the final spectra are dramatically different. Moreover, by neglect-
ing particles crossing the time-like parts, the absolute number of frozen-out
particles will also differ in the two cases. Note that the dN/dy distribution
for particles from the space-like parts of the decoupling isotherm has a Gaus-
sian shape in the Landau model. This was already pointed out in Landau’s
original paper [25] and has since survived as the generic (but wrong) state-
ment that Landau’s model gives rise to Gaussian rapidity distributions. In
fact, there is no decoupling temperature where the full rapidity distribution
including particles from the time-like parts resembles a Gaussian, cf. Fig. 20.
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AN
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Fig. 19: Explanation for the negative number of frozen-out particles in the Cooper-
Frye formula.

Another suggestion to circumvent the problem of negative particle numbers
is, instead of freezing out along an isotherm which has time-like parts, to
freeze out along a surface which is space-like everywhere, for instance, a
curve of constant time in the center-of-mass frame, cf. Fig. 21. In this case,
all particles are accounted for, since the decoupling surface is bounded by
the lightcone, and no particle can escape through the lightcone. The problem
is, that also in this case, the spectra differ considerably from a freeze-out at
constant temperature, cf. Fig. 22. This uncertainty is clearly unwanted when
one wants to quantitatively compare fluid-dynamical model predictions with
experimental data.

The correct formula to compute the number of particles which physically
decouple from the system was given in [33]:

dN

Bk

- / A% -k folk,z) O(dE - k) . (132)
Py

The additional ©-function ensures that negative contributions to the Cooper—
Frye formula are cut off. The problem with this formula is that these negative
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Fig. 20: Rapidity distributions for freeze-out along isotherms with Ty, = 0.87p
(solid}, 6.6 To (dashed), 0.4 Ty (dash-dotted), and 0.2 T (long dashed) in the Landau
model with a p = ¢/3 equation of state.

t

N

\ t=const. /

Fig. 21: A curve of constant time in the center-of-mass frame as freeze-out isotherm.
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Fig. 22: The rapidity distribution for freeze-out along curves of constant time in
the center-of-mass frame defined by requiring the average temperature to be (T} =
0.8 Ty (solid), 0.6 To (dashed), 0.4 Ty (dasb-dotted), and 0.2 T; (long dashed) in the
Landau model with a p = €/3 equation of state.

contributions were necessary to globally conserve energy, momentum and net
charge number, cf. the derivation of the conservation equations in Section
2. The violation of the conservation equations introduced by the freeze-out
prescription (132) can, however, be circumvented by adjusting temperature,
chemical potential, and the average particle 4-velocity in the single-particle
distribution function fo(k,z) in (132) in such a way as to preserve the con-
servation laws. In other words, one must not use temperature, chemical po-
tential, and fluid 4-velocity on the fluid side of the freeze-out surface in (132),
but modified values which ensure that energy, momentum, and net charge is
conserved. One way to achieve this is to assume that the freeze-out surface
actually is a conventional fluid-dynamical discontinuity across which energy,
momentum, and net charge number are conserved. Solving the correspond-
ing algebraic conservation equations (with energy-momentum tensor and net
charge current on the post freeze-out side of the discontinuity constructed
from (21,22) with fo(k,z) replaced by fo(k,z) @(dX - k)) yields the required
modified values for temperature, chemical potential, and average particle 4-
velocity on the post freeze-out side. For more details, see {33,34]. However, it
still remains to be shown with an exp_icit calculation whetner this suggestion
to solve the freeze-out problem is viable in the general case.
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The Use of Statistical Mechanics to Describe
Hadron Production in High Energy Collisions

Francesco Becattini!

Universitd di Firenze and INFN Sezione di Firenze
Largo E. Fermi 2, I-50125, Florence (Italy)

Abstract. Inthese lecture notes the application of statistical mecharics to describe
hadron production in high energy collisions is reviewed. Special emphasis is given
to the necessary assumptions and to point out what can be and what cannot be
predicted within this framework. The present status of data analysis is summarized
and future tests of the model are outlined; some critical points are addressed.

1 Introduction

The use of statistical mechanics (and thermodynamics) to describe hadron
production in pp collisions dates back to the '50s and ’60s [1]. Since then
much work has been done in this field and various models have been pro-
posed for different kinds of collisions, especially heavy ion collisions as they
have been considered for a long time the most natural place where hadron
thermalisation could actually take place. In this paper I will show that there
is evidence that a statistical description of hadronisation works for a large
set of collisions, from e*e~to heavy ions, and that definite universal features
emerge in the analysis of elementary collisions with respect to the more com-
plex heavy ion collisions. A special feature of this approach is the very small
number of free parameters needed to reproduce key observables in hadroni-
sation such as the overall particle multiplicities. Moreover, well known facts
like baryon to meson suppression naturally arise, with no extra assumption,
owing to the interplay between baryon number conservation and the gener-
ally heavier baryon masses. This peculiarity of the statistical-mechanical ap-
proach is to be compared, for instance, with the popular Monte-Carlo codes
used in high energy physics based on implementations of string models, e.g.
in ete~collisions [2], which require many more free parameters to reproduce
the yields of hadron species. It should be emphasized in advance that the
statistical-thermodynamical model alone, in principle, is unable to describe
either hadron momentum spectra in high energy elementary collisions, for
they are mainly determined by the early perturbative QCD dynamical evo-
lution, or special correlations (e.g. rapidity vs baryon number) unless it is
supplemented with further dynamical input. Its predictive capabilities are
concerned with global observables, such as particle species multiplicities and
correlations, for which the hadronisation process is almost entirely responsi-
ble. It is in fact one of the aims of this work to show that those major observ-
ables can be made independent of involved dynamical effects and analysed in
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terms of a pure hadronisation model without using complicated schemes re-
quiring the description of all aspects of hadron production (including spectra
etc.) at one time.

2 Basics of the Model

The basic assumption of the model is the existence of a set of hadron gas
clusters or fireballs ! as the final result of a high energy collision. Every cluster
has a momentum P; and a spacial volume V; defined in its rest frame as well
a mass M; and a set of quantum numbers QY = (Q;, NV;, Si, Ci, B;) where
Q; is the electric charge, N; is the baryon number, S; is the strangeness,
C; is the charm and B; is the beauty. It should be pointed out that the
assumption of a hadron gas in each cluster does not entail that hadrons
thermalised via inelastic collisions within the volume V;, rather that pre-
hadronic matter converted into hadrons according to the equiprobability of
any multi-hadronic phase space state (Gibbs postulate) where phase space
is locally defined by the mass and the rest frame volume of the cluster. This
is a necessary statement as the emitting source in elementary collisions is
believed to be rapidly expanding, thus not allowing thermalisation of a non-
equilibrated hadron system; in other words hadrons must be created already
at chemical equilibrium [3,4] (except strange hadrons, see Sect. 4).

In order to derive physical observables we start by calculating the canonical
partition function of each cluster:

Z(T:y,V;, Q) = Z exp(-E/T;) 6q,q¢ (1)
states

where the sum runs over all multihadronic states {n} defined by a set of
occupation numbers n;? for each species j and for each phase space cell k.
The partition function is a Lorentz-invariant one, hence it can be computed
in any reference frame; for sake of simplicity we have chosen the cluster rest
frame in eq. (1). The Z(T;,V;, Q?) can be worked out by transforming the
Kronecker dq, qo into an integration:

27 o
20,V Q) = g [ 0 ¢? T [[expl-nb(e}/Titias 9] ()

0 {n} ik

It can be proved that the average multiplicity of the j*"hadron species in
the i*"cluster can now be obtained by multiplying all the exponential factors
exp(—e¥/T; — iq; - @] associated to the j*"hadron in eq. (2) by a factor A;,
then taking the derivative of Z with respect to A; for A; = 1 and dividing by
Z itself:

! Phe words cluster and fireball will be used as synonyms throughout
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1 7
Z(Ti) ‘/i) Q?) 6A]
Similarly, the number of particle k-uples can be obtained by taking the higher-
order derivatives of Z with respect to similarly defined A\ parameters and
dividing by Z [3].

In order to derive the overall average multiplicities, the numbers obtained
from eq. (3) for each cluster must be summed up. However, the temperatures,
the quantum number vectors, the volumes of the clusters, as well as their num-
ber N, may fluctuate on an event by event basis, so that the hadron average
multiplicities for a given configuration {(T1, V1,Q?), ..., (Tn, Vv, Q%) } must
be folded with their probabilities of occurrence in order to get the actual ob-
servable multiplicities.

As a first step, let us assume that all clusters in an event have the same
temperature T' and let us group the events having the same set of values
(T,V,N)and V = Zﬁ__l Vi is the sum of all cluster rest frame volumes; the
quantum vector Q% = E:vzl Q? is fixed because it is determined by the initial
colliding system. Then, let us define as w(QY, ..., Q%) the conditional prob-
ability of occurrence of a given configuration (QY,...,Q% ) with fixed set of
volumes (Vi,...,Vy) and fixed (V,N). Let f{V1,...,Vn) be the conditional
probability of having a set of volumes (V},...,Vn) with fixed V = vazl Vi
and let p(V, N) be the probability of occurrence of a pair (V, N). Hence:

<nj >i=

Z(Ti’ Vis Q?”\j) A . (3)

oo N
<<n>>= dT | dV p(T,V,N)( avi) f(W,...,Vn)
w>>= 3 far fav urvdl | v

x Z w(Q?aaQ(])V)Z<nJ >i . (4)
(Q%Q2) =1

The functions f, w and p are in general unknown. A statistical ansatz is taken
for w, namely w(Q?, ..., Q%) is assumed to be the probability of subdividing
a global cluster of temperature T, volume V and quantum number vector Q°
into N clusters with a configuration (QY, ..., Q% ). Hence, this probability is
simply proportional to the number of states contained in the configuration

(Q8,...,Q%), namely:

MY, 2(T. Vi, Q)
d .
2 @g,...qq) [l 2(1, Vi, Q3)

With this ensatz, the sum over all configurations (QJ,...,Q%) in the inte-
grand of eq. (4) becomes the average multiplicity of the j*"hadron in one sin-
gle fireball of volume V, temperature T' and quantum number vector Q°. As
this quantity depends no longer on the particular set of volumes (V;,...,Vy)

()

w(Q),..., Q) =
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but only on their sum Ef;l Vi = V [3] neither on the number of clusters N,
while QP is fixed by the initial colliding system, the final expression of the
average multiplicity turns out to be:

<< nj >>= /dT/dV o(T, V) <n; > (T,V,Q%, (6)

where o(T, V) = 3 V-, p(T,V,N) and < n; > (T, V,QP) can be obtained by
taking the derivative of the canonical partition function of the whole fireball:

1 0

<n; > (T,V,Q% = Z(T,V,Q0) 0%,

Z(T,V,Qo,/\j) sl (7)
It should be stressed that the single fireball with volume V does not actually
exist in any of the physical collision events. What is assumed to exist in the
physical reality is a set of clusters having different momenta. The single large
cluster is only a useful mathematical object whose mathematical existence is
owed to the particular choice of the w’s probabilities.

If the cluster masses are not large, then their canonical partition function
must be replaced with microcanonical ones. This makes calculations more in-
volved but a useful generalisation could be achieved. The possibility of cluster
masses fluctuations should be taken into account and one could hopefully end
up, by choosing suitable mass fluctuation functions like w in eq. (5), with the
microcanonical partition function of a single large fireball as in the previous
derivation. This subject is to be studied in more detail.

For large masses M of the single fireball its microcanonical partition function
can be tranformed into a canonical one by means of a saddle-point approxi-
mation:

Zlmicro = Z|can = Z e_M/T6Q,Q° (8)

states

where the temperature T is related to M and V by the saddle-point equation:

M4+ 6(1/T) log Z)|can =0. (9)
Anticipating some of the results described in next section, this approximation
is indeed possible for all of the elementary collisions examined so far [5,6,3].
In Table 1 a compilation of mean M estimated by using eq. (9) and the fitted
T,V and ~s (see Sect. 4) are compared with the fitted temperatures [6]; in all
cases the mean masses turn out to be larger than the temperatures by at least
a factor 45, thus justifying the use of the canonical formalism. However, an
accurate quantitative estimation of microcanonical corrections is still lacking
and it would be valuable to have it in the future.
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Table 1: Values of fitted temperatures and estimated mean fireball masses in various
high energy collisions

Vi (GeV) T (MeV) < M > (GeV)
pp collisions

19.5 190.8 +£27.4 8.65

23.8 194.4+17.3 9.82

26.0 159.0 £ 9.5 9.57

27.5 169.0 £ 2.1 9.77

pp collisions

200 175.4 +14.8 22.55
546 181.7+17.7 31.73
900 170.2 +11.8 36.83
ete~ collisions!

29+ 30 163.6 = 3.6 10.21
34+ 35 165.2+ 4.4 10.69
42.6 + 44 169.6 £ 9.5 11.89
91.2 160.6 + 1.7 17.49

1 - The mean masses quoted for e*e™ collisions are those

estimated for light quark events

3 A Brief Summary of the Analysis
of Hadron Multiplicities

Aside from the thermodynamical parameters T and V' the remaining degrees
of freedom reside into possible fluctuations of T' and V. If such fluctuations
are small, as it is tacitly assumed in most statistical analyses, they can be
neglected and a mean value for T' and V is taken. In some cases (e.g. refs.
[3,7]) the fluctuations of V have been discussed though the actual fit to the
data was performed with mean values.

The canonical treatment in statistical mechanics involves the requirement
of exact conservation of internal quantities such as the quantum numbers
which have been mentioned at the beginning of the previous section. The
calculations of partition function within the most general conservation laws
related to symmetry groups is a well-known subject [8]. By imposing our
quantum number conservation laws associated to simple U(1) groups, we get
expressions of observable quantities, in particular hadron multiplicities, dif-
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fering from the usual grand-canonical thermodynamics by so-called chemical
factors, which are ratios Z(Q® — q;)/Z(QP) of the single-fireball partition
function evaluated for two different quantum vectors [6,3]:

o0 ) VA o _ .
<<ng >>= Y (F1)" 17 zi(n) —-(-%(—(%qﬁ ) (10)

n=1

where the sign - is for fermions and + for bosons. The functions z;(,) are
defined as:

|4
Zjin) = (2J; +1) W /dsp exp (—n4/p? +m§/T) =
vT nm;
2J;+1) mm? Kz(TJ) . (11)

where J; is the spin, m; the mass, q; the quantum number vector of the
j*Mhadron; the s factor will be discussed in the next section. For T of the
order of 200 MeV only the first term of the above series, corresponding to
Boltzmann statistics, can be kept for all hadrons except pions. The formulae
(10),(11) yield the primary j**hadron multiplicity. In order to fit the free pa-
rameters T, V and s it is necessary to let all unstable (or strongly unstable)
hadrons decay according to known branching ratios in order to match the
experimental measurements.

All details, discussion and results of the canonical analysis of hadron abun-
dances in high energy (/s > 19.4 GeV) pp, pp and ete collisions can be
found in refs. [6,3]. Here we just show two plots to demonstrate the good qual-
ity of the fits {figs. 1, 2) and a summary plot of the obtained temperatures
(fig. 3) including heavy ion collisions at SPS [7]. The apparent constancy of
temperatures extracted in different kinds of collisions is an intriguing result
indicating universality behaviour of hadronisation. Furthermore, a constant
T suggests that hadronisation occurs at a particular value of local energy
density (see also Sect. 7).

For asymptotically large volumes (thus multiplicities} the chemical factors
in eq. (10) reduce to the usual grand-canonical fugacities [3]. An example
of this is shown in fig. 4 where the neutron chemical factor in a completely
neutral hadron gas is plotted as a function of the volume {3]: it goes to 1
only at asymptotically large volumes. The effect of the small volume on sta-
tistical particle production (so called canonical suppression or enhancement)
has been studied in great detail [9] and it is a very important effect in the
analysis of elementary collisions [5,6,3]. Due to the large involved multiplici-
ties, grand-canonical calculations naturally apply to heavy ion collisions [10].
In the actual fits, the introduction of one more free parameter, usually the
baryon chemical potential, is required because the number of nucleons par-
ticipating in the collision is not known @ priori but has to be measured.
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4 Strangeness Suppression

The statistical model described above needs to be supplemented with an extra
strangeness suppression factor, which is formally beyond a pure statistical
hadronic phase space model, in order to reproduce experimental data. This
suppression is implemented by a factor /s which is introduced in the partition
function as a fugacity related to the valence strange quark content of the
hadron [12]. However, this way of regarding s apparently confines its validity
to a grand-canonical framework. On the other hand, it is possible to define
~s in a more general way which is independent of the adopted statistical
formalism, i.e. microcanonical, canonical or grand-canonical.

Indeed, for a certain multihadronic state n,...,ng (n, is the number of
hadrons belonging to species 1, ..., ng is the number of hadrons belonging
to species K) originating from the collision, its phase-space probability is
multiplied by a factor 45 powered to the number of strange+antistrange
quarks whose creation out of the vacuum is needed in order to set up that
state; in other words, those which have to be newly produced and do not
come from the colliding particles. Following this definition, in a canonical

framework, the probability P of realizing a multihadronic state {n;,...,nk}
in a collision whose initial state does not have any strange quarks is:
K
o :lgs |
P x exp(—E/T) 73:’-‘ " s 12)

where |s;| is the number of valence strange+antistrange quarks contained in
the j**hadron. This probability can be worked out to calculate the canonical
partition function, eventually yielding:

2Q) = (ler)'s [eseiae
X exp [VZ (2Ji + 1)/d3p log (1 i,Y:je—\/l’z'l-m?/Ti—i‘-'U'd’);{:l] . (13)
J

(2m)3

which is exactly the same partition function [6,3] obtained by introducing
vs as a fugacity. The definition in eq. (12) can be easily generalized within
the microcanonical or grand-canonical framework. Furthermore, it should
be emphasized that this definition is more general and more appropriate for
collisions with initial strange quarks (for instance K p) in which the use of the
same parition function (13) obtained for colliding systems devoid of valence
strange quarks would lead to odd results. In this special case, the probability
(12) becomes:

K
< milesl—1S
P exp(—B/T) 2=~ """ 50 00, (14)
where |S| is the initial absolute strangeness, so that the canonical partition

function will differ by a factor 1 /fyés' from the (13). As already mentioned,
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Fig. 5: Fitted vs in ete™, pp, pp and heavy ion collisions at SPS. Taken from ref. [11]
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Fig. 6: Estimated As = 2(s8)/({uii) + (dd)) in e*e™, pp, pp and heavy ion collisions
at SPS. Taken from ref. [11]
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in actual analyses of hadron multiplicities, vg is a free parameter besides V
and T. However, there are considerable clues |[7,13] that s is not the most
appropriate quantity to parametrise strangeness suppression because it turns
out to be different in ete™, pp and pp collisions (see fig. 5). On the contrary,
the universality of hadronisation in those collisions in the strangeness sec-
tor shows up when plotting the best estimate of the ratio As between newly
produced s pairs and half the sum of newly produced uii and dd pairs (see
fig. 6) which has a pretty constant value of about 0.2. The model predictions
about primary production rate of hadrons allow to make such a valence quark
counting before strong decays take place. This result suggests that hadroni-
sation in all kinds of elementary collisions works in a such a way that the
average number of strange quarks picked from the vacuum is in a constant
ratio with u or d quarks. Even more interesting is the fact that Ag is definitely
higher in heavy ion collisions at SPS energies by a almost factor 2 whereas ~vg
has nearly the same value as in ete~collisions. This gap is a clear indication
that something different happens in heavy ion collisions as far as strangeness
production is concerned.

The constancy of As in elementary collisions indicates that the best way of
parametrizing strangeness suppression would amount to fix the mean ab-
solute value of strangeness with possible superimposed fluctuations. The
mathematical translation of this idea requires the extension of the demanded
conservation laws from 5 (Q, N, S,C, B) to 6 (Q, N, S,C, B, |S}), and, conse-
quently, the extension of the integration from 5-dimensional to 6-dimensional
in eq. (13) in order to calculate the partition functions needed to evaluate
chemical factors in eq. (10). The actual calculation would be even more in-
volved because the absolute value of strangeness certainly undergoes fluctu-
ations event by event, so that the number of integrals to be computed would
turn out to be very large. The implementation of this new kind of calculation
is a point deserving detailed investigation, especially because it might lead to
a further qualitative improvement of thermal canonical fits. Furthermore, it
would be instructive to understand to what extent s acts anyhow as a good
parametrisation of strangeness suppression though less fundamental than As.

5 Multiplicity Distributions

Not only hadron species average multiplicities but also the probability of
having k-uples of different hadrons and, as a consequence, multiplicity dis-
tributions, can be reduced to a folding integral like in eq. (6) where the set
of clusters is replaced by a single fireball. To prove that, an argument can be
used which is similar to that used for the average multiplicities; for a fixed
configuration (QY,...,Q%), volumes (Vi, ..., Vy), number of clusters N, the
conditional probability P, of getting a k-uple {n;,...,nk} is given by :
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P({ms, - nxc}) = (Hzm f il Pt as)

where the A; are the factors defined in Sect. 2. This expression follows from
a very general statement about generating functions and from the chain of
equations:

> P({me o ne AP =

{n1,...,nk}

Z ( z P(St’.a.t‘:e)Iﬁxed{m,...,nK})’\Ill v ’\'I'(K =

{ﬂl, ,YIK} states

Z P(state)A* .. . AR =

states

N
II2:vi. Q8 A, M)/ 2:(Vi, QD) (16)

i=1

implying that Hfil Z;(Vi, Q) A1y .. s AK)/Z:(V;, QF) is indeed the generat-
ing function of the distribution P,. Hence, the observable multihadronic prob-
ability distribution P({n1,...,nk}) will be the convolution:

00 N
P({ny,..., = dT [ dV p(T,V,N dav;) f(",...,WN)
useeeome) = 3 [ o o @ VNI [ %) 1.V

x 3. w@Qd...,QP.(Q...,Q%) - (17)
(Q3,....Q%)

By using eq. (15) and the probabilities (5) the sum over all configurations
becomes the multiple integral of the single fireball generating function:

P({ns,...,nk}) = /dT/dV o(T,V)

K

1 Z(VQO Ala AI()
(I 77 xh“) U

(18)
j=1

This proof can be repeated in the canonical framework as well.

To summarize, in order to study not only average multiplicities but also all
global correlations (i.e. independent of momenta) among particles at any or-
der, the use of a single cluster having mass, volume and quantum numbers
equal to the sum of masses, volumes and quantum numbers of the produced
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clusters is still valid, provided that the probabilities w’s are assumed to be
those in eq. (5). Even with this simplifying assumption, multiplicity distribu-
tions are affected by possible fluctuations of T and V. For fixed T and V the
fluctuations of single hadron species are not independent of other species due
to conservation laws. Only in the high multiplicity regime, where conservation
laws are weakened, hadron multiplicity distribution become poissonian. In ref.
[14] a study of charged particle multiplicity distributions in e*e~collisions has
been performed with the statistical-thermodynamical model by neglecting V
or T fluctuations. A fairly good agreement has been found with the data
though some discrepancy emerged suggesting that the fixed V approxima-
tion is not fully satisfactory.

6 Heavy Flavours and Spectra

The statistical-thermal model gives rise to some other predictions concern-
ing various physical observables. One prediction which turned out to be in
striking agreement with the data is the relative abundance of heavy flavoured
hadrons [15] in ete~collisions (see Table 2). In order to produce statistical-
thermal predictions of heavy flavoured hadron production rates it is necessary
to assume that primarily created heavy quark pairs (like in Z boson decay) do
not reannihilate and appear as open flavours in the final hadrons, according
to experimental observations. This amounts to a modification of the partition
function in a fraction of events whose value is used as input. Specifically, in
ete™ — bb events, the canonical partition function is taken to be [3]:

Z=2(Q% - 2:(Q%|B| =0), (19)
where |B| is the absolute value of beauty and:

Z(Q) = T exp(~E/T) bq,q0
states
Z,(Q% Bl =0) = Y exp(~E/T) bq,q0 9iz|,0 (20)
states

implying that states devoid of bottom quarks are excluded from the sum. The
second term in eq. (19) involves a 6-dimensional integration as the absolute
value of beauty is treated as a new independent quantum number to be
conserved in the multihadronic state. It is worth deriving eq. (19) on the basis
of the same argument about the reduction of a set of clusters to one single
fireball which has been used in Sect. 2. The statistical ansatz of the clusters
configuration probabilities, like in eq. (5) leads to the following partition
function:

N
> Gy g1 2@ BI) 1)
{Q2.1B: LY, 1Bil>0 =1
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where {QY,|B;|} = (QY,|Bil, ---, Q% |Bn|). The above sum can be equiva-
lently written as a difference:

0 N
Z Z JQO’Z.- Q H Z(Q?: |Bil) 6|B|,2., |B:} —

|B|=0{QY,IB;|} i=1
N

E JQU,E'. Q¢ H Z(Q?’ lBtl) 60’2.- |B;| * (22)
{Q?.iB:]} i=1

The first term in eq. (22) becomes the partition function of a single fireball:

o0

> Z(Q°%|B)) = 2:(Q°%) (23)

|B|=0

and so does the second term which becomes the second term in eq. (20).

The actual values of T and V extracted from the fits to the examined high
energy elementary collisions predict an overwhelmingly low pure statistical
production of heavy flavoured hadrons owing to the high value of their mass
compared to the temperature [5]. The predicted rates are around 10~8 /event
for charmed hadrons and 10~2° for bottomed hadrons in ete~collisions at
V3 = 91.2 GeV. In fact, advantage is taken of the smallness of the thermal
functions 2; in eq. (11) to perform analytical integrations in the variables ¢
linked to conservation of charm, beauty and their absolute values, by means
of a first-order power expansion [5,3]. This procedure leads to much simpler
expressions for the abundances of primary heavy flavoured hadrons normal-
ized to the corresponding heavy flavoured quark pair production rate [3]:

izs Zi ’YS" ziC(Qo - qJ - q‘l) (24)
’ ik e s ziznC(Q0 — qi —qx)

where the { are now reduced partitions functions computed without heavy
flavours implying only a 3-dimensional integration.

Unlike global observables such as multiplicities and multiplicity distribu-
tions, momentum spectra cannot be predicted without supplementing this
model with further dynamical assumptions. Indeed, at high centre of mass
energies, momentum spectra are mainly determined by cluster collective mo-
mentum reflecting early QCD dynamics, as it has been observed in ete~colli-
sions. This results from the fact that, in the cluster rest frame, particles
emerge at a momentum scale of the order of T, namely some hundreds MeV,
whereas clusters have much higher momenta. As a consequence, hadronisation
brings about only a little smearing of the original dynamical distributions.
However, this hadronisation 'noise’ could be observable if all clusters had mo-
menta along one direction, as it seems to be in pp collisions along the beam

<Ly >>=7,
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Table 2: Predictions of heavy flavoured hadron abundances at /3 = 91.2 GeV
obtained by the T', V, ys parameters fitted from light flavoured hadron abundances.
The B}* prediction is affected by the interpretation of the observed peaks as four
different states or two different states (within brackets). Taken from ref. [15]

Hadron Prediction Measured Residual
D+ 0.0926 0.0870.008 -0.67
D° 0.233 0.22740.012 -0.50
D, 0.0579 0.066+0.010 +0.81
Dt 0.108 0.0880+0.0054 -3.7
D} /c-jet 0.103 0.128+0.027 +0.92
D /c-jet 0.0347 0.038-+0.009 +0.37
Dj/c-jet 0.0471 0.135+0.052 +1.7
D,1 /c-jet 0.00536 0.016+0.0058  +1.8
B%/b-jet 0.412 0.384+0.026 -1.1
B*/B 0.692 0.747+0.067 +0.82
B* /b-jet 0.642 0.65 +0.06 +0.13
B, /b-jet 0.106 0.12240.031 +0.52
wra/b-jet 0.206 0.26 +0.05 +1.0
B**/B 0.251 0.27 +0.06 +0.32
B:* /b-jet 0.021(0.011)  0.048+0.017 +1.6
B;*°/Bt 0.026(0.013)  0.052%0.016 +1.6
AF 0.0248 0.0395+£0.0084  +1.7
b-baryon/b-jet 0.0717 0.115 +0.040 +1.1
(2 + 7)) /bjet  0.0404 0.048 +0.016 +0.48
0 /(Z5 + %) 0.411 0.24 £0.12 -1.4

line or in e*e~collisions along the jet axis. In this case the transverse momen-
tum pr spectrum of any hadron except pions is predicted to be proportional
to:

Vrr +m? ’+m2) (25)

T

at temperatures of the order of 200 MeV; for pions the formula is more com-
plicated due to non-negligible Bose-Einstein statistics effects. Indeed, spectra
like (25) have been observed for a long time in pp collisions but a conclu-
sive data analysis is still lacking because most final detectable hadrons ac-
tually emerge from strong decays, making it very difficult to disentangle the

P2+ m? prK(
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primary component, whose spectrum should behave like (25), from the sec-
ondary one. Furthermore, even primary hadrons pr spectra are broadened by
possible transverse momenta of the clusters related to hard gluon radiation
or minijets etc. To summarize, this prediction is very difficult to test, yet it
would be certainly worthwile as a definite connection between spectra and
abundances in hadronisation would be established.

An interesting issue related to the spectra concerns the consistency between
the assumed probabilities w’s and the fact that rapidity distributions in pp
collisions, for instance, have very different shapes for baryons and mesons [16).
As it has been assumed that the probabilities of quantum number configura-
tions w’s are those arising by the splitting of a whole fireball, this maximal
random choice may seem apparently inconsistent with the experimental ob-
servation of different spectra for differently ’charged’ particles. Indeed this
is not the case; let p(QYJ,...,Q%) be the actual probabilities for a set of
N clusters having the same volume and let us order the clusters in rapidity
¥1 > ... > yn. In this case, in a canonical model where all clusters have the
same temperature, the probabilities w(Q?,...,Q%) chosen according to an
equation like eq. (5) are symmetric:

w(Q)1ys---» Qo)) = w(Q,- -, QYY) (26)

for any permutation ¢ of the integers 1,..., N. Therefore, if p(Q2,...,Q%)
are the actual weights, in order that our previous derivations hold, the con-
dition to be fulfilled is:

1
w[Q} -, Q] = 77 2_P( Q- - Qo)) » (27)

where the square brackets mean that the set [Q?,..., Q%] is a not—ordered
one. This condition is weaker than a strict equality between w(Q?,...,Q%)
and p(QY,...,Q%). Thus, the consistency between previously obtained ex-
pressions of hadron multiplicities (10) and rapidity distributions can be achie-
ved in a canonical model by generating clusters with the same volume and
temperature with random quantum numbers (provided that their sum ful-
fills the initial state constraint), then giving them a suitably chosen rapidity
that is allowed, on the basis of permutational symmetry (26), to be strongly
correlated with their quantum numbers. An example of this procedure is a
toy Monte-Carlo calculation shown in figure 6 where outcoming rapidity dis-
tributions of protons and pions in pp collisions at /s = 27 GeV are shown.
Although they look very different, overall particle multiplicities keep the same
value determined by the simple statistical ansatz for the w’s.

7 Outlook

The application of a statistical-thermodynamical model of hadronisation to
the analysis of hadron multiplicities allows to reproduce accurately hadron
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Fig. 7. Example of a Monte-Carlo calculation of rapidity distributions in pp colli-
sions at /3 = 27.4 GeV for protons (above) and pions (below)

multiplicities with only three free parameters. The most interesting results
emerged from this study are some universality features such as the constancy
of T and )s in elementary collisions (figs. 3, 6). Particularly the constancy
of temperature suggests that the local energy density (or some closely re-
lated physical quantity) has a constant critical value at the hadronisation [3].
In other words, the local comoving volume available for hadron production,
hence the local phase space, is determined by the mass of hadronising clus-
ters; the temperature of the resulting hadron gas is thereby constant. These
results are also very useful in the perspective of the study of hadron produc-
tion in heavy ion collisions.

More tests of this model are needed and are on the way; for the average
multiplicities and multiplicity distributions at lower energies, where a micro-
canonical treatment will be presumably necessary, to check the onset of such
statistical behaviour; for the transverse momenta spectra in high energy col-
lisions, to put in evidence the contribution of hadronisation and, hopefully,
establish a link between kinematics and chemical composition.
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Introduction to Light Cone Field Theory
and High Energy Scattering

Raju Venugopalan®

Niels Bohr Institute,
Blegdamsvej 17, Copenhagen, Denmark, DK-2100

Abstract. In this set of four lectures, we provide an elementary introduction to
light cone field theory and some of its applications in high energy scattering.

1 Introduction

In these lectures, we will attempt to provide a “hands on” introduction to
some of the ideas and methods in light cone field theory and its application
to high energy scattering. Light cone quantization as an approach to study
the Hamilton dymanics of fields was first investigated by Dirac, who pointed
out several of its elegant features in a landmark paper [1]. It was first applied
to high energy physics in the 60’s in the context of current algebra [2]. Light
cone field theory currently finds applications in most areas of high energy
physics, from perturbative QCD to string theories.

The elegance and simplicity of the light cone approach results from the
analogy of relativistic field theories quantized on the light cone to non—
relativistic quantum mechanics. In fact, this correspondence runs deep and
it was shown by Susskind that there is an exact isomorphism between the
Galilean subgroup of the Poincaré group and the symmetry group of two di-
mensional quantum mechanics [3]. Furthermore, as was first shown by Wein-
berg [4], the vacuum structure of field theories simplifies greatly in the infinite
momentum limit. The combination of the non—relativistic kinematics of light
cone field theories as well as their simple vacuum structure, has given rise
to the belief that potential methods of quantum mechanics can be applied
to field theories quantized on the light cone. This observation is at the heart
of recent attempts to understand bound state problems in QCD in the light
cone formalism [5]. Indeed, beginning with the t’Hooft model [6] for mesons in
1+1-dimensional large N, QCD, which made use of the light cone formalism,
there have been many attempts to study confinement and chiral symmetry
breaking in this approach (see Ref. [7] and references therein).

Light cone field theory also provides much of the intellectual support for
the intuitive quark—parton picture of high energy scattering. Frequently, the
phrases ‘the theory of strong interactions, QCD’ and the ‘quark—parton pic-
ture of strong interactions’ are used interchangeably. However, it is only in
light cone quantization (and light cone gauge) that the quark-parton struc-
ture of QCD is manifest and multi~parton Fock states can be constructed as
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eigenstates of the QCD Hamiltonian [8]. One can therefore construct Lorentz
invariant light cone wavefunctions— a fact which has been particularly useful
in the study of exclusive processes in QCD [9]. Further, in deeply inelastic
scattering, the experimentally measured structure functions are simply re-
lated (in leading twist) to the light cone quark distribution functions. The
partonic picture of light cone quantum field theory was demonstrated very
clearly in the papers of Kogut and Soper [10] and of Bjorken, Kogut and
Soper [11].

The goal of these lectures is to illustrate both of the above points, the
attractive features of light cone field theory and its applications to high energy
scattering, in the simplest possible fashion by working out concrete examples.
In the first lecture, we begin by introducing the light cone notation and the
two component formalism. We then define the light cone Fock states and
their equal light cone time commutation relations. We conclude by discussing
the structure of the Poincaré group and demonstrate the above mentioned
isomorphism to two dimensional quantum mechanics. In the second lecture,
we explicitly derive the light cone QCD Hamiltonian in the two component
formalism making use of the light cone constraint equations. It is shown
that the Hamiltonian can be expressed as the sum of non-interacting and
“potential” terms. For simplicity, in lecture three, we specialize to the case of
QED and use the form of the Hamiltonian derived in lecture 2 to illustrate the
parton picture of high energy scattering. In particular, we study high energy
scattering off an external potential in the eikonal approximation in QED.
In the fourth and final lecture we show how Bjorken scaling can be derived
in QCD using the light cone commutation relations and briefly discuss the
relation of light cone distribution functions to structure functions.

There are several reviews that the reader may study to learn more about
the subject. An introductory review which also includes a guide to the litera-
ture for beginners is that by Harindranath [12]. Another introductory review
which stresses recent advances is that by Burkardt [7]. The most recent and
comprehensive review of the subject is by Brodsky, Pauli and Pinsky [13]. A
part of our lectures relies heavily on the classic papers of Kogut and Soper [10]
and Bjorken, Kogut and Soper [11]. The reader should keep in mind that a
wide variety of conventions are in use in the literature. Some of these are
discussed in the review of Brodsky, Pauli and Pinsky.

The lectures below were delivered at the Cape Town lecture school and
for spacetime reasons are the “short” form of lectures delivered previously
at the University of Jyvaskyla international summer school. The topics that
were omitted in the short version include light cone perturbation theory,
the renormalization group and the operator product expansion, and small x
physics. The longer version of these lectures will be published separately at
a later date [14].
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2 Light Cone Quantization and the Light Cone Algebra

We begin by defining our convention and notations. Our metric here is the
+2 metric §*¥ = (-, +, +, +). Note: for my convenience (and unfortunately,
your inconvenience) I may change notations in the latter lectures. But you
will have fair warning! The gamma matrices in usual space-time co—ordinates
are denoted by carets. In the chiral representation,

~0 __ 0r s 0 Ui . oAb I0
T=\10) T \-efa )T T\o-1)"

and {4#,4"} = —2g**. Above, ot,i = 1,2, 3 are the usual 2 x 2 Pauli matrices
and I is the 2 x 2 identity matrix. In light cone co-ordinates, y* = (3° +
4)/VZ and {y#,4"} = —2¢**, where g** = g=~ =0, g*~ =g+ = -1
Also, g, .+, = 1 with ¢;,¢2 = 1,2 denoting the two transverse co—ordinates.
We define z* = (20, 2!, 22,2%) = (t,z) and

+ (t+2) By = 8 1 B 48.): A% (A% + A%)
\/5 y Ut 9z % \/5( t Z)a ‘/5 ( )
Note for instance that in this convention A; = —A~ and A4; = +A*. Also,
¢® = -2¢~q* + ¢}. Hence, a “space-like” ¢* implying large space-like com-
ponents would correspond to ¢ > 0.
We now define the projection operators
ot = 0t _ ATt @)
vz T2
which project out the two component spinors %1 = a1, [10]
0 Y1
0
ve= |02 iv-= 0 | 3
0 Y4
where 1y, - - - 94 are the four components of . It follows from the above that
Yy +Y- =9
Some relevant properties of the projection operators at are
(@) =at; ataT=0; at +a" =1; (a®)f = a*. (4)
We can use these to show that
. 1,
a*yr =05 a¥ys =9ys; o0 = 25%F ; aFy =me*.  (5)

We will make liberal use of these identities in deriving the light cone Hamil-
tonian in lecture 2.
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A particular property of light cone quantization is that it is the two com-
ponent spinor %, above that is the dynamical spinor in the light cone QCD
Hamiltonian Pgop. Interestingly, the same feature is observed for fermion
fields which obey equal time commutation relations when they are boosted
to the infinite momentum frame. The dynamical spinors ¥, are defined in
terms of creation and annihilation operators as

— 1kz e —ik-z gt (g, o+
o= [ s 2,,4(2w)3 5 [ hlset) re ], ©

where b,(k) is a quark destruction operator and destroys a quark with mo-
mentum k while dl(k) is an anti—quark creation operator and creates an
anti-quark with momentum k. They obey the equal light cone time (z%)
anti-commutation relations

{bs(k, "), 8L (K, 2)} = {dy(k,z*),d}. (K, 2™))
= (27()3(5(3) (k - k')ass' . (7)

The above definitions ensure that the fermionic contribution to the light
cone QCD Hamiltonian can be written as the sum of kinetic and potential
pieces, Pf Qcp = = P, ot Vacp, where the kinetic piece of the Hamiltonian is
defined as

_ d®k k? + M?
Pro= [ 5 5 B M) ey + i) . (®)
7

£.0 3 +
(2n) !

These points will become clearer when we explicitly derive the QCD light
cone Hamiltonian in lecture 2.

The gauge field A* has two dynamical components A?(z) withi =1,21in
light cone gauge At = 0. These are defined in terms of creation—annihilation
operators as

d3k
k+>0 /2|kT|(27)3

Z in[nkz 3 (k; x+)+e—zkz af(k z )] , 9)

A=1,2

43(z) =

where the A\’s here correspond to the two independent polarizations and
a% t (a%) creates (destroys) a gluon with momentum k. They obey the com-
mutation relations

[ag (k), b ' (k)] = (27)3P (k — k")basérn - (10)

In an analogous fashion to Eq. 8, the bosonic kinetic energy can be written
(after normal ordering) as

3 2 2
[ ¥ B dwa. a

27)3 2k+
A=1,2
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We will now discuss the structure of the Poincaré group on the light cone.
For the field ¢,, which here denotes vector or scalar bosons, we can define
the stress-energy tensor

™ = 126" ¢, — *L, (12)
where £ is the Lagrangean density, and fI;‘ is the generalized momentum
A _ oL
N = —
6 (8)\4’1')

Keep in mind that the carets denote quantities in the usual spacetime co—
ordinates. Define now the following generalized quantity

(13)

Fwv _ $4#,4*]*# for spinors a4)
of = | (9495 — 9595 for vectors

One can then define the boost-angular momentum stress tensor
A = ghTA g Ty ISR g, . (15)
There are ten conserved currents

8,T™ =0
8HJw =0, (16)

and correspondingly, ten conserved charges,
P =/da‘:1d:i:2d:23 T,
= / dit d? da® (41 - 21O L IO514,) . (1)

The four components of the energy—momentum vector P*# and the six com-
ponents of the boost-angular momentum M#¥ comprise the ten generators
of the Poincaré group }. These generators satisfy the Poincaré algebra

[P, ) =0 (B, ) =i (g P¥ — g P¥)
[MﬂV’MPU] =3 (gwa» + gvnM;w _ gupr - "W-'MIJP) . (18)
The six components of the boost-angular momentum can be further split

into the three generators of rotations M = giik jk (where J i is the angu-
lar momentum operator) and three generators of boosts K¥ = M. In the

! The Poincaré group is a sub—group of the conformal group which contains 15
generators, the additional generators being 4 conformal transformations and 1
dilatation.
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language of Ref. [1], these are referred to as kinematic and dynamic opera-
tors, respectively, since the former is independent of the interaction while the
latter isn’t.

Transforming the above to light cone co—ordinates, we obtain P =
(P*, P!, P?, P~), where Pt = (P9 £ P3)//2, and

0 =-S5, -5 K3
Sl 0 J3 Bl
wv __
M¥=1 6 _5 0 B (19)
—Ks —B, B, 0

Above we used the following definitions
_E+h) o (K- )

B, v Y, A
_ K =d) L _ (Ka+Jy)
S == 52————-‘/5 .

The commutation relations among the M#¥’s and the P#’s are of course the
same as in Eq. 18. The operators B, and B, are kinematic and boost the
system in the x and y directions respectively. In addition, the operators J3
and interestingly, K3 are kinematic and rotate the system in the x—y plane
and boost it in the longitudinal direction respectively.

An interesting observation by Susskind {3] related to the above is that the
commutation relations among the seven generators P*, P, Js,B; and B,
are the same as the commutation relations among the symmetry operators
of non-relativistic quantum mechanics in two dimensions. Indeed, one can
formally make the correspondence,

P~ — Hamiltonian.

P, — Momenta.

Pt — Mass.

J3 — Angular Momentum.

B; — generators of Galilean boosts in x-y plane.

These seven generators obey the commutation relations

[P_3Pt] = [P-7P+] = [Pt’P+]
= [J3,P_]: [J3,P+] =[Bg,P+] =0. (20)
and
[J3,Pt] = ’I:GuPl ,
[.fg,Bt] = iﬁuB; 3
[Bt,P"] = —iP!,[B!, P!] = —idy P+ .
Above ¢;; is the Levi-Civita tensor in two dimensions. Since they are kine-

matic operators, they leave the planes of z+ = constant invariant under their
operations.



Light Cone Field Theory 95

Susskind, Bardacki & Halpern [15] and Kogut & Soper have shown that
the above mentioned isomorphism is responsible for the non-relativistic quantum-—
mechanical structure of quantum field theories on the light cone. The simplest
illustration of this isomorphism is the fact that the free particle Hamiltonian
takes the form
P+ M?

2P+
Recalling the form of the energy in two dimensional quantum mechanics,
we obtain the isomorphisms above. For QED and QCD, the above form is
modified by the addition of a potential term which we will discuss in detail in
lecture 2. Finally, we should mention that the other kinematic operator, K3,
the boost operator in the longitudinal direction, serves to rescale the other
operators

H=P =

exp(iwKs3) P~ exp(—iwK3) = exp(w)P~ .
exp(in3)J3 exp(—in;;) =Js.
exp(iwK3)S exp(—iwK3) = exp(~w)S. (21)

This property of K3 will come in handy in lecture 3.

3 The Light Cone QCD Hamiltonian

In this lecture, we will derive an explicit form for the light cone QCD Hamil-
tonian making use of the light cone constraint relations. Consider first the
fermionic part of the QCD action

sp=/d4m;(r+M>w.

Above, P#¥ = —iD# = —i(8* — igA*). For convenience, we will not write the
integral [ d*z, in the following but it must be understood to be there. Then
writing out the above action explicitly,

Sk =9y P_p + 9y Pep + 9y Py + Yy M.
Consider now the first term in the above:
Py Py =9y Py - V2L Py (22)

To dissect the above, we first decomposed 4° = (vt + 7~)/v/2, made use
of (y~)? = 0, and the properties of the projector at in Eq. 4 to obtain the
RHS. Similarly, it is recommended to the serious student that he or she show
that

Pyt Pryp = VL Py,
- 1
Py Py = 7 (¢17+17t+ ¢17“I7a/1-) ,
oMy = M (¥4 + wla%,) . (23)
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One then obtains

Sk =VWLP y_+vVHLPy, + 7 (Tf’f v B+ Ly Hap_ )

+ M (930 + 9L 4%, ) | (29)

where we have written the fermionic piece of the action in terms of the two—
spinors 9_ and 9, and their hermitean conjugates.
Following Eq. 13, the momenta conjugate to these two—spinor fields are

0L V2
R ( )’”*’

éc

I ERTS) 0. (25)
Since trivially [IT_,4_] = 0, the two—spinor 4_ is, unlike 1, not an inde-
pendent quantum field. We will now show that one may derive a constraint
equation (i.e., independent of the light cone time z*) for ¢¥_ in terms of
the dynamical field ¢, . The light cone constraint relations can be obtained
from the operator equations of motion. In this case, it is the Dirac equation
(P+M)=0,o0r

(—i0- — gAY Y + (—i8y — gAY Y
2
+ Y (-0 — gAY+ My = 0. (26)

=1

Multiply the above through by y*. Since (y*)? = 0, this projects out the
zt-light cone time—dependence in the above and we obtain (after liberally
using our projection operator tricks from Eq. 4) the equation

V2P_t_ = -3°(B+ M), . (27)
In light cone gauge, A_ = —A* = 0, hence P_ = (~i0_ — gA_) - —id_.
With this gauge condition therefore, one can easily invert the P_ = —P*

operator and one obtains the light cone constraint equation

¥ (Be+ M)y - (28)

\/_ P+
Thus for light cone time z%, 1_ is determined completely by 1, at that
time. Only the two components of the spinor ¥ corresponding to ¥, are
independent dynamical fields on the light cone.

We can now use the above obtained constraint equation to replace ¢/_ in
Eq. 24 for SF. For instance,

vaspy. = V(o) b (e 0w



Light Cone Field Theory 97

— 201 - By (it M)

Now rescale the fields 9 — 2~1/%4 2. As an exercise, the reader should use
the light cone constraint equation above, the properties of the projection
operators ot in Eq. 4 and those of the light cone gamma matrices to first
substitute for ¥_ everywhere and then demonstrate the following identities,

M

7 (wj;‘/%_ + wi&"m) = —1\2{ (@/)l'y'w_ + ¢i7+¢+)

2 (Wit (Bt M)y 4+l (et MYy
= LM = B 5 (Bt M.

Putting these together with the other term above, our result for the fermionic
action expressed solely in terms of the dynamical two—spinor 1, is

Se=—bLP Y+ WL (M - Bgr Bt Ms . (29)

We now turn to the bosonic contribution to the action,

Su = {8, (30)
and following a procedure analogous to the fermionic case, shall write it in
terms of Ag, the two transverse, dynamical components of the gauge field
A#_ We have seen earlier that the choice of light cone gauge A_ = ~At =0
greatly simplifies the light cone constraint relation for the fermions. In this
gauge, the various components of the field strength tensor also simplify to

Fo_=-8_A2,
F = 8 A% — 8, AY + gfobeAbAS
Ff = -8_A*=—E}.

In addition, there are of course the purely transverse pieces Fj;; with 4,5 =
1, 2. ;From the above it is evident that there is no (light cone) time derivative
0, A, in the action. The field A, therefore has no momentum conjugate and
we may use the operator equations of motion to eliminate the field A, =
—A~.

% This rescaling gets rid of the /2 factors in the action. This also explains the
peculiar 27!/ normalization factor in Eq. 6 for the properly normalized .
field.
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The equations of motion are the Yang—Mills equations of course. The light
cone constraint equation is just Gauss’ law on the light cone since it must be
valid at all times. This condition is then

(DyFt*)e + (D_F~1)% = —Jt° = —92 A7 = Jt° 4 (D, Ey)°,

where Ef are the two transverse components of the electric field and D, is
the covariant derivative 8; — igA;. We can write our light cone constraint
equation for A~ compactly below as

1

A7 = e (J** + (D Ey)?) . (31)
Returning to the action
1 1 1
Sp = ZF” = ZFf —FLF - gFFL

substituting the expressions for the field strength components in terms of the

gauge fields and performing an integration by parts, we obtain

1 1

7F2 — AS(DUE)® - 5(0_AL)* - (0-45) (9443).  (32)
Before we substitute for A} above, we will first write out the full action

Socp = Sp + 8B — Jeat - A:

Sp =

Saon =~ (~i0” — gA Wy + UL (M ~ B mp (Bt MY + 7 7

1
— AL(DE,)" - 5(0-A4)* — (0- A7) (94.4F) = T Ay .
Consider the first term above. We can write this as
-yl (-i0™ - gA7) ¥y = —ipl By — JTf A4,

where J}¢ = 927A%),. (The A* are the Gell-Mann SU(3) matrices.) We
now substitute the above result in our expression for the action and after

a) defining J* = Jf, + J%,,

b) performing an integration by parts,

¢) making use of the constraint relation Eq. 31 to eliminate A,

we obtain finally,

Sqcp = —ip} 8y
~(0- A1) (04 Ar) + gFE + 5L (M — B oz (BL+ M)

+ 50" + DB g (7% + DiFy). (33)
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The final step before we obtain the Hamiltonian is to identify the momenta
conjugate to the dynamical fields (now with the proper normalization!),

i _ 0Sqcp .
errmt — Q - _ 1/)1' .
6(0+9+) +
0Sqco
moee = 2390 = _9_4, = 34
R T R (34)

Writing out the fields and their momentum conjugates in terms of the creation
and annihilation operators introduced in Eqgs. 6 and 9, and making use of
their commutation relations, the reader may confirm that

[11}°*(2), Ae(@')] = {IT{™ (), 94 (2)} = 16Dz - 7). (35)
The Hamiltonian density in our convention is defined as
H = P5cp = Sqcp — ™04y — 10, Ay,

We can therefore write our final expression for the Hamiltonian density as

Focp = %th (J+ + DiEy) ros (P+)2 (J* + D Ey)
+ %wi(M ~ By gy (Bt My (36)

We have therefore succeeded in obtaining the light cone Hamiltonian in
QCD, expressed solely in terms of the two—spinor %, and A;, the two trans-
verse components of the gauge field. The following observations can be made
regarding the above expression. Firstly, one can show straightforwardly that
the light cone Hamiltonian can be written as

FPocp =Fo +Vqeb, (37)

where Py (the sum of the RHS of Eqgs. 8 and 11) is the piece of the Hamilto-
nian not containing any factors of the coupling g and V¢ p is the rest, which
can also be written out in terms of creation—annihilation operators. Fur-
thermore, the ground state of the non-interacting Hamiltonian P, is also,
remarkably, the ground state of the full Hamiltonian. This is the meaning be-
hind statements one may have heard that the light cone vacuum is ‘trivial’.
Because the vacuum is trivial, one may simply construct any eigenstate of
the full Hamiltonian in terms of a complete Fock eigen-basis corresponding
to eigenstates of the non-interacting Hamiltonian. As we shall demonstrate
in the next lecture with a specific example, this point forms the basis for the
quark-parton model in quantum field theory.

Just as in non-relativistic quantum mechanics then, one can use light cone
time ordered perturbation theory to construct these states. Unfortunately,
there is no room to discuss time ordered perturbation theory here but it will
be discussed in the “long” version of these lectures [14].
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There is one point we have not mentioned thus far but it threatens the
entire pretty picture above. This has to do with the terms 1/P* and 1/(P+)?
above. Recall that they were obtained by inverting the light cone constraint
equations in light cone gauge. Clearly, that operation and these terms are not
well defined for P+ = 0. The simple vacuum is thus only deceptively so and
all the complications are now hidden in the zero—mode. That this would be
the case should have been clearer in retrospect. Defining the operator 1/P+
requires knowing the boundary conditions of the fields at large distances
and therefore, should be sensitive to confining and chiral symmetry breaking
effects.. Attempts to regulate the zero mode, a well know example of which is
discretized light cone quantization [13], also result in a non-trivial vacuum.
On the other hand, perturbative physics should not be terribly sensitive to
how fields are regulated at large distances. Different ‘epsilon’ prescriptions
corresponding to different boundary conditions at infinity give the same short
distance physics [16]. The justification of the above approach is therefore
the success of the parton model in describing physics at large transverse
momenta in QCD. The program to describe non—perturbative physics in the
same framework is very advanced and we refer the reader to Ref. [13] to read
of the latest developments.

4 High-Energy Eikonal Scattering and the Parton
Model in QED

In the previous lectures we developed some of the basic formalism of light
cone field theory. We will now apply this formalism to a specific example; high
energy scattering of an electron from an external potential in QED. We will
show how one recovers the standard Eikonal picture in this formalism. More
importantly, our results clearly can be interpreted in terms of a parton model
picture of high energy scattering. This lecture closely follows the excellent
paper of Bjorken, Kogut and Soper [11] where this example and others are
discussed. For convenience, we will also use their “-2” convention (for eg.,
A_ = A" and A; = - A}).

The light cone Hamiltonian in QED is similar to the QCD Hamiltonian
derived above in Eq. 36 and of course much simpler. To treat the problem
of scattering off an external potential, we introduce an external potential a,,
using the gauge invariant minimal substitution p, — p, — ga,. The QED
Hamiltonian including the external potential a,, is then

1
Preae(z*) = /d’{’ﬂt dz~ {ea+¢11/;+ + ‘2'621/)3-'/4 o = a+)2 oo e

+‘/’L(M—ia-(p—eA-ea))2(p+ ) (M +io-(p—eA —ea))yy



Light Cone Field Theory 101

t—l 2

1
+ ey, e A+ < Z At 2A‘} (38)
Note that one can define

e @)= [ geta -0
exp <—ie /:—
(39

where e is the sign function. This can be checked by multiplying through by
pt —eat 3.

Now write Py ;s = Popp+V, where Pogp is the usual time independent
QED Hamiltonian with a* = 0 and V(z*) = P, — Popp- We wish to
construct the scattering matrix Sy; in the interaction picture. In the usual
quantum mechanical treatment,

d¢'at (zt, 2, E')) Yzt x4, ),

Yr(zt, 2, 27) = e'faen® 1/;+(O T,z )e " SCEEL
Af(zt, 2,2 )=eP<“m’n A(O,z,,z')e“POED’+. (40)

Then, the scattering matrix for the scattering of an electron off an external
potential is given by

Sgi =< flT{exp (—i/dx+V(x+)) } >, (41)

where ‘T’ denotes light cone time ordering and |i > and |f > are asymptotic
states which are eigenstates of the QED Hamiltonian Pgogp. They can thus
be evaluated in Rayleigh—Schrédinger perturbation theory (see the discussion
at the end of lecture 2).

We want to compute the scattering matrix in the high energy scattering
limit P;, Py — o0o. Consider the states |I > and |F >, which may be states in
the rest frame of the electron. They are related by boosts to the states |i >
and [f > above. Then |i >= e~*Xs|I > and |f >= e~ K3|F >, where K3
(defined previously in lecture 1) is the generator of boosts in the longitudinal
direction. In QED, K3 is the operator

K3 = /d2$'t dz~ z~ [%’lpi 6‘-: 'l/)+ + (a—At) (6—At)] ’ (42)
zt=0

and w is the rapidity corresponding to the boost. The scattering matrix ele-
ment between the scattering states in the rest frame is then

< Fle“¥sT {exp (—z’ /dx‘*V(m*)) } e WK1 > |

3 In QCD, the sole change is to replace the exponential on the RHS by a path
ordered exponential.
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Using the definition of path ordered exponentials, this relation can be
written as

< FiT {exp (—i / dzteivKs V(z+)e—"“‘s) } "> . (43)

A great advantage of the light cone formalism is that the fields transform
simply under boosts. We have

&Koy (ot 20,57 )e 5 = e (e™v a1 6427)

e“Ks Ar (2% zy, x7)e K = Ap(evat, 2y, e 7) .

The above can be shown explicitly by computing the commutators [K3, 1]
and [K7, Aj] using the definition of K3 in Eq. 42. The field a however com-
mutes with K3 and therefore does not transform under boosts.

Consider now the argument of the exponential in Eq. 43. We can show that
all but one of the terms in V(z*) are invariant under the boost operation.
For example,

Cath ’/’}’/’1 (p+)2 ¢11/’ e~ wHs — '/’I'/” (p+)2 ¢1¢'1

Above, we have used the fact that elements of the Lorentz group are simply
rescaled by boosts, e#Ks Pte~iwKs — ¢¥ P+ a3 well as Eq. 44. The only term
that does not remain invariant is

ea Pivr =3 e“ea}ys .
Hence,
ewKoy (gt)e—iwKs
= /d2xt dz” e¥e M(z+,xt,z_)¢}(e_“x+,xt,e‘”x')gb(e"“’a:ﬂ z:,eYz7)
+ O(e™). (44)
Now let 2~ — e“z~ above. Then
Ky () e Ks
= /d%t dz~ eay (zt, 2, ez )l (e v at, 2p, 27 ) (e VT, 20y 27)
+ 0(e™¥). (45)

Going to the infinite rapidity limit w — oo corresponding to very high energy
scattering, we note from the above that the operators are all evaluated at
21 = 0 so the time ordering in zt is irrelevant in that limit. Then one can
show in that limit (and this is a subtle point} that

Spi =< FIP|I > +0(e~*) =< f|Pli > +0(e~). (46)
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Thus we have expressed Sy; again in terms of the states |i >,|f >, thereby
demonstrating the Lorentz invariance of these states in the infinite momen-
tum limit. Also, above

P =exp (i [ Paix@nt@) (4n)
where
x(z) =¢ [ dztas(@*,2,0), (48)
and
o(ze) = / do= 10, 2, 2~ )1 (0, T, 7). (49)

We have therefore recovered the well known eikonal scattering limit in QED.

We shall now show that the above derivation has a deep connection with
the parton model. The asymptotic ‘in’ state of the electron, [{ >, is an eigen-
state of the QED Hamiltonian Pgpp,. We can expand |i > in terms of the
“bare” quanta ¢ associated with the fields 1, (0,z;,27) and A4,(0, z4,z7) at
zt =0

fi >= /d2kt/+ T+ Z {g(kt,lﬁ Jat (ks K+, A)[0 >
k+>0

dkt
d?ky —L- / d*k dky
+/ t1 kf' t2 k:j

Z h(ky, ka; 81,82)b (k1; 81)df (ka;82)(0 > + - } - (50)

81,82

The creation and annihilation operators introduced here are the same as
those in lecture 1. The coefficient h above can be interpreted simply as the
amplitude for |¢ > to contain a bare electron with momenta k; and spin sy,
and a bare positron with momenta ka and spin s;. It was shown first by
Drell, Levy and Yan that the amplitude squared for an arbitrary number of
parton eigenstates, integrated over phase space could be simply related to
the structure functions Wy, W; [17].

We can also see this here if we similarly expand |f > in terms of the bare
quanta. The scattering matrix S¢; in Eq. 46 can then be evaluated if we move
P past the creation—annihilation operators till it acts on [0 >:

Poldtat---atj0 >= PbtP ... PatP PO > . (51)

Since it is evident that P is invariant under translations in the z~ direction,
it commutes with the generator of z~ translations—P*. One can check that

4 These are eigenstates (in QED!) of P; in Eq. 37.



104 R. Venugopalan

Pl0 >= |0 >. This follows formally by expanding P and requiring that
the operators in p(z;) are normal ordered. How do the creation—annihilation
operators transform with P? Using the light cone commutation relations,

{¥+ (=), ’l/)i (z")} = 6O (z — z'), we find
’PT/)IL (0, ., :l:_)'P_1 = exp (—ix) zpi(o, Ty, 7). (52)

Fourier transforming the above, and using Eq. 6, we obtain for the electron
creation operator

d*k} -
Pt (ks k*, 8P = / Gt (K, )P — k), (53)
where (with ¢, = k} — k)
Pla) = / d?zie7ia = gmiX(=) (54)

Similarly for the positron creation operator

42k .
Pd (ke, k+,8)P~! = W"" (ki k*, 8) Pkt — kt) (55)

with
75c(th) — /dzxte‘iq"“"e“"(") . (56)

Finally, Pa'P~!, since all the operators in P commute with a'.

What we have learnt from the above is that when a high energy bare
electron or bare positron interacts with a potential at x;, the net effect is to
multiply its wavefunction by the eikonal phase e~*X or etX respectively. The
following physical picture then emerges from our manipulations above.

o The scattering of high energy particles (denoted here by ‘|¢ >’, which is
an eigenstate of the Hamiltonian Py ) is not simple-i.e., it cannot be
described by a simple overall phase.

¢ However, due to the “potential” structure of QED on the light cone, the
physical particle states (| >) can be expanded in a complete basis of
multi-parton eigenstates (eigenstates of PByqED)-

e The scattering of these partons is simple-they acquire an eikonal phase
in the scattering,.

¢ The mutual interactions of partons in the physical state |¢ > is complex,
but as the rapidity w — oo, these interactions are slowed down by time
dilation. Recall that in Eq. 44, the only term that survives is the one that
contains the coupling to the external field a and all the other terms which
contain the interactions of the partons with each other are suppressed.
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Chronologically, one can view the scattering as follows. Partons in the
initial state interact strongly for —oo < zt < 0 with the potential Vggp.
At zt = 0, each individual parton scatters simply off the external potential,
acquiring an eikonal phase. For 0 < zt+ < 00, the partons then again interact
among each other with the potential Vggp. This picture of scattering is also
known as the impulse approximation. It explains the striking phenomenon of
Bjorken scaling observed in deep inelastic scattering at very large momentum
transfers.

Finally, for completeness, we will mention that the cross—section for elec-
tron scattering off an external potential is given by

da = / dzktldki’- . ‘—{zktndk;t-
kFktso (2m)3kT (2m)3ks
@mékt =Yk x| < f|Tli > P, (57)
=1

where the transition amplitude is defined as
< fITli >=< f|U(00,0)[P — 1JU(0Q, —00)|i > . (58)

Above, U is the light cone analog of the usual unitary evolution operator in
quantum mechanics.

5 Bjorken Scaling and Light Cone Fock Distributions

In this last lecture, we will discuss the “light cone” limit 2 — 0 of deep
inelastic scattering, in QCD. For very large momentum transfers, in this
limit, one observes the phenomenon known as Bjorken scaling. Unfortunately,
we will not have room for a discussion of the renormalization group ideas
which predict, in QCD, the experimentally observed logarithmic violations
of Bjorken scaling. These will be presented in the “longer” version of these
lectures at a later date [14].

In deep inelastic scattering of an incident lepton off a hadron or nucleus,
the kinematic invariants are the square of the momentum carried by the
“gpace-like” virtual photon ¢ = —~Q? < 0, (note: we use the ¢ -2 * convention
here) and zB; = 7%%, where P* i the four-momentum of the target. The
cross—section expressed in terms of these invariants is a product of the point
particle Rutherford cross section times a form factor, the electromagnetic
form factor of the hadron F;. In general, F; = Fp(zg;, @?), but in QCD, as
Q? - o, F2(zBj, Q%) — F2(zp;). The scaling of the structure function as a
function of zg; is what is known as Bjorken scaling. In this lecture, we will
derive Bjorken scaling using the free field commutation relations.

The cross section for the inclusive deep inelastic scattering process I(k) +
(h, A)(P) = I(K'} + X, where X denotes undetected final states, is a tensor
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product of the leptonic tensor [#¥ and the hadronic tensor W,,.. The hadronic
tensor is defined as [19]

W (@, P-q) = >_(2m)*6W (¢ + P — pa) < P|J,(0)|n >< n|J,(0)|P >
5 / dz e < P|J,(2)J,(0)|P > . (59)

The sum above is over all hadronic final states with momenta p,,. Since ¢°+ P°
and p? are +ve, we can write the above as

W,, = f &zt < Pl[J,(), J,OJIP > . (60)

Since the commutator vanishes outside the forward light cone, we will write
the above as

Wi = /d:v'e“’+z_ /d:r:*’e""-’=+
/ Pz, < PllJu(2), JO)P > . (61)
z?<2z+z—

Above, Jj; = Py AP ().

In the high energy limit gt — oo, ¢~ = fixed, the largest contribution
to Wy, comes from the region of the integral with the smallest oscillations,
or z* finite, = — 0. Since causality demands that z? = 2z%z~ —~ z? <
2z*z~, the largest contribution to W), is from the region of the light cone
z? — 0. In other words, the structure function is dominated by the light cone
singularities of the commutator of currents. The limit g* — oo and ¢~ =
fixed, corresponds to the limit v = P - ¢/M — 00, Q% = 0o and TBj = 2—%%
fixed.

Let us examine the commutator in Eq. 61 in the limit 2 — 0. Here, using
the “free field” current commutation relation which is reasonable in the weak
coupling limit,

(F@), ¥(~z)} = Siﬂwa,,e(zO)J(z?) +O(M?z?), (62)
we obtain
[Ju (SD), J,,(-—:L’)] ~ ["/;(3)7;4’}'(17:/‘1’(—3) - @5(_3)731707;&@&(37)}
8%6"‘5(3:0)5(3;2) . (63)

We now use the identity

YuYaYv = Suvaﬂ’yﬁ + ieuvaﬂ’yﬁ'Ys ’ (64)
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where

Spvuﬂ = (guagvﬂ + Gvafus — gyvguﬂ) s (65)

and €,uqg is the anti-symmetric Levi-Civita tensor in four dimensions.

Substituting this identity in the current commutator, we obtain

2

[Ju(@), J(=2)] = |$(@)Suvas?$(~2) + i€urap(2)y° 7 $(~2)

~ B(~2)Supapr’ () — ievpuapP(—2)7* Y () gl;aae(x°)5(z2)~ (66)

We now perform a Taylor expansion on 9 and 1},

where

- 1 - — —>
P@W(=2) =Y a2 $(0) By, -+ By, $(0). (67)
n
Putting this back into our expression for the commutator, we obtain
[ ]
1
[JI‘ (13), Jy (-17)] = Z mx“l eeghn OE;;:'I),“" (O)S;waﬂ
n=1,3
1 a 0 2
47r6 e(z")d(z*), (68)
- «— —
Ot . (0) = %(0)° 8y, -+~ By, $(0) - (69)

We may note the following points regarding the above result.

Only the odd terms in the sum survive. The even terms cancel out.

We have expanded the operators in the vicinity of the light cone in a series
of local operators—each of which multiplies the same singular function.
Only a particular combination of Lorentz indices appears. We are in-
terested only in the parity conserving terms, which is why the terms
multiplying the anti-symmetric tensor €,,,3 do not appear. In general
however, there will be an additional piece proportional to €,,o5 which
contributes to W,,,. The corresponding structure function often referred
to as F3 is measured by parity violating currents, as for example is the
case in deep inelastic neutrino scattering.

O is a twist two operator. Twist is a term which refers to the ‘dimension’
- ‘spin’ of an operator. Our operator above has dimension = 3/2 x 2+ n
and spin = n + 1. In general, the expansion of the operators on the light
cone can be organized into an expansion over successively higher twists,
called the operator product expansion (often known by its acronym OPE)
the coefficients of higher twist operators being suppressed by powers of
z2. The dominant operators at short distances are those with the smallest
twist. There are a finite number of twist two operators.
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In general, the naive dimensions of the operators are modified by interac-
tions and they acquire ‘anomalous dimensions’, which may be determined by
a renormalization group analysis. We will not discuss the OPE any further,
but refer the reader to some of the textbooks with excellent discussions of
the topic [18-20].

We return from this digression to topic of immediate interest: the deriva-
tion of Bjorken scaling. Recall that we had

Wi = [ diyeits < PIULW), L (-0)]IP > -

We now substitute Eq. 68 in the RHS of the above. The matrix element of
the symmetric, traceless operator O("*+1) between the hadronic states, has
the tensorial structure,

< PIOE‘T,{?.,,‘" (0P > = Ans1PaPus =" Puu + Brt1 0412 PsPus * * Py
+ less singular terms. (70)

The second term above gives an additional power of 22 when contracted with
the coefficients and is therefore suppressed. The leading contribution then is

Wy = /d‘tye"“/ Z

n=1,3

1
n+lspuaﬁ Epﬁaae(xO)J(zﬂ) - (71)

Define a function and its Fourier transform

fo=3 CWa = [E e {0 72

n=1,3

Substituting the above into W), and using the identity

/ dty eM5(y?)e(y”) = (2m)2e(k)5(K?) , (73)
we obtain

W,, = / E@pﬁ(q +2P)®S,aa(2m)?e(@P° + ¢°)

27
1 2
Z;;J((a:P +q)). (74)
Using the definition of S.qp in Eq. 65 and performing the delta function
integration which sets z = zp; = —¢?>/2P - ¢, we can write the above finally
as
f(z) ( (P'Q)Qu) ( (P-q)q.,)
Wy = p-—\\p -
P ¢ ¢

-9 (5, - ). (75)

2z q?
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The electromagnetic tensor W, has the most general tensorial decompo-
sition,

W;w = alePu +a2P,qy + a3P,q, + asququ + as59uv -

The symmetry properties require however that a2 = a3 and from current
conservation ¢# W, = 0, and similarly for ¢"W,, = 0, we obtain,

_F1 (gyv - qug!/) 3 (76)
q

where F; and F; are the structure functions. Comparing the above to our

result Eq. 75, we observe that F; = f(zg;), which is the famous scaling

phenomenon known as Bjorken scaling. Further, in this limit F; = Fy/2z-

this result is known as the Callan—Gross relation.

We shall now show that the structure functions derived above can be
simply related, in leading twist, to the light cone parton distributions and
further show that F; thereby has the intepretation of being the probability
that a quark has a fraction x of the total hadron momentum pt* on the light
front.

Consider the forward Compton scattering amplitude for the virtual pho-
ton scattering of the hadron in deep inelastic scattering,

T p-q) =i / #2697 < P | T(Ju(2)0,(0)) | P >= 2ImW,., . (77)
This can be decomposed into longitudinal and transverse pieces

DuPv
Tuv = #t_L(xv q2) — Guv tL(xqu)v (78)
just as for W,,. Now, in the Bjorken limit, the Callan—Gross relation implies
that the longitudinal piece above vanishes. To leading twist then, just as
for the hadronic tensor, we can decompose the transverse component of the
Compton amplitude as

4= 3 [ 2605086 9 <P | Opyroe P>, (19)

n=1

where, making the analogy to Eq. 68, the coefficient functions CZ(2?) are
the same for all odd values of n and zero otherwise. Also, O is the operator
defined in Eq. 69 3. One can define

2ngh b Lo, . . .

(qu)wc,ﬁ’(q )= z/d zexp(ig- z)z# - 2*CB(22?). (80)

® In general, the partial derivatives in Eq. 69 should be replaced by covariant
derivatives.
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Typically, the functions C:"f,’(qz) are different and are the coeflicient functions
in the operator product expansion. However, in the scaling limit, they are

constants. Substituting the above identity into our expression for t1=2, we
obtain
P ¢ 1, -24 i (2%) (qu) (Zq,,,.)
7 s
M n=1,3 g
<P|oﬂ"1 P> . (81)
Since O is traceless and symmetric, we can again use the tensorial de-
composition in Eq. 70. Then, since z = —¢?/2p - ¢, we obtain
n+l1
T=2
M2 P 972 _ 4y Z ( ) Apyr. (82)
n=1,3

We can determine A,4; by setting all the Lorentz indices in Eq. 70 to +.
Then,

1 n+1
Ap = (p_"') <P|OT™* | P>c. (83)
From the definition of the operator O in Eq. 69, the matrix element above is
given, in light cone gauge A* = 0, by all two particle irreducible insertions
of the vertex ¥yt (k)" (see Ref. [21] and references therein).

Let us now digress a little to discuss the light cone Fock space distribution.
We will relate it subsequently to the structure functions above. Recall the
decomposition we had in Eq. 6 of lecture 1 of the dynamical 2—spinor .
We can then define the light cone parton distribution function as

% = ﬁ ; [656x + aldn] - (84)
Writing this in terms of 1, and using the light cone identity
Tr [Xl\: “f+¢,\(x)¢7(y)] =V2Tr [; ¢+,A(z)¢i,x(y)] , (85)
we obtain
% @y /dsxd3ye“’° -7y [v*S(z.y)] , (86)

where S(z,y) = —i < T(¥(2)¥(y)) >. The light cone distribution function
integrated over all momenta is the function

d*k kt 1

H(@) = [ G dla= —0) 2T [y* 3, 8)] (87)
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where S(p, k) is the fermion Green’s function in momentum space. We will
now show that the function H(a) is, in leading twist, the structure function
F,.

Returning now to Eq. 83, we find

1 d*k n <
Anir = Cryam / Gk Tr[»y‘FS(p,k)] , (88)
In terms of H(a) then,
An+1 = /oo da a"H(a) . (89)

(From the analytic properties of the function H(a), specifically the anti—
commutation properties of the operators 1»y* and 9 on the light cone [21],
one may conclude that H(a) = 0 for |a| > 1. Substituting the expression for
A, 41 in the transverse Compton amplitude, we obtain,

L "tT— _4/ dax Z H(a). (90)
n=1,3

Performing the sum over n and analytically continuing ¢, to the physical
region £ — z —~ i¢, with x real and 0 < z < 1,

E_ﬂ{r:z_h/ daH(a){ 1 — — ! } (91)

M2 rT—a—1 ZT+a-—te

Taking the imaginary part of the amplitude to obtain the structure functions,
we get

Fy(z) = z(H(z) - H(-7)). (92)

(From the definition of H(z) in Eq. 87, it is the probability to find a
quark with momentum k* = zp* in the target. The function —H(—z) has
the interpretation of finding an anti-quark with momentum k% = zpt* in
the target. We have therefore, with Eq. 92, obtained the usual parton model
interpretation of structure functions. In general, for a large but finite Q2, the
above result can be slightly modified to read

Q dN
Fy(z,Q? =[ d’k . 93
2(z, Q%) A ¢ Phdr (93)

This follows simply from putting an upper cut—off Q2 on the k; integration in
Eq. 87. Finally, we should mention that the multi-parton Fock distributions
discussed in lecture 3 can be related by a similar analysis to the higher twist
contributions to the forward Compton scattering amplitude [21,22].
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Chiral Symmetry Breaking in Hot Matter

Sandi P. Klevansky!
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Ahbstract. This series of three lectures covers (a) a basic introduction to symmetry
breaking in general and chiral symmetry breaking in QCD, (b) an overview of the
present status of lattice data and the knowledge that we have at finite temperature
from chiral perturbation theory. (c) Results obtained from the Nambu-Jona-Lasinio
model describing static mesonic properties are discussed as well as the bulk thermo-
dynamic quantities. Divergences that are observed in the elastic quark-antiquark
scattering cross-section, reminiscent of the phenomenon of critical opalescence in
light scattering, is also discussed. (d) Finally, we deal with the realm of systems
out of equilibrium, and examine the effects of a medium dependent condensate in
a system of interacting quarks.

1 Introduction

Chiral symmetry is the symmetry of Quantum Chromodynamics (QCD) that
dictates the static properties of the low lying mesonic sector, in particular
those pertaining to the pseudoscalar nonet (w, K, 7). This symmetry is re-
sponsible for the fact that, in its broken phase, quarks acquire mass (and
are termed “constituent” quarks, as they form parts of hadrons, while, in
the restored phase, quarks have only their small or current mass values. It is
believed that at finite temperature this symmetry is restored, a feature that
is strongly motivated by numerical studies of QCD on the lattice. Concomi-
tantly with this picture, it is believed that another phase transition from a
deconfined phase of matter (consisting of a hot fireball of quarks and gluons)
to a confined phase can occur, in which only the final state of hadrons is
observed. Given these two features, a large amount of scientific endeavor has
been and will continue to be invested in the study of heavy ion collisions, in
which high temperatures can be attained. In particular, the low-lying mesons
are copiously produced, and since these provide the testing ground for chiral
symmetry at T = 0, it is hoped that (with enough theoretical and experi-
mental study), a clear signal of this phase transition will emerge. To be quite
precise, one requires unambiguous signals of both phase transitions, that of
confinement/deconfinement, as well as chiral symmetry breaking/restoration.
Thus far, however, there are no unambiguous signals known that are exper-
imentally measurable for either of these transitions. In this paper, we shall
confine ourselves to a discussion of chiral symmetry and its associated as-
pects, leaving the difficulties of confinement to a later stage.
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This series of three lectures is intended to introduce the concepts of chiral
symmetry starting from basics. There is a short guide for the uninitiated into
the ideas of what symmetry breaking is, and then an attempt to summarize
the current status of what we know to be fact, taken on the theoretical
level, at finite temperature. This involves examining firstly the lattice gauge
simulations of QCD at finite temperature and then examining how far we
can go with chiral perturbation theory [1,2]. From lattice gauge simulations,
the existence of the chiral and deconfinement phase transitions is inferred.
Critical exponents for the chiral transition have been obtained, but are as
yet not conclusive. Temperature dependence of the mesonic screening masses
have also been calculated, and the question of U4(1) symmetry restoration
addressed. Bulk thermodynamic properties have been studied over several
years, with larger and larger lattices, and this represents the state of the
art of what we know today about these quantities in QCD. By contrast,
while chiral perturbation theory gives a superb description of the low energy
sector, and also gives the leading behavior expected of the order parameter
as a function of temperature [5,6], it cannot per se be used to describe the
phase transition region, which is non-analytic. The level of accuracy of CHPT
at finite temperatures is illustrated in the calculation of the pion masses as
a function of temperature in a recent publication [6].

Note that we restrict ourselves mainly to finite temperature and not to
finite density. The first lattice simulations at finite density have already been
performed [7]. However, there are many technical difficulties that are not
yet under control, and as such no results are completely reliable as yet. For
this reason, we will also not attempt to make any model discussions at finite
density at this stage, although there are of course several.

In the second lecture, a simple chiral model, the Nambu-Jona-Lasinio
(NJL) [8-10] model is discussed, in which it becomes evident that features re-
lating to static properties of the low-lying mesons are excellently reproduced.
This includes charge radii, meson-meson scattering lengths, polarizabilities,
ete, and one can validate that the expected results of chiral perturbation the-
ory are recovered, here with very few parameters. In addition,-the variation
of the meson masses with temperature, although calculated in this model as
pole masses, shows the same qualitative behavior as was observed by the lat-
tice gauge groups. Given these successes with this model, one is encouraged
to study the dependence of all static mesonic properties as a function of the
temperature in order to investigate whether abrupt behavior occurs at the
phase transition point. For two flavors of quarks, one finds that the pseu-
doscalar sector in particular is typified by an almost constant behavior in all
static properties (such as the mean pion radius (r2)}/2, the polarizabilities
a, and the scattering lengths a,) for a wide range of the temperature shortly
up until the point at which the chiral phase transition occurs, and then these
quantities show a sharp divergence. This is true for the case in which the

current quark mass of the up and down quarks m§ = m3 = mop = 0, and a
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phase transition can occur. When 1mq # 0, only a crossover can be observed
in the order parameter. A new transition temperature Thy = Tmots is defined
as being the temperature at which the mesonic states become unbound, or
resonances. It thus respresents a delocalization of the mesons, rather than
their deconfinement. The static properties of the pionic sector then remain
constant for most of the temperature range, and diverge at the Mott tem-
perature. One thus still observes a dramatic structure — either directly at the
phase transition temperature itself in the case of mg = 0 or at T = Ty for
mo # 0.

It is also extremely interesting to study dynamical quantities such as the
elastic cross-section for ¢¢ — ¢q scattering. This particular quantity displays
a divergence at the critical or Mott temperature in a similar fashion as occurs
in the phenomenon of critical opalescence that is observed in the scattering
of light. However, although this feature and those observed for the static
properties are exciting, their direct measurement is elusive if not downright
impossible.

The scalar mesonic sector within the NJL model is observed to display
a completely different behavior. Here the mass drops relatively quickly with
temperature. Nevertheless, experimentally, the scalar mesons constitute a
multiplet that appears to have the symmetry badly broken, and the lowest
meson of which (the o) has an extremely large width. Consequently only
indirect information on this sector is useful.

How then can one hope to observe the chiral phase transition? To attempt
to answer this question, we recall that the chiral phase transition appears to
be intimately linked with the confinement/deconfinement phase transition,
i.e. they appear to take place at the same temperature [11]. A heuristic un-
derstanding of this feature is quite satisfactory — it implies that at high tem-
peratures, one should have chiral symmetry restored in a plasma phase, with
free (current) quarks and gluons being the ingredients, while at T < T, the
confined phase contains only hadrons that are made up of constituent (mas-
sive) quarks. Experimental effort to detect the quark-gluon plasma phase is
concentrated on contructing hot and dense matter via heavy-ion collisions
such as Pb + Pb at increasingly high energies, and will form a main part
of the program of the two accelerators RHIC at Brookhaven and the LHC
(Geneva) that are currently under construction. Given the fact now that
heavy-ion collisions take place over a small time scale, it is conceivable that
the features of divergences occurring in both static and dynamical quantities
might enter realistically into a non-eguilibrium treatment of such collisions,
which of course involves many particles, the lightest of which are the pions,
and thus to measurable observables.

For this reason, the final lecture is devoted to a discussion of non-equi-
librium physics of an interacting fermionic Lagrangian, and which is then
applied to the Nambu~-Jona-Lasinio model in the lowest possible terms in
an appropriate double expansion in both £ and the inverse number of colors
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N, [12,13]. Using the simplest approximations that lead to a semi-classical
result, one can recover a Boltzmann like equation for the quark distribution
function. Here one sees that the problems are simply open ended. The issue
of constructing interlinked equations dealing with several species of particle
must be confronted and the issue of multiparticle production (hadronization)
must be addressed, since the usual Boltzman collision scenario that incorpo-
rates only binary collisions is inadequate for a relativistic description.
Obviously it is an impossible task to discuss all aspects of chiral symme-
try breaking and restoration within three lectures, and for this reason I have
been highly selective in the material presented. There are many, many studies
in the literature involving chiral symmetry, and I am in no way attempting in
this paper to be comprehensive. The interested reader may also refer to the
work of Refs.[14] for treatments of the linear sigma model at finite tempera-
ture, for example, and to the work of Ref. [15] for discussions in the baryonic
sector, in addition to the other general references that are given in the text.
The structure of this manuscript reflects the three lectures directly: in
Section 2, current factual information on the chiral transition, taken from
lattice gauge simulations and chiral perturbation theory is presented. In Sec-
tion 3, the Nambu-Jona-Lasinio (NJL) model is used to present the rami-
fications of symmetry breaking at the critical temperature. In Section 4, a
non-equilibrium formulation of a theory of interacting fermions is described
and the equations are investigated for the NJL model. In the concluding sec-
tion, we discuss where this could possibly lead to observable consequences.

2 Equilibrium Thermodynamics

In this section, we attempt to present those aspects of chiral symmetry at
finite temperature that are regarded as being “exact” or factual, that is to
say, they are derived from QCD itself, or from considerations thereof. We
start by briefly introducing the reader to the general concept of symmetry
breaking at T = 0. Following this, chiral symmetry breaking in the QCD
Lagrangian is analysed. In the following subsection, the simulations of lattice
gauge theory are discussed, dealing firstly with the temperature dependence
of the order parameter, the critical exponents obtained at the phase transi-
tion, meson screening masses and the question of whether U4(1) symmetry
is restored at high temperatures or not. Secondly, we indicate what is known
from the lattice about bulk thermodynamic properties. The pressure den-
sity, energy density and entropy densities have been calculated on the lattice.
These quantities give rather indications of the confinement/deconfinement
transition, and as we will show in Section 3, cannot be described well by a
model that contains chiral symmetry alone, and which ignores the confine-
ment aspect.

In the final subsection, we briefly introduce the concepts of chiral pertur-
bation theory (CHPT) and we describe the state of the art results at finite
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temperature. As will be seen, these give an important functional dependence
at low temperatures, but cannot be expected to cope with the phase transi-
tion region, which is non-analytic.

2.1 Introduction to Chiral Symmetry at T = 0

The fact that a Hamiltonian, or equivalently a Lagrangian, is invariant under
a symmetry transformation results in a degeneracy within the spectrum that
is observed. Mathematically, one expresses the fact that a Hamilton function
H is invariant under a specific symmetry via the statement

UHU'=H (1)

where U is an element of the group corresponding to this symmetry. Now if
one considers the states |[A) and [B) that are related by the transformation
U,

|B) =U|A), (2)

it follows that |B) and |A4) are degenerate, since
Ea = (A|H|A) = (B|H|B) = Ep. &)

In order that this degeneracy manifest itself, however, it is necessary that the
ground state of the system be invariant under such a transformation. Writing
|A) and |B) in terms of creation operators,

|A) =¢4/0) and  |B) = ¢s|0) (4)
with
UgaU' = ¢35, (5)
one sees that Eq.(2) holds only if
[0) = U10), (6)

i.e. the ground state is invariant under the symmetry group. Should this not
be the case, one speaks of a spontanecusly broken symmetry.

Denoting U as U = exp(ie®Q?) in terms of the (continuous) group pa-
rameters £* and the generators of the symmetry

Q= / $2J3(2), 1)
the statement Eq.(6) is seen to coincide with the equivalent form

Q°l0) # 0 (8)

although
Q% H]=0. (9)
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The direct consequence of this statement is that HQ%|0) = 0, or that there
must exist a spectrum of massless particles with quantum numbers specified
by the generators of the symmetry. This constitutes the Goldstone theorem.
To be more precise, one can formulate this as follows: given that a Hamil-
tonian has continuous symmetries described by groups G; requiring Ng,
generators, while the ground state is invariant under groups G, requiring
Ng, < Ng, generators, the spontaneous breakdown of chiral symmetry leads
to the existence of Ng, — Ng, Goldstone bosons [16].
Let us investigate now how this is applied to QCD.

2.2 Chiral Symmetry in QCD

In this section, we analyse the symmetries of quantum chromodynamics, and
compare this with the symmetry of the vacuum, determined purely by viewing
the experimental spectrum. Start by examining the QCD Lagrangian itself,
which can be written in a compact fashion as

Tl 1 a v
Locp =Y(i P —mo)y — Zt"‘cGwGﬁ ) (10)
where G, is the field strength tensor of the gluon field,
GZ,II = 6MG$ - asz - gfachszn (11)
D# is the covariant derivative,
.1
D, = 8, +ig(;))G3(2) (12)

and f,. are the structure constants of the symmetry group SU(3) [17]. The
quark field is a vector in flavor space,

Yu(z)
Ya(z)

p=| V@ (13)

and the (current) quark mass matrix is a diagonal matrix in flavor space,
mo = diaglmy, mg, m$, ...], (14)
so that the second term in Eq.(10) is

Pmoy =Y mfsvy. (15)
f
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If the quarks are massless, then the Lagrangian Eq.(10) contains no term of
the form Eq.(15) which can mix left and right handed components of the
quark fields, that are defined as

YrL =309, (16)

i.e. these two fields are independent, and the Lagrangian remains invariant
under transformations that individually transform these fields,

YR = UL, Ur,. € U(Ny), (17)

and these are called chiral symmetries. However, a mass term of the form
Eq.(15) spoils this invariance since

Terms ~ Y3 = YR + YrYL (18)

mix left and right handed fields. Thus the term mo¥ constitutes an explicit
symmetry breaking.

The QCD Lagrangian Eq.(10) is invariant under several transformations,
such as

Yoy =€y
Y-y =Ny (19)

etc. Accordingly, there are conserved Noether currents that correspond to
these symmetries. They are

Ve =drty Af =Py (20)
VA=Y A =gty (21)

Among these is the current A§, which corresponds to the transformation
1 = ¥ = exp(iysa)y, where a is a continuous parameter. However, despite
its appearance, this current is not conserved,
40 = Ne g g, 0 (22)
BTgp2 oA

This means that it does not reflect an underlying symmetry of the Lagrangian
and its breaking was resolved by 't Hooft as being due to the presence of
instantons [18].

One may thus identify the (continuous) symmetry groups of QCD as being
generated by the charges of the remaining symmetries, and this is

Gy =SUL(Nf)®SUR(Nf)®Uv(1). (23)

On the other hand, by examining the particle spectrum that is observed
experimentally, one finds that the symmetry of the vacuum is

Ga = SUy(Ny) @ Uy (1). (24)
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Accordingly, there must be N? — 1 massless Goldstone particles and these
have the quantum numbers obtained from applying the axial charge operators
to the vacuum, i.e. J& = O~. In the case of two flavors, there are three such
states, which are identified as corresponding to the charged and neutral pions.
For three flavors, one identifies the eight pseudoscalars as the pions, kaons
and eta. One sees that the explicit symmetry breaking in this case is larger:
mg ~ 150MeV in comparison with m$ ~ md ~ 5 MeV.

The phase in which a system finds itself is usually characterized by an
order parameter. This is an operator that transforms in a non-trivial fashion
under the broken symmetry. Generally order parameters have the property
of being zero in the symmetric or restored phase and non-zero in the sponta-
neously broken phase, but this is not necessarily so. There are many possible
ways of choosing an order parameter. The major criterion for doing so is
that the order parameter should display that same invariances as the ground
state. In the case of quantum chromodynamics, the ground state of QCD is
invariant under Lorentz transformations and spatial reflections. The order
parameter must thus be invariant under these same symmetries, and as such
must be a scalar. The operator 9 is the simplest choice. One thus makes
the choice of (1)1}, which is referred to as the quark condensate.

2.3 Lattice Gauge Simulations

Simulations of QCD on the lattice provide the most exact knowledge that
we have of this theory that is derived from the QCD Lagrangian itself. The
Lagrangian is discretized in space and time dimensions, and the variation
with respect to the temperature of physical quantities is formally controlled
by varying the size of the lattice in the temporal direction [3,4], since

T =1/N,a, (25)

where a is the lattice size and N, the temporal extent. In what follows, we
simply list the major results that have been extracted via this methodology
over the past few years. We show the temperature dependence of the chi-
ral and deconfinement order parameters, discuss critical exponents, meson
screening masses and U4(1) resotration. Finally, we show plots of the bulk
thermodynamic quantities.

Order parameters The following recent results [3,4] have emerged from
the lattice gauge studies:

o The pure gauge sector of QCD displays a well-established first order chiral
transition at a rather high critical value of the temperature, T, = 270(5)
MeV. The bulk properties for such a system are also well known [19].

¢ Full QCD including fermions displays a chiral phase transition at far
lower critical temperature than that observed for pure gluonic systems.
One finds T, ~ 150 MeV for two flavors of quark.
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¢ Studies of the Polyakov loop for quenched QCD places the critical tem-
perature determined from the order parameter for deconfinement, Tp at
about the same temperature at which the chiral transition T, occurs [11],

ie.
TD jad Tc (26)

This can be directly seen from Fig. 1, in which the order parameter for the
chiral and deconfinement transitions are shown, together with their suscep-
tibilities, as a function of 8 = 6/¢%, over the transition region. Large (small)
values of 3 represent the high (low) temperature regime.

Based on these points, our physical (but heuristic!) understanding of the
situation is that, at low energies, one has only hadronic states. These can be
thought of as consisting of quarks carrying a dynamically generated quark
mass m = m, = my for two flavors, and constructed into baryonic states
or mesonic states according to the Goldstone theorem. At the temperature
at which where chiral symmetry is restored, T;, and the constituent quarks
take on their current mass value, deconfinement occurs simultaneously. The
hadronic states dissolve, and one moves to a plasma containing only quark
and gluonic degrees of freedom.

Critical Exponents An obvious question that one may pose, when faced
with a phase transition, is what are the critical exponents that govern the
transition? Pisarski and Wilczek suggested that the dynamics of QCD is
controlled by an effective scalar Lagrangian, constructed along the lines of the
linear o model [21], and, which for two flavors of quarks, has SU(2)®@SU(2) =
O(4) symmetry. Now, according to arguments of universality [22], only the
symmetry structure and dimensionality determine the values of the critical
exponents, i.e. one expects that one should obtain the critical exponents of a
3D O(4) symmetric spin model. The task of studying the critical exponents
has been undertaken by a lattice group [4]. Noting that the masses, which are
responsible for ezplicit chiral symmetry breaking, play an analogous role to
that of a magnetic field in the superconducting transition, these authors [3,4]
have adopted the convention of defining a scaled quark mass as h = m /T
and the reduced temperature ¢t = (T — T,)/T,. With this convention, the free
energy density scales as

ft,h) = --z; InZ = b= f(b¥¢, bV h), 27)

introducing the thermal (y;)} and magnetic (y5) critical exponents. Here b
is an arbitrary scaling factor. There are various scaling relations that can
be derived using Eq.(27). In particular, one can show that the chiral order
parameter scales as

(Yy) (¢, k) = B/ F(2), (28)
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Fig.1: Order parameters for the chiral and deconfinement transitions (lower and
upper figures, respectively) are plotted as a function of the inverse QCD coupling
B = 6/g”. High (low) values of 3 correspond to high (low) values of the temperature.
The associated susceptibilities are also plotted in each case. Courtesy of [20].

with z = th'/#% and the chiral susceptibility, defined as x., (t, h) = 8(p)/Om,
via

1. .
xm(t,h) = S F(2) = 5F ()] (20)
The more familiar critical exponents § and 3 are related to y; and y;, via
(1—yn) Yn
b Yt 1-yn (30)

The heights of the peaks of the susceptibilities scale themselves with the

behavior

and  xP* ~mm (31)

Xgneak ~ mFm
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with z,, =2-1/yp and z; = (y¢ — 1)/yn + 1.

L Y Yt | Zm Zﬂ
0O(4) 0.83 0.45]0.79 0.34]
0(2) 0.83 0.50(0.79 0.39
MF 3/4 1/212/3 1/3

Table 1: Critical exponents for O(4), O(2) and mean field theory (MF). Taken from
(4]

The expected values for the critical exponents for the case of O(4) sym-
metry, O(2) symmetry, and mean field exponents (MF) are listed in Table
I, in the form of y, y:, and the corresponding values of z,, and z;. The
0(2) symmetry exponents are also listed, because at finite lattice spacing,
the exact chiral symmetry of the staggered fermion action is U(1) ~ O(2).
Only sufficiently close to the continuum limit does one expect to find O(4)
exponents.

The calculated results for the exponents themselves, evaluated on different
spatially sized lattices, are summarized in Table 2. Comparing Tables 1 and
2, one sees that at this stage, no definitive statement about the symmetry
of the underlying Lagrangian can be made from lattice gauge theory. This is
an indicator that vital study in this field is still necessary to determine the
underlying symmetry group conclusively. It is probably necessary to increase
the lattice sizes and move to smaller masses.

8 12° 16° |
Zm|0.84(5) 1.06(7) 0.93(8)
z 10.63(7) 0.94(12) 0.85(12)

Table 2: Critical exponents, as a function of the lattice size. Taken from Ref.[4].

Meson Screening Masses and U,(1) Restoration One of the ques-
tions that has raised some theoretical interest in the last few years is whether
the U4 (1) symmetry, i.e. the symmetry ¢ — e**54), which leads to the non-
conserved current AL that is given in Eq.(20) is also restored at finite temper-
ature, at some point. For three flavors, this occurs trivially. A demonstration
of this, following Ref.[23] is given.

In SU(3), the statement that U,(1) is restored, implies that m, = my.
Since the masses of the particles are determined from the vacuum expectation
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values of the appropriate meson-meson correlators, we need to show only that

(¢3(2)¢3(0)) = ($o(2)¢0(0)), (32)

where ¢3(z) = P(x)ivsAstb(z) is the correlator for the my and ¢o(z) =
Yivsdotp(z) is that for the #'. If one considers the specific axial transfor-
mation

(@) = ¢ (x) = VB MITy(3), (33)
then, after a little algebra, one finds that the composite fields transform as
) 2 1
¢3(z) = ¢'s(z) =1/ 390(2) + 1/ 5¢s- (34)

The correlator composed of these composite fields itself then transforms as

($5(2)65(0)) = (#'5(2)¢'s(0)
= 2(80@h(0)) + 3(45(2)s(0)

+ ‘/Ti(:po(x)m (0)) + ?(tﬁs(fﬂ)%(o))

(35)

The last two terms of this expression vanish, since the system is assumed to be
SUy (3) symmetric. In addition, this implies that (@3 (x)¢3(0)) = (¢s(z)@s(0)),
so that Eq.(35) implies that

(¢o(2)40(0)) = (#3(z)¢3(0)), (36)

or that m, = m,.

In retrospect, it is simple to understand why the symmetry must be re-
stored. Noting that mathematical constructions containing traces of fields
preserve the symmetry, while determinants or antisymmetric functions vio-
late it, one sees that the lowest order combination of fields that would violate
U4(1) would involve the completely antisymmetric tensor, and consequently
contain three field combinations. Since one requires here only two field oper-
ator combinations in order to construct a meson-meson correlator, this must
be Ua(1) invariant in the chirally restored phase. This leads to the definitive
statement: for n < Ny, all n-point functions in the chirally restored phase
are U4 (1) invariant.

From the previous argument, it is evident that in SU(2) the situation is
more complicated. There are two independent chiral multiplets in this case:
(o,7) and (7, ag). In lattice studies, the behavior of the masses of the » and
the ag have been calculated. Here the integral over the correlators has been
studied,

XM = / d42(6:(2)8:(0)) (37)
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Fig. 2: Meson screening masses plotted as a function of 8 = 6/g%. The critical value
B = fB. is indicated by the vertical line.

for M; = = or ap, and the leading behavior of these correlators is assumed
to be xm; ~ m;f A plot of the “screening masses” obtained in this fashion
is shown in Fig. 2 as a function of 6/g2, with g the coupling in the QCD
Lagrangian, which again represents increasing temperature over the region
of the phase transition. It is interesting to note that the = and ¢ have become
degenerate: in this picture, this occurs at some temperature slightly larger
than T,, with the ¢ undershooting the » curve and approaching it from be-
low. That the o0 meson undershoots the 7 curve is not expected from model
calculations and may be a lattice artifact. This will be discussed in the fol-
lowing sections. One sees in Fig. 2 that the mass of the other scalar, the aq,
drops with temperature, but not as drastically as does the . One observes
that it does not become degenerate with the n and o over the temperature
range indicated. Thus it does not appear from this particular calculation that
Ua(1) symmetry is restored in SU(2). An alternate approach, however, using
the scaling arguments of Brown and Rho [24], does however indicate a de-
generacy at the transition temperature [4]. Thus, in this section once again,
the question of the restoration of U4 (1) symmetry is not resolved.

Bulk Thermodynamic Quantities One of the most important contribu-
tions that lattice physics is able to provide are calculations of bulk thermo-
dynamic quantities. In particular, the energy density and pressure densities
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are given by

T2 8
and 5
p= Tév InZ (39)

in terms of the partition function Z. In practice [25], the pressure density is
obtained from integration of the difference of the action densities at zero and
finite temperature,

8
%Ig,, =N} /ﬂ dB(So — Sr). (40)

Note that this quantity is defined in such a way that p/T'#_, = 0, in contrast
to setting the usual thermodynamic limit of Nernst, i.e. the entropy S(T =
0) = 0 [26]. While this does not affect anything that follows, one should bear
this in mind when making model comparisons, as will be done in Section 3.

In the following figures, we have chosen to illustrate the pressure and
energy densities for lattice simulations that include quark degrees of freedom,
rather than simply quenched QCD. In Fig. 3, we show the pressure density,
plotted as a function of the scaled temperature, for four flavor QCD on a
162 x 4 lattice. A comparison is made on varying the quark masses, and using
quenched QCD, in the latter case with appropriate scaling of the number of
degrees of freedom. One sees that there is a sharp rise in the pressure density
at T = T,, and the curve tends to the Stefan-Boltzmann limit, but does
not reach it over the temperature range (3.57;) shown. The deviation from
the ideal gas limit appears to be too large to be described by perturbation
theory, suggesting here that the perturbative regime occurs for temperatures
T>>T..

The energy density of four flavor QCD on a 163 x 4 lattice is shown in
Fig. 4. In this case, the energy density remains close to the ideal gas limit at
temperatures of the order of 37, but overshoots it and approaches it from
above for finite values of the quark mass. Whether this is a lattice artifact or
not is presently unclear.

In concluding this section, we see that lattice gauge simulations are reach-
ing a point where one may obtain “exact” results that stem directly from the
discretized QCD Lagrangian. These can be used as a guide for constructing
simple models, and conversely, simple models and simple predictions based
solely on symmetry considerations such as discussed here' may be used as a

! Chiral random matrix theory [27] also falls into this category.
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Fig.3: Pressure density, plotted as a function of the scaled temperature T/T..
(Taken from [3}.)
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Fig. 4: Energy density plotted as a function of the scaled temperature, T/T,. (Taken
from (3].)

guide for the interpretation of the numerical results. As has emerged here,
there are still many questions that are open for study.

With this, we turn to a different approach which is regarded by its pro-
tagonists as being an exact low energy representation of QCD, viz. chiral
perturbation theory and investige what is known at finite temperature.
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2.4 Chiral Perturbation Theory

A Brief Introduction Chiral perturbation theory starts with the premise
that an effective Lagrangian for QCD at low temperatures can be written
solely in terms of the observed baryonic (here mesonic) degrees of freedom,
in such a way that global chiral symmetry is enforced. This is done in its
most general form by collecting the mesonic degrees of freedom into the field

U(z) = exp(in®r, [/ F), (41)

where 7® are the SU(2) pion fields, 7, the Pauli matrices, and F the pion
decay constant, and contructing a Lagrangian density that is ordered in mo-
menta. Such an expansion for the Lagrangian only starts at O(p?), and must
contain an even number of derivatives in order to be Lorentz invariant. Writ-
ing

Locp = Legs = LGy + L+ 8 + .., (42)
the lowest leading order term is
1
£, = FF@.U8 U, (43)

which, taken on its own, is the (non-renormalizable) sigma model. QCD, as
we have already discussed, is however not completely invariant under chiral
symmetry. There is an explicit breaking of the symmetry due to the presence
of the current quark mass matrix. The symmetry breaking term is in general

given as

Lep = f(U,8U,...) x m®, (44)
where m? is the (real and diagonal) current quark mass matrix. One incorpo-
rates this into the effective Lagrangian by making not only an expansion in
powers of the derivatives, but also in powers of m?, i.e. L, ~ f(U) x m° to
leading order. More precisely, this term takes the form (that is Lorentz and
parity invariant)

Loy = %Fthr(mo(U +Uh), (45)

mtroducing the new constant B. This is generally included in the definition
of £ eff) €

£® = %F%r(auuauUT) + %Fthr(m"(U +Uh). (46)

In this reckoning, one can thus regard m° as being of O(p?).
To make physical sense of the constant B, one may expand the field
U = exp(ir - 7/F) in powers of the pion field 7. The symmetry breaking part
of the Lagrangian then becomes
1,

Lsp = (m2 +mY)B[F? - 5™+ 51 4F- o (47)
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The first term in this expansion gives the vacuum energy generated by the
symmetry breaking. The second term generates the pion mass, while the
higher order terms describe further interactions of the # fields. By direct
analogy with the QCD Hamiltonian, we know that the derivative of Hgocp
with respect to mQ generates the operator @#u. Thus the derivative of the
vacuum eunergy with respect to the current quark mass gives the vacuum
expectation value of this operator. Applying this to Le¢y, one has

(01u|0) = {0|dd|0) = —F?B{1 + O(m)}, (48)

indicating that B is related to the condensate. Since the pion mass is given
as
my = (my + my)B{1+0(m)}, (49)

one obtains the Gell-Mann-Oakes-Renner (GOR) relation [28],
FM7 = (mg + mg)|(0laul0)| (50)

from Eqs.(48) and (49), on eliminating B.

To order p%, the effective Lagrangian would contain two additional inde-
pendent terms in the event that no current quark mass were present, i.e. one
would include two new terms

1 1
D, = Zzl(tr{a,,ufauU}y + Zlgtr(BuU"a.,U)tr(a“U'B"U). (51)

with new low energy constants l; and ly. Including the current quark mass
matrix again to construct an explicit symmetry breaking terms requires the
inclusion of further additional terms, as was the case for Lg)f. For most
purposes, this is sufficient. However, to obtain the most general form from
which all propagators can be derived, it is useful to introduce external fields
into the Lagrange density. Here the essential additions are v,(z) and a,(z)
that are vector and axial vector in nature and which can be regarded as being
of order p. Then, using the original notation of Ref.[1}, the complete set of

terms that contribute to Lg‘;)f were worked out by these authors and found
to be, for SU(3)

L8Py = LV, UVAU)? + Ly(V, UV, UNVFUT VYD)
+ La(xUT + xtUNVUTVH*U)Y + Le(xU' + x'U)?
+ Le(xUXUt + UxIUx™) + Lio(U FA* U Fp,. )
+ Hi(F8 Fruy + F¥ Fru + Hy(X'x) + Lo (xUt - Ux1)?
+ Ls(V UVHFUT (Ut + UxY)) + iLe(FL, V4V Ut + FE VYV U)
+ Ly(V,UVFUIV, UV.UY) (52)

where using a different notation to Eq. (51) now, the low energy constants
L, to Lyg, and H; and H, have been introduced. The angular brackets are
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a shorthand notation for the trace. In this expression, one notes that the
covariant derivative that is constructed using the external field must now
appear,

V=08, —i{a,, U}, (53)

and F*¥ ig the field strength tensor constructed from the external field, i.e.
Fp', = £0a” ¥ 8"d" —ila*,a”]. (54)

Terms involving the current quark mass have been summarized into the field
X = 2B, with m = (m§ + md)/2. Note that the low energy constants L;
become renormalized when physical quantities are calculated, as this theory
is perturbatively renormalizable order by order. A certain number of such
physical quantities that are measured in experiment must then be used to fit
the renormalized parameters at a given mass scale. Given definite values for
these constants, predictions of other quantities can then be made.

Three ingredients are essential to any application that attempts to calcu-
late quantities for chiral perturbation theory to a specific order. For example,
should one wish to calculate to O(p*), the following steps must be taken: (1)

The general ES‘})] of order p? is to be used at both the tree and one loop

level. (2) The general Lg)f of order p* is to be used only at tree level. (3) A
renormalization program must be implemented to make physical predictions.
The extension of this procedure to higher powers in p? is obvious.

Let us look at a standard example for the derivation of the pion mass [29].
In what follows, we denote the low energy constants appropriate to SU(2) 2

two flavors as being LSQ). If one expands the Lagrangians Eng)f and Lg‘})f in
terms of the pion fields, one finds

££2f)f = ;[6“#6,,7r—m27r-7r]+g1722[(7r-6“7r)(7r-8“7r)—-(7r-7r)(6“7r-8,m)]+0(7r6),

while (%9)
£, = 1’;-22-[1ng2’ + 8L§2)]%6u7r . Ot

- -Z,‘-Z[sug” + 16L§2)]%ﬁ127r -7+ O(¢Y). (56)

The terms in Lg‘})f that are of order 7* contribute to physical quantities
via one loop diagrams and one therefore does not need to consider these
in a calculation to order O(p*). What is required however, are the one loop
diagrams that are generated by Lg)f. For a calculation of the the renormalized
pion mass, however, one can avoid evaluating any diagrams at all by simply

2 These can be simply related to the I; of Eq. (51), and the reader is referred to
(2] for explicit details.
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considering all possible contractions of two fields in these terms in Ce i b
arrive at an “effective” effective Lagrangian, that takes the form

(4) _1 1 2_ . 5m
£eff——6“7r~67r—§m7r1r T2m =I(m Vr-m

6F2 (6,k5]1 15k1)I(m )(6,-,~6“7rk6,,7r, + 6k¢m2 7r,~7rj)

+ ia,ma“ [16L(2)+8L(2)] - —m - 7r [32L(2) +16L{].
(57)

In obtaining this result, the Feynman propagator

iAp;k(0) = (O|mj(z)my (2)]0) = &;xI(m3) (58)
has been introduced and is written in terms of the integral
dik i

I(m2) = = = W) r (- St (59)

(2m) k2 —m2

that is treated with dimensional regularization, d being an arbitrary dimen-
sion. In addition, use has been made of the fact that derivatives of the Feyn-
man propagator, defined as

=0,0,iAF;x(0) = (019,7; ()8, Mk (2)|0) = 8i 10 (M) (60)
can be expressed in terms of the integral I(m2) via

_a [ % i m2
I, (m2) = 44 iz =g ! (m3). (61)
™

Regrouping the kinetic and mass terms, Eq.(57) becomes

1 2
Logs = 58"m - Gun{l + (6L + ng”)% 2 F2 —I(m2)]

1|'

1 (2) N
im m-w[l+ (32Lg" + 16Lg )—— - Wf(m")] (62)

By expanding this expression in powers of d — 4 and renormalizing the pion
field as m, = Z; '/*x, with

m2
+9- 1—ln47r+ln” 1, (63)

Zp=1- F; @LP +LP) +

L

24w 2F2 [d 4

one obtains the canonical form for the effective Lagrangian for pion fields,

1 1
Lops = 50ump 0 n, — ZM2m, -, (64)
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with the identification of the physical pion mass as

2 2 2
2 _ 2 m m 8m
M:;=m[1+ 3_——27r2"F,'~,’ In u—; - —-——F;'

n

Leoms)- (65)

Here Leoms = 2L,(12)’ + ng)’ —-4Lg2)' - 2L,(,2)". In the original paper of Gasser
and Leutwyler [1], M2 was not obtained in this fashion, but rather from the
expansion of the Fourier transform of the axial vector correlator, which has
the form

Jh) =i / ") (O[T 43, () 4% (3)[0)

= gk Pubeoe ”“"”F Toth (66)

where Ai(z) = D) Y75 %izp(:z:). From this expression, the corresponding
expansion for F, has also been obtained.

Cool Chiral Perturbation Theory The evaluation of the condensate den-
sity at finite temperature was first carried out by Gerber and Leutwyler [5].
In their calculation, which involves Eff)f and LIS})f, they find that the first
term in the behavior of the condensate with temperature is quadratically
decreasing, i.e.

_ T T4 T8 Aq 8
(79) = (01g9l0) =01 ~ 255 ~ zz7Fs ~ gggpe 0 YOI (67)

This is a result that has been obtained under the assumption that quarks
are massless, i.e. in the chiral limit. A, is a scale factor constructed from
the renomalized low energy constants, and is expected to be of the order of
A, = 360..580 MeV.

In a recent publication, Toublan [6] has investigated pion static properties
with the aim of obtaining O(p®) accuracy in all quantities and to then verify
the Gell-Mann-Oakes—Renner (GOR) [28] relation at ﬁnite temperature. To

do so, the tree, one loop and two loop diagrams of l:e f5 are required, the
tree and one loop graphs of C( are required plus the tree level graphs of

E(?f In doing so, the result of Eq (67) has been reconfirmed. In addition,
the mass M, (T) and pion decay constant as a function of temperature are
also evaluated, using the finite temperature axial vector correlator. In total,
thirty-six Feynman graphs contribute to the correlator at this order! However,
in the chiral limit, one is still lucky enough to have simple analytic forms for
the temperature dependence. One finds

MZ(T) T? T* AM

14 =—— - ——1In

. -t oaF T 36t +0(T"), (68)
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Ve Ry " T Ar
— 2 = =logm tgm ey F0T (69

e Re[F4(T) - F3(T)] T |
i ln=0 = 5=z In AaT + O(T), (70)

where Ap,T,4 are various scales, whose sizes are determined by the renormal-
ized couplings L7 ...LJ, that are a function of scale. They are determined
numerically to be Ay ~ 1.9 GeV, Ar ~ 2.3 GeV, and A4 = 1.8 GeV. Note
that, at finite temperature, there is a separation of “¢temporal” and “spatial”
pion decay constants. This comes about since Lorentz invariance is not main-
tained in a heat bath and the the singular part of the axial two point function
takes the form

_ fule, 1) fu(g,T)
Au(q,T) = -W (71)
where
fo(a, T) = @ Fi(q,T) fi(a,T) = ¢;Fs(q,T), (72)

with 4 = 1..3, and the decay constants F?' are defined as
F3H(T) = F,+(q,T)lg=o- (73)
The GOR relation is modified so as to read [6]

o MAD)R[FH(T)P?

— _ 6
lim S ST = 14 0(T). (74)

For this reason, we show graphs for M2(T)/M?2 and Re[F:(T))2/F2, as a
function of temperature in Figs. 5 and 6. The tree level result is given (dot-
ted curve), together with the one loop computation (upper dashed line in
Fig. 5, lower dashed line in Fig. 6) and the two loop approximation (solid
curve). In both of these figures, a non-zero value of the quark mass has been
assumed for these curves. In the chiral limit, one finds the lower (upper)
dashed curve in Fig. 5 (6). What is evident from these two figures, is that
chiral perturbation theory is not converging and appears to provide an oscil-
lating series for these quantities. Thus for larger values of the temperature,
T > 100 MeV say, one sees that the pion mass decreases with temperature
in the two loop approximation, in contradistinction with the one loop re-
sult, the lattice results of the last section, and also in contradistinction with
the model results obtained in the Nambu—Jona-Lasinio model, which will be
presented later on in the following section. Convergence at temperatures in
this range appears to be problematic, which is perhaps an indication that
the series is at best asymptotic, or changes its nature due to the onset of
the phase transition. In this range, one expects non-analytic behavior and it
is unreasonable to expect a perturbation analysis to succeed. These curves
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clearly indicate that ChPT at finite temperature can at best be regarded as
cool, so that the fundamental behavior at low temperatures sets a constraint
on the finite temperature behavior of would-be effective models.

o

g o
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02

0 20 490 60 80 100 120 140
T (MeV)

Fig. 5: The pion mass, scaled by its value at T = 0 is shown as a function of the
temperature.
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Fig. 6: The pion decay constant, scaled by its value at T' = 0 is shown as a function
of the temperature.

3 The Nambu—Jona-Lasinio Model

The Nambu-Jona-Lasinio (NJL) model has been reviewed in detail by several
authors from different viewpoints [8-10], and consequently I do not wish to
present any detail of this model other that a basic introduction here. Rather
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the purpose of this chapter is to illustrate that with the simple equations
requiring little computational time, one can reproduce all the main features
of the static properties that have been so arduously extracted from years
of labor on the lattice. It is extremely encouraging to have a simple model
that can be handled semi-analytically — one gains a tremendous amount of
insight into the actual functioning of the mechanism of dynamical symmetry
breaking and the consequences thereof.

Nevertheless, the NJL model is simply a model — in contrast to the results
of the previous section, which are regarded as “factual”, this section can only
give model-dependent results. Accordingly it is only equitable to indicate, in
addition to the successes provided by this approach, the failings also. These
become obvious when examining bulk thermodynamic properties, such as
pressure, energy and entropy densities, and will be discussed in what follows.

We shall then turn to dynamic properties, and examine the temperature
dependence of scattering amplitudes in the quark-antiquark channel, which
displays a divergence which we term critical scattering, in analogy to the
phenomenon of critical opalescence that is observed in light scattering.

3.1 Order Parameter

We first consider the order parameter for the chiral transition that is obtained
from the NJL Lagrangian, which, for two flavors of quarks, is taken to be

Lnir =P(@)(iE @ — mo)¥(z) + Gl(¥9)? + (YivsT9h)?], (75)

where G is a dimensionful coupling strength, and mo denotes the common
current quark mass for v and d quarks. For three flavors of quarks, we use

8
Lysr =$(@)(i - minb(z) + G Y _[(BA*Y)* + @A*19)’]

a=0

— K{detyp(1 +75)9 + dettp(1 — v5)}. (76)

Here GG and K both are dimensionful coupling strengths and m(} = diag(mg, mg, mg).
The self-energy, in the mean field approximation, that corresponds to the low-

est order term in an expansion in the inverse number of colors N, [12,13], is

given as®

m =mo — 2G((Y¥)), (77)
and the condensate is given explicitly as
_ N.N, [4 p? _
@ =252 [ B0 1w - ) (78)

3 Since the coupling strengths turn out to be large, GA® ~ 2, an expansion in the
number of couplings is inadmissable and an alternative expansion scheme must
be used.
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ith
wi 1

+ —
7 (1+exp B(E, % p)]
One sees that the condensate is directly proportional to the value of the
dynamically generated mass, in the event that the current quark mass is zero.
Although the situation is more complicated in SU(3), where the dynamically
generated quark masses satisfy coupled equations,

GN, KN?
m; =m] — ?cmiA(miaﬂi) + —gmmimg A(my, p) A(me, pr),

i£jFk (80)

and the function

1672 . d3p 1
A(mys,pg) = etnT / - 81
(ms. 1) B Z,,: ipl<a (27)3 (iwn + pf)? — E (81)
is proportional to the condensate density for a specific flavor,

A(my, pug) ~ (P9))s, (82)

the dynamically generated quark masses are equivalently order parameters of
the phase transition, and we therefore plot these. They are shown here only
for the SU(3) case, in Fig. 7, for a finite value of the current quark mass [30].
As expected, the phase transition that occurs in the chiral limit is washed
out and becomes a cross over. Another feature that emerges in this model is
that the strange quark mass remains large, even at temperatures T ~ 300
MeV, and does not reach its current mass value of 150 MeV until T' >> T..

(79)

3.2 Meson Masses

The meson masses for the scalar and pseudosalar sectors are determined via
the well-known method of evaluating the quark-antiquark scattering ampli-
tude in the random phase approximation, and searching for poles of this
function. This involves knowing only the irreducible polarization function
that one can construct from a single quark loop, the details of which can
be found, for example, in [9,10,30]. One finds the masses that are shown in
Figs. 8 and 9 for the pseudoscalar and scalar sectors, respectively. In Fig. 8,
2my is plotted in addition to m,. The point at which these two curves cross
is called the Mott temperature, Ty, . For T > T)s_, the pion is no longer a
bound state, but is a resonance, with a finite width that is not shown here.
Similarly we have plotted mgy + m,, from which the kaonic Mott temperature
T, is defined. For T >> Ty, , the kaon is also a resonance with a finite
width.



Hot Chiral Symmetry Breaking 137

..
Ny
~

.,
.,
~,

-,

.,
400 |
—
~~~~~
—

m (MeV)

200

T (MeV)

Fig. 7: Temperature dependence of the constituent quark masses. The solid line
refers to the light quarks, the dashed to the strange quark [30].
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Fig. 8: Temperature dependence of the pseudoscalar meson masses, as well as that
of 2m, and my + m,. [30].
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1000

m (MeV)

500

Fig. 9: Temperature dependence of the scalar meson masses and 2m, [30].

These graphs deserve some comment. Firstly let us compare them with the
figure showing the meson masses obtained via lattice gauge theory, Fig. 2.
We note first that there are some fundamental differences in obtaining these
graphs: (a) Figs. 8 and 9 show so-called pole masses, while Fig. 2 gives screen-
ing masses. Nevertheless, it has been shown that, in the NJL model, the tem-
perature behavior of screening masses and pole masses is qualitatively similar
[31], although quantitatively somewhat different. Since we cannot hope for
any quantitative agreement at this stage, it is justifiable to make a com-
parison. (b) The NJL model calculation shown is for SU(3), while the lattice
calculation is SU(2). With these points in mind, note that the o and # mesons
from figures 8 and 9 become degenerate at high temperatures, as observed
also in Fig. 2. However, there is no undershooting of the o meson. The meson
labelled m,_ of Fig. 8 corresponds to the ag of Fig. 2. Here one observes
qualitatively the same behavior, i.e. that this scalar meson also decreases
strongly in the phase transition region. Thus one has an aesthetically pleas-
ing agreement between the NJL model and the results obtained by lattice
gauge theory for meson masses at this level.

A direct comparison of Fig. 7 with the results of chiral perturbation the-
ory, i.e. with Fig. 5 is problematic. We simply make some comments: (a) the
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physics underlying Figs. 5 and 7 is completely different. Fig. 5 is obtained
by constructing meson loops (the mesons are regarded as structureless point-
like objects), while in Fig. 7, the pion is constructed from a quark-antiquark
loop. Meson loops form corrections to this calculation and would be of the
next order in 1/N,. Such corrections have in fact been evaluated, and it has
been found that the leading order 72 dependence of Eq.(68) is recovered [32].
The fact that in the final analysis the curve of M, as a function of tempera-
ture is finally decreasing for chiral perturbation theory in Fig. 5, is in strong
contradiction to both Figs. 2 and 8.

3.3 Bulk Thermodynamic Quantities

In the last subsection, we have indicated the successes of the NJL model in
calculating the order parameter and masses as a function of temperature. In
this subsection, we turn to bulk thermodynamic quantities. Here we will see
that the model does not do as well, and that the lack of confinement makes
itself strongly evident at low temperatures, while the cutoff of the model
is a hindrance at high temperatures. We start with the thermodynamical
potential £2, calculated in the grand canonical ensemble. Given an interaction
between fermions that is 4-point in nature such as in Eq.(75), f2 can be
calculated quite generally as [10,33]

a1 [ d&p 1 A A(
Q= 00*/ / (2n) B }:exp ) TY[Z (v, P)S™ (v, D)), (83)

where (% is the thermodynamic potential in the absence of interactions,
and Z)‘ and S* designate the Matsubara self-energy and Green function
associated with the system. The superscript A refers to the fact that both S
and X are to be evaluated with the introduction of an artifical coupling that
multiplies the interaction Lagrangian £;,;. The Matsubara frequencies for
fermions are, as required, odd, i.e. v, = (2n + 1)x/8, withn = 0,£1,£2 +
3....

For the NJL Lagrangian of Eq.(75), in the mean field approximation, it
is not necessary to apply Eq.(83). A straightforward calculation gives

d3
2 =02, = —2N.N; o 2P g
2NNy [ dp —B(Bptp) ~B(Ey—u)
_ P » 4
L [ it +e L (84)

with EZ = p? + m®. As is evident from the label g, this appears to be a
thermodynamic potential generated solely by the quark degrees of freedom.
We note also that the thermodyamical properties can only be measured
relative to the physical vacuum,
22Y° = (T = 0, u = 0,m(0,0)), (85)

vac
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which, for the mean field approximation, corresponds to

&p
(2m )3

To introduce mesonic degrees of freedom, it is necessary to go beyond
the mean field approximation to include the next set of terms in the 1/N,
expansion. The self-energy in this case includes effective interactions in both
the scalar and pseudoscalar channels [34],

(m — myp)

o~ 2NN

(2552 )ms = (86)

Z}‘I(Vﬂ,p) ﬂ Z/ ( 3 [S(uﬂ 7q)V (Vﬂ - Vn ’p q)

+ 757 S (Vn, Q)ivs TV, (V0 — v, P — @), (87)

and is constructed on summing the Fock and infinite RPA series that con-
tribute to the self-energy in this order. Here

Vi (w,q) = —2GA[1 = 2GA Iy (w, q)] 7%, (88)
and the irreducible polarization in the mesonic channel
d®q 1
HM(wmap) (2 )3BZT\I‘FMS(VH +Wm,¢I+P)FMS(Vm‘I): (89)

is determined by the vertex I'ps for that channel. Inserting Eq.(87) into
Eq.(83) yields the fluctuating part of the thermodynamic potential,

3 .
> / ((ziss /13 Ze’wwmu - 2GHu(wnp).  (90)

The nature of this term is revealed on performing the frequency sum. One

has
nf[ = O-;r + 00’1 (91)

where, for each species M = 7 or o,

NM/ o )3/ dw| w+ 1n(1—e-ﬂw)]2m

x——l 1- 2GIIM(w+zep)
dv  1-2GHp(w —ie€,p)’

(92)

Some analysis shows that a simple approximation for the polarization near
the pole, i.e.

1-2GHy(w,p) = (w* — E3) x const (93)
leads to

Dy = NM/(;FI;:’[IEM'*‘ ln(l——e‘ﬁEM)]’ (94)
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exactly as one would expect for the thermodynamic potential given bosonic
degrees of freedom. The pole approximation i8 however insufficient, as one
integrates over all energies, and in practice, the fact that the bound states
also become delocalized resonances at the Mott point must also be accounted
for. This has been done in introducing phase shifts in each channel [34].
In order to calculate the pressure, the physical vacuum given by Eq.(85)
must be reevaluated to include a term from f2¢. One now has
MY = (23Y%) s + (2002°) 1 (95)

vac vac

and the pressure density is now

p=—12—-2uy+ nFhys (96)

vac

In Figs. 10 and 11, the pressure and associated energy densities evaluated
from this thermodynamic potential are shown.

0 50 100 150 200 250 300
T (MeV)

Fig. 10: The pressure density, scaled by T*, is shown as a function of temperature.
The lower curve is for the mean field case only, the upper includes fluctuations
(mesons). The vertical line indicates the critical temperature and the horizontal
one the Stefan-Boltzmann limit for an ideal quark gas [34].

In Fig. 10, one sees that the lower curve, corresponding to the mean field
approximation calculation represents the quark degrees of freedom. There is
an appreciable pressure that arises from this term, i.e. from the quark degrees
of freedom, for temperatures T < T,, which is indicated by the vertical line.
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Including mesonic degrees of freedom rectifies the behavior at small temper-
atures, but still leaves a large intermediate range of temperatures T < T,
that is dominated by these unphysical quark degrees of freedom. This is thus
a direct consequence of the missing feature of confinement. The sharp rise in
the pressure density shown in Fig. 3 cannot be modelled by a non-confining
theory. At high temperatures, T' > T, there is a small contribution from
the mesonic degrees of freedom, that exist as correlated states with a finite
width in the plasma. The main contribution arises however here from the
quark degrees of freedom. The actual value obtained for the pressure density
underestimates the Stefan-Boltzmann limit (shown as a horizontal line), since
there is a finite cutoff on the quark momenta. Relaxing this constraint would
lead to the pressure density approaching a constant.

10

0 50 100 150 200 250 300
T (MeV)

Fig. 11: The energy density, scaled by T*, is shown as a function of temperature.
The lower curve is for the mean field case only, the upper includes fluctuations
(mesons). The vertical line indicates the critical temperature and the horizontal
one the Stefan-Boltzmann limit for an ideal quark gas [34].

Similar comments can be made for the energy density: the intermediate
temperature range 50MeV< T < T, is dominated by quark degrees of free-
dom, indicating the lack of confinement. The high temperature values T > T,
do not approach the Stefan-Boltzmann limit, due to the cutoff.

In concluding this subsection, one sees that one needs to include confine-
ment in some fashion in order to be able to regain the lattice picture. From a
thermodynamic point of view, the high temperature regime about T ~ T, is
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probably best described by the model, in the sense that only quark degrees
of freedom plus correlated mesonic states are present. In the next subsec-
tion, we thus study elastic quark-antiquark scattering about this point and
indicate that a divergence occurs in the cross-section at T' = Ty and that
the phenomenon of critical scattering as a consequence of the chiral phase
transition is observed.

3.4 Critical Opalescence in the Quark-Antiquark Channel

In this section, we examine the behavior of the quark-antiquark scattering
amplitude in the NJL model in the vicinity of the Mott temperature, which
replaces the critical temperature when finite current quark masses are used.
In SU(3), there are seven independent processes out of a total of fifteen for
quark-antiquark scattering, taking isospin and charge conjugation symmetry
into account. These are listed in Table 3. Mesons that can be exchanged in
the 8 and ¢t channels, as are given by the Feynman diagrams of Fig. 12 are
also listed.

Process Exchanged mesons (s channel) Exchanged mesons (¢ channel)

ud =+ ud «, ox NN, O, 0,0
us — us K, ok mnn,o, o

uli = w7, 9, 7’,7 or, 0,0 NN, on 0,0
ua —+ddx,n,n,0n, 0,0 ™ On

ui— 83 n,n, 0,0 K, ok

85— unny, 0,0 K, ok

!

s3> 88 n,7n,0,0 K, ok

Table 3: Independent processes for ¢g scattering.

The transition amplitudes can be written as

—iM = ey 0y0es,c4 T (02)Tu(@1)[iD5 (1 + p2))(ps) Tv(pa)
s 205,04 T(P2) (VT (1) [iD7 (p1 + p2)]a(ps) (75 T)w (pa),
(97)

and

"th = 601,03602.046(1’3)Tu(p1)[ipf(p1 —p3)]ﬁ(p2)Tv(p4)
Jc,,ca5cn,cﬂ(Pa)(i’YsT)u(Pl)[iDtP(m = p3)]0(p2) (s T)v(pa),
(98)
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pL,m p3,m3
Ptp
P2, M2 P4, ™y
P, p3,m3
P1—P3
P2, M P4, My

Fig. 12: Feynman diagrams for elastic ¢g scattering within the NJ! model in an
expansion to lowest order in 1/N..

where T selects the isospin eigenvalue for a particular channel, and Df’ ’QP is the
s or t channel, scalar or pseudoscalar quark-antiquark scattering amplitude,
and which can be constructed from the corresponding polarization function.
It has a simple form, for example [9]

2Geff

Dr(po,p) = 1-2G¢ffIIE (py, p)’ o

where G¢/f is an effective SU(3) coupling strength in the pionic channel [9].
The differential cross section is constructed in the usual fashion as

do _ 1 1 B .
@t~ 167[s — (Mmy + My)?][8 — (Mg — my)?] ANZ '2; M — M:|*,  (100)

while the total cross section is evaluated as
do
o= [ at Zi- S (BB - fr(BED) (101)

introducing a Fermi blocking factor for the final states. Here E? = p? + m?,
where i = 3,4.

In Fig. 13, we show the total cross section for light quarks in the initial
state, as a function of /s, at a temperature T' = 215 MeV, which lies slightly
higher than the pion and kaonic Mott temperatures, Tps, = 212MeV and
T, = 210MeV. Both pions and kaons are sharp resonances now. At higher
values of the temperature, these become broader resonances in the cross-
section, as shown in Fig. 14. At the Mott temperature itself, when quarks
bind into hadrons, the intermediate states in the s channel give rise to infinite
cross sections at threshold. This feature, which also appears in other processes
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like 7w — 7 (35], my — mvy [36] or g — ~7y [37,38] is akin to the phenomenon
of critical opalescence. This has been discussed in some detail in Ref.[39], and
the interested reader is referred to this.

i :n&,,-
il

= 215 MeV

N egee ]

Fig. 13: Total cross section for g¢ scattering with only light quarks in the initial
state, shown as a function of /3, at T = 215 MeV.

Fig. 14: Total cross section for ¢ scattering with only light quarks in the initial
state, shown as a function of /3, at T = 250 MeV.
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4 Non-equilibrium formulation and transport equation

The considerations of the first two sections discussed properties of chiral
systems in equilibrium. If it were possible to measure any of the associated
changes at the phase transition temperature, there would be no need for
further discussion. However, because of the nature of confinement, we are
unable to observe critical scattering directly, nor any of the other dramatic
changes in pion properties. One tool for examining quark matter is via heavy
ion collisions, and as such, over the short time scales over which collisions
occur, it is unclear whether both thermal and chemical equilibrium can be
reached during a collision. For this reason, we wish to investigate what the
effects are of a condensate that changes with the medium, as well as medium
dependent cross sections in a non equilibrium scenario.

There are several formal aspects that have to be understood before one
can attempt actual collision simulations. Firstly one can set up an exact
formal description of a relativistic fermionic system that is out of equilibrium
via the method of Schwinger and Keldysh. From a heuristic point of view,
however, we have a good understanding of the classical Boltzmann equation,
so that it is important to establish a link between the two from which one can
then go further. In doing so, one generally has a field theory with retarded
and advanced Green functions. However, if we examine the collision term of
the Boltzmann equation, we see that we require cross sections. However, we
only know how to calculate these using causal Green functions. So we have
to find a link telling us which level of approximation requires which Feynman
graphs.

The content of this lecture is summarized briefly in the next paragraphs.
{(a) We wish to start from a chosen Lagrangian that gives a microscopically
correct description of the world, and to formulate a non-equilibrium theory
via a matrix of Green functions S%(z1,z;) (i and j will be defined later!).
This matrix of Green functions satisfies a matrix form of the Schwinger-Dyson
equations, which as usual, cannot be solved exactly. (b) Some technical aid is
required at this point. A centre of mass variable X = (r, + z2)/2 and relative
coordinate u = z; — 2 are introduced, and one Wigner transforms the matrix
of Green functions. This is simply a Fourier transform with respect to the
relative coordinate u. At this point, the equations are still exact. (c) Now
one seeks methods of solution. For a fermionic system, the exact method
would involve making a spinor decomposition of the Green functions, and
we would have 32 coupled equations to solve! This is simply too difficult, in
particular for an expanding system, for which spatial gradients are important,
and so we turn rather to making the quasiparticle assumption, which, coupled
with an expansion in powers of #, leads to the well-known kinetic theory of
Boltzmann, here in relativistic form.
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All that has been discussed is quite general for any fermionic theory.
Using the Lagrange density of the Nambu—Jona-Lasinio Lagrangian with an
expansion in 1/N, illustrates how extensions to the standard binary collision
forms in the Boltzmann equation come about, and clears the issue of the
content of Feynman graphs for the cross sections that occur in the Boltzmann
equation.

4.1 Closed time path — Schwinger-Keldysh formalism

There are several excellent texts that exist that cover the basics of the
Schwinger-Keldysh formalism [40,41] for Green functions not in equilibrium.
Detailed reviews using path integrals can be found in [42], while the more
standard operator approach is to be found in [43-45]. Most confusing in this
subject is simply notation: All the listed references use different ones. I shall
conform to that of Landau?, which is particularly transparent in setting up
rules for a perturbative diagrammatic expansion.

Central to the problem of non-equilibrium systems is that the description
via a single causal Green function alone, is inadequate. One requires the four
Green functions,

ihS°(z,y) = (TH(@)PW)) = ikS™(z,1)

ihS*(z,y) = (TYp(@)P)) = ins** (z,)

ihS> (@) = ($@)P(v)) = A+ (2,)

ihS<(z,) = — (FW)$(2) = ihS ™ (,9), (102)

i.e. the causal and acausal propagators S° and S, S and S<. In Eq.(102),
T is the standard time ordering operator,

T(O(z)O(y)) = 0(zo — 0)O(z)O(y) — 8(yo — 20)O(y)O(z), (103)
and T the antitime ordering operator,
T(O(2)0(y)) = 8(yo — 20)O()O(y) — 6(z0 — ¥0)O(y)O(2)- (104)

On the right hand side of Eq.(102), the superscripts ij = +,— have been
introduced (these were mentioned in the introduction to this section). This
is an arbitrary but useful convention for constructing a matrix notation for
summarizing the Green functions,

S-- §—+
S= (S““ S++) . (105)

It is automatically achieved by introducing the closed time path of Fig. 15,
and setting the fields that occur in the Green function S% on the ith or jth
branch respectively.
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+

Fig. 15: Closed time path on which the Green functions are defined

There are many interlinking relationships that follow simply from the
definition of the Green functions. For example, S° and S° are related to S~
and §< via

S~ (z,y) = 8(z0 — %)+~ (z,¥) + 0(30 — 20)S™F (2,)
S**(2,y) = 8(yo — 20)S* (z,y) +8(20 — 90)S™ " (z,y).  (106)

All four Green functions are not independent, since
5™ (z,9) + 5T (z,y) = STH(z,y) + ST (z,y)
= 5%@y) = -z ([WE@P@D, 107

defining the Keldysh Green function. In addition, one can define the retarded
and advanced Green functions

ihS®(z,y) = (20 - yo) ({¥(2), %(¥)})
ihS4(z,y) = —6(yo — 20){({¥(=), ¥ ®)}), (108)

which are also related to the ¥ via

SB(z,y) = S~ (z,y) - S (z,y) = §*(z,y) - St (z,y)
SA(x: y) =857 (=, y) - S—+($7y) = S—+(I,y) - S++(£B, y)7 (109)

which can also be verified directly from the definitions of these functions.
One could consider working with the matrix of independent functions

) 0 SA
§ = (sR SK) ’ (110)

but I will not do so in this chapter. Nevertheless, the retarded and advanced
Green functions play a special role. Due to their simple analytic structure,
plus the fact that the equations of motion that they satisfy (see Eq.(117)
later!) are closed, means that one usually can find a simple analytic form for
these functions.

* This differs from the labelling of [43] by a minus sign. Off-diagonal self-energies
also differ by a minus sign.
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The matrix of self-energies is defined now via the Dyson equation,

(@) = 8%z, y) + / d*2d*wS (, w) E(w, )8 (2, y)

= 8%z,y) + / dt2d*wS(z, w) E(w, 2)S°(2,y).

149

(111)

Pictorially, one can for example examine one element of this equation — say
St+. The equation that this function satisfies is given in Fig. 16, using an
obvious notation. Thus one sees that all components of the self-energy are in

fact required in order to evaluate one single component of S.

iStt=
+ +
- AR
+ + + + + +
+__._@_._
+ = ~ +
L (=Y
+ 4 + +
s =N
+ + = +

Fig. 16: Dyson equation for one component of the matrix of Green functions.

From the Dyson equation, one can derive the equations of motion for the

components of S, which are summarized as
(ih Pe - mo) S(a,y) = 08" (@ —1) + [ d20.E(@ S(500),

where

By defining the retarded and advanced self-energies as

SRy 4 5t
A= N 4+ gt

one finds the corresponding Dyson equations for S,

gmw=£@mw+/ww%S%aw2m@guw,

(112)

(113)

(114)

(115)
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from which one sees that the Dyson equations for S® and S are individually
closed,

Spt(@,9) = 85,4z, 9) + / d*zd w85 O (z,w) EA (w, 2)S)5A (2,9)
(116)
with corresponding equation of motion

(ih Pz — mo) g gl (2,4) = by (z — y) + / d*255M =, 2)S5A (2, 9),
(117)
while the equation for the Keldysh function is integrodifferential,

(ih @, — mo) SK = / (XX 54 + TRSK)g! 2. (118)
For a free particle, it is useful to note that the solution for the retarded and

advanced functions follows immediately as

b+mp

SR,A = &F %
(p) p* —mi tiepo

(119)

4.2 Transport and Constraint Equations

Of the matrix of Green functions, consider only the equation of motion for
S—*(z,y) that follows from Eq.(112). This is

(i1 B — mo)ay S @) = [ 2 {257 2,2)S57 (2w)

+ Z 3 (z,2)85 (2, y)} (120)

In a similar fashion, one can derive the equation of motion

S @) (~inF = mo) = [ e85 0.9 257 ()
S5 @ ) TE ) (121)

It turns out to be slightly more convenient to cast these equations in an
alternative form, using the relations Eq.(109) between the Green functions,
and similar ones for the self-energies. We write

(i1 Pz = ma) oy S5 @) = [ 3553 0,285 (29) - Bl (@,2)S35 (20)

+Z£ﬁ(x,z)sﬁ—-;+—(z’ y) - 2;+(I, z)Sg:y(Zay)}
(122)
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and
@) (~in oo = [ d - SS@a Z5 )
+ S5 ()58 (29), (129)

It is now a tedious technical task to Wigner transform Eqgs.(122) and (123).
We illustrate this on a simple example and then simply give the final result.
Introducing relative and centre of mass variablesu = z—yand X = {(z+y),
the Wigner transform of S(z,y) is defined to be

S(X,p) = / uePIS(X + 5, X~ 5. (124)

To Wigner transform say the first term on the left hand side of Eq.(122)
requires an integral of the form

/ d‘ue"""/“a“f(x, y)

1
/d“ue"’“/'l 28?[ )f( + ;u X - —u)

1
4g,etPu/h - =
28X /d f(X+< u X 2u)

+ / d4u(5~1reip"/”) £X + §u,x - 5u)
m

= (50% + T)1(X.9) (125)

Similarly one can show that
84 1(z,4) - (=% + 208 (X, D) (126)
X ih 45 3 X 127
fg(z,y) = f(X)exp 3 X7 Op, 9(X,p) (127)
f(@)a(z,) - FX) exp< = 62,, af )g(x,p) (128)

. “
ih 93 9 ?)>9(Xp)

/d“zf(x,z)g(z,y) - f(X,p)exp (‘5('@@ - ﬂm
(129)

need be made on Wigner transforming the product functions on the left hand
side of the last equations. Applying these relations to Eqgs.(122) and (123)
leads to the rather complex forms for the equations of motion,

]
(0 (5 5 — B2) ~ mo}S(X,p) =
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2_+(X7p)/is+—(X’p) - E+—(X’p)/is_+(Xap)
+ ZA(X,p)AS~+(X,p) - ZH(X,p)AS®(X, p)

(130)
and
SHX D)t (5 g“ + By g} = — SR(X,p)AZ* (X, p)
+ 57 (X,p)AZA (X, p),
(131)
. w9 3 9 3
d=eop (‘%(ma;;;" 5,7535')) (132)

Now subtracting and adding these resulting equations, one arrives at two
futher equations, which we identify as the transport and constraint equations

respectively:
ih as—+

o o} + S (P = I (133
and ih 88—t
%[’Y“: FX—;‘]+{b-m07S—+}=I+' (134)

In these equations, the terms that occur on the right hand side are decom-
posed into three types of contribution, one containing at least one retarded
function, one with at least one advanced function and a further term with
neither, which in the semi-classical limit is the origin of the collision integral.
Explicitly, one has

Iy = Ion + I + I, (135)
with
Icoll = E_+(Xap)/is+_(x’p) - Z+_(X’p)/is_+(X’p)
= Iy - I, (136)
IR = - x~+(X,p)AS®(X,p) £ SR(X,p)AZ~H (X, p) (137)
and A X
I2 = 224X, p)AS~(X,p) ¥ STH(X,p)AZ*(X, p). (138)

Equations (133) and (134) are the central, exact equations that describe the
non-equilibrium evolution of a system of interacting quarks. To actually see
that these are in fact transport and constrint equations known from Vlasov of
Boltmann theory requires some (hard) work. This follows only under certain
approximations, and of course one needs some model in order to specify the
interactions. For this purpose, we will use the Nambu—Jona-Lasinio model.
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Before doing this however, note that an exact solution of Eqs.(133) and (134)
follows formally on making a spinor decomposition,

1
—ihS ™t = F +ipsP+*V, + v* 14, = 5a*“'s,,.,. (139)

The equations for the projected functions F' ~ trS~+, P ~ trysS~F, ...,
form a set of 16 times 2 coupled equations that need to be solved simulta-
neously. This is not only a formidable task from the computational point of
view, it also offers at present little physical insight.

For reasons of simplicity, therefore, we introduce the quasiparticle ansatz
that contains the quark and antiquark distribution functions f,(X,p) and
f4(X,p), and which puts these on their mass shell,

b+m

2E, [6(po — Ep)fo(X,p) = 8(po + Ep) fo(X, —p)] (140)

S™%(X,p) = 2mi

with fy.7 =1 — f,4. Similar expressions can also be easily written down for
the remaining components of the matrix 5.

4.3 The Vlasov equation for the NJL model

At this point, one cannot go futher unless one specifies a theory or model from
which the self-energy can be calculated. A four point interaction like that of
the SU(2) NJL model is particularly simple to handle because the Feynman
rules are particularly simple: (a) a directed line represents a fermion. The
signs attributed to the beginning (i) and end (j) of the line reflect in the
Green function iS¢ to be associated with the line. (b) an interaction line
can have only a single sign on both of its ends. If the sign is %, it is to be
translated as £iV, with V being the interaction strength. In the NJL model,
this is V = -2G.

According to these rules, in the Hartree approximation, it follows im-
mediately that ¥+~ = ¥~ = 0, so that I.sn = Ir = 0. Only I4 # 0.
Furthermore £4(X,p) = X4(X) = m(X) alone, so that

I = 2AX)1 - i—;’-(‘ﬁ,?, - 9,308

- 5701 - S(FxF, - 5,3 015400 + 0

(141)
or
1% = —ing, X485, (142)
and the transport equation becomes
ih ., 8S 1 (X, _ ) -
3{1“—W‘(,“—pl}+[¢,s H(X,p)) = —ih8, E48LS . (143)
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Assuming that the quasiparticle ansatz for S~* (X, p) of Eq.(140) holds and
that the mass is to be considered as the dynamically generated Hartree
mass that is to be self-consistently determined, one can insert Eq.(140) into
Eq.(143), take the trace over spinor indices and integrate over a positive en-
ergy interval A, that contains E,, to arrive at an equation for the quark
distribution function,

o fa(X,p) = p,-a*“%;”’ +mx)pm0 LB o (1ag)

(4

On performing the derivatives and extracting a factor of 1/E,, one can write
this as

Eip(p“aufq(x,m + m(X)8,m(X)0% fo(X, p)) =0, (145)

which is the Vlasov equation for the model. It must be solved concurrently
with the gap equation for m(X),

m(X) = ma + 46Nem(X) [ 2o oy~ Fo6R) = fo(X,p)), (146)

that is derived directly from the Hartree self-energy. The constraint equation,
in this same approximation in the expansion in h, is

(0* - m*(X))fo(X,p) =0, (147)

which validates our use of the quasiparticle assumption as being exact. Equa-
tion (145) indiates that chiral symmetry breaking enters via the condensate
or mass already as a spatially varying potential in the Vlasov equation.

4.4 The Boltzmann equation for the NJL madel

In principle, the next step from a physical point of view would be to incorpo-
rate all self-energy diagrams of the next order in 1/N,. This would correspond
to meson exchange [12]. This has not been done yet formally [47] and we will
touch on this briefly in the following subsection. Here we shall rather examine
the simpler problem of considering our self-energy with at least two interac-
tion vertices, such as shown in Figs. 17 and 18 for the NJL model. These are
the minimal types of diagram that can possibly give rise to an off-diagonal
self-energy X'+~ say, and therefore to a non-vanishing contribution to the
gain and loss terms that comprise I in the transport equation, Eq.(133).
We will not give details here, but just note the salient features [46].
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(a) (b)
Fig.17: Direct (a) and exchange (b) graphs that contribute to ¥~ and which

contain two interaction lines. The vertices can be either all scalar or all pseudoscalar
in nature.
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Fig. 18: Mixed graphs that contribute to X} , and which contain two interaction
lines.
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Firstly, a direct translation of the off-diagonal graphs, in the scalar channel
say,

dt dat dat
2:_ (X,p) = '402h2/ (27:;:)4 (27rIf':2)4 (27;:;4 (2”5)46(1’ ~p1+Pp2 —p3)

x [S=(X,pr)tr (S™(X,p2)St™ (X, ps))
—S+_(Xapl)s_+(Xsp2)S+_(X1p3)]a (148)

contains a product of three Green functions. Recalling that this will be mul-
tiplied by S~ in the collision integral and also that we must trace and in-
tegrate the result first over a positive energy interval, we can easily see that
such a procedure will lead to eight terms that each contain some product of
four quark or antiquark distribution functions, such as for example

coefficient x fy(p) fo(p2)fo(Ps)fo(pa) (149)

In a loose sense, if one designates fg ;(p) to represent an incoming quark
(antiquark) and f,; to represent an outgoing quark (antiquark), then one
can draw diagrams associated with each process. For example, the products
listed in Eq.(149) would represent quark-quark scattering. A similar term of
the eight possible leads to quark-antiquark scattering, while the remaining
six that are not listed (but which are easily worked out), are shown in Fig. 19.
Some of these look like the typical vacuum fluctuation processes that would
occur in any relativistic theory and in addition to these, there are others that
give rise to pair creation and annihilation. All six graphs of this figure can be
shown to vanish from energy-momentum conservation due to the quasiparticle
assumption! This gives us an indication of the complexity and richness of the
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theory that would go beyond the standard collision scenario if one relaxes
this assumption.

Vo
VAV

—~

() d)
Fig. 19: Six graphs that arize from the term ~ X+~ S~+. These are heuristic graphs
are are not Feynman diagrams.

Secondly, it is important to verify that the coefficient functions in the
term of (149) in fact truly give rise to the differential cross section for elastic
quark-quark scattering as would be calculated from real Feynman diagrams
(and not heuristic graphs of Fig. 16) such as are displayed in Fig. 20. In
fact, this has been explicitly demonstrated to be the case [46]. One finds
that the contribution from Fig. 17(a) gives rise to the amplitudes squared of
both the s or u channels for gq scattering (or s or ¢ channels for g7 scatter-
ing), while Fig. 17(b) is required to produce the interference terms between
them. It appears that evaluating nonequilibrium self-energies for the Boltz-
mann equation leads to scatering processes that can be obtained from all
possible combinations of cutting the slef-energy grphas of Fig. 17 vertically,
reminiscent of the Wick-Cutkowsky rules [17)].

Finally, one arrives at a Boltzmann equation from Eq.(133). It reads
P40, fo(X, p) + m(X)0,m(X)8; fo(X,p) =

N, /dn/ds—“w — |2, 2E
¢ (2nh)32E,,' *  lOTRYTR
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2 P
t-channel u-channel

Fig.20: ¢t and u channel Feynman graphs for elastic quark-quark scattering, to
lowest order in 1/N..

X {5 90 agmraa @2 = 13) a(p1) o (25) o) ~ F(21) o) ) fa )

+ 2 a0 = 1), 00 (e fa ) Ja(P) = Fo01) o) fapo) Fo ),
(150)

The constraint derived earlier, Eq.(147), however, remains unaltered. From
the Boltzmann equation, it is apparent that the changes in the condensate
with the medium affect the equation in two possible places: (a) As with the
Vlasov equation, a medium dependent potential occurs on the left hand side
that is related to the effective quark mass in medium and (b) the cross-
sections occurring on the right hand side are medium dependent, and also
depend on changes of the quark and meson masses in the medium. As we have
seen in the preceding section, the cross section for quark-antiquark scattering
diverges at the phase transition.

The actual answer as to what one should expect from numerical simu-
lations is however unclear: since the differential cross-sections are averaged
over, one may lose the sharp signal of the divergence. However, the force
term on the left hand side may still play an essential role. At this stage also,
too many physical features are still lacking, in particular, the coupling of the
quark degrees of freedom to mesons and their coupling back to the quarks.
This must lead to a hadronization scenario. In the final subsection of this
chapter, we briefly sketch how this might occur. For numerical simulations
thus far, we refer the reader to [48] and other references cited therein.

4.5 Higher orders in 1/N, and meson production

As already pointed out earlier, the expansion in the coupling strength that
was used for selecting the diagrams of the last section is inadmissable, because
GA ~ 2. Going to higher orders in the 1/N, expansion is however non-trivial,
as a symmelry conserving set of graphs must be chosen. From [12,13], we
know that this comprises firstly the set of graphs of Fig. 21 for the self-
energy, where the “F” denotes the new full Green function that must be
newly determined in a self consistent fashion.
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Fig. 21: Self-consistent self-energy that includes meson exchange.

Denoting the two terms in the self-energy as ¥, and X, respectively, one
can make an expansion of the new full Green function about that governed
by El )

5 =5+ 5k (151)
SF = Sy, + S5, TaSF
1 1 1
= + X +... 152
- p-2 -5 (152)

Concomitantly, the irreducible polarization ITF (k) now occurring in the quark
antiquark scattering amplitude

2iG
- F —
iD” (k) 1-2GIF (k) (153)
must contain further terms,
oF =m° + 611 (154)

where IT° is the simple quark loop, in order to be symmetry conserving. The
graphs required for ITF are shown in Fig. 22.

Inserting the expansion of the Green function and the irreducible polarization
into the full self-energy of Fig. 21, leads to graphs that contain inter alia
diagrams of the form shown in Fig. 23.

This gives us an intuitive understanding that, on evaluating these dia-
grams in the non-equilibrium scenario, we should no longer simply obtain a
cross-section for elastic quark-quark and quark-antiquark scattering, but also
the hadronization process of ¢§ -+ M M’, where M and M’ are mesons. Much
work however, remains to be done in this regard.
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SCPER(N),

Fig. 22: Contributions to the irreducible polarization to next to leading order in the
1/N,. expansion.

() N

Fig. 23: Diagrams occurring in ¥, that lead to the hadronization of a quark into
two mesons.

5 Concluding comments

In this series of lectures, we have investigated some aspects of chiral symmetry
breaking at finite temperatures. We have seen that in the last few years,
much information is emerging from the lattice gauge community that tells us
about the transition region itself. Chiral perturbation theory, on the other
hand, while being excellent in the low temperature regime, cannot adequately
describe a phase transition.

In the following section, we have investigated the Nambu-Jona-Lasinio
model at finite temperatures. It gives a remarkably good qualitative agree-
ment with the lattice data in the realm of static properties. It fails, however,
to describe the bulk thermodynamic properties well, primarily due to the
fact that confinement is lacking. The NJL model gives a simple picture for a
delocalization rather than a deconfinement transition. Associated with this
{(physically appealing) picture that bound mesons become delocalized at the
transition temperature — now the Mott temperature — and are still correlated
states with a finite width in the quark medium, are marked divergences in
many functions, such as the pion radius, #-7 and 7-K scattering lengths (not
discussed here), as well as the phenomenon of critical scattering, observed in
the quark-antiquark channel.

Due to the fact that none of the apparent singularities are directly observ-
able experimentally, we have turned to transport theory, in order to investi-
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gate what effects are to be expected from a condensate density that is medium
dependent. Calculations at this stage indicate that a Boltzmann equation is
dependent on the condensate through a force term, and also via the cross-
sections that arize from binary collisions among the quarks and antiquarks.
Howver, the stage of calculation is still primitive: a consistent physical the-
ory that includes mesons and which overcomes the problems associated with
the lack of confinement is required before one can expect to obtain credible
results. This, of course, leaves the path open for future research.
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Abstract. 3-flavor quark matter (strange quark matter; SQM) can be stable or
metastable for a wide range of strong interaction parameters. If so, SQM can play
an important role in cosmology, neutron stars, cosmic ray physics, and relativis-
tic heavy-ion collisions. As an example of the intimate connections between as-
trophysics and heavy-ion collision physics, this Chapter gives an overview of the
physical properties of SQM in bulk and of small-baryon number strangelets; dis-
cusses the possible formation, destruction, and implications of lumps of SQM (quark
nuggets) in the early Universe; and describes the structure and signature of strange
stars, as well as the formation and detection of strangelets in cosmic rays. It is
concluded, that astrophysical and laboratory searches are complementary in many
respects, and that both should be pursued to test the intriguing possibility of a
strange ground state for hadronic matter, and (more generally) to improve our
knowledge of the strong interactions.

1 Introduction

Hadronic matter is expected to undergo a transition to quark-gluon plasma
under conditions of high temperature and/or baryon chemical potential. These
conditions may be achieved for a brief moment in ultrarelativistic heavy-ion
collisions, but they are also likely to appear in Nature. A very high den-
sity (and comparatively low temperature) environment exists in the interior
of neutron stars, which may actually contain significant amounts of quark
matter in the interior. High temperatures (but rather low baryon chemical
potential) were realized in the first 10~* seconds after the Big Bang, and
here a hot quark-gluon plasma state must have existed until the temperature
dropped to 100-200 MeV due to the adiabatic expansion of the Universe.
This Chapter will outline some of the possible ways in which astrophysics
may teach us about the existence and properties of quark-gluon plasmas. The
advantage relative to laboratory searches is, that truly bulk systems can be
studied, and that the timescales involved are much longer than those relevant
to collisions. Disadvantages are that astrophysicists (with possible exceptions
if strange quark matter is absolutely stable) can only observe indirect con-
sequences of the plasma state for example in the properties of pulsars or in
the distribution of light nuclei produced a few minutes after the Big Bang.
It will be shown, however, that astrophysics arguments in many cases can
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be used to constrain parameters significantly relative to direct experimental
approaches because of the large volumes and timescales involved.

The implications of quark-gluon plasmas in astrophysics and cosmology
are many-fold, and I shall focus on aspects related to the idea of (meta)stability
of strange quark matter through discussions partly biased by my own research
interests.

Lumps of up, down, and strange quarks {strange quark matter, SQM),
with masses ranging from small nuclei to neutron stars, rather than 3¢Fe,
could be the ground state of hadronic matter even at zero temperature and
pressure. This possibility, first noted by Bodmer in 1971 [1], has attracted
much attention since Witten resurrected the idea in 1984 [2]. The existence
of stable or metastable SQM would have numerous consequences for physics
and astrophysics, and testing some of these consequences should ultimately
tell us whether SQM really exists.

First it was believed that SQM might give a natural explanation of the
cosmological dark matter problem. While not ruled out, this idea is now
less popular, but strange quark matter may still be important in astrophys-
ical settings, such as strange stars. Numerous investigations have searched
for deposits of SQM on the Earth and in meteorites, so far unsuccessfully,
and recently relativistic heavy-ion collision experiments have been performed
and/or proposed to test the idea. Cosmic ray searches have come up with a
few potential candidates for small SQM-lumps (strangelets), but at present
no compelling evidence for stable SQM has been presented. This, however,
does not rule it out. Most searches for SQM are sensitive to strangelets with
very low baryon number, A, and as discussed later, finite size effects have a
significant destabilizing effect on such objects, even if SQM is stable in bulk.

There is a significant range of strong interaction parameters for which
SQM in bulk is stable. But even if it is not, many of the (astro)physical
implications are more or less unchanged in the case of metastable SQM. In
neutron stars, for instance, the high pressure brings SQM closer to stability
relative to hadronic matter, and it is quite likely, that neutron stars contain
cores of strange quark matter, even if SQM is unstable at zero pressure. In
relativistic heavy-ion collision experiments, strangelets need “only” survive
for 1078 seconds to be of interest. In fact, (meta)stable strangelets may be
one of the “cleanest” signatures for formation of a quark-gluon plasma in
such collisions.

The present review tries to give an account of the status of strange quark
matter physics and astrophysics, as of early 1998, but of course not all as-
pects are covered in equal detail. In particular, nothing is said about the
heroic experimental efforts to produce strangelets in heavy-ion collisions. A
collection of papers describing all aspects of SQM and a list of references to
the field through mid-1991 can be found in [3]. An earlier review was given in
[4]. Recent reviews include [5-12], and the thorough reader will notice, that
some parts of the present Chapter borrows from my own papers among these
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since the physics discussed therein remains more or less unchanged. Refs.
[11,12] also discuss the related issue of lumps of metastable strange hadronic
matter, which will not be dealt with here.

Section 2 discusses the physics of SQM, starting out with simple esti-
mates of why 3-flavor quark-matter is likely to be more bound than the
2-flavor alternative, proceeding with more detailed descriptions of SQM in
bulk. Smaller systems (strangelets), for which finite-size effects are crucial,
are described in Section 3. Most of the results are based on the MIT bag-
model, but it is worth stressing from the outset that this should only be
viewed as a crude approximation to reality, ultimately to be surpassed by
direct QCD-calculations.

Section 4 deals with the possible production of lumps of SQM (often called
quark nuggets) in the cosmological quark-hadron phase transition, and the
struggle of quark nuggets to survive evaporation and boiling in a hostile en-
vironment. It turns out, that only large nuggets are likely to survive, but the
physics involved in the destruction process is illuminating as it resembles the
(time-reversed) physics involved in strangelet production in heavy-ion colli-
sions. Implications of surviving quark nuggets for Big Bang nucleosynthesis
and the dark matter problem are also discussed.

Perhaps the most likely place to discover SQM (even if it is not abso-
lutely stable) is in neutron stars. These could be “hybrid”, “strange”, or
even “mixed” (the first term conventionally used for neutron stars with quark
cores; the second for “true” quark stars in case of SQM stability, and the latter
for objects with mixed phases of quark matter and nuclear matter). Section
5 describes these stars, their implications for our understanding of pulsars,
and the possible connection to the energetic gamma-ray bursters.

Strangelets surviving from the early Universe or released from strange
stars in binary systems have been searched for in cosmic ray detectors and
in meteorites and mineral deposits. So far there are only a few potential
candidates, but more sensitive experiments will soon be carried out. Section
6 discusses some of the limits obtained. It also presents an astrophysical
argument which either improves the Earth-based flux-limits by many orders
of magnitude (almost excluding absolutely stable SQM), or predicts that all
neutron stars are strange stars, if SQM is stable {(the prediction to choose
depends on whether any pulsars can be proven to be ordinary neutron stars).

Conclusions and a brief outlook are provided in Section 7.

2 Physics of SQM in Bulk

2.1 Does Strange Matter Conflict with Experience?

At first sight, the possibility that quark matter could be absolutely stable
seems to contradict daily life experiences (and experiments) showing that
nuclei consist of neutrons and protons, rather than a soup of quarks. If a
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lower energy state exists, then why are we here? Why have we not decayed
into strange quark matter?

The answer to this obvious question is, that (meta)stability of strange
quark matter requires a significant fraction of strange quarks to be present.
Conversion of an iron nucleus into an A = 56 strangelet thus demands a very
high order weak interaction to change dozens of u- and d-quarks into s-quarks
at the same time. Such a process has negligible probability of happening.
For lower A the conversion requires a lower order weak interaction, but as
demonstrated later, finite-size effects destabilize small strangelets so that they
become unstable or only weakly metastable even if strange quark matter is
stable in bulk.

Therefore (meta)stability of strange quark matter does not conflict with
the existence of ordinary nuclei. On the other hand, the existence of ordi-
nary nuclei shows, that quark matter composed of u- and d-quarks alone
is unstable, a fact that will be used later on to place constraints on model
parameters.

Another constraint from our mere existence can be placed on the electri-
cal charge of strangelets. If energy is gained by converting ordinary matter
into strange quark matter, strangelets with negative quark charge, even if
globally neutral due to a cloud of positrons, would have devastating con-
sequences, eating up the nuclei they would encounter. Even a small stable
component in the cosmos would be intolerable (but they could still appear
as metastable products in heavy-ion collisions, like the recent charge -1,
mass 7.4 GeV event in NA52 at CERN [13]). A positive charge on the quark
surface (neutralized by surrounding electrons) is less problematic, because
ordinary nuclei will be electrostatically repelled. The barrier has to be of a
certain height, though, in order not to impact stellar evolution (see below).
Note that neutrons are easily absorbed. As demonstrated later, this has im-
portant consequences for quark star formation and can be used to constrain
strange matter properties using several astrophysical lines of reasoning. It
may even lead to practical applications in energy production, etc. [14].

2.2 Simple Arguments for (Meta)Stability

As argued above, quark matter composed of u and d-quarks is expected to be
unstable (except from 3-quark baryons). Introducing a third flavor makes it
possible to reduce the energy relative to a two-flavor system, because an extra
Fermi-well is available. The introduction of an extra fermion-flavor makes it
possible to increase the spatial concentration of quarks, thereby reducing
the total energy. A penalty is paid because the mass of the s-quark is high
compared to that of u and d, so stability is most likely for low s-quark mass.
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To make the argument slightly more quantitative, consider non-interacting,
massless quarks! inside a confining bag at temperature T = 0, without exter-
nal pressure. For a massless quark-flavor, ¢, the Fermi momentum, py;, equals
the chemical potential, u; (throughout the chapter, unless otherwise noted,
h = ¢ = kg = 1; for an introduction to Fermi-gas thermodynamics, see for
instance Ref. [15]) Thus the number densities are n, = p3/m?, the energy
densities ¢; = 3u?/(472), and the pressures P; = uf/(47%). The sum of the
quark pressures is balanced by the confining bag pressure, B; 3, P; = B; the
total energy density ise = ) ,€; + B =3)", P; + B = 4B, and the density
of baryon number is ng = ), n;/3. Notice that the sum of the constituents
pressures, as well as the total energy density are given solely in terms of the
bag constant, B.

For a gas of u and d-quarks charge neutrality requires ng = 2n,,, or us =
pu = 27134, The corresponding two-flavor quark pressureis P, = P,+P; =
(1 + 24/3)u4/(47?) = B, the total energy density e = 3P, + B = 4B, and
the baryon number density nps = (ny +n4)/3 = u3 /72, giving an energy per
baryon of

e2/np2 = (1 +24/3)%/4(4x?)/* B/* = 6.441B"/* ~ 934MeVB./s, (1)

where BM; = B'/4/145MeV; 145MeV being the lowest possible choice for
reasons discussed below.

A three-flavor quark gas is electrically neutral for n, = ng = n,, i. e.
Hs = fy = pg = W For fixed bag constant the three-quark gas should
exert the same pressure as the two-quark gas (leaving also the energy density,
€3 = 3P3+B = 4B, unchanged). That happens when 3 = [(1+2%/3)/3]/4y,,
giving a baryon number density of npz = ud/7? = [(1 + 2%/3)/3]%/4np,. The
energy per baryon is then

es/np3 = 3us = 3¥/4(4x?)/4 B4 = 5.714B"/* ~ 820MeVB}J};  (2)

lower than in the two-quark case by a factor npa/nps = (3/(1 + 24/3))3/* ~
0.89 .

The possible presence of electrons was neglected in the calculations above.
For two-flavor quark matter, including electrons in chemical equilibrium via
u+e” & d+ v, so that p, + g = p4, gives more cumbersome equations,
but only changes €3 /ng; to 6.445B/4 since . turns out to be rather small.
Three-flavor quark matter does not contain electrons for non-interacting,
massless quarks.

One may therefore gain of order 100 MeV per baryon by introducing an
extra flavor. At fixed confining bag pressure the extra Fermi-well allows one

! Since current quark masses rather than constituent quark masses enter in the
MIT bag model used to describe SQM, this is a very good approximation for «
and d-quarks with 5 MeV=a my < mq = 10 MeV <« 300 MeV = py, pid.
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to pack the baryon number denser into the system, thereby gaining in binding
energy.

The energy per baryon in a free gas of neutrons is the neutron mass,
my, = 939.6MeV; in a gas of 56Fe it is 930 MeV. Naively, stability of ud-
quark matter relative to neutrons thus corresponds to e3/nps < my, or
Bl/4 < 145.9MeV (B'/* < 144.4MeV for stability relative to iron). The
argument can be turned around: Since one observes neutrons and 5Fe in
Nature, rather than ud-quark matter, it is concluded that B!/4 must be larger
than the numbers just quoted. More detailed calculations including finite-size
effects and Coulomb-forces do not change these numbers much, so we shall
assume for the present purpose that B'/4 = 145MeV is an experimental
lower limit for a, = 0. (Here a, denotes the strong “fine-structure” constant;
ay; = 0 corresponding to non-interacting quarks except for the confinement
given by B).

Bulk strange quark matter is absolutely stable relative to a gas of iron for
B'/* < 162.8MeV, metastable relative to a neutron gas for B'/4 < 164.4MeV,
and relative to a gas of A-particles (the ultimate production limit in heavy-ion
collisions) for B1/4 < 195.2MeV. These numbers are upper limits. As demon-
strated below, a finite s-quark mass as well as a non-zero strong coupling
constant decreases the limit on B'/4,

The presence of ordinary nuclei in Nature cannot be used to turn the
values of B'/4 just quoted for SQM into lower limits. Conversion of a nucleus
into a lump of SQM requires simultaneous transformation of roughly A u- and
d-quarks into s-quarks. The probability for this to happen involves a weak
interaction coupling to the power A, i. e. it does not happen. This leads to the
conclusion, that even if SQM is the lowest energy state for hadronic matter in
bulk, its formation requires a strangeness-rich environment or formation via
a “normal” quark-gluon plasma in relativistic heavy-ion collisions, the early
Universe, or a neutron star interior. All of these possibilities will be explored
in the following.

2.3 SQM in Bulk at T =0

The estimates above assumed m, = o, = 0. Non-zero a, was found by Farhi
and Jaffe [16] to correspond effectively to a reduction in B. In the interest
of simplicity I will therefore set a; = 0 in most of the following. The energy
“penalty” paid by having to form s-quarks at a finite mass of 50-300 MeV
calls for more detailed calculations, however. Such calculations are usually
performed within the MIT bag model {17,18].

Strange quark matter contains degenerate Fermi gases of u, d, and s
quarks, and e~ or e*. Chemical equilibrium is maintained by weak interac-
tions,

deute +7 (3)
s ute + 7 4)
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u+s e d+u, (5)

where the first two reactions should be understood to include also the various
permutations of the involved particles.

Neutrinos generally escape the system, so we shall ascribe to them no
chemical potential. Thus the chemical potentials in equilibrium are given by

Bd = s = fo + He- (6)

Knowing the chemical potentials one can calculate the thermodynamic
potentials.

ul
= 1€
‘QC,V - 1271_2 (7)
4
7
-Qu,V = —ﬁ (8)
4
— _Hd
.lev = —4_7I'2 (9)
4 —32)1/2
_ _Hs a2y/2pq _ Oy2y, 3,4, 14+(1-A%)
2,y = = ((1 A% 2/\ )+ 2A ln———————/\ , (10)
defining A = m,/u,.
Number densities are given by
niv = —08; v [Op;; (11)

L e ney = pd/3n%, nuy = @l /7, nay = p3/7*, ney = p3(1 - X232 /x2
The total pressure is

P=) P-B=-) fv-B=0, (12)
i i
and charge neutrality requires
2 ln n ney =0 (13)
3wV T 3TV = 3y — ey = 0.
The total energy density is
e=Y (% +nivm)+B, (14)
i
and the density of baryon number
1
ng = g(nu,v +ngy +nav) (15)

Combining Egs. (6) and (13) leaves only one independent chemical po-
tential, which can be determined from the pressure balance, Eq. (12). Thus
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Fig. 1: Energy per baryon for bulk strange quark matter as a function of bag con-
stant and strange quark mass.

all parameters can be calculated for a given choice of m, and B. Results of
such calculations are shown in Figure 1. Similar calculations were originally
done by Farhi and Jaffe [16].

The calculations above assumed zero temperature and external pressure.
Finite temperature and external pressure can be relevant in connection with
cosmology (Section 4) and strange stars (Section 5) respectively, and also for
strangelet creation in collision experiments. The relevant extensions of the
formulae above will be given in Section 3.4.

3 Strangelets

So far the treatment of SQM has focused on the bulk properties. This ap-
proximation is generally valid for large baryon numbers. For A <« 107 the
quark part of SQM is smaller than the Compton wavelength of electrons,
so electrons no longer ensure local charge neutrality. Therefore Coulomb
energy has to be taken into account, though the fortuitous cancellation of
Qu + qa + ¢ = % - % - % = 0 means that Coulomb energy is much less
important for strangelets than for nuclei. For even smaller baryon numbers
(in practice A < 10%) other finite size effects such as surface tension and
curvature have to be taken into account.

Several strangelet searches with relativistic heavy-ion collisions as well
as cosmic ray searches have been carried out, and others are planned for
the future. Most of these searches are sensitive only to low A-values, so it
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is important to know the properties of small lumps of strange quark matter
(strangelets).

In the following I will describe the physical properties of strangelets in
the language of the MIT-bag model (only limited work has been performed
using other models—qualitatively confirming the MIT-bag results, though
quantitative details can differ). First, I will discuss results obtained from
direct solution of the Dirac equation with MIT-bag boundary conditions; such
mode filling calculations correspond to a nuclear shell model. Then I will show
how the mean behavior of the shell model results can be understood physically
in terms of a liquid drop model calculation based on a smoothed density
of states, and how approximations to the liquid drop results give simple
formulae for strangelet masses etc. Finally I discuss the changes introduced
if strangelets are at finite rather than zero temperature.

3.1 Shell Model

Mode-filling for large numbers of quarks in a spherical MIT-bag was per-
formed for ud-systems by Vasak, Greiner and Neise [19], and for 2- and 3-
flavor systems by Farhi and Jaffe [16], and Greiner et al. [20] (see also [21]).
Gilson and Jaffe [22] published an investigation of low-mass strangelets for
4 different combinations of s-quark mass and bag constant with particular
emphasis on metastability against strong decays. Further parameter ranges
were studied and compared to liquid drop model calculations by Madsen [23],
and recently new shell-model studies were published by Schaflner-Bielich et
al. [24]. All of these calculations were performed for a, = 0, which will also
be assumed in the following.

In the MIT bag model noninteracting quarks are confined to a spherical
cavity of radius R. They satisfy the free Dirac equation inside the cavity and
obey a boundary condition at the surface, which corresponds to no current
flow across the surface. The bag itself has an energy of BV. In the simplest
version the energy {(mass) of the system is given by the sum of the bag energy
and the energies of individual quarks,

E= Y S Nei(m?+k2,)"/? + B4nR?*/3. (16)

i=u,d,s &
Here kx,; = x4,/ R, where z,; are eigenvalues of the equation

—T,i

(22 ; + m?R%)'/2 + m;R

f'c(xn,i) = fn—l(xn.i)- (17)

fx are regular Bessel functions of order « ,

_ [ix(2) 20
LR Fe SRR S
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For states with quantum numbers (j,1) x takes the values kK = £(j + §) for
l=3= %— For a given quark flavor each level has a degeneracy of N, ; =
3(2j+1) (the factor 3 from color degrees of freedom). For example, the 185, /,
ground-state (j = 1/2,l = 0, kK = —1) for a massless quark corresponds to
solving the equation tanz = z/(1 — z), giving z ~ 2.0428. The ground state
has a degeneracy of 6 per flavor.

For massless quarks (finding the equilibrium radius from 6 E/30R = 0) one
gets

E = 364.00MeVB.{} (Z .'1:,‘,,-)3/4 (19)

where the sum is to be taken over all 34 quark-levels, and the numbers z ;
for massless quarks are tabulated in [19].

For massive quarks the level filling scheme is more cumbersome (see e.g.
Refs. [22,23]). Fixing bag constant and quark-masses, for each baryon number
one must fill up the lowest energy levels for a choice of radius; then vary the
radius until a minimum energy is found (8E/8R = 0). Since levels cross,
the order of levels is changing as a function of R. This is easily seen in the
Figures, where one notices discontinuous changes in the position of shells.

1050 T T T T 1050

1000,
1000+

asotf. i
i
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poof |\ -. R—

T 800}

850

Fig. 2: Energy per baryon (in MeV) for strangelets with B'/4 = 145MeV and m,
from 0-300 MeV in steps of 50 MeV (m, increases upward). The figure on the right
shows an expanded view of the low-mass region to highlight the change of “magic
numbers” with changing m,.

One notices that the energy per baryon smoothly approaches the bulk
limit for A - oo, whereas the energy grows significantly for low A. For low
s-quark mass shells are recognized for A = 6 (3 colors and 2 spin orientations
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per flavor), and less conspicuous ones for A = 18, 24, 42, 54, 60, 84, 102 etc.
As m, increases it becomes more and more favorable to use u and d rather
than s-quarks, and the “magic numbers” change; for instance the first closed
shell is seen for A = 4 rather than 6.

Equation (16) can be modified by inclusion of Coulomb energy and zero-
point fluctuation energy. As already discussed the Coulomb energy is gener-
ally small. The zero-point energy is normally included as a phenomenological
term of the form —Z/ R, where fits to light hadron spectra indicate the choice
Zy = 1.84. This was used, for instance, by Gilson and Jaffe [22]. Roughly half
of this phenomenological term is due to center-of-mass motion, which can be

3/8
included more explicitly by substituting [(Z zei) =Y xi,i] instead of

) xn,¢)3/ *in Eq. (19). The proper choice of a, and Zj is a tricky question.
As discussed by Farhi and Jaffe [16] the values are intimately coupled to B
and my, and it is not obvious that values deduced from bag model fits to or-
dinary hadrons are to be preferred. This uncertainty may have an important
effect for A < 5-10, but the zero-point energy quickly becomes negligible for
increasing A for reasons explained in Section 3.2. It means, however, that it
is difficult to match strangelet calculations to experimental data concerning
ordinary hadrons or limits on the putative A = 2 H-dibaryon.

3.2 Liquid Drop Model

Mode-filling calculations are rather tedious but do of course give the “correct”
results as far as the model can be trusted. But for many applications a global
mass-formula analogous to the liquid drop model for nuclei is of great use
and also gives further physical insight.

A phenomenological approach to a strangelet mass-formula was under-
taken by Crawford et al. [25,26] whereas Berger and Jaffe [27] made a detailed
analysis within the MIT bag model. They included Coulomb corrections and
surface tension effects stemming from the depletion in the surface density
of states due to the mass of the strange quark. Both eflects were treated as
perturbations added to a bulk solution with the surface contribution derived
from a multiple reflection expansion. Madsen [23,28,29] gave a self-consistent
treatment including also the very important curvature energy.

The following discussion closely follows [23]. All calculations are done for
zero temperature and strong coupling constant, a,. As argued by Farhi and
Jaffe [16] the latter assumption can be relaxed by a re-scaling of the bag
constant. Also, I shall concentrate on systems small enough (4 < 107) to
justify neglect of electrons. Strangelets with A < 107 are smaller than the
electron Compton wavelength, and electrons are therefore mainly localized
outside the quark phase. Thus strangelets do not obey a requirement of local
charge neutrality, as was the case for SQM in bulk. This leads to a small
Coulomb energy, which is rather negligible for the mass-formula (less than
a few MeV per baryon), but which is decisive for the charge-to-mass ratio
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of the strangelet. A characteristic of strangelets, which is perhaps the best
experimental signature, is that this ratio is very small compared to ordinary
nuclei. Finally, I neglect charge screening, an issue of negligible importance
for the mass formula, but of some importance for the charge-to-mass ratio
for systems of radii above 5-10 fm (A4 > 102-10%) [30).

In the ideal Fermi-gas approximation the energy of a system composed of
quark flavors ¢ is given by

E =) (2 + Nips) + BV + Ecour. (20)

Here £2;, N; and p; denote thermodynamic potentials, total number of quarks,
and chemical potentials, respectively. B is the bag constant, V is the bag
volume, and Ecoy is the Coulomb energy.

In the multiple reflection expansion framework of Balian and Bloch [31],
the thermodynamical quantities can be derived from a density of states of
the form

%:6{';;‘:”5( )ks+fc(%)o+....}, (21)

where area S = §dS (= 4wR? for a sphere) and extrinsic curvature C =

$ (1—!}7 + -}%;) dS (= 87 R for a sphere). Curvature radii are denoted R; and

R;. For a spherical system R; = Ry = R. The functions fg and fc will be
discussed below.

In terms of volume-, surface-, and curvature-densities, n; v, n;,s, and n; ¢,
the number of quarks of flavor i is

kFi dN;
N; = / tdk = nivV +n;58 +n;cC, (22)
0 dk
with Fermi momentum kp; = (42 — m?)"/2 = p;(1 = A2)V/%; Xy = mi/ i
The corresponding thermodynamic potentials are related by
0; = .O,',Vv + .Q,',sS + ﬂi,cc, (23)

where 812;/8u; = —N;, and 812; ;/Ou; = —n; ;. The volume terms are given
by

v =-

’

; 1-—2)1/2 1-5,\2 §,\41 4
( i) ( 21)+2t ] (2)

14 (11— A)1/2
71’2

Ai

niy = —(1 A2 (25)

The surface contribution from massive quarks is derived from

fs (%) = ——81—7r {1 - (;2;) tan™! %} (26)
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as [27]
_ A=-X) Na-XN)
nt!s - G”t 6 - 3 (27)
1 o[-y 2\1/2
—A\2)1/2
o [0,
Ai
3 ,[Q-2) 1 o [(L=A9)2 , 271/2
ni,s = G“i [——2——— - tan /\—' Ai(1 =) (28)
For massless qua.rks ;s = nis = 0, whereas fc(0) = —1/24n? gives

[16,28,29] £2; c = p?/87%; nic = —pi/4n>.

The curvature terms have never been derived for massive quarks, but as
shown by Madsen [23], the following Ansatz (found from analogies with the
surface term and other known cases) works:

fc (%)=ﬁ{1—g7% (g—tan-‘ %)} (29)

This expression has the right limit for massless quarks (fc = —1/24#2) and
for infinite mass, which corresponds to the Dirichlet boundary conditions
studied by Balian and Bloch [31] (f¢ = 1/12x%). Furthermore, the expres-
sion gives perfect fits to mode-filling calculations (see the Figures and dis-
cussion below). From this Ansatz one derives the following thermodynamical
potential and density:

2 — )2)1/2 .
”i Py 1 + (1 A') ™ 37|'A, 2
P o B DY 3 Vo il Sl ¥ N s 2
ic 8 [/\ o p» + G3¥ 3 + A
Lo A=)/
R _2\1/2 _ 3m(1-13) 3 (1 -2
nic = g3 [(1 A7) SRy + X tan X, . (31)

With these prescriptions the differential of E(V, S, C, N;) is given by
dE =Y (%,vdV + (2;,sdS + 2;,0dC + p;dN;) + BdV + dEcow. (32)
i
Minimizing the total energy at fixed N; by taking dE = 0 for a sphere
gives the pressure equilibrium constraint

B=-% 0 - RZn,s RQZn,c Do, (33)
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with 72 7
_ %y o4
ECoul = 10R + 2R ] (34)
dEcow _ aZ} aZ?
dV T 407RY! 8zxRY (35)

where Zy = ), g;n; vV is the volume part of the total charge, Z, whereas
charge Z — Zy = ), qi(n;;sS + n; cC) is distributed on the surface. The
quark charges are ¢, = 2/3, ¢4 = ¢, = —1/3. Eliminating B from Eq. (20)
then gives the energy for a spherical quark lump as

1 2 4
E = Z(N,-u,- + 5(2;,55 + S-Qi,CC) + EECoul- (36)
i

The optimal composition for fixed baryon number, A4, can be found by
minimizing the energy with respect to N; at fixed V, S, and C giving

0=dE = Z( 3EC°“‘)dN,~. (37)

Massless Quarks—Bulk Limit For uncharged bulk quark matter Eq. (36)
reduces to the usual result for the energy per baryon

= A71 Y NP, (38)
i
where superscript 0 denotes bulk values. The energy minimization, Eq. (33),

corresponds to
I
E 47'; . (39)

The last equality assumes massless quarks. In the bulk limit the baryon num-
ber density is given by

o _ (wd)®
Ny = 3 Z 7l’2 ’ (40)
and one may define a bulk radius per baryon as
R? = (3/47n%)'/3. (41)

For quark matter composed of massless u, d, and s-quarks, the Coulomb
energy vanishes at equal number densities due to the fact that the sum of the
quark charges is zero. Thus it is energetically most favorable to have equal
chemical potentials for the three flavors. From the equations above one may
derive the following bulk expressions for 3-flavor quark matter:

4n?B\/*
W = ( 3 ) = 1.905B/* = 276.2MeV B} |2; (42)
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= (u?)3 /7% = 0.700B3/* (43)
= (3/47rn 93 =0.699B~1/4, (44)

And the energy per baryon is
€® = 3u) = 5.714BY/4, (45)

in agreement with Eq. (2).

Following Berger and Jaffe [27] one may to first order regard Coulomb,
surface (and here correspondingly curvature) energies as perturbations on
top of the bulk solution. In this approach one gets

E o . 0 o_ o 313/12B1/4
7 =€ + A z{:ﬁe,cc =€+ —egije 4275
~ [820MeV + 351MeV A~ B}, (46)

The corresponding result for 2-flavor quark matter (c.f. [29]) is

E
=LA 00 [934Mev + 291MeVA‘2/3] B2 (a7)
i

Massive s-Quarks—Bulk Limit For m, > 0 the energy minimization,
Eq. (39), changes to

B:—Zn"

o)t
5
— Z 47r2 (/‘s) [(1 _ /\2)1/2(1 _ 5/\2)
i=u,d
1 = \2)1/2
+g Aln L(—/\—L} , (48)
and the baryon number density is now given by
03
[Z ( (l::z) (1- /\2)3/2} ) (49)
i=u,d

A buik radius per baryon is still defined by Eq. (41).

In bulk equilibrium the chemical potentials of the three quark flavors are
equal, pd = u% = pd = u® = %/3. Neglecting Coulomb energy one may
approximate the energy per baryon of small strangelets as a sum of bulk,
surface and curvature terms, using the chemical potential calculated in bulk:

§= C+ATY QS0+ AT 00, (50)
i i
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where §° = 4m(R%)2A%/3 and C° = 8n(R°)AY%. Examples for B/* =
145MeV are (with s-quark mass in MeV given in parenthesis)

€(0) = 820MeV + 0MeVA~1/3 + 351MeVA~2/3 (51)

€(50) = 835MeV + 61MeVA~/3 4 277MeVA~%/3 (52)

€(150) = 874MeV + 77MeVA~1/3 + 232MeVA~2/3 (53)

€(200) = 896MeV + 53MeVA~!/ 4 249MeVA~2%/3 (54)

€(250) = 911MeV + 22MeVA~!/3 4 266MeVA~2/3 (55)

€(300) = 917MeV + 0.3MeVA~/3 4 205MeVA~2%/3 (56)

€(350) = 917MeV + 0MeV A~1/3 + 206MeVA~2/3 (57)

50— T 1T T v 7T

1000 -

E/A (MeV)

850 . o 1 o440}

Fig. 3: Shell-model and liquid drop model results compared for B4 = 145MeV
with massless u and d quarks, and with m, in the range 50-300 MeV in steps of 50
MeV. For each value of m, the upper smooth curve is the full liquid drop model
result, whereas the lower smooth curve is the bulk approximation.

The bulk approximations above generally undershoot the correct solu-
tion with properly smoothed density of states by 2MeV for A > 100, 5MeV
for A ~ 50, 10MeV for A ~ 10 and 20MeV for A ~ 5 (Figure 3). This
is because the actual chemical potentials of the quarks increase when A
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decreases, whereas the bulk approximations use constant u. For massless
s-quarks the expression for €(0) scales simply as B'/%. The same scaling ap-
plies for m, > €°/3, where no s-quarks are present; in the example above
the scaling can be applied to €(350). For intermediate s-quark masses both
€ and m, should be multiplied by BM; to scale the results. For instance, if
B/% = 165MeV one finds €(150) = 985MeV +93MeVA~1/3 + 265MeV A~2/3;
€(250) = 1027MeV + 46MeVA~1/3 + 284MeVA~2?/3. Coulomb effects were
not included above. Their inclusion would have no influence for m; — 0, but
would change the results by a few MeV for large m,. In particular charge
neutral ud-quark matter has e = [934MeV + 291MeV A4~2/3] B}t (Eq. (47))
rather than the [917MeV + 296MeVA~2/3] B {4 found above (Eq. (57)).

In connection with the shell-model calculations I described the effects of a
zero-point energy of the form —Z, /R, and claimed that it was important only
for A < 10. This can be understood in the bulk approximation of constant p,
because the zero-point term per baryon is proportional to A~%/3 compared
to A=1/3 and A~2/3 for surface and curvature energies. The full term to be
added to the bulk approximation expressions for a given €? is:

1/3
€rero = = Zo(4/243m)/% [24 [L = By /N/2]  QA, (58)

typically of order —200Z;MeVA~4/3,

3.3 Shell Model versus Liquid Drop Model

Self-consistent solutions can be obtained from Eq. {36). These solutions are
compared to the shell-model calculations and the bulk approximations in the
Figures. The fits are very good, showing that inclusion of surface tension and
curvature energy via the multiple reflection expansion explains the overall
behavior of the results.

3-flavor quark matter is energetically favored in bulk, and could be abso-
lutely stable relative to 56Fe for 144MeV < B'/4 < 163MeV. The lower limit
corresponds to experimentally excluded stability of ud quark matter, whereas
the upper limit corresponds to a bulk energy per baryon of uds-matter of 930
MeV for m, = 0.

Finite-size systems are strongly destabilized by the curvature energy, with
a magnitude of about 300MeVA~2/3B}/? for 3 quark flavors. This may pose
problems for the experimental attempts of producing strange quark matter,
since these experiments so far can only hope to create quark lumps with
baryon number A < 20-30, and observe lifetimes exceeding 108 seconds.
Further destabilization occurs for finite-mass s-quarks, where the surface
tension (exactly zero for massless quarks) adds up to 90MeVA~1/3 to the
energy.

Writing E/A = € + courf A3 + courvA™%/3, with cgurs = 100MeV and
Ceurv & 300MeV, the stability condition E/A < m, may be written as A >
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Fig. 4: As Figure 2 but showing also the liquid drop results.
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where

3
Ase ( Court + [C§urf2? "j:_:ﬁ;nn = e 2) , (59)

Stability at baryon number 30 requires a bulk binding energy in excess of
65 MeV, which is barely within reach for m, > 100MeV if, at the same
time, ud-quark matter shall be unstable. The proposed cosmic ray strangelet-
candidates with baryon number 370 [32] would for stability require a bulk
binding energy per baryon exceeding 20 MeV to overcome the combined
curvature and surface energies. Absolute stability relative to a gas of 5¢Fe
corresponds to furthermore using 930 MeV instead of m,,, whereas stability
relative to a gas of A-particles (the ultimate limit for formation of short-lived
strangelets) would correspond to substitution of m4 = 1116MeV.

Another way of stating the results is to calculate the minimum baryon
number for which long-lived metastability with respect to neutron emission
is possible. This requires dEcyr /dA + dEsyrt/dA < m, — €%, or

min

Ameta _ ( Court + [CGurt + 3Ccury (Ma = )]/ 2) B (60)
3(m, —€%)
To have AM#*® < 30 requires m, — €® > 30MeV, which is possible, but only
for a narrow range of parameters.
This should not, however, defer experimentalists from pursuing the pro-
posed searches. After all, the MIT bag model is only an approximation, and in
particular shell effects can have a stabilizing effect. As stressed by Gilson and
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Jaffe [22] the fact that the slope of E/A versus A becomes very steep near
magic numbers can lead to strangelets that are metastable (stable against
single baryon emission) even for € > 930MeV. Also, the time-scale for en-
ergetically allowed decays has not been calculated. Pauli-blocking is known
to delay weak quark conversion in strangelets {33-36), and this will probably
have a significant influence on the lifetimes. The existence of small baryon
number strangelets is ultimately an experimental issue.

3.4 Strangelets at Finite Temperature

Whereas the calculations above deal with strangelets at zero temperature,
the environment in heavy ion collisions is expected to be hot. An advantage
of the asymptotic mass formula compared to the shell-model calculations is,
that it can fairly easily be generalized to non-zero temperature.

The general expression for the thermodynamic potential, £2;, is

2; = 59T /0 ” dk% In[1 & exp(—(e(k) — u)/T))] (61)

where the upper sign is for fermions, the lower for bosons, and the density of
states, df; is given by Eq. (21). For massless quarks (including antiquarks)

an integration gives, per flavor,
T2 2
( + 53 £ ) c, (62)

22 4
- BT e
g =- (GOT 3 +47r2) 2

with a corresponding quark number

__9n, _ 2 M 4

For gluons

4

2, = -1y 4+ dreg (64)
T 5 <

The total {2 can be found from summing the terms above, and other
thermodynamical quantities like the free energy and the internal energy can
be derived. For 3 massless quark flavors of equal chemical potential one finds

1972 3 3 41 3
n=( =T 2T2——2u4+B)V+( T? + qu)()(es)

36 2 4 72
1972 3 9 3
F = 4 2T2 2 _
( 5T+ + +B>V+( T - )0(66)

1972, 9,, 9 , 41,3
E= (12T + W T+ ot + BV = (2T + 5wt ) C. (67)
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Strangelets are in mechanical equilibrium at fixed temperature and baryon
number when dF = 0, corresponding to

2
BV = (19” T4+§u2T2+4—3-’3u4>v-(41 72 4 L
v

2
36 2 516~ 8n2t ) ¢ (68

In this case one gets the following expressions for the thermodynamic poten-
tial, free energy, internal energy and baryon number:

(4 5 1 o
3 41 1
— 22 . 9 4 2 _ 2

F—-(3;;T +w2“)v+(108T 2#’”)0 (70)
E=4BV (71)

1 U

— 2 L 8 -
A= (uT + s )V yPo C. (72)

Notice that the equations above can also be used in connection with bulk
SQM, for instance in an astrophysical context, by simply putting C = 0. An
external pressure can be accommodated by substituting B + Pexternal in place
of B.

Dotted curves in Figure 5 shows the energy per baryon for finite temper-
ature strangelets according to the formulae above. Results are given for fixed
entropy per baryon, where the entropy is calculated from S = -82/3T|v,,.
These results were first presented in [37]. A similar treatment, including finite
m,, was published in [38], whereas Ref. [39] shows results for a corresponding
finite temperature shell model calculation, finding that shell structures are
washed away at T > 10 MeV, which means that liquid drop model and shell
model results become indistinguishable at high T' (S/A).

As discussed in more detail in [37] further complications arise from the
fact, that strangelets must be color singlets. This has no influence on the
ground state energy for T = 0, but for T > 0 quarks are statistically dis-
tributed over energy levels, and the color singlet constraint reduces the num-
ber of possible configurations, forcing the energy up for fixed entropy (see also
[40]). The effect is important for A < 100 as illustrated in Figure 5. Similar
effects result from insisting that strangelets shall have a definite momentum.
These destabilising effects can be important in connection with experiments,
which inevitably create strangelets with rather high entropies. A tremendous
job remains to be done in calculating the details of strangelet formation,
evolution, and decay modes, including realistic non-equilibrium effects, etc.!

4 SQM in Cosmology

4.1 Formation, Evaporation and Boiling of Quark Nuggets

If the cosmological quark-hadron phase transition was first order, supercool-
ing may result in concentration of baryon number inside shrinking bubbles of
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Fig.5: E/A as a function of A for strangelets with equal numbers of massless u, d,
and s quarks for entropy per baryon of 0, 1, 5 and 10, and B!/ = 145MeV. Solid
curves include color singlet and zero momentum constraints, dashed curves only
the color singlet constraint, and dotted curves are without constraints. Entropy
increases upward. For S = 0 (T = 0) the three curves completely overlap (lowest
solid curve).

quark phase. The amount of baryon concentration depends on the permeabil-
ity of the “membrane” separating the phases and on the turbulent removal
of quarks from the phase boundary. If a quark bubble is able to get rid of
entropy fast enough (primarily in the form of neutrinos and photons) relative
to the rate of baryon number removal, there is a chance of reaching baryon
number densities in the quark bubbles approaching nuclear matter density.
In other words, a quark nugget may form. Whether or not this actually hap-
pens, or whether one is left with the less extreme, but also interesting scenario
where all of the quarks end up in inhomogeneously distributed neutrons and
protons, giving non-standard Big Bang nucleosynthesis, has been a topic of
much debate [2,41-44], and the final word has probably not been said.

But even if cosmological quark nuggets do form, they find themselves in a
very hostile environment with a temperature of order 100 MeV. Under such
conditions the nuggets are unstable against surface evaporation [45—48] and
boiling [49-51]; but the crucial question from a cosmological point of view is
whether some nuggets may survive due to the relatively short time-scale for
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cooling the Universe (the age of the Universe at temperature T being roughly
tsec = T]\ZZV)'

Alcock and Farhi [45] showed that the timescale for complete evaporation
of a quark nugget was smaller than the age of the Universe at temperature
T for baryon numbers below

Aevap = 2 x 10%% exp(-3L,/T) f3, (73)

where f,, (the phase boundary penetrability of neutrons) was assumed to be
close to unity. For a homogeneous quark nugget the neutron binding energy
I, = my, — p, —2p4 was estimated to be of order 20 MeV. For such a binding,
primordial nuggets with baryon number A < 105 evaporate almost instantly
when neutrino heating becomes possible at T' ~ 50 MeV [45].

However, the surface evaporation of neutrons and protons reduces y,, and
Ua, and leads to an increase in u,. Weak decays, diffusion and convection work
to counteract this, but the net result is an s-quark enriched layer near the
surface. (Small nuggets are s-quark enriched throughout their interior). The
most efficient way to remove the s-quarks is then to emit them in kaons (—K—O,
K ~) along with thermal & and d. A quasi-equilibrium situation arises with an
effective I, &~ 350 MeV [46]. Thereby the baryon number of nuggets surviving
evaporation is reduced to 10, and a proper inclusion of reabsorption of
emitted hadrons (a calculation that has so far not been done) may reduce
the number somewhat.

Cosmological nugget evaporation (time-reversed) is closely related to the
distillation mechanism proposed for strangelet production in relativistic heavy-
ion collisions [52,53,20,14,54-57]. There strangeness enhancement occurs due
to emission of K+ and K?°.

The calculations described above assume that the penetrability of the
phase boundary is near 100%. It has been argued that the penetrability may
be reduced by a few orders of magnitude in a chromoelectric flux tube model.
This would decrease Aeyap by a factor f3, permitting smaller nuggets (pos-
sibly down to A = 10%?) to survive [47,48]. Again, the limit on A may be
further reduced by reabsorption.

Primordial nuggets are superheated, and may therefore boil by forming
bubbles of hadronic gas in their interiors [49]. However, even though boiling
is thermodynamically allowed, it probably does not play an important role
for primordial nuggets (or in heavy-ion collisions for that matter), since the
time-scale is too short for bubble-nucleation to take place [50,51]. The surface
evaporation described above is thus the decisive mechanism.

Some authors have argued [58,59], that boiling will take place unless a
large external pressure (e.g. due to a gravitationally bound shell of nucleons)
is there to prevent it. Such gravitational stabilization only works for masses
close to those of stars (A ~ 10°7). However, the authors discuss only whether
boiling is thermodynamically possible, but neglect that there is not enough
time for the bubbles to nucleate.
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Apart from trace abundances, one should not expect nuggets smaller than
10%° — 10*° to survive from the early Universe. This however brings one well
within the causality limit set by the baryon number inside the horizon during
the cosmic quark-hadron phase transition,
100MeV\ ?
2 (74)

Apor ~ 10%° ( T

and includes the “most probable” range of baryon numbers originally pre-
dicted by Witten [2]. It also leaves open the possibility that SQM may ex-
plain the dark matter problem, and if we understood the details of the quark-
hadron phase transition, we could even calculate the relative abundances of
dark and ordinary matter from first principles.

There is a possibility, that also small traces of primordial nuggets with low
baryon numbers are left over from the early Universe. Even such traces may
in fact be “observed” using the astrophysical detectors discussed in Section
6, or via Big Bang nucleosynthesis, as explained in Section 4.2.

4.2 Quark Nuggets and Big Bang Nucleosynthesis

A crucial property of quark nuggets is the positive electrostatic surface po-
tential of the quark phase, which is due to the quarks being stronger bound
than the electrons (electrostatic forces are weaker than strong forces). For
typical nugget parameters the electrostatic potential can be several MeV,
so except at very high temperatures, protons and nuclei are repelled from
nuggets, whereas neutrons are absorbed, adding one unit of baryon number.

This opens the intriguing possibility of using SQM as an energy source
[14], at least in principle. It also makes it possible to use Big Bang nucle-
osynthesis as well as the properties of pulsars to place very stringent limits
on the abundance of quark nuggets in the Universe.

During Big Bang nucleosynthesis (T' < 1 MeV), nuggets absorb neutrons
but not protons. This means that the presence of quark nuggets reduces the
neutron-to-proton ratio, thereby lowering the production of *He. The helium-
production is very sensitive to the total amount of nugget-area present, and in
order not to ruin the concordance with observations, one finds [60] that only
nuggets with A > Appn ~ 102023, hf2 are allowed during nucleosynthesis.
Here {24, is the present-day nugget contribution to the cosmic density (in
units of the critical density), h is the Hubble parameter in units of 100 km
sec™! Mpc™!, and f, < 1 is the penetrability of the nugget surface. Slightly
stronger limits can be obtained from inclusion of all light nuclei instead of
1He only [61]. (Ref. [62] found good correspondence with nucleosynthesis for
a nugget-dominated, 2 = 1 Universe if A ~ 10'7, but as shown in [46], this
was due to an erroneous emission rate for nucleons.)

The nucleosynthesis calculations leading to Aggn neglected inhomogenei-
ties in the nucleon distribution, and all nuggets were assumed to have the
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same baryon number. However, the formation of *He is an on-off process over
a limited range of A, so the detailed behavior of the inhomogeneities may not
be so important.

Note that SQM, in spite of it carrying baryon number, does not contribute
to the usual nucleosynthesis limit on f2paryon. The SQM baryon number is
“hidden” in quark nuggets long before Big Bang nucleosynthesis begins, and
the nuggets only influence nucleosynthesis if they have a big total surface
area, as described above.

Evaporating nuggets would lead to strongly inhomogeneous nucleosynthe-
sis with enhanced heavy-element formation. This aspect has recently been
studied in [63].

4.3 Quark Nuggets as Dark Matter

Witten [2] argued that quark nuggets might be a natural explanation of
the cosmological dark matter problem, in principle allowing a calculation of
the relative amount of dark matter and ordinary baryons. In view of the
evaporation discussed above, this idea now seems less likely, but is certainly
not ruled out for A > 10%°. Massive quark nuggets decouple from thermal
equilibrium with the radiation bath very early in the history of the Universe,
quickly slow down, and behave as cold dark matter in the context of galaxy
formation.

Of course it should again be noted, that all of the interesting cosmological
consequences of the quark-hadron phase transition require the transition to
be first order, in agreement with recent lattice QCD calculations.

5 SQM in Neutron Stars; Strange Stars

It has been known for many years, that neutron stars may in fact be “hybrid
stars” consisting of “ordinary” nuclear matter in the outer parts and quark
matter in the central regions. This will be the case if SQM is metastable
at zero pressure, being stabilized relative to hadronic matter by the high
pressure within a neutron star [64-66].

If SQM is absolutely stable at zero pressure, an even more intriguing pos-
sibility opens up, namely the existence of “strange stars” [2,67—69] consisting
completely of SQM (perhaps apart from a minor crust to be discussed be-
low). Such strange stars behave quite differently from neutron stars due to
the unusual equation of state. For massless quarks the total energy density is
given by p = p, + B, and the total pressure by P = P, — B, where p, is the
energy density of quarks, and the pressure of the quarks is P, = p,/3, since
mass.ess quarxs are re.ativistic. “he equation of state is thus given by

P:%(p—4B). (75)
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The exact equation of state taking into account m, # 0 is very similar [68]
since s-quarks are relativistic for low m, and not present for high m,. (I here
assume that a; = 0, but recall from Section 2.3, that a non-zero a, effectively
corresponds to a reduction of B).

The structure of a strange star is calculated from the Oppenheimer-Volkoff
equation, describing the balance between gravity and pressure gradient, us-
ing the equation of state given above. The surface of the star corresponds to
P = 0, a condition fulfilled for p = 4B, which for typical values of B is some-
what more than the density of ordinary nuclear matter! For stellar masses
below 1Mg (Mg is the solar mass) this density is almost constant through-
out the star, so to a good approximation total mass and radius are related
by M oc R3, a relation in striking contrast to ordinary neutron stars, where
M & R~3. This means that low-mass neutron stars and strange stars have
widely different radii, possibly allowing observational distinction. Unfortu-
nately Nature prefers to form these compact objects with masses near 1.4My,
according to stellar evolution models. For such a mass gravity rather than
bag pressure plays the dominant stabilizing role, and there is no significant
difference between neutron star and strange star radii. Also the maximum
mass given by gravitational instability (the Chandrasekhar limit) is similar,
of order 2M,. In contrast to ordinary neutron stars, which are unstable for
masses below 0.1 M, strange stars have no minimum mass; the sequence
continues smoothly to the domain of strangelets.

For the simple equation of state discussed above, the only natural energy
scale in the problem is B'/4. Thus there exists a homology transformation
between strange star models for different values of B. In particular, the max-
imum mass of a strange star is given by

Mooy = 2.006B;,/* Mo (76)

The corresponding minimal radius, maximal moment of inertia, maximal cen-
tral density, surface density, and minimal rotation period (the so-called Kepler
period corresponding to mass-shedding at the equator), are given by

Rpmin = 10.94B/%km, (77)
Imax = 2.256 x 10 B 2/%g em?, (78)
pmax = 1.97 x 1015 By 45g cm ™3, (79)
Pur = 4.102 X 10" Byg5g cm ™2, (80)

Prin = 0.66 B/ *ms. (81)

Bare strange stars (strange stars with quark matter all the way to the
surface) have quite unusual properties. The density abruptly jumps from 0
to psurt (Eq. (80)), and the density is almost constant through the interior
(except when the mass is close t0 Myax). The plasma frequency of the star
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is huge, meaning that photons with energies below 20MeV are reflected from
the surface, whereas the star itself can only emit photons with higher energies
[68,70). Even more important, because of the strong interaction binding of the
surface material, the star is not subject to the “Eddington limit”, which for
ordinary neutron stars limits the luminosity to be below 1038 erg/s (for higher
luminosities the radiation pressure would exceed the gravitational attraction
and expel the surface layers). As discussed below, this could lead to important
“applications” of strange stars.

This approach may however be oversimplified because real strange stars
may have surfaces more like ordinary neutron stars. In particular, a solid
crust of ordinary material may form from accretion by the strange star after
formation, or from material that was not converted during neutron star burn-
ing (see Section 5.5). Such a crust may be held up by the extreme, outward
directed electrostatic potential of 10'7-10'8V /cm, created by the electron at-
mosphere with a thickness of a few hundred Fermi. This atmosphere merely
expresses that the electrostatic binding of electrons is weaker than the strong
binding of quarks; therefore the electron distribution does not end abruptly
like that of quarks (the detailed structure was found from a Thomas-Fermi
calculation by Alcock, Farhi and Olinto [68]; see also [71]).

The electrostatic potential can sustain a significant crust of ordinary neu-
tron star material. The limit is given by the neutron drip density (4 x 10'!
gem™3), above which neutrons drip out of nuclei and would be swallowed
by the quark phase. This crust may be decisive for interpretation of pulsar
behavior (Section 5.2).

As emphasized by Glendenning, Kettner and Weber [72,73], the existence
of crusts not only changes the mass-radius relation for strange stars, but also
opens a rich plethora of new stellar configurations. In particular, one may
have a sequence of “strange dwarfs”, much like white dwarfs except for an
SQM core. At present there is no well-studied model for formation of such
strange dwarfs.

Another possibility for formation of a (solid?) crust has been suggested
in [74]. This mechanism relies on the existence of stable, low-baryon number
strangelets (in this context sometimes denoted “quark-alphas” for the A =6
strangelet analog of a helium nucleus {75]) which could act as “nuclei” in
the surface region. Whereas this possibility may seem less likely from the
discussion in Section 3, it can not be entirely ruled out.

Finally, it is worth noticing that Glendenning [76] has argued that neu-
tron stars may contain regions with mixed quark and hadron phases. (This
possibility was missed in earlier studies due to an erroneous assumption of lo-
cal rather than global charge neutrality). Depending on parameters the mixed
phase region can occupy a significant fraction of the star, and may show un-
usual topologies (plate-like or cylinder-like structures, rather than just spher-
ical quark bubbles embedded in hadrons or vice versa [77-79]).
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Studies of strange stars have not been pursued to the degree of detail
known for ordinary neutron stars, and it is premature to draw any detailed
conclusions. However, in the following, I shall look at some of the properties
expected and emphasize the possible observable differences between neutron
stars and strange stars.

5.1 Neutrino Cooling

A distinction between strange stars and neutron stars was for a long time
believed to be a much more rapid cooling of SQM due to neutrino emitting
weak interactions involving the quarks [68]. Thus a strange star was presumed
to be much colder than a neutron star of similar age, a signature potentially
observable from x-ray satellites. Only a few speculative mechanisms, such as
the existence of kaon condensates might mimic the speed of quark matter
neutrino cooling. Recently the story has been complicated considerably by
the finding that ordinary neutron g-decay may be energetically allowed in
nuclear matter [80], so that the cooling rate can be comparable to that of
SQM. For this reason I shall not discuss the issue here, but refer the reader
to an excellent review of neutron star cooling by Pethick [81], and a recent
reinvestigation of strange star cooling by Schaab et al. [82].

5.2 Pulsar Glitches

One important feature seems to distinguish strange stars from neutron stars
in a manner with observable consequences, and that is the distribution of
the moment of inertia inside the star. Ordinary neutron stars older than
a few months have a crust made of a crystal lattice or an ordered inho-
mogeneous medium reaching from the surface down to regions with density
2 x 10'* gcm 3. This crust contains about 1% of the total moment of inertia.
Strange stars in contrast can only support a crust with density below the
neutron drip density (4.3 x 10!! gcm—3). This is because free neutrons would
be absorbed and converted by the strange matter. Such a strange star crust
contains at most a few times 1075 of the total moment of inertia. This is
an upper bound, since the strange star may have no crust at all, depending
on its prior evolution. And recent studies of the mechanical balance between
electric and gravitational forces on the crust indicate, that only densities up
to perhaps 10'gcm ™3 may be achieved [83,84].

As stressed by Alpar [85], and also pointed out by Haensel, Zdunik, and
Schaeffer [67], and by Alcock, Farhi, and Olinto [68], this difference in the
moment of inertia stored in the crust of neutron stars and strange stars seems
to pose significant difficulties for explaining the glitch-phenomenon observed
in radio pulsars with models based on strange stars. Glitches are observed as
a sudden speed-up in the rotation rate of pulsars. The fractional change in
rotation rate £2 is AN/N =~ }0“6—10'9, and the corresponding fractional
change in the spin-down rate {2 is of order Af2/f2 ~ 10~2—10-3. Regardless
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of the detailed model for the glitch phenomenon these jumps must involve the
decoupling and recoupling of a component in the star containing a significant
fraction, I;/I, of the total moment of inertia; fI;/I = AI/l =~ AN/N ~
10~—10~? (Alpar actually argued that fI;/I ~ A2/ ~ 10~2—103,
where f is the fractional change in I;, but this is not necessary [86]). This
role is played by the inner crust of an ordinary neutron star, but the crust
around a strange star is smaller; less than a few times 10~° Mg with Icryse /]
around a few times 10~° for ordinary neutron star masses of 1.4M (higher
for less massive stars). These numbers are based on models by Glendenning
and Weber [86] assuming a maximum mass crust, i.e. a crust reaching neutron
drip density at the base, so it seems fair to conclude, that strange stars in
fact may have sufficiently massive crusts to account for glitches, but that
parameters in that case are fairly tightly constrained.

Other possibilities for glitches in strange stars could involve a crust com-
posed of strangelets (cf. the “quark-alpha” scenario in [74]), not to mention
the possibility of a quark-hadron mixed phase [76-79]. There is still a lack of
any detailed model for how the magnetic field structure and other crucial as-
pects of a pulsar can be modeled for strange stars. Presumably a strange star
cannot do the job without significant structure, such as a crust and/or su-
perfluidity /superconductivity in certain regions. These issues have only been
very superficially studied and need further consideration. The present lack of
such models should not be used to dismiss the possibility of strange stars.

5.3 Strange Star Oscillation and Maximum Rotation Rate

One of the most interesting differences between neutron stars and strange
stars is related to the damping of instabilities.

First it should be noticed that a strange star is a very stable system.
Strange stars may have radial oscillations with a fundamental period of 0.06—
0.3ms [87], but these are characterized by rapid damping in a matter of
seconds [88-91]. This is due to the extremely high viscosity of SQM.

The large viscosity also plays a role in setting the maximum rotation
limit for strange pulsars (or hybrid stars with SQM cores). The ultimate
rotation limit corresponds to mass-shedding from the equator of the star
(this is called the Kepler limit and is of order 0.6 msec for a strange star, Eq.
(81); see Zdunik [92] for a review). But before reaching such rotation rates,
the pulsars become unstable to non-radial deformations and are slowed down
by emission of gravitational radiation. Shear and bulk viscosities tend to
stabilize the star against these instabilities {89,93], and the high value for the
bulk viscosity may mean that strange pulsars in contrast to ordinary pulsars
can reach submillisecond periods [91]. Thus the discovery of very fast pulsars
may be an indication favoring the existence of strange stars.

And even more exciting, it has been shown over the last few months,
that ordinary neutron stars when they are young and hot are subject to a
new class of instabilities, called r-mode instabilities [94-96], which during
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their first year of existence slows the rotation rate to only a few per cent
of the Kepler limit. Rotation periods faster than 10 msec are unlikely after
that, until some pulsars at a much later age may be spun-up by angular
momentum transfer in binary systems, and thereby explain the rapid old
pulsars with periods down to 1.56 msec. In contrast, strange stars are not
subject to these instabilities until they are thousands of years old, and even
then only for periods faster than 2-3 msec [97]. This seems to imply, that
the most robust signature for the existence of strange stars (or neutron stars
with a substantial fraction of high viscosity quark matter in the interior) is to
search for young pulsars with rotation periods below, say, 5 msec (even stars
with longer periods may candidate). These can not be ordinary neutron stars,
whereas quark matter is the only substance known to have a bulk viscosity
high enough to offer an explanation.

The bulk viscosity of strange quark matter depends on the rate of the
non-leptonic interaction

u+ders+u (82)

(The rate for this reaction has recently been calculated by Madsen [35], and
Heiselberg [36]; earlier studies, including that of Ref. [33] are incorrect). This
reaction changes the concentrations of down and strange quarks in response
to the density changes involved in vibration or rotational instabilities, thereby
causing dissipation. This dissipation is most efficient if the rate of reaction
(82) is comparable to the frequency of the density change. If the weak rate
is very small, the quark concentrations keep their original values in spite of
a periodic density fluctuation, whereas a very high weak rate means that the
matter immediately adjusts to follow the true equilibrium values reversibly.
But in the intermediate range dissipation due to PdV-work is important.
The importance of dissipation due to Eq. (82) was first stressed by Wang
and Lu [88] in the case of neutron stars with quark cores. These authors made
a numerical study of the evolution of the vibrational energy of a neutron star
with an 0.2Mg quark core, governed by the energy dissipation due to Eq. (82).
Sawyer [89] expressed the damping in terms of the bulk viscosity, a function
of temperature and oscillation frequency, which he tabulated for a range of
densities and strange quark masses. Sawyer’s tabulation has later been used
in studies of quark star vibration [90], and of the gravitational radiation
reaction instability determining the maximum rotation rate of pulsars [93].
The latter study concluded, that the bulk viscosity is large enough to be
important for temperatures exceeding 0.01 MeV, but that it should be a few
orders of magnitude larger to generally dominate the stability properties.
However, as has been pointed out in [91], the bulk viscosities calculated
in [89] depend on the assumption, that the rate of Eq. (82) can be expanded
to first order in dpu = ps — pg, where pu; ~ 300MeV are the quark chemical
potentials. This assumption is not correct at low temperatures (2rT < du),
where the dominating term in the rate is proportional to du3. Furthermore,
the rate in [89] is too small by an overall factor of 3, and a discrepancy of 2-3
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orders of magnitude, perhaps due to unit conversions, appears as well. Taken
together, these effects lead to an upward correction of the bulk viscosity by
several orders of magnitude, and thereby increases the importance for the
astrophysical applications. The non-linearity of the rate also means, that
the bulk viscosity is no longer independent of the amplitude of the density
variations. The resulting bulk viscosity is (in cgs-units, with m,, T, and
a ~ 235MeV(p/pnuc)'/® in MeV, and the oscillation frequency w in s~!)

28 a4 —2( P 3 m':’Av2 272 —1_-1
¢ = 3.09 x 10°m,w — |5 — ] +47°T*lgem™ 8. (83)

Pnuc 4 \ 3ug vo

For typical values (m, = 100 MeV, pg = 300MeV,w = 2x10% s~1) thisis ( =
1.6 x 10?8 [93(Av/vo)? + 39T gcm~'s~!, where Av/v, is the perturbation
amplitude.

For a star of constant density (an excellent approximation for a strange
star, except very close to the gravitational instability limit) Sawyer [89] esti-
mated the damping time as

D &~ 1.5 x 10%¢ s, (84)

Thus, even at very low temperatures, high amplitude oscillations are damped
in fractions of a second, and those of low amplitude in a matter of minutes,
if one takes into account, that the temperature of the star increases due to
the heat released by viscous dissipation, which can speed up the damping of
vibrations.

The discussion above was based on rather crude estimates [91]. A detailed,
general relativistic, numerical treatment along the lines of Cutler et al. [90]
is clearly needed.

As mentioned previously, viscosity also plays an important role in setting
the maximum rotation rate of pulsars. Gravitational radiation reaction in-
stabilities (as opposed to “Keplerian mass-shedding”) is supposed to set the
ultimate rotation rate limit, but the larger the damping by shear and bulk
viscosity is, the closer the rate can get to the Keplerian limit given in Eq.
(81).

The shear viscosity of SQM due to quark scattering has recently been
recalculated by Heiselberg and Pethick [98]. Their results for T' < 4 can be
written as

15 (0.1 5/ P /8 -5/3 —1.-1
n=~4.0x10 o > T=>/"gem™"'s™ . (85)
nuc

Investigations by Colpi and Miller [93] based on the older viscosities in [89,99]
indicated, that the minimal rotation period of strange stars might be set by
the gravitational radiation reaction instability of m = 2 or m = 3 modes at
or just below 1 millisecond. With the new, much larger, viscosities, the non-
axisymmetric instabilities will be suppressed, and it is not unreasonable to
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expect, that the maximum rotation frequency of strange stars will be close to
the Keplerian limit. Detailed numerical calculations like those in Colpi and
Miller [93], including the new viscosities and effects of dissipative heating,
are required to settle the issue, but they are complicated by the non-linear
behavior of the new bulk viscosity.

Whether or not the ultimate rotation period of strange stars can be signif-
icantly smaller than for neutron stars is of importance for old pulsars spun-up
by accretion. But perhaps the most clear-cut signature for the existence of
strange stars would be the (almost) lack of sensitivity to r-mode instabilities,
which as mentioned earlier allows young strange stars to rotate much faster
than young neutron stars [97].

5.4 Gamma-Ray Bursters

Strange stars because of their high surface density, strong binding (making
it possible to circumvent the Eddington limit), and special emission prop-
erties have been suggested as explanations for some of the more mysterious
cosmic events, namely v-ray bursters. These are bursts of y-rays of a few
seconds duration, coming from unidentified sources which are presumably at
extragalactic distances.

No consensus exists concerning the nature of these bursts, but Alcock,
Farhi and Olinto [100] suggested a detailed model for the most prominent of
the bursters, the one on 5 March 1979. Their model is based on an impact
of a 1078 My lump of SQM on a rotating strange star, and the authors are
able to explain most of the observations concerning energetics and time-scales
under the assumption that the burster is located in a supernova remnant in
the Large Magellanic Cloud, as position measurements seem to indicate. An
alternative model for this source and for soft y-repeaters in the framework of
strange stars with “quark-alpha” surface properties was suggested in [101].
Other strange star models for soft ~-repeaters and z-ray bursters include
[102,103}.

~-ray bursters at truly cosmological distances could be due to collisions
of two strange stars in binary systems [104], each collision releasing 10°° ergs
in the form of gamma rays over a time-scale of 0.2 s.

There are, however, literally hundreds of different models for y-bursts,
and in spite of improved observational data the interpretation is at present
unclear.

A recent identification of the z-ray source Her X-1 as a strange star [105]
was unfortunately based on incorrect use of bag model parameters [106].

5.5 Formation of Strange Stars

If strange quark matter is stable, strange stars may be formed during super-
nova-explosions, and neutron stars can be converted to strange stars by a
number of different mechanisms, such as pressure-induced transformation to
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uds-quark matter via ud-quark matter, sparking by high-energy neutrinos, or
triggering due to the intrusion of a quark nugget. These and other possibilities
were described by Alcock, Farhi, and Olinto [68].

As soon as a lump of strange matter comes in contact with free neutrons it
starts converting them into strange matter. The burning of a neutron star into
a strange star was discussed by Baym et al. [107] and Olinto [108], and it was
shown that the star would be converted on a rather small time-scale set by
quark diffusion and flavor-changing weak interactions. (The huge difference
in the speed of the conversion front found in these papers is partly due to
the omission of a factor ¢!/2, where c is the speed of light, in equation (6) of
Baym et al.) Later studies [109,110] found burning times in the range of 1-
10? seconds under various parameter assumptions (see also Olinto [111] for a
review). For the fastest burning times, the energy liberated may be important
for the supernova mechanism and supernova neutrino bursts. Horvath and
Benvenuto [112] have questioned the stability of ”slow” neutron combustion
and suggested that the conversion takes place much faster as a detonation.
So far, the investigations of neutron star burning have been rather crude,
neglecting many aspects of transport theory, heat conduction etc. A detailed
study of this phenomenon would be interesting.

Perhaps the most likely mechanisms for initiating the formation of a
strange star involves either a seed of SQM in the star (see Section 6), or ther-
mal formation of quark matter bubbles. Thermal triggering of neutron star
transformation may be understood qualitatively in terms of simple boiling
theory. Before considering a more realistic equation of state it is instructive
to study the boiling of a pure neutron gas into quarks. The quark bub-
bles formed consist of u and d quarks in the ratio 1:2; only later weak in-
teractions may change the composition to an energetically more favorable
state. Thus quark chemical potentials are related by ug = 2'/3y,, and
Pn = pu + 20 = (1 + 2*/3)u,, assuming chemical equilibrium across the
phase boundary.

The free energy involved in formation of a spherical quark bubble of radius
R and volume V is given by

F=-APV + 8myR (86)
where . .
_ _ B, tp
AP_PW—P,,_T,‘,“—B—P" (87)

and the curvature energy coefficient

2 2
P2+
" 872 (88)

The free energy has a maximum at the critical radius

re = (2y/AP)'/? (89)
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and the corresponding free energy
W, = F(r,) = 16myr./3 (90)

is the work required to form a bubble of this radius which is the smallest
bubble capable of growing. It is a standard assumption in the theory of bubble
nucleation in first order phase transitions that bubbles form at this particular
radius at a rate given by?

R ~ T* exp(-W,/T). (91)

The simplest possible equation of state for the neutron gas is that of a
zero temperature, nonrelativistic degenerate Fermi-gas, where
_ (3 —m3)*/?

P,=x__n
" 1572m,, (92)

and the baryon density
(ua —m3)%/?
3n2

np = (93)

200"
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Fig. 6: Upper limits on the bag constant allowing thermal nucleation of quark matter
bubbles in neutron stars as a function of baryon number density in the hadron
phase. To the left are shown results for the simple neutron gas model discussed in
the text. To the right for a more realistic mean field approximation. See text for
further explanations.

A necessary condition for boiling is that AP > 0. This leads to an upper
limit on the bag constant, Bmax, from Eq. (87) as illustrated in Fig. 6 (from

2 The prefactor may differ from 7, but this is of minor practical importance due
to the dominant exponential.
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[113]—the corresponding limit for the Bethe-Johnson equation of state is
shown for comparison; it is seen to be very similar). This was also used as a
criterion for neutron star stability by Krivoruchenko and Martemyanov [114].

Also shown in Fig. 6 is the limit on the bag constant below which bub-
ble nucleation takes place at rates exceeding 1 km—3Gyr~! and 1 cm—3s~!,
respectively, for temperatures of 1, 2, 3 and 10 MeV (By,ax can be consid-
ered as the limit for infinite temperature). One notes that the possibility of
bubble nucleation is fairly insensitive to the temperature as soon as T' ex-
ceeds a few MeV, whereas thermally induced bubble nucleation is impossible
for T < 2MeV (recall from Section 2.2 that the stability of ordinary nuclei
against decay into quark matter requires that B > (145MeV)?). This con-
firms an estimate in [115] (see also [116,117]). The range of bag constants for
which a hot neutron star may transform into quark matter is thus roughly
145MeV < B'/% < 155MeV.

Results for a more realistic mean field equation of state are also shown in
the Figure (see [113] for further details). While the detailed numbers change,
the overall conclusion does not. Quark matter bubbles may nucleate (possibly
followed by burning of the star into SQM) in neutron stars/supernovae if the
bag constant is low, and if the temperature exceeds a few MeV (thus the
process is most likely during the supernova explosion itself). Should thermal
nucleation not take place, one of the other mechanisms mentioned above must
be relied on. Apart from seed-induced burning, all of these are likely to be
much less efficient than thermal nucleation.

6 SQM in Cosmic Rays

De Rdjula and Glashow [118] argued that unusual meteor-events, earth-
quakes, etched tracks in old mica, in meteorites and in cosmic-ray detectors
might be used for observation of quark nuggets hitting the Earth or its at-
mosphere. In particular they were interested in the possibility of detecting a
galactic dark matter halo of nuggets, where typical velocities would be a few
hundred kilometers per second, given by the depth of the gravitational po-
tential. Even if nuggets only survived from the Big Bang in small numbers,
or were spread in our galaxy by secondary processes such as strange star
collisions, there could be a potentially observable flux of nuggets hitting the
Earth. The only data actually investigated in their paper came from a neg-
ative search for tracks in ancient mica, and corresponded to a lower nugget
flux limit of 8 x 10719 cm~2 8~ ! sr~?, for nuggets with 4 > 1.4 x 10! (smaller
nuggets would be trapped in layers above the mica samples studied). This can
also be expressed as an excluded range of 1.4 x 10'* < A < 8 x 1023 pa4v250,
where v = 250km s~ v950 and p = 10~24gcm—3p,4 are the typical speeds and
mass density of nuggets in the galactic halo. The speed is given by the depth
of the gravitational potential of our galaxy, whereas p24 =~ 1 corresponds to
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the density of dark matter. In these units the number of nuggets hitting the
Earth per cm? per second per steradian is 6.0 x 10° A~ po4v250.

Later investigations have improved these flux limits somewhat. These
Earth-based flux-limits [119,120] are shown in Figure 7. It is seen that quark
nuggets with 3 x 107 < A < 5 x 10%° seem incapable of explaining the dark
halo around our galaxy, but a low flux either left over from the Big Bang or
arising from collision of strange stars cannot be ruled out. If the strange mat-
ter hypothesis is valid, one should indeed expect a significant background flux
from stellar collisions, since several pulsars are members of binary systems,
where the two components are ultimately going to collide. If such collisions
spread as little as 0.1 M of non-relativistic strangelets with baryon number
A, a single collision will lead to a flux of 1076A~1vyy59 cm—2s 'sterad !,
assuming strangelets to be spread homogeneously in a halo of radius 10 kpc.

Such a flux-level is below the sensitivity of present experiments, but Mad-
sen [121] suggested that neutron stars and their stellar “parents” may be used
as alternative large surface area, long integration time detectors. The reason
is simple. The presence of a single quark nugget in the interior of a neutron
star is sufficient to initiate a transformation of the star into a strange star
(2,68,107]. The time-scale for the transformation is short, between seconds
and minutes [107,108,111,109,110], so observed pulsars would have been con-
verted long ago, if their stellar progenitors ever captured a quark nugget, or
if the neutron stars themselves absorbed one after formation.

The rate at which quark nuggets hit the surface of a star depends on
the phase space distribution of nuggets relative to the star. For an infinite
bath of positive energy nuggets with an isotropic, monoenergetic distribution
function, the number accretion rate is given by

F =1.39x10*s7' A~ MRpyqvy5p [1 + 0.164v2,RM '], (94)

where M and R denote the stellar mass and radius in solar units. For the
Sun the second term in parenthesis {the geometrical term) contributes only
slightly to the accretion rate, and the contribution is even less important for
more massive stars and for compact objects like white dwarfs and neutron
stars (in contrast, the geometrical term dominates for accretion onto the
Earth). In the following I therefore only take the first term {gravitational)
into account.

To convert a neutron star into strange matter a quark nugget should not
only hit a supernova progenitor but also be caught in the core. Similarly,
nuggets hitting a neutron star after its creation have to penetrate the outer
layers and reach the neutron drip region. These issues were discussed in [121].

A main sequence star is capable of capturing quark nuggets with baryon
numbers below Agtop, where

Astop = 5.0 x 1%t M~18, (95)

This works for non-relativistic nuggets, which are basically braked by inertia,
i. e. they are slowed down by electrostatic scatterings after plowing through a
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column of mass similar to their own, and afterwards settle in the stellar core.
In particular it is valid for nuggets moving with virial speed in our galactic
halo. Relativistic nuggets, like those reported in some cosmic ray observations,
may be destroyed after collisions with nuclei in the stellar atmospheres, and
so the limit can not be used immediately, but it is worth noticing, that even
a tiny fraction of a nugget surviving such an event and settling in the star is
sufficient to convert the neutron star to a strange star.
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Fig.7: Astrophysical flux-limits [121] compared to the flux expected for a galactic
halo of nuggets being the dark matter {118}, and to the experimental results for
cosmic rays {119,120]. The three horizontal parts of the solid curve correspond to
capture in main sequence supernova progenitors, post main sequence stars, and
neutron stars younger than the Vela pulsar (10* years).

For nuggets with A < Agrop the sensitivity of main sequence stars as
detectors is remarkable, as it is given by the limit of one nugget hitting the
surface of the supernova progenitor in its main sequence lifetime! Converted
into a flux, F, of nuggets hitting the Earth per cm? per sec per steradian, it
corresponds to

F=4x1072M%2,,. (96)

As can be seen from Figure 7, this is a factor of 102°-10* more sensitive
than ordinary experiments!

If it is possible to prove that some neutron stars are indeed neutron stars
rather than strange stars, the sensitivity of the astrophysical detectors rules
out quark nuggets as being the dark matter for baryon numbers in the range
A < 103738 And it questions the whole idea of stable strange quark matter,
since it seems impossible to avoid polluting the interstellar medium with
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nuggets from strange star collisions or supernova explosions at fluxes many
orders of magnitude above the limit measurable in this way.

If on the other hand SQM is stable, then all neutron stars are likely to be
strange stars, again because some pollution can not be avoided.

The Sun would in this way accrete 3.7 x 10-20p,4v540 My /year, or a total
of 1071%p24v550 My, in its total lifetime on the main sequence. Very low-mass
nuggets collected near the solar center in this manner might have an impact
on the energy production [122], but the effect is negligible unless the electro-
static barrier at the nugget surface is much smaller than expected, or unless
very special circumstances allow nuggets to catalyze nuclear reactions [21].

The Sun will develop into a white dwarf in about 6 x 10° years. As just
mentioned, the Sun would accrete a core of 10~1%p24v550 M in its total life-
time on the main sequence. Such accretion is too small to lead to a strange
dwarf distinguishable from an ordinary white dwarf as suggested in [72,73].
However, higher concentrations could occur if quark nuggets were somehow
mixed into the gas cloud from which the star originally formed. Whether this
is likely to happen depends strongly on assumptions regarding the velocity
distribution of the nuggets formed, and the possibility of interactions with
the gas [123].

Most of the discussion above dealt with halo nuggets moving at non-relati-
vistic velocities. Relativistic nuggets are not as easily detected using neutron
stars, since they may be destroyed in collisions with nuclei in the star. On
the other hand two relativistic candidate events with charge Z = 14 and
mass A = 370 were found in a balloon experiment by Saito et al. [32]. This
corresponds to a rather high flux, and it is not quite clear how to produce
such nuggets, though spallation of larger nuggets originating from strange
star collisions may be involved [124].

Quark nuggets have also been suggested as candidates for the Centauro
cosmic-ray events [2,125,126]. Centauro primaries may have a flux as high as
10~*cm~25"! and A ~ 10%. Since Centauro primaries move at relativistic
speeds they are destroyed by inelastic collisions when hitting a star, so the
flux-limits given above cannot directly be used to rule out quark nuggets as
Centauro primaries. However the mechanism producing the primaries must
be tuned so that it only produces relativistic quark nuggets in order not to
conflict with the flux-limits in Figure 7 for non-relativistic nuggets.

7 Conclusion and Outlook

The possible stability of strange quark matter is a fundamentally exciting
idea. Should it turn out to be true, many textbooks in nuclear, particle
and astrophysics will need revisions, but our daily lives will not be changed
dramatically, apart from possible technological applications such as energy
production and disposal of radioactive waste [14,127]. There are two main
reasons why stability of SQM is possible without drastic consequences. The
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first reason is that stability requires a certain minimum strangeness content,
so ordinary nuclei do not decay into strangelets. The second reason is the pos-
itive electrostatic potential of the quark phase in a strangelet, which means
that you could walk around with a lump of SQM in your pocket without
being swallowed.

While heavy-ion collisions is the way to look for small (meta)stable strange-
lets, astrophysics gives a possibility for testing larger (and therefore more
stable) SQM-systems. Direct cosmic ray searches is an obvious way to look
for intermediate baryon numbers in the form of relativistic or non-relativistic
lumps produced in strange star collisions, and for leftovers from the Big
Bang. The latter can only exist for very high baryon numbers (cf. Section 4),
whereas a galactic background of the former seems unavoidable if the strange
matter hypothesis is correct.

Strange stars may be the most promising place to look for SQM, but
as explained in Section 5 it is actually hard to find clear-cut ways of dis-
tinguishing strange stars from neutron stars, unless one finds an object of
very low mass. Pulsar rotation properties at present seem to provide the best
clue, in particular after the finding that young strange stars in contrast to
neutron stars are not braked by gravitational wave emission due to r-mode
instabilities.

If SQM is only metastable, heavy-ion physicists may still have a chance of
finding it; the cosmological quark-hadron phase transition may still lead to
inhomogeneities of importance for Big Bang nucleosynthesis (without quark
nuggets left over); and neutron stars may still have strange matter cores.

In any case the confirmation or disproof of the existence of (meta)stable
strange quark matter via experiments and astrophysical tests makes it pos-
sible to limit strong interaction parameters that are otherwise difficult to
probe. This in itself is a good reason for continued studies of the physics and
astrophysics of strange quark matter.
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Out of Equilibrium Thermal Field Theories -
Elimination of Pinching Singularities

Ivan Dadié!

Ruder Boskovié¢ Institute, Zagreb, Croatia

Abstract. We analyze ill-defined pinch singularities characteristic of out of equi-
librium thermal field theories. We identify two mechanisms that eliminate pinching
even at the single self-energy insertion approximation to the propagator: the first
is based on the vanishing of phase space at the singular point (threshold effect).
It is effective in QED with a massive electron and a massless photon. In massless
QCD, this mechanism fails, but the pinches cancel owing to the second mecha-
nism, i.e., owing to the spinor/tensor structure of the single self-energy insertion
contribution to the propagator. The constraints imposed on distribution functions
are very reasonable.The same mechanism eliminates pinching from the resummed
Schwinger-Dyson series.

1 Introduction

Out of equilibrium thermal field theories have recently attracted much in-
terest. From the experimental point of view, various aspects of heavy-ion
collisions and the related hot QCD plasma are of considerable interest, in
particular the supposedly gluon-dominated stage.

Contrary to the equilibrium case [1,2] where pinch, collinear, and infrared
problems have been successfully controlled [3-6], out of equilibrium theory
[7-9] has suffered from them to these days. However, progress has been made
in this field, too.

Weldon [10] has observed that the out of equilibrium pinch singularity
does not cancel; hence it spoils analyticity and causality. The problem gets
worse with more than one self-energy insertions.

Bedaque has argued that in out of equilibrium theory the time extension
should be finite. Thus, the time integration limits from —oo to +o00, which are
responsible for the appearance of pinches, have to be abandoned as unphysical
[11].

Le Bellac and Mabilat [12] have shown that pinching singularity gives a
contribution of order g2dn, where dn is a deviation from equilibrium. They
have also found that collinear singularities cancel in scalar theory, and in
QCD using physical gauges, but not in the case of covariant gauges. Niégawa
{13] has found that the pinchlike term contains a divergent part that cancels
collinear singularities in the covariant gauge.

Altherr and Seibert have found that in massive g2¢® theory pinch singu-
larity does not occur owing to the kinematical constraint [14]. This result is
restricted to the case of one-loop self-energies.
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Altherr has suggested a regularization method in which the propagator is
modified by the width v which is an arbitrary function of momentum to be
calculated in a self-consistent way. In g?¢* theory, for small deviations from
equilibrium, v was found to be just the usual equilibrium damping rate [15].

This recipe has been justified in the resummed Schwinger-Dyson series in
various problems with pinching [16-20].

Baier, Dirks, and Redlich [16] have calculated the = — p self-energy contri-
bution to the pion propagator, regulating pinch contributions by the damp-
ing rate. In subsequent papers with Schiff [17,18] they have calculated the
quark propagator within the HTL approximation [21-23); in the resummed
Schwinger-Dyson series, the pinch is naturally regulated by ImXy.

Carrington, Defu, and Thoma [19] have found that no pinch singularities
appear in the HTL approximation to the resummed photon propagator .

Niégawa [20] has introduced the notion of renormalized particle-number
density. He has found that, in the appropriately redefined calculation scheme,
the amplitudes and reaction rates are free from pinch singularities.

By pinching singularity we understand the contour passing between two

infinitely close poles:
dx
/ (z +ie)(x — i€)’ 1)

where £ = ¢> — m?2. It is controlled by some parameter, e.g., €. For finite
€, the expression is regular. However, when ¢ tends to zero, the integration
path is "pinched” between the two poles, and the expression is ill-defined.
Integration gives an ¢! contribution plus regular terms. By performing a
simple decomposition of (z % i€)~! into PP(1/z) F iwé(z), one obtains the
related ill-defined 62 expression.

The following expression, which is similar to (1), corresponds to the re-
sumed Schwinger-Dyson series:

w(z)

e e et @
where w(z) and @(z) (which appears in (3)) are, respectively, proportional
to 2(z) and 2(x), where £2(z), Xr(z), and 2(z) are the components of the
self-energy matrix to be defined in Sec. III.

In expression (2), pinching is absent [16-20] if ImXgr(z,) # 0 at a value
of z, satisfying z, — ReXg(z,) = 0.

The expression corresponding to the single self-energy insertion approxi-
mation to the propagator is similar to (2):

w(x)
/ dz (z + i€)(z — i€)” (3)

One can rewrite the integral as

,/%%(x-fl-ie-f.zjie)mf:)' (4)
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K it happens that

lim, — = K < oo, (5)

then the integral (4) decomposes into two pieces that, although possibly di-
vergent, do not suffer from pinching.

There are two cases in which the function &(z) is even identically zero in
the vicinity of the £ = 0 point: in thermal equilibrium, because of detailed
balance relations; in massive g?¢® theory out of equilibrium, owing to the
mass shell condition [14]. The latter mechanism also works in out of equilib-
rium QED if a small photon mass m., is introduced. However, this elimination
of pinching can be misleading: the domain of z, where @(z) = 0, shrinks to a
point as m., — 0. We shall show that the elimination of pinching also occurs
in the m., = 0 case.

In this paper we identify two mechanisms leading to relation (5). They
are based on the observation that in the pinchlike contribution loop particles
have to be on mass shell.

The first mechanism is effective in out of equilibrium QED: in the pinchlike
contribution to the electron propagator, phase space vanishes linearly as z —
0 . In the pinchlike contribution to the photon propagator, the domain of
integration is shifted to infinity as £ — 0. For distributions disappearing
rapidly enough at large energies, the contribution again vanishes linearly in
the £ — 0 limit. This mechanism is also valid in QCD in the cases with
massive quarks.

In out of equilibrium massless QCD, phase space does not vanish, but
there is an alternative mechanism: the spinor/tensor structure in all cases
leads to relation (5).

Also, in out of equilibrium massless QCD, introduction of a small gluon
mass does not help. In this case, processes like ¢¢ — g are kinematically
allowed, the spinor/tensor structure is modified, and £ does not vanish in
the  — 0 limit.

In a few cases, none of the mentioned mechanisms works and one has to
sum the Schwinger-Dyson series. This is the case of the m — p loop in the =«
self-energy . Even in the limit of zero pion mass, @(x) vanishes only as |z|'/2
and relation (5) is not fulfilled. A similar problem appears in electroweak
interactions involving decays of Z and W bosons, decay of Higgs particles,
etc. Another important case is massless g?¢® theory. In contrast to massless
QCD, massless g2¢® theory contains no spin factor to provide a ¢ factor
necessary to obtain (5).

The densities are restricted only mildly: they should be cut off at high
energies, at least as |k,| =39, in order to obtain a finite total particle density;
for nonzero k,, they should be finite; for k, near zero, they should not diverge
more rapidly than |k,|™!, the electron (positron) distribution should have a
finite derivative. Further restrictions may come from Slavnov-Taylor identities
[24-26), but they are not crucial for our analysis.
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The paper is organized as follows.

In Sec. II we analyze the Schwinger-Dyson equation in the Keldysh repre-
sentation, solve it formally, and identify pinchlike expressions. For one-loop
self-energy insertions, we find that the Keldysh component (£2(g?)) of the self-
energy is responsible for pinches. We further find that the nonzero Keldysh
component requires loop particles to be on shell.

In Sec. III we analyze functions such as 2, 2, and ImXg, and investigate
their threshold properties.

In Sec.IV we show that the electron and photon propagators, calculated
in the single self-energy insertion approximation, are free from pinching,.

In Sec. V we analyze pinchlike expressions in the ¢ — ¢, g — g, and ghost-
ghost contributions to the gluon propagator, the quark propagator and the
ghost propagator in the single self-energy insertion approximation. We find
that, in all the cases, the spinor/tensor factor F contains a factor ¢* that is
sufficient to eliminate pinching,.

In Sec. VI we briefly discuss the elimination of pinching in the resummed
Schwinger-Dyson equation.

In Sec. VII we briefly recollect the main results of the paper.

2 Propagators and the Schwinger-Dyson Equation

We start [27,28] by defining out of equilibrium thermal propagators for bosons,
in the case when we can ignore the variations of slow variables in Wigner

functions [12,29]:
D1y Ds,
D= R 6
(D21 Dy, ) (6)

i

12 2, 2
T m? + Zielky] + 27 sinh® 86(k* — m*), (D

D11 (k) = D3y (k) = %

Dj3(k) = —276(k% — m?)(cosh? 6(k,) + sinh? 80 (—k,)), (8)
Dy, (k) = —278(k? — m?)(cosh® 00(~k,) + sinh? 9(k,)). (9)

For particles with additional degrees of freedom, relations (6)-(9) are provided
with extra factors ( + m) for spin 1/2, (guw — (1 — a)kuk, / (k* £ 2iek,)) for
vector particle, etc., and similarly for internal degrees of freedom. To keep the
discussion as general as possible, we show these factors explicitly only when
necessary. The propagator defined by relations (6)-(9) satisfies the important
condition

0 =Dy + D13+ Dyy + Days. (10)

In the case of equilibrium, we have

1

.12 - =i
sinh”0(k,) = np(k,) = exp Blko| = 1

(11)
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To obtain the corresponding relations for fermions, we only need to make the

substitution _
sinh? 8(k,) — — sin? 8(k,). (12)

In the case of equilibrium, for fermions we have
1
exp B(|ko| F p) +1°

Out of equilibrium, ng(k,) and ng(k,) will be some given functions of k,.
To transform into the Keldysh form, one defines the matrix Q [28] as

(13)

Sin2 EF’F(ko) = nF,F(kU) =

1 1 1
=7 (4 1) .
Now o D
(5, Pr)=apa™, 1)

DR(k) = —(Du +D21) = % —t (16)

2 — 2 4+ 24ek,’
-1

—m? — 2iek, = —Dy(k) = Dr(-k), (17)

.DA(k) = —(Du + Dlg) = k2

Dk (k) = Dy; + Dyg = 278(k? — m?)(1 + 2sinh* ). (18)
We need Dy expressed through Dg and Dg4:
Dk = h(k,)(Dr — Da), h(k,) = —e(ko)(1+ 2sinh? §). (19)

Again for fermions, Dy is equal to

Dy (k) = D11 + Dag = 276(k* — m?)(1 — 2sin® 8). (20)
The proper self-energy
2= (5 =) @
satisfies the condition
0=21n—-Z12— X + s, (22)

It is also transformed into the Keldysh form (in Niemi’s paper there is a
misprint using Q! instead of Q):

(5 %) -eze, (23)

Lr= —(En - 221)7 (24)
Ta=—(Zu — X12), (25)
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N =X + Xy (26)

We also find
Za=Zh (27)

The calculation of the X matrix gives (propagators S(k) and G(k) in the
self-energy matrix and in the Schwinger-Dyson equation are also given by (6)
to (19), with the spin indices suppressed to keep the discussion as general as
possible):

Yr= —i%g2 /(;141;4 (Dr(k)Sa(k - q)

+ (Da(k) — Dk (k))(Sr(k — @) — Sk(k—q))), (28)

Ta= —i%f (‘214’;4 (Da(k)Sr(k - q)
+ (Dplk) - Dklk))(Salk —q) - Sk — ),  (29)
d'k
=izt [ Ge((Datb)

+ Da(k))(Sa(k - q) + Sr(k — q)) + Dk (k)Sk (k - ¢)). (30)

A simple exercise with the help of (47) will convince us that only on-shell
loop-particle momenta contribute to 2. The Schwinger-Dyson equation

G =G+iGXG, (31)

can be written in the Keldysh form as

( 0 gR) _ ( 0 Gg
Ga Gk ) Ga Gk
) 0 GrXRGR
+e (GAZAQA Gaf2Gr + Gk ZRrGR + GAEAQK) (32)

By expanding (32), we deduce the contribution from the single self-energy
insertion to be of the form

Gr~Gr+iGrEXRGR, Ga~Ga+iGaXasGa, (33)

which is evidently well defined, and the Keldysh component suspected for
pinching:

Ok G +iGANNGR +1Gk XRrGRr +1Ga X 4Gk - (34)
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It is easy to obtain a solution [28] for Gr and G4 using the form (32). One
observes that the equations for Gg and G4 are simple and the solution is
straightforward:

n = ey = O (35)
To calculate Gx, we can use the solution (35) for Gg and Ga4:
Gk = Ga(G'GkGR' +i)Gr. (36)
Now we eliminate G x with the help of (19):
Gk =Ga (h(go)(GZ' - GR') +if) Gr. (37)

The first term in (37) is not always zero, but it does not contain pinching
singularities! The second term in (37) is potentially ill-defined (or pinchlike).
The pinchlike contribution appears only in this equation; thus it is the key
for the whole problem of pinch singularities. In the one-loop approximation,
it requires loop particles to be on mass shell. This will be sufficient to remove
ill-defined expressions in all studied cases.

We start with (34). After substituting (19) into (34), we obtain the regular
term plus the pinchlike contribution:

Gk ~ Gkr + Gkp, (38)
Gkr :h(q,,) (GR— Ga+1iGrEXRGR —1G2aX 4G 4), (39)
Gxp=iGaNGR, =0 h(g,)(Er - 5a). (40)

For equilibrium densities, we have X3, = e #% %), , and expression (40)
vanishes identically. This is also true for fermions.

Expression (40) is the only one suspected of pinch singularities at the
single self-energy insertion level. The function £ in (40) belongs to the type
of functions characterized by the fact that both loop particles have to be on
mass shell. It is analyzed in detail in Secs. III and IV (for threshold effect)
and in Sec. V (for spin effect). With the help of this analysis we show that
relation (40) transforms into

K(q%,m?,q,) 1 1
G ’ 2 ¢%? — m? + 2ieq, + g2 —m? — 2ieq, /)’ (41)

where K (q?,m?,q,) is £2/(¢*> —~ m?) multiplied by spinor/tensor factors in-
cluded in the definition of Gg, 4. The finiteness of the limit

lim  K(q?, m?,q,) = Kx(g,) < 00 (42)

¢2—om2F0

is important for cancellation of pinches. The index F indicates that the lim-
iting value m? is approached from either below or above, and these two
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values are generally different. To isolate the potentially divergent terms,

we express the function K(g%?,m?,¢q,) in terms of functions that are sym-

metric (K (g%, m?,q,)) and antisymmetric (K2(g%,m?, ¢,)) around the value
2 2

¢ =m?

K(¢*,m?,q) = (K1(¢*,m*, ¢,) + (¢ — m*) K> (g%, m*, ¢,)). (43)
These functions are given by

1
Ki,2(¢%,m?,q,) = §(K(qz,m2, %) £ K(2m? - ¢*,m?,q,)).  (44)

Locally (around the value ¢g> = m?) this functions are related to the limits
K+(q,) by

Kia(@®m?,00) = 5 (K+ (@) & K-(a))- (45)

As a consequence, the right-hand side of expression (41) behaves locally as

Grep(asm?,00) % =5 (K (g0) +e(a® = m?)Ka(a0))

1 1
, 4
(q2 —m? + 2ieq, + @ -m?— 2ieq,,) (46)

and the term proportional to K is capable of producing logarithmic singular-
ity. Furthermore, we were unable to eliminate pinches related to the double,
triple, etc., self-energy insertion contributions to the propagator. However,
their sum X$° is free from pinching under the assumption that the resumed
Schwinger-Dyson series is also free from pinching.

3 Threshold Factor

In this section we analyze the phase space of the loop integral with both
loop particles on mass shell. Special care is devoted to the behavior of this
integral near thresholds. In this analysis the densities are constrained only
mildly: they are supposed to be finite and smooth, with a possible exception
at zero energy. We also assume that the total density of particles is finite.
The expressions are written for all particles being bosons, and spins are not
specified; change to fermions is elementary.

To obtain the integrals over the products of Dg, 4 and Sg, 4, we start with
a useful relation [35}:

1
/ QLo g ey (o e s e
1
= — i ((k — F — g~ 2

+




212 Ivan Dadié

= ~nt LB (5, — )ik, - g0 + )
+ d(ko + wp)d(k, — go — Aws)) . 47

where f(k,q) is some polynomial, wp = (k* + m%)'/2, and ws == ((k —
vecq)? +m%)'/2. Similar relations could be obtained for higher powers of
Dpg, 4 and Sg, 4. For example, for the nth power of k? — m2, +i)k,e, the real
part of the integral will be obtained by substituting 6(™ (k? — m2)(—1)(™
instead of §(k? ~ m%). Now we easily calculate ReZg as

g e(k,)8(k? — m%)hp(k,)
ReSy = gt [ d'p ( (GO

e(ko - QO)J((’C - q)2 — m% )hS(ko - QO)
* CEEAN )e

F is the factor dependent on spin and internal degrees of freedom.

As we assume that the zero-temperature renormalization has already been
performed, the zero-temperature part is in fact eliminated by counter terms
and only the thermal part remains:

g 8(k* — m?%) sinh?, (k,)
ReZn o = (27)3/"4’”’( =07 —mD)

8((k ~ g)* — m%) sinh§(k, — g,

+

Now, starting from (24) to (26), we calculate 2 and ImXg.

;9
N =2i{ImX), = 2£/ d'k 4n28(k* — m%)6((k — )% — m%)

2 (2m)*
Nﬂ(km ko - QO)F’ (50)
where
Naa(ka, o = g0) = 3 (~(ko(ko = a0)) + (1 + 25inh? 0 (k,))
(1 + 2sinh® Os(ko — QO))), (51)
92 d'k 2¢01.2 2 2 2
ImZp =" @n) 4n°5(k* —mp)o((k — q)* — mg)Nr(ko, ko — o) F, (52)
and

Ng(ko, ko — qo) = (sinh?® 8p (k,)e(ko — go) + sinh® 85 (ko — g,)e(—ko)

+9("‘k0)9(ko - Q) — O(ko)O(q0 — ko))- (53)
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It is useful to define Ng(k,, ko — ¢o) 28
Nn(ko, k., — (Io) = N.()(km ko — QO) - h(QO)NR(ko; ko — QO)- (54)

After integrating over 4’s, one obtains expressions of the general form
g

1 koldk,
7T=— I—-—l—dd)N(ko,ko - o) F{qo, |q|, ko, Ikl,qk, L)O(1 - zZ), (55)
4q| ||
where |k| = (k2 — m%))'/2,

gk = |q|lk|2,, (56)

q® +k? — (g - k)?
= 57
% 2T lla] 67

¢¢(0, ) is the angle between kr and z axes.
Let us start with the g2 > 0 case. Solution of @(1—22) gives the integration
limits

1
ko 12 = 57 (0(0* +mb ~md) Flal((@” ~ G)(@ - ) ?), (59)

or
1 2 2 2 2 2 2 2 1/2
(k2 = 53 (lall@® +mb —m3) F 0,(¢* - )@ = 2 ))7?) s (59)

g+tr = |mp £ ms|. (60)

Assume now that ¢, # 0. In this case, at the threshold, the limits shrink to
the value

_ %(g, + mph —m}) _ lal(g, +mb —mk)
ko tr = 2 ’ lkllr - 2 . (61)
2qtr 2qtr

Near the threshold, it is convenient to change the integration variable by
dk,|k,|/|k] = dlveck). Now, for |g> — ¢2.| small enough, we have

ko = €(ko¢r(|K[? + m%)!/?
We define the coefficient ¢; by

1
= m/dt/)N(ko tr Ko tr — QO)F(Qm |Qla ko tr, Ikltr:qktra-")- (62)

Now the expression (55} can be approximated by

I = ci(lklz — |kl)

2. (& ~ Ao )@ — ¢24,) /2
q2

~a(0(g” - ¢is) + O(-¢" +¢2,4,)) - (63)
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Relation (63) is the key to further discussion of the threshold effect.
We obtain this also for higher dimension (D=6, for example).

Relation (63) put some limits on the behavior of density functions: they
should not tend to infinity at any value of g, # 0; near g, = 0, owing to the
presence of the factor g,, they should not rise more rapidly than g;!.

Owing to (60) and (63), the function Z(q?,m%,m%) has the following
properties important for cancellation of pinches.

It vanishes between the thresholds, i.e., the domain (mp — ms)? < ¢% <
(mp+ms)? is forbidden (Z = 0). If it happens, that the bare mass m? belongs
to this domain, the single self-energy insertion will be free of pinching. In this
case also multiple (double, triple, etc.) self-energy insertions will be free of
pinching,.

It is (in principle) different from zero in the allowed domain ¢ < (mp —
ms)? and (mp + ms)? < ¢2. In this case one cannot get rid of pinching.
An exception to this rule are occasional zeros owing to the specific form of
densities.

The behavior at the boundaries (i.e., in the allowed region near the thresh-
old) depends on the masses mp and mg and there are a few possibilities.

If both masses are nonzero and different (0 # mp # ms # 0}, then there
are two thresholds and Z behaves as (¢ — ¢2,,)!/? in the allowed region near
the threshold ¢%,,. For m2m = ¢,, the power 1/2 is not large enough to
suppress pinching.

If one of the masses is zero (mp # 0,ms = 0 or mp = 0,ms # 0),
then (63) gives that the thresholds are identical (i.e., the forbidden domain
shrinks to zero) and one obtains the (¢> —m%)* behavior near m%,. This case
(for m® = m2,) is promising. Elimination of pinching in electron propagator,
considered in Sec.IV, is one of important examples.

If the masses are equal but different from zero (mp = ms # 0), then
there are two thresholds with different behavior. The function Z behaves as
(¢ — ¢24,)*/? in the allowed region near the threshold ¢2,, = 4m?% ,and this

behavior cannot eliminate pinching in the supposed case m? = 4m?, .

However, at the other threshold, namely at ¢2,,. = 0, the physical region
is determined by ¢®> < 0 and the above discussion does not apply. In fact,
the integration limits (58) or (59) are valid, but the region between k, ;
and k, 2 is now excluded from integration. One has to integrate over the
domain (—o00,k, 1) (ks 2,+00). This leads to the limitation in the high-
energy behavior of the density functions. Important example of such behavior,
elimination of Pinching in photon propagator (m.), is discussed in Sec.IV.

If both masses vanish (mp = mg = 0), the thresholds coincide, there is
no forbidden region and no threshold behavior. The behavior depends on the
spin of the particles involved. For scalars, the leading term in the expansion
of Z does not vanish. Pinching is not eliminated.
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The case of vanishing masses (mp = mg = 0) for particles with spin ex-
hibits a peculiar behavior. In all studied examples (see the Sec.V for details),
7 behaves as ¢* as ¢> = 0, which promises elimination of pinching.

4 Pinch Singularities in QED

4.1 Pinch Singularities in the Electron Propagator

In this subsection we apply the results of preceding section to cancel the
pinching singularity appearing in a single self-energy insertion approximation
to the electron propagator. To do so, we have to substitute mp = m, mg =0,
sinh? @p(k,) = —ne(k,), sinh® Os(k, — go) = nq(ko — go), and h(k,) =
—€(ks)(1—2n.(k,)), where n, and n., are given non-equilibrium distributions
of electrons and photons in relations (51), (563),(54), and (19). The thresholds
are now identical

q:zttr = mz’ (64)
and the integration limits are
1
kor12= 5?1'5 ((Io(q2 +m?) Flql((¢® - m2)) (65)
or 7
k|2 — 1kl = q—;’ ¢ —m?)). (66)

At threshold the limits shrink to the value
ko tr = Qo |k|tr = |Q| (67)
Then, with the help of (62), we define

K(q2 ’ m2’ ‘Io) = (A +(;2)_?7(f12;- m)
1
~ 16n2ql(@

(ﬁ + m)F(Qo, |QI, ko tr, |k|tra qk:,, )
(4 + m)(|kl2 — [KlL)- (68)

~m2) /d¢Nﬁ(ko tr = Qo ko tr — o = 0)

The trace factor ¥ is calculated with loop particles on mass shell:

- q)? + 2i(k, — Qo)e

(k= ) (=k)a?
(= 0 £ 2i(F, - qo)e) - (69)

For = (o - - ) ES b= Do) it )y

= (_2/c+4m-(1-a)(-/,+m_
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In calculating the term proportional to (1 — a), we have to use the trick

N . 0 ; -
((k—q)? xie)2 = mlirgo [Gm% ((k — q)* £ie) - m2)71]. (70)
For ¢ # 0, we can decompose the vector k as

. 2 2 2
k= (kq) (k.q)~ % 5 my,+m”+¢°  k

AR (1+k'r=(q—m % +|-¢-13Iti+k'r, (71)

where, in the heat-bath frame with the z axis oriented along the vector
g, we have

q= (QO,ana lq‘), §g= (|Qly010a QO)y qq =0, 62 = "'qzy (72)

The transverse component of k, kr vanishes after integration over ¢.
Finally, we obtain

(4 +m)F (g +m) = 2m(g® + m® + 2my)

2 _ 2 _qz_mz _QO(q2+m)
+(q m)( — h+ ( —-—qzlql Il)ﬁ+2kT

—(1-a)("—2"q—2'"—)( —h+ lﬁ)) (73)

Now we can study the limit
K(g) = Jim K(g* m* q)

= (ﬁ+ ) Nﬁ(ko tryKo tr — (Io) (74)

2Il

It is easy to find that }(g,) is finite provided that m? # 0 and Ny (g,,0) < oco.
The last condition is easy to investigate using the limiting procedure:

Nﬂ(QIHO) = kli_g; N.O(km ko — (IO)
= klim 2""7(ko - QO)(ne (QO) - ne(ko))
o>qo

+kli_rga ((ne(go) — me(ko) — (e(go)e(ko — go)
(ne(go) + ne(ko) — 2n.(go)ne(ko))) - (75)

One should observe here that the integration limits imply that the limit
ko — q, is taken from below for q> > m?2, and from above for q> < m?. The
two limits lead to different values of Np(g,,0). Only the first term in (75)

can give rise to problems. We rewrite it as limg, o (2k Ny (ko )—Jﬂl)
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As relation (74) should be valid at any g,, we can integrate over g, to find
that the photon distribution should not grow more rapidly than |k,|~! as
k, approaches zero, while the derivative of the electron distribution n.(q,)
should be finite at any g,:

kloiglo kony (ko) < o0, (76)
On.(g0)
|—aq:"‘| < oo (77)

Under the very reasonable conditions (76) and (77) the electron propagator
is free from pinches.

It is interesting to observe the discontinuity of K (q2,m?2, ¢,) at the point
g*> = m?. This feature will be repeated in massless QCD.

It is worth observing that K (g,) is gauge independent, at least within the
class of covariant gauges.

4.2 Pinch Singularities in the Photon Propagator

To consider the pinching singularity appearing in a single self-energy insertion
approximation to the photon propagator, we have to make the substitutions
mp =m = msg, sinh® Bp(k,) = —ne(ks), sinh? Os(ko—qo) = —ne(ko — o),
and h(k,) = —e(ko)(1 +2n,(k,)). There are two thresholds, but only ¢} ,, =
0 and the domain where ¢> < 0 are relevant to a massless photon. The
integration limits are given by the same expression (65), but now we have
to integrate over the domain (~00,k, 1) J(ko 2, +00). As ¢ = —0, we find
(ko 1 = —o0) and (k, 3 = +00). The integration domain is still infinite but is
shifted toward oo where one expects that the particle distribution vanishes:

quq fre 9oqv
pv (q ' q ) (gup ( a) q2 - 27:QO€) q2 (gav ( a) q2 + 2iqoe

S S /""‘+ /°° kodk,
67700 \Joco  Jr) TH]

qud
/d¢Nn(ko,ko - o) (!Jup -(1- a)qT_—%qoe)

qoqv
Fee k|, gk, ... ov — (1 —0) —— ] .
(@olal s . (g = 1 ) 22 (78)

To calculate F#¥ for the e — & loop, we parametrize the loop momentum k
by introducing an intermediary variable ! perpendicular to ¢. m is the mass
of loop particles:

k=oag+1, ¢l =0, k* = (k - q)’ =m?,
12 = m? — a2g?

22 _ (1 _ a2
g Kre-(k-9°

2 (79)
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At the end of the calculation we eliminate ! in favor of k. After all possible
singular denominators are canceled, one can set a = 1/2.

F = -Tr(k+m)y" (k- 4+ m)y”

= (2¢°¢"" - 2¢*¢" + 8I*1)

2.2
- (=L
2
+ o ((4ho(ko = @) = 4m® — %) 4 (q)
+ (-8k = 277 +20)8(0) ). (80)

Using relation (156) we obtain

1 koo oo ko dk
2 = —o""o = -
Kuv(q 7q0) - 167'_2|q'q2 <[°o +Aoz) |k| /d¢Nﬂ(ko, ko ‘Ia)
4m2q2
( q2 OAIW(Q)

2
+5 ((4ko(ko —g0) - 4m? — ) A, (g)

+(-8lk - L2 4 2q2)Bw(q>)). (81)

In the integration over k, the terms proportional to (k2¢%)™ dominate and
imgz2_,0 | Ky (62, ¢0)] < o0 if

1 /"ol /°° kodk, 2 2
— + + K
T6r21q1¢? ( o Tl ) TR (et PR

/ 6N g (ks ko — a0)

< 00. (82)

Here Ng(ko, ko — q,) is given by

Na(ko ko — o) = —2ne(ko = o) (—114(go) = ne (ko))

—ny(go) — ne(ko)
—€(go)e(ks — go)(—n4(g0)
+ne (ko) + 2"’7(%)"@ (ko))- (83)

Assuming that the distributions obey the inverse-power law at large energies
ne(k,) o< |ko|™% and ng(k,) o« |k,|~%, we find that the terms linear in
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densities dominate. Thus, for n = 0,1, one finds

AL ) e

o (8= 1= 2n)™ (lglm) +2"~4 (—g?)#=912, (84)

It follows that (82) is finite (in fact, it vanishes) if 8., dz > 3. This is exactly
the condition

/ d3kne s(k,) < oo. (85)

Thus the pinching singularity is canceled in the photon propagator under the
condition that the electron and positron distributions should be such that
the total number of particles is finite.

A’so, in tne photon propagator, the quantity Jimg2_,q K. (g%, ¢,) does not
depend on the gauge parameter.

Expression (84) is not valid for m = 0.

5 Pinch Singularities in Massless QCD

In this section we consider the case of massless QCD. Pinching singulari-
ties, related to massive quarks, are eliminated by the methods used in the
preceding section.

In self-energy insertions related to gluon, quark, and ghost propagators,
the masses in the loop as well as the masses of the propagated particles
are zero. Thus, the methods of the preceding section do not produce the
expected result. Attention is turned to the spin degrees of freedom, i.e., to
the function F of the integrand in (50) to (55). In the calculation of F it
has been anticipated that the loop particles have to be on mass shell. In this
case, F provides an extra > factor in all the cases considered, in which not
all particles are scalars. This q? factor suffices for the elimination of pinching
singularities.

The integration limits are now

1
ko12= 3 (g0 Flql) - (86)

The difference |k|2 — |k, is finite and there is no threshold effect.

It is worth observing that for ¢> > 0, we have to integrate between k,; and
ko2, whereas for ¢> < 0, the integration domain is (—00, ks 1) (ks 2, +00).
This leads to two limits, lim,2_, +9 K(¢?,¢,) = K+(g,), in all cases of massless
QCD.

By inspection of the final results (89),(90), and (91), we find that the case
¢® < 0 requires integrability of the function k2Ny(ko, ko — ¢,) leading to the
condition (85) on the quark, gluon, and ghost distribution functions.

By using (79), we again introduce the intermediary variable ! perpendic-
ular to ¢; now we have to set m = 0.
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5.1 Self-Energy Insertions Contributing to the Gluon Propagator
The function K, (¢?, ¢,) related to the gluon propagator is the sum
K, (q2’ Q) = Zqu; Jimassive,uv (q21 Qo)
+Zqu.'q;mauless,nV (qza QO) + Kyhgh,uv (q2’ QO) + Kgg,uv (qz, QO)a (87)
where the terms in the sum are defined as
, o
Ku(q°,90) = (9up — (1 = a)DRup(Q))q_g(gUV ~(1-a)Dasv(q))- (88)
Pinching singularities, related to massive quarks, are eliminated by the meth-

ods used in the preceding section. The tensor F related to the massless quark-
antiquark contribution to the gluon self-energy is

v 60 v
Fi = - Trkv*(k =~ 4)y

= %(2q2g‘"’ -~ 2¢4q” + 8I#1")

2
= %2 (& (katho - ) - )47
+ (-8 = %7 + 20987 @) + O (k)] . (89)

As F,, contains only A and B projectors, relation (156) guarantees that the
result does not depend on the gauge parameter.
Relation (89) contains only terms proportional to ¢, and

Yim Ky (4, ¢)

is finite.
For the ghost-ghost contribution to the gluon self-energy, the tensor F' is
given by

Fuon = =0 Nck* (k — q)*

BV LIV _ gV
= —8N. (_% P u)

2

2 (4ko(ko — qo) + 4% .,
= _(SachZ_z( O( 8‘10) g A* (Q)

~(bo = 22B (@) - L0 @ + 0" (k). (90

The antisymmetric part vanishes after integration, so we have left it out from
the final result in (90).
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The tensor F for the gluon-gluon contribution to the gluon self-energy is

60 Nc o T oT T (4
Fpv = 28070 (g9 (g + k)T — g°7 (2k — q)* + g7#(k ~ 29)°)

2
L (k—q)o k- q)o
(gaa" (1-a) (k= q) + 2i(k, — qo)e)

(¢ @+0)" =" @k - )" + g7 (k - 20)"")

Ky ke
(g"' —(-agy 2ikoe)

= ﬁsabzi <4‘129nv - gquql' + 1000, — (1 - a)(—5gu9v + 3¢%gpy)
—ﬁﬂ?@ (—%::quq., +5¢%00 + P (lua + bgu) + %g,,,,)

Tk —q)2 i;it(lko —%)e (" ‘—f;q,,qy +5¢° 1l — ¢ (lugy + qul) + %g#v)
+(1-a)? (—unq.,

H s = o = 3 s + L)

(1-a)? )
+ (k% £ 2ikoe) ((k — q)2 £ 2i(Ko — go)€) 1q4luly)

6achq2 1 do 2 3 2\ Auv
o 2Bl (2 (a0t - 27 + S 4@

+H-10(k - 277+ 468 (@) - £ 00

1 9o )
—1-a) 2A» - _ Leow
( )(2 lql

2 2
+(1 - a)? (-3—2/1"" + 2%3"” - 2’%0”" - 2D‘“’)

+O‘“’(kT)) . (91)

Expressions (89), (90), and (91) have been obtained by substitution of (152),
(154), and (155) and, finally, by eliminating the variable ! in favor of k. The
tensor O#¥(kr) is linear in k, thus it vanishes after integration over ¢.

We note here that, in the Feynman gauge (¢ = 1), the operator C is
absent from the gluon self-energy! Consequently, the relation originating from
Slavnov-Taylor identities (proved in [24-26] for equilibrium densities), I13 =
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(- ) p,is fulfilled at @ = O only if IIp = 0. Thus the contributions to 7p
from the ghost-ghost and gluon-gluon self-energies mutually cancel, imposing
restrictions on the densities related to unphysical degrees of freedom. As it
does not interfere with the cancellation of pinches, the problem of unphysical
degrees of freedom will be discussed elsewhere.

Finally, we need (156) in all three cases.

Expressions (89), (90), and (91) for the ghost-ghost, quark-antiquark, and
gluon-gluon contributions to the gluon self-energy contain only terms propor-
tional to g. The function K, (g%, ¢,) approaches the finite value K,,, (%, g,).

Thus we have shown that the single self-energy contribution to the gluon
propagator is free from pinching under the condition (85) .

5.2 Quark-Gluon Self-Energy Contribution
to the Quark Propagator

The K spinor for the quark-gluon contribution to the massless quark propa-
gator is defined as _

K@ a) = A5k (92)
In the self-energy of a massless quark coupled to a gluon the spin factor F is
given by

N2 - k-@ulk—q)
—_ J i 1- [ F v
qu adb ~onr 2N (gl-l ( a)(k—q)zzbZi(ko-—qo)e)’y ﬁ'y

. N?- (k- A)(a* — k)
= Opp ——— A ( 2k-(1-a)(-4- (k- q)2 + 2i(k, — QO)G)

N2 — Qo
o e (<t - - 2k - L5 o)) (09)

For our further dxscussmn, we need the product

Wk = e (A= o 224 2k

52+ o), (04)

which contains the damping factor ¢>. The term k. will be integrated out.
By inserting (94) into (92), we obtain (42) free from pinches.
To calculate K (g,), we need the limit

g AT aol _ 5 N2 —12(k, — g0) 4
q2-0 q2 2N, ’

dab (95)

From (95) we conclude that }(q,) does not depend on the gauge parameter.
Omitting details, we observe that pinching is absent from the quark prop-
agator, also in the Coulomb gauge.
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5.3 Ghost-Gluon Self-Energy Contribution
to the Ghost Propagator

The K factor is defined as

K(¢%q0) = ? (96)

The F factor for the ghost-gluon contribution to the ghost self-energy is

(ku — qu)(kv — a0) )
(k= @)% £ 2i(k, — go)e

thg = (Sachk”'qv (g",, - (1 - a)

q2
— Sap N (97)

The factor ¢> ensures the absence of pinch singularity and a well-defined
perturbative result.

5.4 Scalar -Photon Self-Energy Contribution
to the Scalar Propagator

Although the massless scalar boson interacting with a photon is not part of
massless QCD , it is treated using the same methods.
The K factor is defined as
n
K(¢* q0) = X (98)
The F factor for the massless scalar-photon contribution to the scalar self-
energy,

Foy = (g + k)* (g + k) (g“" “U-ag fkq;qiﬁ(g q-);o)f)

— qz —kz
=q° (2 -(1-a) (k — q)2 £ 2i(k, — 00)5)

— 2¢%, (99)

clearly exhibits the ¢> damping factor!

6 Pinch Singularities in Schwinger-Dyson Series

For the resummed Schwinger-Dyson series, instead of the zero-temperature
renormalized mass mg used in preceding section, we have to use the thermal
mass defined through the solution g¢,(|g|) of equation (100) for fixed |g|:

¢* — mg — ReZr(¢,, lal) =0, mg(lql) = &3 (lal) ~ ¢>. (100)



224 Ivan Dadié

This mass is now compared with the thresholds of the functions 2 and ImXg
and one obtains a classification of possible situations appearing in the re-
summed Schwinger-Dyson series.

With increasing thermal mass, the same loop particles will appear in
different cases, contrary to the case of single self-energy insertion .

Now, with the help of (101), one defines Z,,, the factor correction to the
renormalization constant due to the presence of matter out of equilibrium.

q° —mg — ReZr(4o,1al) = Z;; (g0, 1)) (¢° — m% (lal))- (101)

However, the full renormalization programme, although parallel to the equi-
librium one, deserves a more detailed analysis and remains outside of the
scope of this paper.

In the case of particles with spin, (35) will include projection operators
and (100) will be modified accordingly. This will not change arguments of
this section!

6.1 Schwinger-Dyson Series for Scalars

We start with a scalar (pseudo-scalar) propagated particle. Owing to the
analysis in Sec. III threshold effect determines the Keldysh component (37)
in the form

Gk =0 o <@ <oy,

. 1 1
=i,
GA —ZZA GR —’LER

q2 < q?-tr or (12 > qz-tr‘ (102)

The threshold for ImX's depends on the masses of involved propagators.
While G4, g is the resummed propagator and its mass is shifted to mg(|q|),
mp and mg are zero-temperature renormalized. Now we have three possible
cases, each of them free from pinches.

I) If the thermal mass belongs to the kinematically forbidden region,

|ms — mp| < mg(lq|]) < mp +ms, (103)

there are no pinches.
IT) If the thermal mass belongs to the kinematically allowed region,

mg(lgl) > mp + ms, (104)

or
mg(lql) < |ms —mp|, (105)

the first term in (37) vanishes again, and the two poles are separated by finite
2|ImXpg| and there are no pinches.



Out of Equilibrium Field Theories 225

The function

n
Ka/rmzr = TmZn (106)
is non-singular and poles can be separated by
_ Ka/imzs 1 1
Ok =~ 2 (q2 ZTr+ 2ige - XH - 22'906)' (107)

In this case, in order to remove pinching, we have had to assume that the 2
and ImXp are different from zero whenever it is kinematically allowed. As
our densities are almost completely arbitrary, and ImXg is not a positive
definite quantity, we cannot exclude the case that at some ¢%, ImXg has
occasional zero which is not zero of f2. If it happens that this is just the
point where g% = mg(|q|) we shall have a new sort of pinch. Such a situation,
which we could not prove to be excluded, should be treated separately, with,
possibly, no better way out than performing the the calculation of two-loop
contributions)!

III) As the thermal mass varies with (input) particle densities, and with
momentum, it is necessary to treat also the boundary cases i.e. when one of
thresholds coincides with the mass shell. Specially, as the energy of the prop-
agated particle rises, it should be expected that the thermal mass converges
to its zero-temperature limit. The solution is found in the threshold effect
and in the spin effect.

Among the boundary cases there is one which exhibits a behaviour typical
of the allowed region (mg = mp = 0, mg(|g|) = 0, all particles are scalars).
There is no threshold and no threshold behaviour. Consequently, for scalar
particles the poles will be separated for both 0 < ¢ and ¢? < 0, and there is
no special behaviour as ¢ — 0.

Case of massless loop particles with spin coupled to massless scalar (ex-
amples: ghost — ghost + gluon, scalar — scalar + photon) is described by
the same expression (107), but now there is a special point ¢> = 0 where
2 and ImXg vanish. At |g|, for which mg(|q]) # 0, the K 5, is well
defined even at ¢®> = 0 and one can still use (107).

However we have to analyze the possibility that for some |g|, m% +
ReXr — 0 as (¢*)". For n < 1, the expression is integrable, n = 1 we
obtain the case treated below in (108). If there is a case such that n > 1, a
problem will arise!

Case (mp # 0, ms = 0), thresholds are identical (¢%,, = ¢%,, = m3)
and the effect is linear in (g2 — ¢2.). The behaviour near the threshold is
obtained by an expansion around singular point and retaining first non-zero
contributions:

G —4¢,h(g,)e — iCqzx
K

~ , 108
(Z,T.lx — iCrmEg® + 2iqae)(Z,7,1x + iCrnEp® — 2ige€) (108)

where
z=q"-mi(lq) = ¢ - mi, (109)
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and
N = Caz + O(2%), (110)

ImXR = Crmzaz + O(z?). (111)

For small x, one obtains

Ok = —2th(110)7r€(qo)6($)

iCq [ 1 + 1
2(Zm’ + Clx,) LT +2igoe = — 2igoe
—2Z5Crmsy me(g,)0(2)] . (112)

The result is well defined whenever Z;! # 0.
Case (ms # mp # 0, m}(|ql) = (mD + ms)?) and (ms = mp # 0,
g(lql) = 4m2), the threshold effect is proportional to the square root of
— ¢2.) at the corresponding threshold. The behaviour near the threshold
1s determined by

Calz 1/2
G ~ — ﬂl l 1 . ’ (113)
(Zm z — iCr|z|!/? + 2ieq,)(Zm' x + iCr|z|'/? ~ 2ieq,)
2 =|z|'*(Cqa + O(x)), (114)
ImZg = [2]/*Crms, + 0(3)). (115)
In this case, the |z|!/2 dominates over x for |z} small, the resulting |z]~'/2 is
integrable.The small |z| behaviour is
C
O ~ — 2 (116)

CImE’ |I|1/2'

The elimination of pinches is non-perturbative as we cannot put Cry, 5 n €qual
to zero in (116).

In the next two subsections we analyze the resummed Schwinger-Dyson
series for the vector particle and for spinors. The discussion is to a large
extent parallel to that given above, so we do not repeat it.

6.2 Schwinger-Dyson Series for Vector Bosons

The gluon self-energy is the sum of quark-antiquark , ghost-ghost and gluon-
gluon contributions. These contributions are evaluated with the help of (89),
(90) and (91). After inserting the gluon self-energy into (50) and (52) for
imaginary parts and calculating the real part with the help of (49), one can
proceed by projecting the contributions into the invariant tensor subspaces.
We shall not write it explicitly because, for our purpose, it is enough to have
an overall g2 factor in {2 and ImXpg.
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The self-energy equals

1I(q) = Ir pr(q)Auv (@) + I r(9)Br uv(9)
+ITp r(q)DR uv(q) + IIc r(9)CR 40 (9)- (117)

In the presence of the tensor Cr ,, the inversion of the Schwinger-Dyson
equation requires [26] construction of two operators T, as

Tt (@) = or(@)Br (@) + (1 - 0r(2) Dr (@)
2 _ 1/2
+ (M) (aBR o (@Cr (@)
+Cr w(@)Br w(q>), (118)

Ty (@ = (1= or(9))Br uv(9) + orR(9)DR 1y ()

_ (M) v (aBR w(@Cr o (q)

a
+CR w@Br (@), (19)
Ta i =Tia T aTr 4 =TraTs 4 =0. (120)
Here oggr(q) is the solution of the equation
Ig pa'’? _ _ (0}(q) - or(2)'/? (121)
GHDR—HLR 1—20R(Q) ’

With IT3 defined as

5@ = ylallp p+ 1y gz 22T RO 200, (g
one obtains
Gr w(q) = (AuV(‘I) + Br uv(q) +aDr uv(Q))
A (@) T 4(9) T wl@ 1

g2 — II'r(q) + 2igoe @2 — 115 (q) + 2igee ¢ — I (g) + 2igoe
Similarly, one obtains the Keldysh component

e iAu(q)
Ok w(q) = ( q% — IT3.(q) — 2ig,e
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T,
g% — IT§*(q) — 2igoe

B iTR,(2) )
q? - IIg*(q) — 2iqee

A77(q) + BL?"(q) +aD}"" (q))

(
. (-4q,,h(q,,)eg; —if,, (A"" (¢) + By (¢) +aD¥ (q)) )
(
+

:"AUV(Q)
q® — II'r(q) + 2ig,e
iTh ,,(9)
q2 - H;{- (Q) + 2ige
iTq ,,(q) )
+ }j oy - . 124
q® — I (q) + 2igee (124)

6.3 Schwinger-Dyson Series for Spin 1/2 Particles

The self-energy contribution can be written as
Q) =Un+ Lo +Wq, (125)

Zr(q) =Urf + Ly + Wk, (126)

where U, L,, and W are functions of q, and L, satisfies Lg = o. For isotropic
densities L, is a linear combination of g, and U,. By multiplication we find
i1 XrG R to have a similar form

iZr(q)Gr = (tr + urf + vrRL g + wrLph)/(@® — Mm% + 2igo€). (127)
With the help of the projection operators

Pip=Pip, PyrP_r=P_pP.p=0

1 URgq+v +w
Pin=3(1% mA ¥ ont x 2218 (128)
nr(g) = (uhe® + vhLy — whlhe®)'/?,
a+r = (tr £7R)/(q* — Mm% + 2igse€), (129)

we find
iXr(¢9)Gr = a4rPyr +a_rP_pg, (130)
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. Pip+P_p
= - . 131
Cr =~ T T aige 3y
Finally,
1

—m% — Xy p + 2igee

Pir

gR = —-i(ﬁ+m) (q2

+ 1 P )
@ —m% - Y_gp+ 2ige —R )

Xir = (tr £ nR), (132)

1 1
= P" P*
K (q2 —mg — X% g — 2iq,€ +r T @ —m% — X" p — 2ig,e _R)

(—4g0h(go)e(4 +m) — i(4 + m)2(f + m))

! P
@ —m% — Xig + 2igee€ +R
1
P_p). 13
+ q? —m% — Z_p + 2ig,e R) (133)

Complex conjugation does not affect ¥ matrices.
In this case we have two modes with physical masses (which can be dif-
ferent) defined by

¢* —m% — ReX+r(40,q]) = 0, mig(lal) = . (lg]) — ¢° (134)

Analogously, one defines Z4,,, (for each mode separately!)

q*> — m% — ReX1r(%,1q]) = Z1 (40, lal) (@ — mig(la). (135)

To eliminate pinch singularities, our general discussion applies also to fermions.
In the product of terms with the same physical mass, the cases when it be-

longs to either the forbidden or the allowed region are evidently free from

pinches.

For a massive fermion coupled to a massless boson (electron+photon,
massive quark-+gluon) at the threshold (for the impulses at which the ther-
mal mass is equal to the bare mass), all the imaginary parts in 2 and
ImXprUq,Va,Wa,Im t,Im u, Im w) vanish linearly with ¢*> — mZ owing
to the threshold effect. The ”€” term in (133) is well defined, and properties
of 2 (with the natural assumption that Z,;! # 0) guarantee that expression
(133) remains well-defined also at the boundary.

A similar case is with massless fermion coupled to a massless boson (mass-
less quark + gluon) in the limiting case where also the physical mass tends
to zero (mg = m = 0). We have that W gr = 0 and thus u = v = 0. From
(133) we find that it is enough if 4124 vanishes linearly with g2 — 0, and this
is guaranteed by relation (94).



230 Ivan Dadié

7 Conclusion

Studying the out of equilibrium Schwinger-Dyson equation, we have found
that ill-defined pinchlike expressions appear exclusively in the Keldysh com-
ponent (Gk) of the resumed propagator (37), or in the single self-energy
insertion approximation to it (40). This component does not vanish only in
the expressions with the Keldysh component (26) (£2 or {2 for the single
self-energy approximation) of the self-energy matrix. This then requires that
loop particles be on mass shell. This is the crucial point to eliminate pinch
singularities.

We have identified two basic mechanisms for the elimination of pinching:
the threshold and the spin effects.

For a massive electron and a massless photon (or quark and gluon) it is
the threshold effect in the phase space integration that produces, respectively,
the critical ¢ — m? or ¢> damping factors.

In the case of a massless quark, ghost, and gluon, this mechanism fails, but
the spinor /tensor structure of the self-energy provides an extra q> damping
factor.

We have found that, in QED, the pinching singularities appearing in the
single self-energy insertion approximation to the electron and the photon
propagators are absent under very reasonable conditions: the distribution
function should be finite, exceptionally the photon distribution is allowed to
diverge as k;! as k, — 0; the derivative of the electron distribution should
be finite; the total density of electrons should be finite.

For QCD, identical conditions are imposed on the distribution of massive
quarks and the distribution of gluons; the distributions of massless quarks
and ghosts (observe here that in the covariant gauge, the ghost distribution
is not required to be identically zero) should be integrable functions; they are
limited by the finiteness of the total density.

In the preceding sections we have shown that all pinchlike expressions ap-
pearing in QED and QCD (with massless and massive quarks!} at the single
self-energy insertion level do transform into well-defined expressions. Many
other theories behave in such a way. However, there are important excep-
tions: all theories in which lowest-order processes are kinematically allowed
do not acquire well-defined expressions at this level. These are electroweak
interactions, processes involving Higgs and two light particles, a p meson and
two 7 mesons, Z, W, and other heavy particles decaying into a pair of light
particles, etc. The second important exception is massless g?¢® theory. This
theory, in contrast to massless QCD, contains no spin factors to provide (5).
In these cases, one has to resort to the resumed Schwinger-Dyson series.

Indeed in the resummed Schwinger-Dyson series all the problems are
solved.

But the case in which pinch singularity is not eliminated in the single
self-energy insertion approximation [16] shows a peculiar properties in also
in the resummed Schwinger-Dyson series: at threshold, Keldish component
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is enhanced near the threshold and dominates over the other low order con-
tributions!

The main result of the present paper is the cancellation of pinching singu-
larities at the single self-energy insertion level in QED- and QCD-like theories.
This, together with the reported [12,13] cancellation of collinear singularities,
allows the extraction of useful physical information contained in the imag-
inary parts of the two-loop diagrams. This is not the case with three-loop
diagrams, because some of them contain double self-energy insertions. In this
case, one again has to resort to the sophistication of resumed propagators.

Appendix

We start (1] by defining a heat-bath four-velocity U, normalized to unity,
and define the orthogonal projector

Ay,u =Guv — Uqu- (136)
We further define spacelike vectors in the heat-bath frame:
Ky =Awq”, Kt =K =—q%. (137)

There are four independent symmetric tensors (we distinguish retarded
from advanced tensors by the usual modification of the i€ prescription) A, B,
and D (which are mutually orthogonal projectors), and C:

KKy
Au(g) = Ay ~ 22 ) (138)

Kuky QW
&2 (g% + 2igoe)’

Br uu(Q) = UuUV + (139)

("52)1/2 (U'Q)Z KuKy q2 + q2 qudv
Cr (g = u.u, - 2 - )
R u(9) Ugq v mat q?  q% + 2ig,e (140)
qudv
Dgr ,.(@Q) = —————. 141
R u (q) q2 + 2iqo€ ( )

In addition to the known multiplication [1,26] properties
A(g)A(g) = Al9), Br,a(9)Br,a(q) = Br,a(q), (142)

CRr,a(q)Cr,4(q) = —(Br,a(q) + Dr,a(q)), Dr.a(q)Dr,a(q) = DR,A(((I), )
143
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A{q)B(g9) = B(g)Alg) =0, A(g)Clq) =C(g)Alg) =0,

A(q)D(q) = D(q)A(q) =0, B(q)D(q) = D(¢)B(gq) =0, (144)
6;4%/

(Br,a(@)CrA(ur = (CrAQDR A = oz (145)
(Cra@BrA@ = (DrA@CRAD = 72—, (146)

we need mixed products
Bra(@Ban(o) = 5(Br@) + BA@), (147)
Cra@CAR(@ = ~3(Br(a) + Ba@) + Da(@) + Da(@),  (148)
Dr4(@)Da,n(9) = 5(Dra) + Da(a)), (149)

(Br,a(@)Ca,R(@)uv = (Cr,4(0)Da,r(2) v
— l (iqu qqu )

2 (q2 + 2ige @ — 2iq.e

(150)

(Cr,A(@)Ba,r(@)ur = (Dr,4(0)CA,R(Q)ur
: qudv quqy
2(q2 + 2igoe  ¢2 — 2iq,,e)' (151)

—

By calculating the traces of the tensors [#1¥, ¢#l¥ + l#¢”, and ¢#¢¥ with
projectors, we find

upv 2 q(27 uv q2 412—4,2, uv 2 puv uv
MY =m EEA @)+ | ——=4"(9) - ;B*" (@) | + 0" (K1), (152)

? 8
2
gt + kg = —qlTll"C“"(q) + O (kv), (153)
¢*¢’ = ¢*D**(g), (154)
g’ = (A*"(q) + B*(q) + D**(q)). (155)

The tensor O#” (k) is linear in k, and vanishes after integration over ¢. One
should observe that (152) to (155) are valid for an arbitrary (but the same
for B and D) R/A prescription, so we do not indicate it.

Using the multiplication rules one obtains

(9up — (1 — a)Dryp(q))
(faA?? + foB? + f.C*° + faD*°(9or — (1 — @)D asv(q))
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= 3 (fottr + 1B ~ - g0 + - 02 fa0F )

+% ( £ 427 + £y B — (1= ) £,C%° + (1 — a)? f,,D;"). (156)

It is important to observe that, owing to the properties of the mixed products
(147) to (151), the R/A assignment of F does not influence the final result!
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Exact Conservation of Quantum Numbers
in the Statistical Description of High Energy
Particle Reactions
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Africa

Abstract. Relativistic heavy ion collisions are studied taking the exact conserva-
tion of baryon number, strangeness and charge explicitly into account.

1 Introduction

In high energy particle collisions, the interaction volume is often very small
and large deviations can occur from the thermodynamic limit depending on
the beam energy. In some cases it may be easy to produce a pion since one
needs only 140 MeV for its rest mass, however, to produce an anti-proton one
needs at least twice the rest mass, 1.88 GeV and not simply 0.94 GeV, since
they can only be produced in pairs. The probability to produce anti-protons
therefore cannot simply follow the same law (e.g. a Boltzmann distribution)
as the production of pions. Fortunately, statistical mechanics provides us with
the tools to take into account constraints like baryon number or strangeness
conservation. This will be presented in these lecture notes.

Basically, if the system is large and hot, the corrections are negligible.
In Pb — Pb collisions at the CERN/SPS collider they are negligible because
the system is large enough but for p — p collisions at the same energy these
corrections are large and must be taken into account because the final system
is too small.

The main statistical concepts are presented in section 2. In chapter 3, a
statistical method for taking the exact strangeness conservation into account
is presented. This is applied in section 3.1 to describe the particle production
as observed at the GSI in Ni+Ni collisions. The exact treatment of quantum
numbers is extended to include the strangeness, baryon number and charge
in section 4. A comparison of numerical results with the AGS E802 data is
given in section 4.1. Finally in section 5, the generalization of the method to
arbitrary internal symmetry is reviewed.
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2 Quantum Statistical Concepts in Brief

Throughout this paper we follow the usual convention of natural units, so the
speed of light, Planck constant and Boltzmann constant have values ¢ = 1,
h =1 and k = 1, respectively.

All the physical information about a collection of particles is contained in a
density operator, 5. The average of an observable A in this statistical ensemble
is calculated as (A) = t!‘(ﬁfi), were A is a Hermitian operator corresponding
to the observable. Using the density operator, one defines the entropy of the
system considered as S = ~tr(pInp). In any system in nature, the entropy
is known to tend to its maximum, so one has to find a representation of the
density operator satisfying this condition. In thermodynamical equilibrium,
the average occupations of different quantum states do not change in time,
so 9p/6t = 0. The density operator satisfies the equation of motion of the
form i8p/8t = —(p, H], where H is the Hamiltonian of the system. Thus, the
thermodynamical, stationary density operator is diagonal in the basis formed
by Hamiltonian eigenstates.

The choice of constraints used in maximizing the entropy defines the type
of the statistical ensemble obtained. The closed system with fixed energy,
E, volume, V, and number of particles i, N;, is a microcanonical ensemble.
System in heat bath (the ensemble average of energy (E) = tr(pH), V and
N; are conserved) corresponds to canonical ensemble. Further, if we let the
particle number N; fluctuate such that the average tr(ﬁNi) is conserved, we
obtain a grand canonical ensemble.

Maximization of entropy using the canonical boundary conditions leads
to the density operator of the form p = e=?# /Z, where J is the inverse of
temperature T, and Z is the canonical partition function,

Z=tre PP = Ze_ﬁE‘(N). (1)
i

Here i labels the different quantum states in the system and E;(N) is the

eigenvalue of the N particle Hamiltonian. In the last step the trace is ex-

pressed in the basis of Hamiltonian eigenstates. Once knowing the correct

partition function, one is able to calculate the thermodynamical quantities

describing the system. For example, the average energy is (E) = T281n Z/8T.
Choosing the grand canonical boundary conditions yields

pe = e—ﬂ(H—uiNa)/ZG_
Here we have employed the grand canonical partition function,

Za(T, {\i}, V) = tre 8H-wla —TTS"aN zy, (2)

i N;

where \; = P is the fugacity of the particle species i and Zy, is the N
particle canonical partition function of the species i. Chemical potentials u;
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take care of particle number conservation in an average sense. In this work,

we are mainly interested in the mean particle numbers in the grand canonical

system, so we employ frequently the equation

=
‘]

In properly quantized, finite volume system the partition function is often
rather difficult to compute. In this work we never know the exact geometry
of the system, so we settle for a finite volume, V', sample of the infinite vol-
ume system. Thus, the summation over discrete quantum states in partition
function is changed to simple phase space integration over continuum. The
one particle canonical partition function of particle 7 is now given by

V [re -
Zh =gz | dppte VI, (4)

where g; is the spin degeneration factor, and m; is the mass of the particle
i. Using the previous result and taking care of the correct occupation of
quantum states, the grand canonical partition function can be written in the
form

(Ni) = N

Vv [*® i
In Zo(T,{\},V) =Y _gis— / dpp®ln [1 +n,-,\,-e-ﬂ\/"’+'"?]" ,  (5)
; 2w Jy
where 7 is the statistics factor: n; = 1 for fermions and 5; = —1 for bosons.
Now we can write the mean particle number as
vV [ [T -1
(N:) = !]i‘2_7r2'/ dpp? [’\i_leﬁ pmi 4 ﬂi] - (6)
0

In a rare gas (i.e. Boltzmann) limit, which is mostly applied here, we just put
the statistics factors 7; = 0 in particle numbers formula, or let the possible
occupation of one particle states be only one to obtain

InZg =Y N2} (7)
i

In the relativistic, multispecies gas, where the conservation of number of
distinct particles is not the main interest, we associate the chemical potentials
to conserved quantum numbers. Given that baryon number B, strangeness
S and electric charge Q are conserved averagely in a relativistic hadron gas,
the particle numbers (6) are

v [ S Oy [T -1
(Ni)‘—’yi-z-;z-/o dpp’® [(/\ﬁ‘ki‘z\g') tefVPiEm; +77i] , (8)

where B;, S; and @); are the quantum numbers of individual particle species.
The average net quantum number, say baryon number, is a sum over particle
numbers weighted by the chosen quantum number,

(NB) = EB‘(N‘)' 9)
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3 Exact Strangeness Conservation

Let us consider first a gas composed of neutral kaons and antikaons and
request that the overall strangeness be zero. The canonical (with respect to
strangeness) partition function is given by

oo o © 3 _
Zg—o = H (Z n_i!e—ﬁsin.') Z _ﬁi_!_e—ﬁs.‘n.‘ 611,(0,"70’ (10)

i=0 \n;=0 ;=0

where ¢; is the energy and n; the number of K%’s in the state denoted by 1.
The Kronecker delta ensures that the overall strangeness is zero: nxo —ngo =
Yoo (ni — ;) = 0. By including the 1/n;! and 1/7;! one gets the sums
over all distinct states. Replacing the sums over single particle levels by the
Boltzmannian momentum integrals and using the Dirac representation

- my = L [ dagiome I
(n—m)= 5= | doe (11)

of delta function, one obtains the following result
2

ZS_O = i da exp[L /°° dppze—ﬂ5K0+ia]
- 2r J, 272

xexp[2 2/ dppPePre~ "’], (12)

where o = /p? + mK2 . Applying the notation of single particle partition
function (4) gives
1 27 i .
Zs—p = o ), daexp (Z}(oe“’ + Zlfoe‘“’) . (13)

By expanding the exponentials in power series it is easy to perform the a
-integration to obtain

ZS-— Z (p|)2 (ZKO)p(Z_o)p (14)

p=0
This series converges to a modified Bessel function
Zs=0 = IO(2 Z}(o Zlﬁo)s (15)

which is generally defined by

8

—

I(z) =

; ( )2l+v. (16)
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The generalization of the calculation to a gas containing any particles ¢
carrying strangeness S; = 0, *1 is straightforward. For this case one obtains

1 27 . .
Zs—g = % daexp(/\flem +N—le_'a +N0)'7 (17)
0
where N, stands for the sum of single particle partition functions of particles
having strangeness S; = z:

M =z;(++z}(o+...+z;f+zlf+ +Z;_:.,+...
Noaa=Zg +200+.. .+ 23+ 23 + 250 + ... (18)

M =2 +2W+Z +Z2)+... + 2+ 25 +...

In this case, where the strangeness is being treated canonically and the baryon
number and electric charge grand canonically, the Boltzmannian one species
partition function is

e V[ e
Zs‘=/\§‘f\3'9*§F/0 dpp’eVEHT, (19)

Performing the power expansion of the exponentials and the integration in
eq. (17) we are left with

o0

Z§—g = ZO Z ;)%(NIN_I)" = ZOIO(2 \% MN—l)y (20)

p=0

where Zj is the grand canonical partition function for particles having strangeness
zero. To calculate the average abundances of particles, we substitute the fic-
titious strangeness fugacity and derive

6 ln ZS:O

(Niy= X\ o

) (21)
As=1

S;
y — 71 , M ’ IS{(ZV:GIJU—-I)
(Ni) - Zz ( N—l I0(2\/N1N_1) . (22)

Each term in the sum of eq. (20) is the product of a strangeness plus one
and a strangeness minus one particle and one sees the exact strangeness
conservation explicitly at work. Due to the strict conservation, the number
of strange particles increases nonlinearly with volume, which is illustrated in
Fig. (1). The method used above and the expression of the partition function
Zg=g indicate that to impose the strict strangeness conservation, one projects

which gives
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s
=

1 N

0 5 10 15 20
X=2 /NN jxV

o 1

Fig. 1: Nonlinear volume dependence of strange particle abundances in canonical
treatment (see eq. 22) compared to grand canonical case (X = 1).

the grand canonical partition function Zg(T, A, A, As) onto the state with
strangeness S,
1 2 X
Zs =5 | dae™ZG(T, s, A, As), (23)
0
where the fugacity factor Ag has been replaced by
As = €i*. (24)
The partition function for a gas containing particles with strangeness
S; =0, £1, +2is given by

Z 27 . . .
Zs = ﬁ/ dae "5 exp[M1e** + N_je~® (25)
0
+N=o(Ape ™% + X5'€?) + Nz-(ApAgle 2 + 25! AQeiza)] ,

where the sums Nzo and Nz~ include also the heavier resonances carrying
the same quantum numbers, as the NMy; do. Using the generating function
for modified Bessel functions I, defined by

oo

P 1V\] _

exp{i (t + ;)} = Y Lipt (26)
V=—00

and expanding again the exponentials in power series we obtain

Z o —1 — —i2ma
Zg = ﬁ /0 dae ™ Y~ [,(2Nz0)AFe~ P (27)

m==—00
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X > N | )
x Y L(2Nz-)ApAgte2rey " ;!Nfe""’ 3 aNﬂle"q".
n=-—o0o p=0 g=0

Carrying out the integration and rearranging the summations the result can
be expressed in terms of I, -functions:

Zs=12Zy Y, In(@N=oE Y L(2N=-)ABA"

m=—00 n=—oo

STH—
p=0p! (-S+p-2m - 2n)!

() S (e

=% Y In(NzXE 3 L2325

m=—00 n=—oo

N S+2m+-2n
x (‘ /J\Tll ’ Isizmian(2/ MNy). (28)

Using the same techniques the result can be generalized to the case, where
the 2 -like hadrons (S; = £3) are included as well:

) -'§+m+n

Zs =20 ), In(Nzo)g Y In(2N=-)ABA5"

m=—od n=-—0oo

X Z I (2NQ— )’\‘BA5’

I=~—00

IV S+3142m+2n
X (\ ’ ATII) IS+2m+2n+3l(2\/Nl K7—1)~ (29)

The mean number of hadrons ¢ with strangeness S; in the system becomes

—S:
_ 1Zs-s; M
(N;) = Z; 7s (\,A—f__:) . (30)

The modified Bessel functions decrease quickly with increasing absolute value
of their indecies, so the numerical evaluation of mean particle numbers is not
cumbersome.

3.1 Application of Zg

In a recent paper [1] we have analysed the particle production in GSI SIS
Ni+Ni experiments. We addressed especially the abundance of kaons who
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can not be described by hadronic gas model in its standard form. Although
the size of the Ni system is relatively large the corrections due to exact
strangeness conservation turned out to be crucial at low temperatures, T' <
100 MeV, involved. At these temperatures the width of resonances had to be
taken into account. A summary of our results for particle ratios is presented
in table 1.

Table 1: Particle ratios given by present model compared to experimental results.
The best fit value, ug = 0.72 GeV, for the baryon chemical potential is used.

Ratio |Model Data

R=421fm R=3fm

T = 65 MeV 75 MeV T = 65 MeV 75 MeV [ratio ref.
K¥ /K~ [25.7 224 239 211 [21%9 2]
K*/m*10.0071 0.0339 0.0027 0.0132 |0.0074 + 0.0021 [3,6,9]
¢/K~ |0.103 0.082 0.276 0.212 0.1 (71
nt/n~ [0.893 0.895 0.894 0.898 (0.89 (8]
n/7° |0.008 0.015  0.008 0.015 [0.037 £0.002 [5)
nt/p 0.225 0.247 0.224 0.246 [0.195 +0.020 [9,8]
7°/B  |0.104 0.108 0.104 0.107 10.125+0.007 [5)
d/p  (0.129 0.188 0.129 0.188 0.26 [9]

The measured hadronic ratios with corresponding errorbars are described
as bands in the (T, ug) plane as shown in Fig. 1. The intervals of temperature
and of chemical potential

T =70+ 10MeV
4B = 720 &+ 30MeV

give a good fit to the data. The freeze-out radius of R ~ 4 fm was extracted
from the volume dependence of the ratios Kt /#+ and ¢/K ~.

4 Exact Baryon, Charge and Strangeness Conservation

In the case of three exactly conserved, additive quantum numbers we start
from the single particle partition function of particle 1,

vV [ A
Zi= Zg"ﬁ/o dppze ﬂsJ(sBin;‘st,Q-"sSi,Si- (31)
i

Making use of the integral representation for § -functions and the overall
conservation constraints

Y Bi=B, > Qi=Q, Y. S5=5, (32)
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0.12 T T T " T
K'/K 2119
KK 21 <
K*/x* 0.0074+0.0021 -~
01 /K 0.1 -

r*/p 0.195+0.020 -

0.08 i
>
g
=
0.06 R=42fm A
BR2Q=1.04
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0.02 1 L L 1
0.6 07 0.8 09 1 1.1

g [GeV]

Fig. 2: Curves in the (gs,T) plane corresponding to the hadronic ratios indicated.
The interaction volume corresponds to the radius of 4.2 fm, and the isospin asym-
metry is B/2Q = 1.04.

the resulting integral corresponds to a projection of the grand canonical par-
tition function onto the desired values of B, Q and S:

27

ZB s = —}—-— dwe-iB¢ /2” d¢e"iq¢ i dae—isa
@ (2m)3 Jo 0 0
XZG(T, )\B,)\Q,/\s). (33)
Here the fugacity factors have been replaced by
Ap=¢€", Ag=¢? Asg=¢e" (34)

As the contributions always come pairwise for particles and antiparticles, the
fugacity factors will give rise to the cosine of the corresponding angle. It is
useful to group the particles according to their quantum numbers. Leaving
out charm, bottom and S; > 2 particles we are left with ten categories which
will be labeled by their particle content. For instance, Ao stands for the
sum of one particle partition functions of neutral strange and antistrange
mesons (K°, fo, K*°, _K—*O, ...), Nk. stands for charged strange mesons
(K+, K—, K**, K*~, ...), and N, stands for all neutral hyperons and
antihyperons. With these notations the partition function can be rewritten
in the form

2 2
Z B dypeBY ” dge 199 " dae—iSa (35)
BQS™ @n) Jy ) 0
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x exp{2/N;, cos 9 + 2Ny cos ¢ + 2N ko cosa + 2Nk cos(¢ + a)
+2Np cos(tp + @) + 2N a- cos(ip — @) + 2N 4++ cos(yp + 2¢)
+2MN4 cos(tp — a)
+2Ng+cos( + ¢ — a) + 2Ng-cos(yy — ¢ — a)}.
The integration above can not be done directly due to cosine terms of mul-
tiple angles. To circumvent this difficulty, we introduce a new angle whenever

more than one appears. For example, in the term involving A, we introduce
an intermediate angle £ in the following way

2T o 1 i i
= ) = — iv(Y+9—£)
1 A dés(v +¢—¢) E 5 /0 dée . (36)

Vy=—00

The application of the integral representation of the modified Bessel function,
1 w
I(2)= - / dw e* ¥ cos nw, (37)
0

allows one to write the partition function in the form

7 oo
ZB,q,s(T,V) = Z, (H > )

v=1n,=—00
X I_Bing+ngtnatnstnetns (2Nn)
X I_Q+ny+ny—ng+ns—ne+2n7 (2Nre) (38)
X I_S4ny—ns—ng—ne (2NK°)
X In, (2NK“)Iﬂ2 (wp)lna (ZNA‘ )
X In, (2NA)In5 (2Nz+ Mne (ZNE’ Mn, (2N a++).

The differentiation of eq. (33) for particle abundances yields the result

ZB_B. 0-0;.5—§;
B,Q.S

The evaluation of the canonical partition function with three simultane-
ously conserved quantum numbers becomes numerically very time consuming
for large values of B. So far, for systems with B > 20 we have been forced to
resort to the grand canonical treatment.

4.1 Application of Zg g s

In order to compare our numerical results with the E802 experimental data
shown in Table 2, we estimate the baryon number and charge of the exper-
imental system via geometrical considerations. Letting Rp and Rr be the
radius of a projectile and target nucleus respectively, we assume that the
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radii are directly proportional to the cubic roots of the mass numbers Ap
and At of the interacting nuclei. In the case of central collisions the interac-
tion region is taken to be a cylinder of radius Rp, length 21/R2 — R% plus,
two remaining spherical segments at the ends of the cylinder with Ry as
the radius. We find the total number of participating nucleons (or, baryon
number, B) and the total charge @ to be

i 2v3
Ap\*
B=A A 1-|1—-|— 40
P+ Ar - (AT)J (40)
- 4 a1t
Q=Zp+2Zr{1- 1—(—5) (41)
Ar ]

respectively.

The comparison of our numerical results with the E802 data (Table 2)
of the K+ /nt and K~ /n~ ratios as functions of the size of the system or,
equivalently, B are shown in Fig. 3. In the upper figure we observe that the
theoretical curve for B/2Q = 5/6 approximates the K+ /x* data best. The
theoretical curves lie systematically above the data but drop closer as B/2Q
decreases towards the collision value. The effect of the isospin asymmetry of
the system is seen also in the K~ /7~ data comparison. As the ratio B/2Q
approaches the collision value the theoretical curves begin to approximate
the data more closely.

Table 2: Experimental results reported by the E802 collaboration. B and Q are
calculated using equations 40 and 41.

Collision K¥]nT [Ref. [K /x [Ref.| B | Q
p+ Beg 7.820.4% |[11,12]|2.0£0.2%|[11][ 3.9 | 2.3
p+ 2Aly 9.9+0.5% | [12] 5.4 {3.1
P+ °Cues 10.8+0.6%)| [12] 6.9 | 3.7

p+ PAuygr 12.5+0.6%([11,12]2.8+0.3%([11]| 9.7 | 4.5
1 8iss + Au1e7|18.240.9%/| [11] |3.240.3%[11]{102.7{44.0
19.2+3% | [13] [3.6+0.8%]|[13]

5 Generalization of the Projection Method

In this section, we review the projection method generalized to arbitrary
internal symmetry of the system in addition to U(1) of strangeness and U (1) x
U(1) x U(1) of baryon number, electric charge and strangeness. For complete
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0.22F T T T T
0.2 T = 100 MeV, B/V = 0.04 fm—? 7
0.18 L .............................. .
o I i O
SO0 e i
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. 0.12f .
+ Canonical, Bf2Q =1 —
X g1 Canonical, B/2Q = 5/4 ++ -+ -
Canonical, B/2Q = 5/6 —
0.08 TD limit, B/2Q =1 = = |
0.06 TD limit, B/2Q =5/4 - - _
Experiments +—
0.04 1 1 1 1
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B
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.S o0.03f i
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B

Fig. 3: Thermal model expectations for the production ratios K+ /x% and K~ /x~
at a temperature of 100 MeV and a baryon density of 0.04 fm~3 compared to
experimental results from the Brookhaven AGS. The experimental ratios from Si—
Au collisions (B ~ 103) is moved to B = 21 for the sake of convenience.

derivation, see the original texts of Turko, Redlich and Hagedorn [14]. The
general method is suitable for non-abelian symmetries, such as SU(2) of
isospin [15] or angular momentum [16], and SU(3) of color [17] as well.

If the system is exactly symmetric under the operations of internal sym-
metry group G, the corresponding group generators (Jx have the same eigen-
states as the Hamiltonian. Thus

H,Q)=0, k=1,...,n, (42)

where n is the number of parameters in the group. Let us define the generating
function Z as Z = tr[U(g)e PH), where U(g) is an unitary representation of
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the group. With the aid of irreducible presentations of U, this decomposes to

X (y)
Z T (43)

Here we used a character x”(g) and the dimension d(») of an irreducible
presentation U¥(g), and the corresponding canonical partition function Z,.
Using the orthogonality of characters,

/W@?@V@=wu (44)

we may compute the canonical partition function once we know the generat-
ing function:

m:aw/w@r@z (45)

Further investigation of the generating function reveals that

Z =trexp (—ﬂff +1 Z Qk’Yk)

k=1
oo d(v) r
= H II Zexp [n (-—ﬂEj +1 Z q,(cp)"r’k)jl . (46)
j=1p=1 n k=1

In the last step, we have expressed the trace in the basis of n -particle Hamil-
tonian eigenstates. The q(’J ) are the conserved charges, and the y; are the
variables of the Cartan subgroup of the group G of rank r. Eq. (46) resem-
bles the grand canonical partition function, and is actually obtained from it
by the Wick rotation: Su; — —iv;.

As an example, let us choose the internal symmetry of the system corre-
spond to U{l)g, X -+ x U(1),,, where the ¢; are the conserved charges. The
character of U(1),, is €7, so the character of the direct product group is
exp(i )i, ¢i7:)- The canonical partition function respecting the exact con-
servation of charges g; has now the form

1 2w 20
Zgq. (T, V) = W | dy - A dv,

r
X exp [—’l Z q;")'i] Z(T, ‘/s My 171‘)' (47)
i=1

The special cases, Zs and Zp q,s for a Boltzmannian hadron resonance gas
are considered in previous sections.
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6 Summary

The particle abundances have been computed in the canonical formalism us-
ing the formulation for the exact conservation of baryon number, strangeness
and charge in the thermal model of particle production. A good agreement
with the experimental data of GSI Ni+Ni collisions and of E802 collaboration
in p — A collisions was reported.

The good agreement with chemical equilibrium does not mean that the
particle spectra should follow exactly a Boltzmann distribution since the
momenta of particles can be severely affected by flow. As an example, a
model with Bjorken expansion in the longitudinal direction will still have its
particle ratios determined by Boltzmann factors even though the longitudinal
distribution is nowhere near a Boltzmann distribution [18].
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