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Preface

This school, “Internationale Universitatswochen fir Kern- und Teil-
chenphysik”, was founded in 1962. Our insight into details of the zoo
of elementary particles has changed considerably since then, as has
our notion of what an elementary particle may be. Some particles
have been called elementary, like the hadron, but now we understand
them in terms of building blocks, the quarks and gluons. Some of
them — the leptons — are still considered elementary. The invited
lectures at the school were intended to survey methods predicting
properties of elementary particles. Today’s wisdom does not allow
us to compute ab initio all properties of particles like leptons and
quarks. However, our understanding of the standard model and in
particular of QCD has reached a state where many features can be
computed from the theory with little further input, at least to some
approximation. At the same time we wanted to present a summary
of the state-of-the-art knowledge about these quantities from the
phenomenological point of view.

Some lectures were about the lattice approach to QCD: Christine
Davies lectured on the heavy hadron spectrum and NRQCD, Rainer
Sommer on the QCD running coupling constant, Don Weingarten
on algorithms and the QCD spectrum. Ling-Fong Li talked about
the proton spin and the chiral quark model, Serguey Petcov covered
neutrinos, and Fabio Zwirner lectured about supersymmetric exten-
sions of the standard model. Finally Peter Zerwas presented a review
of Higgs physics.

We thank all lecturers for their efforts at the school. Unfortu-
nately, the editors had to wait a considerable time for some of the
contributions and we want to apologize to the other lecturers and to
the readers for this delay. We are grateful to the series editor for his
patience!
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We want to express our thanks to the lecturers and participants
for the stimulating atmosphere at Schladming. We also thank our
principal sponsor, the Austrian Ministry of Science and 'Traffic; we
were generously supported by the Government of Styria. Helpful sup-
port and assistance came from the town of Schladming, the Wirt-
schaftskammer Steiermark (Sektion Industrie), Steyr-Daimler-Puch
AG Graz, Mercedes-Benz AG Graz and Minolta-Austria GmbH,
Graz. It takes many people to run such a meeting: We thank our
colleagues and students for their help.

Graz, C. B. Lang (Director of the School)
May 1998 H. Gausterer (Scientific Secretary)
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The Heavy Hadron Spectrum

Christine Davies

Department of Physics and Astronomy, University of Glasgow,
Glasgow, G12 8QQ, UK

Abstract. I discuss the spectrum of hadrons containing heavy quarks (b or ¢), and
how well the experimental results are matched by theoretical ideas. Useful insights
come from potential models and applications of Heavy Quark Symmetry and these can
be compared with new numerical results from the ab initio methods of Lattice QCD.

1 Introduction

The fact that we cannot study free quarks but only their bound states makes
the prediction of the hadron spectrum a key element in testing Quantum Chro-
modynamics as a theory of the strong interactions. This test is by no means
complete many years after QCD was first formulated.

The ‘everyday’ hadrons making up the world around us contain only the
light u and d quarks. In these lectures, however, I concentrate on the spectrum
of hadrons containing the heavy quarks b and ¢ (the top quark is too heavy to
have a spectrum of bound states, see for example Quigg (1997a)) because in
many ways this is better understood than the light hadron spectrum, both ex-
perimentally and theoretically. The heavy hadrons only appear for a tiny fraction
of a second in particle accelerators but they are just as important to our under-
standing of fundamental interactions as light hadrons. In fact the phenomenology
of heavy quark systems is becoming very useful; particularly that of B mesons.
The study of B decays and mixing will lead in the next few years, we hope, to
a complete determination of the elements of the Cabibbo-Kobayashi-Maskawa
matrix to test our understanding of CP violation. CKM elements refer to weak
decays from one quark flavour to another but the only measurable quantity is
the decay rate for hadrons containing those quarks. To extract the CKM element
from the experimental decay rate then requires theoretical predictions for the
hadronic matrix element. We cannot expect to get these right if we have not pre-
viously matched the somewhat simpler theoretical predictions for the spectrum
to experiment.

Here I will review the current situation for the spectrum of bound states
with valence heavy quarks alone and bound states with valence heavy quarks
and light quarks. The common thread is, of course, the presence of the heavy
quark, but we will nevertheless find ‘a very rich spectrum with plenty of variety
in theoretical expectations and phenomenology. A lot of the recent theoretical
progress has been made using the ab initio techniques of Lattice QCD. These are
described elsewhere (Weingarten (1997)) along with recent results from Lattice
QCD for the light hadron spectrum.
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Quark model notation for the states in the meson spectrum will prove useful
(baryons will not be discussed until section 3). The valence quark and anti-quark
in the meson have total spin, S = 0 or 1, and relative orbital angular momentum,
L. The total angular momentum, which becomes the spin of the hadron, J =
L + 8. The meson state is then denoted by n25+1L; where n is the radial
quantum number. n is conventionally given so that the first occurrence of that
L is labelled by n=1 (i.e. n+1 is the number of radial nodes). L = 0 is given the
name S, L = 1, the name P, etc. To give JF¢ quantum numbers for the state
(the only physical quantum numbers) we need the facts that P = (~1)F+1 and.
for C eigenstates, C = (—1)£+S. In Table 1 a translation between *5*'L; and
JFC is provided.

25+1LJ JPC
ISO 0—+
361 17~
1P1 1+—
SPO 0++
3Pl 1++
3P2 2++

Table 1. J7¢ quantum numbers for quark model S and P states

The ordering of levels that we see in the meson spectrum ( The Particle Data
Group (1996)) is generally the naive one i.e. that for a given combination of quark
and anti-quark adding orbital or spin momentum or radial excitation increases
the mass. This is clearer for the heavy hadrons since, because of their masses
and properties, the quark assignments are unambiguous. For heavy hadrons it is
also true, for reasons that I shall discuss, that the splittings between states of the
same L but different S are smaller than the splittings between different values
of L or n. To separate this fine structure from radial and orbital splittings it is
convenient to distinguish spin splittings from spin-independent or spin-averaged
splittings. Spin-averaged states are obtained by summing over masses of a given
L and n, weighting by the total number of polarisations i.e (2J + 1). Examples
are given below - they will be denoted by a bar.

In Section 2 I begin with the phenomenology of mesons containing valence
heavy quarks, the heavy-heavy spectrum. I shall discuss potential model ap-
proaches to predicting this spectrum as well as more direct methods recently de-
veloped in Lattice QCD. Section 3 will describe heavy-light mesons and baryons,
both from the viewpoint of Heavy Quark Symmetry ideas and from Lattice QCD,
using techniques successful in the heavy-heavy sector. Section 4 will give conclu-
sions and the outlook for the future.



The Heavy Hadron Spectrum 3

2 The Heavy-Heavy Spectrum

Figure 1 shows experimental results for b and c¢ bound states (The Particle
Data Group (1996)). They have been fitted on to the same plot by aligning
the spin-average of the 13F, ; » states (x» and x.). The spin-average x mass is
defined by

M(D) = 5 [MCP) + 3MCR) + 5MCP)] )

and this has been set to zero in both cases. The overall scale of bb meson masses
is much larger than for ¢€ but we see that this simply reflects the larger mass of
the b quarks. The lightest vector state for bb is the 7" produced in eTe™ collisions
with a mass of 9.46 GeV. Its radial excitations are known as 7 or Y(25), T or
Y(3S) and so on. The radial excitations are separated from the ground state by
several hundred MeV. For ¢¢ the lightest vector state is the J/1 or ¥(15) and
this has a mass of 3.1 GeV. Its radial excitations are the ¥’ or ¥(25) and so on.
Since the scale of Figure 1 spans 1 GeV it is clear that the splittings between
states in both systems are very much smaller than the absolute masses of the
mesons.

[MeV] L b T(48)
F Xp(2P)
Tc ¥(3770)
= 1(28) Y(R5)
B ﬂn(gs_) X (1P)
0 LUp) X2 n (1P
F (1S I
—500 — 2:(19)
g | — 1 —_— —
S—states P—states

Fig. 1. The experimental heavy-heavy meson spectrum relative to the spin-average of
the x5 (1P) and x.(1P) states (The Particle Data Group (1996)).

It is also clear from Figure 1 that the radial excitations of the vector states
in the two systems match each other very closely. In fact so closely that the
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(3770) which has vector quantum numbers cannot be fitted into a scheme of
radial excitations of the v system. It is thought to be not an S state but a D
state (Rapidis et al (1977)). No bb D candidates have yet been seen).

The matching of radial excitations is even better if we consider spin-averaged
S states,

M(3) = ;li [M(*S0) + 3M(Sy)] )

The 1Sy state has only been seen for c¢¢ and is denoted 7. The 7.(15) lies below
the vector state by 117 MeV and so the spin-average lies one quarter of this
below the J/1. As we shall see, this spin splitting in the bb system is expected
to be much smaller. If we take a reasonable value for M (Y) — M (ms) of 40-50
MeV (see later), we would find the 15 levels on Figure 1 to be aligned to within
10 MeV despite a difference in overall mass of a factor of 3. Similar arguments
apply to the alignment of the 25 levels, although the agreement achieved there
is not quite as good.

The spin splittings within the y,(1P) states (X0, Xb1, Xs2) are much smaller
than those within the x.(1P) states, so that the spin splittings do depend on
the heavy quark mass, mg), quite strongly. For example, we can take the ratio
for 1P levels:

M(xp2) = M(xp0) _ 53MeV

M(xe) = M(xe0) 141MeV
Naively this looks very similar to the ratio of b and ¢ quark masses if we take
these to be approximately half the mass of the vector ground states. 1" and
J/v. Then m./m ~ 0.33. This might imply a simple 1/m¢ dependence for spin
splittings. However, the ratio between bb and ¢ does depend somewhat on the
splitting being studied, indicating a more complicated picture. We have :

M (xs1) — M(xs0)
M(Xcl) - M(XCO)

=0.38(1). (3)

= 0.34(2), (4)

and
M(sz) — M(Xm)

M(xe2) = M(xe1)

The arrows shown on Figure 1 mark the minimum threshold for decay into
heavy-light mesons, BB for bb and DD for ¢¢. Three sets of S states and two sets
of P states have been seen below this threshold for b and two sets of S states
and one set of P states for ¢¢. Another set of P and two sets of D states are
expected for bb (Eichten (1980), Kwong and Rosner (1988)). The states below
threshold are very narrow since the Zweig-allowed decay to heavy-light states
(see Fig. 2) is kinematically forbidden and they must decay by annihilation. This
carries a penalty of powers of the strong coupling constant, a,(Mg). These are
then the states that we will concentrate on, because they can be treated as if
they are stable (and none of the approaches which we will discuss allow them
to decay). Vector states above threshold can still be seen in the ete™ cross-
section as bumps but they are much broader and the theoretical understanding

=0.47(2). (5)
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hi

hh

hl

Fig. 2, Decay of a heavy-heavy meson to heavy-light mesons above threshold.

of their masses requires a model for the inclusion of decay channels in the analysis
(Eichten et al (1978), Ono et al (1986)).

How can we understand the heavy-heavy spectrum below threshold? The
fact that all the splittings are very much less than the masses, noted above, is
critical. It implies that dynamical scales, such as the kinetic energy of the heavy
quarks, are also very much less than the masses i.e. the quark velocities are
non-relativistic, v> « ¢®. Typical gluon momenta will be of the same order as
typical quark momenta, mqv. Thus typical gluon energies, mgv, are very much
larger than typical quark kinetic energies, mgu? (Thacker and Lepage (1991)).
The gluon interaction between heavy quarks will then appear ‘instantaneous’. It
can be modelled using a potential and energies found by solving Schrédinger’s
equation. In the extreme non-relativistic limit of very heavy quarks the spin
splittings vanish. This was noticed above in the relation between b6 and cC split-
tings and will be discussed in more detail later. In this limit we need only a single
spin-independent central potential to solve for the spin-averaged spectrum of S
and P states defined above. For a recent review of the history of the heavy quark
potential see Quigg (1997b).

2.1 The Spin-Independent Heavy Quark Potential

Perturbation theory for QCD gives a flavour-independent central potential based
on l-gluon exchange, which has a Coulomb-like form,
Vi =-3% (©)
r
where 7 is the radial separation between the two heavy quarks and a, is the
strong coupling constant. The Coulomb potential cannot be the final answer
because it would allow free quarks to escape. In addition it gives a spectrum
incompatible with experiment in which the 1P level is degenerate with 25.
For a potential of the form V ~ 7V with 2 > N > 0 we have a 1P level
below 25, as we observe, and a 1D level above 25 (as we see for charmonium}).
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So, the addition of some positive power of 7 to the Coulomb potential can rescue
the phenomenology (Grosse and Martin (1980)). The additional term is usually
taken to be linear in r and thought of as a ‘string-like’ confining potential. This
gives the simple Cornell potential of Eichten et al (1975):

V(r) = -%?T—s +or (7

with o called the ‘string tension’. This can reproduce the observed spectrum
reasonably well. Other successful forms for the heavy quark potential are the
Richardson potential (Richardson (1979)):

2
1% — 3 __igqr as(q ) 8
)= [ daerr Sl Q
in which a running strong coupling constant is included with non-perturbative
behaviour at small ¢2 (see also Buchmiiller and Tye (1981)), and the Martin
potential (Martin (1980), Grant, Rosner and Rynes (1993)):

V(r) = Ar¥ with v = 0. (9)

This last form, essentially a logarithmic potential (Quigg and Rosner (1977)),
has no QCD motivation but is simply observed to work. All three potential
forms can reproduce the bb and ¢ spin-averaged spectra reasonably well if the
parameters are chosen appropriately. When this is done it is observed that the
potentials themselves agree in the region r ~ 0.1 — 0.8 fm in which the /(r?)
for the bound states sit (Buchmiiller and Tye (1981)).

It is interesting to compare the dependence of the energies of the states on
the mass of the heavy quark, mg, in different potentials. This can be done
for homogeneous polynomial-type potentials easily (see, for example Quigg and
Rosner (1979), Close (1979)). Schrédinger’s equation for the wavefunction ¥ is:

22
{—h2z + V(r)} Y{r) = B¥(r). (10)

E is the energy eigenvalue and p, the reduced mass, mg/2 for the heavy-heavy
case. For V = Ar™ we can reproduce the same solution at different values of
mgq if we allow for a rescaling r — Ar. With this rescaling in place

{-1*V2 + A2uAN T2 N P (Ar) = 2uNEW (). (11)
The same solution (with rescaled r) will occur for different values of mg if
Ao pV/GEN) (12)
This gives a solution for E which varies as

E ocmgN/ ) (13)
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The values of E (and therefore splittings) will then be independent of mg, as
observed approximately, for N = 0. This corresponds to the Martin potential.
The same result can be achieved by mixing N = 1 and N = -1 in the Cornell
potential. Note that the Feynman-Hellmann Theorem guarantees that bound
states fall deeper into the potential as the mass increases, 9E/du < 0 (Quigg
and Rosner (1979)). For N > 0, E falls with mg; for N < 0, E increases in the
negative direction.

The Virial Theorem is helpful in extracting some dynamical parameters. It
relates the mean kinetic energy to the expectation value of a derivative of the
potential (see for example Quigg and Rosner (1979)):

() = 520 a4)

for homogeneous potentials. For N ~ 0 i.e. V ~ logr we get K = a constant.
Since

K=F (15)
2u
this tells us that
P*) < (16)
and
V2 = _ 2K)my (17)

(m1 + mz)ml

for a meson made of different quarks of masses m; and ms. vy, is the velocity
of the quark of mass m; in the bound state. From fits using potential models a
value of (K) of 0.37 GeV is found (Quigg and Rosner (1979)), giving

’U2
cin ¢, = ~0.24,

’1)2
binY, — ~0.07.
C

The quarks are non-relativistic as we originally expected. For the logarithmic
potential we also have the result that v? is independent of the radial excitation.
For a Coulomb potential (p?) decreases with increasing n, whereas for a linearly
rising potential, (p?) increases with increasing n.

Potential model calculations of the bottomonium and charmonium spectra
are reasonably successful. See Eichten and Quigg (1994) for a recent exam-
ple, whose results are plotted in Figure 3. These include not only the central
(Richardson) potential discussed here but also (perturbative) spin-dependent
potentials to be described in section 2.2 to get spin splittings. In Eichten and
Quigg (1994) parameters of the potential were fixed from a subset of states in
the experimental ¢ spectrum. Typical deviations from experiment for the rest
of the ¢z spectrum were 30 MeV; typical deviations in the bb spectrum were
25 MeV. Since the b quark is significantly more non-relativistic in its bound
states than the ¢ quark one might expect to get better agreement for the bb
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T(4S)
[MeVv][ S
500 - ras ¥(38),
o 28 per)
r(m% ¥(3770)
¥(2S)
t _(D).T = 'n;%zs) (17)
o - X(1P)
0 200 pap) L A
(18} _J[g .
-500 P ‘”z"s) _175&_15')
- L —J
S—states P—states

Fig. 3. The heavy-heavy meson spectrum from a recent Richardson potential model
calculation (Eichten and Quigg (1994)). Circles and bursts show the calculated masses
relative to the spin average of the x:(1P) and x.(1P) states and the solid and dashed
lines show experiment results, where they exist.

spectrum using fitted parameters from that system. However, agreement for the
¢€ spectrum would then be worse. In either case it is necessary to fit the param-
eters of the phenomenological potential from some experimental information.
Instead, the central potential V' (r) can be extracted from first principles using
the techniques of lattice QCD.

In the mg — oo limit the heavy quark is static. Its world line in space-
time becomes a line of QCD gauge fields in the time direction. In Lattice QCD
we break up space-time into a lattice of points and represent the gauge field
by SU(3) matrices, U (Weingarten (1997), Montvay and Miinster (1994)). The
static quark propagator then becomes a string of U matrices, as in Figure 4.

Fig. 4. The world line of a heavy quark on the lattice.
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We can put a quark and antiquark together and join them up into a closed,
and therefore gauge-invariant loop, called a Wilson loop (Figure 3). The value
of the Wilson loop can be measured on sets of gauge fields {U} where a gauge
field is defined on every link of the lattice. These are called configurations. The
physically useful quantity is the matrix element of the Wilson loop between vac-
uum states and this is obtained by averaging values of the Wilson loop over an
ensemble of configurations where each configuration has been chosen as a typical
snapshot of the vacuum of QCD. To obtain such an ensemble we must gener-
ate configurations with a probability weighting e™52c¢? and there are standard
techniques to do this (Weingarten (1997), Montvay and Miunster (1994)).

Tr{R‘ }

Fig. 5. A Wilson loop. The Trace is over colour indices.

The expectation value over such an ensemble of gauge fields of a Wilson loop
of spatial size R is related to the heavy quark potential V(R). This is because
the ensemble average is a Monte Carlo estimate of the path integral giving the
matrix element of the operator which creates and destroys a static heavy quark
pair at separation R on the lattice. The matrix element becomes exponentially
related to the ground state energy of the quark anti-quark pair as the time extent
of the Wilson loop, 7, tends to infinity. Since R is fixed, and the quarks in this
picture have no kinetic energy, this is simply the potential V' (R) plus an additive
self-energy contribution.

[/ DUWilson Loop(U)e~5e¢®
[ DUeSacr
OI[%" (0)x! (R)]e=0[t(0)x(R)]e=|0)
Tope |(0]|¢(0)x (R)|ground state) lze_ET + higher order terms
E = Viat(R) = V(R) + constant.

How is the calculation done? Once the ensemble of gauge field configura-
tions has been generated, Wilson loops of various different sizes in R and T are

{Wilson Loop)

(18)

I
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measured and average values of W(R,T) obtained. There is a statistical error
associated with the number of configurations in the ensemble, i.e. how good
an estimate of the path integral has been obtained. For a fixed R, W(R,T) is
fitted to the exponential form above in the large T limit, extracting E. Away
from T = oo higher order terms should be included in the fit which are ex-
ponentials of excitations of the potential. There are a nurnber of techniques to
improve the values of E obtained, both the statistical error and any systematic
error from fitting to an exponential form (see, for example, Bali, Schilling and
Wachter (1997a)). Several of the techniques are similar to those used in direct
calculations of the spectrum and are discussed in section 2.3.

Once Viqi:(R) is obtained it can either be used directly or a functional form in
terms of R can be extracted to inform the continuum potential model approaches
described above. The functional form usually used is that of the Cornell potential
with e = 4a,/3 and an additive constant, V_:

Viatt(R) = oR — % + V.. (19)
The fit then yields the parameters o, e and V.. e is generally taken as a constant,
although it is possible to determine the running coupling constant a(R) from
the short distance potential (UKQCD (1992b)). Often the running is mimicked
by keeping e constant and adding an additional term, f/R2. This affects slightly
the value of e obtained, as does the range of R included in the fit. A Martin form
plus a constant, equation 9, does not fit Vi, (Bali, private communication).

It is important to remember that Vs, being obtained from the lattice, is
measured in lattice units. To convert to dimensionful units of GeV we need to
know the lattice spacing, a. This requires one piece of experimental information
(see below). The separation, R, is also measured in lattice units, corresponding
to a physical distance r = Ra in fm. Thus the continuum potential V' is obtained
by

V(r = Ra) = Viau(R) x a™} . (20)

However this expression should contain on the r.h.s. only the physical pieces of
Viet: and not V.

V. is an unphysical constant which resets the zero of energy. It arises from
corrections to the static quark self-energy induced by gluon loops sitting around
the perimeter of the Wilson loop. These give a contribution to the logarithm of
the Wilson loop proportional to its perimeter, V. (2R + 2T)/2. Thus the term V.
appears as part of Vjq. In perturbation theory V, is a power series in the coupling
constant a,, starting at O{a,), but is otherwise a constant in lattice units. From
equation 20, its contribution to the continuum potential diverges on the approach
to the continuum limit, ¢ — 0, and it should be subtracted from Vi before
equation 20 is applied. Another way to look at this is to notice that the heavy
quark potential on the lattice is forced to zero at zero separation, Via::(0) = 0,
when the Wilson loop collapses to two lines on top of one another. Because the
U matrices are unitary we get (WilsonLoop) = 1 = ¢°. However, the continuum
potential diverges in Coulomb fashion at zero separation so that V'(0)a # 0. The
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physical pieces of the lattice potential will reproduce the continuum behaviour so
to get Vias(0) = O will require an additive constant to shift the whole potential
upwards. This is V.

[V(r)-V(rglro

0.5 1 1.5 2 2.5 3
1/rg

Fig. 6. The heavy quark potential obtained from the lattice at two different values of
the lattice spacing in the quenched approximation. The solid line is a fit of the form 19
(Bali, Schilling and Wachter (1997a)). The potential and separation are given in units
of the parameter ro (see text).

Figure 6 shows recent results for the lattice potential plotted with the fit-
ted form above, (19). The parameters extracted can be compared to those of
phenomenological potentials.

The Coulomb coefficient, e, is dimensionless and needs no multiplication by
powers of the inverse lattice spacing to get a physical result. e is the coefficient
of the 1/ R term but the discrete nature of the lattice changes

i¢-R .
l—)i—zziﬁ, q?:mn%. (21)
g#0 —* 7
Notice that this lattice form of 1/R is not rotationally invariant. At finite lattice
spacing there are two alternatives. One is to fit this modified ‘lattice’ form of
1/R; the other is to correct for the discretisation errors in the naive lattice action,
Sqgcp which gave rise to them (Lepage (1996)).
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Most precision lattice calculations of the heavy quark potential have worked
in the quenched approximation in which only the gluonic terms are included in
Sqcp- This is equivalent to ignoring quark-antiquark pairs popping in and out
of the vacuum (Weingarten (1997), Montvay and Minster (1994)). Recent calcu-
lations (Bali, Schilling and Wachter (1997a), Bali and Schilling (1992), UKQCD
(1992a)) have given a value of e around 0.3, which is rather smaller than the
values that phenomenological potentials have used. For example, Eichten and
Quigg (1994) use e = 0.54 in their Cornell potential fits. Part of this discrepancy
can be traced to errors in the quenched approximation. When no ¢7 pairs are
available in the vacuum for screening, the strong coupling constant will run to
zero too fast at small distances. Thus

s(r)@.4 < s (7)sull theory
V(T)Q.A‘ > Lly('r)fulltheory

when V(r) is dominated by the Coulomb term. Calculations of the heavy quark
potential that have been done on unquenched configurations (which usually con-
tain two flavours of degenerate massive quarks in the vacuum, still not entirely
simulating the real world), indicate that e is increased by about 10%. This gives
a steeper potential at short distances, as in Figure 7. SESAM (1996) find eg 4.
= 0.289(55) and eunguenchea = 0.321(100) without the use of the f/R* term
in Equation 19. This doesn’t then explain all of the difference between lattice
values of e and phenomenological continuum values.

Phenomenological potentials also implicitly include some relativistic correc-
tions to the static picture that can be modelled simply as r-dependent additional
potentials. The first such corrections contain a term inversely proportional to the
square of the heavy quark mass multiplying a Coulomb potential, and therefore
altering the effective value of e in an mg-dependent way. The coefficient of these
corrections can be calculated on the lattice (Bali, Schilling and Wachter (1997a)).
It is found that e becomes e + b/m% where b = (0.86(3)GeV)?, giving a signifi-
cant increase (35%) to the effective value of e for charmonium but no change for
bottomonium. This is illustrated in Figure 8, and supports the phenomenological
use of different values for e in the two systems as a flavour-dependent dynamical
effect.

The string tension, o, describes the strength of the linearly rising part of the
potential. It is dimensionful, s0 044t = oa®. Using values of ¢ from phenomeno-
logical potentials ( Eichten and Quigg (1994) use /o &~ 0.43 GeV) allows us to
fix a on the lattice and then convert all other dimensionful quantities to physical
units. However, o and e are anti-correlated from the fitted form used in equation
19 and this gives some bias. It is better to use instead the value ro obtained by
setting 72 F(r) to a fixed value. F(r) is the interquark force, obtained by differ-
entiating the potential, and a suitable fixed value is 1.65 which corresponds to
ro ~ 0.5 fm (= 2.5GeV ™! when fic = 1) (Sommer (1994)). Ensembles at different
values of a are obtained by using different bare coupling constants in the action,
Socp (Weingarten (1997), Montvay and Miinster (1994)). However, the value of
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Fig. 7. A comparison of the short-distance heavy quark potential obtained from the
lattice on quenched and unquenched configurations by the SESAM collaboration. The
potential and separation are given in units of the parameter ro (see text). Figure
provided by Gunnar Bali.

a for a given value of the bare coupling constant is not known a priors but has to
be obtained by calculating a dimensionful parameter and comparing to experi-
ment (or, in the case of o or ry above, to phenomenology). Fixing a is a critical
step in a lattice calculation and introduces additional systematic and statistical
errors into the quoted physical results. In the quenched approximation the value
of a for a given gauge coupling, 3, will depend on the experimental quantity
chosen to fix it, and so it is important to know what quantity was chosen when
looking at lattice results. This point will be discussed further later.

Given a value for a, Vi, — V. can be converted to GeV at separations, r, in
fm (= GeV ™). This is then the physical heavy quark potential and it should be
independent of the lattice spacing at which the calculation was done. Figure 6
shows that this is true for current lattice results.

Using the fitted form for the potential, the spectrum can be calculated by
solving Schrodinger’s equation in the continuum (Bali, Schilling and Wachter
(1997a)). The heavy quark mass and the overall scale (given by the string ten-
sion) need to be adjusted to optimise the fit to experiment. Including the rela-
tivistic corrections to the potential described above and adjusting the value of
e to mimic an unquenched result, yields average deviations from experiment of
around 10 MeV for bottomonium and rather larger, as expected, 20 MeV for
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IV(r)-V(0.5 im)}GeV
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Fig. 8. A comparison of the heavy quark potential obtained from the lattice including
the first relativistic corrections which yield an mq-dependent Coulomb term. The static
(mgq — o) potential is given by the solid line and those for b and ¢ by dashed lines.
Figure provided by Gunnar Bali, see Bali, Schilling and Wachter (1997a).

charmonium. The remaining systematic errors in the lattice potential (see sec-
tion 2.2) could cause shifts of this size for bottomonium and make the 20 MeV
deviations for charmonium look rather fortuitous.

Exercise: Discuss how you would expect the potential appropriate to
heavy baryons to behave. How would you calculate this on the lattice?
(Thacker, Eichten and Sexton (1988)).

2.2 The Spin-Independent Heavy Quark Potential

As described above, the infinitely massive heavy quark is only a colour source; it
carries no spin. To obtain spin splittings then we must move away from the static
picture. A useful starting point is a non-relativistic expansion of the Dirac La-
grangian which is appropriate for heavy quarks in heavy-heavy systems (Thacker
and Lepage (1991)). This can be obtained by a Foldy-Wouthuysen-Tani trans-

formation of the Dirac Lagrangian in Euclidean space (see for example Itzykson
and Zuber (1980)):

D2
L= wt(Dt T 2m

(22)
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2\2 .
—c1%+c2%(D-E—E-D)

me 8mj
—c3 g 0 DXE-ExD)~-cy o-B.. )Y,

Smé 27TLQ

1 is a 2-component spinor with heavy quark and anti-quark decoupled. The
mass term Wszp has been dropped. D is a covariant derivative coupling to the
gluon field and E and B are chromo-electric and chromo-magnetic fields. The
rest of the QCD Lagrangian for light quarks and gluons remains as usual.

The terms in the Lagrangian can be ordered in powers of the squared velocity
of the heavy quark using the following power counting rules for momentum and
kinetic energy (Lepage et al (1992), Bodwin et al (1995)):

D ~p~mgu
K ~mgv?
Then from the lowest order field equation

D?

(8t - ZgA4 —-
2mQ

W =0 (23)
we have

gAs ~ 8 ~ K = mgv* |
9E = [D, D] ~ pK = m%v®,
—igeijkBk = [Di,Dj] ~ K2 = sz’U‘i .

In £ we then see that the leading order terms on the first line of equation
22 are O(mgv?) and these give spin-independent splittings in the heavyonium
spectrum. On the second line are spin-independent terms of O(mgu*) which are
relativistic corrections to the leading terms. On the third line are spin-dependent
terms also of O(mgu?). These are the leading terms as far as spin-splittings are
concerned. So, as discussed earlier, spin splittings should be O(v?) times smaller
than spin-independent splittings. This is equivalent to 1/m¢ behaviour, with a
roughly constant kinetic energy, giving around 120 MeV for ¢& and 40 MeV for
bb. Note that the o - (D x E) and o - B spin-dependent terms are of the same
order because the chromo-magnetic field is suppressed by one power of v over
the chromo-electric field in the power counting.

Following these power-counting rules the number of operators to be included
in £ can be truncated at a fixed order in v?/c? and this is obviously a sen-
sible thing to do if v?/¢? <« 1. In describing heavy-heavy systems with this
Lagrangian, however, we have lost the renormalisibility of QCD. To obtain use-
ful results we must put in a cut-off, A, to restrict momenta to p < 4 < mq. The
excluded momenta e.g. in gluon loops will reappear as a renormalisation of the
coefficients of the non-relativistic operators, the ¢; of equation 22. The ¢; can
be calculated in perturbation theory (since they are dominated by ultra-violet



16 Christine Davies

scales for A 3> Agcp) by matching low energy scattering amplitudes of (22) to
full QCD to some order in a, and p/mg. The ¢; are all one at tree-level.

I will describe two different, but related, approaches to the study of spin
splittings in heavyonium. One is to take £ of equation 22 and discretise it directly
on the lattice - this is the NonRelativistic QCD approach (Thacker and Lepage
(1991)). The second is to develop spin-dependent potentials from £ to add into
a Schrodinger equation, Hiy = E1), and solve for the splittings.

2 2 4
P P ,
H=Y {2 - 2y +vim) + Vialr,L,8:.8 24
izl{z ; cl8 :3} ‘o(r) /d(r Sl, 2) ( )

where Vo(r) is the central potential from section 2.1 and V4 includes the spin-
dependent potentials. Again one can take a phenomenological approach to the
spin-dependent potentials, or extract them from the lattice. T will describe the
potential approach first and then return to NRQCD in the next subsection.

I\
A' P X
'
Wt B
Av
4
'
<—R—>

Fig. 9. The ratio of expectation values required for the spin-dependent potentials. F}
and F) represent insertions of F or B as required for that potential. For some potentials
these will be on the same side of the Wilson loop. The distance A should be large and
t is summed over (see text).

To extract spin-dependent potentials from QCD we start from the Wilson
loop which represents a static quark anti-quark pair at separation R (Eichten and
Feinberg (1981), Peskin (1983)). As discussed earlier, the heavy quark propagator
in this case is simply a line in the time direction, from the simplest possible
heavy quark Lagrangian, v D;y. Imagine adding a perturbation o - B/2mq
to the quark or anti-quark, such as would come from relativistic corrections to
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the propagator using the Lagrangian of equation 22. On one leg alone, zero is
obtained by symmetry. If the perturbation is added to both legs and we sum
over the time separations, ¢, between the two additions a new contribution to
the potential is obtained of the form S;S; AV/mgimee.

AV =2 lim /0 dt{{B(0,0)B(R,t)))w (25)

where ({))w means the expectation value in the presence of the Wilson loop i.e.
the ratio of the expectation value of the Wilson loop with the B field insertions
to that without. This is easy to calculate using the methods of Lattice QCD
(Michael and Rakow (1985), de Forcrand and Stack (1985)). Figure 9 illustrates
this ratio for one value of t. An integration over t is required and this is approx-
imated on the lattice by a sum (see Bali, Schilling and Wachter (1997a) for a
recent description of the techniques used). The time separations of the insertion
points from the ends of the Wilson loop, A, must be kept large to ensure that the
spin-dependent contribution to the static propagation of a Q@ pair is obtained
in the ground state of the central potential; excited states must have time to
decay away.

The complete spin-dependent potential is given by (Eichten and Feinberg
(1981), Chen, Kuang and Oakes (1995)):

1 Sl S2 ! ’
sd = — | — _ /. 2
Vea or (m2Q1 + mz_ﬂ) L [dOVO(T) +2d1‘1(7")] (26)
+ 1 (m) "Ly Vy(r)
2
T A\MQIMQ2
S;:rS;-r 1 S;-8
+(1 22__ 1 Z)dsVs(r)
mgQimgqQar 3 mQi1meg2
S;-S
gl—%—d4V4(7‘)
mQimee

L1 (_.S_l__ _S;_> L do [Vy(r) +V/(r)]

2
T le sz

1 S _S ~ '
+= <#> LdyV,(r).
T \MQ1mQ2

The primes indicate differentiation with respect to the argument r of the
different potentials. Note that the last two terms appear only for the unequal
mass case. The d; and d; coefficients will be discussed below. In perturbation
theory the d; coefficients appear at (O(1), the d; only at O(a,) and only for
mqQ1 # mg2. Vo is the central potential, discussed in section 2.1, and V7, V2, V3,
V4 are obtained on the lattice by calculating the following expectation values:
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Rx T E;
7! — .. ] 7
Evl(R)_%Uleggo /0 dtt< >/Zw (27)
Bi q
E: 4
Rk ' _ . 4 J .
—EVQ(R)—E,']')C TILIIC}C ; dtt< >/ZW (28)
vy B,
a1 1 T B;
[RiR; — 3851Va(R) + 38, Va(R) = 2 lim dt< >/ZW. (29)
T—00 0
L Bi

As in Figure 9, the denominator Zy, is the expectation of the Wilson loop
without E or B fleld insertions.

A lattice discretisation of the E and B field strength operators is required.
The simplest discretisation of F},, (x) is to take the product of four U matrices
around a 1 x 1 square in the u, v plane starting from the corner x. This product
is called a plaquette (Weingarten (1997), Montvay and Miinster (1994)); its
hermitian conjugate should be subtracted and the resulting SU(3) matrix made
traceless. Note that factors of g that would otherwise appear from eguation 22 are
absorbed into the lattice version of F,, . For the B field, a more symmetric version
of this is to use, instead of one plaquette, the average of the four plaquettes
around point x in the spatial plane perpendicular to B (see Figure 10). For
E the spatial average of the two plaquettes at a given time is used. See Bali,
Schilling and Wachter (1997a) for details.

The central potential, as calculated on the lattice, is a spectral quantity, ap-
pearing in the exponent of the exponential decay of a correlation function. It can
therefore be directly interpreted as the continuum potential once converted to
physical units. The spin-dependent potentials, in contrast, are calculated from
the amplitudes of lattice correlation functions and undergo renormalisation when
compared to continuum QCD. This renormalisation is visible in equation 26 as
the d; coefficients. These are functions of the ¢; coefficients since the potentials
are extracted by perturbing the Wilson loop with operators from equation 22
(Chen, Kuang and Oakes (1995)). They reflect the matching required between
this static/nonrelativistic effective theory and full QCD. In this case it is conve-
nient to do the matching in two stages; full QCD to continuum effective theory
and continuuum effective theory to lattice effective theory.
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Fig. 10. The sum of four untraced plaquettes around a point (the clover-leaf operator)

that is used for a B, field insertion in a wilson loop for spin-dependent potentials (see
text).

For the first stage the ¢; (and therefore d;) have been calculated in leading
order continuum perturbation theory (Eichten and Hill (1990), Falk, Grinstein
and Luke (1991)). They depend logarithmically on the quark mass and the cut-
off that is applied to the effective theory. The spin-dependent potentials also
depend on the cut-off, but not mg, so that each term in V4 becomes

di(4,mQ)Vi(4). (30)

We can use the d; calculated in the continuum for the lattice calculation if we
imagine the continuum effective theory at the same cut-off as the lattice cut-off
(1/a).

For the second stage we then match between continuum and lattice effec-
tive theories at the same cut-off. This provides an additional renormalisation
which can be significant because of the non-linear relationship between the con-
tinuum and lattice gauge fields (Lepage and Mackenzie (1993)). This gives rise
to additional tadpole diagrams in lattice perturbation theory. They have a uni-
versal nature and can be thought of (even beyond perturbation theory) as a
constant factor multiplying each gauge link. Equivalently the renormalisation
can be viewed as arising from the additional perimeter self-energy contributions
when the E and B field insertion are in place (de Forcrand and Stack (1985)).
A method to take account of the renormalisation directly on the lattice involves
calculating, instead of the ratio in Figure 9, the product of ratios in Figure 11
(Huntley and Michael (1987)). The additional perimeter/tadpole terms from the
insertions are thereby cancelled out, and it is hoped that any remaining lattice
renormalisation is negligible.

Once the spin-dependent potentials are calculated from Figure 11 and mul-
tiplied by the appropriate d;, they can be inserted into a Schrodinger equation
and the energy shifts from the spin-independent states can be calculated (Bali,
Schilling and Wachter (1997a)). They depend on the functional form of the spin-
dependent potentials and on the expectation value of the spin and orbital angular
momentum operators of equation 26 for a particular state. To calculate these
the following equations are useful (for the last relation see Kwong and Rosner
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(LA )

Fig. 11. The ratio of expectation values used for the spin-dependent potentials, taking
account of renormalisation required to match to the continuum (Huntley and Michael
(1987)). F; and F, represent insertions of E or B as required for that potential.

(1988)):

Sysg:%[a5+n—g] (31)

ST+ 1) - L(L+1) - 8(5 +1)]
(Sij) = 4(3(S; - a)(S; - A) — S; - Sy)
=2(3(S - m@~m~ 2)

[12(L - 8)% + 6(L - S) — 45(S + 1)L(L + 1)]
B (2L — 1)(2L + 3) ‘

The results for the expectation values are tabulated for S and P states in
Table 2. It is clear from this table that the only potential contributing to the
hyperfine splitting between the 3S; and 'Sy states (M(Y) — M(my), M(J/¥) —
M (n.)) is V. For the splittings between P states, all the spin-spin and spin-orbit
potentials can contribute in principle. Notice how the spin-averaging described
at the beginning of section 2 removes all the spin-dependent pieces, to obtain the
spin-independent spectrum. To remove Vy terms from P states the spin-average
must be taken including the 1 P;.

What functional form do we expect for the different spin-dependent poten-



The Heavy Hadron Spectrum 21

JISO 351 lPl 3P0 3P1 3P2

Si8)|-3 -2 4§ g
L-syjo 0 0o -2 -1 1
() Jo 0 o0 -4 2 -2

Table 2. Expectation values for combinations of spin and orbital angular momentum
operators needed for spin splittings in heavy-heavy bound states.

tials? In leading order perturbation theory (one gluon exchange):

Vo= "CF% (32)
V, =0
1 as
V2 = CF;E
Vs =3Cr o2
;

Vi = 87Cpa 6P (r),

with Cr = 4/3. The ‘same-side’ (see equation 27) spin-orbit interaction, V1, is
absent; the ‘opposite-side’, V5 is simply V;. The form of V; implies that it is only
effective for states with a wavefunction at the origin i.e. S states. It gives for the
381 -1 S, splitting,

327mas

i VO (33

We do not then expect any splitting induced by the Vj term between the ' P
and % P, states, so the 1 P, mass should be at the spin-average of the ? P states.
The following inter-relationships between potentials are also useful.

’ ’ ’

A (3)
vo(r) = 2 vy ) (39)
V4(7‘) = 2V2V2(r) - (36)

Equation 34 is the Gromes relation (Gromes (1984)), derived from Lorentz in-
variance and as such always true. Equations 35 and 36 hold for any vector-like
exchange (such as single gluon) but only to leading order; they do not survive
renormalisation of the potentials when the cut-off on the effective Lagrangian
of equation 22 is changed. In particular V] and V5 then mix (Chen, Kuang and
Oakes (1995)).

A crucial ingredient missed in the perturbative analysis is the confining part
of the central potential, V5, and this can reappear in the V;. The nature of this
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confining term is important. General considerations (Gromes (1977)) show that
it can only arise from vector and/or scalar exchange, but these two possibilities
yield quite different accompanying spin-dependent potentials. A vector exchange
gives rise to Vo, V3 and V4, a scalar exchange only to V; (Gromes (1988)). In
both cases, a constant term o appears in Vj — V{ from the Gromes relation.

A useful quantity to study in this respect is the ratio of p state splittings:

_ M(@PR)-M(GP)
MQBP) - M(3PR)

(37)

Experimentally this ratio takes the value 0.48(1) for c¢(1P) and 0.66(2) for
bb(1P) and 0.58(3) for bb(2P). For pure L-S interactions g is simply related to a
combination of expectation values of L - S since, considering the spin-dependent
potentials as a perturbation on the spin-independent one, the expectation value
of V; in all the P states is the same. This then gives p = 2. Similarly a pure tensor
Vs interaction gives p = -0.4. These are clearly wrong; we require a mixture of
spin-orbit and tensor terms. For the leading order perturbative potentials in
equation 32 we can also calculate p exactly because all the expectation values of
V; reduce to cancelling terms of the form (r~3). This gives p = 0.8, larger than
all the experimental values. The confining term should then appear in such a
way as to reduce p.

This is possible if we make the assumption that the confining term grows
linearly with r as o; such a rapid rise implies a scalar exchange (Gromes (1988)).
Vi = —or and Vo, = —CFa,/r will satisfy the Gromes relation. p becomes

_ 18a,(r73) - 5/20(r ")
T 520, (r3) — 1/40(r1)

(38)

and for positive expectation values this will be less than 0.8, in agreement with
experiment (Henriques, Kellett and Moorhouse (1976)). The ¢ term will be more
effective for longer range wavefunctions such as ¢z and bb(2P) giving a smaller
value of p than for bb(1P). A vector confining potential would lead to the term
proportional to ¢ appearing in Va with opposite sign as well as additional V3
terms, so that p > 0.8 (Schnitzer (1975)). Of course this does not rule out a
mixture of long-range vector and scalar pieces.

The lattice calculation of the spin-dependent potentials confirm the behaviour
above explicitly, and show (within errors) that the long range confining potential
is purely scalar (Huntley and Michael (1987)). V3 and V} are found to be very
short-range with V3 showing 1/R® behaviour and Vj approximating a ¢ function
on the lattice. V] is approxxmately constant at the value —o taken from the
central potential, whereas V, — 0 at large R. In addition V, has a small attrac-
tive 1/R? piece (see Figure 12 from Bali, Schilling and W achter (1997a)). which
arises from the mixing between V; and V, and its size changes as the lattice
cut-off (1/a) changes, along with the Coulombic 1/R? term present in V5.

There is no exact Gromes relation on the lattice (Bali, Schilling and Wachter
(1997h)), but it should be restored in the continuum limit. This relation does
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Fig. 12. The spin-orbit potential, —Vl’, at two different values of the lattice spacing
together with a fit curve of the form o + h/R?. (Bali, Schilling and Wachter (1997a)}.

in fact work well on the lattice at current values of the lattice spacing and
this is a non-trivial check of the lattice renormalisation procedure of Figure 11
(Huntley and Michael (1987)). This renormalisation is done for the left hand
side of equation 34 but not for the right. See Figure 13 from Bali, Schilling and
Wachter (1997a).

As discussed earlier, the spectrum from this lattice potential yields deviations
at the 10 MeV level for bottomonium and the 20 MeV level for charmonium.
Systematic errors in the charmonium case are rather larger than this, however.
The d; coefficients have large perturbative corrections for the lattice cut-off used
(mea < 1) and so large uncertainties. ¢; is set to 1 in equation 24; unknown
perturbative corrections to that coefficient could induce 50MeV shifts in the
charmonium spectrum (Bali, Schilling and Wachter (1997a)). As mentioned in
section 2.1 there are also relativistic corrections to the spin-independent central
potential (Barchielli, Brambilla and Prosperi (1990)). These can be calculated
from expectation values of Wilson loops with E and B insertions in a similar way
to that for the spin-dependent potentials above. The results modify the central
potential for charmonium quite strongly, again indicating that unknown higher
order corrections could be significant for that system.

To go beyond the corrections discussed here in the potential model approach
is hard; higher order insertions into Wilson loops cannot be reduced to the
form of an instantaneous potential. We need instead more direct methods of
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Fig. 13. The difference of spin-orbit potentials, Vz/ and Vll on the lattice, compared
to the expectation from the central potential according to the Gromes relation. (Bali,
Schilling and Wachter (1997a)).

calculating the spectrum. This must be done on the lattice and will be discussed
in the next subsection.

Exercise: Fill out Table 2 to include D states.

2.3 Direct Measurement of the Bottomonium Spectrum
on the Lattice

A direct calculation of the heavyonium spectrum on the lattice at first sight
seems rather hard. There is a large range of scales in the problem, all the way
from the heavy quark mass to kinetic energies within bound states (% Agcp).
To cover these properly in a lattice simulation would require a=! > mg and the
number of lattice points on a side, L » mg/Agcp-

As we have seen from the previous sections, however, the quark mass itself
is not a dynamical scale, simply an overall energy shift. We only actually need
to simulate accurately the important scales for the bound state splittings, po
and K. This leads us to work with a lattice with a™! < O(mg) and make use
of the non-relativistic effective theory of equation 22. This Lagrangian can be
discretised on the lattice (Thacker and Lepage (1991), Lepage et al (1992)) and
applied using similar techniques to those for handling light quarks on the lattice
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(Weingarten (1997), Montvay and Miinster (1994)). Details will be discussed
below.

There is an important difference between the NRQCD approach and the
potential model approach of the section 2.2. That approach starts from the
static theory and so can only produce the potential; the missing kinetic energy
terms are of equal weight (in powers of v?/c?) in the spectrum and they must
be added in subsequently in a Schrodinger equation. The NRQCD calculations,
even at lowest order, include both the ! D,y term and the ¢! D?/2mg¢ terms
and yield the spectrum directly; the existence of a potential is not invoked at any
stage. This means that the NRQCD approach can be fully matched to QCD and
handle the sub-leading effects from soft-gluon radiation that eventually cause a
potential model picture to break down through infra-red (long time) divergences
(Appelquist et al (1978), Thacker and Lepage (1991)). We will find potential
models useful for guiding NRQCD calculations, nevertheless.

The NRQCD approach uses the Lagrangian of equation 22 as an effective
theory on the lattice (Lepage et al (1992)). It can reproduce the low energy
(p < 1/a) behaviour of QCD, but the couplings, ¢;, must be adjusted from their
tree level values of 1 to compensate for neglected high momentum interactions.
In principle this can be done in perturbation theory by matching scattering
amplitudes between lattice NRQCD and full QCD in the continuum (here a one-
stage matching is used). The ¢; will have an expansion in terms of as(1/a). They
will differ from the ¢; of the static approach discussed earlier since the p?/mq
term in the heavy quark propagator will give additional explicit 1/mga terms
which diverge as a — 0. In this way it is clear that we cannot take a continuum
limit in NRQCD; we can only demonstrate that results are independent of the
lattice spacing at non-zero lattice spacing. This is sufficient for them to make
physical sense, and to be compared to experiment.

One problem for lattice NRQCD is the possible large renormalisations, ¢;,
which come from tadpole diagrams. This was discussed earlier in connection
with the renormalisation of the spin-dependent potentials in the static case. The
tadpoles appear with every occurrence of a gluon link field and can be taken
care of by renormalising each gauge link by a factor up as it is read in,

Uy — 2‘—, (39)
Uo
and then using the the renormalised gauge link everywhere instead of the origi-
nal.

ug represents how far the gluon links are from their continuum expectation

value of 1. The easiest quantity to use to set ug is the plaquette. Since it contains

four links we have:
1
= =42 . 0
U Uop 3Tr< D > (4 )

A possibly better motivated value is that in which we look at a single link field
and maximise its value by gauge-fixing. This should be most effective at isolat-
ing (by minimising) the true gauge-independent tadpole contribution (Lepage
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(1997)). The gauge in which this happens is Landau gauge:

Up = UL = %Tr<Uu>Landau gauge- (41)
The difference between the two ugs is small in lattice perturbation theory. Mea-
sured (non-perturbative) values on the lattice differ by a few percent at moderate
values of the lattice spacing,

Once we have renormalised the gauge fields to take account of the tadpole
contributions (‘tadpole-improvement’) we would hope that remaining corrections
to the ¢; are small. They have been calculated in perturbation theory for those
terms which contribute to the heavy quark self-energy (Morningstar (1994)).
The dispersion relation for the heavy quark is required to be

2 4

P p
= + — 42
E(p) = a,A ome 83 (42)

with A an energy shift and m, the renormalised quark mass, and this fixes the
coefficient ¢; in the lattice discretised version of equation 22. Figure 14 shows
that the O(as) coefficient of ¢; is small, its magnitude less than 1, until mga
is less than about 0.8, when it starts to diverge. This is a sign of the power
ultra-violet divergences of NRQCD mentioned above; we must stay at values of
a where mga > 0.8. Without tadpole-improvement the O(a,) coefficients are
all much larger than 1 (Morningstar (1994)), showing that tadpole-improvement
has captured most of the renormalisation. The results I shall describe here use
tadpole-improvement and all ¢; then set to 1.

The NRQCD Lagrangian is discretised on the lattice in the standard way
(Weingarten (1997), Montvay and Miinster (1994)). Derivatives are replaced
by finite differences, and E and B fields by clover terms. In the process, all
appearances of mq are replaced by the bare quark mass in lattice units, mqa,
and powers of g are absorbed into the lattice fields. The lowest order terms in
the Lagrangian density (in lattice units) become

Dy — Ut¢t+1 — Py (43)
D2 L Ueiy + Ul v, -2

N ,
2mq 2mga

Each U, field here is understood to have been divided by uo already.

Then the calculation of the heavy quark propagator is very simple. The
propagator as a function of spatial indices on a given time slice is related to that
on previous time slice by an evolution equation:

Uth+1 -Gy = —aHG, (44)
Gt+1 = Lftt(l - (IH)Gg

where aH is the Hamiltonian, for example, the lowest order D*/2mg term, dis-
cretised on the lattice as in equation 43. This enables the heavy quark propagator
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Fig. 14. The O(a,) coefficients of various terms in the NRQCD Lagrangian, calculated
in lattice perturbation theory after tadpole improvement. A corresponds to the energy
shift and c§2) to the D* term. B corresponds to the mass renormalisation and cf_,z) to
the D} term, here denoted cs. The vertical lines represent discontinuities when the
value of the stability parameter, n, is changed. (Morningstar (1994)).

to be calculated on one pass through the lattice in the time direction starting
with some source for the propagator on time slice 1. This simplicity can be traced
back to the simple first order time derivative in equation 22; calculations of rel-
ativistic quark propagators take many sweeps through the lattice (Weingarten
(1997), Montvay and Miinster {1994)).

One technical problem with (44) is that it can become unstable for modes
for which H approaches 1. In the free case for the lowest order Hamiltonian we
have

2
Hy = 33, 423111 (pia/?2) (45)
mga

where i runs over the Fourier modes and the maximum value for momenta close
to the lattice cut-off is 6/mga. This would limit values of mga to be greater than
6. Instead we can stabilise the evolution by adding terms which have an effect at
the cut-off scale but are not important for the physically relevant momenta well
below the cut-off. This gives rise to an evolution equation (Thacker and Lepage
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(1991)):

aH\" aH\"
Gip1 = (1 ~ %—) uf <1 - 55) G, (46)

and the stability requirement is now mga > 3/n so reasonable values of moa
of O(1) can be reached for suitable n. In fact it is only important to stabilise
the lowest order term Hj like this; the higher order terms of the Lagrangian
of equation 22 can be added in straightforwardly. For example, we can write
(Lepage et al (1992)):

_ adH aHo\" aH\" _adH
Gey1=(1- T) (1 - —2;> Uy (1 - 377) 1 5 )Ge  (47)

with ad H the lattice discretisation of

D22 :
H = —¢, 3) +e—2 (D-E-E-D)

8m}) 8m2Q
g g
—C3WC;U-(DxE~ExD)—c42on~B- (48)

Another technical problem which faces all lattice calculations is that of dis-
cretisation errors. These arise from the use of finite differences on the lattice
to approximate continuum derivatives. They mean that even physical lattice
results, expressed in GeV for example, will depend upon the lattice spacing.
The dependence will be as some power of a typical momentum scale in lattice
units. Since the momenta inside heavyonium systems are quite large, O(1 GeV),
discretisation errors will cause a problem if they are not corrected for.

This is achieved by improving the discretisation of derivatives to include
higher order terms. For example, ignoring gauge fields,

Dl jatbe =y + Vs — 2 (49)
= (eaDi,cont . 1) (1 - e’_an.cont) U/)I

2 1 .
= (a2Di2,cant + a4D?,cont[g - Z] B > Y-

giving O(a?) errors relative to the leading term. A better discretisation is then

azDiz,latt = azDiz,latt - 11_2a4D?,1att (50)
where a?D? ,,, is given by the naive finite difference. aQD?y,m has errors at
relative O(a?).

The other operator that appears in the leading order terms is the time deriva-
tive operator, D;. Any correction to D; that looks like D? would upset our simple
evolution equation. Instead the way to correct Dy is to require that the time-step
operator be

Gt+1 = e_“HGt. (51)



The Heavy Hadron Spectrum 29

In fact the modified evolution equation (46) is closer to this than (44), and
would be correct for the kinetic terms in the n — oo limit. The gauge potential
will appear automatically exponentiated from the appearance of U;. The only
correction that then needs to be made at the next order is to correct for a HZ /n
term that appears when (46) is expanded out and compared to (51) for H = Hy.
This correction can be made by replacing Hy by

2
H() = HO - 95[—0- (52)
4n

The discretisation corrections discussed here, when added in to  H look a lot
like relativistic corrections. We can apply the same power counting arguments
as before to get an idea of their relative size. From (52) we will have a correction
of O(amyv?). Relative to Hy this is O(amgv?), and for amg ~ 1 this is O(v?),
the same as the relativistic corrections. Similarly for the term from (50). Thus
it is only sensible to correct for the discretisation corrections up to an order
comparable with the order of relativistic corrections being included. For the La-
grangian of 22 which has the first spin-independent relativistic corrections we
need only the first spin-independent discretisation corrections described above.
It might be true on coarse lattices, with mga > 1, that higher order discretisa-
tion corrections should be kept. This can be decided by using potential model
expectation values to better estimate their size (Lepage (1992)).

There are additional O(a?) errors from the gluon fields that appear in all the
covariant derivatives coupling to the heavy quarks, if the gluon fields have been
generated using the standard Wilson gluon action (Weingarten (1997), Montvay
and Miinster (1994)). These errors can be treated perturbatively and corrected
for at the end of the calculation provided they are small (Davies et al (1995a)).

The coeflicients of the additional terms introduced by the discretisation cor-
rections in (50) and (52) must again be matched to full QCD. As before, they
should be tadpole-improved to remove the largest part of the renormalisation
of lattice NRQCD, and remaining renormalisations can be calculated in lattice
perturbation theory. The improvement from (52) can be added directly to the
existing relativistic correction to give the operator

(1 + ";fla) : (53)

at(D?2)?
5H12018(3 )3
mQa

The O(as) corrections to ¢; were discussed above and are shown in Figure 14.
The improvement from (50) gives

2o 34D;‘1

6H5 = 24mQa '

(54)
The O(as) corrections to cs are also shown in Figure 14 and they are confirmed

to be small after tadpole-improvement (see Morningstar (1994) and note that c;
is there called ¢3).
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Once the lattice NRQCD Lagrangian (including discretisation corrections)
has been chosen and the quark propagator G calculated for a given gluon field
configuration, then G, and the anti-quark propagator GI can be put together to
make mesons. This procedure is identical to that used in lattice calculations of
the light hadron spectrum. The only difference is that the meson operator

Y1 (x1) 26(x1 ~ x2)x* (x2) (55)

has a spin part, {2, which is only a 2 x 2 matrix, rather than the relativistic
4 x 4. 2 is the unit matrix for S = 0 mesons and a Pauli matrix for $ = 1. In
addition we have a much better idea from potential models of what form the
spatial operator should take, than we do in light hadron calculations. This will
be discussed below. ¢t and x' are the quark and anti-quark creation operators
respectively, matched in colour, denoted A, for a colour singlet.

Then the meson correlation function is calculated as an average over the
ensemble of gluon field configurations (Weingarten (1997), Montvay and Miinster
(1994)):

(08" ') r (W' 20xMe) = (Tr(GR'¢'GTo0) (56)
T2 g e BT 4 o BT 4.
E; and E, are the energies of states in lattice units, Epnysa. E) is the energy of
the ground state in that {2, ¢ channel, and E; is the energy of the first radial
excitation etc. We can project onto different meson momenta at the annihilation
time point, T, to obtain the dispersion relation, E as a function of p (Davies et
al (1994a)).

Because it is very important in heavyonium physics to calculate radial excita-
tion energies, we need to optimise the calculation of E), and E,. The coefficients
&, and &, in (56) represent the overlap of the mesonic operator used with that
state, $; = (0|y! 2¢xT|i), see equation 18. We can then adjust ¢, and @ by
changing ¢ in the mesonic operator. For S states we could use an operator in
which both v and y appear at the same point but this would have overlap with
all possible excitations and a poor convergence to the ground state. Instead we
must 9 and Y at separated points with ¢ a ‘smearing function’. Potential model
wavefunctions represent a good first approximation to the spatial distribution of
quark and anti-quark in heavyonium (Davies et al (1994a)). To make use of these
wavefunctions on the lattice (specifically to set ¢ equal to the wavefunction) re-
quires us to fix a gauge otherwise the meson operator will not be gauge-invariant
and will vanish in the ensemble average. The best gauge to use is Coulomb gauge
since this (being the 3-dimensional version of the lattice Landau gauge discussed
earlier) is the gauge in which the spatial gluon field is minimised, and the co-
variant squared spatial derivative most like the Schrodinger p*. We then gauge
transform the lattice gluon fields to Coulomb gauge and use difterent ¢ as sim-
ple functions of spatial separation for different radial and orbital excitations. For
the ground state ¢ should maximise #; and minimise 2. $3 etc, and for excited
states ¢ should maximise $, and minimise ¢, $3 etc. For each ¢ a new quark
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propagator must be calculated in this approach since the fastest way to make
the meson operator at the initial time slice is to use ¢(x) as a source for the
evolution equation for G¢. This Gy is then combined with a GI in which a delta
function at the spatial origin was used as the source. The same source ¢ can be
used for the different spin states (to the extent that spin-dependent effects on
the wavefunction are relativistic corrections and therefore small) and the factors
of £2 at the initial time slice inserted as G; and G} are being combined. In this
way all 2511 ; states can be made with as many radial excitations as required
(Davies et al (1994a)).

It is important, to realise that the results for E;, and E, are not affected by
the choice of ¢; they can simply be obtained more efficiently by good choices.
Methods other than that above have also been used; these include building meson
operators out of a quark and anti-quark joined by a string of gauge fields in a
gauge-invariant way (Manke et al (1997)); and calculating the propagators from
delta function sources at a number of spatial points at the initial time and
working out the optimal ¢ at the end using a variational method (Draper et al
(1995)).

However good the choice of ¢, each meson correlation function will contain
several exponentials and a multi-exponential fit must be performed to extract
them. This is described with technical details in Davies et al (1994a). In gen-
eral the nth exponential is obtained reliably from an n + l-exponential fit. In a
potential model approach to the spectrum, using orthogonal wavefunctions, it
is easy to get very precise results for radially excited states. In lattice NRQCD
it is much harder because the ground state will take over exponentially if it is
present at all in an excited meson correlation function. In addition the variance
of such a correlation function will be dominated by the ground state so that the
ratio of the signal for the excited state compared to noise will fall exponentially
(see, for example Lepage (1989)).

The fits to the zero momentum meson correlation functions yield a very accu-
rate set of energies in lattice units but these cannot be immediately converted to
absolute energies (although splittings can) because the zero of energy has been
reset by the absence of the mass term in equation 22. To calculate the spectrum
we must shift all the lattice energies by a constant and then convert to physical
units by multiplication with a=!.

Determining the lattice spacing is actually easier in heavyonium than for
light hadrons. We can make use of the fact, stated before, that the radial and
orbital splittings are independent to a very good approximation of the heavy
quark mass. This means that we can use one of these splittings, e.g. the 1P - 15
splitting, to determine a™!, without having necessarily tuned our heavy quark
mass very well. In the absence of an experimentally determined spin-average S
state mass for bottomonium we set

0.44

Cl—_x = m(}e\’?. (57)

where the denominator is the difference between the lattice energies at zero
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momentum of the spin average of the ground x; states and the 7. Given a™' we
can now convert all differences in energy to splittings to GeV. We can also use
E(X") - E(T) to set a™ 1.

To tune the bare lattice heavy quark mass, m¢, to the appropriate value for
the b quark we study the dispersion relation for mesons at finite and small mo-
menta, where the heavy mesons are non-relativistic. The absolute meson mass
(e.g. for the T) is given not by the energy at zero momentum but by the denom-
inator of the kinetic energy term:

2,2

a’p .
8
2aMT+ (38)

aEy(p) = aExr(0) +

Higher order relativistic corrections can also be added to this formula. We adjust
mqa in the Lagrangian until the Y mass comes out at 9.46 GeV within statistical
errors, using the a=! determined from the splitting above. Now it is clear that if
the splittings used for determining a~! did depend strongly on mga this would
be a tricky iterative procedure. It would require complete calculations at several
different values of mga, as is generally undertaken in light hadron calculations.

This procedure gives us also the shift of the zero of energy, aMy — aEr(0).
It should be independent of the meson studied and so, once calculated, can be
applied to all mesons. That is, when divided by 2, it can be applied as a shift per
quark. This is what allows us to convert differences in zero momentum energies
on the lattice directly to splittings in physical units, given a™*.

The shift obtained can be compared to that calculated in lattice perturbation
theory from the heavy quark self-energy. The energy shift is given in lattice units
by

2(meQa - an) (59)

where Z,,, is the mass renormalisation. Z,, and Epa are given by perturbative
expansions, Z,, = 1+ a,B + ... and Ega = a,4 + .... Again it is clear that
A and B are smaller when a tadpole-improved lattice Lagrangian is used. (see
Morningstar (1994) and Figure 14). The shifts obtained on the lattice agree well
with the perturbative estimates (Davies et al (1994a), Davies (1997)) when a
physical scheme for the lattice coupling constant is used (Lepage and Mackenzie
(1993)) and allowance is made for unknown higher order terms. See Table 3.
Note that if we take mga to oo in this calculation aEy will become V¢ /2 where
V. is the unphysical self-energy part of the heavy quark potential discussed ear-
lier. Again agreement between perturbation theory (Morningstar (1994). Duncan
et al (1995)) and potential model results (Bali and Schilling (1992)) is reasonable
given that aE, starts at O(a,) and is only known to this order. The effect of
tadpole-improvement is easy to work out in this case. If the Wilson loops were
calculated with tadpole-improvement (not usually done) then each U, would be
divided by ug and the loop would pick up a factor (ug) =27 from links in the time
direction. Then V. = V. + 2lnug. Thus to compare the perturbative value of
aEg(mga — o0) calculated with tadpole-improvement to the non-perturbative
values of V. /2 calculated without tadpole-improvement we must subtract Inug
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B |mqa|Perturbative shiftNon-perturbative shift

5.7|3.15 7.0(6) 6.54(7)
6.0[1.71 3.5(2) 3.49(3)
6.2)1.22 2.5(2) 2.58(3)

Table 3. Energy shifts for a heavy quark in lattice NRQCD. Results are given for the
non-perturbative lattice calculation of aMy — aEy(0) and for the perturbative shift
of equation 59 for three different values of the lattice spacing, set by 3, and for bare
quark masses appropriate to the b. Errors in the perturbative shifts are estimates of
unknown higher order corrections. (Davies (1997)).

from the perturbative calculation. It is also true that B for mga — oc vanishes
at O(as) so Z,,, — 1. Since the dispersion relation for mesons at finite momen-
tum cannot be obtained from potential model approaches, the quark mass there
has to be fixed in a different way to the direct NRQCD method above. If the
energies of states are calculated using the lattice potential including V., mga
should be adjusted until experiment is matched for, say, the 1" on applying a
shift 2mga — V. (Bali, Schilling and Wachter (1997a)).

Figures 15 and 16 show recent results for the bottomonium spectrum from
lattice NRQCD. The errors shown on the plot are statistical errors ounly - it is
clear that they are significantly smaller than those from light hadron calcula-
tions. The simple form of the evolution equation for calculating the heavy quark
propagator means that an average over a very large ensemble of gluon fields can
be obtained with moderate computing cost. Also several different starting points
can be used on a single gluon field configuration.

The sources of systematic error are also under better control than for light
hadron calculations. There, one of the most serious problems is that of finite
volume. A large enough lattice is required not to squeeze the mesons under
study and distort their masses. Because the 1" is much smaller than, say, the
p, a smaller space-time box is sufficient for its study. The calculations shown
were done on lattices of around 1.5fm on a side. However, radial and orbital
excitations are larger than ground states and such a lattice may be too small for
35 and 2P states. Studies on larger volumes should be done for these in future.
In fact direct calculations of the spectrum have worse finite volume errors than
calculations of the heavy quark potential, because of lattice symmetries that
protect V(R) (Huntley and Michael (1986)).

Discretisation errors are an additional source of systematic error and in all the
results shown, the leading discretisation corrections have been made as described
above.

Since NRQCD is a non-relativistic expansion, there are systematic errors
from higher order relativistic terms that have been neglected. For the spin-
independent terms all groups have used the lattice-discretised version of the
Lagrangian of equation 22. This includes leading terms of O(mgv?) and correc-
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Fig. 15. Radial and orbital excitation energies in the Y spectrum from lattice NRQCD
obtained by different groups (Davies et al (1997), SESAM (1997)). Errors shown are
statistical only. The scale has been set by an average of a~! from the 25 — 15 splitting
and that from the 1P — 15. Experimental results are given by dashed lines and for the
! P, state is taken as the spin-average of the x, states.

tions of O(mgu*). Errors are therefore at O(mqv®), giving v* x (a typical kinetic
energy) = 0.01 x 400 MeV for bottomonium = ~ 4 MeV. This error would be
invisible on Figure 15, since it is a 1% error in the splittings shown. For the spin-
dependent terms a 4 MeV error is more significant since splittings are smaller.
This is the error estimate if only the leading spin-dependent terms of equation
22 are used, as by the NRQCD collaboration (Davies et al (1994a)). The SESAM]
group (results presented at this school by Achim Spitz - see Spitz (1997) and
SESAM (1997)) however has used the additional relativistic corrections to the
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spin-dependent terms given in the continuum by (Lepage et al (1992)):
0H = -

3{D20- B} (60)
mQ
39

— Cag 4{D2 -(DxE-ExD)}

— ¢ éﬂzs—a' -Ex E.
M

This could reduce the relativistic error by another factor of v* to around 1% for
spin splittings also. The SESAM group tadpole-improve all the terms above using
ugz and set the ¢; to 1. In principal, however, unknown radiative corrections from
lower order terms, e.g. O{a,) corrections to ¢4 beyond tadpole-lmprowement can
produce errors at the same order as the terms of (60) (if we take oy ~ v* ~ 0.1,
but see Bodwin et al (1995)) so this is not a complete calculation at the next
order. Note that relativistic corrections to spin-dependent terms are not known
for a potential model.
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Fig. 16. Fine structure splittings in the ground state Y spectrum from lattice NRQCD
obtained by different groups (Manke et ol (1997), Davies et al (1997), SESAM (1997)).
Errors shown are statistical only. The scale is set as in Figure 15. Experimental results
are given by dashed lines. The spin-average of the x» states has been set to zero.

Figure 15 compares radial and orbital splittings to experiment. The lattice
spacing chosen to set the scale is an average of that from the 1P — 15 splitting
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Fig. 17. Dimensionless ratios of various splittings to the X, — Y splitting against the
lattice spacing in fm, set by the X3 — Y splitting, in the quenched approximation.
Experimental values are indicated by lines. (Davies (1997)).

and that from the 25 — 1§ splitting. One striking feature is the disagreement
with experiment for the calculation on quenched configurations (ny = 0). The
results on the partially unquenched configurations (ny = 2) give much better
agreement. A quantity which exposes this error in the quenched approximation
is the ratio of the 25 — 15 splitting to that of the 1P —1S. Figure 17 demonstrates
that the fact that this ratio is too large is a physical effect - it is not affected
substantially by lattice discretisation errors. We expect such an effect in the
quenched approximation because «; runs incorrectly between scales. This means,
as discussed earlier, that the quenched heavy quark potential is too high at small
values of R and so the S states are pushed up with respect to P states, making
the 1P—18 splitting too small relative to the 25 —15. The effect may be stronger
for higher excitations, but they are subject to larger lattice errors.

The error from the quenched approximation is even bigger if we look at quan-
tities sensitive to a larger disparity of scales to maximise the effect of incorrect
running. Figure 18 shows the ratio of the 1P — 15 splitting in bottomonium from
the NRQCD collaboration to the p mass from the UKQCD (UKQCD (1997))
and GF11 collaborations (Butler et al (1994), Weingarten (1997)). The TKQCD
p mass results have included discretisation corrections for the light quarks; the
GF11 results have not. It is clear that, although a result independent of lattice
spacing is obtained when the p mass is improved, it is wrong.

The fine structure in the spectrum is shown in Figure 16. As already dis-
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Fig. 18. Dimensionless ratio of the ¥, — 1" splitting to the p mass against the lattice
spacing in fm, set by the x3—1" splitting in the quenched approximation (Davies (1997)).
Circles show the UKQCD improved p mass and the squares the GF11 unimproved mass.
Experiment is shown by the burst.

cussed, this is harder to calculate accurately than the spin-independent spectrum
because it only appears as a relativistic correction. There is no large leading or-
der term with non-perturbatively determined coefficient to stabilise the results
as there is in the spin-independent case (D?/2mg). Since the clover discretisa-
tion of E and B fields each contain four links (see figure 10) there are several
powers of up in each term when tadpole-improvement is undertaken. This means
that spin-splittings are affected strongly by the value of ug and if uy were set to
1 (i.e. no tadpole-improvement) results much smaller than experiment would be
obtained (Davies et al (1994a)). This also means that the spin splittings change
when different definitions of ug are used, in the absence of a perturbative calcu-
lation of the remaining radiative corrections (for preliminary results on these, see
Trottier (1997b)). The difference between ugp and ugy, results in 10-20% shifts to
the splittings at these lattice spacings (SESAM (1997)). The hyperfine splitting
is particularly sensitive; in leading order perturbation theory it is proportional
to 2 (equivalent to Uy ¢ when ug factors in the D? term are taken into account).
The presence or absence of the higher order relativistic corrections also affects the
results at a similar level (Manke et al (1997), SESAM (1997)). Discretisation cor-
rections, not surprisingly, are important as well. Because the fine structure (and
particularly the hyperfine splitting) is sensitive to short-distance scales (consider
the functional form of the spin-dependent potentials), the discretisation errors
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Fig. 19. The T — 1, splitting in physical units vs the square of the lattice spacing in fm
in the quenched approximation. The 25 — 1S splitting has been used to set the scale.
Squares are results from the lowest order action (Davies (1997)) and diamonds from an
action which includes spin-dependent relativistic and discretisation corrections (Manke
et al (1997), Manke (1997)).

can be quite severe. In the calculation of the NRQCD collaboration in which
only leading order spin terms are included, the hyperfine splitting in MeV shows
strong dependence on the lattice spacing - see Figure 19. This makes a physi-
cal result hard to determine. Results of the other groups in Figure 16 include,
along with the relativistic spin-dependent corrections, discretisation corrections
to the leading spin-dependent terms (Lepage et al (1992)). This should reduce
the lattice spacing dependence of the physical results but this analysis is not yet
complete (see Figure 19 and Manke (1997)). Finally the spin splittings depend
quite strongly on the quark mass (particularly again the hyperfine splitting) and
for these the quark mass must be tuned accurately. This requires a very accurate
determination of the meson kinetic mass as well as of the lattice spacing.

To compare to the real world we would like results with dynamical fermions
of appropriate number and mass. To estimate how many dynamical fermions are
‘seen’ by the bottomonium system, we need to know what the typical momenta
being exchanged by the heavy quarks are. For 7" this gy is about 1 GeV, not
enough to make a ¢ pair, so the effective value of ns should be 3. Almost all
available sets of gluon field configurations have ny set to 2, so extrapolation is
necessary. The results will also depend on the light quark mass of the dynamical
flavours, and this dependence at worst should be linear (Grinstein and Rothstein
(1996)):
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AM~AMO<1+CZ%‘£.--). (61)
T

u,d,s

For ¢r > m, the answer with u,d and s quarks can be reproduced by 3 de-
generate dynamical quark flavours of mass m/3 (ignoring m,, and mgq). Results
should be extrapolated as a function of dynamical fermion mass to m/3 and
then extrapolated to ny = 3 from ny = 0 and 2.

In fact no significant m¢ dependence has been seen by the two groups,
NRQCD and SESAM, who have done calculations on dynamical configurations
(using different lattice formulations of the light fermions). The SESAM collabo-
ration with 3 dynamical quark masses does see a definite trend in m,, however
(SESAM (1997)). Figure 20 shows the dependence of the ratio of the 25 — 15
to 1P — 18 splitting on ny for the two groups. The results are consistent with
experiment for ny = 3 but n; = 2 cannot be ruled out without better statistics.
More points at other values of ny would be useful.
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Fig. 20. The ratio of the T’ — T splitting to the Xz — T splitting as a function of the
number of dynamical flavours. Circles are the results from the NRQCD coliaboration
(Davies et al (1997)) and the burst from the SESAM collaboration (SESAM (1997)).

The ny extrapolation of the fine structure will be more difficult, even once
physical results at a given ny are obtained. Since the fine structure probes much
shorter distances it is possible that the effective number of flavours that it ‘sees’
is higher. Then the challenge will be to find appropriate quantities to set the
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scale for an extrapolation to, say, ny = 4. It will not be possible to use spin-
independent splittings for which the real world ny value is 3 (Davies (1997)).

Figure 16 shows disagreement with experiment for the P fine structure in
the quenched approximation, both in overall scale and for the ratio p, equation
37. Agreement is better on unquenched configurations, but the systematic errors
described above must be removed before this is clear. The hyperfine splitting is
very sensitive to the presence of dynamical fermions. It increases by ~ 30% as ny
is increased from 0 to 2 for the NRQCD results (see Figure 16). Extrapolations
in n; using a variety of other short-distance quantities to set the scale (so the
physical results differ from those in Figure 16) give a ‘real world’ value for the
hyperfine splitting of around 40 MeV. The error is very large at present (25%)
because of the inaccuracies in the fine structure. With improved calculations this
can be reduced to 10%.

2.4 Direct Measurement of the Charmonium Spectrum
on the Lattice

Unfortunately the NRQCD programme as described for bottomonium does not
work as well for charmonium. It has been clear all along that charmonium is much
more relativistic; with the NRQCD approach we can directly see the effects of
higher order relativistic corrections to the Lagrangian. A calculation with the
Lagrangian of equation 22 has errors at O(mgv®) as discussed earlier (Davies et
al (1995b)). This gives an error of around 30MeV which is 30% for spin splittings.
On adding higher order terms these large corrections to the fine structure become
manifest (Trottier (1997a)) and are actually rather worse than the naive 30%.
An accurate calculation of the ¢ — 7. splitting, for example, would then require a
high order in the NRQCD expansion, coupled with the determination of radiative
corrections to the coefficients.

It seems more useful to treat the ¢ quark as a light quark and use stan-
dard lattice approaches for relativistic quarks (Weingarten (1997), Montvay and
Miinster (1994)). However, the fact that m.a ~ 1 on current lattices can lead
to significant discretisation errors. The heavy Wilson approach (El-Khadra et
al (1997)) is an adaption of the standard Wilson light fermion action in which
higher dimension operators are added to better match to continuum QCD by
reducing errors of the form (pga)™. The coefficients of these operators must be
calculated and in the strict heavy Wilson approach they are considered as a
perturbative series in a, but to all orders in mga. At large mqa the Lagrangian
becomes NRQCD-like (since no symmetry between space and time directions is
imposed) and at small mga it reduces to the form used for the Symanzik im-
provement of light quarks. In principle it can span the region from one extreme
to the other. In practise, NRQCD is rather simpler and faster to implement for
really non-relativistic fermions.

The lowest order heavy Wilson action is identical to the Sheikosleslami-
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Wohlert (SW) action for light quarks in which a clover term
g —
—icswnw(z)owF”Vw(z) (62)

with mga-independent coefficient is added to the Wilson action (Sheikholeslami
and Wohlert (1985), Heatlie et al (1991)):

S = Zanl[]n - K Z[Jﬂ(l - 'Yu)Un,uwnﬂl + En+ﬂ(1 + ’Y#)Ui,uwn]' (63)

n,p

The coefficient of the clover term is usually taken as 1 after the gauge fields
have been tadpole-improved, and perturbative calculations to O(a,) (mga — 0)
indicate no large additional radiative corrections (see Liischer et al (1997) for
a discussion). Non-perturbative determinations of this clover coefficient for the
light quark case are described by Sommer (1997).

The meson energy-momentum relation must also be considered carefully for
charm systems (El-Khadra et al (1997)). For the SW action there is an energy
shift between the energy at zero momentum (the pole mass) and the kinetic
meson mass that sits in the denominator of the kinetic term, as in the NRQCD
case (equation 58). The shift increases as the quark mass increases and for mga >
0.5 it is important that the physical meson mass is taken from the kinetic mass
and not from the pole mass which is used for light hadrons. It is possible to
remove this shift by adjusting coefficients in the full heavy Wilson approach,
but it is not necessary.

For the SW action there is also a problem with non-universality of the shift.
It should appear simply as a shift per quark and therefore twice as big for a
meson with two heavy quarks as for a meson with one heavy and one light
quark. However there is a discrepancy between the shift per heavy quark in
these two cases and it increases significantly as the heavy quark mass increases
(Collins et al (1996a), Aoki et al (1997), see Figure 21). The discrepancy arises
from lattice discretisation errors in relativistic D*-type terms in the heavy quark
action affecting the heavy-heavy mesons. These terms need to be correct in order
for the binding energy of a meson to be fed into its kinetic mass. Since the kinetic
mass appears at O(mgv?) it is O(mgv?) terms which do this, whereas the pole
mass is O(1). If the O(mgv*) terms are incorrect, the binding energy will appear
only in the pole mass and the shift will then depend on the binding energy. For
a heavy-light meson the binding energy is provided by the light quark and this
problem does not arise. In the NRQCD case (Davies et al (1994b)) the relativistic
terms are correct because the D*/8m, term is added by hand and discretisation
corrections remove D} rotational non-invariance. For the SW action this isn’t
true; the D* term has an incorrect mass and there is an uncancelled D} term
(Kronfeld (1997)). Both these effects can be corrected for in the heavy Wilson
approach (El-Khadra et al (1997)), but this has not been done as yet. For charm

quarks with m.a < 0.5 there is not a significant problem, as in clear from Figure
21.
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Fig. 21. The energy shift per heavy quark for the SW action, as a function of heavy
quark mass, mga. Note the difference between results for heavv-heavy mesons (open
symbols) and those for heavy-light mesons (filled symbols). (Aoki et af (1997)).

The calculation of charm quark propagators with the SW action proceeds as
for conventional light quarks (Weingarten (1997), Montvay and Miinster (1994))
with the calculation of rows of the fermion matrix inverse by an iterative pro-
cedure. This converges quite rapidly for heavy quarks, but care must be taken
to allow enough iterations for the solution to propagate over the whole lattice.
Meson correlation functions are put together using various smearing functions
and then fitted to multi-exponential forms as described for the NRQCD case.
The charm quark mass is tuned by the kinetic mass method as before.

Figure 22 shows the spectrum for charmonium calculated recently on quenched
gluon fields with this method and presented at this school by Peter Boyle (Boyle
(1997b)). Previous results (El-Khadra and Mertens (1995)) are in agreement
with this, but don’t show such complete fine structure. The hyperfine splitting
is clearly underestimated and this could be a quenching error, since this splitting
increases with ny, as discussed in the bottomonium case, or it could mean that
¢, is underestimated. The fine structure also shows a discrepancy for the ratio p
(see equation 37).

The systematic errors of the SW action for charmonium need some analysis
(El-Khadra and Mertens (1995)) before we can extract physical (quenched) re-



The Heavy Hadron Spectrum 43

sults from these calculations. Only one calculation on unquenched configurations

has been done (Collins et al (1996a)) and problems with fitting errors made it
hard to draw conclusions.
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Fig. 22. The charmonium spectrum from quenched lattice QCD using the SW action
(Boyle (1997b)).

Future work will need to investigate the use of actions with higher order
terms, possibly on anisotropic lattices (Lepage (1996)). Some preliminary work
on the charmonium spectrum has been done with these (Alford et al (1997)).
A small lattice spacing in the time direction is useful for improving exponential
fits, particularly for excited states, and does not need to mean a small lattice
spacing in the spatial directions. Indeed such an anisotropy is very natural for
non-relativistic systems, as we have seen.

2.5 Other Heavy-Heavy States

There is a lot of interest in the literature in other heavy-heavy bound states,
which have not yet been seen experimentally. The one most likely to be seen in
the near future is the mixed bound state of bottom and charm quarks; indeed
candidates for the 1Sy ground state, the B,, have been seen recently (DELPHI
(1997a), ALEPH (1997)).

The b€ system actually has a lot in common with the heavy-light systems of
the next section, although it is classified here as heavy-heavy because of its quark
content. The charm quark in the B. will be more tightly bound and therefore
more relativistic than in charmonium, and we have already seen that a non-
relativistic approach to charmonium is rather inaccurate. In addition, because
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charge conjugation is not a good quantum number, the two 17 P states will mix
to give a different P fine structure to that for heavyonium.

Recent continuum potential model results for the b¢ spectrum are given in
Eichten and Quigg (1994) and Gershtein et al (1995). 2 sets of S states, 1 set
of P states and 1 set of D states are expected below threshold for the Zweig
allowed decay to B, D (7.14 GeV). Note that the be states below threshold are
particularly stable since the annihilation mode to gluons is also forbidden.

First lattice calculations (Davies et al (1996)) have used NRQCD for both
the ¢ and b quarks. Agreement with potential model results was found within
sizeable systematic uncertainties. Better calculations will use NRQCD for the b
quark and relativistic formulations for the ¢ quark (Shanahan (1997)). However,
uncertainties still remain about how to fix the bare quark masses in the quenched
approximation, because of the variations possible in the determination of the
scale. These problems should become more tractable when complete calculations
are done including the effects of dynamical fermions. Only preliminary results
are available on unquenched configurations using NRQCD for b and ¢ (Gorbahn
et al (1997)). Figure 23 shows a comparison of the spectrum for lattice and
potential model results.
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Fig. 23. Lattice results for the spectrum of the B. system. Open circles indicate
NRQCD results on quenched configurations, closed circles those on partially un-
quenched configurations from the MILC collaboration. Bowties indicate results on
quenched configurations using NRQCD for the b quark and relativistic ¢ quarks. Er-
ror bars are shown where visible and only indicate statistical uncertainties. (Davies et
al (1996), Shanahan (1997), Gorbahn et al (1997)). Dashed lines show results from a
recent potential model calculation (Eichten and Quigg (1994)).
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Other states of a more speculative nature are hybrid states which include a
gluonic valence component; Q@Qg. Observation of these states would be a direct
confirmation of the non-Abelian nature of QCD (see possibly E852 (1997)).
Hybrids are expected containing all quark flavours, but the advantage of studying
the heavy-heavy hybrids is that the normal Q@ spectrum is relatively clean, both
experimentally and, as discussed here, theoretically.

There have been several lattice calculations of the hybrid potentials for a po-
tential model analysis of these states (see, for example, Perantonis and Michael
(1990), Juge, Kuti and Morningstar (1997)). Wilson loops are calculated whose
spatial ends have the appropriate symmetries to project onto the different hybrid
sectors (see Figure 24). The hybrid potentials obtained can be compared to ex-
pectations from excited string models and from bag models. From a Schrodinger
equation, masses for the hybrid states can be determined; the particular interest
is in ‘exotic’ states which cannot appear in the usual QQ sector. These states
have quantum numbers (J = odd)~*, (J = even)™~ or 0~ ~. They are most
likely to be visible if their energies are below threshold for Zweig-allowed decay,
but it is not clear where this threshold is. Some models expect the hybrid states
to decay to an S-wave heavy-light state and a P-wave, in which case the thresh-
old is rather higher than for conventional heavyonium decay (for a recent review
of expected hybrid phenomenology see Close (1997)).

Fig. 24. An example of an aperator used at the end of a Wilson loop in the calculation
of the hybrid (IT) potential.

The hybrid potentials obtained (see Figure 25) are very flat, indicating broad
states, closely packed in energy. The lightest mass hybrids from these potentials
are close to the threshold described above. The same picture is obtained by
calculating the masses of heavy-heavy hybrids directly using NRQCD (Collins
(1997b), Manke (1997)). Further work must be done on the spectrum if the
states are to be accurately predicted for experimental searches.
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Fig. 25. The heavy hybrid potential from a recent lattice calculation (Juge, Kuti and
Morningstar (1997)). The X} potential is the usual central potential; the IT potential
has a gluonic excitation with spin 1 about the Q@ axis and the A potentials have spin
2.

3 The Heavy-Light Spectrum

3.1 Mesons

These are bound states with one heavy valence quark or anti-quark and 1 light
anti-quark or quark. The levels show a similar picture to that for the heavy-
heavy spectrum with the lightest state the pseudoscalar (}Sp) and close by the
vector (351). For charm-light we have pseudoscalars cd = D, ¢z = D° and c§
= Dy, and vectors, D*®, D** and D?. For bottom-light we have pseudoscalars

bd = FO, bt = B~ and b5 = B;, and vectors again for each. We shall ignore the
distinction (and slight mass difference) between heavy-light mesons containing
u and d quarks and often just refer to D and B. Radially excited S states, D'
and B’ are about 500 MeV above the ground states and below these come a set
of positive parity P states, denoted by their spins D%/Bg, D1/B1, D3/Bj etc.
or more generically D** and B**. See Fig. 26 and The Particle Data Group
(1996).
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Fig. 26. The spectrum of heavy-light mesons.

We do not expect a potential model to work well for the heavy-light spectrum
because the light quarks are now relativistic. The heavy quarks are still non-

relativistic, however. Taking Agcp as a typical QCD momentum scale of a few
hundred MeV, we have

Momentumg ~ Momentum, ~ Agcp
vQ _ Agco
C mQ

giving vg ~ 0.1 for b in B and 0.3 for ¢ in D. This is vg, not vé, so the heavy
quark is actually more non-relativistic than in heavy-heavy systems.

A useful analysis is provided by Heavy Quark Symmetry (see Neubert (1994)
for a review). In the mg — oo limit QCD has an [SU(2Nf)] symmetry where
Np is the number of flavours of heavy quark in the theory. This is evident
from the NRQCD Lagrangian of equation 22 which, by the arguments above, is
appropriate for the heavy quarks here also. As mg — oc the Lagrangian becomes
¢! D) when the quark mass term is removed. Thus the heavy quarks become
spinless and any distinction between flavours disappears (apart from the overall
energy level set by the missing mass term). The picture of a heavy-light meson
becomes one of a static heavy quark surrounded by a fuzzy cloud of the light
degrees of freedom, known as ‘brown muck’, as in Figure 27. Interactions that
probe only momentum scales appropriate to the brown muck will not be able
to see details of the heavy quark at the centre. Notice that this is a completely
different physical picture to that for heavy-heavy mesons.
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Fig. 27. A heavy-light meson in the Heavy Quark Symmetry picture.

From the picture of Figure 27 there is a natural distinction between energy
shifts in the spectrum that are caused by something changing for the light degrees
of freedom, e.g. a radial or orbital excitation, and those caused by something
changing for the heavy quark, such as its flavour or spin. In the first case we ex-
pect that radial and orbital excitation energies should be approximately indepen-
dent of the heavy quark flavour, and in the second case we expect much smaller
splittings with strong heavy quark mass dependence between states of different
S¢. This hierarchy of splittings is similar to that for heavy-heavy mesons but for
different reasons. The mg-independence of the 1P — 1S splitting in heavyonium
is an accident; in heavy-light mesons it is the consequence of a symmetry of the
non-relativistic effective theory as mg — oo.

A power-counting analysis of the terms in the NRQCD Lagrangian is useful
to demonstrate this effect (Ali Khan et al (1996)).

Dy ~D ~ Agep (64)
from above. Then

D Agep (65)

2mg mg

Also
A~A 5 EB~ Ahqp (66)
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o-B Abep

(67)
mg mg

m2Q mé )

This shows that, for the heavy-light case, the NRQCD Lagrangian is a 1/mq
expansion (unlike the heavy-heavy case where terms at different order in 1/mg
appeared at the same order in vé). The leading order term is the D; term and
then at the next order come two 1/m¢ terms - the kinetic energy of the heavy
quark and the spin coupling to the chromo-magnetic field. These are the first two
terms to know about the heavy quark flavour (mass) and its spin. Any splitting
that requires this knowledge will appear first at 1/m¢g in an expansion in the
inverse heavy guark mass.

The heavy quark spin, Sg, is a good quantum number in the heavy quark
limit and so we can classify states according to j; = J—S¢g. Each j; state becomes,
on the addition of the heavy quark, a doublet with J = j; £1/2 (Isgur and Wise
(1991)). An analogy can be drawn with atomic physics and the decoupling of
the nuclear spin as m./my — 0. The lightest states are the L = 0, ji = 1/2,
3S, (D*,B*)/ 1Sy (D, B) doublet. For heavy-light P states the light quark spin,
S,, is coupled to the orbital angular momentum to make states of overall spin,
Ji = 1/2 ( 2 polarisations ) or j; = 3/2 ( 4 polarisations). Coupling Sg to j; =
3/2 gives total J=2 (B3, D3}) and J=1 (B}, D) (8 states altogether). Coupling
Sg to ji = 1/2 gives J=0 or J=1 (4 states altogether). Thus in the jj coupled
basis we reproduce the same 12 states as the LS coupled ' P, Py 1 » multiplet.
However, the spin 1 states are a mixture of the ! P; and 3P; (with mixing angle
35°) because of a lack of charge conjugation. In the mg — oc limit only the
splittings caused by the light degrees of freedom remain. The jj basis becomes
the correct one and all the j; = 3/2 states become degenerate but split from
all the j; = 1/2 states. The j; = 3/2 states are narrow (and therefore visible)
because of the high orbital angular momentum required in decays to DX B
for J=2. J=1 can only decay to D*/B*n but, having the same j; as the J=2
state, has a similar total width (see Figure 28 and Isgur and Wise (1991)).

The difference between the j; + 1/2 and ji — 1/2 members of a doublet is
a spin flip of the heavy quark. The leading term that gives rise to this in the
NRQCD Lagrangian is the o¢ - B term, yielding a splitting behaving as Ax (spin
factors)x 1/mg. A is an expectation value in the light quark degrees of freedom so
the heavy quark mass dependence of the splitting is as 1/m¢ in leading order.
Table 4 shows experimental values for the vector-pseudoscalar splitting (The
Particle Data Group (1996)). 1/m¢ behaviour fits very well if we take m. ~ 1.5
GeV and mp ~ 5 GeV. We can also consider the strange quark as a heavy quark
rather than a light one and add the value for the strange-up/down system, the
K into the Table. This only works moderately well, with m, = 0.5 GeV, say. The
coeflicient of the 1/m¢g dependence is of order 0.2 GeV?, which is compatible
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with an expectation value in a light system of A% . Note that the variation
with light quark mass between u/d and s is very small. It is clear that B, cannot
be fitted into this heavy-light picture since its expected hyperfine splitting is
much larger (see section 2.5).

Splitting Experiment/ MeV}‘Expected’ value / MeV
K'~-K 398 457

D"-D 141 152

D! - D, 144

B*-B 46 46

B; - B, 47

K3 (1430) — K1(1270) 154

D; ~ D,y 37

D;2 - Dsl 38

Table 4. Hyperfine splittings for different heavy-light systems; the top group for the
L = 0,ji = 1/2 doublet, the lower group for the L = 1,5 = 3/2 doublet. The final
column gives expected values for the 3S; ~! Sy splitting rescaling from the B system by
the inverse ratio of quark masses given in the text. (The Particle Data Group (1996)).

Table 4 also shows results for the L = 1, j; = 3/2 doublet from the D and
K systems (Eichten et al (1993)). The ratio of splittings between D and K is
rather different for this case to the one above, probably showing that the I
is stretching the limits of HQS arguments. Nevertheless, we expect a splitting
Bj —B1 of m¢/my x (D} — D) ~ 12 MeV. A value of 26 MeV is given in DELPHI
(1995) for the B,. Experimental results for the L = 1 j; = 1/2 doublet are not
available since these are much broader than the j; = 3/2 doublet.

In contrast there are several splittings that we expect, from the arguments
above, to be controlled by changes in the light quark degrees of freedom and
therefore to be independent of the heavy quark mass at leading order. One of
these is the splitting between the heavy-strange and heavy-up/down mesons.
Experimentally this is satisfied at the 10% level (see Table 5). Other such split-
tings are those between radially excited S states and the ground states for which
experimental information is very limited (B' — B = 580MeV (Landua (1997))
and D* — D* = 630 MeV (DELPHI (1997b))), and between orbitally excited P
states and the ground S states, which we discuss below.

For the orbital splittings between heavy-light S and P states we should cal-
culate a splitting between spin-averaged states, to remove the spin-dependent
1/mg effects, and make as clear as possible the mg-independent light quark
effects. Since j; = 1/2 states have not been seen, we compare in Table 6 the
splitting between the spin-average of the j; = 3/2 P states and the spin-averaged
S states for D and B. Good agreement between the 2 systems is seen. For B
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Fig. 28. On the left, P fine structure for a degenerate heavy-heavy system. On the
right, P fine structure for a heavy-light system.

Splitting‘Experiment / MeV
Ds - D 99
B, - B 90

Table 5. Experimental values for splittings between heavy-strange and heavy-up/down
systems (The Particle Data Group (1996)).

states good spin separation of the P states is not yet available.

We would also expect the splitting between the j; = 1/2 and the j; = 3/2
states to be approximately independent of m¢ (Isgur (1997)), although the phys-
ical spin 1 states will be a mixture of the j7 states away from the mg — oo limit.
This cannot be checked experimentally as yet.

3.2 Baryons

There is a huge array of baryon states with one heavy quark and two light
quarks. Again we can make sense of their masses using Heavy Quark Symmetry
arguments. We view the baryon as a static colour source (for the heavy quark)
surrounded by a fuzzy light quark system which is made of two light quarks this
time instead of a light anti-quark (Falk (1997)).

We will discuss only the case of zero relative orbital angular momentum. For
two different light quarks we can combine the light quark spins to give a total S;
of 0 or 1. If the light quarks have the same flavour, only S, = 1 is possible by Fermi
statistics, remembering the overall anti-symmetry of the colour wavefunction.
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Splitting Experiment / MeV
K,(1368) — K(792) 576
D,(2445) — D(1975) 470
D,,(2559) — D, (2076) 483
B**(5698) ~ B(5313) 385
B;*(5853) ~ B,(5404) 449

Table 6. Splittings between spin-averaged ji = 3/2 P states {or experimentally un-
separated P states) and spin-averaged S states for heavy-light systems (The Particle
Data Group (1997)).

Coupling the heavy quark spin then gives the combinations in Table 3.2, with
overall spin-parity assignments.

baryon Qqq S; JP¥ mass./MeV mass;/MeV

A Qlud]  0F 17 2285(1)  5624(9)
L Q{ud},uu,dd 17 17 2453(1)  5797(8)
2 Q{ud},uu,dd 17 37 2519(2)  5853(8)
) Qlu/ds] 0 1T 2468(2)

= Q{u/dsy 1T 1T 2568(7)

= Q{u/ds} 1+ 3 2645(2)

It Qss 1+ 17 2704(4)

n Qss 1+ 37F

Table 7. J” possibilities for baryons containing one heavy quark along with two light
quarks. The names are given with subscripts ¢ or b. Masses are given in the last two
columns, taken from The Particle Data Group (1997), DELPHI (1995) for £ and

WAB9 (1995) for = .

Using HQS arguments we would expect the splitting between the spin average
of £ and X* states and the A to be independent of mg, since this splitting
represents a change in j;. We can check this in Table 8, and it works well even
when the s quark is considered as a heavy quark. There is in fact very little room
for sub-leading 1/M¢ dependence which can in principle be there (/%o p/me ~
30 MeV). In the last row is given for comparison the splitting between the spin-
average of the =7 and = ; and the =.. This is essentially the same splitting except
for the different light quark content. The answer is significantly different, showing
more sensitivity to light quark content than for the mesons (Falk (1997)). The
physical S; and =, will be mixtures of the HQS states, just like the spin 1
meson P states, but this should not be a big effect. An equal spacing rule,
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&
|
[

" = Z. — 5. holds well.

Splitting |Experiment /MeV

T, - 4, 203
T, - A 212
2y~ Ay 210

=7 =

Z &) 150

Table 8. Experimental values for the splitting between the spin-average of X states

and the A for different heavy quarks including s. In the last row a comparable splitting
is given for the =..

All the fine structure splittings between states of the same S; but different J
should behave as 1/mg. Table 9 shows the experimental information on this for
the X' baryons. The s quark fits well into this picture, but the experimental X —
X splitting looks significantly different from the expected value (Falk (1997)).
The experimental results need to be confirmed, however. The =* — = ' splitting
agrees well with the X* — X' showing no large m, effects here.

Splitting|Experiment / MeV|‘Expected’ / MeV
Xy =X 191 198
>-x 66 66

Xy — 5 56 20

Er -z, 80

Table 9. Splittings between X* and X states for different heavy quarks, including s.

The last column gives expected values for 1/mg behaviour compared to the splitting
for c.

We can also take splittings between baryons and mesons. The simplest split-
ting is between the A baryons and the S state mesons. To remove spurious g
dependence we should take the spin-average of the 1Sy and ®S; meson states
(Martin and Richard (1987)). Table 10 shows the experimental results; again
Heavy Quark Symmetry works much better than might be expected.

HQS yields only the m¢ dependence of the splittings; it must be combined
with a non-perturbative method of determining the coefficients of this depen-
dence. QCD sum rules can be invoked here (Neubert (1994)); Lattice QCD
provides a better ab initio method. We discuss results from lattice QCD in the
next subsection.
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Splitting|Experiment / MeV

A, — Iﬁ 323
A — 2 310
Ay — B 310

Table 10. The splitting between the A baryon and the spin average of S state
heavy-light mesons for different heavy quarks, including s.

Exercise: Discuss what you would expect for heavy-heavy-light baryons.

Take Q1 # Q2.

Exercise: Compare orbitally excited A, and A, baryons from the Par-
ticle Data Tables. What does this lead you to expect for the orbitally
excited A; ? (Rosner (1995)).

3.3 Direct Calculations of the Heavy-Light Spectrum on the Lattice

Following the methods described for the heavyonium spectrum, we can calculate
the heavy-light spectrum directly using lattice QCD. We must combine a heavy
quark propagator with a light anti-quark propagator (or two light quark propa-
gators) to make a meson (baryon) correlation function. This we fit as before to
a sum of exponentials to extract ground and excited state energies and masses.
In principle some of the excited states can undergo strong decays upsetting this
relation, but this does not happen in current lattice simulations.

For hadrons containing a b quark the best method is probably to use NRQCD
for the heavy quark as described for bottomonium in section 2.3. Because of the
different power-counting rules for the heavy-light case, the Lagrangian used can
be different to that for heavyonium. For example, a consistent calculation to
O(1/mg) would include D, D?/2m¢ and o - B/2mg terms (tadpole-improved
as before). In fact for the heavy-light case the spectrum can be calculated in
the static limit with simply the D, term, because the light quark provides the
kinetic energy. In this case, of course, only states of a given j; are obtained
with no hyperfine splittings. The static limit is very cheap computationally but
much noisier (Lepage (1992)) than NRQCD even at very large m¢g and for this
reason it may be more accurate to obtain static results from the limit of NRQCD
calculations. For hadrons containing a ¢ quark, we will discuss results using the
heavy Wilson (SW) action.

Since we do not have a potential model in principle to guide our intuition,
it is more difficult to think of good smearing functions for heavy-light mesons.
A lot of effort has been put into this for mesons in the static case (Duncan
et al (1995), Draper et al (1995)) to ameliorate the noise problems. Again, the
smearing does not affect the values of masses obtained, but a good smearing can
reduce the errors. In fact potential-model type wavefunctions (much broader
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Fig. 29. The B spectrum from lattice QCD using NRQCD for the b quark. Circles
are in the quenched approximation; open circles use m; from K and closed circles,
ms from K*. Squares are results on configurations with ny = 2 dynamical fermions.
Experimental results (The Particle Data Group (1997)) are given by dashed horizontal

lines. The B meson mass is fixed to its experimental value in all cases (Ali Khan
(1997)).

than for heavyonium) do work reasonably well (Duncan et al (1993), Ali Khan
et al (1996)), used as a source for the heavy quark, as do gauge-invariant smear-
ings typical of light hadron calculations (UKQCD (1996b)). The light anti-quark
for the meson is taken to have a delta function source. Alternatively both prop-
agators can be smeared, and for baryons it is certainly a good idea for all the
propagators to be smeared (UKQCD (1996b)).

The meson operators are similar to those for heavyonium - 1/)22 .Qd)le. For the
NRQCD heavy quark case 2 is a 2x 2 matrix in spin space and only 2 components
are taken from the 4-component light quark. The colors of heavy quark and
light anti-quark are matched for a colour singlet. The baryon operators need an
anti-symmetric colour combination, and the light quark propagators combined
with appropriate spins (UKQCD (1996b)). For example the g operator (with
smearing factors, ¢ suppressed) is:

0= e~:’“5C(XqA1 C’y5xg)ng (68)

where C is the charge conjugation matrix.

In principle, having calculated the bottomonium spectrum in NRQCD as
in section 2.3 on a given set of gluon configurations, we can determine a™!
and the bare b quark mass, my, and the calculation of the B spectrum should
have no parameters to tune. Unfortunately this is not true in the quenched
approximation. The disagreement with experiment shown in Figure 18 makes
it clear that the a™! fixed from the T spectrum would be ~ 20% different to
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that from M,, because of the different momentum scales appropriate to the two
systems. Heavy-light systems are much closer to light hadrons in these terms than
to heavyonium. For the best quenched results we really need to use a value for
a~! from the heavy-light system itself, but the lack of experimental information
on P states makes this hard, since the obvious quantity to use is the 1P — 18
splitting. Usually a™! is taken instead from light hadron spectroscopy. Large
statistical and systematic uncertainties there then give a rather large error.

6.01

| b 4, by
GeV # &f

B Ap 5 5

5.0

Fig. 30. Masses of baryons containing one b quark from lattice QCD. Circles use
NRQCD for the b quark in the quenched approximation, the box uses NRQCD on
configurations with ny = 2 flavours of dynamical fermions. Triangles (Alexandrou et
al (1994b)) use Wilson fermions, and diamonds the SW action (UKQCD (1996b)) ex-
trapolating from the region of the charm quark, again in the quenched approximation.
Experimental results are given by horizontal lines (The Particle Data Group {1997),
DELPHI (1995)). (Ali Khan (1997)).

This creates a problem with the bare b quark mass, my, since it was fixed
in bottomonium using a~! from that system. It should be fixed again in heavy-
light systems using the kinetic mass of, say, the B. This is difficult to extract
accurately because Bs are lighter than 7s. E(p) — F(0) is larger for the B
than the T so the noise in the meson correlation function at finite momentum
p (set by E(0)) is worse. An alternative is to calculate the usual energy at
zero momentum, Eg(0), and apply the energy shift per quark in lattice units
calculated for heavyonium to get mpa (Ali Khan et al (1996), Collins et al
(1996b)).

These problems mean that the heavy-light spectrum cannot be as accurately
calculated as that of heavyonium. Once dynamical fermions are included suffi-
ciently well to mimic the real world there can only be one value of a™' and m, ..
We are a long way from this point at present, however. It is not even possible to
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perform consistent ns extrapolations (to ny = 3?) of the heavy-light spectrum
from results at ny = 0 and 2 (Collins et al (1996b) and in preparation). For
heavyonium differences in methods of fixing a~! disappeared on this extrapola-
tion but this is not currently true for heavy-light mesons and shows the presence
of systematic errors.

Another difficulty with the heavy-light spectrum is that of fixing the light
quark mass. This is a problem shared with light hadron calculations (Weingarten
(1997), Montvay and Miinster (1994)). The B and D calculations must be done
with several different light quark masses far from the physical u/d masses and
the results extrapolated to the chiral limit. This inevitably causes an increase
in statistical and systematic errors. For the B, and D,, it is possible to inter-
polate to the s quark mass although there are ambiguities in fixing that, again
possibly arising from the quenched approximation (see, for example, Gupta and
Bhattacharya (1997)).

Figure 29 shows the b-light meson spectrum using NRQCD for the b quark,
fixing m, from the B mass and a™! from M, (from a recent review by Ali
Khan (1997)). The overall agreement with experiment is good. The B* — B
splitting is too small, however, both on quenched and on partially unquenched
configurations. As before, this may be a quenching effect and/or it may arise
from radiative corrections to ¢4 beyond tadpole-improvement (see the discussion
for heavyonium). The problems with fixing m; are clear. The P states still
have rather large error bars but the ordering, Bf, B1, B; is becoming clear in
the lattice results (in disagreement with some expectations (Isgur (1997))). The
spin 1 P states cannot be clearly separated as yet. Experimental results on the
P states are likewise uncertain. Results at a different value of the lattice spacing
are compared in Hein (1997).

Figure 30 shows the b-light baryon spectrum using NRQCD for the b quark
(Ali Khan (1997)). Agreement with experiment is again reasonably good, al-
though the A baryon is apparently too heavy on the partially unquenched con-
figurations. The baryons are probably rather susceptible to finite volume effects,
and further work is definitely needed on bigger volumes. The £* — X splitting
is too small in the quenched approximation, which does not seem surprising by
now.

Results in the static limit for mesons and baryouns, for the states that still
exist there, are similar to those from NRQCD but have been in the past less
accurate - see Peisa and Michael (1997), UKQCD (1996a), Duncan et al (1995),
Alexandrou et ol (1994a) and Duncan et al (1993). A comparison is made in
Figure 30 to results using heavy Wilson quarks for the b. This will be discussed
further below.

Arguments earlier showing that the heavy quarks are more non-relativistic
in heavy-light than heavy-heavy does mean that NRQCD should work better for
the I} than for the 1 but currently results are only available for S-states at one
value of the lattice spacing (Hein (1997)). For c-light mesons and baryons the
SW action (or other heavy Wilson action) is probably to be preferred even in this
case. Figure 31 shows a recent D spectrum using the tadpole-improved SW action
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GeV

25 I | T

-
L
D D* Dsp, Dy D.D; Dsp,D.
Fig. 31. The D meson spectrum from lattice QCD using a tadpole-improved SW action
in the quenched approximation. Masses are fixed relative to the spin average of the D,

and the D; (Boyle (1997a)). Horizontal dashed lines mark the experimental results
(The Particle Data Group (1996)).

for the ¢ quark presented here by Peter Boyle (Boyle (1997a)). The agreement
with experiment is encouraging but it has not been possible to extract all the P
fine structure as yet, and errors bars there are still rather large. Uncertainties in
how to fix a~! and m, are the same here as for the b case above. In the Figure
a™! is taken from light hadron spectroscopy. Results have been compared at two
values of the lattice spacing (Boyle (1997b)). No D spectrum is available from
unquenched configurations as yet.

Figure 32 shows the ¢-light baryon spectrum using the SW action for the ¢
quark but this time not tadpole-improved (UKQCD (1996b)). Agreement with
experiment for the mg-independent splittings is reasonable but the hyperfine
splittings are much too small. At least a part of this comes from the lack of
tadpole- improvement since this directly affects the ‘og -B’ term in this formal-
ism.

It is tempting to try extrapolating to the b quark from the ¢ quark using
the results from the SW action and HQS arguments to set the mg-dependence
of splittings. This is probably fine for splittings which have little or no mgq
dependence, in which case extrapolation is not really necessary. We have seen
that there are several splittings for which the leading behaviour is a constant
and for which there seems almost no sub-leading dependence on mg. For the
splittings that have strong m¢ dependence it is much more difficult to pick up
this dependence from the small mg side than from the large. Figure 30 compares
results from NRQCD with extrapolated results from unimproved Wilson quarks
(Alexandrou et al (1994b)) and SW quarks (UKQCD (1996b)). In the latter
case the low value obtained for the hyperfine £* — X splitting becomes worse on



The Heavy Hadron Spectrum 39

GeV L
2.7

2.5

234 _4]___

Ae = X I = E Q02
Fig. 32. The spectrum of baryons containing one ¢ quark obtained on the lattice using
the SW action for the ¢ quark in the quenched approximation (UKQCD (1996b)). The
horizontal dashed lines give experimental results (The Particle Data Group (1997)).

extrapolation. In principle the SW action is safer for heavy-light mesons than
for heavy-heavy as was discussed in section 2.4. and so calculations at the b itself
can and should be done with this method (Simone et al (1997)).

Finally lattice QCD calculations do not have to restrict themselves to he
physical quark masses but can explore the whole heavy quark region. This en-
ables a fit to the dependence on m¢ (or on the pseudoscalar meson mass, say) of a
range of splittings. The coeflicients of this dependence are then non-perturbative
parameters of a heavy quark expansion which can be made use of in other heavy
quark relations. The values of the coefficients can be compared to expectations
of powers of Agcp and to QCD sum rule results (Collins et al (1996b), Collins
(1997a), Gimenez et al (1997)).

4 Conclusions

There has been a lot of progress in heavy hadron spectroscopy using the tech-
niques of lattice QCD in recent years, converting the qualitative understanding
of potential models and Heavy Quark Symmetry into clear numerical results
that test QCD.

Further work is still needed to bring down systematic errors. Upsilon spec-
troscopy is the most accurate at present. Here, more calculations need to be done
with a non-relativistic action which includes next-to-leading spin-dependent terms
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and radiative corrections to leading terms. Finite volume effects must be studied
for radially excited states. More accuracy is needed on dynamical configurations
with several different values of n; to allow for a clear extrapolation of fine struc-
ture to the real world. A prediction for the T — 1, mass at the 10% level is a
realisable goal with current calculations.

The charmonium spectrum is more complete experimentally but more work
is needed on the lattice using heavy Wilson actions to reduce statistical and
systematic errors (e.g. from D* terms). Calculations on configurations with dy-
namical fermions are required for extrapolations to compare to experiment.

In the heavy-light sector statistical and systematic errors are inevitably larger
and these must be reduced if we are to get a clear picture of the fine structure
and radial excitations from the lattice that are now being seen experimentally.
Analyses of scaling as the lattice spacing is changed and finite volume studies for
these systems are still at an early stage. In the next few years a clearer picture
will emerge of the effect of the quenched approximation on ‘softer’ momentum
systems such as light and heavy-light hadrons and ambiguities of scale setting
and quark mass fixing should be removed.

Finally, as noted at the beginning, we are also interested in matrix elements
for radiative and weak decays of heavy hadrons, particularly those which are
important for the experimental B physics programme. Calculations of these are
being done on the lattice also, using the techniques described here for the spec-
trum. These calculations are much harder and accurate spectrum results will be
a prerequisite for accurate matrix elements.
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Non-perturbative Renormalization of QCD

Rainer Sommer

DESY-IfH, Platanenallee 6, D-15738 Zeuthen

Abstract, In these lectures, we discuss different types of renormalization problems
in QCD and their non-perturbative solution in the framework of the lattice formula-
tion. In particular the recursive finite size methods to compute the scale-dependence of
renormalized quantities is explained. An important ingredient in the practical applica-
tions is the Schrédinger functional. [t is introduced and its renormalization properties
are discussed.

Concerning applications, the computation of the running coupling and the running
guark mass are covered in detail and it is shown how the A-parameter and renormal-
ization group invariant quark mass can be obtained. Further topics are the renormal-
ization of isovector currents and non-perturbative Symanzik improvement.

Contents

1. Introduction
Basic renormalization: hadron spectrum; Finite renormalization: (semi-)leptonic
decays; Scale dependent renormalization; Irrelevant operators

2. The Problem of Scale Dependent Renormalization
The extraction of a from ezperiments; Reaching large scales in lattice QCD

3. The Schrédinger Functional
Definition; Quantum mechanical interpretation; Background field; Perturbative ez-
pansion; General renormalization properties; Renormalized coupling; Quarks; Renor-
malized mass; Lattice formulation

4. The Computation of a(q)
The step scaling function; Lattice spacing effects in perturbation theory, The con-
tinuum limit — universality; The running of the coupling; The low energy scale;
Matching at finite energy; The A parameter of quenched QCD; The use of bare
couplings

5. Renormalization Group Invariant Quark Mass

6. Chiral Symmetry, Normalization of Currents and O(a)-Improvement
Chiral Ward identities; O(a)-improvement; Normalization of isovector currents

7. Summary, Conclusions

1 Introduction

The topic of these lectures is the computation of properties of particles that are
bound by the strong interaction or more generally interact strongly. The strong
interactions are theoretically described by Quantum Chromo Dynamics (QCD),
a local quantum field theory.

Starting from the Lagrangian of a field theory, predictions for cross sections
and other observables are usually made by applying renormalized perturbation
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theory, the expansion in terms of the (running) couplings of the theory. While this
expansion is well controlled as far as electroweak interactions are concerned, its
application in QCD is limited to high energy processes where the QCD coupling,
a, is sufficiently small. In general — and in particular for the calculation of bound
state properties — a non-perturbative solution of the theory is required.

The only method that is known to address this problem is the numerical
simulation of the Euclidean path integral of QCD on a space-time lattice. By
“solution of the theory” we here mean that one poses a well defined question like
“what is the value of the 7 decay constant”, and obtains the answer (within a
certain precision) through a series of Monte Carlo (MC) simulations. This then
allows to test the agreement of theory and experiment on the one hand and
helps in the determination of Standard Model parameters from experiments on
the other hand.

Quantum field theories are defined by first formulating them in a regulariza-
tion with an ultraviolet cutoff A.,; and then considering the limit Ac,c — co. In
the lattice formulation (Wilson 1974), the cutoff is given by the inverse of the
lattice spacing a; we have to consider the continuum limit a — 0. At a finite
value of a, the theory is defined in terms of the bare coupling constant, bare
masses and bare fields. Before making predictions for experimental observables
(or more generally for observables that have a well defined continuum limit) the
coupling, masses and fields have to be renormalized. This is the subject of my
lectures.

Renormalization is an ultraviolet phenomenon with relevant momentum scales
of order a~!. Since a becomes weak in the ultraviolet, one expects to be able
to perform renormalizations perturbatively, i.e. computed in a power series in
a as one approaches the continuum limit @ — 0.! However, one has to take
care about the following point. In order to keep the numerical effort of a simu-
lation tractable, the number of degrees of freedom in the simulation may not be
excessively large. This means that the lattice spacing a can not be taken very
much smaller than the relevant physical length scales of the observable that is
considered. Consequently the momentum scale a~? that is relevant for the renor-
malization is not always large enough to justify the truncation of the perturbative
series. In order to obtain a truly non-perturbative answer, the renormalizations
have to be performed non-perturbatively.

Depending on the observable, the necessary renormalizations are of differ-
ent nature. I will use this introduction to point out the different types and in
particular explain the problem that occurs in a non-perturbative treatment of
renormalization.

1.1 Basic Renormalization: Hadron Spectrum

At this school, the calculation of the hadron spectrum is covered in detail in
the lectures of Don Weingarten (Weingarten 1997). I mention it anyway be-

! For simplicity we ignore here the cases of mixing of a given operator with operators
of lower dimension where this statement does not hold.
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cause I want to make the conceptual point that it can be considered as a non-
perturbative renormalization. I refer the reader to Weingarten’s lectures both
for details in such calculations and for an introduction to the basics of lattice
QCD.

The calculation starts by choosing certain values for the bare coupling, go,
and the bare masses of the quarks in units of the lattice spacing, am(’;. The flavor
index f assumes values f = u,d,s,c,b for the up, down, charm and bottom
quarks that are sufficient to describe hadrons of up to a few GeV masses. We
neglect isospin breaking and take the light quarks to be degenerate, m§ = mg =
m).

Next, from MC simulations of suitable correlation functions, one computes
masses of five different hadrons H, e.g. H = p, 7, K, D, B for the proton, the pion
and the K-,D- and B-mesons,

amy = amg(go, am}, amy, am§, amy) . (1)

The theory is renormalized by first setting my = my P, where mg*P is the exper-
imental value of the proton mass. This determines the lattice spacing via

a= (amp)/m;"p . (2)

Next one must choose the parameters am such that (1) is indeed satisfied with
the experimental values of the meson masses. Equivalently, one may say that at
a given value of gy one fixes the bare quark masses from the condition

(ampg)/(amp) = m;}(p/m;"p, H=7KDB. (3)

and the bare coupling go then determines the value of the lattice spacing through
(2).

After this renormalization, namely the elimination of the bare parameters in
favor of physical observables, the theory is completely defined and predictions
may be made. E.g. the mass of the A-resonance can be determined,

ma =a” [ama][l + O(a)] . (4)

For the rest of this section, I assume that the bare parameters have been elimi-
nated and consider the additional renormalizations of more complicated observ-
ables.

Note. Renormalization as described here is done without any reference to pertur-
bation theory. One could in principle use the perturbative formula for (a4)(go)
for the renormalization of the bare coupling, where A denotes the A-parameter
of the theory. Proceeding in this way, one obtains a further prediction namely
myp /A but at the price of introducing O(g?) errors in the prediction of the observ-
ables. As mentioned before, such errors decrease very slowly as one performs the

continuum limit. A better method to compute the A-parameter will be discussed
later.
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1.2 Finite Renormalization: (Semi-)leptonic Decays

Semileptonic weak decays of hadrons such as K — 7 e 7 are mediated by elec-
troweak vector bosons. These couple to quarks through linear combinations of
vector and axial vector flavor currents. Treating the electroweak interactions at
lowest order, the decay rates are given in terms of QCD matrix elements of these
currents. For simplicity we consider only two flavors; an application is then the
computation of the pion decay constant describing the leptonic decay @ — e 7.
The currents are

Au(z) =
Vi(e) =

(@37 %(2) |

Y
P(@) 7. 57%(2) (5)
where 7 denote the Pauli matrices which act on the flavor indices of the quark
fields. A priori the bare currents (5) need renormalization. However, in the limit
of vanishing quark masses the (formal continuum) QCD Lagrangian is invariant
under SU(2)y x SU(2)s flavor symmetry transformations. This leads to non-
linear relations between the currents called current algebra, from which one
concludes that no renormalization is necessary (cf. Sect. 6).

In the regularized theory SU(2)y x SU(2)a is not an exact symmetry but
is violated by terms of order a. As a consequence there is a finite renormal-
ization (Meyer and Smith (1983), Martinelli and Yi-Cheng (1983), Groot et al.
(1984}, Gabrielli et al. (1991), Borrelli et al. (1993))

(Ar). = Za4} ,
(WR)p = 2vV, (6)

with renormalization constants Z4, Zv that do not contain any logarithmic (in
a) or power law divergences and do not depend on any physical scale. Rather
they are approximated by

Za=1+2g¢+... |
Zy=1+2Pg +... (7)

for small go.

On the non-perturbative level these renormalizations can be fixed by current
algebra relations (Bochicchio et al. (1985), Maiani and Martinelli (1986), Liischer
et al. (1997 I)) as will be explained in section 6.

2 Of course, decays of hadrons containing b-quarks are more interesting phenomeno-
logically, but here our emphasis is on the principle of renormalization.
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1.3 Scale Dependent Renormalization

a) Short distance parameters of QCD. As we take the relevant length
scales in correlation functions to be small or take the energy scale in scattering
processes to be high, QCD becomes a theory of weakly coupled quarks and
gluons. The strength of the interaction may be measured for instance by the
ratio of the production rate of three jets to the rate for two jets in high energy
et e~ collisions,

alete” = qqyg)

? = (p.- 2 A% 8
e oqq 0 ¢ (Pe- +pet)” > 10Ge (8)

afg) «

We observe the following points.

— The perturbative renormalization group tells us that a(q) decreases loga-
rithmically with growing energy q. In other words the renormalization from
the bare coupling to a renormalized one is logarithmically scale dependent.

— Different definitions of a are possible; but with increasing energy, a depends
less and less on the definition (or the process).

— In the same way, running quark masses 7 acquire a precise meaning at high
energies.

— Using a suitable definition (scheme), the g-dependence of @ and 7 can be
determined non-perturbatively and at high energies the short distance pa-
rameters o and 7 can be converted to any other scheme using perturbation
theory in a.

Explaining these points in detail is the main objective of my lectures. For now
we proceed to give a second example of scale dependent renormalization.

b) Weak hadronic matrix elements of 4-quark operators. Another exam-
ple of scale dependent renormalization is the 4-fermion operator, O4*=2 which
changes strangeness by two units. It originates from weak interactions after in-
tegrating out the fields that have high masses. It describes the famous mixing
in the neutral Kaon system through the matrix element

(R°|02=2(u)[K®) .

Here the operator renormalized at energy scale p is given by

OA5=2 (u‘) = ZA’:2(,U'0"90) Es’y‘%d)d JS’Y,IZT/M + Z Zﬂ_#';spﬂ/)d ﬂ;srjwd )
i=S,P,V,AT
vh =11 ~)
Is=1,Ip=xs,...,IT =0,
2; = 0(g5), av=-z (9)
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where I have indicated the flavor index of the quarks explicitly. A mixing of the
leading bare operator, _Js'yf;d)d Jsfyf;wd, with operators of different chirality is
again possible since the lattice theory does not have an exact chiral symmetry
for finite values of the lattice spacing. The mixing coefficients z; may be fixed
non-perturbatively by current algebra (Aoki et al. (1997)). Afterwards, the over-
all scale dependent renormalization has to be treated in the same way as the
renormalization of the coupling.

1.4 Irrelevant Operators

A last category of renormalization is associated with the removal of lattice dis-
cretization errors such as the O(a)-term in (4). Following Symanzik’s improve-
ment program, this can be achieved order by order in the lattice spacing by
adding irrelevant operators, i.e. operators of dimension larger than four, to the
lattice Lagrangian (Symanzik (1982-83)). The coefficients of these operators are
easily determined at tree level of perturbation theory, but in general they need
to be renormalized.

In this subject significant progress has been made recently as reviewed by
Lepage (1996), Sommer (1997). In particular the latter reference is concerned
with non-perturbative Symanzik improvement and uses a notation consistent
with the one of these lectures. It will become evident in later sections that
improvement is very important for the progress in lattice QCD.

Note also the alternative approach of removing lattice artifacts order by
order in the coupling constant but non-perturbatively in the lattice spacing a as
recently reviewed by (Niedermayer (1997)).

2 The Problem of Scale Dependent Renormalization

Let us investigate the extraction of short distance parameters (Section 1.3a) in
more detail. First we analyze the conventional way of obtaining o from exper-

iments. Then we explain how one can compute o at large energy scales using
lattice QCD.

2.1 The Extraction of o from Experiments

One considers experimental observables O; depending on an overall energy scale ¢
and possibly some additional kinematical variables denoted by y. The observables
can be computed in a perturbative series which is usually written in terms of
the MS coupling o, 2

0i(g,y) = ays(@) + Ai(y)ads(@) + - - (10)

3 We can always arrange the definition of the observables such that they start with a
term a.
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For example O; may be constructed from jet cross sections and y may be related
to the details of the definition of a jet.

The renormalization group describes the energy dependence of « in a general
scheme (a = g2/(4n)),

9y
=2~ 8(5 11
93, 8(g) , (11)
where the g-function has an asymptotic expansion
_\ §=0  _ _
BG) " - {bo+ b1+ ...}
bo = oer (11— 3MVe)
by = ey (102 $Np) (12)

with higher order coefficients b;, i > 1 that depend on the scheme. (12) entails
the aforementioned property of asymptotic freedom: at energies that are high
enough for (12) to be applicable and for a number of quark flavors, N, that
is not too large, a decreases with increasing energy as indicated in Fig. 1. The
asymptotic solution of (11) is given by

_9 g—roo 1 by In[in(q?/A?)) {In[ln(g?/A%)]}?
7 @) T B O] *O( lin(q2/ A5)F ) (13)

with A an integration constant which is different in each scheme.

lIlllT]ITITIIIIIIIIIIII!

lllllllllllllllllllllll

log(q)

Fig. 1. Running of a in a definite scheme.

We note that — neglecting experimental uncertainties — aggg extracted in this
way is obtained with a precision given by the terms that are left out in (10).
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In addition to a3-terms, there are non-perturbative contributions which may
originate from “renormalons”, “condensates” (the two possibly being related),
“instantons” or — most importantly — may have an origin that no physicist has
yet uncovered. Empirically, one observes that values of ayg determined at differ-
ent energies and evolved to a common reference point using the renormalization
group equation {11} including b, agree rather well with each other; the aforemen-
tioned uncertainties are apparently not very large. Nevertheless, determinations
of a are limited in precision because of these uncertainties and in particular if
there was a significant discrepancy between o determined at different energies
one would not be able to say whether this was due to the terms left out in (10) or
was due to terms missing in the Standard Model Lagrangian, eg. an additional
strongly interacting matter field.

It is an obvious possibility and at the same time a challenge for lattice QCD
to achieve a determination of ¢ in one (non-perturbatively) well defined scheme
and evolve this coupling to high energies. There it may be used to compute jet
cross sections and compare to high energy experiments to test the agreement
between theory and experiment. Since in the lattice regularization QCD is nat-
urally renormalized through the hadron spectrum, such a calculation provides
the connection between low energies and high energies, verifying that one and
the same theory describes both the hadron spectrum and the properties of jets.

Note. A dis-satisfying property of agpg is that it is only defined in a pertur-
bative framework; strictly speaking there is no meaning of phrases like “non-
perturbative corrections” in the extraction of agzg from experiments. The way
that I have written (10) suggests immediately what should be done instead.
An observable O; itself may be taken as a definition of a — of course with
due care. Such schemes called physical schemes are defined without ambigui-
ties. This is what will be done below for observables that are easily handled in
MC-simulations of QCD. For an additional example see Grunberg (1984).

2.2 Reaching Large Scales in Lattice QCD

Let us simplify the discussion and restrict ourselves to the pure Yang-Mills theory
without matter flelds in this section. A natural candidate for a non-perturbative
definition of « is the following. Consider a quark and an anti-quark separated
by a distance r and in the limit of infinite mass. They feel a force F(r), the
derivative of the static potential V(r), which can be computed from Wilson
loops (see e.g. Montvay and Miinster (1994)). A physical coupling is defined as

agq(q) = g-r?F(r), gq=1/r, Cr=4/3. (14)
It is related to the MS coupling by

— MSag 2
Qog =03 + ¢ Ot (15)
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where both couplings are taken at the same energy scale and the coefficients in

their perturbative relation are pure numbers. The 1-loop coefficient, ciﬂs 99 also
determines the ratio of the A-parameters vs.
Aqa/ A555 = exp(—c™° 9%/ (87by)) (16)

Note that a4 is a renormalized coupling defined in continuum QCD.

Problem. If we want to achieve what was proposed in the previous subsection,
the following criteria must be met.

— Compute aqg(g) at energy scales of ¢ ~ 10 GeV or higher in order to be able
to make the connection to other schemes with controlled perturbative errors.

— Keep the energy scale g removed from the cutoff a™! to avoid large dis-
cretization effects and to be able to extrapolate to the continuum limit.

— Of course, only a finite system can be simulated by MC. To avoid finite
size effects one must keep the box size L large compared to the confinement
scale K~1/2 to avoid finite size effects. Here, K denotes the string tension,
K= limr_,oo F('f').

These conditions are summarized by

1 1

1
L 1 .
> 04Gev ~ 7~ 10Gev

>a, (17)

which means that one must perform a MC-computation of an N* lattice with
N =L/a> 25. It is at present impossible to perform such a computation. The
origin of this problem is simply that the extraction of short distance parameters
requires that one covers physical scales that are quite disparate. To cover these
scales in one simulation requires a very fine resolution, which is too demanding
for a MC-calculation.

Of course, one may attempt to compromise in various ways. E.g. one may
perform phenomenological corrections for lattice artifacts, keep 1/¢ ~ a and at
the same time reduce the value of ¢ compared to what I quoted in (17). Calcu-
lations of a5 along these lines have been performed in the Yang-Mills theory
(Michael (1992), Booth et al. (1992), Bali and Schilling (1993)). It is difficult to
estimate the uncertainties due to the approximations that are necessary in this
approach.

Solution. Fortunately these compromises can be avoided altogether (Liischer,
Weisz and Wolff (1991)). The solution to the problem is to identify the two
physical scales, above,

q=1/L . (18)

In other words, one takes a finite size effect as the physical observable. The
evolution of the coupling with ¢ can then be computed in several steps, changing
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g by factors of order 2 in each step. In this way, no large scale ratios appear and
discretization errors are small for L/a > 1.

For illustration, we modify the definition of ags(g) to fit into this class of
finite volume couplings. Consider the Yang-Mills theory on a T x L3 - torus
with T'>> L.* The finite volume coupling,

d‘l@(q) = k{TZF(T, L)}T:L/4 , 9= 1/L 5 (19)
can again be related to the MS coupling perturbatively,

- -MSqg
Goq = o+ 6 Rt (20)

This relation may come as a surprise since it relates a small volume quantity
to an infinite volume one. Remember, however, that once the bare coupling and
masses are eliminated there are no free parameters. Renormalized couplings in
finite volume and couplings in infinite volume are in one-to-one correspondence.
When they are small they can be related by perturbation theory. In particular,
(16) holds with the obvious modification.

The complete strategy to compute short distance parameters is summarized
in Fig. 2. One first renormalizes QCD replacing the bare parameters by hadronic

Lmax = O(3fm) : HS -——  SF(g=1/Lmax)
d

SF(q = 2/Lumax)
1
[ ]
[ ]
[ ]
{

SF(q = 2" /Lumax)
PT: |

jet — physics €= Agep, M

Fig. 2. The strategy for a non-perturbative computation of short distance parameters.

observables. This defines the hadronic scheme (HS) as explained in Sect. 1.1. At

4 It is well known that perturbation theory in small volumes with periodic boundary
conditions is complicated by the occurrence of zero modes (Gonzales-Arroyo et al.
{1983), Liischer {1983)). These can be avoided by choosing twisted periodic boundary
conditions in space ('t Hooft (1979,1981)), Baal (1983), Liischer and Weisz (1985~
86)).
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a low energy scale ¢ = 1/Lyax this scheme can be related to the finite volume
scheme denoted by SF in the graph. Within this scheme one then computes the
scale evolution up to a desired energy ¢ = 27/Lpnax- As we will see it is no
problem to choose the number of steps n large enough to be sure that one is
in the perturbative regime. There perturbation theory (PT) is used to evolve
further to infinite energy and compute the A-parameter and the renormalization
group invariant quark masses. Inserted into perturbative expressions these pro-
vide predictions for jet cross sections or other high energy observables. In the
graph all arrows correspond to relations in the continuum; the whole strategy is
designed such that lattice calculations for these relations can be extrapolated to
the continuum limit.

For the practical success of the approach, the finite volume coupling (as well
as the corresponding quark mass) must satisfy a number of criteria.

— They should have an easy perturbative expansion, such that the S-function
{and 7-function, which describes the evolution of the running masses) can
be computed to sufficient order.

~ They should be easy to calculate in MC (small variance!).

~ Discretization errors must be small to allow for safe extrapolations to the
continuum limit.

Careful consideration of the above points led to the introduction of renormal-
ized coupling and quark mass through the Schrédinger functional (SF) of QCD
(Liischer et al. (1992), Liischer et al. (1993-94), Sint (1994-95), Jansen et al.
(1996)). We introduce the SF in the following section. In the Yang-Mills the-
ory, an alternative finite volume coupling was introduced in G. de Divitiis et al.
(1994) and studied in detail in G. de Divitiis et al. (1995 I), G. de Divitiis et al.
(1995 II) .

The criteria (17) apply quite generally to any scale dependent renormaliza-
tion, e.g. the one described in Sect. 1.3 b. Although the details of the finite size
technique have not yet been developed for these cases, the same strategy can be
applied. This will certainly be the subject of future research. So far, the approach
has been to search for a “window” where ¢ is high enough to apply PT but not
too close to a™! (Martinelli et al. (1994)). An essential advantage of the details
of the approach of Martinelli et al. (1994) as applied to the renormalization
of composite quark operators is its simplicity: formulating the renormalization
conditions in a MOM-scheme, one may use results from perturbation theory in
infinite volume in the perturbative part of the matching. Since, however, high
energies ¢q can not be reached in this approach, we will not discuss it further and
refer to Donini et al. (1995), Oelrich et al. (1997) for an account of the present
status and further references, instead. In particular, in the latter reference it
can be seen, how non-trivial it is to have a “window” where both perturbation
theory can be applied and lattice artifacts are small.

Note. (17) has been written for the Yang-Mills theory. In full QCD, finite size
effects will be more important and one should replace VK — m,, resulting in' a
more stringent requirement.
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3 The Schrodinger Functional

We want to introduce a specific finite volume scheme that fulfills all the require-
ments explained in the previous section. It is defined from the SF of QCD, which
we introduce below. For simplicity we restrict the discussion to the pure gauge
theory except for Sect. 3.7 and Sect. 3.8. Apart from the latter subsections, the
presentation follows closely Liischer et al. (1992); we refer to this work for further
details as well as proofs of the properties described below.

.~ C

™~c
—_—
space
(LxLxL box with periodic b.c.)

Fig. 3. Illustration of the Schrodinger functional.

3.1 Definition

Here, we give a formal definition of the SF in the Yang-Mills theory in continuum
space-time, noting that a rigorous treatment is possible in the lattice regularized
theory.

Space-time is taken to be a cylinder illustrated in Fig. 3. We impose Dirichlet
boundary conditions for the vector potentials® in time,

Ci(x)at zo=0

Ax(z) = {C,’c(x) at To=1L "~ (21)

where C, C’ are classical gauge potentials and A denotes the gauge transform
of A,

A (x) = A A () AX) T + Ax)eAX)T!,  A€SUN) . (22)

® We use anti-hermitian vector potentials. E.g. in the gauge group SU(2), we have
Au(z) = A} (x)7°/(2i), in terms of the Pauli-matrices 7°.



Non-perturbative Renormalization of QCD 77

In space, we impose periodic boundary conditions,

Ax(z + Lk) = Ax(z),  A(x+Lk) = A(x) . (23)
The (Euclidean) partition function with these boundary conditions defines the
SF,

z[¢',¢] = / D[] / Dld]e=Sel4) | (24)

Sald] = - s / iz tr {FuFo},
295
Fo = OuA, — G, Ay + [Au, A]
Di4]= [] d4s(x),  D{4] = [[d4(x) .

X, 4,0

Here dA(x) denotes the Haar measure of SU(N). It is easy to show that the SF
is a gauge invariant functional of the boundary fields,

Z{e'? 0% = 2, C) (25)

where also large gauge transformations are permitted. The invariance under the
latter is an automatic property of the SF defined on a lattice, while in the
continuum formulation it is enforced by the integral over A in (24).

3.2 Quantum Mechanical Interpretation

The SF is the quantum mechanical transition amplitude from a state |C) to a
state [C') after a (Euclidean) time L. To explain the meaning of this statement
of the SF, we introduce the Schrédinger representation. The Hilbert space con-
sists of wave-functionals ¥[A] which are functionals of the spatial components of
the vector potentials, A¢(x). The canonically conjugate field variables are repre-
sented by functional derivatives, E}(x) = %ﬁ%&‘)’ and a scalar product is given
by

@y = / DIA|Z(AIW'[4],  D[4] = [] adix) . (26)

x,k,a

The Hamilton operator,

L 2
W= [ @z {BEeome0+ mraoRie) @D

commutes with the projector, IP, onto-the physical subspace of the Hilbert space
(i.e. the space of gauge invariant states), where IP acts as

P[] = / D[A]$[47] . (28)
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Finally, each classical gauge field defines a state |C) through
(c) =w[C] . (29)

After these definitions, the quantum mechanical representation of the SF is given
by

Z[C',C] = (C’'le"HTP|C)

= ie‘E"T%[C”]Wn[C]* . (30)

n=0

In the lattice formulation, (30) can be derived rigorously and is valid with real
energy eigenvalues E,.

3.3 Background Field

A complementary aspect of the SF is that it allows a treatment of QCD in a color
background field in an unambiguous way. Let us assume that we have a solution
B of the equations of motion, which satisfies also the boundary conditions (21).
If, in addition,

S[4] > 5(B] 31

for all gauge fields A that are not equal to a gauge transform B¥ of B, then we
call B the background field (induced by the boundary conditions). Here, £2(z)
is a gauge transformation defined for all z in the cylinder and its boundary and
B* is the corresponding generalization of (22). Background fields B, satisfying
these conditions are known; we will describe a particular family of fields, later.

Due to (31), fields close to B dominate the path integral for weak coupling
go and the effective action,

I'Bl=-mZ[C',C] , (32)
has a regular perturbative expansion,
1
F[B]=?FO{B]+F1[B]+Q§F2[B]+... , (33)
o
Io[B] = g3S(B] -

Above we have used that due to our assumptions, the background field, B, and
the boundary values C,C’ are in one-to-one correspondence and have taken B
as the argument of I'.
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3.4 Perturbative Expansion

For the construction of the SF-scheme as a renormalization scheme, one needs to
study the renormalization properties of the functional, Z. Liischer et al. (1992)
have performed a one-loop calculation for arbitrary background field. The cal-
culation is done in dimensional regularization with 3 — 2¢ space dimensions and
one time dimension. One expands the field A in terms of the background field
and a fluctuation field, ¢, as

Au(z) = Bu(@) + gogp(e) - (34)

Then one adds a gauge fixing term (“background field gauge”) and the corre-
sponding Fadeev-Popov term. Of course, care must be taken about the proper
boundary conditions in all these expressions. Integration over the quantum field
and the ghost fields then gives

I[B) = Lindet 4, — Indet 4, , (35)

where A, is the fluctuation operator and A the Fadeev-Popov operator. The
result can be cast in the form

nB = -2rm+oq, (36)

e—0 £

with the important result that the only (for € — 0) singular term is proportional
to Ip.

After renormalization of the coupling, i.e. the replacement of the bare cou-
pling by gx5 via

bo

% = P HgWl+2@)gzwW] alE)=-=, (37)
the effective action is finite,

1
el = { 3~ i - sl

MS

-1¢'(0141) + ¢'(0] 40) + O(g3s) (38)
COla) = S| (el =Tra
=0

Here, ¢’(0]4) is a complicated functional of B, which is not known analytically
but can be evaluated numerically for specific choices of B.

The important result of this calculation is that (apart from field independent
terms that have been dropped everywhere) the SF is finite after eliminating go
in favor of gyz. The presence of the boundaries does not introduce any extra
divergences. In the following subsection we argue that this property is correct in
general, not just in one-loop approximation.
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3.5 General Renormalization Properties

The relevant question here is whether local quantum field theories formulated on
space-time manifolds with boundaries develop divergences that are not present in
the absence of boundaries (periodic boundary conditions or infinite space-time).
In general the answer is “yes, such additional divergences exist”. In particu-
lar, Symanzik studied the ¢*-theory with SF boundary conditions (Symanzik
(1981)). In a proof valid to all orders of perturbation theory he was able to show
that the SF is finite after

— renormalization of the self-coupling, A, and the mass, m,
— and the addition of the boundary counter-terms

[, o426+ zsno} + [ &2 {26 - 20000} . (9
z0=T z0=0

In other words, in addition to the standard renormalizations, one has to add
counter-terms formed by local composite fields integrated over the boundaries.
One expects that in general, all fields with dimension d < 3 have to be taken
into account. Already Symanzik conjectured that counter-terms with this prop-
erty are sufficient to renormalize the SF of any quantum field theory in four
dimensions.

Since this conjecture forms the basis for many applications of the SF to the
study of renormalization, we note a few points concerning its status.

— As mentioned, a proof to all orders of perturbation theory exists for the ¢*
theory, only.

— There is no gauge invariant local field with d < 3 in the Yang-Mills theory.
Consequently no additional counter-term is necessary in accordance with the
1-loop result described in the previous subsection.

— In the Yang-Mills theory it has been checked also by explicit 2-loop calcula-
tions (Narayanan and Wolff (1995), Bode (1997)). Numerical, non-perturbative,
MC simulations (Liischer et al. (1993-94), G. de Divitiis et al. (1995 II) ) give
further support for its validity.

— It has been shown to be valid in QCD with quarks to 1-loop (Sint (1994-95)).

— A straight forward application of power counting in momentum space in
order to prove the conjecture is not possible due to the missing translation
invariance.

Although a general proof is missing, there is little doubt that Symanzik’s con-
jecture is valid in general. Concerning QCD, this puts us into the position to
give an elegant definition of a renormalized coupling in finite volume.

3.6 Renormalized Coupling

For the definition of a running coupling we need a quantity which depends only
on one scale. We choose LB such that it depends only on one dimensionless vari-
able 7. In other words, the strength of the field is scaled as 1/L. The background
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field is assumed to fulfill the requirements of Sect. 3.3. Then, following the above
discussion, the derivative

r'[B] = aﬂr[B] , (40)

is finite when it is expressed in terms of a renormalized coupling like gyzg but I
is defined non-perturbatively. From (33) we read off immediately that a properly
normalized coupling is given by

F(L)y=ryB)/ I'B (41)

Since there is only one length scale L, it is evident that g defined in this way
runs with L.

A specific choice for the gauge group SU(3) is the abelian background field
induced by the boundary values (Liischer et al. (1993-94))

, ¢ 0 0 ' ¢, 00
Ce=3[06,0 ], Co=%[0¢30 |, k=1,2,3, (42)
0 0 ¢, 0 0 ¢

h=n-%  H=-6-%
by = _%77, ¢y = _¢3+23£a (43)
b3 =—3n+%, Ph=—-d+ ¥

In this case, the derivatives with respect to 5 are to be evaluated at = 0. The
associated background field,

By =0, By = [2oC + (L — z0)Ci) /L, k=1,2,3, (44)

with

has a field tensor with non-vanishing components
Gor = OB = (C, — C)/L, k=1,2,3. (45)

It is a constant color-electric field.

3.7 Quarks

In the end, the real interest is in the renormalization of QCD and we need to
consider the SF with quarks. It has been discussed in Sint (1994-95).

Special care has to be taken in formulating the Dirichlet boundary conditions
for the quark fields; since the Dirac operator is a first order differential operator,
the Dirac equation has a unique solution when one half of the components of the
fermion fields are specified on the boundaries. Indeed, a detailed investigation
shows that the boundary condition

P+¢I10:0 =P, P—djlzg:L = p,a Pﬂ: = %(1 * 70) ) (46)
JP—LCO:‘O = p3 EP‘FlIO:L = ﬁl ; (47)
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lead to a quantum mechanical interpretation analogous to (30). The SF

ZIC',',¢'5C.pl = | DIAID[wID[F]e 4% (48)

involves an integration over all fields with the specified boundary values. The
full action may be written as

S1A,$,%] = S[, 9] + Se[4, ¥, ¥]
o = / d*z ()7, Du + mli(z) (49)

- [ @x @ P (@00 - [ ax [B(2) P (@0t

with Sg as given in (24). In (49) we use standard Euclidean y-matrices. The
covariant derivative, D,, acts as Dyi(z) = 0,9(2) + Au(z)¥(z).

Let us now discuss the renormalization of the SF with quarks. In contrast to
the pure Yang-Mills theory, gauge invariant composite fields of dimension three
are present in QCD. Taking into account the boundary conditions one finds (Sint
(1994-95)) that the counter-terms,

$P-lzo=0 and YP1Y|zo=1 (50)

have to be added to the action with weight 1 — Zy, to obtain a finite renormalized
functional. These counter-terms are equivalent to a multiplicative renormaliza-
tion of the boundary values,

=20, =2 (51)

It follows that — apart from the renormalization of the coupling and the quark
mass ~ no additional renormalization of the SF is necessary for vanishing bound-
ary values p, ..., 7. So, after imposing homogeneous boundary conditions for the
fermion fields, a renormalized coupling may be defined as in the previous sub-
section.

As an important aside, we point out that the boundary conditions for the
fermions introduce a gap into the spectrum of the Dirac operator (at least for
weak couplings). One may hence simulate the lattice SF for vanishing phys-
ical quark masses. It is then convenient to supplement the definition of the
renormalized coupling by the requirement m = 0. In this way, one defines a
mass-independent renormalization scheme with simple renormalization group
equations. In particular, the A-function remains independent of the quark mass.

Correlation functions are given in terms of the expectation values of any
product O of fields,

©)={% [DUpwipE 01} S e

p'=p'=p=p=0
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evaluated for vanishing boundary values p, ..., g'. Apart from the gauge field and
the quark and anti-quark fields integrated over, O may involve the “boundary
fields” (Liischer et al. (1996))

O =
C(x) - 5ﬁ(x)’ C(x) - 5p(x) 3
’ d 5 d

An application of fermionic correlation functions including the boundary fields is
the definition of the renormalized quark mass in the SF scheme to be discussed
next.

3.8 Renormalized Mass

Just as in the case of the coupling constant, there is a great freedom in defin-
ing renormalized quark masses. A natural starting point is the PCAC relation
which expresses the divergence of the axial current (5) in terms of the associated
pseudo-scalar density,

P?(z) = (2)1557°¢(2) (54)
via
0 A5 (z) = 2mP*(z) . (55)

This operator identity is easily derived at the classical level (cf. Sect. 6). After
renormalizing the operators,

(Ar); = Za4; ,
Pﬁ = ZPPa ) (56)

a renormalized current quark mass may be defined by
m=""m . (57)

Here, m, is to be taken from (55) inserted into an arbitrary correlation function
and Za can be determined unambiguously as mentioned in Sect. 1.2. Note that m
does not depend on which correlation function is used because the PCAC relation
is an operator identity. The definition of 7 is completed by supplementing (56)
with a specific normalization condition for the pseudo-scalar density. m then
inherits its scheme- and scale-dependence from the corresponding dependence
of Pr. Such a normalization condition may be imposed through infinite volume
correlation functions. Since we want to be able to compute the running mass
for large energy scales, we do, however, need a finite volume definition. This is
readily given in terms of correlation functions in the SF.
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time T

——
space

Fig. 4. fp (left) and f1 (right) in terms of quark propagators.

To start with, let us define (isovector) pseudo-scalar fields at the boundary
of the SF,

0° = [ & [ & Cupsdregw)
o'e =/d3u/d3v ')y ired'(v) (58)

to build up the correlation functions

fe(zo) = —5(P*(2)0%) ,
fi={0"0%) , (39)

which are illustrated in Fig. 4.
We then form the ratio

Zp = COHSt.\/E/fp(I)IIO:L/Q ) (60)

such that the renormalization of the boundary quark fields, (51), cancels out.
The proportionality constant is to be chosen such that Zp = 1 at tree level. To
define the scheme completely one needs to further specify the boundary values
C,C" and the boundary conditions for the quark fields in space. These details
are of no importance, here.

We rather mention some more basic points about this renormalization scheme.
Just like in the case of the running coupling, the only physical scale that exists
in our definitions (57),(60) is the linear dimension of the SF, the length scale,
L. So the mass m(L) runs with L. We have already emphasized that § is to
be evaluated at zero quark mass. It is advantageous to do the same for Zp.
In this way we define a mass-independent renormalization scheme, with simple
renormalization group equations.

By construction, the SF scheme is non-perturbative and independent of a
specific regularization. For a concrete non-perturbative computation, we do,
however, need to evaluate the expectation values by a MC-simulation of the

corresponding lattice theory. We proceed to introduce the lattice formulation of
the SF.



Non-perturbative Renormalization of QCD 85

3.9 Lattice Formulation

A detailed knowledge of the form of the lattice action is not required for an
understanding of the following sections. Nevertheless, we give a definition of the
SF in lattice regularization. This is done both for completeness and because it
allows us to obtain a first impression about the size of discretization errors.

We choose a hyper-cubic Euclidean lattice with spacing a. A gauge field U on
the lattice is an assignment of a matrix U{z, ) € SU(N) to every lattice point
z and direction 4 = 0,1,2,3. Quark and anti-quark fields, ¥(z) and ¥(z), reside
on the lattice sites and carry Dirac, color and flavor indices as in the continuum.
To be able to write the quark action in an elegant form it is useful to extend the
fields, initially defined only inside the SF manifold (cf. Fig. 3) to all times z, by
“padding” with zeros. In the case of the quark field one sets

Y(@)=0 ifzg<0orz>L,

and

P_y(z)|eg=0 = P4+ {(T)|2o=L = 0,
and similarly for the anti-quark field. Gauge field variables that reside outside
the manifold are set to 1.

We may then write the fermionic action as a sum over all space-time points
without restrictions for the time-coordinate,

SelU,9,¢] = a* Y (D +mo)¥, (61)
and with the standard Wilson-Dirac operator,
3
D=3 {7V, +V,) —aV.V,}. (62)
pu=0

Here, forward and backward covariant derivatives,

V() = ¢[U(z, w(e + ap) - ¥(2)], (63)
Vib(e) = t[() ~ Uz ~ ap, )" ¥(z ~ ap)] (64)

are used and myq is to be understood as a diagonal matrix in flavor space with
elements m({ .

The gauge field action S is a sum over all oriented plaquettes p on the
lattice, with the weight factors w(p), and the parallel transporters U(p) around
b,

SalU) = = Y w(p) {1~ U(p)} . (65)

9% 5
The weights w(p) are 1 for plaquettes in the interior and

w(p) = { %c, if p is a spatial plaquette at zg = 0 or 7o = L,

c: if p is time-like and attached to a boundary plane. (66)
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The choice ¢; = ¢; = 1 corresponds to the standard Wilson action. However,
these parameters can be tuned in order to reduce lattice artifacts, as will be
briefly discussed below.

With these ingredients, the path integral representation of the Schrodinger
functional reads (Sint (1994-95)),

Z= /D[l[z]D[tﬁ]D[U] e, S=S8¢+5c (67)
D[] =[] dU(z, n)
z,u

with the Haar measure dU.

Boundary conditions and the background field. The boundary conditions
for the lattice gauge fields may be obtained from the continuum boundary values
by forming the appropriate parallel transporters from = + ak to  at zo = 0 and
xo = L. For the constant abelian boundary fields C and C’ that we considered
before, they are simply

U((I}, k)lzo=0 = exp(ack)y U(IIJ, k)’zo:—'L = eXp(aCi')a (68)

for k =1,2,3. All other boundary conditions are as in the continuum.

For the case of (42),(43), the boundary conditions (68) lead to a unique (up to
gauge transformations) minimal action configuration V', the lattice background
field. It can be expressed in terms of B (44),

V(z,p) = exp {aB,(x)} . (69)

Lattice artifacts. Now we want to get a first impression about the dependence
of the lattice SF on the value of the lattice spacing. In other words we study
lattice artifacts. At lowest order in the bare coupling we have, just like in the
continuum,

1
I'= gram +0((90)%), TolV]=giSalV] - (70)
Furthermore one easily finds the action for small lattice spacings,
3Lt L (2 :
salvl=[1+ -] 5 { Zan [ 6~ 0u)| |
0 a=1
2Z(¢'—¢a [1+(1-c)%+0@h)] . (71)

We observe: at tree-level of perturbation theory, all linear lattice artifacts are
removed when one sets ¢; = 1. Beyond tree-level, one has to tune the coefficient
¢ as a function of the bare coupling. We will show the effect, when this is done to
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first order in g2, below. Note that the existence of linear O(a) errors in the Yang-
Mills theory is special to the SF; they originate from dimension four operators
ForFor and Fy Fy; which are irrelevant terms (i.e. they carry an explicit factor
of the lattice spacing) when they are integrated over the surfaces. ¢, which can
be tuned to cancel the effects of FyF};, does not appear for the electric field
that we discussed above.

Once quark fields are present, there are more irrelevant operators that can
generate O(a) effects as discussed in detail in Liischer et al. (1996). Here we
emphasize a different feature of (71): once the O(a)-terms are canceled, the
remaining a-effects are tiny. This special feature of the abelian background field
is most welcome for the numerical computation of the running coupling; it allows
for reliable extrapolations to the continuum limit.

Explicit expression for I'’. Let us finally explain that I is an observable
that can easily be calculated in a MC simulation. From its definition we find

immediately
r= ~a%ln {/D[w]n[z/}]n[z/] e—S} - <‘g_*3> . (72)

The derivative 2 5 S evaluates to the (color 8 component of the) electric field at
the boundary,

B =~ S B - (B 0] 73)

B (x) = a—QRe tr {i)\gU(z, B)U(z + ak,0)U (« + ab, k) ' U(z,0)7 } .
To=
where \g = diag(1, ~1/2,—1/2). (A similar expression holds for (E})’(x)). The
renormalized coupling is therefore given in terms of the expectation value of a
local operator; no correlation function is involved. This means that it is easy and
fast in computer time to evaluate it. It further turns out that a good statistical
precision is reached with a moderate size statistical ensemble.

4 The Computation of a(q)

We are now in the position to explain the details of Fig. 2 (Liischer, Weisz and
Wolff (1991), Liischer et al. (1993-94), Capitani et al. (1997)). The problem has
been solved in the SU(3) Yang-Mills theory. In the present context, this is of
course equivalent to the quenched approximation of QCD or the limit of zero
flavors. We will therefore also refer to results in quenched QCD.

Our central observable is the step scaling function that describes the scale-
evolution of the coupling, i.e. moving vertically in Fig. 2. The analogous function
for the running quark mass will be discussed in the following section.
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Fig. 5. Schematic plot of the running coupling constructed from the step scaling func-
tion o.

4.1 The Step Scaling Function

We start from a given value of the coupling, u = g?(L). When we change the
length scale by a factor s, the coupling has a value g2(sL) = u’ . The step scaling
function, o is then defined as

o(s,u) =u . (74)

The interpretation is obvious. o(s,u) is a discrete S-function. Its knowledge
allows for the recursive construction of the running coupling at discrete values
of the length scale,

ue = g2(s~*L) (75)

once a starting value uo = g*(L) is specified (cf. Fig. 5). o, which is readily
expressed as an integral of the 8-function, has a perturbative expansion

o(s,u) = u+ 2bgIn(s)u’ + ... . (76)

On a lattice with finite spacing, a, the step scaling function will have an
additional dependence on the resolution a/L. We define

Y(s,u,a/L)y =4, (77)
with
(L) =u, G (sL)=v', gofixed, L/a fixed . (78)

The continuum limit o(s, u) = X(s,u,0) is then reached by performing calcula-
tions for several different resolutions and extrapolation a/L — 0. In detail, one
performs the following steps:
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1. Choose a lattice with L/a points in each direction.

2. Tune the bare coupling gy such that the renormalized coupling §%(L) has
the value u.

3. At the same value of gy, simulate a lattice with twice the linear size; compute
u’ = §%(2L). This determines the lattice step scaling function X(2,u,a/L).

4. Repeat steps 1.-3. with different resolutions L/a and extrapolate a/L — 0.

Note that step 2. takes care of the renormalization and 3. determines the evolu-
tion of the renormalized coupling.

Sample numerical results are displayed in Fig. 6. The coupling used is exactly
the one defined in the previous section and the calculation is done in the theory
without fermions. One observes that the dependence on the resolution is very
weak, in fact it is not observable with the precision of the data in Fig. 6. We
now investigate in more detail how the continuum limit of X is reached. As a
first step, we turn to perturbation theory.

1'95 TI T L) T T ‘ T T T Al I T r. 71 YTV T VjTl

I u=15553 T

el ]

— L .
~

q - 4

3 L 4

P | |
(2]

1.85 .
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0 0.05 0.1 0.15 02

a/L

Fig. 6. Typical example for the lattice step scaling function after 1-loop improvement.
The continuum limit (circle) is reached by linear extrapolation.

4.2 Lattice Spacing Effects in Perturbation Theory

Symanzik has investigated the cutoff dependence of field theories in perturbation
theory (Symanzik (1982-83)). Generalizing his discussion to the present case, one
concludes that the lattice spacing effects have the expansion

22,u,a/L) - (2,u)
o(2,u)

= &(a/Lyu+b(a/L)u® +... (79)
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5a(a/L) K Y exnlln(£)](£) + dialln($))F(3)" + -

k=0

We expect that the continuum limit is reached with corrections O(a/L) also
beyond perturbation theory. In this context O(a/L) summarizes terms that con-
tain at least one power of a/L and may be modified by logarithmic corrections
as it is the case in (79). To motivate this expectation recall Sect. 1.4, where we
explained that lattice artifacts correspond to irrelevant operators®, which carry
explicit factors of the lattice spacing. Of course, an additional a-dependence
comes from their anomalous dimension, but in an asymptotically free theory
such as QCD, this just corresponds to a logarithmic (in a) modification.

0.01 rTrrr[rtvrvyr v vt T 1T
F c{V*a/L i
5 -
0.005 - —
3 = .
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Q—‘ - -
0 R 0o 4
= 0 -
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Fig. 7. Lattice artifacts at 1-loop order. The circles show d:1(a/L) for the SU(3)
Yang-Mills theory with 1-loop improvement. The dotted line corresponds to the linear
piece in @, when only tree-level improvement is used, instead.

As mentioned in the previous section, the lattice artifacts may be reduced
to O((a/L)?) by canceling the leading irrelevant operators. In the case at hand,
this is achieved by a proper choice of c(go). It is interesting to note, that by
using the perturbative approximation

cilgo) = 1+ ¢l g2 (80)

one does not only eliminate e; ,, for n = 0,1 but also the logarithmic terms
generated at higher orders are reduced,

ean=0, €er1n=0. (81)

® For a more precise meaning of this terms one must discuss Symanzik’s effective
theory. We refer the reader to Liischer et al. (1996) for such a discussion.
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For tree-level improvement, ¢;(go) = 1, the corresponding statement is e, , = 0.
Heuristically, the latter is easy to understand. Tree-level improvement means
that the propagators and vertices agree with the continuum ones up to correc-
tions of order O(a?). Terms proportional to @ can then arise only through a
linear divergence of the Feynman diagrams. Once this happens, one cannot have
the maximum number of logarithmic divergences any more; consequently e, »
vanishes.

To demonstrate further that the abelian field introduced in the previous
section induces small lattice artifacts, we show 6, (a/L) for the one loop improved
case. The term that is canceled by the proper choice cgl) = —0.089 is shown as a
dashed line. The left over O((a/L)?)-terms are below the 1% level for couplings
u < 2 and lattice sizes L/a > 6. We now understand better why the a/L-
dependence is so small in Fig. 6.

From the investigation of lattice spacing effects in perturbation theory one
expects that one may safely extrapolate to the continuum limit by a fit

X(2,u,a/L)=0(2,u) + const. x a/L , (82)

once one has data with a weak dependence on a/L, like the ones in Fig. 6. Such
an extrapolation is shown in the figure.

4.3 The Continuum Limit — Universality

Before proceeding with the extraction of the running coupling, we present some
further examples of numerical investigations of the approach to the continuum
limit — and its very existence (Liischer et al. (1993-94), G. de Divitiis et al.
(1995 II) ). The first example is the step scaling function in the SU(2) Yang-
Mills theory (G. de Divitiis et al. (1995 II) ). Here we can compare the step
scaling function obtained with two different lattice actions, one using tree-level
O(a) improvement and the other one using ¢, at 1-loop order. (Fig. 8).

Not only does one observe a substantial reduction of the O(a)-errors through
perturbative improvement, but the very agreement of the two calculations when
extrapolated to a = 0, leaves little doubt that the continuum limit of the SF
exists and is independent of the lattice action. In turn this also supports the
statement that the SF is renormalized after the renormalization of the coupling
constant.

Turning attention back to the gauge group SU(3), we show the calculation
of 0(2,u) for a whole series of couplings u in Fig. 9.

4.4 The Running of the Coupling

We may now use the continuum step scaling function to compute a series of
couplings (75). We start at the largest value of the coupling that was covered by
the calculation: g2 = 3.48. This defines the largest value of the box size, Imax,

G (Lmax) = 3.48 . (83)
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Non-perturbative Renormalization of QCD 93

_l‘il‘l t l]lllYYI T T ‘!!lrr]' 1 T llll-‘

0.3 - -

C . SF scheme, N=0 1

alq) [ ]
C - -~ 2~loop ]

0.2 E__ —— 3-loop 'i
0.1 - .
_llllll | lllllll 1 1 lllllll 1 1 llJ_ll:l:

1 10 100 q[GeV]
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The series of couplings is then obtained for Ly = 2 %Lpay, K = 0,1,...8. It is
shown in Fig. 10 translated to a(gq) = g*(L)/(4w), ¢ = 1/L (We will explain
below, how one arrives at a GeV-scale in this plot). The range of couplings
shown in the figure is the range covered in the non-perturbative calculation of
the step scaling function. Thus no approximations are involved. For comparison,
the perturbative evolution is shown starting at the smallest value of « that was
reached. To be precise, 2-loop accuracy here means that we truncate the §3-
function at 2 loops and integrate the resulting renormalization group equation
exactly. Thanks to the recent work (Bode (1997), Liischer and Weisz (1995)),
we can also compare to the 3-loop evolution of the coupling.

It is surprising that the perturbative evolution is so precise down to very low
energy scales. This property may of course not be generalized to other schemes,
in particular not to the MS-scheme, where the A-function is only defined in
perturbation theory, anyhow.

4.5 The Low Energy Scale

In order to have the coupling as a function of the energy scale in physical units,
we need to know Lp,.x in fm, the first horizontal relation in Fig. 2. In QCD,
this should be done by computing, for example, the product mpLmax With m;
the proton mass and then inserting the experimentally determined value of the
proton mass.
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At present, results like the ones shown in Fig. 10 are available for the Yang-
Mills theory, only. Therefore, strictly speaking, there is no experimental observ-
able to take over the role of the proton mass. As a purely theoretical exercise,
one could replace the proton mass by a glueball mass; here, we choose a length
scale, 7o, derived from the force between static quarks, instead (Sommer(1994)).
This quantity can be computed with better precision. Also one may argue that
the static force is less influenced by whether one has dynamical quark loops in
the theory or not.
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Fig. 11. The dimensionless combination r2 F(r). The different curves show phenomeno-
logically successful potential models (Eichten et al. (1980), Martin (1980), Quigg and
Rosner (1977)). The labels on the top of the graph give the approximate values of the
r.m.s-radii of the bound states.

On the theoretical level, rg, has a precise definition. One evaluates the force
F(r) between an external, static, quark-anti-quark pair as a function of the
distance r. The radius r¢ is then implicitly defined by

r2F(r)|p=r, = 1.65 . (84)

On the other hand, to obtain a phenomenological value for rp, one needs to
assume an approximate validity of potential models for the description of the
spectra of c¢ and bb mesons. This is illustrated in Fig. 11. In fact, the value
1.65 on the r.h.s. of (84) has been chosen to have 19 = 0.5fm from the Cornell
potential. This is a distance which is well within the range where the observed
bound states determine (approximately) the phenomenological potential.

In the following we set ro = 0.5 fm, emphasizing that this is mainly for the
purpose of illustration and should be replaced by a direct experimental observ-
able once one computes the coupling in full QCD.
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To obtain Lyay/To from lattice QCD, one picks a certain value of L/a, tunes
the bare coupling go such that §* = 3.48. At the same value of go one then
computes the force F(r) on a lattice that is large enough such that finite size
effects are negligible for the calculation of F(r) and determines ro. Repeating
the calculation for various values of L/a one may extrapolate the lattice results
to zero lattice spacing (Fig. 12) and can quote the energies ¢ in GeV, as done in
Fig. 10.

4.6 Matching at Finite Energy

Following the strategy of Fig. 2, one finally computes the A-parameter in the SF
scheme. It may be converted to any other scheme through a 1-loop calculation.
There is no perturbative error in this relation, as the A-parameter refers to
infinite energy, where o is arbitrarily small.

Nevertheless, in order to clearly explain the problem, we first consider chang-
ing schemes perturbatively at a finite but large value of the energy. Before writ-
ing down the perturbative relation between ax and ay where X,Y label the
schemes, we note that in any scheme, there is an ambiguity in the energy scale ¢
used as argument for a. For example in the SF-scheme, we have set ¢ = 1/L, but
a choice ¢ = 7/ L would have been possible as well. This suggests immediately
to allow for the freedom to compare the couplings after a relative energy shift.
So we introduce a scale factor s in the perturbative relation,

ay(sq) = ax(q) + ¥ (Dax (@F + XY (Sax(@P + .- . (85)

A natural and non-trivial question is now, which scale ratio s is optimal. A
possible criterion is to choose s such that the available terms in the perturbative
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series (85) are as small as possible. Since the number of available terms in the
series is usually low, we concentrate here on the possibility to set the first non-
trivial term to zero. When available, the higher order one(s) may be used to test
the success of this procedure.

Scheme X ¢ MS(1) X MS5(1) X M5(s)
qq ~0.0821 —2.24 219 |
SF 1.256 2.775 0.27

SF SU(2) 0.943 1.411 0.058
TP SU(2) —0.558

Table 1. Examples for perturbative coefficients in (85) for Nf = 0.

So we fix s by requiring ¢X¥ (s) = 0 , which is satisfied for s = so with

so = exp{—c Y (1)/(8ho)} = Ax /Ay, (86)

a relative shift given by the ratio of the A-parameters in the two schemes. Ex-
amples taken from the literature (Liischer et al. (1992), Liischer et al. (1993-
94), Narayanan and Wolff (1995), Bode (1997), Liischer and Weisz (1995), Fish-
ler (1977), Sint and Sommer (1996), Billoire (1980), Peter (1997)) are listed in
Table 1. In the case of matching the SF-scheme to MS, the use of s does in-
deed reduce the 2-loop coefficient considerably. However for the gg-scheme sg is
close to one and the 2-loop coefficient remains quite big. Not too surprisingly,
no universal success of (86) is seen.

A non-perturbative test of the perturbative matching has been carried out
by G. de Divitiis et al. (1995 II) in the SU(2) Yang-Mills theory, where the SF-
scheme was related to a different finite volume scheme, called TP.” The matching
coeflicient for this case is also listed in Table 1. Non-perturbatively the matching
was computed as follows.

— For fixed L/a, the bare coupling was tuned such that gip(L) = 2.0778 (or
equivalently asp(g =1/L) = 0.1653).

— At the same bare coupling g&p(L) was computed.

— These steps were repeated for a range of a/L and the results for g3, (L) were
extrapolated to the continuum.

The result is shown in Fig. 13.
We observe that a naive application of the 1-loop formula with s = 1 falls far
short, of the non-perturbative number (the point with error bar), while inserting

7 For the definition of the TP-scheme we refer the reader to the literature (G. de
Divitiis et al. (1994), G. de Divitiis et al. (1995 I)).
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Fig. 13. Non-perturbative test of perturbative matching.

s = sp gives a perturbative estimate which is close to the true answer. Indeed,
the left over difference is roughly of a magnitude o3.

Nevertheless, without the non-perturbative result, the error inherent in the
perturbative matching is rather difficult to estimate. For this reason it is very
attractive to perform the matching at infinite energies, i.e. through the A-
parameters, where no perturbative error remains.

4.7 The A Parameter of Quenched QCD

We first note that the A-parameter in a given scheme is just the integration
constant in the solution of the renormalization group equation. This is expressed
by the exact relation

_ - b2 _ ) _ g
A= q (bog?) ") 71/ (3007 {—/ da [ty + v — 5%5]} - (87)
0

We may evaluate this expression for the last few data points in Fig. 10 using
the 3-loop approximation to the 3-function in the SF-scheme. The resulting A-
values are essentially independent of the starting point, since the data follow the
perturbative running very accurately. This excludes a sizeable contribution to
the S-function beyond 3-loops and indeed, a typical estimate of a 4-loop term in
the B-function would change the value of 4 by a tiny amount. The corresponding
uncertainty can be neglected compared to the statistical errors.

After converting to the MS-scheme one arrives at the result (Capitani et al.
(1997))

0 _ ,
A‘ﬁs‘ =251 £ 21MeV , (88)

where the label (© reminds us that this number was obtained with zero quark
flavors, i.e. in the Yang-Mills theory. Since this is not the physical theory, one
must also remember that the overall scale of the theory was set by putting
ro = 0.5 fm. We emphasize that the error in (88) sums up all errors including the
extrapolations to the continuum limit that were done in the various intermediate
steps.
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4.8 The Use of Bare Couplings

As mentioned before, the recursive finite size technique has not yet been applied
to QCD with quarks. Instead, ogz has been estimated through lattice gauge
theories by using a short cut, namely the relation between the bare coupling of
the lattice theory and the MS-coupling at a physical momentum scale which is of
the order of the inverse lattice spacing that corresponds to the bare coupling (El-
Khadra et al. (1992)). Without going too much into details, we want to discuss
this approach, its merits and its shortcomings, here. The emphasis is on the
principle and not on the applications, which can be found in J. Shigemitsu
(1996). So, although the main point is to be able to include quarks, we set
Nt =0 in the discussion; more is known in this case!

The method simply requires that one computes one dimensionful experimen-
tal observable in lattice QCD at a certain value of the bare coupling go- A popular
choice for this is a mass splitting in the T-system (Davies (1997)). Using as input
the experimental mass splitting one determines the lattice spacing in physical
units.

Next one may attempt to use the perturbative relation,

asps(s0a™) = ag +4.4503 + O(af) + O(a), ao = g3/ (4n) (89)

to get an estimate for agz. Here we have already inserted a scale shift so (cf.
Sect. 4.6). Without this scale shift, the 1-loop and 2-loop coefficients in the above
equation would be very large. In turn this means that the shift,

89 = 28.8 ’ (90)

is enormous. Furthermore, the series (89) does not look very healthy even after
employing sg. Such a behavior of power expansions in ag has also been observed
for other quantities (Lepage and Mackenzie (1993)). One concludes that ap is a
bad expansion parameter for perturbative estimates.

The origin of this problem appears to be a large renormalization between the
bare coupling and general observables defined at the scale of the lattice cutoff
1/a. Assuming this large renormalization to be roughly universal, one can cure
the problem by inserting the non-perturbative (MC) values of a short distance
observable (Parisi (1981), Lepage and Mackenzie (1993)), the obvious candidate
being

P=%(trU(p)) . (91)

In detail, due to the perturbative expansion,

== In(P) = ap + 3.3730F + 17.7003 + ... , (92)

we may define an improved bare coupling,

ag = "C;l.wr In(P) , (93)
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which appears to have a regular perturbative relation to o,
ogs(s0a™) = ag + 0.614ad + O(ad) + O(a) . (94)

Of course, the point of the exercise is to insert the average, P, obtained in the
MC calculation into (93). Afterwards one only needs to use the (seemingly) well
behaved expansion (94). One can construct many other improved bare couplings
but the assumption is that the aforementioned large renormalization of the bare
coupling is roughly universal and the details do not matter too much.

On the one hand, the advantages of (94) are obvious: i) one only needs
the calculation of a hadronic scale and ii) the 2-loop relation to agg is known
(for ny = 0). On the other hand, how was the problem of scale dependent
renormalization (Sect. 2.2) solved? It was not! To remind us, the general problem
is to reach large energy scales, where perturbation theory may be used in a
controlled way. In the present context this would require to compute with a series
of lattice spacings for which aM—g(soa‘l) is both small and changes appreciably.
The required lattice sizes would then be too large to perform the calculation.
Therefore one must assume that the error terms in (94) are small. A particular
worry is that one may not take the continuum limit — due to the very nature
of (94), which says that o runs with the lattice spacing. This means that it is
impossible to disentangle the O(a) and the O(a}) errors.

We briefly demonstrate now that this last worry is justified in practice. For
this purpose we consider the SU(2) Yang-Mills theory, where asp was computed
non-perturbatively and in the continuum limit, as a function of the energy scale
¢ in units of rp (G. de Divitiis et al. (1995 II) ). The results of this computation
are shown as points with error bars in Fig. 14. We may now compare them to
the estimate in terms of the improved bare coupling,

asp(q) = aa +0.231ad, q=spa™t, so=1871, (95)

where the only inputs needed are P as well as the value of ro/a since gry =
s07g/a. These estimates are given as circles in the figure.

In general, and in particular for large values of gro, the agreement is rather
good. However, for the lower values of grg, significant differences are present,
which are far underestimated by a perturbative error term a®.

What does this teach us about the method as applied in full QCD? To this
end, we note that the lattice spacings that are used in the applications of im-
proved bare couplings in full QCD calculations, correspond to g * ¢ < 15. This
is the range where we saw significant deviations in our test. In light of this it
appears to us that the errors that are usually quoted for agg using this method
are underestimated. It is encouraging, though, that the values which are ob-
tained in this way compare well with those extracted from experiments using
other methods (J. Shigemitsu (1996)).
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Fig. 14. Test of an improved bare coupling in the SU(2) Yang-Mills theory.

5 Renormalization Group Invariant Quark Mass

The computation of running quark masses and the renormalization group invari-
ant (RGI) quark mass (Capitani et al. (1997)) proceeds in complete analog to
the computation of a(q). Since we are using a mass-independent renormaliza-
tion scheme (cf. Sect. 3.8), the renormalization (and thus the scale dependence)
is independent of the flavor of the quark. When we consider “the” running mass
below, any one flavor can be envisaged; the scale dependence is the same for all
of them.

The renormalization group equation for the coupling (11) is now accompanied
by one describing the scale dependence of the mass,

q%—T = 1(3) , (96)

where 7 has an asymptotic expansion

@) R ~g? {do+ gy +...}, do=8/(4m)? (97)

with higher order coefficients d;, i > 0 which depend on the scheme.
Similarly to the A-parameter, we may define a renormalization group invari-
ant quark mass, M, by the asymptotic behavior of 7,

M = lim m(2bpg?) /%% (98)
g—ro0

1t is easy to show that M does not depend on the renormalization scheme. It
can be computed in the SF-scheme and used afterwards to obtain the running
mass in any other scheme by inserting the proper 3- and r-functions in the
renormalization group equations.
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Fig. 15. The step scaling function for the quark mass.

To compute the scale evolution of the mass non-perturbatively, we introduce
a new step scaling function,

op = Zp(2L)/Zp(L) . (99)

The definition of the corresponding lattice step scaling function and the extrap-
olation to the continuum is completely analogous to the case of o. The only
additional point to note is that one needs to keep the quark mass zero through-
out the calculation. This is achieved by tuning the bare mass in the lattice action
such that the PCAC mass (55) vanishes. At least in the quenched approxima-
tion, which has been used so far, this turns out to be rather easy (Liischer et al.
(1997 1II)).

First results for op (extrapolated to the continuum) have been obtained
recently (Capitani et al. (1997)). They are displayed in Fig. 15.

Applying op and o recursively one then obtains the series,

(2 % Lonax) /{20 max), k=0,1,... , (100)

up to a largest value of k, which corresponds to the smallest § that was con-
sidered in Fig. 15. From there on, the perturbative 2-loop approximation to the
7-function and 3-loop approximation to the S-function (in the SF-scheme) may
be used to integrate the renormalization group equations to infinite energy, or
equivalently to § = 0. The result is the renormalization group invariant mass,

2

2 @ T
M = i (2bog?) % /2% exp {—/ dg[ﬁg) - b—i"g]} . (101)
0

In this way, one is finally able to express the running mass 7 in units of the
renormalization group invariant mass, M, as shown in Fig. 16. M has the same
value in all renormalization schemes, in contrast to the running mass m.
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Fig. 16. The running quark mass as a function of ¢ = 1/L.

The perturbative evolution is again very accurate down to low energy scales.
Of course, this result may not be generalized to running masses in other schemes.
Rather the running has to be investigated in each scheme separately.

The point at lowest energy in Fig. 16 corresponds to

M/m=118(2) at L =2Lmax - (102)

Remembering the very definition of the renormalized mass (57), one can use
this result to relate the renormalization group invariant mass mass and the bare
current quark mass m on the lattice through

M =m x 1.18(2) x Za(g0)/Zp (90, 2Lmax/a) - (103)

In this last step, one should insert the bare current quark mass, e.g. of the strange
quark, and extrapolate the result to the continuum limit. This analysis has not
been finished yet but results including this last step are to be expected, soon.
To date, the one-loop approximation for the renormalization of the quark mass
(i.e. an approach similar to what was discussed for the coupling in Sect. 4.8) has
been used to obtain numbers for the strange quark mass in the MS-scheme. The
status of these determinations was recently reviewed by T. Bhattacharya and R.
Gupta (1997).

6 Chiral Symmetry, Normalization of Currents
and O(a)-Improvement

In this section we discuss two renormalization problems that are of quite dif-
ferent nature. The first one is the renormalization of irrelevant operators, that
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are of interest in the systematic O(a) improvement of Wilson’s lattice QCD as
mentioned in Sect. 1.4. The second one is the finite normalization of isovector
currents (cf. Sect. 1.2). They are discussed together, here, because — at least to a
large extent ~ they can be treated with a proper application of chiral Ward iden-
tities. The possibility to use chiral Ward identities to normalize the currents has
first been discussed by Bochicchio et al. (1985), Maiani and Martinelli (1986).
Earlier numerical applications can be found in Martinelli et al. (1993), Paciello
et al. (1994), Henty et al. (1995) and a complete calculation is described be-
low (Liischer et al. (1997 I)). We also sketch the application of chiral Ward iden-
tities in the computation of the O(a)-improved action and currents (Liischer et
al. (1996), Liischer and Weisz (1996), Liischer et al. (1997 I)).

Before going into the details, we would like to convey the rough idea of the
application of chiral Ward identities. For simplicity we again assume an isospin
doublet of mass-degenerate quarks. Imagine that we have a regularization of
QCD which preserves the full SU(2)v xSU(2), flavor symmetry as it is present
in the continuum Lagrangian of mass-less QCD. In this theory we can derive
chiral Ward identities, e.g. in the Euclidean formulation of the theory. These
then provide exact relations between different correlation functions. Immediate
consequences of these relations are that the currents (5) do not get renormalized
(Za = Zv = 1) and the quark mass does not have an additive renormalization.

Lattice QCD does, however, not have the full SU(2)y xSU(2)a flavor symme-
try for finite values of the lattice spacing and in fact no regularization is known
that does. Therefore, the Ward identities are not satisfied exactly. We do, how-
ever, expect that the renormalized correlation functions obey the same Ward
identities as before — up to O(a) corrections that vanish in the continuum limit.
Therefore we may impose those Ward identities for the renormalized currents,
to fix their normalizations.

Furthermore, following Symanzik, it suffices to a add a few local irrelevant
terms to the action and to the currents in order to obtain an improved lattice
theory, where the continuum limit is approached with corrections of order a®.
The coefficients of these terms can be determined by imposing improvement
conditions. For example one may require certain chiral Ward identities to be
valid at finite lattice spacing a.

6.1 Chiral Ward Identities

For the moment we do not pay attention to a regularization of the theory and
derive the Ward identities in a formal way. As mentioned above these identities
would be exact in a regularization that preserves chiral symmetry. To derive the
Ward identities, one starts from the path integral representation of a correlation
function and performs the change of integration variables

Y(z) = eizgi[ff\(r)vs+e:,(1)]¢(x)
= P(z) + i€ (2)63 ¥ () +iey (x) v ¥ (z) ,
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Bla) = Pa)e! Tlekiemcttel
=7

(z) + i€ (2)05 ¥ (x) + ie% ()09 ¥ (2) | (104)
where we have taken €% (z), €{,(2) infinitesimal and introduced the variations
Y(z) = 37%(x), 85 %(x) = —v(a)57°
SaP(z) = 37159 (x), 83 9(z) = Y(z) 157" - (105)

The Ward identities then follow from the invariance of the path integral rep-
resentation of correlation functions with respect to such changes of integration
variables. They obtain contributions from the variation of the action and the
variations of the fields in the correlation functions. In Sect. 6.3 we will need the
variations of the currents,

§GVi(z) = —ie**Ve(2), SaVi(z) = —ie® A4S (z),
AL () = —ie®™ AL (z),  0xAL(z) = —ie®Vi(x) . (106)
They form a closed algebra under these variations.
Since this is convenient for our applications, we write the Ward identities in
an integrated form. Let R be a space-time region with smooth boundary OR.
Suppose Oy and Oy are polynomials in the basic fields localized in the interior

and exterior of R respectively. The general vector current Ward identity then
reads

oR dO'“ (II?) (V:(Z)Ointoext> = - <(6€/oint) Oext) 3 (107)

while for the axial current one obtains

| 40.() (4500 Ouxt) = = (53 00c) Oun) (108
+2m/ d4$ (Pa(-’lf)OintOext> .
R

The integration measure do,(z) points along the outward normal to the surface
OR and the pseudo-scalar density P*(z) is defined by

P%(z) = §(z)ys37°0(z) - (109)

We may also write down the precise meaning of the PCAC-relation (55). It
is (108) in a differential form,

<[3,LAZ(z) -~ 2mP“(z)] Oext) =0, (110)

where now Oext may have support everywhere but at the point z.

Going through the same derivation in the lattice regularization, one finds
equations of essentially the same form as the ones given above, but with addi-
tional terms (Bochicchio et al. (1985)). At the classical level these terms are of
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order a. More precisely, in (110) the important additional term originates from
the variation of the Wilson term, a 'V, V4, and is a local field of dimension 5.
Such O(a)-corrections are present in any observable computed on the lattice and
are no reason for concern. However, as is well known in field theory, such opera-
tors mix with the ones of lower and equal dimensions when one goes beyond the
classical approximation. In the present case, the dimension five operator mixes
amongst others also with 0, A% (z) and P*(z). This means that part of the classi-
cal O(a)-terms turn into O(gZ) in the quantum theory. The essential observation
is now that this mixing can simply be written in the form of a renormalization
of the terms that are already present in the Ward identities, since all dimension
three and four operators with the right quantum number are already there.

We conclude that the identities, which we derived above in a formal manner,
are valid in the [attice regularization after

— replacing the bare fields A,V, P and quark mass mg by renormalized ones,
where one must allow for the most general renormalizations,

(AR)S = ZaAZ , ()% = ZyVe

u’
(PR)GZZPPG’ mR:meq, Mg =My — M, ,

— allowing for the usual O(a) lattice artifacts.

Note that the additive quark mass renormalization m, diverges like O(g3/a) for
dimensional reasons.

As a result of this discussion, the formal Ward identities may be used to
determine the normalizations of the currents. We discuss this in more detail in
Sect. 6.3 and first explain the general idea how one can use the Ward identities
to determine improvement coefficients.

6.2 Of(a)-Improvement

We refer the reader to Liischer et al. (1996) for a thorough discussion of O(a)-
improvement and to Sommer (1997) for a review. Here, we only sketch how
chiral Ward identities may be used to determine improvement coefficients non-
perturbatively.

The form of the improved action and the improved composite fields is deter-
mined by the symmetries of the lattice action and in addition the equations of
motion may be used to reduce the set of operators that have to be considered
(Liischer and Weisz (1985)). For O(a)-improvement, the improved action con-
tains only one additional term, which is conveniently chosen as (Sheikholeslami
and Wohlert (1985))

88 =a® ) contp(@) 0 Fu (2)Y(@), (111)



106 Rainer Sommer

with ﬁ,,,, a lattice approximation to the gluon field strength tensor F,, and one
improvement coefficient csw. The improved and renormalized currents may be
written in the general form

(VR)% = Zv(1 + bvamg){V¢ + acv 5(8, + 9;)T5, }
T:,,(.’l)) = 7:_1/;0';“/ %T“ll)(l‘)
(AR)% = Za(1 +baamg){A% +aca (8, + 03P},
(Pr)* = Zp(1 4+ bpamq) P°. (112)

(Ou and 0}, are the forward and backward lattice derivatives, respectively.)

Improvement coefficients like ¢, and ca are functions of the bare coupling,
go, and need to be fixed by suitable improvement conditions. One considers pure
lattice artifacts, i.e. combinations of observables that are known to vanish in
the continuum limit of the theory. Improvement conditions require these lattice
artifacts to vanish, thus defining the values of the improvement coeflicients as a
function of the lattice spacing (or equivalently as a function of go).

In perturbation theory, lattice artifacts can be obtained from any (renormal-
ized) quantity by subtracting its value in the continuum limit. The improvement
coefficients are unique.

Beyond perturbation theory, one wants to determine the improvement coef-
ficients by MC calculations and it requires significant effort to take the contin-
uum limit. It is therefore advantageous to use lattice artifacts that derive from a
symmetry of the continuum field theory that is not respected by the lattice reg-
ularization. One may require rotational invariance of the static potential V' (r),
e.g.

V(ir=1(2,2,1)r/3) - V(r=(r,0,0)) =0,
or Lorenz invariance,
[E(P))? - [E(O)) - p* =0,

for the momentum dependence of a one-particle energy E.

For O(a)-improvement of QCD it is advantageous to require instead that
particular chiral Ward identities are valid ezactly.®

In somewhat more detail, the determination of ¢,,, and ca is done as follows.
We define a bare current quark mass, m, viz.

([04(41)%(2)] Oext)
2 (P(z)Oeyt) ’

m=

(An)s = A% +acaz (0, + 85)P* . (113)

8 As a consequence of the freedom to choose improvement conditions, the resulting
values of improvement coefficients such as csw, ca depend on the exact choices made.
The corresponding variation of cew, ca is of order a. There is nothing wrong with
this unavoidable fact, since an O(a) variation in the improvement coefficients only
changes the effects of order a? in physical observables computed after improvement.
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When all improvement coeflicients have their proper values, the renormalized
quark mass, defined by the renormalized PCAC-relation, is related to m by

_ ZA(I + bAamq)

© Zp(1 +bpam) m+0(a®) . (114)

mR
We now choose 3 different versions of (113) by different choices for Oex: and/or
boundary conditions and obtain 3 different values of m, denoted by my, ms, ms.
Since the prefactor in front of m in (114) is just a numerical factor, we may
conclude that all m; have to be equal in the improved theory up to errors of
order a?. cqw and cap may therefore be computed by requiring

my =mMo =1MmMm3 . (115)

This simple idea has been used to compute ¢ and ca as a function of go in
the quenched approximation (Liischer et al. (1997 II)). In the theory with two
flavors of dynamical quarks, csw has been computed in this way (Jansen and
Sommer (1997)). The improvement coefficient for the vector current, cv, may
be computed through a different chiral Ward identity (Guagnelli and Sommer
(1997)).

6.3 Normalization of Isovector Currents

Although the nurnerical results, which we will show below, have been obtained
after O(a) improvement, the normalization of the currents as it is described,
here, is applicable in general. Without improvement one just has to remember
that the error terms are of order a, instead of a*. For the following, we set the
quark mass (as calculated from the PCAC-relation) to zero.

Normalization condition for the vector current. Since the isospin sym-
metry of the continuum theory is preserved on the lattice exactly, there exists
also an exactly conserved vector current. This means that certain specific Ward-
identities for this current are satisfied exactly and fix it’s normalization automat-
ically. It is, however, convenient to use the improved vector current introduced
above, which is only conserved up to cutoff effects of order a2. Its normalization
is hence not naturally given and we must impose a normalization condition to
fix Zy. Our aim in the following is to derive such a condition by studying the
action of the renormalized isospin charge on states with definite isospin quantum
numbers.

The matrix elements that we shall consider are constructed in the SF using
(the lattice version of) the boundary field products introduced in (58) to create
initial and final states that transform according to the vector representation of
the exact isospin symmetry. The correlation function

3
F@o) = 575 3 ie (0" (Va)§(=)0°) (116)
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can then be interpreted as a matrix element of the renormalized isospin charge
between such states. The properly normalized charge generates an infinitesimal
isospin rotation and after some algebra one finds that the correlation function
must be equal to

1
3.6
up to corrections of order a*. The O(a) counter-term appearing in the definition

(112) of the improved vector current does not contribute to the correlation func-

tion f&(zo). So if we introduce the analogous correlation function for the bare
current,

h= (0"*0%) (117)

3
folwo) = =25 3 it (0" V3 (2)0°), (118)

it follows from (117) that
Zv fv(zo) = fr + O(a®). (119)

By evaluating the correlation functions f; and fv{z¢) through numerical simu-
lation one is thus able to compute the normalization factor Zvy.

Normalization condition for the axial current. To derive a normalization
condition for Z,, we consider (108) (for m = 0) and choose Oiy, to be the axial
current at some point y in the interior of R. The resulting identity,

dou(z) (A5(2) A, (1) Oext) = i€ (VS (y)Oext) (120)
&R
is valid for any type of boundary conditions and space-time geometry, but we
now assume Schrédinger functional boundary conditions as before. A convenient
choice of the region R is the space-time volume between the hyper-planes at
Zo = yo £ t. On the lattice we then obtain the relation®

a® > e ([(Ar)3(yo + t, %) — (AR)3 (Yo — £, X)) (AR)S(H) Oexe)

= 2i (V)5 (y)Oext) + O(a®) . (121)

After summing over the spatial components of y, and using the fact that the

axial charge is conserved at zero quark mass (up to corrections of order a?),
(121) becomes

a® Y e ((AR)§ (@) (AR (1) Oext) = 0 3 i (VR)§(Y) Oext) + O(a?), (122)

® In the context of O(a)-improvement it has been important here that the fields in the
correlation functions are localized at non-zero distances from each other. Since the
theory is only on-shell improved, one would otherwise not be able to say that the
error term is of order a® (cf. sect. 2 of Liischer et al. (1996)).
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where o = yo + t. We now choose the field product Qs so that the func-
tion f&(yo) introduced previously appears on the right-hand side of (122). The
normalization condition for the vector current (119) then allows us to replace
the correlation function f&(yo) by fi. In this way a condition for Za is ob-
tained (Lischer et al. (1997 I)).

PRI R
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w0 —

o
o]

Ol[I][lIIIrII

IIIIIIIIlIJIll_I_

Fig. 17. Current normalization constants as a function of the bare coupling (Liischer
et al. (1997 I)). The dotted line is 1-loop perturbation theory (Gabrielli et al. (1991))
and the crosses correspond to a version of 1-loop tadpole improved perturbation the-
ory (Lepage and Mackenzie (1993)). The full line is a fit to the non-perturbative results.

Lattice artifacts and results. It is now straightforward to compute Zv, Za
by MC evaluation of the correlation functions that enter in (119),(122). Before
showing the results, we emphasize one point that needs to be considered carefully.
- The normalization conditions fix Zy and Z4 only up to cutoff effects of order a*.
Depending on the choice of the lattice size, the boundary values of the gauge field
and the other kinematical parameters that one has, slightly different results for
Zv and Z, are hence obtained. One may try to assign a systematic error to the
normalization constants by studying these variations in detail, but since there is
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no general rule as to which choices of the kinematical parameters are considered
to be reasonable, such error estimates are bound to be rather subjective.

It is therefore better to deal with this problem by defining the normalization
constants through a particular normalization condition. The physical matrix
elements of the renormalized currents that one is interested in must then be
calculated for a range of lattice spacings so as to be able to extrapolate the data
to the continuum limit. The results obtained in this way are guaranteed to be
independent of the chosen normalization condition, because any differences in
the normalization constants of order a? extrapolate to zero together with the
cutoff effects associated with the matrix elements themselves.

Note that a “particular normalization condition” means that apart from
choosing the boundary values and geometry of the SF, one has to keep the
size of the SF-geometry fixed in physical units, for example

L/rg = const. (123)

As shown in Fig. 17, the current normalizations can be obtained with good
precision (in the quenched approximation) after taking all of these points into
account (Lischer et al. (1997 I)).

Coming back to our motivation Sect. 1.2, the results in Fig. 17 now allow for
the calculation of matrix elements of the weak currents involving light quarks
without any perturbative uncertainties.

7 Summary, Conclusions

We have shown how QCD needs to be renormalized non-perturbatively in order
to obtain unambiguous predictions that can be compared with experiments.
Once a non-perturbative definition and calculational technique is available, it
is in principle quite simple to perform renormalization non-perturbatively. In
practice, the problem has to be treated with care.

The only presently available definition is lattice QCD with MC simulations as
the calculational tool to get predictions. In this case, straightforward solutions to
the renormalization problem face a serious difficulty: the theory must be treated
at various different energy scales simultaneously, which is an extremely hard
(impossible?) task for a MC simulation. To circumvent this difficulty, Liischer,
Weisz and Wolff have introduced the recursive finite size technique, where one
connects low and high energies recursively in small steps. We have shown, how
this idea can be put into practice in QCD using the Schriadinger functional as
a second technical tool. In the theory without dynamical quarks, these meth-
ods have been shown to allow for the computation of short distance parameters
like Ayg and the renormalization group invariant quark mass with completely
controlled errors! From the practical point of view, the non-perturbative renor-
malization of other quantities, such as the As = 2 operator, still have to be
investigated, but no new difficulties are expected to appear. It is therefore plau-
sible that the renormalization problem can be solved for many specific cases —
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and with good accuracy. It should not remain unmentioned, however, that in
practice each renormalization problem has to be considered separately. Certain
problems may turn out to be significantly more difficult to solve than the ones
discussed in the lectures.

We aiso sketched, how Symanzik improvement can be implemented in a
non-perturbative way, reducing the leading lattice artifacts from linear in a to
quadratic in a (O(a)-improvement). For light quarks, such a project has already
been done carried out. As a result, significant progress in lattice QCD is expected
from the use of O(a)-improved QCD.
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The Proton Spin and Flavor Structure
in the Chiral Quark Model
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Abstract. After a pedagogical review of the simple constituent quark model and
deep inelastic sum rules, we describe how a quark sea as produced by the emission of
internal Goldstone bosons by the valence quarks can account for the observed features
of proton spin and flavor structures. Some issues concerning the strange quark content
of the nucleon are also discussed.

We shall first recall the contrasting concepts of current quarks vs constituent
quarks. In the first Section we also briefly review the successes and inadequacies
of the simple constituent quark model (sQM) which attempts to describe the
properties of light hadrons as a composite systems of u, d, and s valence quarks.
Some of the more prominent features, gleaned from the mass and spin systemat-
ics, are discussed. In the Sec. 2 we shall provide a pedagogical review of the deep
inelastic sum rules that can be derived by way of operator product expansion
and/or the simple parton model. We show in particular how some the sum rules
in the second category can be interpreted as giving information of the nucleon
quark sea. In the remainder of these lectures we shall show that the account of
the quark sea as given by the chiral quark model is in broad agreement with the
experimental observation.

1 Strong Interaction Symmetries and the Quark Model

In the approximation of neglecting the light quark masses, the QCD Lagrangian
has the global SU(3)1 x SU{3)r symmetry. Namely, it is invariant under inde-
pendent SU(3) transformation of the three left-handed and right-handed light
quark fields. This symmetry is realized in the Nambu-Goldstone mode with the
ground state being symmetric only with respect to the vector SU(3)r4r trans-
formations. This gives rise to an octet of Goldstone bosons, which are identified
with the low lying pseudoscalar mesons (x, K, ) . For a pedagogical review see,
for example, ref.{1].

1.1 Current Quark Mass Ratios as Deduced from Pseudoscalar
Meson Masses

The light current quark masses are the chiral symmetry breaking parameters of
the QCD Lagrangian. Their relative magnitude can be deduced from the soft
meson theorems for the pseudoscalar meson masses.
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The matrix element of an axial vector current operator A, taken between the
vacuum and one meson ¢° state (with momentum k) defines the decay constant
f. as

<0 IAZI ¢b (k)> = ik#fa‘sab

where the SU(3) indices a,b...range from 1,2, ....8. This means that the diver-
gence of the axial vector current has matrix element of

(0]6#A%| ¢ (k)) = m? fabas, (1)

If the axial divergences are good interpolating fields for the pseudoscalar mesons,
we have the result of PCAC:

OH A2 =m? f,%. (2)

Using PCAC and the reduction formula we can derive a soft-meson theorem for
the pseudoscalar meson masses:

w2 20 = =i [ @tee (015 (ao) [45 (2) ,0%45 0] 0)
=—(0[[Q”, [@>* % (0)]]]0) (3)
where the axial charge is related to the time component of the axial vector

current as Q> = [ d3z A2 (z).
If we neglect the electromagnetic radiative correction, only the quark masses,

Hom = Myiiu + madd + m,3s, (4)
break the chiral symmetry. Hence only such terms are relevant in the computa-
tion of the above commutators. [In actual computation it is simpler if one takes

H. and Q% to be 3 x 3 matrices and compute directly the anticommutatorin
[q%'yo'yw, gA'q] = ~33{2%, A’} v5¢.] In this way we obtain:

1 -
frm3 = 5 (mu +ma) 0 |(wu + dd) | 0)
1
fml = 5 (mu+m,) (0|(zu + 56)|0) )
1 = 4
fim? = & (mu+ma) (0|(uu + dd)| 0) + 3ms (0155 0) .
Gell-Mann-Okubo mass relation and the strange to non-strange quark
mass ratio. Since the flavor SU(3) symmetry is not spontaneously broken,

(0]au|0) = (0|dd|0) = (0]5s]0) = ° (6)
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and f. = fx = f, = f; Equation(5) is simplified to

3
2 _ K
my, = 2m,

I

myx = (mn +m,) %
2 3
= 3 (ma+2m) by (7)

where we have made the approximation of m, ~ my = m,. From this, we can
deduce the Gell-Mann-Okubo mass relation for the 0~ mesons:

3m% = 4m§< — mf,, (8)

as well as the strange to nonstrange quark mass ratio [2]:

My My + Mg m2 1
= = —= ~ . (9)
™M, 2m, 2m3, —m2 ~ 25

Isospin breaking by the strong interaction & the m, /mg4 ratio. In order
to study the ratio of m, /mg, we need to include the electromagnetic radiative
contribution to the masses. The effective Hamiltonian due to virtual photon
exchange is given by

Hy =€ / d*zT (J™ (z) Jo™ (0)) D* (z) (10)

where D#¥ (z) is the photon propagator. Thus, beside the contribution from H,,,
we also have the additional term on the RHS of (3):

a5 = (0][Q%, [@*, #,]]|0) (11)

Now we make the observation (Dashen’s theorem[3]) : For the electrically neutral
mesons, we have [Q°%, H,] = 0, which leads to

oy (7°) = 0y (K°) =0, (n) = 0. (12)

On the other hand, J;™ is invariant (i.e. U-spin symmetric) under the inter-
change d ¢ s, which transforms charged mesons 7+ and K into each other:

oy (7t) =0, (K*) =4 (13)

Consequently, we obtain the generalization of (7) as

f2 2( ) = (ma +ma) 1 + 43

m? (1°) = (mu + ma) 4
f2 2(I<+)=( wtme) i+ i (14)
( %) = (mq + m,) p

1
2m?(n) = —g(mu+md+4ms) uw?
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From this we can obtain the current quark mass ratios:

m? (K%) + [m? (K¥) =m?* (n1)] _m, _
m? (K% — [m2 (K+) — m? (x%)]  ma 20.1 (15)

mt () = [ KN -t ) _ma g
2m? (n°) — m? (KO)) + [m? (K+) —m? (r )]~ my ~

If we assume, for example, m, ~ 190 M eV, these ratios yield:
My ~53MeV m,~95MeV or m, =7.4MeV, (17)

which are indeed very small on the intrinsic scale of QCD. This explains why
the chiral SU(2) and isospin symmetries are such good approximations of the
strong interaction.

1.2 Quark Masses from Fitting Baryon Masses

For the baryon mass we need to study the matrix elements (B|#H|B). The
flavor SU(3) symmetry breaking being given by the quark masses (4), we need
to evaluate the matrix elements of the quark scalar densities u, between baryon
states :

Hom = mytiu + mydd + m,3s
= MoUg + M3zuz + Mmgus
with -
mp = %(mu+md+ms) ug = Gu + dd + 3s
m3 = 5 (My — Myg) uz = tu —dd (18)
mg = g(mu+md—2ms) ug = au + dd — 23s
where, instead of the standard u, = §Aeg (A being the familiar Gell-Mann
matrices), we have used, for our purpose, the more convenient definitions of scalar
densities by moving some numerical factors into the quark mass combinations
MmMo,3,8-
We shall first concentrate on the low lying baryon octet which, being the
adjoint representation of SU(3), can be written as a 3 x 3 matrix

\/§E°+\/§A o+ p
B= 2= /12t | (19)
0 \/gA

The octet scalar densities u, can be related to two parameters (Wigner-Eckart
theorem):

—— —_—
s —

(B |ug| B) = atr (Bmaé) +Btr (BTBaa)
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where 4, is the scalar density expressed as a 3 x 3 matrix in the quark flavor
space. The linear combinations (a + ) /2 are the familiar D and F coeflicients.
For example, we can easily compute:
{plus|p) = a—28=(3F = D),y (20)
(plus|p) =a=(F +D) (21)
In this way the baryon masses with their electromagnetic self-energy subtracted
(as denoted by the baryon names) can be expressed in terms of three parameters
p = Mo+ (a—28)mg + ams (22)
n = Mo + (a - 28)mg — ams
2t = Mo+ (a+ B)ms + (a— B)mg
X0 = Mo+ (a+ B)ms
™ =Mo+ (a+B)ms — (a—B)ms
ET = Mp+ (8 - 2a)mg + fms
50 = My + (8 — 20)mg — Bms
A =My —(a+B)ms

We have 8 baryon masses and three unknown parameters My, a and 3 — hence
5 relations, one of them should yield quark mass ratio mg/ms.

mass *

— The (“improved”) Gell-Mann-Okubo mass relation

n+5" = é— (34425 — £9) (23)
— The Coleman-Glashow (U-spin) relation
- 50— (p-n)+ (5 - 5Y) (24)
— Absence of isospin I = 2 correction (i.e. uz being a member of I = 1):
2T+ rt-23=0 (25)
— The hybrid relation:
p-n = -Z2°

T--E2- It-p (26)
It should not be surprising that we have a relation relating SU (2) breakings
to SU(3) breakings, since us and ug belong to the same octet representation.
Recall that here the electromagnetic contribution must be subtracted from
our masses (sometimes called the tadpole masses). Since there is no Dashen
theorem for the electromagnetic contributions to baryon masses, we must
resort to detailed (and less reliable) model calculations. We quote one such
result(4] for the electromagnetic contributions (AM)_ :

p—n=p-n)y,—(p-n),~~13-11=-24MeV
ET-E0=(57-2%,, (57 ~2°) =64-13~51MeV
which yields = 0.02 on both sides of (26).
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— Both sides of (26) are related to the quark mass ratio 2ms/ (3ms — m3) .
Thus the above result leads to

(w) =00 (27)

mq — Mg

which is compatible with the current quark ratio deduced from pseudoscalar
meson masses (15) and (16):

1
_ 1
<Ti—"ﬁ> ~ I8~ " 0023, (28)
ps

mg — My 1—-20.1

1.3 The Constituent Quark Model

Spin-dependent contributions to baryon masses. The sQM which at-
tempts to describe the properties of light hadrons as a composite systems of
u, d, and s valence quarks. The mass relations derived above may be interpreted
simply as reflecting the hadrons masses as sum of the corresponding valence
quark masses. For a general baryon, we have

B=My+ M; + My + M; (29)

where Mg is some SU(3) symmetric binding contribution. M 2 3 are the con-
stituent massesof the three valence quarks. We shall ignore isospin breaking
effects: M, = My = M, and write the octet baryon masses as,

N = My +3M, (30)
A= Mgy +2M, + M,
V=Ms+2M, + M,
E=Mo+ M, +2M,,

and the decuplet baryon masses as,

A= Mg+ 3M, (31)
Tt = Mo+ 2M, + M,

Er = Mo+ M, +2M,

2= Mo+ 3M,.

While it reproduces the GMO mass relations respectively, for the octet:

and for the decuplet (the equal-spacing rule):

A-S* =5 —=Z*=Z5"-Q, (33)
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it also leads to a phenomenologically incorrect result of A = X' (reflecting their
identical guark contents). Similarly, such a naive picture would lead us to expect
that the N, ¥, £ baryons having comparable masses as 4, 2*, £*. Observa-
tionally the spin 3/2 decuplet has significantly higher masses than the spin 1/2
octet baryons. Similar pattern has also been observed in the meson spectrum:
the spin 1 meson octet is seen to be significantly heavier than the spin 0 mesons:
M, g~ > My k., even though they have the same quark contents. This sug-
gests that there must be important spin-dependent contributions to these light
hadron masses[5]. We then generalize (29) to

S1°S9 §3'S2 S1-83
B = Mo+ M + M+ Ms+ 34
oA M [<M1M2> * <M3M2> " (MlMBN (39

where s; is the spin of i-th quark, and the constant x one would adjust to fit
the experimental data. This spin dependent contribution is modeled after the
hyperfine splitting of atomic physics. For hydrogen atom we have a two body
system hence only one pair of spin-spin interaction: M; = m. and My = M,. The

(ﬁ*’:) arises from o - B ~ pu-u,, /7 with the proportional constant worked out
to be

KH = Sﬂe . AR

where p, = 2.79is the magnetic moment of the proton in unit of nucleon mag-
neton, and ¢ (0) is the hydrogen wave function at origin. Such an interaction
accounts for the 1420 M Hz splitting between the two 1S states, which gives rise
to the famous 21 c¢m line of hydrogen. For the case of baryon, one usually at-
tributes such interaction to one-gluon exchange; but we shall comment on this
point in later part of these lectures, at the end of Sec. 3.2.

To compute the 3774 terms we need to distinguish three cases:

(a) The equal mass case My=My=M;=M

S1Ss S1So S1°8y
KMle) i (M1M2> - (Mleﬂ M2 ZSI >

z>]
1 1
=W(32—5f—53—53) 2M2[S(S+1)_35(5+1)]
~gon for S=1/2
— ksl
—{+Wf for 523/2 (35>

This is applicable for the N, A, £2 baryons.

(b) The unequal mass case, for example, (ssn) : Because of color antisym-
metrization, the baryon wavefunction must be symmetric under the combined
interchange of flavor and spin labels. Since we have a symmetric superposition of
flavor states, the subsystem (ss) must have spin 1, Namely, s, s, = 1(2—2s2) =
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1
7, and

3 _1_
28, -8, = Zsi~sj —Ss‘Ss:{+3_i_
{1~

i>7

S1°S2 S1-89 S1°8So Ss°S; Ss'Sp
- 9
[(M1M2) + (M1M2> + (MIMQ)] [( M2 > + (MSM,,”

:{4—;@— o for S=1/2

or

Z,%—,[? + 2—M}M—n for S=3/2 (36)
This case is applicable to = and =*, as well as ¥ and £* because the sigma
baryons are isospin / = 1 states (hence symmetric in the nonstrange flavor
space).

(c) The A baryon: Because A is an isoscalar, the subsystem must be in spin 0
state. From this one can easily work out the spin factor to be — ﬁ;, independent
of M,. i

Putting all this together into (34) we obtain, for the octet baryons:

N=M0+3Mn—1% (37)
A=M0+2Mn+MS—£%
= Mo +2M, + M, +4M2 MLMH
= Mo+ M, +2M, +4M? _ij{n
and for the decuplet baryons:
A= Mo +3M, + 4‘;42 (38)
= Mo + 2M, + M, +4M2 QM’:M,,
K

Er =Moo+ M, +2M, + —

3k
4M2°
One can obtain an excellent fit (within 1%) to all the masses with the parameter

values (e.g.[6]) Mo = 0, 3z = 50 MeV and the constituent quark mass values
of

4]”2 2M M,
2=Mp+3M, + —

M, =363 MeV, M, =>538MeV. (39)
Similarly good fit can also be obtained for mesons, with an enhanced value of
k. Besides some different coupling factors this may reflect a larger | ( 0)> x R73,
which is compatible with the observed root mean square charge radii of mesons
vs baryons: Rmeson = 0.6 fm vS Rpqryon ~ 0.8 fm.
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Spin and magnetic moments of the baryon. Another useful tool to study
hadron structure is the magnetic moment of the baryon. Their deviation from
the Dirac moments values (eg/2Mp) indicates the presence of structure. In the
quark model the simplest possibility is that the baryon magnetic moment is
simply the sum of its constituent quark’s Dirac moments. Clearly, the magnetic
moments are intimately connected to the spin structure of the hadron. Hence,
we shall first make a detour into a discussion of the baryon spin structure in the
constituent quark model.

Quark contributions to the proton spin. Because it is antisymmetric under the
interchange of quark color indices, the baryon wavefunction must be symmetric
in the spin-flavor space. Mathematically, we say that the baryon wavefunction
should be invariant under the permutation group S3 — the group of permuting
three quarks with spin and isospin labels.

We shall concentrate on the case of proton. While the product wavefunction
is symmetric, the individual spin and isospin wavefunctions are of the mixed-

symmetry type. There are two mixed-symmetry spin-i wavefunction combina-
tions:

(1) xs — symmetric in the first two quarks: Namely, the first two quarks
form a spin 1 subsystem: (Notation for the spin-up and -down states:
|5,+3) =aand |},-1)=p3)

2 2

11, +1) = a1a2, |1,0>=%(a1ﬂ2+ﬂ1a2), I1,—1) = B

which is combined with the 3rd quark to form a spin § proton:
11 2 1 1 \/T 11
97 TH = ° 13 1 a' o/ a 150 PR
'2 +2>S \/;' * >‘2 2> 3! >}2 +2>

Xs = —%(20102% - ay a3 — Prazos). (40)

or

(ii) x4 — antisymmetric in the first two quarks: The first two quarks
form a spin 0 subsystem:

+3), =00 )

Xa= —}—2(011[32 — Bias)as. (41)

or
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While xs, 4 are the spz’n-% wavefunctions, with identical steps, we can con-
struct the two mixed-symmetry isospin-i wavefunctions xs 4 :

1
Xs = %(2u1qu3 ~ urdauz — diusu3)
1
X4 = ludz — diuz)us. (42)

Both the spin wavefunctions (xs xa) and the isospin wavefunctions (X' x'4)
form a two dimensional representation of the permutation group S3. For example,
under the permutation operations of P2 and Pi3

Xs 10 Xs Xs
P, = P,
”(XA) (0-1> (XA) 13<XA>
N e’
3
-3 +% XA

—
Mz

w

where M;; are 2-dimensional representations in terms of orthogonal matrices.
Consequently, we find that the combinations such as (X%v + Xﬁ) , (X'S2 + X'j)
and (xsx's + xaX'y) are invariant under S; transformations. In this way we find
the symmetric proton spin-isospin wavefunction:

1 ! I

_ 1 N 43
lp+) 1¢5(XSXS XAXa) (43)
1

= 71—5[6(201042[33 — a1 fsas — Bragas)(2uiusds — uidaus — diuzus)

1

+§(04152013 — Brasas)(uidrus — diugus)]
1

= ——[4 (U+U+d_ + u+d_u+ + d_U+U+)

6v2
—'2(U+U_d+ -+ U_d+’LL+ + d+u+u_
+U_’U,+d+ + u+d+u_ + d+u_u+)]

where we have used the notation of au = uy, 8d = d_, etc. In calculating
physical quantities, many terms, e.g. u+uyd_, usd_uy and d_uyuy yield the
same contribution. Hence we can use the simplified wavefunction:

1
lps) = %(2u+u+d_ —ugu-dy —u_updy) (44)

From this we can count the number of quark flavors with spin parallel or an-
tiparallel to the proton spin:

5 1
Uy = 5, U = 7, d+=

9
= c 45
3 3 U-=3 (49)
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summing up to two u and one d quarks. From the difference

Ag=gqy —q- (46)

we also obtain the contribution by each of the quark flavors to the proton spin:
4 1

Au:—j Ad:—g As =0, and AY =1, (47)

where AY = Au+ Ad + As is the sum of quark polarizations.

Quark contributions to the baryon magnetic moments. Instead of proceeding
directly to the results of quark model calculation of the baryon magnetic mo-
ments, we shall first set up a more general framework. This will be useful when
we consider the contribution from the quark sea in the later part of these lec-
tures. We shall pay special attention to the contribution by antiquarks. If there
are antiquarks in the proton, the definition in (46) becomes

Ag=(g+—¢-)+(@+ —7-) =4+ 4g (48)

Thus the quark spin contribution Aq is the sum of the quark and antiquark po-
larizations. For the g-flavor quark contribution to the proton magnetic moment,
we have however

Hp (Q) = Aqruq + AE/‘E = (Aq - AE) He = &ﬂq (49)

where p, is the magnetic moment of the ¢-flavor quark. The negative sign simply
reflects the opposite quark and antiquark moments, uz = —pq. Thus the spin

factor that enters into the expression for the magnetic moment is Ag, the dif-
ference of the quark and antiquark polarizations. If we assume that the proton
magnetic moment is entirely built up from the light quarks inside it, we have

pp = Dupty + Adpg + Asps. (50)

In such an expression there is a separation of the intrinsic quark magnetic mo-
ments and the spin wavefunctions. Flavor-SU(3) symmetry then implies, the
proton wavefunction being related the X+ wavefunction by the interchange of
d > s and d < § quarks, the relations

(&), = (3), = 8 (@), o (3),, = 5

similarly it being related to the Z° wavefunction by a further interchange of
u <> s quarks, thus

(@)= (3),, =50 (3),.= (&), = 5

and (Zﬂ) 0= (ZS) e Ad.
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We have,

b+ = Z;J'Nu + Ksud + Ei/isa (51)
pso = Adpy + Aspg + Aups, (52)

the intrinsic moments y, being unchanged when we go from (50) to (51) and
(52). The n, ¥~, and 5~ moments can be obtained from their isospin conjugate
partners p, E+ and =9 by the interchange of their respective u ¢ d quarks:
(Au) = (Ad) = As, ete.

I+

Hn = Zdllfu + &Hd + Zgﬂm (53)
pUr- = Z;,uu + Et,ud + Eius, (54)
- = ZS}LU + ’A\Zipd + El,p,s. (55)

The relations for the I, = 0, ¥ = 0 moments are more complicated in appear-
ance but the underlying arguments are the same.

1
pa = 6 (Au + 4Ad + AS) (l‘u + /‘d) (56)
3 (4Au — 24d +445) pa,
-1 /= e~

In the nonrelativistic constituent quark model, there is no quark sea and
hence no antiquark polarization, A7 = 0. This means that in the sQM we have
Aq = Aq. After plugging in the result of (47), we obtain the result in the 2nd
column of the Table 1.

Instead of trying to get the best fit at this stage, we shall simplify the result
further with the following observation: Because of the assumption M, = Mg,
we have p, = —2u4. The proton and neutron moments are then reduced to
Hp = —3pq and pn, = 2p4, and thus the ratio

Bo _

-15 (58)
fn

which is very close to the experimental value of —1.48. Furthermore, we have
seen in previous discussion that constituent strange-quark mass is about a third
heavier than the nonstrange quarks M,/M,, ~ 3/2, we can make the approxima-
tion of us = 2ua/3. In this way, all the moments are expressed in terms of the d
quark moment, as displayed in the 3rd column above. One can then make a best
over-all-fit to the experimental values by adjusting this last parameter p4. The
final results, in column 4, are obtained by taking us = —0.9 un, where py is
nucleon magneton e/2My. They are compared, quite favorably, with the exper-
imental values in the last column. We also note that, with the d quark having a
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Baryon mag moment u = —2d d = —0.9un exptl #

(g=pe) s=2d/3 (un)
(4u—-d)/3 -3d 2.7 2.79
(4d—wy/3  2d -1.8 —-1.91

Zt (4u-—s)/3 -—26d/9 2.6 2.48
X~ (4d-s)/3 10d/9 -1.0 -1.16
0 (4s-w)/3 14d/9 -14 -1.25
Z-  (4s—d)/3  5d/9 —-0.5 —0.68
A s 2d/3 —0.6 —-0.61
AY (d-u)/V3 V3d -1.6  -160

Table 1. Quark contribution to the octet baryon magnetic moments.

third of the electronic charge, the fit-parameter of x4 = —0.9 4 v translates into
a d quark constituent mass of

My 3M,
n = ———— = 348 MeV, s =
300 348 MeV, and M,

= 522 MeV, (59)

which are entirely compatible with the constituent quark mass values in (39),
obtained in fitting the baryon masses by including the spin-dependent contribu-
tions.

sQM lacks a quark sea. So far we have discussed the successes of the simple
quark model. There are several instances which indicate that this model is too
simple: sQM does not yield the correct nucleon matrix elements of the axial
vector and scalar density operators.

Axzial vector current matriz elements. The quark spin contribution to proton
Agq in (48) is just the proton matrix element of the quark axial vector current
operator

25, 4q = (p,3|qVu154| P, 8) = 28, (¢ —q- + @4 — ) (60)

where s, is the spin-vector of the nucleon, as the axial current vector corresponds
to the non-relativistic spin operator:

- 1 0’0
qvYsq = q (0 0) q. (61)
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Through SU(3) these matrix elements can be related to the axial vector coupling
as measured in the octet baryon beta decays. In particular, we have

(Au — Ad),py = 1.26
(Au+ Ad—24s)___ =06 (62)

expt

which is to be compared to the sQM results of (47):

(Au ~ Ad) gy = 5/3
(Au+ Ad - 24s) gy = 1. (63)

Scalar density matriz elements. The matrix elements of scalar density operator
ggq can be interpreted as number counts of a quark flavor in proton

(rlaglp) =q+4q (64)

where ¢ (§) on the RHS denotes the number of a quark (antiquark) flavor in a
proton. Namely, the proton matrix element of the scalar operator ¢gq¢ measures
the sum of quark and antiquark number in the proton (opposed to the difference
q — G as measured by ¢'q ). It is useful to define the fraction of a quark-flavor

in a proton as
{plagl p) .
F = = . 6
(@ (p|uu + dd + 55| p) (62)

We already have calculated proton matrix element of the scalar density in the
subsection on the baryon masses, (21) and (20). Thus we have

F@3) F(u) - F(d) o«
F@8) F(u)+F(d)-2F(s) a-23

(66)

The parameters (o, 3) can be deduced from (22) in the SU(3) symmetric limit
(m3uz = 0), as

Ms — Mz My — My
= —— ﬂ = —
3mg 3ms
Thus the ratio
F(3) My — M=
I = =0.23 67
[F(S)pru 2MN - My - Mz ©

which is to be compared to the sQM value of

{%] sQM - % (%%)

The simplest interpretation of these failures is that the sQM lacks a quark sea.
Hence the number counts of the quark flavors does not come out correctly.
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1.4 The OZI Rule

The simple quark model of hadron structure discussed above ignores the presence
of quark sea. Even when the issue of the quark sea in nonstrange hadrons is
discussed, its (s5) component is usually assumed to be highly suppressed. This
is based on the OZI-rule[7], which was first deduced from meson mass spectra.
In this Subsection we briefly review this topic.

The OZI rule for mesons. The three (¢qq) combinations that are diagonal in
light-quark flavors are the two isospin I = 1 and 0 states of a flavor-SU(3) octet
together with a SU(3) singlet. Isospin being a good flavor symmetry, there should
be very little mixing between the I = 1 and 0 states. On the other hand, the
flavor-SU(3) being not as a good symmetry, we anticipate some mixing between
the octet- and the singlet~ I = 0 states:

(uii + dd — 2s5) [0) = —= (u@ +dd + s5) . (69)

8) =

8= 2
Pseudoscalar meson masses and mizings. The Gell-Mann-Okubo mass relation
for the 0~ mesons, before the identification of 17 as the 8th member of the octet,
may be interpreted as giving the mass of this 8th meson:

1

2 _

m
873
which is much closer to the 7 meson mass of m, = 547 MeV' than m, =
958 MeV. The small difference mg — m,, can be attributed to a slight mixing
between the octet and singlet isoscalars. Namely, we interpret n and 7' mesons

as two orthogonal combinations of |8) and |0) with a mixing angle that can be
determined as follows:

mi mig\ _ ( cosf sin@ (m? 0 cos@ ~sin@
mé, m¢ ) ~ \ —sinf cos8 0 m? ) \sinf cosb ]’

n

(4m} —m?) = (567 MeV)? (70)

Hence

m2
= — 1 i.e. asmall p ~ 11°. (71)

Vector meson masses and mizings. We now apply the same calculation to the
case of vector mesons:

my? = é (4mi, —m2) = (929 MeV)?

which is to be compared to the observed isoscalar vector mesons of w (782 MeV)
and ¢ (1020 MeV) . This implies a much more substantial mixing. The diagonal-
ization of the corresponding mass matrix:

mi? mg2 m2 0
Mgo mo m¢
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requires a mixing angle of

2 — 2
sinffy = 8 _ T or gy ~50°. (72)
my ~ mZ
The physical states should then be
|w) = cosBy |8) + sin by |0) |¢) = —sinfy |8) + cosfy |0).  (73)

After substituting in (69) and (72) into (73), we have
|w) = 0.7045 jud + dd) + 0.0857 |s5) |¢) = —0.06 |uit + dd) + 0.996 |s5) .

This shows that w has little s quarks, while the ¢ mesons is vector meson com-
posed almost purely of s quarks. Such a combination is close to the situation of
“ideal mixing”, corresponding to an angle of §y ~ 55°, with the non-strange and
strange quarks being completely separated:

1, o
W) = Jslui+dd) 16)=1s9). (74)

The OZI rule. Tt is observed experimentally that the ¢ meson decay predomi-
nantly into strange-quark-bearing final states, even though the phase space, with
mg > m,,, favors its decay into nonstrange pions final states:

w37 89% ¢ = KK 83%
- pr 13%
=3t 3%

with a ratio of partial decay widths I'(¢ — 37)/I'(w — 37) = 0.014.

This property of the hadron decays has been suggested to imply a strong
interaction regularity: the OZI-rule -— the annihilations of the & pair via strong
interaction are suppressed[7]. We remark that this suppression should be in-
terpreted as a suppression of the coupling strength rather than a phase space
suppression due to the larger strange quark mass (i.e. it is above and beyond
the conventional flavor SU(3) breaking effect.)

The extension of the OZI-rule to heavy quarks of charm and bottom has
been highly successful. For example it explains the extreme narrowness of the
observed J/v width because this (c¢) bound state is forbidden to decay into the
OZI-allowed channel of DD because, with a mass of my/, ~ 3100 MeV, it lies
below the threshold of 2mp ~ 3700 MeV.

From the viewpoint of QCD, applications of the OZI-rule to the heavy ¢, b,
and t quarks are much less controversial than those for strange quarks — even
thought the rule was originally “discovered” in the processes involving s quarks.
For heavy quarks, this can be understood in terms of perturbative QCD and
asymptotic freedom[8]. It is not the case for the s quark which, as evidenced
by the success of flavor-SU(3) symmetry, should be considered a light quark.
Furthermore, the phenomenological applications of the OZI to strange quark
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processes have not been uniformly successful. In contrast to the case of vector
mesons (72), there is no corresponding success for the pseudoscalar mesons —
as evidenced by the strong deviation from ideal mixing in the 7 and 7’ meson
system (71).

The OZI rule and the strange quark content of the nucleon. A straight-
forward application of the s quark OZI rule to the baryon is the statement that
operators that are bilinear in strange quark fields should have a strongly sup-
pressed matrix elements when taken between nonstrange hadron states such as
the nucleon. In particular we expect the fraction of s quarks in a nucleon (65)
should be vanishingly small.

FO)= 5007 = w @iﬁlz’ : >§s| Ny = (75)
The “measured” value of the pion-nucleon sigma term[9]:
OxN =M (N |Gu +dd| N) (76)
and the SU(3) relation
M = mg (N |us| N = % (mn —ma) (N |au + dd — 255| N)
= My - Mz ~ —200 MeV, (77)

which is obtained from (20) and (22) in the isospin invariant limit (msus = 0),
allow us to make a phenomenological estimate of the strange quark content of
the nucleon([10]: We can rewrite the expression in (75) as

_ (N |(au+dd) - (uu+ dd — 25s)| N)

F(s)= = -
()= N3 (au + dd) = (au + dd—255)| V)
_ OxNn — 20 MeV (78)
30.n — 25 MeV
where we have used (77) and the current quark mass ratio mg/ms = —8 corre-

sponding to m,/m, = 25 of (9). Thus the validity of OZI rule, F' (s) = 0, would
predict, through (78), that o.n should have a value close to 25 MeV. However,
the commonly accepted phenomenological value[11] is more like 45 MeV, which
translates into a significant strange quark content in the nucleon:

F (s) ~0.18. (79)
We should however keep in mind that this number is deduced by using flavor

SU(3) symmetry. Hence the kinematical suppression effect of M; > M, has not
been taken into account.
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2 Deep Inelastic Scatterings

2.1 Polarized Lepton-nucleon Scatterings

There is a large body of work on the topic of probing the proton spin structure
through polarized deep inelastic scattering (DIS) of leptons on nucleon target.
The reader can learn more details by starting from two excellent reviews of [12]
and [13].

Kinematics and Bjorken scaling. For a lepton (electron or muon) scattering
off a nucleon target to produce some hadronic final state X, via the exchange
of a photon (4-momentum g,), the inclusive cross section can be written as a
product

do(l+ N =1+ X)xI*W,, (80)

where [#¥ is the known leptonic part while W, is the hadronic scattering am-
plitude squared, 3, [T (v* (¢) + N (p) — X)|?, which is given, according to the
optical theorem, by the imaginary part of the forward Compton amplitude:

1 ]
Wy = —Elm/ (p,s|T (Ja" (=) I (0))|p,s) e’r*d*z
= (_gﬂl’ + q;;,b) F1 (qz,l/)
p-q p-qg \ F2(dv)
+lp - T s
(p" 7 q”) (p q2q> p-q

. a1 (q27u) 3 g2 (q27l/)
+ieuwapq® |P———~L +p-qs’ —s-qp° =5 (81)
v [ pq (-9

where v q
2 2 )
- <0 d = — 82
q Q and v = (82)
M being the nucleon mass. s* = @n (p,s) ¥*ysun (p, s) is the spin-vector of
the proton, and the variable v is the energy loss of the lepton, » = E — E'. We
have defined the spin-independent F} » (¢, v) and the spin-dependent g 2 (¢°, v)
structure functions. In particular, the cross section asymmetry with the target
nucleon spin being anti-parallel and parallel to the beam of longitudinally po-
larized leptons is given by the structure function g :

do™  do™T  e'ME M?

where z = 2—%274— and y = %. In practice one measures g, via the (longitudinal)
spin-asymmetry,

do™ — do™t 9

A= T Tt = Ry

(84)
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in the kinematic regime of v > \/@ .

To probe the nucleon structure at small distance scale we need to go to the
large energy and momentum-transfer deep inelastic region — large Q? and v,
with fixed z. In the configuration space, this corresponds to the lightcone regime.
The statement of Bjorken scaling is that, in this kinematic limit, the structure
functions approach non-trivial functions of one variable:

Fis (g%, v) = Fi (2), 91,2 (&%, v) = g2 (2). (85)

Such problems can be studied with the formal approach of operator product
ezpansion, which has a firm field theoretical-foundation in QCD, or the more
intuitive approach of parton model, which can lead to considerable insight about
the hadronic structure.

Inclusive sum rules via operator product expansion. The forward Comp-
ton amplitude T},, is the matrix element, taken between the nucleon states

v = <pa § 'tuulpa 3) y (86)

of the time-order product of two electromagnetic current operators

tyy =1 / d*z e T (J, (z) J, (0)). (87)

It is useful to express the product of two operators at short distances as an infinite
series of local operators, 04 (z) Op (0) = 3, Ci (z) 0; (0), as it is considerably
simpler to work with the matrix elements of local operators O; (0). For DIS study
we are interested in the light-cone limit 2° — 0. Hence operators of all possible
dimensions (d;} and spins (n) are to be included:

O4(z)O0p(0) = ZC Nz, .y, OFF (0) (88)

where O%*#* (0) is understood to be a symmetric traceless tensor operator
(corresponding to a spin n object). From dimension analysis we see that the

coefficient
Cz' ($2) ~ (\/.’L‘_z)

where 7; = d; —n is the twist of the local operator O%*"#* (0) . Thus in the light-
cone limit 22 — 0, the most important contributions come from those operators
with the lowest twist values.

In the short distance scale, the QCD running coupling is small so that per-
turbation theory is applicable. In this way the c-numbers coefficients C; (2?) can
be calculated with the local operators Q' #» (0) being the composite operators
of the quark and gluon fields.

We are interested, as in (87), in the operator products in the momentum
space. Namely, the above discussion has to be Fourier transformed from config-
uration space into the momentum space: £ — ¢, with the relevant limit being

Ti—dA—dB
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Q? — 00. The spin-dependent case corresponds to an operator product antisym-
metric in the Lorentz indices p and v :

2 \". e lhn
tuw) = Z Cis) (¢, as) (1?> €000 Quz Qo (’)ﬁ’z # (89)
YP,n=1,3,...

where C3) (¢?,a;) = 14 O (), [the subscript (3) reminds us of others terms,

1 & 2, that contribute to the spin-independent amplitudes F} 5]. Oiﬁ””#" is a
twist-two pseudotensor operator:

—H2 3 Hn

.\ n—1
1 -
(’)g’fj}""“" = 63, <§> oW D ... D Y (90)
where 9 is the quark field with charge e,,. The crossing symmetry property

tuu (P, Q) = tuu (pv —Q) (91)

implies that only odd-n terms appear in the [uv] series. (By the same token,
only even-n terms contribute to the spin-independent structure function Fis.)
The spin-dependent part of the forward Compton amplitude (86) is

= 2
391 (q 7V) +

(92)
pq

Tipsy = (P, 8 [t Py s) = tepang™s

Namely, Img, (¢*,v) = 2mg1 (¢° v). When we sandwich the OPE terms (89)
and (90) into the nucleon states we need to evaluate matrix element

<p,s [oﬁ{g----”“ p,s> = 2e2 Ay 4 spPr .t (93)

Plug (93) and (89) into (92) we have

. wg § = 2 \". n—
L€uvapq sﬁ—l = Z 0(3) (—2) Zepvaﬁqasﬂ (P' Q) 12634414,«1)
L —4q
or
G = Z 2C(3)€5 An.yw™ (94)
Y.n

where w = 2_%2 is the inverse of the Bjorken-z variable. Asymptotic freedom of
QCD has allowed us to express the structure function as a power series in w, (94)
with calculable ¢ number coefficients C(3) and “unknown” long distance quanti-
ties A, . To turn this into a useful relation we need to invert the summation
over n (i.e. to isolate the coefficient A4, ,). For this we can use the Cauchy’s
theorem for contour integration:

1 g (W) 2
2mi ?{ do’ T = ; 203 ey Any, (95)
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which can be related to physical processes by evaluating the LHS integral with
a deformed contour so that it wraps around the two physical cuts, w = (1, 00)
and (—oo,—1). (The second region corresponding to the cross-channel process.)
Using

g1 (w+ie) — g1 (w +ie) = 2ilmgG (w) = dirg (W) (96)
and the crossing symmetry property
a(Pa=-0n-9 o g wd)=-g(-wd), (97)

we then obtain

1 }{ PG /°° pomi (@) 17 Tmg (@)

2w wrtl T o wntl TS wnt!
n [T, 91 (w)
=201- (1) [ s
1
= 4/ " g, () dz. (98)
0

We recall that the spin-index n must be odd. The first-moment (n = 1) sum
! 1
/ drgy (:1;, Qz) = —?: Z C(3)6121,A1,¢ (99)
0 v

is of particular interest because the corresponding matrix element on the RHS
can be measured independently, Cf. (60) and (93):

2415° = (p, s |9yPvs¢| p, 5) = 25° Ay. (100)

Without including the higher order QCD corrections in the coefficient, we have
the g¢1 sum rule for the electron proton scattering:

/1 dzg? (z,Q%) = 1 éAu-f— -1-Ad+ l/_”\.s . (101)
o V7 2\9 9 9

For the difference between scatterings on the proton and the neutron targets,
we can use the isospin relations (Au), = Ad and (4d),, = Au to get:

/ g (5,Q%) - o7 (2,Q)] =

The matrix element on the RHS:

(Au — Ad) . (102)

| =

25" (Au — Ad) = (p, s [ty ysu — &y’ 75| p, 5)
= (p,s ’ﬁ7ﬁ75d’ n,s) = 2sﬁgA (103)
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is simply the axial vector decay constant of neutron beta decay. Including the
higher order QCD correction to the OPE Wilson coefficient, one can then write
down the Bjorken sum rule:

1
[ dolof (2,@%) - ot (2.0%)] = Lcins (104
with the non-singlet coefficient[14],
as, 43 rag\? ag\3
Covsy=1-22 -2 () —2022(2) 4. (105)

All experimental data are consistent with this theoretical prediction.

Remark Anomalous dimension and the Q?-dependence.The Q*-dependence of
the moment integral, such as LHS of (99), are given by a, (Q*) ~ 1/InQ?
in the coefficient function and by the Q%-evolution of the operator according
to the renormalization group equation[15], which yields

<:o,s 'OIQ(W> _ {as (Q))] ‘5‘"] (106)

(mefota ) L@

where v is the anomalous dimension of the operator O and b is the leading
coefficient in the QCD 3 function. The label @ in the matrix elements refers
to the mass scale at which the operator is renormalized, chosen at u® ~ Q? in
order to avoid large logarithms. For the g; sum rule (99) the Q2-dependence
is particularly simple. The non-singlet axial current is (partially) conserved,
hence has anomalous dimension y = 0. The singlet current is not conserved
because of axial anomaly (see discussion below). But it has very weak Q*-
dependence because the corresponding anomalous dimension starts at the
two-loop level.

The parton model approach. The g; sum rule of (101) has been derived di-
rectly through OPE from QCD. We can also get this result by using the parton
model; which pictures the target hadron, in the infinite momentum frame, as su-
perposition of quark and gluon partons each carrying a fraction (z) of the hadron
momentum. For the short distance processes one can calculate the reaction cross
section as an incoherent sum over the rates for the elementary processes. Thus
in Compton scattering, a photon (momentum ¢,,) strikes a parton (zp,) turning
it into a final state parton (g, + zp,), the initial and final partons must be on
shell:

(P = (@ +op)? or w= L (107

DPu) = (Qu Du = 2 - q-

Hence the Bjorken-z variable has the interpretation as the fraction of the lon-
gitudinal momentum carried by the parton. A simple calculation[16] shows the
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scaling structure functions being directly related to the density of partons with
momentum fraction z :

Ff(z)=z Y eX[q(z)+q(a)] (108)
and

F@=3 ¥ &lar @ -0 @)+ @) - @)

g=u,d,s
1
=3 Ze [Aq (2) + Az ()] = Ze Ag () (109)
Thus the spin asymmetry of (84) has the interpretation as
Yp€5 (4 (z) + 4; ()]
X, ela@ +a@)]

Comparing this interpretation of the spin-dependent structure function to
that for the proton matrix elements of the axial vector current (60), we see that
the g; sum rule (101) implies the consistency condition of

.A1 (3:) ~

(110)

1 1
/ g+ (z)dz = q4 / g+ (r)dzr = ¢+ (111)
0 0

In other words, the proton matrix element of the local axial vector current
(p,5|0a,4|p,s) can be evaluated, in the partonic language, by taking the ax-
ial vector current between quark states ({g,h |04 4| ¢, h) = 2h) and multiplying
it by the probability of finding the quark in the target proton:

(0,5104,4l9,5) = D (4, h]Ongl . h) an(2) = (Aq), (112)

0.k
where (4q), = Aq
Ag(z) = g+ (2) — q- (@) + T4 (3) — §- (2) = 4, (z) + 44 (2). (113)
Ellis-Jaffe sum rule and the phenomenological values of Aq. Besides
Au— Ad = g4 = F + D = 1.2573 & 0.0028, (114)
if we assume flavor SU(3) symmetry, we can fix another octet combination
Au+ Ad - 24s = Ag = 3F — D = 0.601 £ 0.038 (115)

which can be gotten by fitting the axial vector couplings of the hyperon beta
decays([17]. In this way (101) can be written as

c
/ dag? (z) = “"5) (3g4 + Ag) + ;S)AE (116)
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where AX = Au + Ad + As. The non-singlet coefficient has been displayed in
(105) while the singlet term has been calculated to be[18]

2
Csy=1- 22 -1.0059 (=) + .. (117)
™ ™

If one assume As = 0, thus AY = Ag we then obtain the Ellis-Jaffe sum
rule[19] with the RHS of (116) expected (for a, ~ 0.25) to be around 0.175, had
become the baseline of expectation for the spin-dependent DIS. The announce-
ment by EMC collaboration in the late 1980’s that it had extended the old SLAC
result[20] to new kinematic region and obtained an experimental value for I,
deviated significantly from the Ellis-Jaffe value[21] had stimulated a great deal
of activity in this area of research. In particular another generation of polarized
DIS on proton and neutron targets have been performed by SMC at CERN[22]
and by E142-3 at SLAC[23]. The new data supported the original EMC findings
of As # 0 and a much-less-than-unity of the total spin contribution AX < 1,
although the magnitude was not as small as first thought. The present experi-
mental result may be summarized as[24]

Au= 0.82+0.06, Ad=~0.44+0.06, (118)
As=-0114£0.06, AL = 0.27+0.11.

The deviation from the simple quark model prediction (47)

(AQ)pepn < (A0) 001 (119)

indicates a quark sea strongly polarized in the opposite direction from the proton
spin. That the total quark contribution is small means that the proton spin is
built up from other components such as orbital motion of the quarks and, if in
the relevant region, gluons.

Axial vector current and the axial anomaly. The most widely discussed
interpretation of the proton spin problem is the suggestion that the gluon may
provide significant contribution via the axial anomaly[25]. Let us first review
some elementary aspects of anomaly. The SU(3)co10r gauge symmetry of QCD is
of course anomaly-free. The anomaly under discussion is the one associated with
the global axial U (1) symmetry. Namely, the SU (3)-singlet axial current Afim =
> —u,d,s 7Yu5q has an anomalous divergence

. as s
3”/15‘0) = Z 2mg (Givsq) +ng %trG" Guv (120)

g=u,d,s

where G*” is the gluon field tensor, é,w its dual. ny = 3 is the number of excited
flavors. For our purpose it is more convenient to express this in terms of each
flavor separately.

_ . « v
M (vuvsq) = 2mg (Givsq) + 2—;-trG“ G (121)
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Axial anomaly enters into the discussion of partonic contributions to the
proton spin as follows: Because anomaly, being related to the UV regularization
of the triangle diagram, is a short-distance phenomena, it makes a hard, thus
perturbatively calculable (though not the amount), contribution from the gluon
so that (112) is modified:

(pa S |0A,q|P, 3> = Z (q, h |OA,ql q, h) Qh(z) + Z (Ga h IOA,q| Ga h) Gh (17)
g,h G,h

(122)
where G, just as the quark density Qn being given by (113), is the spin-
dependent gluonic density. The gluonic matrix element of the axial vector current
(G,h|Oa,q| G, h) is just the anomaly triangle diagram which, with (g, h|O04,4] g, h)
normalized to %1, yields a coefficient of F52. In this way the proton matrix el-
ement of the axial vector current is interpreted as being a sum of “true” quark
spin contribution AQ and the gluon spin contribution:

Aq(s) = 4Q () - 3=AG (), (123)

where AG (z) = G4 (z) — G- (z). Superficially, the second term is of higher
order. But because the In Q? growth of AG (due to gluon bremsstrahlung by

quarks) compensates for the running coupling as ~ (In QQ)‘1 , the combination
a,AG is independent of Q? at the leading order, and the gluonic contribution
to the proton spin may not be negligible. However in order to obtain the simple
quark model result of AS =0, a very large AG is required:

-;"—;AG =As~-01 = AG=~25. (124)

Semi-inclusive polarized DIS. From the inclusive lepton nucleon scattering
we are able to extract the quark contribution to the proton spin, Ag = 4, +
Ay. Namely, we can only get the sum of the quark and antiquark contributions
together. More detailed information of the spin structure can be obtained from
polarized semi-inclusive DIS, where in addition to the scattered lepton some
specific hadron h is also detected.

I+ N-ol+h+ X

The (longitudinal) spin asymmetry of the inclusive process can be expressed in
terms of quark distributions as in (110):

2o (B +49)
Y, e2{g+a)
Similarly one can measure the spin-asymmetry measured in semi-inclusive case:
2,5 (4,05 + 45D5)
Lq €3 (aD] +aD;)

A > (125)

AP ~

(126)
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where D;L, the fragmentation function for a quark g to produce the hadron h,
is assumed to be spin-independent. Separating A; from A, is possible because
D! # D! For example, given the quark contents such as 7+ ~ (ud) and 7~ ~
(ad), we expect

DT »Dr, DY »D5, and DI « DI, DI <Dj

In this way the SMC collaboration[26] made a fit of their semi-inclusive data,
in the approximation of Ay = Aj and A, = A; « s(z) (the strange quark
distribution did not play an important role, and the final result is insensitive
to variation of As). SMC was able to conclude that the polarization of the
non-strange antiquarks is compatible with zero over the full range of z :

Ag=A;=-0.02+0.09£0.03 . (127)

This is to be compared to their result for Ag = Ay — Ag:

—~

Au=101+0.194+014 Ad=-057+022+0.11.

Namely, while the data from inclusive processes suggest that the quark sea is
strongly polarized — as indicated by the large deviation of measured Ag from
their simple quark model prediction (118) and (47), the SMC study of the semi-
inclusive processes hints that the antiquarks in the sea are not strongly polarized.

Baryon magnetic moments. One of the puzzling aspects of the proton spin
problem is that, given the significant deviation of the quark spin factors Ag in
(118) from the sQM values, it is hard to see how could the same (Agq),g,, values
manage to yield such a good description of the baryon magnetic moments, as
shown in Table 1.

For this we can only give a partially satisfactory answer : If we assume that
the antiquarks in the proton sea is not polarized A; = 0, for which the SMC
result (127) gives some evidence (and it is also a prediction of the chiral quark
model to be discussed in Sec. 3), we can directly use the Ag of (118) to evaluate
the polarization difference: Ag = A, = Aq in (49). We can then attempt a fit
of the baryon magnetic moments in exactly the same way we had fit them by
using (Aq) on as in Table 1. The resultant fit, surprisingly, is equally good —

in fact better, in the sense of lower x?{27], [28]. Namely, both the sQM Agq and
experimental values of Ag can, rather miraculously, fit the same magnetic mo-
ment data. In this sense, the new spin structure poses no intrinsic contradiction
with respect to the magnetic moment phenomenology.

That it is possible to fit the same baryon magnetic moments with (E}) o
§

and (Zﬂ]) ] is due to the fact that the baryon moment, such as (50), is a sum
expt

—~— —\ !
of products pug = Y Aq 4 hence different (Aq) s can yield the same up if (1q)'s
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are changed correspondingly. In both cases we have p, = —2u4 and ps '%/.Ld.
For the sQM case, we find pq ~ —0.9 p while for the experimental Aq case, we
need g ~ —1.4 u. This shift means a 35% change in the constituent quark mass
value — thus a 35% difference with the constituent quark mass value obtained
from the baryon mass fit in (39). Consequently, we regard the magnetic moment
problem still as an unsolved puzzle.

2.2 DIS on Proton vs Neutron Targets

Lepton-nucleon scatterings. The spin-averaged nucleon structure function
F, can be expressed in terms of the quark densities as in (108)
4

Ff(z):x[§(u+ﬂ)+%(d+d)+€—1)(s+§)}

4 1 1
F(z)=¢z [5 (d +d) +§(u+ﬁ)+§(s+§)J ,
where we have used the isospin relations of (u), = (d),, and (d), = (u),, . Their
difference is
1

LR @) - B @)= (- + (- d)] = 3 2T+ 2 (a-d)]

where 73 =  [(u — d) — (@ — d)] with it integral being the third component of
the isospin: fol daTs (z) = L. The simple assumption that @ = d in the quark
sea, which is consistent with it being created by the flavor-independent gluon
emission, then leads the Gottfried sum rule[29]

o= [ FIH@-FE=3 (128)

Experimentally, NMC found that, with a reasonable extrapolation in the very
small-z region, the integral I deviated significantly from one-third[30):
1

1
I =0.235£0.026= 3 + § / [@(z) - d(2)] dz. (129)
O

This translates into the statement that, in the proton quark sea, there are more
d-quark pairs as compared to the u-quark pairs.

@ —d = —0.147 + 0.026. (130)

Remark Gottfried sum rule does not follow directly from QCD without addi-
tional assumption. Unlike the g; sum rule, the Gottfried sum rule can not
be derived from QCD via operator product ezpansion. A simple way to see
this: Because the spin-independent structure function F; has opposite cross-
ing symmetry property from that of g;, only even-n terms can contribute.
Hence there is no way to obtain a non-trivial relation for the odd-n moment
sums of F5 (which the Gottfried sum rule would be an example). But in the
context of parton model, the Gottfried sum provides us with an important
measure of the flavor structure of the proton quark sea.
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Drell-Yan processes. Because to conclude that NMC data showing a violation
of the Gottfried sum rule one needs to make an extrapolation into the small-z
regime, an independent confirmation of @ # d would be helpful. A measurement
of the difference of the Drell-Yan process of proton pN — {1~ X on proton and
neutron targets can detect the antiquark density because in such a process the
massive (I*17) pair is produced by (¢¢) annihilations[31].
Let us denote the differential cross sections as
5PN = d?o (pN - 111~ X)
- d/Tdy

Sm Z [¢" (21) @ (22) + @7 (z1) 47 (22)] (131)

q—uds

where /7 = %— with /s being the CM collision energy and M is the invariant
mass of the lepton pair. y being the rapidity, the fraction of momentum carried
by the parton in the projectile (P) is given by z1 = y/7€¥ and the fraction in
the target (T') given by zo = \/Te¥. Explicitly writing out the quark densities
of {(131):

o = S S lue) (o) + w2
+ % [d(z1)d(z2) + d(z1)d(z2)] + sterm}

8ma

o 57_ {é [u (1) d(2) + @ (1) d (z2)]

[d (z1) (o) +d(z1)u (2:2)] + sterm}

In this way the DY cross section asymmetry can be found:

O-PP _O-P”

Apr = o
_ [4u(er) —d(zy)] [ (z2) — d(22)] + [u(z2) — d(22)] [48 (z1) — d(z1)]
[4u (111) + d((L‘l) [ 1132 C?(Zlfz)] + [u (1132) + d( 2)] [411/ (171) + d(il:l)]
_@-D(-1+ DA -1)
TEAHD) A+ D)+ A+ (Ar+1) (132)

where A (z) = u(z) /d (z) and A(z) = @ (z) /d(z). Thus with measurements of
Apy and data fit for X in the range of (2.0,2.7), the NA51 Collaboration{32]
obtained, at kinematic point of y = 0 and z; = z2 = = = 0.18, the ratio of
antiquark distributions to be

@/d = 0.51 £0.04 £ 0.05 (133)

confirming that there are more (by a factor of 2) d-quark pairs than u-quark
pairs.
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3 The Proton Spin-Flavor Structure
in the Chiral Quark Model

3.1 The Naive Quark Sea

A significant part of the nucleon structure study involves non-perturbative QCD.
As the structure problem may be very complicated when viewed directly in
terms of the fundamental degrees of freedom (current quarks and gluons), it
may well be useful to separate the problem into two stages. One first identifies
the relevant degrees of freedom (DOF) in terms of which the description for
such non-perturbative physics will be simple, intuitive and phenomenologically
correct; at the next stage, one then elucidates the relations between these non-
perturbative DOFs in terms of the QCD quarks and gluons. Long before the
advent of the modern gauge theory of strong interaction, we have already gained
insight into the nucleon structure with the simple nonrelativistic constituent
quark model (sQM). This model pictures a nucleon as being a compound of
three almost free u- and d-constituent quarks (with masses, much larger than
those of current quarks, around a third of the nucleon mass) enclosed within
some simple confining potential. There are many supporting evidence for this
picture. We have reviewed some of this in Sec. 1. Also, the nucleon structure
functions in the large momentum fraction z region, where the valence quarks
are expected to be the dominant physical entities, are invariably found to be
compatible with them being evolved from a low Q? regime described by sQM.
For this aspect of the quark model we refer the reader to Ref.[33].

However in a number of instances where small z region can contribute one
finds the observed phenomena to be significantly different from these sQM ex-
pectations. This has led many people to call sQM the ” naive quark model” and
to suggest a rethinking of the nucleon structure. But we would argue that the
approach is correct, and only the generally expected features of the quark-sea
are too simple. This "naive quark-sea” (nQS) is supposed to be composed exclu-
sively of the u and d quark pairs. Namely, based on the notion of OZI rule, one
would anticipate a negligibly small presence of the strange quark pairs inside
the nucleon. This implies, as given in (78), a pion-nucleon sigma term value of
oxN ~ 25 MeV. Furthermore, the similarity of the v and d quark masses and
the flavor-independent nature of the gluon couplings led some people to expect
that d = @, thus to the validity of the Gottfried sum rule (128).

In the sQM, there is no quark-sea and the proton spin is build up entirely
by the valence quark spins. We have deduced the quark contributions to the
proton spin as in (47), which leads to an axial-vector coupling strength of g4 =
Au — Ad = 5/3. If one introduces a quark-sea, the nQS feature of § >~ 0 (thus
As = 0) leads us to the Ellis-Jaffe sum rule, [, dzg? (z) = 0.175.

Phenomenologically none of these nQS features

Features of the naive quark sea
flavor : 53=0 and d=1u
sp'in: As =0 (Aq :Aq)se
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have been found to be in agreement with experimental observations. As far
back as 1976, the connection of the o,n value to the strange quark content of
the nucleon has been noted. It was pointed out that the then generally accepted
phenomenological value of 60 MeV differed widely from the OZI expectation(10].
In recent years, the o, value has finally settled down to a more moderate value
of o.n ~ 45 MeV when a more reliable calculation confirmed the existence of
a significant correction due to the two-pion cut[11]. Nevertheless, this reduced
value still translates into a nucleon strange quark fraction of 0.18, see (79).

As for the proton spin, starting with EMC in the 1980’s, the polarized DIS
experiments of leptons on proton target have shown that Ellis-Jaffe sum rule is
violated. The first moment the spin-dependent structure function g; has allowed
us to obtain the individual Aq of (118). We have already noted that they are all
less than the sQM values of (47), suggesting that for each flavor the quark-sea
is polarized strongly in the opposite direction to the proton spin.

Aq = (AQ):;QM + (AQ)sea < (Aq)sQM = (Aq)sea < O'

Furthermore, the recent SMC data on the semi-inclusive DIS scattering[26] ten-
tatively suggested Az ~ Az ~ 0. Thus while the inclusive experiments point
to a negatively polarized quark sea, the semi-inclusive result indicates that the
antiquarks in this sea are not polarized.

The NMC measurement of the muon scatterings off proton and neutron tar-
gets shows that the Gottfried sum rule is violated[30]. It has been interpreted
as showing d > @ in the proton. This conclusion has been confirmed by the
asymmetry measurement (by NA51[32]) in the Drell-Yan processes with proton
and neutron targets, which yield, at a specific quark momentum fraction value
(x = 0.18), the result of d ~ 27 in (133).

To summarize, the quark-sea is "observed” to be very different from nQS. It
has the following flavor and spin structures:

Observed features of the quark sea
flavor : d>%u and F#0
spin (D9),eq <0 yet Az~0.

By the statement of 5 # 0, we mean that OZI rule is not operative for the
strange quark. Recall our discussion in Sec. 1, this means that the couplings for
the (s3)-pair production or annihilation are not suppressed, although the process
may well be inhibited by phase space factors. Namely, a violation of the OZI rule
implies that, to the extent one can ignore the effects of SU(3) breaking, there
should be significant amount of (s3)-pairs in the proton.

3.2 The Chiral Quark Idea of Georgi and Manohar

Let us start with theoretical attempts to understand the flavor asymmetry of
d > T in the proton’s quark sea:

Pauli exclusion principle and the u-d valence-quark asymmetry in the proton
would bring about a suppression of the gluonic production of @'s (versus d's).
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Thus it has been pointed out long ago[34] that d = @ would not strictly hold
even in perturbative QCD due to the fact the u's and d's in the ¢§ pairs must be
antisymmetrized with the u's and d's of the valence quarks. This mechanism is
difficult to implement as the parton picture is intrinsically incoherent. In short,
the observed large flavor-asymmetry reminds us once more that the study of
quark sea is intrinsically a non-perturbative problem.

Pion cloud mechanism([35] is another idea to account for the observed d > 1
asymmetry. The suggestion is that the lepton probe also scatters off the pion
cloud surrounding the target proton (the Sullivan process[36]), and the quark
composition of the pion cloud is thought to have more ds than @s. There is an
excess of 7% (hence d’s) compared to 7~, because p = n + 7, but not a 7~
if the final states are restricted nucleons. (Of course, 7°s has d = %.) However,
it is difficult to see why the long distance feature of the pion cloud surrounding
the proton should have such a pronounced effect on the DIS processes, which
should probe the interior of the proton, and also this effect should be significantly
reduced by the emissions such as p = AT + 717, etc.

Nevertheless, we see that the pion cloud idea does offer the possibility to
getting a significant d > @ asymmetry. One can improve upon this approach
by adopting the chiral quark idea of Georgi and Manohar[37] so that there is
such a mechanism operating in the interior of the hadron. Here a set of internal
Goldstone bosons couple directly to the constituent quarks inside the proton. In
the following, we will first review the chiral quark model which was invented to
account for the successes of simple constituent quark model.

The chiral quark idea. Although we still cannot solve the non-perturbative QCD,
we are confident it must have the features of (1) color confinement, and (2)
spontaneous breaking of chiral symmetry.

Confinement: Asymptotic freedom o, (Q) Q—-) 0 suggests that the running
—00

coupling increases at low momentum-transfer and long distance, and o, (Agep) =
1 is responsible for the binding of quarks and gluons into hadrons. Experimental
data indicates a confinement scale at

Agcp =~ 100 to 300 MeV. (134)

Chiral symmetry breaking: There are three light quark flavors, my4, <
Agcep. In the approximation of m, 4s = 0, the QCD Lagrangian is invari-
ant under the independent SU(3) transformations of the left-handed and right-
handed light-quark fields. Namely, the QCD Lagrangian has a global symmetry
of SU(3)r x SU(3)g. If it is realized in the normal Wigner mode, we should ex-
pect a chirally degenerate particle spectrum: an octet of scalar mesons having ap-
proximately the same masses as the octet pseudoscalar mesons, spin %“ baryon
octet degenerate with the familiar 1T baryon octet, etc. The absence of such de-
generacy suggests that the symmetry must be realized in the Nambu-Goldstone
mode: the QCD vacuum is not a chiral singlet and it possesses a set of quark
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condensate (0[gg|0) # 0. Thus the symmetry is spontaneously broken
SU(3)L X SU(3)R — SU(3)L+R

giving rise to an octet of approximately massless pseudoscalar mesons, which
have successfully been identified with the observed (w, K, i) mesons.

The QCD Lagrangian is also invariant under the axial U(1) symmetry, which
would imply the ninth GB m,, ~ m,.But the existence of axial anomaly breaks
the symmetry and in this way the eta prime picks up an extra mass.

Both confinement and chiral symmetry breaking are non-perturbative QCD
effects. However, they have different physical origin; hence, it’s likely they have
different distance scales. It is quite conceivable that as energy @ decreases, but
before reaching the confinement scale, a, (Q) has already increased to a sufficient
size that it triggers chiral symmetry breaking (x$B). This scenario

Agep < Aysp = 1GeV. (135)

is what Georgi and Manohar have suggested to take place. The numerical value is
a guesstimate from the applications of chiral perturbation theory: A,sp ~ 47 fx
with f- being the pion decay constant. Because of this separation of the two
scales, in the interior of hadron,

Agep < Q < Ayss,

the Goldstone boson (GB) excitations already become relevant (we call them
internal GBs), and the important effective DOFs are quarks, gluons and in-
ternal GBs. In this energy range the quarks and GBs propagate in the QCD
vacuum which is filled with the gg condensate: the interaction of a quark with
the condensate will cause it to gain an extra mass of ~ 350 MeV. This is the
chiral quark model explanation of the large constituent quark mass, (much in
the same manner how all leptons and quark gain their Lagrangian masses in
the standard electroweak theory). The precise relation between the internal and
the physical GBs is yet to be understood. The non-perturbative strong gluonic
color interactions are presumably responsible for all these effects. But once the
physical description is organized in terms of the resultant constituent quarks
and internal GBs (in some sense, the most singular parts of the original gluonic
color interaction) it is possible that the remanent interactions between the glu-
ons and quarks/GBs are not important. (The analogy is with quasiparticles in
singular potential problems in ordinary quantum mechanics.) Thus in our xQM
description we shall ignore the gluonic degrees of freedom completely.

Remark One may object to this omission of the gluonic DOF on ground that
the one gluon exchange[5] is needed to account for the spin-dependent con-
tributions to the hadronic mass as discussed in Sec. 1. However, in the yQM
the constituent quarks interact through the exchange of GBs. The axial cou-
plings of the GB-quark couplings reduce to the same 7= effective terms as
the gluonic exchange couplings. For a more thorough discussion of hadron

spectroscopy in such a chiral quark description see recent work by Glozman
and Riska[38].
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3.3 Flavor-Spin Structure of the Nucleon

In the chiral quark model the most important effective interactions in the hadron
interior for ¢ < 1GeV are the couplings of internal GBs to constituent quarks.
The phenomenological success of this model requires that such interactions being
feeble enough that perturbative description is applicable. This is so, even though
the underlying phenomena of spontaneous chiral symmetry breaking and con-
finement are, obviously, non-perturbative.

Chiral quark model with an octet of Goldstone bosons. Bjorken[39],
Eichten, Hinchliffe and Quigg[40] are the first ones to point out that the observed
flavor and spin structures of nucleon are suggestive of the chiral quark features.
In this model the dominant process is the fluctuation of a valence quark ¢ into
quark ¢' plus a Goldstone boson, which in turn is a (¢q’) system:

g+ — GB + g% — (¢7')y 0% (136)

This basic interaction causes a modification of the spin content because a quark
changes its helicity (as indicated by the subscripts) by emitting a spin-zero me-
son in P-wave. It causes a modification of the flavor content because the GB
fluctuation, unlike gluon emission, is flavor dependent.

In the absence of interactions, the proton is made up of two u quarks and
one d quark. We now calculate the proton’s flavor content after any one of these
quarks turns into part of the quark sea by “disintegrating”, via GB emissions,
into a quark plus a quark-antiquark pair.

Suppressing all the space-time structure and only displaying the flavor con-
tent, the basic GB-quark interaction vertices are given by

i f\/—;-*-—\% 07r+ K+ u
szgqu»"q:gg(ﬂdﬁ) T —%_4—% K©° d
K~ KO _%% K}
= gs [Jr‘ +§K‘+ﬁ(ﬂ+i>} U+ .. (137)
v2 V6

Thus after one emission of the u quark wavefunction has the components

0
U n
v (u) ~ d7r++sK++u<~—+——->}, 138)
=~ N (
which can be expressed entirely in terms of quark contents by using 7+ = ud,
and KT = u3, etc. Since 7° and 1 have the same quark contents, we can add
their amplitudes coherently so that

70 1 2 1,- 1
— —— | = —ult — =dd + =55 139
<ﬁ+\/6) gut T3 T g (139)
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Square the wavefunction we the obtain the probability of the transitions: for
example,

Prob [u; — ntd_ — (ud),d_] = q, (140)
which will be used to set the scale for other emissions. At this stage we shall
assume SU(3) symmetry. Hence all processes have the same phase space, and are
proportional to the same probability a o | g8|2 . The specific values are listed in
the 3rd column of Table 2. The 2nd column is the isospin counter-part obtained
by the exchange of u ¢ d :

Uy — dy — SU(3) sym prob broken U(3) prob
octet GB nonet GB
Uy (ua)o d- dy = (du)yu- a a
U4 (U§)0 S_ d+ — (d§)0 S_ a 62(1
wy = (W) u- dy — (da)od_ ta (o:+26g+3)z a
Uy — (dd) u- dy o (u¥),d- %a (o+26§-3 a
up = (s5)gu- di — (s5)d- I (59)7a

Table 2. xQM transition probabilities calculated in models with an octet GB in the
SU(3) symmetric limit and with nonet GB and broken-U(3) breakings.

Flavor content calculation. From Table 2, one can immediately read off the
antiquark number § in the proton after one emission of GB by the initial valence
quarks (2u + d) in the proton:

4
ﬁ:2x§a+a+%a:2a, (141)
- 1 4 8
=9 oy Za=2
d x(a+ga>+9a 3a,
o= (asLa) 4 (ar La) = 20
§= a+ga +la ga =30

Since the quark and antiquark numbers must equal in the quark sea, we have
the quark numbers in the proton:

u=24+% d=1+d, s=3. (142)

Spin content calculation. GB emission will flip the helicity of the quark as in-
dicated in the basic process of (136), while the quark-antiquark pair produced
through the GB channel are unpolarized:

$(GB) = % [0 (g2) 9 (2.) — % (a2) % (a4)] - (143)
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One of the first xQM predictions about the spin structure is that, to the leading
order, the antiquarks are not polarized:

A;=qdy — G- =0. (144)

Before GB emissions as in (136), the proton wavefunction is given by (44) giving
the spin-dependent quark numbers in (45). Now from the 3rd column in Table
2, we can read off the first-order probabilities:

2
Prlup = d-)=a Puy 2s-)=a Plup —u)=30a (145)
or write this in a more compact notation as
2
P(uy =)=(d_-+s-+ -3-u-)a. (146)

From this we can also immediately obtain the related probabilities of P (u- =),
P (d+ =), and P; (d— —). The sum of the three terms in (145) being g—a, the
probability of no GB emission must then be (1 — $a). Combining the Oth and
1st order terms of (45) and (146), we find the spin-dependent quark densities

(coefficients in front of ¢4 }:

8 5 1 1 2 5 2
(1 — §a> <§U+ + gu_ + §d+ + —éd_> + g(d._ +s_ + gu_)a

1 2 1 2 2 2
t3(de 484+ upjat g(u-+s-+gdJat (up +84 + 3d+)a

Together with (144), we can then calculate the quark polarization in the proton
Ag=A40+A; =4, =q4+ —g_:

4 37 1 2
- -2 =---Z = —q. 147
Au 3 g Ad 37 5% As a (147)

In order to account for the NMC data of (130) by @ — d = —2a as in (141), we
need a probability of a ~ 0.22. But such a large probability would lead to spin
content description that can at best be described as fair. For example it give a
negative-valued total quark value of AY = 1 — 16a/3 ~ —0.17, which is clearly
incompatible with the current phenomenological values in (118) — although it
was still marginally consistent with the original EMC value when this calculation
was first performed[40]. Also, the antiquark numbers in (141) leads to a fixed
ratio of @/d = 0.75, which is to be compared to the NA51 result of 0.51, as given
in (133).
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Chiral quark model with a nonet of Goldstone bosons. We have pro-
posed(41] a broken-U(3) version of the chiral quark model with the inclusion of
the ninth GB, the 7'meson.

Besides the phenomenological considerations discussed above, we have also
been motivated to modify the original xQM by the following theoretical consid-
erations. It is well-known that 1/N ., expansion can provide us with a useful
guide to study non-perturbative QCD. In the leading 1/N_,i,r expansion (the
planar diagrams), there are nine GBs with an U(3) symmetry. Thus from this
view point we should include the ninth GB, the 1’ meson. However we also know
that if we stop at this order, some essential physics would have been missed: At
the planar diagram level there is no axial anomaly and n' would have been a
bona fide GB. Also, it has been noted by Eichten et al.[40] that an unbroken U(3)
symmetry would also lead to the phenomenologically unsatisfactory feature of a
flavor-symmetric sea: i = d = 3, which clearly violates the experimental results
of (130) and (133). Mathematically, this flavor independence comes about as
follows. Equating the coupling constants gg = ¢; in the vertex which generalizes
the coupling in (137)

8
2
Lr=gs E qridig + \/;glqn’q (148)
1=1

(Ai¢; = @ with A; being the Gell-Mann matrices) and squaring the amplitude,
one obtains the probability distribution of

8
Y- (@) (@ha) + 5 @) (@) (149)

=1
which has the index structure as

8
2
Z (Ai)ap (Mi) g + §5abt5cd = 26,408¢ (150)

i=1

where we have use a well-known identity of the Gell-Mann matrices to obtain
the equality. This clearly shows the flavor independence nature of the result.

Calculation in the degenerate mass limit. All this shows that we should include
the ninth GB but, at the same time, it is crucial that this resultant flavor-
U(3) symmetry be broken. In our earlier publication[41] we have implemented
this breaking in the simplest possible manner by simply allowing the octet and
singlet couplings be different. Namely, in the first round calculation, we stayed
with approximation of m,, = m, and a degenerate octet GBs. In this way we
were able to show that with a choice of

=9 (151)
gs
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this broken U(3) x@M can account for much of the observed spin and flavor
structure, see Column-5 in Table 3.

Our calculation has been performed in the SU(3) symmetric limit (i.e. as-
sumed all phase space factors are the same). In this spirit we have chosen to
work with |g;| = |gs| . The relative negative sign is required primarily to yield
an antiquark relation of d ~ 2@ : as the model calculation gives a ratio

CC+2(+6
¢+8

Therefore, the experimental value of (133) implies a negative coupling ratio :
—4.3 < ( < —0.7. We remark that the relative sign of the couplings is physically
relevant because of the interference effects when we coherently add the n’ contri-
bution to those by 1 and 7°. After fixing this ratio, there is only one parameter
a that we can adjust to yield a good fit. It is gratifying that @ = 0.11 is indeed
small, fulfilling our hope that once the singular features of the nonperturbative
phenomenon of spontaneous symmetry breaking are collected in the GB degrees
of freedom, the remanent dynamics among these particles is perturbative in na-
ture.

It should also be noted that we have compared these SU(3) symmetric results
to phenomenological values which have been extracted after using the SU(3)
symmetry relations as well. For example the result in (118) have been extracted
after using the SU(3) symmetric F/D ratio for hyperon decays as in (115).
Similarly, we obtained a strange quark fraction value F (s) ~ 0.19 very close
to that given in (79) which was deduced from o,y and an SU(3) symmetric
F/D ratio for baryon masses (77). Agreements are in the 20% to 30% range,
indicating that the broken-U(3) chiral picture is, perhaps, on the right track.

a/d = (152)

SU(3) and azial-U(1) breaking effects. The quark mass difference ms > m,, and
thus the GB non-degeneracy , would affect the phase space factors for various
GB emission processes. Such SU(3) breaking effects will be introduced[45], [46]
in the amplitudes for GB emissions, simply through the insertion of suppression
factors: € for kaons, § for eta, and ¢ for eta prime mesons, as these strange quark
bearing GB’s are more massive than the pions. Thus the probability a o | ggl are
modifies for processes involving strange quarks, as shown in the last column of
Table 2. The suppression factors enter into the probabilities for uy — (u)gu—
and w4 — (dd) u_ processes, etc. because they also receive contributions from
the n and o’ GBs Following the same steps as those in (137) to (140), we obtain
the probabilities as listed in the 4th column of Table 2. In this way the following
results are calculated:

= 113 [2¢+5+1)? +2o] a, (153)
d= -115 (¢ +6 -1 +32]a, (154)
3= % [(c 5)? +ge] (155)



152 Ling-Fong Li and T. P. Cheng

and
2 2 2
Ay b 248 484126 (156)
3 9
5292 _q.2
Ad = —% _6=9 92C 3o (157)
As = —€%a.. (158)

In the limit of { = 0 (i.e. no 7') and e = § = 1 (no suppression in the degenerate
mass limit) these results are reduced to those of (141) and (147).

Results of the numerical calculation are given in the last column in Table
3. Again our purpose is not so much as finding the precise best-fit values, but
using some simple choice of parameters to illustrate the structure of chiral quark
model. For more detail of the parameter choice, see Ref.[46].

Naive xQM xQM
Phenomenological Eq. QM SU; sym brok’n SUs
value # e=d= €e=4§=

(=1 -2(=06
a=0 =011 a=0.15

u—d 0.147£0026  (130) 07  0.146 0.15
u/d (0.51£0.09),_,,, (133) 17 0.56 0.63
25/ (u+ d) ~0.5 07 186 0.60
oxn:F(s)  018%0.06(47) (79) 0? 0.19 0.09
F(3)/F(8) 0.23 £ 0.05 (68) 3 : 0.22
94 1.257 £ 0.03 % 1.12 1.25
(F/D),ia 0.575 +0.016 z 2 0.57
(3F-D), 0.60+0.07 (}7) (115) 1 0.67 0.59
Au 0.82 +0.06 3 0.78 0.85
Ad —0.44 £ 0.06 -3 =033 —-0.40

As -0.11+0.06 ({?) (118) ~0.11 —0.07

Ar, Ad —0.02 + (.11) (127) 0 0

Table 3. Comparison of xQM with phenomenological values. The 3rd column gives
the equation numbers where these values are discussed. From there one can also look
up the reference for the source of these values. Possible downward revision of the results
by SU(3) breaking effects, as discussed in the text, are indicated by the symbol (17).
Those values with a question mark (?) in the 4th column are not strictly the sQM
predictions, but are the common expectations of, what has been termed in Sec. 3.1,
the “naive quark sea”.
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Since a SU(3) symmetric calculation would not alter the relative strength
of quantities belonging to the same SU(3) multiplet, our symmetric calculation
cannot be expected to improve on the naive quark model, i.e. SU(6), results
such as the axial vector coupling ratio F/D = 2/3, which differs significantly
from the generally quoted phenomenological value of F/D = 0.575 £ 0.016. To
account for this difference we must include the SU(3) breaking terms:

F_ Au-As 2 6-a(20® +4¢* + 5 (3¢5 +21))
D Au+As—-24d " 3  6-a(282+4C2+ 92 +3)

(159)

Similarly discussion holds for the F/D ratio for the octet baryon masses. Here
we choose to express this in terms of the quark flavor fractions as defined by
(65) and (66):

F(3) F(u) - F(d) _1+2(a-d)
F(8 ~ F(u)+F(d)—-2F(s) 3+2(a+d-23)
1 3+2a[2¢+6-13

T3 3+2a[2¢0+ 1982 -12)] (160)
In the SU(3) symmetry limit of § = ¢ = 1, we can easily check that (159) and
(160) reduce to their naive quark model i.e. SU(6) values, independent of a and
¢. Again it is gratifying to see, as displayed in Table 3, that x@M has just the
right structure so the SU(3) breaking modifications make the correction in the
right direction.

3.4 Strange Quark Content of the Nucleon

We have already discussed the number § of strange quarks in the nucleon quark
sea and their polarization As. They are examples of the proton matrix elements
of operators bilinear in the strange quark fields (p|3I;s|p), or in general we need
to study the quark bilinear matrix elements of {p|Gl;q|p) :

The scalar channel. This operator counts the number of quarks plus the
number of antiquarks in the proton. In particular the octet components of
(p|aw — dd| p) and (p|@u + dd — 25s| p) can be gotten by SU(3) baryon mass
relations as we have shown in (66). But in order to separate out the individual
terms, say (p|3s| p), we would need the singlet combination (p |au + dd + 55| p) .
This is provided by o.x which is a linear combination of the singlet and octet
pieces. That is why a measurement of ¢, allows us to do an SU(3) symmetric
calculation of the strange quark content of the nucleon.

We have emphasized that OZI violation means that the couplings for s
pair creation and annihilation may not be suppressed even though the phase
space surely does not favor such processes. But the phase space suppression is a
“trivial” SU(3) breaking effect. Our chiral quark model calculation is a concrete
realization of this possibility: Had we ignored the phase space difference, the
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GB-quark couplings are such that there would be more strange quark pairs than
either of the nonstrange pairs in the quark sea, as s5 production by either u or
d valence quarks are not disfavored. Thus (141) give a relative quark abundance
in the quark sea of

2:d:5=3:4:5 (161)

In the physical quark sea we do not really expect strange quark pairs to dominate
because of their production is suppressed by SU(3) breaking effects.

The xQM naturally suggests that the nucleon strange quark content 5 and
polarization As magnitude are lowered by the SU(3) breaking effects as they are
directly proportional to the amplitude suppression factors, see (155) and (158).
This is just the trend found in the extracted phenomenological values. Gasser[47],
for instance, using a chiral loop model to calculate the SU(3) breaking correction
to the Gell-Mann-Okubo baryon mass formula, finds that the no-strange-quark
limit-value of (oxn), is modified from 25 to 35 MeV, [i.e. the baryon mass Mg
in (77) changed from —200 by SU(3) breakings to —280 MeV], thus the fraction
F (s5) from 0.18 to 0.10. It matches closely our numerical calculation with the
illustrative parameters, see Table 3.

The strange quark content can also be expressed as the relative abundance
of the strange to non-strange quarks in the sea, which in this model is given as

§ 0 (-8 +9¢
Ha+d)  T(@c+6)7F+27
This can be compared to the strange quark content as measured by the CCFR
Collaboration in their neutrino charm production experiment[48]

{z5)
7 ((z@) + (wd))
which is often used in the global QCD reconstruction of parton distributions[49)].

The same experiment found no significant difference in the shapes of the strange
and non-strange quark distributions[48]:

A =

~1.6¢2 = 0.6. (162)

1
K= = 0477+ 0.063, where (zq) =/ zq(z)dz, (163)
0

T d
28 (2)] « (1-2)* [M‘;_x_@] :
with the shape parameter being consistent with zero, o = —0.02 £ 0.08. Thus,
it is reasonable to use the CCFR findings to yield
1 ‘
As K~ =, (164)
2
which is a bit less than, but still compatible with, the value in (162).

Thus it is seen that the xQM can yield a consistent account of the strange
quark content § of the proton sea. SU(3) breaking is the key in reconciling the 3
value as measured in the neutrino charm production and that as deduced from
the pion nucleon sigma term.
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The axial-vector channel. This operator measures the quark contribution to
the proton spin. In particular the octet components of

(, 8 |@yuysu — dyuvsd| p, s)

and
(p, s |Byuysu + dyuysd — 287,755| p, 5)

can be gotten by SU(3) relations among the axial vector couplings of octet
baryon weak decays, (114) and (115). But in order to separate out the individual
terms, say (p,s|5v,7ss|p,s) = 2s,As, we would need the singlet combination
Au + Ad + As. This is provided by the first-moment of the structure function
J g1dz which is a linear combination of the singlet and octet pieces. That is why
a measurement of g; (z) allows us to do an SU(3) symmetric calculation of the
strange quark content of the nucleon.

A number of authors have pointed out that phenomenologically extracted
value of strange quark polarization As is sensitive to possible SU(3) breaking
corrections. While the effect is model-dependent, various investigations(42] -[44]
all conclude that SU(3) breaking correction tends to lower the magnitude of As.
Some even suggested the possibility of As ~ 0 being consistent with experimental
data. Our calculation indicates that, while As may be smaller than 0.10, it is not
likely to be significantly smaller than 0.05. To verify this prediction, it is then
important to pursue other phenomenological methods that allow the extraction
of As without the need of SU(3) relations.

Besides polarized DIS of charged lepton off nucleon, we can also use other
processes to determine As. In elastic neutrino-proton scattering, we can separate
out the axial form factors at zero momentum transfer,

¥ livsal p) = 20 () |G (@) mrs + AR CS” (@) ulp).  (165)
P

Thus we have G<1Q) (0) = Aq. The axial vector matrix element arises from Z-
boson exchange is proportion to

(P 1qT37.754 P) = 5 (P’ |wyuvsu — dyuvsd — 5v,755| ) (166)

N | =

where T3 is the 3rd component of the weak isospin operator. The (p|3v,vss|p)
can be separated out because the first two terms are fixed by the neutron axial
coupling g4. Present data still have large error, however they are consistent with
a As # 0[50].

The measurements of longitudinal polarization of A in the semi-inclusive pro-
cess of PN — pA+ X [51] have also given support to a nonvanishing and negative
As. In this connection, it’s also important to pursue experimental measurements
to check the xQM prediction for a vanishing longitudinal polarization of A in
the semi-inclusive processes reflecting the proton spin property of A5 = 0.
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The pseudoscalar channel. The nucleon matrix elements of the pseudoscalar
quark density may be physically relevant in Higgs coupling to the nucleon[52],
etc. Such operators may be related to the axial vector current operator through
the (anomalous) divergence equation (121)[53]. If we define

(p|@ivsq| p) = vqu (p) ivsu (p) (167)
<p\trG“”5;w p> = —~Ag2Mpi (p) ivsu (p) (168)

so that the non-strange divergence equations may be written as
2M, Au = 2myv, — 2M, (—;—;Ag> (169)
2M,Ad = Imgvg — 2M, (g—;ﬂg)

We would need one more condition in order to separate out the individual m,v,
terms. This may be obtained by saturation of the nonsinglet channel by Gold-
stone poles. Let us recall that the Goldberger-Treiman relation can be derived in
the charge channel by the 7% pole-dominance of the pseudoscalar density. After
taking the nucleon matrix element of

0" (v, vsd) = (Mo + ma) (Wivsd)

one obtains
2Mpga = 2frgnnn + Pt (170)

where p4+ denotes the correction to the 7% pole-dominance, and is the correction
to the g4 as given by the GT relation. Repeating the same for the neutral
isovector channel

M (Tyuysu — nyu'yg,d) = 2m,, (Wiysu) — 2my (diysd)

we have
2Mpga = 2fxgrNN + to + (M — Ma) (Vu + Va) (171)

Comparing these two expressions for g4 one concludes that the singlet density
(vu + v4) must be small, on the order of correction to the GT expression of ga.
Assume that pg >~ p+, thus v, = —v4, we can solve the two equations in (169)
in terms of the measured Au and Ad given in (118).

Myvy, = 423 MeV  mavg = —761 MeV %Ag = —0.37. (172)
With these values we can also obtain
mevs = —451 MeV . (173)

Because of the large strange quark masses ms, this translates into fairly small
strange pseudoscalar matrix element of

(p|5ivss|p) ~ 0.03(p |d—i'y5d\ p).
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The vector channel. Of course the vector charges
X : 4 A
Q= / dBzV{ (z) with Vi = qn.54q (174)

are simply the generators of the flavor SU(3). In terms of the form factors defined

as
v

where Q% = (p' — p)2 is the momentum transfer, we note that

X
<p ‘17”"’2’th>

are constrained by the quantum numbers of the proton:

X
QY E’q

p>=ﬂ(p) [WFI(‘” (Q2)+io—“"g;i,——p)ul"§‘” (@) | u(p) (175)

Q=0

F0)-F90)=1 F°(0) =0 (176)

However, the magnetic moment form factor Fé’) (0) needs not vanish. It is
therefore interesting to measure this quantity. This can be done through the
observation of parity violation in the scattering of charged-leptons off nucleon.
The interference of the photon-exchange and Z-boson-exchange diagrams can be
used to isolate FQ(S) (0). For detailed discussion, see Refs.[54], [55].

3.5 Discussion

In these lectures we have described an attempt to understand the nucleon spin-
flavor structure in the framework of a broken-U(3) chiral quark model. The broad
agreement obtained with simple schematic calculations, as displayed in Table 3,
has been quite encouraging. If this approach turns out to be right, it just means
that the familiar non-relativistic constituent quark model is basically correct —
it only needs to be supplemented by a quark sea generated by the valence quarks
through their internal GB emissions.

Because the couplings between GB and constituent quarks are not strong, we
can again use perturbation theory based on these non-perturbative degrees of
freedom — even though the phenomena we are describing are non-perturbative
in terms of QCD Lagrangian quarks and gluons. Features such as d =~ 2% are
seen to be clear examples of nonperturbative QCD physics, as they are quite
inexplicable in terms of a quark sea generated by perturbative gluon emissions.
(If one gets beyond the perturbative gluonic picture, this d # 4 property is not
peculiar at all, as the nucleon is not an isospin singlet and there is no reason to
expect that its quark sea should be an isospin singlet.)

In the case of the proton spin structure, because the most often discussed
theoretical interpretation is the possibility of a hidden gluonic contribution. it
has led some to think that other approaches, such as x@M, must be irrelevant.
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But the alternative theories are attempting a different description by using dif-
ferent degrees of freedom. To be sure, the QCD quarks and gluons are the most
fundamental DOF. But we cannot insist on using them for such non-perturbative
problems as the hadron structure. An analogy with the nucleon mass problem
will illustrate our point.

The canonical approach to study the various quarks/gluon contributions to
the nucleon mass is through the energy-momentum trace anomaly equation[56]:

- 2 O
O = myuu + mgdd + m 55 — (11 - 5”!) g;rtrG‘“’G,“,. (177)
Just like the more familiar axial vector anomaly equation, the naive divergence
is given by quark masses while the anomaly term is given by the gluon field
tensor. (Of course, here we are using the Lagrangian quark and gluon fields.)
When taken between the proton states, this equations yields

My, = my (p|au + dd|p) + m. (p|5s|p) + gluon term (178)

The first term is just the o, 5 ~ 45 MeV representing a tiny contribution by the
nonstrange quarks, while the second term can also be estimated(52]:

MO N 1 3m, Mg
m

m, (plss|p) = To

=~ 250 MeV. (179)
n— Ms OxN

[Because this is an SU(3) calculation, the strange quark term is somewhat over-
estimated.] One way or other, we see that most of the proton mass came from the
gluon term[57]. Heavy quark terms can also be included but their contributions
as explicit quark terms just cancel the corresponding heavy quark loops in the
gluon terms. In this sense they decouple[58].

This led to an important insight: nucleon mass is mostly gluonic. But in terms
of the QCD quarks and gluons, it is difficult to say anything more. That is why
the description provided by the constituent quark model is so important. In
this picture much more details can be constructed: hyperfine splitting, magnetic
moments, etc.

The important point is that these two approaches are not mutually exclusive.
While the constituent quark model does not refer explicitly to gluon, the above
discussion suggests that it is the non-perturbative gluonic interaction that brings
about the large constituent quark masses. (In the QM this takes the form of
quark interaction with the chiral condensate of the QCD vacuum.) We believe
that this complementarity of the QCD and sQM descriptions holds for the flavor-
spin structure problem as well. The non-perturbative features can be described
much more succinctly if we use the non-perturbative DOF of constituent quarks
and internal GBs. Thus it is quite possible that the statement of a significant
gluonic contribution to the proton spin and a correct description of spin structure
by the xQM can both be valid — just the same physics expressed in two different
languages.
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Abstract. We present an introduction to electroweak symmetry breaking and Higgs
physics within the Standard Model and supersymmetric extensions. A brief overview
will also be given on strong interactions of the electroweak gauge bosons in alternative
scenarios. In addition to the theoretical basis, the present experimental status of Higgs
physics and implications for future experiments at the LHC and lepton colliders are
discussed.

1 Introduction

1. Revealing the physical mechanism which is responsible for the breaking of
the electroweak symmetry, is one of the key problems in particle physics. If the
fundamental particles — leptons, quarks and gauge bosons — remain weakly in-
teracting up to very high energies, the sector in which the electroweak symmetry
is broken, must contain one or more fundamental scalar Higgs bosons with light
masses of the order of the symmetry breaking scale v ~ 246 GeV. The masses of
the fundamental particles are generated through the interaction with the scalar
background Higgs field, being non-zero in the ground state [1}. Alternatively,
the symmetry breaking could be generated dynamically by new strong forces
characterized by an interaction scale A ~ 1 TeV [2]. If global symmetries of the
strong interactions are broken spontaneously, the associated Goldstone bosons
can be absorbed by the gauge fields, generating the masses of the gauge particles.
The masses of leptons and quarks can be generated through interactions with
the fermion condensate.

2. A simple mechanism for the breaking of the electroweak symmetry is incorpo-
rated in the Standard Model (SM) [3]. To accommodate all observed phenomena,
a complex iso-doublet scalar field is introduced which, through self-interactions,
acquires a non-vanishing vacuum expectation value, breaking spontaneously the
electroweak symmetry SU(2);x U(1)y down to the electromagnetic U(1)gm
symmetry. The interactions of the gauge bosons and fermions with the back-
ground field generate the masses of these particles. One scalar field component
is not absorbed in this process, manifesting itself as the physical Higgs particle
H.

The mass of the Higgs boson is the only unknown parameter in the symmetry
breaking sector of the Standard Model while all couplings are fixed by the masses
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of the particles, a consequence of the Higgs mechanism per se. However, the mass
of the Higgs boson is constrained in two ways. Since the quartic self-coupling
of the Higgs field grows indefinitely with rising energy, an upper limit on the
Higgs mass can be derived from demanding the SM particles to remain weakly
interacting up to a scale A [4]. On the other hand, stringent lower bounds on the
Higgs mass follow from requiring the electroweak vacuum to be stable [5]. If the
Standard Model is valid up to scales near the Planck scale, the SM Higgs mass
is restricted to a narrow window between 130 and 190 GeV. For Higgs masses
either above or below this window, new physical phenomena are expected to
occur at a scale A between ~ 1 TeV and the Planck scale. For Higgs masses
near 700 GeV, the scale of new strong interactions would be as low as ~ 1 TeV
[4], [6)-

The electroweak observables are affected by the Higgs mass through radiative
corrections [7]. Despite of the weak logarithmic dependence, the high-precision
electroweak data indicate a preference to light Higgs masses close to ~ 100
GeV (8]. At the 95% CL, the data require a value of the Higgs mass within the
canonical range of the Standard Model. By searching directly for the SM Higgs
particle, the LEP experiments have set a lower limit of My 2 84 to 88 GeV on
the Higgs mass [9]. If the Higgs boson will not be found at LEP2 with a mass
of less than about 100 GeV [10], the search will continue at the Tevatron which
may reach masses up to ~ 120 GeV [11]. The proton collider LHC can sweep the
entire canonical Higgs mass range of the Standard Model [12]. The properties of
the Higgs particle can be analyzed very accurately at e*e™ linear colliders [13],
thus establishing the Higgs mechanism experimentally.

3. If the Standard Model is embedded in a Grand Unified Theory (GUT) at high
energies, the natural scale of electroweak symmetry breaking would be expected
close to the unification scale Mgpr. Supersymmetry [14] provides a solution of
this hierarchy problem. The quadratically divergent contributions to the radia-
tive corrections of the scalar Higgs boson mass are cancelled by the destruc-
tive interference between supersymmetrized bosonic and fermionic loops.[15]
The Minimal Supersymmetric extension of the Standard Model (MSSM) can
be derived as an effective theory from supersymmetric grand unified theories.
A strong indication for the realization of this physical picture in Nature is the
excellent agreement between the value of the electroweak mixing angle sin® 6y
predicted by the unification of the gauge couplings, and the measured value.
If the gauge couplings are unified in the minimal supersymmetric theory at a
scale Mgyt = O(10'% GeV) the electroweak mixing angle is predicted to be
sin? @y = 0.2336 +0.0017 [16] for a mass spectrum of the supersymmetric parti-
cles of order Mz. This theoretical prediction must be compared with the exper-
imental result sin® 6357 = 0.2316 = 0.0003 [8]; the difference of the two numbers
is less than 2 per mille.

In the MSSM, the Higgs sector is built up by two Higgs doublets [17]. The
doubling is necessary to generate masses for up- and down-type fermions in
a supersymmetric theory and to render the theory anomaly-free. The Higgs
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particle spectrum consists of a quintet of states: two CP-even scalar neutral
(h, H), one CP-odd pseudoscalar neutral (4), and a pair of charged (H*) Higgs
bosons [18]. The masses of the heavy Higgs bosons, H, A, H*, are expected to be
of order v but may extend up to the TeV range. By contrast, since the quartic
Higgs self-couplings are determined by the gauge couplings, the mass of the
lightest Higgs boson h is constrained very stringently. At tree-level, the mass
has been predicted to be smaller than the Z mass [18]. Radiative corrections,
increasing as the fourth power of the top mass, shift the upper limit to a value
between ~ 100 GeV and ~ 130 GeV, depending on the parameter tan 3, the
ratio of the vacuum expectation values of the two neutral scalar Higgs fields.

A general lower bound of 73 GeV has been established for the Higgs particle
h experimentally at LEP [9]. Continuing this search, the entire h mass range can
be covered for tan 8 < 2, a value compatible with the unification of the b and
T masses at high energies. The search for h masses in excess of ~ 100 GeV and
the search for the heavy Higgs bosons will continue at the Tevatron, LHC and
ete™ linear colliders. In these machines the mass range up to ~ 1 TeV can be
covered {11]-[13].

4. Elastic scattering amplitudes of massive vector bosons grow indefinitely with
energy if they are calculated as a perturbative expansion in the coupling of
a non-abelian gauge theory. As a result, they violate unitarity beyond a crit-
ical energy scale of ~ 1.2 TeV. This problem can be solved by introducing a
light Higgs boson. In alternative scenarios, the W bosons may become strongly
interacting at TeV energies, thus damping the rise of the elastic scattering am-
plitudes. Naturally, the strong forces between the W bosons may be traced back
to new fundamental interactions characterized by a scale of order 1 TeV [2]. If
the underlying theory is globally chiral-invariant, the symmetry may be broken
spontaneously. The Goldstone bosons associated with the spontaneous symme-
try breaking can be absorbed by the gauge bosons to generate the masses and
to build up the longitudinal degrees of freedom.

Since the longitudinally polarized W bosons are associated with the Gold-
stone modes of chiral symmetry breaking, the scattering amplitudes of the W
bosons can be predicted for high energies by a systematic expansion in the en-
ergy. The leading term is parameter-free, a consequence of the chiral symmetry
breaking mechanism per se which is independent of the particular dynamical the-
ory. The higher-order terms in the chiral expansion are defined by the detailed
structure of the underlying theory. With rising energy the expansion is expected
to diverge and new resonances may be generated in WW scattering at mass
scales between 1 and 3 TeV. This picture is analogous to pion dynamics in QCD
where the threshold amplitudes can be predicted in a chiral expansion while at
higher energies vector and scalar resonances are formed in #7 scattering.

Such a scenario can be studied in WW scattering experiments where the 1’
bosons are radiated, as quasi-real particles [19], off high-energy quarks in the
proton beams of the LHC {12], [20], [21] or off electrons and positrons in TeV
linear colliders [13], [23], [24].
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5. This report is divided into three parts. A basic introduction and a summary
of the main theoretical and experimental results will be presented in the next
section on the Higgs sector of the Standard Model. Moreover, the search for
the Higgs particle at future e*e™ and hadron colliders will be described. In the
same way, the Higgs spectrum of supersymmetric theories will be discussed in
the subsequent section. Finally, the main features of strong W interactions and
their analysis in WW scattering experiments will be presented in the last section.

Only the basic elements of electroweak symmetry breaking and the Higgs
mechanism can be described in this report. Other aspects may be traced back
from Ref.[25] and recent review reports collected in Ref.[26].

2 The Higgs Sector of the Standard Model

2.1 The Higgs Mechanism

For high energies, the amplitude for elastic scattering of massive W bosons
WW — WW, grows indefinitely with energy for longitudinally polarized parti-
cles, Fig.1a. This is a consequence of the linear rise of the longitudinal W wave
function, €7, = (p,0,0, E)/Mw, with the energy of the particle. Even though the
term of the amplitude rising as the fourth power in the energy is cancelled by
virtue of the non-abelian gauge symmetry, the amplitude remains quadratically
divergent in the energy. On the other hand, unitarity requires elastic scatter-
ing amplitudes of partial waves J to be bounded by Red; < 1/2. Applied to
the asymptotic S-wave amplitude 4y = Grs/87/2 of the isospin-zero channel
[ZW]'Z’ W, + ZyZy, with the cm energy given by /s, the bound on the energy
27

5 < 41V2/GF ~ (1.2 TeV)? (1)
can be derived for the validity of a theory of weakly coupled massive gauge
bosons.

However, the quadratic rise in the energy can be damped by exchanging a
new scalar particle. To achieve the cancellation, the size of the coupling must be
given by the product of the gauge coupling and the gauge boson mass, Fig.1b. For
high energies, the amplitude A = —Grs/87/2 cancels exactly the quadratic
divergence of the pure gauge boson amplitude A¢. Thus, unitarity can be restored
by introducing a weakly coupled Higgs particle.

In the same way, the linear divergence of the amplitude A(ff — W W) ~
gm¢+/s for the annihilation of a fermion—antifermion pair to a pair of longitudi-
nally polarized gauge bosons, can be damped by adding the Higgs exchange to
the gauge boson exchange. In this case the Higgs particle must couple propor-
tional to the mass my of the fermion f.

These observations can be summarized in a theorem: A theory of massive
gauge bosons and fermions that are weakly coupled up to very high energies,
requires, by unitarity, the existence of a Higgs particle; the Higgs particle is a
scalar 0% particle which couples to other particles proportional to the masses of
the particles.
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Fig. 1. Generic diagrams of elastic WW scattering: (a) pure gauge boson contributions,
and (b) Higgs boson ezchange.

The assumption that the couplings of the fundamental particles are weak up
to very high energies, is qualitatively supported by the perturbative renormal-
ization of the electroweak mixing angle sin?fy, from the symmetry value 3/8
at the GUT scale down to ~ 0.2 which is close to the experimentally observed
value at low energies.

These ideas can be cast into an elegant mathematical form by interpreting the
electroweak interactions as a gauge theory with spontaneous symmetry breaking
in the scalar sector. Such a theory consists of fermion fields, gauge fields and a
scalar field coupled by the standard gauge interactions and Yukawa interactions
to the other fields. Moreover, a self-interaction

v=3fer-4] @

is introduced in the scalar sector which gives rise to a non-zero ground-state
value v/v/2 of the scalar field. By fixing the phase of the vacuum amplitude
to be zero, the gauge symmetry is spontaneously broken in the scalar sector.
Interactions of the gauge fields with the scalar background field, Fig.2a, and
Yukawa interactions of the fermion fields with the background field, Fig.2b, shift
the masses of these fields from zero to non-zero values:

1 1l/guv\>1 ’ 1 v?
L= =] =| =—==——= M>=4>"—
(a) FE +zj: = [(ﬁ) QQ} 2 = M2 )

(3)
Il ~1flgull IS S
v ’14’4+;‘1[\/§A di-m; TUR

Thus in theories with gauge and Yukawa interactions, in which the scalar field
acquires a non-zero ground-state value, the couplings are naturally proportional
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Fig. 2. Generating (a) gauge boson and (b) fermion masses through interactions with
the scalar background field.

to the masses. This ensures the unitarity of the theory as discussed before.
These theories are renormalizable (as a result of the gauge invariance which is
only disguised in the unitary formulation adopted so far), and thus they are
well-defined and mathematically consistent.

2.2 The Higgs Mechanism in the Standard Model

Besides the Yang-Mills and the fermion parts, the electroweak SU, x U; La-
grangian includes a scalar iso-doublet field ¢, coupled to itself through the po-
tential V, cf. (2), to the gauge fields through the covariant derivative iD =
10 — gIW — ¢'Y B, and to the up and down fermion fields u, d through Yukawa
interactions:

02
2
In the unitary gauge, the iso-doublet ¢ is replaced by the physical Higgs field H,
# — [0, (v+ H)/V/2|, which describes the deviation of the I3 = —1/2 component
of the iso-doublet field from the ground state value v//2. The scale v of the
electroweak symmetry breaking is fixed by the W mass which in turn can be
re-expressed by the Fermi coupling, v = 1/v/v2Gr ~ 246 GeV. The quartic
coupling A and the Yukawa couplings g; can be re-expressed in terms of the
physical Higgs mass My and the fermion masses my,

A 2 -
Lo =|Dg¢|? — 3 [|¢|2 - ] — gadr9dr — guiipdcur + he. (4)

my = gsu/V2 ()

respectively.

Since the couplings of the Higgs particle to gauge particles, fermions and to
itself are given by the gauge couplings and the masses of the particles, the only
unknown parameter in the Higgs sector (apart from the CKM mixing matrix)
is the Higgs mass. When this mass is fixed, all properties of the Higgs particle
can be predicted, i.e. the lifetime and decay branching ratios, as well as the
production mechanisms and the corresponding cross sections.
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The SM Higgs Mass. Even though the mass of the Higgs boson cannot be
predicted in the Standard Model, stringent upper and lower bounds can never-
theless be derived from internal consistency conditions and extrapolations of the
model to high energies.

The Higgs boson has been introduced as a fundamental particle to render
2-2 scattering amplitudes involving longitudinally polarized W bosons com-
patible with unitarity. Based on the general principle of time-energy uncer-
tainty, particles must decouple from a physical system if their mass grows indef-
initely. The mags of the Higgs particle must therefore be bounded to restore
unitarity in the perturbative regime. From the asymptotic expansion of the
elastic Wy Wy S-wave scattering amplitude including W and Higgs exchanges,
AWLWL = WLWL) — —GpM%/4v2r, it follows {27] that

M} < 2V27)Gp ~ (850 GeV)? . (6)

Within the canonical formulation of the Standard Model, consistency conditions
therefore require a Higgs mass below 1 TeV.

Fig. 3. Diagrams contributing to the evolution of the Higgs self-interaction A.

Quite restrictive bounds on the value of the SM Higgs mass follow from hy-
pothetical assumptions on the energy scale A up to which the Standard Model
can be extended before new physical phenomena emerge, which would be as-
sociated with strong interactions between the fundamental particles. The key
to these bounds is the evolution of the quartic coupling A with the energy (i.e.
the field strength) due to quantum fluctuations [4]. The basic contributions are
depicted in Fig.3. The Higgs loop itself gives rise to an indefinite increase of the
coupling while the fermionic top-quark loop drives, with increasing top mass, the
coupling to smaller values, finally even to values below zero. The variation of
the quartic Higgs coupling A and the top-Higgs Yukawa coupling g, with energy,
parametrized by ¢t = log 4 /v?, may be written as [4]

dA 3 5
it X +Xgi - gf] - Aw?) = ME/v?

(7)
‘d_g_t 1

9
dt ~ 32n2 [_Z-th - Sgggf} L g:(v?) = \/imf/v )
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Fig. 4. Bounds on the mass of the Higgs boson in the SM. A denotes the energy scale
at which the Higgs-boson system of the SM would become strongly interacting (upper
bound); the lower bound follows from the requirement of vacuum stability. Refs. [4], [5].

Only the leading contributions from H,t and QCD loops are taken into account.
For moderate top masses, the quartic coupling A rises indefinitely, A ~ +A?,
and the coupling becomes strong shortly before reaching the Landau pole:

_ A(v?)
1- —47—3?3:2) log %; '

Re-expressing the initial value of X by the Higgs mass, the condition A\(A) < oo,
can be translated to an upper bound on the Higgs mass:

AMw?) (8)

8m2y?

My < ——xr .
" 310g%;

(9)

This mass bound is related logarithmically to the energy A up to which the Stan-
dard Model is assumed to be valid. The maximal value of My for the minimal
cut-off A ~ 1 TeV is given by ~ 750 GeV. This value is close to the estimate of
~ 700 GeV in lattice calculations for A ~ 1 TeV, which allow the proper control
of non-perturbative effects near the boundary [6].

A lower bound on the Higgs mass can be based on the requirement of vacuum
stability [4], [5]. Since top-loop corrections decrease A for increasing top- Yukawa
coupling, A becomes negative if the top mass becomes too large. In this case, the
self-energy potential would become deep negative and the ground state would
not be stable any more. To avoid the instability, the Higgs mass must exceed a
minimal value for a given top mass. This lower bound depends on the cut-off
value A.
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For any given A the allowed values of (M,, M) pairs are shown in Fig.4. For
a central top mass m; = 175 GeV, the allowed Higgs mass values are collected
in Table 1 for two specific cut-off values A. If the Standard Model is assumed
to be valid up to the scale of grand unification, the Higgs mass is restricted to
a narrow window between 130 and 190 GeV. The observation of a Higgs mass
above or below this window would demand a new physics scale below the GUT
scale.

A My
1 TeV 55 GeV S My S 700 GeV
10'° GeV 130 GeV < My <190 GeV

Table 1. Higgs mass bounds for two values of the cut off A.

Decays of the Higgs Particle. The profile of the Higgs particle is uniquely
determined if the Higgs mass is fixed. The strength of the Yukawa couplings of
the Higgs boson to fermions is set by the fermion masses m;, and the coupling
to the electroweak gauge bosons V = W, Z by their masses My:

]1/2 my (10)

9rfH = [\@GF
1/2
gvvH = 2 [\/Q‘GF} ]W‘Z,— .

The total decay width and lifetime, as well as the branching ratios for specific
decay channels are determined by these parameters. The measurement of the
decay characteristics can therefore by exploited to establish experimentally that
Higgs couplings grow with the masses of the particles, a direct consequence of
the Higgs mechanism sui generis.

For Higgs particles in the intermediate mass range O(Mz) < My < 2Mz the
main decay modes are decays into bb pairs and WW, ZZ pairs with one of the
gauge bosons being virtual below the respective threshold. Above the WW, ZZ
thresholds, the Higgs particles decay almost exclusively into these channels with
a small admixture of top decays near the ¢t threshold. Below 140 GeV, the decays
H — 7777, cé and gg are also important besides the dominating bb channel; v~
decays, though suppressed in rate, provide nevertheless a clear 2-body signature
for the formation of Higgs particles.

(a) Higgs decays to fermions. The partial width of Higgs decays to lepton and
quark pairs is given by [28]

Gr

F(H—)ff)=./\/cm

m3(Mp)Mp . (11)
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M: =1 or 3 is the color factor. Near threshold the partial width is suppressed
by an additional factor ﬂ? where 3¢ is the fermion velocity. Asymptotically,
the fermionic width grows only linearly with the Higgs mass. The bulk of QCD
radiative corrections can be mapped into the scale dependence of the quark
mass, evaluated at the Higgs mass. For My ~ 100 GeV the relevant parameters
are my(M%) ~ 3 GeV and m.(M%) ~ 0.6 GeV. The reduction of the effective
c-quark mass overcompensates the color factor in the ratio between charm and
7 decays of Higgs bosons. The residual QCD corrections, ~ 5.7 x (a;/7), modify
the widths only slightly.

(b) Higgs decays to WW and ZZ boson pairs. Above the WW and ZZ decay
thresholds, the partial widths for these channels may be written as [29]

27

\/_
where z = MZ/M% and 6v =2 and 1 for V = W and Z, respectively. For large
Higgs masses, the vector bosons are longitudinally polarized. Since the wave-
functions of these states are linear in the energy, the widths grow as the third
power of the Higgs mass. Below the threshold for two real bosons, the Higgs
particle can decay into VV* pairs, one of the vector bosons being virtual. The
partial width is given in this case [30] by

3G%L M
1673
where 8}y, =1, 6% = 7/12 — 10sin” 6 /9 + 40sin? 1y /27 and

3(1 — 8z + 20z%) 3z -1
R(z) = W arccos (W)

T(H-VV*) = MgR(z) &, (13)

1- 3 .
— T2 - 13z +472) — 2(1 - 62 + 42?) log = .

2z 2
The ZZ* channel becomes relevant for Higgs masses beyond ~ 140 GeV. Above
the threshold, the 4-lepton channel H — ZZ — 4¢* provides a very clear signal
for Higgs bosons.

(¢c) Higgs decays to gg and yy pairs. In the Standard Model, gluonic Higgs decays
are mediated by top- and bottom-quark loops, photonic decays in addition by
W loops. Since these decay modes are significant only far below the top and W
thresholds, they are described by the approximate expressions [31], [32]

Gpa2(.M2) [ 95 7JVF «
I'd - = ZEPs\VTHI g3 1+<—-——~)—5 . 14
(H — g9) 36vzs a T ¢ )| (14)
F(H-—)’yy):ﬂﬁ—kp N eQé—72 (15)
128v278 H |73
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which are valid in the limit M} « 4M3,,4M?2. The QCD radiative corrections
which include ggg and gqq final states in (14), are very important; they increase
the partial width by about 65%. Even though photonic Higgs decays are very
rare, they nevertheless offer a simple and attractive signature for Higgs particles
by leading to just two stable particles in the final state.

Digression: Loop-mediated Higgs couplings can easily be calculated in the limit
in which the Higgs mass is small compared to the loop mass, by using a low-
energy theorem [31]-[34]:

194(X)

. 16
v Ologm (16)

lim A(XH) =

PH

The theorem can be derived by observing that the insertion of an external zero-
energy Higgs line into a fermionic propagator, for instance, is equivalent to the
substitution

1 1m 1 1 9 1
p—m  p-muvpg-m vdlogmp-m’

The amplitudes for processes including an external Higgs line can therefore be ob-
tained from the amplitude without the external Higgs line by taking the logarith-
mic derivative. If applied to the gluon propagator at Q* = 0, IT ~ 2=GGlogm?,
the Hgg amplitude can easily be derived as A(Hgg) = GG 3= 1. If higher orders
are included, the parameter m must be interpreted as bare mass.

(d) Summary. By adding up all possible decay channels, we obtain the total
width shown in Fig.5a. Up to masses of 140 GeV, the Higgs particle is very
narrow, ['(H) < 10 MeV. After opening up the real and virtual gauge boson
channels, the state becomes rapidly wider, reaching a width of ~ 1 GeV at the
Z Z threshold. The width cannot be measured directly in the intermediate mass
region at the LHC or ete™ colliders; however, it could be measured at muon
colliders [35]. Above a mass of ~ 250 GeV, the state becomes wide enough to be
resolved experimentally in general.

The branching ratios of the main decay modes are displayed in Fig.5b. A
large variety of channels will be accessible for Higgs masses below 140 GeV.
The dominant mode are b6 decays, yet ¢, 77~ and gg still occur at a level of
several per cent. [At My = 120 GeV for instance, the branching ratios are 68%
for bb, 3.1% for c¢, 6.9% for 777~ and 7% for gg.] vy decays occur at a level
of 1 per mille. Above this mass value, the Higgs boson decay into W’s becomes
dominant, overwhelming all other channels if the decay mode into two real 1 ’s is
kinematically possible. For Higgs masses far above the thresholds, ZZ and WW
decays occur at a ratio of 1:2, slightly modified only just above the t¢ threshold.
Since the width grows as the third power of the mass, the Higgs particle becomes
very wide, I'(H) ~ %M % [TeV). In fact, for My ~ 1 TeV, the width reaches
~ i TeV.

2
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Fig.5. (a) Total decay width (in GeV) of the SM Higgs boson as a function of its
mass. (b) Branching ratios of the dominant decay modes of the SM Higgs particle. All
relevant higher order corrections are taken into account.

2.3 Estimating the Higgs Mass
from Electroweak High-Precision Data

Indirect evidence for a light Higgs boson can be derived from the high-precision
measurements of electroweak observables at LEP and elsewhere. Indeed, the fact
that the Standard Model is renormalizable only after including the top and Higgs
particles in the loop corrections, indicates that the electroweak observables are
sensitive to the masses of these particles.

The Fermi coupling can be rewritten in terms of the weak coupling and the W
mass; at lowest order Gr/v/2 = g% /8 M3E,. After substituting the electromagnetic
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coupling, the electroweak mixing angle and the Z mass for the weak coupling
and the W mass, this relation can be rewritten as

GF 27

— = =14+ Ar, + Ar; + Arg]| . 17

V2 sin? 20WM%[ ' ] (1)
The A terms take account of the radiative corrections. Ar, describes the shift
in the electromagnetic coupling if evaluated at the scale M% instead of zero-
momentum. Ar; denotes the top (and bottom) quark contributions to the W
and Z masses which are quadratic in the top mass. Finally, Ary accounts for the
virtual Higgs contributions to the masses; this term depends only logarithmically
[7] on the Higgs mass at leading order,
GrM3E 11 Mz 5

= |log =& - = M} > M) . 18

e (M} > M},) 1s)

BMz "6
The screening effect reflects the role of the Higgs field as a regulator to render
the electroweak theory renormalizable.
Although the sensitivity on the Higgs mass is only logarithmic, the increasing
precision in the measurement of the electroweak observables allow us to derive
interesting estimates and constraints on the Higgs mass [8]:

Arg =

My = 115%51% GeVv (19)
<420 GeV  (95% CL) .

It may be concluded from these numbers that the canonical formulation of the
Standard Model which includes the existence of a Higgs boson with a mass
below ~ 700 GeV, is compatible with the electroweak data. However, alternative
mechanisms cannot be ruled out.

2.4 Higgs Production Channels at ete~ Colliders

The first process which had been used to search directly for Higgs bosons over
a large mass range, was the Bjorken process, Z — Z*H,Z* — ff [36]. By
exploring this production channel, Higgs bosons with masses less than 65.4 GeV
were excluded by the LEP1 experiments. The search now continues by reversing
the role of the real and virtual Z bosons in the eTe™ continuum at LEP2.

The two main production mechanisms for Higgs bosons in e*e™ collisions
are

Higgs-strahlung : e"e™ — Z* — ZH (20)

WW fusion : ete™ = Dve(WW) — vev H (21)

In Higgs-strahlung [32], [36], [37] the Higgs boson is emitted from the Z-boson
line while WW -fusion is a formation process of Higgs bosons in the collision of
two quasi-real W bosons radiated off the electron and positron beams [38].



174 Michael Spira and Peter M. Zerwas

As evident from the subsequent analyses, LEP2 can cover the SM Higgs mass
range up to about 100 GeV {10]. The high energy e*e™ linear colliders can cover
the entire Higgs mass range in the second phase in which they will reach a total
energy of about 2 TeV [13].

(a) Higgs-strahlung. The cross section for Higgs-strahlung can be written in a
compact form

2 4 M2
o(ete= — zH) = GEM2 2 + 2] ,\1/2“’*12_2%S (22)
9rs (1= M3/s)
where v, = —14+4sin? fy and 6. = —1 are the vector and axial-vector Z charges

of the electron and A = [1 — (Mg + Mz)?/s|[1 — (Mg ~ Mz)?/s] is the usual
two-particle phase space function. The cross section is of the size 0 ~ o, /s, i.e.
of second order in the weak coupling and it scales in the squared energy.

aoorllﬁrl“Iljﬁ']Y]]Y}’TIIIlTY]TI—T_T
[, ale’e” » HX) [fb]
Vs=500 GeV
---------- 800 GeV
By
n
\\\n.. NN
\\\ \\\\\ My
aantb e e by
100 200 300 400 500 600 700

Fig. 6. The cross section for the production of SM Higgs bosons in Higgs-strahlung
ete™ = ZH and WW/ZZ fusion ete™ — veve/ete” H; solid curves: \/s = 500 GeV,
dashed curves: /s = 800 GeV.

Since the cross section vanishes for asymptotic energies, the Higgs-strahlung
process is most useful for searching Higgs bosons in the range where the collider
energy is of the same order as the Higgs mass, /s & O(Mpg). The size of the
cross section is illustrated in Fig.6 for the energy /s = 500 GeV of e*e™ linear
colliders as a function of the Higgs mass. Since the recoiling Z mass in the two-
body reaction e*e™ — ZH is mono-energetic, the mass of the Higgs boson can be
reconstructed from the energy of the Z boson, M% = s — 2/sEz + M, without
any need of analyzing the decay products of the Higgs boson. For leptonic Z
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decays, missing mass techniques provide a very clear signal as demonstrated in
Fig.7.
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Fig. 7. Dilepton recoil mass analysis of Higgs-strahlung ete™ — ZH — £+ any-
thing in the intermediate Higgs mass range for My = 140 GeV. The c.m. energy 1s
/s =360 GeV and the integrated luminosity [ £ =50fb"". Ref.[39].

(b) WW fusion. Also the cross section for the fusion process (21) can be cast
implicitly into a compact form,

. _GEME M dz dy
oleTe” = v H) = —4-\72}—3/"”/:c T (y_@/ﬂw]zf(z,y) (23)

20 143z 2+=x z
=({= - -1 —log(1 +
faw = (5 -2 2 ) [ g4
z (1-y)
¥y 14z

with kg = M% /s, kw = M}, /s and z = y(z — ki) /(kwz).
Since the fusion process is a t-channel exchange process, the size is set by the
W Compton wave length, suppressed however with respect to Higgs-strahlung by
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the third power of the electroweak coupling, o ~ o, /MZ,. As a result, W fusion
becomes the leading production process for Higgs particles at high energies. At
asymptotic energies the cross section simplifies to

G3 M4 [ s J
+.- 5 Fw
oleTe” - Vv H) = lo -2| . 24
In this limit, W fusion to Higgs bosons can be interpreted as a two-step process:
The W* bosons are radiated as quasi-real particles from electrons and positrons,
et = D)W=, with the Higgs bosons generated subsequently in the colliding W
beams.

The size of the fusion cross section is compared with Higgs-strahlung in Fig.6.
At /s = 500 GeV the two cross sections are of the same order, yet the fusion
process becomes increasingly important with rising energy.

(c) vy fusion. The production of Higgs bosons in vy collisions [40] can be ex-
ploited to determine important properties of these particles, in particular the
two—photon decay width. The H~~v coupling is built up by loops of charged
particles. If the mass of the loop particle is generated through the Higgs mech-
anism, the decoupling of the heavy particles is lifted and the vy width reflects
the spectrum of these states with masses possibly far above the Higgs mass.

The two-photon width is related to the production cross section for polarized
~ beams by
1672 (H — )

My
where BW denotes the Breit—-Wigner resonance factor in terms of the energy
squared. For narrow Higgs bosons the observed cross section is found by folding
the parton cross section with the invariant vy energy flux 7dL77/dr for J}7 =0
at 7= M%/Sece.

The event rate for the production of Higgs bosons in v+ collisions of Weizsédcker-
Williams photons is too small to play a role in practice. However, the rate is suf-
ficiently large if the photon spectra are generated by Compton back-scattering
of laser light, Fig.8. The v invariant energy in such a Compton collider [41] is
of the same size as the parent eTe™ energy and the luminosity is expected to be
only slightly smaller than the luminosity in ete™ collisions. In the Higgs mass
range between 100 and 150 GeV, the final state consists primarily of bb pairs.
The large v continuum background is suppressed in the J?7 = 0 polarization
state. For Higgs masses above 150 GeV, WW final states become dominant,
supplemented in the ratio 1:2 by ZZ final states above the ZZ decay threshold.
While the continuum WW background in «v collisions is very large, the ZZ
background appears under control for masses up to order 300 GeV.

olyy = H) = x BW (25)

2.5 Higgs Production at Hadron Colliders

Several processes can be exploited to produce Higgs particles in hadron colliders
[34], [42]:
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Fig. 8. Production rate of Standard Model Higgs bosons into three exclusive final states
relevant for the intermediate- and heavy mass regions in vy collisions. A value of
4-1072 b7/ GeV is assumed for ALY /AW .[40]

gluon fusion cg9 - H

WW, ZZ fusion WtW~-,Z2Z - H
Higgs-strahlung off W, Z 1q W, Z2-W,Z+H
Higgs bremsstrahlung off top : g4, gg — tt + H

While gluon fusion plays a dominant role throughout the entire Higgs mass
range of the Standard Model, the WW, Z Z fusion process becomes increasingly
important with rising Higgs mass. The two radiation processes are relevant only
for light Higgs masses.

The production cross sections at hadron colliders, at the LHC in particular,
are quite sizable so that a large sample of SM Higgs particles can be produced in
this machine. Experimental difficulties arise from the huge number of background
events which come along with the Higgs signal events. This problem will be
tackled by either triggering on leptonic decays of W, Z and ¢t for the radiation
processes or by exploiting the resonance character of the Higgs decays H — v~
and H — ZZ — 40%. In this way, the Tevatron is expected to search for Higgs
particles in the mass range above LEP2 up to about 110 to 120 GeV [11]. The
LHC is expected to cover the entire canonical Higgs mass range Mgy < 700 GeV
of the Standard Model {12].
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(a) Gluon fusion. The gluon-fusion mechanism [31], [34], [42], [43]
pp—~+g9—+H

provides the dominant production mechanism of Higgs bosons at the LHC in the
entire relevant Higgs mass range up to about 1 TeV. The gluon coupling to the
Higgs boson in the SM is mediated by triangular loops of top and bottom quarks,
cf. Fig.9. Since the Yukawa coupling of the Higgs particle to heavy quarks grows
with the quark mass, thus balancing the decrease of the amplitude, the form
factor approaches a non-zero value for large loop quark masses. [If the masses of
heavier quarks beyond the third generation were generated solely by the Higgs
mechanism, these particles would add the same amount to the form factor as
the top quark in the asymptotic heavy quark limit.]

¥ig. 9. Diagrams contributing to gg — H at lowest order.

The partonic cross section, Fig.9, can be expressed by the gluonic width of
the Higgs boson at lowest order [34], [42],

6ro(99 = H) = aoM$6(5 —~ M%) (26)

2

T - A5 (T
% = 57 ro(H — gg) = 288f Z Q(Q)

where the scaling variable is defined as 7¢ = 4M@ /My and § denotes the par-
tonic c.m. energy squared. The form factor can easily be evaluated:

48(rQ) = Srq L+ (1~ 7)f(ro)] e

. 1
arcsin? —— o>1

f(re) = 1 1+yT-7
—_— O —————— e e
4 & 1-/1-1
For small loop masses the form factor vanishes, AH (rg) ~ —3/81ollog(ro/4) +
im)?, while for large loop masses it approaches a non-zero value, A% olmg) = 1

—im| g <1
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In the narrow width approximation, the hadronic cross section can be cast
into the form
dr9s

dry

oLo(pp = H) = ao7 (28)

with dL99 /dry denoting the gg luminosity of the pp collider, evaluated for the
Drell-Yan variable 7 = M% /s where s is the total hadronic energy squared.

Fig.10. Typical diagrams contributing to the virtual and real QCD corrections to
gg — H.

The QCD corrections to the gluon fusion process [34], [42] are very impor-
tant. They stabilize the theoretical predictions for the cross section when the
renormalization and factorization scales are varied. Moreover, they are large
and positive, thus increasing the production cross section for Higgs bosons. The
QCD corrections consist of virtual corrections to the basic process gg = H and
real corrections due to the associated production of the Higgs boson with mass-
less partons, gg — Hg and gq — Hg, q§ — Hg. These subprocesses contribute
to Higgs production at O(a?). The virtual corrections rescale the lowest-order
fusion cross section with a coefficient which depends only on the ratios of the
Higgs and quark masses. Gluon radiation leads to two-parton final states with
invariant energy § > M in the gg, gq and ¢g channels.

The final result for the hadronic cross section can be split into five parts

Qg dLes
G(pp_)H+X)=UO [1+C?‘] THE-FAO’gg-{-AO’gq‘FAO’qq. (29)

The calculation of the corrections has been performed in the M S scheme. The
mass Mg is identified with the pole quark mass and the renormalization scale
in o, and the factorization scale of the parton densities are fixed at the Higgs
mass. [The general scale dependence is also known].

The coeflicient C(7g) denotes the finite part of the virtual two-loop correc-
tions. It splits into the infrared part 72 and the finite piece which depends on
the quark mass:

C(rg) = m° + c(1g) . (30)
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The finite parts of the hard contributions from gluon radiation in gg scattering,
gq scattering and ¢g annihilation may be written as

dr

+12 [(logl(l_ . )> ~z[2 — 2(1 — 2)]log(1 ~ z)] }
+

1
dL97 z z
Avgq = /m dr g7 X 00 {—-Equ(z) log i

dL9s s
Adgy =/ dr X a—ao{ —2Pyqg(2) log z + dgg(2,7Q)
TH

+dgq(z,TQ)}

2
29 ?)
1 _
dLi%  ay .
Aaqu/ dTZ o ><——7T—00 deg(z,71q) (31)
TH q

with z = T /7 = M} /8; P,y and Py, are the standard Altarelli-Parisi splitting
functions. The coefficient functions c(7g) and d(z,7¢) can be reduced analyt-
ically to one-dimensional integrals which in general must be evaluated numer-

ically. However, they can be calculated analytically in the heavy-quark limit
(34), [42:

11 11
c(rQ) -+ dgg(2,7Q) — —7(1 - z)?

32
dya(270) » 35 = (1- 2)° dyg(z70) = 21— 2. (32)

Thus, for light Higgs bosons the production cross section is available in complete
analytic form, including the complicated QCD radiative corrections.

The size of the radiative corrections can be parametrized by defining the K
factor as K = onLo/0Lo, in which all quantities are evaluated in the numerator
and denominator in next-to-leading and leading order, respectively. The result
of this calculation is shown in Fig.11. The virtual corrections K, and the
real corrections K,, for the gg collisions are apparently of the same size, and
both are large and positive; the corrections for ¢ collisions and the gq inelastic
Compton contributions are less important. After including these higher order
QCD corrections, the dependence of the cross section on the renormalization
and factorization scales is significantly reduced from a level of O(100%) down
to a level of about 20%.

The theoretical prediction for the production cross section of Higgs particles
is presented in Fig.12 for the LHC as a function of the Higgs mass. The cross
section decreases with increasing Higgs mass. This is, to a large extent, a conse-
quence of the sharply falling gg luminosity for large invariant masses. The bump
in the cross section is related to the tf threshold in the top triangle. The overall
theoretical accuracy of this calculation is expected to be at a level of 20 to 30%.
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Fig. 11. K factors of the QCD-corrected gluon-fusion cross section o(pp - H+ X) at
the LHC with c¢.m. energy /s = 14 TeV. The dashed lines show the individual contribu-
tions of the four terms of the QCD corrections given in (29). The renormalization and
factorization scales have been identified with the Higgs mass and the CTEQY parton
densities have been adopted.

(b) Vector-boson fusion. The second important channel for Higgs production at
the LHC is vector-boson fusion, W¥W~ — H [20], [42]. For large Higgs masses
this mechanism becomes competitive to gluon fusion; for intermediate masses
the cross section is smaller by about an order of magnitude.

For large Higgs masses, the two electroweak bosons W, Z which form the
Higgs boson, are predominantly longitudinally polarized. At high energies, the
equivalent particle spectra of the longitudinal W, Z bosons in quarks beams are
given by

GpM2 1-z
Wi~ JFMwy 33
fL (T’) 2\/57{‘2 T ( )
GrM?3 by 1 —
fe(x) = rM; [(I§ — 2e,sin” 8w )? + (I3)?] z

NGIT

x is the fraction of energy transferred from the quark to the W, Z boson in the
splitting process ¢ — ¢ + W, Z. From these particle spectra, the WW and ZZ
luminosities can easily be derived:

dc"W  GL My, o 2 l+mw

= : 34
drw 8¢ Tw Tw log TW} (34)

dc?? _ GEMj
drz 874

(5 ~ 2¢4sin” ) + (I3)?] [(Iézl - 2e sin” Ow)? + (15,)2]
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Fig. 12. Cross section for the production of Higgs bosons; three different sets of parton
densities are shown [CTEQ{M, MRS(R1) and GRV(’92)].

) 2_1_1-%7’2

TZ Tz

with the Drell-Yan variable defined as 7v = Mg, /s. Denoting the parton cross
section for WW, ZZ — H by &g with

log 7z

60(VV = H) = 006 (1 — M} /3) (35)
gy = \/5 G FT
the cross section for Higgs production in quark-quark collisions is given by
dcvV
6(gq — aqH) = ———o00 . (36)
TV

The hadronic cross section is finally obtained by summing (36) over the flux of
all possible pairs of quark-quark and antiquark combinations

1 ,
o(qq' = VV — H) = / S gy s g His=1s) . (3T)
Mf, /s o dr

Since to lowest order the proton remnants are color singlets in the WW, ZZ
fusion processes, no color will be exchanged between the two quark lines from
which the two vector bosons are radiated. As a result, the leading QCD cor-
rections to these processes are already accounted for by the corrections to the
quark parton densities.

The WW, ZZ fusion cross sections for Higgs bosons at the LHC is shown in
Fig.13. The process is apparently most important in the upper range of Higgs
masses where the cross section approaches values close to gluon fusion.
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(c) Higgs-strahlung off vector bosons. Higgs-strahlung, q¢ = V* = VH (V =
W, Z) is a very important mechanism Fig.13 for the search of light Higgs bosons
at the hadron colliders Tevatron and LHC. Though the cross section is smaller
than for gluon fusion, leptonic decays of the electroweak vector bosons are ex-
tremely useful to filter Higgs signal events out of the huge background. Since the
dynamical mechanism is the same as for ete™ colliders, except for the folding
with the quark-antiquark densities, intermediate steps of the calculation will not
be given and merely the final values of the cross sections for the Tevatron and
the LHC are recorded in Fig.13.

(d) Higgs bremsstrahlung off top quarks. Also the process gg,qq — ttH is rele-
vant only for small Higgs masses, Fig.13. The analytical expression for the parton
cross section, even at lowest order, is quite involved so that just the final results
for the LHC cross section are shown in Fig.13.

Higgs bremsstrahlung off top quarks is also an interesting process for mea-
surements of the Htf Yukawa coupling. The cross section o(pp — ttH) is directly
proportional to the square of this fundamental coupling.

Summary. An overview of the production cross sections for Higgs particles at
the LHC is presented in Fig.13. Three classes of channels can be distinguished,
as discussed in detail before. The gluon fusion of Higgs particles is a universal
process, dominant over the entire SM Higgs mass range. Higgs-strahlung off
electroweak W, Z bosons or top quarks is prominent for light Higgs bosons. The
WW, ZZ fusion channel, by contrast, becomes increasingly important in the
upper part of the SM Higgs mass range.

The signatures for the search of Higgs particles are dictated by the decay
branching ratios. In the lower part of the intermediate mass range, resonance
reconstruction in vy final states and bb jets can be exploited. In the upper part
of the intermediate mass range, decays to ZZ* and WW™* are important, with
the two electroweak bosons decaying leptonically. In the mass range above the
on-shell ZZ decay threshold, the charged-lepton decays H = ZZ — 4% provide
a gold-plated signature. Only at the upper end of the classical SM Higgs mass
range, also decays to neutrinos and jets, generated in W and Z decays, complete
the search techniques.

2.6 The Profile of the Higgs Particle

To establish the Higgs mechanism experimentally, the nature of this particle
must be explored by measuring all its characteristics, the mass and lifetime,
the external quantum numbers spin-parity, the couplings to gauge bosons and
fermions, and last but not least, the Higgs self-couplings. While part of this
program can be realized at the LHC, the complete profile of the particle can be
reconstructed across the entire mass range in e*e™ colliders.
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Fig. 13. Higgs production cross sections at the LHC [\/s = 14 TeV] for the various
production mechanisms as a function of the Higgs mass. The full GCD-corrected results
for the gluon fusion gg — H, vector boson fusion q@ — VVgqq — Hgq, vector boson
bremsstrahlung q@ — V' — HV and associated production gg,qf — HIE, Hbb are
shown. The QCD corrections to the last process are unknown and thus not included.

(a) Mass. The mass of the Higgs particle can be measured by collecting the
decay products of the particle at hadron and eTe™ colliders. Moreover, in ete™
collisions Higgs-strahlung can be exploited to reconstruct the mass very precisely
from the Z recoil energy in the two-body process ete™ — ZH, as discussed
already before. An overall accuracy of about § My ~ 100 MeV can be expected.

(b) Width/lifetime. The width of the state, i.e. the lifetime of the particle, can
be measured directly above the ZZ decay threshold where the width grows
rapidly. In the lower part of the intermediate mass range the width can be
measured indirectly by combining the branching ratio for H — ~vv, accessible
at the LHC, with the measurement of the partial vy width, accessible through
v+ production at a Compton collider. In the upper part of the intermediate
mass range, the combination of the branching ratios for H — WW, ZZ decays
with the production cross sections for WW fusion and Higgs-strahlung, which
can be expressed both through the partial Higgs-decay widths to WW and ZZ
pairs, will allow us to extract the width of the Higgs particle. Thus, the width of
the Higgs particle can be determined throughout the entire mass range when the
experimental results from LHC, e*e™ and optional v colliders can be combined.
The direct measurement, of the width in the intermediate mass range will be
possible at muon colliders in which the Higgs boson can be generated as an s-
channel resonance: utpu~ — H — ff,VV. The energy resolution of the muon
beams is expected to be so high that the Breit-Wigner excitation curve can be
reconstructed [35].
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(c) Spin-parity. The angular distribution of the Z/H bosons in the Higgs-
strahlung process is sensitive to the spin and parity of the Higgs particle [13].
Since the production amplitude is given by A(0") ~ €z« - €z the Z boson is
produced in a state of longitudinal polarization at high energies - in accord with
the equivalence theorem. As a result, the angular distribution

do . 8MZ
dcosb sin” 9 + A8

(38)

approaches the spin-zero sin? § law asymptotically. This may be contrasted with
the distribution ~ 1 + cos? 8 for negative parity states which follows from the
transverse polarization amplitude A(07) ~ ez+ x €z - kz. It is also characteris-
tically different from the distribution of the background process ete™ — ZZ
which, as a result of t/u-channel e exchange, is strongly peaked in the for-
ward/backward direction, Fig.14.

In a similar way, the zero spin of the Higgs particle can be determined from
the isotropic distribution of the decay products. Moreover, the parity can be
measured by observing the spin correlations of the decay products. According to
the equivalence theorem, the azimuthal angles of the decay planesin H = ZZ —
(utp~)(utp~) are asymptotically uncorrelated, dI't /dg. — 0, for a 0 particle;
this is to be contrasted to dI" /d¢. — 1 ~ %cos 2¢, for the distribution of the
azimuthal angle between the planes for the decay of a 0~ particle. The difference
between the distributions follows from the different polarization states of the
vector bosons in the two cases. While they approach longitudinal polarization

for scalar Higgs decays, they are transversely polarized for pseudoscalar particle
decays.

(d) Higgs couplings. Since the fundamental particles acquire masses through the
interaction with the Higgs field, the strength of the Higgs couplings to fermions
and gauge bosons is set by the masses of these particles. It will therefore be a
very important task to measure these couplings, which are uniquely predicted
by the very nature of the Higgs mechanism.

The Higgs couplings to massive gauge bosons can be determined from the
production cross sections in Higgs-strahlung and WW, ZZ fusion, with the ac-
curacy expected at the per-cent level. For heavy enough Higgs bosons the decay
width can be exploited to determine the coupling to electroweak gauge bosons.
For Higgs couplings to fermions the branching ratios H — bb, c¢, 7t 7~ can be
used in the lower part of the intermediate mass range; these observables allow
the direct measurement of the Higgs Yukawa couplings. This is exemplified for
a Higgs mass of 140 GeV in Fig.15.

A particularly interesting coupling is the Higgs coupling to top quarks. Since
the top quark is by far the heaviest fermion in the Standard Model, irregularities
in the standard picture of electroweak symmetry breaking through a fundamental
Higgs field may become apparent first in this coupling. Thus the Htt Yukawa
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Fig. 14. Left: Angular distribution of Z/H bosons in Higgs-strahlung, compared with
the production of pseudoscalar particles and the ZZ background final states [44]. Right:
The same for the signal plus background in the experimental simulation of [{5].

coupling may eventually provide essential clues to the nature of the mechanism
breaking the electroweak symmetries.

Top loops mediating the production processes gg = H and vy — H (and
the corresponding decay channels) give rise to cross sections and partial widths
which are proportional to the square of the Higgs-top Yukawa coupling. This
Yukawa coupling can be measured directly, for the lower part of the intermediate
mass range, in the bremsstrahlung processes pp — ttH and ete™ — ttH. The
Higgs boson is radiated, in the first process exclusively, in the second process
predominantly, from the heavy top quarks. Even though these experiments are
difficult due to the small cross sections, [cf. Fig.16 for eTe~ collisions [47]], and
the complex topology of the bbbbW W ~ final state, this analysis is an important
tool for exploring the mechanism of electroweak symmetry breaking. For large
Higgs masses above the t threshold, the decay channel H — tt can be studied; in
ete™ collisions the cross section of ete™ — ttZ increases through the reaction
ete™ — ZH(— tf) [48]. Higgs exchange between tt quarks also affects the
excitation curve near the threshold at a level of a few per cent.

(e) Higgs self-couplings. The Higgs mechanism, based on a non-zero value of
the Higgs field in the vacuum, must finally be made manifest experimentally by
reconstructing the interaction potential which generates the non-zero Higgs field
in the vacuum. This program can be carried out by measuring the strength of
the trilinear and quartic self-couplings of the Higgs particles:

gre = 3\ V2Gr M}, (39)

g = 3V2Gr M . (40)



Electroweak Symmetry Breaking and Higgs Physics 187

[T T T 1T 1 11 T 771777 T T
10° fL=

501" =

Branching Ratio

10" z

1070 1 111 ! R
130 135 140 145 150
Higgs Mass (GeV)

Fig.15. The measurement of decay branching ratios of the SM Higgs boson for
My = 140 GeV. In the bottom part of the figure the small error bar belongs to the
7 branching ratio, the large bar to the average of the charm and gluon branching ratios
which were not separated in the simulation of Ref.[{6]. In the upper part of the figure
the open circle denotes the b branching ratio, the full circle the W branching ratio.

This is a very difficult task since the processes to be exploited are suppressed
by small couplings and phase space. Nevertheless, the problem can be solved
at the LHC and in the high energy phase of the ete™ linear colliders for suffi-
ciently high luminosities [49]. The best suited reaction for the measurement of
the trilinear coupling for Higgs masses in the theoretically preferred mass range
of O(100 GeV), is the WW fusion process

pp,ete” 5> WW — HH (41)

in which, among other mechanisms, the two-Higgs final state is generated by the
s-channel exchange of a virtual Higgs particle so that this process is sensitive to
the trilinear H H H coupling in the Higgs potential, Fig.17. Since the cross section
is only a fraction of 1 fb at an energy of ~ 1.6 TeV, an integrated luminosity of
~ lab™! is needed to isolate the events at linear colliders. The quartic coupling
H* seems to be accessible only through loop effects in the foreseeable future.

To sum up, the essential elements of the Higgs mechanism can be established
experimentally at the LHC and TeV eTe™ linear colliders.

3 Higgs Bosons in Supersymmetric Theories

Arguments rooted deeply in the Higgs sector, play an eminent role in introducing
supersymmetry as a fundamental symmetry of Nature [14]. This is the only
symmetry which correlates bosonic with fermionic degrees of freedom.
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Fig. 16. The cross section for bremsstrahlung of SM Higgs bosons off top quarks in
the Yukawa process ete™ — ttH. [The amplitude for radiation off the intermediate
Z-boson line is small] [47].

(a) The cancellation between bosonic and fermionic contributions to the radia-
tive corrections of the light Higgs masses in supersymmetric theories provides a
solution of the hierarchy problem in the Standard Model. If the Standard Model
is embedded in a grand-unified theory, the large gap between the high grand-
unification scale and the low scale of electroweak symmetry breaking can be
stabilized in a natural way in boson-fermion symmetric theories [15], [50]. Denot-
ing the bare Higgs mass by M121,0’ the radiative corrections due to vector-boson
loops in the Standard Model by 6 M7, i, and the contributions of supersymmetric
fermionic gaugino partners by 6M12-{ 7 the physical Higgs mass is given by the
sum M% = My, +0Mp , + JMI%”-/. The vector-boson correction is quadrat-

ically divergent, M |, ~ a[A? — M?] so that for a cut-off scale 4 ~ Agur
extreme fine-tuning between the intrinsic bare mass and the radiative quantum
fluctuations would be needed to generate a Higgs mass of order Myw . However,
due to Pauli’s principle, the additional fermionic gaugino contributions in super-
symmetric theories are just opposite in sign, 5MI?-”-/, ~ —a[A? — A?], so that the

divergent terms cancel. Since M3 ~ a[M? — M?], any fine-tuning is avoided
for supersymmetric particle masses M < O(1 TeV). Thus, within this symmetry
scheme the Higgs sector is stable in the low-energy range Afy ~ Afy even in
the context of high-energy GUT scales.

(b) The concept of supersymmetry is strongly supported by the successful pre-
diction of the electroweak mixing angle in the minimal version of this theory [16].
The extended particle spectrum of this theory drives the evolution of the elec-
troweak mixing angle from the GUT value 3/8 down to sin® fy- = 0.2336+0.0017,
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Fig. 17. Dependence of the cross section for Higgs boson pair production via W fusion
on the self-coupling k in units of the Standard Model coupling gys at eTe™ colliders

[49].

the error including unknown threshold contributions at the low and the high
supersymmetric mass scales. The prediction coincides with the experimentally
measured value sin® 677 = 0.2317 £ 0.0003 within the theoretical uncertainty of
less than 2 per mille.

(c¢) Conceptually very interesting is the interpretation of the Higgs mechanism
in supersymmetric theories as a quantum effect [51]. The breaking of the elec-
troweak symmetry SU(2)r x U(1)y can be induced radiatively while leaving the
electromagnetic gauge symmetry U(1).,, and the color gauge symmetry SU(3)¢
unbroken for top-quark masses between 150 and 200 GeV. Starting with a set
of universal scalar masses at the high GUT scale, the squared mass parameter
of the Higgs sector evolves to negative values at the low electroweak scale while
the squared squark and slepton masses remain positive.

This fundamental mechanism can easily be studied [52] in a simplified model
for the two stop fields ¢g and 7, and the Higgs field H. Solving the renormal-
ization group equations

M, 333 [M3, 3
0 .
Blog 12 M | =-gi {222 | M} | -g74] |2 (42)
M? 111 | M2 1

i
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with the initial condition

GUT scale: ME, =M} =M =Mg >0  (43)
the masses evolve down to
2 L.
ELW scale: My, = ——2—M0 <0
MZZR =0

1
2 __ 2
M{L —“'_ZMO >0

at low energies. Both stop states preserve the normal particle character, while
the negative mass squared of the field H, generates the Higgs mechanism.

The Higgs sector of supersymmetric theories differs in several aspects from
the Standard Model [17]. To preserve supersymmetry and gauge invariance, at
least two iso-doublet fields must be introduced, leaving us with a spectrum of
five or more physical Higgs particles. In the minimal supersymmetric extension
of the Standard Model (MSSM) the Higgs self-interactions are generated by
the scalar-gauge action so that the quartic couplings are related to the gauge
couplings in this scenario. This leads to strong bounds of less than about 130
GeV for the mass of the lightest Higgs boson {18]. If the system is assumed to
remain weakly interacting up to scales of the order of the GUT or Planck scale,
the mass remains small, for reasons quite analogous to the Standard Model, even
in more complex supersymmetric theories involving additional Higgs fields and
Yukawa interactions. The masses of the heavy Higgs bosons are expected to be
of the scale of electroweak symmetry breaking up to order 1 TeV.

3.1 The Higgs Sector of the MSSM

The particle spectrum of the MSSM [14] consists of leptons, quarks and their
scalar supersymmetric partners, and gauge particles, Higgs particles and their
spin-1/2 partners. The matter and force fields are coupled in supersymmetric
and gauge invariant actions:

S=Sy+Ss+Sw: Sy = ifdﬁzWaWa gauge action
Se =] d8zd*esV ¢ matter action  (44)
Sw = [ d2W[g] superpotential

Decomposing the superfields into fermionic and bosonic components, and car-
rying out the integration over the Grassmann variables in z — z, the following
Lagrangians can be derived, describing the interactions of the gauge, matter and
Higgs fields:

1 1,
;CV = _ZFHVF#V++§D
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Lo=D,¢" Dy +...+ %D[(;ﬁ[?

ow |°
Lw =~ |-
w 5%
The D field is an auxiliary field which does not propagate in space-time and
which can be eliminated by applying the equations of motion: D = l|¢>|

Reinserted into the Lagrangian, the quartic coupling of the scalar Higgs fields
turns out to be )
L[gY) = f%w;? (45)

Thus, the quartic coupling of the Higgs fields is given, in the minimal supersym-
metric theory, by the square of the gauge coupling. Unlike the Standard Model,
this coupling is not a free parameter. Moreover, the coupling is weak.

Two independent Higgs doublet fields H; and H, must be introduced into
the superpotential,

W = —pe HiHS + e[ HiL R+ f,HIQ'D + f{H{Q'U) (46)
to provide masses to the down-type particles (H;) and the up-type particles (H2).
Unlike the Standard Model, the second Higgs field cannot be identified with the
charge conjugate of the first Higgs field since W must be analytic to preserve
supersymmetry. Moreover, the Higgsino fields associated with a single Higgs field
would generate triangle anomalies; they cancel if the two conjugate doublets are
added up, and the classical gauge invariance of the interactions is not destroyed
at the quantum level. Integrating the superpotential over the Grassmann coor-
dinates generates the supersymmetric Higgs self-energy Vo = |u|*( |Hy|? + |Ha ).
The breaking of supersymmetry can be incorporated in the Higgs sector by intro-
ducing bilinear mass terms p;; H;H;. Added to the supersymmetric self-energy
part H? and the part H* generated by the gauge action, they lead to the fol-
lowing Higgs potential

V = mZHH} + m2H; Hi — m?,(e;; Hi H] + ho)
1 *t 7yt *1 pri 1 *1 zpxi|2
+§(92 +9HHTH) - Hy H3)* + 5 H Hs ? (47)

The Higgs potential includes three bilinear mass terms while the strength of the
quartic couplings is set by the SU(2), and U(1)y gauge couplings squared. The
three mass terms are free parameters.

The potential develops a stable minimum for H; — (0,v) and Hy — {vs,0).
if the following conditions are met:

m2+ m3 > 2|mi,|
m} m < [mi,|* (48)
Expanding the fields about the ground state values v, and vs,
H} = Htcos3+Gtsinf

(49}
H? =v + [Hcosa ~ hOsina +1A4%sin 3 —iGY cos 8]/V/2
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and

il

H} = vy + [H%sina + hO cosa + iA° cos 8 + iGP sin 8]/v/2

(50)
HZ = H sinf3 -G cosf

the mass eigenstates are given by the neutral states h°, H® and A°, which are
even and odd under CP transformations, and by the charged states H*; the G
states correspond to the Goldstone modes which are absorbed by the gauge fields
to build up the longitudinal components. After introducing the three parameters

1 .
M} = 5(6* + g) (0% +03)

2 2
2 _ 9 UitV
M3z =mj,—=
V1V2
V2 -
tan 8 = — (51)
(%8

the mass matrix can be decomposed into three 2 x 2 blocks which are easy to
diagonalize:

tgd 1
charged matrix: M2 =sin28(M3 + M)
1 ctgg

charged mass: M7, = M} + My,

tgd 1
pseudoscalar matrix: M? = sin23M?
1 ctgs

pseudoscalar mass: M3

12 t‘gﬁ -1 A2 Ctg,@ -1
scalar matrix: M2 =sin243 Z‘L; 4+ 2z

—1 ctgs 2 -1 tg3

scalar masses:

ME =% [ME+ M3
/0T + MZ)Z - AW M3 cos” 25|

M3 + M}

tg2a = tg20—%5——+%
M3 — M2

with - g <a<0
(52)
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The three zero-mass Goldstone eigenvalues of the charged and pseudoscalar mass
matrices are not denoted explicitly.
From the mass formulae, two important inequalities can readily be derived,

My <Mz, Ms < Mg (53)
My < My+ (54)

which, by construction, are valid in the tree approximation. As a result, the
lightest of the scalar Higgs masses is predicted to be bounded by the Z mass,
modulo radiative corrections. These bounds follow from the fact that the quartic
coupling of the Higgs fields is determined in the MSSM by the size of the gauge
couplings squared.

SUSY radiative corrections. The tree-level relations between the Higgs
masses are strongly modified by radiative corrections involving the supersym-
metric particle spectrum of the top sector [53]. These effects are proportional to
the fourth power of the top mass and to the logarithm of the stop mass. Their
origin are incomplete cancellations between virtual top and stop loops, reflecting
the breaking of supersymmetry. Moreover, the mass relations are affected by the
potentially large mixing between 7 and tgr due to the top Yukawa coupling.
To leading order in M} the radiative corrections can be summarized in the

parameter

_ 3Grp M} o M; M;,

T V2r2sin® g & M2
In this approximation the light Higgs mass M} can be expressed by M4 and
tg 8 in the following compact form:

(55)

M = %[Mft‘*‘M%%-e
— [(M3 + ME + 0 — 4M3 M cos? 28 — de(MY sin® 5 + M3 cos® )] ]
The heavy Higgs masses My and My follow from the sum rules
ME = M5+ M3~ M+,
M = M} + M}, .

Finally, the mixing parameter a which diagonalizes the CP-even mass matrix,
is given by the radiatively improved relation:

M2 + M2
tg2a = tg2 A Z
gea =18 5M:‘Z‘—M%+e/cos2ﬂ

with —g<a<0. (56)

The spectrum of Higgs masses My, My and My: is displayed as a function
of the pseudoscalar mass M4 in Fig.18 for two representative values tg3 = 1.5
and 30. For large A mass, the masses of the heavy Higgs particles coincide
approximately, Ma ~ My ~ Mpy+, while the light Higgs mass approaches a
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Fig. 18. (a) The upper limit on the light scalar Higgs pole mass in the MSSM as a
function of the top quark mass for two values of tg8 = 1.5,30; the common squark
mass has been chosen as Ms =1 TeV. The full lines correspond to the mazimal mizing
case [A; = V6Ms, Ay = p = 0] and the dashed lines to vanishing mizing. The pole
masses of the other Higgs bosons, H, A, H | are shown as a function of the pseudoscalar
mass in (b—d) for two values of tg 8 = 1.5, 30, vanishing mizing and M, = 175 GeV.

small asymptotic value. The spectrum for large values of tg 8 is highly regular:
For small My, one finds {My ~ M4, My, M+ =~ const}, for large M4 the
opposite relationship {My ~ const, Mg ~ My= ~ M4}

While the non-leading effects of mixing on the Higgs mass relations are quite
involved, the impact on the upper bound of the light Higgs mass M, can be
summarized in a simple way:

MP < MZcos? 28 + SME +6M% . (57)
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The leading top contribution is related to the parameter e,
M2 = esin® 3 . (58)
The contribution,

3Grp

SM2 = —
X 2v/272

X, [2h(Mt-21 M2) + X, g(M2, Mt?z)] (59)
depends on the mixing parameter

MtXt = Mt [A4t -l Ctg ﬂ] (60)

which couples left- and right-chirality states in the stop mass matrix; h, g are
functions of the stop masses:

1
a_

h =

a 1 a+b a
¢ - - log 21 . 61
plogy and 9= {2 a—b Ogb} (61)

Subdominant contributions can essentially be reduced to higher-order QCD ef-
fects. They can effectively be incorporated by interpreting the top mass parame-
ter My — M;(p) as the MS top mass evaluated at the geometric mean between
top and stop masses, u? = M;M;.

Upper bounds on the light Higgs mass are shown in Fig.18a for two represen-
tative values tg 8 = 1.5 and 30. The curves either do not include or do include
mixing effects. It turns out that M} is bounded by about Ay < 100 GeV for
moderate values of tg 3 while the upper bound is given, in general, by M} < 130
GeV, including large values of tg 3. The light Higgs sector can therefore be cov-
ered for small tg 3 entirely by the LEP2 experiments — a most exciting prospect
of the search for this Higgs particle in the next few years.

The two ranges of tg 3 near tg8 ~ 1.7 and tg 3 ~ M;/M, ~ 30 to 30 are
theoretically preferred in the MSSM if the model is embedded in a grand-unified
scenario [55]. Given the experimentally observed top quark mass, universal 7
and b masses at the unification scale can be evolved down to the experimental
mass values at low energies in these two ranges of tg3. Qualitative support
for small tg 3 follows from the observation that in this scenario the top mass
can be interpreted as a fixed-point of the evolution down from the unification
scale [56]. Moreover, the small tg 3 range is also slightly preferred as radiative
corrections which reduce the light Higgs mass extracted from the high-precision
electroweak observables, are minimized in this parameter range [57]. By contrast,
tuning problems in adjusting the 7/b mass ratio are more severe for the large
tg @ solution. Nevertheless, this solution is attractive as the SO(10) symmetry
relation between 7/b/t masses can be accommodated in this scenario.
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3.2 SUSY Higgs Couplings to SM Particles

The size of MSSM Higgs couplings to quarks, leptons and gauge bosons is similar
to the Standard Model, yet modified by the mixing angles & and 3. Normalized
to the SM values, they are listed in Tab.2. The pseudoscalar Higgs boson A
does not couple to gauge bosons at the tree level but the coupling, compatible
with CP symmetry, can be generated by higher-order loops. The charged Higgs
bosons couple to up and down fermions with the left- and right-chiral amplitudes

g+ = —‘\‘}‘2— [9¢(1F v5) + gs(1 £75)], where g¢5 = VV2GFrmes.

$ 9u 94 gv

SM H 1 1 1
MSSM h {cosa/sinf3 —sina/cos3 sin(8 — a)
H |sina/sin8 cosafcosf cos(B — a)

A 1/tgf tgl 0

Table 2. Higgs couplings in the MSSM to fermions and gauge bosons [V = W, Z]
relative to SM couplings.

The modified couplings incorporate the renormalization due to SUSY radia-
tive corrections to leading order in M, if the mixing angle « is related to 3
and M4 through the corrected formula (56). The behavior of the couplings as a
function of mass M4 is exemplified in Fig.19.

For large M4, in practice M4 2 200 GeV, the couplings of the light Higgs
boson h to the fermions and gauge bosons approach asymptotically the SM
values. This is the essence of the decoupling theorem: Particles with large masses
must decouple from the light particle system as a consequence of the quantum-
mechanical uncertainty principle.

3.3 Decays of Higgs Particles

The lightest neutral Higgs boson h will decay mainly into fermion pairs since its
mass is smaller than ~ 130 GeV, Fig.20a (c.f. [58] for a comprehensive summary).
This is in general, also the dominant decay mode of the pseudoscalar boson A.
For values of tg 8 larger than unity and for masses less than ~ 140 GeV, the
main decay modes of the neutral Higgs bosons are decays into bb and 7+~ pairs;
the branching ratios are of order ~ 90% and 8%, respectively. The decays into
¢C pairs and gluons are suppressed especially for large tg 3. For large masses,
the top decay channels H, 4 — ¢t open up; vet for large tg 8 this mode remains
suppressed and the neutral Higgs bosons decay almost exclusively into bb and
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777 pairs. If the mass is large enough, the heavy CP-even Higgs boson H can in
principle decay into weak gauge bosons, H — WW, ZZ. Since the partial widths
are proportional to cos*(8 — ), they are strongly suppressed in general, and the
gold-plated ZZ signal of the heavy Higgs boson in the Standard Model is lost in
the supersymmetric extension. As a result, the total widths of the Higgs bosons
are much smaller in supersymmetric theories than in the Standard Model.

The heavy neutral Higgs boson H can also decay into two lighter Higgs
bosons. Other possible channels are Higgs cascade decays and decays into super-
symmetric particles [59]-[61], Fig.21. In addition to light sfermions, Higgs boson
decays into charginos and neutralinos could eventually be important. These new
channels are kinematically accessible at least for the heavy Higgs bosons H, A
and H¥; in fact, the branching fractions can be very large and they can be-
come even dominant in some regions of the MSSM parameter space. Decays of
h into the lightest neutralinos (LSP) are also important, exceeding 50% in some
parts of the parameter space. These decays affect strongly experimental search
techniques.

The charged Higgs particles decay into fermions but also, if allowed kinemat-
ically, into the lightest neutral Higgs and a W boson. Below the tb and Wh
thresholds, the charged Higgs particles will decay mostly into Tv, and ¢s pairs,
the former being dominant for tg 3 > 1. For large M+ values, the top-bottom
decay mode H* — tb becomes dominant. In some parts of the SUSY parameter
space, decays into supersymmetric particles may exceed 50 %.

Adding up the various decay modes, the width of all five Higgs bosons remains
very narrow, being of order 10 GeV even for large masses.

3.4 The Production of SUSY Higgs Particles in ete~ Collisions

The search for the neutral SUSY Higgs bosons at ete~ linear colliders will be
a straightforward extension of the search presently performed at LEP2, which
is expected to cover the mass range up to ~ 100 GeV for neutral Higgs bosons,
depending on tg 8. Higher energies, +/s in excess of 250 GeV, are required to
sweep the entire parameter space of the MSSM.

The main production mechanisms of neutral Higgs bosons at eTe™ colliders
[18], [606], [62] are the Higgs-strahlung process and associated pair production,
as well as the fusion processes:

(a) Higgs ~ strahlung : efe 5z + h/H
(b) Pair Production : etem 5 A+ h/H
(¢) Fusion Processes : efe "N v, +h/H

etem 25 etem + h/H

The CP-odd Higgs boson A cannot be produced in fusion processes to lead-
ing order. The cross sections for the four Higgs-strahlung and pair production
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processes can be expressed as

olete™ > Z + h/H) = sin® /cos2(ﬁ —a) osm
o(ete™ = A+ h/H) = cos? /sin®(B - a) X osm (62)

where ogp is the SM cross section for Higgs-strahlung and the coefficient A ~
/\%2 / /\12/; accounts for the suppression of the P-wave Ah/H cross sections near
the threshold.

The cross sections for Higgs-strahlung and for pair production, likewise the
cross sections for the production of the light and the heavy neutral Higgs bosons
h and H, are mutually complementary to each other, coming either with coef-
ficients sin®(3 — o) or cos?(8 — a). As a result, since osps is large, at least the
lightest CP—even Higgs boson must be detected.

Representative examples of the cross sections for the production mechanisms
of the neutral Higgs bosons are shown as a function of the Higgs masses in
Fig.22 for tg 8 = 1.5 and 30. The cross section for hZ is large for M} near the
maximum value allowed for tg 3; it is of order 50 fb, corresponding to ~ 2,500
events for an integrated luminosity of 50 fb~!. By contrast, the cross section
for HZ is large if M}, is sufficiently below the maximum value [implying small
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Mpy]. For h and for light H, the signals consist of a Z boson accompanied by
a bb or 717~ pair. These signals are easy to separate from the background
which comes mainly from ZZ production if the Higgs mass is close to Myz. For
the associated channels e¥e~ — Ah and AH, the situation is opposite to the
previous case: The cross section for Ah is large for light A whereas AH pair
production is the dominant mechanism in the complementary region for heavy
H and A bosons. The sum of the two cross sections decreases from ~ 50 to
10 fb if M4 increases from ~ 50 to 200 GeV at /s = 500 GeV. In major parts
of the parameter space, the signals consist of four b quarks in the final state,
requiring provisions for efficient b quark tagging. Mass constraints will help to
eliminate the backgrounds from QCD jets and ZZ final states. For the WW
fusion mechanism, the cross sections are larger than for Higgs-strahlung if the
Higgs mass is moderately small - less than 160 GeV at /s = 500 GeV. However,
since the final state cannot be fully reconstructed, the signal is more difficult to
extract. As in the case of the Higgs-strahlung processes, the production of light
h and heavy H Higgs bosons complement each other in WW fusion, too.

The charged Higgs bosons, if lighter than the top quark, can be produced in
top decays, t =+ b+ H™", with a branching ratio varying between 2% and 20% in
the kinematically allowed region. Since the cross section for top-pair production
is of order 0.5 pb at /s = 500 GeV, this corresponds to 1,000 to 10,000 charged
Higgs bosons at a luminosity of 50 fb~!. Since for tg 3 larger than unity, the
charged Higgs bosons will decay mainly into 7v,, this results in a surplus of
7 final states over e, i final states in t decays, an apparent breaking of lepton
universality. For large Higgs masses the dominant decay mode is the top decay
H* — tb. In this case the charged Higgs particles must be pair produced in
ete™ colliders:

ete" 5 HTH .

The cross section depends only on the charged Higgs mass. It is of order 100
fb for small Higgs masses at /s = 500 GeV, but it drops very quickly due to
the P-wave suppression ~ (3% near the threshold. For My: = 230 GeV, the
cross section falls to a level of ~ 5 fb, which for an integrated luminosity of
50fh~! corresponds to 250 events. The cross section is considerably larger for
7 collisions.

Experimental search Strategies. Search strategies have been summarized for
neutral Higgs bosons in Refs.[63], [64] and for charged Higgs bosons in Ref.[65].
Examples of the results for Higgs-strahlung Zh, ZH and pair production Ah,
AH and HYH™ are given in Fig.23. Visible as well as invisible decays are un-
der experimental control already for an integrated luminosity of 10 fb~!. The
experimental situation can be summarized in the following two points:

(?) The lightest CP-even Higgs particle & can be detected in the entire range of
the MSSM parameter space, either via the Higgs-strahlung process ete™ — hZ
or via pair production ete~ — hA. This conclusion holds true even at a c.m.
energy of 250 GeV, independently of the squark mass values; it is also valid if
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decays to invisible neutralino and other SUSY particles are realized in the Higgs
sector.

(22) The area in the parameter space where all SUSY Higgs bosons can be
discovered at ete™ colliders is characterized by My, M4 < %\/E, independently
of tg 3. The h, H Higgs bosons can be produced either via Higgs-strahlung or in
Ah, AH associated production; charged Higgs bosons will be produced in H+ H~
pairs.
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Fig.23. FEzperimental simulations of the search for MSSM Higgs bosons in
Higgs-strahlung hZ/HZ, heavy pair production HA, charged Higgs production HYH™,
and neutral invisible Higgs decays in Higgs-strahlung. Refs.[63]-[65].
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The search for the lightest neutral SUSY Higgs boson h is one of the most
important experimental tasks at LEP2. Up to the present time, mass values of
the pseudoscalar boson A of less than 75 GeV have been excluded independent
of tg 3. In MSSM scenarios without mixing effects, the entire mass range of the
lightest Higgs particle h has already been covered for tg 3 less than about 1.6;
however, this conclusion does not hold true yet for scenarios with strong mixing
effects [8]. With a final energy close to 200 GeV, the Higgs boson h could be
discovered within the theoretically allowed mass range if the mixing parameter
were realized below tg # < 2.4. This range covers one of the two solutions singled
out by 7/b mass unification; moreover, it corresponds to the area predicted by
the fixed-point solution of the top-quark mass.

3.5 The Production of SUSY Higgs Particles in Hadron Collisions

The basic production processes of SUSY Higgs particles at hadron colliders [36]
are essentially the same as in the Standard Model. Important differences are
generated nevertheless by the modified couplings, the extended particle spec-
trum, and the negative parity of the A boson. For large tg 8 the coupling hbb is
enhanced so that the bottom-quark loop becomes competitive to the top-quark
loop in the effective hgg coupling. Moreover squark loops will contribute to this
coupling [66)].

The partonic cross section o(gg — @) for the gluon fusion of Higgs particles
can be expressed by couplings g, in units of the corresponding SM couplings,
and form factors A; to lowest order [34], [67):

~P & M‘%
610(99 > @) =056 [ 1- = ) (63)
2
nH _ Grol(p) W/H h/H h/H (h/H
Oy = 128v2r - 90 AQ (T) 'Jf'%g@ ) (TQ)

2

Gro?{y)

A s A4 A

oy = ——— E A

0 12827 ~ 9Q Q(TQ)

While the quark couplings have been defined in Table 2, the couplings of the
Higgs particles to squarks are given by

M3 M2 , :
ggL‘R = %gé F —Mg(fg —eQ sin® Ow) sin(a + 3) ,

2
g _ Mg g M

o, = 08 £ SEUS ~cas b o 1 8) (69

CP invariance does only allow for non-zero squark couplings to the pseudoscalar
A boson. The form factors can be expressed in terms of the scaling function
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f(r = 4Mi2/M§), cf. (27):

A =11+ Q=1 f(r)],
AG(r) =Tf(7),

Ay = L) (65)
Q 2

For small tg 3 the contribution of the top loop is dominant, while for large tg 3
the bottom loop is strongly enhanced. The squark loops can be significant for
squark masses below ~ 400 GeV [67].

Both the limits of large and small loop masses are interesting for SUSY Higgs
particles. The contribution of the top loop to the hgg coupling can be calculated
approximately in the limit of large loop masses, while the bottom contributions
to the $gg couplings can be calculated in the approximation of small b masses.

The limits of large loop masses for the CP-even h, H Higgs bosons are the
same as in the Standard Model:

AT 273, (66)
The corresponding limit for the CP-odd A Higgs boson reads:
Ag -~ 1. (67)

As a result of the non-renormalization of the axial-anomaly, the Agg coupling is
not altered by QCD radiative corrections for large loop masses.

In the opposite limit in which the quark-loop mass is much smaller than
the Higgs mass, the amplitudes are the same for scalar and pseudoscalar Higgs
bosons:

2
A% > —14‘2 (10g§§ - m) . (68)
This result follows from the restoration of chiral symmetry in the limit of van-
ishing quark masses.

Other production mechanisms for SUSY Higgs bosons, vector boson fusion,
Higgs-strahlung off W, Z bosons and Higgs-bremsstrahlung off top and bottom
quarks, can be treated in analogy to the corresponding SM processes.

Data from the Tevatron in the channel pp — bbr* 7~ have been exploited [68)
to exclude part of the supersymmetric Higgs parameter space in the [M4,tg ]
plane. In the interesting range of tg 8 between 30 and 50, pseudoscalar masses
M4 up to 150 to 190 GeV appear to be excluded.

The cross sections of the various MSSM Higgs production mechanisms at
the LHC are shown in Figs.24a~d for two representative values of tg 8 = 1.5.30
as a function of the corresponding Higgs mass. The total c.m. energy has been
chosen as /s = 14 TeV, the CTEQ4M parton densities have been adopted with
as(Mz) = 0.116, and the top and bottom masses have been set to M; = 175
GeV and M, = 5 GeV. For the Higgs bremsstrahlung off t,b quarks, pp —
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Fig. 24. Neutral MSSM Higgs production cross sections at the LHC for gluon fusion
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#QQ + X, we have used the leading order CTEQ4L parton densities. For small
and moderate values of tg3 < 10 the gluon-fusion cross section provides the
dominant production cross section for the entire Higgs mass region up to Mg ~ 1
TeV. However, for large tg 3, Higgs bremsstrahlung off bottom quarks, pp —
bb® + X , dominates over the gluon-fusion mechanism since the bottom Yukawa
couplings are strongly enhanced in this case.

The MSSM Higgs search at the LHC will be more involved than the SM
Higgs search. The basic features can be summarized as follows.

(i) For large pseudoscalar Higgs masses M4 2 200 GeV the light scalar Higgs
boson h can only be found via its photonic decay mode h — 7. In a significant
part of this MSSM parameter region, especially for moderate values of tg 3, no
other MSSM Higgs particle can be discovered. Because of the decoupling limit
for large M 4 the MSSM cannot be distinguished from the SM in this mass range.

(ii) For small values of tg3 < 3 and pseudoscalar Higgs masses between about
200 and 350 GeV, the heavy scalar Higgs boson can be searched for in the
‘gold-plated’ channel H — ZZ — 41%. Otherwise this ‘gold-plated’ signal does
not play any role in the MSSM. However, the MSSM parameter region covered
in this scenario, hardly exceeds the anticipated exclusion limits of the LEP2
experiments.

(iii) For large and moderate values of tg 8 2 3 the decays H, A = 717~ become
visible at the LHC. Thus this decay mode plays a significant role for the MSSM
in contrast to the SM. Moreover, this mode can also be detected for small values
tg8 2 1-2 and M, S 200 GeV.

(iv) For tg 8 £ 4 and 150 GeVE M4 < 400 GeV the heavy scalar Higgs particle
can be detected in the decay mode H — hh — bbyy. However, the MSSM
parameter range for this signature is very limited.

(v) For tg 3 S 3-5 and 50 GeVS M4 S 350 GeV the pseudoscalar decay mode
A — Zh — 1717 bb will be visible, but hardly exceeds the exclusion limits from
LEP2.

(vi) For pseudoscalar Higgs masses M4 < 100 GeV charged Higgs bosons, pro-
duced from top quark decays t — H*b, can be discovered via its decay mode
HY & rrp,.

The final picture exhibits a difficult region for the MSSM Higgs search at the
LHC. For tg8 ~ 5 and M4 ~ 150 GeV the full luminosity and the full data
sample of both the ATLAS and CMS experiments at the LHC, are needed to
cover the problematic parameter region (69], see Fig.25. On the other hand, if no
excess of Higgs events above the SM background processes beyond 2 standard
deviations will be found, the MSSM Higgs bosons can easily be excluded at 957
C.L.

The overall picture reveals several difficulties, Fig.25. Even though the entire
supersymmetric Higgs parameter space may finally be covered by the LHC exper-
iments, the individual Higgs bosons are accessible only in part of the parameter



210 Michael Spira and Peter M. Zerwas

Q%0 AN S |
o I S ATLAS + CMS |
S i S 5 1 |
ot B S SLdt=3 10° pb }
| R H
! = M = 175 GeV :
. = \
20 e~ h—>7y and Wh,tth with h =y
\= t —> bH* with H* = Tv
10 |- :\E E
Ir :t = H/A = 711
8 - |\; 'S
7 RN= §
ST = H — hh |
= —>bbyy LEP2
4t Ldt=150 pb™'
% Vs= 192 GeV
3 5 ". ';'\ l --“\\\\\“\ rlll’;a ;
’ Q'O @
g A ’
2 4 A—>Zh—>libb 3§ |
1 4 H/A = tt
;T\ -; H—>27z"
g% —> 4 leptons
2N I IS, 778 \ T T | A7 N .
1 1 1
50 100 150 200 250 300 350 400 450 500
m, (GeV)
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ezperiments, ATLAS and CMS [taken from Ref.[69]].

space. Moreover, the search for heavy H, A Higgs particles is very difficult due
to tf continuum background for masses beyond 2 500 GeV.

The search for charged Higgs bosons is quite difficult in general if the mass
exceeds the top quark mass and t — b+ HT decays are forbidden kinematically.
Since H* bosons cannot be radiated off Z or W bosons, they must be produced
in pairs through the Drell-Yan process [70] or in gg collisions [71}. In the second
process, and equivalently in W= HT final states, the effective couplings are built
up by loops of heavy quarks.
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3.6 Measuring the Negative Parity of the A Boson

Once the Higgs bosons are discovered, the properties of the particles must be es-
tablished. Besides the reconstruction of the supersymmetric Higgs potential [72],
a very demanding effort, the external quantum numbers must be established, in
particular the parity of the heavy scalar and pseudoscalar Higgs particles H and
A [73].

For large H, A masses the decays H, A — tf to top final states can be used
to discriminate between the different parity assignments [73]. For example, the
W+ and W~ bosons in the ¢ and f decays tend to be emitted antiparallel and
parallel in the plane perpendicular to the I axis,

+ 2
%{;—* x1¥F (g) COS O, (69)
for H and A decays, respectively.

For light H, A masses, vy collisions appear to provide a viable solution [73].
The fusion of Higgs particles in linearly polarized photon beams depends on the
angle between the polarization vectors. For scalar 0F particles the production
amplitude is non-zero for parallel polarization vectors while pseudoscalar 0~
particles require perpendicular polarization vectors:

M(H)+ ~ €1 €,
M(/l)% ~ €1 X €2 . (70)

The experimental set-up for Compton back-scattering of laser light can be tuned
in such a way that the linear polarization of the hard-photon beams approaches
values close to 100%. Depending on the parity & of the resonance produced, the
measured asymmetry for photons polarized parallel or perpendicular,
_ 9oL

A (71)

o) +oL

is either positive or negative.

3.7 Non-minimal Supersymmetric Extensions

The minimal supersymmetric extension of the Standard Model (MSSM) may
appear very restrictive for supersymmetric theories in general, in particular in the
Higgs sector where the quartic couplings are identified with the gauge couplings.
However, it turns out that the mass pattern of the MSSM is quite typical if
the theory is assumed to be valid up to the GUT scale — the motivation for
supersymmetry sui generis. This general pattern has been studied thoroughly
within the next-to-minimal extension: The MSSM, incorporating two Higgs iso-
doublets, is augmented by introducing an iso-singlet field N. This extension leads
to a model [74]-[76] which is generally referred to as the (M+1)SSM.
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The additional Higgs singlet can solve the so-called p-problem {ie. p ~
order Mw] by eliminating the p higgsino parameter from the potential and
by replacing this parameter by the vacuum expectation value of the N field,
which can be naturally related to the usual vacuum expectation values of the
Higgs iso-doublet fields. In this scenario the superpotential involves the two
trilinear couplings H;H, N and N3. The consequences of this extended Higgs
sector will be outlined in the context of (s)grand unification including universal
soft breaking terms of the supersymmetry [75].

The Higgs spectrum of the (M+1)SSM includes, besides the minimal set
of Higgs particles, one additional scalar and pseudoscalar Higgs particle. The
neutral Higgs particles are in general mixtures of the iso-scalar doublets, which
couple to W, Z bosons and fermions, and the iso-scalar singlet, decoupled from
the non-Higgs sector. The trilinear self-interactions contribute to the masses of
the Higgs particles. For the lightest Higgs boson of each species:

M2(hy) < M} cos® 28 + X sin? 23, (72)
M?(A;) < Ma(4)
M2(H*) < M2(W) + M2(A) — A%2.

In contrast to the minimal model, the mass of the charged Higgs particle could
be smaller than the W mass. Since the trilinear couplings increase with energy,
upper bounds on the mass of the lightest neutral Higgs boson h can be derived.
in analogy to the Standard Model, from the assumption that the theory be
valid up to the GUT scale: m(h?) < 140 GeV. Thus despite the additional
interactions, the distinct pattern of the minimal extension remains valid also in
more complex supersymmetric scenarios [77). In fact, the mass bound of 140 GeV
for the lightest Higgs particle is realized in almost all supersymmetric theories.
If hY is (nearly) pure iso-scalar, it decouples from the gauge boson and fermion
system and its role is taken by the next Higgs particle with a large is-doublet
component, implying the validity of the mass bound again.

The couplings R; of the CP-even neutral Higgs particles h? to the Z bo-
son, ZZh?, are defined relative to the usual SM coupling. If the Higgs particle
h{ is primarily iso-singlet, the coupling R; is small and the particle cannot be
produced by Higgs-strahlung. However, in this case hS is generally light and
couples with sufficient strength to the Z boson; if not, h3 plays this role. This
scenario is quantified in Fig.26 where the couplings R, and R, are shown for
the ensemble of allowed Higgs masses m(h?) and m(h3) [adopted from Ref.[10]:
see also [75], [78]]. Two different regions exist within the GUT (M+1)SSM: A
densely populated region with R ~ 1 and m; > 50 GeV, and a tail with B; <1
to < 1 and small m;. Within this tail, the lightest Higgs boson is essentially
a gauge-singlet state so that it can escape detection at LEP [full/solid lines). If
the lightest Higgs boson is essentially a gauge singlet, the second lightest Higgs
particle cannot be heavy. In the tail of diagram 26a the mass of the second
Higgs boson hJ varies between 80 GeV and, essentially, the general upper limit
of ~ 140 GeV. h3 couples with full strength to Z bosons, R> ~ 1. If in the tail
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Fig. 26. The couplings ZZhy and ZZhs of the two lightest CP-even Higgs bosons in
the nezt-to-minimal supersymmetric eztension of the Standard Model, (M + 1)SSM.
The solid lines indicate the accessible range at LEP2, the dotted lines for an energy of
205 GeV. The scatter plots are solutions for an ensemble of possible SUSY parameters
defined at the scale of grand unification. Ref.[75].

of diagram 26b this coupling becomes weak, the third Higgs boson will finally
take the role of the leading light particle.

Summa. Experiments at eTe~ colliders are in a no-lose situation [78] for
detecting the Higgs particles in general supersymmetric theories even for c.m.
energies as low as /s ~ 300 GeV.

4 Strongly Interacting W Bosons

The Higgs mechanism is based on the theoretical concept of spontaneous symme-
try breaking [1]. In the canonical formulation, adopted in the Standard Model,
a four-component fundamental scalar field is introduced, which is endowed with
a self-interaction such that the field acquires a non-zero value in the ground
state. The specific direction in iso-space which is singled out by the ground state
solution, breaks the isospin invariance of the interaction spontaneously. The in-
teraction of the gauge fields with the scalar fleld in the ground state generates
the masses of these fields. The longitudinal degrees of freedom of the gauge fields
are built up by absorption of the Goldstone modes which are associated with
the spontaneous breaking of the electroweak symmetries in the scalar field sec-
tor. Fermions acquire masses through Yukawa interactions with the ground state
field. While three scalar components are absorbed by the gauge fields, one degree
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of freedom manifests itself as a physical particle, the Higgs boson. The exchange
of this particle in scattering amplitudes including longitudinal gauge fields and
massive fermion fields, ensures the unitarity of the theory up to asymptotic
energies.

In the alternative to this scenario based on a fundamental Higgs field, the
spontaneous symmetry breaking is generated dynamically [2]. A system of novel
fermions is introduced which interact strongly at a scale of order 1 TeV. In
the ground state of such a system a scalar condensate of fermion-antifermion
pairs may form. Such a process is quite generally expected in any non-abelian
gauge theory of the novel strong interactions [and realized in QCD. for instance)].
Since the scalar condensate breaks the chiral symmetry of the fermion system,
Goldstone fields will form which can be absorbed by the electroweak gauge fields
to build up the longitudinal components and the masses of the gauge fields. Novel
gauge interactions must be introduced which couple the leptons and quarks
of the Standard Model to the new fermions in order to generate lepton and
quark masses through interactions with the ground-state fermion-antifermion
condensate. In the low-energy sector of the electroweak theory the fundamental
Higgs field approach and the dynamical alternative are equivalent. However the
two theories are fundamentally different at high energies. While the unitarity of
the electroweak gauge theory is guaranteed by the exchange of the scalar Higgs
particle in scattering processes, unitarity is restored in the dynamical theory
at high energies through the non-perturbative strong interactions between the
particles. Since the longitudinal gauge field components are equivalent to the
Goldstone fields associated in the microscopic theory, their strong interactions at
high energies are transferred to the electroweak gauge bosons. Since, by unitarity,
the s-wave scattering amplitude of longitudinally polarized W, Z bosouns in the
iso-scalar channel 2W*W~ + ZZ)/V/3, a) = v/2Grs/167, is bounded by 1/2,
the characteristic scale of the new strong interactions must be close to 1.2 TeV.
Thus near the critical energy of 1 TeV the W, Z bosons interact strongly with
each other. Technicolor theories provide an elaborate form of such scenarios.

4.1 Dynamical Symmetry Breaking

Physical scenarios of dynamical symmetry breaking are based on new strong
interaction theories, which extend the constituent spectrum and the interactions
of the Standard Model. If these interactions are invariant under transformations
of the chiral SU(2) x SU(2) group, the chiral invariance may be broken spon-
taneously down to the diagonal isospin group SU(2). This process is associated
with the formation of a chiral condensate in the ground state and the existence
of three massless Goldstone bosons.

The Goldstone bosons can be absorbed by the gauge fields, generating lon-
gitudinal states and non-zero masses, as shown in Fig.27. Summing up the ge-
ometric series of vector boson—-Goldstone boson transitions in the propagator
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Fig. 27. Generation of gauge boson masses (V) through the interaction with the Gold-
stone bosons (G).

results in a shift of the mass pole:

1 1 1 ¢g*F*2 1 1 [g2F217° 1
—_ = —q, — g — 4+ | R 73
gUETel g TP [ 2 ¢ T e (73)
The coupling between gauge fields and Goldstone bosons has been defined as
igF/ \/§qu. The mass of the gauge field is related to this coupling by

M= %gQFz . (74)
The numerical value of the coupling F must coincide with v = 246 GeV.
The remaining custodial SU(2) symmetry guarantees that the p parameter,
the relative strength between NC and C'C couplings, is one. Denoting the W/B
mass matrix elements by

(WMWY = %gZF?‘éU (W3 M2|B) = (BIM2|W?)
(75)
(BIMZ|B) = £ g F? = 20 F*

the universality of the coupling F leads to the ratio of the mass eigenvalues
M3Z, /M2 = g?/(g? + ¢'%) = cos? B, equivalent to p = 1.

Since the wave functions of longitudinally polarized vector bosons grow with
the energy, the longitudinal field components are the dominant degrees of free-
dom at high energies. These states however can asymptotically be identified
with the absorbed Goldstone bosons. This equivalence [79] is apparent in the 't
Hooft-Feynman gauge where for asymptotic energies

EW, = kW, ~ MG (76)

The dynamics of gauge bosons can therefore be identified at high energies with
the dynamics of scalar Goldstone fields. An elegant representation of the Gold-
stone fields in this context is provided by the exponentiated form

U = exp|—iwT/v] (77)

which corresponds to an SU(2) matrix field.

The Lagrangian of the system consists of the Yang-Mills part Ly s and the
interactions Lg of the Goldstone fields, £ = Ly s + L. The Yang-Mills part is
written in the usual form Ly = —3T7[W,, W, + By, By, ). The interactions
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of the Goldstone fields can be expanded in chiral theories systematically in the
derivatives of the fields, corresponding to expansions in powers of the energy for
scattering amplitudes [80]:

Lo=Lo+ Y Li+-- (78)

dim=4

Denoting the SM covariant derivative of the Goldstone fields by
DU =98,U —igW,U +ig'B, U (79)

the leading term Lo, of dimension = 2, is given by
v2
Lo = XTT[D,,U+Dqu] . (R0)

This term generates the masses of W, Z gauge bosons: M7, = $g*v® and M7 =
2(¢® + g'*)v®. The only parameter in this part of the interactions is v which
however is fixed uniquely by the experimental value of the W mass; thus the
amplitudes predicted by the leading term in the chiral expansion can be consid-
ered parameter-free.

The next-to-leading term in the expansion with dimension = 4 consists of 10
terms. If the custodial SU(2) symmetry is imposed, only two terms are found
which do not affect propagators and 3-boson vertices but only 4-boson vertices
etc. Introducing the vector field V,, by

V, =UVD,U (81)

these two terms are given by the interaction densities

(M)

£4 = Q4 [TT'V“V,/]
Ls=as [TrV,V,)7 . (82)

The two coefficients a4, a5 are free parameters which must be adjusted experi-
mentally from WW scattering data.

Higher orders in the chiral expansion give rise to an energy expansion of
the scattering amplitudes of the form A = 3" ¢, (s/v?)™. This series will diverge
for energies at which the resonances of the new strong interaction theory can
be formed in WW collisions: 0 ”Higgs-like”, 1~ ”p-like” resonances etc. The
masses of these resonance states are expected in the range Mp ~ 47v where
chiral loop expansions diverge, i.e. between about 1 and 3 TeV.
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4.2 WW Scattering at High-Energy Colliders

The (quasi-)elastic 2-2 WW scattering amplitudes can be expressed at high
energies by a master amplitude A(s, t,u) which depends on the three Mandelstam
variables of these processes:

AWTW™ = Z27Z) = A(s, t,u) (83)
AWTW™ = WHTW ™) = A(s,t,u) + A(t, s, 1)
A(ZZ - Z27) = A(s, t,u) + A(t, s,u) + A(u, s, t)
AW"W™ - W™ W) = A(t,s,u) + A(u, s,t)

To lowest order in the chiral expansion, £ — Ly ar+ Lo, the master amplitude
is given, in a parameter-free form, by the energy squared s:

A(s, t,u) — U% . (84)
This representation is valid for energies s 3> M7, but below the new resonance
region, i.e. in practice at energies /s = O(1 TeV). Denoting the scattering length
for the channel carrying isospin I and angular momentum .J by a;, the only non-
zero scattering channels predicted by the leading term of the chiral expansion,
correspond to

s
Goo =+ 167v?
s

96v?
s

R

(111:—"+

azg = (85)
While the exotic I = 2 channel is repulsive, the ] = J =0 and I = J =1
channels are attractive, indicating the formation of non-fundamental Higgs-type
and p-type resonances.

Taking into account the next-to-leading terms in the chiral expansion, the
master amplitude turns out to be [23]

4(t* + u? 8s?
_(71‘_2+a57+... (86)

A(s,t,u) = v% +ay
including the two parameters oy and ;.

Increasing the energy in the expansion, the amplitudes will approach the res-
onance area. In this area, the chiral character of the theory does not provide any
more guiding principle for the construction of the scattering amplitudes. Instead,
ad-hoc hypotheses must be introduced to define the nature of the resonances:
see e.g. Ref.[24]. A sample of resonances is provided by the following models:
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(a) SM heavy Higgs boson:

M; M}
A=-"4 —H 87
v? +S—]\412{+U\IHFH (87)
3M3
with Iy ———-——327”)2
(b) chirally coupled scalar resonance:
2.2
] g:s 1
=2 _9 88
A v2 v? s—]\f;—i]\/fsfs ( )
. 392 M3
h ==
with I'g 39702

(c) chirally coupled vector:

4=3 [1—@}+GM‘2’[ u=s won|  (89)

2N [V NI ey v Ry vy oo
aM
. Iy = v
with Iy 192702

For small energies, the scattering amplitudes reduce to the leading chiral form
s/v%. In the resonance region they are described by two parameters, the mass
and the width of the resonance. The amplitudes interpolate between the two
regions in a simplified smooth way.

g/e et
W W I=0,2 Jeven

W - I=1 J odd

Fig. 28. WW scattering and rescattering at high energies at the LHC and TeV ete”
linear colliders.

WW scattering can be studied at the LHC and TeV ete™ linear collid-
ers. At high energies, equivalent W beams accompany the quark and elec-
tron/positron beams, Fig.28 in the fragmentation processes pp — qq — qgW W
and ee — vwWW. In the hadronic LHC environment the final state W bosons
can only be observed in leptonic decays. Resonance reconstruction is thus not
possible for charged W final states. However, the clean environment of ete™
colliders will allow the reconstruction of resonances from W decays to jet pairs.
The results of three experimental simulations are displayed in Fig.29. In Fig.29a
the sensitivity to the parameters ay,as of the chiral expansion is shown for
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ete™ = TuWW for scalar and vector resonance models [My, My =1 TeV], as well

as for non-resonant WW scattering in chiral models near the threshold; Ref.[24].
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Fig. 30. Invariant mass distributions for the gold-plated purely leptonic final states
that arise from the processes pp — ZZX — 44X, pp —» ZZX — 220X,
pp = WYW~=X,pp » WEZX and pp » WEW*X, for the LHC (mass in units
of GeV). The signal is plotted above the summed background. Distributions are shown
for a chirally coupled vector with My =1 TeV, I'v = 5.7 GeV.

WW scattering in ete™ colliders [23]. The results of this analysis can be rein-
terpreted as sensitivity to the parameter-free prediction of the chiral expansion,
corresponding to an error of about 10% in the first term of the master amplitude
s/v?. These experiments test the basic concept of dynamical symmetry break-
ing through spontaneous symmetry breaking. The production of a vector-boson
resonance of mass My = 1 TeV is exemplified in Fig.29b (24]. Expectations for
WW scattering final states in the vector model at the LHC are compared with
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the background in Fig.30 [22].

A second powerful method measures elastic W+W~ — WT W~ scattering in
the I = 1,J = 1 channel. The rescattering of W+ W ~ bosons produced in e*e~
annihilation, Fig.28, depends at high energies on the WW scattering phase 411
[81]. The production amplitude F = F1o x R is the product of the lowest-order
perturbative diagram with the Mushkelishvili-Omneés rescattering amplitude R,

R:expi/ij_iﬁ@_ (90)

T s s —s—1¢

which is determined by the I = J = 1 WW phase shift §;;. The power of
this method derives from the fact that the entire energy of the eTe™ collider is
transferred to the WW system [while a major fraction of the energy is lost in
the fragmentation of e —» vW if the WW scattering is studied in the process
ee = ywWW]. Detailed simulations (82] have shown that this process is sensitive
to vector-boson masses up to about My < 6 TeV in technicolor-type theories.
More elaborate scenarios have been analyzed in Ref.[83)].

5 Summary

The mechanism of electroweak symmetry breaking can be established in the
present or the next generation of pp/pp and eTe™ colliders:

* Whether a light fundamental Higgs boson does exist;

* And the profile of the particle can be reconstructed, which reveals the phys-
ical nature of the underlying mechanism of electroweak symmetry breaking:

* Analyses of strong WW scattering can be performed if the symmetry break-
ing is of dynamical nature and generated in a novel strong interaction theory.

Moreover, depending on the ultimate experimental answer to these questions,
the electroweak sector will provide the platform for extrapolations into physical
areas beyond the Standard Model: either to low-energy supersyminetry sector

or, alternatively, to a new strong interaction theory at a characteristic scale of
order 1 TeV.
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Abstract. These four lectures are meant as an elementary introduction to the physics
of realistic supersymmetric models. In the first lecture, after reviewing the motivations
for low-energy supersymmetry and the recipe for the construction of supersymmet-
ric lagrangians, we introduce the Minimal Supersymmetric extension of the Standard
Model, and comment on possible alternatives. In the second lecture, we discuss what
can be learnt by looking at such model as the low-energy limit of some unified theory,
with emphasis at the implications of its renormalization group equations and at the
possibility of a supersymmetric Grand Unification. The third lecture is devoted to the
problem of supersymmetry breaking: we review some general features of the sponta-
neous breaking of global and local supersymmetry, and we compare the supergravity
models with heavy and light gravitino. In the fourth lecture, we conclude with an
overview of supersymmetric phenomenology: indirect effects of supersymmetric parti-
cles in electroweak precision tests and in flavour physics, as well as direct searches for
the superpartners of ordinary particles.

1 Introduction

This lecture reviews the motivations for low-energy supersymmetry and the con-
struction of supersymmetric lagrangians, and introduces the Minimal Supersym-
metric Standard Model (MSSM). The starting point is the observation that the
Standard Model (SM) of strong and electroweak interactions should be regarded
as an effective low-energy theory, rather than as a fundamental theory. This leads
to the naturalness problem of the SM, with its possible solutions: a conspiracy
between high-energy and low-energy physics, to be understood only in the ‘the-
ory of everything’, or a modification of the SM near the electroweak scale, such as
‘technicolor’ or ‘low-energy supersymmetry’ in some suitable realization. Other
motivations for supersymmetry, of more theoretical nature and less directly re-
lated (for the moment) to experimentally accessible physics are also recalled.
Some basic notions of supersymmetry are then introduced, to end up with the
rules for the construction of renormalizable N = 1 supersymmetric lagrangians
in four dimensions, and an illustration of how the non-renormalization theorems
of supersymmetry can help with the naturalness problem. As a physically rele-
vant application of the previous rules, the MSSM is explicitly constructed. The
following features of the model are discussed in some detail: the réle of soft su-
persymmetry breaking, the breaking of the SU(2) x U(1l) gauge symmetry at
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the classical level, the particle spectrum and interactions, the free parameters.
In conclusion, some non-minimal variations on the MSSM are briefly mentioned.

1.1 Motivations for Low-Energy Supersymmetry

Preamble. It is quite obvious that the SM must be extended. Among the ‘hard’
arguments supporting the previous statement, the strongest one is the fact that
the SM does not include a quantum theory of gravitational interactions. Immedi-
ately after comes the fact that some of the SM couplings are not asymptotically
free, making it almost surely inconsistent as a formal Quantum Field Theory.
We can add to the above the usual ‘soft’ argument that the SM has about 20
arbitrary parameters, which may seem too many for a fundamental theory.

This does not give us direct information on the form of the required SM
extensions, but brings along an important conceptual implication: the SM should
be seen as an effective field theory [1], valid up to some physical cut-off scale
A. Assuming that the SM correctly identifies the degrees of freedom at the
electroweak scale (this may not be true, for example, in the case of the SM
Higgs field), the basic rule of the game is to write down the most general local
Lagrangian compatible with the SM symmetries [i.e. the SU(3) x SU(2) x U(1)
gauge symmetry and the Poincaré symmetry], scaling all dimensionful couplings
by appropriate powers of A. The resulting dimensionless coefficients are then to
be interpreted as parameters, which can be either fitted to experimental data or
(if one is able to do so) theoretically determined from the fundamental theory
replacing the SM at the scale A. Very schematically (and omitting all coefficients
and indices, as well as many theoretical subtleties):

['eff = At + A?¢?
+ (D®) + U PY + F? + TP + H
Ve TIIw )
+ —T + yE +...,
where ¥ stands for the generic quark or lepton field, ¢ for the SM Higgs field,
F for the field strength of the SM gauge fields, and D for the gauge-covariant
derivative. The first line of (1) contains two operators carrving positive powers
of A, a cosmological constant term, proportional to A%, and a scalar mass term,
proportional to A%, Barring for the moment the discussion of the cosmologi-
cal constant term, which becomes relevant only when the model is coupled to
gravity, it is important to observe that no quantum SM symmetry is recovered
by setting to zero the coeflicient of the scalar mass term. On the contrary, the
SM gauge invariance forbids fermion mass terms of the form A¥¥. The second
line of (1) contains operators with no power-like dependence on A, but only
a milder, logarithmic dependence, due to infrared renormalization effects be-
tween the cut-off scale A and the electroweak scale. The operators of dimension

d < 4 exhibit two remarkable properties: all those allowed by the symmetries
are actually present in the SM; both baryon number and the individual lepton
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numbers are automatically conserved. The third line of (1) is the starting point
of an expansion in inverse powers of A, containing infinitely many terms. For
energies and field VEVs much smaller than A, the effects of these operators are
suppressed, and the physically most interesting ones are those that violate some
accidental symmetries of the d < 4 operators. For example, a d = 3 operator of
the form ¥ &P can generate a lepton-number-violating Majorana neutrino mass
of order G;l /A (where G;l/ % ~ 300 GeV is the Fermi scale), as in the see-saw
mechanism; some of the d = 6 four-fermion operators can be associated with
flavour-changing neutral currents (FCNC) or with baryon- and lepton-number-
violating processes such as proton decay.

At this point, a question naturally emerges: where is the cut-off scale A, at
which the expansion of (1) loses validity and the SM must be replaced by a more
fundamental theory? Two extreme but plausible answers can be given:

(I) A is not much below the Planck scale, Mp = G;,-l/z/\/&r ~ 2.4 x 10'® GeV,
as roughly suggested by the measured strength of the fundamental interac-
tions, including the gravitational ones.

(ITI) A is not much above the Fermi scale, as suggested by the idea that new
physics must be associated with electroweak symmetry breaking.

In the absence of an explicit realization at a fundamental level, each of the
above answers can be heavily criticized. The criticism of (I) has to do with the
existence of the ‘quadratically divergent’ scalar mass operator, which becomes
more and more ‘unnatural’ as A increases above the electroweak scale [2]. On
general theoretical grounds, we would expect for such operator a coefficient of
order 1, but experimentally we need a strongly suppressed coefficient, of order
G;l /A%. However, after taking into account quantum corrections, this coefficient
can be conceptually decomposed into the sum of two separate contributions,
controlled by the physics below and above the cut-off scale, respectively. Answer
(I) would then require a subtle (malicious?) conspiracy between low-energy and
high-energy physics, ensuring the desired fine-tuning. The criticism of (II) has
to do instead with the d > 4 operators: in order to sufficiently suppress the
coefficients of the dangerous operators associated with proton decay, FCNC, etc.,
the new physics at the cut-off scale A must have quite non-trivial properties! As
we shall see, this is a potential problem also for the supersymmetric models
discussed in the present lectures.

At the moment, answer (I) is not very popular in the physics community,
since we do not have the slightest idea on how the required conspiracy could
possibly work at the fundamental level. Answer (II), instead, gives rise to a
well-known conceptual bifurcation:

(I1a) In the description of electroweak symmetry breaking, the elementary SM
Higgs scalar is replaced by some fermion condensate, induced by a new
strong interaction near the Fermi scale. This includes old and more recent
variants of the so-called technicolor models [3] (‘extended’, ‘walking’, ‘non-
commuting’, ... ). The stringent phenomenological constraints on technicolor
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models coming from electroweak precision data will be mentioned later. On
the theoretical side, technicolor remains quite an appealing idea, still waiting
for a satisfactory and calculable model. The lack of substantial theoretical
progress in this field, however, may be due to the technical difficulties of
dealing with intrinsically non-perturbative phenomena.

(IIb) The SM is embedded in a model with softly broken global supersymmetry,
and supersymmetry-breaking mass splittings between the SM particles and
their superpartners are of the order of the electroweak scale. This approach,
generically denoted as low-energy supersymmetry, ensures the absence of
field-dependent quadratic divergences, and makes it ‘technically’ natural that
there exists scalar masses much smaller than the cut-off scale. Moreover, a
minimal and calculable model is naturally singled out, the MSSM. This is
the approach that will be followed in the rest of these lectures.

A more concrete look at the naturalness problem. To understand better
the motivations for low-energy supersymmetry, already outlined in the previous
paragraph, we take now a more concrete look at the naturalness problem. Such
problem arises whenever we insist, as in the SM, on the presence of an elemen-
tary Higgs field in the lagrangian to describe the breaking of the electroweak
symmetry, and we want to extrapolate the model to a scale A much larger than
the Fermi scale. The tree-level potential of the SM is characterized by a mass
parameter u? and by a dimensionless quartic coupling A. One combination of
these two parameters, essentially 2/, is fixed by fitting the VEV v of the SM
Higgs field to the measured value of the Fermi constant, defining the scale of
electroweak symmetry breaking. The squared mass m?% of the physical Higgs
particle, proportional to p?, or, equivalently, to Av?, is instead a free parameter
of the SM. While the lower bound on the Higgs mass comes from experiment
(mpg R 85 GeV at the time of this writing), arguments based on perturbative
unitarity and triviality suggest that self-consistency of the SM is broken unless

my < O(1 TeV). (2)

This is hard to reconcile, from the effective field theory point of view, with the
fact that, already at one-loop, there are quadratically divergent contributions to
the Higgs boson mass, as can be checked by performing an explicit calculation
with a naive cut-off regularization in momentum space. The question then arises:
how can the Higgs boson mass be of the order of the electroweak scale and not
of the order of the physical ultraviolet cutoff of the theory?

The problem outlined above is generic for theories containing elementary
spin-0 fields. For example, consider a model with a complex spin-0 field of mass
mp and a two-component fermion of mass mp, with a Yukawa coupling A
and a quartic scalar coupling Ap. The one-loop corrections to the boson mass
include two quadratically divergent contributions of opposite sign, one involving
a fermion loop and controlled by the Yukawa coupling Ar, the other one involving
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a scalar loop and controlled by the four-point coupling Ag, and have the form
6m%oc(/\3—/\i~)/12+..., (3)

where A is the ultraviolet cutoff, the minus sign comes from the fermion loop,
and the dots stand for less divergent terms. The situation is radically different in
the case of the loop corrections to the fermion mass, the latter being protected
by a chiral symmetry in the limit mg — 0. The one-loop diagram correcting the
fermion mass is logarithmically divergent and proportional to the fermion mass,
giving

dmp )\}m;: . (4)

Therefore, the fermion mass can be naturally small. In the case of the scalar
mass, what we need to make it naturally small is a symmetry relating bosons and
fermions, and enforcing the vanishing of the coefficient of A2 in (3), not only at
one loop but also at higher orders: the only known candidate is supersymmetry.

Other motivations for supersymmetry. Before starting the discussion of
low-energy supersymmetry, it is appropriate to recall that there are other theo-
retical motivations to consider supersymmetry:

~ it is the most general symmetry of the S-matrix consistent with a non-trivial
relativistic quantum field theory [4];

~ it is an interesting laboratory for the analytical study of the non-perturbative
regime of non-trivial four-dimensional quantum field theories [5];

~ it seems to play an important role for the consistency of superstrings [6],
candidate unified theories of all interactions, including the gravitational ones.

However, only the naturalness problem requires the existence of supersymmetric
particles with masses within the TeV scale, making low-energy supersymmetry
testable at present and forthcoming colliders, and a suitable subject for a School
entitled ‘Computing Particle Properties’.

1.2 Construction of Supersymmetric Lagrangians

The formulation and the perturbative properties of supersymmetric field theo-
ries are described in many excellent textbooks and reviews (see, e.g., refs. [7-
11}). This section summarizes, in a non-technical way, the main ingredients that
play a role in the construction of supersymmetric extensions of the SM at the
electroweak scale. The non-expert reader is urged to consult the pedagogical
literature on this subject for a systematic and self-contained presentation. Con-
cerning the notation, we shall use rather freely either two-component spinors in
the conventions of 7] or four-component spinors in the conventions of [12].



232 Fabio Zwirner

Supersymmetry algebra and superfields. Supersymmetric field theories
[13] are based on the supersymmetry algebra [14], a graded extension of the
Poincaré algebra, obtained from the latter by adding some generators of fermionic
character, obeying anti-commutation relations. We limit ourselves here to the
case of simple (N = 1) supersymmetry in d = 4 space-time dimensions. Most
realistic models are based on this case, which allows for matter fields transform-
ing in chiral representations of the gauge group. Realistic models with extended
(N > 1) supersymmetry are more difficult to construct and will not be discussed
here, even if their special field-theoretical properties may justify dedicated in-
vestigations. The basic anti-commutation relations of the N = 1 supersymmetry
algebra are, in two-component notation:

{Qu,Qs} =204, {Qu,Qa} = {0405} =0. (5)

The supersymmetry generators @ and @Q have spin-1/2, as could be seen by
looking at their commutation relations with the generators M, of angular mo-
mentum. Also, they commute both with the generators P, of space-time trans-
lations and with the generators T of possible (global and/or local) internal
symmetries. This implies that particles sitting in the same irreducible repre-
sentations of supersymmetry have spins differing by 1/2, but the same internal
quantum numbers and, as long as supersymmetry is unbroken, the same mass.

The most convenient way to classify the representations of supersymmetry
and to construct actions invariant under supersymmetry is to make use of su-
perfields. The superspace is defined via the generalized coordinate z = (2,6,6).
where z are the usual space-time coordinates, and 8 and § are two-component
anti-commuting coordinates. A superfield is a function in superspace, and can
be expanded in ordinary fields as follows

®(2) = f(z) + 0x(2) + x(z) + 80m(z) + 69n(z)

+ 80#Bu,(z) + 000X(z) + 806y () + 0066d(z) . (©)

To obtain irreducible linear representations of supersymmetry, suitable con-
straints must be imposed on the generic superfield. The two types of supermul-
tiplets used in the construction of globally supersymmetric extensions of the SM
are the chiral and the vector superfields. In a convenient basis for the superspace
coordinates, chiral superfields have the following simple power expansion:

$(z,8) = p(z) + V26i(a) + 06F (2) , (7)

where ¢ is a complex spin-0 field, ¢ a left-handed two-component spinor and
F a complex scalar, corresponding to an auxiliary non-propagating field. In the
Wess-Zumino gauge, vector superfields can be expanded as

V(z,8,8) = —00*8V,(z) + i900X(x) — 860X (z) + %995@(.@), (8)

where V), is a real spin-1 field, A and X are two-component spinors of opposite
chiralities, and D is a real scalar auxiliary field. From the vector superfield we
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can construct the supersymmetric generalization of the gauge field strength, a
chiral superfield given by

Wa = —ida + 84D ~ %(a#ave)am + 690" DX 9)

Renormalizable lagrangians with N = 1 global supersymmetry. With
the previous superfields, we can easily construct the most general supersymmet-
ric, gauge invariant, renormalizable lagrangian. In the case of a simple gauge
group G, to which we associate the vector superfields V = V°T* (where T'* are
the hermitian generators of G) and the gauge coupling constant g, the result is:

/d29d2§q’)"egv¢+ (/ d*0w(o) +h.c.> + % (/ d*6 WW+h.c.> . (10)

In the above equation, w(¢) is a gauge-invariant polynomial of degree three in
the chiral superfields ¢, called superpotential. Working with four-component
Majorana spinors, and eliminating the auxiliary fields via their algebraic equa-
tions of motion, we obtain:

1 i—a - ,
Lsysy = _ZF;ZVFWG + 5)‘ YD A" + (DMQP)I‘(DMP)I + §¢'ﬂuDuW

. — va/ma. \i 1 62 —_—i
+ [Z\/ig’(/),)\ (T (,0) +hC] — 5 [a(pi;;jwc wf —+—h.C.] - V((p,(’oT)’ (11)

where the scalar potential reads

Ve rrFiy Cpepe = ow | N OYE SAPIG (12
=P+ -;a@i +za:3(%( Y5970 > 0. )
Notice how supersymmetry brings along a unification of couplings. In ordi-

nary theories, such as the SM, one may introduce three different types of dimen-
sionless couplings: gauge couplings, Yukawa couplings and quartic scalar cou-
plings. Supersymmetric theories allow only for two different types of couplings,
gauge couplings and superpotential couplings, and the dimensionless couplings
appearing in the scalar potential are related to these.

How supersymmetry may solve the naturalness problem. One of the
main features of supersymmetric theories is their milder ultraviolet behaviour,
summarized by the so-called ‘non-renormalization theorems’ {15]. For example,
there is no independent renormalization of the superpotential parameters at any
finite order in perturbation theory. A related property is the absence of field-
dependent quadratic divergences, as long as there are no anomalous U (1) factors
in the gauge group. We shall now use this property to give an intuitive expla-
nation of how supersymmetry may help [16] in the solution of the naturalness
problem of the SM.
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Another way of looking at the naturalness problem of the SM is to con-
sider its one-loop effective potential, which contains a quadratically divergent
contribution proportional to

Str M2(p) = 3 _(=1)* (2J; + Dmi(9), (13)

1

where the sum is over the various field-dependent mass eigenvalues m? (), with
weights accounting for the number of degrees of freedom and the statistics of
particles of different spin J;. In the SM, Str M? depends on the Higgs field,
and induces a quadratically divergent contribution to the Higgs squared mass,
already identified as the source of the naturalness problem. A possible solution
of the problem may be provided by N = 1 global supersymmetry. For unbro-
ken N = 1 global supersymmetry, Str M? is identically vanishing, due to the
fermion-boson degeneracy within supersymmetric multiplets. The vanishing of
Str M? persists if global supersymmetry is spontaneously broken and there are
no anomalous U(1) factors [17]. Indeed, to solve the naturalness problem of the
SM one could allow for harmless, field-independent quadratically divergent con-
tribution to the effective potential: this is actually used to classify the so-called
soft supersymmetry-breaking terms [18], to be discussed later. With typical mass
splittings Am within the MSSM supermultiplets, the field-dependent logarithmic
divergences in the effective action induce corrections to the Higgs mass param-
eter which are at most O(Am?): the hierarchy is then stable if Am <1 TeV.

1.3 The MSSM

We shall now describe the two basic building blocks of the MSSM lagrangian
(for reviews, see e.g. refs. [12,19]).

Supersymmetric part of the lagrangian. We are now ready to identify
the minimal renormalizable lagrangian with global N = 1 supersymmetry that
extends the SM one [20].

If we keep G = SU(3)¢ x SU(2)r x U(l)y as the gauge group, the spin-1
fields of the SM are just replaced by vector superfields. The theory contains then
some new spin-% Majorana particles, called ‘gauginos’: the SU(3) ‘gluinos’ g, the
SU(2) ‘winos’ W, and the U(1) ‘bino’ B.

Similarly, the spin-% matter fields of the SM are replaced by the correspond-
ing chiral superfields, including, as new degrees of freedom, a complex spin-0
field for each quark or lepton chirality state: the ‘squarks’ §r = (ur dr)7T, ig,
dg and the ‘sleptons’ I, = (i, €1)7, ég, in three generations as their fermionic
superpartners. Remembering that chiral superfields contain left-handed spinors,
for each generation we shall introduce the superfields @, L, U¢, D¢ and E°,
whose fermionic components are qr, Iz, (u€);, = (ur)®, (d°)r = (dg)° and
(e°)r = (er)®, respectively, where the superscript ¢ denotes charge conjugation.
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Finally, we must introduce additional multiplets containing the spin-0 degrees
of freedom necessary for the Higgs mechanism. To give masses to all quarks and
leptons, to cancel gauge anomalies and to avoid a massless fermion of charge +1,
we must introduce at least two Higgs doublet chiral supermultiplets

H} H
H, = (Hf) ~(1,2,-1/2), H,= (HS) ~(1,2,4+1/2). (14
They contain, in addition to the spin-0 fields (HY, H; ) and (H; , HY), denoted
here with the same symbols of the corresponding superfields without any risk of
confusion, also the associated spinor fields (HY, H;") and (H;", HY). the so-called
‘higgsinos’.
With the chiral superfields introduced above, the most general gauge invari-
ant and renormalizable superpotential is

w=hYQU Hy + hPQD°H, + h*LE°H, + uH; H>
+ AQD°L + NLLE® + 1'LH> (15)
+ AIIUCDCDC .

In the previous formula, generation indices are understood, but we should keep
in mind that the couplings ', (RY, P, h¥) and (A, X', \") are tensors with one,
two and three generation indices, respectively. The first line of (15) contains only
terms which conserve the total baryon and lepton numbers, B and L, whereas
the terms in the second line obey the selection rule AB = ,|AL| = 1, and the
ones in the third line AL = 0,|AB| = 1. The simultaneous presence of the terms
in the second and in the third line would be phenomenologically unacceptable:
for example, there could be superfast proton decay mediated by the exchange of
a squark.

The usual way out from this phenomenological embarrassment is the assump-
tion of a discrete, multiplicative symmetry called R-parity, defined as

R= (_1)2S+3B+L , (16)

where S is the spin quantum number. In practice, the R-parity assignments are
R = +1 for all ordinary particles (quarks, leptons, gauge and Higgs bosons),
R = -1 for their supersymmetric partners (squarks, sleptons, gauginos and
higgsinos).

Soft supersymmetry-breaking terms. The choice of the gauge group and
of the chiral superfield content, and the requirement of an exact R-parity, are
enough to specify the form of the globally supersymmetric lagrangian Lsysy
which extends the SM one. However, this cannot be the whole story: we know
that supersymmetry is broken in Nature, since we do not observe, for example,
scalar partners of the electron degenerate in mass with it.

The problem of supersymmetry breaking will be discussed at length in the
third lecture. To parametrize the phenomenology at the electroweak scale, the
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MSSM Lagrangian is obtained [21] by adding to Lsusy a collection LsorT of
explicit but soft supersymmetry-breaking terms, which preserve the good ultra-
violet properties of supersymmetric theories. In general, Lsopr contains [18]
mass terms for scalar fields and gauginos, as well as a restricted set of scalar
interaction terms proportional to the corresponding superpotential couplings

—Lsorr = X, M2l + 130, MaX M + (U AVQUEH,

17
+ hPAPQDH, + hFAELEH, + m3H H> +h.c.). 1)
where ¢ (i = Hy, Hy,Q,Uc, D¢ L, E) denotes the generic spin-0 field, and
Aa (A = 1,2,3) the generic gaugino field. Observe that, since 4Y, AP and A%
are matrices in generation space, the most general form of Lsopr contains in
principle a huge number of free parameters. Moreover, as will be discussed in
the fourth lecture, for generic values of these parameters there can be serious
phenomenological problems with flavour-changing neutral currents and with new
sources of CP-violation. For now, we shall ignore intergenerational mixing.

1.4 The MSSM Spectrum

Tree-level potential and SU(2) x U(1) breaking. The tree-level scalar
potential associated with the MSSM Lagrangian,

Lyssu = Lsusy + LSOFT , (18)

is a function of all the spin-0 fields of the model. To discuss SU(2)r x U(1)y
gauge symmetry breaking, it is usually assumed that all squark and slepton fields
have vanishing VEVs, and the attention is restricted to the Higgs potential:

Vo = m? |Hy > +m2|Ha|* + m2 (H1H, + h.c)

2 2 2 2 (19)
g s g g 2 2
+ ? (H;f o Hy —}—H;{ o H1> + *—8 (|Hgl - |H1| ) ;
where
m% = u2 + m%l, mg = u2 + mgﬁ, (20)

and, thanks to the possibility of redefining the phases of the Higgs superfields,
it is not restrictive to assume that m3 < 0, so that the potential is minimized
for

<H]_> = <’L(’)1> s <H2> poeny ( O ) 5 vy, V2 € R+. (21)
U2
For the potential to be bounded from below, we have to require that
S =m? +mi - 2imi| > 0. (22)

In order to get non-vanishing VEVs at the minimum, we must destabilize the
origin in field space:
B=mim;—mj <0 (23)
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To minimize the potential, it is convenient to use the auxiliary variables

U.
v =vi 402, tanf= =, (24)
01

50 that the minimization conditions assume the simple form
—2m} ) 4 m}-mitanf

sin2f = ————, v = :
g m? +m3 g2 +g? tan?3 -1

(25)

With these expressions in our hands, we are now ready to study the MSSM
spectrum.

MSSM spectrum: R-even sector. The R-even sector of the MSSM contains,
to begin with, all the spin-1 and spin-% particles of the SM. The only difference
is the fact that the mass terms for gauge bosons and fermions are now originated
by two independent VEVs. For example, the tree-level expressions for the W and
Z masses are

2 2, 2
g°+
miy = 20} +03),  my =" + o). (26)
Quarks of charge @ = 2/3 have tree-level masses proportional to v2, quarks
of charge Q@ = —1/3 and charged leptons have tree-level masses proportional

to v;. Neglecting for the moment intergenerational mixing. and considering for
example the third generation,

2 _ 42,2 2 _ 322 2 _ 32,2 -
my = hivy, my =hpvy,  mp = hovt, (27)

where (hy, he, h,) are dimensionless Yukawa couplings.

A non-trivial structure arises in the Higgs boson sector, where we have, to
begin with, two complex doublets, H; and H,, amounting to eight real degrees
of freedom. After shifting the fields according to

Sy +1iP; HT
v+ 2
H]_ = \/§ , H2: " Sl‘+"LP1 R (28)
Hy 2T
and after decoupling the three unphysical Goldstone bosons, G® = —cos 8P; +

sin 3P, Gt = —cosB(H; )" +sinHY, G~ = (G*)*, we are left with five
physical degrees of freedom. Two of them correspond to a charged (complex)
field,

Ht =sinB(H)* +cos B(HY), H™ =(H*'), (29)
with tree-level mass
mie = miy +mi, (30)

where

. 1
m? = —-m} (tanﬁ + - 5) . (31)
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The remaining degrees of freedom correspond to three neutral states. One of
them is CP-odd,

A® =sin 8P, + cos 3P, (32)

with mass mi as in (31). The other two are CP-even, and the corresponding

mass eigenstates and eigenvalues are obtained diagonalizing the mass matrix for
S1 and Ss:

m% cos® B +m? sin® 3 ~(m?% +m%)sin Bcos 8

ME = : (33)

—(m% +m%)sinfBcos 3 m%sin® 3+ m? cos? 3

The explicit expression for the mass eigenvalues is trivially obtained,

1 . ;
MhH = 5 [(mi +m%) F \/(mf4 +m%)? — 4m%m?% cos? 23] . (34)

and the corresponding mass eigenstates read, in order of increasing mass,
h = —sinaS; + cosaSy, H =cosaS; +sinaS;, (35)

where the mixing angle ¢ is conventionally chosen such that -3<a<0 and is
given by

2 2 2 2
my — . +m

cos2a = —cos 23 (——Q—"%) , sin2a = —sin28 <m9L———f%> . (36)
my —m? mi —m’

It is important to notice the tree-level mass relations

My = miy +mh, (37)
mi + m¥y =mp +m}, (38)

which imply
mygt > mw, myg>mz, Ma>mp, my<mz|cos23 <mgz. (39)

It is also important to realize that, at tree-level, all Higgs masses and couplings
can be expressed in terms of two parameters only: for example, we can choose
as independent parameters (m 4,tan 3), or (my,tan 3), or (mn,m4). Some more
details on the phenomenology of the MSSM Higgs sector will be given in the
fourth lecture.
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MSSM spectrum: R-odd sector. We now review the spectrum of the R-odd
sector of the MSSM.

The spin-0 s-particles are the superpartners of the ordinary quarks and lep-
tons. Even neglecting inter-generational mixing, there is another kind of mixing
that has to be taken into account. Barring the case of sneutrinos, for which
the corresponding fermion is purely left-handed, the spin-0 partners of left- and
right-handed quark and leptons can in general mix, and their mixing is described
by 2 x 2 matrices of the form

m2 2
fur  frr
M§-= . (f=eu,d), (40)
2 m2
fur  frR
where ) ) R )
ms o= mf-L(soft) +ms (D —term) + m%,
(41)
2 _ .2 2 _ 2
my = mf-R(soft) +mfR(D term) + my,
m?; _ myg(As +putans) f=ep,7,ds,b (42)
LR mg(Af +pcotf)  f=u,ct
and the D-term contribution is given by
m?(D — term) = m% cos 28(Ts, — sin® O Q). (43)

In general, therefore, one expects the interaction eigenstates, ( fr, fr), to differ
from the mass eigenstates, (fi, fz) in order of increasing mass. However, the
amount of L-R mixing is proportional to the mass of the corresponding fermion,
and is usually negligible for the first two generations.

Among the spin-% sparticles, we find the strongly interacting gluinos, g, which
do not mix with other states and whose mass is an independent parameter of
LsoFrT-

The weakly interacting spin-% sparticles are two charged and four neutral
gaugino-Higgsino mixtures, usually called “charginos” and “neutralinos”, respec-
tively.

The two chargino mass eigenstates, (Xi, X% ) in order of increasing mass, are
superpositions of winos W and Higgsinos flfl, and their mixing is described
by the mass Lagrangian:

Wt

L s g - 0 MIN | H

CHA _ _ 2 + 17+ — f7— bot 1y
Hy

where the 2 x 2 mass matrix M is given by

M, V2mu sin 3
V2mw cos B 7 ’
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and is diagonalized by the bi-unitary transformation
m.x O
* t = X1 6
U*McV ( 0 m s ) . (46)

Similarly, the mixing between the four neutralino states is described by the mass
lagrangian

- \NT -
LNEU _ —% (7°) My +hc., (47)

~A\T -~ ~ N
where (!70) = (B, Wa, HY ,Hg) and the 4 x 4 neutralino mass matrix reads
(cg =cosf, sg =sin B3, cw = cosfw, sw = sinfw)

My 0 —MzCa8Ww MZS3sw
_ 0 M2 mzcagCw —Mz8S3Cw
MN d \ ’ (48)
—mzcgsw MmzcCaCw 0 — K
mzSgSw —MzsgCw —H 0

and is diagonalized by the unitary transformation

Summarizing, the masses and couplings of the two charginos and of the four
neutralinos are characterized by four parameters: the gaugino masses M; and
M; (which will be related in the following section), the superpotential Higgs mass
¢ and tan 3. It should be noted that the lightest neutralino mass eigenstate, 2,
is the favourite candidate for being the Lightest Supersymmetric Particle (LSP)
in the MSSM spectrum. An alternative candidate is the sneutrino o, but it is
actually the LSP of the MSSM for a much smaller range of parameter space. In
general, the lightest neutralino turns out to be a mixture of the four interaction
eigenstates R : }

%3 = Nu1B + N1oWs + NizHY + NigH) (59)

The case of a pure photino, x? = ¥, which was assumed for simplicity in some
old phenomenological analyses, would correspond to the special combination
(N11, N12, N13, N14) = (sinfw,cosbw,0,0), but there is no theoretical reason
to prefer it.

1.5 Non-minimal Alternatives to the MSSM

The assumptions defining the MSSM are plausible but not compulsory. Relaxing
them leads to non-minimal supersymmetric extensions of the SM, which typically
increase the number of free parameters without (at present) a corresponding
increase of physical motivation. We mention here two popular options.

The simplest non-minimal model [22] is constructed by adding to the MSSM
a gauge-singlet Higgs superfield N, and by requiring purely trilinear superpoten-
tial couplings. Folklore arguments in favour of this model are that it avoids an
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explicit supersymmetric mass parameter y ~ G;l/ ? and that the homogeneity
properties of its superpotential recall the structure of the simplest superstring
effective theories. These statements, however, are not based on solid theoretical
ground, and counterarguments exist.

In the formulation of the MSSM, the assumption of exact R-parity is of
crucial importance, since relaxing it can drastically modify the phenomenological
signatures. In fact, by imposing discrete symmetries weaker than R-parity we
can allow for some of the terms in the last two lines of (15), and therefore
for explicit R-parity breaking, in a phenomenologically acceptable way [23] (for
a recent review on the phenomenology of explicit R-parity breaking, see e.g.
Ref. [24]). Another possibility [25] is that R-parity is spontaneously broken by
the VEV of a sneutrino field, but it is by now experimentally ruled out by LEP
data if we stick to the MSSM field content.

2 The MSSM as a Low-Energy Effective Theory

This lecture explains how we can extract further information on the MSSM by
assuming that the latter is, in turn, the low-energy remnant of some unified the-
ory, naturally defined at a very high-energy scale such as the grand-unification
scale or the Planck scale. The structure of the Renormalization Group Equa-
tions (RGEs) for the MSSM parameters is explained, with emphasis on their
infrared properties and on the possibility of SU(2) x U(1) breaking via quantum
corrections. Supersymmetric grand-unified theories are then introduced and con-
fronted with non-supersymmetric ones, with a discussion of the novel possibilities
for proton decay and for the prediction of the low-energy coupling constants. We
also comment on the complete unification of couplings in superstring theories.

2.1 MSSM RGE and Implications

We begin this section with an important observation, which anticipates some
material of the third lecture. The range of validity of the MSSM depends on the
microscopic scale Ag of supersymmetry breaking, which is defined in terms of the
vacuum expectation values of some auxiliary fields, and should not be confused
with the scale Am of the supersymmetry-breaking masses for the MSSM parti-
cles. If AL ~ Am M, where M is the scale of supersymmetric grand unification
or even the Planck scale, then we can extrapolate the MSSM up to the scale Af.
This is the case, for example, of the so-called hidden-sector supergravity models.
In the rest of this lecture, such an assumption will be always understood, but we
should (and will) keep in mind that there may be cases in which it is not valid.

We shall also assume that, at the very large scale M, we can assign universal
boundary conditions on the soft terms, in the form of a universal scalar mass
(md), a universal gaugino mass (m; /2), and a universal cubic scalar coupling
{Ao), all of the order of the electroweak scale. Then the values of the MSSM
parameters at the electroweak scale are strongly correlated by the corresponding
RGEs, whose main features and implications will be discussed in the following.
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Before discussing the RGEs of the MSSM, we spell out in more detail the
assumptions on the boundary conditions. For definiteness, we identify here the
scale M with the grand-unification scale My ~ 2 x 10'® GeV. We then assume
that, in first approximation, at the scale M the running gauge coupling constants
obey the relations:

93(M) = g2(M) = g (M) = g, (51)

where g3 = g, g2 = ¢ and for the U(1)y factor we use the conveniently normal-
ized coupling g1 = 1/5/3¢’. Similarly, we assume for the gaugino masses

M3(M) = Ma(M) = Mi(M)=my ), (52)
for the soft supersymmetry breaking scalar masses

M3 (M) = . (M) = m2. (M) = m3 (M)

. 33
= mpe(M) =m}, (M) =my (M) =md, (53)

and for the soft supersymmetry-breaking scalar couplings
AV (M) = AP(M) = AP (M) = 4. (54)

We stress that, while (51) and (52) can be justified in models of supersymmetric
grand unification, the universal structure in generation space of (53) and (54)
requires a deeper justification in the underlying theory of spontaneous supersym-
metry breaking. Counting also the supersymmetric Higgs mass u(M) = po and
the supersymmetry-breaking Higgs mixing term m3(M) = (m2)p, in addition to
the gauge and Yukawa couplings we have in the MSSM five more parameters

Mo ml/‘Z s m% s AAO 3 (mg)o ) (55)

which control the low-energy effective Lagrangian (18).

Gauge couplings and gaugino masses. Putting t = log Q, where Q is the
renormalization scale in some mass-independent renormalization scheme, the
one-loop RGEs for the gauge coupling read [26]

9% . ba_ s
dt  gredA

and, assuming the boundary conditions (51) and the absence of new physics
thresholds between M and the scale Q <« M, they are trivially solved by
1 1 by My

— + =5 10, .
AQ) ¢& e 8

The one-loop beta function coefficients are given by the general formula by =
T(Ra) —3C(G 4), and those appropriate to the MSSM are easily computed [27)

by=—3, b1, b =S8 (58)

bl

(4=1,2,3), (56)

(37
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A more detailed phenomenological discussion of the constraints on the low-
energy gauge-couplings will be given in the next subsection, after introducing
the concept of supersymmetric grand unification.

For the gaugino masses, similar equations hold:

dMy bA

=4 4=1. , 50
praalree; gaAMs, (4=1,2,3) (59)
and they are also immediately solved with the boundary conditions (52}, to give
2
Q) = A . (60)
9U

Numerically, this corresponds to Ms ~ 3my /o, M2 ~ 0.85my 2, My ~ 0.25m1 2,
with possible corrections due to higher-loops and threshold effects.

Yukawa couplings. Neglecting intergenerational mixing, the one-loop RGEs
for the third-generation Yukawa couplings read [28]

dhe he [ 8, 3, 13

"&tlzsﬁ<_§g§_§9§ 189 Tt h2> oy
727“8?(_5 9= 5%~ g9 +3 h +3h”+2 ) (62)
dhr  he [ 3, 3, 3., 1,

L A (R S QN T I 63
at 87r2( 392~ 39" + 3k +3he ) (63)

A close look at the above RGEs, combined with the experimental knowledge of
the top and bottom quark masses, can give us important informations.

Consider first the simple case of tan 3 << m¢/ms. In first approximation, we
can neglect the effects of the (g,¢') gauge couplings and of the (hs, h,) Yukawa
couplings on the running of the top Yukawa coupling, h;. Then we can imme-
diately realize that the RGE for the top Yukawa coupling, eq. (61), admits an
effective infrared fixed point [29], smaller than in the SM case [30]. Whatever
high value one assigns to the top Yukawa coupling at the large scale M, the
top Yukawa coupling at the electroweak scale never exceeds a certain maximum
value, a"®® ~ (8/9)as, where o, = h?/(4n) and ag = g3/(47). Remembering
the tree-level formula for m;, this suggests the lower bound

tanf =2 2. (64)

However, a precise bound can be established only after the inclusion of the
possibly sizeable radiative corrections associated with threshold effects, both at
the unification scale and at the electroweak scale [31], combined with two-loop
RGEs. As a result, values of tan 3 as low as 1.6 may still be acceptable. The
bounds of course evaporate if we allow for the possible existence of new physics
thresholds between the electroweak and the grand-unification scales.
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This infrared structure becomes even more interesting if we include the effects
of the bottom-quark Yukawa coupling, so that also large values of tan 3 can be
considered. In this case, the top and bottom Yukawa couplings admit an effective
infrared fixed curve, approximately described by (32]

o +op S %as flag, as), (65)

where f is a hypergeometric function bounded by 1 < f < 12/7. This translates
into the approximate bound
m? + m;

sin?3  cos? 3
It is remarkable that, for a large range of tan 3 values between 1 and m, /m,, this
bound is respected but almost saturated: several theoretical papers have been
written to suggest possible explanations of this empirical observation, but such
a discussion is beyond the aim of the present lectures.

< (200 GeV)? . (66)

Scalar masses. For the soft supersymmetry-breaking scalar masses, under the
same assumptions as above, and considering for the moment the sfermions of
the third family, we find [33]

dm?ﬁ 1 2202 128 r2 2 2
T = _8_7[-_2‘ (*392M2 — g All + 3thb + hTFT) s (67)
dm%fz 1 2a42 12842 2
gt = gz (-393ME - o° M7 4+ 3h7F) (68)
dm? 1 1 ) 1 5
deUc 1 16 5, 5 16 5, 5 2 -
dm?. 1 16 5,0 4 5 5 2 7
at = W (—-—3-g§M3 — §g2]\41 + thFb) s ((1)
dm? 1 -
% = 55 (33 M7 — " MP + B2F,) | (72)
dmZ,. 1
%E_ = g3 (~49°MP + 212F) | (73)
where
Fy =md +mi. + myy, + A7, (74)
Fy =md +mi. + miy, + A2, (73)

b}
F,=mj +mi + miy, + A2, (76)
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Similar equations can be derived for the remaining soft supersymmetry-breaking
parameters (Ag, Ay, A, mg) and for the superpotential Higgs mass p. Also, the
inclusion of the complete set of Yukawa couplings, including mixing, is straight-
forward.

In general, the RGE for superpotential couplings and soft supersymmetry-
breaking parameters have to be solved by numerical methods (or approximate
analytical methods). Exact solutions of the one-loop RGEs can be found for the
squark and slepton masses of the first two generations, for which the Yukawa
couplings are negligible:

m} = mj + 1/2 Z < FIQ> : (77)
A=1 A

where b M
_ A 2 U
FA 1+ 871’2 U lOg —é—- s (78)
and
gl a | d | 1] ¢
@) 81 8| 2ol o
(79)
@) 2] 0 0o (3]0
e % | § | 5§ | 3| 2

For example, we get m}, my,.,mp. ~mg + (5 +8)m? ,, mj ~mg +0.5m],.
mge ~ mg + 0.15m? /2> With the usual warning that higher loops and threshold

effects should be included for more accurate predictions.

Radiative breaking of SU(2) X U(1). One of the most attractive features
of the MSSM is the possibility of describing the spontaneous breaking of the
electroweak gauge symmetry as an effect of radiative corrections [34]. Notice
that, starting from universal boundary conditions at the scale My, it is possible
to explain naturally why fields carrying colour or electric charge do not acquire
non-vanishing VEVs, whereas the neutral components of the Higgs doublets do.
Also, the electroweak scale gets linked with the scale of the soft supersymmetry-
breaking masses in the MSSM (which remains however an independent input
parameter), and is stable with respect to quantum corrections.

We give here a simplified description of the mechanism, in which the physical
content is transparent, and we comment later on the importance of a more
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refined treatment. The starting point are the boundary conditions on the model
parameters at the scale M, summarized by:

qu, (htahb9h1')07 Ho, m1/21m07A07(m§>0- (80)

After evolving all the running parameters from the grand-unification scale A to
a low scale Q ~ mz, according to the RGEs described in the previous section,
we can consider the RG-improved tree-level potential 15(@), which has the func-
tional form of (19), but is expressed in terms of running masses and coupling
constants evaluated at the scale Q. Vo(Q) will describe an acceptable breaking
of SU(2) x U(1) if the conditions of (22) and (23) are satisfied, together with
a certain number of conditions for the absence of charge and colour breaking
minima (for recent discussions, see e.g. [35]), and finally if ©? = v} + v3 is of the
right magnitude to fit the observed values of the W and Z masses, according
to (26). In other words, the measured values of the weak boson masses set a
constraint on the independent parameters of (80).

A crucial réle in the whole process is played by the top quark mass, since the
top quark Yukawa couplings governs the renormalization group evolution of the
mass parameter m3;,, as should be clear from (68). For a given set of boundary
conditions on the remaining parameters, too small values of h; are not able to
drive B < 0 at scales @ ~ mz, so that the origin remains a minimum and we
end up with unbroken SU(2) x U(1); on the other hand, too large values of h;
can either drive S < 0, which would correspond to a potential V(@) unbounded
from below, or violate one of the conditions for the absence of charge or colour
breaking minima.

The use of the renormalization group improved tree-level potential, V5(Q), is
very practical, but it relies on the assumption that, once all large logarithms have
been included in the running parameters, all the remaining one loop corrections
to the scalar potential can be neglected at the scale @ ~ mz. We know in fact
that the complete expression of the one-loop effective potential is given by

V1(Q) = Vo(Q) + AVi(Q), (81)

where, neglecting a field-independent part which is proportional to Str M? and
contributes only to the vacuum energy,

Q) = gy str {M4(@) [og 1T (82

Indeed, it was shown in [36] that, in order to obtain reliable results, stable under
small changes of the renormalization scale @, it is essential to use at least the
full one-loop effective potential, especially if the supersymmetry-breaking mass
splittings start to be sizeable with respect to mz. A reasonable first approxima-
tion consists in using Vo (Q), but choosing a scale O of the order of some average
stop mass: this minimizes the threshold corrections due to the presence of many
slightly different mass scales close to the electroweak scale.
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To conclude the discussion of radiative symmetry breaking, we show now
that in the MSSM (with universal boundary conditions) we expect

1<tand < 2t (83)
my

The proof relies on the relation, derived from the minimization of V5(Q):

”_2) _ mi+my/2 (84)
vy mj +m% /2"

The boundary conditions at the unification scale are m2(M) = m3(M) = m3 +
pé, and the RGE for the difference m? — m3 reads

d(m} —m3)

1 : 2 -
o =57 (3hiFy + K2F, — 3R} Fy) (83)

Imagine now that tan 8 < 1, and remember the tree-level expressions for the top
and bottom masses. The fact that m; >> m, then implies h; > hy, this in turn
implies that at the scale Q, where the use of (Q) is appropriate, m? > m3. But
(84) then tells us that tan 8 > 1, in contradiction with the starting assumption.
Similarly we can prove that tan 8 < mg/ms.

As a final remark, we stress a problem left unsolved by the MSSM descrip-
tion of radiative symmetry breaking: the scale of the soft terms, which in turn
determines the electroweak scale, is not dynamically determined, but introduced
‘by hand’ in the boundary conditions on the mass parameters. To discuss the
possible dynamical determination of such a scale, needed for a fully satisfactory
solution of the naturalness problem, we need a theory of spontaneous supersym-
metry breaking. We shall come back to this in the third lecture.

2.2 Supersymmetric Grand Unification

The basic idea of grand unification is that the gauge interactions as observed
at the presently accessible energies, with the different numerical values of their
coupling constants, are just the remnants of a theory with a single gauge coupling
constant, spontaneously broken at a very high scale. The simplest possibility is to
have a single scale My > myz, at which a simple gauge group G is spontaneously
broken down to the SM gauge group, Go = SU(3)¢ x SU(2)r x U(D)y:

My mz
G — Go = SUB)o x SUR)L x Ul)y —» STB)e x U(l)g . (86)
qu (93,92, 91)

There is a vast literature on grand unification, both with and without supersym-
metry, and many excellent reviews are available (see e.g. [37]). We shall limit
ourselves here to a qualitative overview of the main differences between the two
cases and to a few comments on some recent developments.
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Non-supersymmetric Grand Unification. The simplest realization of the

grand-unification idea is the minimal, non-supersymmetric SU(5) model of Georgi
and Glashow [38] (for a previous attempt with partial unification, see [39]). The

gauge bosons of such model belong to the adjoint representation of the rank-4

simple group SU(5), 24y : besides the SM gauge bosons, there are 12 additional

ones, (X,Y) ~ (3,2,+5/6) and their conjugates (X,Y ), of mass M;-. These

bosons have fractional electric charge and carry both baryon and lepton number.

AB = AL = £1. Each fermion generation is arranged in an anti-fundamental

representation, 5p, and in the antisymmetric product of two fundamentals, 10f.

In terms of SM fermions, the two representations decompose as follows:

5p = (d51), 10F = (g, u,e°). (87)

The scalar fields introduced to describe the different stages of spontaneous sym-
metry breaking correspond to an adjoint representation, 245, containing 12 Gold-
stone bosons and 12 additional scalars of mass My, and an anti-fundamental
representation, 5g, containing the SM Higgs boson and an additional triplet
H ~ (3,1,1/3) of mass My.

The first stage of symmetry breaking is controlled by the VEV of the 245, of
order My. The masses My, Ms, My have model-dependent relations with M-,
but in first approximation we can assume that they are all of order Afy;. The
breaking of the SM gauge group at the electroweak scale is controlled instead by
the VEV of the SM Higgs doublet contained in the 55. The fermions get masses
via their Yukawa couplings, of the form

hO9 107 x 10F x 55, h® -3 x 10F x 35, (88)

where generation indices have been understood. These Yukawa couplings can-
not give rise to a realistic pattern of fermion masses and mixing (even if some
predictions such as the m;/m. ratio [40] are intriguingly close to being correct),
but are chosen to keep the model simple.

Non-minimal grand-unified models can be constructed, by enlarging one or
more of the following: the gauge group (interesting candidates of rank higher
than four are SO(10) and Es), the fermion content, the scalar content. They
will not be discussed here.

One of the most dramatic phenomenological implications of grand-unification
is the possibility of AB = AL = +1 nucleon decay, for example p — et 0.
There are two types of tree-level Feynman diagrams, involving three quarks
and a lepton on the external lines, that could induce such a process. The first
type involves the exchange of virtual (X,Y) vector bosons on an internal line,
and the corresponding rate scales as I' ~ g{, /M the second type involves
the exchange of the scalar Higgs triplet H, and the corresponding rate scales
as I' ~ h*/M};, where h is a Yukawa coupling. In the case of gauge-mediated
nucleon decay the amount of model-dependence is small. In first approximation,
from the experimental bound [41] 7¢*2(p — e*n°) > 5.5 x 10%% yrs, and from
the approximate formula 7/*(p — et7%) ~ 10%%) yrs - (M (Gel')/2 x 104
we can deduce a stringent lower bound on the grand-unification scale M.
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The important point is that, from the measured values of two of the low-
energy gauge couplings, we can extract a rather precise prediction for gy, My
and the third low-energy gauge coupling. In first approximation, we can just solve
the one-loop RGEs for the running gauge couplings, as discussed in the previous
section. The only difference is that, in the case of non-supersymmetric grand
unification, we must use the one-loop beta function coefficients corresponding to
the SM particle content [26]:

1 41
b =7, b= _ng =15

Starting from three input data at the electroweak scale, for example [41

(89)

]
az(mz) = 0.121 £ 0.005, (90)
agl(mz) = 128.90 £ 0.09, (91)
sin® 8w (mz) = 0.2312 £ 0.0004, (92)

where all running parameters are defined in the MS scheme, we can perform
consistency checks of the grand-unification hypothesis in different models.

In the minimal SU(5) model [38], and indeed in any other model where (51)
holds and the light-particle content is just the SM one (with no intermediate mass
scales between mz and M), (57) and (89) are incompatible with experimental
data. This was first realized by noticing that the prediction My ~ 101471 GeV,
obtained by using as inputs (90) and (91), is incompatible with the limits on
nucleon decay. Subsequently, also the prediction sin? fy ~ 0.21 was shown to be
in conflict with experimental data (42], and this conflict became more and more
significant with the progressive accumulation of high-quality data from the LEP
and Tevatron experiments.

What changes with supersymmetry. Some of the problems of non-supesym-
metric unification, including those with proton decay and with the low-energy
values of the gauge coupling constants, may find a natural solution with the
incorporation of supersymmetry. The minimal model of supersymmetric grand
unification [43] is based on SU(5), and is constructed in analogy with the MSSM.
Gauge bosons and matter fermions fall in the same SU(5) representations as in
the Georgi-Glashow model, but are promoted to the corresponding supermul-
tiplets. The Higgs sector is extended to the following chiral superfields: H(5),
H(3) and 2(24). The VEV of the adjoint scalar, (2) =V - diag(2,2,2, -3, —3)
breaks SU(5) down to the SM gauge group, whereas (H) = (0,0,0,0,v2) and
(HY = (0,0,0,0,v;) describe the breaking of the electroweak symmetry. The
superpotential is of the form

w=h -10p x 10p x H+ R -10p x5 x H
+M'HH + MHEXH + M Tr £2 + X Tr 23, (93)

The breaking of SU(5) must preserve supersymmetry and give mass to the color
triplet Higgs bosons, while keeping their doublet partners light. Looking at the
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equations of motion for the auxiliary fields, we find that V' ~ M/}, and, in
order to keep the Higgs doublets light, M’ ~ 3A, V. The fine-tuning related
to this last condition is at the origin of the so-called doublet-triplet splitting
problem of minimal supersymmetric grand unification. The superheavy vector
bosons have masses proportional to gV, the Higgs triplets in the fundamental
and anti-fundamental have masses proportional to A;V, and the Higgs particles
in the adjoint have masses proportional to A\oV. After decoupling these heavy
states, and introducing by hand some soft supersymmetry-breaking mass terms,
we are left with the MSSM as the effective theory at scales @ < My.

In the leading logarithmic approximation, the predictions of supersymmet-
ric grand-unification just depend on the MSSM particle content. Assuming for
simplicity that all supersymmetric particles have masses of order mz, we obtain
[27) My ~ 2 x 10'® GeV (which increases the proton lifetime for gauge-boson-
mediated processes beyond the present experimental limits) and sin? fy ~ 0.23.
At the time of refs. [27], when data were pointing towards a significantly smaller
value of sin? Ay, this was considered by some a potential phenomenological short-
coming of the MSSM. The high degree of compatibility between data and su-
persymmetric grand unification became manifest [42] only later, after improved
data on neutrino-nucleon deep inelastic scattering were obtajned, and was pro-
gressively reinforced by the subsequent LEP and Tevatron data. We should not
forget, however, that unification of the MSSM is not the only solution which
can fit the data of (90)-(92): for example, non-supersymmetric models with ad
hoc light exotic particles or intermediate symmetry-breaking scales could also do
the job. The MSSM, however, stands out as the simplest physically motivated
solution.

In models of supersymmetric grand-unification, including the minimal one,
we still find the conventional mechanisms for proton decay, described by super-
symmetric operators of physical dimension 6 in natural units of mass. Gauge-
boson exchange, however, does not lead to proton decay at a detectable rate,
since the unification mass My is more than one order of magnitude higher than
in the non-supersymmetric case, and the proton lifetime scales as M. Color-
triplet Higgs boson exchange could lead to decay modes such as p — " K° or
7, K%, but the corresponding rate would be undetectably small, being propor-
tional to some Yukawa coupling squared, if the triplet masses are of the order
of My. However, as pointed out in [46], supersymmetric models admit a new
class of dimension-5 operators which, when dressed by loops of MSSM particles,
may lead to a proton lifetime proportional to Am? M} instead of M, with
distinctive decay modes such as p — K*7,. This is indeed the case of minimal
supersymmetric SU(5). However, the detailed predictions for the decay rates are
rather model-dependent, since they are controlled by superpotential couplings
containing two arbitrary phases and three independent superheavy masses, and
by the details of the MSSM particle spectrum.

If we want to make the comparison between low-energy data and the pre-
dictions of specific grand-unified models more precise, there are several factors
that should be further taken into account. After the inclusion of higher-loop
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corrections and threshold effects, (57) is modified as follows

1 1 ba My th I>1 Y

gi(Q)_g%]+87r2log’Q—+AA + A% (A4 =1,2,3). (94)
In (94), A’} represents the so-called threshold effects, which arise whenever the
RGE are integrated across a particle threshold [44], and A'J" represents the
corrections due to two- and higher-loop contributions to the RGE [45]. Both A%
and Aff ! are scheme-dependent, so one should be careful to compare data and
predictions within the same renormalization scheme. AtA" receives contributions
both from thresholds around the electroweak scale (top quark, Higgs boson,
and in SUSY-GUTs also the additional particles of the MSSM spectrum), and
from thresholds around the grand-unification scale (superheavy gauge and Higgs
bosons, and in SUSY-GUTs also their superpartners). Needless to say. these last
threshold effects can be computed only in the framework of a specific grand-
unified model, and typically depend on a number of free parameters.

Besides the effects of gauge couplings, A'Y* must include also the effects of
Yukawa couplings, since, even in the simplest mass-independent renormalization
schemes, gauge and Yukawa couplings mix beyond the one-loop order. In minimal
SU(5) grand unification, and for sensible values of the top and Higgs masses,
all these corrections are small and do not affect substantially the conclusions
derived from the naive one-loop analysis. This is no longer the case, however,
for supersymmetric grand unification. First of all, one should notice that the
MSSM by itself does not uniquely define a SUSY-GUT, whereas threshold effects
and even the proton lifetime (due to a new class of diagrams {46] which can be
originated in SUSY-GUTs) become strongly model-dependent. Furthermore. the
simplest SUSY-GUT [43], containing only chiral Higgs superfields in the 24, 5 and
5 representations of SU(5), has a severe problem in accounting for the huge mass
splitting between the SU(2) doublets and the SU(3) triplets sitting together in
the 5 and 5 Higgs supermultiplets. Threshold effects are typically larger than in
ordinary GUTs, because of the much larger number of particles in the spectrum,
and in any given model they depend on several unknown parameters. Also two-
loop effects of Yukawa couplings are quantitatively important in SUSY-GUTs,
since they depend not only on the heavy quark masses, but aiso on tan 3: these
effects are maximal for tan 8 close to 1 or to m:/ms, which correspond to a
strongly interacting top or bottom Yukawa coupling. There is no problem of
principle in evaluating all these effects, but they introduce a large amount of
model-dependence when we try to push the comparison between theory and
experiment to the level of the present experimental precision. The conclusion is
that, even imagining a further reduction in the experimental errors of (90)-{92),
it is impossible to claim indirect evidence for supersymmetry and to predict
the MSSM spectrum with any significant accuracy. The only safe statement is
that, at the level of precision corresponding to the naive one-loop approximation,
there is a remarkable consistency between experimental data and the prediction
of supersymmetric grand unification, with the MSSM R-odd particles roughly
at the electroweak scale.
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String unification. To conclude the discussion of supersymmetric grand unifi-
cation, it is worth spending a few words on how its phenomenologically successful
prediction of the low-energy gauge couplings could be embedded within our can-
didate theories of all interactions, namely superstring theories or, according to
the most recent developments, the M-theory underlying all superstring theories.

Traditionally, the discussion of the unification of all couplings used to be
given in the context of the perturbative formulation of four-dimensional heterotic
string models. In such a context, the only free parameter is the string tension,
which fixes the unit of measure of the massive string excitations. All the other
scales and parameters are related to VEVs of scalar fields, the so-called moduli.
corresponding to flat directions of the scalar potential. In particular, there is a
relation among the string mass Mg ~ o'~'/2, the Planck mass Mp ~ G;l/ 2,
and the unified string coupling constant gstring, which reflects unification with
gravity, and implies that in any string vacuum one has (at least in principle) one
more prediction than in ordinary field-theoretical grand unification. In a large
class of perturbative string models, we can write down an equation of the same
form as (10), and compute gy, My, A%, ... in terms of the relevant VEVs [47].
So doing, we find My ~ 0.7 x gy x 10*® GeV, more than one order of magnitude
higher than the naive MSSM extrapolations from low-energy data. This is the so-
called string unification problem. Several suggestions for its solution have been
put forward: an intermediate phase of conventional field-theoretical unification
between My and My,ing, large string threshold corrections, intermediate scales,
etc.

An intriguing observation was made recently in connection with the newly
discovered non-perturbative string dualities. In the strong coupling limit, the
Eg x Ejg heterotic string leads to a new dimension which is slightly different
from the familiar ten dimensions that are usually considered in the perturba-
tive discussion of heterotic string compactifications. Instead of being similar to a
circle, it is more like a segment [48]. The gauge fields and matter live at the end-
points only, while gravity propagates in the bulk. Suppose that a fifth dimension
of this type exists below the unification scale. Since the MSSM fields live in the
walls, the evolution of the gauge couplings is the standard four-dimensional one.
Since gravity propagates in the full five dimensions, however, the effective gravi-
tational coupling runs faster than in four dimensions. For a fifth dimension of the
appropriate size, the kink in the gravitational coupling can make all couplings
meet [49] at the unification scale M. Of course, this is not more predictive than
ordinary grand unification, since the size of the fifth dimension can be taken as
a parameter, but it shows that the string unification problem may be solved in
some appealing way.

3 Supersymmetry Breaking

This lecture begins with some generalities on spontaneous supersymmetry break-
ing, both in the global and in the local case. Hidden-sector models for super-
symmetry breaking, characterized by a heavy gravitino, are then introduced,
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and their open problems discussed. Some more advanced material is also pre-
sented: the relation between supersymmetry-breaking masses and target-space
duality properties in a class of string models, and the possibility of generating
dynamically the hierarchy via quantum corrections in recent versions of the ‘no-
scale’ scenario. The case of a light gravitino is also discussed, and exemplified
via the so-called ‘messenger’ or ‘gauge-mediated’ models. It is stressed that the
phenomenology of this case can be quite different from the previous one, but
that many properties are universal, and can be understood in terms of general
low-energy theorems. The possibility of a very light gravitino, with new strong
interactions very close to the electroweak scale, is finally mentioned.

3.1 Generalities

An important criterion for supersymmetry breaking follows directly from the
basic anti-commutation relation of the supersymmetry algebra, eq. (5), by taking
its trace:

H= (@@ + Q@1+ @i+ 0:02) | (95)

where H = Py is the Hamiltonian. If the Hilbert space has positive norm, which is
certainly the case for global supersymmetry in the absence of gauge interactions,
then supersymmetry is spontaneously broken if and only if the Hamiltonian
does not annihilate the vacuum, H|0) # 0. This corresponds in turn to having
a positive vacuum energy, (V) > 0. Remembering the structure of the scalar
potential in renormalizable theories with global supersymmetry, eq. (12), the
condition for supersymmetry breaking is then that at least one of the auxiliary
fields of the chiral and vector supermultiplets has a non-vanishing VEV,

(F;) #0 and/or (D%) #0. (96)

The unavoidable consequences of the spontaneous breaking of global supersym-
metry are then

— The existence of a massless fermion, the goldstino, residing in the superfields
whose auxiliary fields acquire non-vanishing VEVs (in complete analogy with
the goldstone bosons of ordinary spontaneously broken continuous global
symmetries).

— A positive vacuum energy (we shall see in a moment what happens when
the coupling to supergravity is introduced).

— Some phenomenologically unacceptable mass relations, such as Str M?2=0
in each separate sector of the spectrum. It should be kept in mind, however,
that such a relation is valid only at the classical level, and in the absence of
non-renormalizable interactions and anomalous (1) factors.
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Spontaneous SUSY-breaking: ‘kinematics’. The general, ‘kinematical’ as-
pects of spontaneous supersymmetry breaking are well understood, both in the
global [50] and in the local [51] case: in a N = 1, d = 4 theory with chiral and
vector supermultiplets, the order parameters controlling supersymmetry break-
ing are the VEVs of the associated auxiliary fields, F* and D¢, which give a
positive semi-definite contribution to the scalar potential. For supersymmetry
breaking to be compatible with a flat space-time background, the inclusion of
gravitational interactions is essential, since in Poincaré supergravity the scalar
potential reads [52]

V = ||FIP + |IDIP ~ NHIP (07)

The three terms ||F||?, ||D||* and ||H||? are positive-semidefinite, and controlled
by the auxiliary fields of the chiral, vector and gravitational supermultiplets,
respectively. The first two terms have different expressions but identical roles
in local and global supersymmetry; the third one, peculiar to supergravity, has
the universal property that (||H|[*) = 3m3,,M§, where m3;» is the mass of
the spin-3/2 gravitino (the supersymmetric partner of the spin-2 graviton) and
Mp = (87Gn)~/? ~ 2.4 x 10'8 GeV is the Planck mass.

As will be clear in a moment, to generate phenomenologically acceptable
masses for the supersymmetric partners of ordinary particles, a realistic model
must have

As = (|[F|F +|DIY* 2 G52, (98)

where G;l/ ? ~ 293 GeV is the electroweak scale. On the other hand, to satisfy
the present bounds on the cosmological constant (for a review and references,
see e.g. [53]), a realistic model must also have!

Acosm = (V)4 S 107% eV ~ G M. (99)

It is then obvious that, when discussing the vacuum energy, the gravitational
contribution to the scalar potential must be essentially identical to the non-
gravitational one. However, as we shall see in the following, there are situations in
which gravitational interactions can be neglected when restricting the attention
to the spectrum and the interactions relevant for present accelerator experiments.

The goldstino G, which provides the +1/2 helicity components of the massive
gravitino via the super-Higgs mechanism, is determined by

G = (F)y' + (Da)A°. (100)

The mass splittings in the different sectors of the model, denoted here schemat-
ically with a sub-index I, are controlled by

(Am?); ~ A A%, (101)

where A is the effective coupling of the goldstino supermultiplet to the sector
I. This is true not only at tree-level, but also after the inclusion of quantum

! The last approximate equality should be taken here as a mere numerical coincidence,
even if there may be room for intriguing speculations.
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corrections, since the latter can be incorporated in a local effective Lagrangian,
which must exhibit the spontaneous nature of supersymmetry breaking if a full,
non-anomalous set of supersymmetric multiplets is kept. In order for super-
symmetry to solve the naturalness problem, it is customary to require that the
mass splittings among the MSSM states be (Am?); ~ Gp'. However, this is
not sufficient to fix As or, equivalently, mg /2 (to an excellent approximation,

As = \/3mg,2Mp): according to the numerical values of the effective couplings
A1, different possibilities arise.

Example: the O’Raifeartaigh model. To illustrate the previous statements
on a simple example, we consider a model with global supersymmetry, three
chiral superfields, X = (z,9.,F;), Y = (y,%y,Fy) and Z = (z,v:, F.), and
superpotential

2
w=AX(Z% - M* +uY_Z, (0 <M?< 2%—2> , (102)

where A, p and M? are taken for simplicity to be real and positive. The auxiliary
fields read

Fy=-M*~-M?), F;=-pz, F=-py-2az. (103)

Supersymmetry is broken if F, = F,, = F, = 0 does not have a solution. Indeed,
this is the case for the model under consideration. The scalar potential,

Vo= 2222 — M%? + p?)2)? + |uy + 22 z2)?, (104)

is minimized for arbitrary z and y = z = 0, where (F,) = AM? # 0, (F,) =
(Fz) = 0. Supersymmetry is thus broken in the X sector, with Af = (V) =
(|F:1?) = A2M*, and we can immediately identify the goldstino with 1,. Com-
puting the mass spectrum, for simplicity around z = 0, we find

Field | z | ¢, | vy 2 (Uy,¢:)

(105)
(mass)?| 0 | 0 |p?|p?2£222M2| 42

Observe that the only non-vanishing supersymmetry-breaking mass splittings
Am? are in the Z sector, and can be written in the form

(Am?)z ~ X AM?, (106)

which makes evident that the auxiliary field of the goldstino multiplet, F}, cou-
ples to the z scalars with strength A, but does not couple to the z and y scalars.
Moreover, we can easily verify that Str M? = 0, as expected on general grounds.



256 Fabio Zwirner

Spontaneous SUSY-breaking: ‘dynamics’. Despite the satisfactory under-
standing of the ‘kinematical’ aspects of spontaneous supersymmetry breaking,
what we are still lacking is some compelling idea about the symmetries and dy-
namics that control such a phenomenon in the fundamental theory of Nature,
and explain the origin of the different scales relevant for the problem: Am?, Ag
and Acosm. This is a very difficult and ambitious problem, and it is not surprising
that a final solution has not been found yet. Several interesting ideas have been
pursued in recent years, but there are still many open problems. We just mention
here some of the existing approaches, referring the reader to the literature for
more details. For a recent review of the possible mechanisms of supersymmetry
breaking, see e.g. [54].

One interesting possibility is that, in the context of supergravity, the sponta-
neous breaking of supersymmetry finds its origin in non-perturbative phenom-
ena, such as gaugino condensation [55]. Explicit models of this type exist, but
they have to rely on some ad hoc assumptions: being supergravity an effective,
non-renormalizable theory, it is difficult to control quantum corrections already
at the perturbative level.

Another possibility is spontaneous breaking at the string level, via coordinate-
dependent compactifications [56]. There are however unsolved problems such as
the mechanism for the stabilization of the dilaton VEV and the generic insta-
bility of string vacua with broken supersymmetry and vanishing cosmological
constant with respect to string loop corrections. The present hope is that some
more insight into this mechanism, which may lead to a non-perturbative formu-
lation of it, could be gained by exploiting the recently discovered string dualities.

A different approach to the study of spontaneous supersymmetry breaking
consists in working at the level of renormalizable gauge theories with global su-
persymmetry, and in posing dynamical questions of more limited scope. Despite
the encouraging results in recent years (for reviews, see e.g. [57]), models of dy-
namical supersymmetry breaking at low energy are still quite contrived when
one tries to make them realistic.

Given this state of affairs, in the following we shall give a macroscopic de-
scription of the different scenarios for spontaneous supersymmetry breaking,
trying to emphasize their generic features and phenomenological implications,
and avoiding the discussion of the details of the microscopic theory.

3.2 Supergravity Models with Heavy Gravitino

The first possibility, realized in the so-called hidden-sector supergravity models,
is that the couplings of the goldstino supermultiplet to the MSSM states are of
gravitational strength, A\; ~ A%/M2. In this case the desired MSSM spectrum
requires Ag ~ G;1/4Mé/2 ~ 100+ 10! GeV, and therefore my/ ~ G;l/g. The
effective theory at the electroweak scale is obtained from the underlying super-
gravity by taking formally the limit Mp — oc, while keeping mj, fixed [38]:
this gives precisely the MSSM with explicitly but softly broken supersymmetry.
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The states with masses O(mj,,) and interactions of gravitational strength need
not be included in the effective theory?.

In the minimal realization of such a scenario, the superfield content of the
model can be classified in two distinct sectors: the ‘observable’ sector, containing
the MSSM states, and the ‘hidden’ sector, containing at least the gravitational
supermultiplet and the goldstino supermultiplet (for definiteness, we assume here
that it is a gauge singlet chiral superfield, S). The two sectors are connected
only via non-renormalizable interactions, suppressed by inverse powers of the
Planck mass. The scale of supersymmetry breaking is given by (Fs) ~ G;l/ *Mp,
and the fermionic component of S is the goldstino G. The gravitino mass is
mg/g ~ (Fs)/Mp ~ G;l/z, and the SUSY-breaking mass splittings, both in the
observable and in the hidden sector, are of the order of the gravitino mass, since
they are originated by tree-level couplings of gravitational strength. In contrast
with the case of renormalizable, global supersymmetry, the supertrace mass sum
rule is in general violated, and the mass scale characterizing such violation is the
gravitino mass.

Before proceeding with the discussion, it may be useful to recall some ba-
sic facts of N = 1, d = 4 supergravity [52]. Up to higher-derivative terms, the
theory is completely determined by two functions of the chiral superfields: one
is the Kahler function G(z,%) = K(z,%) + log|w(z){?, which controls the kinetic
terms and the interactions of the chiral multiplets; this function is convention-
ally decomposed into a Kéhler potential K and a superpotential w. The other
is the gauge kinetic function fu(z), which controls the kinetic terms and the
interactions of the vector supermultiplets. It is customary to work in the natural
supergravity units, where all masses are expressed in units of the Planck mass,
i.e. Mp =1 by convention. An important difference with global supersymmetry
is that the scalar potential is no longer positive-semidefinite, but takes the form
of (97), where, in the standard supergravity notation for derivatives:

I|FI? = ||H|]* = € [G:i(67")9g; -~ 3] , (107)
IDI® = = (Re £); [G:(T*)¢7) [Ge(T") 6] - (108)

[N

The structure of the supergravity potential permits, as we have already stressed,
the breaking of supersymmetry with vanishing vacuum energy, if a delicate can-
cellation takes place at the minimum: the order parameter for the breaking of
local supersymmetry in flat space is the gravitino mass, m§/2 = (e9) = (lw|eX),
which fixes the scale of all supersymmetry-breaking mass splittings, and there-
fore of the MSSM soft mass terms in the low-energy limit.

Example: the Polonyi model. Consider a supergravity model with just a
single chiral multiplet, Z, in addition to the gravitational one, and canonical

% A noticeable exception will be mentioned later on.
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Kahler potential K = |Z|?, so that G.; = 1. For a generic superpotential w, the
scalar potential reads, in obvious notation:

V=e9 (6.1 - 3) = €l (jw. + 7w - 3jw|?) . (109)

If we choose the Polonyi form for the superpotential, wp = m?(Z 4 3), where
m? and || < 2 are arbitrary parameters, then there is no solution for G. = 0,
and supersymmetry is spontaneously broken. In particular, for 3 = 2 — /3
supersymmetry is broken with vanishing vacuum energy. At the minimum of the
potential, (z) = /3 — 1, the mass spectrum reads:

m§/2 = m4e(\/§-1)2 : m‘24 = 2\/§m§/2 , sz = 2(2 — \/5) m§/2 , (]_10)

where A and B are the two spin-0 partners of the goldstino. Having written down
the model explicitly, it is easy to appreciate its unsatisfactory features. First, the
requirement of vanishing vacuum energy is met by fine-tuning the value of the
parameter 3. Second, the scale of the gravitino mass is introduced by hand by
choosing the parameter m: restoring the appropriate powers of the Planck mass,
Mg/ ~ m?/Mp, and there is no explanation for the desired hierarchy between
ms3 /2 and Mp.

To discuss the mass splittings in the observable sector, the simplest possibil-
ity is to add to the neutral chiral superfield Z some charged chiral superfields
Y*, keeping a canonical form for the Kihler potential, K = |Z|? + |Yi|?, and
modifying the superpotential as follows

w=wp(Z) +we(Y), (111)

where wy is a cubic gauge-invariant polynomial in the charged fields. So doing,
for (y) = 0 and (z) as before, there is still a local minimum with broken super-
symmetry and vanishing vacuum energy. The spectrum of the scalar fields in the
observable sector can be easily computed. At the minimum under consideration:

(Mg)ij =(Vij) =0, (Mg)ij = (Vi) = &5 m%/z- (112)

In particular, the supertrace mass relation is violated by gravitational corrections
2 .
of order M3 o0

Str M? = m3 p[—4+ 4+ 2(Np - 1)] = 2m} ,(Nr - 1), (113)

where Nt is the total number of chiral multiplets in the theory. We can easily
identify in the above formula the negative contribution of the massive grav-
itino, the positive contribution of the scalar partners of the goldstino, and the
positive contribution of the complex scalar fields in the observable sector. This
corresponds indeed to a general result for supergravity models with canonical
kinetic terms, and brings as good news the possibility of obtaining a realistic
mass spectrum already at the tree-level. In contrast with renormalizable global
supersymmetry, here universal and positive masses, equal to the gravitino mass,
are generated for all scalar fields of the observable sector: in MSSM notation,
m§ =m3 ,.
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Generic problems of the models with heavy gravitino. The previous
discussion can be extended by including gauge interactions and by considering
general, non-canonical kinetic terms in the supergravity theory. This allows for
the generation of all the MSSM soft terms, and also of the superpotential mass
parameter y, in terms of the defining functions of the model and their deriva-
tives, evaluated on the vacuum. However, these models exhibit some generic
problems that should be solved by a satisfactory mechanism for spontaneous
supersymmetry breaking, and can be summarized as follows:

— Classical vacuum energy. The potential of N = 1 supergravity does not
have a definite sign and scales as m} /2Mp2i already at the classical level, we
must arrange for the vacuum energy to be vanishingly small with respect to
its natural scale.

— (mgy2/Mp) hierarchy. In a theory where the only explicit mass scale
is the reference scale Mp (or the string scale), we must find a convincing
explanation of why it is mz/> < 1071 Mp (as required by a natural solution
to the hierarchy problem), and not mg3;» ~ Mp.

— Stability of the classical vacuum. Even assuming that a classical vacuum
with the above properties can be arranged, the leading quantum corrections
to the effective potential of N = 1 supergravity scale again as m3 /2 Mp®.
too severe a destabilization of the classical vacuum to allow for a predictive
low-energy effective theory.

— Universality of squark/slepton mass terms. As will be discussed in the
fourth lecture, such a condition (or alternative but equally stringent ones)
is phenomenologically necessary to adequately suppress FCNC, but is not
guaranteed in the presence of general field-dependent kinetic terms.

From the above list, it should already be clear that the generic properties of
N =1 supergravity are not sufficient for a satisfactory supersymmetry-breaking
mechanism. Indeed, no fully satisfactory mechanism exists, but interesting pos-
sibilities arise within string effective supergravities. The best results obtained so
far are listed below:

— It is possible to formulate supergravity models where the classical potential is
manifestly positive-semidefinite, with a continuum of minima corresponding
to broken supersymmetry and vanishing vacuum energy, and the gravitino
mass sliding along a flat direction [59,60]. A recent development is the con-
struction of models of this type where gauge and supersymmetry breaking are
simultaneously realized, with goldstino components along gauge-non-singlet
directions [61].

— This special class of supergravity models emerges naturally, as a plausible
low-energy approximation, from four-dimensional string models, irrespec-
tively of the specific dynamical mechanism that triggers supersymmetry
breaking. Due to the special geometrical properties of string effective super-
gravities, the coefficient of the one-loop quadratic divergences in the effective
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theory, Str M2, can be written as [62]
Str M?(2,%) =2Qm§/2(z,f), (114)

where Q is a field-independent coefficient, calculable from the modular weights
of the different fields belonging to the effective low-energy theory, i.e. the in-
teger numbers specifying their transformation properties under the relevant
duality. The non-trivial result is that the only field-dependence of Str M?
occurs via the gravitino mass. Since all supersymmetry-breaking mass split-
tings, including those of the massive string states not contained in the ef-
fective theory, are proportional to the gravitino mass, this sets the stage
for a natural cancellation of the O(m2 ,, Mp®) one-loop contributions to the
vacuum energy. Indeed, there are exp{icit string examples that exhibit this
feature. If this property can persist at higher loops (an assumption so far),
then the hierarchy ms,, < Mp can be induced by the logarithmic corrections
due to light-particle loops [60].

— In this special class of supergravity models one naturally obtains, in the
low-energy limit where only renormalizable interactions are kept, very sim-
ple mass terms for the MSSM states (mg,mq/2. ()0, Ao, Bo = (m3/p)o in
the standard notation), calculable via simple algebraic formulae from the
modular weights of the corresponding fields and easily reconcilable with the
phenomenological universality requirements [62]. This last result can indeed
be obtained also in a slightly less restrictive framework [63].

Just to give the flavour of the argument, we present here an ultra-simplified
example, which retains the relevant qualitative features of the general case, with-
out its full technical complexity. Consider a supergravity theory containing as
chiral superfields a gauge-singlet 7' (to be thought of as one of the superstring
moduli fields), and a number of charged fields C* (to be thought of as the matter
fields of the MSSM and possibly others), with Kahler potential

=-3log(T+T)+ Y _|CPHT+T)= +..., (115)

and superpotential
wsysy = dag,CoCoCT. (116)

The model exhibits a classical invariance under the following set of transforma-
tions, parametrizing the continuous group SL(2, R):

aTl —ib

bl o - Aa o —ecd=1). ~
TTrd’ C* — (icT +d)*>C*, (ab—cd=1) (117)

The above symmetry can be interpreted as an approximate low-energy remnant
of a T-duality invariance under the discrete group SL(2, Z), corresponding to
the restriction of the transformations (117) to the case of integer (a,b,¢c,d) co-
efficients, and generated by the two transformations T — 1/T and T — T + 1.
We can think of this SL(2, Z) as an exact quantum symmetry of the underlying
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string model. In the language of supergravity, the Kahler potential transforms
as K — K + ¢ + ¢, where ¢ is an analytic function, and the superpotential as
w — wexp(—¢), so that the full Kahler function G remains invariant.

Without specifying the dynamics which induces the spontaneous breaking of
local supersymmetry, we can try to parametrize the latter with a superpotential
modification of the form

w=wsysy + dw, Aw=k#O0, (118)

where k is a constant, independent of the modulus field T', which can be thought
of as the large-T limit of a modular form of SL(2, Z). In the case in which other
moduli fields are present, such as the dilaton—axion field S associated with the
gauge coupling constant, one can replace k with a suitable function of S, with
the correct transformation properties under a possible S-duality. Notice that
the superpotential modification introduced above breaks the invariance under
T — 1/T, but preserves the shift symmetry 7' — T +ia. A low-energy structure
equivalent to the one introduced here has been found in explicit constructions of
string orbifold models with string tree-level breaking [56], but these results could
have more general validity, and apply also, with the appropriate modifications.
to the case of non-perturbative breaking.

In the supergravity theory defined above, by applying the standard formalism
we can easily verify the following results:

— Thanks to the identity |Fr|?> = 3¢9, the scalar potential of (97) is automati-
cally positive-semidefinite. At any minimum of the potential supersymmetry
is broken and the gravitino mass, m3, = k*/(T +T)* # 0 if one takes for
simplicity C® = 0, is classically undetermined. The modulus field T" corre-
sponds to a flat direction, as in the no-scale models [59], and its fermionic
partner T plays the role of the goldstino in the super-Higgs mechanism.

— Str M2 can be put in the form of (114), with

Q=-2+) (1+X). (119)

where the first addendum is the contribution of the massive gravitino and
the second one the contribution of the matter fields.
— In MSSM notation, the following very simple mass terms are generated:

2
(mg))a =14 A, (120)
M3 /2
A))ase
Basy g3 hag+a, (121)
msz/2
(odog _ 1 | Aat s (122)
m3/2 2
(Bodag _ 5 datds (123)

ms/2 2
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The above example can be easily generalized to include gauge interactions, with
a non-trivial moduli dependence of the gauge kinetic function: non-vanishing
gaugino masses can then be generated, proportional to the gravitino mass, and
(119) can be modified accordingly. It is important to stress that, in this frame-
work, the phenomenologically desirable universality properties of the soft mass
terms can naturally arise as a consequence of T-duality. Furthermore, a non-
vanishing p-term can be generated for the MSSM, proportional to ms/2, even if
the supergravity superpotential does not contain any explicit Higgs mass term.

The weakest point of the above construction is the absence of a string calcu-
lation showing that, if there is cancellation of the O(m§ /QMPQ) contributions to
the effective potential at one loop, this cancellation can persist at higher loops.
Since in the effective theory we can identify some quadratically divergent two-
loop graphs [64], such an assumption is far from obvious. However, there are
hints [62] that the numerical coefficient of (119) might be given a topological
interpretation, so such an assumption is not completely arbitrary.

Under the assumption that no terms O(m3 /szg) are generated by string
quantum corrections to the effective potential, the possibility arises of treating
the gravitino mass mg/» as a dynamical variable of the low-energy theory valid
near the electroweak scale, namely the MSSM. Then the actual magnitude of
the gravitino mass could be determined by the logarithmic quantum corrections
[60], as computed in the MSSM. The minimization condition of the one-loop
effective potential Vi, with respect to my,, would take the form [65}:

ovi

Str A4
. _
dmg /2

m3 =M+ —5— =0, (124)
The above equation can be interpreted as defining an infrared fixed point for
the vacuum energy, with the two terms in the second member representing the
canonical scaling and the scaling violation by quantum corrections, respectively.
One can show that, for reasonable values of the boundary conditions on the
dimensionless parameters, an exponentially suppressed hierarchy mg;,; <« Mp
can be generated.

Of course, the reason why ms/, can be treated as a dynamical variable in the
effective low-energy theory is the existence of a very flat direction for the modulus
on which it depends monotonically. This means that, after the inclusion of the
O(m? /2) quantum corrections, there will be some very light gauge-singlet spin-0
fields, with ‘axion-like’ or ‘dilaton-like’ couplings and masses O(m% /2/ Mp), i.e.
in the 1073-10~* eV range if m} 2~ G7', with interesting astrophysical and
cosmological implications, including a number of potential phenomenological
problems [66].

3.3 Supergravity Models with Light Gravitino

The second possibility occurs when the goldstino supermultiplet is coupled to
the MSSM sector by gauge or Yukawa interactions, much stronger than the
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gravitational interactions. Taking for example Ay ~ 1, to get the desired mass
splittings one needs Ag ~ G;l/z, giving ms; ~ Gp'Mp' ~ (few) 1077 eV.
If there is some weak coupling and the goldstino supermultiplet couples to the
MSSM states only via loops, Ag and mg/, can increase by a few orders of mag-
nitude, since the effective couplings A; can be suppressed by numerical factors
such as a/(47) and by mass ratios such as Ag/M, where M > Ag is some
supersymmetry-preserving mass term, possibly associated with the vacuum ex-
pectation value of a standard-model-singlet scalar field. In this second class of
models, gravitational interactions are relevant only for the discussion of the vac-
uum energy, and the effective theory at the electroweak scale can be obtained
by taking formally the naive limit Mp — oo, while keeping Ag constant [67].

A low scale of supersymmetry breaking, Ag, may be favoured by generic ar-
guments related with the flavour problem. In the MSSM, the most general set of
soft supersymmetry-breaking terms introduces many new sources of flavour vio-
lation, besides the Yukawa couplings in the superpotential: as will be discussed in
the fourth lecture, only non-generic choices of the soft terms (approximate uni-
versality or alignment) can lead to an acceptable phenomenology. From the point
of view of the underlying theory with spontaneous supersymmetry breaking, the
typical magnitude of the soft terms in the sfermion sector is A% /A, where A is the
scale suppressing the corresponding non-renormalizable operators in the Kahler
potential. If the scale of flavour physics, Afia., is larger than A, then we would
expect flavour-breaking effects on the soft terms to be suppressed by A/A¢qn.
and a phenomenologically acceptable pattern of soft mass terms could naturally
arise. The opposite situation, A4, < A, would generically induce unsuppressed
flavour violations in the soft terms. These generic arguments are not conclusive,
but may be taken as an additional motivation to study models where A5 and A
are as low as possible.

A presently popular realization of the light gravitino case is given by the
so-called ‘messenger’ or ‘gauge-mediated’ models (for a recent review and ref-
erences, see e.g. [68]). In the minimal version of such models, the field content
can be divided into three sectors: an ‘observable’ sector, containing the MSSM
fields; a ‘messenger’ sector, containing real representations of a grand-unified
gauge group (for example, a 5+ 5 of SU(5), to be denoted by M and M, respec-
tively), which interacts with observable sector only via SM gauge interactions;
a ‘secluded’ sector, containing at least the gravitational supermultiplet and the
goldstino supermultiplet S, which has superpotential interactions with the mes-
senger sector, but is decoupled at tree-level from the observable sector. If super-
symmetry is spontaneously broken on the vacuum, one expects that the spectrum
in the messenger sector is controlled by the combination of supersymmetric mass
terms, proportional to {S), and supersymmetry-breaking masses, proportional
to y/(Fs). In the observable sector, supersymmetry breaking masses are gener-
ated by loop diagrams with messenger fields on the internal lines. For example,
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gaugino masses are generated at one loop, and have the form

Ma ~ %—g;s—)w/w v, (125)

whereas universal scalar masses are generated at two loops, and have the form

mi ~ (52)’ gjﬁ (Fs). (126)

It is easy to identify in the above formulae the effective couplings of the gold-
stino supermultiplets to the observable sector, once the effects of loop diagrams
have been included. The nice feature of these models is the fact that, due to
the universal character of gauge interactions, the soft scalar masses in the ob-
servable sector are automatically universal. However, because of a Peccei-Quinn
symmetry, neither p nor m? can be generated by gauge interactions alone, so
the minimal messenger model must be complicated with some superpotential
interactions in order to become realistic. Once superpotential interactions are
introduced, however, the universality properties of the scalar mass terms are no
longer guaranteed in general. Moreover, if there is no mixing with the MSSM
states, and a conserved global messenger number can be identified, then we ex-
pect a stable messenger, which may give rise to cosmological problems. Both
the difficulties mentioned above can be solved by complicating sufficiently the
model, but, as a result, no unique candidate messenger model is singled out.

In view of the above considerations, a more model-independent approach to
the light gravitino case may be followed (for an extensive discussion, see e.g.
[69]). It consists in writing down an effective theory for the light multiplets,
i.e. the MSSM fields and the gravitino, assuming that the heavier fields (for
example, the messengers, but hot necessarily so) have been integrated out. Such
an effective theory has both supersymmetry and the gauge symmetry linearly
realized on the fields, but non-renormalizable operators are present to encode
the low-energy effects of the underlying dynamics. In this theory, supersymmetry
is spontaneously broken, and masses and couplings can be read off tree-level
formulae directly. The limit of such an approach is the lower amount of predictive
power, but the advantage is the possibility of an efficient parametrization of
the model-independent aspects of the resulting phenomenology. In particular,
the differences with the heavy gravitino case become more and more important
as the supersymmetry-breaking scale Ag, suppressing the non-renormalizable
operators, gets closer and closer to the weak scale. We finally remark that an
effective theory of this kind is valid only in a limited energy range, bounded
from above by unitarity, which essentially dictates, besides Am < Ag, also E <
A% /Am: new (elementary or composite) degrees of freedom must be introduced
before or near this critical scale to restore unitarity.



Supersymmetric Extensions of the Standard Model 265
4 Supersymmetric Phenomenology

This final lecture is devoted to the discussion of direct and indirect signals for su-
persymmetry, and to a review of the present experimental bounds. Three broad
scenarios for supersymmetric phenomenology are outlined, corresponding to the
cases of heavy, light and superlight gravitino. The role of electroweak precision
measurements and of flavour physics as indirect tests is explained. After some
comments on the MSSM Higgs sector, direct searches for supersymmetric parti-
cles are discussed, summarizing present bounds and future prospects.

4.1 A Model-Independent Classification
Let us assume, for now, exact R-parity conservation. Then:

— supersymmetric (R-odd) particles are produced in pairs: single production
in reactions initiated by ordinary (R-even) particles would violate R-parity:

— supersymmetric (R-odd) particles always decay into final states involving an
odd number of supersymmetric (R-odd) particles;

— the lightest supersymmetric particle (LSP) is absolutely stable.

If the LSP is neutral and weakly interacting {typical candidates encountered
in model-building are the lightest neutralino or one of the sneutrinos in heavy
gravitino models, and the gravitino itself in light gravitino models), then it is a
possible candidate for dark matter. In collider phenomenology, being essentially
invisible to the detectors, the LSP can be characterized by a distinctive missing-
energy signature. Three broad scenarios for supersymmetric phenomenology then
emerge, whose general features will be now described.

Heavy gravitino. This corresponds to mg/, ~ 10% + 10* GeV, or As ~
1019+ 10 GeV. As discussed in the third lecture, in the heavy gravitino case all
polarization states of the massive gravitino couple with gravitational strength,
and the MSSM with soft terms is an adequate description up to energy scales
of order My. The two most distinctive phenomenological features are that non-
renormalizable operators correcting the MSSM are completely negligible at present
accelerator energies, and that the LSP belongs to the MSSM spectrum.

Light gravitino. This corresponds to mg3,, ~ 1071 = 10% eV, or Ag ~ 10* =
105 GeV. In this case, the +£1/2 helicity components of the gravitino, corre-
sponding to the would-be goldstino, couple with strength much greater than
gravitational, but still smaller than the typical strength of the gauge interac-
tions or of the Yukawa interactions of heavy fermions. In this case, the new
non-renormalizable interactions, correcting the MSSM and associated with su-
persymmetry breaking, are too weak to play a role in the production processes
of R-odd particles, but may play an important réle in their decays. Also, we can
no longer extrapolate the MSSM up to My, since tree-level unitarity is violated
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at a critical energy E. ~ A%/Am, and new (elementary or composite) degrees of
freedom must be introduced before or near this critical scale to restore unitarity.

An important property controlling the phenomenology of these models, whose
LSP is the gravitino, is the nature of the next-to-lightest supersymmetric particle
(NLSP). If such particle is the lightest neutralino, for example the photino, the
rate of its decay into a photon and a goldstino is given by [70]

1 M2

=2 (127)
167 A%

F(&_;Gw):

This is trivially generalized to the case of an arbitrary neutralino, as long as it
has a non-negligible photino component. In this case. the typical signature of
sparticle production and decay is given by photons plus missing energy. If the
NLSP is a sfermion f , for example a stau or a sneutrino, as it may be the case
in some of the messenger models, then it likes to decay into the corresponding
fermion f and a goldstino. In the my = 0 limit, the decay rate reads

P 1 m;
=—_1 128
r (f - Gf) 167 A% (128)
In this case, the phenomenology is characterized by missing energy signals, as in
the standard case of heavy gravitino.

Superlight gravitino. This corresponds to Mgy ~107% + 1077 eV, or Ag ~
102 + 10* GeV. In this case, the goldstino couplings with the MSSM fields have,
at the presently accessible energies, a strength comparable with the gauge cou-
plings. As a result, it is essential to keep track, at energies of the order of the
electroweak scale, of all the leading non-renormalizable interactions controlled
by inverse powers of the supersymmetry-breaking scale. In fact, as we shall see
in a moment, these interactions can now play an important role in the produc-
tion processes: we can have not only pair-production of MSSM sparticles, but
also associated production of a gravitino and a MSSM sparticle, and even pair
production of gravitinos. It is also clear that in this case the effective theory has
a very limited range of validity, extending not much above the electroweak scale.

To conclude the discussion of the superlight gravitino case, we would like
to comment further on an intriguing aspect of its phenomenology. There may
be experiments where the available energy is still insufficient for the on-shell
production of other supersymmetric particles, but nevertheless sufficient to give
rise to final states with only gravitinos and ordinary particles, at measurable
rates. As recently discussed in [71], powerful processes to search for a superlight
gravitino G (when the supersymmetric partners of the Standard Model particles
and of the goldstino are above threshold) are ete~™ — GGy and g —» GG,
which would give rise to a distinctive (photon + missing energy) signal. The
first process can be studied at ete™ colliders such as LEP or the proposed NLC,
the second one at hadron colliders such as the Tevatron or the LHC. At hadron
colliders, we can also consider the partonic subprocesses g§ — GGg. qg — ¢GG,
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gg — GGG and gg — ¢GG, all contributing to the (jet+missing energy) signal.
In the case of heavy superpartners, all these processes have cross-sections with
a strong, universal power-law dependence on the centre-of-mass energy and on
the scale of supersymmetry breaking, s®/A%. In the absence of experimental
anomalies, the above processes can be used to establish model-independent lower
bounds on the gravitino mass. From the present LEP data, we can estimate
M3 /2 2 1075 eV, corresponding to Ag & 200 GeV. At hadron colliders, the
analysis is more complicated. In the (y+ FEr) channel, there are already some
published DO data collected at the Tevatron collider, from which we can extract
As > 245 GeV, or mg/; > 1.4 x 10~% eV. We estimate that, with the presently
available luminosity, the Tevatron experiments should be sensitive up to Ag =~
300 GeV, or mg/y ~ 2.2 x 107® eV. The sensitivity should be slightly higher in
the (jet+ Er) channel: our estimate is Ag ~ 335 GeV, or mg/p ~ 2.7x 107 eV.
At the LHC, because of the pp initial state, the most sensitive channel will be
(jet+ Hr), which should reach Ag ~ 2.2 TeV, or my;, >~ 1.2 x 1073 eV.

As a final remark, we would like to stress that mg/, (¢ As) is a fundamental
free parameter for supersymmetric models, analogous to the Fermi constant Gg
for the models of weak interactions, so it is very important to measure it or at
least to bound it from below.

4.2 SUSY vs. Electroweak Precision Tests

The impressive amount of data collected in recent years at LEP, at the Tevatron
and elsewhere has confirmed the validity of the SM at an unprecedented level
of precision. Nowadays, when discussing physics beyond the SM we must take
into account that only very delicate deviations from the SM predictions are still
allowed at the presently accessible energies.

In this respect, the MSSM performs very well in comparison with other candi-
date models. Thanks to the fact that the soft mass terms are invariant under the
electroweak gauge group, the effects of virtual supersymmetric particles on ob-
servable quantities decouple in the limit of a heavy sparticle spectrum. Of course,
having supersymmetric particle masses much heavier than the electroweak scale
would bring back the hierarchy problem, but this is a different issue: in practice.
decoupling occurs very fast and we do not need to worry about naturalness in
this context. This important MSSM feature should be contrasted with examples
of new physics that do not obey similar decoupling properties, such as a possible
fourth fermion generation, technicolor, and others.

In the case of a heavy sparticle spectrum, the MSSM predictions for precision
electroweak observables essentially coincide with those of the SM for a relatively
light Higgs, and the corresponding data do not put very stringent constraints
on the MSSM parameter space. In some special cases, however, a light sparticle
spectrum can give rise to sizeable effects: a large stop-sbottom splitting, in the
presence of relatively small soft masses for the left-handed components, can give
a sizeable positive contribution to the effective p parameter [72]; loops involving
light stops and charginos, or the top quark and the charged Higgs, may give
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sizeable corrections to the effective Zbb vertex, with the possibility of partial
cancellations [73]; other effects related with the threshold behaviour of light
charginos in the vector boson self-energies have been considered [74], but their
potential impact has considerably decreased after the stringent limits on chargino
masses obtained at LEP2 (see later).

In the past, given the large number of MSSM parameters, to perform global
fits it was convenient to organize the data in a model-independent way, by defin-
ing a suitable approximate parametrization, and by comparing the MSSM pre-
dictions and the fits to the experimental data in terms of 3-4 relevant param-
eters. With the present experimental precision, this approach looks no longer
adequate. In general, the indirect bounds on the MSSM parameter space from
electroweak precision data are weaker than the bounds obtained from the direct
searches. Nevertheless, there are small regions of the MSSM parameter space
where the indirect bounds are the most stringent ones: to discuss these bounds
at the appropriate level of precision, full MSSM computations are required.

For more details on supersymmetry vs. electroweak precision data, many
excellent and updated reviews are available [75].

4.3 SUSY vs. Flavour Physics

Since the early days of supersymmetric phenomenology, it was realized [21,76,77]
that, allowing for non-universal soft supersymmetry-breaking terms, the latter
would be subject to very stringent constraints from FCNC and CP violation.
An example is the decay p — ey, subject to the strong experimental bound
[41] BR(p — ey) < 5 x 10711, Off-diagonal slepton mass terms in generation
space, denoted here with the generic symbol dm?, would contribute to the above
decay at the one-loop level, via diagrams involving virtual sleptons and gaug-
inos, and the previous limit roughly translates into ém*/m? < 107°-107?, if
one assumes gaugino masses of the order of the average slepton mass m; (a
quite complicated parametrization is needed to formulate the bound more pre-
cisely). Similar constraints can be obtained by looking at the K%-K°, B°-B0
systems, at b — sy transitions, at the electric dipole moment of the neutron.
and at other flavour-changing or CP-violating phenomena. It is important to
recall that all these bounds are naturally respected by the strict MSSM, where
the only non-universality in the squark and slepton mass terms is the one in-
duced by the renormalization group evolution from the cut-off scale M to the
electroweak scale. However, the same bounds represent quite non-trivial require-
ments on extensions of the MSSM, such as supersymmetric grand-unified theories
(SUSY GUTs) and string effective supergravities, since in general one expects
non-universal contributions to the soft supersymmetry-breaking masses. Various
mechanisms that could enforce the desired amount of universality, or, alterna-
tively, a sufficient suppression of FCNC and CP violation without universality,
have been discussed in the literature. For reviews of the theoretical and phe-
nomenological aspects of supersymmetric flavour physics, see e.g. [78].



Supersymmetric Extensions of the Standard Model 269

Moving to more general considerations, the flavour problem is one of the key
issues in all extensions of the SM, including the supersymmetric ones. This is due
to the fact that in the SM the [SU(3)]° x [U(1)]* flavour symmetry is strongly
violated, but all flavour violation is encoded in the Cabibbo-Kobayashi-Maskawa
matrix, so that, thanks to the GIM mechanism, there is natural suppression of
all flavour-changing and CP-violating effects. Any model of new physics must
face the flavour challenge, especially if part of the new physics is close to the
electroweak scale. This is certainly the case of the MSSM, where, as we have
already anticipated in the third lecture, the supersymmetry-breaking problem
and the flavour problem get mixed. Models with a light gravitino may naturally
explain the absence of non-standard flavour-violating effects, whereas models
with a heavy gravitino may lead to measurable signals, whose detection would
open a window on the physics at very high scales.

Even ensuring that there are no tree-level FCNC, in the MSSM new contri-
butions to FCNC processes may come from loop diagrams involving virtual non-
standard particles, such as the charged Higgs boson, the stops and the charginos.
Comparison with experiment may then lead to indirect constraints on the MSSM
parameters. Important examples include the fits to Amp, and [¢x| and to the
inclusive b — sv rate. If it were possible to reduce the theoretical uncertainties
due to perturbative and non-perturbative effects of the strong interactions, these
processes would become a very important source of indirect limits on the MSSM
spectrum.

4.4 The MSSM Higgs Sector

We have seen in the first lecture that, at the classical level, the MSSM is very
predictive in the Higgs sector, thanks to the fact that supersymmetry forbids an
arbitrary quartic term in the scalar potential. In particular, the classical relation
my, < mz is very constraining: if it were rigorously true, it would allow a deci-
sive test of the MSSM already at LEP2, and today we would be very close to
ruling out the MSSM! However, it is by now well known that the MSSM Higgs
sector, and in particular the upper bound on the lightest Higgs boson mass,
are subject to large, finite radiative corrections, dominated by loops involving
the top quark and its supersymmetric partners [79]. Over the years, the orig-
inal calculations were progressively refined by the inclusion of: mixing effects
in the stop sector, resummation of the leading logarithms via the renormaliza-
tion group, momentum dependence of the self-energies, loops of other MSSM
particles, the most important two-loop corrections. The state of the art of the
theoretical calculations has been recently summarized in [80,81]. For the present
value of the top quark mass, m, ~ 175 GeV, an average stop mass of 1 TeV and
arbitrary stop mixing, the upper bound on my is approximately 125 GeV. It is
perhaps worth mentioning an implicit assumption lying behind the derivation of
such upper bound: non-renormalizable operators, suppressed by inverse power
of Ag, should be negligible; indeed, one can build models with very low scales of
supersymmetry breaking where this upper bound is strongly violated [69].
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As a pedagogical example, we give here the explicit calculation, in a particu-
larly simple case, of the leading radiative correction to the neutral C P-even mass
matrix. Considering only the functional dependence on the fields ©; = Re HY
(2 = 1,2), the classical potential of the MSSM can be written as

2 2

(o)t a2

The standard way of describing quantum corrections to the classical potential is
to consider the effective potential, which at the one-loop level can be written as
Vi = Vy + AV. Including only top and stop loops, working in the DR scheme
and neglecting as usual field-independent terms, we find

3

V= qggr H0m8) = 10mD] gy = m? <l°g%; - g) . (130)

g
Vo :mf go% +m§<p§ +2m§ Y12 +

A

where m? = hip} and m? = m{ + m} are the field-dependent top and stop
masses, and @ is the renormalization scale. For simplicity, we have neglected D-
terms and mixing terms in the stop squark mass matrix, and we have assumed
a common soft supersymmetry-breaking squark mass mg;.

In analogy with the tree-level case, we can use the one-loop minimization

conditions,
(‘Wl) =0, (=12, (131)
00i ) pey

to solve for the mass parameters m? and m3. We can then identify the one-loop-
corrected entries in the neutral CP-even mass matrix with

(M), = (M) + (A, = 3 () - )

2 0pi0p;

Since in our approximation AV does not depend on ¢;, we can immediately
write

(AMER),, = (AM%), =0. (133)
After some very simple algebra, we also obtain
1 1 /84AV oAV
AME).. == |-= — : 134
( MR) 2 2 [ U2 < 6’502 >;;:v i ( 65‘03 );,'::Ujl ( )

From (130), and the expressions for m} and m?, we get

2AV 1 (8AV 3 /0mI\° L o o
(W) p=v - E ( 6902 )v:v * i@ (8902)5:1:17 [f (mt) f (mt )]*F:T ’

(135)
and then, observing that f”(m?) = 2log(m?/Q?),
3 ¢*mi m?
AMER),, = 7 ———5 log —% 136
(AMR),, 872 m3, sin’ 3 H (136)
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It is now a simple exercise to derive the one-loop-corrected eigenvalues mj, and
mp, as well as the mixing angle a associated with the one-loop-corrected mass
matrix (132). The most striking fact in (136) is that the correction (AM%E)2
is proportional to (m]/m3, ). This implies that the tree-level predictions for my,
and mpy can be badly violated, and so for the related inequalities. The other free
parameter in (136) is mg, but the dependence on it is much milder.

The phenomenology of the MSSM Higgs bosons has been discussed in some
detail in the lectures by P. Zerwas at this School [82], so we can afford to be very
brief here. Supersymmetric Higgs bosons have been intensively searched for at
LEP, which in 1997 has collected about 50 pb™" at /s = 183 GeV. LEP searches
are based on two complementary processes: e"e~ — hZ, whose cross-section is
proportional to sin?(8—«), and eTe~ — hA, whose cross-section is proportional
to cos?(8 ~ «). Taking into account that no significant excesses with respect to
the expected background have been reported for the 1997 run, the combination
of these two processes should allow to establish, both for h and for A, an absolute
lower bound of the order of 75 GeV, irrespectively of the parameters control-
ling the radiative corrections [83]. With the present energy and luminosity. the
Tevatron collider is not very sensitive to the MSSM Higgs bosons: the present
limits on the charged Higgs mass from top decays [41] are significant only for
values of tan 8 outside the preferred range 1 < tan < m¢/ms. Unfortunately,
even by further raising the energy towards /s = 200 GeV, LEP will not be able
to explore completely the parameter space of the MSSM Higgs sector [80]. In
the unfortunate case that no Higgs boson is found at LEP, the search for SUSY
Higgs bosons will be continued at the LHC. The first LHC studies (see, e.g.,
[84] and references therein), which focused on the simplified case of heavy su-
persymmetric particles, have been considerably improved by the computation of
the most important MSSM corrections to the relevant production processes, by
the inclusion of possible Higgs decays into pairs of lighter supersymmetric par-
ticles, and by more accurate experimental simulations (see, e.g., Ref. [82] and
references therein). A complete no-lose theorem is not available, but it seems
quite plausible that, if the MSSM is correct, at least part of its Higgs sector will
not escape detection at the LHC. A more complete exploration of the MSSM
Higgs sector could then be pursued at some high-energy linear e*e™ collider, of
the type currently under study.

4.5 Sparticle Searches

As should be clear by now, the general framework of supersymmetry is so flexible
that it is very difficult to give a unified description of the searches for supersym-
metric particles. In the following, we shall briefly review the present bounds
(no signal of supersymmetry has been observed yet!} and the future discovery
potential, organizing the discussion around the most important machines con-
tributing to these searches. Unless otherwise stated, we shall assume R-parity
conservation and work in the case of a heavy gravitino, but here and there we
shall also comment on the light gravitino case and on the possibility of broken
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R-parity. Even with these restrictions, the complex interplay of the dependences
of masses, cross-sections and branching ratios on the various parameters makes
it very difficult to specify simple general limits. Sometimes, one may choose to
combine different searches within the so-called ‘constrained MSSM’: this means
assuming universal boundary conditions on the soft masses at My so that the
low-energy spectrum and interactions are essentially described (modulo some
subtleties for the stop sector) by four basic parameters, for example mo, M2,
1 and tan 3.

LEP. LEP1 is still a solid basis for very general limits on the sparticle spec-
trum. Working on the Z peak, and using both indirect constraints from the line
shape and dedicated searches, all conceivable decays of the Z boson into pairs
of supersymmetric particles were studied, with high statistics and controllable
backgrounds. As a rule of thumb, this allowed to exclude most supersymmetric
particles up to mass values of the order of myz/2: the only possible exceptions
were particles with suppressed couplings to the Z boson, such as the lightest neu-
tralino y or the lightest stop 1, for special choices of the corresponding mixing
parameters.

At LEP2, the production cross-sections for supersymmetric particle pairs
are more model-dependent than at LEP2, but, thanks to the higher energy,
much stronger limits could be obtained. For example, chargino pair production
is controlled by s-channel (v, Z) exchange and by t-channel 7, exchange, with
the possibility of destructive interference in the case of a light sneutrino. Since
chargino decays involve the lightest neutralino, the mass difference between the
lightest chargino and the lightest neutralino is another important parameter for
the searches. Barring special corners of the parameter space with low accep-
tance {almost degenerate chargino and neutralino) or low cross-section (light
sneutrino), and given the absence of a signal over the background, the lower
bound on the chargino mass is very close to the kinematical limit. After the
1997 run at /s ~ 183 GeV, the four LEP experiments [85] give bounds above
90 GeV.

Also associated production of neutralinos (X¥'), of charged sleptons (I*1~
and of stop squarks (£,£1) can be used to obtain interesting limits at LEP2. All
these processes occur via s-channel exchange of neutral vector bosons. In the case
of selectron production, there is an important additional contribution from t-
channel neutralino exchange, which may increase the cross-section substantially.
In the constrained MSSM, the combination of chargino and neutralino searches
can be used to set a lower bound on the lightest neutralino, but this lower bound
has a significant dependence on the minimum allowed values for the sneutrino
mass and for tan 8. Typical limits on the charged sleptons are in the 60-80 GeV
region, depending on the slepton flavour and on some model assumptions, such
as the allowed amount of mass degeneracy between left and right sleptons, and
between sleptons and the lightest neutralino. One of the reasons why the sleptons
limits are in general weaker than the chargino limits is the strong p-wave phase
space suppression near threshold.
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Comparable limits can be derives for the cases of light gravitino and of broken
R-parity, when the lightest MSSM particle is allowed to decay.

Hadron colliders. Being strongly interacting sparticles, squarks and gluinos
are best searched for at hadron colliders. Both in the heavy and in the light
neutralino case, production cross-sections for §§, 34, g pair-production in pp or
pp collisions are relatively model-independent functions of m; and mg;. As far as
signatures are concerned, one has to distinguish two main possibilities: if mj; <
mg, then § — ¢§ immediately after production, and the final state is determined
by § decays; if m; < mg, then § — ¢§ immediately after production, and the
final state is determined by ¢ decays. The first case is favoured by the constrained
MSSM. In old experimental analyses, it was customary to work under a certain
set of assumptions: 1) five or six (qr,{r) mass-degenerate squark flavours; 2)
LSP = 4, with mass negligible with respect to m, m;; 3) the dominant decay
modes of squarks and gluinos are the direct ones, § — qg¥ if mz; < m; and
¢ — ¢7 if m§ < my. The signals to be looked for are then multijet events
with a large amount of missing transverse momentum. To derive reliable limits,
however, one has to take into account that the above assumptions are in general
incorrect. For example, one can have cascade decays § — qqi?ﬂ:qﬁ?{f = -
and § = qx> A1) q Xf — ... The effects of these cascade decays become more and
more important as one moves to higher and higher squark and gluino masses.
Taking all this into account, the present limits from the Tevatron collider are
roughly in the 200 GeV range (for a recent review, see e.g.[86]). At the LHC (for
recent studies, see e.g. [87]), CMS and ATLAS should be able to explore squark
and gluino masses up to 1-2 TeV, essentially filling the MSSM parameter space
allowed by theoretical prejudices on naturalness.

The searches for charginos and neutralinos at hadron colliders are not very
competitive in the heavy gravitino case. On the other hand, the smaller back-
grounds for the final states with hard photons gives hadron colliders an advan-
tage in the light gravitino case. For example, in typical messenger models, the
present Tevatron data can be used to rule out [88] neutralinos up to 70 GeV and
charginos up to 150 GeV.

Conclusions

The aim of these lectures was to explain, to an audience mainly composed of non-
experts, why low-energy supersymmetry is a motivated and phenomenologically
viable extension of the SM near the electroweak scale, which will be directly
tested in the next few years.

The audience should have realized that the phenomenological studies of
MSSM signals at present and future accelerators are at an advanced stage, and
are continuously improving. Important indirect tests of SUSY are also possible
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in the realm of flavour physics. Given the present absence of definite experi-
mental or theoretical evidence, in setting up the framework for these searches
we should not be prisoner of too restrictive frameworks: Nature may have more
imagination than we do!

On the theoretical side, some major open problems remain: the dynamics of
SUSY breaking, the SUSY flavour puzzle, the cosmological constant problem.
Despite the intense theoretical activity on all of them, the feeling is that some
firm guiding principle is needed to make substantial progress. The present hope
is that string theories and their fascinating duality properties will provide it,
when better understood. The subject is still young, and there is a lot of room
left to the young members of the audience for future important contributions. . .

Acknowledgements. I would like to thank the organizers, and in particular
Prof. C.B. Lang, for providing a very enjoyable atmosphere at the School and
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Abstract. The solar neutrino problem is reviewed and the possible vacuum oscillation
and MSW solutions of the problem are considered.

1 Introduction

The problem of neutrino mass is the central problem of present day neutrino
physics and one of the central problems of contemporary elementary particle
physics.® The existence of nonzero neutrino masses is typicaily correlated in the
modern theories of the elementary particle interactions with nonconservation of
the additive lepton charges, L., L, and L, (see, e.g., [1]). The rather stringent
experimental limits on neutrino masses obtained so far together with cosmolog-
ical arguments imply (see, e.g., [7]) that if nonzero, the masses of the flavour
neutrinos must be by many orders of magnitude smaller than the masses of the
corresponding charged lepton and quarks belonging to the same family as the
neutrino. The extraordinary smallness of the neutrino masses is related in the
modern theorjes of electroweak interactions with massive neutrinos to the ex-
istence of new mass scales in these theories. Thus, the studies of the neutrino
mass problem are intimately related to the studies of the basic symmetries of
electroweak interactions; they are also closely connected with the investigations
of the possibility of existence of new scales in elementary particle physics. Cor-
respondingly, the experiments searching for effects of nonzero neutrino masses
and lepton mixing are actually testing the fundamental symmetries of the elec-
troweak interactions. These experiments are also searching for indirect evidences
for existence of new scales in physics.

Neutrinos are massless particles in the standard (Glashow-Salam-Weinberg)
theory (ST) of the electroweak interactions. The observation of effects of nonzero

¢ The neutrino mass problem, the phenomenological implications of the nonzero neu-
trino mass and lepton mixing hypothesis, the properties of massive Dirac and mas-
sive Majorana neutrinos, the neutrino mass generation in the contemporary gauge
theories of the electroweak interaction as well the role massive neutrinos can play
in astrophysics and cosmology are the subject of a number of review articles and
books: see, e.g., [1}-[6].



282 S.T. Petcov

neutrino masses and lepton mixing would be a very strong indication for exis-
tence of new physics beyond that predicted by the standard theory. The studies
of the neutrino mass problem can lead to a progress in our understanding of the
nature of the dark matter in the Universe as well [8].

One of the most interesting and beautiful phenomenological consequences
of the nonzero neutrino mass and lepton mixing hypothesis are the oscillations
of neutrinos [9], i.e., transitions in flight between different types of neutrinos,
ve ¢ v, and/or v ¢ v, and/or v, ¢ v, and antineutrinos, 7e < U, and/or
U. ¢ b, and/or ¥, & 7,. If, for example, a beam of v, neutrinos is produced
by some source, at certain distance R from the source the beam will acquire a
substantial v, component if v. < v, oscillations take place. The probability to
find v, at distance R from the source of v, when the neutrinos propagate in
vacuum and the massive neutrinos are relativistic, P(ve — v,), is a function of
the neutrino energy E, the differences of the squares of the masses m; of the
neutrinos vx having definite mass in vacuum, Am?k =m? - m?, and of the
elements of the lepton mixing matrix U (see, e.g., [1], [2])-

At present we have several indications that neutrinos indeed take part in
oscillations, which suggest that neutrinos have nonzero masses and that lepton
mixing exists. One of the indications comes from the results of the LSND neutrino
oscillation experiment performed at the Los Alamos meson factory [10]. The
events observed in this experiment can be interpreted as being due to v, ¢
7, oscillations with Am? ~ few eV? and sin?20 ~ few x 1073, where Am?
and sin? 20 are the two parameters — the neutrino mass squared difference and
the neutrino mixing angle, which characterize the oscillations in the simplest
case. The second indication is usually referred to as the atmospheric neutrino
problem or anomaly [11], [12]: the ratio of the p—like and e—like events produced
respectively by the fluxes of (v, + 7,) and (v + i) atmospheric neutrinos with
energies ~ (0.2 — 10.0) GeV, detected in Kamiokande, IMB, Soudan and Super-
Kamiokande experiments, is smaller than the theoretically predicted ratio. The
atmospheric neutrino data can be explained by v, ¢ v, and 7, ¢ V- oscillations
with Am? ~ (1073 — 10~2) V2 and a relatively large value of sin” 26 close to 1.

The amount of the solar neutrino data available at present, the numerous
nontrivial checks of the functioning of the solar neutrino detectors that have
been and are being performed, together with recent results in the field of solar
modeling associated, in particular, with the publication of new more precise
helioseismological data and their interpretation, suggest, however, that the most
substantial evidence for existence of nonzero neutrino masses and lepton mixing
comes at present from the results of the solar neutrino experiments. In view of
this we will devote the present lectures to the solar neutrino problem and its
possible neutrino oscillation solutions.

The “story” of solar neutrinos begins, to our knowledge, in 1946 with the
well-known article by B. Pontecorvo [13], published only as a report of the Chalk
River Laboratory (in Canada). In it Pontecorvo suggested that reactors and the
Sun are copious sources of neutrinos. On the basis of neutrino flux and inter-
action cross-section estimates he concluded [13] that the experimental detection
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of neutrinos emitted by a reactor (i-e., the observation of a reaction caused by
neutrinos) is feasible, while the detection of solar neutrinos can be very difficult
(but not impossible). In the same article the radiochemical method of detection
of neutrinos was proposed. As a possible concrete realization of the method,
a detector based on the Cl-Ar reaction v, + 37Cl — 37Ar + ¢~ was discussed.
The possibility to use the Cl-Ar method for detection of neutrinos was further
studied in 1949 by Alvarez [14]. A Cl-Ar detector for observation of solar neutri-
nos was eventually built by Davis and his collaborators [15]. The epic Homestake
experiment of Davis and collaborators, in which for the first time neutrinos emit-
ted by the Sun were detected, began to operate in 1967 and still continues to
provide data. It was realized in 1967 as well [16] that the measurements of the
solar neutrino flux can give unique information not only about the physical con-
ditions and the nuclear reactions taking place in the central part of the Sun, but
also about the neutrino intrinsic properties.

The solar neutrino problem emerged in the 70’ies as a discrepancy between
the results of the Davis et al. experiment [15], [17] and the theoretical predictions
for the signal in this experiment [18], based on detailed solar model calculations.
The hypothesis of unconventional behaviour of the solar v, on their way to the
Earth (as like, e.g., vacuum oscillations [9], [16] v. Vu(ry and/or v, ¢ v, vs
being a sterile neutrino, etc.) provided a natural explanation of the deficiency of
solar neutrinos reported by Davis et al. However, as the fraction of the solar ve
flux to which the experiment of Davis et al. is sensitive (neutrinos with energy E
> 0.814 MeV) was known [18] i) to be produced in a chain of nuclear reactions
(representing a branch of the pp cycle) which play a minor role in the physics of
the Sun and whose cross-sections cannot all be measured directly in the relevant
energy range on Earth, and ii) to be extremely sensitive to the predicted value
of the central temperature, T, in the Sun (scaling as T24), the possibility of an
alternative (astrophysics, nuclear physics) explanation of the Davis et al. results
could not be excluded.

In 1986 an independent measurement of the high energy part (E > 7.5 MeV)
of the flux of solar neutrinos was successfully undertaken by the Kamiokande II
collaboration using a completely different experimental technique; in 1990 the
measurements were continued by the Kamiokande III group with an improved
version of the Kamiokande II detector [19]. At the beginning of the 90’ies two
new experiments, SAGE [20] and GALLEX [21], sensitive to the low energy part
(E > 0.233 MeV) of the solar neutrino flux, began to operate and to provide
qualitatively new data. The Kamiokande III detector was succeeded by an ap-
proximately 30 times bigger version called appropriately “Super-Kamiokande”,
which began solar and atmospheric neutrino detection on April 1, 1996 [22]. The
data obtained since 1986 did not alleviate the solar neutrino problem — on the
contrary, they made the case for existence of solar neutrino deficit even stronger.

At the same time considerable efforts were also made to understand better
the potential sources and the possible magnitude of the uncertainties in the
theoretical predictions for the signals in the indicated solar neutrino detectors,
and to develop improved, physically more precise solar models on the basis of
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which the predictions are obtained [23]. Remarkable progress in this direction
was made in the last several years with the development of the solar models
which include the diffusion of helium and the heavy elements in the Sun [24]-
[32], as well as with the appearance of new more precise helioseismological data
permitting new critical tests of the solar models to be performed [33]-[37].

With the accumulation of more data and the developments in the theory
certain aspects of the solar neutrino problem changed and new aspects appeared.

In the present lectures we shall review the current status of the solar neutrino
problem. We shall also review the status of the neutrino physics solutions of the
problem based on the hypotheses of vacuum oscillations [9] or of matter-enhanced
transitions [38], [39] of solar neutrinos.

2 The Data and the Solar Model Predictions

We begin with a brief summary of relevant solar model predictions and of the
solar neutrino data. According to the existing models of the Sun [23], the solar ve
flux consists of several components, six of which are relevant to our discussion:

i) the least energetic pp neutrinos (E < 0.420 MeV, average energy E =
0.265 MeV),

ii) the intermediate energy monoenergetic “Be neutrinos (E=0.862 MeV (89.7%
of the flux), 0.384 MeV (10.3% of the flux)),

iii) the higher energy 8B neutrinos (E < 14.40 MeV, E = 6.71 MeV), and three
additional intermediate energy components, namely,

iv) the monoenergetic pep neutrinos (E=1.442 MeV), and the continuous spec-
trum CNO neutrinos produced in the g+ —decays

v) of 13N (E < 1.199 MeV, E = 0.707 MeV), and

vi) of 150 (E < 1.732 MeV, E = 0.997 MeV).

The pp, pep, 'Be and ®B neutrinos are produced in a set of nuclear reactions
shown in Fig. 1. These make part of three major cycles (the pp-cycles) of nuclear
fusion reactions in which effectively 4 protons burn into *He with emission of two
positrons and two neutrinos, generating approximately 98% of the solar energy:

4p = *He + 2t + 2v.. (1)

The first (pp-I) cycle (or chain) begins with the p-p (or p-e-p) fusion into
deuterium and ends with the reaction *He+3He — *He+2p. The second (pp-1I)
and the third (pp-III) cycles begin with the production of “Be in 3He+* He fusion
and end respectively with the processes "Li+p — 2?He and !B — 2*He+e*+v.
(see Fig. 1).

The CNO neutrinos are produced in the CNO-cycle of reactions, which, ac-
cording to the present day understanding, plays minor role in the energetics of
the Sun: 2C+p —» BN 41+, BN — BCtet 4+ v, BC+p > MN+7,
UN 4+ p— 150+, 50 5 BN +tet +v, and N +p — '*C +* He. The pp,
pep, "Be and 8B neutrino spectra are depicted in Fig. 2. Let us note that the
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REACTION TERM. v ENERGY
(%) (MeV)
p+p—=H+et 4+, (99.96) < 0.420
or
p+e +p—2H+y, (0.44) 1.442
H+p— 3He + v (100)
SHe +%He - o+ 2p (85)
or
SHe + *He — "Be + v (15)
B _ Ty 0.861 90%
e+e” — 'Li+ v, (15) {0.383 10%
Li+p—2a
or
"Be+p— 3B +1v (0.02)
8B - 8Be* + et + v, <15

8Be* — 2 o

or

*He + p — *He + et + v,  (0.000004) 18.8

Fig. 1. The nuclear reactions of the pp—chain in the Sun.

shapes of the continuous spectra of the pp, ®B and the CNO neutrinos are to
a high degree of accuracy solar physics independent. The total fluxes of the pp,
pep, "Be, 8B and CNO neutrinos depend, although to a different degree, on the
physical conditions in the central part of the Sun {23] (see further).

Solar neutrinos are produced in the central solar region (which practically
coincides with energy production region) with radius r, = 0.25 Rg, Re = 6.96 %
10° km being the radius of the Sun. The dependence of the source-strength
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Fig. 2. The spectra of the pp, pep, 'Be and ®B neutrino fluxes (from [23]). Shown are
also the ranges of solar neutrino energies to which the Ga - Ge, Cl - Ar and Kamiokande
II and III experiments are sensitive.

functions for the pp, “Be and ®B neutrinos on the distance from the center
of the Sun, r, is shown in Fig. 3. As this figure illustrates, the major part of
the B neutrinos flux is generated in a rather small region, r < 0.10 Ry close
to the center of the Sun; the region of production of “Be neutrinos extends
to r = 0.15 Rw, while the region of the pp neutrino production is the largest
extending to r = 0.25 Rg.

Three different methods of solar neutrino detection have been and are being
used in the six solar neutrino experiments [17], [19]~[22] that have provided data
so far: the Cl-Ar method proposed by Pontecorvo {13] - in the experiment of
Davis et al. [15], [17), the v — e~ elastic scattering reaction — in the (Super-)
Kamiokande experiments [19], {22], and the radiochemical Ga-Ge method — in
SAGE (20] and GALLEX [21] experiments.

The threshold energy of the reaction v, +37 Cl —» e~ +37 Ar on which the
Cl-Ar method is based, is E,{Cl) = 0.814 MeV. Consequently, the pp neutrinos
do not give contributions in the signal in the Davis et al. detector. Inspecting
the predictions of all solar models presently discussed in the literature one finds
that the major contribution to the signal in the Cl-Ar experiment, between 64%
and 79%, should be due to the ®B neutrinos; the "Be neutrinos are predicted to
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Fig. 3. The production of the fluxes of pp, "Be and ®B neutrinos as a function of the
distance R from the center of the Sun (the latter is expressed in units of the solar
radius Rg) (from [23]).

generate between 22% and 13% of the total signal, and the pep and the CNO
neutrinos ~ between 13% and 8%. With a threshold neutrino energy, E, (K),
first of 9.5 MeV (7.5 MeV) and subsequently reduced to 7.5 MeV and further to
7.3 MeV (6.5 MeV), the (Super-) Kamiokande experiments can detect only the
higher energy ®B component of the solar v, flux.

Having the lowest threshold energy E,(Ga) = 0.233 MeV, the Ga-Ge detec-
tors GALLEX and SAGE are sensitive to all six components of the flux consid-
ered above. Moreover, the major part of the signal in these detectors, between
51% and 63%, is predicted to be produced by the pp neutrinos; the "Be neutri-
nos are expected to generate between 28% and 24% of the total signal, the 8B
neutrinos ~ between 12% and 5%, and the CNO neutrinos - around (5-7)%.

The above analysis implies that the Cl-Ar and Kamiokande experiments on
one side, and the Ga-Ge experiments on the other, are most sensitive to very
different components of the solar neutrino flux: the former — to the 8B neutrinos,
and the latter — to the pp neutrinos. The "Be neutrinos are predicted to give the
second largest (and non-negligible) contributions to the signals in both Cl-Ar
and Ga—Ge experiments.

Let us turn next to the data. The average rate of 37 Ar production by solar
neutrinos, R(Ar), observed in the experiment of Davis et al. in the period 1971~
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1996 (altogether ~ 800 solar v. induced events registered) is [17]
(2.56 +0.16 + 0.14) SNU. (1)

Here (and in the experimental results we quote further) the first error is statis-
tical (1 s. d.) and the second error is systematic. The flux of 8B neutrinos, &3,
measured by the Kamiokande experiments reads [19]

P = (2.80+0.19 £ 0.33) x 10° cm™2sec™". (2)

The result is based on a statistics of about 600 events accumulated by the two
experiments in 2079 days of measurements in the period 1986 — 1996.

The GALLEX and SAGE experiments began to collect data in 1991 and
1990, respectively. The GALLEX group has registered (in 65 runs) approximately
300, and the SAGE group has registered (in 33 runs) about 100 solar neutrino
induced events. The average rates of 7! Ge production by solar neutrinos, R(Ge),
measured by the two collaborations are [21], [20]

Roarrex(Ge) = (76.2 £6.5 £5) SNU, (3)
Rsace(Ge) = (73 + 85 *52) SNU. (4)

Obviously, the results of the two experiments are compatible. Adding the statis-
tical and the systematical errors in (3) and in (4) in quadratures and combining
the two results (i.e., taking the weighted average) we find

Rexp(Ge) = (75.4 + 7) SNU. (3)

Recently, the Super-Kamiokande collaboration announced results on solar
neutrinos based on data collected during a period of 306.3 days. About 4000 (!)
solar neutrino induced events have been detected. The following value of the *B
neutrino flux was measured [22]:

$5K = (2.44 £ 0.06 £5:25) x 105 cm~2sec™". (6)

The GALLEX collaboration has successfully performed in 1994 and in 1997
very important (and rather spectacular) calibration experiments with an artifi-
cially prepared powerful ®'Cr source of monoenergetic v, (four lines: E = 746
keV (81%), 751 keV (9%), 426 keV (9%) and 431 keV (1%)) of known intensity
[21]. At the beginning of the two exposures the signal due to the 3! Cr neutrinos
was approximately 15 times bigger than the signal due to the solar neutrinos.
The results of the experiments showed, in particular, that the efficiency of extrac-
tion of the "*Ge, produced by neutrinos, from the tank of the detector coincides
(within the 10% error) with the calculated one.

Similar calibration experiment has been successfully completed in 1996 also
by the SAGE collaboration. These experiments demonstrated, in particular, that
the Ga-Ge detectors are capable of detecting the intermediate energy "Be neu-
trinos with a high efficiency. They represent a solid proof that the data on the
solar neutrinos provided by the two detectors are correct. They also represent
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the first real proof of the feasibility of the radiochemical method invented by
Pontecorvo [13] for detection and quantitative study of solar neutrinos.

An extensive program of calibration studies of the Super-Kamiokande de-
tector is presently being completed. The aim is to reach an accuracy of 1% in
the measurement of the energy of the recoil e~ from the solar neutrino induced
reaction v+e” v +e”.

3 The Data Versus the Solar Model Predictions

3.1 Modeling the Sun

The results of the solar neutrino experiments have to be compared with the
corresponding theoretical predictions. Many authors have worked (and many
continue to work) in the field of solar modeling and have produced predictions
for the values of the pp, "Be, 8B, pep and CNO neutrino fluxes, and for the
signals in the solar neutrino detectors: a rather detailed review of the results
obtained by different authors prior 1992 and the corresponding references can be
found in [24]. The articles [25], [27]-[32] describe some of the models proposed
after 1992. Most persistently solar models with increasing sophistication and
precision, aiming to account for and/or reproduce with sufficient accuracy the
physical conditions and the possible processes taking place in the inner parts
of the Sun have been developed starting from 1964 by John Bahcall and his
collaborators [23].

The solar models are based on the standard assumptions of hydrostatic equi-
librium and energy conservation made in the theory of stellar evolution. Several
additional ingredients are needed to determine the physical structure of the Sun
and its evolution in time [23], [31]:

1. the initial chemical composition,

2. the equation of state,

3. the rate of energy production per unit mass as a function of the density p,
temperature T and chemical composition g,

4. the radiative opacity x as a function of the same three quantities, and

5. the mechanism of energy transport.

The initial chemical composition of the Sun is, of course, unknown. However,
the relative abundances of the heavy elements in the initial Sun, with the excep-
tion of the noble gases and C, N, and O, are expected to be approximately equal
to those found in the type I carbonaceous chondrite meteorites (see, e.g., [23]).
Using the meteoritic abundances and the measured abundances in the solar pho-
tosphere which includes hydrogen, and taking into account the possible change
of the heavy element abundances during the evolution of the Sun, permits to fix
the present day ratio of the heavy element (Z) and hydrogen (X) mass fractions,
Z/X. The knowledge of Z/X, the normalization condition X +Y + Z = 1, where
Y is the helium mass fraction, and the requirement that the solar model repro-
duces correctly the measured value of the solar luminosity (see further) allows to
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determine the absolute values of the initial solar element abundances (for further
details see [23]).

The equation of state requires the knowledge of the degree of ionization and
the population of the excited states of all elements present in the Sun. Stellar
plasma effects which introduce deviations from the perfect gas law have to be
taken into account as well. As we have mentioned earlier, the energy is generated
in the Sun in four cycles (or chains) of nuclear fusion reactions in which effectively
4 protons burn into ‘He: 4p — “He+ 2e* + 2v,. Collective plasma and screening
effects have to be accounted for in the calculation of the corresponding nuclear
reaction cross-sections.

The radiative opacity x is determined by the photon mean free path. It
controls the temperature gradient (and therefore the energy flow) in the radiative
zone. The calculation of & requires a detailed knowledge of all atomic levels in the
solar interior as well the cross-sections of photon scattering (elastic and inelastic),
emission, absorption, inverse bremsstrahlung, etc. and is a rather complicated
task. The energy transport is assumed to be by radiation in the inner part of
the Sun, and by convection in the outer region. The border region between the
radiative and convective zones is located at r ~ 0.7Rq, where r is the distance
from the solar center.

A solar model should reproduce the observed physical characteristics of the
Sun: the mass [42] Mg = (1.98892 + 0.00025) x 10°3 g, the present radius
Ro = (6.9596 % 0.0007) x 10° km and luminosity [29] (see also [43]) Lo =
3.844(1 £ 0.004) x 1033 erg s™!, as well as the measured relative photospheric
mass abundances of the elements heavier than ‘He, Z, and of the hydrogen, X:
(Z/X)photo = 0.0245 (1 £ 0.061); actually, these quantities are used as input in
the relevant computer calculations. An important constraint is the age of the
Sun: 75 = (4.57 £0.01) x 10° yr. In order to develop a solar model one typically
studies the evolution of an initially homogeneous Sun, having a mass Mg dur-
ing a period of time 7. To reproduce the values of Rg, Lo and (Z/X)photo at
time ¢ = 7 three parameters in the calculations are used: the initial helium and
heavy element abundances Y and Z, and a parameter characterizing the convec-
tion efficiency in the outer region of the Sun (the mixing length parameter). The
latter is constrained by the value of Rg. It is usually assumed that the Sun is
spherically symmetric.

It should be clear from the above brief discussion that the solar modeling
requires a rather good knowledge of several branches of physics: astrophysics,
atomic, nuclear (elementary particle) and plasma physics. The most recent and
sophisticated standard solar models [28]-{32], [35] include the effects of the slow
diffusion (relative to hydrogen) of helium and the heavier elements from the
surface towards the center of the Sun {(caused by the stronger gravitational pull
of these elements relative to hydrogen).
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3.2 Helioseismological Constraints on Solar Models

At present one of the most stringent constraints on the solar models are obtained
from the helioseismological data. It was discovered experimentally as early as in
1960 [33] that the surface of the Sun is oscillating with periods which vary in the
interval between about 15 and 3 minutes (these oscillations are usually referred
to as the “5 minute oscillations”). In later studies about 10° individual oscillation
modes have been identified experimentally and their frequencies were measured
with an accuracy of 1 part in 10* or better.

The Sun’s surface oscillations reflect the existence of standing pressure waves
(p-waves) in the interior of the Sun (see, e.g., [33]). Some of these waves penetrate
deep into the region of neutrino production. The p-mode frequencies depend on
the physical conditions in the interior of the Sun. Using a specially developed
inversion technique and the more precise helioseismological data on the low-
frequency oscillations which became available recently, it was possible to recon-
struct with a remarkable accuracy the sound speed distribution, ¢(r), in a large
region of the Sun [33], [35], [36] extending from r 2 0.05 Ry to r = 0.95 R;.
Using the same data permitted to determine the location of the bottom of the
convective zone, rp, and the matter density at the bottom of the convective zone,
Py, as well [37]:

Ty = (0708 - 0.714) R@ s (7)

pp = (0.185 — 0.199) g/cm® . (8)

The implications of the helioseismological data for the solar modeling are il-
lustrated in Fig. 4 (taken from [36]), where the ratio (csa(r) — cas(r))/cus(r),
cus(r) and cgpr(r) being the sound speed distributions extracted from the helio-
seismological data and predicted by a given solar model, is plotted for two solar
models - without and including heavy element diffusion [29]. Only the statistical
errors in the determination of cgg(r) are shown (they are so small that they are
barely seen), but the general conclusions which can be inferred from such a com-
parison remain valid after the inclusion of conservatively estimated systematical
errors [37]. As Fig. 4 illustrates, the difference between cys(r) and csa(r) for
the model without heavy element diffusion is so large that this model is prac-
tically ruled out by the helioseismological data. Actually, the same conclusion
is valid for all existing solar models without heavy element diffusion (e.g., the
models [24], [25], [26]).

Further studies {37] have shown, in particular, that models which have been
especially designed to explain the observed deficiency of ®B neutrinos by lowering
the temperature in the central region of the Sun (see further), i.e., the so-called
models with “mixed solar core”, also do not pass the helioseismological data test.
Thus, of the large number of solar models proposed so far only the models which
include diffusion of the heavy elements are compatible with the helioseismological
data.

The agreement of the predictions of the models with heavy element diffusion
for ¢(r) with the sound speed distribution deduced from the data is quite impres-
sive. As Fig. 4 indicates, the root mean square (r.m.s.) deviation from cgs(r)
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Fig. 4. The ratio (csym —crs)/cHs, cus and csas being the sound speed distributions
extracted from the helioseismological data and predicted by a given solar model, as a
function of the distance R from the center of the Sun (expressed in units of the solar
radius Rp) (from [36]). The ratio is plotted for two solar models — without (dashed
line) and including (solid line) heavy element diffusion [29]. Only the statistical errors
in the determination of cys(r) are included in the analysis (they are too small to be
seen).

for the model of [29] in the entire range of cys(r) determination is ~ 0.1%. For
the model with heavy element diffusion of [35] the r.m.s. discrepancy is ~ 0.2%.
Adding the estimated systematic uncertainties in the determination of cys(r)
allows the difference |csar(r) — cus(r)| to be somewhat larger [37] : the ratio
lesar(r) — crs(r)|/cas(r) for the model [29], however, does not exceed approx-
imately 0.4% in the region 0.2Rg < r < 0.65R,, and about 1% in the neutrino
production region 0.05Ry < r < 0.20Rg, for which the helioseismological data
is less accurate.

As can be shown [36], in the interior of the Sun one has: ¢*(r) ~ T(r)/u(r).
where T is the temperature and p is the mean molecular weight. Consequently.
even small deviations of the solar model predictions for T and p from their
actual values in the Sun, 6T and i, would lead to a relatively large discrepancy
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between the predicted an measured values of c(r): dc/c = 0.5(6T/T ~ dp/p).
Since, according by the standard solar models, T and p vary by very different
factors in the energy (neutrino) production region,’ namely, by a factor of 1.9
and by 39%, it is quite unlikely that the discrepancies between the predicted and
actual values of T' and p mutually cancel to produce the remarkable agreement
for the models with heavy element diffusion, illustrated in Fig. 4. Barring such
a cancellation, the comparison between cys(r) and csar(r) suggests that for
the indicated models |6T|/T, [6pl/p < 2% in the interior of the Sun, and is
considerably smaller in most part of the Sun. Since the solar neutrino fluxes
scale approximately as 7" with n = ~1.1; 8; 24 respectively for the pp, "Be and
8B neutrinos [40}, T.. being the central temperature predicted by the model, the
above results implies, in particular, that it is impossible to reduce considerably
even the 8B neutrino flux by changing the central temperature within the limits
following from the helioseismological data.

3.3 Predictions for the Neutrino Fluxes and the Signals
in the Solar Neutrino Detectors

We shall present here the results obtained in four models [29]-[32] with heavy
element diffusion, which can be characterized by their predictions for the total
flux of ®B neutrinos as relatively “high flux” [29], [30], “intermediate flux” [31]
and “low flux” [32] models. The predictions for the 8B neutrino flux and for the
signals in the solar neutrino detectors in these models determine the correspond-
ing intervals in which the results of practically all contemporary solar models
compatible with the helioseismological data [34]-[37] lie (see, e.g., [28], [35]).
Thus, they give an idea about the dispersion and the possible uncertainties in
the predictions.

In Table 1 we have collected the results of the models of Bahcall-Pinsonneault
(BP’95) from 1995 [29], Richard et al. (RVCD) [30], Castellani et al. (CDFLR)
[31], and of Dar and Shaviv from 1996 (DS’96) [32] for the values of the fluxes of
the pp, "Be, 8B, pep and CNO neutrinos at the Earth surface. We have included
also the estimated 1 s.d. uncertainties in the predictions for the fluxes made
by Bahcall and Pinsonneault for their model. In Tables 2 and 3 we give the
predictions for the contributions of each of the indicated six fluxes to the signals
in the Cl-Ar (17] and the Ga-Ge [20], [21] experiments, respectively, and quote
the predictions for the total signals in these experiments (including the estimated
1 s.d. uncertainty in the predictions whenever it is given by the authors).

A comparison between the experimental results (1) - (6) and the correspond-
ing predictions given in Tables 2 and 3 leads to the conclusion that none of the
solar models proposed so far provides a satisfactory description of the solar neu-
trino data: the predictions typically exceed the observations. This is one of the
current aspects of the solar neutrino problem.

® They vary respectively by the factor of 53 and by 43% in the entire region of the
¢(r) helioseismological determination.



294 S.T. Petcov

Table 1. Solar neutrino fluxes at the Earth surface (in units of cm~?sec™!)
predicted by the solar models [29]-[32].

Flux BP'95 RVCD CDFLR DS'06
Bop x 10710 5.91(1 00 5.94 5.99 6.10
Poep x 1078 1.40(1 T501) 1.38 1.40 1.43
Bpe x 107°  5.15(1 +9%%) 4.80 4.49 3.71
o x 107 6.62(1 1014 6.33 5.16 2.49
oy x 1078 6.18(1 ¥337) 5.59 5.30 3.82
B0 x 10-8 5.45(1 1939) 481 4.50 3.74

Table 2. Signals (in SNU) in Cl-Ar detectors due to the solar neutrinos, pre-
dicted by the solar models [29]-(32].

Type of neutrinos BP’95 RVCD CDFLR DS’96
pp 0.0 0.0 0.0 0.0
pep 0.22 0.22 0.22 0.24
"Be 1.24 1.15 1.08 0.89
8B 7.36 6.71 5.74 2.64
13N 0.11 0.09 0.09 0.06
150 0.37 0.32 0.31 0.25
Total: 9.3 112 8.5 74 4.1 + 1.2

Taking into account the estimated uncertainties in the theoretical predictions
and the experimental errors in (1) - (6) one finds that the differences between
the predictions and the observations are largest for the “high flux” models: the
measured values of R(Ar), #(B) and R(Ge) in the Cl-Ar, Kamiokande and Ga-
Ge experiments are at least by (3.5-4.0) s.d. smaller than the predicted ones
in [29], [30]. The “low flux” model of Dar and Shaviv reproduces the result of
the Kamiokande and Super-Kamiokande experiments for #(B). However, the
prediction of the model for R(Ge) is respectively by at least 3 s.d. higher than
the GALLEX and SAGE results (3) and (4). The discrepancy between the solar
model predictions and the Ga-Ge data is somewhat larger if one compares the
predictions with the combined result (5) of the GALLEX and SAGE experi-
ments.

Let us discuss in somewhat greater detail the results of the four representa-
tive models {29]-[32] for the fluxes of the pp, pep, "Be, 8B and CNO neutrinos
shown in Table 1. The predictions for the values of the pp and pep neutrino
fluxes are remarkably coherent: they very from model to model at most by 3%
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Table 3. Signals (in SNU) in Ga-Ge detectors due to the solar neutrinos, pre-
dicted by the solar models [29]-(32].

Type of neutrinos  BP’95 RVCD CDFLR DS’96
pp 69.7 70.1 70.7 72.0
pep 3.0 3.0 3.0 3.0
"Be 37.7 35.3 32.9 27.1
8B 16.1 15.4 12.6 6.1
13N 3.8 3.5 3.3 2.4
150 6.3 5.6 5.2 4.6
Total: 13715 133 128 115 £ 6.0

and 3.5%, respectively. Actually, the two fluxes are related [23]: &, is pro-
portional to @, and the coefficient of proportionality is practically solar model
independent, being determined by the ratio of the cross—sections of the reac-
tionsp+e  +p—-D+w» and p+p - D +et + v, in which the pep and pp
neutrinos are produced in the Sun. One has [23]-[32]

Bpep = (2.3~ 2.4) x 107%0,,,,. (9)

The value of the pp flux is constrained by the existing rather precise data
on the solar luminosity, L. Indeed [41], the solar luminosity is determined by
the thermal energy released in the Sun in the two well known cycles of nuclear
reactions, the pp (Fig. 1) and the CNO cycles (see, e.g., [23]), in which 4 protons
are converted into *He with emission of 2 neutrinos. From the point of view of
the energy effectively generated, the indicated hydrogen burning reactions can
be written as

4p +2e~ = “*He + 2v.. (10)

Depending on the cycle, the two emitted neutrinos can be both of the pp or
pep type, or a pp (pep) and a "Be, a pp (pep) and a ®B (pp cycle), and a °0
and/or 13N (CNO cycle) neutrinos [23], (31]. The thermal energy released per
one produced pp, pep, "Be and ®B neutrino is equal to (Q/2 — E;), where Q =
26.732 MeV is the Q-value of the reaction (7), and E; is the average energy of the
neutrino of the type j (j = pp, ...). The energy released per one !0 and/or one
13N neutrino, as can be shown (taking into account, in particular, the discussion
of the rates of the different reactions of the CNO cycle given in [23]) is equal with
a high precision to the difference (Q/2 — (Ex + Eo)/2). Obviously, the values of
Q and E; are solar physics (and therefore solar model) independent.

leen the average energies E; carried away by the pp, pep, "Be, B and
CNO neutrinos (they are listed at the beginning of Sect. 2, Ege = 0.813 MeV),
and knowing that the energy emission by the Sun is quasi-stationary (steady
state), it is possible to relate L, with the pp, pep, "Be, ®B and CNO neutrino
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luminosities of the Sun. One finds in this way the following constraint on the
solar neutrino fluxes:

B pp +0.958 B, +0.955 Sono +0.910 Bpep = (6.514 + 0.031) x 10° cm~2sec ™,
(1)
where

Pono = O + Do,

we have used [29] (see also [42], [43]) Ly = (3.844 + 0.015) x 10*3 erg sec™’
and have neglected the terms proportional to g and to (&x — $o) in the left
hand side of the equation, which are predicted to be considerably smaller than
3 x 108 cm~2sec™!. The fluxes ¥ and ($x — $o) have to be more than 46
and (3 - 4) times bigger than the largest (“high flux”) model predictions [29]
and [30], respectively, in order for these terms to exceed the indicated value.
The coefficient multiplying the $p, term in (11) is just the ratio of the thermal
energies produced per one "Be and one pp neutrino, (Q/2 ~ Eg.)/(Q/2 — Ep;),
etc. Since, as Table 1 shows, @g. and $ono are smaller than &, at least by the
factors 0.09 and 0.02, respectively, and P, is even smaller (see (9)), (11) limits
primarily the pp neutrino flux.

Comparing the experimental results (3) - (6) with the solar model predictions
given in Table 3 one notices, in particular, that the rate of "' Ge production due
only to the pp neutrinos, RPP(Ge) = (70 — 72) SNU, is very close to the rates
observed in the GALLEX and SAGE experiments. This suggests that a large
fraction, i.e., roughly at least half, of the pp (electron) neutrinos emitted by the
Sun reach the Earth intact and are detected.

The relative spread in the predictions for the “Be neutrino flux &g, and for
the signals due to the "Be neutrinos in the Cl-Ar and Ga-Ge experiments, as it
follows from Tables 1 — 3, does not exceed approximately 30%.

4 The 8B Neutrino Problem

A further inspection of the results collected in Table 1 reveals that the differences
(and the estimated uncertainties) in the predictions of the solar models for the
total flux of ®B neutrinos are the largest: the value of & in the models [29]-{31] is
by more than a factor of 2 larger than the value obtained in the “low flux” model
[32]. The ®B neutrinos are born in the Sun in the 3*-decay, B — ®Be*+et +v,
of the ®B nucleus which is produced in the reaction

p+ Be— *B+7 (12)

initiated by ~20 keV protons. Obviously, #p is proportional to the rate of the
process (12) taking place in the solar plasma environment, which in turn is
to large extent determined by the cross—section of (12), o17(Ep). The latter is
usually represented in the form [23]

o17(Ep) = S—I%E—J?—) exp(—8m */v), (13)

P
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where exp(—8r e?/v) is the Gamow penetration factor, and E; and v are the p
- "Be c.m. kinetic energy and relative velocity. The largely different values of
the astrophysical factor Sy7, Si7 = S17(E, ~ 20 keV), adopted by the authors of
[29], [30}, {31] and of {32] is one of the major sources of the large spread in the
predictions for @g.

Because of background problems it is impossible to measure the cross-section
o17(Ep) directly at the low energies of the incident protons, which are of astro-
physical interest. The experimental studies of the process (12) were performed
at energies 110 keV < E;, < 2000 keV. They are technically rather difficult be-
cause of the instability of the "Be serving as a target. The results obtained in
the indicated higher energy domain are extrapolated to Ep ~ 20 keV using a
theoretical model describing the data (and the process (12) in the entire en-
ergy range 20 keV < E;, < 2000 keV) and taking into account the possible solar
plasma screening effects. Obviously, there are at least two major sources of un-
certainties in the determination of Sy7 inherent to the indicated approach: the
uncertainties associated with the data at E, > 110 keV, and those associated
with the extrapolation procedure exploited.

Altogether six experiments have provided data on the the p - "Be cross-
section 017(Ep) so far. The results of the four most accurate of them [44], [43]
can be grouped in two distinct pairs, [44] and [45), which agree on the energy
dependence of S;7(E;), but disagree systematically by ~ (20-25)% ( ~(2-3)
s.d.) on the absolute values of S17(E,). The authors of [29}, [31] (and, we suppose,
of [30]) used in their calculations the value S;7 = (22.4 + 2.1) eV-b derived by
extrapolation in [46] on the basis of the data from all six experiments.

A new method of experimental determination of S;; was proposed relatively
recently in [47]. It is based on the idea of measuring the cross-section of the
inverse reaction, ¥ + ®B — 7Be + p, by studying the dissociation of B into
p + "Be in the Coulomb field of a heavy nucleus, chosen to be 2°8Pb. The
time-reversal symmetry guarantees that the cross-sections of (12) and of the
inverse reaction should be equal. The extraction of the values of oy7(E,) (and of
S17(Ep)) from the data on the process ®B + 2°8Pb — p + "Be + 20%Pb is not
straightforward and is associated with certain subtleties (see, e.g., [48]).

Using the results of the experiment of Motobayashi et al. [47] on the reaction
8B 4+ 208Ph — p 4+ "Be+ 208Pb to determine the cross-section o17(Ep) in the
energy interval 500 keV < E, < 2000 keV, the results of the most recent of
the experiments on (12) of Filippone et al. [45] in the interval (110 ~ 500) keV,
and a new extrapolation model developed by them, the authors of {32] obtain
817 =174+2eV-b. ¢

The additional difference between the values of #g predicted in [29] and in
[32] is due to

¢ Let us note that in [25] the value of S;7 derived in [46] and adopted in [29], [31]
was also used, but with a larger systematical error, S17 = (22.4 + 1.3 £ 3.0) eV-b,
introduced to account for the (systematic) difference between the data on o17(E;)
from the experiments {44] and [45).
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i) the use of different (but still compatible within the errors with the measured
or deduced from the data) values of other relevant nuclear reaction cross-
sections, as those of the 3He + 3He —» “He + 2p and He + “He — "Be+~
reactions (a factor ~ 1.2), and

ii) the use in [29] and in [32] of different methods to account for the diffusion
of the heavy elements in the Sun.

The latter leads, in particular, to a difference in the values of the central tem-
perature in the Sun in the models (29] and (32]: T.(BP'95) = 1.584 x 107 K and
T (DS'96) = 1.561 x 107 K. As the ®B neutrino flux @5 is very sensitive to the
value of T, scaling as [40] &5 ~ T?* | the indicated difference in T, implies an
additional difference in the values of g predicted in [29] and in [32] (a factor of
~ 1.4).

5 The Missing "Be Neutrinos

Even if one accepts that there are large uncertainties in the predictions for the
flux of ®B neutrinos and in all analyses one should rather use for & the value
implied by the (Super-) Kamiokande data, (2) and (6), another problem arises:
the predictions of all contemporary solar models for the flux of “Be neutrinos,
Pge, are considerably larger than the value suggested by the existing solar neu-
trino data. This was first noticed in [49] and confirmed in several subsequent
more detailed studies [50]-[53] utilizing a variety of different methods. We shall
illustrate here the above result using rather simple arguments [49}, [33].

Let us assume that the spectrum of the 8B neutrino flux coincides with that
predicted by the solar models, i.e., with the spectrum of the v, emitted in the
decay ®B — ®Be* + e* + v, (see Fig. 2). This would be the case if the solar
8B v, behave conventionally during their journey to the Earth. For the value
of the total 8B neutrino flux one can use the Super-Kamiokande result (6):
S5 = (244 702) x 108 cm~2sec™!, where the statistical and the systematic
errors were added in quadratures. Knowing &g and the the cross-section [23]
of the Pontecorvo-Davis reaction v, +37 Cl — e~ +37 Ar, one can calculate the
contribution of the 8B neutrinos to the signal in the Davis et al. experiment,
RB(Ar). One finds:

RB(Ar) = (2.71 £5:39) sSNU. (14)
By subtracting this value from the rate of Ar production measured in the Davis

et al. experiment we obtain the sum of the contributions of the "Be, pep and
CNO neutrinos to the signal in this experiment:

RPetpertONO(Ar) = (—0.15 *3-37) SNU. (15)
Given the solar model independent relation (9) between Ppep and by, and
that @, is rather tightly constrained by the data on the solar luminosity, we
can consider as rather reliable (and weakly model dependent) the solar model
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predictions for RE;F (Ar) = (0.22 — 0.24) SNU. Taking RPP(Ar) = 0.22 SNU one
obtains from (15)

RBe(Ar) < (-0.37 337y SNU, (16)

RB¢(Ar) being the "Be neutrino contribution to the signal in the Davis et al.
experiment. At 99.73% C.L. (3 s.d.) this implies RP¢(Ar) < 0.74 SNU, which is
smaller than the predictions of the solar models with heavy element diffusion,?
REf(Ar) = (0.89 — 1.24) SNU [28], [29], [30], [31], [32], [35]. As RBe(Ar) ~
®B., the result obtained suggests that, if the solar neutrinos are assumed to
behave conventionally on the way to the Earth (i.e., do not undergo oscillations,
transitions, decays, etc.), the "Be v, flux inferred from the solar neutrino data is
substantially smaller than the flux predicted by the contemporary solar models.

Similar (though statistically somewhat weaker) conclusions can be reached
for the contribution of the “Be neutrinos to the signal in the Ga-Ge detectors,
RB¢(Ge), and correspondingly for $g., by taking into account the fact that the
solar model predictions for the contributions of the pp and pep neutrinos to the
indicated signal, RPP+PeP(Ge), are tightly constrained by the data on the solar
luminosity and vary by no more than 3%: REyPP(Ge) = (72.7 — 75.0) SNU.
Subtracting RERP*P(Ge) = 72 SNU from the rate of Ge production observed in
the SAGE and GALLEX experiments, Eq. (5), one obtains for the contribution
of 8B, "Be and CNO neutrinos: RB+Be+CNO(Ge) = (3.4 + 7) SNU.

Utilizing the value of #3X measured by the Super-Kamiokande experiment
and the Ga-Ge reaction cross-section (23], [53] permits to calculate the con-
tribution of the ®B neutrinos, RB(Ge), to Rexp(Ge): RB(Ge) = (5.9 157) SNU,
where the error is dominated by the estimated uncertainty in the value of the
Ga—Ge reaction cross—section [53]. Subtracting the so derived value of R®(Ge)
from the value of RB+Be+CNO(Ge) we get:

RB¢(Ge) < (-2.5 192) SNU. (17)

Consequently, at 99.73% C.L. (3 s.d.) the contribution of "Be neutrinos to the
signals in the SAGE and GALLEX experiments does not exceed 25.1 SNU, while
the solar models {24]-[32], [36] predict RB¢(Ge) > 27 SNU.

Analogous results have been obtained in [50], [52] using different meth-
ods. The same conclusion has been reached in [51] as well on the basis of a
x2— analysis of the solar model description of the data, in which the total pp,
pep, "Be, 8B and CNO neutrino fluxes were treated as free parameters subject
only to the luminosity constraint (11), while the spectra of solar neutrinos were
assumed to coincide with the predicted ones in the absence of unconventional
neutrino behaviour (as oscillations in vacuum, etc.).

Thus, there are strong indications from the existing solar neutrino data that
the flux of "Be (electron) neutrinos is considerably smaller than the flux pre-
dicted in all contemporary solar models. Given the results of the GALLEX and

¢ Actually, the 3 s.d. upper limit on RB*(Ar) is smaller than the predictions of all
known to the author solar models proposed in the last 10 years (see also the second
article quoted in [36]).
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SAGE calibration experiments, we can conclude that both the Davis et al. and
the Super-Kamiokande (Kamiokande) data, (2) and (6) (Eq. (3)), have to be
incorrect in order for the above conclusion to be not valid. The discrepancy bet-
ween the value of &g, suggested by the analyses of the existing solar neutrino
data and the solar model predictions for @p. represents the major new aspect
of the solar neutrino problem. No plausible astrophysical and/or nuclear physics
explanation of this discrepancy has been proposed so far.

6 Neutrino Physics Solutions
of the Solar Neutrino Problem

We have seen that none of the solar models developed during the last ten years
provides a satisfactory description of the existing solar neutrino data. The dis-
crepancy between the data and the solar model predictions is especially large for
the majority of models with heavy element diffusion, which are compatible with
the helioseismological data. The solar model predictions for the signals caused
by the solar neutrinos in the solar neutrino experiments are larger than the mea-
sured signals. In particular, no solar, atomic or nuclear physics solution to the
"Be neutrino problem discussed above was found so far. Since the solar neutrino
detectors are sensitive either only, or predominantly, to the solar v, flux, these
results indicate that the solar v, flux is depleted on the way to the Earth.

Such a depletion can take place naturally if the solar v, undergo transitions
into neutrinos of a different type, v, and/or v,, and/or into a sterile neutrino v;,
or are converted into antineutrinos 7, and/or 7, while they travel to the Earth.
The depletion of the solar v, flux might be caused also by instability of the solar
neutrinos which can decay on their way to the Earth. Thus, several physically
rather different neutrino physics solutions of the solar neutrino problem are, in
principle, possible. They all require the existence of “unconventional” intrinsic
neutrino properties (mass, mixing, magnetic moment) and/or couplings (e.g.,
flavour changing neutral current (FCNC) interactions). More specifically, these
solutions include:

i) oscillations in vacuum [9], [16], [2] of the solar v, into different weak eigen-
state neutrinos (v, and/or v,, and/or sterile neutrinos, v;) on the way from
the surface of the Sun to the Earth [54]-[58],

ii) matter-enhanced transitions [38], [39] ve = v,(r), and/or Ve ~ v, while the
solar neutrinos propagate from the central part to the surface of the Sun
(59)-{61],

iii) solar v, resonant spin or spin-flavour conversion (RSFC) in the magnetic
field of the Sun [62], and

iv) matter-enhanced transitions, for instance v, — v;, in the Sun, induced by
flavour changing neutral current (FCNC) interactions of the solar v, with
the particles forming the solar matter [63]-[(65] (these transitions can take
place even in the case of absence of lepton mixing in vacuum and massless
neutrinos [63]).
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All these possibilities have been and continue to be extensively studied (see the
quoted articles). There have not been recent studies of the solar neutrino decay
hypothesis [66] which, however, was disfavored [67] by the earlier solar neutrino
data.

In what follows we shall discuss the vacuum oscillation and the matter-
enhanced transition solutions of the solar neutrino problem. The status of these
solutions has been reviewed recently, e.g., in [68], [69].

6.1 Oscillations in Vacuum

Neutrino oscillations in vacuum [9], have been discussed in connection with the
solar neutrino experiments [16] and as a possible solution of the solar neutrino
problem [2], [1], [54]-[58], [69] (and the literature quoted therein) for about 31
years. In the simplest version of this scenario it is assumed that the state vector
of the electron neutrino, |v.), produced in vacuum with momentum p in some
weak interaction process, is a coherent superposition of the state vectors |v;) of
two neutrinos v;, i=1,2, having the same momentum p and definite but different
masses in vacuum, m;, m; # my, while the linear combination of |v;) and |v2),
which is orthogonal to |v.), represents the state vector |v,) of another weak-

eigenstate neutrino, |vz) = |v,(r)) or |vs):
lve) = |v1)cos@ + |v2)sind {18a)
lvg) = —|v1)sinf + |v2) cosf (18b)
where 6 is the neutrino (lepton) mixing angle in vacuum. We shall assume for
concreteness in what follows that v, is an active neutrino, say v, [Vz) = |Vu).

Obviously, the states |11 5) are eigenstates of the Hamiltonian of the neutrino
system in vacuum, Hy:

Hy |vi) = E;|v;), E;=\/p>+m}, i=12 (19)

If v, is produced at time ¢t = 0 in the Sun in the state given by (18a), after
a time ¢ the latter will evolve into the state

e(t)) = e 1 1) cos B + e B2t |1y) sinf (20)

where we have ignored the overall space coordinate dependent factor exp{i pr)
in the right-hand side of (20) and have assumed that the solar matter does not
affect the evolution of the neutrino system. (The possible effects of matter on
the evolution of the neutrino state will be considered in the next Section.) Using
(18a) and (18b) to express the vectors |v;) and |v2) in terms of the vectors |v.)
and {v,) we can rewrite {20) in the form:

[Ve(t)) = Ace(t) ve) + Ape(t) [vy) . (21)

where ' _
Ace(t) = e E1t cos? 0 + e 2 sin? 4 (22)
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and .
Aue(t) = 5 sin 26 (e~ P2t — ¢ i1ty (23)

are the probability amplitudes to find respectively neutrino v, and neutrino v,
at time t of the evolution of the neutrino system if neutrino v, has been produced
at time ¢ = 0. Thus, if neutrinos v; and v, are not mass-degenerate, m, # ma,
and if nontrivial neutrino mixing exists in vacuum, § # nv/2, n =0,1,2, ..., we
have |A,.(t)|? # 0 and transitions in flight between the states |v.) and |v,) (ie.,
between the neutrinos v, and v,) are possible.

Assuming that neutrinos v; and v, are stable and relativistic, it is not difficult
to derive from (22) and (23) the probabilities that a solar v, with energy E =
[p| = p will not change into v, on its way to the Barth, Pyo(ve — ve;t), and
will transform into v, while traveling to the Earth, Pyo(ve — vu;t):

R(t
Pyo(e = ve;t) = |[Ace )P =1~ %sin2 20 {1 —cos 27r——%~ﬁ} , (24)
R(t .
Pyo(ve = vu;t) = |4 (D) = %sin2 20 [1 — cos QW—%—} , (25)

where Am? = mZ — m?,
L, = 47E/Am? (26)

is the oscillation length in vacuum,
R(ty) = Ro [1 — ecos(2nt,/T)], (27)

is the Sun-Earth distance at time t,, of the year (T = 365 days), Ro = 1.4966x 108
km and € = 0.0167 being the mean Sun—Earth distance and the ellipticity of the
Earth orbit around the Sun. In deriving (24) and (25) we have used the equalities

E,—E, =p+Am?/(2p) and t=R(,)

valid for relativistic neutrinos v; ». The quantities Am? and sin? 20 are typically
considered and treated as free parameters to be determined by the analysis of
the solar neutrino data.

It should be clear from the above discussion that the neutrino oscillations,
if they exist, would be a purely quantum mechanical phenomenon. The require-
ments of coherence between the states |v;) and |v,) in the superposition (18a)
representing the v, at the production point, and that the coherence be main-
tained during the evolution of the neutrino system up to the moment of neutrino
detection, are crucial for the neutrino oscillations to occur. The subtleties and
the implications of the coherence condition for neutrino oscillations continue to
be discussed (see, e.g., [2], {70], [71] and the articles quoted therein).

As it follows from (25), the v, — v, transition probability Pyo(ve = vu;t),
depends on two factors: on (1 — cos 2w R(t,)/L,), which exhibits oscillatory de-
pendence on the distance traveled by the neutrinos and on the neutrino energy
(hence the name “neutrino oscillations”), and on sin® 28 which determines the
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amplitude of the oscillations. In order for the v, — v, oscillation probability
to be large, Pyo(ve = v,;t) & 1, two conditions have to be fulfilled: the neu-
trino mixing in vacuum must be large, sin® 26 = 1, and the oscillation length
in vacuum L, has to be of the order of or smaller than the distance traveled
by the neutrinos, R: L, < 27 R. If the second condition is not satisfied, i.e., if
L, > 2n R, the oscillations do not have enough time to develop on the way to the
neutrino detector as the source-detector distance R (in our case the Sun-Earth
distance) is too short, and one has Pyo(v. — vy;t) = 0.

Let us note that, in general, a given experiment searching for neutrino oscil-
lations, is specified, in particular, by the average energy of the neutrinos being
studied, E, and by the distance traveled by the neutrinos to the neutrino detec-
tor. The requirement L, $ 2mR determines the minimal value of the parameter
Am? to which the experiment is sensitive (figure of merit of the experiment):
min(Am?) ~ 2E/R. Because of the interference nature of the neutrino oscilla-
tions, the neutrino oscillation experiments can probe, in general, rather small
values of Am? (see, e.g., [1], [2]). In addition, due to the large distance be-
tween the Sun and Earth and the relatively low energies of the solar neutrinos,
E ~ 1 MeV, the experiments with solar neutrinos have a remarkable sensitivity
to the parameter Am?, namely, they can probe values as small as 1071 eV?:
Am? 2 107H eV2.

To summarize the above discussion, if (18a) is realized and Am? 2 107! eV?
the solar v, can take part in vacuum oscillations on the way to the Earth. In
this case the flavour content of the electron neutrino state vector will change
periodically between the Sun and the Earth due to the different time evolution
of the vector’s massive neutrino components. The amplitude of these oscillations
is determined by the value of sin® 26. If sin® 26 is sufficiently large, the neutrinos
that are being detected in the solar neutrino detectors on Earth will be in states
representing, in general, certain superpositions of the states of ¢ v. and v,. As
the muon (and tau and sterile) neutrinos interact much weaker with matter than
electron neutrinos, the measured signals in the solar neutrino detectors should
be depleted with respect to the expected ones. This would explain the solar
neutrino problem.

Detailed analyses of the solar neutrino data in terms of the hypothesis of
two—neutrino vacuum oscillations of solar neutrinos have been performed in the
period after 1991, e.g., in [54], [55], [57], [68], [69]. It was found that the two-
neutrino oscillations involving the v, and an active neutrino, v, ¢ v,(-), provide
a good quality description (x2-fit) of the solar neutrino data for values of the
two vacuum oscillation parameters belonging approximately to the region (see,
e.g., [68]):

5.0 x 107eV? § Am? $1071%V?, (28)

0.65 < sin® 26 < 1.0. (28b)

¢ Obviously, if v. mixes with v, and/or v, and/or v, these states will be superpositions
of the states of v, and/or v, and/or v;.
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Fig. 5. The vacuum oscillation probability Pyo(v. — ve;t), Eq. (24), for the mean
distance between the Sun and the Earth, t = Ro (upper frame), and the probability
Pyo(v. — ve;t) averaged over a period of 1 year (lower frame), as functions of the

neutrino energy E for Am? = 107!° eV? and sin® 26 = 0.8 (from [57]). For further
details see the text.

At the same time, as it was shown in [55], [57], the oscillations into sterile neu-
trino v, v, ¢ Vs, give a poor fit of the solar neutrino data and are thus strongly
disfavored by the data as a possible solution of the solar neutrino problem.

The probability of solar ve survival, Pyo(ve = ve; Ro), in which ¢t = R(t,) is
replaced with the average Sun-Earth distance Rg, and the probability Pyo(ve —
v,; t) averaged over the period of one year,’ are shown for Am? = 6.3x107eV?
and sin% 20 = 0.8 as functions of the solar neutrino energy E in the upper and
lower frames of Fig. 5, respectively (taken from [57]).

Although in the analyses [57], [68] leading to the above results the predictions
of the solar model [29] with heavy element diffusion for the fluxes of the pp, pep,
"Be, 8B and CNO neutrinos were used, it was also verified [57], [58], [68] that
the results so obtained (i.e., the existence of the vacuum v, ¢ v, oscillation

f The one-year averaged probability has to be used in the analyses of data taken over
periods of k years, k = 1,2,3,..., as are the data (1) - (4) provided by the Cl-Ar,
Ga-Ge and Kamiokande experiments.
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SSM: Bahcall and Pisonneault 1995
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Fig. 6. Regions of values of the parameters Am? and sin® 28 (shown in black) for which
the solar neutrino data can be described (at 95% C.L.) in terms of vacuum v, « v, (r)
oscillations of the solar ve (from [72]). For further details see the text.

solution) are stable with respect to variations of the values of the total 8B and "Be
neutrino fluxes within wide intervals in which the predictions of all contemporary
solar models lie.9

The results of a recent x2—analysis of the solar neutrino data in terms of the
hypothesis of two-neutrino v, <+ v, (. oscillations of the solar neutrinos [72], are
shown graphically in Fig. 6. The analysis was based on the predictions of the
solar model of Bahcall and Pinsonneault [29] with heavy element diffusion. The
regions in the Am? — sin? 2 plane colored in black correspond to values of the

two parameters for which one obtains (at 95% C.L.) a description of the data,

9 Actually, in the analysis performed in [57] the ®B neutrino flux $5 was treated as a
free parameter, while the “Be neutrino flux $g. was assumed to take values in the
interval (0.7 — 1.3)855%  where 577 is the flux in the model [29] (see Table 1).
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in other words, a solution of the solar neutrino problem.”

Let us note that for the values of Am? from the interval (28a), the oscillation
length in vacuum for the solar neutrinos with energy E ~ 1 MeV is of the order
of the Sun-Earth distance: L, ~ (2.5 — 5.0) x 107 km. At the same time L, is
much bigger than the solar radius: L, > Rg.

6.2 Matter-Enhanced Transitions

Let us consider next that the possible effects of the solar matter on the oscilla-
tions of solar neutrinos assuming that (18a) and (18b) hold true and supposing
first that |v;) = |v,).

The presence of matter can drastically change the pattern of neutrino oscilla-
tions: neutrinos can interact with the particles forming the matter. Accordingly,
the Hamiltonian of the neutrino system in matter differs from the Hamiltonian
of the neutrino system in vacuum Hy,

H, = Ho + Hine (29)

where H;,: describes the interaction of the flavour neutrinos with the particles
of matter. When, e.g., electron neutrinos propagate in matter, they can scat-
ter (due to the H,,;) on the particles present in matter: on the electrons (e™),
protons (p) and neutrons (n). The incoherent elastic and the quasi-elastic scat-
tering, in which the states of the initial particles change in the scattering process
(destroying the coherence between the neutrino states), are not of interest for
our discussion for one simple reason - they have a negligible effect on the solar
neutrino propagation in the Sun * : even in the center of the Sun, where the den-
sity of matter is relatively high (~ 150 g/cm3?), an v, with energy of 1 MeV has a
mean free path with respect to the indicated scattering processes, which exceeds
1010 km (recall that the solar radius is much smaller: Rg, = 6.96 x 10° km). The
oscillating ve and v, can scatter also elastically in the forward direction on the
e, p and n, with the momenta and the spin states of the particles participating
in the elastic scattering reaction remaining unchanged. In such a process the
coherence of the neutrino states is being preserved and the oscillations between
the flavour neutrinos can continue in spite of, and actually, in parallel to, the
scattering.

The v, and v, coherent elastic scattering in the forward direction on the
particles of matter generates nontrivial indices of refraction of the v. and v, in
matter [38): £(ve) # 1, &(r,) # 1. Most importantly, the index of refraction of
the v, thus generated does not coincide with the index of refraction of the v,:

* In this analysis the experimental results (1), (2), (4) and (6) and the data from
the GALLEX experiment obtained in 51 runs of measurements, ReaLrex(Ge) =
(69.7 £6.7F 37) SNU, were used. The solution regions of values of Am? and sin® 26
do not change significantly if one uses the most recent GALLEX data, (4).

* These processes are important, however, for the supernova neutrinos (see, e.g., [5],

(61)-
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k(ve) # k(v,). The difference between the two indices of refraction is determined
essentially by the difference of the real parts of the forward v, —e™ and v, — e~
elastic scattering amplitudes [38], Re [F, _.-(0)] — Re [F,, .- (0)]: due to the
flavour symmetry of the neutrino — quark (neutrino — nucleon) neutral current
interaction, the forward v — p,n and v, — p,n elastic scattering amplitudes
are equal and therefore do not contribute to the difference of interest.” The
real parts of the amplitudes F,__.-(0) and F,_.- (0) can be calculated in the
standard theory. One finds the following result [38], [73], [74] (see also [75]) for
the difference of the indices of refraction of v. and v,:

W) = A1) = o

(Re [P, (0]]  Re [F, o~ (O)]) = = >VEGEN., (30

where G is the Fermi constant and N, is the electron number density in
matter. Let us note that the forward scattering amplitudes for the antineu-
trinos F;__.-(0) and Fy, _e- (0) coincide in absolute value with the amplitudes
F,. _.-(0) and F,, _.- (0) but have opposite sign and therefore one has

k(D) — k(D) = + %\/iGp N, . (31)

Knowing the expression for the difference of the indices of refraction of v,
and v, in matter, it is not difficult to write the system of evolution equations
which describes the v, <> v, oscillations in matter [38], [73], [74]:

1,1 (Ae(t)t0)> — (—C(t) ¢ ) (Ae(t7t0)> (32)

dt \Au(t,to) ) — \U € €(t) ) \Au(t, to)
where A.(t,t0) (A4,(t,to)) is the amplitude of the probability to find neutrino v,
(v,) at time t of the evolution of the neutrino system if at time ¢, the neutrino
v, or v, (or a state representing a linear combination of the states describing
the two neutrinos) has been produced, t > to. Furthermore €(t) and € are real
functions of the neutrino energy E = p, of Am?, of the mixing angle in vacuum

6 and of the electron number density in the point of the neutrino trajectory in
matter reached at time ¢, N,(t),

1. Am? ) _ Am’?
€(t)—-—[ 2E COS29—\/§GFNe(t)]a € = AE

2

4 We standardly assume that the weak interaction of the flavour neutrinos v., v, and
v, and antineutrinos 7., ¥, and ¥- is described by the standard (Glashow-Salam-
Weinberg) theory of electroweak interaction and that the generation of nonzero neu-
trino masses and lepton mixing leading to (18a) and (18b) does not produce new
couplings which can change substantially the neutrino weak interaction, as required
by the existing experimental limits on such new couplings (for an alternative possi-
bility see, e.g., [63]). Let us add that the imaginary parts of the forward scattering
amplitudes (responsible, in particular, for decoherence effects) are proportional to the
corresponding total scattering cross-sections and in the case of interest are negligible
in comparison with the real parts.

sin 26. (33)
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The term v/2GrN(t) in the parameter (t) accounts for the effects of matter
on the neutrino oscillations.

Let us note that the system of evolution equations describing the oscillations
of antineutrinos 7. ¢+ 7, in matter has exactly the same form except for the
matter term in €(t) which, in accordance with (30) and (31), changes sign.

Due to the presence of the interaction term H;,; in the Hamiltonian of the
neutrino system in matter H,,, the eigenstates of the Hamiltonian of the neutrino
system in vacuum, |v1) and |v;), are not eigenstates of H,,. As a result of the
coherent scattering of v. and v, off the particles forming the matter transitions
between the states |v1) and |v;) become possible in matter:

(va| Hine 1) # 0. (34)

Consider first the case of v, + v, oscillations taking place in matter with electron
number density which does not change along the neutrino trajectory: N.(t) =
N, = const. It proves convenient to find the states |v",), which diagonalize
the evolution matrix in the right-hand side of the system (32}, or equivalently,
the Hamiltonian of the neutrino system in matter. The relations between the
matter-eigenstates {v{’y) and the flavour-eigenstates |v. ,) have the same form
as the relations (18a) and (18b) between the vacuum mass-eigenstates |v; 2) and
|Ve,p):

|ve)

lvy) = —|v1")sinby, + |vT*) cosby, . (35b)

[v]") cos O, + [V5*) sin by, (35a

~—

Here 6,, is the neutrino mixing angle in matter [38],

tan 26

sin 26, (36)

V€2+5'2 \/1—N",2+tan 2

1 —_ N /NTCS

cos 26,, (37)

V 52 + P /(1 N", 2 1 tan?26

where the quantity
2
res Am* cos 26 (38)
2E\2GF

is called “resonance density” [73]. The matter-eigenstates |v{",) (which are also
called “adiabatic”) are eigenstates of the evolution matrix (Hamiltonian) in (32),
corresponding to the two eigenvalues, Ef, whose difference is given by

y — B =2ve? +¢? = Am \/(1— )2008220+sm 286. (39)

It should be almost obvious from (25) after comparing (18a), (18b) with
(35a), (35b) that the probability to find neutrino v, at time ¢ if neutrino v, has
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been produced at time ¢, = 0 and it traversed a distance (¢t —tg) = t = R, in
matter with constant electron number density N, has the form [39]:

1 m
Pp(e 5 v,it) = A, () = 3 sin’ 20, {1 ~ €08 2#%—] , (40)
where
R, -
27r—L—— > (E* — EM)t, (41)
and L,, is the oscillation length in matter:

L,
L = .
\/(1 — )2 cos? 26 + sin® 20

(42)

Evidently, the amplitude of the v, & v, oscillations in matter is equal to
sin® 260,,,. It follows from (36) that, most remarkably, the dependence of sin® 26,
on N, has a resonance character [39]. Indeed, if in the case of interest the con-
dition

Am? cos?20 > 0 (43)
is fulfilled, for any finite value of sin?26 there exists a value of the electron

number density equal to NJ*, such that when

N, = Nyt (44)

we have
sin® 26,, = 1. (45)

Note that if N, = N7¢°, we get sin® 20,,, = 1 even if the mixing angle in vacuum
is small, i.e., if sin? 26 < 1. This implies that the presence of matter can lead to
a strong enhancement of the oscillation probability P, (ve — v,;t) even when
the v, < v, oscillations in vacuum are strongly suppressed due to a small value
of sin® 29 (hence, the name “matter-enhanced neutrino oscillations” ).

The oscillation length at resonance is given by

res __ L”
m sin 26’

while the width in N, of the resonance (i.e., the “distance” in N, between the
points at which sin® 26,,, = 1/2) has the form

(46

ANT®® = 2N tan 26 . (47)

Thus, if the mixing angle in vacuum is small the resonance is narrow, AN]** <
Nre*, and the oscillation length in matter at resonance is relatively large, L77° >
L,. As it follows from (39), the energy difference EJ* — EJ* has a minimum at
the resonance:

Am?

(E* — ET*)™®° = min (EJ* — ET") = Yo sin 26. (48)
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It is instructive to consider two limiting case. If N, <« N7°®, as it follows from
(36) and (42), 0., = 0 (sin26,, = sin26), L, = L, and the neutrinos oscillate
practically as in vacuum. In the opposite limit, N, > N7¢*, N7¢®tan® 26, one
finds from (36) and (37) that 6,, = 7/2 (sin20,, = 0, cos260,, = —1) and the
presence of matter suppresses the v, ¢ v, oscillations (see (40}). In this case we
get from (35a) and (35b):

lve) = ), (49a)

ve) = =), (490)

i.e., if the electron number density exceeds considerably the resonance density,
v, practically coincides with the heavier of the two matter-eigenstate neutrinos
vy", while the v, coincides with the lighter one v*.

The analogs of (36), (37), (39), (40) and (42) for oscillations of antineutrinos,
Ue ¢+ Dy, in matter with constant N, can formally be obtained by replacing N,
with (—N.) in the indicated equations. If condition (43) is fulfilled, we have
N7°* > 0 and the term (1 + N./N7¢*) which appears, e.g., in the expression for
the mixing angle in matter 6,, in the case of 7, v, oscillations, can never be
zero. Thus, a resonance enhancement of the 7. > 7, oscillations cannot take
place. The matter, actually, can only suppress the oscillations.

It should be clear from this discussion that depending on the sign of the
product Am? cos 26, the presence of matter can lead to resonance enhancement
either of the v < v, or of the b, ¢ 7, oscillations, but not of the both types
of oscillations. This is a consequence of the fact [76] that the matter in the Sun
or in the Earth we are interested in, is not charge-symmetric (it contains e™, p
and n, but does not contain their antiparticles) and therefore the oscillations in
matter are neither CP- nor CPT- invariant.* In what follows we shall assume
that Am? > 0 and cos26 > 0, so that (43) is satisfied and therefore only the
V. > v, oscillations can be enhanced by the matter effects.

Since the neutral current weak interaction of neutrinos in the standard theory
is flavour symmetric, the formulae and results we have obtained above and shall
obtain in what follows are valid for the case of v, — v, mixing ((18a) and (18b))
and v, + v, oscillations in matter as well. In what concerns the possibility
of mixing and oscillations between the v, and a sterile neutrino v,, v, & vs,
the relevant formulae can be obtained from the formulae derived for the case of
Ve > Vy(;) Oscillations by [76] replacing N, with (N, —1/2N,,), where N, is the
number density of neutrons in matter.

The formalism we have developed above can be directly applied, for instance,
to the study of the matter effects in the v. ¢ v,(r) (Vu(r) © ve) oscillations of
the flavour neutrinos which traverse the Earth mantle (but do not traverse the
Earth core). The electron number density changes little around the mean value

k As it is not difficult to convince oneself, the matter effects in the v. < v, (e © D)
oscillations will be invariant with respect to the operation of time reversal if the N.
distribution along the neutrino path is symmetric with respect to this operation.
The latter condition is fulfilled for the N. distribution along a path of a neutrino
crossing the Earth [77].
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of N, = 2.3 cm™% N4, N4 being the Avogadro number, along the trajectories
of neutrinos which cross a substantial part of the Earth mantle and the N, =
const. approximation is rather accurate. If, for example, Am? = 1073 eV, E =
1 GeV and sin? 20 = 0.5, we have: NJ¢° =2 4.6 em™3 Ny, sin” 26,, = 0.8 and the
oscillation length in matter, L,, = 3 x 10® km, is of the order of the depth of the
Earth mantle,! so that one can have 2R, 2 L. It is not difficult to obtain
an expression for the v, & v,(;) oscillation probability in the case when the
neutrinos traverse both the Earth mantle and the core assuming N, is constant,
but has different values in the two Earth density structures.

It is not clear, however, what the above interesting results have to do with the
problem of main interest for us, namely, accounting for the effects of solar matter
in the oscillations of solar neutrinos while they propagate from the central part to
the surface of the Sun. The electron number density (the matter density) changes
considerably along the neutrino path in the Sun: it decreases monotonically from
the value of ~ 100 cm™3 N4 (~ 150 g/cm?) in the center of the Sun to 0 at the
surface of the Sun. Actually, according to the contemporary solar models (see,
e.g., [23], [29]), N. decreases approximately exponentially in the radial direction
towards the surface of the Sun:

N.(t) = N.(to) exp { i ;0t° } (50)

where (t — tp) = d is the distance traveled by the neutrino in the Sun, Ne(to) is
the electron number density in the point of neutrino production in the Sun, ro
is the scale-height of the change of N.(t) and one has [23] ro ~ 0.1R¢.

Obviously, if N, changes with ¢ (or equivalently with the distance) along the
neutrino trajectory, the matter-eigenstates, their energies, the mixing angle and
the oscillation length in matter, become, through their dependence on N, also
functions of ¢: [V]%) = [V (t)), B = E%(t), Om = Om(t) and Ly, = Lm(t).

It is not difficult to understand qualitatively the possible behaviour of the
neutrino system when solar neutrinos propagate from the center to the surface
of the Sun if one realizes that one is dealing effectively with a two-level system
whose Hamiltonian depends on time and admits“jumps” from one level to the
other (see (32)). Let us assume first for simplicity that the electron number
density in the point of a solar v, production in the Sun is much bigger than the
resonance density, NV, (to) > N7°°, and that the mixing angle in vacuum is small,
sin@ < 1. Actually, this is one of the cases relevant to the solar neutrinos. In this
case we have 6, (t9) = 7/2 and the state of the electron neutrino in the initial
moment of the evolution of the system practically coincides with the heavier of
the two matter-eigenstates:

ve) = [15"(t0)). (51)

! The Earth radius is 6371 km; the Earth core, whose density (N.) is larger approxi-
mately by a factor of 2.5 than the density (N.) in the mantle, has a radius of 3486
km, so the Earth mantle depth is 2885 km.
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Thus, at ?p the neutrino system is in a state corresponding to the “level” with
energy E3"(to). When neutrinos propagate to the surface of the Sun they cross
a layer of matter in which N, = NJ®: in this layer the difference between the
energies of the two “levels” (E7*(t) — E{™(t)) has a minimal value on the neutrino
trajectory ( (39) and (40)). Correspondingly, the evolution of the neutrino system
can proceed basically in two ways. First, the system can stay on the “level” with
energy E3*(t), i.e., can continue to be in the state |v3*(¢)) up to the final moment
ts, when the neutrino reaches the surface of the Sun. At the surface of the Sun
N.(ts) = 0 and therefore 6,,(t,) = 6, |v]%(t,)) = |v12) and ET%(t,) = Eqe.
Thus, in this case the state describing the neutrino system at to will evolve
continuously into the state |v5) at the surface of the Sun. Using (18a) and (18b),
it is trivial to obtain now the probabilities to find respectively neutrino v. and
neutrino v, at the surface of the Sun (given the fact that v. has been produced
in the initial point of the neutrino trajectory):

P(v, = Veits,to) = |A.(ts, )] = [{ve|ra)]? = sin? 6, (52a)

Pve = vuits, to) = |Au(ts, t0) ]2 = [(Vu)ve))? = cos® 6. (52b)

It is clear that under the assumptions made (i.e., sin?# <« 1), a practically total
V. — v, conversion is possible in the case under study. This type of evolution of
the neutrino system as well as the v, — v, transitions taking place during the
evolution, are called [39] “adiabatic”. They are characterized by the fact that
the probability of the “jump” from the upper “level” (having energy EZ*(t)) to
the lower “level” (with energy EJ*(t)), P', or equivalently the probability of the
v3*(to) — v*(ts) transition, P’ = P'(vI*(ty) — v{*(ts)), on the whole neutrino
trajectory is negligible:

P' = P'(v7*(to) = v"(ts)) =0 : adiabatic transitions. (53)

The second possibility is realized if in the resonance region, where the two
“levels” approach each other most (the difference between the energies of the
two “levels” (EF*(t) — ET*(t)) has a minimal value), the system “jumps” from
the upper “level” to the lower “level” and after that continues to be in the state
j¥7*{t)) until the neutrino reaches the surface of the Sun. Evidently, now we have
P' = P'(vi*(to) = v{"(ts)) 2 1. In this case the neutrino system ends up in the
state |v]*(t;)) = |v1) at the surface of the Sun and the probabilities to find the
neutrinos v, and v, at the surface of the Sun are given by

P(v, = ve;ts,ty) = 144,3(t5,t0)|2 o I(Ve|v1)|2 = cos? 6, (54a)

P(ve = sty to) = [ A (te,to) 2 2 [{(vuin)]? = sin® 6. (54b)

Obviously, if sin?@ <« 1, practically no transitions of the solar v, into v, will
occur. The considered regime of evolution of the neutrino system and the cor-
responding v, — v, transitions are usually referred to as “extremely nonadia-
batic”.
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Clearly, the value of the “jump” probability P’ plays a crucial role in the the
v, — v, transitions: it fixes the type of the transition and determines to large
extent v, — v, transition probability. We have considered above two limiting
cases: P' 2 () and P' = 1, Obviously, there exists a whole spectrum of possibilities
since P' can have any value from 0 to 1. In general, the transitions are called
“nonadiabatic” if P’ is non-negligible (see further).

Numerical studies have shown [39] that solar neutrinos can undergo both
adiabatic and nonadiabatic ¥. — v, transitions in the Sun and the matter
effects can be substantial in the solar neutrino oscillations for a remarkably wide
range of values of the two parameters Am? and sin® 26, namely for

1077eV? £ Am? < 107 % V2, (55a)
107% $sin?26 < 1.0. (55b)

It would be preferable to make more quantitative the preceding analysis. We
will obtain first the adiabaticity condition [39], [78].

Using the (35a) and (35b) we can express the probability amplitudes A (¢, to)
and A,(t,to) in terms of the probability amplitudes A4, (¢,t9) and A5(t, to) to find
the neutrino system in the states |v{*(t)) and |v5*(t))), respectively, at time i:

Ac(t,tg) =  A1(t o) cosn,(t) + A2(t,to) sin b, (t), (56a)

Au(t to) = —Ay(t to) Sin B (t) + Az(t, to) cos O, (2). (56b)

Substituting (56a) and (56b) in (32) we obtain the system of evolution equations
for the probability amplitudes A;(¢,t0) and 42(¢,to):

4 (A1<t, to)) _ (B ~wm(t>> (Al(t,m) 57
dt \ Az(t,to) 0m(t) EI(t) As(t,to) )
Here 9m(t) = %0,,, (t). It follows from the preceding discussion that the solar neu-
trino transitions in the Sun will be adiabatic {nonadiabatic) if the nondiagonal
term in the evolution matrix in the right-hand side of (57), which is responsible
for the vi™(tp) — vi™(ts) transitions, is sufficiently small (is non-negligible). The
corresponding conditions can be written as

4an(t) > 1, adiabatic transitions, (58a)

4n(t) S 1, nonadiabatic transitions, (58b)
where the adiabaticity function 4n(t) is given by
_ EFQ) - EP(Q) _ (Ngee)?

2 -2
4n(t) = 260 = \/EGpm tan® 26 (1 + tan™220,,(t))

In (59) Ne(t) = £N.(t) and we have used (36), (37) and (39) to derive it.
Expression (59) for 4n(t) implies that the solar neutrino transitions in the Sun
will be adiabatic if the electron number density changes sufficiently slowly along

[\

(59)



314 S.T. Petcov

the neutrino trajectory; if the change of N,(¢) is relatively fast, the transitions
would be nonadiabatic.

In order for the solar neutrino transitions to be, e.g., adiabatic, condition
(58a) has to be fulfilled in any point of neutrino trajectory in the Sun. However,
it is not difficult to convince oneself using (36), (37), (50) and (59) that if the
solar neutrinos cross a layer with resonance density NJ°® on their way to the
surface of the Sun, condition (58a) will hold if it holds at the resonance point,
i.e., for the parameter

( res)? 5
Ang = 4n(t = tres) = V2Gp —————tan’ 26
INe(t = tres)'

Am? sin® 26 o ArTes
2E cos20  Lres

(60)

:1"0

where t,..; is the time at which the resonance layer is crossed by the neutrinos,
to < tres < tg, AT7 = 2(NI°%/|N,(t = t,es)|) tan 20 = 27y tan 26 is the spatial
width of the resonance and we have used (38) and (46). Thus, the value of the
adiabaticity parameter 4no determines the type of the solar neutrino transitions.
It follows from (60), in particular, that the transitions will be adiabatic if the
width of the resonance is bigger than the oscillation length at resonance.

Actually, the system of evolution equations (32) can be solved exactly in
the case when N, changes exponentially, (50), along the neutrino path in the
Sun [79], [80]. On the basis of the exact solution, which is expressed in terms
of confluent hypergeometric functions [81], it was possible to derive a complete,
simple and very accurate analytic description of the matter-enhanced transitions
of solar neutrinos in the Sun [79], [82]-(85] (for a review see [86]). The probability
that a v, having momentum p (or energy E 2 p) and produced at time to in the
central part of the Sun will not transform into v,(,) on its way to the surface of
the Sun (reached at time t;) is given by

Po(Ve = Veite,to) = Po(Ve = vests, to) + Oscillating terms. (61)

Here

— — 1 '
Po(ve = vejts,to) = Po = = + <§ -P > cos 26,,{tg) cos 26 (62)

0| =

is the average probability, where

. exp [—27T1'0A2—7£.2— sin? 0} — exp [—27rr0 é,_,'"TZ]
P =

1—exp [—27rr0 %—’1’52]

_ ep [~2mno(1 — tan® §)] — exp [—2mno(tan™2 6 — tan” §)] . (63)
1 — exp [-2mng(tan™2 6 — tan? )] i
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s [79], [86] the “jump” probability for exponentially varying electron number
density™ N., and 6,,(to) is the neutrino mixing angle in matter in the point of
V. production.

We will not give the explicit analytic expressions for the oscillating terms
in the probability Py (v. — v.;ts, to), although they have been derived in the
exponential density approximation for the N, as well [84] (see also [89]). These
terms were shown [85] to be, in general, strongly suppressed by the various
averagings one has to perform when analyzing the solar neutrino data in terms
of the hypothesis that solar neutrinos undergo matter-enhanced transitions in
the Sun. More specifically, it was found [85] that the oscillating terms in Pg (ve —
Vests, o) can be important only for the monochromatic “Be- and pep-neutrinos
and only for values of Am? < 1078 eV?. As we shall see, the current solar
neutrino data suggest that Am? 2 1077 eV2.

It should be emphasized that for Am? 2 1077 eV? the averaging over the
region of solar neutrino production in the Sun and the integration over the
neutrino energy renders negligible all interference terms which appear in the
probability of v, survival due to the v. < v,(,) oscillations in vacuum taking
place on the way of the neutrinos from the surface of the Sun to the surface
of the Earth. Thus, the probability that v, will remain v, while it travels from
the central part of the Sun to the surface of the Earth is effectively equal to
the probability of survival of the v, while it propagates from the central part
of the Sun to the surface of the Sun and is given by the average probability
Py(v, = Ve;ts, to) (determined by (62) and (63)).

The probability Py (ve — ve;t,, to) has several interesting properties. If the
solar v, transitions are adiabatic (i.e., P’ = 0) and cos20m(tg) = —1 (i.e.
Ne(to)/NZ% > 1,tan 26, solar neutrinos are born “above” and “far” (in N.)
from the resonance region), one has

P(ve = ve;ts, ty) = sin® 6, (64)

which is compatible with the qualitative result (52a) derived earlier. The solar v,
undergo extreme nonadiabatic transitions in the Sun (4ng < 1) if, e.g., E/Am?®
is “large” (see (60)). In this case again cos 26,,(t0) = —1 and, as it follows [79]
from (63), P' = cos? §. Correspondingly, the average probability takes the form:

_ 1
P(ve = vejts,tg) &1 — §sin2 20 . (65)

which is the average two-neutrino vacuum oscillation probability. Thus, if the so-
lar neutrino transitions are extremely nonadiabatic, the v, undergo oscillations in

™ An expression for the “jump” probability corresponding to the case of density (Ne(t))
varying linearly along the neutrino path was derived a long time ago by Landau and
Zener [87]. An analytic description of the solar neutrino transitions based on the
linear approximation for the change of N, in the Sun and on the Landau-Zener
result was proposed in [88]. The drawbacks of this description, which is less accurate
[83] than the description based on the results obtained in the exponential density
approximation, were discussed, e.g., in [82], [83], [86].
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the Sun as in vacuum. We get the same result, eq. (65), if N, (to)(1 —tan 26)~!

N¢,i.e., when E/Am? is sufficiently small so that the resonance density exceeds
the density in the point of neutrino production. In this case [83] the v, transi-
tions are adiabatic (P’ = 0) and again the v. © v,(,) oscillations take place in
the Sun as in vacuum: cos 26,,(tg) = cos 26 and P(v, — v.;t,,tp) = 1— i sin” 26.

Let us note that the general aspects of the discussion and the results presented
above are valid also in the case of solar neutrino transitions into sterile neutrino,
ve = vs. In particular, the average probability Po(ve — ve;ts,to) in this case
is given effectively by (62) and (63) with [76] N.(to) replaced by (N.(tp) —
1/2Ny(to)) in the expression for cos 26,,(tg), N, (to) being the neutron number
density of neutrons in the point of neutrino production in the Sun.

The probablhty P(ve = veits, to) is shown as function of E/Am? for three
values of sin®20 = 0.8; 0.2; 5 x 1073 in Figs. 7a - 7c.

Further details concerning the analytic description of the matter-enhanced
transitions of the solar neutrinos in the Sun can be found in [79], [82]-[86], [88],
(89]. Exact analytic results for the probability of various possible two-neutrino
matter-enhanced transitions in a medium (Ve — v,(;) or the inverse, v, — vz(r)
or the inverse, 7, — Vyu(r) Or the inverse, v, — v, etc.), which are based solely
on the general properties of the system of evolution equations (32) (and do not
make use of the explicit form of the functions e(t) and €'(t)) are given in [89].

Earlier studies (from 1993 - 1994) of the possibility to explain the solar
neutrino problem in terms of the hypothesis of matter~enhanced v, — v,(r)
transitions of solar neutrinos have shown [59] that the data admits, in general,
two types of MSW solutions: a small mixing angle nonadiabatic solution for
1073 < sm 26 <1072, and a large mixing angle adiabatic one for approximately
0.60 < sin?20 < 0. 95 with the allowed values of Am? lying in the interval
1077 eV? S Am? £ 107% eV2. The terms “nonadiabatic” and “adiabatic” refer
to the type of transitions the 8B neutrinos undergo in the corresponding cases.
It was also shown (see, e.g., [56], [61]) that in the case of v, — v, transitions
only a small mixing angle nonadiabatic solution, analogous to the v. = v,(r)
nonadiabatic solution, is allowed by the data.

Recently the MSW solutions of the solar neutrino problem have been re-
examined [72], [68], [69] (exploiting the x?—method) using the data (1), (2).
and (4), the GALLEX result from 51 runs of measurements, RgarLex(Ge) =
(69.7 % 6.7F 32) SNU, and the Super-Kamiokande result from 201.6 days of
measurements (~ 3000 events), $FK = (2.65 100% *01%y x 108 v, /cm?/sec .
The analysis was based on the predxctlons of the solar model of [29] with heavy
element diffusion for the electron and neutron number density distributions™ and
for the relevant pp, pep, "Be, 8B and CNO components of the solar neutrino flux.
The uncertainties in the predictions for the fluxes estimated in [29] as well as the
uncertainties of the different solar neutrino detection reaction cross-sections were

™ All solar models compatible with the currently existing observational constraints (he-
lioseismological and other) predict practically the same electron and neutron number
density distributions in the Syn.
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Fig. 7. (c)The solar v, survival probability [90) P (ve — ve;ts, o), Eq. (62), averaged
over the region of production the pp (solid line), pep (long-dash-dotted line), *N
(dashed line), "Be (dash-dotted line), *0O (long-dashed line) and ®B (dotted line)
neutrinos for sin® 26 = 0.8 (a); 0.2 (b); 0.005 (c) as a function of E/Am?. Figures a
and b correspond to v — v,(;) transitions, while figure ¢ corresponds to v. — v,

transitions.
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taken into account. The probability Ps(v. — ve;ts, to) was calculated following
the prescriptions given in [83]. The results obtained in the cases of v, — v,
and v, — v, transitions are depicted in Figs. 8 and 9, respectively.

The solid line contours in Fig. 8 denote regions allowed by the data from
the Homestake, Kamickande, SAGE and GALLEX experiments, while the dark
shaded regions have been obtained by including the Super-Kamiokande data in
the analysis. Thus, the dark shaded areas represent the regions allowed by the
mean event rate data from all experiments. The solid line contours in Fig. 9
denote the region allowed by the data (at 95% and at 99% C.L.).

The current solar neutrino data are best described assuming the solar neu-
trinos undergo small mixing angle v, — v,,(,;) matter-enhanced transitions [72],
(68], (69] (for this nonadiabatic solution one has x2,;,, = 0.9 (3 d.f.)). The quality
of the fit of the data is somewhat worse in the case of the large mixing angle or
adiabatic solution (x2,;, is somewhat larger: x2,;, = 1.5). A similar quality of
the fit of the data is provided also by the hypothesis of transitions into a sterile
neutrino, v — Vs, at small mixing angles (x2,;, = 1.5). In contrast, the large
mixing angle ve — v, transition solution is practically excluded as a possible
explanation of the solar neutrino deficit [72], [68], [69] (it is ruled out at 99.98%
C.L. (x%,;» = 21, 3 d.f.) by the data).

The values of the parameters Am? and sin® 26 for which one obtains (at 95%
C.L.) the small mixing angle v, — v,,(, transition solution of the solar neutrino
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Fig. 8. Regions of values of the parameters Am? and sin” 26 (the black areas) for which
the matter-enhanced ve ~+ v, (- transitions of solar v. allows to describe (at 95% C.L.)
the solar neutrino data (from [72]). For further details see the text.

problem lie in the region:
3.8 x 107 %V? < Am? < 107 %V?, (66a)
3.5x 1073 <sin?20 < 1.4 x 1072 (66b)

As Figs. 7 and 8 show, the small mixing angle v, — v, solution region is very
similar in shape and magnitude to the region of the v. — v, solution, (66a)
and (66b), but is shifted with respect to the latter by a factor of ~ 1.3 to smaller
values of Am?.

We have seen that there can be large uncertainties in the solar model pre-
dictions for the total flux of ®B neutrinos and that the predictions for the "Be
neutrino flux vary by ~25%. The question of how stable are the MSW solutions
of the solar neutrino problem discussed above with respect to changes in the pre-
dictions for the two fluxes #p and &g, naturally arises. A rather comprehensive
answer to this question for the v, — v,y transition solution was given in (60].
and for the solution with v, transitions into a sterile neutrino, v, — v, - in [59].
These studies showed, in particular, that the existence of the MSW solutions of
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Fig. 9. Allowed region of values of the parameters Am? and sin? 28 corresponding to
the matter-enhanced v. — v, transition solution of the solar neutrino problem (from
[72]). For further details see the text.

the solar neutrino problem is remarkably stable with respect to variations in the
predictions for the 8B and "Be neutrino fluxes.

6.3 A Detour: MSW Transitions of Solar Neutrinos in the Sun
and the Hydrogen Atom

As we have indicated, the two-neutrino matter-enhanced v, — v,(,) transitions
of solar neutrinos at small mixing angles provide the best description of the
solar neutrino data. In the present subsection we demonstrate [89] that the
second order differential equation for the probability amplitude A.(t,to) of solar
v, survival coincides in form in the case of solar electron number density N,(t)
changing exponentially along the neutrino path, Eq. (50), with the Schrodinger
equation for the radial part of the non-relativistic wave function of the hydrogen
atom, and we comment briefly on this interesting coincidence.

Using the first equation in (32) to express A, (t, o) in terms of A.(t,to) and its
time derivative, which gives A,(t,t0) = % (€(t) +1%)Ac(t, o), and substituting
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A, (t,to) thus found in the second equation in (32), we obtain a second order
differential equation for A.(t,ty):

{ L ie]} Adltite) =0, (67)

where ¢ = 4¢ and €(t) and € are given by (33). Introducing the dimensionless
variable

t—t

Z = irgV2GFN,(to)e™ 7o, Zy = Z(t = to), (68)

and making the substitution

Adtto) = Alv, = v) = (220 TP 0 Y ) (69)
we find that the amplitude A,(t,to) satisfies {79], [80], [84] the confluent hyper-
geometric equation [81]:

{204 ~a Ai(tt0) =0, (70)

where [84]
2 2

in? 4 =1+i )
sin“ ¢, ¢ +1irp 9E

Equation (70) coincides in form with the Schrodinger (energy eigenvalue)
equation obeyed by the radial part, ¢ (r), of the non-relativistic wave func-
tion of the hydrogen atom [91], #(7) = Lk (r)Yim(0',4'), where 7, 8" and &'
are the spherical coordinates of the electron in the proton’s rest frame, { and
m are the orbital momentum quantum numbers (m = —I,...,1), k is the quan-
tum number labeling (together with [) the electron energy,® Ex (Ew < 0),
and Y., (6',¢') are the spherical harmonics. To be more precise, the function
Yo (Z2) = Z7</? eZ/2 4jy(r) satisfies equation (70), where the variable Z and
the parameters a and ¢ are in this case related to the physical quantities char-
acterizing the hydrogen atom:

Z =2 ‘C-Lr—\/ —Ekl/EI, a=ay=1+1- \/-E]/Ekl, cC=C = 2(l+ 1). (72)
0

Here ap = h/(m.e?) is the Bohr radius and E; = m.e*/(2h%) = 13.6 eV is the
ionization energy of the hydrogen atom. It is remarkable that the behaviour of
such different physical systems as solar neutrinos undergoing matter-enhanced
transitions in the Sun and the non-relativistic hydrogen atom are governed by
one and the same differential equation.

The properties of the linearly independent solutions of equation (70), i.e., of
the confluent hypergeometric functions, &(a,c; Z), as well as their asymptotic
series expansions, are well-known [81]. Any solution of (70) can be expressed
as a linear combination of two linearly independent solutions of (70), $(a,¢; Z)

a=1+irg

(71)

¢ The principal quantum number is equal to (k + ) [91].
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and Z'=¢ &(a — ¢+ 1,2 — ¢; Z), which are distinguished from other sets of lin-
early independent confluent hypergeometric functions by their behaviour when
Z = 0:P(d,c;Z=0)=1,a,c #0,-1,-2,..., @ and ¢ being arbitrary
parameters. Explicit expressions for the probability amplitudes A(v, — v.) and
A(ve = vyu(r)) in terms of the functions $(a,c; Z) and $(a —c + 1,2 — ¢; Z)
were derived in (84], [92]. In the case of MSW transitions of solar neutrinos
(Ne(ts) = 0) these expressions have an especially simple form: they are given by
the corresponding vacuum oscillation probability amplitudes “distorted” by the
values of the functions &(a’,c’; Z) in the initial point of the neutrino trajectory,

A(Ve = vun) = % sin 26 {di(a —-¢,2-¢2y) — e"(‘“mdﬂé2 S(a—1,¢;Z) } ,
(73)
etc., where Zg, a and c are defined in (68) and (71). In the limit |Zs| — 0, which
corresponds to zero electron number density, expression (73) reduces (up to an
irrelevant common phase factor) to the one for oscillations in vacuum, Eq. (23).
It is well-known that the requirement of a correct asymptotic behaviour of
the wave function i (r) at large r leads to the quantization condition for the
energy of the electron, Ej;, in the hydrogen atom [91]: Ex = —Er/(k + 1),
(k+1)=1,2,...(1=0,1,2,...,(k+1)—1). Technically, the condition is derived by
using the asymptotic series expansion of the confluent hypergeometric functions
in inverse powers of the argument Z [81] (one has Z — oc whenr — 00, see (72)).
The same asymptotic series expansion in the case of the solutions describing the
MSW transitions of solar neutrinos in the Sun (we have |Zg| & 520 in this
case [84]) permitted to derive i) the simple expression for the relevant “jump”
probability [79] P’, Eq. (63), and ii) explicit expressions for the oscillating terms
in the solar v, survival probability [84]. Expression (63) is a basic ingredient of
the most precise simple analytic description of the two-neutrino matter-enhanced
transitions of solar neutrinos in the Sun, available at present [83].

7 The Solar Neutrino Problem: Qutlook

After being with us for ~25 years the solar neutrino problem still remains un-
solved. With the accumulation of the quantitatively new data provided by the
Ga—Ge experiments the problem acquired a novel aspect: the constraints on the
"Be neutrino flux following from the data imply a significantly smaller value of
$p. than is predicted by the solar models. The data of both Davis et al. and
Kamiokande experiments have to be incorrect in order for the indicated conclu-
sion to be not valid. The vacuum oscillations and MSW transitions of the solar
neutrinos continue to be viable and very attractive solutions of the problem.
The start of the Super-Kamiokande experiment on April 1, 1996, and the
presentation of the first preliminary data from this experiment at the “Neutrino
’96” International Conference in June of the same year [22], marked the begin-
ning of a new era in the experimental studies of solar neutrinos. This is the era
of high statistics experiments with real time event detection and capabilities to



The Solar Neutrino Problem 323

perform high precision spectrum, seasonal variation (2], [56], day-night asym-
metry (see, e.g., [93], [94] and the articles quoted therein), etc., measurements.
Such capabilities are of crucial importance, in particular, for understanding the
true cause of the solar neutrino deficit.

The preceding period 1967 - 1996 of solar neutrino measurements, which
began when the epic Homestake (Cl-Ar) experiment started to collect data
[15], [17], is marked by several remarkable achievements which, given their scale
and the time and the efforts they took, make this period rather an epoch. For the
first time neutrinos emitted by the Sun have been observed. The thermo-nuclear
reaction theory of solar energy generation was confirmed by the detection by
GALLEX and SAGE experiments of the lower energy solar neutrinos produced
in the corresponding fusion nuclear reactions. More generally, this result con-
firms a fundamental aspect of the theory of stellar evolution regarding the role
played by the nuclear fusion reactions. Finally, the solar neutrino data gathered
in the indicated period provided, when compared with the predictions of the so-
lar models, indirect evidences for an “unconventional” behaviour (e.g., vacuum
oscillations, and/or matter-enhanced transitions, etc.) of the solar neutrinos on
their way to the Earth. This in turn is the strongest indication we presently have
for the existence of new physics beyond that predicted by the standard theory
of electroweak and strong interactions.

The Super-Kamiokande is the first operating of a group of new generation
detectors, SNO [95], BOREXINO [96], ICARUS [97], HELLAZ [98], etc., which
will allow one to perform more detailed and accurate studies of the solar neutrino
flux reaching the Earth. As is well known, Super-Kamiokande, SNO and ICARUS
experiments will study the 8B component of the solar neutrino flux at energies of
solar neutrinos E & (5—6) MeV; the BOREXINO detector is designed to provide
information about the 0.862 MeV “Be component of the flux: approximately 90%
of the signal produced by the solar neutrinos in the BOREXINO detector (~50
events/day according to the reference model [29)) is predicted to be due to the
"Be-neutrinos. The HELLAZ apparatus is envisaged to measure the total flux
and the spectrum of the pp neutrinos? in the energy interval £ = (0.22 —
0.41) MeV.

The SNO experiment is expected to begin to take data in 1998. The construc-
tion of the BOREXINO detector is under way and is planned to be completed
by the end of 1998. A prototype of the ICARUS apparatus has been successfully
tested and the construction of the first 600 ton module has started. The feasi-
bility studies for the HELLAZ detector have been intensified with the building
of a small prototype at College de France [98]. Our aspirations to find the cause
of the solar neutrino deficit established by the results of the spectacular solar
neutrino experiments of the first generation [15], [17], [19]~[21], and confirmed
by the first results from the Super-Kamiokande detector, and to get additional
independent information about the physical conditions in the central part of the
Sun, are presently associated with the more precise and diverse data the second

P The HELLAZ detector can be utilized for studies of the "Be neutrino flux as well.
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generation detectors are expected to provide. All these are planned to be high
statistics (typically ~3000 solar neutrino events/year, Super-Kamiokande is ex-
pected to collect ~10000 events/year), i.e., high precision, experiments with real
time event detection.

In SNO experiment the 8B neutrinos will be detected via the charged current
and the neutral current reactions on deuterium: v, + D — e~ +p +p, and v +
D — v + p + n; the measurement of the kinetic energy of the electron in the first
reaction will permit to search for possible deformations of the spectrum of B
neutrinos at £ > 6.44 MeV, predicted to exist (see, e.g., the first article quoted
in [59] as well as [56], [61]) if solar neutrinos take part in oscillations in vacuum
on the way to the Earth and/or undergo matter-enhanced transitions in the Sun.
High precision searches for spectrum deformations will be performed also in the
Super- Kamiokande experiment in which the energy of the recoil electron from
the v — e™ elastic scattering reaction will be measured with a high accuracy.

The high statistics these experiments will accumulate, the measurement of
the spectra of final state electrons with the SNO and Super Kamiokande detec-
tors, and of the ratio of the charged current and the neutral current reaction
rates with the SNO detector, will make it possible to perform various critical
tests (see, e.g., [56], [61], [93], [94]) of the vacuum oscillation and the MSW,
as well as of the other possible neutrino physics solutions [62]-[64], [66] of the
solar neutrino problem. We may be at the dawn of a major breakthrough in the
studies of solar neutrinos. It is not excluded, however, that the data from the
BOREXINO and HELLAZ detectors may be required to get an unambiguous
answer concerning the cause of the solar neutrino problem [60], [57]. {61].
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Large Bilocal Relativistic Potential Model
for Vector Mesons and Their Leptonic Decays

Kh. Ablakulov, B.N. Kuranov, T.Z. Nasyrov

Institute of Nuclear Physics of Uzbekistan Academy of Sciences, Ulugbek, 702132,
Tashkent, Uzbekistan

Abstract. The bilocal relativistic potential model (BRPM) is developed for describing
vector mesons and their leptonic decays. The new Salpeter equation for vector mesons
is proposed and considering the 7 — pr decay the representation for p-meson leptonic
decay constant f, is obtained. It is shown that BRPM describes on a satisfactory level
both the constant f, and the masses of other charged vector mesons. The values for
the leptonic decay constants of these mesons are predicted.

Gauge-ball Spectrum
of U(1) Lattice Gauge Theory

J. Cox', W. Franzki', J. Jersék', C.B. Lang?, T. Neuhaus®, P.W. Stephenson*

nstitut fiir Theoretische Physik E, RWTH Aachen, Germany

*Institut fiir Theoretische Physik, Karl-Franzens-Universitat Graz, Austria
3Niels Bohr Institute, Univ. of Copenhagen, Denmark

‘DESY, Zeuthen, Germany

Abstract. We investigate the continuum limit of the gauge-ball spectrum in the four-
dimensional pure U(1) lattice gauge theory. In the confinement phase we identify var-
ious states scaling with the correlation length exponent v =~ 0.35. The square root of
the string tension also scales with this exponent, which agrees with the non-Gaussian
fixed point exponent recently found in the finite size studies of this theory. Possible sce-
narios for constructing a non-Gaussian continuum theory with the observed gauge-ball
spectrum are discussed. The 07 state, however, scales with a Gaussian value v =~ 0.5.
This suggests the existence of a second, Gaussian continuum limit in the confinement
phase and also the presence of a light or possibly massless scalar in the non-Gaussian
continuum theory. In the Coulomb phase we find evidence for a few gauge-balls, being
resonances in multi-photon channels; they seem to approach the continuum limit with
as yet unknown critical exponents.
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Phase Transitions of 1-D Quark Gases

C.R. Gattringer, L.D. Paniak and G.W.Semenoff

Department of Physics and Astronomy, University of British Columbia, 6224 Agri-
cultural Road, Vancouver, B.C. V6T 1Z1 Canada

Abstract. We analyze the thermodynamics of U(N) gauge fields in 1+1 dimensions
coupled to sources in various representations. It is shown that this model can be mapped
to a matrix model which can be solved explicitly in the large N limit. For the case of
sources in fundamental and adjoint representation we establish the existence of a phase
transition from a confining cold phase with low density of sources to a deconfining hot
phase with high density of sources. We show that the phases can be distinguished by the
different behaviour of Polyakov loop operators that wind k-times around compactified
time. In the confining phase the expectation value of this operator is suppressed ex-
ponentially with increasing k while for the deconfining phase one finds only power law
suppression. This criterion in particular works in the presence of fundamental repre-
sentation sources. The article Deconfinement Transition for Quarks on a Line appeared
as preprint hep-th/9612030 and is in print at Annals of Physics.

Scattering Phases for Elastic Meson-Meson Scat-
tering in the massive Schwinger Model by Means
of Monte Carlo Simulations

C. Gutsfeld, H.A. Kastrup, K. Stergios, J. Westphalen

Institut fiir Theoretische Physik E, RWTH Aachen, Germany

Abstract. According to a proposal of Liischer it is possible to determine elastic scat-
tering phase shifts in massive quantum field theories from the energy spectrum of two
particle states in finite volumes. This spectrum can be obtained by Monte Carlo sim-
ulations on a lattice. The Schwinger model describes the interaction of fermions with
an abelian gauge field in two space-time dimensions. It possesses properties which also
appear in QCD, as for instance confinement. I will present a status report on the in-
vestigation of the elastic scattering of bound states (mesons) in the massive Schwinger
model with a SU(2) flavour symmetry, using staggered fermions for the simulations.
The existence of analytical strong coupling predictions for the mass spectrum and for
the scattering phases in the low energy region makes it possible to test the numerical
results.
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Non-trivial Light-Front Vacuum
in Fock Representation

L. Martinovic

Inst. of Physics SAS, Bratislava

Abstract. A Fock representation for the physical vacuum of the Schwinger model
quantized on the light front is suggested. It is based on the dynamical zero mode
of the A" gauge-field component. The f-vacuum is constructed as a gauge invariant
superposition of zero-mode coherent states. It reproduces the vacuum-angle dependence
of the fermion condensate within the bosonized theory. The Weyl-gauge formulation of
the model and the final gauge fixing on the quantum level via unitarity transformations
is shown to yield a formulation containing features not seen in the finite-volume light-
cone gauge. A possible generalization to higher dimensions is discussed.

Sum Rules for Asymptotic Form Factors inete™ —
W+*W~ Scattering

Stefano Rigolin

Universita di Padova e INFN Padova, I-35100 Padova, Italy

Abstract. At very large energies and in SU(2)r  U(1)y gauge theories, the trilinear
gauge boson vertices relevant for eTe™ — WTW ™ scattering are related in a simple way
to the gauge boson self-energies. We derive these relations, both from the requirement
of perturbative unitarity and from the Ward identities of the theory. Our discussion
shows that, in general, it is never possible to neglect vector boson self-energies when
computing the form factors that parametrize the ete™ — W+W ™ helicity amplitudes.
The exclusion of the self-energy contributions would lead to estimates of the effects
wrong by orders of magnitude. We propose a simple way of including the self-energy
contributions in an appropriate definition of the form factors.
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The Structure of the Constituent Quark

Mitja Rosina

Dept. of Physics, University Ljubljana, SL-1001 Ljubjana

Abstract. The constituent quark can be described as a bare quark surrounded by a
coherent state of pions and sigma mesons. We use the linear sigma model Hamiltonian
and a hedgehog ansatz for the wavefunction. We project good isospin, angular and
linear momentum. The influence of such a structure on different nucleon observables
is briefly discussed. Moreover, it is shown how to derive an effective potential between
two such constituent quarks.

Numerical Identification of Monopoles, Instantons
and Chiral Condensate on the Lattice

W. Sakuler, M. Feurstein, H. Markum and S. Thurner

Institut fiir Kernphysik, Technische Universitat Wien Wiedner Hauptstrafie 8-10,
A-1040 Vienna, Austria

Abstract. We perform an analysis of the topological and chiral vacuum structure of
four-dimensional QCD at finite temperature. Concerning the topological sector, cor-
relation functions between the distributions of color magnetic monopoles in the maxi-
mum abelian gauge and the densities of topological charge are computed. An enhanced
probability for monopoles inside the core of an instanton is observed. In the chiral sec-
tor, clear evidence is found on gauge field average and in specific configurations that
monopole loops and instantons are locally correlated with the chiral condensate. Re-
cently, nonvanishing quark charge density of fluctuating sign was also resolved at the
clusters of nontrivial topological charge density. (Further information: hep-lat/9702004
and http://www.tuwien.ac.at/e142/Lat/qcd.html)
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Ap and Triviality

A.J. van der Sijs

Swiss Center for Scientific Computing, ETH-Ziirich, ETH-Zentrum, RZ, CH-8092
Ziirich, Switzerland

Abstract. I report on a lattice study [1] of the p-parameter and its interplay with
“triviality” in the top-bottom-Higgs sector of the Standard Model, with massless b-
quark. The “Zaragoza prescription” for chiral lattice fermions is used. Non-perturbative
decoupling of the species doublers is demonstrated numerically. Our main results are:

We find higher triviality upper bounds on the Higgs and fermion masses than
usually quoted, both in the range 1300-1500 GeV.

The data for Ap show huge deviations from the usual perturbative result, but there
is excellent agreement with one-fermion-loop perturbation theory for given finite lattice
spacing a and volume V.

The a-dependence of Ap has a physical interpretation: the finite value of 1/a models
the energy scale at which “new physics” sets in, as embodied in the higher-dimensional
operators in the lattice action. The strong sensitivity of Ap, due to its non-decoupling
nature, thus gives us a nice handle on “physics beyond the Standard Model”.

{1 J.L. Alonso, Ph. Boucaud and A.J. van der Sijs, Nucl. Phys. B (Proc. Suppl.)
47 (1996) 571; thid. 53 (1997) 683; and in preparation.

The bb-Spectrum from NRQCD
with Dynamical Configurations

A. Spitz

Universitat Wuppertal, Fachbereich Physik, D-42097 Wuppertal, Deutschland

Abstract, We investigate the bottomoninm spectrum in a “full” QCD gauge field
background using the Non-relativistic Lattice QCD approach for the heavy quarks.
Within the SESAM project we have generated statistically significant samples of gauge
configurations with dynamical Wilson quarks for three values of the hopping parameter
on a 163 x 32 lattice at # = 5.6. We study the dependence of quarkonium level splittings
on the sea quark mass and compare with the quenched approximation. Relativistic
corrections up to order Mv® are included in the NRQCD-Lagrangian which is tadpole
improved with uo taken from the mean link in Landau gauge.
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CP Violating Asymmetries in ee™ —
Within the MSSM

Thomas Gajdosik

Inst. f. Hochenergiephysik, Osterr. Akademie d. Wissenschaften

Abstract. In the Minimal Supersymmetric Standard Model (MSSM) there are pa-
rameters, which by making them complex can contribute to C P-violation. As the top
quark is heavy enough to decay before its polarization is distorted by hadronization it
is a good tool for investigating C P-violation.

We study CP-violation effects in ete™ — t, induced by the exchange of super-
symmetric particles. Asymmetries which are sensitive to CP-violation are defined in
terms of triple product correlations. A numerical analysis is given.

U(1) Lattice Gauge Theory — a Dual Simulation

Martin Zach, Manfried Faber and Peter Skala

Institut fiir Kernphysik, TU Wien, Vienna, Austria

Abstract. The dually transformed path integral of U(1) lattice gauge theory can be
used for high precision calculations of expectation values in the presence of external
charges. Furthermore, the results can be interpreted in terms of the dual supercon-
ductor picture and of the effective string picture of confinement. We demonstrate this
on some examples. We are able to investigate much larger lattice distances and much
lower temperatures, simulating the dual model. The results show that a simple inter-
pretation according to the dual London equation without considering fluctuations of
the fluxoid string is not possible. We also calculate the free energy as well as the total
energy stored in the electromagnetic fields for periodically closed flux tubes. Finally we
investigate the potential for doubly charged systems and find that the string tension
in the confinement phase scales like the charge rather than the squared charge.
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Quasi-Potential Equation
for Meson Spectra and Couplings

1. Zakout

Department of Physics, Middle East Technical University, 06531 Ankara, Turkey

Abstract. The relativistic equation to describe heavy and light meson is developed.
An elegant approach to approximate the Bethe-Salpeter equation to quasi-potential
equation by approximating the quark propagator in appropriate way is discussed in
detail. The wave function amplitude is projected into energy eigen states. The present
approach is very useful to study the meson couplings thoroughly and to evaluate the
matrix elements of many processes which are received much attention to search the
glueball candidates and exotic mesons recently.



