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1. Introduction

The interacting boson model (IBM) was proposed by
Arlmd and Tachello ? with the aim of un¢fy1ng quadrupole
vibrational and rotatlona1 collectlve motlon in nuclei,
To this end the active nucleons in a even-even nucleus
are replaced by bosons, As Iachello put lt "the bosons
are correlated pairs of fermnions, but the correlations
are So large that the Pairs loose their memory of being
fermions", Thus the boson number M is half the number
of valance nucleons (particles/holes) and is assumed to
be conServed The bosons are allowed tg occupy 51ng1e
partlcle orbits with angular momenta 1 = O (s-bosons) or
1 = 2 (d~bosons), The (Sd)~boson5'ystem is allowed to
interact, and 1 + 2 body Hamiltonian (H) in the model has
just six parameters for reproducing the spectra of even-
even nuclei, At a phenomenological level, the model was
remarkably Successful; the success of the model and its
vVarious extensions are well documented2’3) The rela-
tionship of IBM to the (microscopic shell model and the

(geometric) collective models is ﬁaiﬂly well Understood 2)

The single most anortant (Dtrhaps the beautiful)
aspects of IBM is that it hns ‘a group Structure which
allows for the 1ntroductlon of dynamlcal Smnmetrles . With

(sd) degrees of freg

, d Slnglc boson in IBM. has Six.

degrees of freedom; S-a_resu;tfgzll the,states of -

bosons grow out 5%; he“totally symhetric irreducible
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reﬁreséntatioﬂ (IRR) Eﬁ4§ of UKG), the unitary group in
s5ix dimensions. The“dfnamical»5ymmetfies of IBM-H cor-
respond to the éubgroups G in the chain U(6) ™ G D 0(3),
A 0(3) generating the angularfmomentum’of the,ﬂfmbosons.

In the symmetry limits, IBM is anaiytically tractable,ome
can predict typical band structures and derive selection
rules etc, The interpolation between any two Symmetry
limits can be accomplished by considering the Hamiltonian
to be a mixure of the casimir operators of the groups in
the two symmetry limits, Thus the characteristics of
tfansitional nuclei can be studied with equal egase in IBM,
see réf.4). The important first step in the subject of
dynamical symmetries is to identify the variousAsubgroups
G and determine their IRR, For IBM both these problems
are solved, There are threé and only three subgfoup
chains in IBM and they correspond to the well known U(5)52

SU(3)6) 7

.and 0(6) limits, The IRR of the groups in
these chains can be given in closed analytic form, see
section 2, The dynamical symmetries of IBM gave far
reaching insightsz’B)into structure of the quadrupcle

collective states in nuclei,

The microscopic theories of IBM on one hand and the
quest for an algebraic description of hexadecapole defor-

mation in nuclei on the other hand, led one to consider

g-bosons in IBM, - We call the interacting boson model

with s,d and g-bosons, the gIBM, We reserve the name IBM




o
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for ﬁhe'lnteractlng boson model with only s angd g boson's

In the gIBM 111 the atates ‘corresponding to /4'~bosons
grow ouL of the tOtdllY 8ymmetr1c Partition, or the
1Lr°duc1DTe repreScntdtJorl 1A4j of U(15), *the unitary
>group in flfteen dlmenSlons - The.dynamical Symmetries of
the gIBW &anlltonldh correspond to various Subgroups (or
_subgroup Chdlﬂs) G in U(LS) 2 G Dyo(3), 0(3) generating
the angular momentum of the M ~bosons, We enumerate the .
various dynamica] Symmetries of gIBM-ﬁ using sSome Jeneral
 Principles which can be used for 5 boson SysStem with

1 = OJ2,4,6,--—, The corresponding group chains and their

generators are given in Section-3, Com act expressions
generat : P

except in some Special cases, Due to this reason we
;undgrtook to tabulate the IRR for barticle numbers of
interest, ang this is the main aim of +this report, 1In
Sectionf4 the methods of Obtaining the IRR are given, Iﬁ”
Section~5 the Casimir operators of the various groups in
gIBM are constructed. In the concluding section-6, the
Present status of gIBM is reviewed and ‘some future direc.
tions are Pointed out, In AppendlhuA Some. simple group
réduction Tules arg glvpn and thmy are. used in section- 3.
Flnally in Appendix.B the IRR of thp gLoupu,in gIBM are

glven in tables - 13
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2., Dynamical S?mmetries in IBM

One of the most important developments in nuclear

» Etfucture physics in the last decade is the recognition
tﬁat there are threé dynamical symmetries in IBM, the
corresponding group chains are shown in fig.,l. The U(5),
SU(3) and O(6) limits geometrically correspond to a qua-
drupoleAVibrator, regid rotor and a y'-unstable 08ciliator
respectively; see ref,2). For the sake of completeness
and continuity, althdugh well known, we will give in this
Section the irreducible representations of the groups in

the three limits and also the energy formulas,

2.1, U(5) Limit

In the U(5) limit, the group chain and the basis

states are giveb by5),

U(6) U(5) 0(5) 0(3)
My faf [ mb 0,
In the U(5) IRR 5h 3 counts the number of d-bosons

and in the 0(5) IRR fv] , V is the d-boson seniority

quantum number, Thus we have,:

Mo My e,

nd-2, ;-_, 0 or 1. : | L 7(2)

n

d

LN = ndl

The 0(3) IRR L for a given 0(5) IRR Eﬁ] can occur more

than once'(multiplicity),,thus we need an extra lerel n

A ’
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o= 3 "ﬁA'?r?\ P\ 20
then L~ - ]/ )#_ == D) / 2A ., (3)
The Hamiltonian and the energy fo:mula in the U(5) limit
are given by o
3 (U(5)) = ao(f2) + 2,C(U(5)+ azﬁqk C, (U (5))+
+ 335 U05)+ a,C,(0(5)) + a 5C, (0(3)) ‘(4>

and |
o - - - N -~ e y ,7,-!
E < \./{/ ’}”)&{ ) (y/ 7 A [_) = Qa ( /"?) + A U -ruz M Y
o, N (r) +
A | QH‘D[UkQ-rQEL(F*Q

where M is the operator that generates /M anda 2, (M)

(5)

M , . ) :
Xo+ vo M+ 2, (_JZ' ) and it contributes only to the bind-
-ing energy; XO' Yy and 25 8re constants, In (4) Cl (G)
and €, (G) are rank-1 and ranke2 (qﬁadratic) casimir oper-

ators of the group G,

2.2, SU(3) Limit

In the SU(3) limit, the group chain and the basis

states are6) B

U(6) SU(3) 0(35

MY Oy w1 e

¥ We follow Wybourne's notatlons) gf§ [f] and <KES
o in denotlng the IRR of Unltdly, orthogonjl and Syme

plectlc ~groups . respectlvk_ly
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The SU(3) IRR (A/f+) contained in the IRR 5»4% of U(6)

is given by the following expression,

() = ] (254) 265-4)) o

where {fl £, fBj is a partition of the integer M ,

/\//z f1+ f2-+ f3 and fl /‘7/ f2 /} f3 )/ 0. Some of the

highest weight (E =/7)l + /U/ larger) SU(3) IRR are

(2M. 0y, (2M-4,2), (2M-8,4), (2 M ~6,0) ~--, The pro-
blem of obtaining the L-content of (ﬂ/ﬁu) wés solved by
El1iott?),

- with ?), = max (ﬁ//’/-)
DZ‘: min (,}\}/‘U>

we have k = ?) R 2)2—2, -~-, O or 1

. 2 .
and L =k, kK + 1, ==, k +D, for k %_O
=1, 12—2, m—mp, Dor 1, for k = 0. (8)

Thus the SU(3) IRR (2 *],0) contains L = 0,2,4,===,2 M
and (2 M -4,2) has k = 0 (ﬁ), 2 (7)) bands with band cut
off at 2M-4 and 2M -2 respectively, The Hamiltonian and

the energy formula in this limit are given by,
H(SUE) = 4,7 16, G . G

EM, Ofe) L) = F(M) 45 é \LXZLV) b)) o
) -t
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2,3, 0(6) Limit

Flnally the group Chain and the basis States in
" the 0(6) llmlt

are glven by7)

’

U(6) O(e) -0(5) 0(3)
MM ) L) o

- The generalized Seniority qu

0= MMy - -

antum number J7 4s given by

, O8]

- (12) -
) T s U

The reduction of Z_Z/} > [

is given by (4). The

damlltonlan and the energy fommula in this limit are,

(O(/)) %G(M) + c G ) +
% Cloe)) r¢, C (o)

E(M0,7 L) = %)+ G olert) +
T ammyeslen)

(13)

(14)
The algebra of the groups in fig, (1) is given in datall
in ref, (5) ~ (7).

3. The gIBM and its Six limiting Symmetries

The maximum Symmetry group_(number GOnserViﬁg) for
the gIBM-H is U(15), the unitary group in fifteen dimen-
Sioné. The fifteen dimensions correspond to the fifteen
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single particle Sﬁates,'one coming frbm the'é-orbit,five
coming from the d-orbit and nine coming from the g~orbit,

The generators of the U(15) group are (b; bl)LfJ where
+

+ o qt - (pr oyt A
‘ bO = S, b2 = da ,,b4 =g and bl = (bl ', In order to

catalogue the limiting symmetries of the gIBM-H, we

o+ +

should know all the subgroups in the cheain U(15) > G 2> 0(3),
Note that the gIBM boson numbexyﬁfand the angular momentum
quantum number I, labél the IRR of U(15) and 0(3) groups
respectively, We will discuss the general methods of
generating subgroups for any boson system with 1 = 0,2,4,

—-, K Note that the l-values correspond to oscillator

O.
major shell quantumn number ko and the IRR i;%; of the
oscillator group U((ﬁo+ 1) * (ko+ 2)/2) = U(NO) contains

the above l-values, é;ﬁU(ﬁgT>l = 0,2,4, ===, kj.

3.1, U(6) @U(9) and U(14) Limits

Given the single boson orbits with 1 = O,2,ema,ko,
‘we can combine them into unitary orbits, then we fave the
' _ S/,
direct sum sub-group U(NO)_,_) U(Na) @U(Nb), N _(e_(gy(,r,)
and Nb = No - Né. -For example in gIBM one can have
(sd,qg), (S,dg),(ﬁg,d) orbit combinations, which then give
U<15)__g%d(6) @%(9), U(15);:7g(1) (jj’Udg(lél) and U(15) ™
%(5)(E§gg(10); As the (sg,d) orbit combination is unphy-

. . 1} :k +
sical, we will ignore it, Thus we can generate two

¥ AS a matter of principle one should deal with this
symmetry also, The group chains we obtain here are
the ones corresponding to U(lO)j)U(9)f>O(9):)O(3) and
U (10)20(10)D 0(9) 2> 0(3). These are easy to hamdle
and we will not discuss them in this report,
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limiting éymmetries using the methog of unitary orbits,
Now we have (I) tho weak coupllng or g (6)(?9%(9)flimit
and (II) the U(J4) limit; The complete Subgroup chains

in these two_limits'can take Various forms, In thelgd(6)@9

%(9) limit, with the three Subgroup éhnins Shown in fig,1
and the 0(9). subgroup (genuratlng g~boson senlorlty

‘quantum number) of U(9) we have

VS D ya6) @ye) > [ gate) g5y = *9(5) D g <3>/ @

[g(9)t:>8(9) o 8(@3 Qaq(3) (T.1)
v a6 @ylem [ Ya(6) D8y, (3) 5 94(3)] &)
2‘%(9) 0(9) > 8(3>J ag(¥ (w2

and

TS D (0 @u, (9) 2 [ Vsal® 20,406 5 0_(5)5 0yq (3]
N - — | . =
@Lpgw) < %120, | Doy () (1.3)

From now on we will drop the suffixes (sd), g9, (sdg) ete,
when there 4ig DO ambiguity, Chnins (I.l)-(I.B) are useful,
when we couple ON& Oor two g-bosons +to the IBM-core - -
nucleus, In the U(14) 1imit two Subgréup chains are

POSsible and they are
U.(15) DU (14) —30(14) J 0(5) 0(3) | o (IT)

U(15) Du(14) “\0(14)) 04(5) (;o (9) =

04(3) L)o (3) > 0(3) S (I1.1)



The generators of the Subgroups of U (6) are
weli known, see ref,5- 7) The generators of Uq(9) are

= 0-~8

(g+‘§) 0 and the generators of O (9) and O (3) are

(g" 531'3'5'7 and (g vsl rpspuctlvely, Slmllarly the
- generators of U(14) and 0(14) groups in (II) and (TI.1)

are,

& e 2-6
UQis) - (C Q) Ner ,,/ A ) ;
;.é;/z. (d,"‘(? ’3”5() A
E

O (/4)c(d 7}"{)%' gt2) 5T =i 119+ g7 246 (16)

In (16), we have to choose +/~ Sign, thus there are two

(15)

equivalent 0(14) subgroups and this corresponds to two

choices of (dg) pair condensed states,

ﬁ[@(&{fﬂ?@i \}?{9?71/ O> A

We will choose the 4 sign in (16) and we will comment on
the alternative choice at the end., .The génerators of the

0(5) group in (16) are,

(L?/(/ B \//\5 %/(/Fd)/“/ f F/(/ ;)/au -(18)

‘and ?Lozi A, (Afd)b r Jr}((} J)A, o

fu
T ot
L 7 \/ (d + /.o'

Finally”i?,c generates the Osdg(B) group.

(19)
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In the absence of gmbosonsa the unitary orbit
method generates only one subgroup, U(o) """ wUd(B)QE)US(l),
and it is the U(5) limit of TaM, Thus the u () Fu(9)
and the U(14) limits of gIBM r‘om/erge to the U (5) 1limit

of IBM, as g-bosons are removed,

3.2, U(5) and SU(3) Limits

T

We can think of the l-values, 1 = O,2,4,—«,ko, to
be that of a two boson SyStem with each "pseudo" boson
carrying angula; momentum 1 = ko/2 and this give raise
to the subgroup U(NO)_‘::v U(konl- 1). For gIBM, this mode
of generation of 2 Subgroup gives the (III) U(5) 1limit

and the complete group chain here is,

U(15) S U(5) S0(s) o o(3) (I11)
The generators @f the U (5) group are Gﬁ? = =4
7 .
4.2_ 2.

| T 0
S /é"g/ (;@) » (20)

The 0(5) group in (ITI) is Same as that of the 0(5)

group in (II), The generators of the 0(5) groups are

L =1

GLO = 1,3 o) . Note

: and thjt of the 0(3) group are G

L» i /

o o ' "{l" .
that ,;r\ ? and (Jl 0 / (,\/' f/c/) % of
eq.(18) and (19)° See table—A_for»Lhe expllclt,form of

LO
-



: 12

‘ Alternativeiy,‘for any value of kO' we have

Elliott'sg) SU (3) subgroup. The group chain here is

U (15) D su(s)';m(s)' (V)
‘and the generators of the SU(3) group are9>,
ke
[, 7““ ‘
RGN @)
/(.x/ é} /U/ (21)

and

%J (G &)

0@E =] [-kr)
s 0

e

o)

G

go&é;@f/ 147 ﬁ) j] (22)

| For gIBM ko=4, then the generators of the SU(3) group in

(IV) are,

L,u. L E> J #
qm7F@&>ﬂowd%3“
u /%E’ (C(’ ijﬁ ! da)\/xz K E( d 29‘,: ”Zﬁ(jiz( 23)
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It is interesting to note that for the (sd) boson
e . ’
IBM, 1;k0/2=1, Thus the above two modes of generating
Subgroups vield only the SU (3) limit, Thus the U(5) and

SU(3) limits of gIBM converge to the SU(3) limit of ImM,

3.3. 0(15) and U(6) Limits

One obvious subgroup of U N ) that we can construet
is the generalized senioritle) group O (N ) This leads
to the (V) 0(15) 1limit of gIBM and the complete subgroup

chalns in this limit are,

U05) 2 0@(5) D C(14) > of ")J 5(3)
U(s) >o0s) > [o ©) @ g (D]
[9E)2 06 e G252 A

(v)

U(15) 2 0@5) > O/4) > (3() O o//)
0(,,) 8 G > O .2)

Note that the 0(5) groups in (IT), (ITI) ang (V) are the

Same, The generators of the ‘0(15) group are,
2.

@ s G ik i =
§Frsag) ok @fsgDs

There are four equlvalent 0(15) groups c01xesponding to
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the-choice of the phases ({ E; F) ("/ s ).'(’*ﬁ; W "'“) -
/
«-/ -,L/ v ) and (-»/ - ) ~> . and. they correspond. to

the four differént zero coupled pair condensed states,

,',’__. [ (/J/)J (.;;,\/J (l (/U \//( ((])(// e

The generators of all thc, other groups in (V), (V,1) and

(V.2) are given before,

Finally we can think of the 1 values, 1 = 0,2,4,

R to be that of two fermions, with each "pseudo"

O'
fermion carrying angular momentum \/ = (;(bz’*Q/,? giving
raise to the group chain U(/\/O)DU(/{()WZ) ,}5/’3(,@;‘2))@(3)\

For gIBM, j = 5/2 and this leads to the (VI) U(6) limit,

The subgroup chain in the U(6) limit is
U(15) DU(6) DSp(6) D 0(3) : (vI)

AS in the case of U(5) 1limit, the generators of the U (6)

group in the U(6) limit are,

Z_a.:(Dwfn— ] Z [(263*/)(2/‘{,*/27’/2(/ Lo g,@ 6’ /_ % /L;r Z? La
A/‘" 0,0, S ( 2

(26)
435
The generators of the Sp(6) group are /\ Lo and
Lozt o e o b .
“w =70 g& generates the 0(3) group in (VI),

L.
See table-B for the explicit form of f\ ;A/ -

The géneralized seniority group in IBM is 0(6)
while j = 3/2 give the U(4) limit. As U(4)v10(6), the
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above two methods vield only one limit, the 0(6) limit
in IBM, Thus the O (15) andu (6) limits of gIaM converge

to the 0(6) limit of I8M,

Tb conclude this Section, we Show ad Lhat there are
in general six limiting Symmetries in gIBM and they are
Pairwise equivalent to the three limits of IBM. The
implications and consequences of this Temarkable corres-

Pondence are not vet explored,

4, Methods of obtaining the irreducible representations

The methods of obtaining the 1rreduc1ble represen-
tations of groups in chains (1) - (VI), for the six limi-
ting Symmetries of gIBM will be discussed in this section;
fig.2 shows the Six limits and the groups involved, Our_
Problem is one of determlnlng the IRR contained in the
totally Symmetric IRR Cﬂ4{§of U(15)., Note that the IRR
of the chains (IT,1), (V.1) and (V.2). can be obtéined
€asily, once the IRR of the groups in (I) - (VI) are
known, A'preliminary report on the limiting symmetries
and the methods of obtaining the TRR of the groups was

given by the author in ref,11),

4;1. U(6) & U(9) lelt

In the U(6) @ U(9) or the weak coupling limit, the
IRR of U(6) and U(9) groups are labelled by mg 4 and m
respectively where f7 = m d+ mg and Mg qe mg ;} 0. The

reduction of the chain U(s) Zg O 0(3) was already



described in section-2, For the chain U(9) 77 0(9) D 0(3),

+the basis states are denoted by,

gt D11 g e

Using (A.3) we have,

Vg = mg, mg—2,~-~, 0 or 1 (28)

The reduction of f}v;lfa Lg dan be accomplished in
several ways, Littlewood8 gave a general formula for

reducing a totally symmetric IRR é‘ f of U(N) to that

of 0(3)., Using (28) which gives [:ng {v i 7 g—2§
4Vg' 4‘vg"'2 ? 4Vg-'3, - ——— e

i1

it is easy to obtain Efg]—}L

We will describe an alternative method of obtain-
ing the I content of U(N) IRR i;P43 . This précedure
is powerful, easy to implement for machine calculations
and it can be used with ease even in the case of many
l-orbits, Let us consider the group UMN), N = Z ; (ZZ l)
and address the question of reducing the IRR Z;; of U(N)
to the IRR 0(3) in UMN) 7> 0(3), with the asso(;iation
{_%U(N)ﬁ L= dyelyr-=ady.

1Z—orbits and the single particle spectrum for the 1,-

To this end we generate the

—

operator, For the examples of Usd(6), Ug(9) and U (15)

—> Sdg
groups, the single particle spectrum for the é;d opera-
tor is shown in fig,.3., The spectrum is equidistant and

each level has a definite 1Z~eigenvalue my with degeneracy
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d,. NOW’diStributing’thé given number of bosons /V in

the 1 -orbits in all possible WayS we can tlnd th@ dege-

-neracy d(m) of a given total m.v alue, Say (nl,nz,-nm nk)
is a distribution of ﬂﬁ Bosons so that pf = Jfﬂ ?7( and
m ==£Z—A ?¥3J?L. o For this dlotrlbutlon, uhé.éogcﬂeracy
of the ;-valup is /7 <;C( T /—Z), Thus the degene-
racy of the 7‘0 (© eigenvalue m is, ' |

N 7%"‘ <36L+’7Z'”7
A = :
T L=t L
Z;’A 7 } (29)
Where the summation is over all configurations (nl,nz,--—,
nk), Such that m = Z.} 7ﬂ ff] + Now thelsimple differ.
“ence formula =

@)= dm-t) Aln-tn)

give the degeneracy of a given L value, T his is mothing
but the multiplicity of the IRR I, of 0(3) in the reduction
of the IRR gﬂf}of U(N). It is easy to extend the above |
A procedure'for'two roWed IRR of U(N), which may be useful
when F—Spin‘is included in IBM. Finally we mention that

the above procedure was used for Fermions in ref,12,13),

4,2, U(14) Limit

In the U (14) limit, the basis states are given by

Vi) Ui o(19) ofs) of2) (51)
iMf L7 (ﬁ ﬁ);d] () oL
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Using (A,1) and (A,.3) we have

w = MM

d | ’
’ ) PR - 5/ ‘ |
Vg™ ,/« i "4y - - (32)
ci&i 1 4%} ) |

The reduction of 0914) D 0(5) and 0(5) > 0(3). are more
involved and we will discuss them in section-~4, 3, In

general for vy j} 3 we have,
[y) >0y ] //;%L o ®leyysd @
Jf"r //,/Oé'i”;{' //O[ d;*é‘/@

For Vdg g’ 2 we have LQJ ~9L9,QJ ’ Lf]~9{m2,9j
[2)- E.de [2.2]@[2.9-

4,3 U(5) Limit

(33)

In the U(5) limit, the basis states are,
Ve UG o 0B)

R O B
M gy T

Using (A, 4), the U(5) IRR i’f} in )/7j.are given by

5] = 1 2my 2ms, 270,27, 2710 (a5

(34)

. Where m,, mp, M,, M,, M is a partition of the integer
1 2 3 4 5

f/ﬂ Thus- in general we have, v
[y =35} lemjefanz) O fen-b4fe o
f201-4,2) 2} ©
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In (34) o and F‘denote the miltiplicity of the IRR L and
[771] reSpectively, We obtained the 0(5) IRR f~[f7_]

U(S) > 0(5) using the following procedure, Using Littlewood!'s

ruleug) we can write the IRR éﬁf} of‘U(S) a3 & determinent

involving only totally symmetric TRR of U(5). Moreover as
¢ . ] - s 1. .
lfl t2 £y f f W ( 1"f £ ~f5,f3~£5,£4 ESJ' we have ?o

deal, at the most, with a 4 x 4 determinant,

. - l - . N
igl% ‘g,gl"'l) Zigl-'-z.% 5914'33

1 7 Nt - (
{92 “‘1} (%Y (54 (% +2(J‘
{
{glgzg394J ? gq 2 ég3 1} ig3% ig3+%j
R U &

.o l o N .
The reduction of iffj to IRR Z;vr] of 0(5) is given by
(A, 3),

v, = fr’ fr-2, -==, 0 Oor 1 » (38)

Thus in the deteminant (37), we can replace the totally
Symmetric IRR (g]§ by 0(5) IRR [:V?;J and then the pro-
blem is one of performing the Kronecker products of 0(5)

IRR, This can be accomplished by the following two

P [dxin) s 2 [menvkren, k]
;»o~(n-/<>

(39)
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(2) Using Littlewood's result (see eq, (86a), (86b) in

ref(8)), . | o
(P elk) = L ko b

Where )({//@& W\j’)‘f} is defined by

) T T AR
[ Toiesy Detoiey 909w
7 fal Sl
In (41) L J% are U(5). IRR and T aI Lbi oy s

<
the number of times 10) appears in the Kronecker pro-

— -

duct faj X Lb!“ Using the fact that (? Rj‘ is a totally

symmetric IRR and );” //f - I‘DQI‘I in (41), we

have

= 15 {A) {Pa)
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Now, using the simple result that,
DA = 75 et
(,.J\I A” * L /j Z Z.J?/‘Mé'-’ A.Z »;‘“(: /("C’ /§ é’/
At e T
fu-s-€ 2
Ko At

and (41), we obtain K:Poj ’Kj ZfJI in (40), Finally,

[

where (/‘

< A

-~

and

converting the irregular three rowed IRR of 0(5) into two

rowed regular IRR using the result,
A3 L] =0 i Auyz
/1'2_] ﬁﬂ’ ’/]3, 0//

(44)
we obtain [PQ] X [R]-i‘ EP/Q/] . This procedure was used
to generate all the needed U(5) D> o(5) reductions, This
calculation is also needed in reducing the chains (II)
and (V), For example, generating all the 0(5) IRR in thé
U(5) IRR given .in (35), we obtain the reduction of {Mj of
U(15) to 0(5) IRR,' Now, using (32) we obtain Zvdg] —
[vlvg in 0(14) > 0(5), - This Procedure is followed in
genel:ating table-13, For the lowest two U(5) 1 IRR we

have,

21y = [17] = [LZMJ% 3



. . 5 / . L N ’ - 'r ) — ’ “\} W v,‘)' (j_(j
and ('TZ-'N‘ "“f-Z,ZJ 7 f (17/9] = |2 M-2, (,,-/I &) f/, o) &

fs o (e M e
J | 2m-an-z0) @ L L“ ) jm// #g-i b, 2
o PRl _ (45)

. A= :
The reduction of 0(5) IRR  [7 /3] to that of 0(3) can be

achieved by repeated use of (39) and the reduction of

. } —> L given in (3). For example, we have from (39),
Il x 03 = [meldl @ I3 &[m-1) (46)

o] [2) = [0e3] © [ w1 @ [, 2] )
®[mh il Ofm2l W

Knowing }:m] —> L and using (46), we obtain Zm, 1j - L.
Now using Emj - L, _En, 1] —> L and (47), we obtain
@,ﬂ —> L and so on, From (45), we see that the impor-
tant 0(5) IRR, we encounter in the U(5) 1limit, are Of[{“j'
Eri, IJ and [m,Z] type and in tables 6,7 we give their
reduction to 0(3) IRR L, We point out that Van Isacker

14)

t.al, gave the general result for [m,i] - L,

m,l IJ = 2m+1, Zm' o - 3
m, mMel,m-—, 1  (m D 0)
m+2, Ml ) e, 5 (m >2>

Me+3, M+2, ===, 7 (m > 3)

From table-7 we have, for m > 4

[«m'ZA]—') L = 2m+2, 2m+1, (2m)2, (21'11--1)3,-----, <4:9)




/

: ?3 :

- - _ 2
For m £ 4 we have, [?%} > 6,4,3,2, ./32]_—9 8,7,6,5 <.
and d%} -> 10, 9,u ,7 R

4,4, SU(3) Limit

In the SU(3) limit the basis sta-{;es
V) SuE o\
M } ; (/ /)L) /\ [ 3 / (50)

The method of obtaining the Sy (3)

are demoted by

IRR in (M(I was descri-

bed in detail in ref,15), Note that il U (15) - (4o>SU(3)

The reduction of (jﬁ/u) — (k) . is already given in (8).

Some of the lowlying SU(3) IRR for m 75 are
M= (8 = (44,9 o 1, L2) @

| S
(M4 @ (4m-846) @
(6i6,0) @ (u11-145) @

(H1-52) @ (411-51) @ - - -

Some of the SU(B) IRR in ({51)

(51)
do not exist for /7 sS4,

For i } the IRR (65) do not exist, { } —2> (80) C:)Oﬂﬂ C}(O4)
and )3§' — (120) & ( 82) (+) (63) 0(44)@(60) b om——

4,5, 0(15) Limit

T ey et o=t o crmrmes

For the 0(15) limit, the basis states

) 00 Oty a9 or3)
RN {Z/TJ of L

are,

(52).
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Using (A.2) and (}\,3) we obtain the T, '?’ ‘quantum numbers,
o= M M2, T,
. ,,-\/ e o _ "- - C/ ’ .
and / = i/}j 7’/, - 7 (53)

The reduction of 0(14) IRR [7]to 0(5) IRR [ j7 77, | and

[ﬂ; 777‘-,_..? L is already described in (3.2) and (3.3).

4,6, U(6) Limit

In the U(8) limit, the basis states are denoted by,
ugs v Spe)  Of3)

R e
_ e
=1, *;,F}@_F,:’Z} ,

The U(6) IRR {Fg can be obtained from (A.5), We have
, . 5. 2} . 5 .
the association ngU(lS)-_? il U(6)"* With C-flfz""' 5\4}
a three columned partition of the integer M , we write

M) C
6P yQ RS T2 U /0. Then,

{2f1, 2£,, ~m-, 2F 1 as $pP 9 &F s° 1t U“f . Note that
S ek ;
LF§ = {7, 7, 7 Ty ¥5 T

=Z'ip+q+r+s+t+u, p+q+r+8+t, p+q+r+s, p4+a+r, Pp4+d, pj@)
' (55)

and in table-9 wé '_give all the U (6) IRR for /\'? < 15. The

lowlying U(6) IRR are,.

AR e (e i oM A e @ P



The reduction of U(6) > Sp(6) follows the Same Asteps that
ara u‘sed for the u(5) o .0(5) reduction described in (3, 3).
Ag there are not wvet n.tl}f J_Cr\l apx 'Jl’*Ftlf)DS of U(6) limit,
we did not wru,g, general progr mmes for reducing Uu(e) >

Sp(6), - Z%QWG:Vs-gr the branchlng rules for the lowast two

IRR in (56) are given below{see edq, (80) of ‘ref, 8)),

' L. .
éM/M ‘ ! \A /‘ "7) = M ))n,\/ }/M/ ".}/> &
U[@ 5/)//) )
= D<o, o> (57)
5 /\/l ,7 /1 ) I) )é - ( /(/ /\ ;> = (\/ /\/} ~—L M '"// G (‘,59
| M2 2 M '
LXhn oy @ /) <hh L)@
f‘,_'—‘-/ )

& A ) : .
N9 6 L’) ‘ . - (58)
For the reduction of the chain op(6) O_(3) we ndopted

mechine. With the association i’éU(C)’ j= 5/2, we can

._.v\

reduce mlU(6) > g usmg the mothod described in (4,1),

iNow expandlng Lﬂ} of U(6) into a determinant involving

only totally Symmetric IRR (see eq, (37)), we obtain
IFK( —> L,  The E;}{prL,SSJ_CH'-IS (57) ana (58) yield =  recur- -
Sive procedure for reducing im,m (3> \m sM=1, 1) / L

and we can extend this procbdure for any < /}/ 9.7 )3>,

A8 can be seen from (57) and (58), we nced to reduce only

<m,m,0> and . (m,m—l)/> type IRR of Sp(6) to TRR of
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0(3), for the lowest two U(6) IRR in (56), The results
for M X 15 are given in table-1l and in general we have,

- 2

- N
MMy =2 = (41) @& | bM-2) @ (47 -2)

& (1 4)7‘@ P fn M4 (59

and

S , 3
MMy o L= (41D D2 O (41 3)

O (sH-4)°® - My,

(60)

For f4 52 3, we have <110:> ~2 4,2, <?2d> —~) 8,62,5,
42,-~— and <<é30> —) 12,102,92, 3,——~. Similarly for

M < 4 we have <211> — 7,6,5,4,~==, <321>-—9 11,10%,

4 2 5

92,8%, ~== and <421> - 15,14 132,127, —am

Before concluding this section, we point out that
a stringent test for the reductions given in tables 1-13
is provided by the dimensionalitieé. In the reduction of
a IRR X of G to IRRs ¥, of H in G DH 2 X 2 v,® .
Then the dimensionality d ) of X should be equal to
the sum of the dimensionalities of Y,; if Y, appear X
times in thc reduction, then A(X) = Z [ CX( #d(xjj
For all the reductions given>in tables 1-13 we checked
the diméﬁSionality relations; see table-~C for the dimen-

Sionality formulas,
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4. Casimir Operators and Energy Spectra

The gIBM-H when it. is expressible intems of the

J

|

! Casimir_operatqrs of the groups ApPearing in a Symmetry

J group chain (i.e,) in the dvnamical Symmetry limitgjwe

l - Ccan write down the energy formula, With the generators
given in section-3 we can cbnétruct the Casimir opecrators
of the various groups in the six limits of gIBM, The

matrix elements of the Casimir operators of U(N),Sp(N) and

O(N) are well knOWn16>, With the usual assumption that

the H is a 142 body operator, we have to deal only with

the linear and quadratic Casimir operators,

In the Usd(G)GQI&g(Q) limit, the Casimir operators
of the subgroups of U (6) are given in ref, (5)-(7), and the
‘Casimir operator of U(9) is the g-boson number operator
ng. The Casimir operator of 0(9} can.be replacednﬁy.thé{
g-boson pairing operator P2(O(9)), the explicit form of
P2(O(9)) is given ahead. Now the operator form of ¥ in

the U(6) €©U(9) limit is,

' >

. R ' G Ve
- r / . * (—'L / .

HJ: = 4 (M) % Hz’@/w ¢
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and the corr68ponding energy formula is,

LI,CM }/Y“d )Y))df/ \//2, "d} L)
\\ ,3 A r':‘{ 7 Y}C’_,“
sy (M) 7 SHggy) T T

L /Me)
. rY '_'}’7/\-5 IS (’L'; »
T Vianlh S ~"( &_A"j

+ th m, Vc’i)('”f‘ ﬁ\/ t) 0{;[[9

\ ‘% L(LrD) o

where H corresponding to the three limits of IBM are

TBM '
given in (4), (9) and (13) and the energy expressions

m ' :
<<?IH£> sd are given in (5), (10) and (14) respectively,
An additional term Fgmd mg should be added to (62) in the

U(5) limit of .IBM, The tem a (M) contributes only to

0
Lo . _ M g ;

binding energies, ao(f4) = Xt ¥, M+ 24 (5 ) and (XO’YO’»

zO) are constants, 7

In the U(14) limit, the Hamiltonian can be written

as —

H_ = L*;‘.(_/f‘;})»f(zy OL toy M M % U
.rAx. ﬂ D A E?(OO#D
e (o@) e GG)

=)
.\..\

(63)
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In (63) bo (ﬂi) is similar to ao(;ﬁ) in (62), The O(N)
pairing operator is defiﬁed as follows. Given the 1—
orbitsvin which the boéons are allowed to occupy, the
2~boson pair condensed state can bé wriﬁten as

A A

v i s,

(Z‘SQWN N \/Z&Q‘ ‘ N (64)

Where éé‘ is a phase factor; see (17) and (25), For 0(14)

| group 1 = 2,4, Now the Pairing operator P2 is simply given

ﬂ as : F Ny

- 3 . T , C foet (_;\ ) . .
E(O(_ND =5 ~ ) =t  (89)
For m bosons with generalized seniority v, 5m} and [ﬁ]

'denotlng the IRR of U(N) and O(N) with N = 51(21+1), the
Z .

‘matrix elements of P2 are given by

o P VY S L V) .m + VN -l)
g . - — (- | - '
</ (U(A/)» b ( C ' (66)
In terms of the 0(5) and 0(3) generwtes given in (18), (19)

and (20), we have . / / .? 2
G (o) = 8 [M; +G16%]
, . - o {, - e [ 7/
and C, (0) = 40 66 F 9 (67)
With [vl v2] ~denoting the IRR of 6(5), we have for the

matrix elements of the above Casimir operators,

g u]
<G = Py v ]
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md LG (02)) = L) (69)
Now. the “’riergy formulk in th@U(ii) limit is, o
Ey (M Ly jf“/ dExsy »(L)
(}’Y
= /(./ (M) +C W’gtd/fé M * 0((]{,

R - (w@ (m ( Z/(d>/mj-r;)’ +/)

b [l wwﬂ o uw)
In the U(5) limit we can write down the H as,
- C(M) +6C (U(J)) 16 G (O(’")
v {C’[ﬁ)} - (70)

We already gave the Casimir operators of 0(5) and 0(3) in

(69)

_J

(67),(68), The U(5) Casimir operator is given interms of

the U(5) generators in (20).

(‘)(U(”) ”‘j_ . GOG o
((_)( )) ) 5:/5 6 Z-C) (72)

The energy formula in the U(5) llmlt is then given by

EEZQM/ {ﬁj; }3 L&f;TL] / o L ) = C, (/‘7) + C}[LZ/‘ 35 (f ﬁé'z[)j
TG D] G L) O
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In the SU (3) 1imit, the SU(3) Casimir operator is,

G (su(») = = \_oc) QE) + L z_jj o

and the operators Q(S), L are given in (23), Now the
Hamiltonian and the energy formula in the SU(3) limit

= () + 4, G (syz), C; (@)

are,

_/
and

Fo(m B, AL) =) T
- o, [ e 3]

| TC%Z ZL (Z; #ZD ~(75)

In the O(15) limit, the 0(15) Casimir operator is
replaced by the 0(15) pairing operator with 1 - 0,2,4 1n

(64)~-(66), Since M3y is not a good qudntum number in

this limit, we cannot use 0(14) pairing operator, but

instead we have to use the 0(14) Casimir operator,

—

_ A
C, (0(14)) = nd (n +12)—4P2(O(14)) where ngy= / dm

Z» » Now the Hamiltonian and the ehergy formula in

dm+

the 0(15) limit are

A f’l % Wi)* €5 (C(/J)) v G (d//‘*y
+ &G (0(5) + e G, (6(2))
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- and

N /M,J/ j,’frr Gy o(a) = ﬁ/M) “’(V! ) (¢11743)
¥

1( f/fh") & ‘/7(/7 Z(;Zf})g (76)
| +

Finally in the U(6) limit, in terms of the opera-

tors given in (26) the U (6) and Sp(6) Casimir operators

are,

- 5 L, L,
R - B A WY §
p ( U(/é D - 3 /L '

by

’ e e
w GOE) =8 L AR
L=,%5
Their matrix elements are si;ply given as,
iFy &
Guw) = Z EE-2ir7)
)
<2 LL

LG, (S ) = [0, e al2) 2 2579]

¥ow the Hamiltonian and the energy formula in the U(6)

H { (A) + 4 GCUB) 74 C (5pte)
ad + 5 G (C(D)
B G p<n, AL) AC
fif ‘;Ayihf[a;+9f//+@
A“)j P L(LrD) (7
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|

|

“ﬁ, With the repfeSentations ofAthe graﬁps'in the six limits,
f given 'in tables 1-~13 and the energy formula given above,
one’' can' eaSily construct the typical spectra that appear
| in gIBM, The real ‘problem is one of finding smpirical

g examples for each of the six limits,

5. Present status of gIBM and future outlook

The success of the IBM in correlating the proper-

ties ofAeven—even nuclei, naturally led one to ask queas-
tions on the finer details of‘the;model and its basic

| foundations, investigations on thé micrOScépic foundetions,
limitations and extensions of the model arz undertaken,

Several authors developed various microscopic theoriesl7'18)

of IBM and the most Significant outcome of all these sty -
dies is that the 1 = 4fpairs are unavoidable in IBM, In
‘the language of IBM, 1 = 4+pairs are equivalent to g-
bosons.andlin the collective models it is equivalent to
including~hexadecapole (deformation). degree of'freedom,
From their miéroseopic theoriesjArima etoalls) pointed 6ut
that hexadepolé degree of freedom in addition to monopole
and quadrupole degrees of freedom is important and suffi-
cient to reproduce pPhysical quantitiesl>, Studies based
on Hartrecce Fock theoriesl9> clearly pointaed out the
importance of g-bosons for rotational nuélcif Scveral

¥

authors devecloped perturbative methods to take into account

the g-boson effects; sec ref,18,20). As, for example,Von

Egmond and Allart:®) pointed out, the renormalization to
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(sd) boson H parametors arc often large, especially when
hoson number is large,.which happens for SU(3) nuclei, In
general g-boson effects are important at the level Qf 20%.,
I any casc, in the final nanlysis, it is the experimental
data that hss to answer the qpestion of importance of g-

bosons in IBM, Data shows that the E, properties, struc-

4
ture of highlying 4+ levels, angular momentum cutt-off in

1+,3+ bands ctc,

the rotational bands, appearance of kX =
does not Seem.to be explainable without explicitvinclusion
of g~bosons, In order to estimate quantitatively the role
of g-~bosons, one has to derive signatures of g -bosons
.effects and perform detailed studies in gIBM.. This pro-.

ject was undertaken by various groups and we will describe

. the progress made so f£ar, here below.

The most general 142 body H in gIBM contain too
many (35) parameteré and secondly the H matrix dimensiona-
lities grow fast, for fv\zlz,L:z,-d «~1100 in ¢gIBM as against
100 in IBM. AS a result simplified gIBM #H and gIBM basis
are chosen, essentially using the U(6) GQU(Q) limit, for
"performing studies with g-bosons, On the otherhand one
can construct the dynsmical symmesries of gIBM and derive
analytic results for various observables and also obtain
Selection rules, typical spectra etc. These allow for a
rapid analysis of data, - Keeping in mind the power of
this later approach, we solved the first step, (viz) con-
Struction of the dynamicalISymmetries and derived the IRR

of the groups involved,



The hexadecapole moments and the E4 decay'proper-
ties of nuclear levels, obviously vield direct information
on g-bosons in .IBM, Data on these observables is fast

22) 23)

accumulating . Recently Baker analyzed the E4 tran-

Sition amplitudes of the first 4% levels,

M:Z} = T‘f@/'f // TIE" // ’:}L/*> B (80)

in a A 150-190 nuclei and found that the observed values

{t

cannot be explained by the Simple IBM E4 operator, 'TEQ =
o (A4 )*. The maxima and minima in the ﬁq values
could not/reproduceq by IBM. Similarly Baker et, a124>

Studied the E4 decay of the first three 4t States in 19208

nucleus, Experlmentally

oh/ ol //v Q bl ——7000/+//,5(\///0,,) \Oj‘m
ey 0 .

They found that IBM cannot describe the observed values,
particularly for the 4; State the predicted value is too
Small, With senSible values for the parameters in a
simplified gIBM H:andnﬁhe gIBM E2, E4-operators, they
could describe the E2 and E4 properties of 19208. They

conclude-that the 4; State is mostly a g—boson State, How-

'ever 1t appears that a better description needs mixing of

Severla g-bosons, Besides these, studies on E4, E2 proper-

ties of levels 1in 156Gd and lO4Ru are made, by Coupling a

g-boson to the TRM core, In.;56Gd the SU(3) core was used

and in 104

81.25) measured hexadecapole (E4) Strength distribution by

Ru 0(6) and U(5) cores are used, Goldhorn et,
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156Gd; and they

ﬁopuiéting‘4+_le§elSibelow \g”y3 MeV'inl
ShOW‘that'SU(3) core + one g-boson calculations in general
fail to reproduce the observed fragmentétion. Vaﬁ Isacker
et,al26) caleculated the E2 and E4 properties of the hexa-
decapole k = 47 band at 1.5 MeV in 15654, Similarly
the properties of lowlying (compared to 2 g.p. excitation

1O4RuAare studied by Heyde et.a127).

energy) 4" 1evels in
The general conclusion of these studies is that one has to
perform calculations with several g-bosons in IBM, for a

good description of data,

One of the important feature of IBM is the finite
bosonn number, As a result in IBM description one has
angular momentum cut-off in the spectra, This poses
serious problems for SU(3) muclei, as several rotational
nuclei heve bands extending beyond SU(3) cut-off value.
Tnclusion of g-boson degree of freedom, extends the L
cut-off value LC= 2M for IBM to ch 4M in gIBM. A good
study on thé high spin (vibrational like) states is due to
Dukelsk? et.alzs) who analyzed the decay properties,

B(E1l) /B(E2) ratio, of the k:OT and 7 51 bands in 218Ra

using a completely aligned basis with s[d,g and £ bosons,

'They use

: Y 2 LMe e A S =27 4l 7k~?<ﬂ77i;>
[ e Tyt g g RS L EA G T

basis, with n+ nd+ n - nf=5,nf=o or 1, The quadrupole opera-

g
tor is taken to be Q= Qz(S) of (23) and the El-operator is
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-

l‘:;, 4 o A/ G e 7}}/'..
T - o (f/{ f '+’i%f/{)+ F/(? f 7bjﬁ(:,/),-(gl)
They obtained 'good agreement with data for L upto l=14+,
17", With (sd) bosons these high spins are not possible,
Leaving aside the questions on the free parameters in the
calculations, one can conclude that the above analysis
give a good evidence for the g-bosons effects, We wonder

whether ,
fhe U(5) limit of gIBM is relevant here,

In order to overcome the problems of large spaces
in gIB%j Pittel et.alzg) proposed a selfconstant Hartree-
Bose approach to make calculations with g-bosons, They
applied this approach to study the location and M| proper-
ties of 1% levels, As it is well known, in IBM-1 the Lo1*
leﬁels are stricfly forebidden and as a result one cannot
have odd-K rotational bands; see edq. (8), However in p-n
IBM one can get 1+ levels and the traditional description
of 1% levels/bands is in terms of 2 q.p. excitations,»see

1) in detail the g-boson, p-n

ref,30). One has to study3
IBM and 2 g,p. description of 17T levels/odd-K bands,
Although Pit£e1 et,alzg) are reasonably successful in
describing the isovector;fVI Lzlf State at "Y3MeV in
156Gd in terms of g-bosons, there is little doubt that

the proper description of this 1+ level is in temms of the

P-n IBM,

An alternative to the HB approach, for studies in

large spaces we encounter in gIBM, 1s the spectral averaging
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lmethéds, see Ref!lO,lZ and references therein for descri-
ptions of this épproach,t Oncé reasonabie gIRM~H are
available, they might very well prove to be useful, Some
applications of these methods are alrecady made for Boson
5ystems in ref,10)., In these methods the multiplicities

of the IRR play an important role,

The knowledge on the structure of gIBM-H is very
sparse, We feel that H that interpolate various dynami-
cal symmetries of gIBM might be the one to be used in

calculations, One such model Hamiltonian is

’(@O—-*F‘Q@‘I’\/ébvmﬂ)

/"

L

g Y T :
1”9

p) f-x.qr ' -%\::‘ éL
IR o

above H interpolates the U(5)-SU(3)-U(6) limits of gIBRM,

1 (4§ e __, ;A2 _ 4
When a{ s and f_ S are such that Qo= CXOG and Q4_ C{OG e
then HM is expressible in terms of U(5), 0(5) Casimir

/2 / jly
o) 1 1 - 4 . =

operators, slmllarly when 692’ QC4/1 and é&* 3; /\ then
HM is exprpssibl in turms of U(6) and Sp(6) Casimir opera-
‘tors Finally for QZ..C{ Qz(S) and f% 0, ﬁM i8 expres-

Sible in terms of SU(3) Casimir opprator A slightly better



(realistic) = could be,

// { {f i} (} + & &) é? ¥ F C) 59 v Y L L (85)

Studies using (82) and (85 are clearly called for,

By invoking dynamical Symmetries, gIBM becomes
analytically tractable and also as the Symmetry limité
have predictive bower, one can accomplish a lot more in
this approach than with burely numerical calculations
described above, Of thelsix limiting Symmetries of gIBM,
the simplest one- is the U (6) GaUKQ) limit, For nuclei
with good IRM description, this limit is what can think of
using, and we already described the work done in this
frame~work Whlle some preliminary work was done on the
U(S)32 33) and U (14) 11m1ts no attention was paid so far
to the 0(15) and U(6) limits. Witn all nuclear physicists
familiar with Elliott's work, till now it is the SU(3)
llmlt that received considerable attention; see ref, 19,21,
31,33=35), We should add that no compelling evidence is
Seen so far for the goodness of any of the iimiting Syme
metries except perhaps for the SU(3) limit, From Elliott's
work 9) one alpeady has expressions for Spectra, quadrupole
moments and B(E2) values etc, 1In the SU(3) limit one has
a definite prediction3l'34) that there are odd-K bands
which are fOleblddOn in IBM, the lowost of them coming from
the TRR (4M-6,3) in (51) which has k=1* ana 3+ bands, The

intrinsic structure of these bands is given in refl,31) and they
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appear close to the (ﬁ37’> bands, Expérimentally one sces
only (lowlying) 3" panas but very rarely (1+, 3% bands.
This suggests that the SU(3) symmetry may be a broken sSyme
metry. Some detailed calculations with the framework of

the SU(3) limit are performed for deformed nuclei,

. Yoshinagea et,alBS) and Wu and Zhou35)

68
HF and Suquna et,al’>) studied ;1 isotopes. Of

) analysis of 122Er-nucleus

34)

studied Er,Wu

studied 79
all these Yoshinaga et,a135
was rather exhaustive. Within the framework of the’
SU(3) limit of gIBM including several (20) SU(3) IRR and
a mixing interaction with four parameters, they could
solve many problems appearing in the lowlying positive

l68Er, For example the problem of

parity states of
anhormonicity regarding the excitation energy of the
first k=47 band relative to that of the first k=21 pana

is solved, The lowest k=3+

band is predicted at a reason-
able position and they also identify: the k=1" pand at |
3,39 MeV with the theoretically predicted state at 3,8 MeV
which is predominently made up of (2M-6,3) IRR, All these
Studies show the importance of g-bosons,ahd provide evi-
dence for the relevance of the SU(3) limit of gIBM.
Another indi rect evidéncee for the same comes from g-
boson occupencies, It Was shown by Kotazi) that upto
L:/ﬂ.( VN 16 typically) the fracfion of g-bosons

in the ground state rotstional (SU(3)) band is N 20-25%

and it is in direct correlation with the empirical fact



that22) hexadecapole deformations are about 20% of the

quadrupole deformations and also the microscopic theories,
as we pointed out earlier, predict that' the g-bosons are
important at the level of 20%, In the SU(3) limit, the -
ground state rotational band has cut-~off at L= 4M against
2M in IBM,Thus one is tempted to describe the high spin
States with g-bosons, = While this may have some relevance,
the coupling of 2q.p; excitations appear to be very impor-
tant, The backbending phenomena in high spin states of

. | . .36)
56Ba, 58Ce and 34Ge 1lsotopes appear to be well described

by coupling of h11/2 and g9/2 Pairs respectively to the
IBM core, All the studies on the SU(3) limit clearly show
that rotational ﬁuclei provide a good ground for esta-
blishing the role of g-bosons. More work on these nuclei
is very much eésential. Meanwhile Barrett andgd Halse37)
extended gIBM to p-n gIBM and tried to study the 1% levels
in 156Gd in the SU(3) limit of the p-n IBM, Finally we21)
extended gIBM to gIBFM by constructing the Supersymmbtry
scheme U(lJ/30) where gIBM core nucleus is coupled to a
j=1/2, 3/2,5/2,7/2 and 9/2 particle and this model is

applied to 185W,

In order to establish the importance of g-~bosons
and the symmetry limits of gIBM, work in several direc.
tions remain to be done, A careful analysis of experi.
mental data, especiélly “n hexadecspole moments and B(E4)

is called for, One has to look for systematics in the
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data; new*experiments‘toAfill gaps if any should be ddnéu
Clésed 'analytic expressibns for’variOué observables, in
the six limits of gIBM, fér Q2,Q4, B(E2), B(E4) etc.
should be derived, In addition changes in the spectra
and other properties with the addition of symmetry break;
ing terms should be worked out. In order to.learn”about
the regions of the periodic table, where the various
symmetry limits are applicable and alsé to understand
their physical qontent one hHas to study the geometric
correspondence for the six limits, here an éxtension of
the results of ref,38) is nceded., As we stated before,
the six limits of gIBM go pairwise into the three limits
of IBM, Here the geometric correspondence mightbreveal
something interesting and useful, A formal problem that
one”should solve in gIBM is to prove that there exist
only six limiting symmetries, besides the seventh one:
that comes from the (sg,d) orbit combination in the uni-
tary orbit method, One should also decide on the appro-

priate phases to be chosen in seniority schemes (i.e) the

‘U(14) ™3 0(14) and 0(15) limits, see (17) and (25), In

passing we remark that s similar phase problem bccurs in
the other limits and the spectral averaging methods are
best suited for solving this problem, see ref,10,39). 1In
IBM also this problem‘is present, however in gImM it
appears that it has a special role to play., Besides,

studies on even.even nuclei, the g-boson effects in odd-A

nuclei should be looked for, One can construct several



Supersymmetry (SYSY) schemes in gIBFM, the interesting
boson-fermion model with g~bosons, For example one can
have a spinor Symmetry by coupling a j=5/2 particle to
the U(6) limit of gIRM. In ref,21), we already discussed

a U(15/30) SUSY scheme.,

Finally we conclude that, with the piecewise evi -
dence accumulating in favour of the importance of g-
bosons in nuclei, the Studies on the dynamical symmetries:
of gIBM acquire neﬁ importance, The first step towards
this goal is completed in this report and the remaining
analytic work on the six limits of gIBM is under progress,
Tt will be very exciting to find examples for the six
limits of gIBM, With the dynamical symmetries of gIBM
providing algebraic description of the hexadecapole defor-
mation, one is in sight of understanding the manifesta-

tions and the role of this collective mode in nuclei,
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APPENDTIX ~ A

Some simple group~subgroup reduction rules

The reduction of the IRR -jfmﬁ of U(N) to IRR {nm’{

/
— -

of U(N=-1) in U(N) DU @®W-=1) is,

E n’ = m, mel, ——w=, O (ho1)

Similarly for the chain O(M) Dow-1), [g-)—> [ '] sucn

that

/

g = O ) ‘jﬁﬁfj - T, = | (A.2)

In the chain U(N) 20(N), the IR fm{ - [v] where
2
V. =m, m-2, ---, 0 or 1 (5.3)

Eg. (A.1) and (A,3) follow from the well known notions of
configurations and Seniority in nuclear shell model and

(A.2) can be derived from (A,1) and (A, 3),

For the subgroup chain U(N) D U( Fﬁ) with N =

—~——

1 = 5%§T;~m,k0 (21+1) and /W/: ko+1, we have the associa-
- w 5 P
tion EJXU(H*—*j>32jU(Fﬂ)° Then the IRR‘iﬁﬂk of (U(N)
reduces to IRR 4 £l of U(M, ) where
o] [
5 } —> 5 _ Y A
LM U ) Lf)U(!V!,)“ Z L?fl,2f2,_n~--m,2fﬂ (A, 4)
where {Fl f2 ——— gq k is a pPartition of the integer /fw

with no more than M, -parts, The proof of (A, 4), though

not explicit, is given in Littlewood's article. We arrived



"then if r is even ?§1 é@ {%ﬁ} = 2: {vz)j

555 ¢

at the same from JlMpﬂSLDndllty co131deratlono Note that

(7) follows directly from (A.4),

) uM,) witn My = KT e
L e T
Ju(Ny 7 (l_jU(/ ’ thpnbthg IRR

of U(M,) in {ﬁﬁ% of U(N) are given by
"~ . . ]

" For the chain U(N

. _ ¢
have the association }1

//

Where the summation 1s over all partitions Lflfz — §4Q

of the integer ﬁ4 with no more than (ko+2)/2 columns, \f}

,~

in (A,5) is the conjugafe IRR (rows replaced by chumns),
The proof of (A.5) follows from the following theorem of
Littlewood4o) where the notion of "plethysm" is used, We
can write (A,5) as ({125‘? () {m%a Z}'}? and similarly (., 4)
can be written as {2}'(%3 ém-ﬁmﬁ 'fkif . - If g)lj is a
partition of the integer r and

T o~ b p c L . <~ )’ ~ "\,L
iJAS QQ iﬂﬂj = ZL { Lh)

if r 4is odd

. - A {
AN ,\"\f‘/)j =) : A,6)
.,"\ j QO ). / ﬂ.. ):— . v (

and using (A,4) and (h,6) we get (Ai,5),

[

Putting < ﬂk 2
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APPENDIX~-B: TABLES QOF IRREDUCIBLE REPPJSENTATIO”S

For the group subgroup chain G 7 H, the problem is
one of determining the IRR of H contained in a given IRXRR
of G. In tables 1-13 we present tabulations for various
G 0 H chains we encounter in gIBM, As the results are

generated on a computer we used the following conventions
for the IRR and their multiplicities, The U(N),0(N),Sp(N)

f. - —] - -
IRR are denoted by /f1f2"" Lo Lﬁlfz | and <R /)

respectively, The SU(3) IRR and the 0(3) IRR L are de-
noted by (ﬂﬁu) and (L) respectively. & gap is inserted

between f , £ f -- wWhen there is more than one f needed

2’
for specifying a IRR, For example ’12 10 9§ means f1=12,

[

L2=1O,f3=9 and'f4=o,f5=o,-~-, while Cl

f2=0,f3=0,~—. In the case of (;{ﬁuf) IRR a gap is inser-

means f1=15,

ted between JA and.%b/, The multiplicity of the IRR is
given in front of the IRR, For example in table-1, in the
reduction {6§ - L=8, the multiplicity of L=8 is four,
Similarly from table-8, the reduction of 10l‘ﬂ A/4 SU (
the multiplicity of the 3U(3) IXR (12 5) is 46 and it is

given as 46(12 5), The contents of tables 1-13 are as

follows,
Table-1 ?»1%U(6>_ﬂ> L, [V=1-15
Table-2 ;/v) fr; — L, [V]=1-15



Tablea-7

Table-8
Table=9

Table-~10

Table-11

Table~12

Table-~13

/M ,90(5)"7? L, A= 1-29

[\/"1'@0(5)"6 L, M= 2-28

. . w‘\f z’ 1o

’fﬂ}u(w) ‘(12 5t 4T Ty ey o M =215

MM o) = <Ay M = 115
{M*}Mi’/'ﬂ U (6) =22 3/sp(6>' N = 2-15

)/)O> -(6 ) Ll .;\= 1-155

N - _
‘\J\//\ //},>Sp(6) ) L, ,/_)‘—‘- 2-15

Lv}o(w‘)_-) :-"’1"2,( o(syr V= 1-15"

EVJ 0(1'4)“;) [V1v2] o(syr V= 1-15




Table-1.

h2(

0) |

| {1}, 1(
{2} 2( Q)
{3} 3( 0)
{4} 4( 0)
{5} 5( 0)

2( 8)

{6} 7( 0)
4( 8)

{7} 8( 0)
-7 08)

{8} 10( 0)
11( 8)

1(16)

{9} 12( 0)
15( 8)

1(15)

{10} -~ 14C 0)
: 21( 8)
2(15)

{11}  16( 0)
- 27( 8)

4(15)

{12}  19C O)
34( 8)

7(15)

2(22)

{13} 21( 0)

8)

Reduction of U(6) IRR {M} into IRR (L) of 0(3)

2( 2)

3( 2)

5( 2)

7( 2)
1(10)

9( 2)

12( 2)
2( 9)

15( 2)
4C 9)

18( 2)
7(C 9)
2(16)

22( 2)
10( 9)
4(16)

26( 2)
14C 9)
7(16)

30( 2)
19( 9)
11(16)
1(24)

35( 2)
24(C 9)

1( 2)_;

1( 4)

1( 3)

1( 3)

2( 3)

3( 3)
2(10)

4( 3)
4(10)

5( 3)
7(10)

7¢ 3)
11(10)
1(18)

8( 3)
16(10)
1017)
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Reduction of U(15) IRR {M} into IRR {pq} of U(5)
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Table-6  Reduction of 0(5) IRR [P Q] into IRR (L) of 0(3)
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2(51)  2(52) 1(53) 2(54) 1(55) 1(56) 1(57) 1(58)
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- 6(12)
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7(13)
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5(14)
1(22)
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6(14)
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3( 6)
6(11)
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7(14)
4(22)

3( 6)
T7(14)
5(22)
1(30)

3( 6)
7(14)
6(22)
2(30)

3( 6)

T(14)

7(22) -

3(30)

3( 6)
7(14)
8(22)
4(30)

4(15)

4 7)
5(15)
1(23)

4 7)
6(15)
2(23)

4 7)
7(15)
3(23)
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7(15)
4(23)

W 7)
8(15)
5(23)
1(31)

4C 7)
8(15)
6(23)

. 2(31)
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8(15)
7(23)
3(31)

4C 7)
8(15)
8(23)
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3(16)

4( 8)
4(16)
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5(16)
1(24)

4( 8)
6(16)
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7(16)

~3(24)

4( 8)
7(16)
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8(16)
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1(32)
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101) 12 203) 2(4% 305 306) 4 7) 4 8)

5(9) s(10) 6(11) . 6(v2) T(13) . T(14)  8(15) 8(16)

9(17)  9(18) 10(19)  9(20) 10(21) 9(22)  9(23)  8(2H)
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o 4(33) .3(34) . 3(35).. 2(36) 2(37) 1(38) 1(39)
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10(33) 9(34) 9(35) 8(36) 8(37) 7(38) 7(39) 6(H40)
6(41)  5(42) 5(43)  u4(uy)  u(us5)  3(46)  3(47)  2(48)
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6(11)
10(19)
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6(44)
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10(20)
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11(36)
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13(29)
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5(45)
1(53)
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11(21)
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6(45)
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14(29)
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7(45)
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12(37)
8(45)
4(53)

3(C 6)
T(14)
11(22)
12(30)
8(38)
L(46)

3( 6)
T(14)
11(22)
13(30)
9(38)
5(46)
1(54)

3( 6)
T(14)
11(22)
14(30)
10(38)
6(L46)
2(54)

3( 6)
7(14)
11(22)
14(30)
11(38)
7(46)
3(54)
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8(15)
12(23)
12(31)
8(39)
4(y7)

4 7)

8(15)

12(23)
13(31)
9(39)
5(47)
1(55)

4 7)
8(15)
12(23)
14(31)
10(39)
6(UT)
2(55)
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8(15)
12(23)
15(31)
11(39)
T(47)
3(55)

5( 8)
8(16)
12(24)
11(32)
7(40)
3(48)

4( 8)
8(16)
12(24)
12(32)
8(40)
4(48)

4( 8)
8(16)
12(24)
13(32)
9(40)
5(48)
1(56)

8y

8(16)
12(24)
14(32)
10(40)

6(48)

2(56)
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[3 2]

[4 2]

{5 2]

[6 2]

[7 21

[8 23

[9 2]

[10 2]

[11 2]

[12 2]

[13 2]

Table-7

1¢ 0)

11

1¢ 0)
2( 8)

1( 0)
3( 8)

1( 1)
3(9)

1( 0)
5( 8)
1(16)

1( 0)
6( 8)
2(16)

(1)
6( 9)
3(17)

1( 0)
7( 8)
6(16)

1( 0)
7( 8)
7(16)
1(24)

11
7C 9)
8(17)
1(25)

1 0)
7( 8)

Reduction of 0(5) IRR [P Q) into IRR (L) of 0(3)

5'1(

o

2)

2)

1)
9)

103)

1( 3)

2( 2)
1(10)

2( 2)
2(10)

2( 3)
3(11)

2( 2)

5(10)

2( 2)
6(10)
1(18)

2( 3)
7(11)

1(19).

2( 2)
8(10)
4(18)

2( 2)
8(10)
6(18)

2( 3)
9(11)
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2( 2)
9(10)
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2( 3)
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1(11)

4( u)
2(12)

3( 3)
4(11)
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5(11)

4( 4)
6(12)
1(20)

3( 3)
T(11)
3(19)

3( 3)
8(11)
4(19)

4(C 4)
9(12)
6(20)

3( 3)
9(11)

_1(16)'
2(- 5)

3( W)

3C 4)
1(12)

4( 5)
1(13)

4( u)
4(12)

4( 1)
6(12)

5( 5)
6(13)

4( 4)
8(12)
2(20)

4 1)
9(12)
4(20)

5( 5)
9(13)
4(21)

4 )
10(12)

1( 6)

2( 5)
3( 5)

4u( 6)
1(14)

4( 5)
3(13)

4( 5)
4(13)

5( 6)
6(14)

4( 5)
7(13)
1(21)

4( 5)
8(13)
3(21)

5( 6)

10(14)
y(22)

4( 5)
10(13)

1(C7)

3( 6)

4( 6)

W)

5( 6)
2(14)

6( 6)
(1Y)

6( 7)

4(15)

6( 6)
7(1%)
1(22)

6( 6)
8(14)
2(22)

6( 7)
8(15)
3(23)

6( 6)
10(14)

1( 8)

2( 7)

3(7)

5( 8)

5( 7)
1(15)

5(.7)
3(15)

7( 8)
4(16)

6( 7).
6(15)

6( 7)
8(15)
1(23)

8( 8)
9(16)
2(24)

6( 7)
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1( 0)
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7C 9)
12(17)
6(25)
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7( 8)
13(16)
9(24)
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7( 8)
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11(24)
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7( 9)
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11(25)
4(33)
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14(16)
14(24)
7(32)
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14(16)
16(24)
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2(40)
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7( 9)
15(17)

9(17)
3(25)
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8( 9)
10(17)
4(25)

3( 2)
9(10)
11(18)
6(26)
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8( 9)
12(17)
8(25)
1(33)

1( 1)
8( 9)
13(17)
9(25)
3(33)

3( 2)
9(10)
14(18)
11(26)
4(34)
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8( 9)
14(17)
13(25)
6(33)

101)
8( 9)
18(17)
14(25)

. 8(33)

1(41)
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9(10)
15(18)

9(18)
2(26)
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9(10)
11(18)
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10(11)
11(19)

4(27)
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9(10)
13(18)
7(26)
1(34)
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9(10)
14(18)
9(26)
2(34)

2( 3)
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14(19)

9(27)
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15(18)
12(26)
6(34)
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14(26)
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2( 3)
10(11)

16(19)

8(19)
1(27)

3( 3)
9(11)
9(19)
3(27)
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10(12)
11(20)

4(28)

3( 3)
9(11)
12(19)
6(27)

3( 3)
9(11)
13(19)
8(27)

1(35) .
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10(12)
15(20)

9(28)

2(36)

3( 3)
9(11)
15(19)
11(27)
4(35)
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9(11).

15(19)
13(27)
6(35)
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10(12)
17(20)
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1(28)
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9(20)
2(28)

5( 5)
11(13)
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3(29)
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12(20)
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TER'S)
11(12)
13(20)
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1(36)

5( 5)
11(13)
13(21)

8(29)

1(37)
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11(12)
15(20)
11(28)

4(36)
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16(20)
12(28)

6(36)

5( 5)
11(13)
16(21)

6(21)

4( 5)
10(13)
8(21)
1(29)

5( 6)

12(14)

9(22)
2(30)
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11(13)
11(21)

4(29)

4( 5)
11(13)
13(21)

6(29)

5( 6)
13(14)
14(22)

7(30)

1(38)

4( 5)
11(13)
15(21)

9(29)

3(37)

4( 5)
11(13)
16(21)
11(29)

4(37)

5( 6)
13(14)
17(22)

6(22)

6( 6)
11(14)
7(22)
1(30)

6( 7)
11(15)
8(23)
1(31)
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12(14)
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4(30)

6( 6)
12(14)
12(22)

6(30)

6( 7)
12(15)
13(23)

6(31)

6( 6)
12(14)
15(22)

9(30)
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6( 6)
12(14)
16(22)
11(30)

4(38)

6( 7)
12(15)
17(23)

4(23)
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11(15)
6(23)

8( 8)

12(16)
7(24)
1(32)

6( 7)
12(15)
9(23)
3(31)

6( 7)
13(15)
11(23)

4(31)

8( 8)
14(16)
12(24)

6(32)

6( 7)
13(15)
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8(31)
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6( 7)
13(15)
15(23)
9(31)
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Table-9 Reduction of U(15) IRR {M} into IRR {pqrstu} of U(6)
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Table-13 Reduction of 0(14) IRR into IRR [pql of 0(5)
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