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4 EROGBAAHING SYS TEN FOR ESTINATING
OOEFFIUIENTS IN'WONLINEAB MODELS

CuSuR.EURTY ,
Prysical Research Laboratory
Ahnedabaa - 380009 0

ADSTRACT

This note briefly describes the "derivative~free szmplex
method" SJor estzmatzng coefficients of a model which is nonlinear
in parameters. A f%ogrammzng system has been developed in FORID.LI" IV
language on IBN 360/44 for fzttznq such models, It provzdes
Ausually required stotisticel results inaddition to the estimation
of coefficients. Detailed control card information for executing
the system is provided. 4 sample problem is worked out using this
program. The input and output Jor the.samplé problem is given

Jor the purpose of illustration.

Key Fords : Nonlinear curve fitting - Nonlinear models -
Nonlinear regression — Deriuatibe~free methods -

Flexible geonctric 'viplcs mothod, - \
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I. Introductions

Fitting of médéls which_qré noneiinear in variebles can
be carried out usingnﬁrdindfy Zéast’Sguares (0RS) analysis with
appropriate transformations on variab;es; It is, however, not
possible to use OLS for estimating @ model which is non~liﬁear
in pafameters. Quite a good number of methods are available jor
Sfitting nonlinear models. They can be Droadly divided into two
types (a) methods which involve the use of first and second order
partial‘deriuatiues and (b) the methods which do not depend upon
derivatives (dériudtive—free methods). The latier has a distinct
vadvanfage in that the model builder‘need not spend bonsiderablq
ftime in paﬁtial differentiation. 4mong the derivative free methods,

Simplex method is found to be computationally compact and»efficient{

Tﬁis note is organised'into fivé'sections inqluding:the’]
introducfibn (Section I), Section II briefly describes simplex
probedu?e. A FOBTRAN_IV pfogramming syétem has been developed
based on this procedure and tested on IBH 360/44.. Section III
contains éhe'details of programming'system. Section IV contains
control é&rd informadion, while séction V provides the 1listing

of *TSILFLI®'  subroutine alongwith a sample problem.

I, Simplex Hethoc:

The simplex:procedure of estimating the pardmefers in
non-lincar models 18 a derivativewfree'methéd. It was originaelly
suggested by Spendizy et.al (1962). 4 modificd version of this,
80 as to change the shapevof the simplex was provided by

\
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Nelder et.al (7965) and is found more effective, The.procedure
.requzrcu constﬂuctzon OJ a szmplom conszstzng of m+! vertices wzth.

trial parameoers, where m denotes the number of parameters to be
estimated. For example in the model
Y :'M.A‘U‘MX’ seese ..(7)

! + BR ’

4, B, B gre the parameters to be estimated ond X and ¥ are a

giuen set of 'n' data points. The model is non-linear in pa%ameters
and’has‘f of them. Hence to fit the above model one has to construct
a simplex‘consisting of 4 vertices in 3 parometer §pacé. One of the
ways of the comstructing the simpdex is as fol]owgt Origin is
vertices are

taken as a vertex. The co-ordinates of the other 3

given by ([(7,1f2,ff2); (ffg,ff,,f{g); (1(2.,1“(2,[(7). ) -

= L -
Here K, 'W'Q_Mmm - ( Jot1 + #~1) and
Ké = Z ;2 (.}m+7 ~-1): 'a’ being length of the

path between two vertzces (to be supplied by the uaer) 4 valLe.

of 7.0 is generally assigned to 'aq'.,

Given the initidl simplex, the procedure begins by
evaluating the error sum of squares (Z) at each of the vertices.
The example given in equation (1), requires the evaluation of

Z at 4 vertices. It is given by

.n
Z= 3 (Y ;- wi'm%f?"f“ )2 \
=] 1+BR™ 1 -

* For-other ways of constructing initial
simplex see section III

Y
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Adfter evaluation thé procédure iteratively replacés the vertex N
corresponding to maximum Z with a new vertex by oﬁe of the =
opefdtions of (a) reflectién, (b) expansion, (c) contraction or
(d) replacing @1l the vertices by new vertices till convergence

is achieved. The iteratibn is perjormed accordiﬁg to the following

steps. . .

Step 1:

The sample standord deviation (SD.) of the functional
values (Z's) is calculated at the (m+1) vertices. If SDEE. where
€is an arbitrarily smell positive number (to be supplied by the -
user), then convergence is achieved (dccording to epsilon criterion)

and the procedure terminates.® If not, it goes to next stop.

Step 2¢

Let ZM be the maximum Z éofreSponding to-vertex W and Zﬁ’
the minimum Z corresponding to vertezx L. Let G be the centroid
of all the points of—simplex excluding the vertex N where the

SJunctional vaelue is maximun,

In this step, the program reflects the vertex K to obtaiﬁ

the vertex M1, whose co-ordinates are given'by

Wiy = (1+r)6¢; - r &,
where 'r'y, a pqsitiue consvant is the }eflection coeffiqient

to be supplied by the user, 4 value of 7.0 is gcneraliy:assigned
to 'r’. M7i’ Gi’ Mi stand for the~jth cp—ordinatcs of‘ﬁﬁe
reflected point M1, the centroid G, and %hé pbinﬁ to be

wreflected M. It calculates ZH7 and goeswto step 3.

mes g - PR

% For alternate ways of terminatling the procedure see section IIT
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-Steg 3:'

At this stage the pfogramicompares the value of Z with

H1
that of Z,. If ZE7*<,ZZ’ it goes to ‘step 4, otherwide to step 5a

A}

Ltep 4:
In this step the program expands ¥1 to ¥2 whose co~ordinates

are given by
= (e) #ty + (1-e) G, €vjand e 7 r

where 'e' is the expansion coejfzczent its value to be supplied
by the user subJect to the above mentioned condltzons, 4 value

of 2. O is gencrallJ used, Evaluafe Z]g
by MQ and the program goes back to step 1. If however, 77‘3

Af Z 1o “QTZZ’ i 1svrep1aced

expanszon 18 said to be failed and M is replaced by ki1 and the

program restarts from step 1. A

Step be

If H7'7’Zi Jor all 1 #ﬁﬁ it goes to step 6; otherwise MAis
replaced by W1 and then it goes to step 7.

Step 6:

M7 < Z,, W is replaced by ijand the program goes

to step 7. |

grep 7:

4t this stage the program contracts the point H to k2, whose

co-ordinates are given by

W2, = (C) Uy + (1-C) G, 0 € CLT and C L p

eeb
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where 'C' is the contrdétion coefficient, its value to he

supplied by ?he user éubject to the above mentioned conditions.

4 value of 0.5 is generally uscd for 'C', Evaluate Zég. If N
zﬁéﬂfizb ﬁAis‘rgplaced by #2 and the Dbrogram goes back to éfep 7.
If Zygfz»?ﬁ contraction is said to pe SJailed and the‘prOQf@m goeg

to step 8,

Step 8

A4t this stage all vertices are replaced by new vertices
whose co-ordinates are given by

TN, = 0.5 (V, + v,)
where ?ﬁi, Vi and Vl-are reéﬁebtively the co-ordinates of new
vertibes;‘old vertices and the verter with minimum &. The function

Z is evaluated at the new vertices and the procedure restarts Jrom

step o

Fhen the prozedure terminates, the size of simplex is too
smali,in the sense that the co-ordinates of all vertices arc same
to the desired lepe! of accuracy. Hence the co~ordinates of any

one of them are the required parameters.

IIT, Progcamming Systems

The system contains o main program which calls the
subroutine '"SINCSR %, The. subroutine "SINCSR' inturn calls

another subroutine ’SIH}ZX')to be supplied by the user,

* The subprogram 'SINCSH* regquires a number of program control

cards to be supplied by the user. They are deseribed in the
next section,

007
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The subrdutine 'SIHEZX' fédds the inpé? data using the
object time format. It evaluateé the function Z at each vertex
and sends the results to the calliﬁg program. The subprogram
*SIECSR " décides whether to stop or continue ih; iterative
procedure. I'urther it decides whether to replace all vertices or
only the maximum vertex. It perjforms the full titerative procedure'
described in steps 1 to 8 except evaluation of Zs It calls the
'SIMEEX”)subroufine for evaluation of Z. Fhen convergence. is
achieuedJ'STHPZX' subroutine also calculates: the requi%ed
‘s%atistical results Itke B2, Hean error sum of squares, calculated
vaiues of the dependent variabie using the model, differerice
between observed and calculated values and pefcentage differences.

'SINPLX' also prints the above results inddditton to the values

of the parameters.

'fhe subroutine 'SIM}ZX’ requires few instructions to be
modified depending oﬁ the modéi fo be.fiited. They are instructions
whiéh are meant to 'READ' and ’PHfNT"the input data and‘
instructions to calculate the right hand side of the function
to be fitted. They are marked !*¥#&%1 in the subprojram given
below., The 5 stars can be punched from column No.76 of a standard
80 column card.

Theré are 4 alterﬁative'wayé of férming the initial

\
simplex.

7) The co-ordinates of all the vertices are given Dy

trial and errors
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2) [The co—ordinates of one of the vertex are OLS*_estimatgsi
The co-ordinates of other vertices of the simplez arc
given by,tfia17and‘erfér.

3) The co«ordindteézbf one of the vertices are given as
in 2nd way and lef'tﬁeﬁ'be (b1, b2, b3). Now the
co~ordinates of the dfher vertices are given DY
(b7+]fy by, b3)3 (b7, bytk, éjj; (b7, b2, b3+k), where
‘K" is a comstant to be given by the user,

4) The co-ordinates of one of the vertices are given as
in jrd_way. Now the co~0ﬁd§nqies of other vertices are
given by.(b]-;_.‘»k'y bos b3)s (b7,' botliys b3)s (b, bosd 5tliz) .

Fhere k7, kg, kj are constants to he given by ihe user,
Two more criterion ere used for stopping the iterative
procedure. (1) If the mazximun difference between the co—ordinates
of all the vertices of the simplex, in two consecutive iterations
is less than epsilon (&) the iteration stops. (2) If the number
of‘iterations are greater thean some prespecified value(by the

user) the iterative brocedure stops,

The main program for calling 'SIECSR' subroutine is given

below,

CALL SINCSR '
END

The subroutine 'SINCSR' calls "SINPLX' subroutine as -

shown belows

CALL SIHEZXYBgBS;SQDEV,FS,IUWIF;I?%R,ITRE,IIWGQIFE; )

* Perform an OLS analysis by linearising the model.Linecarisation
may require values to pe given to seéme parameters. The assumed
barameter -values and: 0LS estimates constitute the co-ordinates
of one of the vertex, . :

Q
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IV. Control Card Informations

The subroutine 'SIHCSR*Y reads two control cards. Depending
on the values taken by the control variables of these cards,
7 to 3 additional control cards will be read. The control cards

and their control variables are discussed belows

Input:-

78t control card:s

9 céntrol variables are read in 2I3,. 4F3.0, 314 format.

Control vaeriable 1:¢

Specifies the number of parameters to be estimatod'in the
non linear regression model. It should not Dbe more than 50..

Control bariable 2

Reads the number of observations (data points)

Control variable 3:

Specifies o value for eveluating triael vaelues offthe methods.

Usually e value of 7.0 is given®
Control variable 4:

Reads the reflection coefficient (r)}usuglly a value of

7.0 is provided.
Control variahle 5:¢

Specifies the expansion coefficient(e). The value should
’ ' \
be greater than 7.0 and the reflection coefficient given Dby control

varioble No.4. Usually a value of 2.0 18 given.

* This is the vaelue given for 'a' to evaluate K7 and Kb
described in section II. -

e’ 0



Control variable G:

\
Al

This specifies the contraction coefficient (C). Its value
should be less than the valye given to control variable Noa

(of control card No.7) and 740, Usuelly a velue of 0.5 is given,
Control variable 7¢

This takes O or 1, Iy 1 simplex is Jormed according to the
Jrd or 4th way given in section IIy Fhepn 1 control card Ko,2 will
be supplied. If 0, initial simplex is Jormed 2ccording to the

procedure described in section 1T,

Control variable 8:

This reads the iteration~humber, at which intermediate
results are required. This mey be required to see whether convergence -

is proveeding properly or not, :

Control variable 9:

This reads the increment by which the value of control
variable No.8 (of control card No.7) is to be augmented. The
intermediate results are printed ot the augmented value of the

iterations.

Control card 2:

VR -

This control card(s) will be bresent if control variable
No,7 (of control card No.7) takes one. The control variaebles of

this control card(s) are read in 8F10.4 format. Number of control

.77
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ﬁariables read must be equal'to fhé number of parameters to be
estimated. The values of these controi variables determine the
'Shape of the initial simﬁlex, These are the valugs required 1f one
‘wishes to férm the simplex.by the 3rd or 4th way described in .
section IIl. The vdlues of K7, KAy Kj are provided through this
card(s). If K7 = Kg = Kj = K then simplex is formed according

-to Erdeay and 17 they are different it is formed according to 4th

way given in section III.

Control Card 3:

This control card reads 5 control variables in 4I5,

El14.8 format.
Control variaeble 1¢

This takes 0 or 1, If O, then origin is taken as one of the
vertex. If 1, a format control card (control card No.4) will be
read, Then 1, co=ordinates of one of the vertices of the simplex

will be supplied in the formdt specified by conirol card No.4.
Control variabhle 2:¢

This again takes O or 1. If O, co-ordinates of the other
vertices of the é?mplex are calculated. ff 1, then a forma% control
card (control card No.5) will be read. Yhen 1, co—ordinates of
¢h¢ renaeining i vertices of the simplox will be read. ?hey wil;

be rcad according to the format specified by control card No.5.

.072
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Control variable 3:

This specifies the maximum number of iterations to which
one wishes to iterate when convergence does not toke place

cceceerding to ¢pssilon critcerion.

Control variable 4}

This reads 0 or 1; If 1, colordinates of the vertices of the
simplex will be punched by the system in HET14.8 format. The
punching of the co—ordinates of each vertex will be on separate

card(s). The bunching will be done-at the end of the probessing.

If O, no punching will be done.
Control variable 5¢

This reads the epsilon € value for terminating the

iterative process. By default it takes the wdlue 0.0007 .

Gontrol card 4e -

This control card will be pfesent if control variable 1
;(of control eard No.2) takes the value one. This control card
reads the object time format. Following thié control card
co-ordinates of one of the simplex are supplied in the format
specified by this control card. This card is necessary when‘one
requires to Jorm the initial simplex by any of-the 4 alternative

ways given in section III.

ee!3



Control CGﬁg 5w

This control card will be pfcscnt if the vclue taken by'
‘contfol veriable 2 (of control card No.,2) is 1. This control card
reads the object time fd%ﬁat, Following this control card the
co~ordinctes of -each vertex of the remaining I vertices of the
simplex cre given in the‘formaf specified by this control card.
The co-ordinates ojf each of'fhem'are to be supplied on o separate
¢¢rd(s). This is required when initial simplex is to be formed by
iay.7 or 2 as given in section IIlI.

The subroutine 'SIEPLX' to be supplied by the user contains
a control card to read the object time format. The input data is

read using this object time format.

Ve Subroutine 'SINPLX' and oulput:

4 listing of the subroutine 'SINPLX' for the model ¢iven 1in

equation (1) is given below. The program prints the input ond the
, cos . 2 .

results. The results are the coefficients, E , liean error sum of

squares ete, and can be understood jrom the output ané going.

through the program listing of the subrouting 'SIEPLK'
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SUBROUTIi.. "T PLX.

INPLICIT REAL* FVA—&,O—Z) . ) . .
SUBROUTINE & ™7 (F, Bu,JQDHV;PSTI&%D,JTRR LIRE,IIRC, JFL, IFC)
DIMﬁJCJu:~TZ/v;7uO).B(5O 50},3Qﬂu7(50),uuT{falfY(78a),BS(50}

COlL/ON NOB, l, IF P, INET
INET=2 IF INITIAL PARANETERS HAVE TO BE C’ﬁxi]'/'(rLD IF PBOCLDU]?E"

.Z—’.I.LIL!S'
W7 =k41

IF (TUNIF.EQ.1.AND.IFP.EQ.1) GO TO 1%
IF (IUNT7,GT.1) GO TO 4
READ 300, FET
PRINT 210, FNT
FORKAT (1X, 'INPUT DATA READ IN FORKAT',1X,70.8 ) ‘
DO 7 I= 1,N0B | ok
READ (5,FET) X (7 I),Y(I) '
PRINT 650.X%(1,1),Y(I)
CONTINUE -
ANOB = NOB
IF (I7777.70.1) GOTO 101
=1
IF (IUNIF.NE.3) GOTO 101
T8S5=0,
TOTAL=0,
TOB.i -Oa ,
PRINT 1100 ~ St
FORWAT (1H2)
DO 57 I=1,H1
RS8S=0, .
ERRSQ=0, | ( |
IF (TUNIT .FQ. E)EBINT 900,(B(K ﬁu,ﬂ;f 3) PRV
FORWAT {701 4 8)

WK X

)



IF (IUNIF.EQ.3) FRINT 990 11
990 FORNAT (2X,"0BSERVED Y", 7X, "CALCULLTED Y™, 5,1’
*"DIFFERENCE", 7X, "bDIFFERENCE "/ /) '
230 DO 640 I=1,¥0B
AI=I
IF (IUNIF.NE.2) GOTO 634 .
RHS=T, o/(B,s'(i)+BS(2)*(BS(3)“-X(f I))) e ek
SUN=RES
GOTO 635 o
634 RHS=1,0/(B(L,1 )+B(L, 2)*(3(@;) (1, I))) ®RibER
SUN=RHS '
‘665: DIF=Y(I)~SUl
ERRSQ=ERR SQ+DIF*DIF
IF (TUNIF\NE.3) GOTO 640
FDIF=(DIF¥*100,0)/Y(I)
TOBL L=TOBA LSl
TOTAL=TOTAL+Y(I)
TSS=T8S+Y (I }*¥(I)
RSS=R SS+SUN*SUH
YERO=YER G+Y (I )*SUN
FRINT 650,Y(I),SUk,DIF, PDIF
650 FORHEAT(7(2X,E14.8,2X))
640 CONTINUE
IF (IUN[F.EQ.1) SQDEV(L)=ERRSQ
IF (.IUYIF.EQ.2) PS=ERRSQ '
51 CONTINUE , |
IF(IUNIF.NE.3) GOTO 310
YFRO=YRO/ANOB
TOTAL=T0TAL/ANOB
TOBAL=TDBAL/ANOB
YR O=YH(Q~TOTAL* TOBAL | \
TS81=088 [ ANOB~TOTAL* TOTAL o
T'882=RSS&JANOB~TOBAL* TOBAL
ST8T=DSQRT(TSS8T )

'.76
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STS2=DSQRT (T5S2)
RF=YPRO/(STS1*ST82)
REQ=RF*RF
E882=T881 ~T552
R2=RS8S/71SS
R21=T882/T8S1
ERRSL=ERRSQ/ (AN OB-M)
FRINT 650, TOTAL, TOBAL, TSSsR SS T,S'Sf TSSQ
*E8S2, ERRSQ, ERRSL,RF,R2,R21 ,RSQ
5 FORHAT(25I3)
300 FORNAT(7048)
370 RETURN
END

Output from Computer:

FIRST CONTROL CARD
9 PARANETERS LRE RELD I]I/' FORK:IT 213, 4F3.0 314

7)
2)
3)
1)
5)
6)

7)

ir
8)
9)

NUHBER OF PARAEETERS TO BE ESTINATED = 3
NUEBER OF OBSERVATIONS = 6

VALUE FOR EVALUATING TRAIL VALUES OF THE PA]LL/J/J ”Lj?;S’ = 7,00

VALUE OF REFLECTION COEFFICIENT = 1,00
VALUE OF EXPINTION COEFFICIENT = 2400
VALUE OF CONTRACTION COLFFICIENT = 0.50
VALUE OF 7TH PARAKETER = 0

ONE READS VALUES FOR CLLCULLTING) TRAIL VALUES

INTERNEDIATE RESULTS STARTS GIVING FROK 500

INTERNEDIATE RESULTS WILL BE GIVEN AT AN Z']VTZ?B VE OF 50

el 7
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SECOND GONTROL CARD _ :

5 PARAWETERS ARE READ IN 4IJ,EY4.8 FORUAT

1) VALUE OF FIRST PARLNETER = 1

IF 0 ASSUKES ORIGIN AS ONE OF THE VERTEZX

IF % READS THE INTIAL VALUES OF THE PiRAEETERS
IF 1 READS CONTROL CARD 3

FHICH IS 4 FORHAT CONTROL CARD

2) VALUE OF SECOND PARAHETER = O

IF t REIDS TRAIL VALUES OF ALL VERTIGES

IF 1 READS CONTROL CARD 4

FHICH IS 4 FORKAT CONTROL CARD

IF 0 CALCULATES TRAIL VALUES OF RENAINING VERTICES

3) HAXINUN NUEBER OF ITERATIONS AT VEICH CONVERGENCE TOBE
| STOPFED = 500

4) VALUE OF 4TH PIRLEETER = O
IF VALUE IS 1 PUNCHES THE COEFFICIENTS IN 5E14.8 FORNAT

5) CRITERION VALUE AT FHICH COVERGENCE VALUE IS TO BE ACHIVED =
0.70000000D=08

CONTROL CLRD 3

FORNLT CONTROL CARD

TRAIL VALUES OF ONE OF THE VERTICES IS REALD IN FORHAT
(3F1.0) , _

0.200000000 &7 °  9,100000000 07" 1 0.28000000D Of

0.94280930D 00 0.235702320 00.  0.23570232D 00
0.23570232D 00 . 942809300 00 ) 0.23570232D 00
0.235702352D 00 - 0, 23570952@ 00.2  0.94280930D 00

INPUT DATA REALD IN FORKAT (F1. O,F4 2)

9.70000000D Of 0. 25000000D 00
0.20000000D 07  0.17000000D 00
0. 300000000 0!  0.10000000D0 00
0. 400000000 0f  0.60000000D =01
0. 500000000 0!  0.300000000 ~01
0.600000000 0f  0.20000000) ~07

ve 18
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INITIAL 'Z' VALUES
0.54718024D=04 0.539352185D 01
1Z' VALUES AFTER CONVERGENCE
00 25977602-04 0.25966498D~04 0, 25969300004
CH-ORDINATES OF VERTICES AT CONVERGENCE
Ou18949365D-07  0.710853094D 01
0.18913964D 01 0.70860682D 07
0.78926749D 01  0.10864817D 01
0.19026862D 01  0.10792093D 01

0.82607456D 02

FAILED CONTRACTIONS

0.80740867D 02° "

0.19338039D 01
0.19336560D 01
0.19325636D 0f
0.79360375D 01
10’ OF REFLECTIONS,EXPAN SDNS, CONTRACTIONS,FAILED EXFANSIONS AND

o~ 51 & 32 1

COEFFICIENTS , .
0.18949365D 01  0.1.0853094p 01  0.19338039D 01
OBSERVED Y CALCULATED 'Y  DIFFERENCE .

04 2BL000AOD 00

0. 77000000D 00
0. 700000000 00
0. 6000000000
0« 30000000001
0420000000001

V250393620 00

0.16796682D 00
0.70263239D 00

| 0.585773579D~01

0s 3200465 7D~07
0s 7 70494 BD.~01

OTHER STATISTICS .
0.10500000D 00  0470477008D 00
0,66916667D-02 0,672140880~02
0.43296003D-05 0,99968361D 00
0,99936372D 00

~+39361 734D-03
0.20331832D-02
e 26323915002
0414264207D—02

=, 20046566D-02

0, 29505973D-02

0.7 06300000 00
~e 297421 04D~04
0. 99895642D° 00

%D IFFERENCE
~o15744694D
0.11959901D
~+26323915D
062317736 73D
~.66821886D
04 714752986D

00
o1
o1
o7
o1 :
02 -

0.710618907D 00 .
0.25977602D~04
0.1004 4446D 01
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vI) Bxecution of 13 proyrams -~

Job ‘card

//CURVE EXEC FORTRAN(MLP).
Hain Program
Subroutine 'SINPLX!

/*

//8T8005 ACCESS PDSREL
//EXEC RLNKEDT(SYS005)
//EXEC CURVE

Program Control Cards
Data :

/%

/&
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