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Quantum Mechanics:
time-independent Schrodinger equation

ﬁw:(f+1})w:Ew

In classical mechanics
(Kinetic energy: T) + (Potential energy:V) =Total Energy

In quantum mechanics,

Kinetic energy operator f + Potential energy operator I}

= Hamiltonian operatorﬁ

Energy [ is obtained as an eigen value of the
Hamiltonian operator.
Eigen function is called as wave function. ¥ : w(x,y, Z)




Schrodinger equation of Hydrogen atom

2
Ay =| -1

82

2m

o + +52 + e =uly
0°x 0’y 0°z) A4me,r e

VZ

r:‘x2+y2+22‘

electron charge -e

Hydrogen atom <

@ v 9
£k
¥

Like the latitude and longitude of earth!

Invert “Cartesian coordinate x, y, z”
to “polar coordinate r, /) [/

X =rsin @ cos @
y =rsin @sin @

z =rcos @



Schrodinger equation of Hydrogen atom

A nt (o o0* 0’ e’
Hy =| - + + + - E
v [ 2m (azx 0%y 822j 472'807'JW v

r:‘x2+y2+22‘

y (r.0.0)=R(r)0(0)0(p)=R(r)Y (0.0)
-

2 2 2
__h > d(rzd—Rj+ h’Bz— ¢  _E R(r)=0
fl> .< 2m,r* dr dr 2m,r dre v

2
sin Hi(sin Ha—Yj+ g { = Bsin’ 0Y(0,¢)
\_ 06 06 0@

We can solve R(r), [J//1,//[//]]) independently.




Schrodinger equation of Hydrogen atom

2
sin Hﬂ(sin Ga—Yj+ 2 Z = fsin’ 6Y(8,9)
00 00 ) 0¢

e

b= Z(Z T 1) Associated Legendre polynomials

Spherical harmonics

n’ o d n2I(7+1)

2m,r* dr 2m,r?  dne,r

>R ()= {251;1[(;1;[1)!)!]3}1/2( mzl_o j r’er/naoEiEanzarJ]

Radial function Associated Laguerre polynomials




Schrodinger equation of Hydrogen atom

Three integers come up when solving Schrodinger equation of H atom.

n:prinsiple quantum number (n=0, 1, 2, ...)
I: angular momentum quantum number (1 =0, ..., n)
m: magnetic quantum number (m=-l, -I1+1, ..., |-1, 1)

v, (r.0,0)=R,(r)Y"(0,0)

Radial functions depend on n and |.

Spherical harmonics dependonland m. \
Bohr radius
4 4 2
. m.e m.e . dre,h
n 2 222 2 2 me
32r g hn 87mE ayn \_ )

Energy only depends on n quantum numbers.



Schrodinger equation of Hydrogen atom

Examples

a

Vy00(r,0,0)= 31%(5}( ( Dexp[—f;j ... 25 orbital

(=]

302
l/jl,O,O(I/?H’(D):%(é] exp[—g) ... 1S Orbital

1
327r

WZIOFH(D

] [ jeXp(_—jcosg ... 2p, orbital

3/2
| VA Zr Zr .
Wz,l,il(r,(g,(ﬂ): \/m[a J (Clojexp[_z—aolsnlgexp( )J ene 2p1, 2p_1 Orbltal

p,, P., orbitals are complex functions.




Schrodinger equation of Hydrogen atom

p, and p_, are energetically degenerated.

Besides, they have same probability density function.
% 0.0) = 0.0) = sin®6

Take linear combinations of p, and p_, as bellow.
4 N/ N

3 3

1/2 1/2
1 1 -1 . -1 . .
p E—(Y1 + Y ): — | sinf@cosg (Y - Y ) — | sinfsing
tV2i x/l

4r 47
= = = —

P,, P, orbitals are now real functions with same eigen
energy (but no more than the eigen function? of m).

|
p, ) = ~ N
Y Mo SN




Schrodinger equation of Hydrogen atom

Similarly, we take linear combinations of d orbitals to
make real functions as follows,

5 1/2 uh_' )
d,=Y)=|—| (Bcos’0-1) ——> 1
s =[55;) bewto-t) ——>7s \
1 151" >
d.=—\V,+Y, " )=| — in @ cos & ) .
- \/5<2+ 5 ) (4”) sin 6 cos @ cos ¢ / |

47

1 15 "2 |
d, ,=—\Y?+Y?)=| — | sin“@cos2d =— :
> \/2<2 ? ) (167r) ? —~> -w
I |

12
W= _21<Yz2 -y, ): (Ej sin” @sin 2¢ \ '1

1/2 —
dZEL(Yl_YZl):(l—SJ sin @ cos @ sin ¢ — /Hx

These d functions are real and possible to show as pictures.
Molecular calculations use the real functions as basis sets.



Schrodinger equation of Hydrogen atom

Radial function of 1s orbital
R(r)
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Schrodinger equation of Hydrogen atom

Radial distributed functions of 1s orbital
FR(r)
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Schrodinger equation of Hydrogen atom

Radial distributed functions of 2s orbital
PR(r)

0.6

0.5
i | 1t (zY. |z 7
: s s
o | V24 a, a a,
0.2

0.1

0.0 U"

0 ? 4 8 12 16 20 24 28 32 36 40

There is a node where electron density is zero.



Schrodinger equation of Hydrogen atom

Radial distributed functions of 2p orbital

FR(r)
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0.5 |
| 32,

0.4 | 1 Y4 Zr Zr
| RV 2] (2] -2

12 \ a, a, a,
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He atom

electron charge -e

/ \’z (Hamlltonlan A
rl 2 2_i 2
VI Vi w(R.r.r)+
2m,
2 2
¢ ¢ lv(R.r.)
He 472'8 ‘R I" 4re ‘R I" 4rre ‘I’ I"
nucleus ~
charge g
+2e CEI//(R,/],/}) )

If we ignore nucleus motion and take origin on the nucleus,

{;’; (V2 +V2)- 2¢° £1+1j+ &’ }W(fl,fz)=Ew(rl,r2)

dre, \ 1, T, 47250‘1'1—1'2‘

e

Still it requires some approximations
such as perturbation theory or variational theory.



electron

charge -e \

I
/ !
HA\ /‘ Hg

Nucleus
(proton)

charge
+e

I'g

VR)=y. (R, (R) B

H,* molecule

4 . . )
Hamiltonian
7> h> 7>
[_ o T o VZJW(R’F)
82 82 62
+ | — — + Rr)=FEw\Rr
[ Are,r, 4Ans,r, 472'80le//( ) W( )
\_ J

If we ignore nucleus motion

and consider only electronic state

by fixing nuclear places...
Born-Oppenheimer

) approximation
e e

£_ h2 V2_ 82

2m,

dre,r,

_I_
dre,r, 4ne,R

Jwe (Rr)=E Ry (Rr)



H,* molecule

2 2 2 o)
— h Vz . e . e n e We (R”/v) _ Ee (R)We (R”,)
2m, dre,r, Ane,ry, 4ne,R
- J
7 mass lau.=m,
Introduce charge lau.=e
: - < dre h’
atomic unit length lau.=a,= o
e 2
Energy lqu.—=E  =—°
\ gy hartree 4 72'80 ao

N\

_I_

ljwe<R,r>=Ee<R>we<R,r>

Simplified! ||




H,* molecule

[_lvz SR lij,r):E(R)we(R,r)

2 r, r; R

Let’s consider the wave function is represented as a
linear combination of 1s orbitals of nucleus H, and H;.

l//e(R,I”) =C ¢1sA (R,r)+cB ¢1s3 (R’r)

1 (7Y _Zh—RAD

1s, 1sg b, (Rr)= exp

Jr \ 4 \ 4y

1 (zY" [ Zk-Ry

)

s, (R,r)z Jr CXp

° dy ) \ dy
H, H Linear Combination
R of Atomic Orbital (LCAO)

y



H,* molecule

(_lvz— SRLIN 1jc,ue(R,r)=E(I’Q)we(RJ’)

R
_JdryHy_{y|Aly)
[ary'y  {wly)

Hy=Ey F

2 2
_ CAHAA +CBHBB +2CACBHAB

E is expressed as follows. b= > >
c,+c,+2c,c,S



H,, :<¢1SA ‘_%Vz _ri_r__l_
4
=Lk.+J
1 1
Ha=lfol =5V

:E15<¢1 ‘¢1 >+K—E1S

H,* molecule
Atomic orbital (AO) integral of H,*

S+K

1 1 1 1 1
E‘¢1SA>=<¢ISA ‘—Evz _Z‘¢1SA>+<¢1SA ‘—Z+E‘¢m>

1 1 1 11
R‘¢1s3>:<¢lsA ‘_Evz _g‘¢1s3>+<¢1% ‘_Z+E‘¢1SA>

We can fortunately

[ ¢1 ‘qﬁl = exp(— )[1+R+R?

2

) Overlap integral J

calculate these i

ntegrals

analytically as functions

B

\_ Coulomb integral

of R.

1 1
- e e e h
oo 1| =[S f = el R R

A

by

\ Exchange integral

/




H,* molecule

E(cj +c; +2C‘AC‘BS)= c’H, +c.H,, +2c,c,H

Differentiate the above equation with c, or c;

di t a_E—O a—E—O
andinsent 5. =" %" %, ~" ©  Variational theory

E
s—(CZ +c+2¢,c,8 )+ E(2c,+2¢,8)=2¢,H ,, +2c,H
Cy

EQ2c, +2¢,8)=2¢c,H,, +2c,H

(HAA_E)CA+(HAB_ES)CB:0 J

OF
@—(cj +e2+2¢,0,8 )+ E(2c, +2¢,5)=2c,H,, +2c H ,,
Cp

E(2c, +2¢,S)=2c,H 5 +2c,H

(HAB _ES)CA_I_(HBB_E)CB =0 ]




H,* molecule
(HAA_E)CA+(HAB_ES)CB:O
(HAB_ES)CA+(HBB_E)CB =0
To have non trivial solution of ¢, and ¢,

H,-ES H, -E Secular equation

=0
H,-E H,—ES
must be hold.
(HAB_ES)z_(HAA_E)zzo
E :HAA+HAB E :HAA_HAB
H,-ES=+(H, -E) + s - g



H," molecule

/When E :HAAJFHABN
i 1+S
H, +H H, +H

(HAA(1+S)—HAA —HAB)CA +(HAB(1+S)_(HAA +HAB)S)CB =0
(HAAS_HAB)CA +(HAB _HAAS)CB =0

AN

\
When % HAA — J

H, -H H, -H
(HAA Alil SABjC +(HAB_ A;_S ABSjCB:O
(HAA(I_S)_ AA+HAB)CA+(HAB(1_S)_(HAA_HAB)S)CB:O
(_HAAS+HAB)CA+(HAB_HAAS)CB:O

C,=—"Cp




H,* molecule

(

From the normalization condition of ¥ =c ¢, +c; ¢, |

(Wlw)=ca™(B,|ds)+es (8 |85) + 2¢ ¢, {8, |s)

\_

2 2
=c4 +cz +2c ;5 =1

should be satisfied.

~

/
When C,=Cy \
ci+ci+2ci8 =1
|
T T avas
1
v, = ¢, +¢
Trvas )
E+:HA11 +5AB
\_ " Y

When C,=—Cp N
ct+ci—-2c285=1
1
T T has
1
v_= ¢,—9
(4,4,
E :HAA HAB
\___ 17» J




H,* molecule

Byt P

Ha R Hg Ha R Hg




_H, +H, H2+ molecule

E

i 1+S Molecular orbital r

U+

Large electron |
density between Electron density

[P, [T thenuclei

anti-binding
orbital

Binding
orbital




H,* molecule

Molecular orbital

anti-binding
orbital ./

02

A ! 1 13

-0,
¢ R. 4 6 83
/ R/a, :'
There is a minimuminthe
energy curve of E,. (Binding)

E ZHAA+HAB
’ 1+ S

H, <00H, ,<0,0<S<l



electrons
charge -e

HA\ /' Hg

Nucleus
(proton) charge +e

H, molecule

E :HAA _HAB
- 1-S
V/spin /[/spin
:HAA+HAB T I
T 1+S | v

anti-binding
orbital ./

binding
orbital My

Let’s assume two electrons occupy in binding orbital of H,*.

To consider anti-symmetry of electronic wave function, ¥(1,2)=-¥(2.,1)
we introduce Slater determinant.

v, (e
v, (2)e

¥(1,2) =[\%

) v.(2)8

w, (B0
(2

))]: % 78 (1)W+ (2){a(1),8(2)_ ,3(1)05(2)}



H, molecule

electrons
charge -e
l Hamiltonian
K_lvf_lvg— S jwe(R,n,rz)
2 2 ha Ne Ta Tip
1 |
1A\ /’ E )%(R”) (ije(&’?”’z)
Nucleus
(proton) charge +e — Hwe (R,rl,r2 ) = E(R)We (R,I’l,f‘z)

E(R)= (v (Rr.n)H|y.(Rr1,))

2

z.drdr2w+( )Hl,u+ jdmdwz \/—{ (),3(2)_:3(1)“(2)}

:. drldr2w+(7”1)ﬁ'7”+(’”z) \ '




H, molecule

0.2 |- R, (calculated) = 0.85 A

R. (experiment) = 0.741 A

D, (calculated) = 260 kJ/mol

D, (experiment) = 457 kJ/mol

B Experiment
. [ Y
e : ) 3 4 5 R. (HF limit) = 0.741 A
R/ a,

D, (HF limit) = 351 kJ/mol

These values are improved when we consider molecular
orbital optimized for H, by the Hartree-Fock method.



Diatomic molecular orbital

s and p orbital interaction

Anti-binding P )+ )=E . DszD
Binding B 2p, + = 0 Ly, doubly
degenerated
Binding BEF‘}:&HUEPF + e D /
Anti-binding Bis + = L1 ]

I
[ ]

Binding Bl + .



Homo-nucleus diatomic molecular orbital




Diatomic molecular orbital
a N\

Terms A— Molecular orbitals N—

ZS 1 mFOG/_WD“ Il 2pz | DE[S
+
_--.DDU L]

Geory) ==, NS, determine

0, 5, d from M.,

In homo-nuclear<

molecules, bonding
orbitals are notated

EEEE
X [T
m=11 " ; M, :sum of m,

with subscript g ’mr_‘e,%\‘gu[ﬂ]zﬂm M, | =0, =2 [
(gerade) and anti- == 2 = M, | =1, => L[
bonding orbitals are M/ (gt U M, | =2, = [
with u (ungerade). 3

g X g=g e H._Dm_u[ujl&mm i

uX g=u Bt 2

. T, m,, O
u X u=g m;=0 g—1 g



Diatomic molecular orbital
a N\

Terms A— Molecular orbitals N—

2S5+1 i : S _1lis
+
0, 0

Geory) ==, N, determine

0, 08, 0 d from M.,

In homo-nuclear<

molecules, bonding
orbitals are notated

with subscript g JM'%\EE&EE ML:O, = [

(gerade) and anti- == M =1, =D [

bonding orbitals are \mﬁo\%/ (T T, O M =2, =D [

with u (ungerade). 3
_ m=0
g X g=g Bl e 3
X - 1s s s
usge=u m=0 1 1, M, O 3

uXu=g : 8

glan M, :sum of m,



Diatomic molecular orbital

/Terms \ic o Molecular orbitals T TT——
m;=0 11, I, [T
PS+1 et (18
N (8 Orzpu) e TR % determine
In homo nucIeari T, O, O d from M.,

molecules, bonding s M, :sum of ml

orbitals are notated

with subscript g M,%\‘E IS M, =0, = [

(gerade) and anti- === M =1, =D [
bonding orbitals are W ED Eﬂ]zS D M =2, = [
with u (ungerade). 3
_ =0 ]
g X g=g T e L, Dy [T
u X g=u — L ’)
m=0 " [, 0, O

uXxXu=g u



Diatomic molecular orbital

Configurations and terms

(16,)°
(ls,)%(l1a,)’

(le,)*(le,)? (26,)"

(1e,)*(16,)*(20,)%(26,) *(Im,) ' (Im,) "
(16.)%(16,)(20,)2(20,) 2 (1m,) 3 (1m,) 2
(1e,)2(16,)*(20,)(20,) (1 7,) *(17,) 2 (30,) !
(1a,)2(l0,)?(20,) 2 (26,) *(17,) * (I =,) 3 (3a,)
(1o.)3(16,)?(20,) *(20,) *(30,) (1 7,) 2 (1m,) 2 (1 7,) !
(1o,)%(16,)%(20,) 2(20,) 2 (30,) 2 (17,) 2 (17,) 2 (17y) ' (1 m) !
(16,)%(16,)2(26,)2(26,) *(30,) * (17,) 2 (Im,) 2 (1 7) 2 (1 ) 2



Homo-diatomic molecular orbital

Px 72D,y

p.f‘ nu‘?'pr

6,25

Li, Be, B, C, N, 0, F,
_— Oxigen is
- _— / paramagnetic!
i +
2 A
J— v e
- 1.
't
g * A 'Y 'y
Iy ll
— & 'y o !
- —— 4L ‘
-
A
i 'y
'y &1 'yl
It Ay
L}
&
'Y
Electrons occupy the orbitals under the Fund’s rule. :



Homo-diatomic molecular orbital
When bonds are strong?
(Bond order) =

[(hnumber of elec. in bonding orbital)
- (number of elec. in anti-bonding orbital)]/2

e []

- Example of N,

1]

(bond order)=(6-0)/2=3

PVRVENER RS



Homo-diatomic molecular orbital

3L
N\ ﬁ
Bond order ) //\\
0 1 ! | | :
Bond energy Wy I |
(kJ/mol) : '
# 0 . | | I |
| E 150 -
Bond length Yy =
# 130
(pm) N




Homo-diatomic molecular orbital

Electron density of molecular orbitals

: (o N; 0, F;
(o)l 020 (Za. 1) (Yo F(1o(2a) (20, (17 P (3o {1 m)

2F H, Li B, ; i
TR (lo)? (1o (1a,0(20,) (1o, (10,)%20,)"(20,)(17,) | ‘

(loglo 20 Qe 17 J430)  (lofla) Qo) 2a) 1m) Ba (15

WA —E 70
SRR

FFA—ESN

20,

[

20,




!
'

!
'

Hetero-diatomic molecular orbital

\
P <S Hatom p1> = O?
&
.lf i <S Hatom p—l> = O’
. Wl SN \<S Hatom p0> = 0 y
2p  1sy 2p,¢ 1s,
or 2
N , \ ( pyF) 0
Y Y
P
They can interact!  hey cannot interact! . -
A
They create 1s,
[J and OO orbitals. Ot
A A ‘I :
Hmol pzA>:<SA Hmol p0A>¢O ‘f-}.r .
A A 0y szF '
Hmol sz> = <SA Hmol pOB> = O j ".l (Or ZpyF) 2px,y,zF
A A e ’:’—OCIJ—
Hmol pr> = O’<SA Hmol pyA> =0
A A e U
mol pr>: O’<SA Hmol pyB>: O .”____{5___,"

Only p, orbital can interact with s orbital of other atom.
p, and p, remain as lone pairs.



Hetero-diatomic molecular orbital

O(T{s H + 2p, F)

O(1s H + 2p,F)

Alpha MOs

5 1 }— -0. 46559

4 —1}— -0 46559

O(1s H + 2s F) 3 —1}|— -0 59593
/ 2 1 b— -1 48381

1 —1l}—-25 89686

1s F

O OO O O =

~"
doubly degenerated



Vibration and Rotation

After obtaining
electronic
energy (E(R)),
we can calculate
vibrational and
rotational levels.

Rigid Rotator model

Total Molecular energy = E(R) + E,;, + E,,

/1

Electronic energy Nuclear Schrédinger
equation




General Hamiltonian for molecule

N, 1 , N, 1 N, 1 N, 1
ZE_—W—Z_} 2ot 2 v.=Ly.
~| 2 ey R,

1 o) -
(—EVf —Z—] = Zh, One-electron operator
4=1 14 =

N N
e 1 e .
Z— = Z glj Two-electron operator
i>] rjj i=1
o1

= V(R) Nuclear potential (Constant)




Slater determinant for molecule

Slater determinant

1
y = —det

JN!

?, (Tl )
?y (Tz )

ole) ol -

o,(r,) ..
o, (r,) ...

Py, (Tl )
Py, (Tz )

o[t

One-electron spin-orbital

00)=3 8,0

Energy (i.e. Expectation value of single Slater determinant)

E=<w\ﬁ\%”>:z<¢f‘h‘¢i>
+ §(<¢z (7, )§0j (7,)
+V(R)=> (o |h]@,)

N,

e

i=l

—~

12

i(Tl )§0j (Tz )> - <¢i (71 )§0j (Tz )‘ ri‘ P, (71 )§0i (72 )>]
35 ()~ () v (®



Fock operator

E should be minimized for all ¢,
under the orthonomal conditions of <€0,- ‘€0j> =
Let’s consider a Lagrangian as follows.

L :E_ilji«goi ¢j>_5ij)
i,

Impose the first order variation of Lagrangian to be zero.

One electron wave functions should be the eigen functions of the
Fock operator. f(2),(r)=e,0,(7)

Ple)= (e )+ 50 )
e 7 o5 z{ faroi(e) o, fofe)-|faro f2>i2¢,.<fz>j¢,.<q>}
o (r)- Koe,)



Hartree-Fock-Roothaan equation

]}(T)(Di(T)Z 51'(01'(7) N
) Q, (T) = fcip@? (T) Expand by AO (basis set)

p=1 C is molecular orbital coefficient

N 40

ZCP¢P =& ZAicip¢p (T)

p=1 p=l1

Multiply
¢; (T) Y C,, <¢q

and integrate

N

f ¢p> — gi]vZA(icip<¢q ‘¢p>

Z qpp_ngqp Cpi FC =SC¢

Hartree-Fock Roothaan equation



Hartree-Fock-Roothaan equation

F matrix actually depends on molecular orbital
information due to the two-electron operators.

N N gfec
qu - hpq T ZDrs [2(pq|rs)— (pS|7’q)] qu — Z C;icqi
| Density matrix

F(C)C =SC¢g¢ Non linear equation!

We need to solve it iteratively.

F(Cn)c = SCn+18

n+l

‘Cn+1 - Cn

<threshold —> Converged!



Hartree-Fock-Roothaan equation

[ F,=h,+ ZN:DFS [2(pq‘rs)—(ps‘rq)] J Nuclear

attraction

2

kinetic

{9, ‘[‘%Vz —Z%]\ 4,)= [ dudr, ¢;<a{—§v2 —z”rij@(a)
(pq‘rs): _”dfldfz (ﬁ (71 )¢: (Tz )L 9, (71 )¢S (72 )ijo-eIectron repulsion

$,,(8,18,) = [drdr,|p,(c.)p,(z,)] Overlap

To solve Hartree-Fock-Roothaan equation, we need to
calculate these integrals with the atomic basis set orbital.
We need efficient functions for basis sets.



Basis set functions

In poly-atomic systems, polar coordinate is no more
useful because we have various centers in a molecule.

Slater orbital (15s)

exp(— gr) o

Nucleus C
ZCXP(—C\/()C—XA)z+(y_YA)2+(Z_ZA)2) (Xer Yor Zc) @

1s orbital |
Gaussian orbital (1s) . (Q:CLZUZE)
©*p ( ) N .I A

ucieus
= exp( ((x X ) )) (Xar Yar Zn)
— exp( ((x XA 4 )2 + (Z — ZA ))) We can separate x

( alx-X ) )exp( a(y-v,) )exp(—a(z -7, )2) y, z variable easily.



Basis set functions

Gaussian product rules
Two-Gaussian product

eone Gaussian at another center O
;'P‘"* 1s orbital Nucleus B
¢'-:-._?," E Py (XB' YBI ZB)
! “: Nucleus A
/ “ (XAI YA; ZA)

Figure 3.1 The product of two 1s Gaussians i1s a third 1s (Gaussian.



Basis set functions

Ex. Overlap of two centers

j dxdydz exp(— a,r,’ )exp(— a,r, ) 1s orbital Nudgs .
= j dxdydz exp(— a,r’—a,r, ) ° (Xg, Y, Zg)
— Apxjdxexp(—ap(x—Xp)z) Nucleus A

(Xa, Yo, Z4)
xAPyjdyeXp(—ap(y—Yp)z) v

Easy to calculate!
xAPZJ-dzAP exp(— ap(z—ZP )2) Y



Basis set functions

If we consider Cartesian functions, it’s written by very
simple polynomials of x, y, and z for higher angular parts.

Ex. Form of d orbital basis except exponential part

d, = r2Y20 :%(322 _rz) / L !

d,. = 7”2()721 + Y2_1)= V3xz > M/ p~
dyz = ﬁrﬂ(yzl . Yz_l)z \/gyz . /; 0
dxz_yz E%rz(yz2+yz2):%\/§(x2_yi)
ey L



Basis set functions

Comparison between Gaussian and Slater functions

STO
—-— GF

Gaussian function is flat at r=0
whereas Slater function has a cusp.




Basis set functions

Slater functions are fitted by the linear
STO-3G o Y .

)

i

0.8

combination of three Gaussian functions.

| st

o Exponential coefficients

[:rl'
'“—"l i iy (ry ag) d contraction coefficients

4446 ¢S (r, 0.1688) + 0.5353 ¢1F (r, 0.6239) + 0.1543 7' (r, 3.425)

contraction basis set

— 51 O
------- STD-3G

- === 5T0-20
———8§T0=10

STO-3G is close to the
Slater function when ris
larger than a,.

1.0 2.0 30 4.0



Basis set functions

In the sense of linear combination of atomic orbital (LCAO),
we usually use contracted-Gaussian basis functions.
Contraction coefficients are normally determined

from atomic calculations.

To describe molecular bonds well;

1. we decontract or split basis sets for valence orbitals.
(Ex“valence double-zeta”)

2. We sometimes add diffuse functions, with small
exponent coefficients.

3. We sometimes add polarization functions, higher
angular momentum functions.



exponential
coefficients

Dyall-QZ-c basis
Q

(6.5973426E+07
1.7573042E+07
6.0368629E+06
9.3148616E+06
9.7498001E+05
4.3572342E+05
2.0470199E+05
9.9654250E-+04
4.9983316F+04
2.5663485E+04
1.3440699E+04
7.1598929E+03
3.8753556E+03
2.1307057E+03
1.1898903E+03
6.7429769F+02
3.8724214F+02
2.2481397E+02
1.3362161E+02
8.1281158E+01
5.0939803E+01

2.0394685E+01
7.2874456E+00
2.5234051E+00
7.9157400E-01
2.4345371E-01

6.1739139E-02

kl.6420495E-02

3.2280526E+01 -
1.2503244E+01 -
4.3210001E+00 -
1.4175240E+00 -
4.4198499E-01 -1,
1.1878413E-01-]

3.1922684E-02 -

Basis set functions

contraction

231693E-07

280153E-07 -

968198E-08
49273E-08 -

2s 3s 4s
-3.7200758E-05 1.7519609E-05 8.5062625E-06
-8.9322205E-05 4.2086226E-05 2.0436349E-05

-1.8095458E-04 8.5305558E-05 4.1427940E-05
-3.3516266E-04 1.5812708E-04 7.6807417E-05
-6.1126323E-04 2.8865029E-04 1.4023603E-04
-1.0971913E-03 5.1870929E-04 2.5207492E-04
-1.9786885E-03 9.3667476E-04 4.5532856E-04
-3.56840701E-03 1.6992363E-03 8.2632136E-04
-6.5322387E-03 3.1029055E-03 1.5095694E-03
-1.1931486E-02 5.6815266E-03 2.7657042E-03
-2.1662469E-02 1.0353665E-02 5.0443789E-03
-3.8543746E-02 1.8528281E-02 9.0395936E-03
-6.5598978E-02 3.1847069E-02 1.5573611E-02
-1.0286939E-01 5.0763430E-02 2.4921791E-02
-1.3823205E-01 7.0048345E-02 3.4607750E-02
-1.3342031E-01 6.9688307E-02 3.4691717E-02
-2.4179884E-02 8.1792671E-03 3.5358781E-03

2.1261417E-01 -1.5951971E-01 -8.6463521E-02
4.1121363E-01 -3.7713017E-01 -2.1585010E-01
3.5057833E-01 -4.0182068E-01 -2.4250758E-01
1.4856492E-01 -1.0447585E-01 -6.8770856E-02
2.9528209E-02 4.0069785E-01 3.6353582E-01
1.8089816E-03 6.1447118E-01 7.4823240E-01
3.5775229E-04 3.2470347E-01 3.7866373E-01

-3.1026960E-04 5.4055539E-02 -4.6352619E-01

3.3408769E-05 2.2180494E-03 -7.3973061E-01

-7.0668008E-05 1.2025946E-03 -3.2042059E-01

3.8350509E-05 -2.7428342E-04 -3.8335074E-02

-1.7666327E-05 9.1058439E-05-1.4535011E-03

1.3620169E-05 -9.8219827E-05 -7.9721646E-04

-6.0619634E-06 3.2241392E-05-6.7667385E-05

3.0886469E-06 -1.6573828E-05 3.8028070E-05
1.6835017E-06 1.4079000E-05 2.1992554E-04
7.1602848E-07 -3.7927686E-07 1.6873698E-04
1.6889708E-07 1.6939352E-06 3.5436438E-05

5s
3.2603668E-06
7.8332122E-06
1.5879797E-05
2.9441998E-05
5.3759158E-05
9.6635219E-05
1.7457384E-04
3.1681877E-04
5.7888801E-04
1.0606081E-03
1.9350958E-03
3.4681500E-03
5.9794889E-03
9.5740825K-03
1.3320170E-02
1.3362843E-02
1.3346475E-03
-3.4004530E-02
-8.5749185E-02
-9.7776272E-02
-2.8918209E-02
1.6166297E-01
3.5515598E-01
1.6908482E-01
-2.8413146E-01
-5.9688417E-01
-3.8288855E-01
2.2717730E-01
6.2283403E-01
4.5570588E-01
1.0609629E-01
5.1623573E-03
3.9420751E-03
3.2883261E-03
6.4944623K-04

6s
-8.3449817E-07
-2.0049375E-06
-4.0644893E-06
-7.56358548E-06
-1.3759946E-05
-2.4734770E-05
-4.4683531E-05
-8.1094980E-05
-1.4817268E-04
-2.7149014E-04
-4.9532159E-04
-8.8782782E-04
-1.56306719E-03
-2.4513911E-03
-3.4104986E-03
-3.4233136E-03
-3.3860593E-04
8.7246883E-03
2.2051823E-02
2.5149688E-02
7.56361505E-03
-4.2214557E-02
-9.3081510E-02
-4.4203642E-02
7.6523038E-02
1.6916103E-01
1.1465921E-01
-7.9496271E-02
-2.2484198E-01
-2.7116462E-01
-1.5553717E-01
1.8463795E-01
5.2053680E-01
4.4423560E-01
8.6473321K-0

Pa.eﬂlgients

quadruple
zeta



Beyond the HF method

There is no reason that the Single determinant can really
describe the true wave function.

g w1 |- a0
V- T eRO) v
=Y Ly (y.@M)p)-piK(), |  Theseare
\- v ~/ different
o1 v @al) v @) ) 7 Tunctions!
t—v. YUTEL 0ee) v e <
Voo = vy @a)pR)- p)el2)

Mixing the various determinants (configurations) improve
the solution. (Configuration interaction)



Beyond the HF method

If we consider the wave function as the linear combination
of full configurations (Full-Cl) with infinite number of
orthogonal 1-electron orbital basis, it should be “Exact”.
(Of course, impossible. Number of basis sets is finite!)

We need approximation methods.

Major approximation methods

(post-HF or electron correlation method)
Perturbation theory;, MP2, MP4, ...
(Truncated) configuration interaction theory;
SDCI,SDTQ(CI,...,RASCI S More
Coupled Cluster theory; CCSD, CCSDT, ... accurate

Multi reference electron correlation methods will be discussed in Dr.
Geetha’s talk.



Single and Doubles Cl method

Exact within the used basis sets!

u

‘LIJF zz-cz>:(to+fl+fz+f3+”'

f . N-el L Creation and Annihilation operator
~ - N-electron excitation operator R R R

SORLE AR Il

aevir,ieocc aevir,ieocc

>

[—

t,, t,, ... coefficients are the
a a arameters to be obtained.
‘\PSDCI> — (to +Tl T TZ)quF>

Yo} H

to. ty, t, coefficients are optimized as the energy is to be minimum.
(Please read Szabo’s book! for more details.)

Y

SDCI

Y

spcr)

SDCI — <




Ex. Two electron excitation operator

(a>b,i>j)

a, b,c: virtual orbital
i,j,k: occupied orbital
p: general orbital

HF>:—a;a.a+a.‘HF>J

i Ya™j

~ ab N 4
T, = Z i'>: th(a,b,l,])abajaaai HF>
a>bevir | a>bevir
1>jeocc 1>jeocc
[a;aja;ai HF)=aa,a,a,|HF )=-aa,a,aq,
/
7 i=»a
— j=>b
— a
— b or
—o— .
& _|i=PD
o

ab
ij

——
——
-
-
@&
_ @

~

a
b




Coupled Cluster method

One of the most accurate methods to take into account
electron correlation within single reference theory

F[HF‘CDHF>:EHF‘CDHF> qujexact>:ELPexact>
W) = exp( )cDHF> —[1+T+£—2i+---}d),ﬁ>
T = Al T 7?2 T f?, fN : N-electron excitation operator

g a\ _ Ztl(a,i)a;ai ‘HF>] t,, t,, ... coefficients art.e the
parameters to be obtained.

~,

i ®,, )= AEexp(T | @, ) AE

Electron correlation energy

exp(_f)ﬁN exp(T | @) = AE|@,,,)



Coupled Cluster method
exp(=T)H , exp(T)
=ﬁN+[FIN,T]+%[[FIN,T],T]+...+$ a,.rlrlrlr]
= (A, exp(T)),

The above exponential expansion is terminate after four
commutations because H, is at most two-electron operator.

(7, exp(r)). Means collect only connected terms which provide
non-zero values.

/" Coupled Cluster singles and doubles (CCSD) equations
(@ 1 (B yoxp (7))@, V=AE T =T, +T,
<CI)§Z (I;VN eXp (T ))C |CD HF > =0 ..(1) (D,a> One-electron excited determinant

\ <q) ;b (ﬁN exp (T ))c|q) - > =0..(2) (I);b> Two-electron excited determinant

/




CCSD amplitude equations

Ecesp ZF T + ZVﬁsz}B

I<J,A<B

22 FXTITE + Z HITS - Z HET +Z BT + 1T )

AK pC AK _CD KL _AC __
+ZVIC T+ 2 Ventie = 2 Vie T =

K,C<D K<L,C
=

y +PAB(stT;B—zV,fBT; —BJ(ZGFT;JB—MBTJC]
C K K C

+ZAKL AB+ ZBAB CD+])UPAB ZH;éKTJiC ZVAKTC j
K.,C

K<L C<D

Non linear equations of T, and T,,

iteratively to be solved.

Term notation of DIRACO8 RELCCSD
from L. Vischer’s JCP paper



Problem in coupled cluster method
for expectation value

For expectation value, CC method do not terminate in
expansion. (Note that not inverse but dagger in bra

part.) o (pm ) . P2
(HF | 1+T% + +oe 0N£1+T+2+---}\HF>

%)
+---J[1+f+T2+---]\HF>

We need to use more complicated method

to get expectation value.

We can calculate expectation value by solving
Lambda equation, but it requires another effort.
(Both programming and computational time)




Relativistic Quantum Chemistry



Non-relativistic guantum mechanics

Time dependent Schrodinger equation for free particle

2 2 2 2
7 (a 0 0 jvﬂ:ihiw:Ew

+ +
o°’x 0’y 0°z ot

2m

v =y (x,y,2,1)

First-differential equation with respect to time but Second-
differential equation with respect to space.

o= x -Vt Y= y.zi= 2t = t—Vx/c2
Ji- 8% ’ 1= 57

The Schrodinger equation is
Lorenz variant and no-relativity!



Dirac equation

First differential of space a First-differential of time
.
2 .
(coop+ fPmc’ w =ih—y =Ey
ot
" z( 0 o pk] _(1 0) .
6P, 0 o 0 -1 V.,
L
0 o .0 Y = l/jﬁ
% [5"5) _( Ve
TR (iﬂ-ij o “lo 1 v
ox 0y, 0

Dirac equation is Lorenz invariant and
correspond to Schrodinger equation
when v/c goes to 0 (hon-relativistic limit).
Relativistic quantum mechanics!



Dirac equation

First differential of space First-differential of time
} ) 07
(caop+ Pmc” )y = zh@—w =Fy
[

Complicated features

1. Four-dimensional matrix operator

2. Four-dimensional component in solution

3. Negative energy states continue to minus infinity...
= indicating the existence of anti-particle of electron.
(positron)




Merits of Dirac equation

* We can solve Dirac equation analytically for Hydrogen
atom.

* What’s the mean of four component?
Information of positronic states

Information of spin

Vo rLarge component for electron; up spin

W _| Large component for electron; down spin
v, Small component for electron; up spin

W, Qmall component for electron; down spiny

1s 0 Example of two-component
15—]— [0 ] 15—1— 1s structure by introducing spin




Solution of Dirac equation of H atom

f 0
0 R
For Ex. p1712/2 : o 312 \ %i}’-l_-"ﬁ' 1/
U2 Eefip-ijf,u 1i. Pin —(BZ(dsa—id_s)
Up spin component  —(p_, —ip_,) = \ v3z(d, —id_y) |
Down spin component
0 So \
12 { . Pl
Up spin and down spin S j__'p-wu_p |
—Z\P1TIP-1)
are mixed in one-electron
rbital. = —ip-) | '
PR 3
\—(3s5p— 2" sp) /
Relativistic effect V= 1,
. . | NI (patip-)
related with spin: .
12 12
o o . . Pin 30 i .
Spin-orbit interaction | —vagd i tidy)

\— Vv8L(diatid_»)/



IRILF—

Spin-orbit interaction

Non-relativistic solution

(Schrodinger eq. ) f Relativistic solution

f — - (Dirac eq.)

—— -
-
-
-
——
-
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EDM in molecule

1. EDM of elementary particle and CP violation

2. What is measured as the prove of EDM in
atoms or molecules

3. How to measure it

4. Why theoretical work is important
5. Formula of theoretical work

6.



EDM and P/T violati

on

€

If non-zero EDM exists in an elementary particle
there must be P and T symmetry violation!

(Purcell, Ramsey, 1950)

Time reversal Parity reversal

(t = -t) (r=>-r)

EDM -d EDM d i .
spin spin
spin EDM -d

N

4

T-symmetry breaking=» CP symmetry breaking via CPT theorem

EDM measurement may improve Kobayashi-Masukawa theorem and
explain the disappearance of anti-particles in the present universe .



Source of EDM in atoms or molecules

Elementary Coupling

Particles Nucleon Nucleus constant Atomic

de d, D, (open shell)

electron EDM C. D, (open shell)
electron-quark Cy D, (closed shell)

dgquarkeDm  d, d, Q D, (closed shell)

g-q d, n-n dy Q D, (closed shell)

quark-quark

There may be various source for EDM in atoms or molecules.
Here we only consider open shell systems and assume that

molecular EDM comes from only electron EDM to obtain
upper limit of d..



History of e-EDM

Experimental Limit on d. (e cm)

10—

107 —

L. Xe

Molecules!

5%

1026 — Multi :
43 T o
Higgs =

o
7 15 o
o

v
YbF

102 = ke
i

(Cs, Er, YBE.
HfE*. ThO




What is observed and calculated for e-EDM?

Interaction energy of Electron EDM

with internal electric field of molecule

 Particle Physics Collaboration

. of three
[ Prediction of de -~ different fields!

CP violation?

| Atomic or ~ Relativistic quantum
- Molecular Optics ~ chemistry ,
Observation of the ~~  Calculation of effective

totalinteraction glectric field, E.:



Electron EDM interacts with Electric field

Electric field E

\

[] indicates spin direction.

Interaction energy = — de(; K

If Electric field is large, interaction energy is large and easy to
be measured.



Electron EDM interacts with Electric field

In atoms or molecules there are a number of electrons.
Electric field E

spin

EDM d,
spin

EDM deé
magnetic field

Interaction energy = —d Z<

If we apply external magnetic field, eIectron spin and e-EDM
becomes parallel to B. If we apply external electric field
parallel or antiparallel to B, then the interaction becomes
maximum.



Electron EDM interacts with Electric field

In polar molecules, internal electric field is already there.

Internal Electric field E
spin spin

EDM d, \ / EDM d,
€ spin

EDM deé
B r G

'magnetic field <

N

e

B, =3, (¥ fo, )

i=1

We need to know effective electric field from quantum
chemistry calculations to elucidate d, itself from experiments.



External and internal electric field

External electric field is necessary to align polar molecules.
The largest internal electric fields may be along with the
molecular axis. Furthermore, we apply a magnetic field
with parallel or anti-parallel to the electric field, such that
the interaction between e-EDM and E, . becomes large.




YbF experiment in 2002

Theoretical estimation:

Effective electric field ¢/ vor

20 A ] o = ™

Effective electric field will be
the internal electric field in

_ limit. The internal electric

= / field can be obtained by ab
ol | | " initio calculations.

0 10 20) 30

Applied field E (kV/cm)

Eewr (GY/cm)

FIG. 1. Effective electric field interacting with the electron
edm in YbF versus applied electric field. The dot shows the
field at which we operate.
The form of the curve <O‘ . Zs>po|arization of rigid rotator.
A is the direction of molecule axis.



YbF experiment in 2002

Consider YbF electronic ground state %[
v(vibrational)=0, N(rotational)=0

J=1/2 (electron spin), I=1/2(nuclear spin)

=> F(total spin) =0 or 1

(F’MF)=(11+1)1(11_1) _ (1)+1)
- =zz227__ T ]
-2 (1,0 - (1,-1)
F=1 oAy w e i (1,0)
At A+,
A A+,
F=O (0’0)

Without external With E (Stark shift) With E and B
field (Stark & Zeeman shift)



YbF experiment in 2002

1o CASAEARGR BT

(1-1) Interaction of electron EDM and
(1,0 effective electric field is spin-
dependent and can appear with
At Zeeman shift.
If we apply E and B in same direction
0.0) and opposite direction, the two types

of energy shift of 2[ . is differently
observed.

With E and B
(Stark & Zeeman shift)



Equipment

- V=440m/s
+[ ]

rf splitter E B
Pl

b(metal)+
AlF;(liquid)
1500K

OVCn ||

Formation of
YbF molecule

(Fluorescence)
_t_z (1,-1)

2
oc coS” A

Coherent superposition
Collect F=0 state
1 1
1,-1) y

by some lasers — L+ +—
Yy \/5 >

V2




Result

Untiparallel Parallel

Zahy E..=8.3kV/cm

-40) 20 0 2 40
Applied magnetic field B, (nT)

FIG. 4. Interference fringe in the F = () state population ver-
sus magnetic field. Each point represents 12 s of integration
time. The curve is a velocity-averaged calculation whose only
free parameters are the normalization. a field offset, and a slop-
ing backeround.



The upper limit of d_

J. J. Hudson, B. E. Sauer, M. R. Tarbutt, and E.A.
Hinds, PRL, 89,023003,2002

d =(-02%32_)x10 *ecm

ﬂe latest report about YbF molecule \

“Improved measurement of the shape of the electron”
J. J. Hudson, D. M. Kara, I. J. Smallman, B. E. Sauer, M. R.
Tarbutt & E. A. Hinds, NATURE , 494, VOL 473 ,2011

(=(24852,, 15, )10 eem




Form of E_g

* We cannot measure E_; but can calculate it.

* E_appears only in relativistic frame work.

Multi-electronic Dirac-Coulomb Hamiltonian

A elec

i

N

elec

Eeﬁ’ = Z <\PDC ‘IBGZ' ‘K

1

N

nuc

e Z cop. + fmc’ —Z

A

ZA

f R

_|_

Ya

Nelec 1 l//L
p

—\r.—r ‘ Yoe = 7
i<j %y ¥«
S

Kinetic and relativistic i rclear attractic ‘ i n repul<ia I Vi
correction

‘PDC

)

Eigenfunction of Dirac-Coulomb Hamiltonian, four component!

Expectation value of internal-
electric-field projected into spin
axis multiplied by beta matrix,
coming from relativistic correction.

ﬂ — (]'ZXZ 02><2 J
02><2 _ 12><2




Internal electric field E, .

Mostly, it comes from nuclear attraction potentials.

Electric potential in molecule
L 4

L 4
]

(Point charge nucleus model)

\_ “@” is unit in atomic unit. Y,

E, =

nt —

E.

Vé=-VV(r)

.+ 1S the tangent of potential.
‘e, .- _OOo- OO/ o

\

Electrons close to heavy nucleus feel large electric field.



Parity symmetric orbital
cannot have E

0
* %k
E, = I\P pC (rl,rz,...,rNelec )ﬂai ‘E. W b (rl,rz,...,rNdec )d’ﬁd’”z---d’ﬁve,ec
i

0
Nelec o / \
= [ poclrisrssr, B0, drz...drNdec
i 0

Electron density

. Sl R RS R E flEld .................................... ..“
Ex. 1s orbital ":'
S { X)=0(x)

Ex (X) = Ex (-X)

X axis

X E, (¥ + 7X) (-, (%) =0

=> E_ is zero. :



Parity symmetric orbital
cannot have E

Nelecoo
* %k
E, = I\P pC (rl,rz,...,rNelec )ﬂai ‘E. W b (rl,rz,...,rNdec )d’ﬁd’”z---d’ﬁve,ec
i

0
Nelec o / \
= [ poclrisrssr, B0, drz...drNdec
i 0

Electron density

. Homo diatomic molecule lllllllllllllllllllllllllllllllllllllll ..“
Center of inversion :
S { =1

E, (x) =- E, (-x) :
0) Ex (x) + £(x) (- E, (%)) = 0 3

=> E_ is zero. :




Parity symmetric orbital
cannot have E

0
* %k
E, = J. Y pe (rl,r2 ..... ", )ﬁai ‘E. W b (rl,r2 ..... .. )d’ﬁd’”z---d’ﬁve,ec
i

0
N elec o / \
= [ poclrisrssr, B0, drz...drNdec
i 0

Electron density

. HEterO diatomic molecule lllllllllllllllllllllllllllllllllllll ...“

No center of inversion

SO
E, () €, ()

X axis

Both density and electric :
field is not symmetric. :
., E.« iS non zero.



Effective Hamiltonian of E
[:[EDM =—d,po-E

[
e

ﬁEDM |LPDC > :[21.%]\72% <TDC |:B7/ 5p2|\PDC > ]
2l o) e relt o

One-electron __J7
s
)

molecular orbital
L 2| s
=—4c Re<¢SOM0 ‘p ‘ ¢50M0>

By B. P. Das

1

d_<\PDC

e

2
P

Nelec
L
Eeff |peronr= —4¢ Z Re<¢i
I

Kramers-paired orbitals are cancelled in each other due to the spin
projection of the electric field.
Singly occupied orbital determines the nature of E_; at the HF level.



Comparison of the previous works inYbF

Method Ref E.ee GV/CM
Quasi-relativistic
Semi-empirical Kozlov, 1997 26.1
GRECP-RASSCF Titov et al. 1997 18.8
GRECP-RASSCF-EO Mosyagin et al. 1998 24.9
GRECP-MRCI-SOCO Meyer et al. 2006 43.0

4-component Dirac

DHF+CP Quiney et al. 1998
UDF (unpaired electron) Parpia, 1998

UDF (all electrons) Parpia, 1998

DF Nayak et al. 2006
RASCI Nayak et al. 2006
MBPT(2) Nayak et al. 2007
DHF (Faegri’s contracted basis) This work
DHF (uncontracted s basis) This work




Results at the Dirac-Coulomb-ROHF level

Faegri’s 4cmp-basis set (valence triple zeta)

Eeff PDM Eeff PDM
(GV/cm) (Debye) (GV/cm) (Debye)
YbF abe 16.7 4.20 YbSr* abe 3.1 6.56
Meyer 24.7  3.55 Meyer -11.3 5.1
BaF abe 5.8 4.21 YbBa* abe 0.7 4.50
Meyer 7.4  3.51 Mevyer 1.2 5.1
HgF abe 79.3 4.98 YbRb abe 0.3 0.61
Meyer 99 414 Meyer  -0.7 0.21
PbF  abe -40.5 4.42 YbCs abe 0.2 0.77
Meyer 29 3.38 Meyer 0.54 0.24

Meyer et al: GRECP + MRCI + SOCI, Electric field of two nuclei and a lot of
approximations... (50 % error contains)

We need to beyond the Hartree-Fock level to get more
reliable results. = Coupled Cluster method



Coupled Cluster method

One of the most accurate methods to take into account
electron correlation within single reference theory
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Coupled Cluster method
exp(=T)H , exp(T)
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= (A, exp(T)),

The above exponential expansion is terminate after four
commutations because H, is at most two-electron operator.

(7, exp(r)). Means collect only connected terms which provide
non-zero values.

/" Coupled Cluster singles and doubles (CCSD) equations
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CCSD amplitude equations
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Non linear equations of T, and T,,

iteratively to be solved.

Term notation of DIRACO8 RELCCSD
from L. Vischer’s JCP paper



Problem in coupled cluster method
for expectation value

For expectation value, CC method do not terminate in
expansion. (Note that not inverse but dagger in bra

part.) o (pm ) . P2
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We need to use more complicated method

to get expectation value.

We can calculate expectation value by solving
Lambda equation, but it requires another effort.
(Both programming and computational time)




Our approximation for expectation value

Expand the exponential operator in the Taylor series
and truncate them only to the linear term for CCSD.
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Our contracted basis sets

We usually use contracted basis sets for molecules in non-
relativistic case. (6-31G, cc-pvnZ, ANO, etc)

In the 4-component Dirac case, contracted basis sets
sometimes cause problems so called “variational collapse”
(converge to extremely low energy or not converge due to
the contamination of negative energy levels).

However, if we use the two-component spinor basis scheme
used in UTChem, we can avoid the problem and keep the
concept of LCAO.

Contracted basis set is more compact and faster in
calculation than the primitive basis sets. Primitive basis set
cannot be considered as full space in CCSD calculation.



exponential
coefficients

Dyall-QZ-c basis
Q

(6.5973426E+07
1.7573042E+07
6.0368629E+06
9.3148616E+06
9.7498001E+05
4.3572342E+05
2.0470199E+05
9.9654250E-+04
4.9983316F+04
2.5663485E+04
1.3440699E+04
7.1598929E+03
3.8753556E+03
2.1307057E+03
1.1898903E+03
6.7429769F+02
3.8724214F+02
2.2481397E+02
1.3362161E+02
8.1281158E+01
5.0939803E+01

2.0394685E+01
7.2874456E+00
2.5234051E+00
7.9157400E-01
2.4345371E-01

6.1739139E-02

kl.6420495E-02

3.2280526E+01 -
1.2503244E+01 -
4.3210001E+00 -
1.4175240E+00 -
4.4198499E-01 -1,
1.1878413E-01-]

3.1922684E-02 -

Contracted basis set functions

231693E-07

280153E-07 -

968198E-08
49273E-08 -

2s 3s 4s
-3.7200758E-05 1.7519609E-05 8.5062625E-06
-8.9322205E-05 4.2086226E-05 2.0436349E-05

-1.8095458E-04 8.5305558E-05 4.1427940E-05
-3.3516266E-04 1.5812708E-04 7.6807417E-05
-6.1126323E-04 2.8865029E-04 1.4023603E-04
-1.0971913E-03 5.1870929E-04 2.5207492E-04
-1.9786885E-03 9.3667476E-04 4.5532856E-04
-3.56840701E-03 1.6992363E-03 8.2632136E-04
-6.5322387E-03 3.1029055E-03 1.5095694E-03
-1.1931486E-02 5.6815266E-03 2.7657042E-03
-2.1662469E-02 1.0353665E-02 5.0443789E-03
-3.8543746E-02 1.8528281E-02 9.0395936E-03
-6.5598978E-02 3.1847069E-02 1.5573611E-02
-1.0286939E-01 5.0763430E-02 2.4921791E-02
-1.3823205E-01 7.0048345E-02 3.4607750E-02
-1.3342031E-01 6.9688307E-02 3.4691717E-02
-2.4179884E-02 8.1792671E-03 3.5358781E-03

2.1261417E-01 -1.5951971E-01 -8.6463521E-02
4.1121363E-01 -3.7713017E-01 -2.1585010E-01
3.5057833E-01 -4.0182068E-01 -2.4250758E-01
1.4856492E-01 -1.0447585E-01 -6.8770856E-02
2.9528209E-02 4.0069785E-01 3.6353582E-01
1.8089816E-03 6.1447118E-01 7.4823240E-01
3.5775229E-04 3.2470347E-01 3.7866373E-01

-3.1026960E-04 5.4055539E-02 -4.6352619E-01

3.3408769E-05 2.2180494E-03 -7.3973061E-01

-7.0668008E-05 1.2025946E-03 -3.2042059E-01

3.8350509E-05 -2.7428342E-04 -3.8335074E-02

-1.7666327E-05 9.1058439E-05-1.4535011E-03

1.3620169E-05 -9.8219827E-05 -7.9721646E-04

-6.0619634E-06 3.2241392E-05-6.7667385E-05

3.0886469E-06 -1.6573828E-05 3.8028070E-05
1.6835017E-06 1.4079000E-05 2.1992554E-04
7.1602848E-07 -3.7927686E-07 1.6873698E-04
1.6889708E-07 1.6939352E-06 3.5436438E-05

5s
3.2603668E-06
7.8332122E-06
1.5879797E-05
2.9441998E-05
5.3759158E-05
9.6635219E-05
1.7457384E-04
3.1681877E-04
5.7888801E-04
1.0606081E-03
1.9350958E-03
3.4681500E-03
5.9794889E-03
9.5740825K-03
1.3320170E-02
1.3362843E-02
1.3346475E-03
-3.4004530E-02
-8.5749185E-02
-9.7776272E-02
-2.8918209E-02
1.6166297E-01
3.5515598E-01
1.6908482E-01
-2.8413146E-01
-5.9688417E-01
-3.8288855E-01
2.2717730E-01
6.2283403E-01
4.5570588E-01
1.0609629E-01
5.1623573E-03
3.9420751E-03
3.2883261E-03
6.4944623K-04

6s )

-8.3449817E-07
-2.0049375E-06
-4.0644893E-06
-7.5358548E-06
-1.3759946E-05
-2.4734770E-05
-4.4683531E-05
-8.1094980E-05
-1.4817268E-04
-2.7149014E-04
-4.9532159E-04
-8.8782782E-04
-1.56306719E-03
-2.4513911E-03
-3.4104986E-03
-3.4233136E-03
-3.3860593E-04
8.7246883E-03
2.2051823E-02
2.5149688E-02
7.5361505E-03
-4.2214557E-02
-9.3081510E-02
-4.4203642E-02
7.6523038E-02
1.6916103E-01
1.1465921E-01
-7.9496271E-02
-2.2484198E-01
-2.7116462E-01
-1.5553717E-01
1.8463795E-01
5.2053680E-01
4.4423560E-01

8.6473321E-0

contraction
coefficients

quadruple
zeta



