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Question: 9. For a symmetical square matrix, show that the eigen vec-
tors corresponding to two unequal eigenvalues are orthogonal.

Answer:
Convention: Let |a〉 represent a column vector and 〈a| represent a row vector.

Given:
A = AT (1)

Claim: |λi〉 and |λi〉 are eigenvectors of A with distinct eigenvalues λi and
λj respectively then 〈λi|λj〉 = 0

Proof: As |λi〉 is an eigen vector of A

A|λi〉 = λi|λi〉 (2)

We take inner product of eq.2 with 〈λj |,

〈λj |A|λi〉 = λi〈λj |λi〉 (3)

Now taking transpose on both sides of eq.3 , we get

〈λi|A|λj〉 = λi〈λi|λj〉 (4)

where we have used the facts that AT = A, |a〉T = 〈a| and 〈a|T = |a〉. We have
also used the fact that λT = λ for any symmetric matrix as λ ∈ R. (Though
transposing dosent have any effect on the eigenvalue of symmetric matrix we
emphasis this point so that we can easily generalise this proof to Hermitian
matrices as well). As λj is also an eigen vector, we get from eq. 4

λj〈λi|λj〉 = λi〈λi|λj〉 (5)

Taking the terms of eq.5 to one side,

(λj − λi)〈λi|λj〉 = 0 (6)
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as λj 6= λi , the first term in eq.6 can not be zero i. e. (λj − λi) 6= 0. So the
second term in eq.6 must be zero. So

〈λi|λj〉 = 0 Q.E.D
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Assignment-9 

Group-10 (George and Ritwik) 

Question: 

Prove that if      for some positive integer   (such a matrix is said to be nilpotent), then 

all the eigen-values of   are zero. 

Answer:  

Let   be any     nilpotent matrix with the degree   and   be the eigen values of the matrix 

corresponding to the Eigen-vector  . Then the eigen value equation would be 

      

It is given that, 

     

Take the term 

                                      

Since   is nilpotent matrix and it is defined that     , 

           

Now take that  ’s are  not a zero matrices, then we can write 

     

This tells that     

Here we have chosen a arbitrary eigen-value so it is in general all the eigen values of a 

nilpotent matrix should be zero. (Q.E.D.) 
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